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In any A ABC with p,, py, Pc
— Spieker cevians, the following relationship holds :
4s(R — 2r)
- 15R

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Pa + Pp + Pc = Wq + Wy, + W, +

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(3BAX) = « and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

Now, 16[DEF2=ZZ< ><b2> 216 = Z Lt Z _16r?s

r
= [DEF] = —=7r' M =z>r=5-O

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, .. m(£AFS) = B + 2 = > = 2

_T_A-B d (4AES) ciB_m_A-C
™ _ . B_m_ .
=37~z andmis 22 =2 @

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? r? N c? 2r (c) _A-B
= - —)sin
4sin2§ 4 Zsing 2 2
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Soasz® T ¢ 2r (E)sinA_B+ LS
4sin2s 4 2sin 2 2 4sin22 4
2r by . A-C
- 2sin - (E> T2
Now, LC (E) sin A- B (b
Zsinz 2 2 Zsm— 2
r C A—-B B A—-C
= E(4Rcos2sin > + 4RcosEsm > )
= Rr(ZsinA il BsinA B + ZsinA il CsinA _ C)
2 2 2 2

= Rr (1 - ZSinzg + 1 — 2sin? ; -2 (1 — 2sin? %))
_ 2Rr <2a(s —b)(s—=c)—b(s—c)(s—a) —c(s—a)(s — b))

abc

_ R (2a® + (b + c)a? — 2a(b® + c?) — (b + ) (b — ¢)?)

8Rrs
. oA ., A
4(b + c)bcsin? % — 2a.2bccosA  bc ((25 —a)sin’> —a (1 — 2sin? E))
B 8s B 2s
. 2 A
bc ((Zs + a)sin 7= a) (2s + a)(s — b)(s — ©)
= = — 2Rr
2s 2s
R 2r (c) . A-B 2r (b) . A-C
— —)sin — — ) sin
ZsinE 2 2 ZsinE 2 2
®» —-2s+a)(s—b)(s—c
() —( )( )( ) + 2Rr
2s
Avai r? N r? r2 ( ca ab )
ain,
g 4sinzg 4$1n2 (s—c)(s— a) (s—a)(s—b)
r? ab + ca (+) 12 r2
7s (ca(s—b) + ab(s — ¢)) = —2Rr =

. B ., C
4sm25 4sm25

] _b2+c?+ab+ca (2s+a)(s—b)(s—c)
(i), (%), (++) = 2AS% = 2 - 9

_(a+b+c)(b*+c*+ab+ca)-(2a+b+c)c+ta-b)(a+b-o)
B 8s
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_ b*+c? —abc + a(2b? + 2¢? — a?) Gi) b3 + ¢ — abc + a(4m?)

= 2AS? =
4s S 4s
L. r AS cAS
Via sine law on A AFS, z = e <
Zsinzsin(x cos —— (a+ b)sin;
= csing ) Flatb) d via sine 1 A AES. bsi (+++) T(@ + €)
csina = — - —— andviasine alw on ,1 sinf = 3AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (+++) p,(@+b + a + c) 4s AS
= = = =
4AS ST PeT 55 a
,vie) 16s*> b3+ ¢ —abc + a(4m?)
= = .
Pa (2s + a)? 8s
) 2s
w2 3, .3 2
“|Pa = m(b + ¢® —abc + a(4ma))

3 3 _ 2y — 3 1 o3 _ 2 2 _ 2

) a
Now, b® + ¢? — abc + a(4m?) = b> + ¢® — abc + a(2b* + 2¢* — a?)

= (b + ¢)(b? — bc + ¢?) + a(b? — bc + ¢2) + a(b? + c? — a?)

= 2s(b? — bc + c?) + a(b? — bc + ¢ + bc — a?)
b+ ¢c)? — (b —c)?

=(Zs+a)(b2—bc+c2)+a<( o 4( © —a2>

alb+c+2a)(b+c—2a) a(b-c)?

