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JP.121. Let ABC be a triangle with inradius r and circumradius R. Prove that:

Z sin® A + sin® B (R)
<(—
sin> 4 + sin® B r

Proposed by George Apostolopoulos — Messolonghi — Greece

2

Solution 1 by Marian Ursarescu-Romania
We havex® +y° > xy(x3 +y?),vx,y>0c x> —xty+y’  —xy* >0 &
sxtx-y)-x*x-y 20 (x-y)xt-yH =0
e (x—y)*(x+y)(x? +y*) > 0true

Sy sin3 A+sin3 B <y 1 1)

sin® A+sin®B — “sinAsinB
1 2R
But Z = - (2)

sinAsin B

=3 -3
From (1) + (2) . z:sm A+sin® B < E

sin® A+sin®B — r
2R R\?2 R
We must show: - < (;) o2< - e 2r < R true.

Solution 2 by Soumava Chakraborty-Kolkata-India

sin®A+sin®B
sinSA +sin>B
B (sin A + sin B)(sin? A — sin A sin B + sin? B)
"~ (sin A + sin B)(sin* A — sin3 A sin B + sin? Asin? B — sin A sin3 B + sin* B)

B (sin A + sin B)(sin? A — sin A sin B + sin? B)
~ sin3 A (sin A — sin B) — sin3 B (sin A — sin B) + sin2 A4 sin? B

B sin? A — sin Asin B + sin? B
"~ (sin A — sin B)(sin A — sin B)(sin2 A + sin A sin B + sin? B) + sin? A sin? B

A-G sin? A — sin Asin B + sin? B
~ 3sinAsin B (sin A — sin B)2 + sin? Asin? B

B sin? A — sin Asin B + sin? B
" sin Asin B (3 sin?2 A + 3 sin2 B — 5 sin A sin B)

_ (3sin? A+ 3sin? B—5sin Asin B) + 2sinAsinB _
" 3sinAsinB(3sin?A + 3sin2 B—5sin4sinB)

1 2 1
:—+_
3sinAsin B 3(35in2A+35inZB—SSinAsinB)
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A;G 1 2 ( 1 ) B 1 sin® A + sin® B 1

3sindsinB 3 \sinAsinB sinAsinB sin® A+sin> B ~ sinAsin B

3 3 Goldstone 2
N z:sm A+sin° B <y 1 <y 1 4R2 Zl < AR _ (Done)

sin® A+sin® B sinAsin B sinZ A 4r2

Solution 3 by Soumitra Mandal-Chandar Nagore-India

CHEBYSHEV'S

sin3 A + sin3 B INEQUALITY 2
z sin® A + sin® B - z sin2 A + sin? B
cyc cyc
AM26M 4RZ 2p _2R_(R 2
= Z Z < (—) [ 2r <R]
sinAsinB 4Rrp r " \r
cyc cyc

Hence Proved

JP.122. Prove that in A ABC the following relationship holds:

a b c R a b c
min( , , )SZ(——l)Smax( , , )
s—as—b's—c r s—as—b's—c

Proposed by Marian Ursédrescu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

WLOG, we may assume min (S'_‘

a’

a b c c a b c

max( ——)Z—-‘-—S—S—:>a<bSc.
s—a s—b s—c

b —
Now, ;<—and—<— 3—s—+—b+L:>3m<Z——

s—a s—C s—a

=35y =3+ () s -nGs-0) =

3s2—4s>+s2+4Rr+1r?> 4R+r 2(2R-71) 2(2R-71)
= 3= Coms<s <
12 T T 3r

= -3+

<2(——1) ZR3r<R—r<:>R>2r—>true(EuIer):>m<2(——1)

:min(i b —)<2(——1) Now, max(i LR —)>2(——1)

s—a's—b's—c —-a's-b's—c

2c >2(R 1) +1>R a+b >abc s
_— —— S —— - ==
a+b—c r a+b—c - r a+b—c 45 S
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abc

_ sabc a+b -
_4s(s—a)(s—b)(s—c)@a+b—c_2(s—a)(s—b)(a+b—c)@

a+b abc (1)
o 2(a+b)(s—a)(s—b) = abc

>
@a+b—c_2(s—a)(s—b)(a+b—c)
lets—a=x,s—b=y,s—c=z>a=y+zb=z+x,c=x+y(xyz>0)

~(D)e2xyz+x+y) = (x+y)(y+2)(z+x) © x%y + xy* + 2xyz (é) x’z+xz? +
+y2z + yz% wbyourassumptiona<b<c: .y+z<z+x<x+y=>x>y>z
~wecanconsidery=z+mandx =z+m+n,wherem,n=> 0
~QRQe @+rm)z+rm+n)+(@Z+m+n)(z+m)?+2z(z+m)(z+m+n) >
>z(z+m+n)+(zZ+m+n)z?+z(z+m)?+(z+m)z*
e 2md + 3m?n + 6m?z + mn? + 6mnz + 4mz? + 2nz3® > 0 - true - m,n > 0 and

b ) >2 (g - 1) (Proved)

z>0:>(2)istrue:>max( , ,
s—a s-b s—c

Solution 2 by Myagmarsuren-Yadamsuren-Darkhan-Mongolia

a=b=>c

1 1 1l a - b - c
= = s—a s—b s-c

s—a s—b s-c

1)LHS:2(§—1)Zs—ic;aZb2c:>a+b22c:>a+b—c2c:>2(s—c)2c:>

Euler R
<2=2.1=22-1) < 2(7—1) LHS

=>22=> ;
s—c's—c
xX=s—a
2)y=s—b}azbzc:>22y2x:>222y+x:>(x+y—22)xys0:>
z=s—¢
zx(z+x)<yz(z+y)

= (x + y)xy + zx(z + x) — zx(z + x) < 2xyz =

> 2xyz= (x+y)xy+zx(z+x) —zx(z+x) > (x+y)xy +zx(z+ x) —zy(z + y)
2xyz > (x+y)xy+zx(z+x)—zy(z+y) © z xy(x+y)—2xyz<2zy(z+y) =

| | H(x t }’) 1xy2 ytz
= + — 4 < =+ < =3
(x y) XYZ = ZZV(Z y) =4 =
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(

I 1'[(x+y)_1 | _Yy+z

4xyz X
——
U 13
R _a
7 s—a

2 (5 - 1) < ? RHS
T s—a
JP.123. Solve for real numbers:
log,(b* +a—b) =log,(a*+b—a),b>a>1
Proposed by Marian Ursédrescu — Romania
Solution 1 by Amit Dutta-Jamshedpur-India
Let f(x) = log,(b* + a — b) and g(x) = log,(a* + b — a). Let
y=f(x)=log,(b*+a—b)>a”>=b*+a—-b>b*=(a+b—a)=>
= xlogb =log(a” + b — a) {Taking log} = x = log,(a” + b — a)
f1(y) =logy(a” +b —a) = f(x) =logy(a* + b —a) = g(x)
Therefore, f(x) and g(x) are inverse of each other. Also, both f(x) and g(x) are

increasing and continuous functions {since they are log functions}
Considering the last two arguments/statements we can say, the only possible solution
liesontheliney = x;i.e, f(x) = g(x) = x = log,(b*+ a—b) =log,(a*+b—a) = x
Taking,log,(b*+a—b)=x>b*+a-b=a*=>b*—a*+a—-b=0
Let h(x) =b*—a*+a—b;h'(x) = b*Inb—a*Ina;h'(x) =b*Inb—a*Ina > 0;

h'(x) > 0 = h(x) is an increasing function, so it can have atmost one real root

( “b>a>1
b* > a* (i)
Inb>Ina (ii)

lmultiplying (D); (i)
b*Inb >a*Ina
Clearly h(x) = 0 when x = 1, which is the only solution.

~ x = 1isthe unique solution.
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Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaidian
log,(b*+a—-—b)=y=>b*+a—-b=a’ (1)
log,(a*+b—a)=y=>a*+b—a=>bY (2)

(D)+(2)=>a*+b*=a” +b” (3)
Since the function f(x) = a* + b* increases, then (3) = x = y.

()= b*+a—b=a*= b*—a*=b— afunction f(x) = b* — a* increases, because

the f(x) = b* — a3 = a* ((k)x - 1), as a product of two increasing functions, then

a
f 7= f(x) = b — a has a unique solution, x = 1.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Give k > 0,k # 1, we have log,(b* + a — b) < log,(a*+ b — a) &

log,(b*+a—b) log,(a*+b—a) x — x
< log, a = log, b o logy(b* — b) =log(a* — a) &
ob*—-b=a*—-aob*—a*=(b-a)ox=1b>a>1

Therefore the answer is {1}.

JP.124. Let a, b, c be the lengths of the sides of a triangle ABC with inradius r. Prove that:

c b+c

M < (tan g)b . (tan E) . (tanE)a < <\/§>a+

a2b . bZC . CZa
a®-pb - cc = 2 2 36 r2(a+b+c)
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India

Weighted GM > weighted HM = a+b+c\/(b tang)b (c tan g)c (a tang)a =

a+b+c 2s 2s
2 = = =
b T+ c _,_a 5 s(s—a) s(s—a)
btanz ctang atang (s—b)(s—c) Js(s—a)(s —b)(s—c)

_ 2s _5
" s(3s—2s) T
s
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(b tang)b (c tan g)c (atang)a > (2r)etbte 5 (tang)b (tan E)C (tanf)a > (Zr)a+b+c.

2 abbce
(; A (S=bts—c 2 2 tand) (D)
Now, tan /(S b)(s—c) _ (s~ b)(s ) ( ) = o <a2> < (1 ) Similarly,
s(s—a) rs 4rs a 4rs
C a
tan (z) tany | @) /1 \*
< [—
4rs) c? - (4rs)

a
tan— 1 \atb+c ? = at+b+c 1\a+b+c
4rs 36 2

(1) (2)-(3)= (i‘?) ("’,‘,’? (
' 4r

@m

? ?
s > 12/3r%2 © s > 3V/3r - true

1
2z

g
-P|H
I\

c? E ) rZ(a+b+c) And

=
B\ ¢ C\"“ +b+
(tan tans 2 tanz - <\/§>a ¢ 1

b atb+c  2p 12¢ 2a
tang) tan ) ( ) S( ) Rl (Done)

r2(a+b+c)

JP.125. Prove that in A ABC the following relationship holds:
4
§(r§+r,2,+r§) > 43S+ (a— b)? + (b—c)? + (c — a)?
Proposed by Marian Ursdrescu — Romania
Solution 1 by Lahiru Samarakoon-Sri Lanka
Prove thatg(ra +715+71%) > 4V3A+ (a— b)? + (b—c)* + (c — a)?

we have to prove,

3O ) - 2(Yran)| 2 a2 [Y - Y a

4
—[(4R + )% — 252] > 4V/3A + 2[25% — 212 — 8Rr — S% — %2 — 4Rr]
3

4(4R +1)% — 85% > 12/3A + 652 — 1812 — 72Rr
16 x 4R? + 22r% + 104Rr > 12V3A + 145>

But, $? < 4R? + 4Rr + 3r?%. So, we have to prove,
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16 x 4R? + 2212 + 104Rr > 12v/3A + 14(4R? + 4Rr + 312)
4 x 2R? —20R% + 48Rr > 12+/3A
We have to prove, (2R? — 8r2 + 12Rr) > 3v/3Sr
We have to prove, (2R? — 5r% + 12Rr)? > 27r*(4R? + 4Rr + 31r?)
82 < 4R? + 4Rr + 371?
4R* + 48R3r + 16R*r? — 228Rr3 — 561* > 0
R* + 12R3 + 4R*r?> — 57Rr3 —141r* > 0

L.HS= R3(R — 2r) + 14R?*r(R — 2r) + 32Rr*(R — 2r) + 7r3(R — 2r1)

= (R -2r)(R?® + 14R?*r + 32Rr? + 713)
+) +)

Euler. Its true. Proved

g(Zrﬁ) > 4vV3A+ (a—b)? + (b - c)? + (c — a)?

Solution 2 by Soumava Chakraborty-Kolkata-India
4 (1)
§z r2 > 4y38 + Z(a — b)?

ey e, ® ,
(1)@3Zra+22ab Ya? > 4J/35+Ya

. . @ Leibnitz
Now, Hadwiger - Finsler = 2Y ab — Y a? > 4V35§&Ya? < 9R?

