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JP.106. Let ࢈,ࢇ, ࢉ > 0. Prove that: 

ૡ(ࢇ + +࢈ ૜(ࢉ

ࢇ) + +࢈)(࢈ ࢉ)(ࢉ + (ࢇ + ૞(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≥ ૚૛+ ૚૙(ࢇ+ ࢈ +  (ࢉ

Proposed by Nguyen Ngoc Tu – Ha Giang – Vietnam  

Solution by Rade Krenkov-Strumica-Macedonia 

Inequality is equivalent with: 

ૡ(ࢇ+ ࢈ + +ࢇ)૛(ࢉ ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ
ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ + ૞(࢈ࢇ + ࢉ࢈ + ૛(ࢇࢉ ≥ ૚૛(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ + 

+૚૙(ࢇ+ ࢈ + +࢈ࢇ)(ࢉ ࢉ࢈ + +ࢇ) Using equality .(ࢇࢉ ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ = 

= ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ +   have ࢉ࢈ࢇ

ૡ(ࢇ + ࢈ + ૛(ࢉ +
ૡ(ࢇ+ +࢈ ࢉ࢈ࢇ૛(ࢉ

+ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ + ૞(࢈ࢇ+ +ࢉ࢈ ૛(ࢇࢉ ≥ ૚૛(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ + 

+૚૙(ࢇ+ ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈   :From AM-GM we get .(ࢇࢉ

૞(ࢇ + ࢈ + ૛(ࢉ + ૞(࢈ࢇ+ +ࢉ࢈ ૛(ࢇࢉ ≥ ૚૙(ࢇ+ ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  Now, enough to .(ࢇࢉ

prove that: ૜(ࢇ + +࢈ ૛(ࢉ + ૡ(ࢇା࢈ାࢉ)૛ࢉ࢈ࢇ
(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)

≥ ૚૛(࢈ࢇ+ +ࢉ࢈  (ࢇࢉ

૜(ࢇ+ +࢈ ૛(ࢉ +
ૡ(ࢇ + ࢈ + ࢉ࢈ࢇ૜(ࢉ

ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ⋅ +ࢇ) ࢈ + (ࢉ ≥ ૚૛(࢈ࢇ + +ࢉ࢈  (ࢇࢉ

From AM-GM we get: 

ૡ(ࢇ + ࢈ + ૜(ࢉ = +ࢇ)] (࢈ + +࢈) (ࢉ + +ࢉ) ૜[(ࢇ ≥ ቂ૜ඥ(ࢇ + +࢈)(࢈ +ࢉ)(ࢉ ૜(ࢇ ቃ
૜

= 

= ૛ૠ(ࢇ + ࢈)(࢈ + +ࢉ)(ࢉ  :We, must prove that .(ࢇ

૜(ࢇ + ࢈ + ૛(ࢉ +
૛ૠࢉ࢈ࢇ
+ࢇ ࢈ + ࢉ ≥ ૚૛(࢈ࢇ+ +ࢉ࢈ (ࢇࢉ ⇔ 

⇔ ࢇ) + +࢈ ૜(ࢉ + ࢉ࢈ࢇૢ ≥ ૝(ࢇ+ ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (ࢇࢉ

From Schur’s inequality we have: 

ࢇ) + ࢈ + ૜(ࢉ = ૛ࢇ + ૜࢈ + ૜ࢉ + ૜෍ࢇ૛࢈ + ૜෍࢈ࢇ૛ + ૟ࢉ࢈ࢇ ≥ 

≥ ૝∑ࢇ૛࢈ + ૝∑࢈ࢇ૛ + ૜ࢉ࢈ࢇ. Now, (ࢇ+ ࢈ + ૜(ࢉ + ࢉ࢈ࢇૢ ≥ 

≥ ૝෍ࢇ૛࢈ + ૝෍࢈ࢇ૛ + ૚૛ࢉ࢈ࢇ = ૝(ࢇ+ ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (ࢇࢉ
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JP.107. Prove that in any triangle ࡯࡮࡭ with incentre ࡵ the following relationship holds: 

ࡵ࡭ ⋅
૛ࢇ

ࢇ࢝
+ ࡵ࡮ ⋅

૛࢈

࢈࢝
+ ࡵ࡯ ⋅

૛ࢉ

ࢉ࢝
≤ ૜√૛

૛ࡾ

࢘ ඥࡾ)ࡾ − ࢘), 

where ࡾ is the circumradius, ࢘ is the inradius of triangle ࡯࡮࡭ and ࢝ࢉ࢝,࢈࢝,ࢇ  are the 

lengths of the internal bisectors of the angle opposite of the sides of lengths ࢈,ࢇ,  ,ࢉ

respectively. 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by Rajsekhar Azaad-India 

For any ઢ: ࡵ࡭
ࢇ࢝

= ࢉା࢈
૛࢙

, ࡵ࡮
࢈࢝

= ࢇାࢉ
૛࢙

, ࡵ࡯
ࢉ࢝

= ࢈ାࢇ
૛࢙

 

⇒ ࡿࡴࡸ = ෍
ࡵ࡭ ⋅ ૛ࢇ

ࢇ࢝
= ෍

+࢈)૛ࢇ (ࢉ
૛࢙ =

+ࢇ) ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ −(ࢇࢉ ૜ࢉ࢈ࢇ
૛࢙  

=
૛࢙(࢙૛ + ࢘૛ + ૝࢘ࡾ) − ૜ ⋅ ૝࢙࢘ࡾ

૛࢙ = ࢙૛ + ࢘૛ − ૛࢘ࡾ 

≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ + ࢘૛ − ૛࢘ࡾ   (Gerretsen)= ૝ࡾ૛ + ૛࢘ࡾ + ૝࢘૛ 

≤ ૝ࡾ૛ + ૛ࡾ + ૛ࡾ = ૟ࡾ૛   (i) 

ࡿࡴࡾ = ૜√૛
૛ࡾ

࢘ ඥ࢘(ࡾ − ࢘) = ૜√૛ࡾ૛ඨ
ࡾ
࢘ ൬

ࡾ
࢘ − ૚൰ ≥ ૜√૛ࡾ૛ඥ૛(૛ − ૚)		(∵ ࡾ ≥ ૛࢘) 

= ૟ࡾ૛   (ii) 

From (i) & (ii) inequality proved. 

Solution 2 by Marian Ursarescu-Romania 
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From bisector theorem ⇒ ᇲ࡭࡮

࡯ᇲ࡭
= ࢉ

࢈
⇒ ᇲ࡭࡮

ࢇ
= ࢉ

ࢉା࢈
⇒ ᇱ࡭࡮ = ࢉࢇ

ࢉା࢈
 

ࡵ࡭
ᇱ࡭ࡵ =

ࢉ
ᇱ࡭࡮ =

ࢉ
ࢉࢇ
࢈ + ࢉ

=
࢈ + ࢉ
ࢇ ⇒

ࡵ࡭
ᇱ࡭࡭ =

࢈ + ࢉ
ࢇ + +࢈ ࢉ ⇒

ࡵ࡭
ࢇ࢝

=
࢈ + ࢉ
૛࢖  

Inequalities become: ૚
૛࢖
࢈)૛ࢇ∑ + (ࢉ ≤ ૜√૛ ૛ࡾ

࢘
ඥࡾ)ࡾ − ࢘)   (1) 

But ∑ࢇ૛(࢈+ (ࢉ = ૛࢖)࢖૛ + ࢘૛ − ૛(2)  (࢘ࡾ 

From (1)+(2) we show: ࢖૛ + ࢘૛ − ૛࢘ࡾ ≤ ૜√૛ ૛ࡾ

࢘
ඥࡾ)ࡾ − ࢘)  (3) 

But ࡾ ≥ ૛࢘ ⇒ ૜√૛ ૛ࡾ

࢘
ඥࡾ)ࡾ − ࢘) ≥ ૟ࡾ૛   (4) 

From (3)+(4) we must show: ࢖૛ + ࢘૛ − ૛࢘ࡾ ≤ ૟ࡾ૛  (5) 

But (5) its true from Blundon – Gerretsen inequality: ࢖૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛. 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

ࡵ࡭ = ࢘ ܋ܛ܋
࡭
૛ ࡵ࡮, = ࢘ ܋ܛ܋

࡮
૛ ࡵ࡯, = ࢘ ܋ܛ܋

࡯
૛ ࢇ࢝, =

૛ࢉ࢈ ૛࡭ܛܗ܋
࢈ + ࢉ , 

࢈࢝ =
૛ࢉࢇ ૛࡮ܛܗ܋
ࢇାࢉ

   and ࢝ࢉ =
૛࢈ࢇ ૛࡯ܛܗ܋
࢈ାࢇ

 

෍
ࡵ࡭ ⋅ ૛ࢇ

ࢉ࢟ࢉࢇ࢝

≤

ᇲ࢙࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯
࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔ࡵ ૛ࢇ + ૛࢈ + ૛ࢉ

૜ ⋅ ቌ෍
ࡵ࡭
ࢉ࢟ࢉࢇ࢝

ቍ 

⎣
⎢
⎢
⎢
⎡

૛ࢇ	࢚ࢋ࢒ ≥ ૛࢈ ≥ ࢔ࢋࢎ࢚	૛ࢉ
࢘ ܋ܛ܋ ૛࡭
૛ࢉ࢈ ૛࡭ܛܗ܋
࢈ + ࢉ

≤
࢘ ૛࡮܋ܛ܋

૛ࢇࢉ ૛࡮ܛܗ܋
ࢉ + ࢇ

≤
࢘ ܋ܛ܋ ૛࡯

૛ܛܗ܋࢈ࢇ ૛࡯
ࢇ + ࢈ ⎦

⎥
⎥
⎥
⎤

 

≤ ૜ࡾ૛

⎝

⎜
⎛
෍

܋ܛ܋࢘ ૛࡭
૛ࢉ࢈ ܛܗ܋ ૛࡭
࢈ + ࢉ

ࢉ࢟ࢉ

⎠

⎟
⎞

= ૜ࡾ૛࢘ቌ෍
࢈ + ࢉ
࡭ܖܑܛࢉ࢈

ࢉ࢟ࢉ

ቍ = ૟ࡾ૜࢘ቌ෍
+࢈ ࢉ
ࢉ࢈ࢇ

ࢉ࢟ࢉ

ቍ 

= ૟ࡾ૜࢘ ⋅ ૛⋅૛࢖
૝࢖࢘ࡾ

= ૟ࡾ૛, we need to prove, ૟ࡾ૛ ≤ ૜√૛ࡾ૛

࢘
ඥࡾ)ࡾ − ࢘) 

⇔ √૛࢘ ≤ ඥࡾ)ࡾ − ࢘) ⇔ ૛ࡾ ࢘ࡾ− − ૛࢘૛ ≥ ૙ ⇔ ࡾ) + −ࡾ)(࢘ ૛࢘) ≥ ૙, 

which is also true 
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∴෍
ࡵ࡭ ⋅ ૛ࢇ

ࢉ࢟ࢉࢇ࢝

≤ ૜√૛
૛ࡾ

࢘ ඥࡾ)ࡾ − ࢘) 

(proved) 

JP.108. If ࢈,ࢇ > 0, then: 

૝√࢈ࢇ ⋅
࢞࢔࢏࢙
࢞ + ൬࢈

࢔ࢇ࢚ ࢞
࢞ ൰

૛

+ ࢇ > ࢞∀,࢈ࢇ√6 ∈ ቀ૙,
࣊
૛
ቁ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

For ૙ < ݔ < ࣊
૛

࢈,ࢇ, > 0 

࢈ࢇ√4 ࢞ܖܑܛ
࢞

+ ࢈ ቀܖ܉ܜ ࢞
࢞
ቁ
૛

+ ࢇ ≥ ૝√࢈ࢇ ࢞ܖܑܛ
࢞

+ ૛ට࢈ ቀܖ܉ܜ ࢞
࢞
ቁ
૛
 ࢇ

= ૛√࢈ࢇ ቂ૛ ࢞ܖܑܛ
࢞

+ ܖ܉ܜ ࢞
࢞
ቃ    (1) 

Let ࢍ(࢞) = ૛ ܖܑܛ ࢞ + ܖ܉ܜ ࢞ − ૜࢞,૙ ≤ ࢞ < ࣊
૛

 

(࢞)ᇱࢍ = ૛ ܛܗ܋ ࢞ + ૛܋܍ܛ ࢞ − ૜,૙ < ݔ <
࣊
૛ : > ૛ܛܗ܋]3 ࢞ ૛܋܍ܛ ࢞]

૚
૜ − ૜,૙ < ݔ <

࣊
૛ 

⇒ (࢞)ᇱࢍ > 0  for ૙ < ݔ < ࣊
૛
⇒ (࢞)ࢍ > ݃(૙) for ૙ < ݔ < ࣊

૛
 

⇒ ૛ ܖܑܛ ࢞
࢞

+ ࢞ܖ܉ܜ
࢞

> 3   for ૙ < ݔ < ࣊
૛

   (2) 

From (1), (2), we get: ૝√࢈ࢇ ࢞ܖܑܛ
࢞

+ ࢈ ቀܖ܉ܜ ࢞
࢞
ቁ
૛

+ ࢇ > for ૙ ࢈ࢇ√6 < ݔ < ࣊
૛

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

We know, ܖܑܛ ࢞ ≥ ࢞ − ࢞૜

૟
, ࢞ܖ܉ܜ ≥ ࢞ + ࢞૜

૜
 for all ࢞ ∈ ቂ૙, ࣊

૛
ቃ 

૝√࢈ࢇ ⋅
ܖܑܛ ࢞
࢞ + ൬ࢍ

࢞ܖ܉ܜ
࢞ ൰

૛
+ ࢇ ≥ ૝√࢈ࢇ ⋅

ܖܑܛ ࢞
࢞ + ૛√࢈ࢇ ⋅

ܖ܉ܜ ࢞
࢞  

= ૛√࢈ࢇ ቀ૛ ܖܑܛ ࢞
࢞

+ ࢞ܖ܉ܜ
࢞
ቁ > ቀ૛࢈ࢇ√2 − ࢞૛

૜
+ ૚ + ࢞૛

૜
ቁ  for all ࢞ ∈ ቀ૙, ࣊

૛
ቁ 

= ૟√࢈ࢇ   (proved) 

JP.109. If ࢈,ࢇ > ૙, then: 

+ࢇ) (࢈ ⋅
ܖܑܛ ࢞
࢞ +

૛࢈ࢇ
ࢇ + ࢈ ⋅

࢞ܖ܉ܜ
࢞ >

૟࢈ࢇ
+ࢇ ࢈ ,∀࢞ ∈ ቀ૙,

࣊
૛
ቁ 
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Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania 

Solution by Soumava Chakraborty-Kolkata-India 

+ࢇ) (࢈ ⋅
ܖܑܛ ࢞
࢞ +

૛࢈ࢇ
+ࢇ ࢈ ⋅

࢞ܖ܉ܜ
࢞ >

(૚) ૟࢈ࢇ
+ࢇ  ࢈

(1) ⇔ ࢇ) + ૛(࢈ ܖܑܛ ࢞ + ૛࢈ࢇ ࢞ܖ܉ܜ >
(૛)

૟࢞࢈ࢇ 

∵ ࢇ) + ૛(࢈ ≥ ૝࢈ࢇ ∴ LHS of (2) ≥ ૝ܖܑܛ࢈ࢇ ࢞ + ૛࢞ܖ܉ܜ࢈ࢇ >
?
૟࢞࢈ࢇ ⇔ ૛ܖܑܛ ࢞ + ࢞ܖ܉ܜ − ૜࢞ >

(૜)

?
૙ 

Let ࢌ(࢞) = ૛ ܖܑܛ ࢞ + ܖ܉ܜ ࢞ − ૜࢞	∀࢞ ∈ ቂ૙, ࣊
૛
ቁ 

(࢞)ᇱࢌ = ૛܋܍ܛ ࢞ + ૛ ܛܗ܋ ࢞ − ૜ and ࢌᇱᇱ(࢞) = ૛(܋܍ܛ૛ ࢞ ܖ܉ܜ ࢞ − ܖܑܛ ࢞) = 

= ૛൫࢞ܖ܉ܜ ൫૚ + ૛ܖ܉ܜ ࢞൯ − ܖܑܛ ࢞൯ = ૛൫࢞ܖ܉ܜ− ܖܑܛ ࢞ + ૜ܖ܉ܜ ࢞൯ ≥ ૛൫ܖܑܛ ࢞ − ܖܑܛ ࢞ + ૜ܖ܉ܜ ࢞൯ 

ቀ∵ ∀࢞ ∈ ቂ૙,
࣊
૛
ቁ , ܖ܉ܜ ࢞ ≥ ࢞ ≥ ܖܑܛ ࢞ቁ = ૛ ૜ܖ܉ܜ ࢞ ≥ ૙ ∴ (࢞)ᇱᇱࢌ ≥ ૙	∀࢞ ∈ ቂ૙,

࣊
૛
ቁ 

⇒ (࢞)ᇱࢌ ↑ on ቂ૙, ࣊
૛
ቁ ⇒ (࢞)ᇱࢌ ≥ ᇱ(૙)ࢌ = ૙,∀࢞ ∈ ቂ૙, ࣊

૛
ቁ ⇒ (࢞)ࢌ ↑ on ቂ૙, ࣊

૛
ቁ 

⇒ (࢞)ࢌ ≥ (૙)ࢌ = ૙ ⇒ ∀࢞ ∈ ቂ૙, ࣊
૛
ቁ ,૛ ܖܑܛ ࢞ + ܖ܉ܜ ࢞ − ૜࢞ ≥ ૙, equality at ࢞ = ૙ 

∴ ࢈,ࢇ∀ > ݔ,0 ∈ ቀ૙, ࣊
૛
ቁ ,૛ܖܑܛ ࢞ + ࢞ܖ܉ܜ − ૜࢞ > 0 ⇒ (3) is true (Proved) 

 

JP.110. If ࢞,࢟, ࢠ ∈ (૙,૚) and ࡯࡮࡭ is a triangle, then prove that: 

૛ܖܑܛ ૛࡭
࢞(૚ − ࢞૜) +

૛ܖܑܛ ૛࡮
࢟(૚ − ࢟૜) +

૛ܖܑܛ ૛࡯
−૚)ࢠ (૜ࢠ ≥

૛√૝૜

૜ࡾ
(૛ࡾ − ࢘) 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

Let ࢌ(࢞) = ࢞(૚ − ࢞૜),૙ < ݔ < (࢞)ᇱࢌ ;1 = ૚ − ૝࢞૜; (࢞)ᇱࢌ = ૙ ⇒ ࢞ = ቀ૚
૝
ቁ
૚
૜ 

(࢞)ᇱᇱࢌ = −૚૛࢞૛ ⇒ ᇱᇱࢌ ቆቀ૚
૝
ቁ
૚
૜ቇ < 0 ⇒ ݂(࢞) has a maximum for ࢞ = ቀ૚

૝
ቁ
૜

 

∴ ૙ழ௫ழଵܠ܉ܕ (࢞)ࢌ = ૚

૝
૚
૜
ቀ૚ − ૚

૝
ቁ = ૜

૝
૝
૜
⇒ ૚

࢞൫૚ି࢞૜൯
≥ ૝

૝
૜

૜
  for ૙ < ݔ < 1 
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∴
૛ܖܑܛ ቀ࡭૛ቁ
࢞(૚ − ࢞૜) +

૛ܖܑܛ ቀ࡮૛ቁ
࢟(૚ − ࢟૜) +

૛ܖܑܛ ቀ࡯૛ቁ
−૚)ࢠ (૜ࢠ ≥

૝
૝
૜

૜ ൤ܖܑܛ૛ ൬
࡭
૛൰ + ૛ܖܑܛ ൬

࡮
૛൰+ ૛ܖܑܛ ൬

࡯
૛൰൨ 

=
૝
૝
૜

૜
ቂ૚ −

࢘
૛ࡾ

ቃ =
૛ ൬૜

૚
૝൰ (૛ࡾ− ࢘)

૜ࡾ  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ૚ − ૛ܖܑܛ

࡭
૛ − ૛ܖܑܛ

࡮
૛ − ૛ܖܑܛ

࡯
૛ = ૛ܛܗ܋

࡭
૛ − ૛ܖܑܛ

࡮
૛ − ૛ܖܑܛ

࡯
૛

= ܛܗ܋ ൬
࡭ + ࡮
૛ ൰ܛܗ܋ ൬

࡭ − ࡮
૛ ൰ − ૛ܖܑܛ

࡯
૛ = ܖܑܛ

࡯
૛ ൤ܛܗ܋ ൬

࡭ − ࡮
૛ ൰ − ܛܗ܋

࡭ + ࡮
૛ ൨

= ૛ܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ = ૛

(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
ࢉ࢈ࢇ =

૛
૜ ⋅

ઢ૛

ࢉ࢈ࢇ

=
૚
૛ ൬

ઢ
࢙൰ ൬

૝ઢ
൰ࢉ࢈ࢇ =

૚
૛ ⋅

࢘
ࡾ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

Solution 2 by Marian Ursarescu-Romania 

Let ࢌ: (૙,૚) → ℝ, (࢞)ࢌ = ࢞(૚ − ࢞૜) = ࢞ − ࢞૝ 

(࢞)ࢌ = ૚ − ૝࢞૜ = ૙ ⇒ ࢞ =
૚
√૝૜  

࢞ ૙																																																													
૚
√૝૜ 																																																																૚ 

