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SUMMARY

In the present article it is given the proofs of several inequalities (T1, T2, T3) which are useful In proving of
inequalities. The particular cases are discussed and an application to the solving of concrete examples is given.

There is no a universal method for proving of inequalities. However, one of the well known methods is the
application of known inequalities.

Theorem 1. if a, b, (i=12,..,n)—are positive numbers, prove the inequalities.
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Proof. Let's look at the function:. p(y) = X

a-1

—oX+(a-1)y;x >0,y >0

find the derivative of the function ¢(y): ¢'(y) = (« 1)[1(5J J
y

Let's look at two cases
1. Suppose, a € (—o;0)U(Lo). Thenwill be y < x, will be ¢'(y) <0,y =x, willbe ¢'(y)=0; y>x, will
be ¢'(y)>0. Itmeans, y=x point is minimum point of ¢(y) function, that is ¢(y) > ¢(x) .Then

a a

—aX+(a-1)y = X

a-1

X
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—aX+ax—x=0.

If «=0and o =1, and since @(y)=0, for any a e (—oc;0]U[L;0), that is for o & (0;1)
)fH > ox — (o —1)y (1)  inequality is correct
y
2. Suppose a € (0;1). Then will be y < x, will be ¢'(y)>0; y=x, willbe ¢'(y)=0; y>x,willbe ¢'(y)<0
It means, y = x point is maximum point of ¢(y) function, that is ¢(y) < @(x) .Then
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—aX+(a-1)y< X

Xa—l

—aX+ax—x=0.
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If =0 and « =1 and since ¢(y) =0, for any « €[0;1]

<ax—(a-1)y (2) inequality is correct
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(M) let’s show that the inequality is true. For any p &(0;1) and k >0 number
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Let’s apply inequality (1) to any of item in expression 0P + o 1 oo + o P
1 2
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If we divide both sides of inequality to k°
alp a, ’ . a, P p

+ 4+t >
-1 -1 -1 -1
blp b2 p bn p k p

+ .4

-1
(al+a2+---+an)—pk—p(b1+b2+---+bn) (*) .

b+b,+---+b, . . .
it is correct again.
a +a,+---+a,

Since (*) inequality is correct for k >0 when k =

If we take into account this value of k in (*):
alp + azp bt anp > p(a1+a2+"'+an) (p_l)(bl"'bz"'"""En):

b,”™ b, b,"" (b +b,+--+b ) b, +b,+--+b,
+a,
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The inequality (M) is proved.

Let’s show the correctness of (F) inequality. For any p €[0;1] and k >0 number

p p p
Let’s apply inequality (2) to any of item in expression (kai) + (kaz) +-eee +@

p-1 p-1 p-1
b, b, b,

Then will be

—<kp(a, +a, +---+a,)-(p-1)b, +b, +---+D,).

b+b,+---+Db,

If we divide both sides of inequality to k", and accept as k = :
a+a,+--+a,

a’" a’ a’ (a+a,+--+a) _ . L
+ +ot < : 0;1] then inequality will be proved.
A Y S ey D
The condition of equality in (M) and (F) inequalities is possible of % = % == % :
1 2 n
Result 1. if a, >0 (i=12,--,n), prove the inequality.
a’+al+---+a’> npll (a+a,+---+a,)"; pe(01) (M,)
Proof. in (M) inequality if b =b,=---=b, =1, then the proof of inequality is clear.
Result 2. if a, >0 (i=12,---,n) prove the inequality.
a’+al+---+af < n:”Ll (3, +a,+--+a,)" pelod] (F)
Proof. in (F) inequality if b, =b, =---=b, =1 then the proof of inequality is clear.

Theorem 2. if a b, (i=12,...,n) are positive numbers, then prove the inequality.

p p p P
LN S M 7(a11+a2+ +a,) , O0<g<p-1 (A)
b' b, b nP Db +b,+---+b )
Proof. Since p>1, lets apply (M) inequality.
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According to conditionas 0<g< p-1,willbe 0< pil <1. According to (F,) inequality

a4 p—(a+1) a4

a9 a
bPt+b) "+ +bP < c} (b +b,+---+b)**=n P (b +b,+---+b )P 2)
—
nPt
If we take (2) into account in (1), then the proof of given inequality is clear. The equality case is possible
when a =a,=---=a,; b=b,=---=b, .
Special case: if q=1,
p P P P
Lo S SN (?12+a2+ &) ; p=2 (A)
b1 bz bn n® (b1+b2+"'+bn)

Theorem 3. If a, b, (i=12,...,n) are positive numbers, prove the inequality.