(id)
(1), (ii), (2) = it suffices to prove:
3)
4{(4R + r)? — 25?} > 27R? & 8s? < 37R? + 32Rr + 41?
erretsen

G ? ?
LHSof (3) < 32R?+32Rr+ 2412 <37R?>+32Rr +4r>? © 5R*>20r* &

?
& R > 2r — true (Euler) (proved)

JP.126. Let ABC be a triangle with inradius r and circumradius R. Prove that:

3R
cotA + cotB + cotC > >

Proposed by George Apostolopoulos — Messolonghi — Greece
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Solution 1 by Marian Ursarescu-Romania
a?+b%+c?
In any AABC we have: cotA + cot B + cotC = s (1)

- - a?+b?+c? 3R a?+b%+c? 3R
m mes: > = > =
From (1) inequality becomes s 2 er GG 60 = \zr

(az+b2+c2)2 E . B
16s(s—a)(s—b)(s—c) = 2 2 (2)
_ abc (3)

. .R
Butinany A ABC we have: — = 16— 6D G-0)

abc

2
(az+b2 +c2) > o
4(s—a)(s—b)(s—c)

From (2)+(3) we must show: 65— (b (5—0) =

3
2

(a2+b2+c2)* 2 2, .2)2
————>3abc  (a’? + b2+ c?)? > 3(a+ b + c)abc (4)

2
But from Cauchy = 3(a? + b2 +c?) > (a+ b+ c)* = a*? + b?> + ¢* > (atbto) (5)
3

4
(a+I;+C) >3(a+b+c)abc = (a+ b+ c)® > 27abc,

From (4)+(5) we must show:
which its true because a + b + ¢ > 3Yabc.

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
X a?)? > (3 ab)? = 3abc(a+ b + ¢) (True)

2
(z az) > 3abc(a+ b + c) = 24s%Rr
2 3R

1 2 1
8s2r.(zaz) 23R;8-s2-r-2r(zaz) ZZ
1 2 3R 1
Q@) 2550 @2 f5

16s2r?
Ry ,2 /E
abc Z a® = 2r (*)

— R (12 2 _ g2
cotA—abc(b +c?—a?) (*)

_ R (> 2 2 3R
(*),(**)—>ZcotA—abc(a +b +c)2\/;
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Solution 3 by Soumava Chakraborty-Kolkata-India
2

cos A b?>+c?—a* 2R R Ya
= = _ . —= 24 c2-a®) = =
ZCOtA z sin A 2bc a 4Rrs z(b ¢ a’) 4rs

s —4Rr —1r? - 3R (s? —4Rr —1r?)? - 3R * 4 12(aR + )
2rs ~J2r 41252 — 2r s T r

1) Gerretsen
—2s%(4R +1%) = 6Rrs*. Now,LHSof (1) >  s?(16Rr —5r%) — 2s*(4Rr +1%) +

2
+12(4R +1)? = s2(8Rr — 71%?) + r?(4R + 1)? > 6Rrs* © s?(2R - 7r) +

Gerretsen

? ?
+1r(4R +71)2 >0 < s2(2R—4r) +r(4R +1)? (% 3rs2. Now LHS of (2)

3)
> (16Rr — 5r2)(2R — 4r) + r(4R + 1)? > 3rs? & 35?2 < (16R — 51r)(2R — 4r) +

erretsen

G ?
+(4R +1)2. Now, LHSof (3) < 3(4R* +4Rr+3r?) <
? ?
<(16R-5r)(2R—4r)+(4R+1r)? © 6R2—13Rr+2r2 >0 (R-2r)(6R—1) =0

Euler
—truew R > 2r (proved)
Solution 4 by Shyama P. Mandal-India

) b?% + c% — a? b2+ c?—a* a?+ b?+c?
t = R ——— =
Z co 2bcsin(4) Z 4A 4A

’b 2
4A = 4VAVA = 475 %: rr\/abc(a+b+c)

3

aZ+bZ+CZ aZ+bZ+CZ
abc < B S— GM —RMSa+b+c<3 #AM—RMS
2r

< [Z5(a? + b2 + 2

4A < ’BR(a b?* + ¢?)
3R
ZCM(A)Z ’—
2r
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JP.127. Prove that in any non-equilateral triangle the following inequality holds:

. OIH <3 R+ 2r
an{— R—2r

Proposed by Marian Ursdrescu — Romania

Solution by Marian Ursdrescu — Romania

< 2R zA:> < a zA:> < a ZA
m, < cos“ —==>m, < — COs“—=>m, < ———C0S“ =
2 sin 4 2 2 sin 5 C0S> 2
<a A < a A< a OIH < OH
:ma_icotizma_Zt A:tani_zma:tan o v
anf
_ 9RZ — (a% + b% + ¢?) OIH <\/9RZ—(aZ+bZ+cZ)
= R—2R = tan < R—2r
2 >

a? + b% + c* > 36r* = —(a? + b? + ¢?) < —361*

2 R — 2r 2 R —2r

OIH 3VRZ — 472 OIH R+ 2r
tan < = tan <3

JP.128. In AABC the following relationship holds:
1 1 1 1
+ + <—
m,+m, m,+m, m.+m, 2r
Proposed by Marian Ursdrescu — Romania

Solution by Seyran Ibrahimov-Maasilli-Azerbaijan

1 1
LHSZZ—S—
m,+m, 2r
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JP.129. Let a, b and c be the lengths of the sides of a triangle ABC with inradius r and

circumradius R. Prove that:

a3 + b3 3 3V3 R(R-r1)
b%+c2? c2+a? aZ+p%2 — 2 r
a b c 6R-3r
. + + <
Vb2+c2  Jc2+a?  aZ?+b? 2r

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by Marian Ursarescu-Romania

1
1/b2+c2 \/ﬁ =2 m \/— = we must show:

\/_z\/_ /6R 3r@

a \? _ 6R=3r
Em) = @
e i . a \2 a?
But from Cauchy’s inequality = (Z E) <3 ZE 2

2R-r a3 ZR r
o 22 Ya’

r abc
But Y. a® = 2s(s? — 3r* — 6Rr) and abc = 4sRr (4)

2 2
§“—=3r“—6Rr 2R-r
<
2Rr r

& s% < 4R? + 4Rr + 3r? with its Gerretsen’s inequality.

b) b? + ¢? > 2bc >

From (1)+(2) we must show: ZZ—i <

(3)

From (3)+(4) we must show: & s2—-3r2 —6Rr < 4R? - 2Rr &

a3

a
<2
b%2+cZ — 2bc

3
>Y 55 < —Z :> we must show this:

a3 R(R-T1)
L -<3V3=— (5)

a) Again, b? + ¢* > 2bc >

2Rsin® 4 3\/—R(R r)

sinBsinC —

Now, using sinelaw = a = 2RsinAd = (5) & ),
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$ A 3B(R_1) (6)

sinBsin C 2

But (6) its true, proved in IneMath (2/2016) or (5) <:> < 3\/_R(R r) (6)

Y a* = 2[s* — 2s*(4Rr + 31r2) + r?(4R + T)Z] @)
abc = 4sRr (8)

From (6)+(7)+(8)= 54_252(4Rr+i;2)+r2(4R+r)2 < 3v3R(R —r) and using again

Gerretsen’s s2 < 4R? + 4Rr + 3r?ands < ER

Solution 2 by Soumava Chakraborty-Kolkata-India

Mitrinovic s(R- r)

RHS =z ~ it suffices to prove:

al <s(R—r) al . 5 <s(R—r)
Zb2+c2_ T @z b?% + c2 a)j=es= T <

cyc cyc

s(R+1) 2y Za(c?+a?)(a?+b%) _ s(R+7)
) s r A (Z a ) [1(a2+b2) s r (1)

& (Ta?) (T2
Now, Y a (c? + a?)(a? + b?) =Y a (Y a’b? + a*) = Y a® + 25(Y a’b?) (a)
Now, Ca?)Za3) =Y a® + Y a?b?(2s —c) =Y a® + 25 a?b?) — abc(Z ab) =
= Y a® = (X a*)(T a’®) + abc(T ab) - 2s(X a’b?) (b)

(@), (b) = Y a(c* + a*)(a*? + b?) = (X a*)(X a?®) + abc(T ab) =

- (% ) (st 25 (3 - S ) ot anr o -

= (z az) (12Rrs + 2s(s? — 12Rr — 3r2)) + 4Rrs(s®* + 4Rr +1r?) =

b2+c2

= 4s{(s* — 4Rr — r?)(s®> — 6Rr — 31%) + Rr(s* + 4Rr +r?)} =
= 4s{s* — s2(9Rr + 41?) + r?(4R +r)(7R + 3r)} (c)
Again, [T(a? + b?) = 2a?b*c? + Y a?b? 3 a®? — ¢?) = C a?)(T a?b?) — a’b?c? =

- (Z “2) <(z “b)z - 2abC(ZS)> 16R2r2s? =

= (z az) ((s?> + 4Rr + 1*)? — 16R1s?) — 16R?*1r*s? =

= (X a?)(s* — s?(8Rr — 2r?) + r>(4R +1)?) — 16R?*r*s* (d)
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(c), (d) = (1) becomes:

2 (R + r){s* — s?(8Rr — 2r%) + r2(4R + 1)?*} — 2.2 2

(z @ ) —4r{s* — s2(9Rr + 41%) + r?(4R + r)(7R + 37r)} 2 16(R+ 1)R*r"s

o (Z a?){(R — 2r)s* — s?(8R?r — 30Rr? — 181%) + r2(4R + 1) (4R? — 23Rr — 1112)} >
> 16(R + r)R*r*s?> + rs*(Z a?) (2)

(R - 2r)(16Rr — 51%)s? — s2(8R*r — 30R1? — 1813) +} ;
+r2(4R + 1r)(4R? — 23Rr — 111?) -

> 16(R + r)R*r*s? +rs*(X a?) (3)

erretsen

G
LHSof (2) > (X aZ){

=3 (z az) {s?(8R%? — 7Rr + 28r%) + r(4R + r)(4R? — 23Rr — 111?)} >

; 16(R + r)R*rs? + s*(T a?) (3)

Gerretsen

2
RHSof (3) < 16(R+1r)R?*rs?+s*(Xa?)(4R* + 4Rr + 31r?) <

< (z az) {s%2(8R?> — 7Rr + 28r%) + r(4R + r)(4R? — 23Rr — 111r¥)} &
”
PN (z az) {s2(4R% — 11Rr + 25r2) + r(4R + r)(4R? — 23Rr — 11r2)} >

”
> 16R*r(R +1)s? (4)

(16Rr — 51%)(4R? — 11Rr + 251?) +} ;
+r(4R +1r)(4R?> — 23Rr — 1112) ) —

Gerretsen
LHSof (4) =  2(s®?—4Rr—r) {
?
> 16R*r(R+1)s’ &

© s2{(16R — 57)(4R? — 11Rr + 251%) + (4R + r)(4R? — 23Rr — 11r%) — 8R*(R + 1)}

é r(4R + r){(16R — 57)(4R?> — 11Rr + 251%) + (4R + r)(4R? — 23Rr — 111?)} (5)

(16R — 5r)(4R? — 11Rr + 257r2) + } ;
+(4R + r)(4R? — 23Rr — 111%) — 8R*(R + 1)) —

rretse

Ge n
LHSof (5) =  (16Rr—5r?) {

”
> r(4R + r){(16R — 5r)(4R? — 11Rr + 257r%) + (4R + r)(4R? — 23Rr — 111r¥)} &
R
& 104t* — 497t3 + 800t? — 495t + 102 > 0 (t = 7) =3

e (t-2)[(t-2){(t-2)(104 +127) + 314} + 69] > 0 - true
~ R = 2r (proved)
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a . b . c < 6R — 3r
VbZ +c2 Vez+aZz Vaz+b?z o 2r
N
- b=+ c* > - W NoTTT (1)
Similarly, D b ¢ D ek

Je2+az ~ V2abe  Ja24+p2 T V2abc

CBS
() +(3) = LHs < Z08 TETITEE _ e L foksr ppior —3p) 2

22(s2—4Rr—r2)<:>6RZ—3RrésZ—4Rr—r2<:>s2'S6RZ+Rr+rZ @)

Gerretsen

? ?
LHSof (@) < 4R?+4Rr+3r’2<6R*+Rr+r* o 2R>?-3Rr-2r’>z0¢s

?
© (R—2r)(2R+71) =0 - true ~ R = 2r (Euler) = (a) is true (proved)

JP.130. Solve the equation in real numbers:

3 4(x8+1
3Vxz—x+1+

=2(x*-3x+4)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Omran Kouba-Damascus Syria
Step 1. Consider f(x) = 2(2 — 3x + 2x%) — 1 — a8 then f(x) > 0 with equality if and
only if x = 1. Indeed, with some algebra we see that f(1 + t) = t*h(t) with

_ 2, 28t 1820 3 952
h(t)—31(t + 31) += (t+65) +-—= > 0. This proves the inequality:

4’1+x8

With equality if and only if x = 1.

