ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0,then prove that :
b2022 4 3)(c20%24 — ¢2022 4 3) > 9(ab + bc + ca)

2022 + 3)(b2024 _
Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India
? ?
a2°24 - (12022 +3> az +2 a2°22(a 1) = az -1
?
o (@2-1)((@)" -1)200 (a?-1)" ()" + ()™ +~+1) 20
- true . a?%%* — q?922 4 3 > g% + 2 and analogs =
- it suffices to prove :

LHS > (a® + 2)(b%* + 2)(c? + 2) -~
(a® +2)(b% +2)(c? + 2) (2) 9(ab + bc + ca)

a=b=c= 0 and then : LHS of (¢) =8 and RHS of (¢) =0 =
LHS > RHS
Exactly two among a, b, c equal zero and WLOG we may assume
b = ¢ = 0 and then : LHS of (+) = 4(a® + 2) and RHS of (+) = 0 = LHS > RHS
Case 3|Exactly one among a, b, c equals zero and WLOG we may assume
(b,c > 0) and then : LHS of (+) — RHS of (+) = 2(b? + 2)(c? + 2) — 9bc

A-G
= 2b%c? + 4(b* + ¢2) + 8 —9bc > 2b%c* + 8bc + 8 — 9bc
= (bc —1)? + b%2¢2 + bc+ 7 > 0 = LHS > RHS
cyc

[Case 4]a,b,c > 0 and LHS of (+) = a2b2c2+2+22 2b2+42:a +8
cyc
)+4) @

= (a’b%c* +1+1) +2 ((azb2 +1)+ (b%c?+1) + (c2a®> + 1)) + 42
cyc

A-G ?
> 33 a2b2c? +4Z ab + 42 a’ > 9(ab + bc + ca)
cyc

cyc
(:)4Za + 3% a%b2c? SZab

(e cyc

TUV

~

] e

cyc

Now, z a? + 3\/ a?b2c? > 2
cyc cyc
3 2
Yazbzc2 + 27 Zaz Va*b4ct

RN Zaz + 27a%*b%c% +9 Zaz )
cyc cyc
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?
58 Zab

) cyc

cyc

Assigningb+c=x,ct+ta=y,a+b=z=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>xz2+x>y=xYyzformsides
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of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZa:szZs:Zazsa(1):>a=s—x,b=s—y,c=s—z

cyc cyc cyc

=~ abc = r?s - (2)and such substitutions = z ab = Z(s —x)(s—vy)
cyc cyc
2
ia (1),(3)
:Zab =4Rr+r? > (3),2(12 = Za —ZZabvm:
cyc cyc cyc cyc

s?—2(4Rr+r?) > Z a’ =s? —8Rr —2r? - (4)
cyc

Via (1), (2) and (4), LHS of (+) > (s% — 8Rr — 2r2)°
+27r%s? + 9(s2 — 8Rr — 2r2)%. 3r?s? + 27(s? — 8Rr — 2r2). }8st >
(s? — 8Rr — 2r2)° + 27r*s? + 9(s? — 8Rr — 2r2)". /r*.27r2
+27(s? — 8Rr — 2r2).}/r8.729r*

= (s2 — 8Rr — 2r2)° + 27r*s? + 27r2(s? — 8Rr — 2r2)" + 243r%(s? — 8Rr — 2r?)

? ia (3)
>8 Z ab | "= 8(4Rr + r2)3
cyc

& 55— (24Rr — 21r?)s* + r?(192R? - 336Rr + 174r?)s?

?
—r3(1024R* — 960R’r + 1272Rr? + 394r°)| > |0 and
k)

~

2 23 Gerretsen . . ]
(s — 16Rr + 5r ) > 0 - in order to prove (xx), it suffices to prove :

:LHS of (++) > (s2 — 16Rr + 5r2)° o
(8R + 2r)s* — r(192R? — 48Rr — 33r?)s?

()
+r?(1024R3 — 960R?r — 24Rr? — 173r3)| > |0
Gerretsen

and - (8R + 2r)(s? — 16Rr + 51‘2)2 > 0. inorder to prove (+xx),

it suffices to prove : LHS of (++x) > (8R + 2r)(s® — 16Rr + 51'2)2

(k%)
& (64R% + 32Rr + 13r?)s?| > |r(1024R3 + 192R%r — 96Rr? + 223r3)

Gerretsen

Finally, (64R? + 32Rr + 13r?)s> >  (64R? + 32Rr + 13r?)(16Rr — 5r?)
? ?
> r(1024R3 + 192R?r — 96Rr? + 223r3) © 144r3(R — 2r) > 0 - true via Euler
= (k%xx) 2 (x4%) 2 (¥%) = (%) is true - Z a? + 3/ a?b%¢c2 > ZZ ab

cyc cyc
= 4Za2 + 3V a?b2¢z > ZZab + 326!2 > SZab = (s0) = (o) is true
cyc cyc cyc cyc
-~ combining all cases, (+) istrueV a,b,c > 0
(a2024 — q?%22 4 3)(b2°24 _ p2022 4 3)(c2°24 _ c2022 4 3) > 9(ab + bc + ca)
Vab,c>0"="iffa=b=c=1(QED)



