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In any A ABC with p,, py, Pc

— Spieker cevians, the following relationship holds :
9r(64R — 53r)
25

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

(Pa + Pp + Pe)? = 4s% —

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? at* 1 16r2s?
2 —_ —_ _—— 2p2 — 4 =
Now, 16[DEF]* = 2 E <4><4> E T 16(2 E a’b E a) T
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rs r
:>[DEF]=Z:>1" % =Z:>r’=5—>(1)

a

. .. C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2 = =

2 2
T A-B (4AES) ci BT _A-C

= — — = —_—_—,—,,—,,———
2 2 andm{zs 2=2 2 @

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? r? N c? 2r (c) _A-B
= - —) sin
4sin2§ 4 Zsing 2 2

r? N b? 2r (b) A-C
= i — | sin
4sinzg 4 Zsing 2 2
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b

2 Zsm— (2

_r<4R C . A_B+4-R B A — C)

=3 coszsm > coszsm >
A—-B . A+C | A—C)

R (2' A+B +2
= Rr|( 2sin 2 sin 2 sin 2 sin >
2_

B C A
_ C 9cin? o  ein? o el
—Rr<1 2sin 2+1 2sin > 2(1 2sin 2))

<2a(s —b)(s—=c)—b(s—c)(s—a) —c(s—a)(s — b))

) sm2

Now,
ZsinE 2

abc

Rr
= BRrs (2a® + (b + c)a? — 2a(b? + c?) — (b+ c)(b —¢)?)
4(b + c)bcsin? % — 2a.2bccosA  bc ((25 — a)sin? % —-a (1 — 2sin® ;))
- 2s

8s
bc ((ZS + a)sin? % - a) _ 2s+a)(s—b)(s—c) SRy

R 2r (c) . A—-B 2r (b) . A-C
— —)sin — —|sin
2sin— 2 2 ZsinE 2 2
x —2s+a)(s—b)(s—c
() —( )( )( ) + 2Rr
2s
Avai r? N r? r2< ca ab )
ain,
g 4sin2 g 4$1n2 (s—o)(s— a) (s—a)(s—Db)
2 ab + ca () 12 r?
=-——(ca(s—-b)+ab(s—¢))=—————-2Rr = —5+——
4r’s 4 4sin? 3 4sin? 5
b?2+c2+ab+ca (2s+a)(s—b)(s—c
(@), (), (++) = 2AS% = 2 ! X 23 X )
(a+b+c)(b® +c2+ab+ca)— (2a+b+c)(c+a—b)(a+b—c)
B 8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) i) b3 + ¢ — abc + a(4m?)
= = 2AS? =
4s 4s
r AS cAS

Via sine law on A AFS, = =
(a+ b)sinE

. . A-B
2sin 7 sina cos -
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(= r(a+b) d via sine 1 A AES bsing = r(a+c)
a = 2AS anda via sine iaw on ) smB = 2AS

1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (++++) p,(@a+b + a + c) 4s
= = = A
4AS ST Pa=5¢Ta S

, via (iD) 16s? b3+ ¢3 —abc + a(4m?)

Pa = (2s + a)?’ 8s
wpi=— (b3 + ¢3 —abc + a(4mﬁ)) =>p2-—mi=

= csin

2 (h3 43— 2Y) _ m2
25+ a)? (b + ¢®> —abc + a(4ma)) m3

_ 2s (b + ¢ bo) (1 8sa )
(25 + a)? ¢ —abe (2s + a)?

_4(a+b+ c)(b3 + ¢ —abc) — (2b% + 2¢?2 — a?)(b + ¢)?

B 4(2s + a)?
B a’(b—-c)?2+4a(+c)(b—c)?+2(b?% —c?)?
B 4(2s + a)?

((a® +2a(b+ ) + (b + ©)%) + (b + ©)% + 2a(b + ©) + a?) — a?)
(b —¢)? (b — ¢)?(8s? — a?)

- 4(2s + a)? (2(a+b+¢)*—a*) = 4(2s + a)?

© (b —c)?*(8s* —a?)

4(2s + a)?

- (b — ¢)? (b-0c)* m, (b-c)?
_ma_2(25+a) 4(Zs+a)2+ 2s+a
via(+) (b — ¢)?(8s% — a? — (b — ¢)?) ® m,. (b — ¢)?

S =
4(2s + a)? 2s+a
We note that : 8s? —a? — (b—-c)? >8s?-2a’>0- (m) &
(852 —a?)? + (b—c)*—2(8s% —a?)(b — c)?
16(2s + a)?

(b - C)2> ( (b _ C)Z > 0)

& (8s2—-a?*)?—-16s(s—a)2s+a)?+ (b—0c)* -
2(b—c)?(8s?2—a*+2(2s+a)®?) >0
(mm)

e (b-0)*-24s+a)?(—-c)?+a?(32s2+16sa+a?) > 0
Now, (mm) is a quadrilateral in (b — ¢)? with discriminant =
4(4s + a)* — 4a%(32s? + 16sa + a?) = 256s%(2s + a)? - in order to
2(4s + a)? — 16s(2s + a)
(e*) 22

s (b—c¢)
2(2s+a)

2
a

_ (b-0)?
"~ 4(2s + a)?