<2x?-3x+2 (1)

Step 2. By the AM-GM inequality, we have for all real x the following:
3VaZ—x+1<x?—x+1+1+1=x2—x+3 (2)
Step 3. For all real x we have:
3x2 —4x+5<2(x*-3x+4) (3)
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with equality if and only if x = 1. Indeed:
2(x*—3x+4)—(3x? —4x+5)=2x*-3x> —2x+3=(x - 1)?(2(x+1)?+1) >0
Step 4. Combining (1), (2) and (3) we conclude that:

4/1+x8
33\/x2—x+1+ >

with equality if and only if x = 1.

<2(x*-3x+4)

Solution 2 by Orlando Irahola Ortega-Bolivia

> 6yx2—x+1+1/8(8+1)=4(x*—-3x)+16

N 6(§/x2—x+1—1)+(i/8(x8+1)—2) = 4(x* — 3x + 2)

= 6" —x) NRLICRS Y ek S VTR
a2 —x+1+Vx2—x+1+1) (4./8(x8+1)+2)
F) 16
6x(x—1) 8(x®—1)
= 4(x— 1)+ +x—2
i) +g(x)( 8(x8+1)+4) (x—1DGE3+x2+x—2)
h(x)
6x(x—1) 8(x*+1)(x*+1)(x—-1)(x+1)
G 9O =4 -DE 4 x-2)

= F(x),g(x) Ah(x) = 0
6x . 8(x*+1)(x2+x2+x+1)
f(x) g(x)h(x)
>x—-1=0;x=1A6xg(x)h(x) +8f(x)(x*+1)(x3 +x?+x+1) =
=4f(x)g(x)h(x)(x3 + x> +x — 2)

Solution 3 by Soumava Chakraborty-Kolkata-India

:>(x—1)[ —4(x3+x2+x—2)]=0

Casel:x>1.Lletf(x)=3VaZ—x+1+ 4/"82“ —2(x* — 3x + 4)
21x7 2x—1 16427
4x X — 4x
f’(x)= 3t 2—2(4x3—3)Sm+2x—1—2(4x3—3)
(x8+1)F (x2—x+1)3 x
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3 (1 i (x*+1) 2
v (x®+1)2 > {g(xz + 1)4} =——&(x*-x+1)3>1asx(x—1) >0
84
. 8x7 F2x 1 2(4x3 —3) = 8x” +(2x—1)(x%*+1)3 —2(4x® -3)(x%2 +1)3
S (x2+1)3 - (x% +1)3
—(x — 1)(8x® + 8x7 + 22x% + 17x° + 35x* + 20x% + 22x% + 7x + 5)
= CATIE <0(-x=1)

~on[1,), f(x)isadecreasing f*&~ f(1) =0
~Vx>1,f(x) <0,equalityatx =1,&~ f(x)actually =0, x =1

~ Vx > 1, given equation has only 1 root, which is x = 1.

GM=<AM
Case2: —1<x<1Now,i/(x2—x+1)-1-1 < x2—x+3.Also,

4x8+1 4|/x8+1 2.2 26M<AM1(8 7
= .2.2. < = +
2 16 g ¥

8 ?
~LHS <x*—x+3+ xT” (adding the last 2 inequalities) (f) 2xt-6x+8 o

”
ox®—-16x*+8x2+40x-33 <0 &

?
& (x — 1)%(x0 + 2% + 3x* + 4x% — 11x% — 26x — 33) 50e

& x0 + 2x5 + 3x* + 4x3 — 11x% — 26x — 33 y 0.Now, 4x*(x —1) <0(vx<1)=>
= 4x3 <4x?. Also, 3x2(x2 - 1) <0(~x2<1)=>3x* <3x2&2x2(x3—-1) =
=2x2(x2+x+1)(x — 1) < 0= 2x° < 2x? &finally, x*(x* — 1) =
=x2(x?+1)(x+1D)(x-1)<0(+x<1& +1>0)=x°<x?

Adding the last 4 inequalities, we get: 4x3 + 3x* + 2x° + x% < 10x?

o (x®+2x5 + 3x* + 4x3) — 11x% — 26x — 33 < —x? — 26x — 33 < 26 — 33
(v —x% < 0 & — 26x < 26)

3)
=-7<0

(B)> (2)istrue= (1) istrue= LHS < RHS = LHS = RHS never occurs whenx € [-1,1)
= now sollution in this case
Case(3)x<-1
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4|x8+1 2 ?
GM<AM:>LHS<xZ—x+3+’ > <2xt-6x+8<2x*—x*-5x+5>

(4)
2 4|x8+1
>
2

n2x*—x*-5x+5>

w2x*—x2+5>0(asA<0) —5x>5.2x*—x2-5x+5>0

4x8 +1 (5)
o202x*—x2-5x+5)*—-x8-1>0

letx+1=t(t<0)-x=t—1
o (5) becomes 2{2(t —1)* - (t—-1)?-5(t—-1)+5}* - (t—-1) -1>0¢&

o (t—2)?(32t — 38413 + 2112t'? — 7360t + 19056t1° — 39712¢° +
+68352t% — 98736t7 + 121777t° — 127564t> + 112420t* — 83512¢3 +
+49408t2 — 12960t + 7320) > 0 = p (say) > 0
wt<0,—384t13 — 7360t! — 39712t° — 98736t” — 127564t> — 835123 —
—21960t > 0 & of course, 32t1* + 2112t'% + 19056t1° + 68352t8 + 121777t° +
+112420t* + 49408t* + 73220>0
~ adding the last 2 inequalities, p > 0 = (5) is true = (4) is true
= LHS < RHSVx < -1
= (4) istrue = LHS < RHS Vx < —1 = no solution under this case. Combining all 3

cases, only solution is x = 1.

JP.131. Solve the system of equation in positive real numbers:

{3(W+W+W)+21=10(xy+yz+zx)

x+y+z=3
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

€V
LetVx =a,3/y=b,Yz=c.Then, Y a®* =3&3Ya?+21 = 10 a®b?

2
-.-Za3 =3 . (Za3) =9:>Za6+22a3b3=9:>52a6+102a3b3=45
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:>5za +3za +21—45:>52a +3z =242 z z )

Now, a® + a? + a? + a? >4v =4a3 = a® +3a2>4a

Similarly, b® + 3b? 2 4p3

(c) ) Chebyshev 4
&c®+3c? > 4¢3 Again,4Y a® > E(Za3)Z=§-3-Za3(':Za3=3)

(d)
:>4§:a6 >4 ) a®

3)
(@)+(b)+(c)+(d)=5Y a® + 3 Y a? > 8 a3, with equality occuringwhena =b = ¢
~(2,B8)=2a=b=c&+Ya*=3-3a*=3>a=1=2a=b=c=1>

=>x=y=z=1-onlysolutionis:x =y =z =1 (answer)

JP.132. Letx,y € (Og) Denote k = 2 — min{sin? x, cos? x}. Prove that:

. . k
sin? x cos* x sin? x cos’x 2 cos’x
+ - + - <|—+
1—cosy 1-siny/\1+cosy 1+siny 4 cos’y

Proposed by Stefan Andrei Mihalcea-Romania

Solution by proposer
First, Milne Inequality is used:
Let w;(j = 1,n) > 0, withsum 1;P; € [0,1] (j = 1,n), then

2—min wj
n 1<js<n

n
e Z
= 1-p; 1-p;

j=1
2 4
w,; = sin“ x, where x,y € O’E

Let’s take < Wy = cos” x
p1 =cosy
\ pz = siny

2—-min wj

sin? x cos? x sin? x cos? x sinfx cos?x\ 1sjsn
= + - + - Slomot >
1—cosy 1-siny/\1+cosy 1+siny sin“y cos“y
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Jordan

ButVtE(O,g):%SsintSt

. ) k
sin? x cos? x sin? x cos? x w2 cos’x
= + . + . <|—+-—=
1—cosy 1-siny/\1+cosy 1+siny 4 cos“y

where k = 2 — min{sin? x, cos? x}

JP. 133. Let a, b, ¢ be positive real numbers. Prove that:

8ag_l_bg+8b8+68+8(:8+ag<( +b +c)10 1 + 1 +1 ’
2 2 2 @ ¢ <9a 9b 9c)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by proposer
- We have: a® + b® = (a* + b*)” — (aZbZ\/Z)2 = (a* — a®?b*V2 + b*)(a* + a’b*V2 + b*)

@a8+b8=<a2— ,Z—ﬁab+b2><a2+ ,Z—ﬁab+b2><a2— ,2+\/§ab+b2><a2+ ,2+\/§ab+b2>

- Therefore, by inequality AM — GM for 8 positive real numbers.

a2+\/2+\/fab+b2+a2—\/2+\/§ab+b2+a2—\/Z—ﬁab+b2+a2+\/2—\/fab+b2
b(2+2+2) b(2-V2+2) b(2-V2-V2) b(2+2-V2)

- x:[a2+\/2+\/§ab+b2 a2 —+2++2ab+b? a?—+2—-+2ab+ b? a? ++/2—+/2ab + b?

+b+b+b+b>

b-b-b-bs

b(2+\/2+ﬁ) b(Z—\/2+ﬁ) b(Z—\/Z—\E) b(2+\/2—ﬁ)

2 8 8 2 8 8 2 8 8
©™ _12a+12b > 88/%.Similar:%—12b+1zc 28-8/”%;%—12c+ 12a>8- 8/%

N f + E + ﬁ > zi/as+b8 + zi/b8+c8 + zi/c'8+¢18 (1)
b c a 2 2 2
- By inequality AM — GM. We have:

9
9 10
(1t 1,1 1 104 .3/ 1) _ (ath+o)
(@+b+c) (9a T 9c) Z 99 (@+b+c) <3 abC> 3%-(abc)? @)

-Other: (a+ b + ¢)® = [(a? + b? + ¢?) + (ab + bc + ca) + (ab + bc + ca)]® >

> 27(a? + b? + c¢?)(ab + bc + ca)? > 27(a? + b? + ¢?) - 3abc(a+ b + ¢)
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2
(a+b+c)10 (a2+b2+c2)
>
3%abc)3 — 3abc (3)

= (a+b+c)® >81labc(a+ b+ c)(a?+b%?+c?) &

9 2
@ oo b ST

9b 9c
- Let (1), (4). We need to prove:
(@®>+b%2+c%)? a?> b? ¢ (a>+b*+c?)? ab®+bc®+cad
> S—t—+— > s
3abc b c a 3abc abc

e (a?+b% + cz)z >3(ab®+bcd +ca®) & %Z(az —ac+2ab—b? - bc)2 >0 (True)

9
- Therefore: 8\/“8”’8 + 8\/”8”8 + 8\/“8“‘8 <(a+b+c)1® (i +1 4+ i) and we get the result.
2 2 2 9a 9b 9c
Solution 2 by Michael Sterghiou-Greece

8 |a8+p8
2

s(a+b+c)1°(i+i+l)9 (1)

a’b’C>O_>ZCJ’C 9b 9c

Let (p.q,7) = (Xyca, Xeyec ab, abc). WLOG we can assume p = 1 [(1) homogeneous].

a8+b8+c8
3

. 1, ] ] 8[a8+p8 8
The function f(x) = x8 is concave so by Jensen’s inequality chc\j S S 3\]

9
which must be < (i) .Expanding X, a® we get ¥, a® = 2q* — 164> + 24q*r +
+20qg% — 8qb? — 32qr — 8q + 12r? + 8r + 1 = f(q,r). It suffices to prove that

3% (q,r) < G)“ because 37 <qor3”f(q,r) — G)“ <0 (2)
Let (2) be a function of r with q as parameter; call it g(r); g'(r) > 0 as
f'(r) =24q* —16qr —32q + 24r+8and f"'(r) = —16q + 24 > 0 (because
0<q <)~ f) 1> f'(r) > f(0) = 24¢* — 32q +8 = 5(q)

s'(q) =48q-32<0-s(q) > s(q) = SG) =0- f'(r)=0andas (_i), >0

r24
g(r) isincreasing function of r. We will use V. Cirtoaje theorem that with p, q fixed r
is maximal when a = b assumingWLOG a < b < c. g(r) < g(rmax) Which needs to

be < 0. Therefore we have to prove that h(a) = [2a® + (1 — 2a)?] - a*® -

(1-2a)**-L <owitho0<ac< g h(a) =16a*’(2a — 1)3a - 1) - w(a),

379 —

w(a) = 860a® — 3385a’ + 5689a® — 5809a° + 3589a* — 1417a3 + 349a% — 49a + 3
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We can observe that all even order derivations of w(a) are > 0 and all of odd order
increasing with one root and a min > 0 for the n — 1 derivative.

