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JP.121. Let ࡯࡮࡭ be a triangle with inradius ࢘ and circumradius ࡾ. Prove that: 

෍
૜ܖܑܛ ࡭ + ૜ܖܑܛ ࡮
૞ܖܑܛ ࡭ + ૞ܖܑܛ ࡮ ≤ ൬

ࡾ
࢘൰

૛

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Marian Ursarescu-Romania 

We have ࢞૞ + ࢟૞ ≥ ࢞࢟(࢞૜ + ࢟૜),∀࢞,࢟ > 0 ⇔ ࢞૞ − ࢞૝࢟ + ࢟૞ − ࢞࢟૝ ≥ ૙ ⇔ 

⇔ ࢞૝(࢞ − ࢟) − ࢞࢟૝(࢞ − ࢟) ≥ ૙ ⇔ (࢞ − ࢟)(࢞૝ − ࢟૝) ≥ ૙ ⇔ 

⇔ (࢞ − ࢟)૛(࢞ + ࢟)(࢞૛ + ࢟૛) ≥ ૙ true 

⇒ ∑ ૜ܖܑܛ ࡮૜ܖܑܛା࡭
૞ܖܑܛ ࡮૞ܖܑܛା࡭

≤ ∑ ૚
࡭ܖܑܛ ࡮ܖܑܛ

    (1) 

But ∑ ૚
࡭ܖܑܛ ࡮ܖܑܛ

= ૛ࡾ
࢘

   (2) 

From (1) + (2) ⇒ ∑ ૜ܖܑܛ ૜ܖܑܛା࡭ ࡮
૞ܖܑܛ ૞ܖܑܛା࡭ ࡮

≤ ૛ࡾ
࢘

 

We must show: ૛ࡾ
࢘
≤ ቀࡾ

࢘
ቁ
૛
⇔ ૛ ≤ ࡾ

࢘
⇔ ૛࢘ ≤  .true  ࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India 

૜ܖܑܛ ࡭ + ૜ܖܑܛ ࡮
૞ܖܑܛ ࡭ + ૞ܖܑܛ ࡮ = 

=
࡭ܖܑܛ) + ܖܑܛ ૛ܖܑܛ)(࡮ ࡭ − ܖܑܛ ܖܑܛ࡭ ࡮ + ૛ܖܑܛ (࡮

ܖܑܛ) ࡭ + ૝ܖܑܛ)(࡮ܖܑܛ ࡭ − ૜ܖܑܛ ܖܑܛ࡭ ࡮ + ૛ܖܑܛ ૛ܖܑܛ࡭ −࡮ ܖܑܛ ࡭ ૜ܖܑܛ ࡮ + ૝ܖܑܛ  (࡮

=
࡭ܖܑܛ) + ܖܑܛ ૛ܖܑܛ)(࡮ ࡭ − ܖܑܛ ܖܑܛ࡭ ࡮ + ૛ܖܑܛ (࡮

૜ܖܑܛ ࡭ ࡭ܖܑܛ) − ܖܑܛ (࡮ − ૜ܖܑܛ ࡮ ܖܑܛ) ࡭ − ܖܑܛ (࡮ + ૛ܖܑܛ ૛ܖܑܛ࡭  ࡮

=
૛ܖܑܛ ࡭ − ܖܑܛ ࡭ ࡮ܖܑܛ + ૛ܖܑܛ ࡮

࡭ܖܑܛ) − ܖܑܛ ܖܑܛ)(࡮ ࡭ − ૛ܖܑܛ)(࡮ܖܑܛ ࡭ + ࡭ܖܑܛ ܖܑܛ ࡮ + ૛ܖܑܛ (࡮ + ૛ܖܑܛ ૛ܖܑܛ࡭  ࡮

≤
ࡳି࡭ ૛ܖܑܛ ࡭ − ܖܑܛ ࡭ ܖܑܛ ࡮ + ૛ܖܑܛ ࡮

૜ܖܑܛ ࡭ ܖܑܛ ࡮ ࡭ܖܑܛ) − ܖܑܛ ૛(࡮ + ૛ܖܑܛ ૛ܖܑܛ࡭ ࡮ = 

=
૛ܖܑܛ ࡭ − ܖܑܛ ࡭ ࡮ܖܑܛ + ૛ܖܑܛ ࡮

ܖܑܛ ࡭ ܖܑܛ ࡮ (૜ ૛ܖܑܛ ࡭ + ૜ ૛ܖܑܛ −࡮ ૞ܖܑܛ ࡭ ܖܑܛ  (࡮

=
(૜ ૛ܖܑܛ ࡭ + ૜ ૛ܖܑܛ −࡮ ૞ܖܑܛ ܖܑܛ࡭ (࡮ + ૛ܖܑܛ ࡭ ࡮ܖܑܛ
૜ ܖܑܛ ࡭ ܖܑܛ ࡮ (૜ܖܑܛ૛ ࡭ + ૜ܖܑܛ૛ −࡮ ૞ ࡭ܖܑܛ (࡮ܖܑܛ = 

=
૚

૜ ࡭ܖܑܛ ܖܑܛ ࡮ +
૛
૜ ൬

૚
૜ ૛ܖܑܛ ࡭ + ૜ ૛ܖܑܛ −࡮ ૞࡭ܖܑܛ ܖܑܛ  ൰࡮



 
www.ssmrmh.ro 

 

≤
ࡳି࡭ ૚

૜ ࡭ܖܑܛ ܖܑܛ ࡮ +
૛
૜ ൬

૚
ܖܑܛ ܖܑܛ࡭ ൰࡮ =

૚
ܖܑܛ ࡭ ܖܑܛ ࡮ ⇒

૜ܖܑܛ ࡭ + ૜ܖܑܛ ࡮
૞ܖܑܛ ࡭ + ૞ܖܑܛ ࡮ ≤

૚
ܖܑܛ ܖܑܛ࡭  ࡮

⇒ ∑ ૜ܖܑܛ ࡮૜ܖܑܛା࡭
૞ܖܑܛ ࡮૞ܖܑܛା࡭

≤ ∑ ૚
࡭ܖܑܛ ࡮ܖܑܛ

≤ ∑ ૚
૛ܖܑܛ ࡭

= ૝ࡾ૛∑ ૚
૛ࢇ

≤
ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ ૝ࡾ૛

૝࢘૛
= ૛ࡾ

࢘૛
   (Done) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

෍
૜ܖܑܛ ࡭ + ૜ܖܑܛ ࡮
૞ܖܑܛ ࡭ + ૞ܖܑܛ ࡮

ࢉ࢟ࢉ

≤

ࡿᇲࢂࡱࡴࡿࢅ࡮ࡱࡴ࡯
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ

෍
૛

૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮
ࢉ࢟ࢉ

 

≤
ࡹ.ࡳஹ.ࡹ.࡭

	෍
૚

࡭ܖܑܛ ࡮ܖܑܛ
ࢉ࢟ࢉ

= ෍
૝ࡾ૛

࢈ࢇ
ࢉ࢟ࢉ

= ૝ࡾ૛ ⋅
૛࢖
૝࢖࢘ࡾ =

૛ࡾ
࢘ ≤ ൬

ࡾ
࢘൰

૛

	[∵ ૛࢘ ≤  [ࡾ

Hence Proved 

 

JP.122. Prove that in ઢ	࡯࡮࡭ the following relationship holds: 

ܖܑܕ ൬
ࢇ

࢙ − ࢇ ,
࢈

࢙ − ࢈ ,
ࢉ

࢙ − ൰ࢉ ≤ ૛ ൬
ࡾ
࢘ − ૚൰ ≤ ൬ܠ܉ܕ

ࢇ
࢙ − ࢇ ,

࢈
࢙ − ࢈ ,

ࢉ
࢙ −  ൰ࢉ

Proposed by Marian Ursărescu – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

WLOG, we may assume ܖܑܕ ቀ ࢇ
ࢇି࢙

, ࢈
࢈ି࢙

, ࢉ
ࢉି࢙

ቁ = ࢇ
ࢇି࢙

=  and (say) ࢓

ቀܠ܉ܕ ࢇ
ࢇି࢙

, ࢈
࢈ି࢙

, ࢉ
ࢉି࢙
ቁ = ࢉ

ࢉି࢙
∴ ࢇ
ࢇି࢙

≤ ࢈
࢈ି࢙

≤ ࢉ
ࢉି࢙

⇒ ࢇ ≤ ࢈ ≤  .ࢉ

Now, ∵ ࢇ
ࢇି࢙

≤ ࢈
࢈ି࢙

 and ࢇ
ࢇି࢙

≤ ࢉ
ࢉି࢙

∴ ૜ ࢇ
ࢇି࢙

≤ ࢇ
ࢇି࢙

+ ࢈
࢈ି࢙

+ ࢉ
ࢉି࢙

⇒ ૜࢓ ≤ ∑ ା࢙࢙ିࢇ
ࢇି࢙

= 

= −૜ + ࢙෍
૚

࢙− ࢇ = −૜ + ቀ
࢙
࢙࢘૛

ቁ ቀ෍(࢙ − ࢙)(࢈ − ቁ(ࢉ = 

= −૜ +
૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ+ ࢘૛

࢘૛ =
૝ࡾ + ࢘

࢘ − ૜ =
૛(૛ࡾ − ࢘)

࢘ ⇒ ࢓ ≤
૛(૛ࡾ− ࢘)

૜࢘ ≤ 

≤
?
૛ ቀࡾ

࢘
− ૚ቁ ⇔ ૛࢘ିࡾ

૜
≤
?
ࡾ − ࢘ ⇔ ࡾ ≥

?
૛࢘ → true (Euler) ⇒ ࢓ ≤ ૛ቀࡾ

࢘
− ૚ቁ ⇒ 

ቀܖܑܕ⇒ ࢇ
ࢇି࢙

, ࢈
࢈ି࢙

, ࢉ
ࢉି࢙
ቁ ≤ ૛ቀࡾ

࢘
− ૚ቁ. Now, ܠ܉ܕቀ ࢇ

ࢇି࢙
, ࢈
࢈ି࢙

, ࢉ
ࢉି࢙
ቁ ≥ ૛ ቀࡾ

࢘
− ૚ቁ ⇔ 

⇔
૛ࢉ

ࢇ + ࢈ − ࢉ ≥ ૛ ൬
ࡾ
࢘ − ૚൰ ⇔

ࢉ
ࢇ + −࢈ +ࢉ ૚ ≥

ࡾ
࢘ ⇔

ࢇ + ࢈
+ࢇ ࢈ − ࢉ ≥

ࢉ࢈ࢇ
૝ࡿ ⋅

࢙
ࡿ = 
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=
ࢉ࢈ࢇ࢙

૝࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ⇔
+ࢇ ࢈

ࢇ + ࢈ − ࢉ ≥
ࢉ࢈ࢇ

૛(࢙ − ࢙)(ࢇ − +ࢇ)(࢈ −࢈ (ࢉ ⇔ 

⇔
+ࢇ ࢈

ࢇ + ࢈ − ࢉ ≥
ࢉ࢈ࢇ

૛(࢙ − ࢙)(ࢇ − +ࢇ)(࢈ −࢈ (ࢉ ⇔ ૛(ࢇ+ ࢙)(࢈ − ࢙)(ࢇ − (࢈ ≥
(૚)

 ࢉ࢈ࢇ

Let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟, ࢙ − ࢉ = ࢠ ⇒ ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟(࢞,࢟, ࢠ > 0) 

∴ (1) ⇔ ૛࢞࢟(૛ࢠ+ ࢞ + ࢟) ≥ (࢞ + ࢟)(࢟+ ࢠ)(ࢠ + ࢞) ⇔ ࢞૛࢟ + ࢞࢟૛ + ૛࢞࢟ࢠ ≥
(૛)

࢞૛ࢠ+ ૛ࢠ࢞ + 

+࢟૛ࢠ + ૛ࢠ࢟ ∵ by our assumption, ࢇ ≤ ࢈ ≤ ࢉ ∴ ࢟ + ࢠ ≤ ࢠ + ࢞ ≤ ࢞ + ࢟ ⇒ ࢞ ≥ ࢟ ≥  ࢠ

∴ we can consider ࢟ = ࢠ + ࢞ and ࢓ = ࢠ + ࢓ + ࢔,࢓ where ,࢔ ≥ ૙ 

∴ (2) ⇔ +ࢠ) +ࢠ)(࢓ ࢓ + ૛(࢔ + ࢠ) + ࢓ + +ࢠ)(࢔ ૛(࢓ + ૛ࢠ)ࢠ + +ࢠ)(࢓ ࢓ + (࢔ ≥ 

≥ ࢠ)ࢠ + +࢓ ૛(࢔ + ࢠ) + ࢓ + ૛ࢠ(࢔ + +ࢠ)ࢠ ૛(࢓ + +ࢠ) ૛ࢠ(࢓ ⇔ 

⇔ ૛࢓૜ + ૜࢓૛࢔+ ૟࢓૛ࢠ + ૛࢔࢓ + ૟ࢠ࢔࢓+ ૝ࢠ࢓૛ + ૛ࢠ࢔૜ ≥ ૙ → true ∵ ࢔,࢓ ≥ ૙ and 

ࢠ > 0 ⇒ (2) is true ⇒ܠ܉ܕቀ ࢇ
ࢇି࢙

, ࢈
࢈ି࢙

, ࢉ
ࢉି࢙
ቁ ≥ ૛ ቀࡾ

࢘
− ૚ቁ   (Proved) 

Solution 2 by Myagmarsuren-Yadamsuren-Darkhan-Mongolia 

ࢇ ≥ ࢈ ≥ ࢉ
૚

࢙ − ࢇ ≥
૚

࢙ − ࢈ ≥
૚

࢙ − ࢉ
ൡ ⇒

ࢇ
࢙ − ࢇ ≥

࢈
࢙ − ࢈ ≥

ࢉ
࢙ −  ࢉ

૛:ࡿࡴࡸ (1 ቀࡾ
࢘
− ૚ቁ ≥ ࢉ

ࢉି࢙
ࢇ; ≥ ࢈ ≥ ࢉ ⇒ ࢇ + ࢈ ≥ ૛ࢉ ⇒ +ࢇ ࢈ − ࢉ ≥ ࢉ ⇒ ૛(࢙ − (ࢉ ≥ ࢉ ⇒ 

⇒ ૛ ≥
ࢉ

࢙ − ࢉ ;
ࢉ

࢙ − ࢉ ≤ ૛ = ૛ ⋅ ૚ = ૛(૛ − ૚) ≤
࢘ࢋ࢒࢛ࡱ

૛ ൬
ࡾ
࢘ − ૚൰  ࡿࡴࡸ	

2) 
࢞ = ࢙ − ࢇ
࢟ = ࢙ − ࢈
ࢠ = ࢙ − ࢉ

ቋ ࢇ	 ≥ ࢈ ≥ ࢉ ⇒ ࢠ ≥ ࢟ ≥ ࢞ ⇒ ૛ࢠ ≥ ࢟ + ࢞ ⇒ (࢞ + ࢟ − ૛ࢠ)࢞࢟ ≤ ૙ ⇒ 

⇒ (࢞ + ࢟)࢞࢟ + ࢠ)࢞ࢠ + ࢞) − ࢠ)࢞ࢠ + ࢞) ≤ ૛࢞࢟ࢠ ⇒
(ା࢟ࢠ)ࢠஸ࢟(ା࢞ࢠ)࢞ࢠ

 

⇒ ૛࢞࢟ࢠ ≥ (࢞ + ࢟)࢞࢟+ +ࢠ)࢞ࢠ ࢞) − +ࢠ)࢞ࢠ ࢞) ≥ (࢞ + ࢟)࢞࢟ + +ࢠ)࢞ࢠ ࢞) − ࢠ)࢟ࢠ + ࢟) 

૛࢞࢟ࢠ ≥ (࢞+ ࢟)࢞࢟ + +ࢠ)࢞ࢠ ࢞)− +ࢠ)࢟ࢠ ࢟) ⇔෍࢞࢟ (࢞+ ࢟)− ૛࢞࢟ࢠ ≤ ૛ࢠ)࢟ࢠ+ ࢟) ⇒ 

⇒ෑ(࢞ + ࢟) − ૝࢞࢟ࢠ ≤ ૛ࢠ)࢟ࢠ+ ࢟) ⇒
∏(࢞ + ࢟) − ૝࢞࢟ࢠ

૝࢞࢟ࢠ ≤
࢟ + ࢠ
૛࢞ ⇔ 
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⇔ ૛

⎝

⎜⎜
⎜
⎛∏(࢞ + ࢟)

૝࢞࢟ࢠᇣᇧᇧᇤᇧᇧᇥ
⇓
ࡾ
૛

− ૚

⎠

⎟⎟
⎟
⎞
≤
࢟ + ࢠ
࢞ᇣᇤᇥ
⇓
ࢇ
ࢇି࢙

 

૛ ൬
ࡾ
࢘ − ૚൰ ≤

ࢇ
࢙ − ࢇ  ࡿࡴࡾ			

 

JP.123. Solve for real numbers: 

࢞࢈)ࢇ܏ܗܔ + ࢇ − (࢈ = ࢞ࢇ)࢈܏ܗܔ + ࢈ − (ࢇ ࢈, > ܽ > 1 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Amit Dutta-Jamshedpur-India 

Let ࢌ(࢞) = ࢞࢈)ࢇ܏ܗܔ + ࢇ − (࢞)ࢍ and (࢈ = ࢞ࢇ)࢈܏ܗܔ + ࢈ −   Let .(ࢇ

࢟ = (࢞)ࢌ = ࢞࢈)ࢇ܏ܗܔ + ࢇ − (࢈ ⇒ ࢟ࢇ = ࢞࢈ + ࢇ − ࢈ ⇒ ࢞࢈ = ࢟ࢇ) + ࢈ − (ࢇ ⇒ 

⇒ ࢞ ܏ܗܔ ࢈ = ࢟ࢇ)܏ܗܔ + ࢈ − ⇒ {Taking log}  (ࢇ ࢞ = ࢟ࢇ)࢈܏ܗܔ + ࢈ −  (ࢇ

(࢟)૚ିࢌ = ࢟ࢇ)࢈܏ܗܔ + ࢈ − (ࢇ ⇒ (࢞)૚ିࢌ = ࢞ࢇ)࢈܏ܗܔ + ࢈ − (ࢇ =  (࢞)ࢍ

Therefore, ࢌ(࢞) and ࢍ(࢞) are inverse of each other. Also, both ࢌ(࢞) and ࢍ(࢞) are 

increasing and continuous functions {since they are log functions}  

Considering the last two arguments/statements we can say, the only possible solution  

lies on the line ࢟ = ࢞; i.e., ࢌ(࢞) = (࢞)ࢍ = ࢞ ⇒ ࢞࢈)ࢇ܏ܗܔ + ࢇ (࢈− = ࢞ࢇ)࢈܏ܗܔ + ࢈ − (ࢇ = ࢞ 

Taking, ࢞࢈)ࢇ܏ܗܔ + ࢇ − (࢈ = ࢞ ⇒ ࢞࢈ + ࢇ − ࢈ = ࢞ࢇ ⇒ ࢞࢈ − ࢞ࢇ + ࢇ − ࢈ = ૙ 

Let ࢎ(࢞) = ࢞࢈ − ࢞ࢇ + ࢇ − (࢞)ᇱࢎ;࢈ = ࢞࢈ ܖܔ ࢈ − ࢞ࢇ ࢇܖܔ (࢞)ᇱࢎ; = ࢞࢈ ܖܔ ࢈ − ࢞ࢇ ܖܔ ࢇ > 0; 

(࢞)ᇱࢎ > 0 ⇒ ℎ(࢞) is an increasing function, so it can have atmost one real root 

⎩
⎪
⎨

⎪
⎧

∵ ࢈ > ܽ > 1
࢞࢈ > (࢏)			࢞ࢇ

ܖܔ ࢈ > (࢏࢏)				ࢇܖܔ
;(࢏)	ࢍ࢔࢏࢟࢒࢖࢏࢚࢒࢛࢓ (݅݅)
࢞࢈ ܖܔ ࢈ > ࢞ࢇ ܖܔ ࢇ

 

Clearly ࢎ(࢞) = ૙ when ࢞ = ૚, which is the only solution. 

 ∴ ࢞ = ૚ is the unique solution. 

 



 
www.ssmrmh.ro 

 
Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaidian 

࢞࢈)ࢇ܏ܗܔ + ࢇ − (࢈ = ࢟ ⇒ ࢞࢈ + ࢇ − ࢈ =  (1)  ࢟ࢇ

࢞ࢇ)࢈܏ܗܔ + ࢈ − (ࢇ = ࢟ ⇒ ࢞ࢇ + ࢈ − ࢇ =  (2)  ࢟࢈

(1)+(2)	⇒ ࢞ࢇ + ࢞࢈ = ࢟ࢇ +  (3)   ࢟࢈

Since the function ࢌ(࢞) = ࢞ࢇ + ⇒ increases, then (3) ࢞࢈ ࢞ = ࢟. 

(1) ⇒ ࢞࢈ + ࢇ − ࢈ = ࢞ࢇ ⇒ ࢞࢈ − ࢞ࢇ = −࢈ (࢞)ࢌ function ࢇ = ࢞࢈ −  increases, because ࢞ࢇ

the ࢌ(࢞) = ࢞࢈ − ૜ࢇ = ࢞ࢇ ቀቀ࢈
ࢇ
ቁ
࢞
− ૚ቁ, as a product of two increasing functions, then  

ࢌ ↑⇒ (࢞)ࢌ = ࢈ − ࢞ ,has a unique solution ࢇ = ૚.  

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

Give ࢑ > 0,݇ ≠ 1, we have ࢞࢈)ࢇ܏ܗܔ + ࢇ − (࢈ ≤ ࢞ࢇ)࢈܏ܗܔ + ࢈ − (ࢇ ↔ 

↔
࢞࢈)࢑܏ܗܔ + ࢇ − (࢈

࢑܏ܗܔ ࢇ
=
࢞ࢇ)࢑܏ܗܔ + ࢈ − (ࢇ

࢑܏ܗܔ ࢈
↔ ࢞࢈)࢑܏ܗܔ − (࢈ = ࢞ࢇ)࢑܏ܗܔ − (ࢇ ↔ 

↔ ࢞࢈ − ࢈ = ࢞ࢇ − ࢇ ↔ ࢞࢈ − ࢞ࢇ = ࢈) − (ࢇ ↔ ࢞ = ૚;࢈ > ܽ > 1 

Therefore the answer is {૚}. 

 

JP.124. Let ࢈,ࢇ,  :with inradius ࢘. Prove that ࡯࡮࡭ be the lengths of the sides of a triangle ࢉ

(૛࢘)ࢇା࢈ାࢉ

ࢇࢇ ⋅ ࢈࢈ ⋅ ࢉࢉ ≤ ൬ܖ܉ܜ
࡭
૛൰

࢈

⋅ ൬ܖ܉ܜ
࡮
૛൰

ࢉ

⋅ ൬ܖ܉ܜ
࡯
૛൰

ࢇ

≤ ቆ
√૜
૜૟ቇ

ࢉା࢈ାࢇ

⋅
࢈૛ࢇ ⋅ ࢉ૛࢈ ⋅ ࢇ૛ࢉ

࢘૛(ࢇା࢈ାࢉ)  

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Soumava Chakraborty-Kolkata-India 

Weighted GM ≥ weighted HM ⇒ ටቀ࢈ ܖ܉ܜ ࡭
૛
ቁ
࢈
ቀࢉ ܖ܉ܜ ࡮

૛
ቁ
ࢉ
ቀࢇ ܖ܉ܜ ࡯

૛
ቁ
ࢉశ࢈శࢇࢇ
≥ 

≥
+ࢇ ࢈ + ࢉ

࢈
࢈ ૛࡭ܖ܉ܜ

+ ࢉ
ࢉ ૛࡮ܖ܉ܜ

+ ࢇ
ࢇ ૛࡯ܖ܉ܜ

=
૛࢙

∑ට ࢙(࢙− (ࢇ
(࢙ − ࢙)(࢈ − (ࢉ

=
૛࢙

∑ ࢙(࢙ − (ࢇ
ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

= 

=
૛࢙

࢙(૜࢙ − ૛࢙)
࢙࢘

= ૛࢘ 
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∴ ቀ࢈ ࡭ܖ܉ܜ
૛
ቁ
࢈
ቀࢉ ܖ܉ܜ ࡮

૛
ቁ
ࢉ
ቀࢇ ܖ܉ܜ ࡯

૛
ቁ
ࢇ
≥ (૛࢘)ࢇା࢈ାࢉ ⇒ ቀܖ܉ܜ ࡭

૛
ቁ
࢈
ቀܖ܉ܜ ࡮

૛
ቁ
ࢉ
ቀܖ܉ܜ ࡯

૛
ቁ
ࢇ
≥ (૛࢘)ࢇశ࢈శࢉ

ࢉࢉ࢈࢈ࢇࢇ
. 

Now, ܖ܉ܜ ࡭
૛

= ට(࢙ି࢈)(࢙ିࢉ)
(ࢇି࢙)࢙

= (ࢉି࢙)(࢈ି࢙)
࢙࢘

≤
࡭ିࡳ ቀ࢙ష࢈శ࢙షࢉ૛ ቁ

૛

࢙࢘
= ૛ࢇ

૝࢙࢘
⇒ ቆ

૛࡭ܖ܉ܜ
૛ࢇ
ቇ
࢈

≤
(૚)

ቀ ૚
૝࢙࢘
ቁ
࢈

. Similarly, 

ቌ
૛࡮ܖ܉ܜ
૛࢈

ቍ

ࢉ

≤
(૛)

൬
૚
૝࢙࢘൰

ࢉ

	&	 ቌ
૛࡯ܖ܉ܜ
૛ࢉ

ቍ

ࢇ

≤
(૜)
	 ൬

૚
૝࢙࢘൰

ࢇ

 

(1)⋅ (2)⋅(3)⇒ ቆ
૛࡭ܖ܉ܜ
૛ࢇ
ቇ
࢈

ቆ
૛࡮ܖ܉ܜ
૛࢈
ቇ
ࢉ

ቆ
૛࡯ܖ܉ܜ
૛ࢉ
ቇ
ࢇ

≤ ቀ ૚
૝࢙࢘
ቁ
ࢉା࢈ାࢇ

≤
?
ቀ√૜
૜૟
ቁ
ࢉା࢈ାࢇ

ቀ ૚
࢘૛
ቁ
ࢉା࢈ାࢇ

⇔ 

⇔ ૚
૝࢙࢘

≤
? √૜
૜૟
⋅ ૚
࢘૛
⇔ ૝࢙࢘ ≥

?
૚૛√૜࢘૛ ⇔ ࢙ ≥

?
૜√૜࢘ → true  

∴ ቌ
૛࡭ܖ܉ܜ
૛ࢇ

ቍ

࢈

ቌ
૛࡮ܖ܉ܜ
૛࢈

ቍ

ࢉ

ቌ
૛࡯ܖ܉ܜ
૛ࢉ

ቍ

ࢇ

≤ ቆ
√૜
૜૟ቇ

ࢉା࢈ାࢇ

⋅
૚

࢘૛(ࢇା࢈ାࢉ) ⇔ 

⇔ ቀܖ܉ܜ ࡭
૛
ቁ
࢈
ቀ࡮ܖ܉ܜ

૛
ቁ
ࢉ
ቀܖ܉ܜ ࡯

૛
ቁ
ࢇ
≤ ቀ√૜

૜૟
ቁ
ࢉା࢈ାࢇ

⋅ ࢇ
૛࢈⋅࢈૛ࢉ⋅ࢉ૛ࢇ

࢘૛(ࢇశ࢈శࢉ)    (Done) 

 

JP.125. Prove that in ઢ	࡯࡮࡭ the following relationship holds: 

૝
૜൫࢘ࢇ

૛ + ૛࢈࢘ + ૛൯ࢉ࢘ ≥ ૝√૜ࡿ + ࢇ) − ૛(࢈ + −࢈) ૛(ࢉ + ࢉ) −  ૛(ࢇ

Proposed by Marian Ursărescu – Romania  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

Prove that ૝
૜
൫࢘ࢇ૛ + ૛࢈࢘ + ૛൯ࢉ࢘ ≥ ૝√૜ઢ+ ࢇ) − ૛(࢈ + −࢈) ૛(ࢉ + ࢉ) −  ૛(ࢇ

we have to prove, 

૝
૜ ቈ
ቀ෍࢘ࢇቁ

૛
− ૛ቀ෍࢘࢈࢘ࢇቁ቉ ≥ ૝√૜ઢ + ૛ ቂ෍ࢇ૛ −෍࢈ࢇቃ 

૝
૜

[(૝ࡾ + ࢘)૛ − ૛ࡿ૛] ≥ ૝√૜ઢ + ૛[૛ࡿ૛ − ૛࢘૛ − ૡ࢘ࡾ − ૛ࡿ − ࢘૛ − ૝࢘ࡾ] 

૝(૝ࡾ + ࢘)૛ − ૡࡿ૛ ≥ ૚૛√૜ઢ + ૟࢙૛ − ૚ૡ࢘૛ − ૠ૛࢘ࡾ 

૚૟	 × 	૝ࡾ૛ + ૛૛࢘૛ + ૚૙૝࢘ࡾ ≥ ૚૛√૜ઢ+ ૚૝ࡿ૛ 

But, ࡿ૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. So, we have to prove, 
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૚૟	 × 	૝ࡾ૛ + ૛૛࢘૛ + ૚૙૝࢘ࡾ ≥ ૚૛√૜ઢ+ ૚૝(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

૝	 × 	૛ࡾ૛ − ૛૙ࡾ૛ + ૝ૡ࢘ࡾ ≥ ૚૛√૜ઢ 

We have to prove, (૛ࡾ૛ − ૡ࢘૛ + ૚૛࢘ࡾ) ≥ ૜√૜࢘ࡿ 

We have to prove, (૛ࡾ૛ − ૞࢘૛ + ૚૛࢘ࡾ)૛ ≥ ૛ૠ࢘૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

∵ ૛ࡿ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ 

૝ࡾ૝ + ૝ૡࡾ૜࢘ + ૚૟ࡾ૛࢘૛ − ૛૛ૡ࢘ࡾ૜ − ૞૟࢘૝ ≥ ૙ 

૝ࡾ + ૚૛ࡾ૜ + ૝ࡾ૛࢘૛ − ૞ૠ࢘ࡾ૜ − ૚૝࢘૝ ≥ ૙ 

L.H.S = ࡾ)૜ࡾ − ૛࢘) + ૚૝ࡾ૛࢘(ࡾ − ૛࢘) + ૜૛࢘ࡾ૛(ࡾ − ૛࢘) + ૠ࢘૜(ࡾ − ૛࢘) 

