
 

Let 𝜶, 𝒃, 𝒄 > 𝟏. Prove that: 

𝟏

(𝟏 + 𝐥𝐨𝐠𝒃𝜶)𝟓
+

𝟏

(𝟏 + 𝐥𝐨𝐠𝒄𝒃)𝟓
+

𝟏

(𝟏 + 𝐥𝐨𝐠𝜶𝒄)𝟓
≥ 𝟎. 𝟎𝟗𝟑𝟕𝟓 

 
Proposed by Pavlos Trifon-Greece 

Solution by Jenish Rijal-Nepal 

Let  𝐥𝐨𝐠𝒃𝜶 =
𝒗

𝒖
,  𝐥𝐨𝐠𝒄𝒃 =

𝒘

𝒗
, and  𝐥𝐨𝐠𝜶𝒄 =

𝒖

𝒘
  for 𝒖, 𝒗, 𝒘 > 𝟎. 

𝑯𝒆𝒓𝒆,
𝟏

𝟏 + 𝐥𝐨𝐠𝒃𝜶
=

𝟏

𝟏 +
𝒗

𝒖

=
𝒖

𝒖 + 𝒗
  𝒂𝒏𝒅 𝟎. 𝟎𝟗𝟑𝟕𝟓 =

𝟑

𝟑𝟐
. 

Thus, it suffices to prove that: 

∑ (
𝒖

𝒖 + 𝒗
)

𝟓

𝒄𝒚𝒄

≥
𝟑

𝟑𝟐
 

Via the 𝟓-th and 𝟐-nd Power Means Inequality: 

∑ (
𝒖

𝒖 + 𝒗
)

𝟓

𝒄𝒚𝒄

 ≥ ⏞
①

𝟑 [
𝟏

𝟑
∑ (

𝒖

𝒖 + 𝒗
)

𝟐

𝒄𝒚𝒄

]

𝟓

𝟐

 

Via the Cauchy-Schwarz Inequality: 

[∑ (
𝒖

𝒖 + 𝒗
)

𝟐

𝒄𝒚𝒄

] [∑ (

𝒄𝒚𝒄

𝒖 + 𝒗)𝟐(𝒖 + 𝒘)𝟐] ≥ [∑ 𝒖

𝒄𝒚𝒄

(𝒖 + 𝒘)]

𝟐

=
𝟏

𝟒
[∑ (

𝒄𝒚𝒄

𝒖 + 𝒗)𝟐]

𝟐

 

Via (𝑿 + 𝒀 + 𝒁)𝟐 ≥ 𝟑(𝑿𝒀 + 𝒀𝒁 + 𝒁𝑿), we have: 

∑ (

𝒄𝒚𝒄

𝒖 + 𝒗)𝟐(𝒖 + 𝒘)𝟐 ≤
𝟏

𝟑
[∑ (

𝒄𝒚𝒄

𝒖 + 𝒗)𝟐]

𝟐

⟹ ∑ (
𝒖

𝒖 + 𝒗
)

𝟐

𝒄𝒚𝒄

≥

𝟏

𝟒
𝟏

𝟑

=
𝟑

𝟒
 

Substitution of this result back into ① yields: 

∑ (
𝒖

𝒖 + 𝒗
)

𝟓

𝒄𝒚𝒄

≥ 𝟑 (
𝟏

𝟑
⋅

𝟑

𝟒
)

𝟓

𝟐

= 𝟑 (
𝟏

𝟒
)

𝟓

𝟐

=
𝟑

𝟑𝟐
= 𝟎. 𝟎𝟗𝟑𝟕𝟓  

Equality holds if and only if 𝒖 = 𝒗 = 𝒘, which implies 𝜶 = 𝒃 = 𝒄. 