(i.e. h®(a) > 0, h®(a) T, h*(a) has min and is > 0). Hence h’(a) > 0 because
1
2a—-1<0,3a—1<0,w(a) >0- h(a) 7> h(a) < h(§> =0

The proof is complete.

JP.134. Let a, b, ¢ > 0 such that: a® + b? + ¢2 = 3abc. Find the maximum value of:

ab bc ca

P e b a2 +1 25 At b+l 26— ratr 21

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by proposer
*Wehave2a® —a®* —-3a® +a?+1=2a°(a—1)+a*(a—1)+a3(a-1) -
—2a*(a-1)-ala—1)-(a-1)=(a—-1)(2a°+a*+a®>-2a’—a—-1)
= (a—1)(2a*(a—1) +3a%(a - 1) + 4a*(a— 1) + 2a(a — 1) + (a — 1))
= (a—1)?(2a* + 3a3 + 4a* + 2a+ 1) > 0 (because a > 0and (a — 1)? > 0)
=2a®-a*-3a*+a’+1>20s2a°-a*+a’?+1>3a

o 2a%—a’+b*+a%+1>3a+ bt

1 1 ab ab
6_ 51 pht1g2 =< 31p2 < 6_ 54 httg2 — 2,31 p4 (1)
2a®-a’+b*+a~+1 3a’+b 2a®°-a’+b*+a~+1 3a°+b

- By AM-GM inequality we have:

3a3+bt=ad+a®+ad+b*>4a3 a3 a3 -b*=41a b*=4a*b¥a &
- ab < ab _ 1
3a® +b*~ 4a2bia 4aVa
- Hence (1) and AM-GM inequality:
R ab <1 si-1(1+1+1+1):i(1+3)
2 —a’>+b*+a’?+1" 4q¥a” 4a 4\a 16al\a
+Similar——2¢ <1t (1+3) __ a1 (1+3)

2b%—-b5+c*+b2+1 — 16b \b '2¢%-cS+at+c2+1 T 16¢ \c¢

ab bc ca

—Hence: = P = + + <
2a®-a’+b*+a?+1  2b®-bS+ct+b2+1  2c-cS+at+cZ+1 T
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1 /1 1 /1 1 /1
i) v ds o) il
16a\a 16b \b 16¢\c

1/1 1 1 3/1 1 1
= <—(—+—+—)+—(—+—+—)
P_16 az bz 2 16\a b (2)

c

— Other a? + b? + ¢? = 3abc and inequality: (x + y + z) > \/3(xy + yz + zx) that:

a b c

:E’y:ca’zzﬁ

We have:

— @, b, c a b b c @\ fg(l 1t 1\ 1, 1,1
3_bc+ca+ab2\/3(bc ca+ca ab+ab bc)_\/3(02+a2+b2)<:>a2+b2+c'2£3 3)
- Let (3) and AM-GM inequality:

1,1, 1_(1 1 11) 3524242 gttt
32;_‘_;_‘_0_2_(a2+1)+(b2+1)+(02+1) 32a+b+c 3<:>a+b+cg3 )

: 1. 3 .3=212_3 3 =3
-Let(2),(3). (4):>P<—-3+>.3="=25P< 5P >

max
(a,b,c>0;a?+ b%+ c* = 3abc

. . a—1=b—-1=c—-1=0
+ Equality occurs if: A =b*p=ct3=qt Sa=b=c=
a b c bc ca ab

. . 3
Maximum value of P |szwhen a=b=c=1.

JP.135. Let x, y, z be positive real numbers such that: x + y + z = 3. Prove that:

x3y3 y3z3 z3x3 x* +y4+z4+3xyz
xr+y3—x+2  yr+z34y+2  z4+xd-z42 T 6

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by Marian Ursédrescu — Romania

First, we showthis: x* —x+2>x3+1,vxeR (1)
Dext-x*-x+120ox3(x-1)-x-1D)=20o(x-1)x*-1)>0e

_ 2( 42 1 . .
& (x—1)*(x*+x+1) >0 (true). From (1) > e — < i inequality

. x3y3 xt+y*+z4+3xyz
becomes: X, P o @)

From AM-GM = x3 + y3 + 1 > 3xy (3)
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x4 +y4+z4+3xyz
6

x4+y4+z4+3xyz
2
3a
a+b+c’

From (2)+(3) we must show this: ), g < e Yxty? <

o xt +y* + 2% + 3xyz — 2(x%y? + x222 + y22%) > 0 (4).Now, let x =

3b 7z = 3c
a+b+c’ a+b+c

y= witha,b,c > 0.

(4) 81(a4+b4+c4) + 81labc _ Z~81(a2b2+b2c2+c2a2) >0
(a+b+c)? (a+b+c)3 (a+b+c)?

a* + p* + ¢* . abc 2(a’b? + a®c? + b*c?) 0
S — S
(a+b+c)* (a+b+c) (a+b+c)* -

& a*+ b*+ c¢* + abc(a+ b + ¢) — 2(a?b? + b%c? + c?a?) > 0 (5)

Now, use Cartoaje theorem: let f4(a, b, c¢) be a symmetric polynomial of degree four.
Then:
fi(a,b,c) >0,Vva,b,c >0 f,(a,1,1) > 0,Va > 0. Let f,(a,b,c) = a* + b* + c* +
+abc(a+ b + c) — 2(a®?b? + b%c? + c%a?)
fila1,1)=a*+2+a(a+2)-2QRa*’+c)=a*+2+a*+2a—4a*-2 =
=a*-3a*+2a=a(a®-3a+2)=ala-1)*(a+2)>0,va=>0>= f,(a,b,c) >0

= (5) its true.

SP.121. Let x, y, z be positive real numbers such that: x + y + z = 3. Prove that:

4 4 + +
x + y3 + Z3 +\/)_C ﬁ \/223
5-33/y 5-3Vz 5-3Vx 2

Proposed by Hoang Le Nhat Tung — Hanoi — VietNam

4

Solution by proposer

x,y,z>0

3 . . 3
x+y+Z:3:>0<x,y,z<3:>5—3\/?c>o,5—2i/§>o,5_3\/2>o

- Because {

- Be Cauchy - Schwarz inequality we have:

xt y* z* \/§+\/;+\/; (;\c2+yz+zz)2 \/§+\/;+\/E
+ + + > +
T A s - R P 1 ) IR O
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(Vx++x+x%>3YVx-Vx-x2 =3x
+ Other, byAM—GMinequaIity:J\/§+\/§+yZ > 33/\/;.\/;.3,2 =3ye
NZ+\z+22>3\Vz-VZ-22 =3z

2v/x > 3x — x?
12 /y=3y—-y*=>
2z > 3z — 72

=>2(Va+ Jy+vVz)=3(x+y+2z) - (x2 +y?2 +22) = (x + y + 2)2 — (xZ + y? + 2?%)
& 2(Vx+. [y +Vz) = 2(xy + yz + zx) & Vx+ [y +Vz > xy + yz + zx (becausex +y +z+3) (2)
Yx +3x + Yx + x% + x2 > 53/x5 = 5x 33/x > 5x — 22
W+W+W+y2+y225W=5y@ 31y = 5y — 2y?

Yz+ Yz +3Yz+22+ 22 > 5575 = 52 3Vz > 5z — 227
=>3(/x+{y+Vz) =5(x+y+2)—2(x? +y? +22) =15 - 2(x% + y? + 2%)

_ 3 3 3 2 2 2 (X2+y2+zz)2 2aylig?
< 15 3(\/9_C+\/§+\/E)S2(x +y +Z)@15—3(3\/§+3\/§+3ﬁ)2 . (3)

-Let (1), (2), (3):

. x* + y4 + z* + \/§+\/§+\/E > ;\c2+yz+z2 + xy+yz+zx (4)
5-3%/y 5-3%z 5-33% 2 = 2 2
2
2,.2,.2 2 (x+y+z)2_m 2 g2
+ We have: x +y2 +z + xy+);z+zx — (x+y+z) ;xy+yz+zx) > . 3 — (x+);+z) — . -3 (5)
4 4 4 \/;_'_ +ﬁ
-Let (4), (5):=> ¢ Zgﬁ + - yggf + - ng + ‘f > 3 and we get the result.
- -3z -33/x

+ Equality occursifx =y =z = 1.

SP.122. If z4,z,, z3 € C are different in pairs and |z,| = |z,| = |z3] = 1 then:
|z, — z3| + |z, — 23| < 3 + |z, + 2,]
Proposed by Marian Ursédrescu — Romania

Solution by Omran Kouba-Damascus-Syria

We will prove the stronger inequality: |z, — z5| + |z, — 25| <3 +%|z1 +z,| (1)
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Consider x and y from [OE] such thatz—; = etix andz—z = e*¥, With this notation (1) is
equivalent to 2 sin(2x) + 2 sin(2y) < 3 + [cos(2x + 2y)| (2)
Now, with z = x + y € [0, ], clearly we have:
2sin(2x) + 2sin(2y) = 4 sin(z) cos(x —y) < 4sinz (3)
and (3 + |cos 2z|)? — (4 sinz)? = 9 + cos? 2z + 6|cos 2z| — 8(1 — cos 2z) =
= (1 + cos2z)? + 6(|cos 2z| + cos 2z) > 0. But, sin z > 0, so the previous inequality
implies: 4 sin z < 3 + |cos 2z|, thus (3) implies (2), and this is equivalent to (1). The

proof of the stronger inequality (1) is completed.

SP.123. Let A € M,,(R) be a symmetric and invertible matrix.
Prove that: det(4? + A2 + 21,) > 4"
Proposed by Marian Ursdrescu — Romania

Solution by proposer

A symmetric and invertible = eigen values 44, 4,, ... 4, € R*. Let be the polynomial
p(x) =x* +1= detp(4) = p(A)p(A;) —p(4,) = (A2 +1)(A+1)...(A2 +1) ()

A~1 has the eigen values
ALY A4t e R = detp(A™Y) = (A2 +1)(2432 +1) .. (A1 + 1)
= detp(A™) = (A2 +1)(432+1) .. (1 + 1) =

3+1)(23+1)..(a2
1 2
222222

Butd?+A%2+2I,=(A*+1,)(A7%2+1,) =>det(A? +47%2+2I,) =
det(4%2 + A2 + 2I,)) = det(4%2 +1,,) - det(A~2+1,) (3)
From (1)+(2)+(3) = det(4? + A2 + 2I,)) =

+1) )

_ [(a%+1)(a§+1>...(aa+1)r @

Mdg. Ay

ButA2 +1> 22, (5)

n 2
BUE (4) + (5) = det(A% + A2 + 21,) > (E2222-2n)" = g
142..4p
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SP.124. Let a, b, c be the side lenghts of a triangle ABC with inradius r and circumradius

R. Prove:

3 _ a? . b? . c? _ 2R-r
2°bh2+c2 2+a? a?+b%:" 2r
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty—KoIkata-lndia

Ya®> 3abc+2s(Xa® —Zab)
b2+cZ = ZZbc

2abc 2-4Rrs
2s(s? —12Rr — 3r%) + 12Rrs _ 2s(s> — 6Rr — 3r%) _s® — 6Rr — 3r? _2R-7
ey = = =1
8Rrs 8Rrs 4Rr - 2r

& s2—6Rr —3r2 <2R(2R—1) = 4R? — 2Rr © s? < 4R? + 4Rr + 3r?% - true

a’ ZR r a2 Nesbitt 5
(Gerretsen) :>Z]b2+ < . Also, Z = 5 (Done).

SP.125. Let triangle ABC have exradii r,, 1}, 7, altitudes h,, hy,, h. and a, b, ¢ be the
lengths of the sides. Prove that:

<ha>2 <hb>2 <hc>2 1/a*+b* b*+c* c*+at
) +(=2) +(=8) <= + +
T, Ty T, 2 ct a* b*

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India

2 _
(E) = (E x u) = 4(S “) etc - given inequality becomes:

Tq a A
1)
Y. a*b* (a* + b*) = 8a?b*c*{b*c*(s — a)* + c*a*(s — b)* + a*b*(s — ¢)*}.
Lets—a=x,s— b=y,
s—c=z>s=Yx~a=y+zb=z+xc=x+y (x,y,z>0).