+ (࢞)ᇱࢌ + + + + + + + + + + + + + +	૙ − − −− −− −− −− −−− −− 

૜ (࢞)ࢌ
૝√૝૜  

M 

⇒ (࢞)ࢌ ≤
૜

૝√૝૜ ⇒ 

࢞(૚ − ࢞૜) ≤ ૜
૝ √૝૜ ⇒ ૚

࢞൫૚ି࢞૜൯
≥ ૝ √૝૜

૜
   (1) 

From (1) inequalities become: 
૛࡭૛ܖܑܛ

࢞൫૚ି࢞૜൯
+

૛࡮૛ܖܑܛ
࢟൫૚ି࢟૜൯

+
૛࡯૛ܖܑܛ

૜൯ࢠ൫૚ିࢠ
≥ ૝ √૝૜

૜
ቀ∑ ૛ܖܑܛ ࡭

૛
ቁ   (2) 

But ∑ܖܑܛ૛ ࡭
૛

= ૛࢘ିࡾ
૛ࡾ

    (3) 

From (2)+(3)⇒
૛࡭૛ܖܑܛ

࢞൫૚ି࢞૜൯
+

૛࡮૛ܖܑܛ
࢟൫૚ି࢟૜൯

+
૛࡯૛ܖܑܛ

૜൯ࢠ൫૚ିࢠ
≥ ૛ √૝૜

૜ࡾ
(૛ࡾ − ࢘) 
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Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Let ࢌ(࢞) = ࢞ − ࢞૝ for all ࢞ ∈ (૙,૚) then ࢌᇱ(࢞) = ૚ − ૝࢞૜ 

(࢞)ᇱᇱࢌ = −૚૛࢞૛ now let ࢌᇱ(ࢉ) = ૙ ⇒ ࢉ = ૚

√૝૜  then ࢌ′′(࢞) < 0 at ࢞ = ૚

√૝૜  

hence at ࢞ = ૚

√૝૜  the function attains maximum then ࢌ ቀ ૚

√૝૜ ቁ ≥  (࢞)ࢌ

෍
૛ܖܑܛ ૛࡭

࢞(૚ − ࢞૜)
ࢉ࢟ࢉ

≥
૝√૝૜

૜ ෍ܖܑܛ૛
࡭
૛

ࢉ࢟ࢉ

=
૝√૝૜

૜ ෍
࢖) − ࢖)(࢈ − (ࢉ

ࢉ࢈
ࢉ࢟ࢉ

 

=
૝√૝૜

૜ ⋅
࢖)ࢇ − ࢖)(࢈ − (ࢉ + ࢖)࢈ − ࢖)(ࢇ − (ࢉ + ࢖)ࢉ − ࢖)(ࢇ − (࢈

ࢉ࢈ࢇ  

= ૝ √૝૜

૜
⋅ ࢖

૛(ࢇା࢈ାࢉ)ି૛࢖(࢈ࢇାࢉ࢈ାࢇࢉ)ା૜ࢉ࢈ࢇ
ࢉ࢈ࢇ

= ૝ √૝૜

૜
⋅ ૝ି࢖࢘ࡾ૛࢘࢖

૛

૝࢖࢘ࡾ
= ૛ √૝૜

૜ࡾ
(૛ࡾ − ࢘)  (Proved) 

 

JP.111. Prove that: 

(i) If ࢈,ࢇ, ,࢟,࢞,ࢊ,ࢉ ,ࢠ ࢚ ∈ ℝା
∗ , then: 

૝(ࢇ૛ + ૛࢈ + ૛ࢉ + ૛ࢊ + ࢞૛ + ࢟૛ + ૛ࢠ + ࢚૛) + 

+ૡඥ(ࢇ૛ + ૛࢈ + ૛ࢉ + ૛)(࢞૛ࢊ + ࢟૛ + ૛ࢠ + ࢚૛) ≥ 

≥ +ࢇ) ࢈ + ࢉ + ࢊ + ࢞ + ࢟ + +ࢠ ࢚)૛; 

(ii) If ࢈,ࢇ, ,࢟,࢞,࢖,࢔,࢓,ࢉ ࢠ ∈ ℝା
∗  then: 

૞(ࢇ૜ + ૜࢈ + ૜ࢉ + ૜࢓ + ૜࢔ + ૜࢖ + ࢞૜ + ࢟૜ + (૜ࢠ + 

+૜ඥ(ࢇ૜ + ૜࢈ + ૜࢓)(૜ࢉ + ૜࢔ + ૜)(࢞૜࢖ + ࢟૜ + ૜)૜ࢠ ≥ 

≥ ૛(ࢇ+ +࢈ ࢓)(ࢉ + ࢔ + ࢞)(࢖ + ࢟ +  (ࢠ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

૝൫ࢇ૛ + ૛࢈ + ૛ࢉ + ૛ࢊ + ࢞૛ + ࢟૛ + ૛ࢠ + ࢚૛൯ + ૡඥ(ࢇ૛ + ૛࢈ + ૛ࢉ + ૛)(࢞૛ࢊ + ࢟૛ + ૛ࢠ + ࢚૛) ≥ 

≥ ࢇ) + +࢈ ࢉ + ࢊ + ࢞ + ࢟ + ࢠ + ࢚)૛; Let ࢇ+ ࢈ + ࢉ + ࢊ = ࢇ∑ , ࢞ + ࢟ + ࢠ + ࢚ = ∑࢞, 

૛ࢇ + ૛࢈ + ૛ࢉ + ૛ࢊ = ෍ࢇ૛ ,࢞૛ + ࢟૛ + ૛ࢠ + ࢚૛ = ෍࢞૛ 



 
www.ssmrmh.ro 

 

ࡿࡴࡸ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

૝ ቀ෍ࢇ૛ + ෍࢞૛ቁ + ૡඨ
૛(ࢇ∑)

૝ ⋅
(∑࢞)૛

૝ = 

= ૝෍ࢇ૛ + ૝෍࢞૛ + ૛ ቀ෍ࢇቁ ቀ෍࢞ቁ 

≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

૛(ࢇ∑) + (∑࢞)૛ + ૛(∑ࢇ)(∑࢞) = ࢇ∑) + ∑࢞)૛ =  (Proved)   ࡿࡴࡾ

૞(ࢇ૜ + ૜࢈ + ૜ࢉ + ૜࢓ + ૜࢔ + ૜࢖ + ࢞૜ + ࢟૜ + (૜ࢠ + 

+૜ඥ(ࢇ૜ + ૜࢈ + ૜࢓)(૜ࢉ + ૜࢔ + ૜)(࢞૜࢖ + ࢟૜ + ૜)૜ࢠ ≥ 

≥ ૛(ࢇ+ +࢈ ࢓)(ࢉ + ࢔ + ࢞)(࢖ + ࢟ +  (ࢠ

Let ࢇ + ࢈ + ࢉ = ࢇ∑ ࢓, + ࢔ + ࢖ = ࢓∑ ,࢞ + ࢟ + ࢠ = ∑࢞, 

૜ࢇ + ૜࢈ + ૜ࢉ = ෍ࢇ૜ ૜࢓, + ૜࢔ + ૜࢖ = ෍࢓૜ ,࢞૜ + ࢟૜ + ૜ࢠ = ෍࢞૜  

ࡿࡴࡸ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૞

ૢ ቈ
ቀ෍ࢇቁ

૜
+ ቀ෍࢓ቁ

૜
+ ቀ෍࢞ቁ

૜
቉ + ૜ඨ

૜(ࢇ∑)

ૢ +
૜(࢓∑)

ૢ +
(∑࢞)૜

ૢ
૜

 

=
૞
ૢ ቈ
ቀ෍ࢇቁ

૜
+ ቀ෍࢓ቁ

૜
+ ቀ෍࢞ቁ

૜
቉ +

(࢞∑)(࢓∑)(ࢇ∑)
૜  

≥
ࡳି࡭ ૞

ૢ ⋅ ૜
ቀ෍ࢇቁ ቀ෍࢓ቁቀ෍࢞ቁ +

(࢞∑)(࢓∑)(ࢇ∑)
૜ = ૛ቀ෍ࢇቁቀ෍࢓ቁቀ෍࢞ቁ =  ࡿࡴࡾ

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

૝ቌ෍ࢇ૛
ࢉ࢟ࢉ

+ ෍࢞૛
ࢉ࢟ࢉ

ቍ + ૡඩቌ෍ࢇ૛
ࢉ࢟ࢉ

ቍቌ෍࢞૛
ࢉ࢟ࢉ

ቍ 

= ૝ቌඨ෍ࢇ૛
ࢉ࢟ࢉ

+ ඨ෍࢞૛
ࢉ࢟ࢉ

ቍ

૛

≥

ࡺ࡭ࡱࡹ	ࢀࡻࡻࡾ
ࡱࡾ࡭ࢁࡽࡿ

૝ቆ
∑ ࢉ࢟ࢉࢇ

√૝
+
∑ ࢉ࢟ࢉ࢞

√૝
ቇ
૛

 

= +ࢇ) ࢈ + ࢉ + ࢊ + ࢞ + ࢟ + +ࢠ ࢚)૛  (proved) 

૞ቌ෍ࢇ૜
ࢉ࢟ࢉ

+ ෍࢓૜

ࢉ࢟ࢉ

+ ෍࢞૜
ࢉ࢟ࢉ

ቍ + ૜ඩቌ෍ࢇ૜
ࢉ࢟ࢉ

ቍቌ෍࢓૜

ࢉ࢟ࢉ

ቍቌ෍࢞૜
ࢉ࢟ࢉ

ቍ
૜
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≥
ࡹࡳஹࡹ࡭

૚ૡඩቌ෍ࢇ૜
ࢉ࢟ࢉ

ቍቌ෍࢓૜

ࢉ࢟ࢉ

ቍቌ෍࢞૜
ࢉ࢟ࢉ

ቍ
૜

 

≥ ૚ૡඨ
ࢇ) + ࢈ + ૜(ࢉ

ૢ ⋅
+࢓) ࢔ + ૜(࢖

ૢ ⋅
(࢞ + ࢟ + ૜(ࢠ

ૢ
૜

 

= ૛(ࢇ+ +࢈ ࢓)(ࢉ + ࢔ + ࢞)(࢖ + ࢟ +  (ࢠ

JP.112. Prove that if ࢈,ࢇ ∈ ,ାࡾ ࢞,࢟,࢛,࢜ ∈ ∗ାࡾ  then: 

൬ࢇ ⋅
࢞
࢟ + ࢈ ⋅

࢛
࢜൰

૛
+ ቀࢇ ⋅

࢟
࢞ + ࢈ ⋅

࢜
࢛
ቁ
૛
≥ ૛(ࢇ+  ૛(࢈

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania 

Solution 1 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

By Cauchy-Schwarz we have: ࡿࡴࡸ ≥
ቀࢇ⋅࢞࢟ା࢈⋅

࢛
࢜ାࢇ⋅

࢟
࢞ା࢈⋅

࢜
࢛ቁ
૛

૛
=

ቀࢇ⋅࢞࢟ାࢇ⋅
࢟
࢞ା࢈⋅

࢛
࢜ା࢈⋅

࢜
࢛ቁ

૛

૛
 

≥ (૛ࢇା૛࢈)૛

૛
= ૛(ࢇ+ ૛(࢈ ⇒ Q.E.D. 

Solution 2 by Henry Ricardo-New York-USA 

Recalling that ࢻ+ ૚
ࢻ
≥ ૛ for ࢻ > 0 by the AM-GM inequality, we see that 

൬ࢇ ⋅
࢞
࢟ + ࢈ ⋅

࢛
࢜൰

૛
+ ቀࢇ ⋅

࢟
࢞ + ࢈ ⋅

࢜
࢛
ቁ
૛

= 

= ൬ࢇ ⋅
࢞
࢟൰

૛
+ ૛࢈ࢇ

࢛࢞
࢟࢜ + ቀ࢈ ⋅

࢛
࢜
ቁ
૛

+ ቀࢇ ⋅
࢟
࢞
ቁ
૛

+ ૛࢈ࢇ
࢟࢜
࢛࢞+ ቀ࢈ ⋅

࢜
࢛
ቁ
૛

 

= ૛ࢇ ቈ൬
࢞
࢟൰

૛
+ ቀ

࢟
࢞
ቁ
૛
቉ + ૛࢈ࢇ൬

࢛࢞
࢟࢜ +

࢟࢜
࢛࢞൰+ ૛࢈ ቈቀ

࢛
࢜
ቁ
૛

+ ቀ
࢜
࢛
ቁ
૛
቉ 

≥ 	૛ࢇ૛ + ૛࢈૛ + ૝࢈ࢇ = ૛(ࢇ +  ૛(࢈

Solution 3 by Ravi Prakash-New Delhi-India 

൬ࢇ
࢞
࢟ + ࢈

࢛
࢜൰

૛
+ ቀࢇ

࢟
࢞ + ࢈

࢜
࢛
ቁ
૛

= 

= ૛ࢇ ቆ
࢞૛

࢟૛ +
࢟૛

࢞૛ቇ + ૛࢈ ቆ
࢛૛

࢜૛ +
࢜૛

࢛૛ቇ + ૛࢈ࢇ൬
࢛࢞
࢟࢜ +

࢟࢜
࢛࢞൰ ≥ ૛ࢇ૛ + ૛࢈૛ + ૛࢈ࢇ(૛) = ૛(ࢇ+  ૛(࢈
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JP.113. Let ࢞,࢟,  :be real numbers such that ࢠ

࢞૛࢟ + ࢟૛ࢠ + ૛࢞ࢠ + ૝(࢞࢟૛ + ૛ࢠ࢟ + (૛࢞ࢠ + ૚૜࢞࢟ࢠ = ૞ 

Find the minium value of the expression: 

ࡼ = (࢞૛ + ૝࢞࢟ + ૞࢟૛)(࢟૛ + ૝࢟ࢠ+ ૞ࢠ૛)(ࢠ૛ + ૝࢞ࢠ + ૞࢞૛) + ૟࢞૛࢟૛ࢠ૛ 

Proposed Do Quoc Chinh – Vinh Phuc – Viet Nam 

Solution by proposer 

We will prove that ࡼ ≥ ૚૞. Since ࢟૛ + ૝࢟ࢠ+ ૞ࢠ૛ = (࢟+ ૛ࢠ)૛ + ૛ࢠ . And 

(࢞૛ + ૝࢞࢟ + ૞࢟૛)(ࢠ૛ + ૝࢞ࢠ + ૞࢞૛) = [(࢞ + ૛࢟)૛ + ࢟૛][࢞૛ + ࢠ) + ૛࢞)૛] = 

= [࢞(࢞+ ૛࢟) + ࢠ)࢟ + ૛࢞)]૛ + [(࢞ + ૛࢟)(ࢠ+ ૛࢞) − ࢞࢟]૛ = 

= (࢞૛ + ૝࢞࢟ + ૛(ࢠ࢟ + (૛࢞૛ + ૜࢞࢟ + ૛࢟ +  ૛(࢞ࢠ

By the Cauchy-Schwarz inequality, we have: 

ࡼ ≥ [(࢟+ ૛ࢠ)(࢞૛ + ૝࢞࢟ + (ࢠ࢟ + ૛࢞૛)ࢠ + ૜࢞࢟ + ૛࢟ࢠ + ૛[(࢞ࢠ = 

= [࢞૛࢟ + ࢟૛ࢠ + ૛࢞ࢠ + ૝(࢞࢟૛ + ૛ࢠ࢟ + (૛࢞ࢠ + ૚૚࢞࢟ࢠ]૛ = (૞− ૛࢞࢟ࢠ)૛ 

Thus, it suffies to show that: (૞ − ૛࢞࢟ࢠ)૛ + ૟࢞૛࢟૛ࢠ૛ ≥ ૚૞. 

This inequality is equivalent to (࢞࢟ࢠ − ૚)૛ ≥ ૙ 

The equality holds for ൞
࢞૛࢟ + ࢟૛ࢠ + ૛࢞ࢠ = ૚૟

૞

࢞࢟૛ + ૛ࢠ࢟ + ૛࢞ࢠ = ି૚૝
૞

ࢠ࢟࢞ = ૚

 

 

JP.114. Let ࢈,ࢇ,  :be positive real numbers. Prove that ࢉ

(a) ࢔࢒૜ ቀ࢈ࢇ
ࢉ
ቁ + ૜࢔࢒ ቀࢉ࢈

ࢇ
ቁ + ૜࢔࢒ ቀࢇࢉ

࢈
ቁ + ૛૝ ࢇ࢔࢒ ⋅ ࢈࢔࢒ ⋅ ࢔࢒ ࢉ =  (ࢉ࢈ࢇ)૜࢔࢒

(b) (࢈ࢇ)࢔࢒ ⋅ (ࢉ࢈)࢔࢒ ⋅ (ࢇࢉ)࢔࢒ = ૜࢔࢒ି(ࢉ࢈ࢇ)૜࢔࢒ ૜࢔࢒ିࢇ ૜࢔࢒ି࢈ ࢉ
૜

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Ravi Prakash-New Delhi-India 

Put ࢞ = ܖܔ ࢇ ,࢟ = ࢈ܖܔ , ࢠ = ܖܔ  With this (a) can be written as .ࢉ

(࢞ + ࢟ − ૜(ࢠ + (࢟ + ࢠ − ࢞)૜ + (࢞ + ࢠ − ࢟)૜ + ૛૝࢞࢟ࢠ = (࢞ + ࢟ +  ૜ and (b) becomes(ࢠ

(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ ࢞) =
૚
૜

[(࢞ + ࢟ + ૜(ࢠ − ࢞૜ − ࢟૜ −  [૜ࢠ
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(a) Consider 

(࢞+ ࢟ + ૜(ࢠ + (࢞ + ࢟ − ૜(ࢠ + ൫ࢠ − (࢞ − ࢟)൯
૜

+ ൫ࢠ + ࢞(࢞ − ࢟)൯
૜

 

= ૛(࢞+ ࢟)૜ + ૟(࢞ + ૛ࢠ(࢟ + ૛ࢠ૜ + ૟(࢞ − ࢟)૛ࢠ 

= ૛(࢞ + ࢟ + ૜(ࢠ − ૟(࢞ + ࢞)ࢠ(࢟ + ࢟ + (ࢠ + ૟(࢞ + ૛ࢠ(࢟ + ૟(࢞ − ࢟)૛ࢠ 

= ૛(࢞ + ࢟ + ૜(ࢠ − ૟(࢞ + ࢟)૛ࢠ − ૟(࢞ + ૛ࢠ(࢟ + ૟(࢞+ ૛ࢠ(࢟ + ૟(࢞ − ࢟)૛ࢠ 

= ૛(࢞ + ࢟ + ૜(ࢠ − ૟ࢠ[(࢞ + ࢟)૛ − (࢞ − ࢟)૛] = ૛(࢞ + ࢟ + ૜(ࢠ − ૟ࢠ(૝࢞࢟) 

⇒ (࢞+ ࢟ − ૜(ࢠ + +ࢠ) ࢞ − ࢟)૜ + +ࢠ) ࢟ − ࢞)૜ + ૛૝࢞࢟ࢠ = (࢞ + ࢟ +  ૜(ࢠ

as desired. 