= ࡾ) − ૛࢘)ᇣᇧᇧᇤᇧᇧᇥ
(ା)

૜ࡾ) + ૚૝ࡾ૛࢘ + ૜૛࢘ࡾ૛ + ૠ࢘૜)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
(ା)

 

Euler. Its true. Proved 
૝
૜
ቀ෍࢘ࢇ૛ቁ ≥ ૝√૜ઢ + ࢇ) − ૛(࢈ + −࢈) ૛(ࢉ + ࢉ) −  ૛(ࢇ

Solution 2 by Soumava Chakraborty-Kolkata-India 

૝
૜෍࢘ࢇ૛ ≥

(૚)
૝√૜ࡿ + ෍(ࢇ −  ૛(࢈

(1)⇔ ૝
૜
∑ ૛ࢇ࢘ + ૛∑࢈ࢇ − ૛ࢇ∑ ≥

(૛)
૝√૜ࡿ+  ૛ࢇ∑

Now, Hadwiger – Finsler ⇒ ૛∑࢈ࢇ − ૛ࢇ∑ ≥
(࢏)
૝√૜ࢇ∑ & ࡿ૛ ≤

	(࢏࢏)

ࢠ࢚࢏࢔࢈࢏ࢋࡸ
 ૛ࡾૢ

(i), (ii), (2) ⇒ it suffices to prove: 

૝{(૝ࡾ + ࢘)૛ − ૛࢙૛} ≥ ૛ૠࡾ૛ ⇔ ૡ࢙૛ ≤
(૜)

૜ૠࡾ૛ + ૜૛࢘ࡾ + ૝࢘૛ 

LHS of (3) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૜૛ࡾ૛ + ૜૛࢘ࡾ+ ૛૝࢘૛ ≤
?
૜ૠࡾ૛ + ૜૛࢘ࡾ + ૝࢘૛ ⇔ ૞ࡾ૛ ≥

?
૛૙࢘૛ ⇔ 

⇔ ࡾ ≥
?
૛࢘ → true (Euler) (proved) 

 

JP.126. Let ࡯࡮࡭ be a triangle with inradius ࢘ and circumradius ࡾ. Prove that: 

ܜܗ܋ ࡭ + ࡮ܜܗ܋ + ܜܗ܋ ࡯ ≥ ඨ૜ࡾ
૛࢘  

Proposed by George Apostolopoulos – Messolonghi – Greece  
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Solution 1 by Marian Ursarescu-Romania 

In any ઢ࡯࡮࡭ we have: ࡭ܜܗ܋ + ࡮ܜܗ܋ + ܜܗ܋ ࡯ = ૛ࢉ૛ା࢈૛ାࢇ

૝ࡿ
   (1) 

From (1) inequality becomes: ࢇ
૛ା࢈૛ାࢉ૛

૝ࡿ
≥ ට૜ࡾ

૛࢘
⇔ ૛ࢉ૛ା࢈૛ାࢇ

૝ඥ࢙(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ)
≥ ට૜ࡾ

૛࢘
⇔ 

⇔ ൫ࢇ૛ା࢈૛ାࢉ૛൯
૛

૚૟࢙(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ)
≥ ૜

૛
⋅ ࡾ
૛
   (2) 

But in any ઢ	࡯࡮࡭ we have: ࡾ
࢘

= ࢉ࢈ࢇ
૝(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ)

   (3) 

From (2)+(3) we must show: ൫ࢇ૛ା࢈૛ାࢉ૛൯
૛

૚૟࢙(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ)
≥ ૜

૛
⋅ ࢉ࢈ࢇ
૝(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ)

⇔ 

⇔ ൫ࢇ૛ା࢈૛ାࢉ૛൯
૛

૛࢙
≥ ૜ࢉ࢈ࢇ ⇔ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥ ૜(ࢇ + ࢈ +  (4)   ࢉ࢈ࢇ(ࢉ

But from Cauchy ⇒ ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ +ࢇ) ࢈ + ૛(ࢉ ⇒ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛(ࢉା࢈ାࢇ)

૜
  (5) 

From (4)+(5) we must show: (ࢇା࢈ାࢉ)૝

ૢ
≥ ૜(ࢇ + ࢈ + ࢉ࢈ࢇ(ࢉ ⇔ +ࢇ) ࢈ + ૜(ࢉ ≥ ૛ૠࢉ࢈ࢇ, 

which its true because ࢇ+ ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜ . 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૛(૛ࢇ∑) ≥ ૛(࢈ࢇ∑) ≥ ૜ࢇ)ࢉ࢈ࢇ+ ࢈ +  (True)  (ࢉ

ቀ෍ࢇ૛ቁ
૛
≥ ૜ࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ = ૛૝࢙૛࢘ࡾ 

૚
ૡ࢙૛࢘ ⋅

ቀ෍ࢇ૛ቁ
૛
≥ ૜ࡾ; 	

૚
ૡ ⋅ ࢙૛ ⋅ ࢘ ⋅ ૛࢘

ቀ෍ࢇ૛ቁ
૛
≥
૜ࡾ
૛࢘  

૚
૚૟࢙૛࢘૛

ቀ෍ࢇ૛ቁ
૛
≥
૜ࡾ
૛࢘ ; 	

૚
૝ઢ ⋅෍ࢇ૛ ≥ ඨ૜ࡾ

૛࢘ 

ࡾ
ࢉ࢈ࢇ

⋅ ૛ࢇ∑ ≥ ට૜ࡾ
૛࢘

   (*) 

ܜܗ܋ ࡭ = ࡾ
ࢉ࢈ࢇ

૛࢈) + ૛ࢉ −  (**)   (૛ࢇ

(*), (**) → ܜܗ܋∑ ࡭ = ࡾ
ࢉ࢈ࢇ

૛ࢇ) + ૛࢈ + (૛ࢉ ≥ ට૜ࡾ
૛࢘
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Solution 3 by Soumava Chakraborty-Kolkata-India 

෍࡭ܜܗ܋ = ෍
࡭ܛܗ܋
ܖܑܛ ࡭ = ෍

૛࢈ + ૛ࢉ − ૛ࢇ

૛ࢉ࢈ ⋅
૛ࡾ
ࢇ =

ࡾ
૝࢙࢘ࡾ෍

૛࢈) + ૛ࢉ − (૛ࢇ =
૛ࢇ∑

૝࢙࢘ = 

=
࢙૛ − ૝࢘ࡾ − ࢘૛

૛࢙࢘ ≥ ඨ૜ࡾ
૛࢘ ⇔

(࢙૛ − ૝࢘ࡾ − ࢘૛)૛

૝࢘૛࢙૛ ≥
૜ࡾ
૛࢘ ⇔ ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ − 

−૛࢙૛൫૝ࡾ + ࢘૛൯ ≥
(૚)

૟࢙࢘ࡾ૛. Now, LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛൫૚૟࢘ࡾ − ૞࢘૛൯ − ૛࢙૛൫૝࢘ࡾ+ ࢘૛൯ + 

+࢘૛(૝ࡾ + ࢘)૛ = ࢙૛(ૡ࢘ࡾ − ૠ࢘૛) + ࢘૛(૝ࡾ + ࢘)૛ ≥
?
૟࢙࢘ࡾ૛ ⇔ ࢙૛(૛ࡾ − ૠ࢘) + 

+࢘(૝ࡾ + ࢘)૛ ≥
?
૙ ⇔ ࢙૛(૛ࡾ− ૝࢘) + ࢘(૝ࡾ + ࢘)૛ ≥

(૛)

?
૜࢙࢘૛. Now LHS of (2) ≥

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
 

≥ (૚૟࢘ࡾ − ૞࢘૛)(૛ࡾ− ૝࢘) + ࢘(૝ࡾ + ࢘)૛ ≥ ૜࢙࢘૛ ⇔ ૜࢙૛ ≤
(૜)

(૚૟ࡾ − ૞࢘)(૛ࡾ− ૝࢘) + 

+(૝ࡾ + ࢘)૛. Now, LHS of (3) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૜(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≤
?

 

≤ (૚૟ࡾ− ૞࢘)(૛ࡾ− ૝࢘)+(૝ࡾ+ ࢘)૛ ⇔ ૟ࡾ૛ − ૚૜࢘ࡾ+ ૛࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(૟ࡾ− ࢘) ≥

?
૙ 

→ true ∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘  (proved) 

Solution 4 by Shyama P. Mandal-India 

෍(࡭)ܜܗ܋ = ෍
૛࢈ + ૛ࢉ − ૛ࢇ

૛ࢉ࢈ (࡭)ܖܑܛ = ෍
૛࢈ + ૛ࢉ − ૛ࢇ

૝ઢ =
૛ࢇ + ૛࢈ + ૛ࢉ

૝ઢ  

૝ઢ = ૝√ઢ√ઢ = ૝√࢙࢘ඨ
ࢉ࢈ࢇ
૝ࡾ = ඨ૛࢘

ࡾ ඥࢇ)ࢉ࢈ࢇ+ ࢈ +  (ࢉ

ࢉ࢈ࢇ ≤ ቌඨ
૛ࢇ + ૛࢈ + ૛ࢉ

૜
ቍ

૜

−ࡹࡳ +ࢇ	ࡿࡹࡾ ࢈ + ࢉ ≤ ૜ඨ
૛ࢇ + ૛࢈ + ૛ࢉ

૜ ࡹ࡭	  ࡿࡹࡾ−

૝ઢ ≤ ඨ૛࢘
૜ࡾ

૛ࢇ) + ૛࢈ +  (૛ࢉ

෍(࡭)ܜܗ܋ ≥ ඨ૜ࡾ
૛࢘  
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JP.127. Prove that in any non-equilateral triangle the following inequality holds: 

ቆ࢔ࢇ࢚
෣ࡴࡵࡻ
૛ ቇ < 3ඨ

ࡾ + ૛࢘
ࡾ − ૛࢘ 

Proposed by Marian Ursărescu – Romania  

Solution by Marian Ursărescu – Romania 

 

ࢇ࢓ ≤ ૛ࡾ ૛ܛܗ܋
࡭
૛ ⇒ ࢇ࢓ ≤

ࢇ
ܖܑܛ ࡭ ܛܗ܋

૛ ࡭
૛ ⇒ ࢇ࢓ ≤

ࢇ

૛ܖܑܛ ૛࡭ ܛܗ܋
࡭
૛
⋅ ૛ܛܗ܋

࡭
૛ 

⇒ ࢇ࢓ ≤
ࢇ
૛ ܜܗ܋

࡭
૛ ⇒ ࢇ࢓ ≤

ࢇ

૛ ૛࡭ܖ܉ܜ
⇒ ܖ܉ܜ

࡭
૛ ≤

ࢇ
૛ࢇ࢓

⇒ ቆܖ܉ܜ
෣ࡴࡵࡻ
૛ ቇ ≤

ࡴࡻ
૛࣓ࡵ = 

=
ඥૢࡾ૛ − ૛ࢇ) + ૛࢈ + (૛ࢉ

૛ ⋅ ࡾ − ૛ࡾ
૛

⇒ ቆܖ܉ܜ
෣ࡴࡵࡻ
૛ ቇ ≤

ඥૢࡾ૛ − ૛ࢇ) + ૛࢈ + (૛ࢉ
ࡾ − ૛࢘  

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૜૟࢘૛ ⇒ ૛ࢇ)− + ૛࢈ + (૛ࢉ ≤ −૜૟࢘૛ 

ቆܖ܉ܜ
෣ࡴࡵࡻ
૛ ቇ <

૜√ࡾ૛ − ૝࢘૛

ࡾ − ૛࢘ ⇒ ቆܖ܉ܜ
෣ࡴࡵࡻ
૛ ቇ < 3ඨ

+ࡾ ૛࢘
−ࡾ ૛࢘ 

 

JP.128. In ࡯࡮࡭ࢤ the following relationship holds: 

૚
ࢇ࢓ + ࢈࢓

+
૚

࢈࢓ + ࢉ࢓
+

૚
ࢉ࢓ + ࢇ࢓

≤
૚
૛࢘ 

Proposed by Marian Ursărescu – Romania  

Solution by Seyran Ibrahimov-Maasilli-Azerbaijan 

ࡿࡴࡸ = ෍
૚

ࢇ࢓ + ࢈࢓
≤

૚
૛࢘ 
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૝

ࢇ࢓ + ࢈࢓
≤

૚
ࢇ࢓

+
૚
࢈࢓

 

ࡿࡴࡸ ≤
૚
૝ ⋅ ૛ ൬

૚
ࢇ࢓

+
૚
࢈࢓

+
૚
ࢉ࢓

൰ ≤
૚
૛ ൬

૚
ࢇࢎ

+
૚
࢈ࢎ

+
૚
ࢉࢎ
൰ =

૚
૛࢘ 

 

JP.129. Let ࢈,ࢇ and ࢉ be the lengths of the sides of a triangle ࡯࡮࡭ with inradius ࢘ and 

circumradius ࡾ. Prove that: 

a. ࢇ૜

૛ࢉ૛ା࢈
+ ૜࢈

૛ࢇ૛ାࢉ
+ ૜ࢉ

૛࢈૛ାࢇ
≤ ૜√૜

૛
⋅ (࢘ିࡾ)ࡾ

࢘
 

b. ࢇ
ඥ࢈૛ାࢉ૛

+ ࢈
ඥࢉ૛ାࢇ૛

+ ࢉ
ඥࢇ૛ା࢈૛

≤ ට૟ିࡾ૜࢘
૛࢘

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Marian Ursarescu-Romania 

b) ࢈૛ + ૛ࢉ ≥ ૛ࢉ࢈ ⇒ ૚
ඥ࢈૛ାࢉ૛

≤ ૚
√૛ࢉ࢈

⇒ ∑ ࢇ
ඥ࢈૛ାࢉ૛

≤ ૚
√૛
∑ ࢇ

ࢉ࢈√
⇒ we must show:  

૚
√૛

෍
ૢ
ࢉ࢈√

≤ ඨ૟ࡾ − ૜࢘
૛࢘ ⇔ 

ቀ∑ ࢇ
ࢉ࢈√

ቁ
૛
≤ ૟ିࡾ૜࢘

࢘
   (1) 

But from Cauchy’s inequality ⇒ ቀ∑ ࢇ
ࢉ࢈√

ቁ
૛
≤ ૜∑ ૛ࢇ

ࢉ࢈
   (2) 

From (1)+(2) we must show: ∑ ૛ࢇ

ࢉ࢈
≤ ૛࢘ିࡾ

࢘
⇔ ∑ ૜ࢇ

ࢉ࢈ࢇ
≤ ૛࢘ିࡾ

࢘
   (3) 

But ∑ࢇ૜ = ૛࢙(࢙૛ − ૜࢘૛ − ૟࢘ࡾ) and ࢉ࢈ࢇ = ૝࢙(4)   ࢘ࡾ 

From (3)+(4) we must show: ࢙
૛ି૜࢘૛ି૟࢘ࡾ

૛࢘ࡾ
≤ ૛࢘ିࡾ

࢘
⇔ ࢙૛ − ૜࢘૛ − ૟࢘ࡾ ≤ ૝ࡾ૛ − ૛࢘ࡾ ⇔ 

⇔ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ with its Gerretsen’s inequality. 

a) Again, ࢈૛ + ૛ࢉ ≥ ૛ࢉ࢈ ⇒ ૜ࢇ

૛ࢉ૛ା࢈
≤ ૜ࢇ

૛ࢉ࢈
⇒ ∑ ૜ࢇ

૛ࢉ૛ା࢈
≤ ૚

૛
∑ ૜ࢇ

ࢉ࢈
⇒ we must show this: 

∑ ૜ࢇ

ࢉ࢈
≤ ૜√૜ (࢘ିࡾ)ࡾ

࢘
  (5) 

Now, using sine law ⇒ ࢇ = ૛࡭ܖܑܛࡾ ⇒ (5) ⇔ ∑ ૛ࡾ ૜ܖܑܛ ࡭
࡮ܖܑܛ ࡯ܖܑܛ

≤ ૜√૜ (࢘ିࡾ)ࡾ
࢘

⇔ 
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∑ ૜ܖܑܛ ࡭

ܖܑܛ࡮ܖܑܛ ࡯
≤ ૜√૜

૛
ቀࡾ
࢘
− ૚ቁ   (6) 

But (6) its true, proved in IneMath (2/2016) or (5) ⇔ ∑ ૝ࢇ

ࢉ࢈ࢇ
≤ ૜√૜ (࢘ିࡾ)ࡾ

࢘
  (6) 

૝ࢇ∑ = ૛[࢙૝ − ૛࢙૛(૝࢘ࡾ+ ૜࢘૛) + ࢘૛(૝ࡾ + ࢘)૛]    (7) 

ࢉ࢈ࢇ = ૝࢙(8)   ࢘ࡾ 

From (6)+(7)+(8)⇒ ࢙૝ି૛࢙૛൫૝࢘ࡾା૜࢘૛൯ା࢘૛(૝ࡾା࢘)૛

ࡾ࢙
≤ ૜√૜ࡾ)ࡾ − ࢘) and using again 

Gerretsen’s  ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ and ࢙ ≤ ૜√૜
૛
 .ࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India  

ࡿࡴࡾ ≥
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ (࢘ିࡾ)࢙

࢘
∴ it suffices to prove: 

෍
૜ࢇ

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

≤
−ࡾ)࢙ ࢘)

࢘ ⇔෍ቆ
૜ࢇ

૛࢈ + ૛ࢉ + ቇࢇ
ࢉ࢟ࢉ

− ૛࢙ ≤
−ࡾ)࢙ ࢘)

࢘ ⇔ 

⇔ (૛ࢇ∑) ቀ∑ ࢇ
૛ࢉ૛ା࢈

ቁ ≤ (ା࢘ࡾ)࢙
࢘

⇔ (૛ࢇ∑) ࢉ൫ࢇ∑
૛ାࢇ૛൯൫ࢇ૛ା࢈૛൯
∏൫ࢇ૛ା࢈૛൯

≤ (ା࢘ࡾ)࢙
࢘

   (1) 

Now, ∑ࢇ ૛ࢉ) + ૛ࢇ)(૛ࢇ + (૛࢈ = ࢇ∑ ૛࢈૛ࢇ∑) + (૝ࢇ = ૞ࢇ∑ + ૛࢙(∑ࢇ૛࢈૛)   (a) 

Now, (∑ࢇ૛)(∑ࢇ૜) = ૞ࢇ∑ + ૛࢈૛ࢇ∑ (૛࢙ − (ࢉ = ૞ࢇ∑ + ૛࢙(∑ࢇ૛࢈૛)− (࢈ࢇ∑)ࢉ࢈ࢇ ⇒ 

⇒ ૞ࢇ∑ = (૜ࢇ∑)(૛ࢇ∑) + (࢈ࢇ∑)ࢉ࢈ࢇ − ૛࢙(∑ࢇ૛࢈૛)   (b) 

(a), (b) ⇒ ࢇ∑ ૛ࢉ) + ૛ࢇ)(૛ࢇ + (૛࢈ = (૜ࢇ∑)(૛ࢇ∑) + (࢈ࢇ∑)ࢉ࢈ࢇ = 

= ቀ෍ࢇ૛ቁ ቆ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁቇ + ૝࢙࢘ࡾ(࢙૛ + ૝࢘ࡾ+ ࢘૛) = 

= ቀ෍ࢇ૛ቁ ቀ૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛)ቁ + ૝࢙࢘ࡾ(࢙૛ + ૝࢘ࡾ + ࢘૛) = 

= ૝࢙{(࢙૛ − ૝࢘ࡾ− ࢘૛)(࢙૛ − ૟࢘ࡾ − ૜࢘૛) + ૛࢙)࢘ࡾ + ૝࢘ࡾ+ ࢘૛)} = 

= ૝࢙{࢙૝ − ࢙૛(ૢ࢘ࡾ+ ૝࢘૛) + ࢘૛(૝ࡾ + ࢘)(ૠࡾ+ ૜࢘)}    (c) 

Again, ∏(ࢇ૛ + (૛࢈ = ૛ࢇ૛࢈૛ࢉ૛ + ૛࢈૛ࢇ∑ ૛ࢇ∑) − (૛ࢉ = (૛࢈૛ࢇ∑)(૛ࢇ∑) − ૛ࢉ૛࢈૛ࢇ = 

= ቀ෍ࢇ૛ቁ൭ቀ෍࢈ࢇቁ
૛
− ૛ࢉ࢈ࢇ(૛࢙)൱− ૚૟ࡾ૛࢘૛࢙૛ = 

= ቀ෍ࢇ૛ቁ ((࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛)− ૚૟ࡾ૛࢘૛࢙૛ = 

= ૝࢙)(૛ࢇ∑) − ࢙૛(ૡ࢘ࡾ− ૛࢘૛) + ࢘૛(૝ࡾ + ࢘)૛) − ૚૟ࡾ૛࢘૛࢙૛   (d) 
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(c), (d) ⇒ (1) becomes:  

ቀ෍ࢇ૛ቁ ൤
ࡾ) + ࢘){࢙૝ − ࢙૛(ૡ࢘ࡾ − ૛࢘૛) + ࢘૛(૝ࡾ + ࢘)૛} −

−૝࢘{࢙૝ − ࢙૛(ૢ࢘ࡾ+ ૝࢘૛) + ࢘૛(૝ࡾ+ ࢘)(ૠࡾ + ૜࢘)}൨ ≥ ૚૟(ࡾ+  ૛࢘૛࢙૛ࡾ(࢘

⇔ ቀ෍ࢇ૛ቁ ൛(ࡾ − ૛࢘)࢙૝ − ࢙૛൫ૡࡾ૛࢘ − ૜૙࢘ࡾ૛ − ૚ૡ࢘૜൯+ ࢘૛(૝ࡾ+ ࢘)൫૝ࡾ૛ − ૛૜࢘ࡾ − ૚૚࢘૛൯ൟ ≥ 

≥ ૚૟(ࡾ + ૛࢘૛࢙૛ࡾ(࢘ + ࢙࢘૝(∑ࢇ૛)   (2) 

LHS of (2) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૛ࢇ∑) ൜
ࡾ) − ૛࢘)(૚૟࢘ࡾ− ૞࢘૛)࢙૛ − ࢙૛(ૡࡾ૛࢘ − ૜૙࢘ࡾ૛ − ૚ૡ࢘૜) +

+࢘૛(૝ࡾ+ ࢘)(૝ࡾ૛ − ૛૜࢘ࡾ− ૚૚࢘૛) ൠ ≥
?

 

≥ ૚૟(ࡾ + ૛࢘૛࢙૛ࡾ(࢘ + ࢙࢘૝(∑ࢇ૛)  (3) 

⇔ ቀ෍ࢇ૛ቁ {࢙૛(ૡࡾ૛ − ૠ࢘ࡾ+ ૛ૡ࢘૛) + ࢘(૝ࡾ + ࢘)(૝ࡾ૛ − ૛૜࢘ࡾ − ૚૚࢘૛)} ≥ 

≥
?
૚૟(ࡾ + ૛࢙࢘૛ࡾ(࢘ + ࢙૝(∑ࢇ૛)   (3) 

RHS of (3) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૚૟(ࡾ + ૛࢙࢘૛ࡾ(࢘ + ࢙૛(∑ࢇ૛)(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≤
?

 

≤ ቀ෍ࢇ૛ቁ {࢙૛(ૡࡾ૛ − ૠ࢘ࡾ + ૛ૡ࢘૛) + ࢘(૝ࡾ + ࢘)(૝ࡾ૛ − ૛૜࢘ࡾ − ૚૚࢘૛)} ⇔ 

⇔ ቀ෍ࢇ૛ቁ {࢙૛(૝ࡾ૛ − ૚૚࢘ࡾ+ ૛૞࢘૛) + ࢘(૝ࡾ + ࢘)(૝ࡾ૛ − ૛૜࢘ࡾ − ૚૚࢘૛)} ≥
?

 

≥
?
૚૟ࡾ૛࢘(ࡾ + ࢘)࢙૛   (4) 

LHS of (4) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૛(࢙૛ − ૝࢘ࡾ − ࢘) ൜
(૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ૛ − ૚૚࢘ࡾ + ૛૞࢘૛) +

+࢘(૝ࡾ+ ࢘)(૝ࡾ૛ − ૛૜࢘ࡾ − ૚૚࢘૛) ൠ ≥
?

 

≥
?
૚૟ࡾ૛࢘(ࡾ + ࢘)࢙૛ ⇔ 

⇔ ࢙૛൛(૚૟ࡾ − ૞࢘)൫૝ࡾ૛ − ૚૚࢘ࡾ+ ૛૞࢘૛൯ + (૝ࡾ+ ࢘)൫૝ࡾ૛ − ૛૜࢘ࡾ− ૚૚࢘૛൯ − ૡࡾ૛(ࡾ + ࢘)ൟ 

≥
?
࢘(૝ࡾ + ࢘){(૚૟ࡾ − ૞࢘)(૝ࡾ૛ − ૚૚࢘ࡾ+ ૛૞࢘૛) + (૝ࡾ + ࢘)(૝ࡾ૛ − ૛૜࢘ࡾ − ૚૚࢘૛)}   (5) 

LHS of (5) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	(૚૟࢘ࡾ− ૞࢘૛) ൜
(૚૟ࡾ − ૞࢘)(૝ࡾ૛ − ૚૚࢘ࡾ+ ૛૞࢘૛) +

+(૝ࡾ + ࢘)(૝ࡾ૛ − ૛૜࢘ࡾ − ૚૚࢘૛) − ૡࡾ૛(ࡾ + ࢘)ൠ ≥
?

 

≥
?
࢘(૝ࡾ+ ࢘){(૚૟ࡾ − ૞࢘)(૝ࡾ૛ − ૚૚࢘ࡾ+ ૛૞࢘૛) + (૝ࡾ + ࢘)(૝ࡾ૛ − ૛૜࢘ࡾ − ૚૚࢘૛)} ⇔ 

⇔ ૚૙૝࢚૝ − ૝ૢૠ࢚૜ + ૡ૙૙࢚૛ − ૝ૢ૞࢚+ ૚૙૛ ≥ ૙		 ൬࢚ =
ࡾ
࢘൰ ⇔ 

⇔ (࢚ − ૛)[(࢚ − ૛){(࢚ − ૛)(૚૙૝ + ૚૛ૠ) + ૜૚૝} + ૟ૢ] ≥ ૙ → true 

∵ ࡾ ≥ ૛࢘  (proved) 
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ࢇ
૛࢈√ + ૛ࢉ

+
࢈

૛ࢉ√ + ૛ࢇ
+

ࢉ
૛ࢇ√ + ૛࢈

≤ ඨ૟ࡾ − ૜࢘
૛࢘  

∵ ૛࢈ + ૛ࢉ ≥
ࡳି࡭

∴ ࢇ
ඥ࢈૛ାࢉ૛

≤ ࢇ√ࢇ
√૛ࢉ࢈ࢇ

   (1) 

Similarly, ࢈
ඥࢉ૛ାࢇ૛

≤
(૛) ࢈√࢈

√૛ࢉ࢈ࢇ
ࢉ & 

ඥࢇ૛ା࢈૛
≤
(૜) ࢉ√ࢉ

√૛ࢉ࢈ࢇ
 

(1)+(2)+(3) ⇒ ࡿࡴࡸ ≤ ࢇ√ࢇ∑
√ૡ࢙࢘ࡾ

≤
ࡿି࡮ି࡯ ඥ∑ࢇ૛√૛࢙

√ૡ࢙࢘ࡾ
= ට∑ࢇ૛

૝࢘ࡾ
≤
?
ට૟ିࡾ૜࢘

૛࢘
⇔ ૛ࡾ(૟ࡾ − ૜࢘) ≥

?
 

≥ ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) ⇔ ૟ࡾ૛ − ૜࢘ࡾ ≥
?
࢙૛ − ૝࢘ࡾ− ࢘૛ ⇔ ࢙૛ ≤

?
૟ࡾ૛ + ࢘ࡾ + ࢘૛   (a) 

LHS of (a) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≤
?
૟ࡾ૛ + ࢘ࡾ + ࢘૛ ⇔ ૛ࡾ૛ − ૜࢘ࡾ − ૛࢘૛ ≥

?
૙ ⇔ 

⇔ −ࡾ) ૛࢘)(૛ࡾ+ ࢘) ≥
?
૙ → ࢋ࢛࢚࢘ ∵ ࡾ ≥ ૛࢘	 (Euler) ⇒ (a) is true (proved) 

 

JP.130. Solve the equation in real numbers: 

૜ඥ࢞૛ − ࢞ + ૚૜ + ඨ࢞
ૡ + ૚
૛

૝

= ૛(࢞૝ − ૜࢞ + ૝) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Omran Kouba-Damascus Syria 

Step 1. Consider ࢌ(࢞) = ૛(૛− ૜࢞ + ૛࢞૛) − ૚ − ࢞ૡ then ࢌ(࢞) ≥ ૙ with equality if and 

only if ࢞ = ૚. Indeed, with some algebra we see that ࢌ(૚ + ࢚) = ࢚૝ࢎ(࢚) with 

(࢚)ࢎ = ૜૚ቀ࢚૛ + ૛ૡ࢚
૜૚
ቁ
૛

+ ૚ૡ૛૙
૜૚

ቀ࢚ + ૜૚
૟૞
ቁ
૛

+ ૢ૞૛
૟૞

> 0. This proves the inequality: 

ට૚ା࢞ૡ

૛

૝
≤ ૛࢞૛ − ૜࢞ + ૛    (1) 

With equality if and only if ࢞ = ૚. 

Step 2. By the AM-GM inequality, we have for all real ࢞ the following: 

૜√࢞૛ − ࢞ + ૚૜ ≤ ࢞૛ − ࢞ + ૚ + ૚ + ૚ = ࢞૛ − ࢞ + ૜    (2) 

Step 3. For all real ࢞ we have: 

૜࢞૛ − ૝࢞+ ૞ ≤ ૛(࢞૝ − ૜࢞ + ૝)     (3) 
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with equality if and only if ࢞ = ૚. Indeed: 

૛൫࢞૝ − ૜࢞ + ૝൯ − ൫૜࢞૛ − ૝࢞ + ૞൯ = ૛࢞૝ − ૜࢞૛ − ૛࢞+ ૜ = (࢞ − ૚)૛൫૛(࢞+ ૚)૛ + ૚൯ ≥ ૙ 

Step 4. Combining (1), (2) and (3) we conclude that:  

૜ඥ࢞૛ − ࢞ + ૚૜ + ඨ૚ + ࢞ૡ

૛
૝

≤ ૛(࢞૝ − ૜࢞ + ૝) 

with equality if and only if ࢞ = ૚. 