Then (1) becomes:

D RO+ D@+ 0@+ + 2+ )N 2 8B(x + Y2y + 22z + )%

cyc
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’ Z{xz(z +x)?(x +y)?’} o 2 z x12 +12 (Z X'y + z xy”) +

cyc

+262 10y2 4 z 2y10) +48xyz(z )+282 z
+64xyz (Z xBy + Z xy8 + 25 Z xByt + Z + 40xyz Z x’y? + Z x2y7
+72xyz Zx6y3+z +32 Zx7y5+z +402x yo +
+144x%y?z? (z x3y3) + 160xyz z x>yt + z x“y5 +
+36x2y2 22 z xty? + z > 4x%y?z? (z x6) + 80x2y?z2 z x5y + z xy5)
+224x3y323 (z x3) +312x3y323 (z xty + z xyz) + 636x*y*z*
Chebyshev 1 A-G
szg = Z(x9 +y?) = ZE("Z +y)(x®+y7) = zxy(x7 +y7) =
Chebyshev 1 A-G
= z y(x®+28) > z Ey(xZ +z2)(x% + z%) > z xyz(x® + z%) =
= 2xyz(3 x°) = 4xyz(X x°) = 4x*y*z* (L x°) (a)
A-G
Again, 2} x6y® = ¥ (x6y® + y6z%) (2) 2y x3z3y6 =2% x3y323(Xx3) =
13
= 40y x%y® > 40x3y3z3(X x3) (b)
A—G by (i)
Also, 32(T x7y5 + ¥ x°y7) > 64 Y xy° (2) 64x3y3z3 (X x3)
C
by ()
Also, 25(F x8y* + ¥ x*y?®) > 50 x6y® (%) 50x3y3z3 (X x3)
A-G by (i)
Also, 28X x°y3 + Y x3y%) > 56 x%y° (2) 56x3y3z3 (Y x3)
by (i)
Lastly, 7 x1%y% + %, xzylo) 142 x6y® (?) 14x3y323 (% x3)

(9)
Now, 144x%y2z2(Y x3y3) = 72x%2y?22(2 Y x3y3) > 72x%y?z% - xyz(3 x*y + Y xy?)

( zzu3 > Zuzv +Zuv2)
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= 72x3y323 (z xty + z xyz)

Also, 160xyz(X x5y* + ¥ x*y°) = 160xyz X {x5(y* + z*)} A; 320xyz(Y x5y?z?) =

= 320x3y32? (z x3) = 160x3y323 (2 z x3) (Q 160x3y323 (z x%y + z xyz)

Lastly,
44xyz (Z xby3 + Z x3y6) = 44xyz {Z y3 (2% + ZG)} (21) 44xyz§1{y3xzz2 (22 + 2%)}
= 44x3y323 (z xZy + z xyz)

SP.126. Let m,, m,, m_. the lenghts of the medians of a triangle ABC with circumradius R.

Prove that:
1 1 1
1 1 1 3 m, ‘m, m,
+ + + >4
m,my mym, mmg, m,my + mym, + msmg, m, + m, + m,

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by Bogdan Fustei-Romania

the medians m,, m,, m,. of A ABC can be also the sides of a triangle of medians

— 3.1
mal—za

denoted m,,, my,, m.;. But my; = %b ! we will write the inequality from enunciation
|

3
mc1:;C}

41 1 1
L . ()

b 3 > 3\a b ¢

for mal'mbl'mﬂ'%ab 1—96bc 1—96ac 1—96(ab+bc+ac) - %(a+b+c)
16011, 1)

LTSN S PEC I S A A
9\ab bc ac/ 3 ab+bc+ac— %(a+b+c)

1
16 1 +16 1 16 4 E+E+E 16
9 ab 3 ab+ bc+ac 3 a+b+c



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1
1 1 1 4 —+p+—
_z_+ >__a b C
3 ab ab+bc+ac 3 a+b+c
ab+bc+ac

>i abc
-3 2s

L;:>L+ 1
2Rr 6RT ab+bc+ac
1 . 1 >4 ab + bc + ac
6Rr ab+bc+ac 3 4RS - 2s
1 1 ab + bc + ac
+ =
6Rr ab+ bc+ ac 6RSs
6Rr +ab +bc+ac ab+ bc+ ac 6Rr +ab +bc+ac ab+ bc+ ac

> PN >
6Rr(ab + bc + ac) — 6RTs? ab+bc+ac s2

ButZﬁ:

[abc = 4RS]

s%2(6Rr + ab + bc + ac) > (ab + bc + ac)?. Butab + bc + ac = 2R(h, + h, + h,)
2Rs?(h, + hy + h. + 3r) > 4R?>(h, + h, + h.)?

i > (ha+hb+hc)2 .

h h h
2R ~ hg+hp+hc+3r’ BUth“+hb+hC:r(6+_a+_b+_c)
a (4

Tq Tp Tc

h Z
h,+ h, + h,)? =12 6+—a+—hb+E
a b c

Tq Trp re

h, h,

h
3r+ha+h,,+hczr<9+—“+—+—)
r, T, T,

, rz<6+@+@+&)z " <6+ﬁ+@+&)2

s Ta Ty Tc) _ Tq Tp T¢
ZR_ r<9+ﬁ+ﬂ+&) ZRT_ 9+ﬁ+ﬂ+&
rq L re rq L re
z h, z bc(s—a)  s(s?+4Rr+1r*) —12Rrs _s*—8Rr+r? ()
r, 2Rrs 2Rrs B 2Rr B
h,  h, . h.\*
(6 + T_Z + Ty + r_z) _ (s + 4Rr +r?)? 2Rr _ (s*+4Rr+1r?)? -
9+ h, + hy, + h, 4R2r2 (s2+10Rr +1r2) 2Rr(s® +16Rr +12) —

rq L re
2

s
< 27y & s*+ s2(10Rr +1%) > s* +r?2(4R +1)?> + s2(8Rr + 21r?) &

2
& s?(2R—1)>r(4R+1)? @ s? > 16Rr — 5r% — Gerretsen’s inequality =
= s2(2R — 1) = (16Rr — 51r%)(2R — r) — true. We will prove that:
(16Rr — 512)(2R — 1) > r(4R + 1)?
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r(16R—5r)(2R—71) > r(4R +1)? © 32R%2 — 10Rr — 16Rr + 51* > 16R% + r% + 8Rr
16R?> + 4r? > 34Rr = 8R?* + 2r? > 17Rr > 8R?> - 17Rr + 21’ > 0 &
© (R-2r)(BR—1) =0R—2r > 0 = R = 2r - Euler's inequality

2
ha  hp R
) (6+_a _b+_6)

Tq T b Tc

. S - - - -
8R > r —true. So, (2) true; = 2Rr = o hg hp .~ LTUES inequality from enunciation

1 1 1

. 1 1 1 3 mq my  me
is true, namely: + + + .2 T e

momyp mpymg momg momp+tmpme+memg, - me+mp+m,

Solution 2 by Soumava Chakraborty-Kolkata-India

(Z ma)(z mamb) + 3mamcmc 4 Z mgom,
m mbmc(z mamb) N mambmc(z ma)

o (Olmamy) (Y ma) +smamyme (Y ma) 24 (Y mem,)
& (3 mams) (R me 2 ) mom) + 3mmymc (3 me) = (), moms)

e Emymy)Emi)+3mymym (¥ a)™ > 2(Y m,m,)? (1) . We shall now prove:

(X ab)(¥ a®) + 3abc(Y a) = 2(X ab)? (2)
& 3 -4Rrs(2s) > z z ab — z aZ < 24Rrs? >

> (s2 + 4Rr + r?){2(s* + 4Rr + r?) — (2s* — 8Rr — 212)} © 24Rrs? >
> (s2+4Rr + r2)(16Rr + 41r?) © 6Rs? > (s* + 4Rr +r2)(4R+1r) &
© (2R-1)s’ =2r(4R+1)? (3)

retsen

Ger ? ?
LHSof(3) > (@2R-1r)(16Rr —5r*)>r(4R+1r)? ©8R* - 17Rr+2r*’ >0 &

2
< (B8R —1)(R—2r) = 0 > true = (2) is true. Let us consider a triangle with sides

Ema,zm,,, Emc and apply (2) on it. We shall have:

16 2
9 z mamy, - g z m2 + mambmc 3 z m,=>2-: a (z mamb)

e Emymy)Emi) + 3mambmc(Z m,) > 2(3X mom,)? = (2) is true (proved)
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SP.127. Letbe A, B € M,(R) such that: A2 + Bz = 2 sin%AB.

If AB — BA is invertible, then nx is an even integer.
Proposed by Marian Ursdrescu — Romania
Solution by proposer
Let be the equation x% — 2 sin%x + 1 = 0 which has the roots z; = sin E - icosg
T T

Z, = sin—+icos—
x x

(B —2z,A)(B — z,A) = B?> + z,2,A*> — 2,AB — z,BA =

T
— p2 2 _ in— — =
=B“+A (2 smx zZ)AB z;,BA
T
B?>+A%? -2 sin;AB + z,AB — z,BA = z,(AB — BA)

det (B — z,4) (B — z,A) = det(z,(AB — BA)) >
=0
z3 det(AB — BA) = 0;det(AB — BA) + 0 >
z3det(AB—-BA)>0=>2z} ER>

n n

(sin§+icos§) ER=> (cos(§—§)+isin(§—§)) ER

773

:cosn(i—; +isinn(E—E)ER:>sinn(§—g) ZO:n(E—g) =kn=

2 x 2

:n(%)=k:>nx—2n=Zk:>nx=2(n+k):>nxiseven.

SP.128. Let x, y, z be positive real numbers such that: x + y + z = 3. Find the minimum of
the expression:
P= x + y? + z + Ve W +Vz

y(1/2(y4 +z4) + yz)2 z (1/2(24 +x*) + zx)2 x(1/2(x4 +y*) + xy)2 27

Proposed by Hoang Le Nhat Tung — Hanoi — VietNam

Solution by proposer

- By Cauchy - Schwarz inequality we have:

2
(V20 + 2% + 2yz)” <2Q(y* + z*) + 4y%2%) = 4(y* + 2y22% + 2*) = 4(* + 22)?



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

x3 x3
4 4 2 _ 2
=2yt +z8) +yz<2y* —yz+27¢ & — 22y(2y2_y2+222)2
y(ﬁZ(y +z )+yz)
3 3 3 3
+ Similar: Y ;> z P —
2(1’2(24*”“4)"'”) 222824 22%) z( /Z(z4+x4)+zx> x(2x?-xy+2y?)
3 3 3
- Therefore: ol -+ y o+ z >
x3 y3 23
= 2 212 + 2 212 + 2 (1)
y(2y%-yz+222)"  z(22%-zx+2x2)"  x(2x2-xy+2y?)
- By Cauchy - Schwarz inequality:
22 2 2 2
x3 — Z (2}’2_}’2+222) > (Zlyz—yz+222) (2)
y(2y? —yZ+Zzz)2 xy = Y xy
4 212
+ Other, ¥ -~ =Y ad _> (zx?) > 1

yz+Zz 2x2y2—x2yz+2x%z Y(2x2y?—x2yz+2x%2z%) —
e Xx?)?2> 4Zx2y —xyzYxoe Yxt+xyzYx >2Y x*y* (3)
+ By Schur and AM-GM inequality: Y x?(x — y)(x —2) 2 0= Y x* + xyzY x = Y xy (x? + y?)
Yxy(x:+y%) =Y xy 2xy = ZZnyZ > Yxt+xyzY x> 2Y x%y? = (3) True.

Let(1):=> Y x

(e 20 @

+Let(2), (3): =Y

y(2y? yz+Zzz)2 = Zx

- By AM-GM inequality:

Ve + Yx+Yx+Yx+ 2% +x%2 > 63x 23 x2 = 6x 4-Yx=>6x—x*—x3
Vy+iy+y+iy+y +y2 =6y -y3 - y2 =6y {4-Yyz6y-y*—y*
Yz +3z+ %z +4z2+23+722>63z-23 22 = 62 4-Vz26z-27"-7°

54X Vx)26Xx—-Yx*-3Tx3=6-3—-Cx)?2+2Xxy—-2x3=2Fxy+9-Yx° (5
+ Other,because x +y+z=3;xy,z>0=>Y(x-3)(x-1)? <0 Y(x-3)x?-2x+1) <0

(:)Zx3—52x2+72x—9S0=)Zx3S52x2—72x+9:5-32—102xy—7-3+9

©¥x3<33-10%xy.Let(5):24(XVx) =22Xxy+9-(33-10Xxy) X Vx>3Xxy—6 (6)

. L 3ny_6_i _E Zﬂ_E:E_E:f
_Let(4)’(6)':>PZny+—Z7 _ny+2xy 9ZZfoy s "5=3 573
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x=y=z>0

x+y+Z:3<:>x=y=z=1.