3" a" a," _  (ata,+-+a) .
E_'_é_'““-i_ﬁgnp*(Q+1)(b12+b2+...+b)q y 0< p<1, qu—l (B)

Proof. Since 0< p <1, let’s apply (F) inequality.

alp a p anp _ aip a.p n
E_,_b_2q_|_....|_F_ . p_1+ q2 p_1+...+ g \PT ™ q q g \P1

According to condition since O< p<1and q< p-1, it will be 9 >1. According to (M,) inequality

af (a,+a,+--+a,) 1)

p-1
a4 a 1 4 p-@@ a
bP™ +bf ™ b > —— (O +b, +-+b)P T =n P (b +b,+--- D) (2)
—1
nt
If take into account (2) in (1), then the proof of given inequality is clear. The equality case is possible
when a =a,=---=a, ; b=b,=---=D,.

Special case: if q=-1,
a{’b1+a2pb2+-~+an"bnsn—lp(a1+a2+~-+an)”(bl+b2+---+bn) : (0O<p<)

(B)

Example 1. a, b, c are positive numbers. Prove that
4a° +9b® +36¢% > (a+b+c)®

Solution. In (M) inequality p=3, if n=3, then
3 3 3 3
a b c o (a+b+c) _(a+b+c)

428 +90° +36C° =—— +—— +—— > -
1 1 1 1 11
2 3 6 2 3 6

c=1.

Equality case is obtained when a=3, b=2,



Example 2. a, b, c are positive numbers. Prove that

a b C 1
a b C >—(a+b+c
\/b+c+ \/c+aJr \/a+b \/E( +th+c)

Solution. In (M) inequality p :g, if n=3, then

3 3
[ a \/ b \/ c a2 b2
a,,—+b +C = + -+
b+c c+a a+b (
3 3

b+ c)% (c+a)

+

2 2

c > (a+b+c) l:%(a+b+c)
(a+bf (2@@+b+c)l V2

Equality case is obtained when a=b=c

Example 3. Sumof a,b,c positive numbers is equal to 3. Prove that

Solution. According to (B) inequality (p = %,q = —g,n = 3)

2 2 2

b5 ¢c5 as

N E,[,Ll] 3 4 3
3*' % J.(a+b+c)s 3® 3°
Equality case is obtained when a=b=c=1.

Example 4.if a>0, b>0, c¢>0, prove an inequality.
b?c? a’c’? a’h’ .3

3 + 3 + 3 -
a’(b+c) b’(a+c) c’(a+b) 2

Solution. If we mark azi , b:% : c:% an inequality will be in a form like

3 3

X y t3 3
2

+ + > —
yt(y+t)  xt(x+t) xy(x+Yy)
Let’s multiply both sides of inequality to xyt.
4 4 4
X Y t > §xyt (1)
y+t x4+t x+y 2

Let’s show correctness of (1). According to (A) inequality

x* N y* . o (x+y+t)’ _(x+y+t)3>(3-§/xyt)3_27xyt_§x
y+t X+t x+y F(2(x+y+t)) 18 18 18 2
Equality case is obtained when a=b=c

yt

Example 5. Inright-angled triangle if a,b are cathetus and c- hypotenuse, then prove the inequality.

n-2
a”+b"2(%} c":neN,n>3

Solution. In right-angled triangle the inequality a+b < /2 is correct. Let’s see at cases of odd and
even n.
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2k-1
1.if n=2k+1; keN, let’s prove a®*" +b** > L) g inequality.
J2
2\ k+1 2\ k+1
Let’s apply (A) inequality. a®*" +b*** = (a; + (bg >
2 2\ k+1 2\ k+1 2k+2 2k-1
L @by e o :(ij G2
2¥12(a+b)  2*}(a+b) (\/5)2 J2 ¢

2
2k-2
2. ifn=2k; keN, k=2, let’s prove a** +b* > (%) c® inequality.

(aZ)k (bZ)k (a2+b2)k ~ o2k _ 1 2k-2 .

) H H k k
(M) Let’s apply inequality a** +b* = [ e 2 G "

Thus, the given inequality is correct for any natural number n(n > 2). If equality case is a=b, it is correct
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