Solution 2 by Orlando Irahola Ortega-Bolivia 

→ ૟ඥ࢞૛ − ࢞ + ૚૜ + ඥૡ(࢞ૡ + ૚)૝ = ૝(࢞૝ − ૜࢞) + ૚૟ 

→ ૟ቀඥ࢞૛ − ࢞ + ૚૜ − ૚ቁ + ቀඥૡ(࢞ૡ + ૚)૝ − ૛ቁ = ૝(࢞૝ − ૜࢞ + ૛) 

→
૟(࢞૛ − ࢞)

൫√࢞૛ − ࢞ + ૚૜ + √࢞૛ − ࢞ + ૚૜ + ૚൯ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
(࢞)ࢌ

+
ඥૡ(࢞ૡ + ૚) − ૝

ቀඥૡ(࢞ૡ + ૚)૝ + ૛ቁᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
(࢞)ࢍ

= ૝[࢞૝ − ࢞ − ૛(࢞ − ૚)] 

⇒
૟࢞(࢞ − ૚)
(࢞)ࢌ +

ૡ(࢞ૡ − ૚)

(࢞)ࢍ ቀඥૡ(࢞ૡ + ૚) + ૝ቁᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
(࢞)ࢎ

= ૝(࢞ − ૚)(࢞૜ + ࢞૛ + ࢞ − ૛) 

⇒
૟࢞(࢞ − ૚)
(࢞)ࢌ +

ૡ(࢞૝ + ૚)(࢞૛ + ૚)(࢞ − ૚)(࢞ + ૚)
(࢞)ࢎ(࢞)ࢍ = ૝(࢞ − ૚)(࢞૜ + ࢞૛ + ࢞ − ૛) ⇒ 

⇒ (࢞)ࢍ,(࢞)ࡲ ∧ (࢞)ࢎ ≠ ૙ 

⇒ (࢞− ૚) ቈ
૟࢞
(࢞)ࢌ +

ૡ(࢞૝ + ૚)(࢞૜ + ࢞૛ + ࢞ + ૚)
(࢞)ࢎ(࢞)ࢍ − ૝(࢞૜ + ࢞૛ + ࢞ − ૛)቉ = ૙ 

⇒ ࢞− ૚ = ૙;࢞ = ૚ ∧ ૟࢞ࢎ(࢞)ࢍ(࢞) + ૡࢌ(࢞)(࢞૝ + ૚)(࢞૜ + ࢞૛ + ࢞ + ૚) = 

= ૝ࢎ(࢞)ࢍ(࢞)ࢌ(࢞)(࢞૜ + ࢞૛ + ࢞ − ૛) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

Case 1: ࢞ ≥ ૚. Let ࢌ(࢞) = ૜√࢞૛ − ࢞ + ૚૜ + ට࢞ૡା૚
૛

૝
− ૛(࢞૝ − ૜࢞ + ૝) 

(࢞)ᇱࢌ =
૛
૜
૝࢞ૠ

(࢞ૡ + ૚)
૜
૝

+
૛࢞ − ૚

(࢞૛ − ࢞ + ૚)
૛
૜
− ૛(૝࢞૜ − ૜) ≤

૚૟
૜
૝࢞ૠ

(࢞૛ + ૚)૜ + ૛࢞ − ૚ − ૛(૝࢞૜ − ૜) 
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ቌ∵ (࢞ૡ + ૚)
૜
૝ ≥ ൜

૚
ૡ

(࢞૛ + ૚)૝ൠ
૜
૝

=
(࢞૛ + ૚)૜

ૡ
૜
૝

&(࢞૛ − ࢞ + ૚)
૛
૜ ≥ ૚	࢙ࢇ	࢞(࢞ − ૚) ≥ ૙ቍ 

=
ૡ࢞ૠ

(࢞૛ + ૚)૜ + ૛࢞ − ૚ − ૛(૝࢞૜ − ૜) =
ૡ࢞ૠ + (૛࢞ − ૚)(࢞૛ + ૚)૜ − ૛(૝࢞૜ − ૜)(࢞૛ + ૚)૜

(࢞૛ + ૚)૜  

=
−(࢞ − ૚)൫ૡ࢞ૡ + ૡ࢞ૠ + ૛૛࢞૟ + ૚ૠ࢞૞ + ૜૞࢞૝ + ૛૙࢞૜ + ૛૛࢞૛ + ૠ࢞+ ૞൯

(࢞૛ + ૚)૜ ≤ ૙	(∵ ࢞ ≥ ૚) 

∴ on [૚,∞),ࢌ(࢞) is a decreasing ࢔ࢌ	& ∵ ݂(૚) = ૙ 

∴ ∀࢞ ≥ ૚,ࢌ(࢞) ≤ ૙, equality at ࢞ = ૚, & ∵ = actually (࢞)ࢌ ૙,∴ ࢞ = ૚ 

∴ ∀࢞ ≥ ૚, given equation has only 1 root, which is ࢞ = ૚. 

Case 2: −૚ ≤ ࢞ < 1. Now, ඥ(࢞૛ − ࢞ + ૚) ⋅ ૚ ⋅ ૚૜ ≤
ࡹ࡭ஸࡹࡳ

࢞૛ − ࢞ + ૜. Also,  

ඨ࢞
ૡ + ૚
૛

૝

= ඨቆ
࢞ૡ + ૚
૚૟ ቇ ⋅ ૛ ⋅ ૛ ⋅ ૛

૝
<

ழ஺ெࡹࡳ ૚
ૡ

(࢞ૡ + ૠ) 

∴ ࡿࡴࡸ < ࢞૛ − ࢞+ ૜ + ࢞ૡାૠ
ૡ

  (adding the last 2 inequalities) <
(૚)

?
૛࢞૝ − ૟࢞ + ૡ ⇔ 

⇔ ࢞ૡ − ૚૟࢞૝ + ૡ࢞૛ + ૝૙࢞ − ૜૜ <
?
૙ ⇔ 

⇔ (࢞ − ૚)૛൫࢞૟ + ૛࢞૞ + ૜࢞૝ + ૝࢞૜ − ૚૚࢞૛ − ૛૟࢞ − ૜૜൯ <
(૛)

?
૙ ⇔ 

⇔ ࢞૟ + ૛࢞૞ + ૜࢞૝ + ૝࢞૜ − ૚૚࢞૛ − ૛૟࢞− ૜૜ <
?
૙. Now, ૝࢞૛(࢞ − ૚) < 0	(∵ ࢞ < 1) ⇒ 

⇒ ૝࢞૜ < 4࢞૛. Also, ૜࢞૛(࢞૛ − ૚) ≤ ૙	(∵ ࢞૛ ≤ ૚) ⇒ ૜࢞૝ ≤ ૜࢞૛ & ૛࢞૛(࢞૜ − ૚) = 

= ૛࢞૛(࢞૛ + ࢞ + ૚)(࢞ − ૚) < 0 ⇒ 2࢞૞ < 2࢞૛ & finally, ࢞૛(࢞૝ − ૚) = 

= ࢞૛(࢞૛ + ૚)(࢞ + ૚)(࢞ − ૚) ≤ ૙(∵ ࢞ < ݔ&	1 + 1 ≥ 0) ⇒ ࢞૟ ≤ ࢞૛ 

Adding the last 4 inequalities, we get: ૝࢞૜ + ૜࢞૝ + ૛࢞૞ + ࢞૟ < 10࢞૛ 

∴ ൫࢞૟ + ૛࢞૞ + ૜࢞૝ + ૝࢞૜൯ − ૚૚࢞૛ − ૛૟࢞ − ૜૜ < −࢞૛ − ૛૟࢞ − ૜૜ ≤ ૛૟ − ૜૜ 

(∵ −࢞૛ ≤ ૙	&− 26࢞ ≤ ૛૟) 

= −ૠ <
(૜)

૙ 
(3) ⇒ (2) is true ⇒ (1) is true ⇒ ࡿࡴࡸ < ܵܪܴ ⇒ ܵܪܮ = ࢞ never occurs when ܵܪܴ ∈ [−૚,૚) 

⇒ now sollution in this case 

Case (3) ࢞ < −1 
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ࡹࡳ < ܯܣ ⇒ ܵܪܮ < ࢞૛ − ࢞ + ૜ + ඨ࢞
ૡ + ૚
૛

૝

<
(૝)

?
૛࢞૝ − ૟࢞ + ૡ ⇔ ૛࢞૝ − ࢞૛ − ૞࢞ + ૞ >

?
 

>
? ඨ࢞

ૡ + ૚
૛

૝

∵ ૛࢞૝ − ࢞૛ + ૞ > ઢ	࢙ࢇ)	0 < 0) 	− ૞࢞ > 5 ∴ 2࢞૝ − ࢞૛ − ૞࢞ + ૞ > 0 

∴ ૛࢞૝ − ࢞૛ − ૞࢞ + ૞ > ඨ࢞
ૡ + ૚
૛

૝

⇔ ૛(૛࢞૝ − ࢞૛ − ૞࢞ + ૞)૝ − ࢞ૡ − ૚ >
(૞)

૙ 

Let ࢞ + ૚ = ࢚	(࢚ < 0) ∴ ࢞ = ࢚ − ૚ 

∴ (5) becomes ૛{૛(࢚ − ૚)૝ − (࢚ − ૚)૛ − ૞(࢚ − ૚) + ૞}૝ − (࢚ − ૚)ૡ − ૚ > 0 ⇔ 

⇔ (࢚ − ૛)૛(૜૛࢚૚૝ − ૜ૡ૝࢚૚૜ + ૛૚૚૛࢚૚૛ − ૠ૜૟૙࢚૚૚ + ૚ૢ૙૞૟࢚૚૙ − ૜ૢૠ૚૛࢚ૢ + 

+૟ૡ૜૞૛࢚ૡ − ૢૡૠ૜૟࢚ૠ + ૚૛૚ૠૠૠ࢚૟ − ૚૛ૠ૞૟૝࢚૞ + ૚૚૛૝૛૙࢚૝ − ૡ૜૞૚૛࢚૜ + 

+૝ૢ૝૙ૡ࢚૛ − ૚૛ૢ૟૙࢚+ ૠ૜૛૙) > 0 ⇔ < (say) ݌ 0 

∵ ࢚ < 0,−384࢚૚૜ − ૠ૜૟૙࢚૚૚ − ૜ૢૠ૚૛࢚ૢ − ૢૡૠ૜૟࢚ૠ − ૚૛ૠ૞૟૝࢚૞ − ૡ૜૞૚૛࢚૜ − 

−૛૚ૢ૟૙࢚ > 0 & of course, ૜૛࢚૚૝ + ૛૚૚૛࢚૚૛ + ૚ૢ૙૞૟࢚૚૙ + ૟ૡ૜૞૛࢚ૡ + ૚૛૚ૠૠૠ࢚૟ + 

+૚૚૛૝૛૙࢚૝ + ૝ૢ૝૙ૡ࢚૛ + ૠ૜૛૛૙ > 0 

∴ adding the last 2 inequalities, ࢖ > 0 ⇒ (5) is true ⇒ (4) is true  

 ⇒ ࡿࡴࡸ < ݔ∀	ܵܪܴ < −1 

⇒ (4) is true ⇒ ࡿࡴࡸ < ݔ∀	ܵܪܴ < −1 ⇒ no solution under this case. Combining all 3 

cases, only solution is ࢞ = ૚. 

 

JP.131. Solve the system of equation in positive real numbers: 

ቊ૜ ቀ
ඥ࢞૛૜ + ඥ࢟૛૜ + ඥࢠ૛૜ ቁ + ૛૚ = ૚૙(࢞࢟ + +ࢠ࢟ (࢞ࢠ

࢞ + ࢟ + ࢠ = ૜
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

Let √࢞૜ = ,ࢇ ඥ࢟૜ = ,࢈ ૜ࢠ√ = ૜ࢇ∑ ,Then .ࢉ = ૜ & ૜∑ࢇ૛ + ૛૚ =
(૚)

૚૙∑ࢇ૜࢈૜ 

∵෍ࢇ૜ = ૜ ∴ ቀ෍ࢇ૜ቁ
૛

= ૢ ⇒෍ࢇ૟ + ૛෍ࢇ૜࢈૜ = ૢ ⇒ ૞෍ࢇ૟ + ૚૙෍ࢇ૜࢈૜ = ૝૞ 
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⇒ ૞෍ࢇ૟ + ૜෍ࢇ૛ + ૛૚ = ૝૞ ⇒ ૞෍ࢇ૟ + ૜෍ࢇ૛ = ૛૝ =
(૛)

ૡ෍ࢇ૜ ቀ∵෍ࢇ૜ = ૜ቁ 

Now, ࢇ૟ + ૛ࢇ + ૛ࢇ + ૛ࢇ ≥
ࡳି࡭

૝√ࢇ૚૛૝ = ૝ࢇ૜ ⇒ ૟ࢇ + ૜ࢇ૛ ≥
(ࢇ)

૝ࢇ૜.  

Similarly, ࢈૟ + ૜࢈૛ ≥
(࢈)

૝࢈૜  

૟ࢉ & + ૜ࢉ૛ ≥
(ࢉ)
૝ࢉ૜. Again, ૝∑ࢇ૟ ≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૝
૜

૛(૜ࢇ∑) = ૝
૜
⋅ ૜ ⋅ ∑ ૜ࢇ (∵ ૜ࢇ∑ = ૜) 

⇒ ૝෍ࢇ૟ ≥
(ࢊ)

૝෍ࢇ૜ 

(a)+(b)+(c)+(d)⇒ ૞∑ࢇ૟ + ૜∑ࢇ૛ ≥
(૜)

ૡ∑ࢇ૜ , with equality occuring when ࢇ = ࢈ =  ࢉ

∴ (2), (3) ⇒ ࢇ = ࢈ = ∵ & ࢉ ૜ࢇ∑ = ૜ ∴ ૜ࢇ૜ = ૜ ⇒ ࢇ = ૚ ⇒ ࢇ = ࢈ = ࢉ = ૚ ⇒ 

⇒ ࢞ = ࢟ = ࢠ = ૚ ∴ only solution is: ࢞ = ࢟ = ࢠ = ૚ (answer) 

 

JP.132. Let ࢞,࢟ ∈ ቀ૙, ࣊
૛
ቁ. Denote ࢑ = ૛ ૛࢔࢏࢙}࢔࢏࢓− ࢞ , ૛࢙࢕ࢉ ࢞}. Prove that: 

ቆ
૛࢔࢏࢙ ࢞

૚ − ࢙࢟࢕ࢉ +
૛࢙࢕ࢉ ࢞

૚ − ቇቆ࢟࢔࢏࢙
૛࢔࢏࢙ ࢞

૚ + ࢙࢟࢕ࢉ +
૛࢙࢕ࢉ ࢞

૚ + ቇ࢟࢔࢏࢙ ≤ ቆ
࣊૛

૝ +
૛࢙࢕ࢉ ࢞
૛࢙࢕ࢉ ࢟ቇ

࢑

 

Proposed by Stefan Andrei Mihalcea-Romania 

Solution by proposer 

First, Milne Inequality is used: 

Let ࢝࢐)࢐ = ૚,࢔തതതതത) > 0, with sum ૚;࢐ࡼ ∈ [૙,૚]			(࢐ = ૚,࢔തതതതത), then  

ቌ෍
࢝࢐

૚ − ࢐࢖

࢔

࢐ୀ૚

ቍቌ෍
࢝࢐

૚ + ࢐࢖

࢔

࢐ୀ૚

ቍ ≤ ቌ෍
࢝࢐

૚ − ࢐૛࢖

࢔

࢐ୀ૚

ቍ

૛ି࢐࢝ܖܑܕ
૚ஸ࢐ஸ࢔

 

Let’s take 

⎩
⎪
⎨

⎪
⎧࢝૚ = ૛ܖܑܛ ࢞ ࢟,࢞	ࢋ࢘ࢋࢎ࢝, ∈ ቀ૙, ࣊

૛
ቁ

࢝૛ = ૛ܛܗ܋ ࢞
૚࢖ = ܛܗ܋ ࢟
૛࢖ = ܖܑܛ ࢟

 

⇒ ቆ
૛ܖܑܛ ࢞

૚ − ܛܗ܋ ࢟ +
૛ܛܗ܋ ࢞
૚ − ܖܑܛ ࢟ቇቆ

૛ܖܑܛ ࢞
૚ + ܛܗ܋ ࢟ +

૛ܛܗ܋ ࢞
૚ + ܖܑܛ ࢟ቇ ≤ ቆ

૛ܖܑܛ ࢞
૛ܖܑܛ ࢟ +

૛ܛܗ܋ ࢞
૛ܛܗ܋ ࢟ቇ

૛ି࢐࢝ܖܑܕ
૚ஸ࢐ஸ࢔
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Jordan 

But ∀	࢚ ∈ ቀ૙, ࣊
૛
ቁ ⇒ ૛࢚

࣊
≤ ܖܑܛ ࢚ ≤ ࢚ 

⇒ ቆ
૛ܖܑܛ ࢞

૚ − ࢟ܛܗ܋ +
૛ܛܗ܋ ࢞
૚ − ܖܑܛ ࢟ቇ ቆ

૛ܖܑܛ ࢞
૚ + ܛܗ܋ ࢟ +

૛ܛܗ܋ ࢞
૚ + ܖܑܛ ࢟ቇ ≤ ቆ

࣊૛

૝ +
૛ܛܗ܋ ࢞
૛ܛܗ܋ ࢟ቇ

࢑

 

where ࢑ = ૛ ૛ܖܑܛ}ܖܑܕ− ࢞ , ૛ܛܗ܋ ࢞} 

 

JP. 133. Let ࢈,ࢇ,  :be positive real numbers. Prove that ࢉ

ඨࢇ
ૡ + ૡ࢈

૛
ૡ

+ ඨ࢈
ૡ + ૡࢉ

૛
ૡ

+ ඨࢉ
ૡ + ૡࢇ

૛
ૡ

≤ ࢇ) + ࢈ + ૚૙(ࢉ ൬
૚
ࢇૢ +

૚
࢈ૢ +

૚
൰ࢉૢ

ૢ

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by proposer 

- We have: ࢇૡ + ૡ࢈ = ൫ࢇ૝ + ૝൯࢈
૛
− ൫ࢇ૛࢈૛√૛൯

૛
= ൫ࢇ૝ − +૛√૛࢈૛ࢇ ૝ࢇ૝൯൫࢈ + +૛√૛࢈૛ࢇ  ૝൯࢈

⇔ ૡࢇ + ૡ࢈ = ቆࢇ૛ −ට૛− √૛࢈ࢇ+ ૛ࢇ૛ቇቆ࢈ +ට૛− √૛࢈ࢇ+ ૛ࢇ૛ቇቆ࢈ −ට૛+ √૛࢈ࢇ+ ૛ࢇ૛ቇቆ࢈ +ට૛+ √૛࢈ࢇ+  ૛ቇ࢈

- Therefore, by inequality AM – GM for 8 positive real numbers. 

૛ࢇ + ඥ૛+ √૛࢈ࢇ+ ૛࢈

+ቀ૛࢈ ඥ૛+ √૛ቁ
+
૛ࢇ −ඥ૛+ √૛࢈ࢇ+ ૛࢈

࢈ ቀ૛ −ඥ૛+ √૛ቁ
+
૛ࢇ −ඥ૛− √૛࢈ࢇ+ ૛࢈

ቀ૛࢈ −ඥ૛− √૛ቁ
+
૛ࢇ +ඥ૛− √૛࢈ࢇ+ ૛࢈

+ቀ૛࢈ ඥ૛ − √૛ቁ
+ +࢈ +࢈ +࢈ ࢈ ≥ 

≥ ૡ ⋅ ඩ
૛ࢇ +ඥ૛ +√૛࢈ࢇ+ ૛࢈

+ቀ૛+ඥ૛࢈ √૛ቁ
⋅
૛ࢇ − ඥ૛+ √૛࢈ࢇ+ ૛࢈

࢈ ቀ૛− ඥ૛+ √૛ቁ
⋅
૛ࢇ −ඥ૛− √૛࢈ࢇ+ ૛࢈

࢈ ቀ૛ −ඥ૛− √૛ቁ
⋅
૛ࢇ +ඥ૛− √૛࢈ࢇ+ ૛࢈

࢈ ቀ૛+ඥ૛− √૛ቁ
⋅ ࢈ ⋅ ࢈ ⋅ ࢈ ⋅ ࢈

ૡ
⇔ 

⇔ ૡࢇ૛

࢈
− ૚૛ࢇ + ૚૛࢈ ≥ ૡටࢇૡା࢈ૡ

૛

ૡ
. Similar: ૡ࢈

૛

ࢉ
− ૚૛࢈ + ૚૛ࢉ ≥ ૡ ⋅ ට࢈ૡାࢉૡ

૛

ૡ
; ૡࢉ

૛

ࢇ
− ૚૛ࢉ + ૚૛ࢇ ≥ ૡ ⋅ ටࢉૡାࢇૡ

૛

ૡ
 

⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
≥ ටࢇૡା࢈ૡ

૛

ૡ
+ ට࢈ૡାࢉૡ

૛

ૡ
+ ටࢉૡାࢇૡ

૛

ૡ
              (1) 

- By inequality AM – GM. We have: 

ࢇ) + ࢈ + ૚૙(ࢉ ቀ ૚
ࢇૢ

+ ૚
࢈ૢ

+ ૚
ࢉૢ
ቁ
ૢ
≥ ૚

ૢૢ
+ࢇ) ࢈ + ૚૙(ࢉ ቆ૜ ⋅ ට ૚

ࢉ࢈ࢇ

૜ ቇ
ૢ

= ૚૙(ࢉା࢈ାࢇ)

૜ૢ⋅(ࢉ࢈ࢇ)૜
      (2) 

- Other: (ࢇ+ ࢈ + ૟(ࢉ = ૛ࢇ)] + ૛࢈ + (૛ࢉ + ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ + ࢈ࢇ) + +ࢉ࢈ ૜[(ࢇࢉ ≥ 

≥ ૛ૠ(ࢇ૛ + ૛࢈ + +࢈ࢇ)(૛ࢉ +ࢉ࢈ ૛(ࢇࢉ ≥ ૛ૠ(ࢇ૛ + ૛࢈ + (૛ࢉ ⋅ ૜ࢇ)ࢉ࢈ࢇ+ ࢈ +  (ࢉ
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⇒ +ࢇ) ࢈ + ૟(ࢉ ≥ ૡ૚ࢇ)ࢉ࢈ࢇ+ +࢈ ૛ࢇ)(ࢉ + ૛࢈ + (૛ࢉ ⇔ ૚૙(ࢉା࢈ାࢇ)

૜ૢ(ࢉ࢈ࢇ)૜
≥ ൫ࢇ૛ା࢈૛ାࢉ૛൯

૛

૜ࢉ࢈ࢇ
    (3) 

- Let (2), (3): ⇒ +ࢇ) +࢈ ૚૙(ࢉ ቀ ૚
ࢇૢ

+ ૚
࢈ૢ

+ ૚
ࢉૢ
ቁ
ૢ
≥ ൫ࢇ૛ା࢈૛ାࢉ૛൯

૛

૜ࢉ࢈ࢇ
            (4) 

- Let (1), (4). We need to prove: 

૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૜ࢉ࢈ࢇ ≥
૛ࢇ

࢈ +
૛࢈

ࢉ +
૛ࢉ

ࢇ ⇔
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૜ࢉ࢈ࢇ ≥
૜࢈ࢇ + ૜ࢉ࢈ + ૜ࢇࢉ

ࢉ࢈ࢇ ⇔ 

⇔ ൫ࢇ૛ + ૛࢈ + ૛൯ࢉ
૛
≥ ૜൫࢈ࢇ૜ + ૜ࢉ࢈ + ૜൯ࢇࢉ ⇔ ૚

૛
∑൫ࢇ૛ − ࢉࢇ + ૛࢈ࢇ − ૛࢈ − ൯ࢉ࢈

૛
≥ ૙   (True) 

- Therefore: ටࢇૡା࢈ૡ

૛

ૡ
+ ට࢈ૡାࢉૡ

૛

ૡ
+ ටࢉૡାࢇૡ

૛

ૡ
≤ ࢇ) + ࢈ + ૚૙(ࢉ ቀ ૚

ࢇૢ
+ ૚

࢈ૢ
+ ૚

ࢉૢ
ቁ
ૢ

 and we get the result. 

Solution 2 by Michael Sterghiou-Greece 

ࢉ,࢈,ࢇ > 0 → ∑ ටࢇૡା࢈ૡ

૛

ૡ
ࢉ࢟ࢉ ≤ ࢇ) + ࢈ + ૚૙(ࢉ ቀ ૚

ࢇૢ
+ ૚

࢈ૢ
+ ૚

ࢉૢ
ቁ
ૢ
      (1) 

Let (ࢗ,࢖, ࢘) = ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ࢖ ൯. WLOG we can assumeࢉ࢈ࢇ, = ૚ [(1) homogeneous]. 

The function ࢌ(࢞) = ࢞
૚
ૡ is concave so by Jensen’s inequality ∑ ටࢇૡା࢈ૡ

૛

ૡ
ࢉ࢟ࢉ ≤ ૜ටࢇૡା࢈ૡାࢉૡ

૜

ૡ
 

which must be ≤ ቀ ࢗ
ૢ࢘
ቁ
ૢ

. Expanding ∑ ࢉ࢟ࢉૡࢇ  we get ∑ ࢉ࢟ࢉૡࢇ = ૛ࢗ૝ − ૚૟ࢗ૜ + ૛૝ࢗ૛࢘+ 

+૛૙ࢗ૛ − ૡ࢈ࢗ૛ − ૜૛࢘ࢗ − ૡࢗ+ ૚૛࢘૛ + ૡ࢘ + ૚ =  It suffices to prove that .(࢘,ࢗ)ࢌ

૜ૠૢ(࢘,ࢗ)ࢌ ≤ ቀ૚
࢘
ቁ
૛૝

 because ૜࢘
૛
૜ ≤ ,ࢗ)ࢌor ૜ૠૢ ࢗ ࢘) − ቀ૚

࢘
ቁ
૛૝
≤ ૙    (2) 

Let (2) be a function of ࢘ with ࢗ as parameter; call it ࢍ;(࢘)ࢍᇱ(࢘) > 0 as  

(࢘)ᇱࢌ = ૛૝ࢗ૛ − ૚૟࢘ࢗ − ૜૛ࢗ+ ૛૝࢘+ ૡ and ࢌᇱᇱ(࢘) = −૚૟ࢗ + ૛૝ > 0 (because  

૙ < ݍ ≤ ૚
૜
)→ (࢘)ᇱࢌ ↑→ (࢘)ᇱࢌ > ᇱ(૙)ࢌ = ૛૝ࢗ૛ − ૜૛ࢗ + ૡ = ૞(ࢗ) 

࢙ᇱ(ࢗ) = ૝ૡࢗ − ૜૛ < 0 → (ࢗ)ݏ ↓→ (ࢗ)࢙ ≥ ࢙ቀ૚
૜
ቁ = ૙ → (࢘)ᇱࢌ ≥ ૙ and as ቀ− ૚

࢘૛૝
ቁ
ᇱ

> 0		 

 ࢘ fixed ࢗ,࢖ is increasing function of ࢘. We will use V. Cîrtoaje theorem that with (࢘)ࢍ

is maximal when ࢇ = ࢇ assuming WLOG ࢈ ≤ ࢈ ≤ (࢘)ࢍ .ࢉ ≤  which needs to (࢞ࢇ࢓࢘)ࢍ

be ≤ ૙. Therefore we have to prove that (ࢇ)ࢎ = [૛ࢇૡ + (૚ − ૛ࢇ)ૡ] ⋅ ૝ૡࢇ ⋅ 

⋅ (૚ − ૛ࢇ)૛૝ − ૚
૜ૠૢ

≤ ૙ with  ૙ ≤ ࢇ ≤ ૚
૜
(ࢇ)ᇱࢎ    = ૚૟ࢇ૝ૠ(૛ࢇ − ૚)(૜ࢇ − ૚) ⋅  	,(ࢇ)࣓

(ࢇ)࣓ = ૡ૟૙ࢇૡ − ૜૜ૡ૞ࢇૠ + ૞૟ૡૢࢇ૟ − ૞ૡ૙ૢࢇ૞ + ૜૞ૡૢࢇ૝ − ૚૝૚ૠࢇ૜ + ૜૝ૢࢇ૛ − ૝ૢࢇ + ૜ 
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We can observe that all even order derivations of ࣓(ࢇ) are ≥ ૙ and all of odd order 

increasing with one root and a ࢔࢏࢓ > 0 for the ࢔ − ૚ derivative. 

(i.e. ࢎ(૟)(ࢇ) > (ࢇ)૞ࢎ,0 ≤ has min and is (ࢇ)૝ࢎ,↑ ૙). Hence ࢎᇱ(ࢇ) ≥ ૙ because  

૛ࢇ − ૚ ≤ ૙,૜ࢇ − ૚ ≤ ૙,࣓(ࢇ) ≥ ૙ → (ࢇ)ࢎ ↑→ (ࢇ)ࢎ < ℎ ൬
૚
૜൰ = ૙ 

The proof is complete. 

