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If x3 — 6x* + ax — b = 0 has 3 roots x4, x,,x3 > 0 prove that:
8a—-3b<72

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
x3 —6x% +ax—b = 0then sz = 6,Zx1x2 =a,xx;x3=b

8a—-3b=38 (Z xlxz) —3x1Xx2X3

Let F(x4,x,,x3) = 8 (Z xlxz) —3X1X2X3
F is symmetric, to find its Max value under
the constraint x; + x, + x3 = 6 ,we consider
X1 =X, =tx3=6-—2t andt e [0,3]as,x; >0
a= Z X1X; =t + 2(6 — 2t),b = x1x,x3 = t?(6 — 2t)

F(t)=8 (t2 +2(6 — Zt)) —3t%(6 — 2t) = 6t3 — 42t* + 96t
F'(t) = 18t? — 84t + 96 to get critical point F'(t) = 0 gives
8
18t2 —84t+96 =00r 3t—8)(t—2)=0o0rt =§,2

We find value of F(t)a critical point and boundary [0, 3]
8
F(0)=0,F2)=6x23—-42%x22+96%x2= 72,F(§) =71.11,F(3) = 72

so,Max value of F(t)is72and8a—3b <72 atx; =x, =2,x3 =2