> P> g = Phin = g. Equality occurs if: {

SP.129. Let a, b, c be positive real numbers such that: a + b + ¢ = 3. Prove that:

3 b3 3

a c ab+bc+ca >1 (1)

+ + +
4[p84+c8 48,8 4[48p8 2(a?+b2%+c?) —
b2 2 +5bc c? 2 +5ca a? T+5ab

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer

— By Cauchy-Schwarz inequality we have:

2
(V2P +c®) + 2b%c?)” < 2(2(b® + ®) + 4b*c*) = 4(b® + 2b*c* + ¢®) = 4(b* + c*)?

4 b8+ 8
= ./2(b8 + ¢8) + 2b%c? <2(b*+ ¢*) & , 2 ¢ S\/b4—b2c2+c4:J(b2+c2)2—(bc@2

4 b8+C8
@/ T = @+ VB)(b? ~ bev3+ e2)(2 ~VB)(b2 + bevB+ ) <

- (2 +3)(b% — bev3 +c2) + (2 — V3)(b? + bevV3 + ¢2) _ 4b% — 6bc + 4c?
= 2 B 2 B

+|p8 + c8 ) ) a3 a’
—_—+ < + + =
= 2 She < 2(b*+ be+c*) & +[p8 + 8 ~ 2b%2(b% + bc + ¢2)
b? 5— + 5bc

2b? — 3bc + 2¢?

SP.130. Let a, b, c be positive real numers such that: a + b + ¢ = 3. Prove that:

3 b3 3

a c ab+bc+ca
+ + + >
bZ(b%2+bc+c?)  c2(c?+ca+a?) a?(a?+ab+b%)  aZ+b*+c? T 2 (1)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by proposer
- By Cauchy-Schwarz inequality and a + b + ¢ = 3, we have:
ad b3 c3
b%(b2 + bc + c2) + c2(c? + ca + a?) + a%(a? + ab + b?)
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(5) (&) &) (G5 +5)
_ b + c a . b c a
a(b?+ bc+c2) b(c2+ca+a?) c(a?+ab+ b%) ~ a(b? + bc + c2) + b(c? + ca + a2) + c(a? + ab + b?)
a? b% 2 z a? b% 2 z
= @ + A + c? (7+7+7) — (7+7+7) )
bz(b2+bc+c2) cz(c2+ca+a2) az(a2+ab+b2) ~ (a+b+c)(ab+bc+ca) 3(ab+bc+ca)
. - f a? b2 c? at b* ct (az +b%+ cz)z
- - = —— >
Using Cauchy-Schwarz inequality: — + — + — = — + -+ 2= > ——7——— (3)
- By Bunhiacopxki we have:
(a2+b2+c2)2

(a-ab+b-bc+c-ca) < (a? + b% + c?)(a?b? + b>c? + c?a?) < (a? + b? + ¢?) - n

(aZ + bZ + CZ)3
3

3

= (a?b + b%c + c%a)? < = a2b+b2c+c2as\/

+ Let (3):

a? | b% (az+b2+c2)2 _ 2 2 2 a2 b2 2\’ 2 2 2
=>7+7+;2—2—\/3(a +b?+c?) o (T+T+;) >3(a?+b%+c%) (4)
(a2+b2+c2)
3
a3 + b3 + 3 3(a2+b2+c2)
b2(b%2+bc+c2)  c%(c*+ca+a?)  a%(a?+ab+b?) — 3(ab+bc+ca)

-Let (2), (4): =

al b3 c3 ab + bc + ca
= 22 (h2 N iz N T 22 Nt 2 23 2 —
b2(b2 + bc+c?) c2(c2+ca+a?) a?(a2+ab+b%) a?2+b2+c

a’?+b*+c¢? ab+bc+ca a?+b%?2+c?2 ab+bc+ca
= +—3 2 7 = T2 2 7
ab+bc+ca a*+b?:+c ab+ bc+ca a*+b?+c

= (1) True and we get the result.

a=b=c

a+b+c:3<:>a=b=c=1.

+ Equality occurs if: {

SP.131. Let a, b, c > 0, with sum 1. Prove that:
Y ab? > (¥ ab)? — 103 ab + 12abc.
Proposed by Mihalcea Andrei Stefan-Romania
Solution by proposer

In Milne’s Inequality we take the pairs:
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a—ab
(a,1-b) (b1-¢)(c1-a)->3Y — <2
But:
Z a-ab _ Y(a-ab)(1+b-c)(1+c-a) _ (¥ ab)?>-2Y a’b-Y ab?
1+a-b [1(2a+c) " 9abc+4Y ab%+2Y% a2b’

So, after calculations :
2

3 (z ab) < 18abc + 102 ab(a+ b) + z ab?

Using that} ab(a + b) = Y, ab — 3abc, it results g.e.d.

SP.132. Let a, b be two positive numbers.

Prove that:
(1+ab)(ab—a—b-1) 4(a2+b2+a+b) <1
(a?+1)(b%+1) (2+a+b)(a?+b%+a+b)-2(a+b)? —

Proposed by Mihalcea Andrei Stefan — Romania

Solution by proposer

First, observe that 1 — {tebXab-azb-1) _ a+1 , b+l

(a2+1)(b2+1)  a?+1  b2+1°
Now
, az+1 + b2+1 __ 1 - 1 > 4 . > 4-((212+1272+a+b) N
a?+1  b%2+1 atl--5  b+l- a+b+2_2(a;ﬁ+bg+b) (2+a+b)(a?+b%+a+b)-2(a+b)
by C-B-S

SP.133. Leta, b, c > 0, with sum 1. Prove that:

2
2 r—abcz a < 1+Ya

1+aZ2 — 3+Ya?’

Proposed by Mihalcea Andrei Stefan —Romania
Solution 1 by proposer
In Milne’s Inequality, we take the pairs:
(1-aa+b?),1-bb+c*)(1-cc+a?) -
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(b+c)(a+b )

B+Yad)y———— 1457
But (b + c¢)(a + b?) > 4b/abc.
So, 2vabc). 1+Za

1+a? = 3+Ya?

<21+ a?).

Solution 2 by Michael Sterghiou-Greece

2Vabc), = <1+chca (D)

YC1+aZ — 3+chca

Let (chcarzcycabvabc) = (prqu)p = 11q S irzcycaz = 1 - Zq

Za(a )

+1)°

<0for0 < a < 1hence

f(a)_ Z,han”( )_

3

Jensen % 9 e o
chc e = 3 1+(§)2 =T Alsor < (g) so it is enough to show the stronger than
1 3 0
1 H = a a\4
(1) inequality 2123y —— < 2 (5) " S ﬁ or
5 7 5 3
f(q) =-34q4+2-34q4 +5¢—-5<0
3
(@) = ——34q4 + —+ 5 > 0 because —— 34 ( )“ < 5hence f(q) Tand
2q4
1 1 5
f@<f(})for<iorfiq)<i(v3-2)<0

We are done!

SP.134. Let ABCD be a cyclic quadrilateral with perimeter 2.
Denote AB = a,BC = b,CD = c,DA = d.

Prove that:

2(a+c)(b+d)

JII(1-a) ~

Proposed by Mihalcea Andrei Stefan — Romania

4SZtang<

Solution by proposer

R . _ 1-x R
The function f:(0,1) - (0,2), f(x) = J(l—a)(l—b)(l—c)(l—d) is concave.
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We know that tang = /% = f(1-[(1-a)(1 - d)]?). Applying Jensen -

A 4-Y[(1-a)1-d)? _ Y[(1-a)(1 - d)]?
Ztanaﬂf( 1 >_2\/(1—a)(1—b)(1—c)(1—d)

ButY[(1 - a)(1 - d)I* < [X(1 — a)(1 — d)I? = [(a + c)(b + d)]%

2(a+c)(b+d)

VII(1-a)
Zt A_ (1—a)(1—d)+ (1—b)(1—0)+ (1—0)(1—d)+ 1-a)(1-b)
My T la=o00-p [Od-a)d-ad) |JG-a(-b) |JG-0@-a)

Which is bigger or equal than 4. Using this - g.e.d.

So, ) tang < . Now,

SP.135. If a, b, c > 1 then:

log, b N log, c N log.d N log,a - 16
a+b+c b+c+d c+d+a d+a+b 3(a+b+c+d)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution 1 by Tran Hong-Vietnam

Using Cauchy’s inequality:

4 log, b log, c-log.d-log,;a
>
LHS‘4\/(a+b+c)(b+c+d)(c+d+a)(d+a+b)
4 Cauchy 4 16

= = = . Proved
*/(a+b+c)(b+c+d)(c+d+a)(d+a+b) w 3(a+b+c+d)

Equality @ a=b=c=d.
Solution 2 by Amit Dutta-Jamshedpur-India

Using Cauchy — Schwarz’s Inequality:

2
(a% +aj+-+ a%) (b% + b3+ o+ b%) > (ayby + azby + -+ a,b,)?

Putting a; = x"i and b; = \/y;, we have:

Vi

x2  x3 x%
—t =+t — (}’1+J’z+"'+yn)2 (-xl_l_xZ+'"+xn)Z
Y1 Y2 Yn
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2 2 2 2 .
N (x_l + 24y "_") > Lt Hn)” i s L emma
Y1 ¥z Yn (r1t+y2+-+yn)

Using this inequality, putting x; = \/log,b,y, = (a+ b +¢)
x; = log, ¢y, = (b +c+d)

x3 =,/log.,d,y; =c+d+a
x, =, /logga,y,=d+a+b
We have,

>

{logab . log, c . log.d . logda}
a+b+c b+c+d c+d+a d+a+b

- (J/1og, b + \/log, c + \/log.d + /log, a)z
- 3(a+b+c+d)

AM-GM
Jlog, b + \/log, ¢ +/log.d + \/log,a > 4
log, b . log, ¢ log. d . log,;a 16

“a+b+c b+tc+d c+d+a d+a+b~ 3(@+b+c+d)
(proved)

Solution 3 by Serban George Florin-Romania

log, b 4 log, b 4 4 16
ylogab o 4% = > = M, >M
a+b+c a+b+c  [I(a+b+c) L“;””) 3(a+b+c+d)’ ( a g)

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

loga b + logp ¢ + log.d + logga __

> : =
fora,b,c > 1 we have a+b+c b+c+d c+d+a d+a+b

log, b log, c log, d log, a
log, a * log, b * log, c * log, d
a+b+c b+c+d c+d+a d+a+b

log, b + log, c + log, d + log,a ?
log, a log, b log, c log, d 16
>

- 3(a+b+c+d) “3(a+b+c+d)

x>1

Therefore itis to be true.
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UP.121. Prove that:

n

xP-@ <ﬁ) dx = <nnTp> B(n - 2p,p)

Proposed by Shivam Sharma — New Delhi — India

Solution 1 by Khalef Ruhemi-Jarash-Jordan

oo
n

2
I=fx”‘1 (—) dx
J 1++V1+4x

2 _ —1_1_1y
Ll Yo X T, R
2 1
dx=-5+5

1
al == f (1 - y)y~ty?2y™(y —2)7%y - dy
0

1 1
al=- f y 21 (1 —y)P-1(y - 2)dy = fx"‘z”‘l (1- x)P‘l(l +(1- x))dx =
0 0

1 1

1
= fx"‘Zp‘l (1 —x)Pldx + f x"2P-1(1 — x)Pdx = fx"‘Zp‘l (1 —x)P ldx +
0 0 0
w1 -rt p . 1 _Tm—-2p)r(p)
n—-2p |, n_zl’ofx Tmr= r(n—p) "
p \T(n-2p+1)r(p) _
+(n—2p) rTh-p+1)
p (n—2p)I(n—2p)r(p)\ _
ﬂ(n_ZP'p)+(n—2p)< (n—p)I'(n—p) > -

=B(n—2p,p) + (np%p) B(n-2p,p) = (nnTp) B(n - 2p,p)

== (ﬁ) B(n — 2p,p)
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Solution 2 by Mohammed Algottby-Hajjah-Yemen

Showthat'LZfooxp‘l( 2 )ndxzi n#p

) 0 1+V1+4x n-p'
1xb-a(1—x)c-b-1gxy _ e

We have fO W— B(C b,b)zFl(a,b,c,z)

1 _
4 y?

fl a2 1(1—x)P1gyx
0 (1+x)npt+1

,0) = vy € [0, 1]:>L—

Soput1+4x:yl2:>x:

n+1
= %B(P,n— 2p)ofin—p+1,n—-2pn—p;—1) - (1)
But ,fi(n—p+1,n-2p;n—p; —-1)

_ - Fk+n—-p+1rk+n-2p)f(n—p)
z(_l) Tm—p+1)rn-2p)r(k+n—-p)k!