 

JP.134. Let ࢈,ࢇ, ࢉ > 0 such that: ࢇ૛ + ૛࢈ + ૛ࢉ = ૜ࢉ࢈ࢇ. Find the maximum value of: 

ࡼ =
࢈ࢇ

૛ࢇ૟ − ૞ࢇ + ૝࢈ + ૛ࢇ + ૚ +
ࢉ࢈

૛࢈૟ − ૞࢈ + ૝ࢉ + ૛࢈ + ૚ +
ࢇࢉ

૛ࢉ૟ − ૞ࢉ + ૝ࢇ + ૛ࢉ + ૚ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer 

* We have ૛ࢇ૟ − ૞ࢇ − ૜ࢇ૜ + ૛ࢇ + ૚ = ૛ࢇ૞(ࢇ − ૚) + ࢇ)૝ࢇ − ૚) + ࢇ)૜ࢇ − ૚)− 

−૛ࢇ૛(ࢇ − ૚) − ࢇ)ࢇ − ૚) − ࢇ) − ૚) = ࢇ) − ૚)൫૛ࢇ૞ + ૝ࢇ + ૜ࢇ − ૛ࢇ૛ − ࢇ − ૚൯ 

= ࢇ) − ૚) ቀ૛ࢇ૝(ࢇ − ૚) + ૜ࢇ૜(ࢇ − ૚) + ૝ࢇ૛(ࢇ − ૚) + ૛ࢇ)ࢇ − ૚) + ࢇ) − ૚)ቁ 

= ࢇ) − ૚)૛(૛ࢇ૝ + ૜ࢇ૜ + ૝ࢇ૛ + ૛ࢇ + ૚) ≥ ૙  (because ࢇ > 0 and (ࢇ − ૚)૛ ≥ ૙) 

⇒ ૛ࢇ૟ − ૞ࢇ − ૜ࢇ૜ + ૛ࢇ + ૚ ≥ ૙ ⇔ ૛ࢇ૟ − ૞ࢇ + ૛ࢇ + ૚ ≥ ૜ࢇ૜ ⇔ 

⇔ ૛ࢇ૟ − ૞ࢇ + ૝࢈ + ૛ࢇ + ૚ ≥ ૜ࢇ૜ +  ૝࢈

⇔ ૚
૛ࢇ૟ିࢇ૞ା࢈૝ାࢇ૛ା૚

≤ ૚
૜ࢇ૜ା࢈૛

⇔ ࢈ࢇ
૛ࢇ૟ିࢇ૞ା࢈૝ାࢇ૛ା૚

≤ ࢈ࢇ
૜ࢇ૜ା࢈૝

    (1) 

- By AM-GM inequality we have: 

૜ࢇ૜ + ૝࢈ = ૜ࢇ + ૜ࢇ + ૜ࢇ + ૝࢈ ≥ ૝ඥࢇ૜ ⋅ ૜ࢇ ⋅ ૜ࢇ ⋅ ૝૝࢈ = ૝ඥૢࢇ ⋅ ૝૝࢈ = ૝ࢇ૛ࢇ√࢈૝ ⇔ 

⇔
࢈ࢇ

૜ࢇ૜ + ૝࢈ ≤
࢈ࢇ

૝ࢇ૛ࢇ√࢈૝ =
૚

૝ࢇ√ࢇ૝  

- Hence (1) and AM-GM inequality: 

⇒
࢈ࢇ

૛ࢇ૟ − ૞ࢇ + ૝࢈ + ૛ࢇ + ૚ ≤
૚

૝ࢇ√ࢇ૝ ≤
૚
૝ࢇ ⋅

૚
૝൬

૚
+ࢇ ૚ + ૚ + ૚൰ =

૚
૚૟ࢇ ൬

૚
ࢇ + ૜൰ 

+ Similar: ࢉ࢈
૛࢈૟ି࢈૞ାࢉ૝ା࢈૛ା૚

≤ ૚
૚૟࢈

ቀ૚
࢈

+ ૜ቁ ; ࢇࢉ
૛ࢉ૟ିࢉ૞ାࢇ૝ାࢉ૛ା૚

≤ ૚
૚૟ࢉ

ቀ૚
ࢉ

+ ૜ቁ 

− Hence: ⇒ ࡼ = ࢈ࢇ
૛ࢇ૟ିࢇ૞ା࢈૝ାࢇ૛ା૚

+ ࢉ࢈
૛࢈૟ି࢈૞ାࢉ૝ା࢈૛ା૚

+ ࢇࢉ
૛ࢉ૟ିࢉ૞ାࢇ૝ାࢉ૛ା૚

≤ 
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≤
૚
૚૟ࢇ ൬

૚
ࢇ + ૜൰ +

૚
૚૟࢈ ൬

૚
+࢈ ૜൰+

૚
૚૟ࢉ൬

૚
ࢉ + ૜൰ 

⇔ ࡼ ≤ ૚
૚૟
ቀ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
ቁ+ ૜

૚૟
ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ      (2) 

− Other ࢇ૛ + ૛࢈ + ૛ࢉ = ૜ࢉ࢈ࢇ and inequality: (࢞ + ࢟ + (ࢠ ≥ ඥ૜(࢞࢟ + +ࢠ࢟  :that (࢞ࢠ

࢞ =
ࢇ
ࢉ࢈ ,࢟ =

࢈
ࢇࢉ , ࢠ =

ࢉ
 ࢈ࢇ

We have: 

૜ = ࢇ
ࢉ࢈

+ ࢈
ࢇࢉ

+ ࢉ
࢈ࢇ
≥ ට૜ቀ ࢇ

ࢉ࢈
⋅ ࢈
ࢇࢉ

+ ࢈
ࢇࢉ
⋅ ࢉ
࢈ࢇ

+ ࢉ
࢈ࢇ
⋅ ࢇ
ࢉ࢈
ቁ = ට૜ቀ ૚

૛ࢉ
+ ૚

૛ࢇ
+ ૚

૛࢈
ቁ ⇔ ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
≤ ૜  (3) 

- Let (3) and AM-GM inequality: 

૜ ≥ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ

= ቀ ૚
૛ࢇ

+ ૚ቁ+ ቀ ૚
૛࢈

+ ૚ቁ+ ቀ ૚
૛ࢉ

+ ૚ቁ − ૜ ≥ ૛
ࢇ

+ ૛
࢈

+ ૛
ࢉ
− ૜ ⇔ ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
≤ ૜   (4) 

- Let (2), (3), (4): ⇒ ࡼ ≤ ૚
૚૟
⋅ ૜ + ૜

૚૟
⋅ ૜ = ૚૛

૚૟
= ૜

૝
⇒ ࡼ ≤ ૜

૝
⇒ ܠ܉ܕࡼ 	 = ૜

૝
 

+ Equality occurs if: 

⎩
⎪
⎨

⎪
,࢈,ࢇ⎧ ࢉ > ૛ࢇ;0 + ૛࢈ + ૛ࢉ = ૜ࢉ࢈ࢇ

ࢇ − ૚ = ࢈ − ૚ = ࢉ − ૚ = ૙
૜ࢇ = ;૝࢈ ૜࢈ = ;૝ࢉ ૜ࢉ = ૝ࢇ
૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ

= ૚; ࢇ
ࢉ࢈

= ࢈
ࢇࢉ

= ࢉ
࢈ࢇ

⇔ ࢇ = ࢈ = ࢉ = ૚. 

Maximum value of ࡼ is ૜
૝
 when ࢇ = ࢈ = ࢉ = ૚. 

 

JP.135. Let ࢞,࢟, ࢞ :be positive real numbers such that ࢠ + ࢟ + ࢠ = ૜. Prove that:  

࢞૜࢟૜

࢞૝ା࢟૜ି࢞ା૛
+ ࢟૜ࢠ૜

࢟૝ାࢠ૜ା࢟ା૛
+ ૜࢞૜ࢠ

ା૛ࢠ૝ା࢞૜ିࢠ
≤ ࢞૝ା࢟૝ାࢠ૝ା૜࢞࢟ࢠ

૟
. 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Marian Ursărescu – Romania  

First, we show this: ࢞૝ − ࢞ + ૛ ≥ ࢞૜ + ૚,∀࢞ ∈ ℝ  (1) 

(1) ⇔ ࢞૝ − ࢞૜ − ࢞ + ૚ ≥ ૙ ⇔ ࢞૜(࢞ − ૚)− (࢞− ૚) ≥ ૙ ⇔ (࢞ − ૚)(࢞૜ − ૚) ≥ ૙ ⇔ 

⇔ (࢞− ૚)૛(࢞૛ + ࢞ + ૚) ≥ ૙  (true). From (1) ⇒ ૚
࢞૝ା࢟૜ି࢞ା૛

≤ ૚
࢞૜ା࢟૜ା૚

⇒ inequality 

becomes: ∑ ࢞૜࢟૜

࢞૜ା࢟૜ା૚
≤ ࢞૝ା࢟૝ାࢠ૝ା૜࢞࢟ࢠ

૟
  (2) 

From AM-GM ⇒ ࢞૜ + ࢟૜ + ૚ ≥ ૜࢞࢟  (3) 
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From (2)+(3) we must show this: ∑ ࢞૛࢟૛

૜
≤ ࢞૝ା࢟૝ାࢠ૝ା૜࢞࢟ࢠ

૟
⇔ ∑࢞૛࢟૛ ≤ ࢞૝ା࢟૝ାࢠ૝ା૜࢞࢟ࢠ

૛
⇔ 

⇔ ࢞૝ + ࢟૝ + ૝ࢠ + ૜࢞࢟ࢠ − ૛(࢞૛࢟૛ + ࢞૛ࢠ૛ + ࢟૛ࢠ૛) ≥ ૙   (4). Now, let ࢞ = ૜ࢇ
ࢉା࢈ାࢇ

, 

	࢟ = ૜࢈
ࢉା࢈ାࢇ

, ࢠ = ૜ࢉ
ࢉା࢈ାࢇ

 with ࢈,ࢇ, ࢉ > 0. 

(4) ⇔ ૡ૚൫ࢇ૝ା࢈૝ାࢉ૝൯
૝(ࢉା࢈ାࢇ)

+ ૡ૚ࢉ࢈ࢇ
૜(ࢉା࢈ାࢇ)

− ૛⋅ૡ૚൫ࢇ૛࢈૛ା࢈૛ࢉ૛ାࢉ૛ࢇ૛൯
૝(ࢉା࢈ାࢇ)

≥ ૙ 

⇔
૝ࢇ + ૝࢈ + ૝ࢉ

ࢇ) + ࢈ + ૝(ࢉ +
ࢉ࢈ࢇ

ࢇ) + +࢈ ૜(ࢉ −
૛(ࢇ૛࢈૛ + ૛ࢉ૛ࢇ + (૛ࢉ૛࢈

+ࢇ) ࢈ + ૝(ࢉ ≥ ૙ ⇔ 

⇔ ૝ࢇ + ૝࢈ + ૝ࢉ + +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ − ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ ૙  (5) 

Now, use Cârtoaje theorem: let ࢌ૝(࢈,ࢇ,  .be a symmetric polynomial of degree four (ࢉ

Then: 

,࢈,ࢇ)૝ࢌ (ࢉ ≥ ૙,∀ࢉ,࢈,ࢇ ≥ ૙ ⇔ (૚,૚,ࢇ)૝ࢌ ≥ ૙,∀ࢇ ≥ ૙. Let ࢌ૝(࢈,ࢇ, (ࢉ = ૝ࢇ + ૝࢈ + ૝ࢉ + 

+ࢇ)ࢉ࢈ࢇ+ ࢈ + −(ࢉ ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

(૚,૚,ࢇ)૝ࢌ = ૝ࢇ + ૛ + +ࢇ)ࢇ ૛) − ૛(૛ࢇ૛ + (ࢉ = ૝ࢇ + ૛ + ૛ࢇ + ૛ࢇ − ૝ࢇ૛ − ૛ = 

= ૝ࢇ − ૜ࢇ૛ + ૛ࢇ = ૜ࢇ)ࢇ − ૜ࢇ + ૛) = ࢇ)ࢇ − ૚)૛(ࢇ + ૛) ≥ ૙,∀ࢇ ≥ ૙ ⇒ ,࢈,ࢇ)૝ࢌ (ࢉ ≥ ૙ 

⇒ (5) its true. 

 

SP.121. Let ࢞,࢟, ࢞ :be positive real numbers such that ࢠ + ࢟ + ࢠ = ૜. Prove that: 

࢞૝

૞ − ૜ඥ࢟૜ +
࢟૝

૞ − ૜√ࢠ૜ +
૝ࢠ

૞ − ૜√࢞૜ +
√࢞ + ඥ࢟ + ࢠ√

૛ ≥ ૜ 

Proposed by Hoang Le Nhat Tung – Hanoi – VietNam                                                                                   

Solution by proposer 

- Because ൜ ࢞,࢟, ࢠ > 0
࢞ + ࢟ + ࢠ = ૜ ⇒ ૙ < ,ݕ,ݔ ݖ < 3 ⇒ 5 − 3√࢞૜ > 0; 5 − 2ඥ࢟૜ > 0; 5 − ૜ࢠ√3 > 0 

- Be Cauchy – Schwarz inequality we have: 

࢞૝

૞ି૜ ඥ࢟૜ + ࢟૝

૞ି૜ ૜ࢠ√ + ૝ࢠ

૞ି૜ √࢞૜ + √࢞ାඥ࢟ା√ࢠ
૛

≥ ൫࢞૛ା࢟૛ାࢠ૛൯
૛

૚૞ି૜ቀ √࢞૜ ା ඥ࢟૜ ା ૜ࢠ√ ቁ
+ √࢞ାඥ࢟ା√ࢠ

૛
     (1) 
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+ Other, by AM-GM inequality: 

⎩
⎪
⎨

⎪
⎧ √࢞ + √࢞ + ࢞૛ ≥ ૜ඥ√࢞ ⋅ √࢞ ⋅ ࢞૛

૜ = ૜࢞

ඥ࢟ + ඥ࢟ + ࢟૛ ≥ ૜ටඥ࢟ ⋅ ඥ࢟ ⋅ ࢟૛
૜

= ૜࢟

+ࢠ√ +ࢠ√ ૛ࢠ ≥ ૜ඥ√ࢠ ⋅ ࢠ√ ⋅ ૛ࢠ
૜ = ૜ࢠ

⇔ 

⇔ ቐ
૛√࢞ ≥ ૜࢞ − ࢞૛

૛ඥ࢟ ≥ ૜࢟ − ࢟૛

૛√ࢠ ≥ ૜ࢠ − ૛ࢠ
⇒ 

⇒ ૛൫√࢞ + ඥ࢟ + ൯ࢠ√ ≥ ૜(࢞ + ࢟ + −(ࢠ (࢞૛ + ࢟૛ + (૛ࢠ = (࢞ + ࢟ + ૛(ࢠ − (࢞૛ + ࢟૛ +  (૛ࢠ

⇔ ૛൫√࢞+ඥ࢟ ൯ࢠ√+ ≥ ૛(࢞࢟+ +ࢠ࢟ (࢞ࢠ ⇔ √࢞+ඥ࢟+ ࢠ√ ≥ ࢞࢟ + +ࢠ࢟ ࢠ  ࢞  (because ࢞ +࢟ + ࢠ + ૜)   (2) 

൞
√࢞૜ + √࢞૜ + √࢞૜ + ࢞૛ + ࢞૛ ≥ ૞ඥ࢞૞૞ = ૞࢞
ඥ࢟૜ + ඥ࢟૜ + ඥ࢟૜ + ࢟૛ + ࢟૛ ≥ ૞ඥ࢟૞૞ = ૞࢟

૜ࢠ√ + ૜ࢠ√ + ૜ࢠ√ + ૛ࢠ + ૛ࢠ ≥ ૞ඥࢠ૞૞ = ૞ࢠ

⇔ ቐ
૜√࢞૜ ≥ ૞࢞ − ૛࢞૛

૜ඥ࢟૜ ≥ ૞࢟ − ૛࢟૛

૜√ࢠ૜ ≥ ૞ࢠ − ૛ࢠ૛
 

⇒ ૜൫√࢞૜ + ඥ࢟૜ + ૜ࢠ√ ൯ ≥ ૞(࢞ + ࢟ + −(ࢠ ૛(࢞૛ + ࢟૛ + (૛ࢠ = ૚૞ − ૛(࢞૛ + ࢟૛ +  (૛ࢠ

⇔ ૚૞− ૜൫√࢞૜ + ඥ࢟૜ + ૜ࢠ√ ൯ ≤ ૛(࢞૛ + ࢟૛ + (૛ࢠ ⇔ ൫࢞૛ା࢟૛ାࢠ૛൯
૛

૚૞ି૜ቀ √࢞૜ ା ඥ࢟૜ ା ૜ࢠ√ ቁ
≥ ࢞૛ା࢟૛ାࢠ૛

૛
     (3) 

- Let (1), (2), (3): 

⇒ ࢞૝

૞ି૜ ඥ࢟૜ + ࢟૝

૞ି૜ ૜ࢠ√ + ૝ࢠ

૞ି૜ √࢞૜ + √࢞ାඥ࢟ା√ࢠ
૛

≥ ࢞૛ା࢟૛ାࢠ૛

૛
+ ࢞࢟ା࢟ࢠା࢞ࢠ

૛
   (4) 

+ We have: ࢞
૛ା࢟૛ାࢠ૛

૛
+ ࢞࢟ା࢟ࢠା࢞ࢠ

૛
= (࢞ା࢟ାࢠ)૛ି(࢞࢟ା࢟ࢠା࢞ࢠ)

૛
≥

(࢞ା࢟ାࢠ)૛ି(࢞శ࢟శࢠ)૛

૜
૛

= (࢞ା࢟ାࢠ)૛

૜
= ૜૛

૜
= ૜   (5) 

- Let (4), (5): ⇒ ࢞૝

૞ି૜ ඥ࢟૜ + ࢟૝

૞ି૜ ૜ࢠ√ + ૝ࢠ

૞ି૜ √࢞૜ + √࢞ାඥ࢟ା√ࢠ
૛

≥ ૜ and we get the result. 

+ Equality occurs if ࢞ = ࢟ = ࢠ = ૚. 

 

SP.122. If ࢠ૚, ,૛ࢠ ૜ࢠ ∈ ℂ are different in pairs and |ࢠ૚| = |૛ࢠ| = |૜ࢠ| = ૚ then: 

૚ࢠ| − |૜ࢠ + ૛ࢠ| − |૜ࢠ ≤ ૜ + ૚ࢠ| +  |૛ࢠ

Proposed by Marian Ursărescu – Romania  

Solution by Omran Kouba-Damascus-Syria 

We will prove the stronger inequality: |ࢠ૚ − |૜ࢠ + ૛ࢠ| − |૜ࢠ ≤ ૜ + ૚
૛

૚ࢠ| +  ૛|   (1)ࢠ
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Consider ࢞ and ࢟ from ቂ૙, ࣊

૛
ቃ such that ࢠ૚

૜ࢠ
= ૛ࢠ and ࢞࢏૝ࢋ

૜ࢠ
=  With this notation (1) is .࢟࢏૝ࢋ

equivalent to ૛ (૛࢞)ܖܑܛ + ૛ (૛࢟)ܖܑܛ ≤ ૜ + ૛࢞)ܛܗ܋| + ૛࢟)|   (2) 

Now, with ࢠ = ࢞ + ࢟ ∈ [૙,࣊], clearly we have:  

૛ (૛࢞)ܖܑܛ + ૛ (૛࢟)ܖܑܛ = ૝ (ࢠ)ܖܑܛ ࢞)ܛܗ܋ − ࢟) ≤ ૝ܖܑܛ  (3)   ࢠ

and (૜ + ܛܗ܋| ૛ࢠ|)૛ − (૝ ܖܑܛ ૛(ࢠ = ૢ + ૛ܛܗ܋ ૛ࢠ + ૟|ܛܗ܋ ૛ࢠ| − ૡ(૚ − (ࢠ૛ܛܗ܋ = 

= (૚ + ܛܗ܋ ૛ࢠ)૛ + ૟(|ܛܗ܋૛ࢠ| + ܛܗ܋ ૛ࢠ) ≥ ૙. But, ܖܑܛ ࢠ ≥ ૙, so the previous inequality 

implies: ૝ ܖܑܛ ࢠ ≤ ૜ + ܛܗ܋| ૛ࢠ|, thus (3) implies (2), and this is equivalent to (1). The 

proof of the stronger inequality (1) is completed. 

 

SP.123. Let ࡭ ∈  .be a symmetric and invertible matrix (ℝ)࢔ࡹ

Prove that: ࡭)࢚ࢋࢊ૛ + ૛ି࡭ + ૛࢔ࡵ) ≥ ૝࢔ 

Proposed by Marian Ursărescu – Romania  

Solution by proposer 

A symmetric and invertible ⇒ eigen values ࣅ૚ ૛ࣅ, , … ࢔ࣅ ∈ ℝ∗. Let be the polynomial  

(࢞)࢖ = ࢞૛ + ૚ ⇒ (࡭)࢖ܜ܍܌ = (૛ࣅ)࢖(૚ࣅ)࢖ − (࢔ࣅ)࢖ = ൫ࣅ૚૛ + ૚൯൫ࣅ૛૛ + ૚൯… . ૛࢔ࣅ) + ૚)  (1) 

  ૚ has the eigen valuesି࡭

,૚ି૚ࣅ ,૛ି૚ࣅ … ૚ି࢔ࣅ, ∈ ℝ∗ ⇒ (૚ି࡭)࢖ܜ܍܌ = ൫ࣅ૚ି૛ + ૚൯൫ࣅ૛ି૛ + ૚൯… ૚ି࢔ࣅ) + ૚) 

⇒ (૚ି࡭)࢖ܜ܍܌ = ൫ࣅ૚ି૛ + ૚൯൫ࣅ૛ି૛ + ૚൯… ૚ି࢔ࣅ) + ૚) = 

= ൫ࣅ૚
૛ା૚൯൫ࣅ૛

૛ା૚൯…൫࢔ࣅ૛ା૚൯
૚ࣅ
૛ࣅ૛

૛…࢔ࣅ૛
   (2) 

But ࡭૛ + ૛ି࡭ + ૛࢔ࡵ = ૛࡭) + ૛ି࡭)(࢔ࡵ + (࢔ࡵ ⇒ ૛࡭)ܜ܍܌ + ૛ି࡭ + ૛࢔ࡵ) ⇒ 

૛࡭)ܜ܍܌ + ૛ି࡭ + ૛࢔ࡵ) = ૛࡭)ܜ܍܌ + (࢔ࡵ ⋅ ૛ି࡭)ܜ܍܌ +  (3)    (࢔ࡵ

From (1)+(2)+(3) ⇒ ૛࡭)ܜ܍܌ + ૛ି࡭ + ૛࢔ࡵ) = 

= ൤൫ࣅ૚
૛ା૚൯൫ࣅ૛

૛ା૚൯…൫࢔ࣅ૛ା૚൯
࢔ࣅ…૛ࣅ૚ࣅ

൨
૛
   (4) 

But ࢑ࣅ૛ + ૚ ≥ ૛(5)   ࢑ࣅ 

But (4) + (5) ⇒ ૛࡭)ܜ܍܌ + ૛ି࡭ + ૛࢔ࡵ) ≥ ቀ૛
࢔ࣅ…૛ࣅ૚ࣅ࢔
࢔ࣅ…૛ࣅ૚ࣅ

ቁ
૛

= ૝࢔ 
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SP.124. Let ࢈,ࢇ,  with inradius ࢘ and circumradius ࡯࡮࡭ be the side lenghts of a triangle ࢉ

 :Prove .ࡾ

૜
૛ ≤

૛ࢇ

૛࢈ + ૛ࢉ +
૛࢈

૛ࢉ + ૛ࢇ +
૛ࢉ

૛ࢇ + ૛࢈ ≤
૛ࡾ − ࢘
૛࢘  

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Soumava Chakraborty-Kolkata-India 

෍
૛ࢇ

૛࢈ + ૛ࢉ ≤
ࡳି࡭

෍
૛ࢇ

૛ࢉ࢈ =
૜ࢇ∑

૛ࢉ࢈ࢇ =
૜ࢉ࢈ࢇ+ ૛࢙(∑ࢇ૛ − (࢈ࢇ∑

૛ ⋅ ૝࢙࢘ࡾ = 

=
૛࢙൫࢙૛ − ૚૛࢘ࡾ − ૜࢘૛൯+ ૚૛࢙࢘ࡾ

ૡ࢙࢘ࡾ
=
૛࢙൫࢙૛ − ૟࢘ࡾ − ૜࢘૛൯

ૡ࢙࢘ࡾ
=
࢙૛ − ૟࢘ࡾ − ૜࢘૛

૝࢘ࡾ
≤
૛ࡾ − ࢘
૛࢘

⇔ 

⇔ ࢙૛ − ૟࢘ࡾ − ૜࢘૛ ≤ ૛ࡾ(૛ࡾ− ࢘) = ૝ࡾ૛ − ૛࢘ࡾ ⇔ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ → true  

 (Gerretsen) ⇒ ∑ ૛ࢇ

૛ࢉ૛ା࢈
≤ ૛࢘ିࡾ

૛࢘
. Also, ∑ ૛ࢇ

૛ࢉ૛ା࢈
≥

࢚࢚࢏࢈࢙ࢋࡺ ૜
૛
   (Done). 

 

SP.125. Let triangle ࡯࡮࡭ have exradii ࢘ࢇ, ,࢈࢘ ,࢈,ࢇ and ࢉࢎ,࢈ࢎ,ࢇࢎ altitudes ,ࢉ࢘  be the ࢉ

lengths of the sides. Prove that: 

൬
ࢇࢎ
ࢇ࢘
൰
૛

+ ൬
࢈ࢎ
࢈࢘
൰
૛

+ ൬
ࢉࢎ
ࢉ࢘
൰
૛

≤
૚
૛ ቆ

૝ࢇ + ૝࢈

૝ࢉ +
૝࢈ + ૝ࢉ

૝ࢇ +
૝ࢉ + ૝ࢇ

૝࢈ ቇ 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Soumava Chakraborty-Kolkata-India 

ቀࢇࢎ
ࢇ࢘
ቁ
૛

= ቀ૛ઢ
ࢇ

× ࢇି࢙
ઢ
ቁ
૛

= ૝ ૛(ࢇି࢙)

૛ࢇ
  etc ∴ given inequality becomes: 

૝࢈૝ࢇ∑  ૝ࢇ) + (૝࢈ ≥
(૚)

ૡࢇ૛࢈૛ࢉ૛{࢈૛ࢉ૛(࢙ − ૛(ࢇ + ࢙)૛ࢇ૛ࢉ − ૛(࢈ + ࢙)૛࢈૛ࢇ −   .{૛(ࢉ

Let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟,	 

࢙ − ࢉ = ࢠ ⇒ ࢙ = ∑࢞ ∴ ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟		(࢞,࢟, ࢠ > 0).  

Then (1) becomes: 

෍[{(࢟ + +ࢠ)(ࢠ ࢞)}૝{(࢟ + ૝(ࢠ + +ࢠ) ࢞)૝}]
ࢉ࢟ࢉ

≥ ૡ(࢞+ ࢟)૛(࢟+ +ࢠ)૛(ࢠ ࢞)૛ ⋅ 
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⋅ ቎෍{࢞૛(ࢠ + ࢞)૛(࢞ + ࢟)૛}
ࢉ࢟ࢉ

቏ ⇔ ૛෍࢞૚૛ + ૚૛ ቀ෍࢞ᇱᇱ࢟ + ෍࢞࢟ᇱᇱቁ+ 

+૛૟ ቀ෍࢞૚૙࢟૛ + ෍࢞૛࢟૚૙ቁ + ૝ૡ࢞࢟ࢠቀ෍࢞ૢቁ + ૛ૡቀ෍࢞ૢ࢟૜ + ෍࢞૜࢟ૢቁ + 

+૟૝࢞࢟ࢠቀ෍࢞ૡ࢟ +෍࢞࢟ૡቁ + ૛૞ቀ෍࢞ૡ࢟૝ + ෍࢞૝࢟ૡቁ+ ૝૙࢞࢟ࢠቀ෍࢞ૠ࢟૛ + ෍࢞૛࢟ૠቁ 

+ૠ૛࢞࢟ࢠ ቀ෍࢞૟࢟૜ + ෍࢞૜࢟૟ቁ + ૜૛ ቀ෍࢞ૠ࢟૞ + ෍࢞૞࢟ૠቁ + ૝૙෍࢞૟࢟૟ + 

+૚૝૝࢞૛࢟૛ࢠ૛ ቀ෍࢞૜࢟૜ቁ + ૚૟૙࢞࢟ࢠ ቀ෍࢞૞࢟૝ + ෍࢞૝࢟૞ቁ + 

+૜૟࢞૛࢟૛ࢠ૛ ቀ෍࢞૝࢟૛ + ෍࢞૛࢟૝ቁ ≥
(૛)

૝࢞૛࢟૛ࢠ૛ ቀ෍࢞૟ቁ + ૡ૙࢞૛࢟૛ࢠ૛ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ 

+૛૛૝࢞૜࢟૜ࢠ૜ ቀ෍࢞૜ቁ + ૜૚૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ + ૟૜૟࢞૝࢟૝ࢠ૝ 

૛෍࢞ૢ = ෍(࢞ૢ + ࢟ૢ) ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

෍
૚
૛

(࢞૛ + ࢟૛) (࢞ૡ + ࢟ૠ) ≥
ࡳି࡭

෍࢞࢟(࢞ૠ + ࢟ૠ) = 

= ෍࢟(࢞ૡ + (ૡࢠ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

෍
૚
૛࢟

(࢞૛ + ૛)(࢞૟ࢠ + (૟ࢠ 	 ≥
ࡳି࡭

෍࢞࢟ࢠ(࢞૟ + (૟ࢠ = 

= ૛࢞࢟ࢠ(∑࢞૟) ⇒ ૝࢞࢟ࢠ(∑࢞ૢ) ≥ ૝࢞૛࢟૛ࢠ૛(∑࢞૟)   (a) 

Again, ૛∑࢞૟࢟૟ = ∑(࢞૟࢟૟ + ࢟૟ࢠ૟) ≥
(࢏)

ࡳି࡭
૛∑࢞૜ࢠ૜࢟૟ = ૛∑࢞૜࢟૜ࢠ૜(∑࢞૜) ⇒ 

⇒ ૝૙∑࢞૟࢟૟ ≥ ૝૙࢞૜࢟૜ࢠ૜(∑࢞૜)   (b) 

Also, ૜૛൫∑࢞ૠ࢟૞ + ∑࢞૞࢟ૠ൯ ≥
ࡳି࡭

૟૝∑࢞૟࢟૟ ≥
(ࢉ)

(࢏)	࢟࢈
૟૝࢞૜࢟૜ࢠ૜(∑࢞૜) 

Also, ૛૞(∑࢞ૡ࢟૝ + ∑࢞૝࢟ૡ) ≥
ࡳି࡭

૞૙∑࢞૟࢟૟ ≥
(ࢊ)

(࢏)	࢟࢈
૞૙࢞૜࢟૜ࢠ૜(∑࢞૜) 

Also, ૛ૡ(∑࢞ૢ࢟૜ + ∑࢞૜࢟ૢ) ≥
ࡳି࡭

૞૟∑࢞૟࢟૟ ≥
(ࢉ)

(࢏)	࢟࢈
૞૟࢞૜࢟૜ࢠ૜(∑࢞૜) 

Lastly, ૠ(∑࢞૚૙࢟૛ + ∑࢞૛࢟૚૙) ≥
ࡳି࡭

૚૝∑࢞૟࢟૟ ≥
(ࢌ)

(࢏)	࢟࢈
૚૝࢞૜࢟૜ࢠ૜(∑࢞૜) 

Now, ૚૝૝࢞૛࢟૛ࢠ૛(∑࢞૜࢟૜) = ૠ૛࢞૛࢟૛ࢠ૛(૛∑࢞૜࢟૜) ≥
(ࢍ)

ૠ૛࢞૛࢟૛ࢠ૛ ⋅ ૛࢟࢞∑)ࢠ࢟࢞ + ∑࢞࢟૛) 

ቀ∵ ૛෍࢛૜ ≥෍࢛૛࢜ + ෍࢛࢜૛ቁ 
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= ૠ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ 

Also, ૚૟૙࢞࢟ࢠ൫∑࢞૞࢟૝ + ∑࢞૝࢟૞൯ = ૚૟૙࢞࢟ࢠ∑൛࢞૞(࢟૝ + ૝)ൟࢠ ≥
ࡳି࡭

૜૛૙࢞࢟ࢠ൫∑࢞૞࢟૛ࢠ૛൯ = 

= ૜૛૙࢞૜࢟૜ࢠ૛ ቀ෍࢞૜ቁ = ૚૟૙࢞૜࢟૜ࢠ૜ ቀ૛෍࢞૜ቁ ≥
(ࢎ)

૚૟૙࢞૜࢟૜ࢠ૜ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ 

Lastly,  

૝૝࢞࢟ࢠቀ෍࢞૟࢟૜ + ෍࢞૜࢟૟ቁ = ૝૝࢞࢟ࢠ ቄ෍࢟૜ ൫࢞૟ + ૟൯ቅࢠ ≥
(࢏)
૝૝࢞࢟ࢠ෍൛࢟૜࢞૛ࢠ૛൫࢞૛ +  ૛൯ൟࢠ

= ૝૝࢞૜࢟૜ࢠ૜ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ 

 

SP.126. Let ࢉ࢓,࢈࢓,ࢇ࢓ the lenghts of the medians of a triangle ࡯࡮࡭ with circumradius ࡾ. 