(b) Consider 

(࢞ + ࢟ + ૜(ࢠ − ࢞૜ − (࢟૜ + (૜ࢠ = 

= (࢞ + ࢟ + ࢠ − ࢞)[(࢞ + ࢟ + ૛(ࢠ + ࢞(࢞ + ࢟ + (ࢠ + ࢞૛] − (࢟ + ૛࢟)(ࢠ − ࢠ࢟ +  (૛ࢠ

= (࢟ + ࢞)](ࢠ + ࢟ + ૛(ࢠ + ࢞(࢞ + ࢟ + (ࢠ + ࢞૛ − ࢟૛ + ࢠ࢟ −  [૛ࢠ

= (࢟ + ࢞)](ࢠ + ࢟ + ࢠ − ࢟)(࢞ + ࢟ + ࢠ + ࢟) + (࢞૛ + ࢞࢟ + ࢠ࢟ + (࢞ࢠ + (࢞ − ࢞)(ࢠ +  [(ࢠ

= (࢟ + +࢞)](ࢠ ࢞)}(ࢠ + ࢟) + (࢟ + {(ࢠ + (࢞ + ࢟)(࢞ + (ࢠ + (࢞ − ࢞)(ࢠ +  [(ࢠ

= (࢟ + ࢞)(ࢠ + ࢞](ࢠ + ࢟ + ࢟ + ࢠ + ࢞ + ࢟ + ࢞ − [ࢠ = ૜(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ ࢞) 

 

JP.115. If ࢈,ࢇ, ૛ࢇ are positive real numbers such that ࢉ + ૛࢈ + ૛ࢉ = ૜ then: 

ቀ૚ +
ࢇ
࢈
ቁ ൬૚ +

࢈
൰ࢉ
ቀ૚ +

ࢉ
ࢇ
ቁ ≥ ૛ +

૚ૡ
+ࢇ ࢈ +  ࢉ

Proposed by Pham Quoc Sang – Ho Chi Minh – Vietnam  

Solution 1 by Christos Eythimiou-Greece 

,࢈,ࢇ ࢉ > 0 ∧ ૛ࢇ + ૛࢈ + ૛ࢉ = ૜ ⇒ ቀ૚ +
ࢇ
࢈
ቁ൬૚ +

࢈
൰ࢉ
ቀ૚ +

ࢉ
ࢇ
ቁ ≥ ૛ +

૚ૡ
ࢇ + +࢈  ࢉ

ࢉ,࢈,ࢇ > 0 ∧ ૛ࢇ + ૛࢈ + ૛ࢉ = ૜ ⇒ ቀ૚ +
ࢇ
࢈
ቁ ൬૚ +

࢈
൰ࢉ
ቀ૚ +

ࢉ
ࢇ
ቁ = 

૛ +
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
ࢇ +

ࢇ
ࢉ +

࢈
ࢇ +

ࢉ
࢈ = ૛ +

࢈૛ࢇ + ࢉ૛࢈ + +ࢇ૛ࢉ +ࢉ૛ࢇ ࢇ૛࢈ + ࢈૛ࢉ
ࢉ࢈ࢇ = 

૛ +
ࢇ) + +࢈ +࢈ࢇ)(ࢉ +ࢉ࢈ −(ࢇࢉ ૜ࢉ࢈ࢇ

ࢉ࢈ࢇ = 
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૛ +
ࢇ) + ࢈ + +࢈ࢇ)૛(ࢉ ࢉ࢈ + −(ࢇࢉ ૜(ࢉ࢈࢈ࢇ+ +ࢇࢉࢉ࢈ (࢈ࢇࢇࢉ

+ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ ≥ 

૛ +
ቀࢇ૛ + ૛࢈ + ૛ࢉ + ૛(࢈ࢇ + ࢉ࢈ + ቁ(ࢇࢉ ࢈ࢇ) + ࢉ࢈ + −(ࢇࢉ +࢈ࢇ) +ࢉ࢈ ૛(ࢇࢉ

+ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ = 

૛ +
(૚ + ૚ + ૚ + ࢈ࢇ + ࢉ࢈ + ࢈ࢇ)(ࢇࢉ + ࢉ࢈ + (ࢇࢉ

+ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ ≥ 

૛ +
൫૟√૚ ⋅ ૚ ⋅ ૚ ⋅ ࢈ࢇ ⋅ ࢉ࢈ ⋅ ૟ࢇࢉ ൯൫૜√ࢇࢉࢉ࢈࢈ࢇ૜ ൯

+ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ = ૛ +
૚ૡ

ࢇ + +࢈  ࢉ

Solution 2 by Soumava Chakraborty-Kolkata-India 

Given inequality ⇔ (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
ࢉ࢈ࢇ

≥
(૚)

૛ + ૟ඥ૜∑ࢇ૛

ࢇ∑
		(∵ ૛ࢇ∑ = ૜) 

Let ࢇ+ ࢈ = ࢈,࢞ + ࢉ = ࢟, ࢉ + ࢇ = ࢞ Then .ࢠ + ࢟ > ,ݖ ݕ + ݖ > ,ݔ ݖ + ݔ > ݕ ⇒ ,ݕ,ݔ  are ݖ

three sides of a triangle with semiperiemeter, circumradius & inradius =  ࢘,ࡾ,࢙

respectively (say): ∴ ࢇ∑ = ࢙ ⇒ ࢉ = ࢙ − ࢇ,࢞ = ࢙ − ࢈,࢟ = ࢙ −  Using above .ࢠ

subtitution, (1) ⇔ ࢠ࢟࢞
࢘૛ࡿ

− ૛ ≥ ૟
࢙
ඥ૜∑(࢙ − ࢟)૛ ⇔ ૝࢙࢘ࡾ

࢘૛࢙
− ૛ ≥ ૟

࢙
ඥ૜∑(࢙૛ − ૛࢙࢟ + ࢟૛) ⇔ 

⇔
૛ࡾ − ࢘

࢘ ≥
૜
࢙
ඥ૜{૜࢙૛ − ૝࢙૛ + ૛(࢙૛ − ૝࢘ࡾ − ࢘૛)} ⇔ 

⇔ (૛࢘ିࡾ)૛

࢘૛
≥ ૛ૠ

࢙૛
(࢙૛ − ૡ࢘ࡾ − ૛࢘૛) ⇔ (૛ࡾ− ࢘)૛࢙૛ ≥

(૛)
૛ૠ࢘૛(࢙૛ − ૡ࢘ࡾ − ૛࢘૛) ∵ ࢙૛ ≥

૛ૠ࢘૛ ∴ it suffices to prove: (૛ࡾ − ࢘)૛ ≥ ࢙૛ − ૡ࢘ࡾ − ૛࢘૛ ⇔ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛, 

which is true by Gerretsen ⇒ (2) is true (hence proved) 

 

JP.116. If ࢈,ࢇ, ࢉ࢈ࢇ are positive real numbers such that ࢉ = ૚ then: 

ࢇ
૛ࢇ + +ࢉ࢈

࢈
૛࢈ + ࢇࢉ +

ࢉ
૛ࢉ + ࢈ࢇ ≤

૜
૛ 

Proposed by Pham Quoc Sang – Ho Chi Minh – Vietnam  

Solution by Marian Ursarescu-Romania 

Because ࢉ࢈ࢇ = ૚ ⇒ ࢇ = ࢞
࢟

࢈, = ࢟
ࢠ

, ࢉ = ࢠ
࢞
 with ࢞,࢟, ࢠ > 0. Inequality becomes: 



 
www.ssmrmh.ro 

 

෍

࢞
࢟

࢞૛
࢟૛ + ࢟

ࢠ ⋅
ࢠ
࢞

≤
૜
૛ ⇔෍

࢞
࢟

࢞૜ + ࢟૜
࢞࢟૛

≤
૜
૛ ⇔ 

⇔ ∑ ࢞૛࢟
࢞૜ା࢟૜

≤ ૜
૛
   (1) 

But ࢞૜ + ࢟૜ ≥ ࢞࢟(࢞ + ࢟) (because ࢞૜ + ࢟૜ − ࢞૛࢟ − ࢞࢟૛ ≥ ૙ ⇔ 

⇔ ࢞૛(࢞ − ࢟) + ࢟૛(࢞ − ࢟) ≥ ૙ ⇔ (࢞ − ࢟)(࢞૛ − ࢟૛) ≥ ૙ ⇔ (࢞− ࢟)૛(࢞+ ࢟) ≥ ૙ true) 

⇒ ૚
࢞૜ା࢟૜

≤ ૚
࢞࢟(࢞ା࢟)

⇒ ࢞૛࢟
࢞૜ା࢟૜

≤ ࢞
࢞ା࢟

    (2) 

From (1) + (2) we must show this: ࢞
࢞ା࢟

+ ࢟
࢟ାࢠ

+ ࢠ
ା࢞ࢠ

≤ ૜
૛
⇔ 

⇔ ૛࢞(࢟ + ࢠ)(ࢠ + ࢞) + ૛࢟(࢞ + +ࢠ)(࢟ ࢞) + ૛ࢠ(࢞ + ࢟)(࢟ + (ࢠ ≤ 

≤ ૜(࢞ + ࢟)(࢟+ +ࢠ)(ࢠ ࢞) ⇔ 

⇔ ૟࢞࢟ࢠ + ૝࢞૛࢟ + ૝࢞ࢠ૛ + ૝࢟૛ࢠ + ૛࢞ࢠ૛ + ૛࢟૛ࢠ + ૛࢟ࢠ૛ ≤ 

≤ ૟࢞࢟ࢠ + ૜࢞૛࢟ + ૜࢞ࢠ૛ + ૜࢟૛ࢠ + ૜࢞૛ࢠ + ૜࢞࢟૛ + ૜࢟ࢠ૛ ⇔ 

⇔ ૛࢟ࢠ + ࢞૛ࢠ+ ࢞࢟૛ − ࢞૛࢟ − ࢟૛ࢠ − ૛࢞ࢠ ≥ ૙ ⇔ 

⇔ ࢞࢟(࢟ − ࢞) + ࢞)ࢠ࢞ − (ࢠ + ࢠ)࢟ࢠ − ࢟) ⇔
ࢠ	࢚࢛࡮ − ࢟ = ࢠ − ࢞ + ࢞ − ࢟ ൠ ⇔ 

⇔ ࢞࢟(࢟ − ࢞) + −࢞)ࢠ࢞ (ࢠ + ࢠ)࢟ࢠ − ࢞ + ࢞ − ࢟) ≥ ૙⇔ 

⇔ (࢞࢟ − ࢟)(࢟ࢠ − ࢞) + ࢠ࢞) − −࢞)(࢟ࢠ (ࢠ ≥ ૙ 

⇔ (࢟ − ࢞)࢟(࢞ − (ࢠ + (࢞ − −࢞)ࢠ(ࢠ ࢟) ≥ ૙ ⇔ 

⇔ (࢟ − ࢞)(࢞ − ࢟)(ࢠ − (ࢠ ≥ ૙ which is true. 

 

JP.117. If ࢈,ࢇ,  :are positive real numbers then ࢉ

࢈ࢇ
૛ࢉ + +ࢇࢉ

ࢉ࢈
૛ࢇ + +࢈ࢇ

ࢇࢉ
૛࢈ + ࢉ࢈ ≥

૜
૛ +

૜
૛(ࢇ + +࢈ ૛(ࢉ ⋅ ࢇ)}ܠ܉ܕ − ,૛(࢈ ࢈) − ,૛(ࢉ ࢉ) −  {૛(ࢇ

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 

Solution by proposer 

First, we prove: ࢈ࢇ
ࢇࢉ૛ାࢉ

+ ࢉ࢈
࢈ࢇ૛ାࢇ

+ ࢇࢉ
ࢉ࢈૛ା࢈

≥ ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ
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Proof. 

࢈ࢇ
૛ࢉ + ࢇࢉ +

ࢉ࢈
૛ࢇ + ࢈ࢇ +

ࢇࢉ
૛࢈ + ࢉ࢈ ≥

ࢇ
࢈ + ࢉ +

࢈
ࢉ + +ࢇ

ࢉ
ࢇ +  ࢈

⇔
+ࢉ)࢈ −(ࢇ ࢉ࢈
+ࢉ)ࢉ (ࢇ +

+ࢇ)ࢉ −(࢈ ࢇࢉ
+ࢇ)ࢇ (࢈ +

࢈)ࢇ + (ࢉ − ࢈ࢇ
+࢈)࢈ (ࢉ ≥

ࢇ
࢈ + +ࢉ

࢈
+ࢉ ࢇ +

ࢉ
ࢇ +  ࢈

⇔ ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
≥ ࢈ାࢇ

ࢉାࢇ
+ ࢉା࢈

ࢇା࢈
+ ࢇାࢉ

࢈ାࢉ
. Let ࢞ = ࢇ

࢈
,࢟ = ࢈

ࢉ
ࢠ, = ࢉ

ࢇ
⇒ ࢠ࢟࢞ = ૚. So, 

ࢇ + ࢈
+ࢇ ࢉ =

૚ + ࢠ࢟
૚ + ࢠ = ࢟ +

૚ − ࢟
૚ + ࢠ ; 	

࢈ + ࢉ
࢈ + ࢇ =

૚ + ࢞ࢠ
૚ + ࢞ = +ࢠ

૚ − ࢠ
૚ + ࢞ 

ࢇାࢉ
࢈ାࢉ

= ૚ା࢞࢟
૚ା࢟

= ࢞ + ૚ି࢞
૚ା࢟

. We need to prove that: ࢞ି૚
࢟ା૚

+ ࢟ି૚
ା૚ࢠ

+ ૚ିࢠ
࢞ା૚

≥ ૙ 

⇔ (࢞૛ − ૚)(ࢠ+ ૚) + (࢟૛ − ૚)(࢞ + ૚) + ૛ࢠ) − ૚)(࢟+ ૚) ≥ ૙ 

⇔ ࢞૛ࢠ + ૛࢟ࢠ + ࢟૛࢞ + ࢞૛ + ࢟૛ + ૛ࢠ ≥ ࢞ + ࢟ + ࢠ + ૜   (1) 

On the other hand, we have: ࢞૛ࢠ + ૛࢟ࢠ + ࢟૛࢞ ≥ ૜࢞࢟ࢠ = ૜. And  

࢞૛ + ࢟૛ + ૛ࢠ ≥ ૚
૜

(࢞ + ࢟ + ૛(ࢠ ≥ ࢞ + ࢟ +  So (1) right! Or .ࢠ

࢈ࢇ
ࢇࢉ૛ାࢉ

+ ࢉ࢈
࢈ࢇ૛ାࢇ

+ ࢇࢉ
ࢉ࢈૛ା࢈

≥ ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

. Next, we prove: 

ࢇ
࢈ + ࢉ +

࢈
ࢉ + +ࢇ

ࢉ
ࢇ + ࢈ ≥

૜
૛ +

૜
૛(ࢇ+ ࢈ + ૛(ࢉ ⋅ ࢇ)}ܠ܉ܕ − ,૛(࢈ −࢈) ,૛(ࢉ ࢉ) −  {૛(ࢇ

Proof. Assume 

ࢇ ≥ ࢈ ≥ ࢉ ⇒ ࢇ) − ૛(ࢉ = ࢇ)}ܠ܉ܕ − ,૛(࢈ −࢈) ,૛(ࢉ ࢉ) −  {૛(ࢇ

We have: ࢇ
ࢉା࢈

− ૚
૛

+ ࢈
ࢇାࢉ

− ૚
૛

+ ࢉ
࢈ାࢇ

− ૚
૛
 

=
૚
૛ ቈ

ࢇ) − (࢈ + ࢇ) − (ࢉ
࢈ + ࢉ +

࢈) − (ࢉ + ࢈) − (ࢇ
ࢉ + ࢇ +

ࢉ) − (ࢇ + ࢉ) − (࢈
ࢇ + ࢈ ቉ 

=
૚
૛ ቈ

ࢇ) − ૛(࢈

+ࢇ) +࢈)(ࢉ (ࢉ +
࢈) − ૛(ࢉ

࢈) + ࢉ)(ࢇ + (ࢇ +
ࢉ) − ૛(ࢇ

ࢉ) + +ࢇ)(࢈  ቉(࢈

≥
૚
૛ ⋅

ࢇ) − ࢈ + ࢈ − ࢉ + ࢇ − ૛(ࢉ

ࢇ) + +࢈)(ࢉ (ࢉ + ࢈) + ࢉ)(ࢇ + (ࢇ + ࢉ) + +ࢇ)(࢈  (࢈

=
૚
૛ ⋅

૝(ࢇ − ૛(ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ + ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≥
૚
૛ ⋅

૝(ࢇ − ૛(ࢉ

ࢇ) + ࢈ + ૛(ࢉ + ૚
૜ ࢇ) + ࢈ + ૛(ࢉ

 

=
૜(ࢇ − ૛(ࢉ

૛(ࢇ+ ࢈ + ૛(ࢉ =
૜

૛(ࢇ+ +࢈ ૛(ࢉ ⋅ ࢇ)}ܠ܉ܕ − ,૛(࢈ ࢈) − ,૛(ࢉ ࢉ) −  {૛(ࢇ
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So, ࢈ࢇ

ࢇࢉ૛ାࢉ
+ ࢉ࢈

࢈ࢇ૛ାࢇ
+ ࢇࢉ

ࢉ࢈૛ା࢈
≥ ૜

૛
+ ૜

૛(ࢇା࢈ାࢉ)૛
⋅ ࢇ)}ܠ܉ܕ − ,૛(࢈ −࢈) ,૛(ࢉ ࢉ) −  {૛(ࢇ

Equality occurs if and only if ࢇ = ࢈ =  .ࢉ

 

JP.118. Let ࢈,ࢇ,  :be the three sides of a triangle. Prove that ࢉ

૜ࢇ

࢈ +
૜࢈

ࢉ +
૜ࢉ

ࢇ ≥
૜(ࢇ૜ + ૜࢈ + (૜ࢉ

ࢇ + ࢈ + ࢉ  

Proposed by Nguyen Ngoc Tu – Ha Giang – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

૜ࢇ

࢈ +
૜࢈

ࢉ +
૜ࢉ

ࢇ ≥
(૚) ૜∑ࢇ૜

ࢇ∑  

(1) ⇔ ૝ࢇࢉ૝ାࢉ࢈૝ା࢈ࢇ

ࢉ࢈ࢇ
≥ ૜∑ࢇ૜

ࢇ∑
 

⇔ ቀ෍ࢇቁ ૝࢈ࢇ) + ૝ࢉ࢈ + (૝ࢇࢉ ≥
(૛)

૜ࢉ࢈ࢇ ቀ෍ࢇ૜ቁ 

Let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟, ࢙ − ࢉ = ,࢟,࢞)ࢠ ࢠ > 0) 

∴ ࢙ = ࢞ + ࢟ + ࢠ ⇒ ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟ 

By this substitution, (2) transforms into: 

૛ ቀ(࢞ + ࢟)(࢟ + ૝(ࢠ + (࢟ + +ࢠ)(ࢠ ࢞)૝ + ࢠ) + ࢞)(࢞+ ࢟)૝ቁ (࢞ + ࢟ + (ࢠ ≥ 

≥ ૜(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)((࢞+ ࢟)૜ + (࢟ + ૜(ࢠ + +ࢠ) ࢞)૜) 

⇔ ૛∑࢞૟ + ૟∑࢞૞࢟ + ૠ∑࢞૝࢟૛ + ૛∑࢞૜࢟૜ ≥ ૜∑࢞૛࢟૝ + ૛࢞࢟ࢠ(∑࢞૛࢟) + ૟࢞࢟ࢠ(∑࢞࢟૛ +

૚ૡ࢞૛࢟૛ࢠ૛  (a) 

Now, ࢟૟ + ࢞૝࢟૛ ≥
ࡳି࡭

૛࢞૛࢟૝ →  (1a) 

૟ࢠ + ࢟૝ࢠ૛ ≥
ࡳି࡭

૛࢟૛ࢠ૝ →  (1b) 

࢞૟ + ૝࢞૛ࢠ ≥
ࡳି࡭

૛ࢠ૛࢞૝ →  (1c) 

(1a)+(1b)+(1c)⇒ ∑࢞૟ + ∑࢞૝࢟૛ ≥ ૛∑࢞૛࢟૝  (1) 

Again, ࢟૟ + ࢟૟ + ࢞૟ ≥
ࡳି࡭

૜࢞૛࢟૝ →   (2a) 

૟ࢠ + ૟ࢠ + ࢟૟ ≥
ࡳି࡭

૜࢟૛ࢠ૝ → (2b) 
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࢞૟ + ࢞૟ + ૟ࢠ ≥
ࡳି࡭

૜ࢠ૛࢞૝ → (2c) 

(2a)+(2b)+(2c)⇒ ૜∑࢞૟ ≥ ૜∑࢞૛࢟૛ ⇒ ∑࢞૟ ≥ ∑࢞૛࢟૝   (2) 

Also, ࢞૝࢟૛ + ࢟૝ࢠ૛ ≥
ࡳି࡭

૛࢞૛࢟૜ࢠ →   (3a) 

࢟૝ࢠ૛ + ૝࢞૛ࢠ ≥
ࡳି࡭

૛࢟૛ࢠ૜࢞ →   (3b) 

૝࢞૛ࢠ + ࢞૝࢟૛ ≥
ࡳି࡭

૛ࢠ૛࢞૜࢟ →  (3c) 

(3a)+(3b)+(3c)⇒ ૛∑࢞૝࢟૛ ≥ ૛࢞࢟ࢠ(∑࢞࢟૛) ⇒ ૟∑࢞૝࢟૛ ≥ ૟࢞࢟ࢠ(∑࢞࢟૛) →  (3) 

Moreover, ࢞૜࢟૜ + ࢞૜࢟૜ + ૜࢞૜ࢠ ≥
ࡳି࡭

૜࢞૜࢟૛ࢠ → (4a) 

࢟૜ࢠ૜ + ࢟૜ࢠ૜ + ࢞૜࢟૜ ≥
ࡳି࡭

૜࢟૜ࢠ૛࢞ →   (4b) 

૜࢞૜ࢠ + ૜࢞૜ࢠ + ࢟૜ࢠ૜ ≥
ࡳି࡭

૜ࢠ૜࢞૛࢟ →  (4c) 

(4a)+(4b)+(4c)⇒ ૜∑࢞૜࢟૜ ≥ ૜࢞࢟ࢠ(∑࢞૛࢟) ⇒ ૛∑࢞૜࢟૜ ≥ ૛࢞࢟ࢠ(∑࢞૛࢟) →   (4) 

Lastly, ૟∑࢞૞࢟ ≥
ࡳି࡭

૚ૡ࢞૛࢟૛ࢠ૛ → (5) 