= (2s + a)(b?> — bc + c?) +

4 4
= (25+a)(b2_bc_l_cz)+a(Zs—a+2a)(b+c—2a)_a(b_c)z
4 4

4b% + 4c?> —4bc+a(b+c—-2a) a(b-c)?

4 4
= (2s+ a).
4z+x)?+4x+y)? -4+ 0)x+y)+ Y+2((z+x) + (x +y) — 2(y +2))

4

= (2s + a).

_ a(b — ¢)?

4
4x(x +y+1z)+2x(y+2z) + 3(y — z)? _a(b —¢)?

4 4
—_ _ 2
=2s+a) <s(s —a) +%(b _ o4 a(s a)> _ab-0

(a=y+zb=z+x,c=x+Yy)

=(2s+a)

2 4
a(s—a)\ (a+2s—2s)(b—c)?
2 B 4
— )2 _ M2
(b—20c) N a(s a)> N s(b—c¢)

= (Zs+a)<s(s—a)+%(b—c)2+

2 2 2

(s—a)2s+a) (b-c)?\ s(b-c)?
2 T )+ 2

=(2s+a) (s(s— a) +

. |b3 + ¢ — abc + a(4m?) © (2s +a) (
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4 (+), (o) = p2 = 2s ((s — a)(2s + a)? N (2s+a)(b—c)? N s(b — c)2>

(2s + a)? 2 2 2
=s(s—a)+(b—c)? <(Zsj—a)2+25j-a+%_%>
—s(s—a) -2 ;c)z + (b—c)z.(zsia+%)2
=s(s—a)+ (® ;dz <g: : Z;z - >
= p2 g s(s—a) + S(BS(;Sa_l)_(Z)z_ o
Now, pa — o > 0~ O o 2 — g >

4s%(b—c)* 4s.w,. (b — ¢)? via (e
(4s2 — a?)2 4s2 — a2 <
s(3s+a) s(s—a) _ 4s%(b — ¢)? (;) 4s. W, (- (b— 02> 0)
2s+a)? (2s—a)? (4s%-—a?)? 4s%2 — q?
s(3s+a) s(s—a) 4s%(b-c)?
We have : (2s + a)? + (2s —a)2  (4s2 — a?)?
s(3s+a) s(s—a) 4s%q?
(2s + a)? + (2s — a)2  (4s2 —a?)?
_s(3s+a)(2s - a)’> +s(s —a)(2s + a)? — 4s%a? B 8s2(2s+a)(s—a)

(4s% — a?)? T @st—ar? 0
. (s(3s+a)(2s —a)? +s(s —a)(2s + a)? — 4s%(b — ¢)?)?
~(m)e sz — a2
16s2 s(s—a)(b—c)?
= (4s2 — a?)?’ <S(S —a)- (2s — a)? >

16s*(b — c)* —8s%2(b—c)?*(s(3s+ a)(2s —a)? + s(s —a)(2s + a)?) +
(s(3s+ a)(2s — a)? +s(s —a)(2s + a)?)?
(4s? — a?)?
- 16s2(s(s —a)(2s —a)? —s(s — a)(b — ¢)?)
- (2s —a)?

4 4 ) , (sB3s+ a)(2s — a)? + s(s — a)(2s + a)?
©16s%(b — )" —8s°(b—¢) ( —2s(s — a)(2s + a)? )
+(s(3s+a)2s— a)? +s(s—a)(2s + a)?)? —16s3(s —a)(4s? —a?)? >0

& 16s*(b — c)* — 16s3(b — ¢)?(4s® — 4s%a + sa? + a?)
+16a%s3(4s® —4s?a+a3) >0

=4

o s(b—c)*— (4s® —4s?a +sa? + a®)(b—c)? + a?(4s3 —4s?a+a®)| > |0
and in order to prove (mm), it suffices to prove :
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4s3 — 4s2a + sa? + a3) — /8
(b—c)? < ( P ) ,where 8 =

(4s3 — 4s%a + sa? + a®)? — 4sa’(4s3 —4s?a+a®) and - (b —¢)? < a?
- it suffices to prove : 2sa? < (4s3 — 4s%a + sa? + a3)
—\/(453 —4sZa + sa? + a3)?2 — 4sa?(4s3 — 4s%a + a3)
& /(s —a)?(4s? — a?)? < 4s® — 4s2a — sa? + a3 = (s — a)(4s% — a?) - true
2s(b — ¢)?