Prove that: 

૚
࢈࢓ࢇ࢓

+
૚

ࢉ࢓࢈࢓
+

૚
ࢇ࢓ࢉ࢓

+
૜

࢈࢓ࢇ࢓ + ࢉ࢓࢈࢓ + ࢇ࢓ࢉ࢓
≥ ૝ ⋅

૚
ࢇ࢓

+ ૚
࢈࢓

+ ૚
ࢉ࢓

ࢇ࢓ + ࢈࢓ + ࢉ࢓
 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Bogdan Fustei-Romania 

the medians ࢉ࢓,࢈࢓,ࢇ࢓ of ઢ	࡯࡮࡭ can be also the sides of a triangle of medians 

denoted ࢇ࢓૚,࢈࢓૚,ࢉ࢓૚. But 

૚ࢇ࢓ = ૜
૝
ࢇ

૚࢈࢓ = ૜
૝
࢈

૚ࢉ࢓ = ૜
૝
⎭ࢉ
⎪
⎬

⎪
⎫

 we will write the inequality from enunciation 

for ࢇ࢓૚,࢈࢓૚,ࢉ࢓૚: ૚
ૢ
૚૟࢈ࢇ

+ ૚
ૢ
૚૟ࢉ࢈

+ ૚
ૢ
૚૟ࢉࢇ

+ ૜
ૢ
૚૟(࢈ࢇାࢉ࢈ାࢉࢇ)

≥
૝⋅૝૜ቀ

૚
ାࢇ

૚
ା࢈

૚
ቁࢉ

૜
૝(ࢇା࢈ାࢉ)

 

૚૟
ૢ ൬

૚
+࢈ࢇ

૚
ࢉ࢈ +

૚
+൰ࢉࢇ

૚૟
૜ ⋅

૚
࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥

૚૟
૜ ቀ૚ࢇ + ૚

࢈ + ૚
ቁࢉ

૜
૝ ࢇ) + +࢈ (ࢉ

 

૚૟
ૢ ⋅෍

૚
࢈ࢇ +

૚૟
૜ ⋅

૚
࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥

૚૟
૜ ⋅

૝
૜ ⋅

૚
ࢇ + ૚

࢈ + ૚
ࢉ

+ࢇ ࢈ + ࢉ
ቮ :
૚૟
૜  
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૚
૜ ⋅෍

૚
࢈ࢇ +

૚
࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥

૝
૜ ⋅

૚
+ࢇ ૚

࢈ + ૚
ࢉ

ࢇ + ࢈ +  ࢉ

But ∑ ૚
࢈ࢇ

= ૚
૛࢘ࡾ

;⇒ ૚
૟࢘ࡾ

+ ૚
ࢉࢇାࢉ࢈ା࢈ࢇ

≥ ૝
૜
⋅
ࢉࢇశࢉ࢈శ࢈ࢇ

ࢉ࢈ࢇ
૛࢙

 

૚
૟࢘ࡾ+

૚
࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥

૝
૜ ⋅

࢈ࢇ + ࢉ࢈ + ࢉࢇ
૝ࡿࡾ ⋅ ૛࢙

ࢉ࢈ࢇ] = ૝ࡿࡾ] 

૚
૟࢘ࡾ+

૚
+࢈ࢇ +ࢉ࢈ ࢉࢇ ≥

࢈ࢇ + ࢉ࢈ + ࢉࢇ
૟࢙ࡿࡾ  

૟࢘ࡾ + ࢈ࢇ + ࢉ࢈ + ࢉࢇ
૟࢈ࢇ)࢘ࡾ + ࢉ࢈ + (ࢉࢇ ≥

+࢈ࢇ +ࢉ࢈ ࢉࢇ
૟࢙࢘ࡾ૛ ⇔

૟࢘ࡾ+ ࢈ࢇ + ࢉ࢈ + ࢉࢇ
࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥

࢈ࢇ + +ࢉ࢈ ࢉࢇ
࢙૛  

࢙૛(૟࢘ࡾ+ ࢈ࢇ + ࢉ࢈ + (ࢉࢇ ≥ ࢈ࢇ) + ࢉ࢈ + ࢈ࢇ ૛. But(ࢉࢇ + ࢉ࢈ + ࢉࢇ = ૛ࢇࢎ)ࡾ + ࢈ࢎ +  (ࢉࢎ

૛࢙ࡾ૛(ࢇࢎ + ࢈ࢎ + ࢉࢎ + ૜࢘) ≥ ૝ࡾ૛(ࢇࢎ + ࢈ࢎ +  ૛(ࢉࢎ
࢙૛

૛ࡾ
≥ ૛(ࢉࢎା࢈ࢎାࢇࢎ)

ା૜࢘ࢉࢎା࢈ࢎାࢇࢎ
; But ࢇࢎ + ࢈ࢎ + ࢉࢎ = ࢘ ቀ૟ + ࢇࢎ

ࢇ࢘
+ ࢈ࢎ

࢈࢘
+ ࢉࢎ

ࢉ࢘
ቁ 

ࢇࢎ) + ࢈ࢎ + ૛(ࢉࢎ = ࢘૛ ൬૟ +
ࢇࢎ
ࢇ࢘

+
࢈ࢎ
࢈࢘

+
ࢉࢎ
ࢉ࢘
൰
૛

 

૜࢘+ ࢇࢎ + ࢈ࢎ + ࢉࢎ = ࢘൬ૢ +
ࢇࢎ
ࢇ࢘

+
࢈ࢎ
࢈࢘

+
ࢉࢎ
ࢉ࢘
൰ 

࢙૛

૛ࡾ ≥
࢘૛ ൬૟ + ࢇࢎ

ࢇ࢘
+ ࢈ࢎ
࢈࢘

+ ࢉࢎ
ࢉ࢘
൰
૛

࢘ ൬ૢ + ࢇࢎ
ࢇ࢘

+ ࢈ࢎ
࢈࢘

+ ࢉࢎ
ࢉ࢘
൰
⇒

࢙૛

૛࢘ࡾ ≥
൬૟ + ࢇࢎ

ࢇ࢘
+ ࢈ࢎ
࢈࢘

+ ࢉࢎ
ࢉ࢘
൰
૛

ૢ + ࢇࢎ
ࢇ࢘

+ ࢈ࢎ
࢈࢘

+ ࢉࢎ
ࢉ࢘

 

෍
ࢇࢎ
ࢇ࢘

= ෍
࢙)ࢉ࢈ − (ࢇ
૛࢙࢘ࡾ =

࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૚૛࢙࢘ࡾ
૛࢙࢘ࡾ =

࢙૛ − ૡ࢘ࡾ+ ࢘૛

૛࢘ࡾ =
(૚)

 

൬૟ + ࢇࢎ
ࢇ࢘

+ ࢈ࢎ
࢈࢘

+ ࢉࢎ
ࢉ࢘
൰
૛

ૢ + ࢇࢎ
ࢇ࢘

+ ࢈ࢎ
࢈࢘

+ ࢉࢎ
ࢉ࢘

=
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛

૝ࡾ૛࢘૛ ⋅
૛࢘ࡾ

(࢙૛ + ૚૙࢘ࡾ+ ࢘૛) =
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛

૛࢘ࡾ(࢙૛ + ૚૟࢘ࡾ+ ࢘૛) ≤ 

≤
࢙૛

૛࢘ࡾ ⇔ ࢙૝ + ࢙૛(૚૙࢘ࡾ+ ࢘૛) ≥ ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ + ࢙૛(ૡ࢘ࡾ+ ૛࢘૛) ⇔ 

⇔ ࢙૛(૛ࡾ− ࢘) ≥ ࢘(૝ࡾ+ ࢘)૛ =
(૛)

࢙૛ ≥ ૚૟࢘ࡾ− ૞࢘૛ – Gerretsen’s inequality ⇒ 

⇒ ࢙૛(૛ࡾ− ࢘) ≥ (૚૟࢘ࡾ − ૞࢘૛)(૛ࡾ − ࢘) – true. We will prove that: 

(૚૟࢘ࡾ − ૞࢘૛)(૛ࡾ − ࢘) ≥ ࢘(૝ࡾ+ ࢘)૛ 
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࢘(૚૟ࡾ− ૞࢘)(૛ࡾ− ࢘) ≥ ࢘(૝ࡾ+ ࢘)૛ ⇔ ૜૛ࡾ૛ − ૚૙࢘ࡾ − ૚૟࢘ࡾ+ ૞࢘૛ ≥ ૚૟ࡾ૛ + ࢘૛ + ૡ࢘ࡾ 

૚૟ࡾ૛ + ૝࢘૛ ≥ ૜૝࢘ࡾ ⇒ ૡࡾ૛ + ૛࢘૛ ≥ ૚ૠ࢘ࡾ ⇒ ૡࡾ૛ − ૚ૠ࢘ࡾ + ૛࢘૛ ≥ ૙ ⇔ 

⇔ −ࡾ) ૛࢘)(ૡࡾ − ࢘) ≥ ૙	ࡾ − ૛࢘ ≥ ૙ ⇒ ࡾ ≥ ૛࢘ – Euler’s inequality  

ૡࡾ > ⇒ ;true. So, (2) true – ݎ ࢙૛

૛࢘ࡾ
≥

൬૟ାࢇ࢘ࢇࢎ
ା
࢈ࢎ
࢈࢘
ାࢉ࢘ࢉࢎ

൰
૛

ૢାࢇ࢘ࢇࢎ
ା
࢈ࢎ
࢈࢘
ାࢉ࢘ࢉࢎ

 – true ⇒ inequality from enunciation 

is true, namely:  ૚
࢈࢓ࢇ࢓

+ ૚
ࢉ࢓࢈࢓

+ ૚
ࢉ࢓ࢇ࢓

+ ૜
ࢇ࢓ࢉ࢓ାࢉ࢓࢈࢓ା࢈࢓ࢇ࢓

≥ ૝ ⋅
૚
ࢇ࢓

ା ૚
࢈࢓

ା ૚
ࢉ࢓

ࢉ࢓ା࢈࢓ାࢇ࢓
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

(࢈࢓ࢇ࢓∑)(ࢇ࢓∑) + ૜ࢉ࢓ࢉ࢓ࢇ࢓

(࢈࢓ࢇ࢓∑)ࢉ࢓࢈࢓ࢇ࢓ ≥
૝∑࢈࢓ࢇ࢓

(ࢇ࢓∑)ࢉ࢓࢈࢓ࢇ࢓ ⇔ 

⇔ ቀ෍࢈࢓ࢇ࢓ቁ ቀ෍ࢇ࢓ቁ
૛

+ ૜ࢉ࢓࢈࢓ࢇ࢓ ቀ෍ࢇ࢓ቁ ≥ ૝ ቀ෍࢈࢓ࢇ࢓ቁ
૛
⇔ 

⇔ ቀ෍࢈࢓ࢇ࢓ቁ ቀ෍ࢇ࢓
૛ + ૛෍࢈࢓ࢇ࢓ቁ+ ૜ࢉ࢓࢈࢓ࢇ࢓ ቀ෍ࢇ࢓ቁ ≥ ૝ ቀ෍࢈࢓ࢇ࢓ቁ

૛
⇔ 

⇔ ࢇ࢓∑)(࢈࢓ࢇ࢓∑)
૛) + ૜ࢇ࢓(ࢇ∑)ࢉ࢓࢈࢓ࢇ࢓ ≥ ૛(∑࢈࢓ࢇ࢓)૛ (1) . We shall now prove: 

(૛ࢇ∑)(࢈ࢇ∑) + ૜(ࢇ∑)ࢉ࢈ࢇ ≥ ૛(∑࢈ࢇ)૛   (2) 

⇔ ૜ ⋅ ૝࢙࢘ࡾ(૛࢙) ≥ ቀ෍࢈ࢇቁቀ૛෍࢈ࢇ −෍ࢇ૛ቁ ⇔ ૛૝࢙࢘ࡾ૛ ≥ 

≥ (࢙૛ + ૝࢘ࡾ + ࢘૛){૛(࢙૛ + ૝࢘ࡾ + ࢘૛) − (૛࢙૛ − ૡ࢘ࡾ − ૛࢘૛)} ⇔ ૛૝࢙࢘ࡾ૛ ≥ 

≥ (࢙૛ + ૝࢘ࡾ + ࢘૛)(૚૟࢘ࡾ+ ૝࢘૛) ⇔ ૟࢙ࡾ૛ ≥ (࢙૛ + ૝࢘ࡾ+ ࢘૛)(૝ࡾ+ ࢘) ⇔ 

⇔ (૛ࡾ − ࢘)࢙૛ ≥ ࢘(૝ࡾ + ࢘)૛   (3) 

LHS of (3) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૛ࡾ − ࢘)(૚૟࢘ࡾ − ૞࢘૛) ≥
?
࢘(૝ࡾ + ࢘)૛ ⇔ ૡࡾ૛ − ૚ૠ࢘ࡾ + ૛࢘૛ ≥

?
૙ ⇔ 

⇔ (ૡࡾ − −ࡾ)(࢘ ૛࢘) ≥
?
૙ → true ⇒ (2) is true. Let us consider a triangle with sides 

૛
૜
,ࢇ࢓ ૛

૜
,࢈࢓ ૛

૜
 :and apply (2) on it. We shall have ࢉ࢓

૝
ૢ෍࢈࢓ࢇ࢓ ⋅

૝
ૢ෍ࢇ࢓

૛ + ૜ ⋅
ૡ
૛ૠࢉ࢓࢈࢓ࢇ࢓ ⋅

૛
૜෍ࢇ࢓ ≥ ૛ ⋅

૚૟
ૡ૚

ቀ෍࢈࢓ࢇ࢓ቁ
૛
⇔ 

⇔ ࢇ࢓∑)(࢈࢓ࢇ࢓∑)
૛) + ૜(ࢇ࢓∑)ࢉ࢓࢈࢓ࢇ࢓ ≥ ૛(∑࢈࢓ࢇ࢓)૛ ⇒ (2) is true (proved) 
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SP.127. Let be ࡮,࡭ ∈ ૛࡭ :such that (ℝ)࢔ࡹ + ૛࡮ = ૛ ࢔࢏࢙ ࣊

࢞
 .࡮࡭

 If ࡮࡭−  .is an even integer ࢞࢔ is invertible, then ࡭࡮

Proposed by Marian Ursărescu – Romania  

Solution by proposer 

Let be the equation ࢞૛ − ૛ܖܑܛ ࣊
࢞
࢞ + ૚ = ૙ which has the roots ࢠ૚ = ܖܑܛ ࣊

࢞
− ࢏ ܛܗ܋ ࣊

࢞
 

૛ࢠ = ܖܑܛ
࣊
࢞ + ࢏ ܛܗ܋

࣊
࢞ 

−࡮) −࡮)(࡭૚ࢠ (࡭૛ࢠ = ૛࡮ + ૛࡭૛ࢠ૚ࢠ − −࡮࡭૚ࢠ ࡭࡮૛ࢠ = 

= ૛࡮ + ૛࡭ − ቀ૛ ܖܑܛ
࣊
࢞ − ࡮࡭૛ቁࢠ − ࡭࡮૛ࢠ = 

૛࡮ + ૛࡭ − ૛ܖܑܛ
࣊
࢞ ࡮࡭ + ࡮࡭૛ࢠ − ࡭࡮૛ࢠ =  (࡭࡮−࡮࡭)૛ࢠ

ܜ܍܌ ࡮) − ᇣᇧᇧᇤᇧᇧᇥ(࡭૚ࢠ
ஹ૙

−࡮) (࡭૛ࢠ = ൯(࡭࡮−࡮࡭)૛ࢠ൫ܜ܍܌ ⇒ 

࢔૛ࢠ −࡮࡭)ܜ܍܌ (࡭࡮ ≥ ૙;࡮࡭)ܜ܍܌− (࡭࡮ ≠ ૙ ⇒ 

࢔૛ࢠ −࡮࡭)ܜ܍܌ (࡭࡮ > 0 ⇒ ࢔૛ࢠ ∈ ℝ ⇒ 

ቀܖܑܛ
࣊
࢞ + ࢏ ܛܗ܋

࣊
࢞
ቁ
࢔
∈ ℝ ⇒ ቀܛܗ܋ ቀ

࣊
૛ −

࣊
࢞
ቁ + ࢏ ܖܑܛ ቀ

࣊
૛ −

࣊
࢞
ቁቁ

࢔
∈ ℝ 

⇒ ቀ࢔ܛܗ܋
࣊
૛ −

࣊
࢞
ቁ + ࢏ ܖܑܛ ቀ࢔

࣊
૛ −

࣊
࢞
ቁ ∈ ℝ ⇒ ܖܑܛ ࢔ ቀ

࣊
૛ −

࣊
࢞
ቁ = ૙ ⇒ ቀ࢔

࣊
૛ −

࣊
࢞
ቁ = ࢑࣊ ⇒ 

⇒ ቀ࢞ି૛࢔
૛
ቁ = ࢑ ⇒ ࢞࢔ − ૛࢔ = ૛࢑ ⇒ ࢞࢔ = ૛(࢔ + ࢑) ⇒  .is even ࢞࢔

 

SP.128. Let ࢞,࢟, ࢞ :be positive real numbers such that ࢠ + ࢟ + ࢠ = ૜. Find the minimum of 

the expression: 

ࡼ =
࢞૜

࢟ቀඥ૛(࢟૝ + (૝ࢠ + ቁࢠ࢟
૛ +

࢟૜

ࢠ ቀඥ૛(ࢠ૝ + ࢞૝) + ቁ࢞ࢠ
૛ +

૜ࢠ

࢞ቀඥ૛(࢞૝ + ࢟૝) + ࢞࢟ቁ
૛ +

√࢞૝ + ඥ࢟૝ + ૝ࢠ√

૛ૠ  

Proposed by Hoang Le Nhat Tung – Hanoi – VietNam  

Solution by proposer 

- By Cauchy – Schwarz inequality we have: 

ቀඥ૛(࢟૝ + (૝ࢠ + ૛࢟ࢠቁ
૛
≤ ૛(૛(࢟૝ + (૝ࢠ + ૝࢟૛ࢠ૛) = ૝(࢟૝ + ૛࢟૛ࢠ૛ + (૝ࢠ = ૝(࢟૛ +  ૛)૛ࢠ
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⇒ ඥ૛(࢟૝ + (૝ࢠ + ࢠ࢟ ≤ ૛࢟૛ − +ࢠ࢟ ૛ࢠ૛ ⇔
࢞૜

࢟ ቀඥ૛(࢟૝ + (૝ࢠ + ቁࢠ࢟
૛ ≥

࢞૜

࢟(૛࢟૛ − +ࢠ࢟ ૛ࢠ૛)૛ 

+ Similar: ࢟૜

ቇ࢞ࢠ૝ା࢞૝൯ାࢠቆට૛൫ࢠ
૛ ≥

࢟૜

ା૛࢞૛൯૛࢞ࢠ૛ିࢠ൫૛ࢠ
; ૜ࢠ

ቇ࢞ࢠ૝ା࢞૝൯ାࢠቆට૛൫ࢠ
૛ ≥

૜ࢠ

࢞൫૛࢞૛ି࢞࢟ା૛࢟૛൯૛
 

- Therefore: ࢞૜

࢟ቆට૛൫࢟૝ାࢠ૝൯ା࢟ࢠቇ
૛ + ࢟૜

ቇ࢞ࢠ૝ା࢞૝൯ାࢠቆට૛൫ࢠ
૛ + ૜ࢠ

࢞ቆට૛൫࢞૝ା࢟૝൯ା࢞࢟ቇ
૛ ≥ 

≥ ࢞૜

࢟൫૛࢟૛ି࢟ࢠା૛ࢠ૛൯
૛ + ࢟૜

ା૛࢞૛൯࢞ࢠ૛ିࢠ൫૛ࢠ
૛ + ૜ࢠ

࢞൫૛࢞૛ି࢞࢟ା૛࢟૛൯
૛     (1) 

- By Cauchy – Schwarz inequality: 

∑ ࢞૜

࢟൫૛࢟૛ି࢟ࢠା૛ࢠ૛൯
૛ = ∑

൬ ࢞૛

૛࢟૛ష࢟ࢠశ૛ࢠ૛
൰
૛

࢞࢟
≥

൬∑ ࢞૛

૛࢟૛ష࢟ࢠశ૛ࢠ૛
൰
૛

∑࢞࢟
     (2) 

+ Other, ∑ ࢞૛

૛࢟૛ି࢟ࢠା૛ࢠ૛
= ∑ ࢞૝

૛࢞૛࢟૛ି࢞૛࢟ࢠା૛࢞૛ࢠ૛
≥ ൫∑ ࢞૛൯

૛

∑൫૛࢞૛࢟૛ି࢞૛࢟ࢠା૛࢞૛ࢠ૛൯
≥ ૚ 

⇔ (∑࢞૛)૛ ≥ ૝∑࢞૛࢟૛ − ࢞∑ࢠ࢟࢞ ⇔ ∑࢞૝ + ࢞∑ࢠ࢟࢞ ≥ ૛∑࢞૛࢟૛    (3) 
+ By Schur and AM-GM inequality: ∑࢞૛(࢞ − ࢟)(࢞ − (ࢠ ≥ ૙ ⇒ ∑࢞૝ + ࢠ࢟࢞ ∑࢞ ≥ ∑࢞࢟ (࢞૛ + ࢟૛) 

∑࢞࢟(࢞૛ + ࢟૛) ≥ ∑࢞࢟ ⋅ ૛࢞࢟ = ૛∑ ࢞૛࢟૛ ⇒ ∑࢞૝ + ∑ࢠ࢟࢞ ࢞ ≥ ૛∑࢞૛࢟૛ ⇒ (3) True. 

+ Let (2), (3): ⇒ ∑ ࢞૜

࢟൫૛࢟૛ି࢟ࢠା૛ࢠ૛൯
૛ ≥

૚
∑࢞࢟

. Let (1): ⇒ ∑ ࢞૜

࢟ቆට૛൫࢟૝ାࢠ૝൯ା࢟ࢠቇ
૛ ≥

૚
∑ ࢞࢟

   (4) 

- By AM-GM inequality: 

൞
√࢞૝ + √࢞૝ + √࢞૝ + √࢞૝ + ࢞૜ + ࢞૛ ≥ ૟ඥ࢞ ⋅ ࢞૜ ⋅ ࢞૛૟ = ૟࢞
ඥ࢟૝ + ඥ࢟૝ + ඥ࢟૝ + ඥ࢟૝ + ࢟૜ + ࢟૛ ≥ ૟ඥ࢟ ⋅ ࢟૜ ⋅ ࢟૛૟ = ૟࢟

૝ࢠ√ + ૝ࢠ√ + ૝ࢠ√ + ૝ࢠ√ + ૜ࢠ + ૛ࢠ ≥ ૟ඥࢠ ⋅ ૜ࢠ ⋅ ૛૟ࢠ = ૟ࢠ

⇔ ቐ
૝ ⋅ √࢞૝ ≥ ૟࢞ − ࢞૛ − ࢞૜

૝ ⋅ ඥ࢟૝ ≥ ૟࢟ − ࢟૛ − ࢟૜

૝ ⋅ ૝ࢠ√ ≥ ૟ࢠ − ૛ࢠ − ૜ࢠ
 

⇒ ૝൫∑ √࢞૝ ൯ ≥ ૟∑࢞ −∑ ࢞૛ − ∑࢞૜ = ૟ ⋅ ૜ − (∑࢞)૛ + ૛∑ ࢞࢟ −∑࢞૜ = ૛∑࢞࢟ + ૢ − ∑࢞૜  (5) 

+ Other, because ࢞+ ࢟ + ࢠ = ૜;࢞,࢟, ࢠ > 0 ⇒ ∑(࢞ − ૜)(࢞ − ૚)૛ ≤ ૙ ⇔ ∑(࢞ − ૜)(࢞૛ − ૛࢞ + ૚) ≤ ૙ 

⇔෍࢞૜ − ૞෍࢞૛ + ૠ෍࢞− ૢ ≤ ૙ ⇔෍࢞૜ ≤ ૞෍࢞૛ − ૠ෍࢞+ ૢ = ૞ ⋅ ૜૛ − ૚૙෍࢞࢟ − ૠ ⋅ ૜ + ૢ 

⇔∑࢞૜ ≤ ૜૜ −૚૙∑࢞࢟. Let (5): ⇒ ૝൫∑ √࢞૝ ൯ ≥ ૛∑࢞࢟ + ૢ − (૜૜ − ૚૙∑࢞࢟) ⇔∑ √࢞૝ ≥ ૜∑࢞࢟ − ૟   (6) 

- Let (4), (6): ⇒ ࡼ ≥ ૚
∑ ࢞࢟

+ ૜∑࢞࢟ି૟
૛ૠ

= ૚
∑࢞࢟

+ ∑࢞࢟ − ૛
ૢ
≥ ૛ට∑࢞࢟ ⋅ ∑࢞࢟

ૢ
− ૛

ૢ
= ૛

૜
− ૛

ૢ
= ૝

ૢ
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⇒ ࡼ ≥ ૝
ૢ
⇒ ܖܑܕࡼ 	 = ૝

ૢ
. Equality occurs if: ൜࢞ = ࢟ = ࢠ > 0

࢞ + ࢟ + ࢠ = ૜ ⇔ ࢞ = ࢟ = ࢠ = ૚. 