(1)+(2)+(3)+(4)+(5)⇒(a) is true (Proved) 

 

JP.119. Let ࢈,ࢇ, +ࢇ be positive real numbers such that ࢉ ࢈ + ࢉ = ૜. Prove that: 

+ࢇ ࢈
૜ࢉ)૛ࢉ + +ࢇ (࢈ +

+࢈ ࢉ
૜ࢇ)૛ࢇ + +࢈ (ࢉ +

ࢉ + ࢇ
૜࢈)૛࢈ + +ࢉ (ࢇ ≥

૛
√૜

⋅
૛ࢇ√ + ૛࢈ + ૛ࢉ

૜ࢉ࢈ࢇ√  

Proposed by Do Quoc Chinh – Vinh Phuc – Vietnam  

Solution by proposer 

The inequality need to prove to be equivalent to: 

૜ࢉ + +ࢇ ࢈ − ૜ࢉ

૜ࢉ)૛ࢉ + ࢇ + (࢈ +
૜ࢇ + +࢈ ࢉ − ૜ࢇ

૜ࢇ)૛ࢇ + +࢈ (ࢉ +
૜࢈ + ࢉ + ࢇ − ૜࢈

૜࢈)૛࢈ + ࢉ + (ࢇ ≥
૛
√૜

⋅
૛ࢇ√ + ૛࢈ + ૛ࢉ

૜ࢉ࢈ࢇ√  

⇔
૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ ≥

૛
√૜

⋅
૛ࢇ√ + ૛࢈ + ૛ࢉ

૜ࢉ࢈ࢇ√ +
ࢇ

૜ࢇ + +࢈ +ࢉ
࢈

૜࢈ + ࢉ + ࢇ +
ࢉ

૜ࢉ + +ࢇ  ࢈

Applying the Hölder and AM-GM inequality, we have: 

෍
ࢇ

૜ࢇ + ࢈ + ࢉ = ෍
+૚)ࢇ ࢈ + ૛(ࢉ

૜ࢇ) + ࢈ + ૚)(ࢉ + ࢈ + ૛(ࢉ ≤෍
૚)ࢇ + +࢈ ૛(ࢉ

+ࢇ) +࢈ ૜(ࢉ  
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=
ࢇ∑ (૚ + ૛࢈ + ૛ࢉ + ૛ࢉ࢈+ ૛࢈+ ૛ࢉ)

૛ૠ  

=
૝(࢈ࢇ + +ࢉ࢈ (ࢇࢉ + ૛࢈)ࢇ + (૛ࢉ + ૛ࢉ)࢈ + (૛ࢇ + ૛ࢇ)ࢉ + (૛࢈ + ૟ࢉ࢈ࢇ

૛ૠ  

=
૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ + +ࢇ) ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ + ૜ࢉ࢈ࢇ + ૜

૛ૠ  

=
ૠ(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ + ૜ࢉ࢈ࢇ + ૜

૛ૠ ≤
ૠ ⋅ +ࢇ) ࢈ + ૛(ࢉ

૜ + ૜ ⋅ +ࢇ) ࢈ + ૜(ࢉ
૛ૠ + ૜

૛ૠ = ૚ 

Therefore, we need to prove that: ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
≥ ૛

√૜
⋅
ඥࢇ૛ା࢈૛ାࢉ૛

૜ࢉ࢈ࢇ√ + ૚ 

Applying the Cauchy-Schwarz inequality, we have: 

૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ ≥

૚
૜ ⋅ ൬

૚
ࢇ +

૚
࢈ +

૚
൰ࢉ

૛

≥
૜

ࢇ + ࢈ + ࢉ ⋅ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ =

૚
ࢇ +

૚
࢈ +

૚
 ࢉ

We have: ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
− ૚ = ૚

૜
⋅ +ࢇ) ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ − ૚ = ૚

૜
ቀࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ

+ ࢈
ࢇ

+ ࢉ
࢈

+ ࢇ
ࢉ
ቁ 

We need to prove that: ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ

+ ࢈
ࢇ

+ ࢉ
࢈

+ ࢇ
ࢉ
≥

૛ට૜൫ࢇ૛ା࢈૛ାࢉ૛൯

૜ࢉ࢈ࢇ√  

We will prove that: ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
≥

ට૜൫ࢇ૛ା࢈૛ାࢉ૛൯

૜ࢉ࢈ࢇ√ . Which is equivalent to:  

൬
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
൰ࢇ

૛

≥
૜(ࢇ૛ + ૛࢈ + (૛ࢉ

૛૜ࢉ૛࢈૛ࢇ√ ⇔
૛ࢇ

૛࢈ +
૛࢈

૛ࢉ +
૛ࢉ

૛ࢇ + ૛൬
࢈
+ࢇ

ࢉ
࢈ +

ࢇ
൰ࢉ ≥

૜(ࢇ૛ + ૛࢈ + (૛ࢉ
૛૜ࢉ૛࢈૛ࢇ√  

Applying the AM-GM inequality, we have:  

LHS = ∑ ૛ࢇ

૛࢈
+ ࢇ

ࢉ
+ ࢇ

ࢉ
≥ ૜∑ ට ૝ࢇ

૛ࢉ૛࢈
૜

= ૜൫ࢇ૛ା࢈૛ାࢉ૛൯

ඥࢇ૛࢈૛ࢉ૛
૜ = RHS 

Similarly, we have: ࢈
ࢇ

+ ࢉ
࢈

+ ࢇ
ࢉ
≥

ට૜൫ࢇ૛ା࢈૛ାࢉ૛൯

૜ࢉ࢈ࢇ√  

The proof of the inequality is complete. The equality holds for ࢇ = ࢈ = ࢉ = ૚. 
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JP.120. Let ࢈,ࢇ, ࢑ be positive real numbers and ࢉ ∈ [૚; ૜]. Prove that: 

૚
૛ࢇ + ࢈ࢇ + ࢇࢉ + +ࢉ࢈࢑

૚
૛࢈ + ࢉ࢈ + ࢈ࢇ + ࢇࢉ࢑ +

૚
૛ࢉ + +ࢇࢉ +ࢉ࢈ ࢈ࢇ࢑

≤
ૢ

(࢑ + ૜)(࢈ࢇ+ ࢉ࢈ +  (ࢇࢉ

Proposed by Do Quoc Chinh – Vinh Phuc – Vietnam  

Solution by proposer 

Put ૚
ࢇ

= ࢞, ૚
࢈

= ࢟, ૚
ࢉ

=  :The inequality need to prove to be equivalent to .ࢠ

૚
૛ࢇ + +࢈ࢇ ࢇࢉ + ࢉ࢈࢑

+
૚

૛࢈ + ࢉ࢈ + +࢈ࢇ ࢇࢉ࢑
+

૚
૛ࢉ + ࢇࢉ + ࢉ࢈ + ࢈ࢇ࢑

≤
ૢ

(࢑ + ૜)(࢈ࢇ+ ࢉ࢈ +  (ࢇࢉ

⇔
૚

૚
࢞૚ + ૚

࢞࢟ + ૚
࢞ࢠ + ࢑

ࢠ࢟
+

૚
૚
࢟૛ + ૚

+ࢠ࢟ ૚
࢞࢟ + ࢑

࢞ࢠ
+

૚
૚
૛ࢠ + ૚

࢞ࢠ + ૚
+ࢠ࢟ ࢑

࢞࢟
≤

ૢ

(࢑ + ૜) ቀ ૚࢞࢟+ ૚
+ࢠ࢟ ૚

ቁ࢞ࢠ
 

⇔
࢞

࢑࢞૛ + ࢞࢟ + +ࢠ࢟ ࢞ࢠ
+

࢟
࢑࢟૛ + ࢞࢟ + +ࢠ࢟ ࢞ࢠ

+
ࢠ

૛ࢠ࢑ + ࢞࢟ + +ࢠ࢟ ࢞ࢠ
≤

ૢ
(࢑+ ૜)(࢞+ ࢟ +  (ࢠ

⇔
࢞(࢞࢟ + +ࢠ࢟ (࢞ࢠ

࢑࢞૛ + ࢞࢟ + +ࢠ࢟ ࢞ࢠ
+

࢟(࢞࢟ + ࢠ࢟ + (࢞ࢠ
࢑࢟૛ + ࢞࢟ + +ࢠ࢟ ࢞ࢠ

+
+࢟࢞)ࢠ ࢠ࢟ + (࢞ࢠ

૛ࢠ࢑ + ࢞࢟ + +ࢠ࢟ ࢞ࢠ
≤

ૢ(࢞࢟ + +ࢠ࢟ (࢞ࢠ
(࢑+ ૜)(࢞+ ࢟ +  (ࢠ

⇔ ࢞−
࢑࢞૜

࢑࢞૛ + ࢞࢟ + ࢠ࢟ + ࢞ࢠ + ࢟ −
࢑࢟૜

࢑࢟૛ + ࢞࢟ + ࢠ࢟ + ࢞ࢠ + ࢠ −
૜ࢠ࢑

૛ࢠ࢑ + ࢞࢟ + ࢠ࢟ + ࢞ࢠ ≤
ૢ(࢞࢟ + ࢠ࢟ + (࢞ࢠ

(࢑ + ૜)(࢞ + ࢟ +  (ࢠ

⇔ ࢑ቆ
࢞૜

࢑࢞૛ + ࢞࢟+ +ࢠ࢟ ࢞ࢠ
+

࢟૜

࢑࢟૛ + ࢞࢟+ ࢠ࢟ + ࢞ࢠ
+

૜ࢠ

૛ࢠ࢑ + ࢞࢟ + +ࢠ࢟ ࢞ࢠ
ቇ +

ૢ(࢞࢟+ ࢠ࢟ + (࢞ࢠ
(࢑+ ૜)(࢞+ ࢟+ (ࢠ ≤ ࢞+ ࢟ +  ࢠ

Applying the Cauchy-Schwarz inequality, we have: 

෍
࢞૜

࢑࢞૛ + ࢞࢟ + +ࢠ࢟ ࢞ࢠ
≥

൫∑࢞૛൯૛

∑࢞ (࢑࢞૛ + ࢞࢟+ ࢠ࢟ + (࢞ࢠ =
൫∑࢞૛൯૛

૜ࢠ࢑࢞࢟+ (∑ ࢞)[࢑(∑࢞૛)− (࢑ − ૚)∑࢞࢟] 

Note that we have: (࢞࢟+ +ࢠ࢟ ૛(࢞ࢠ ≥ ૜࢞࢟ࢠ(࢞+ ࢟ + (ࢠ ⇔ ૜࢞࢟ࢠ ≤ (࢞࢟ା࢟ࢠା࢞ࢠ)૛

࢞ା࢟ାࢠ
 

Therefore, we have: ∑ ࢞૜

࢑࢞૛ା࢞࢟ା࢟ࢠା࢞ࢠ
≥ ൫∑ ࢞૛൯

૛
(∑࢞)

࢑(∑࢞࢟)૛ା(∑࢞)૛ൣ࢑ ∑࢞૛ି(࢑ି૚)∑࢞࢟൧
 

Therefore, we need to prove that: ࢑൫∑࢞૛൯
૛

(∑࢞)
࢑(∑࢞࢟)૛ା(∑ ࢞)૛ൣ࢑∑࢞૛ି(࢑ି૚)∑࢞࢟൧

+ ૢ(∑ ࢞࢟)
(࢑ା૜)(∑ ࢞)

≥ ∑࢞ 

⇔
࢑(∑࢞૛)૛

࢑(∑࢞࢟)૛ + (∑࢞)૛[࢑∑ ࢞૛ − (࢑− ૚)∑࢞࢟] +
ૢ(∑࢞࢟)

(࢑+ ૜)(∑࢞)૛ ≥ ૚ 

Put ࢚ = ࢞૛ା࢟૛ାࢠ૛

࢞࢟ା࢟ࢠା࢞ࢠ
		(࢚ ≥ ૚). The inequality is equivalent to: ࢑࢚૛

࢑ା(࢚ା૛)(࢑࢚ି࢑ା૚) + ૢ
(࢑ା૜)(࢚ା૛) ≥ ૚ 
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⇔
࢑࢚૛(࢑+ ૜)

࢑࢚૛ + ࢑࢚+ ࢚ − ࢑+ ૛
− ࢑ +

ૢ
࢚+ ૛

− ૜ ≥ ૙ ⇔ (࢚ − ૚) ቈ
࢑(૜࢚+ ૛− ࢑)

࢑࢚૛ + ࢑࢚ + ࢚ − ࢑+ ૛
−

૜
࢚+ ૛

቉ ≥ ૙ 

⇔ ࢑(૜࢚+ ૛ − ࢑)(࢚+ ૛) ≥ ૜[࢑࢚૛ + ࢑࢚ + ࢚ − ࢑ + ૛] 

⇔ ࢑(૜࢚૛ − ࢚࢑ − ૛࢑ + ૡ࢚ + ૝) ≥ ૜࢑࢚૛ + ૜࢑࢚+ ૜࢚ − ૜࢑ + ૟ 

⇔ ࢑૛(࢚ + ૛) − ࢑(૞࢚+ ૠ) + ૜(࢚ + ૛) ≤ ૙ ⇔ ࢑૛ − ࢑ ⋅
૞࢚ + ૠ
࢚ + ૛ + ૜ ≤ ૙ 

We see ૞࢚ାૠ
࢚ା૛

= ૞ − ૜
࢚ା૛

≥ ૞ − ૜
૚ା૛

= ૝. Therefore, we have: 

࢑૛ − ࢑ ⋅ ૞࢚ାૠ
࢚ା૛

+ ૜ ≤ ࢑૛ − ૝࢑ + ૜ = (࢑ − ૚)(࢑ − ૜) ≤ ૙. The equality for ࢇ = ࢈ =  .ࢉ

 

SP.106. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ) °૛૙ܜܗ܋ + ܜܗ܋࢈ ૝૙° + ࢉ ܜܗ܋ ૡ૙°)૜ > 9√૜࢘ቆ
૜ࢇ

ࢇ࢘
+
૜࢈

࢈࢘
+
૜ࢉ

ࢉ࢘
ቇ 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

ܜܗ܋ ૛૙°૝૙° ܜܗ܋ ૡ૙° =
ܛܗ܋ ૛૙° ܛܗ܋ ૝૙° ܛܗ܋ ૡ૙°
ܖܑܛ ૛૙° ܖܑܛ ૝૙° ܖܑܛ ૡ૙° =

ܛܗ܋ ૡ૙°

૝ܖܑܛ ૛૙° ⋅ ૚૛ ܛܗ܋) ૛૙° − (°૟૙ܛܗ܋
= 

=
ܛܗ܋ ૡ૙°

૛ ܖܑܛ ૛૙°ܛܗ܋ ૛૙° − °૛૙ܖܑܛ =
ܛܗ܋ ૡ૙°

૛ ܖܑܛ ૚૙° ܛܗ܋ ૜૙° =
૚

૛ ⋅ √૜૛

=
√૜
૜  

ܜܗ܋ ૛૙° ܜܗ܋ ૝૙° ܜܗ܋ ૡ૙° = √૜
૜

     (1) 

࢘∑ ૜ࢇ

ࢇ࢘
= ࢘∑ (ࢇି࢙)૜ࢇ

࢙࢘
= ૚

࢙
૜ࢇ∑ (࢙ −  (2)   (ࢇ

We prove that: ∑ࢇ૜ (࢙ − (ࢇ ≤ ࢙ࢉ࢈ࢇ ⇔ ૜ࢇ∑ ࢈) + ࢉ − (ࢇ ≤ +ࢇ)ࢉ࢈ࢇ ࢈ +  (ࢉ

⇔ ૛ࢇ∑ ࢇ) − ࢇ)(࢈ − (ࢉ ≥ (by Schur’s inequality) 

By (2): ࢘∑ ૜ࢇ

ࢇ࢘
≤  (3)     ࢉ࢈ࢇ

ࢇ) ܜܗ܋ ૛૙° + °૝૙ܜܗ܋࢈ + ࢉ ܜܗ܋ ૡ૙°)૜ >
ࡹࡳିࡹ࡭

૛ૠܜܗ܋ࢉ࢈ࢇ ૛૙° ܜܗ܋ ૝૙° ܜܗ܋ ૡ૙° =
(૚)

 

= ૛ૠ ⋅
√૜
૜ ࢉ࢈ࢇ ≥

(૜)
ૢ√૜࢘෍

૜ࢇ

ࢇ࢘
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SP.107. Prove that: 

ቌන࢔ࢇ࢚ࢉ࢘ࢇ૛ ࢞ࢊ࢞
૚

૙

ቍቌන
࢞ࢊ

૛࢔ࢇ࢚ࢉ࢘ࢇ ቀ ૚
࢞૛ − ࢞ + ૚ቁ

૚

૙

ቍ >
૚
૝ 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

We know ࢞ ≥ ૚ିܖ܉ܜ ࢞ and ିܖ܉ܜ૚ ࢞ ≥ ࢞ + ࢞૜

૜
 for all ࢞ ≥ ૙ 

ቌන(ିܖ܉ܜ૚ ࢞)૛࢞ࢊ
૚

૙

ቍ൮න
࢞ࢊ

ቀିܖ܉ܜ૚ ૚
࢞૛ − ࢞ + ૚ቁ

૛

૚

૙

൲ 

≥ ቌනቆ࢞ +
࢞૜

૜ ቇ
૛

࢞ࢊ
૚

૙

ቍቌන(࢞૛ − ࢞ + ૚)૛࢞ࢊ
૚

૙

ቍ 

= ቀ૚
૜

+ ૚
૟૜

+ ૛
૚૞
ቁ ቀ૚

૞
+ ૚

૜
+ ૚ − ૚

૛
− ૚ + ૛

૜
ቁ = ૚૞૛

૜૚૞
⋅ ૠ
૚૙

> ૚
૝
 (Proved) 

 

SP.108. If ࢈,ࢇ, ࢉ > 0,ܽ + ܾ + ܿ = ܾܽܿ then: 

૝(ࢇ + +ࢇ)(࢈ (ࢉ
࢈) + ૛(ࢉ +

૝(࢈ + +࢈)(ࢉ (ࢇ
ࢉ) + ૛(ࢇ +

૝(ࢉ + +ࢉ)(ࢇ (࢈
+ࢇ) ૛(࢈ ≤ ૜ + ૛ࢇ + ૛࢈ +  ૛ࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Amit Dutta-Jamshedpur-India 

The above expression can be written as 

ቊ
૝(ࢇ + ࢇ)(࢈ + (ࢉ

࢈) + ૛(ࢉ − ૚ቋ + ቊ
૝(࢈+ +࢈)(ࢉ (ࢇ

ࢉ) + ૛(ࢇ − ૚ቋ + ቊ
૝(ࢉ + ࢉ)(ࢇ + (࢈

ࢇ) + ૛(࢈ − ૚ቋ ≤ ૛ࢇ + ૛࢈ +  ૛ࢉ

Let us take ૝(ࢇା࢈)(ࢇାࢉ)
૛(ࢉା࢈)

− ૚ = ૝൫ࢇ૛ାࢉࢇା࢈ࢇାࢉ࢈൯ି(࢈ାࢉ)૛

૛(ࢉା࢈)
 

=
૝ࢇ૛ + ૝ࢉࢇ + ૝࢈ࢇ + ૝ࢉ࢈ − ૛࢈ − ૛ࢉ − ૛ࢉ࢈

+࢈) ૛(ࢉ =
૝ࢇ૛ + ૝ࢉࢇ + ૝࢈ࢇ + ૛ࢉ࢈ − ૛࢈ − ૛ࢉ

+࢈) ૛(ࢉ  

=
૝ࢇ૛ + ૝ࢉࢇ + ૝࢈ࢇ − −࢈) ૛(ࢉ

࢈) + ૛(ࢉ =
૝ࢇ)ࢇ + ࢈ + (ࢉ

࢈) + ૛(ࢉ − ൬
࢈ − ࢉ
࢈ + ൰ࢉ

૛
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=
૝(ࢉ࢈ࢇ)ࢇ
࢈) + ૛(ࢉ − ൬

࢈ − ࢉ
࢈ + ൰ࢉ

૛

{∵ ࢇ + ࢈ + ࢉ =  {ࢉ࢈ࢇ

∵ ࢉ,࢈ > ܯܣ,0 −  ܯܩ
࢈ + ࢉ
૛ ≥ തതതതࢉ࢈ ⇒ ࢈) + ૛(ࢉ ≥ ૝ࢉ࢈ 

≤
૝ࢇ૛(ࢉ࢈)

(૝ࢉ࢈) − ൬
−࢈ ࢉ
+࢈ ൰ࢉ

૛

≤ ૛ࢇ − ൬
−࢈ ࢉ
+࢈ ൰ࢉ

૛

≤ ૛ࢇ  

∴ ૝(ࢇା࢈)(ࢇାࢉ)
૛(ࢉା࢈)

− ૚ ≤ ૛ࢇ ⇒ ૝(ࢇା࢈)(ࢇାࢉ)
૛(ࢉା࢈)

≤ ૛ࢇ + ૚  (i) 

Similarly, we have 
૝(࢈ାࢉ)(࢈ାࢇ)