1 1 c (k+n)l(k+n—2p)+T(k+n—2p+1)
2 (n- p)T'(n—2p) kZO(_l)k[ k!

_ n I'(k+n-—2p)
" 2n-p)r(n-— Zp)z(_l)k k! +

1 - I'(k+n—2p) r(k+n—-2p)\ _
+ 2(n—2p)f(n-2p) <kz:1(_1)k (k—1)! z( D (k—1)! > -

__ n22P~n71r(n-2p) __2p?p—n1
= -pa-2p) =T 7@
2)-(@Q)

n

:prl )d == B(n—Zp,p)=LB(p,n—2p)
J 1+m n-p n—p

UP.122. Letbe a,, = ',}zlarctanz;. Find:

k*+k+1

Proposed by Marian Ursarescu-Romania
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Solution by proposer

. 11

— — k k+1 _

an—ZarctankZ_l_k_l_1—Zarctan1+ 1 =
k(k+1)

( ¢ 1 ¢ 1 ) i ¢ 1 i
= —_— = — = - —
arc ank arc ank_|_1 2 arc ann_|_1 2

4(f-a) @

4

tp=x-Tolim, e = (2 (InZ-1) @)

X—>4 ——x 4
x% —a*
lim =a'(lna—1)
x-a aA —
z a T a LU a
. n- _ 4 Yncs ., 47 “n+1 T Qg n
fimn (g~ ) = fim 5 2 lim Sy =
n n+1 n
— arctan 1
~ lim m+1)2+n+1+1
n-oo _ 1
n(n+1)
1
arctan—————
P (n+1)2+n+2
llm"_mo 1 (n+1)2+n+2 1 (3)
(n+1)2+(n+2) n(n+1)
From (1)+(2)+(3)
7 Tn TG, T
- (e -5")= () 7 )
UP.123. Find:
1 (VnF + K+ k
Q = lim -
noel I\vVnt+ k2 -k

Proposed by Marian Ursédrescu — Romania
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Solution 1 by Sagar Kumar-Patna Bihar-India

ST (Vnt+ K2+ k
L =lim —_—
n—-oo + 1 ‘/n‘l‘ + kZ _ k

n

1
L TRk k*\2 k
L=lim1_[—2 = lim 1+— | +— | =
k=1

n n-oo

n 2
: k* Kk 1
—aml <1+m+ﬁ+°("")>

n

. k
logL =2 rlll_glo log (1 + F)

k=1

n n 1
logL =21i kK =21 ! (k)—zf d
ogL =2 n?2 2t ) T A% n) ")
k=1 k=1 0
logL =1 = L = e Answer

Solution 2 by Shivam Sharma-New Delhi-India
2
T R+E K2k R Kk 2
lim ———| = lim 1+—+— | =lim 1+ +—+-
n n
k=1

n—oo nz n—oo n4' n—oo 2n4
k=1 k=1

nc@ = 2 [ ] (145}

n

k
In(Q) =21lim ) In (1 + —Z)
n—-oo n

k=1

2
As we know, x — % < In(1 + x) < x. Using this, we get,

n

> (H-k) <) m(1e k)< ()
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1 = k2 = k 1k
lim — Z( )—llm— z <2lim ln(1+—)<211m— (—)
n—>oonk_1 n—-oo znZ nZ n—-oo

n2 nown n
k=1 k=1 k=1
1

n 1
1 k
fxdx—llm Z)fxzdx < 2lim ln(1+—)<2fxdx
n-o \2Nn n—oo n
0

Zx21 0<2li nl 1+k <2x21
2| TV "( F)‘ 2
0 k=1 0

0

n
k
1<2lim ln(1+—2><1
n—-oo n
k=1
1<Iln(Q)<1

By squeeze theorem, we get Q = e (Answer)
Solution 3 by Soumitra Mandal-Chandar Nagore-India

P 1 (Vnt+ k2 + k i \/n4+k2+k
= o Vit + k2 — _nl->nolo B =
- 2 InQ C 2k
:\/__}‘l_’n'}"k_l 1+F+n2 > = "l"nf’l"kzlln 1+n4+F

[ ln(x+\/1+x2)—x—1-x—3+£. ’ ]

n(n+1) _

4
. n k _ .. 1 _
= lim,,_, Zkzln_z = lim,,_,, oz =5 Q = e (Answer)

UP.124. Find all continuous functions such that:

e[ Ji(3) dtzlff(t) dt

Proposed by Marian Ursédrescu — Romania
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Solution by Ravi Prakash-New Delhi-India

l £(6) dt = lf £(6) dt

Differentiating w.r.t. x we get: 2e?*f(e?*) — e*f(e*) = e*f(e*) = 2e**f(e?*) =
= 2e*f(e*) = e*f(e?**) = f(e*). Putx =1Int,t > 0 to obtain:
tf(t?) =f() vt>0 (1)
Taking lim t - 0 +, we get: 0 = £(0). For 0 < t < 1, tf(t) = t2f(t?) = ¢’ f(¢*") =
=2’ f(t¥) = -t f(t¥") vn € N. Taking limitasn — oo, we get
tf(t) = lim e f(£*") 0 <t <1

=0f(0)=0=f(t) =0for0 <t <1 Asfiscontinuous f(1) = lim,_,_ f(t) = 0.

wforo<t<1,f(t)=0.Lett>1,2f(t?) = tf(t) = t§f (t%) = t%f (t%) =...=

1 1
=t"f (tz_") vn € N. Taking limitasn - o, we get, fort > 1

tf(t) = lim,_, tzinf (tzin) = (1)f(1) [+ fiscontinuous] = tf(t) =0Vt >1

= f(t) =0vt> 1 Thus, f(x) = 0,Vx = 0. Let g be any continuous function on

gx),vx<0

(—o0, 0] such that g(0) = 0, then: f(x) = { 0,vx >0

UP.125. Prove that:

zil 2 1+1 < 2m <zn:l 1+ 2
H"( k) n+1 k“( k2+k—1)

Proposed by Mihaly Bencze — Romania

Solution by proposer

1

. 2 1
Ifx>0then.msln(1+;)s —— (1)
Letbe f(x) = ——In(1+ ) then: f'(x) = 27" <0

therefore x < oo = f(x) > f() = 0. Letbe g(x) =In (1 + i) —Z:ﬁthen:
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_ 2 _
9'(x) = x(x+1) — -=— < Otherefore x < o = g(x) > g(») = 0

2k
Using (1) we have: T, In* ( ) Lk 1k(k+1) - ﬁand ifx == +zk .

2 2 n 2 n _ 1 _ 2n
then In (1 + k2+k_1) = PCTEN) = Lk=1 (1 + _k2+k_1) 2 2 Jp=1 k(k+1)  n+1
UP.126. Prove that:

11
x+
dxdy =In(17 — 12v2 21n(17 + 12V2) -
[[Ee5 R et =t~ 100 o i 123

—%(1 —3v2 +21n(2))

Proposed by K. Srinivasa Raghava — AIRMC - India
Solution by Khalef Ruhemi-Jarash-Jordan

= fl fol {‘?:y\/\/—_

1
VtZ +v2 + tv)tv - dt dv x4+ yrax
=4ff( ) =4f 4 y-dx dy

0

dxdy - Letx = t? = dx = 2t dt;y = v?> > dy = 2vdv

t?v + v’t x+y

Letx =yt=>dx=ydt

11
/ y\/1+x2+yx \ yV1+x%2 +y%x
00

e

1
© x oVl + x2 1
xy\/1+x2+y2x %V1+x2+%x szx +37
+4ff dydx =4 dx+4f dx
1+x 1+x 1+x
00 0
1ol W
Letx—y:y,dx 32
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1

1% 1+x2+ +xZ 8 11+x—
sf " dx =4 f —f
3 1+x
0 0 0
1
f - ) 4f f
J \/1+xZ \/1+xZ (1+x)\/1+xZ
let x= tan(B) dx= secz(B)dB

T
= (g) (x—ln(1+x))|(1)+(4 1+x2)|(1)—4fsec(0)d0+—fsec ——0
0
= (g) (1-1In(2))+4vV2 -4 - <4 In(tan(0) + sec(B)) ‘Z) _
0

—%(ln(tan(g—0)+sec(g—0)) E) Zg—gln(2)+4\/f—4—4ln(1+\/§)+

+%ln(1+\/§) = —g—gln(2)+4\/i+4\/iln(1+\/i)—41n(1+x/i) =

__g(1-3ﬁ+21n(2))+4ln(\/f—1)+4\/Eln(\/§+1):
:—§(1—3ﬁ+21n(2))+ln((\/i_1)4)+ 21“((ﬁ+1)4) _

—f(1 —3v2+2In(2)) +In(17 — 12v2) +vV2In(17 + 12v2) =1

11
.-.ffvx y+‘/_d dy=—g(1—3ﬁ+21n(2))+ln(17—12\/i)+
00

x[y +yVx
+V21n(17 + 12V2)

UP.127.If x,y,2z,t € R then:
[sin x| + [sin y| + |sin z| + |sin | + |cos x| + |cos y| + [cos z| +
+|cost| + 2|cos(x+y+z+t)| =2
Proposed by Mihaly Bencze — Romania
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Solution by proposer
If x; + X + x5 + x4 + x5 = 0 then = |cos(Xi_; x; )| < lcos x4 | + |sin(Ti_, x, )| <
< |cosx;| + |cos x;| + |cos(x3 + x4 + x5)| < |cos x| + |cos x,| +
+|cos x3| + [cos x4 | + |cos x5|
Ifx; =x,x, =y,Xx3 =2,x4 =t, x5 = —x—y — z — t then:
|cos x| + |cos y| + |[cosz| + |cost| + |cos(x+y+z+t)| =1 (1)
In(1)Wetakex=§—y;yZg—yz,zzg—y3,t=§—y4:>
= [siny,| + |sin y,| + |siny;| + Isin y,| + [cos(y; +y, +y; +y4)| = 1or
[sin x| + [siny| + |sinz| + [sint| + |[sin(x +y+z+ )| =1 (2)

Adding (1) and (2) we obtain the result.

UP.128. If a,f > 1and 2a — B > 1 then:
{2a - B)I(B) = ?(a) where  is the Riemann zeta function.
Proposed by Mihaly Bencze — Romania

Solution by proposer

In inequality ¥ T > Mwe take x;, = —, a; = — and we obtain
k=la, = 3 a K™ ke Tk T kg
1 (SRe) (@)
o k=13a a
Yi1gag 2 o - 0r{2a—p) = or {(2a — B)S(B) = ¢*(a)
ZkzlkT; B

UP.129. Let R, be the set of real positive numbers, let (a,,),>1, (b,),>1 b€ two sequences
of real positive numbers with

lim,_(a,,; —a,) =a€R; lim, (b, —b,) =b€R,

2 2, ... 2 . .
Let P, = /W and we denote P,! = P,P, ... P, for any positive integer n. If

u, v € R withu + v = 1. Evaluate:

lim (b, " (Prry)? — BEY(P,DP)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
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Solution by Marian Ursdrescu — Romania

We use Cauchy — D’Alembert, Cesar6 - Stolz and f° = e°!n7 and =2 - Ina, with

x, = 0.