 

SP.129. Let ࢈,ࢇ, ࢇ :be positive real numbers such that ࢉ + ࢈ + ࢉ = ૜. Prove that: 

૜ࢇ

૛ቆ࢈ ට࢈
ૡశࢉૡ

૛
૝

ା૞ࢉ࢈ቇ
+ ૜࢈

૛ቆࢉ ටࢉ
ૡశࢇૡ

૛
૝

ା૞ࢇࢉቇ
+ ૜ࢉ

૛ቆࢇ ටࢇ
ૡశ࢈ૡ

૛
૝

ା૞࢈ࢇቇ
+ ࢇࢉାࢉ࢈ା࢈ࢇ

૛൫ࢇ૛ା࢈૛ାࢉ૛൯
≥ ૚   (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer 

− By Cauchy-Schwarz inequality we have: 

ቀඥ૛(࢈ૡ + (ૡࢉ + ૛࢈૛ࢉ૛ቁ
૛
≤ ૛(૛(࢈ૡ + (ૡࢉ + ૝࢈૝ࢉ૝) = ૝(࢈ૡ + ૛࢈૝ࢉ૝ + (ૡࢉ = ૝(࢈૝ +  ૝)૛ࢉ

⇒ ඥ૛(࢈ૡ + (ૡࢉ + ૛࢈૛ࢉ૛ ≤ ૛(࢈૝ + (૝ࢉ ⇔ ඨ࢈
ૡ + ૡࢉ

૛
૝

≤ ඥ࢈૝− ૛ࢉ૛࢈ + ૝ࢉ = ට(࢈૛ + ૛)૛ࢉ − ൫ࢉ࢈√૜൯
૛
 

⇔ ඨ࢈
ૡ + ૡࢉ

૛
૝

= ට൫૛ + √૜൯൫࢈૛ − +૜√ࢉ࢈ ૛൯൫૛ࢉ − √૜൯൫࢈૛ + +૜√ࢉ࢈ ૛൯ࢉ ≤ 

≤
൫૛ + √૜൯൫࢈૛ − ૜√ࢉ࢈ + ૛൯ࢉ + ൫૛ − √૜൯൫࢈૛ + ૜√ࢉ࢈ + ૛൯ࢉ

૛
=
૝࢈૛ − ૟ࢉ࢈+ ૝ࢉ૛

૛
= ૛࢈૛ − ૜ࢉ࢈ + ૛ࢉ૛ 

⇒ ඨ࢈
ૡ + ૡࢉ

૛
૝

+ ૞ࢉ࢈ ≤ ૛(࢈૛ + ࢉ࢈ + (૛ࢉ ⇔
૜ࢇ

૛࢈ ቆට࢈
ૡ + ૡࢉ
૛

૝
+ ૞ࢉ࢈ቇ

≥
૜ࢇ

૛࢈૛(࢈૛ + +ࢉ࢈  (૛ࢉ

 

SP.130. Let ࢈,ࢇ, ࢇ :be positive real numers such that ࢉ + +࢈ ࢉ = ૜. Prove that: 

૜ࢇ

૛൯ࢉାࢉ࢈૛ା࢈૛൫࢈
+ ૜࢈

૛൯ࢇାࢇࢉ૛ାࢉ૛൫ࢉ
+ ૜ࢉ

૛൯࢈ା࢈ࢇ૛ାࢇ૛൫ࢇ
+ ࢇࢉାࢉ࢈ା࢈ࢇ

૛ࢉ૛ା࢈૛ାࢇ
≥ ૛    (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer 

- By Cauchy-Schwarz inequality and ࢇ + ࢈ + ࢉ = ૜, we have: 

૜ࢇ

૛࢈)૛࢈ + ࢉ࢈ + (૛ࢉ +
૜࢈

૛ࢉ)૛ࢉ + ࢇࢉ + (૛ࢇ +
૜ࢉ

૛ࢇ)૛ࢇ + ࢈ࢇ +  (૛࢈
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=
൬ࢇ

૛

࢈ ൰
૛

૛࢈)ࢇ + ࢉ࢈ + (૛ࢉ +
൬࢈

૛

ࢉ ൰
૛

૛ࢉ)࢈ + +ࢇࢉ (૛ࢇ +
൬ࢉ

૛

൰ࢇ
૛

૛ࢇ)ࢉ + +࢈ࢇ (૛࢈ ≥
൬ࢇ

૛

࢈ ૛࢈+
ࢉ + ૛ࢉ

൰ࢇ
૛

૛࢈)ࢇ + ࢉ࢈ + (૛ࢉ + ૛ࢉ)࢈ + ࢇࢉ + (૛ࢇ + ૛ࢇ)ࢉ + ࢈ࢇ +  (૛࢈

⇒ ૜ࢇ

૛൯ࢉାࢉ࢈૛ା࢈૛൫࢈
+ ૜࢈

૛൯ࢇାࢇࢉ૛ାࢉ૛൫ࢉ
+ ૜ࢉ

૛൯࢈ା࢈ࢇ૛ାࢇ૛൫ࢇ
≥

൬ࢇ
૛

࢈ ା
૛࢈

ࢉ ା
૛ࢉ

ࢇ ൰
૛

(ࢇࢉାࢉ࢈ା࢈ࢇ)(ࢉା࢈ାࢇ)
=

൬ࢇ
૛

࢈ ା
૛࢈

ࢉ ା
૛ࢉ

ࢇ ൰
૛

૜(࢈ࢇାࢉ࢈ାࢇࢉ)
   (2) 

- Using Cauchy-Schwarz inequality: ࢇ
૛

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
= ૝ࢇ

࢈૛ࢇ
+ ૝࢈

ࢉ૛࢈
+ ૝ࢉ

ࢇ૛ࢉ
≥ ൫ࢇ૛ା࢈૛ାࢉ૛൯

૛

ࢇ૛ࢉାࢉ૛࢈ା࢈૛ࢇ
   (3) 

- By Bunhiacopxki we have: 

ࢇ) ⋅ ࢈ࢇ + ࢈ ⋅ +ࢉ࢈ ࢉ ⋅ ૛(ࢇࢉ ≤ ૛ࢇ) + ૛࢈ + ૛࢈૛ࢇ)(૛ࢉ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≤ ૛ࢇ) + ૛࢈ + (૛ࢉ ⋅ ൫ࢇ
૛ା࢈૛ାࢉ૛൯

૛

૜
  

⇒ ࢈૛ࢇ) + ࢉ૛࢈ + ૛(ࢇ૛ࢉ ≤
૛ࢇ) + ૛࢈ + ૛)૜ࢉ

૜ ⇔ ࢈૛ࢇ + ࢉ૛࢈ + ࢇ૛ࢉ ≤ ඨ(ࢇ૛ + ૛࢈ + ૛)૜ࢉ

૜  

+ Let (3): 

⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
≥ ൫ࢇ૛ା࢈૛ାࢉ૛൯૛

ඨ൫ࢇ૛శ࢈૛శࢉ૛൯
૛

૜

= ඥ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ⇔ ቀࢇ
૛

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
ቁ
૛
≥ ૜൫ࢇ૛ + ૛࢈ +  ૛൯   (4)ࢉ

- Let (2), (4): ⇒ ૜ࢇ

૛൯ࢉାࢉ࢈૛ା࢈૛൫࢈
+ ૜࢈

૛൯ࢇାࢇࢉ૛ାࢉ૛൫ࢉ
+ ૜ࢉ

૛൯࢈ା࢈ࢇ૛ାࢇ૛൫ࢇ
≥ ૜൫ࢇ૛ା࢈૛ାࢉ૛൯

૜(࢈ࢇାࢉ࢈ାࢇࢉ)
 

⇒
૜ࢇ

૛࢈)૛࢈ + +ࢉ࢈ (૛ࢉ +
૜࢈

૛ࢉ)૛ࢉ + ࢇࢉ + (૛ࢇ +
૜ࢉ

૛ࢇ)૛ࢇ + +࢈ࢇ (૛࢈ +
࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ ≥ 

≥
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + +ࢉ࢈ ࢇࢉ +
࢈ࢇ + +ࢉ࢈ ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛ඨ

૛ࢇ + ૛࢈ + ૛ࢉ

+࢈ࢇ +ࢉ࢈ ࢇࢉ ⋅
࢈ࢇ + +ࢉ࢈ ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ = ૛ 

⇒ (1) True and we get the result. 

+ Equality occurs if: ቄ ࢇ = ࢈ = ࢉ
+ࢇ ࢈ + ࢉ = ૜ ⇔ ࢇ = ࢈ = ࢉ = ૚. 

 

SP.131. Let ࢈,ࢇ, ࢉ > ૙, with sum ૚. Prove that: 

૛࢈ࢇ∑ ≥ ૛(࢈ࢇ∑) − ૚૙∑࢈ࢇ + ૚૛ࢉ࢈ࢇ. 

Proposed by Mihalcea Andrei Stefan-Romania 

Solution by proposer 

In Milne’s  Inequality we take the pairs: 
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૚,ࢇ) − ,(࢈ ૚,࢈) − ,(ࢉ ૚,ࢉ) − (ࢇ → ૜∑ ࢈ࢇିࢇ

૚ା࢈ିࢇ
≤ ૛. 

But: 

∑ ࢈ࢇିࢇ
૚ା࢈ିࢇ

= (ࢇିࢉ૚ା)(ࢉି࢈૚ା)(࢈ࢇିࢇ)∑
∏(૛ࢇାࢉ)

= (∑ ૛࢈ࢇ∑ି࢈૛ࢇ∑૛ି૛(࢈ࢇ

࢈૛ࢇ∑૛ା૛࢈ࢇ∑ା૝ࢉ࢈ࢇૢ
. 

So, after calculations : 

૜ ቀ෍࢈ࢇቁ
૛
≤ ૚ૡࢉ࢈ࢇ + ૚૙෍ࢇ)࢈ࢇ+ (࢈ + ෍࢈ࢇ૛ 

 

Using that ∑ࢇ)࢈ࢇ+ (࢈ = ࢈ࢇ∑ − ૜ࢉ࢈ࢇ, it results q.e.d. 

 

SP.132. Let ࢈,ࢇ be two positive numbers. 

Prove that: 

 (૚ା࢈ࢇ)(ି࢈ିࢇି࢈ࢇ૚)
൫ࢇ૛ା૚൯൫࢈૛ା૚൯

+ ૝൫ࢇ૛ା࢈૛ାࢇା࢈൯
(૛ାࢇା࢈)൫ࢇ૛ା࢈૛ାࢇା࢈൯ି૛(ࢇା࢈)૛

≤ ૚. 

Proposed by Mihalcea Andrei Ștefan – Romania  

Solution by proposer 

First, observe that ૚ − (૚ା࢈ࢇ)(ି࢈ିࢇି࢈ࢇ૚)
൫ࢇ૛ା૚൯൫࢈૛ା૚൯

= ା૚ࢇ
૛ା૚ࢇ

+ ା૚࢈
૛ା૚࢈

. 

Now 

ା૚ࢇ ,
૛ା૚ࢇ

+ ା૚࢈
૛ା૚࢈

= ૚

ା૚ିࢇ ૛ࢇ
శ૚ࢇ

+ ૚

ା૚ି࢈ ૛࢈
శ૚࢈

≥ ૝

ା૛ି૛൬࢈ାࢇ ૛ࢇ

ࢇ૛శࢇ
ା ૛࢈

࢈૛శ࢈
൰
≥ ૝൫ࢇ૛ା࢈૛ାࢇା࢈൯

(૛ାࢇା࢈)൫ࢇ૛ା࢈૛ାࢇା࢈൯ି૛(ࢇା࢈)૛
, 

by C-B-S 

 

SP.133. Let ࢈,ࢇ, ࢉ > 0, with sum ૚. Prove that: 

૛√ࢉ࢈ࢇ∑ ࢇ
૚ାࢇ૛

≤ ૚ା∑ࢇ૛

૜ା∑ࢇ૛
. 

Proposed  by Mihalcea Andrei Ștefan – Romania  

Solution 1 by proposer 

In Milne’s Inequality, we take the pairs: 

(૚ − +ࢇ,ࢇ ,(૛࢈ (૚ − ࢈,࢈ + ,(૛ࢉ (૚ − ,ࢉ ࢉ + (૛ࢇ → 
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(૜ + ∑(૛ࢇ∑ ૛൯࢈ାࢇ൫(ࢉା࢈)

૚ା࢈૛
≤ ૛(૚ +  .(૛ࢇ∑

But (࢈+ +ࢇ)(ࢉ (૛࢈ ≥ ૝ࢉ࢈ࢇ√࢈. 

So, ૛√ࢉ࢈ࢇ∑ ࢇ
૚ାࢇ૛

≤ ૚ା∑ࢇ૛

૜ା∑ࢇ૛
. 

Solution 2 by Michael Sterghiou-Greece 

૛√ࢉ࢈ࢇ∑ ࢻ
૚ାࢇ૛ࢉ࢟ࢉ ≤ ૚ା∑ ࢉ࢟ࢉ૛ࢇ

૜ା∑ ࢉ࢟ࢉ૛ࢇ
   (1) 

Let ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ൯ࢉ࢈ࢇ, = ࢖:(࢘,ࢗ,࢖) = ૚,ࢗ ≤ ૚
૜

,∑ ࢉ࢟ࢉ૛ࢇ = ૚ − ૛ࢗ 

(ࢇ)ࢌ = ࢻ
૚ାࢇ૛

, has ࢌᇱᇱ(ࢇ) = ૛ࢇ൫ࢻ૛ି૜൯

൫ࢇ૛ା૚൯
૜ < 0 for ૙ < ߙ < 1 hence 

∑ ࢇ
૚ାࢇ૛ࢉ࢟ࢉ ≤

࢔ࢋ࢙࢔ࢋࡶ
	૜ ⋅

૚
૜

૚ାቀ૚૜ቁ
૛ = ૢ

૚૙
. Also ࢘ ≤ ቀࢇ

૜
ቁ
૜
૛ so it is enough to show the stronger than 

(1) inequality ૛࢘
૚
૛∑ ࢇ

ࢉ࢟ࢉ૛ା૚ࢇ ≤ ૛ቀࢇ
૜
ቁ
૜
૝ ⋅ ૢ

૚૙
≤ ૚ିࢗ

૛ିࢗ
 or 

(ࢗ)ࢌ = −૜
૞
૝ࢗ

ૠ
૝ + ૛ ⋅ ૜

૞
૝ࢗ

૜
૝ + ૞ࢗ − ૞ ≤ ૙ 

(ࢗ)ᇱࢌ = − ૛૚
૝
૜
૚
૝ࢗ

૜
૝ + ૢ⋅૜

૚
૝

૛ࢗ
૚
૝

+ ૞ > 0 because − ૛૚
૝
⋅ ૜

૚
૝ ⋅ ቀ૚

૜
ቁ
૜
૝ < 5 hence (ࢗ)ࢌ ↑ and  

(ࢗ)ࢌ ≤ ቀ૚ࢌ
૜
ቁ for ≤ ૚

૜
 or (ࢗ)ࢌ < ૞

૜
൫√૜ − ૛൯ < 0 

We are done! 

 

SP.134. Let ࡰ࡯࡮࡭ be a cyclic quadrilateral with perimeter ૛. 

Denote ࡮࡭ = ࡯࡮,ࢇ = ࡰ࡯,࢈ = ࡭ࡰ,ࢉ =  .ࢊ

Prove that: 

 ૝ ≤ ∑ ࢔ࢇ࢚ ࡭
૛

< ૛(ࢇାࢉ)(࢈ାࢊ)
ඥ∏(૚ିࢇ)

. 

Proposed by Mihalcea Andrei Ștefan – Romania  

Solution by proposer 

The function ࢌ: (૙,૚) → (૙,∞),ࢌ(࢞) = ට ૚ି࢞
(૚ିࢇ)(૚ି࢈)(૚ିࢉ)(૚ିࢊ)

 is concave. 
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We know that ܖ܉ܜ ࡭
૛

= ට(૚ିࢇ)(૚ିࢊ)
(૚ିࢉ)(૚ି࢈)

= ૚)ࢌ − [(૚ − ૚)(ࢇ −  → ૛). Applying Jensen[(ࢊ

෍ܖ܉ܜ
࡭
૛ ≤ ૝ࢌ ቆ

૝ − ∑[(૚ − ૚)(ࢇ − ૛[(ࢊ

૝ ቇ = ૛ඨ
∑[(૚ − ૚)(ࢇ − ૛[(ࢊ

(૚ − ૚)(ࢇ − −૚)(࢈ ૚)(ࢉ −  (ࢊ

But ∑[(૚ − −૚)(ࢇ ૛[(ࢊ < [∑(૚ − ૚)(ࢇ − ૛[(ࢊ = +ࢇ)] ࢈)(ࢉ +   .૛[(ࢊ

So, ∑ ܖ܉ܜ ࡭
૛

< ૛(ࢇାࢉ)(࢈ାࢊ)
ඥ∏(૚ିࢇ)

.  Now, 

෍ܖ܉ܜ
࡭
૛

= ඨ
(૚ − −૚)(ࢇ (ࢊ
(૚ − ૚)(ࢉ − (࢈ + ඨ

(૚ − ૚)(࢈ − (ࢉ
(૚ − ૚)(ࢇ − (ࢊ +ඨ

(૚ − ૚)(ࢉ − (ࢊ
(૚ − ૚)(ࢇ − (࢈ +ඨ

(૚ − ૚)(ࢇ − (࢈
(૚ − ૚)(ࢉ −  ,(ࢊ

Which is bigger or equal than ૝. Using this → q.e.d. 

 

SP.135. If ࢈,ࢇ, ࢉ > 1 then: 

ࢇࢍ࢕࢒ ࢈
ࢇ + +࢈ ࢉ +

࢈ࢍ࢕࢒ ࢉ
࢈ + ࢉ + ࢊ +

ࢉࢍ࢕࢒ ࢊ
ࢉ + ࢊ + +ࢇ

ࢊࢍ࢕࢒ ࢇ
ࢊ + +ࢇ ࢈ ≥

૚૟
૜(ࢇ+ ࢈ + ࢉ +  (ࢊ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Tran Hong-Vietnam 

Using Cauchy’s inequality: 

ࡿࡴࡸ ≥ ૝ඨ
ࢇ܏ܗܔ ࢈ ⋅ ࢈܏ܗܔ ࢉ ⋅ ࢉ܏ܗܔ ࢊ ⋅ ࢊ܏ܗܔ ࢇ

ࢇ) + ࢈ + +࢈)(ࢉ ࢉ + ࢉ)(ࢊ + +ࢊ +ࢊ)(ࢇ ࢇ + (࢈
૝

 

= ૝

ඥ(ࢇା࢈ାࢉ)(࢈ାࢉାࢊ)(ࢉାࢊାࢇ)(ࢊାࢇା࢈)૝ ≥
࢟ࢎࢉ࢛ࢇ࡯ ૝

૜ࢇశ૜࢈శ૜ࢉశ૜ࢊ
૝

= ૚૟
૜(ࢇା࢈ାࢉାࢊ)

. Proved 

Equality ⇔ ࢇ = ࢈ = ࢉ =  .ࢊ

Solution 2 by Amit Dutta-Jamshedpur-India 

Using Cauchy – Schwarz’s Inequality: 

൫ࢇ૚૛ + ૛૛ࢇ + ⋯+ ૛൯࢔ࢇ
૛
൫࢈૚૛ + ૛૛࢈ + ⋯+ ૛൯࢔࢈ ≥ ૚࢈૚ࢇ) + ૛࢈૛ࢇ + ⋯+  ૛(࢔࢈࢔ࢇ

Putting ࢏ࢇ = ࢏࢞
ඥ࢟࢏

 and ࢏࢈ = ඥ࢟࢏, we have: 

ቆ
࢞૚૛

࢟૚
+
࢞૛૛

࢟૛
+ ⋯+

૛࢔࢞

࢔࢟
ቇ (࢟૚ + ࢟૛ + ⋯+ (࢔࢟ ≥ (࢞૚ + ࢞૛ + ⋯+  ૛(࢔࢞
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⇒ ቀ࢞૚

૛

࢟૚
+ ࢞૛

૛

࢟૛
+ ⋯+ ૛࢔࢞

࢔࢟
ቁ ≥ (࢞૚ା࢞૛ା⋯ା࢞࢔)૛

(࢟૚ା࢟૛ା⋯ା࢟࢔)
  →  Titu’s Lemma 

Using this inequality, putting ࢞૚ = ඥࢇ܏ܗܔ ࢈ ,࢟૚ = ࢇ) + ࢈ +  (ࢉ

࢞૛ = ඥ࢈܏ܗܔ ࢉ ,࢟૛ = ࢈) + ࢉ +  (ࢊ

࢞૜ = ඥࢉ܏ܗܔ ࢊ ,࢟૜ = ࢉ + ࢊ +  ࢇ

࢞૝ = ඥࢊ܏ܗܔ ࢇ ,࢟૝ = +ࢊ +ࢇ  ࢈

We have, 

൜
ࢇ܏ܗܔ ࢈

+ࢇ ࢈ + ࢉ +
࢈܏ܗܔ ࢉ

+࢈ ࢉ + ࢊ +
ࢉ܏ܗܔ ࢊ

ࢉ + ࢊ + ࢇ +
ࢊ܏ܗܔ ࢇ

+ࢊ ࢇ + ൠ࢈ ≥ 

≥
൫ඥࢇ܏ܗܔ ࢈ + ඥ࢈܏ܗܔ ࢉ + ඥࢉ܏ܗܔ ࢊ + ඥࢊ܏ܗܔ ൯ࢇ

૛

૜(ࢇ + +࢈ ࢉ + (ࢊ  

AM-GM 

ඥࢇ܏ܗܔ ࢈ + ඥ࢈܏ܗܔ ࢉ + ඥࢉ܏ܗܔ +ࢊ ඥࢊ܏ܗܔ ࢇ ≥ ૝ 

∴
ࢇ܏ܗܔ ࢈

ࢇ + ࢈ + ࢉ +
࢈܏ܗܔ ࢉ

+࢈ +ࢉ ࢊ +
ࢉ܏ܗܔ ࢊ

ࢉ + +ࢊ ࢇ +
ࢊ܏ܗܔ ࢇ

+ࢊ ࢇ + ࢈ ≥
૚૟

૜(ࢇ + +࢈ ࢉ +  (ࢊ

(proved) 

Solution 3 by Serban George Florin-Romania 

∑ ࢇ܏ܗܔ ࢈
ࢉା࢈ାࢇ

≥ ૝ට∏ ࢇ܏ܗܔ ࢈
ࢉା࢈ାࢇ

૝
= ૝

(ࢉା࢈ାࢇ)∏
≥ ૝

(ࢉశ࢈శࢇ)∑
૝

= ૚૟
૜(ࢇା࢈ାࢉାࢊ)

, ൫ࢇࡹ ≥  ൯ࢍࡹ

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

for ࢈,ࢇ, ࢉ > 1 we have: ࢇ܏ܗܔ ࢈
ࢉା࢈ାࢇ

+ ࢈܏ܗܔ ࢉ
ࢊାࢉା࢈

+ ࢉ܏ܗܔ ࢊ
ࢇାࢊାࢉ

+ ࢊ܏ܗܔ ࢇ
࢈ାࢇାࢊ

= 

=
࢞܏ܗܔ ࢈
࢞܏ܗܔ ࢇ

+ࢇ ࢈ + ࢉ
+

࢞܏ܗܔ ࢉ
࢞܏ܗܔ ࢈

࢈ + ࢉ + ࢊ
+

࢞܏ܗܔ ࢊ
࢞܏ܗܔ ࢉ

ࢉ + ࢊ + ࢇ
+

࢞܏ܗܔ ࢇ
ࢊ࢞܏ܗܔ

ࢊ + ࢇ + ࢈
,࢞ > 1 

≥
ቆට࢞܏ܗܔ ࢞܏ܗܔ࢈ ࢇ

+ ට࢞܏ܗܔ ࢞܏ܗܔࢉ ࢈
+ ට࢞܏ܗܔ ࢞܏ܗܔࢊ ࢉ

+ ට࢞܏ܗܔ ࢞܏ܗܔࢇ ࢊ
ቇ
૛

૜(ࢇ + +࢈ ࢉ + (ࢊ ≥
૚૟

૜(ࢇ+ ࢈ + ࢉ +  (ࢊ

Therefore it is to be true. 
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UP.121. Prove that: 

න ࢇି࢖࢞
ஶ

૙

൬
૛

૚ + √૚ + ૝࢞
൰
࢔

࢞ࢊ = ൬
࢔

࢔ − ࡮൰࢖
࢔) − ૛࢖,࢖) 

Proposed by Shivam Sharma – New Delhi – India  

Solution 1 by Khalef Ruhemi-Jarash-Jordan 

ࡵ = න ૚ି࢖࢞ ൬
૛

૚ + √૚ + ૝࢞
൰
࢔

࢞ࢊ
ஶ

૙

 

Let ૛
√૚ା૝࢞ା૚

= ࢟ ⇒ ࢞ = ૚
࢟૛
− ૚

࢟
= ૚ି࢟

࢟૛
 

࢞ࢊ = −
૛
࢟૜ +

૚
࢟૛ 

∴ ࡵ = −න(૚ − ࢟)࢔࢟࢖૚࢟૛ି૛ି࢖(࢟ − ૛)ି૜࢟ ⋅ ࢟ࢊ
૚

૙

 

∴ ࡵ = −න࢟ି࢔૛ି࢖૚
૚

૙

(૚ − ࢟)૚ି࢖(࢟ − ૛)࢟ࢊ = න࢞ି࢔૛ି࢖૚
૚

૙

(૚ − ૚൫૚ି࢖(࢞ + (૚ − ࢞)൯࢞ࢊ = 

= න࢞ି࢔૛ି࢖૚
૚

૙

(૚ − ࢞ࢊ૚ି࢖(࢞ + න࢞ି࢔૛ି࢖૚(૚ − ࢞ࢊ࢖(࢞
૚

૙

= න࢞ି࢔૛ି࢖૚
૚

૙

(૚ − ࢞ࢊ૚ି࢖(࢞ + 

+
૚)࢖૛ି࢔࢞ − ࢖(࢞

࢔ − ૛࢖ ቤ
૙

૚

+
࢖

࢔ − ૛࢖න࢞ି࢔૛࢖
૚

૙

(૚ − ૚ି࢖(࢞ =
ડ(࢔ − ૛࢖)ડ(࢖)

ડ(࢔ − (࢖ + 

+ ൬
࢖

࢔ − ૛࢖൰
ડ(࢔− ૛࢖+ ૚)ડ(࢖)

ડ(࢔ − +࢖ ૚) = 

−࢔)ࢼ ૛࢖,࢖) + ൬
࢖

࢔ − ૛࢖൰ቆ
࢔) − ૛࢖)ડ(࢔− ૛࢖)ડ(࢖)

࢔) − −࢔)ડ(࢖ (࢖ ቇ = 

= ઠ(࢔− ૛࢖,࢖) + ൬
࢖

࢔ − ൰ઠ࢖
࢔) − ૛࢖,࢖) = ൬

࢔
࢔ − ൰ઠ࢖

࢔) − ૛࢖,࢖) 

⇛ ࡵ = ൬
࢔

࢔ − ࢔)൰ઠ࢖ − ૛࢖,࢖) 
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Solution 2 by Mohammed Alqottby-Hajjah-Yemen 

Show that: ࡸ = ∫ ૚ି࢖࢞ ቀ ૛
૚ା√૚ା૝࢞

ቁஶ
૙

࢔
࢞ࢊ = ࢔

࢖ି࢔
࢔, ≠  ࢖

We have ∫ ࢞ࢊష૚࢈షࢉ(૚ି࢞)ࢇష࢈࢞
(૚ି࢞ࢠ)ࢇ

૚
૙ = ࢉ)࡮ − ;࢈,ࢇ)૚ࡲ૛(࢈,࢈  (ࢠ;ࢉ

So put ૚ + ૝࢞ = ૚
࢟૛
⇒ ࢞ = ૚

૝
⋅ ૚ି࢟

૛

࢟૛
, ࢞ ∈ [૙,∞) ⇒ ࢟ ∈ [૙,૚] ⇒ ࡸ = ૛࢔శ૚

૝࢖
∫ ࢞ࢊష૚࢖ష૚(૚ି࢞)࢖ష૛࢔࢞

(૚ା࢞)࢔ష࢖శ૚
૚
૙  

= ૛࢔శ૚

૝࢖
࢔,࢖)࡮ − ૛࢖)૛ࢌ૚(࢔ − +࢖ ૚,࢔ − ૛࢔,࢖ − (૚−;࢖ →   (1) 

But ࢌ૚૛
	 ࢔) − ࢖ + ૚,࢔ − ૛࢔;࢖ − ;࢖ 	−૚) 

= ෍(−૚)
ડ(࢑+ ࢔ − +࢖ ૚)ડ(࢑ + −࢔ ૛࢖)ડ(࢔ − (࢖
ડ(࢔ − +࢖ ૚)ડ(࢔− ૛࢖)ડ(࢑+ −࢔ !࢑(࢖

ஶ

࢑ୀ૙

= 

=
૚
૛ ⋅

૚
࢔) − −࢔)ડ(࢖ ૛࢖)෍(−૚)࢑

ஶ

࢑ୀ૙

ቈ
(࢑ + ࢑)ડ(࢔ + ࢔ − ૛࢖) + ડ(࢑ + −࢔ ૛࢖ + ૚)

࢑! ቉ 

=
࢔

૛(࢔− ࢔)ડ(࢖ − ૛࢖)෍(−૚)࢑
ஶ

࢑ୀ૙

ડ(࢑+ −࢔ ૛࢖)
࢑! + 

+
૚

૛(࢔ − ૛࢖)ડ(࢔− ૛࢖)൭෍(−૚)࢑
ஶ

࢑ୀ૚

ડ(࢑+ ࢔ − ૛࢖)
(࢑ − ૚)! −෍(−૚)࢑ ⋅

ડ(࢑ + ࢔ − ૛࢖)
(࢑− ૚)!