૛(ࢇାࢉ)
≤ ૛࢈ + ૚   (ii) 

and ૝(ࢉାࢇ)(ࢉା࢈)
૛(࢈ାࢇ)

≤ ૛ࢉ + ૚  (iii) 

Adding (i), (ii), (iii) we get the result 
૝(ࢇା࢈)(ࢇାࢉ)

૛(ࢉା࢈)
+ ૝(࢈ାࢉ)(࢈ାࢇ)

૛(ࢇାࢉ)
+ ૝ ቀ(ࢉାࢇ)(ࢉା࢈)

૛(࢈ାࢇ)
ቁ ≤ ૛ࢇ + ૛࢈ + ૛ࢉ + ૜ (proved) 

Solution 2 by Boris Colakovic-Belgrade-Serbia 

+࢈ ࢉ ≥
ࡹࡳିࡹ࡭

૛√ࢉ࢈ ⇒ ࢈) + ૛(ࢉ ≥ ૝ࢉ࢈ ⇒
૚

࢈) + ૛(ࢉ ≤
૚
૝ࢉ࢈ 

૝(ࢇା࢈)(ࢇାࢉ)
૛(ࢉା࢈)

≤ (ࢉାࢇ)(࢈ାࢇ)
ࢉ࢈

= ࢈ାࢇ
࢈
⋅ ࢉାࢇ

ࢉ
= ቀ૚ + ࢇ

࢈
ቁ ቀ૚ + ࢇ

ࢉ
ቁ = ૚ + ࢉࢇା࢈ࢇ૛ାࢇ

ࢉ࢈
   (1) 

Similarly 
૝(࢈ାࢉ)(࢈ାࢇ)

૛(ࢇାࢉ)
≤ (ࢇା࢈)(ࢉା࢈)

ࢇࢉ
= ૚ + ࢉ࢈ା࢈ࢇ૛ା࢈

ࢇࢉ
    (2) 

૝(ࢉାࢇ)(ࢉା࢈)
૛(࢈ାࢇ)

≤ ૚ + ࢉ࢈ାࢉࢇ૛ାࢉ
࢈ࢇ

   (3) 

(1)+(2)+(3)⇒ ࡿࡴࡸ ≤ ૜ + ࢉࢇା࢈ࢇ૛ାࢇ
ࢉ࢈

+ ࢉ࢈ା࢈ࢇ૛ା࢈
ࢇࢉ

+ ࢉ࢈ାࢉࢇ૛ାࢉ
࢈ࢇ

= 

= ૜ +
૜ࢇ) + ࢈૛ࢇ + (ࢉ૛ࢇ + ૜࢈) + +ࢇ૛࢈ (ࢉ૛࢈ + ૜ࢉ) + ࢇ૛ࢉ + (࢈૛ࢉ

ࢉ࢈ࢇ = 

= ૜ +
ࢇ)૛ࢇ + ࢈ + (ࢉ + +ࢇ)૛࢈ ࢈ + (ࢉ + +ࢇ)૛ࢉ ࢈ + (ࢉ

ࢇ + ࢈ + ࢉ = ૜ + ૛ࢇ + ૛࢈ +  ૛ࢉ
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Solution 3 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

By Cauchy’s inequality we get: ∑ ૝(ࢇା࢈)(ࢇାࢉ)
૛(ࢉା࢈)

≤ ∑ ૝(ࢇା࢈)(ࢇାࢉ)
૝ࢉ࢈

= ∑ ࢉ࢈ା(ࢉା࢈ାࢇ)ࢇ
ࢉ࢈

 

= ∑ ࢉ࢈ାࢉ࢈૛ࢇ
ࢉ࢈

= ૛ࢇ)∑ + ૚) = ૜ + ૛ࢇ + ૛࢈ + ૛ࢉ ⇒ Q.E.D. 

 

SP.109. If ࢈,ࢇ, ࢉ ≥ ૙;ષ(ࢇ) = ∫ ܖܑܛ ቀ ࢞
࢞૛ା૚

ቁࢇ
૙  :then ࢞ࢊ

൯(ࢉ)ષࢇା(࢈)ષࢉା(ࢇ)ષ࢈൫࣊ࢋ ≥ ૛ࢇ) + ૚)࢈)࢈૛ + ૚)ࢉ)ࢉ૛ + ૚)ࢇ 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

From Jordan’s inequality: ܖܑܛ ࢞ ≥ ૛࢞
࣊

;࢞ ≥ ૙ ⇒ ܖܑܛ ቀ ࢞
࢞૛ା૚

ቁ ≥ ૛࢞
࢞૛ା૚

⋅ ૚
࣊

 

නܖܑܛ ቀ
࢞

࢞૛ + ૚
ቁ

ࢇ

૙

࢞ࢊ ≥
૚
࣊න

૛࢞
࢞૛ + ૚

ࢇ

૙

࢞ࢊ =
૚
࣊ ܖܔ

૛ࢇ) + ૚) 

࣊ષ(ࢇ) ≥ ૛ࢇ)ܖܔ + ૚) ⇒ (ࢇ)ષ࢈࣊ ≥ ࢈ ૛ࢇ)ܖܔ + ૚) 

෍࣊࢈ષ(ࢇ) ≥෍ࢇ)ܖܔ࢈૛ + ૚) = ෍(ࢇ૛ + ૚)࢈ 

࣊෍࢈ષ(ࢇ) ≥ ૛ࢇ)ෑܖܔ + ૚)࢈ (ࢇ)ષ࢈∑࣊ࢋ; ≥ෑ(ࢇ૛ + ૚)࢈ 

൯(ࢉ)ષࢇା(࢈)ષࢉା(ࢇ)ષ࢈൫࣊ࢋ ≥ ૛ࢇ) + ૚)࢈)࢈૛ + ૚)ࢉ)ࢉ૛ + ૚)ࢇ 

Equality holds for ࢇ = ࢈ = ࢉ = ૙. 

 

SP.110. Let ࢓,࢞,࢟, ࢠ > 0 be positive real numbers and ࡲ be the area of the triangle ࡯࡮࡭. 

Prove that: 

ା૚࢓ା૛࢞࢓૛ࢇ

(࢟ + ା૚࢓(ࢠ +
ା૚࢓ା૛࢟࢓૛࢈

ࢠ) + ା૚࢓(࢞ +
ା૚࢓ࢠା૛࢓૛ࢉ

(࢞ + ା૚࢓(࢟ ≥
૛࢓ା૚

൫√૜൯
૚ି࢓ ࡲ

 ା૚࢓

Proposed by D.M. Bătinețu-Giurgiu-Romania, Martin Lukarevski-Skopje 

Solution by Soumitra Mandal-Chandar Nagore-India 

We know ࢘(࢘ + ૝ࡾ) ≥ √૜ࡲ then ∑ శ૚࢓శ૛࢞࢓૛ࢇ

(࢟ାࢠ)࢓శ૚ࢉ࢟ࢉ  
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≥
૚
૜࢓ ቐ෍

૛࢞ࢇ
࢟ + ࢠ

ࢉ࢟ࢉ

ቑ

ା૚࢓

=
૚
૜࢓ ቐ

(࢞ + ࢟ + ෍(ࢠ
૛ࢇ

࢟ + ࢠ
ࢉ࢟ࢉ

−෍ࢇ૛
ࢉ࢟ࢉ

ቑ

ା૚࢓

 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૚

૜࢓
ቐ

ࢇ) + ࢈ + ૛(ࢉ

૛ −෍ࢇ૛
ࢉ࢟ࢉ

ቑ

ା૚࢓

=
૚
૜࢓ ቊ

૛(࢈ࢇ+ +ࢉ࢈ −(ࢇࢉ ૛ࢇ − ૛࢈ − ૛ࢉ

૛ ቋ
ା૚࢓

 

=
૚
૜࢓ ቊ

૛(࢖૛ + ࢘૛ + ૝࢘ࡾ) − ૛(࢖૛ − ࢘૛ − ૝࢘ࡾ)
૛ ቋ

ା૚࢓

=
૛࢓ା૚

૜࢓
(࢘૛ + ૝࢓(࢘ࡾା૚ 

= ૛࢓శ૚

૜࢓
൫√૜ࡲ൯

ା૚࢓
= ૛࢓శ૚

൫√૜൯
 ା૚  (Proved)࢓ࡲష૚࢓

 

SP.111.  Let ࢞,࢟, ࢠ > 0 be positive real numbers and ࡲ the area of the triangle ࡯࡮࡭. Prove 

that: 

(࢟ + ૝ࢇ૛(ࢠ

࢞૛ +
ࢠ) + ࢞)૛࢈૝

࢟૛ +
ࢠ) + ࢞)૛ࢉ૝

૛ࢠ ≥ ૟૝ࡲ૛ 

Proposed by D.M. Bătinețu-Giurgiu-Romania, Martin Lukarevski-Skopje 

Solution 1 by Soumava Chakraborty-Kolkata-India 

LHS ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜
ቄ(࢟ାࢠ)ࢇ૛

࢞
+ ૛࢈(ା࢞ࢠ)

࢟
+ (࢞ା࢟)ࢉ૛

ࢠ
ቅ
૛

 

≥
૚
૜
ቐ૝ࡲඨ

(࢟ + +ࢠ)(ࢠ ࢞)
࢞࢟ +

+ࢠ) ࢞)(࢞+ ࢟)
ࢠ࢟ +

(࢞+ ࢟)(࢟ + (ࢠ
࢞࢟

ቑ

૛

 

(∵ in any ઢ	࢖,࢔,࢓∀,࡯࡮࡭ ∈ ℝା,ࢇ૛࢓ + ࢔૛࢈ + ࢖૛ࢉ ≥ ૝ࡲඥ࢔࢓+ +࢖࢔  (࢔࢖

=
૚૟ࡲ૛

૜ ⋅
࢟)ࢠ}∑ + ࢠ)(ࢠ + ࢞)}

ࢠ࢟࢞ ≥
?
૟૝ࡲ૛ ⇔෍ቄࢠ૜ + ࢠ ቀ෍࢞࢟ቁቅ ≥

?
૚૛࢞࢟ࢠ 

⇔ ∑࢞૜ + (∑࢞࢟)(∑࢞) ≥
?
૚૛࢞࢟(1)   ࢠ 

LHS of (1) ≥
ࡳି࡭

૜࢞࢟ࢠ + ቀඥ࢞࢟ࢠ૜ ⋅ ඥ࢞૛࢟૛ࢠ૛૜ ቁ ⋅ ૢ = ૜࢞࢟ࢠ+ ࢠ࢟࢞ૢ = ૚૛࢞࢟ࢠ 

⇒ (1) is true (Proved) 
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Solution 2 by Soumitra Mandal-Chandar Nagore-India 

We know ࢘(࢘ + ૝ࡾ) ≥ √૜ࡲ and ࢖૛ ≥ ૜√૜ࡲ then 

෍
(࢟ + ૝ࢇ૛(ࢠ

࢞૛
ࢉ࢟ࢉ

≥
૚
૜
ቌ෍

(࢟ + ૛ࢇ(ࢠ

࢞
ࢉ࢟ࢉ

ቍ

૛

=
૚
૜
ቐ(࢞+ ࢟ + ෍(ࢠ

૛ࢇ

࢞
ࢉ࢟ࢉ

−෍ࢇ૛
ࢉ࢟ࢉ

ቑ

૛

 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૚

૜
൛(ࢇ + ࢈ + ૛(ࢉ − ∑ ࢉ࢟ࢉ૛ࢇ ൟ૛ = ૝

૜
ቀ࢖૛ + ࢘(࢘+ ૝ࡾ)ቁ

૛
≥ ૝

૜
൫૜√૜ࡲ+ √૜ࡲ൯

૛
= ૟૝ࡲ૛      

(Proved) 

 

SP.112. Let ࢞,࢟, ࢠ > ૙ be positive real numbers and ࡲ be the area of the triangle ࡯࡮࡭ with 

circumradius ࡾ. Prove that: 

࢞
࢟ + ࢠ ࢔࢏࢙

૛ ࡭
૛ +

࢟
+ࢠ ࢞ ࢔࢏࢙

૛ ࡮
૛ +

ࢠ
࢞ + ࢔࢏࢙࢟

૛ ࡯
૛ ≥

૛√૜ࡲ
૛ࡾ  

Proposed by D.M. Bătinețu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia 

Solution by Marian Ursarescu-Romania 

First step: ∑ ࢞
࢟ାࢠ

⋅ ૛ܖܑܛ ࡭
૛

= ∑ቀ࢞ା࢟ାࢠି࢟ିࢠ
࢟ାࢠ

ቁ ૛ܖܑܛ ࡭
૛

= 

= (࢞ + ࢟ + ∑(ࢠ ૚
࢟ାࢠ

⋅ ૛ܖܑܛ ࡭
૛
− ૛ܖܑܛ∑ ࡭

૛
   (1) 

But from Cauchy inequality: ∑ ૚
࢟ାࢠ

⋅ ૛ܖܑܛ ࡭
૛
≥

ቀ∑ ૛ቁ࡭ܖܑܛ
૛

૛(࢞ା࢟ାࢠ)
   (2) 

From (1)+(2)⇒ ∑ ࢞
࢟ାࢠ

૛ܖܑܛ ࡭
૛
≥ ૚

૛
ቀ∑ܖܑܛ ࡭

૛
ቁ
૛
− ૛ܖܑܛ∑ ࡭

૛
   (3) 

From (3) inequality becomes: ૚
૛
ቀ∑ ܖܑܛ ࡭

૛
ቁ
૛
૛ܖܑܛ∑− ࡭

૛
≥ ࡲ

૛√૜ࡾ૛
 

But ࡲ =  (4)   ࢘࢖

૛ܖܑܛ∑ ࡭
૛

= ૚ − ࢘
૛ࡾ

   (5) 

And ࢔ܖܑܛ ቀ࡭
૛
ቁ+ ࢔ܖܑܛ ቀ࡮

૛
ቁ + ࢔ܖܑܛ ቀ࡯

૛
ቁ ≥ ૜

૛࢔
࢔, ∈ ℕ∗ 

In our case: ∑ ܖܑܛ ࡭
૛
≥ ૜

૛
  (6) 

From (4)+(5)+(6) inequality becomes: ૢ
ૡ
− ૚ + ࢘

૛ࡾ
≥ ࢘࢖

૛√૜ࡾ૛
   (7) 
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But ࢖ ≤ ૜√૜

૛
ࡾ ⇒ ࢘࢖

૛√૜ࡾ૛
≤ ૜࢘

૝ࡾ
  (8) 

From (7)+(8) we must show: ૜࢘
૝ࡾ
≤ ૚

ૡ
+ ࢘

૛ࡾ
⇔ ࢘

૝ࡾ
≤ ૚

ૡ
⇔ ૛࢘ ≤  (true) ࡾ

 

SP.113. If ࢞,࢟, ࢠ > 0 then: 

૝࢞࢟ࢠ(࢞૜ + ࢟૜ + (૜ࢠ ≤ (࢞૛ + ࢟૛)(࢞૝ + ࢟૝) + (࢟૛ + ૛)(࢟૝ࢠ + (૝ࢠ + ૛ࢠ) + ࢞૛)(ࢠ૝ + ࢞૝) 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

We have: ࢞࢟൫࢞૛ + ࢟૛൯ ≤ ࢞૝ + ࢟૝ ⇔ (࢞ − ࢟)૛൫࢞૛ + ࢞࢟ + ࢟૛൯ ≥ ૙ or ࢞૜࢟+ ࢞࢟૜ ≤ ࢞૝ + ࢟૝ 

and ૛࢞ࢠ + ૛࢟ࢠ − ૛ࢠ૛ ≤ ࢞૛ + ࢟૛ ⇔ (࢞ − ૛(ࢠ + (࢟ − ૛(ࢠ ≥ ૙ ⇒ 

࢞࢟(࢞૛ + ࢟૛)(૛࢞ࢠ+ ૛࢟ࢠ − ૛ࢠ૛) ≤ (࢞૛ + ࢟૛)(࢞૝ + ࢟૝) or 

૛࢞૝࢟ࢠ+ ૛࢞૛࢟૜ࢠ + ૛࢞૜࢟૛ࢠ + ૛࢞࢟૝ࢠ − ૛࢞૜࢟ࢠ૛ − ૛࢞࢟૜ࢠ૛ ≤ (࢞૛ + ࢟૛)(࢞૝ + ࢟૝) ⇒ 

૝࢞࢟ࢠ൫࢞૜ + ࢟૜ + ૜൯ࢠ = ෍ ൫૛࢞૝࢟ࢠ+ ૛࢞૛࢟૜ࢠ+ ૛࢞૜࢟૛ࢠ+ ૛࢞࢟૝ࢠ− ૛࢞૜࢟ࢠ૛ − ૛࢞࢟૜ࢠ૛൯
ࢉ࢏࢒ࢉ࢟ࢉ

≤ 

≤ ෍ (࢞૛ + ࢟૛)(࢞૝ + ࢟૝)
ࢉ࢏࢒ࢉ࢟ࢉ

 

SP.114. If ࢞,࢟, ࢠ > 0 then: 

૛ቆ൬࢞ +
૚
૛
൰
૛

+ ൬࢟ +
૚
૛
൰
૛

+ ൬ࢠ +
૚
ࢠ
൰
૛
ቇ ≤

૜
૛

+
૚
ࢠ࢟࢞

ቀ൫࢞૝ + ࢟૝൯ࢠ+ ൫࢟૝ + ૝൯࢞ࢠ + ൫ࢠ૝ + ࢞૝൯࢟ቁ+ 

+
࢞૛ + ࢟૛

ࢠ
+
࢟૛ + ૛ࢠ

࢞
+
૛ࢠ + ࢞૛

࢟
 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

We have: ૛࢞ + ૛࢟ − ૛ࢠ ≤ ࢞૛ା࢟૛

ࢠ
⇔ (࢞− ૛(ࢠ + (࢟ − ૛(ࢠ ≥ ૙ and ࢞૛ + ࢟૛ ≤ ࢞૜

࢟
+ ࢟૜

࢞
⇔ 

⇔ (࢞ − ࢟)૛(࢞૛ + ࢞࢟ + ࢟૛) ≥ ૙ therefore ∑ (૛࢞ + ૛࢟ − ૛ࢉ࢏࢒ࢉ࢟ࢉ(ࢠ + ∑ (࢞૛ + ࢟૛)ࢉ࢏࢒ࢉ࢟ࢉ ≤ 

≤ ∑ ࢞૛ା࢟૛

ࢉ࢏࢒ࢉ࢟ࢉࢠ + ∑ ቀ࢞
૜

࢟
+ ࢟૜

࢞
ቁࢉ࢏࢒ࢉ࢟ࢉ  or ૛(∑࢞૛ + ∑࢞) ≤ ૚

ࢠ࢟࢞
∑(࢞૝ + ࢟૝)  +ࢠ

+෍
࢞૛ + ࢟૛

ࢠ ⇒ ૛෍൬࢞ +
૚
૛൰

૛

≤
૜
૛ +

૚
෍ࢠ࢟࢞

(࢞૝ + ࢟૝)ࢠ + ෍
࢞૛ + ࢟૛

ࢠ  
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SP.115. Let ࢈,ࢇ,  be the lengths of the sides of a triangle with inradius ࢘ and circumradius ࢉ

,ࢇ࢘ Let .ࡾ ,࢈࢘  :be the exradii of triangle. Prove that ࢉ࢘

૚ૠ૛ૡ ⋅ ࢘૞ ≤
૟ࢇ

ࢇ࢘
+
૟࢈

࢈࢘
+
૟ࢉ

ࢉ࢘
≤ ૚૙ૡࡾ૝(ࡾ− ࢘) 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution 1 by Marian Ursărescu – Romania  

૟ࢇ

ࢇ࢘
+ ૟࢈

࢈࢘
+ ૟ࢉ

ࢉ࢘
≥ ૜ට(ࢉ࢈ࢇ)૟

ࢉ࢘࢈࢘ࢇ࢘

૜ ⇒ we must show: ૜ට(ࢉ࢈ࢇ)૟

ࢉ࢘࢈࢘ࢇ࢘

૜ ≥ ૛૟ ⋅ ૜૜࢘૞ ⇔ ૟(ࢉ࢈ࢇ)

ࢉ࢘࢈࢘ࢇ࢘
≥ ૛૚ૡ૜૟࢘૚૞   (1) 

But ࢉ࢈ࢇ = ૝࢙࢘ࡾ and ࢘ࢉ࢘࢈࢘ࢇ = ࢙૛࢘ (2). From (1)+(2) we must show:  
૛૚૛࢙૟ࡾ૟࢘૟

࢙૛࢘
≥ ૛૚ૡ ⋅ ૜૟ ⋅ ࢘૚૞ ⇔ ࢙૝ࡾ૟ ≥ ૟૟࢘૚૙ ⇔ ࢙૛ࡾ૜ ≥ ૟૜࢘૞  (3) 