b1 "V (Pni )
L =lim b}, VP DY — bEY(PL)Y = lim v/ (P, )m< "b; 'i/((PT!j’) — 1) =

b%'n\/ (Pn)v ‘n (bz+1'n+1\/ (Pn+1)!v _ 1) (1)
n

= llmn—mo b%'ri/(Pn)!"
u ntl v u nrg\V
tim,,_, O = i, (2)". (L22)" 2)
n n n
. b, . bp+1—b
lll'l‘ln_,Oo 7 = lll'ﬂn_,Oo n:-lﬁ =b (3)
tim Y i | Pty Pt 0 P (=) =l1im =
nsw M now nn n-owo (n + 1)n+1 (P )' nson+1 \n+1/  enson
2 2 2
a; +a;, +---+a
1~ 1 la}+-+a} 1| ai+-+d}
= —lim =—lim —3:— llm—3:
e n—-o n e n—oo n e n—-oo n
1 ai+1 1. ai+1 (n+1)2 1 a,
lim ——————=— [lim ) = lim — =
T enw3nZ+3n+1 e noo(m+1)?2 3n2+3n  e3noon
1 ,. a
= _\/gllmn—wo(arﬁl - an) = m (4)
From (2) + (3) + (4) = lim,,_, ., 22 Pu)t? _ BP0 (5)
n e”~\/z
Now let
bﬁ+1'nJr1 Ppiq
+1 In pt.mp pY n+l PY
] pt  *tlp, ] [P n+1 n+1
lim,,,n burr” VPnirl? 4 =lim,_n +—1 In| —————
bﬁ-"/P;’l! . (bﬁﬂ' Pn+1!”> bﬁ-"/P;’l!
o 22—~ T
bi-"[Ph)

n+1

busyi [Prir! u  n+l
. = bn+1 vV En+1
= lim,_,, nln —b" JIT" = lim,,_,, In <—bu A on (6)
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b" m1p T\ Y
lim =2 . lim lim <?"T1> =
n!

n—-oo g n—->0oo n— oo

b n n+1l P! n n+1
= lim ( n+1 . ) . lim n+1 . .
n-o\n+1 b n n—-oo n+1 "/Pn n

(i) av3 3e

S(z)l'z a1 (D)

From (6)+(7) we have:

n
Inlim <b2+1 . Hl‘ P"+1!u> =In <lim (b"+1)nu - lim <P"+1! . ! >">

n-oo bg "/P% n-oo bn noo\ P. 1| n Pn+1

bn nu
bn bpi1-b,
=In (lim (1 + .b"+1 - bn)bn+1—bn b a\/_ 3e
n—-oo bn

\__/

=In(e"-e’) =In(e**”) =Ine =1 (8)
avpm"
evy3"

From(1)+(5B)+@8)=>L =

UP.130.If a,b,c,d € [1,); x € R then:

(ac)sinx . (bd)cos X < 2\/2(1"8% a+log5 b+logj c+logj d)

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu — Romania

Z(log% a+log% b+log% c+log%

We have: asinx . peosx . csinx . dcosx < 2\/ d) (1)

But @sinx . peosx — (21082 a)sinx ) (blogzb)cosx _

— zlogz a-sinx | zlogz b-cosx — zlogz a-sinx+logy b cos x (2)
From Cauchy’s inequality =

(log, a - sin x + log, b cos x)? < (log3 a + logZ b)(sin? x + cos? x) (3)

2 2
From (2) + (3) = qSinx . peosx < ZW (4)
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. ; /lo 2c+logid
Similarly = ¢sinxdeosx < 278270829 (5)

. . log3 a+l 2b+J12+l 2d
From (4) + (5) = qSinx . peosx , psinx  geosx < 2\/ 0g3 a+log; 083 c+log; (6)

From Cauchy’s inequality = 2(a? + 2) > (a + 8)? =

:>\/log%a+log%b+\/log%c+log%ds\/Z(log%a+log%b+log%c+log%d) @)

Z(log% a+log% b+log% c+log% d)

From (6) + (7) = (ac)s™* - (bd)*°s* < 2\/
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Y 5 (@)

1 9
x2+y2+2z2 — 4(x?+y’+z

ZJ3~x2y222~(x2+y2+zz) 2(x2y%+y2 2% +2%x

%)
(x%+y?%) - (x%+y?%) (2)

9 Z(x2y2+yzzz+zzx2)

1 @)= 4(x2+y2+22) — [(x2+y?)
[I(x* +y?) =X 2% - Lx?y? —x’y?z? (3)

(*) Assure

(*)_ (3) . 9 Z(x2y2+yzzz+zzx2)
’ 4(x2+y2+zz) = ¥ a2.Y x2y2—x2y272

ZB-ZxZ-ZnyZ
z x? z x’y* > 9x*y*z? (x=y=1z)
(AM = GM)

©9-Cx?-Yxty? —x*y?z%) >

UP.131. Prove that in any triangle ABC the following relationship holds:

zsinA + zsinB + zsinC + zcosA + zcosB + zcosC >

vZ
(v2)
Proposed by Daniel Sitaru — Romania
Solution by proposer

By AM-GM:

ZsinA + ZcosA > 2\/25inA . ZcosA — 2\/ZsinA+cosA =2 /Zﬁcos(%—A) —
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ZZ-ZJTZCOS(%_A) >2-2_\/Z_i:i: 2
(v2)
2

V2
22
2 .
: ZsmC + ZcosC >
2" 2"

N

Analogous: 28" B 4 2c0sB >

6

2)"

By adding: ZsinA + ZsinB + ZsinC + ZcosA + ZcosB + ZcosC >

UP.132. If a,b > 0;m,n > 1 then:

()

b /b
f f(sin x sin y)?" (cos x cos y)*™dx |dy < -
0 \0

Proposed by Daniel Sitaru — Romania

Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian

n"-m

(n+m)ntm’

Ifx,y>0;x+vy=1,nm € N then x"y™ < if x = sin? x,y = cos? x then:

-2 \n . 2 ym o _ntm™
(sin? x)™ - (cos? x)™ < Pyeme Q)

. . n'mm nmm  __ n2t.m?Mm.gp
Using (1) we have: LHS < ™ ™ () T 2)
1 1

n+mz=2Vnm =
n

< ,
+m  2nm

n?".m?m.qb 1 \20min) 2n 2m __ ab m\m ™"
(2) = (n+m)2(m+n) s (Z\/nm) neem rab = 4qm+n ' (Z)

Q.E.D.

UP.133. Prove thatif: 0 < b < a < Ethen:

f f(sinz(x+y) +sin*(x —y)—1

1+ 2sinxsiny

>dx dy > (a — b)(sin*a — sin’?b + b — a)

a

Proposed by Daniel Sitaru — Romania
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Solution by Soumitra Mandal-Chandar Nagore-India

sin?(2x) — 1
1+ 2sinxcosx

ff(sinz(x+y) +sin?(x—y) -1

b
= + —_
1+ 2sinxcosy >dxdy Zf(a b-x)
a

b b b
:Zf(a+b—x)(sin2x—1)dx=2(a+b)f(sin2x—1)dx—2fx(sin2x—1)dx

a a

a
+a—b)—2fx(sin2x—1)dx
b

cos2b — cos 2a
2

:z(a+b)(

a
= 2(a+b)(sin2a—sin2b+a—b)—Zf(a+b—z) (sin(2a + 2b —2z) — 1)dz
b

[ letz=a+b—x,dx =—-dz;,whenx =b,z = a]
whenx=a,z=>b

a
> 2(a+b)(sin2a—sin2b+a—b)—Zf(a+b—z) (sin(mr — 2z) — 1)dz
b
a
:>2f(a+b—x)(sin2x—1)dx22(a+b)(sin2a—sin2b+a—b)
b

a
:>f(a+b—x)(sin2x—1)dx2(a+b)(sin2a—sin2b+a—b)
a

We need need to prove, (a + b)(sin? a — sin? b + a — b) >
> (a — b)(sin?a — sin’ b+ a — b)

& b(sin? a — sin? b + a — b) = 0, which is true (Hence Proved)

UP.134. In A ABC the following relationship holds:

az(ma + mb) + bz(mb + mc) + Cz(mc + ma)
hc ha hb

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

> 838
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Solution 1 by Marian Ursarescu-Romania

az(ma + mb) + bz(mb + mc) + Cz(mc + ma)

> 8V3S
hc ha hb
i 2 b2 2 2 b2 2 i
We must show this; =2 + 270 4 £ e 2T | 2 Te 4 £ Ma > 8./3S. First we show
hc ha hb hc ha hb
his: azma bzmb czmc \/—
this: ——= + ——+ —— > 4V3S§ (1)
c a b
b2 +c? bc a’m bzmb c2m a?bc ab®c c2ab
: >—= >—=>—+ +—=<> =

We know: m, > 4R My =57 h, hg hy ~ 2Rh. 2Rh, 2Rhy

abc (a b c ac ab h
:—(—+—+—) = 25(—+—+ C): (ab + bc + ac) (2)
2R \h, h; hy ch, ah; bhy

From (1)+(2) we must show: ab + bc + ac > 4v/3S (3)
Now ab + bc+ ac = s2 +r> + 4Rr = (3) © s + r2 + 4Rr > 4/3sr (4)
Now use Doucet inequality: 9r(4R + r) < 3s? < (4R +1)?
From left side of Doucet and (4) we must show this:
16Rr + 412 > 4/3sr @ 4r(4R +71) > 4/3sr @ 4R +1r > /3s © (4R +1r)? > 3s?

true = then (3) its true. Now, we show this:

a’my, + b%m, + c2m, > 4-\/§S (5)

2h b%h 2h
he  ha  hp =(5) = we must show: =2 + ==¢ + ==¢ > 44/3§ (6)
b
butm, > h, my, > hy, m, > h, ¢ “
But azhb + bzhc + czha _ é + ﬁ + cz_b _ a3c?+b3a?+c3p? (7)
he hq hy b c a abc

b%a

; 2 Zb
Now, weshowthls:%+7+% >ab+bc+ace

a3c? + b3a? + c3b? > abc(ab + bc + ac) (8)

Now, use inequality of generalized enviroments =

4 2 1

7cl3cZ +7b3aZ + 7c3bZ > a?b?c)
4 1

7b3aZ + 7c3bZ + 7cl3cZ > a?bc? ; = a3c? + b3a? + ¢*b? > abc(ab + ac + bc) =
ic3bZ +—a3c? + 1bzaZ > achZ}
7 7 7 -

= (8) its true. From (7) + (8) we must show: ab + bc + ac > 4+/3S, but this

inequality its true from (3). From (1) + (5) = inequality its true.
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Solution 2 by Soumava Chakraborty-Kolkata-India
a?Qa?*+ cz) 2R

Z m, + m,;) Tereshin
LHS = z e » = z 4R “ab ~

Ionescu— Weitzenbock

:%(Z“ Z zz Aaza zz =

4/35-3 1 1 ab bc ca
>t — c? > + —_—t——t — . —
- 2 2 (b) 6V3s 245\/b c ca ab

< ma? + nb? + pc? > 4§ fz mn,vm,n,p > 0>

—6\/_S+ZS\/7A£ 6V3S + 25V3 = 8v3S (Proved)

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

m, +my = h, + h,y + h +h h h
mb+m02hb+h‘}‘:’zaz(%)ZZ“Z(“h—b):(“Z'h—“”’z'h—c)*
m.+m, > h,+h, ¢ ¢ ¢ a

h h h hy\ MazMy
(bz 2 cZ-—a)+(cZ-—c+aZ-—b) > 2ab+ 2bc+ 2ca=2(ab+ bc+ ca)

ha hb hb hc
ab-sinC 2 bc-sinA 2 ca-sinB 2
- 2 ( - — + - — + - — ) -
2 sin C 2 sin4 2 sin B

1 1 1 flx) =
:4S(sinA+sinB+sinC)2 sin x
f”(x)ZO
1 248
=4S Z—>1zs =—=28V3S§
sin® V3
3
UP.135. If a, b, c > 0 then:
a+ c? b + a? c + b? 3 a+b+c
+ + > +
xb+yc zc+ya xa+yb x+y x+y

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Marian Ursarescu-Romania
From Bergstrom inequality =
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c? 4+ a? 4+ b? > (a+b+c)? — a+b+c (1)
xb+yc  xc+ya xa+yb — (a+b+c)(x+y) x+y
a 4+ b 4+ c a? b? c > (a+b+c)? ( )

xb+yc xc+ya xa+yb - xab+yac  xbc+yab  xac+ybc — (ab+ac+bc)(x+y)

From (2)+(3)= But (a + b + ¢)? > 3(ab + ac + bc) (3)

a b + c >i (4)

xb+yc xc+ya xa+yb — x+y

a+c? b+a? c+b? 3 a+b+c
From (1)+(4)=> + + 2 —+—
xb+yc xc+ya xa+yb x+y x+y

Solution 2 by Tran Hong-Vietnam

a b C aZ bz CZ Schwarz

+ + = + +
xb+yc xc+ya xa+yb abx+acy bcx+ aby acx+ bcy

(a+b+c)? (a+b+c)2 _ 3 (1)
= 2 -
(ab+ac+bc)(x+y) W(,Hy) xty
c a? 4+ p2 Schwarz (a+b+c)? _ a+b+c (2)
xb+yc  xc+ya xa+yb - (a+b+c)(x+y) x+y

From (1) and (2) = proved. Equality ©® a=b = c.