ஶ

࢑ୀ૚

൱ = 

= (࢖૛ି࢔)ష૚ડ࢔ష࢖૛૛࢔
(࢖૛ି࢔)ડ(࢖ି࢔)

+ ૙ = ૛࢔૛࢖ష࢔ష૚

࢖ି࢔
→  (2) 

(2) → (1)  

⇒ න ૚ି࢖࢞
ஶ

૙

൬
૛

૚ + √૚ + ૝࢞
൰
࢔

࢞ࢊ =
࢔

࢔ − ࡮࢖
࢔) − ૛࢖,࢖) =

࢔
࢔ − ࡮࢖

−࢔,࢖) ૛࢖) 

 

UP.122. Let be ࢔ࢇ = ∑ ࢔ࢇ࢚ࢉ࢘ࢇ ૚
࢑૛ା࢑ା૚

࢔
࢑ୀ૚ . Find: 

࢓࢏࢒
ஶ→࢔

࢔ࢇቆ࢔
࣊
૝ −

࣊
૝

࢔ࢇ
ቇ 

Proposed by Marian Ursarescu-Romania  
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Solution by proposer 

࢔ࢇ = ෍ܖ܉ܜ܋ܚ܉
૚

࢑૛ + ࢑ + ૚ = ෍ܖ܉ܜ܋ܚ܉
૚
࢑ −

૚
࢑ + ૚

૚ + ૚
࢑)࢑+ ૚)

= 

= ෍൬ܖ܉ܜ܋ܚ܉
૚
࢑ − ܖ܉ܜ܋ܚ܉

૚
࢑ + ૚൰ =

࣊
૝ − ܖ܉ܜ܋ܚ܉

૚
࢔ + ૚ →

࣊
૝ 

ஶ→࢔ܕܑܔ
࢔ࢇ
࣊
૝ି࣊૝

࢔ࢇ

࣊
૝ି࢔ࢇ

⋅ ૝ ቀ࣊
૝
−  ቁ    (1)࢔ࢇ

࢔ࢇ = ࢞ → ࣊
૝
⇒ ࣊→࢞ܕܑܔ

૝

࢞
࣊
૝ି࣊૝

࢞

࣊
૝ି࢞

= ቀ࣊
૝
ቁ
࣊
૝ ቀܖܔ ࣊

૝
− ૚ቁ    (2) 

ܕܑܔ
ࢇ→࢞

ࢇ࢞ − ࢞ࢇ

ࢇ − ࢞ = ܖܔ)ࢇࢇ ࢇ − ૚) 

ܕܑܔ
ஶ→࢔

ቀ࢔
࣊
૝ − ቁ࢔ࢇ = ܕܑܔ

ஶ→࢔

࣊
૝ − ࢔ࢇ
૚
࢔

.ࡿ.࡯= ܕܑܔ
ஶ→࢔

࣊
૝ − ା૚࢔ࢇ −

࣊
૝ + ࢔ࢇ

૚
+࢔ ૚ −

૚
࢔

= 

= ܕܑܔ
ஶ→࢔

ܖ܉ܜ܋ܚ܉− ૚
࢔) + ૚)૛ + ࢔ + ૚ + ૚

− ૚
+࢔)࢔ ૚)

 

ஶ→࢔ܕܑܔ
ܖ܉ܜ܋ܚ܉ ૚

శ૛࢔૛శ(శ૚࢔)
૚

⋅(శ૛࢔)૛శ(శ૚࢔)
శ૛࢔૛శ(శ૚࢔)

(శ૚࢔)࢔

= ૚   (3) 

From (1)+(2)+(3)  

⇒ ܕܑܔ
ஶ→࢔

࢔ ቆ࢔ࢇ
࣊
૝ −

࣊
૝

࢔ࢇ
ቇ = ቀ

࣊
૝
ቁ
࣊
૝ ቀܖܔ

࣊
૝ − ૚ቁ 

 

UP.123. Find: 

ષ = ܕܑܔ
ஶ→࢔

ෑቆ
૝࢔√ + ࢑૛ + ࢑
૝࢔√ + ࢑૛ − ࢑

ቇ
࢔

࢑ୀ૚

 

Proposed by Marian Ursărescu – Romania  
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Solution 1 by Sagar Kumar-Patna Bihar-India 

ࡸ = ܕܑܔ
ஶ→࢔

ෑቆ
૝࢔√ + ࢑૛ + ࢑
૝࢔√ + ࢑૛ − ࢑

ቇ
࢔

࢑ୀ૚

 

ࡸ = ܕܑܔ
ஶ→࢔

ෑቆ
૝࢔√ + ࢑૛ + ࢑

૛࢔ ቇ
૛࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

ෑቌቆ૚ +
࢑૛

૝ቇ࢔

૚
૛

+
࢑
૛࢔
ቍ

࢔
࢔

࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

ෑ൭૚ +
࢑૛

૛࢔૝ +
࢑
૛࢔ + ૙ ൬࢔

૚
ૡ൰൱

૛࢔

࢑

 

܏ܗܔ ࡸ = ૛ ܕܑܔ
ஶ→࢔

෍܏ܗܔ ൬૚ +
࢑
૛൰࢔

࢔

࢑ୀ૚

 

܏ܗܔ ࡸ = ૛ ܕܑܔ
ஶ→࢔

෍ቆ
࢑
૛࢔

−
࢑૛

૛࢔૝
…ቇ

࢔

࢑ୀ૚

= ૛ ܕܑܔ
ஶ→࢔

૚
࢔
෍൬

࢑
࢔
൰

࢔

࢑ୀ૚

= ૛න࢞
૚

૙

 ࢞ࢊ

܏ܗܔ ࡸ = ૚ ⇒ ࡸ =  Answer ࢋ

Solution 2 by Shivam Sharma-New Delhi-India 

ܕܑܔ
ஶ→࢔

ෑቆ
૝࢔√ + ࢑+ ࢑

૛࢔
ቇ
૛࢔

࢑ୀ૚

⇒ ܕܑܔ
ஶ→࢔

ෑቌඨ૚ +
࢑૛

૝࢔
+
࢑
૛࢔
ቍ

૛
࢔

࢑ୀ૚

⇒ ܕܑܔ
ஶ→࢔

ෑቆ૚ +
࢑૛

૛࢔૝
+
࢑
૛࢔

+⋯ቇ
૛࢔

࢑ୀ૚

 

(ષ)ܖܔ = ૛ ܕܑܔ
ஶ→࢔

ܖܔ ൭ෑ൬૚ +
࢑
૛൰࢔

࢔

࢑ୀ૚

൱ 

(ષ)ܖܔ = ૛ ܕܑܔ
ஶ→࢔

෍ܖܔ൬૚ +
࢑
૛൰࢔

࢔

࢑ୀ૚

 

As we know, ࢞ − ࢞૛

૛
≤ ૚)ܖܔ + ࢞) ≤ ࢞. Using this, we get, 

෍ቆ
࢑
૛࢔ −

࢑૛

૝ቇ࢔
࢔

࢑ୀ૚

≤෍ܖܔ ൬૚ +
࢑
૛൰࢔

࢔

࢑ୀ૚

≤෍൬
࢑
૛൰࢔

࢔

࢑ୀ૚

 

ܕܑܔ
ஶ→࢔

૚
෍൬࢔

࢑
൰࢔

࢔

࢑ୀ૚

− ܕܑܔ
ஶ→࢔

૚
૛࢔૛

൭෍
࢑૛

૛࢔

࢔

࢑ୀ૚

൱ ≤ ܕܑܔ
ஶ→࢔

෍ܖܔ൬૚ +
࢑
૛൰࢔

࢔

࢑

≤ ܕܑܔ
ஶ→࢔

૚
෍൬࢔

࢑
൰࢔

࢔

࢑ୀ૚
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૛൥ܕܑܔ
ஶ→࢔

૚
෍൬࢔

࢑
൰࢔

࢔

࢑ୀ૚

− ܕܑܔ
ஶ→࢔

૚
૛࢔૛

൭෍
࢑૛

૛࢔

࢔

࢑ୀ૚

൱൩ ≤ ૛ ܕܑܔ
ஶ→࢔

෍ܖܔ൬૚ +
࢑
૛൰࢔

࢔

࢑ୀ૚

≤ ૛ ܕܑܔ
ஶ→࢔

૚
෍൬࢔

࢑
൰࢔

࢔

࢑ୀ૚

 

૛቎න࢞
૚

૙

࢞ࢊ − ܕܑܔ
ஶ→࢔

൬
૚
૛࢔૛൰න࢞૛

૚

૙

቏࢞ࢊ ≤ ૛ ܕܑܔ
ஶ→࢔

෍ܖܔ൬૚ +
࢑
૛൰࢔

࢔

࢑ୀ૚

≤ ૛න࢞
૚

૙

 ࢞ࢊ

૛ ቈ
࢞૛

૛ ቉
૙

૚

− ૙ ≤ ૛ ܕܑܔ
ஶ→࢔

෍ܖܔ ൬૚ +
࢑
૛൰࢔

࢔

࢑ୀ૚

≤ ૛ ቈ
࢞૛

૛ ቉
૙

૚

 

૚ ≤ ૛ ܕܑܔ
ஶ→࢔

෍ܖܔ൬૚ +
࢑
૛൰࢔

࢔

࢑ୀ૚

≤ ૚ 

૚ ≤ (ષ)ܖܔ ≤ ૚ 

By squeeze theorem, we get ષ =  (Answer) ࢋ

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

ષ = ܕܑܔ
ஶ→࢔

ෑቆ
૝࢔√ + ࢑૛ + ࢑
૝࢔√ + ࢑૛ − ࢑

ቇ
࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

ෑቆ
૝࢔√ + ࢑૛ + ࢑

૛࢔ ቇ
૛࢔

࢑ୀ૚

⇒ 

⇒ √ષ = ܕܑܔ
ஶ→࢔

ෑቌඨ૚ +
࢑૛

૝࢔ +
࢑
૛࢔
ቍ

࢔

࢑ୀ૚

⇒
ષܖܔ
૛ = ܕܑܔ

ஶ→࢔
෍ܖܔቌඨ૚ +

࢑૛

૝࢔ +
࢑
૛࢔
ቍ

࢔

࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

෍൮
࢑
૛࢔ −

૚
૛ ⋅

ቀ ૛ቁ࢔࢑
૜

૜ +
૚ ⋅ ૜
૛ ⋅ ૝ ⋅

ቀ ૛ቁ࢔࢑
૞

૞ − ⋯൲
࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍൭
࢑
૛࢔ + ൬࢕

૚
૛൰࢔

൱
࢔

࢑ୀ૚

 

ቈ∵ ܖܔ ቀ࢞ + ඥ૚ + ࢞૛ቁ = ࢞ −
૚
૛ ⋅

࢞૜

૜ +
૚ ⋅ ૜
૛ ⋅ ૝ ⋅

࢞૞

૞ −⋯቉ 

= ∑ஶ→࢔ܕܑܔ
࢑
૛࢔

࢔
࢑ୀ૚ = ஶ→࢔ܕܑܔ

(ା૚࢔)࢔
૛࢔૛

= ૚
૛
⇒ ષ =  (Answer)  ࢋ

 

UP.124. Find all continuous functions such that: 

න (࢚)ࢌ
૛࢞ࢋ

࢞ࢋ

࢚ࢊ = න (࢚)ࢌ
࢞ࢋ

૚

 ࢚ࢊ

Proposed by Marian Ursărescu – Romania  
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Solution by Ravi Prakash-New Delhi-India 

න (࢚)ࢌ
૛࢞ࢋ

࢞ࢋ

࢚ࢊ = න (࢚)ࢌ
࢞ࢋ

૚

 ࢚ࢊ

Differentiating w.r.t. ࢞ we get: ૛ࢋ૛࢞ࢌ(ࢋ૛࢞)− (࢞ࢋ)ࢌ࢞ࢋ = (࢞ࢋ)ࢌ࢞ࢋ ⇒ ૛ࢋ૛࢞ࢌ(ࢋ૛࢞) = 

= ૛(࢞ࢋ)ࢌ࢞ࢋ ⇒ (૛࢞ࢋ)ࢌ࢞ࢋ = ࢞ Put .(࢞ࢋ)ࢌ = ܖܔ ࢚ , ࢚ > 0 to obtain: 

(૛࢚)ࢌ࢚ = ࢚∀		(࢚)ࢌ > 0     (1) 

Taking ܕܑܔ ࢚ → ૙ +, we get: ૙ = For ૙ .(૙)ࢌ < ݐ < (࢚)ࢌ࢚ ,1 = ࢚૛ࢌ(࢚૛) = ࢚૛૛ࢌ൫࢚૛૛൯ = 

= ࢚૛૜ࢌ൫࢚૛૜൯ = ⋯࢚૛ࢌ࢔൫࢚૛࢔൯		∀࢔ ∈ ℕ. Taking limit as ࢔ → ∞, we get  

(࢚)ࢌ࢚ = ܕܑܔ
ஶ→࢔

࢚૛ࢌ࢔൫࢚૛࢔൯ ,૙ < ݐ < 1 

= ૙ࢌ(૙) = ૙ ⇒ (࢚)ࢌ = ૙ for ૙ < ݐ < 1. As ࢌ is continuous ࢌ(૚) = ૚ି→࢚ܕܑܔ (࢚)ࢌ = ૙. 

∴ for ૙ ≤ ࢚ ≤ ૚,ࢌ(࢚) = ૙. Let ࢚ > 1, ࢚૛ࢌ(࢚૛) = (࢚)ࢌ࢚ = ࢚
૚
૛ࢌ ቀ࢚

૚
૛ቁ = ࢚

૚
૝ࢌ ቀ࢚

૚
૝ቁ = ⋯ = 

= ࢚
૚
૛ࢌ࢔ ቀ࢚

૚
૛࢔ቁ	∀࢔ ∈ ℕ. Taking limit as ࢔ → ∞, we get, for ࢚ > 1 

(࢚)ࢌ࢚ = ஶ→࢔ܕܑܔ ࢚
૚
૛࢔ ࢌ ቀ࢚

૚
૛࢔ቁ = (૚)ࢌ(૚) [∵ ⇒ [is continuous ࢌ (࢚)ࢌ࢚ = ૙	∀࢚ > 1 

⇒ (࢚)ࢌ = ૙	∀࢚ > 1. Thus, ࢌ(࢞) = ૙,∀࢞ ≥ ૙. Let ࢍ be any continuous function on 

(−∞,૙] such that ࢍ(૙) = ૙, then: ࢌ(࢞) = ൜ࢍ(࢞),∀	࢞ < 0
૙,∀࢞ ≥ ૙  

 

UP.125. Prove that: 

૛෍ܖܔ૛ ൬૚ +
૚
࢑൰

࢔

࢑ୀ૚

<
૛࢔
+࢔ ૚ < ෍ܖܔ ൬૚ +

૛
࢑૛ + ࢑ − ૚൰

࢔

࢑

 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

If ࢞ > 0 then: ૛
࢞ା૚

≤ ܖܔ ቀ૚ + ૚
࢞
ቁ ≤ ૚

ඥ࢞૛ା࢞
    (1) 

Let be ࢌ(࢞) = ૚
ඥ࢞૛ା࢞

− ቀ૚ܖܔ + ૚
࢞
ቁ then: ࢌᇱ(࢞) = ૛ඥ࢞૛ା૚ି(૛࢞ା૚)

૛࢞(࢞ା૚)ඥ࢞૛ା࢞
< 0 

therefore ࢞ < ∞⇒ ݂(࢞) > ݂(∞) = ૙. Let be ࢍ(࢞) = ܖܔ ቀ૚ + ૚
࢞
ቁ − ૛

૛࢞ା૚
 then: 
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(࢞)ᇱࢍ = ି૚

࢞(࢞ା૚)
− ૛

૛࢞ା૚
< 0 therefore ࢞ < ∞ ⇒ ݃(࢞) > ݃(∞) = ૙ 

Using (1) we have: ∑ ૛ܖܔ ቀ૚ + ૚
࢑
ቁ࢔

࢑ୀ૚ ≤ ∑ ૚
࢑(࢑ା૚)

࢔
࢑ୀ૚ = ࢔

ା૚࢔
 and if ࢞ = ࢑૛ା࢑ି૚

૛
 

then ܖܔ ቀ૚ + ૛
࢑૛ା࢑ି૚

ቁ ≥ ૛
࢑(࢑ା૚)

⇒ ∑ ቀ૚ + ૛
࢑૛ା࢑ି૚

ቁ࢔
࢑ୀ૚ ≥ ૛∑ ૚

࢑(࢑ା૚)
࢔
࢑ୀ૚ = ૛࢔

ା૚࢔
 

 

UP.126. Prove that: 

නන
ඥ࢞ + ࢟ + ඥ࢞࢟
൫࢞ඥ࢟ + ࢟√࢞൯

૚

૙

࢞ࢊ
૚

૙

࢟ࢊ = ൫૚ૠܖܔ − ૚૛√૛൯ + √૛ ൫૚ૠܖܔ + ૚૛√૛൯ − 

−
૝
૜ ൫૚ − ૜√૛ + ૛  ൯(૛)ܖܔ

Proposed by K. Srinivasa Raghava – AIRMC – India  

Solution by Khalef Ruhemi-Jarash-Jordan 

ࡵ ≔ ∫ ∫ ඥ࢞ା࢟ାඥ࢞࢟
࢞ඥ࢟ା࢟√࢞

૚
૙ ૚࢞ࢊ

૙ ࢟ࢊ → Let ࢞ = ࢚૛ ⇒ ࢞ࢊ = ૛࢚	࢚ࢊ; ࢟ = ࢜૛ ⇒ ࢟ࢊ = ૛࢜࢜ࢊ 

∴ ࡵ = ૝නන
൫√࢚૛ + ࢜૛ + ࢚࢜൯࢚࢜ ⋅ ࢜ࢊ	࢚ࢊ

࢚૛࢜ + ࢜૛࢚

૚

૙

૚

૙

= ૝න൭
ඥ࢞૛ + ࢟૛ + ࢞࢟

࢞ + ࢟ ⋅ ൱࢞ࢊ
૚

૙

 ࢟ࢊ

Let ࢞ = ࢚࢟ ⇒ ࢞ࢊ =  ࢚ࢊ	࢟

= ૝න

⎝

⎜
⎛
න
࢟√૚ + ࢞૛ + ࢟૛࢞

૚ + ࢞

૚
࢟

૙

࢞ࢊ

⎠

⎟
⎞
࢟ࢊ

૚

૙

= ૝නන
࢟√૚ + ࢞૛ + ࢟૛࢞

૚ + ࢞

૚

૙

૚

૙

࢞ࢊ	࢟ࢊ + 

+૝න න
࢟√૚ + ࢞૛ + ࢟૛࢞

૚ + ࢞

૚
࢞

૙

ஶ

૙

࢞ࢊ	࢟ࢊ = ૝න
૚
૛√૚ + ࢞૛ + ૚

૜࢞
૚ + ࢞

૚

૙

࢞ࢊ + ૝න
√૚ + ࢞૛
૛࢞૛ + ૚

૜࢞૛
૚ + ࢞

ஶ

૙

 ࢞ࢊ

Let ૚
࢞

= ࢟ ⇒ ૚
࢟

࢞ࢊ; = − ࢟ࢊ
࢟૛

 

= ૝න
૚
૛√૚ + ࢞૛ + ૚

૜࢞
૚ + ࢞

૚

૙

࢞ࢊ + ૝න
૚
૛√૚ + ࢞૛ + ૚

૜࢞
૚ + ࢞

૚

૙

 ࢞ࢊ
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= ૡන
૚
૛√૚ + ࢞૛ + ૚

૜ ࢞
૚ + ࢞

૚

૙

࢞ࢊ = ૝න
√૚ + ࢞૛

૚ + ࢞

૚

૙

࢞ࢊ +
ૡ
૜න

૚ + ࢞ − ૚
૚ + ࢞

૚

૙

 ࢞ࢊ

= ൬
ૡ
૜൰න൬૚ −

૚
૚ + ࢞൰

૚

૙

࢞ࢊ + ૝න
࢞

√૚ + ࢞૛

૚

૙

࢞ࢊ − ૝න
࢞ࢊ

√૚ + ࢞૛

૚

૙

+ ૡන
࢞ࢊ

(૚ + ࢞)√૚ + ࢞૛

૚

૙ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
࢞	࢚ࢋ࢒ ୀ࢞ࢊ;(ࣂ)ܖ܉ܜୀ܋܍ܛ૛(ࣂ)ࣂࢊ

 

= ൬
ૡ
૜൰

(࢞ − ૚)ܖܔ + ࢞)) ቚ૚૙ + ቀ૝ඥ૚ + ࢞૛ቁ ቚ૚૙ − ૝න (ࣂ)܋܍ܛ

࣊
૝

૙

ࣂࢊ +
ૡ
√૛

න ܋܍ܛ ቀ
࣊
૝ − ቁࣂ

࣊
૝

૙

 ࣂࢊ

= ൬
ૡ
૜൰

(૚ − ((૛)ܖܔ + ૝√૛ − ૝ − ቆ૝ (ࣂ)ܖ܉ܜ)ܖܔ + ((ࣂ)܋܍ܛ ቤ
࣊
૝
૙
ቇ − 

−
ૡ
√૛

ቆܖܔቀܖ܉ܜ ቀ
࣊
૝ − ቁࣂ + ܋܍ܛ ቀ

࣊
૝ − ቁቁࣂ ቤ

࣊
૝
૙
ቇ =

ૡ
૜ −

ૡ
૜ ܖܔ

(૛) + ૝√૛− ૝ − ૝ ൫૚ܖܔ + √૛൯ + 

+
ૡ
√૛

൫૚ܖܔ + √૛൯ = −
૝
૜ −

ૡ
૜ ܖܔ

(૛) + ૝√૛ + ૝√૛ ൫૚ܖܔ + √૛൯ − ૝ ൫૚ܖܔ + √૛൯ = 

= −
૝
૜ ൫૚ − ૜√૛ + ૛ ൯(૛)ܖܔ + ૝ ൫√૛ܖܔ − ૚൯ + ૝√૛ ൫√૛ܖܔ + ૚൯ = 

= −
૝
૜ ൫૚ − ૜√૛ + ૛ ൯(૛)ܖܔ + ܖܔ ቀ൫√૛ − ૚൯

૝
ቁ+ √૛ ܖܔ ቀ൫√૛ + ૚൯

૝
ቁ = 

= −
૝
૜ ൫૚ − ૜√૛+ ૛ ൯(૛)ܖܔ + ൫૚ૠܖܔ − ૚૛√૛൯ + √૛ ൫૚ૠܖܔ + ૚૛√૛൯ =  ࡵ

∴ නන
ඥ࢞ + ࢟ + ඥ࢞࢟
࢞ඥ࢟ + ࢟√࢞

૚

૙

࢞ࢊ
૚

૙

࢟ࢊ = −
૝
૜ ൫૚ − ૜√૛ + ૛ ൯(૛)ܖܔ + ൫૚ૠܖܔ − ૚૛√૛൯ + 

+√૛ ൫૚ૠܖܔ + ૚૛√૛൯ 

 

UP.127. If ࢞,࢟, ,ࢠ ࢚ ∈ ℝ then: 

ܖܑܛ| ࢞| + ܖܑܛ| ࢟| + ܖܑܛ| |ࢠ + ܖܑܛ| ࢚| + ܛܗ܋| ࢞| + ܛܗ܋| ࢟| + ܛܗ܋| |ࢠ + 

ܛܗ܋|+ ࢚| + ૛|ܛܗ܋(࢞ + ࢟ + ࢠ + ࢚)| ≥ ૛ 

Proposed by Mihály Bencze – Romania  
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Solution by proposer 

If ࢞૚ + ࢞૛ + ࢞૜ + ࢞૝ + ࢞૞ = ૙ then = หܛܗ܋൫∑ ࢞࢑૞
࢑ୀ૚ ൯ห ≤ ܛܗ܋| ࢞૚| + หܖܑܛ൫∑ ࢞࢑૞

࢑ୀ૛ ൯ห ≤ 

≤ ܛܗ܋| ࢞૚| + ܛܗ܋| ࢞૛| + ૜࢞)ܛܗ܋| + ࢞૝ + ࢞૞)| ≤ ܛܗ܋| ࢞૚| + ܛܗ܋| ࢞૛| + 

ܛܗ܋|+ ࢞૜| + ܛܗ܋| ࢞૝| + ܛܗ܋| ࢞૞| 

If ࢞૚ = ࢞, ࢞૛ = ࢟,࢞૜ = ૝࢞,ࢠ = ࢚, ࢞૞ = −࢞ − ࢟ − ࢠ − ࢚ then: 

ܛܗ܋| ࢞| + ܛܗ܋| ࢟| + ܛܗ܋| |ࢠ + ܛܗ܋| ࢚| + ࢞)ܛܗ܋| + ࢟ + ࢠ + ࢚)| ≥ ૚    (1) 

In (1) we take ࢞ = ࣊
૛
− ࢟;࢟ = ࣊

૛
− ࢟૛, ࢠ = ࣊

૛
− ࢟૜ , ࢚ = ࣊

૛
− ࢟૝ ⇒ 

⇒ ܖܑܛ| ࢟૚| + ܖܑܛ| ࢟૛| + ܖܑܛ| ࢟૜| + ܖܑܛ| ࢟૝| + ૚࢟)ܛܗ܋| + ࢟૛ + ࢟૜ + ࢟૝)| ≥ ૚ or 

ܖܑܛ| ࢞| + ܖܑܛ| ࢟| + ܖܑܛ| |ࢠ + ܖܑܛ| ࢚| + ࢞)ܖܑܛ| + ࢟ + ࢠ + ࢚)| ≥ ૚   (2) 

Adding (1) and (2) we obtain the result. 

 

UP.128. If ࢼ,ࢻ > 1 and ૛ࢻ− ࢼ > 1 then: 

−ࢻ૛)ࣀ (ࢼ)ࣀ(ࢼ ≥  .is the Riemann zeta function ࣀ where (ࢻ)૛ࣀ

Proposed by Mihály Bencze – Romania  

Solution by proposer 

In inequality ∑ ࢞࢑
૛

࢑ࢇ
ஶ
࢑ୀ૚ ≥ ൫∑ ࢞࢑ಮ

࢑స૚ ൯૛

∑ ࢑ಮࢇ
࢑స૚

 we take ࢞࢑ = ૚
ࢻ࢑

࢑ࢇ, = ૚
ࢼ^࢑

 and we obtain 

∑ ૚
࢑૛ࢻషࢼ

ஶ
࢑ୀ૚ ≥

ቀ∑ ૚
ࢻ࢑

ಮ
࢑స૚ ቁ

૛

∑ ૚
ࢼ࢑

ಮ
࢑స૚

 or ࣀ(૛ࢻ − (ࢼ ≥ (ࢻ)૛ࣀ
(ࢼ)ࣀ

 or ࣀ(૛ࢻ − (ࢼ)ࣀ(ࢼ ≥  (ࢻ)૛ࣀ

 

UP.129. Let ࡾା∗  be the set of real positive numbers, let (࢔ࢇ)࢔ஹ૚,  ஹ૚ be two sequences࢔(࢔࢈)

of real positive numbers with  

ା૚࢔ࢇ)ஶ→࢔ܕܑܔ − (࢔ࢇ = ࢇ ∈ ାࡾ
∗ , ା૚࢔࢈)ஶ→࢔ܕܑܔ − (࢔࢈ = ࢈ ∈ ାࡾ

∗ ,  

Let ࢔ࡼ = ටࢇ૚
૛ାࢇ૛

૛ା⋯ା࢔ࢇ૛

࢔
 and we denote ࢔ࡼ! = ૛ࡼ૚ࡼ ࢔ࡼ… , for any positive integer ࢔. If 

࢛,࢜ ∈ ࢛ with ࡾ + ࢜ = ૚. Evaluate: 

ܕܑܔ
ஶ→࢔

ቀ࢔࢈ା૚࢛ ඥ(࢔ࡼା૚!)࢜࢔శ૚ − ࢔࢜(!࢔ࡼ)ඥ࢛࢔࢈ ቁ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
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Solution by Marian Ursărescu – Romania  

We use Cauchy – D’Alembert, Cesaró – Stolz and ૢࢌ = ܖܔૢࢋ ૠ and ࢇ
૚ି࢔࢞
࢔࢞

→  with ,ࢇܖܔ

࢔࢞ → ૙. 

ࡸ = ܕܑܔ
ஶ→࢔

ା૚࢛࢔࢈ ඥ(࢔ࡼା૚)!ࢽ	࢔శ૚ − ࢽ(!࢔ࡼ)ඥ࢛࢔࢈
࢔ = ܕܑܔ

ஶ→࢔
࢔࢔!(࢔ࡼ)ඥ࢛࢔࢈ ൭

ା૚࢛࢔࢈ ඥ(࢔ࡼା૚)!࢜࢔శ૚

࢛࢔࢈ ⋅ ඥ(࢔ࡼ)!࢜	࢔ − ૚൱ = 

= ஶ→࢔ܕܑܔ
⋅࢔࢔࢈ ඥ(࢔ࡼ)࢜࢔

࢔
⋅ ࢔ ൬࢔࢈శ૚

࢛ ⋅ ඥ(࢔ࡼశ૚)!࢜࢔శ૚

⋅࢛࢔࢈ ඥ(࢔ࡼ)!࢜࢔ − ૚൰   (1) 

ஶ→࢔ܕܑܔ
⋅࢛࢔࢈ ඥ(࢔ࡼ)!࢜࢔శ૚

࢔
= ஶ→࢔ܕܑܔ ቀ

࢔࢈
࢔
ቁ
࢛
⋅ ൬ ඥ(࢔ࡼ)!࢔

࢔
൰
࢜

   (2) 

ஶ→࢔ܕܑܔ
࢔࢈
࢔

= ஶ→࢔ܕܑܔ
࢔࢈శ૚ି࢔࢈
࢔ା૚ି࢔

=  (3)   ࢈

ܕܑܔ
ஶ→࢔

ඥ(࢔ࡼ)!࢔

࢔
= ܕܑܔ

ஶ→࢔
ඨ

!(࢔ࡼ)
࢔࢔

࢔
= ܕܑܔ

ஶ→࢔

!(ା૚࢔ࡼ)
+࢔) ૚)࢔ା૚ ⋅

࢔࢔

!(࢔ࡼ)
= ܕܑܔ

ஶ→࢔

ା૚࢔ࡼ
+࢔ ૚

⋅ ቀ
࢔

+࢔ ૚
ቁ
࢔

=
૚
ࢋ
ܕܑܔ
ஶ→࢔

࢔ࡼ
࢔

= 

=
૚
ࢋ ஶ→࢔ܕܑܔ

૚૛ࢇ + ૛૛ࢇ + ⋯+ ૛࢔ࢇ
࢔
࢔ =

૚
ࢋ ஶ→࢔ܕܑܔ

ඨࢇ૚
૛ + ⋯+ ૛࢔ࢇ

૜࢔ =
૚
ࢋ
ඨܕܑܔ
ஶ→࢔

૚૛ࢇ + ⋯+ ૛࢔ࢇ

૜࢔ = 

=
૚
ࢋ
ඨܕܑܔ
ஶ→࢔

ା૚૛࢔ࢇ

૜࢔૛ + ૜࢔ + ૚ =
૚
ࢋ
ඨܕܑܔ
ஶ→࢔

ା૚૛࢔ࢇ

࢔) + ૚)૛ ⋅
+࢔) ૚)૛

૜࢔૛ + ૜࢔ =
૚
૜√ࢋ

ܕܑܔ
ஶ→࢔

࢔ࢇ
࢔ = 

= ૚
૜√ࢋ

ା૚࢔ࢇ)ஶ→࢔ܕܑܔ − (࢔ࢇ = ࢇ
૜√ࢋ

  (4) 

From (2) + (3) + (4) ⇒ ஶ→࢔ܕܑܔ
⋅࢛࢔࢈ ඥ(࢔ࡼ)!࢜࢔

࢔
= ࢜ࢇ⋅࢔࢈

ࢋ√⋅࢜ࢋ
࢜   (5) 

Now let 

ஶ→࢔ܕܑܔ ቌ࢔
శ૚࢔࢈
࢛ ඥ࢔ࡼశ૚!࢜࢔శ૚

⋅࢔࢔࢈ ට࢔ࡼ!
࢔࢜

− ૚ቍ = ஶ→࢔ܕܑܔ ࢔

⎝

⎜
⎛
ܖܔ
శ૚࢔࢈
࢛ ⋅ ට࢔ࡼశ૚!࢜࢔శ૚

⋅࢛࢔࢈ ට࢔ࡼ!
࢔࢜

ቌܖܔ
శ૚࢔࢈
࢛ ⋅ ට࢔ࡼశ૚!࢜࢔

⋅࢛࢔࢈ ට࢔ࡼ!
࢔࢜ ቍ

− ૚

⎠

⎟
⎞
ቌܖܔ

శ૚࢔࢈
࢛ ට࢔ࡼశ૚

శ૚࢔࢜

⋅࢛࢔࢈ ට࢔ࡼ!
࢔࢜

ቍ 

= ஶ→࢔ܕܑܔ ࢔ ቌܖܔ
శ૚࢔࢈
࢛ ට࢔ࡼశ૚

࢜ శ૚࢔!