But ࡾ ≥ ૛࢘ ⇒ ૜ࡾ ≥ ૡ࢘૜ and ࢙૛ ≥ ૛ૠ࢘૛ ⇒ ࢙૛ࡾ૜ ≥ ૛૜ ⋅ ૜૜ ⋅ ࢘૞ ⇒ (3) its true. Now we 

use Schur inequality: ࢇ૞(ࢇ − ࢇ)(࢈ − (ࢉ + −࢈)૞࢈ −࢈)(ࢉ (ࢇ + ࢉ)૞ࢉ − ࢉ)(ࢇ − (࢈ ≥ ૙ ⇔ 

⇔ −૞(૛ࢇ ࢈ࢇ − ࢉࢇ + (ࢉ࢈ + ૛࢈)૞࢈	 − ࢈ࢇ − +ࢉ࢈ (ࢉࢇ ૛ࢉ૞൫ࢉ + − ૝ࢉ − ࢉࢇ + ൯࢈ࢇ ≥ ૙ ⇔ 

⇔ ࢇ)૟ࢇ − ࢈ − (ࢉ + ࢈)૟࢈ − ࢉ − (ࢇ + ࢉ)૟ࢉ − ࢇ − (࢈ + ࢉ࢈૞ࢇ + +ࢉ૞࢈ࢇ ૞ࢉ࢈ࢇ ≥ ૙ ⇔ 

⇔ +࢈)૟ࢇ ࢉ − (ࢇ + ࢇ)૟࢈ + ࢉ − (࢈ + +ࢇ)૟ࢉ ࢈ − (ࢉ ≤ ૝ࢇ)ࢉ࢈ࢇ + ૝࢈ + (૝ࢉ ⇔ 

⇔ ૛ࢇ૟(࢙ − (ࢇ + ૛࢈૟(࢙ − (࢈ + ૛ࢉ૟(࢙ − (ࢉ ≤ ૝ࢇ)ࢉ࢈ࢇ + ૝࢈ + ࢇ࢘ ૝). Butࢉ = ࡿ
ࢇି࢙

⇒ 

⇒ ࢙ − ࢇ = ࡿ
ࢇ࢘
⇒ ૛ࡿቀࢇ

૟

ࢇ࢘
+ ૟࢈

࢈࢘
+ ૟ࢉ

࢈࢘
ቁ ≥ ૝ࢇ)ࢉ࢈ࢇ + ૝࢈ + ࡿ ૝)  (4). Butࢉ = ࢉ࢈ࢇ

૝ࡾ
  (5) ⇒ From 

(4)+(5) ⇒ ૟ࢇ

ࢇ࢘
+ ૟࢈

࢈࢘
+ ૟ࢉ

࢈࢘
≤ ૛ࢇ)ࡾ૝ + ૝࢈ +  :૝)  (6). From (6) we must showࢉ

૛ࢇ)ࡾ૝ + ૝࢈ + (૝ࢉ ≤ ૚૙ૡࡾ૝(ࡾ − ࢘) ⇔ ૝ࢇ + ૝࢈ + ૝ࢉ ≤ ૞૝ࡾ૜(ࡾ − ࢘)   (7) 

But ࢇ૝ + ૝࢈ + ૝ࢉ = ૛(࢙૝ − ૛࢙૛(૝࢘ࡾ+ ૜࢘૛) + ࢘૛(૝ࡾ + ࢘)૛)   (8)  

From (7)+(8) we must show: ࢙૝ − ૛࢙૛൫૝࢘ࡾ+ ૜࢘૛൯+ ࢘૛(૝ࡾ+ ࢘)૛ − ૛ૠࡾ૜(ࡾ− ࢘) ≤ ૙  (9) 

Now, let ࢌ(࢙૛) a polygon of second degree ⇒ (૛࢖)ࢌ = ૛࢖) − ࢞૚)(࢖૛ − ࢞૛), (9) its 

equivalent with ቂ࢖૛ − ࢘(૝ࡾ + ૜࢘) − ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ− ࢘)ቃ ⋅ 

⋅ ቂ࢙૛ − ࢘(૝ࡾ + ૜࢘) + ඥૡ࢘૜(૛ࡾ+ ࢘) + ૛ૠࡾ૜(ࡾ − ࢘)ቃ ≤ ૙   (10) 

(10) its true if ࢞૚ ≤ ૛࢖ ≤ ࢞૛ ,࢞૚, ࢞૛ its square, then we must show: 

࢘(૝ࡾ + ૜࢘) −ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ − ࢘) ≤ ࢙૛   (1) 
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and ࢙૛ ≤ ࢘(૝ࡾ+ ૜࢘)− ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ − ࢘)   (2) 

For (1) using Gerretsen’s inequality: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ (11) ⇔ 

⇔ ૝࢘ࡾ+ ૜࢘૛ −ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ− ࢘) ≤ ૚૟࢘ࡾ − ૞࢘૛ ⇔ 

⇔ ૡ࢘૛ = ૚૛࢘ࡾ ≤ ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ − ࢘) ⇔ 

⇔ (ૡ࢘૛ − ૚૛࢘ࡾ)૛ ≤ ૡ࢘૜(૛ࡾ+ ࢘) + ૛ૠࡾ૜(ࡾ − ࢘) ⇔ ࡾ ≥ ૛࢘   (Euler). For (12) using 

again Gerretsen’s inequality ࢙૛ ≤ ૝ࡾ૛ + ૜࢘૛ + ૝࢘ࡾ 

(12)	⇔ ૝ࡾ૛ + ૜࢘૛ + ૝࢘ࡾ ≤ ࢘(૝ࡾ + ૜࢘) − ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ− ࢘) ⇔ 

⇔ ૡ࢘૝ + ૚૟࢘ࡾ૜ − ૛ૠࡾ૜࢘+ ૚૚ࡾ૝ ≥ ૙. Let ࢞ = ࡾ
૛࢘
≥ ૚ (Euler) ⇒ we must show: 

૛૛࢞૝ − ૛ૠ࢞૜ + ૝࢞ + ૚ ≥ ૙ and with Horner and Rolle sequence ⇒ 

(࢞ − ૚) ቀ૚૚࢞૜ + (࢞ − ૚)(૚૚࢞૛ + ૟࢞ + ૚)ቁ ≥ ૙ true.  

Solution 2 by Soumava Chakraborty-Kolkata-India 

૚ૠ૛ૡ࢘૞ ≤
(ࢇ)

෍
૟ࢇ

ࢇ࢘
≤
(࢈)

૚૙ૡࡾ૝(ࡾ − ࢘) 

෍
૟ࢇ

ࢇ࢘
≤ ૚૙ૡࡾ૝(ࡾ − ࢘) ⇔෍ࢇ૟(࢙ − (ࢇ ≤ ૚૙ૡ࢘૝ઢ(ࡾ − ࢘) ⇔෍ࢇ૟(࢙ − (ࢇ ≤

(૚)
૚૙ૡࡾ૞ ⋅ 

⋅ ઢ ቀ૚ −
࢘
ࡾ
ቁ = ૚૙ૡ

૞ࢉ૞࢈૞ࢇ

૚૙૛૝ઢ૞ ⋅ ઢ ൬૚ −
ઢ
࢙ ⋅

૝ઢ
൰ࢉ࢈ࢇ = 

= ૛ૠ
૛૞૟

⋅ ࢇ
૝࢈૝ࢉ૝൫ିࢉ࢈ࢇ૝(࢙ିࢇ)(࢙ି࢈)(࢙ିࢉ)൯

࢙૛(࢙ିࢇ)૛(࢙ି࢈)૛(࢙ିࢉ)૛
. Let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟, ࢙ − ࢉ = ࢠ ∴ ࢙ = ࢞ + ࢟ + ࢠ ⇒ 

⇒ ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟. Using this substitution, (1) transforms into: 

૛ૠ{(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ ࢞) − ૝࢞࢟ࢠ}(࢞ + ࢟)૝(࢟ + +ࢠ)૝(ࢠ ࢞)૝ − ૛૞૟࢞૛࢟૛ࢠ૛(࢞+ ࢟ + ૛(ࢠ ⋅ 

⋅ {࢞(࢟ + ૟(ࢠ + ࢠ)࢟ + ࢞)૟ + ࢞)ࢠ + ࢟)૟} ≥ ૙ ⇔ ૛ૠቀ෍࢞૚૙࢟૞ + ෍࢞૞࢟૚૙ቁ + 

+૚૜૞ ቀ෍࢞ૢ࢟૟ + ෍࢞૟࢟ૢቁ + ૚૜૞࢞࢟ࢠ ቀ෍࢞ૢ࢟૜ + ෍࢞૜࢟ૢቁ + 

+૚૝࢞૛࢟૛ࢠ૛ ቀ෍࢞ૡ࢟ + ෍࢞࢟ૡቁ + ૠ૙૛࢞࢟ࢠ ቀ෍࢞ૡ࢟૝ + ෍࢞૝࢟ૡቁ + 

+૚૙ૡ૚࢞૛࢟૛ࢠ૛ ቀ෍࢞ૠ࢟૛ + ෍࢞૛࢟ૠቁ + ૛ૠ૙ ቀ෍࢞ૡ࢟ૠ + ෍࢞ૠ࢟ૡቁ + 

+૚૞ૢ૜࢞࢟ࢠቀ෍࢞ૠ ࢟૞ + ෍࢞૞࢟ૠቁ + ૜ૢ૛ૢ࢞૛࢟૛ࢠ૛ ቀ෍࢞૟࢟૜ + ෍࢞૜࢟૟ቁ + 
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+૟૝ૡ૙࢞૛࢟૛ࢠ૛ ቀ෍࢞૞࢟૝ + ෍࢞૝࢟૞ቁ + ૛૙૞૛࢞࢟ࢠ ቀ෍࢞૟࢟૟ቁ + ૡ૙ૠ૟࢞૞࢟૞ࢠ૞ ≥
(૛)

 

≥ ૛૙૝૝࢞૜࢟૜ࢠ૜ ቀ෍࢞૟ቁ + ૝૛ૠ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ + 

+૝૚૙૙࢞૜࢟૜ࢠ૜ ቀ෍࢞૝࢟૛ + ෍࢞૛࢟૝ቁ + ૠ૜૞૟࢞૝࢟૝ࢠ૝ ቀ෍࢞૜ቁ + 

+૜ૠૠ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૜࢟૜ቁ + ૚ૠૡ૙࢞૝࢟૝ࢠ૝ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ 

෍࢞ૠ࢟૛ + ෍࢞૛࢟ૠ = ෍࢞ૠ(࢟૛ + (૛ࢠ ≥
ࡳି࡭

෍࢞ૠ ⋅ ૛࢟ࢠ = ૛࢞࢟ࢠ ቀ෍࢞૟ቁ 

∴ ૚૙૛૛࢞૛࢟૛ࢠ૛ ቀ෍࢞ૠ࢟૛ + ෍࢞૛࢟ૠቁ ≥
(࢏)
૛૙૝૝࢞૜࢟૜ࢠ૜ ቀ෍࢞૟ቁ 

෍࢞૟࢟૜ + ෍࢞૜࢟૟ = ෍࢞૟(࢟૜ + (૜ࢠ ≥෍࢞૟࢟ࢠ (࢟ + (ࢠ = ࢠ࢟࢞ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ 

∴ ૜ૢ૛ૢ࢞૛࢟૛ࢠ૛ ቀ෍࢞૟࢟૜ + ෍࢞૜࢟૟ቁ ≥
(࢏࢏)

૜ૢ૛ૢ࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ 

෍࢞ૠ࢟૛ + ෍࢞૛࢟ૠ = ෍࢞ૠ(࢟૛ + (૛ࢠ ≥
ࡳି࡭

෍࢞ૠ ⋅ ૛࢟ࢠ = ቀ૛෍࢞૟ቁࢠ࢟࢞ = 

= ቀ෍൫࢞૟ࢠ࢟࢞ + ࢟૟൯ቁ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

ࢠ࢟࢞ ⋅
૚
૛
⋅෍൫࢞૛ + ࢟૛൯ ൫࢞૝ + ࢟૝൯ ≥

ࡳି࡭
෍࢞࢟൫࢞૝ࢠ࢟࢞ + ࢟૝൯ 

= ࢠ࢟࢞ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ ⇒ ૞ૢ࢞૛࢟૛ࢠ૛ ቀ෍࢞ૠ࢟૛ + ෍࢞૛࢟ૠቁ ≥
(࢏࢏࢏)

 

≥ ૞ૢ࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ 

෍࢞ૢ࢟૜ + ෍࢞૜࢟ૢ = ෍ࢠ૜ (࢞ૢ + ࢟ૢ) ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛෍ࢠ૜ (࢞૛ + ࢟૛)(࢞ૠ + ࢟ૠ) ≥
ࡳି࡭

 

≥෍ࢠ૜ ࢞࢟(࢞ૠ + ࢟ૠ) = ࢠ࢟࢞ ቄ෍ࢠૠ(࢞૛ + ࢟૛)ቅ ≥
ࡳି࡭

ࢠ࢟࢞ ቀ෍ࢠૠ ⋅ ૛࢞࢟ቁ = 

= ࢞૛࢟૛ࢠ૛ ቀ૛෍࢞૟ቁ = ࢞૛࢟૛ࢠ૛ ቀ෍(࢞૟ + ࢟૟)ቁ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛࢞
૛࢟૛ࢠ૛෍(࢞૛ + ࢟૛) (࢞૝ + ࢟૝) 

≥
ࡳି࡭

࢞૛࢟૛ࢠ૛෍࢞࢟(࢞૝ + ࢟૝) = ࢞૛࢟૛ࢠ૛ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ ⇒ 

⇒ ૚૜૞࢞࢟ࢠ ቀ෍࢞ૢ࢟૜ + ෍࢞૜࢟ૢቁ ≥
(࢜࢏)

૚૜૞࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ 

෍࢞ૡ࢟ + ෍࢞࢟ૡ = ෍ࢠ(࢞ૡ + ࢟ૡ) ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛෍ࢠ(࢞૛ + ࢟૛)(࢞૟ + ࢟૟) ≥
ࡳି࡭
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≥෍࢞࢟ࢠ (࢞૟ + ࢟૟) ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛࢞࢟ࢠ ⋅෍
(࢞૛ + ࢟૛)(࢞૝ + ࢟૝) ≥

ࡳି࡭
 

≥ ෍࢞࢟ࢠ࢟࢞ (࢞૝ + ࢟૝) = ࢠ࢟࢞ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ ⇒ 

⇒ ૚૝࢞૛࢟૛ࢠ૛ ቀ෍࢞ૡ࢟ + ෍࢞࢟ૡቁ ≥
(࢜)

૚૝࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ 

෍࢞ૡ࢟૝ + ෍࢞૝࢟ૡ = ෍ࢠૡ(࢞૝ + ࢟૝) ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛෍ࢠૡ (࢞૛ + ࢟૛)૛ ≥
ࡳି࡭

 

≥ ૛෍ࢠૡ ࢞૛࢟૛ = ࢞૛࢟૛ࢠ૛ ⋅෍(࢞૟ + ࢟૟) ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛࢞
૛࢟૛ࢠ૛ ⋅෍(࢞૛ + ࢟૛)(࢞૝ + ࢟૝) ≥ 

≥
ࡳି࡭

࢞૛࢟૛ࢠ૛ ⋅෍࢞࢟ (࢞૝ + ࢟૝) = ࢞૛࢟૛ࢠ૛ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ ⇒ 

⇒ ૚૜૞࢞࢟ࢠ ቀ෍࢞ૡ ࢟૝ + ෍࢞૝࢟ૡቁ ≥
(࢏࢜)

૚૜૞࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟ + ෍࢞࢟૞ቁ 

෍࢞૟࢟૟ + ૜࢞૝࢟૝ࢠ૝ ≥
࢛࢘ࢎࢉࡿ

࢞૛࢟૛ࢠ૛ ቀ෍࢞૝࢟૛ + ෍࢞૛࢟૝ቁ ⇒ 

⇒ ૛૙૞૛࢞࢟ࢠቀ෍࢞૟࢟૟ቁ + ૟૚૞૟࢞૞࢟૞ࢠ૞ ≥
(࢏࢏࢜)

૛૙૞૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૝࢟૛ + ෍࢞૛࢟૝ቁ 

૚૙૛૝ ቀ෍࢞ૠ࢟૞ + ෍࢞૞࢟ૠቁ ≥
ࡳି࡭

૛૙૝ૡ෍࢞૟࢟૟ ⇒ ૚૙૛૝ ቀ෍࢞ૠ࢟૞ + ෍࢞૞࢟ૠቁ+ 

+૟૚૝૝࢞૞࢟૞ࢠ૞ ≥ ૛૙૝ૡቀ෍࢞૟ ࢟૟ + ૜࢞૞࢟૞ࢠ૞ቁ ≥
(࢏࢏࢏࢜)

࢛࢘ࢎࢉࡿ
૛૙૝ૡ࢞૜࢟૜ࢠ૜ ቀ෍࢞૝࢟૛ + ෍࢞૛࢟૝ቁ 

෍࢞૞࢟૝ + ෍࢞૝࢟૞ = ෍࢞૞(࢟૝ + (૝ࢠ ≥
ࡳି࡭

૛࢞૛࢟૛ࢠ૛ ቀ෍࢞૜ቁ ⇒ 

⇒ ૜૟ૠૡ࢞૛࢟૛ࢠ૛ ቀ෍࢞૞࢟૝ + ෍࢞૝࢟૞ቁ ≥
(࢞࢏)

ૠ૜૞૟࢞૝࢟૝ࢠ૝ ቀ෍࢞૜ቁ 

෍࢞૞࢟૝ + ෍࢞૝࢟૞ = ෍࢞૝൫࢟૞ + ૞൯ࢠ ≥
૚
૛෍࢞૝ (࢟૛ + ૛)(࢟૜ࢠ + (૜ࢠ ≥

ࡳି࡭
 

≥෍࢞૝࢟ࢠ (࢟૜ + (૜ࢠ = ෍(࢞૜࢟૜ࢠ࢟࢞ + ࢞૜ࢠ૜) = ૛࢞࢟ࢠቀ෍࢞૜࢟૜ቁ ⇒ 

⇒ ૚ૡૡ૟࢞૛࢟૛ࢠ૛ ቀ෍࢞૞࢟૝ + ෍࢞૝࢟૞ቁ ≥
(࢞)

૜ૠૠ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૜࢟૜ቁ 

∑࢞૞࢟૝ + ∑࢞૝࢟૞ ≥  (proved above)  (૛∑࢞૜࢟૜)ࢠ࢟࢞

≥
ࡳି࡭ା࢛࢘ࢎࢉࡿ

࢞૛࢟૛ࢠ૛ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ ⇒ 
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⇒ ૢ૚૟࢞૛࢟૛ࢠ૛ ቀ෍࢞૞ ࢟૝ + ෍࢞૝࢟૞ቁ ≥
(࢏࢞)

ૢ૚૟࢞૝࢟૝ࢠ૝ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ 

෍࢞ૠ࢟૞ + ෍࢞૞࢟ૠ ≥
ࡳି࡭

૛෍࢞૟࢟૟ = ෍(࢞૟࢟૟ + ࢟૟ࢠ૟) = ෍࢟૟(࢞૟ + (૟ࢠ ≥
ࡳି࡭

 

≥෍࢟૟ ⋅ ૛࢞૜ࢠ૜ = ࢞૜࢟૜ࢠ૜ ቀ૛෍࢞૜ቁ ≥
ࡳି࡭ା࢛࢘ࢎࢉࡿ

	 ࢞૜࢟૜ࢠ૜ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ ⇒ 

⇒ ૞૟ૢ࢞࢟ࢠ ቀ෍࢞ૠ࢟૞ + ෍࢞૞࢟ૠቁ ≥
(࢏࢏࢞)

૞૟ૢ࢞૝࢟૝ࢠ૝ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ 

෍࢞ૡ࢟૝ + ෍࢞૝࢟ૡ ≥
ࡳି࡭

૛෍࢞૟࢟૟ ≥
ࡳି࡭ା࢛࢘ࢎࢉࡿ

࢞૛࢟૛ࢠ૛ ቀ෍࢞૝࢟૛ + ෍࢞૛࢟૝ቁ ≥ 

≥
ࡳି࡭

࢞૛࢟૛ࢠ૛ ቀ෍૛࢞૜࢟૜ቁ ≥
ࡳି࡭ା࢛࢘ࢎࢉࡿ

࢞૜࢟૜ࢠ૜ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ ⇒ 

⇒ ૛ૢ૞࢞࢟ࢠቀ෍࢞ૡ࢟૝ + ෍࢞૝࢟ૡቁ ≥
(࢏࢏࢏࢞)

૛ૢ૞࢞૝࢟૝ࢠ૝ ቀ෍࢞૛࢟ + ෍࢞࢟૛ቁ 

Lastly, ૛ૠ൫∑࢞૚૙࢟૞ +∑࢞૞࢟૚૙൯+ ૛ૠ૛࢞࢟ࢠ൫∑࢞ૡ࢟૝ +∑࢞૝࢟ૡ൯+ ૚૜૞൫∑࢞ૢ࢟૟ + ∑࢞૟࢟ૢ൯+ 

+૛ૠ૙ ቀ෍࢞ૡ࢟૞ + ෍࢞ૠ࢟ૡቁ ≥
(࢜࢏࢞)