. 2 2
“Pg— Mg

2 2
S pg = mg +

Now, p,

>(s(s—a)+

prove (mm), it suffices to prove : (b —¢)? <

=a? - true= (mm) = (m) istrue . p, — m and analogs
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9S2 7S2 Gerretsen

Via Chu and Yang, Z mg | =+ 28Rr +29r2 >

cyc
9s% | 7T(6Rr—5r%) et 20r2 =25 4 (29 35) 2,95 ) 3s
4 4 r = 4 4 r 4 m, 2
cyc
(b-0? w 1 Y
(2s+a) 2s(9s? + 6Rr + r?2) z ((b c)*(8s sa+ bc))
cyc cye

and,z ((b —¢)%(8s? — 2sa + bc)) = 8s? Z(b —c)? - ZS.Z a(b? + c¢? — 2bc)

cyc cyc cyc

+Z bc Zaz—az—Zbc

cyc cyc

We have :

= 16s%(s? — 12Rr — 3r?) — 2s. Z a z ab | — 9abc |+
cyc cyc
2(s2 — 4Rr — r?)(s? + 4Rr + r?) — 2((s? + 4Rr + r?)? — 16Rrs?) — 8Rrs?
= 16s%(s? — 12Rr — 3r?) — 4s%(s? — 14Rr +r?) +
via (1)
2(s2 — 4Rr — r?)(s? + 4Rr +r?) — 2((s? + 4Rr + r?)? — 16Rrs?) — 8Rrs? =
(b —¢)? [[cm| 4s%(s®? — 12Rr — 3r?) — s?(s* = 14Rr + r?) +r ((ZR —r)s? —r(4R + r)z)

2(2s+a) s(9s2 + 6Rr + r2)

cyc

G
~ s(9s2 + 6Rr + r?)
G

> 2>
pa+pb+pc_Zma+s(952+6m+r2):>(pa+pb+pc) >

cyc

(say) - (¢) and (m) =

2

Z N o’ N 20 Z
Ma s2(9s2 + 6Rr + r2)2  s(9s% + 6Rr +r2)’ Ma

cyc cyc
via Chu and Yang,and (ee*) 5 5 o.2 30
= 4s< — 28R 29
- S r+2or + s2(9s2 + 6Rr + r?)2 + 9s2 + 6Rr + r?
2 152 9r(64R — 53r) ¢? + 3s%(9s? + 6Rr + r?)o 2 124r(R — 2r)
s —

= 25 T s2(9s? + 6Rr + 122 - 25
(=1 Ss” — r— r/)s"- —r —_ r— r<)s=* +
225058 — (35094Rr — 8763r2)s6 — r2(15392R? — 31652Rr — 7489r2)s*

?
r3(13936R3 + 26640R?r + 9002Rr? + 873r3)s? + 25r*(4R + r)40
@

Now, T = 2250(s? — 16Rr + 5r?)* + (108906Rr — 36237r?)(s? — 16Rr + 5r2)3

Gerretsen

+2r?(878048R? — 590657Rr + 106772r?)(s> — 16Rr + 5r?)2 > 0
- in order to prove (1), it suffices to prove : LHSof (1) > T
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& (589575R3 — 611967R?r + 243365Rr? — 33862r3)52
@
r(9433200R* — 12568272R3r + 6508764R?*r? — 1537665Rr3 + 138450r*%)

Rouche 3 _ 2 2R? + 10Rr — r?
589575R3 — 611967R?r
Now,LHS of 2) > ( )

° So +243365Rr? — 33862r3 <—2(R —2r)./R? — 2Rr>

> RHS of 2)
1179150R* — 2403084R3r + 1539589R2r2)
—451693Rr3 + 52294r*

> 2(R — 2r).+/R% — 2Rr. (589575R3 — 611967R?r + 243365Rr? — 33862r3)

Euler
and - R—2r > 2 . itsuffices to prove:

(1179150R* — 2403084R3r + 1539589R?*r? — 451693Rr3 + 52294r%)2 >
4(R? — 2Rr)(589575R3 — 61196 7R?r + 243365Rr? — 33862r3)2
( + 1179150R* — 2403084R3r + 1539589R?r?2 — 451693Rr3 + 52294r* )
0

:)(R—Zr)(

uler

E
= (R—2r)(1179150R3 — 44784R?r + 1450021Rr? + 2448349r3) + 4948992r* >
& 986,948,550,000t° — 1,821,847,095,300t5 +
(1,559,557,564, 533t* — 770,879,282, 042t3) +

R
(228,609,350,325t2 — 38,068,587,132t) + 2,734,662,436 > 0 (t = F)

Euler

which is clearly true ~t > 2 and hence, 986,948,550,000t° >
2 * 986,948,550,000t> = 1,973,897,100,000t> > 1,821,847,095, 300t°

(here, comma is the thousands — seperator) = 2) = (1) is true

9r(64R — 53r
~ (Pa+Pp+P)?=4s% - ( 75 )VAABC,

with equality iff A ABC is equilateral (QED)