⋅࢔࢔࢈ ට࢔ࡼ!
࢔࢜

ቍ = ஶ→࢔ܕܑܔ ܖܔ ൬
శ૚࢔࢈
࢛ ⋅ ඥ࢔ࡼశ૚!࢜࢔శ૚

⋅࢛࢔࢈ ඥ࢔࢔ࡼ
࢔ ൰(6)   ࢔ 



 
www.ssmrmh.ro 

 

ܕܑܔ
ஶ→࢔

࢔ା૚࢔࢈

࢔࢔࢈
⋅ ܕܑܔ
ஶ→࢔

ܕܑܔ
ஶ→࢔

ቆ
ඥ࢔ࡼା૚!࢔శ૚

ඥ࢔!࢔ࡼ ቇ
࢜

= 

= ܕܑܔ
ஶ→࢔

൬
ା૚࢔࢈
࢔ + ૚ ⋅

࢔
࢔࢈

⋅
+࢔ ૚
࢔ ൰

࢔

⋅ ܕܑܔ
ஶ→࢔

ቆ
ඥ࢔ࡼା૚!࢔శ૚

࢔ + ૚ ⋅
࢔
ඥ࢔࢔ࡼ ⋅

࢔ + ૚
࢔ ቇ 

࢙ =
(૝)

(૜)
૚ ⋅ ૜√ࢇ

૜ࢋ
⋅ ૜ࢋ
૜√ࢇ

= ૚  (7) 

From (6)+(7) we have : 

ܖܔ ܕܑܔ
ஶ→࢔

ቆ
࢔ା૚࢔࢈

࢔࢔࢈
⋅

ඥ࢔ࡼା૚!࢛࢔శ૚

ඥ࢔࢛࢔ࡼ ቇ
࢔

= ܖܔ ቆܕܑܔ
ஶ→࢔

൬
ା૚࢔࢈
࢔࢈

൰
࢛࢔

⋅ ܕܑܔ
ஶ→࢔

ቆ
!ା૚࢔ࡼ
!࢔ࡼ ⋅

૚
ඥ࢔ࡼା૚!࢔ ቇ

࢜

ቇ 

= ܖܔ

⎝

⎜⎜
⎛
ܕܑܔ
ஶ→࢔

቎൬૚ +
ା૚࢔࢈ − ࢔࢈

࢔࢈
൰

࢔࢈
࢔࢈శ૚ି࢔࢈

቏

࢔࢈
࢔࢈శ૚ష࢔࢈

࢛࢔

⋅ ቆ
૜√ࢇ
૜ ⋅

૜ࢋ
૜√ࢇ

ቇ

⎠

⎟⎟
⎞

= 

= ࢛ࢋ)ܖܔ ⋅ (࢜ࢋ = (ା࢛࢜ࢋ)ܖܔ = ܖܔ ࢋ = ૚  (8) 

From (1) + (5) + (8) ⇒ ࡸ = ࢔࢈࢜ࢇ

૜√⋅࢜ࢋ
࢜ 

 

UP.130. If ࢈,ࢇ, ࢊ,ࢉ ∈ [૚,∞);࢞ ∈ ℝ then: 

࢞ܖܑܛ(ࢉࢇ) ⋅ ܛܗ܋(ࢊ࢈) ࢞ ≤ ૛
ට૛൫܏ܗܔ૛

૛ ૛܏ܗܔାࢇ
૛ ૛܏ܗܔା࢈

૛ ૛܏ܗܔାࢉ
૛ ൯ࢊ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu – Romania 

We have: ܖܑܛࢇ ࢞ ⋅ ܛܗ܋࢈ ࢞ ⋅ ܖܑܛࢉ ࢞ ⋅ ܛܗ܋ࢊ ࢞ ≤ ૛
ට૛൫܏ܗܔ૛

૛ ૛܏ܗܔାࢇ
૛ ૛܏ܗܔା࢈

૛ ૛܏ܗܔାࢉ
૛  ൯   (1)ࢊ

But ܖܑܛࢇ ࢞ ⋅ ܛܗ܋࢈ ࢞ = ൫૛܏ܗܔ૛ ൯ࢇ
࢞ܖܑܛ

⋅ ൫܏ܗܔ࢈૛ ൯࢈
ܛܗ܋ ࢞

= 

= ૛܏ܗܔ૛ ܖܑܛ⋅ࢇ ࢞ ⋅ ૛܏ܗܔ૛ ܛܗ܋⋅࢈ ࢞ = ૛܏ܗܔ૛ ૛܏ܗܔା࢞ܖܑܛ⋅ࢇ ܛܗ܋࢈ ࢞   (2) 

From Cauchy’s inequality ⇒ 

૛܏ܗܔ) ࢇ ⋅ ܖܑܛ ࢞ + ૛܏ܗܔ ܛܗ܋࢈ ࢞)૛ ≤ ൫܏ܗܔ૛૛ ࢇ + ૛૛܏ܗܔ ૛ܖܑܛ)൯࢈ ࢞ + ૛ܛܗ܋ ࢞)  (3) 

From (2) + (3) ⇒ ࢞ܖܑܛࢇ ⋅ ܛܗ܋࢈ ࢞ ≤ ૛
ට܏ܗܔ૛

૛ ૛܏ܗܔାࢇ
૛(4)   ࢈ 
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Similarly ⇒ ܖܑܛࢉ ܛܗ܋ࢊ࢞ ࢞ ≤ ૛
ට܏ܗܔ૛

૛ ૛܏ܗܔାࢉ
૛  (5)   ࢊ

From (4) + (5) ⇒ ܖܑܛࢇ ࢞ ⋅ ܛܗ܋࢈ ࢞ ⋅ ࢞ܖܑܛࢉ ⋅ ܛܗ܋ࢊ ࢞ ≤ ૛
ට܏ܗܔ૛

૛ ૛܏ܗܔାࢇ
૛ ૛܏ܗܔାට࢈

૛ ૛܏ܗܔାࢉ
૛  (6)  ࢊ

From Cauchy’s inequality ⇒ ૛(ࢻ૛ + (૛ࢼ ≥ ࢻ) + ૛(ࢼ ⇒ 

⇒ ට܏ܗܔ૛૛ ࢇ + ૛૛܏ܗܔ ࢈ + ට܏ܗܔ૛૛ ࢉ + ૛૛܏ܗܔ ࢊ ≤ ට૛൫܏ܗܔ૛૛ +ࢇ ૛૛܏ܗܔ +࢈ ૛૛܏ܗܔ ࢉ + ૛૛܏ܗܔ  ൯   (7)ࢊ

From (6) + (7) ⇒ ࢞ܖܑܛ(ࢉࢇ) ⋅ ܛܗ܋(ࢊ࢈) ࢞ ≤ ૛
ට૛൫܏ܗܔ૛

૛ ૛܏ܗܔାࢇ
૛ ૛܏ܗܔା࢈

૛ ૛܏ܗܔାࢉ
૛  ൯ࢊ

Solution 2  by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

1) ∑ ૚
࢞૛ା࢟૛ା૛ࢠ૛

≥ ૢ
૝൫࢞૛ା࢟૛ାࢠ૛൯

   (1) 

2) 
૛ට૜⋅࢞૛࢟૛ࢠ૛⋅൫࢞૛ା࢟૛ାࢠ૛൯

∏൫࢞૛ା࢟૛൯
≤ ૛൫࢞૛࢟૛ା࢟૛ࢠ૛ାࢠ૛࢞૛൯

∏൫࢞૛ା࢟૛൯
   (2) 

(1); (2) ⇒ ૢ
૝൫࢞૛ା࢟૛ାࢠ૛൯

≥ ૛൫࢞૛࢟૛ା࢟૛ࢠ૛ାࢠ૛࢞૛൯
∏൫࢞૛ା࢟૛൯

   (*) Assure 

∏(࢞૛ + ࢟૛) = ∑࢞૛ ⋅ ∑ ࢞૛࢟૛ − ࢞૛࢟૛ࢠ૛   (3) 

(*); (3) ⇒ ૢ
૝൫࢞૛ା࢟૛ାࢠ૛൯

≥ ૛൫࢞૛࢟૛ା࢟૛ࢠ૛ାࢠ૛࢞૛൯
∑ ࢞૛⋅∑ ࢞૛࢟૛ି࢞૛࢟૛ࢠ૛

⇔ ૢ ⋅ (∑࢞૛ ⋅ ∑ ࢞૛࢟૛ − ࢞૛࢟૛ࢠ૛) ≥ 

≥ ૡ ⋅෍࢞૛ ⋅ ෍࢞૛࢟૛ 

෍࢞૛ ⋅෍࢞૛࢟૛ ≥ ૢ࢞૛࢟૛ࢠ૛			(࢞ = ࢟ =  (ࢠ

ࡹ࡭) ≥  (ࡹࡳ

 

UP.131. Prove that in any triangle ࡯࡮࡭ the following relationship holds: 

૛࡭ܖܑܛ + ૛࡮ܖܑܛ + ૛࡯ܖܑܛ + ૛ܛܗ܋ ࡭ + ૛ܛܗ܋ ࡮ + ૛࡯ܛܗ܋ >
૟

൫√૛൯
√૛

 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

By AM-GM: 

૛࡭ܖܑܛ + ૛ܛܗ܋ ࡭ ≥ ૛ඥ૛࡭ܖܑܛ ⋅ ૛࡭ܛܗ܋ = ૛ඥ૛࡭ܖܑܛାܛܗ܋ ࡭ = ૛ට૛√૛ ቀܛܗ܋
࣊
૝ି࡭ቁ = 
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= ૛ ⋅ ૛
√૛
૛ ቁ࡭ቀ࣊૝ିܛܗ܋ > 2 ⋅ ૛ି

√૛
૛ =

૛

૛
√૛
૛

=
૛

൫√૛൯
√૛

 

Analogous: ૛ܖܑܛ ࡮ + ૛࡮ܛܗ܋ > ૛

൫√૛൯
√૛

;૛ܖܑܛ ࡯ + ૛ܛܗ܋ ࡯ > ૛

൫√૛൯
√૛

 

By adding: ૛࡭ܖܑܛ + ૛࡮ܖܑܛ + ૛࡯ܖܑܛ + ૛ܛܗ܋ ࡭ + ૛࡮ܛܗ܋ + ૛ܛܗ܋ ࡯ > ૟

൫√૛൯
√૛

 

 

UP.132. If ࢈,ࢇ > 0;݉, ݊ ≥ 1 then: 

නቌන(ܖܑܛ ࢞ ܖܑܛ ࢟)૛࢔
࢈

૙

ܛܗ܋) ࢞ ܛܗ܋ ࢟)૛࢞ࢊ࢓ቍ
࢈

૙

࢟ࢊ ≤
࢈ࢇ
૝࢓ା࢔ ቀ

࢓
࢔
ቁ
࢔ି࢓

 

Proposed by Daniel Sitaru – Romania  

Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian 

If ࢞,࢟ > 0; ݔ + ݕ = 1,݊,݉ ∈ ℕ then ࢞࢓࢟࢔ ≤ ࢓࢓⋅࢔࢔

࢓శ࢔(࢓ା࢔)
, if ࢞ = ૛ܖܑܛ ࢞ ,࢟ = ૛ܛܗ܋ ࢞ then: 

૛ܖܑܛ) ࢔(࢞ ⋅ ૛ܛܗ܋) ࢓(࢞ ≤ ࢓࢓⋅࢔࢔

࢔శ࢓(࢓ା࢔)
  (1) 

Using (1) we have:  ࡿࡴࡸ ≤ ࢓࢓࢔࢔

࢔శ࢓(࢓ା࢔)
⋅ ࢇ ⋅ ࢓࢓⋅࢔࢔

࢔శ࢓(࢓ା࢔)
= ࢔૛࢔ ࢈ࢇ⋅࢓૛࢓⋅

 (2)   (࢔శ࢓)૛(࢓ା࢔)

࢔ + ࢓ ≥ ૛√࢓࢔ ⇒
૚

࢔ + ࢓ ≤
૚

૛√࢓࢔
,	 

(2) ⇒ ࢔૛࢔ ࢈ࢇ⋅࢓૛࢓⋅
(࢔శ࢓)૛(࢓ା࢔) ≤ ቀ ૚

૛√࢓࢔
ቁ
૛(࢓ା࢔)

⋅ ࢔૛࢔ ⋅ ࢓૛࢓ ⋅ ࢈ࢇ = ࢈ࢇ
૝࢓శ࢔ ⋅ ቀ

࢓
࢔
ቁ
࢔ି࢓

 

Q.E.D. 

 

UP.133. Prove that if: ૙ ≤ ࢈ ≤ ࢇ ≤ ࣊
૝
 then: 

නቌනቆ
࢞)૛࢔࢏࢙ + ࢟) + ࢞)૛࢔࢏࢙ − ࢟)− ૚

૚ + ૛ ࢞࢔࢏࢙ ࢟࢔࢏࢙ ቇ
࢈

ࢇ

࢟ࢊቍ࢞ࢊ
࢈

ࢇ

≥ ࢇ) − ૛࢔࢏࢙)(࢈ ࢇ − ૛࢔࢏࢙ ࢈ + ࢈ −  (ࢇ

Proposed by Daniel Sitaru – Romania  
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Solution by Soumitra Mandal-Chandar Nagore-India 

නනቆ
࢞)૛ܖܑܛ + ࢟) + ࢞)૛ܖܑܛ − ࢟) − ૚

૚ + ૛ ܖܑܛ ࢞ ܛܗ܋ ࢟ ቇ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = ૛න(ࢇ+ ࢈ − ࢞)
࢈

ࢇ

−૛(૛࢞)ܖܑܛ ૚
૚ + ૛ ܖܑܛ ࢞ ܛܗ܋ ࢞ࢊ࢞ = 

= ૛න(ࢇ + −࢈ ࢞)
࢈

ࢇ

ܖܑܛ) ૛࢞ − ૚)࢞ࢊ = ૛(ࢇ+ ܖܑܛ)න(࢈ ૛࢞ − ૚)
࢈

ࢇ

࢞ࢊ − ૛න࢞
࢈

ࢇ

ܖܑܛ) ૛࢞ − ૚)࢞ࢊ 

= ૛(ࢇ + ൬(࢈
ܛܗ܋ ૛࢈ − ܛܗ܋ ૛ࢇ

૛ + ࢇ − ൰࢈ − ૛න࢞
ࢇ

࢈

ܖܑܛ) ૛࢞ − ૚)࢞ࢊ 

= ૛(ࢇ + ૛ܖܑܛ)(࢈ ࢇ − ૛ܖܑܛ ࢈ + ࢇ − −(࢈ ૛න(ࢇ + −࢈ (ࢠ
ࢇ

࢈

+ࢇ૛)ܖܑܛ) ૛࢈ − ૛ࢠ) − ૚)ࢠࢊ 

൤∴ ࢠ	࢚ࢋ࢒ = +ࢇ ࢈ − ࢞ࢊ,࢞ = ࢞	࢔ࢋࢎ࢝;ࢠࢊ− = ࢠ,࢈ = ࢇ
࢞	࢔ࢋࢎ࢝ = ,ࢇ ࢠ = ࢈ ൨ 

≥ ૛(ࢇ+ ૛ܖܑܛ)(࢈ ࢇ − ૛ܖܑܛ ࢈ + ࢇ − (࢈ − ૛න(ࢇ+ ࢈ − (ࢠ
ࢇ

࢈

−࣊)ܖܑܛ) ૛ࢠ) − ૚)ࢠࢊ 

⇒ ૛න(ࢇ + −࢈ ࢞)
ࢇ

࢈

ܖܑܛ) ૛࢞ − ૚)࢞ࢊ ≥ ૛(ࢇ + ૛ܖܑܛ)(࢈ ࢇ − ૛ܖܑܛ ࢈ + ࢇ −  (࢈

⇒ න(ࢇ+ ࢈ − ࢞)
ࢇ

ࢇ

ܖܑܛ) ૛࢞ − ૚)࢞ࢊ ≥ ࢇ) + ૛ܖܑܛ)(࢈ ࢇ − ૛ܖܑܛ +࢈ ࢇ −  (࢈

We need need to prove, (ࢇ+ ૛ܖܑܛ)(࢈ ࢇ − ૛ܖܑܛ ࢈ + ࢇ − (࢈ ≥ 

≥ ࢇ) − ૛ܖܑܛ)(࢈ ࢇ − ૛ܖܑܛ +࢈ ࢇ −  (࢈

⇔ ૛ܖܑܛ)࢈ ࢇ − ૛ܖܑܛ ࢈ + ࢇ − (࢈ ≥ ૙, which is true (Hence Proved) 

 

UP.134. In ઢ	࡯࡮࡭ the following relationship holds: 

ࢇ࢓)૛ࢇ + (࢈࢓
ࢉࢎ

+
࢈࢓)૛࢈ + (ࢉ࢓

ࢇࢎ
+
ࢉ࢓)૛ࢉ + (ࢇ࢓

࢈ࢎ
≥ ૡ√૜ࡿ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
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Solution 1 by Marian Ursarescu-Romania 

ࢇ࢓)૛ࢇ + (࢈࢓
ࢉࢎ

+
࢈࢓)૛࢈ + (ࢉ࢓

ࢇࢎ
+
ࢉ࢓)૛ࢉ + (ࢇ࢓

࢈ࢎ
≥ ૡ√૜ࡿ 

We must show this: ࢇ
૛ࢇ࢓
ࢉࢎ

+ ࢈࢓૛࢈
ࢇࢎ

+ ࢉ࢓૛ࢉ
࢈ࢎ

+ ࢈࢓૛ࢇ
ࢉࢎ

+ ࢉ࢓૛࢈
ࢇࢎ

+ ࢇ࢓૛ࢉ
࢈ࢎ

≥ ૡ√૜ࡿ. First we show 

this: ࢇ
૛ࢇ࢓
ࢉࢎ

+ ࢈࢓૛࢈
ࢇࢎ

+ ࢉ࢓૛ࢉ
࢈ࢎ

≥ ૝√૜(1)   ࡿ 

We know: ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
⇒ ࢇ࢓ ≥

ࢉ࢈
૛ࡾ
⇒ ࢇ࢓૛ࢇ

ࢉࢎ
+ ࢈࢓૛࢈

ࢇࢎ
+ ࢉ࢓૛ࢉ

࢈ࢎ
≥ ࢉ࢈૛ࢇ

૛ࢉࢎࡾ
+ ࢉ૛࢈ࢇ

૛ࢇࢎࡾ
+ ࢈ࢇ૛ࢉ

૛࢈ࢎࡾ
= 

= ࢉ࢈ࢇ
૛ࡾ

ቀ ࢇ
ࢉࢎ

+ ࢈
ࢇࢎ

+ ࢉ
࢈ࢎ
ቁ = ૛ࡿ ቀ ࢉࢇ

ࢉࢎࢉ
+ ࢈ࢇ

ࢇࢎࢇ
+ ࢉࢎ

࢈ࢎ࢈
ቁ = ࢈ࢇ) + ࢉ࢈ +  (2)   (ࢉࢇ

From (1)+(2) we must show: ࢈ࢇ+ +ࢉ࢈ ࢉࢇ ≥ ૝√૜(3)   ࡿ 

Now ࢈ࢇ+ +ࢉ࢈ ࢉࢇ = ࢙૛ + ࢘૛ + ૝࢘ࡾ ⇒ (3) ⇔ ࢙૛ + ࢘૛ + ૝࢘ࡾ ≥ ૝√૜࢙࢘   (4) 

Now use Doucet inequality: ૢ࢘(૝ࡾ+ ࢘) ≤ ૜࢙૛ ≤ (૝ࡾ + ࢘)૛ 

From left side of Doucet and (4) we must show this: 

૚૟࢘ࡾ + ૝࢘૛ ≥ ૝√૜࢙࢘ ⇔ ૝࢘(૝ࡾ + ࢘) ≥ ૝√૜࢙࢘⇔ ૝ࡾ + ࢘ ≥ √૜࢙ ⇔ (૝ࡾ + ࢘)૛ ≥ ૜࢙૛ 

true ⇒ then (3) its true. Now, we show this: 
࢈࢓૛ࢇ
ࢉࢎ

+ ࢉ࢓૛࢈
ࢇࢎ

+ ࢇ࢓૛ࢉ
࢈ࢎ

≥ ૝√૜ࡿ	(૞)

ࢇ࢓	࢚࢛࢈ ≥ ࢈࢓,ࢇࢎ ≥ ࢉ࢓,࢈ࢎ ≥ ࢉࢎ
ൡ ⇒(5) ⇒ we must show: ࢇ

૛࢈ࢎ
ࢉࢎ

+ ࢉࢎ૛࢈
ࢇࢎ

+ ࢇࢎ૛ࢉ
࢈ࢎ

≥ ૝√૜(6)  ࡿ 

But ࢇ
૛࢈ࢎ
ࢉࢎ

+ ࢉࢎ૛࢈
ࢇࢎ

+ ࢇࢎ૛ࢉ
࢈ࢎ

= ࢉ૛ࢇ
࢈

+ ࢇ૛࢈
ࢉ

+ ࢈૛ࢉ
ࢇ

= ૛࢈૜ࢉ૛ାࢇ૜࢈૛ାࢉ૜ࢇ

ࢉ࢈ࢇ
  (7) 

Now, we show this: ࢇ
૛ࢉ
࢈

+ ࢇ૛࢈
ࢉ

+ ࢈૛ࢉ
ࢇ
≥ ࢈ࢇ + +ࢉ࢈ ࢉࢇ ⇔ 

૛ࢉ૜ࢇ + ૛ࢇ૜࢈ + ૛࢈૜ࢉ ≥ +࢈ࢇ)ࢉ࢈ࢇ +ࢉ࢈  (8)   (ࢉࢇ

Now, use inequality of generalized enviroments ⇒ 
૝
ૠࢇ

૜ࢉ૛ +
૛
ૠ࢈

૜ࢇ૛ +
૚
ૠ ࢉ

૜࢈૛ ≥ ࢉ૛࢈૛ࢇ
૝
ૠ࢈

૜ࢇ૛ +
૛
ૠ ࢉ

૜࢈૛ +
૚
ૠࢇ

૜ࢉ૛ ≥ ૛ࢉ࢈૛ࢇ

૝
ૠ ࢉ

૜࢈૛ +
૛
ૠࢇ

૜ࢉ૛ +
૚
ૠ࢈

૛ࢇ૛ ≥ ⎭૛ࢉ૛࢈ࢇ
⎪
⎬

⎪
⎫

⇒ ૛ࢉ૜ࢇ + ૛ࢇ૜࢈ + ૛࢈૛ࢉ ≥ ࢈ࢇ)ࢉ࢈ࢇ + ࢉࢇ + (ࢉ࢈ ⇒ 

⇒ (8) its true. From (7) +  (8) we must show: ࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥ ૝√૜ࡿ, but this 

inequality its true from (3). From (1) + (5) ⇒ inequality its true. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
ࢇ࢓)૛ࢇ + (࢈࢓

ࢉࢎ
≥

࢔࢏ࢎ࢙ࢋ࢘ࢋࢀ
෍

૛ࢇ∑)૛ࢇ + (૛ࢉ
૝ࡾ ⋅

૛ࡾ
࢈ࢇ = 

=
૚
૛
ቀ෍ࢇ૛ቁ ቀ෍

ࢇ
࢈
ቁ +

૚
૛෍ࢉ૛ ቀ

ࢇ
࢈
ቁ ≥
ࡳି࡭ ૛ࢇ∑

૛ ⋅ ૜ +
૚
૛෍ࢉ૛ ቀ

ࢇ
࢈
ቁ ≥
࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃି࢛ࢉ࢙ࢋ࢔࢕ࡵ

 

≥
૝√૜ࡿ ⋅ ૜

૛ +
૚
૛෍ࢉ૛ ቀ

ࢇ
࢈
ቁ ≥ ૟√૜ࡿ+

૚
૛૝ࡿ

ඨࢇ
࢈ ⋅

࢈
ࢉ +

࢈
ࢉ ⋅

ࢉ
+ࢇ

ࢉ
ࢇ ⋅

ࢇ
 ࢈

ቆ∵ ૛ࢇ࢓ + ૛࢈࢔ + ૛ࢉ࢖ ≥ ૝ࡿට෍࢔࢓ ࢖,࢔,࢓∀, ≥ ૙ቇ 

= ૟√૜ࡿ + ૛ࡿට∑ ࢈
ࢇ
≥
ࡳି࡭

૟√૜ࡿ+ ૛ࡿ√૜ = ૡ√૜ࡿ  (Proved) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࢇ࢓ + ࢈࢓ ≥ ࢇࢎ + ࢈ࢎ
࢈࢓ + ࢉ࢓ ≥ ࢈ࢎ + ࢉࢎ
ࢉ࢓ + ࢇ࢓ ≥ ࢉࢎ + ࢇࢎ

ൡ ⇔෍ࢇ૛ ൬
ࢇ࢓ + ࢈࢓

ࢉࢎ
൰ ≥ ෍ࢇ૛ ൬

ࢇࢎ + ࢈ࢎ
ࢉࢎ

൰ = ൬ࢇ૛ ⋅
ࢇࢎ
ࢉࢎ

+ ૛࢈ ⋅
ࢉࢎ
ࢇࢎ
൰+ 

+ ൬࢈૛ ⋅
࢈ࢎ
ࢇࢎ

+ ૛ࢉ ⋅
ࢇࢎ
࢈ࢎ
൰+ ൬ࢉ૛ ⋅

ࢉࢎ
࢈ࢎ

+ ૛ࢇ ⋅
࢈ࢎ
ࢉࢎ
൰ ≥
ࢍࡹஹࢇࡹ

૛࢈ࢇ + ૛ࢉ࢈+ ૛ࢇࢉ = ૛(࢈ࢇ+ +ࢉ࢈  (ࢇࢉ

= ૛ ൬
࢈ࢇ ⋅ ܖܑܛ ࡯

૛ ⋅
૛

ܖܑܛ +࡯
ࢉ࢈ ⋅ ࡭ܖܑܛ

૛ ⋅
૛

ܖܑܛ ࡭ +
ࢇࢉ ⋅ ࡮ܖܑܛ

૛ ⋅
૛

൰࡮ܖܑܛ = 

= ૝ࡿ ൬
૚

࡭ܖܑܛ +
૚

ܖܑܛ ࡮ +
૚

ܖܑܛ ൰࡯ ≥
ቌࢌ(࢞) =

૚
ܖܑܛ ࢞

(࢞)ᇱᇱࢌ ≥ ૙
ቍ 

= ૝ࡿ ⋅෍
૚

࡭ܖܑܛ ≥ ૚૛ࡿ ⋅
૚

ܖܑܛ ࣊૜
=
૛૝ࡿ
√૜

= ૡ√૜ࡿ 

 

UP.135. If ࢈,ࢇ, ࢉ > 0 then: 

+ࢇ ૛ࢉ

+࢈࢞ ࢉ࢟ +
+࢈ ૛ࢇ

ࢉࢠ + ࢇ࢟ +
ࢉ + ૛࢈

+ࢇ࢞ ࢈࢟ ≥
૜

࢞ + ࢟ +
ࢇ + +࢈ ࢉ
࢞ + ࢟  

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Marian Ursarescu-Romania 

From Bergström inequality ⇒ 
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૛ࢉ

ࢉା࢟࢈࢞
+ ૛ࢇ

ࢇା࢟ࢉ࢞
+ ૛࢈

࢈ା࢟ࢇ࢞
≥ ૛(ࢉା࢈ାࢇ)

(ା࢟࢞)(ࢉା࢈ାࢇ)
= ࢉା࢈ାࢇ

࢞ା࢟
   (1) 

ࢇ
ࢉା࢟࢈࢞

+ ࢈
ࢇା࢟ࢉ࢞

+ ࢉ
࢈ା࢟ࢇ࢞

= ૛ࢇ

ࢉࢇା࢟࢈ࢇ࢞
+ ૛࢈

࢈ࢇା࢟ࢉ࢈࢞
+ ૛ࢉ

ࢉ࢈ା࢟ࢉࢇ࢞
≥ ૛(ࢉା࢈ାࢇ)

(ା࢟࢞)(ࢉ࢈ାࢉࢇା࢈ࢇ)
   (2) 

From (2)+(3)⇒ But (ࢇ + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉࢇ +  (3)   (ࢉ࢈
ࢇ

ࢉା࢟࢈࢞
+ ࢈

ࢇା࢟ࢉ࢞
+ ࢉ

࢈ା࢟ࢇ࢞
≥ ૜

࢞ା࢟
   (4) 

From (1)+(4)⇒ ૛ࢉାࢇ

ࢉା࢟࢈࢞
+ ૛ࢇା࢈

ࢇା࢟ࢉ࢞
+ ૛࢈ାࢉ

࢈ା࢟ࢇ࢞
≥ ૜

࢞ା࢟
+ ࢉା࢈ାࢇ

࢞ା࢟
 

Solution 2 by Tran Hong-Vietnam 

ࢇ
+࢈࢞ ࢉ࢟ +

࢈
ࢉ࢞ + +ࢇ࢟

ࢉ
+ࢇ࢞ ࢈࢟ =

૛ࢇ

࢞࢈ࢇ + +࢟ࢉࢇ
૛࢈

+࢞ࢉ࢈ +࢟࢈ࢇ
૛ࢉ

࢞ࢉࢇ + ࢟ࢉ࢈ ≥
ࢠ࢘ࢇ࢝ࢎࢉࡿ

 

૛(ࢉା࢈ାࢇ)

(ା࢟࢞)(ࢉ࢈ାࢉࢇା࢈ࢇ)
≥ ૛(ࢉା࢈ାࢇ)

૛(ࢉశ࢈శࢇ)
૜ (࢞ା࢟)

= ૜
࢞ା࢟

    (1) 

૛ࢉ

ࢉା࢟࢈࢞
+ ૛ࢇ

ࢇା࢟ࢉ࢞
+ ૛࢈

࢈ା࢟ࢇ࢞
≥

ࢠ࢘ࢇ࢝ࢎࢉࡿ ૛(ࢉା࢈ାࢇ)

(ା࢟࢞)(ࢉା࢈ାࢇ)
= ࢉା࢈ାࢇ

࢞ା࢟
    (2) 

From (1) and (2) ⇒ proved. Equality ⇔ ࢇ = ࢈ =  .ࢉ

 

 