= (mm) > (m)istrue - p, —w, > and analogs

(mmm) 2s(b — ¢)?
“PatPpbtPe = wa+wb+wc+2—

Now,z ((b — ¢)%(4s? — b?)(4s?% — cz)) =

cyc

16S4Z(b—c)2—4szz (b—1c¢)? Z:az—a2

cyc cyc cyc
+z b2c? Zaz —a? - 2bc
cyc cyc

= 32s*(s? — 12Rr — 3r?) — 16s%(s? — 4Rr — r?)(s? — 12Rr — 3r?) +
4s? Z (a2 (b% + c? — 2bc)) + 2(s? —4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?)
cyc
—48R?r?s? — 2 ((s? + 4Rr + 12)% — 24Rrs?(s? + 2Rr +1?))
= 32s*(s? — 12Rr — 3r?) — 16s%(s? — 4Rr — r?)(s? — 12Rr — 3r?) +
(10s%? — 8Rr — 2r?)((s? + 4Rr + r?)? — 16Rrs?) — 64Rrs* — 48R?r?s?
-2 ((s2 + 4Rr + r?)3 — 24Rrs?(s%? + 2Rr + rz))
= 4(6s® — (64Rr + 5r?)s* — r2s2(148R? + 76Rr + 12r?) — (4Rr +r?)?)

. 2s(b—c)?
- 4s2 —q?
cyc
8s(6s® — (64Rr + 5r?)s* — r?s?(148R? + 76Rr + 12r?) — (4Rr + r?)3) 2 4s(R — 2r)
4s2(9s2 + 6Rr + r2)(s% + 2Rr + r2) - 15R

& 15R(6s® — (64Rr + 5r?)s* — r?2s2(148R? + 76Rr + 12r?) — (4Rr +r?)?)
?

> 252(9s2 + 6Rr + r2)(s2 + 2Rr + r2)(R — 2r)
& (72R + 36r)s® — r(1008R? — Rr — 40r?)s* —

?
r2(2244R3 + 1108R?r + 150Rr? — 4r3)s? — 15Rr3(4R + r)30 and -
®

Gerretsen

(72R + 36r)(s? — 16Rr + 5r2)3 > 0 . in order to prove (1), it suffices
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to prove : LHS of (1) > (72R + 36r)(s? — 16Rr + 5r?)%
(2448R? + 649Rr — 500r?)s*
—r(57540R3 — 5804R?*r — 11730Rr? + 2696r3)s? +

@
r2(293952R* — 129744R3r — 52020R?r? + 34185Rr3 — 4500r*%) 0 and
Gerretsen

+ (2448R? + 649Rr — 500r?)(s? —16Rr + 5r?)> > 0 . inorder
to prove (2), it suffices to prove : LHS of (2) >
(2448R? + 649Rr — 500r?)(s? — 16Rr + 5r?)?

®
& (5199R3 + 523R?r — 2690Rr? + 576r3)s?
r(293952R* — 129744R3r — 52020R?r? + 34185Rr3 — 4500r%)

Gerretsen

Finally, LHSof 3) >  (5199R3 + 523R?r — 2690Rr? + 576r3)(16Rr — 5r?2)
> r(293952R* — 129744R3r — 52020R?r? + 34185Rr3 — 4500r%)
? R
& 6321t3 — 16000t? + 7156t — 880 > 0 (t = ;)

Euler

o (t—2)(4642t2 + 1679t(t —2) + 440) >0 > true~t > 2= 3)=> ()
2s(b — ¢)? - 4s(R — 2r) via (mum)
=

= (D is true - 152 — g2 2 15R
cyc
4s(R — 2r)
Pa+Pp+Pc =W, + Wy +WC+T v A ABC,

with equality iff A ABC is equilateral (QED)