ࡳି࡭
ૠ૙૝ ⋅ ૟࢞૞࢟૞ࢠ૞ = ૝૛૛૝࢞૞࢟૞ࢠ૞ 

(i)+(ii)	+(iii)	+(iv)	+(v)	+(vi)	+(vii)	+(viii) 

(ix)	+(x)	+(xi)	+(xii)	+(xiii)	+(xiv) 

⇒ (2) is true ⇒ (b) is true (*) 

Also, ∑ ૟ࢇ

ࢇ࢘
≥
ࡳି࡭ ૜ࢇ૛࢈૛ࢉ૛

ඥ࢙࢘૛
૜ ≥

࢘ஸ ࢙
૜√૜ ૜√૜⋅૚૟ࡾ૛࢘૛࢙૛

࢙
≥

࢙ஹ૜√૜࢘
૛ૠ ⋅ ૚૟ࡾ૛࢘૜ ≥

ஹ૛࢘ࡾ
૛ૠ ⋅ ૟૝࢘૞ = ૚ૠ૛ૡ࢘૞ ⇒ 

⇒ (a) is true (*) (Done) 

 

SP.116. A triangle with side lenghts ࢈,ࢇ,   .has perimeter equal to ૜ ࢉ

Prove that:  ࢇ૜ + ૜࢈ + ૜ࢉ + ૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Soumava Chakraborty-Kolkata-India 

૚ = ࢇ∑
૜
∴ given inequality ⇔ (૜ࢇ∑)(ࢇ∑) + ૜∑ࢇ૝ ≥ ૟∑ࢇ૛࢈૛ 

⇔෍ࢇ૝ + ෍ࢇ૜࢈ + ෍࢈ࢇ૜ + ૜෍ࢇ૝ ≥ ૟෍ࢇ૛  ૛࢈

⇔ ૝∑ࢇ૝ + +࢈૜ࢇ∑ ૜࢈ࢇ∑ ≥ ૟∑ࢇ૛࢈૛    (1) 
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Now, ∑ࢇ૜࢈ + ૜࢈ࢇ∑ ≥
(ࢇ)

ࡳି࡭
૛∑ࢇ૛࢈૛. Also, ૝∑ࢇ૝ ≥

(࢈)
૝∑ࢇ૛࢈૛ 

(a)+(b)⇒(1) is true (Proved) 

 

SP.117. Let ࡯࡮࡭ be a triangle with inradius ࢘ and circumradius ࡾ. Prove that: 

a. ૡ√૜
૜
≤ ૚

૛࡭૜࢙࢕ࢉ
+ ૚

૛࡮૜࢙࢕ࢉ
+ ૚

૛࡯૜࢙࢕ࢉ
≤ ૛√૜

૜
ቀࡾ
૛
ቁ
૛
 

b. ૢ ቀ࢘
ࡾ
ቁ
૛
≤ ૛࢙࢕ࢉ ࡭

૛
+ ૛࢙࢕ࢉ ࡮

૛
+ ૛࢙࢕ࢉ ࡯

૛
≤ ૢ

૝
 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Soumava Chakraborty-Kolkata-India 

෍൬ܛܗ܋૜
࡭
૛൰

ି૚

= ෍
ૡܛܗ܋૜ −࡮ ࡯

૛

ቀ૛ ࡮ܖܑܛ + ૛
૛ ࡮ܛܗ܋ − ࡯

૛ ቁ
૜ ≤෍

ૡ
࡮ܖܑܛ) + ܖܑܛ  ૜(࡯

൬∵ ૙ < ܛܗ܋
࡮ − ࡯
૛ ≤ ૚	࢙ࢇ −

࣊
૛ <

࡮ − ࡯
૛ <

࣊
૛൰ 

= ෍
૟૝ࡾ૜

࢈) + ૜(ࢉ = ෍
૟૝ࡾ૜

૜࢈ + ૜ࢉ + ૜࢈)ࢉ࢈+ (ࢉ ≤
(૚)

෍
૟૝ࡾ૜

+࢈)ࢉ࢈ (ࢉ + ૜࢈)ࢉ࢈+  (ࢉ

= ෍
૚૟ࡾ૜

+࢈)ࢉ࢈ (ࢉ =
૚૟ࡾ૜ ࢉ)ࢇ∑ + +ࢇ)(ࢇ (࢈
+ࢇ)ࢉ࢈ࢇ +࢈)(࢈ +ࢉ)(ࢉ (ࢇ =

૚૟ࡾ૜ ࢈ࢇ∑)ࢇ∑ + (૛ࢇ
૝ࢇ)࢙࢘ࡾ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ = 

= ૝ࡾ૛

࢙࢘
ቀ૛࢙ ࢇ∑ା࢈ࢇ∑

૜

(࢈ାࢇ)࣊
ቁ. Now, ∑ࢇ૜ = ૜ࢉ࢈ࢇ + ૛࢙(∑ࢇ૛ (࢈ࢇ∑− = 

= ૚૛࢙࢘ࡾ+ ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) =
(૚ࢇ)

૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛) &  

ෑ(ࢇ+ (࢈ = ૛ࢉ࢈ࢇ + ෍࢈ࢇ (૛࢙ − (ࢉ = ૛࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૝࢙࢘ࡾ =
(૛ࢇ)

 

= ૛࢙(࢙૛ + ૛࢘ࡾ+ ࢘૛) 

(1), (a2), (a3) ⇒ ∑ቀܛܗ܋૜ ࡭
૛
ቁ
ି૚

≤ ૝ࡾ૛

࢙࢘
⋅ ૛࢙൫૛࢙

૛ି૝ି࢘ࡾ૛࢘૛൯
૛࢙൫࢙૛ା૛࢘ࡾା࢘૛൯

≤
(?) ૛ࡾ૛

√૜࢘૛
⇔ 

⇔ ૝√૜࢘(࢙૛ ࢘ࡾ− − ࢘૛) ≤
(?)
࢙(࢙૛ + ૛࢘ࡾ + ࢘૛) ⇔ ࢙૛(࢙૛ + ૛࢘ࡾ+ ࢘૛)૛ ≥

(?)
 

≥ ૝ૡ࢘૛(࢙૛ − ࢘ࡾ − ࢘૛)૛ ⇔ ࢙૛ ቀ࢙૝ + ࢘૛(૛ࡾ + ࢘)૛ + ૛࢙૛(૛࢘ࡾ+ ࢘૛)ቁ ≥
(?)
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≥ ૝ૡ࢘૛ ቀ࢙૝ + ࢘૛(ࡾ + ࢘)૛ − ૛࢙૛(࢘ࡾ+ ࢘૛)ቁ ⇔ ࢙૟ + ૛࢙૝(૛࢘ࡾ+ ࢘૛) + ࢙૛࢘૛(૛ࡾ + ࢘)૛ + 

+ૢ૟࢙૛࢘૛(࢘ࡾ+ ࢘૛) ≥
(૜ࢇ)

?
૝ૡ࢘૛࢙૝ + ૝ૡ࢘૝(ࡾ + ࢘)૛ 

Now, LHS of (a3)	 ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૝൫૛૙࢘ࡾ − ૜࢘૛൯ + ࢙૛࢘૛൛(૛ࡾ+ ࢘)૛ + ૢ૟൫࢘ࡾ+ ࢘૛൯ൟ ≥
(?)
૝ૡ࢘૛࢙૝ + 

+૝ૡ࢘૝(ࡾ + ࢘)૛ ⇔ ࢙૝(૛૙࢘ࡾ − ૝૙࢘૛) + ࢙૛࢘૛{(૛ࡾ+ ࢘)૛ + ૢ૟(࢘ࡾ + ࢘૛)} ≥
(૝ࢇ)

?
 

≥
૚

࢙૝࢘૛ + ૝ૡ࢘૝(ࡾ+ ࢘)૛ 

Now, LHS of (a4) ≥
(࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
࢙૛࢘૛(૚૟ࡾ − ૞࢘)(૛૙ࡾ − ૝૙࢘) + ࢙૛࢘૛{(૛ࡾ+ ࢘)૛ +

ૢ૟࢘ࡾ+࢘૛ and also, RHS of (a4)) ≥࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ࢏࢏૚૚࢙૛࢘૛૝ࡾ૛+૝࢘ࡾ+૜࢘૛+૝ૡ࢘૝ࡾ+࢘૛ 

(i) & (ii) ⇒ in order to prove (a4), it suffices to prove: 

࢙૛{(૚૟ࡾ − ૞࢘)(૛૙ࡾ − ૝૙࢘) + (૛ࡾ + ࢘)૛ + ૢ૟(࢘ࡾ + ࢘૛) − ૚૚(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)} ≥ 

≥ ૝ૡ࢘૛(ࡾ + ࢘)૛ ⇔ ࢙૛(ૠ૙ࡾ૛ − ૚ૠ૚࢘ࡾ+ ૟૟࢘૛) ≥
(૞ࢇ)

 

≥ ૚૛࢘૛(ࡾ + ࢘)૛ ∵ ૠ૙ࡾ૛ − ૚ૠ૚࢘ࡾ+ ૟૟࢘૛ = ࡾ) − ૛࢘)(ૠ૙ࡾ− ૜૚࢘) + ૝࢘૛ > 0 

∴ LHS of (a5) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ− ૞࢘૛)(ૠ૙ࡾ૛ − ૚ૠ૚࢘ࡾ+ ૟૟࢘૛) ≥
?
૚૛࢘૛(ࡾ + ࢘)૛ ⇔ 

⇔ ૚૚૛૙࢚૜ − ૜૙ૢૡ࢚૛ + ૚ૡૡૠ࢚ − ૜૝૛ ≥
?
૙   ቀ࢚ = ࡾ

࢘
ቁ 

⇔ (࢚ − ૛)(૚૚૛૙࢚૛ − ૡ૞ૡ࢚ + ૚ૠ૚) ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ ⇒ ∑ቀܛܗ܋૜ ࡭

૛
ቁ
ି૚

≤ ૛√૜
૜
ቀࡾ
࢘
ቁ
૛

 

Also, ∑ ૚

૛࡭૜ܛܗ܋
≥

࢔࢕ࢊࢇࡾ ૜૝

ቀ∑ ૛ቁ࡭ܛܗ܋
૜ ≥
࢔ࢋ࢙࢔ࢋࡶ ૜૝

൬૜√૜૛ ൰
૜ 

(∵ (࢞)ࢌ = ܛܗ܋ ࢞
૛

 is concave on (૙,࣊)) 

=
૜૝ ⋅ ૡ
૜૜ ⋅ ૜√૜

=
ૡ
√૜

=
ૡ√૜
૜ ∴ ෍

૚

૜ܛܗ܋ ૛࡭
≥
ૡ√૜
૜  

∴ both bounds of (a) are proved. Now, ∑ܛܗ܋૛ ࡭
૛

= ૚
૛
∑(૚ + (࡭ܛܗ܋ = ૚

૛
ቀ૜ + ૚ + ࢘

ࡾ
ቁ =

(૚࢈)
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=
૚
૛ ൬

૝ࡾ + ࢘
ࡾ ൰ 

(b1) ⇒ ૛ܛܗ܋∑ ࡭
૛
≥ ૢ࢘૛

૛ࡾ
⇔ ૝ࡾା࢘

૛ࡾ
≥ ૢ࢘૛

૛ࡾ
⇔ ࡾ૝)ࡾ + ࢘) ≥ ૚ૡ࢘૛ ⇔ ૝ࡾ૛ + ࢘ࡾ − ૚ૡ࢘૛ ≥ ૙ 

⇔ −ࡾ) ૛࢘)(૝ࡾ+ ૢ࢘) ≥
?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘ ∴ ∑ ૛ܛܗ܋ ࡭

૛
≥ ૢቀ࢘

ࡾ
ቁ
૛

. Also, (b1)⇒ 

⇒ ૛ܛܗ܋∑ ࡭
૛
≤ ૢ

૝
⇔ ૝ࡾା࢘

૛ࡾ
≤ ૢ

૝
⇔ ࡾૢ ≥ ૡࡾ + ૛࢘ ⇔ ࡾ ≥ ૛࢘ → true (Euler) 

∴ ૛ܛܗ܋∑ ࡭
૛
≤ ૢ

૝
∴ both bounds of (b) are proved (Done) 

 

SP.118. Let ࢈,ࢇ, ࢉ > 0 such that: ࢇ૛ + ૛࢈ + ૛ࢉ = ૜. Find the minimum of the expression: 

ࡼ =
૜ࢇ

ට࢈
ૡ + ૡࢉ
૛ + ૞ࢉ࢈

૝
+

૜࢈

ටࢉ
ૡ + ૡࢇ
૛

૝
+ ૞ࢇࢉ

+
૜ࢉ

ටࢇ
ૡ + ૡ࢈
૛

૝
+ ૞࢈ࢇ

+
+ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ

૚૟  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer  

* By Cauchy-Schwarz’s inequality we have: 

ቀඥ૛(࢈ૡ + (ૡࢉ + ૛࢈૛ࢉ૛ቁ
૛
≤ ૛൫૛൫࢈ૡ + ૡ൯ࢉ + ૝࢈૝ࢉ૝൯ = ૝൫࢈ૡ + ૛࢈૝ࢉ૝ + ૡ൯ࢉ = ૝൫࢈૝ + ૝൯ࢉ

૛
 

⇒ ඥ૛(࢈ૡ + (ૡࢉ + ૛࢈૛ࢉ૛ ≤ ૛(࢈૝ + (૝ࢉ ⇔ ඥ૛(࢈ૡ + (ૡࢉ ≤ ૛(࢈૝ − ૛ࢉ૛࢈ + (૝ࢉ ⇔ 

⇔ ඨ࢈
ૡ + ૡࢉ

૛
૝

≤ ඥ࢈૝ − ૛ࢉ૛࢈ + ૝ࢉ ⇒ 

⇒ ඨ࢈
ૡ + ૡࢉ

૛
૝

≤ ට൫૛ + √૜൯൫࢈૛ − ૜√ࢉ࢈ + ૛൯ࢉ ⋅ ൫૛ − √૜൯൫࢈૛ + ૜√ࢉ࢈ + ૛൯ࢉ ≤ 

≤
൫૛ + √૜൯൫࢈૛ − +૜√ࢉ࢈ ૛൯ࢉ + ൫૛ − √૜൯൫࢈૛ + ૜√ࢉ࢈ + ૛൯ࢉ

૛ = ૛࢈૛ − ૜ࢉ࢈+ ૛ࢉ૛ 

⇔ ඨ࢈
ૡ + ૡࢉ

૛
૝

+ ૞ࢉ࢈ ≤ ૛(࢈૛ + ࢉ࢈ + (૛ࢉ ⇔
૜ࢇ

ට࢈
ૡ + ૡࢉ
૛

૝
+ ૞ࢉ࢈

≥
૜ࢇ

૛(࢈૛ + +ࢉ࢈  (૛ࢉ

+ Similar: ࢈૜

ටࢉ
ૡశࢇૡ
૛

૝
ା૞ࢇࢉ

≥ ૜࢈

૛൫ࢉ૛ାࢇࢉାࢇ૛൯
; ૜ࢉ

ටࢇ
ૡశ࢈ૡ
૛

૝
ା૞࢈ࢇ

≥ ૜ࢉ

૛൫ࢇ૛ା࢈૛ା࢈ࢇ൯
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⇒ ࡼ =
૜ࢇ

ට࢈
ૡ + ૡࢉ
૛

૜
+ ૞ࢉ࢈

+
૜࢈

ටࢉ
ૡ + ૡࢇ
૛

૝
+ ૞ࢇࢉ

+
૜ࢉ

ටࢇ
ૡ + ૡ࢈
૛

૝
+ ૞࢈ࢇ

+
+ࢇ) ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ

૚૟  

≥
૜ࢇ

૛(࢈૛ + ࢉ࢈ + (૛ࢉ +
૜࢈

૛(ࢉ૛ + ࢇࢉ + (૛ࢇ +
૜ࢉ

૛(ࢇ૛ + ૛࢈ + (࢈ࢇ +
ࢇ) + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ

૚૟  

+ Using inequality: ૢ(࢞+ ࢟)(࢟ + +ࢠ)(ࢠ ࢞) ≥ ૡ(࢞ + ࢟ + ࢟࢞)(ࢠ + ࢠ࢟ +  (࢞ࢠ

⇒ ࡼ ≥
૚
૛෍

૜ࢇ

૛࢈ + ࢉ࢈ + ૛ࢉ +
࢈)∏ + (ࢉ

૚૟ ≥
૚
૛෍

૝ࢇ

૛࢈ࢇ + +ࢉ࢈ࢇ ૛ࢉࢇ +
ૡ
ૢ (࢈ࢇ∑)(ࢇ∑)

૚૟  

⇒ ࡼ ≥ ૚
૛
⋅ ൫∑ࢇ૛൯

૛

∑൫࢈ࢇ૛ାࢉ࢈ࢇାࢉࢇ૛൯
+ (࢈ࢇ∑)(ࢇ∑)

૚ૡ
= ૢ

૛(∑ ∑)(ࢇ (࢈ࢇ
+ (࢈ࢇ∑)(ࢇ∑)

૚ૡ
 (Cauchy-Schwarz) 

⇒ ࡼ ≥ ૛ ⋅ ඨ
ૢ

૛(∑ࢇ)(∑࢈ࢇ) ⋅
(࢈ࢇ∑)(ࢇ∑)

૚ૡ = ૛ ⋅ ඨ
૚
૝ = ૚ ⇒ ܖܑܕࡼ 	 = ૚ 

(Because by AM-GM inequality and ࢇ૛ + ૛࢈ + ૛ࢉ = ૜) 

⇒ ܖܑܕࡼ 	 = ૚ ⇔ ൝
ࢇ = ࢈ = ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ = ૜
(࢈ࢇ∑)(ࢇ∑) = ૢ

⇔ ࢇ = ࢈ = ࢉ = ૚. 

 

SP.119. Let ࢈,ࢇ, ࢉ > 0 such that: ࢇ + +࢈ ࢉ = ૜. Find the minimum of the expression: 

ࡼ =
ࢇ

ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈
+

࢈
ඥ૝(ࢉ૟ + ૟)૜ࢇ + ૠࢇࢉ

+
ࢉ

ඥ૝(ࢇ૟ + ૟)૜࢈ + ૠ࢈ࢇ

+
ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ

૛૝  

Proposed by Hoang Le Nhat Tung – Hanoi -  VietNam 

Solution by proposer: 

* We have: ࢈૟ + ૟ࢉ = ૛࢈) + ૝࢈)(૛ࢉ ૛ࢉ૛࢈− + (૝ࢉ = ૛࢈) + −૛࢈૛)൫ࢉ +૜√ࢉ࢈ ૛࢈૛൯൫ࢉ + +૜√ࢉ࢈  ૛൯ࢉ

- Therefore, by AM-GM inequality: 

ඥ૝(࢈૟ + ૟)૜ࢉ = ૛ ⋅ ඨ
૛࢈ + ૛ࢉ

૛ ൫૛ − √૜൯൫࢈૛ + ૜√ࢉ࢈ + ૛൯൫૛ࢉ + √૜൯൫࢈૛ − ૜√ࢉ࢈ + ૛൯ࢉ
૜

≤ 

≤ ૛ ⋅
૛࢈ + ૛ࢉ

૛ + ൫૛ − √૜൯൫࢈૛ + ૜√ࢉ࢈ + +૛൯ࢉ ൫૛ + √૜൯൫࢈૛ ૜√ࢉ࢈− + ૛൯ࢉ
૜

= ૜࢈૛ − ૝ࢉ࢈+ ૜ࢉ૛ 
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⇒

ࢇ
ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈

≥
ࢇ

૜࢈૛ − ૝ࢉ࢈ + ૜ࢉ૛ + ૠࢉ࢈ =
ࢇ

૜(࢈૛ + +ࢉ࢈  (૛ࢉ

+ Similar: ࢈

ට૝൫ࢉ૟ାࢇ૟൯૜ ାૠࢇࢉ
≥ ࢈

૜൫ࢉ૛ାࢇࢉାࢇ૛൯
; ࢉ

ට૝൫ࢇ૟ା࢈૟൯૜ ାૠ࢈ࢇ
≥ ࢉ

૜൫ࢇ૛ା࢈૛ା࢈ࢇ൯
 

⇒ ࡼ =
ࢇ

ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈
+

࢈
ඥ૝(ࢉ૟ + ૟)૜ࢇ + ૠࢇࢉ

+
ࢉ

ඥ૝(ࢇ૟ + ૟)૜࢈ + ૠ࢈ࢇ
+

ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ
૛૝ ≥ 

≥
ࢇ

૜(࢈૛ + ࢉ࢈ + (૛ࢉ +
࢈

૜(ࢉ૛ + ࢇࢉ + (૛ࢇ +
ࢉ

૜(ࢇ૛ + ૛࢈ + (࢈ࢇ +
ࢇ) + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ

૛૝  

+ Using inequality: ૢ(࢞+ ࢟)(࢟ + +ࢠ)(ࢠ ࢞) ≥ ૡ(࢞ + ࢟ + ࢟࢞)(ࢠ + ࢠ࢟ +  (࢞ࢠ

⇒ ࡼ ≥
૚
૜෍

ࢇ
૛࢈ + ࢉ࢈ + ૛ࢉ +

࢈)∏ + (ࢉ
૛૝ ≥

૚
૜෍

૛ࢇ

૛࢈ࢇ + +ࢉ࢈ࢇ ૛ࢉࢇ +
ૡ
ૢ (࢈ࢇ∑)(ࢇ∑)

૛૝  

⇒ ࡼ ≥ ૚
૜
⋅ ૛(ࢇ∑)

∑൫࢈ࢇ૛ାࢉ࢈ࢇାࢉࢇ૛൯
+ (࢈ࢇ∑)

ૢ
= ૜

(࢈ࢇ∑)(ࢇ∑)
+ (࢈ࢇ∑)

ૢ
   (Cauchy-Schwarz) 

⇒ ࡼ ≥ ૚
࢈ࢇ∑

+ ࢈ࢇ∑
ૢ
≥ ૛ ⋅ ට ૚

࢈ࢇ∑
⋅ ࢈ࢇ∑

ૢ
= ૛

૜
   (Because by AM-GM and ࢇ+ ࢈ + ࢉ = ૜) 

⇒ ܖܑܕࡼ 	 = ૛
૜
⇔ ቄ ࢇ = ࢈ = ࢉ

ࢇ + +࢈ ࢉ = ૜ ⇔ ࢇ = ࢈ = ࢉ = ૚. 

 

SP.120. In ࢤ	࡯࡮࡭ the following relationship holds: 

ඥࢇ૛࡮૜ + ඥ࢈૛࡯૜ + ඥࢉ૛࡭૜ ≤ ඥ૝࢙࣊૛૜  

࢙ – semiperimeter; ࢈,ࢇ,  angled’s measures – ࡯,࡮,࡭ ;length’s sides – ࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursarescu-Romania 

ඨ࡮
૛ࢇ

૛࡮

૜

+ ඨ࡯
૛࢈

૛࡯
૜

+ ඨ࡭
૛ࢉ

૛࡭
૜

≤ ඥ࣊(ࢇ+ ࢈ + ૛૜(ࢉ ⇔ 

࡮
࣊
ටࢇ૛

૛࡮
૜

+ ࡯
࣊
ට࢈૛

૛࡯
૜

+ ࡭
࣊
ටࢉ૛

૛࡭
૜

≤ ට(ࢇା࢈ାࢉ)૛

࣊૛
૜

   (1) 

Let ࢌ: (૙,∞) → ℝ;ࢌ(࢞) = √࢞૛૜ ; (࢞)ᇱࢌ	 = ቀ࢞
૛
૜ቁ

ᇱ
= ૛

૜
࢞ି

૚
૜;ࢌᇱᇱ(࢞) = − ૛

ૢ
࢞ି

૝
૜ < 0 ⇒ 

from Jensen’s inequality ⇒ 

(૚࢞)ࢌ૚࢖ + (૛࢞)ࢌ૛࢖ + (૜࢞)ࢌ૜࢖ ≤ ૚࢞૚࢖)ࢌ + ૛࢞૛࢖ + ૚࢖ ૜࢞૜) with࢖ + ૛࢖ + ૜࢖ = ૚ 
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૚࢖ =
࡮
࣊ ૛࢖, =

࡯
࣊ ૜࢖, =

࡭
࣊ 

࢞૚ =
ࢇ
࡮ , ࢞૛ =

࢈
࡯ , ࢞૜ =

ࢉ
࡭ ⇒

࡮
࣊
ඨቀ

ࢇ
࡮
ቁ
૛૜

+
࡯
࣊
ඨ൬

࢈
൰ࢉ

૛૜

+
࡭
࣊
ඨቀ

ࢉ
࡭
ቁ
૛૜
≤ ඨ൬

+ࢇ ࢈ + ࢉ
࡭ + ࡮ + ൰࡯

૛૜

⇒ 

࡮
࣊
ටቀࢇ

࡮
ቁ
૛૜

+ ࡯
࣊
ටቀ࢈

࡯
ቁ
૛૜

+ ࡭
࣊
ටቀࢉ

࡭
ቁ
૛૜
≤ ට(ࢇା࢈ାࢉ)૛

࣊૛
૜

 then (1) is true 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Applying Hölder’s Inequality (ࢇ+ ࢈ + ࡭)૛(ࢉ + ࡮ + (࡯ ≥ ൫√ࢇ૛࡮૜ + ૜࡯૛࢈√ + ૜࡭૛ࢉ√ ൯
૜

 

ඥ૝࣊࢖૛૜ ≥ ૜࡮૛ࢇ√ + ૜࡯૛࢈√ + ૜࡭૛ࢉ√  (proved) 

 

UP.106. Prove that: 

࢙࢕ࢉ
࡭
૝ + ࢙࢕ࢉ

࡮
૝ + ࢙࢕ࢉ

࡯
૝ ≤

√૜ − ૚
૝√૟

࢚ +
૚૚√૜ + ૜ૠ

ૡ√૟
, ࢚ =

࢘
 ࡾ

Proposed by Vadim Mitrofanov-Kiev-Ukraine 

Solution by proposer 

We make some transformations, let ࢇ࢑ = ܖ܉ܜ ࡭
૝
⇒ ܛܗ܋ ࡭

૝
= ૚

ටࢇ࢑૛ା૚
 and we know 

ܖ܉ܜ
࡭
૝ =

ࡵ࡭ − (࢙ − (ࢇ
࢘ =

√૛࢘ࡾට૛
(࢙ − (ࢇ
ࢇ − (࢙ − (ࢇ

࢘ = |࢏࢜ࢇࡾ| = 

=

૛ඨ
(࢞ + ࢟)(࢟+ ࢠ)(ࢠ + ࢞)
૝ඥ࢞࢟ࢠ(࢞ + ࢟ + (ࢠ

⋅ ට
ࢠ࢟࢞

࢞+ ࢟ + ࢠ ⋅ ࢞ − ࢞ඥ࢟ + ࢠ

ට
ࢠ࢟࢞

࢞ + ࢟ + ࢠ ⋅ ඥ࢟ + ࢠ
=
ඥ(࢞ + ࢟)(࢞ + (ࢠ − ඥ࢞(࢞+ ࢟ + (ࢠ

ඥ࢟ࢠ
= 

=
ඥ࢟ࢠ

ඥ(࢞ + ࢟)(࢞ + (ࢠ + ඥ࢞(࢞ + ࢟ + (ࢠ
 

⇒෍ܛܗ܋
࡭
૝

ࢉ࢟ࢉ

= ෍
૚

ඨቆ ඥ࢟ࢠ
ඥ(࢞ + ࢟)(࢞ + (ࢠ + ඥ࢞(࢞+ ࢟ + (ࢠ

ቇ
૛

+ ૚
ࢉ࢟ࢉ

= 
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= ෍
૚

ඨ൫ඥ(࢞ + ࢟)(࢞ + (ࢠ −ඥ࢞(࢞ + ࢟ + ൯(ࢠ
૛

ࢠ࢟ + ૚
ࢉ࢟ࢉ

 

= ෍ඨ
ࢠ࢟

(࢞ + ࢟ + +࢞(ࢠ (࢞ + ࢟)(࢞ + (ࢠ + ࢠ࢟ − ૛ඥ࢞(࢞ + ࢟ + ࢞)(ࢠ + ࢟)(࢞+ ࢉ࢟ࢉ(ࢠ

 

=
૚
√૛

෍ඨ
ࢠ࢟

(࢞ + ࢟)(࢞ + −(ࢠ ඥ࢞(࢞ + ࢟ + ࢞)(ࢠ + ࢟)(࢞ + ࢉ࢟ࢉ(ࢠ

 

=
૚
√૛

෍ඨ
ඥ(࢞ + ࢟)(࢞ + (ࢠ + ඥ࢞(࢞ + ࢟ + (ࢠ

ඥ(࢞ + ࢟)(࢞ + ࢉ࢟ࢉ(ࢠ

=
૚
√૛

෍ඩ૚ + ඨ
࢞(࢞ + ࢟ + (ࢠ

(࢞ + ࢟)(࢞ + (ࢠ
ࢉ࢟ࢉ

 

≤ ඩ
૜
૛
ቌ૜ + ෍ඨ

࢞(࢞ + ࢟ + (ࢠ
(࢞ + ࢟)(࢞ + (ࢠ

ࢉ࢟ࢉ

ቍ ≤ ඩ
૜
૛
ቌ૜ + ඨ૜෍

࢞(࢞ + ࢟ + (ࢠ
(࢞ + ࢟)(࢞+ (ࢠ

ࢉ࢟ࢉ

ቍ 

= ඩ
૜
૛
ቌ૜ + ඨ૟ ൬૚ +

ࢠ࢟࢞
(࢞+ ࢟)(࢟ + +࢞)(ࢠ ൰ቍ(ࢠ = ඩૢ

૛ + ૜ඨ
૜
૛ +

૜
ૡ ⋅

࢘
 ࡾ

Hence we need to prove: ඨૢ
૛

+ ૜ට૜
૛

+ ૜
ૡ
⋅ ࢚ ≤ √૜ି૚

૝√૟
࢚ + ૚૚√૜ା૜ૠ

ૡ√૟
 

⇔ ൭ቆ
√૜ − ૚
૝√૟

࢚ +
૚૚√૜ + ૜ૠ

ૡ√૟
ቇ
૛

−
ૢ
૛
൱

૛

−
૛ૠ
૛ ൬૚ +

૚
૝ ࢚൰ ≥ ૙ 

⇔
(૛࢚ − ૚)૛൫࢚૛൫૛ૡ − ૚૟√૜൯ + ࢚൫૛૙ૡ√૜ − ૜૚૟൯ + ૠ૚૜ − ૚૟૛ૡ√૜൯

૜૟ૡ૟૝ ≥ ૙ ⇔ 

൫࢚૛൫૛ૡ − ૚૟√૜൯ + ࢚൫૛૙ૡ√૜ − ૜૚૟൯ − ૠ૚૜ + ૚૟૛ૡ√૜൯ ≥ ૙   (***) 

࢚ࡰ = ൫૛૙ૡ√૜ − ૜૚૟൯
૛
−૝൫−ૠ૚૜ + ૚૟૛ૡ√૜൯൫૛ૡ − ૚૟√૜൯ = ૚૜ૡ૛૝൫૝૞ − ૛૟√૜൯ < 0 ⇒ (***) ∀	  ࢚

Done! 
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UP.107. Let ࡯࡮࡭ be a triangle with inradius ࢘ and circumradius ࡾ. Prove that 

૛√૜ ቀ
࢘
ࡾ
ቁ
૛
≤
∑ ૝ܖܑܛ ࢉ࢟ࢉ࡭

∑ ૜ܖܑܛ ࢉ࢟ࢉ࡭
≤
√૜
૝ ൬

ࡾ
࢘൰

૛

ቀ૚ −
࢘
ࡾ
ቁ 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Soumava Chakraborty-Kolkata-India 

૛√૜ ቀ
࢘
ࡾ
ቁ
૛
≤
(૚) ૝ܖܑܛ∑ ࡭

૜ܖܑܛ∑ ࡭ ≤
(૛) √૜

૝ ൬
ࡾ
࢘൰

૛

ቀ૚ −
࢘
ࡾ
ቁ 

Firstly, ∑ࢇ૝ = ૛(૛ࢇ∑) − ૛{(∑࢈ࢇ)૛ − ૛ࢉ࢈ࢇ(૛࢙)} 

= ૝(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ − ૛(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ + ૜૛࢙࢘ࡾ૛ 

= ૛ ቀ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ − ૛࢙૛(૝࢘ࡾ+ ࢘૛)ቁ + ૛(૛࢙૛)(−ૡ࢘ࡾ− ૛࢘૛) + ૜૛࢙࢘ࡾ૛ 

= ૛࢙૝ + ૛࢘૛(૝ࡾ + ࢘)૛ − ૝࢙૛(૝࢘ࡾ+ ࢘૛) − ૡ࢙૛࢘૛ 

=
(࢏)
૛࢙૝ + ૛࢘૛(૝ࡾ + ࢘)૛ − ૝࢙૛(૝࢘ࡾ+ ૜࢘૛) 

Also, ∑ࢇ૜ = ૜ࢉ࢈ࢇ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) =
(࢏࢏)

૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛) 

Using ܖܑܛ ࡭ = ࢇ
૛ࡾ

 etc, ∑ ܖܑܛ
૝ ࡭

∑ ૜ܖܑܛ ࡭
= ቀ ૚

૛ࡾ
ቁ ቀ∑ࢇ

૝

૜ࢇ∑
ቁ =
(࢏࢏)	࢟࢈ ૝ࢇ∑

૝࢙ࡾ൫࢙૛ି૟ି࢘ࡾ૜࢘૛൯
≤
? √૜

૝
ቀࡾ
࢘
ቁ
૛
ቀ૚ − ࢘

ࡾ
ቁ 

⇔ ࢘૛෍ࢇ૝ ≤
(૛ࢇ)

?
√૜ࡾ ⋅ ࡾ)ࡾ − ࢘)࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛) 

RHS of (2a) ≥
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૛࢙૛൫࢙૛ି૟ି࢘ࡾ૜࢘૛൯(࢘ିࡾ)ࡾ

૜
≥
?
࢘૛∑ࢇ૝ 

⇔ ૟࢘૛࢙૝ + ૟࢘૝(૝ࡾ + ࢘)૛ − ૚૛࢙૛࢘૛(૝࢘ࡾ+ ૜࢘૛) ≤
(࢏)	࢟࢈

?
૛࢙૛(࢙૛ − ૟࢘ࡾ − ૜࢘૛)ࡾ)ࡾ − ࢘) 

⇔ ࢙૝(ࡾ૛ ࢘ࡾ− − ૜࢘૛) + ૟࢙૛࢘૜(૝ࡾ+ ૜࢘) ≥
?
૜࢙૛ࡾ)࢘ࡾ− ࢘)(૛ࡾ+ ࢘) + ૜࢘૝(૝ࡾ+ ࢘)૛ 

⇔ ࢙૝൫ࡾ૛ ࢘ࡾ− − ૛࢘૛൯+ ૟࢙૛࢘૜(૝ࡾ+ ૜࢘) ≥
(૛࢈)

?
࢘૛࢙૝ + ૜࢙૛ࡾ)࢘ࡾ− ࢘)(૛ࡾ + ࢘) + ૜࢘૝(૝ࡾ+ ࢘)૛ 

LHS of (2b)	 ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛(૚૟࢘ࡾ − ૞࢘૛)(ࡾ૛ − ࢘ࡾ − ૛࢘૛) + ૟࢙૛࢘૜(૝ࡾ+ ૜࢘) 

Also, RHS ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘૛࢙૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) + ૜࢙૛ࡾ)࢘ࡾ− ࢘)(૛ࡾ+ ࢘) + ૜࢘૝(૝ࡾ + ࢘)૛ 

∴ in order to prove (2b), it suffices to prove: 

࢙૛(૚૟ࡾ− ૞࢘)(ࡾ૛ − ࢘ࡾ − ૛࢘૛) + ૟࢙૛࢘૛(૝ࡾ + ૜࢘) ≥ 

࢙࢘૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) + ૜࢙૛ࡾ)ࡾ− ࢘)(૛ࡾ + ࢘) + ૜࢘૜(૝ࡾ + ࢘)૛ 
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⇔ ࢙૛{(૚૟ࡾ − ૞࢘)(ࡾ૛ ࢘ࡾ− −૛࢘૛) − ૜ࡾ)ࡾ− ࢘)(૛ࡾ + ࢘) + ૟࢘૛(૝ࡾ + ૜࢘) −࢘(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)} 

⇔ ࢙૛(૚૙ࡾ૜ − ૛૛ࡾ૛࢘ − ૝࢘ࡾ૛ + ૛૞࢘૜) ≥
(૛ࢉ)

૜࢘૜(૝ࡾ + ࢘)૛ 

∵ ૚૙ࡾ૜ − ૛૛ࡾ૛࢘ − ૝࢘ࡾ૛ + ૛૞࢘૜ = ࡾ) − ૛࢘){(ࡾ − ૛࢘)(૚૙ࡾ+ ૚ૡ࢘) + ૛ૡ࢘૛} + ૢ࢘૜ > 0 

as ࡾ ≥ ૛࢘ (Euler), 

∴ LHS of (2c) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ − ૞࢘૛)(૚૙ࡾ૜ − ૛૛ࡾ૛࢘ − ૝࢘ࡾ૛ + ૛૞࢘૜) ≥
?
૜࢘૜(૝ࡾ+ ࢘)૛ 

⇔ ૡ૙࢚૝ − ૛૙૚࢚૜ − ࢚૛ + ૚ૢૡ࢚ − ૟૝ ≥
?
૙ (where ࢚ = ࡾ

࢘
) 

⇔ (࢚ − ૛){(࢚ − ૛)(ૡ૙࢚૛ + ૚૚ૢ࢚ + ૚૞૞) + ૜૝૛} ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒ (2a) is true ⇒ (2) is true 

Also, ∑ܖܑܛ
૝ ࡭

∑ ૜ܖܑܛ ࡭
= ቀ ૚

૛ࡾ
ቁ ൬࢙

૝ା࢘૛(૝ࡾା࢘)૛ି૛࢙૛൫૝࢘ࡾା૜࢘૛൯
࢙൫࢙૛ି૟ି࢘ࡾ૜࢘૛൯

൰ ≥ ૛√૜ ቀ࢘ࡾቁ
૛

 

⇔ ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ − ૛࢙૛(૝࢘ࡾ+ ૜࢘૛) ≥
(૚ࢇ) ૝࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛)√૜࢘૛

ࡾ  

Now, RHS of (1a) ≤
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

૚ૡ࢘૛൫࢙૛ − ૟࢘ࡾ − ૜࢘૛൯ ≤
?
࢙૝ + ࢘૛(૝ࡾ+ ࢘)૛ − ૛࢙૛൫૝࢘ࡾ+ ૜࢘૛൯ 

⇔ ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ + ૞૝࢘૜(૛ࡾ + ࢘) ≥
(૚࢈)

?
૚ૡ࢘૛࢙૛ + ࢙૛(ૡ࢘ࡾ+ ૟࢘૛) 

Now, LHS of (1b) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛൫૚૟࢘ࡾ − ૞࢘૛൯+ ࢘૛(૝ࡾ+ ࢘)૛ + ૞૝࢘૜(૛ࡾ+ ࢘) ≥
?
࢙૛൫ૡ࢘ࡾ+ ૛૝࢘૛൯ 

⇔ ࢙૛(ૡࡾ− ૛ૢ࢘) + ࢘(૝ࡾ + ࢘)૛ + ૞૝࢘૛(૛ࡾ + ࢘) ≥
?
૙ 

⇔ ࢙૛(ૡࡾ− ૚૟࢘) + ࢘(૝ࡾ + ࢘)૛ + ૞૝࢘૛(૛ࡾ + ࢘) ≥
(૚ࢉ)

?
૚૜࢙࢘૛ 

Now, LHS of (1c) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ− ૞࢘૛)(ૡࡾ − ૚૟࢘) + ࢘(૝ࡾ + ࢘)૛ + ૞૝࢘૛(૛ࡾ+ ࢘) 

Also, RHS of (1c) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૚૜࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

∴ in order to prove (1c), it suffices to prove: 

(૚૟ࡾ− ૞࢘)(ૡࡾ − ૚૟࢘) + (૝ࡾ + ࢘)૛ + ૞૝࢘(૛ࡾ+ ࢘) ≥ ૚૜(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

⇔ ૛૜ࡾ૛ − ૞ૡ࢘ࡾ+ ૛૝ ≥ ૙ ⇔ −ࡾ) ૛࢘)(૛૜ࡾ− ૚૛࢘) ≥ ૙ → true ∵ ࡾ ≥ ૛࢘ 

⇒ (1a) is true ⇒ (1) is true 
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UP.108. Let ࡯࡮࡭ be a triangle with circumradius ࡾ and inradius ࢘. Prove that 

૜
૚૟ ≤ ૝ܛܗ܋ ࡭ + ૝ܛܗ܋ ࡮ + ૝ܛܗ܋ ࡯ ≤ ૟ቀ

࢘
ࡾ
ቁ
૛
−
૚૛૜
ૡ ⋅

࢘
ࡾ +

૞૚
ૡ  

Proposed by George Apostolopoulos - Messolonghi – Greece 

Solution by Soumava Chakraborty-Kolkata-India 

૜
૚૟ ≤

(૚)
෍ܛܗ܋૝ ࡭ ≤

(૛)
૟ ቀ

࢘
ࡾ
ቁ
૛
− ൬

૚૛૜
ૡ ൰ ቀ

࢘
ࡾ
ቁ +

૞૚
ૡ  

࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ = ൫࢈૛ାࢉ૛ିࢇ૛൯൫ࢉ૛ାࢇ૛ି࢈૛൯൫ࢇ૛ା࢈૛ିࢉ૛൯
૛ࢉ࢈⋅૛ࢇࢉ⋅૛࢈ࢇ

→    (i) 

Numerator = ૛ࢇ∑) − ૛ࢇ૛)(∑ࢇ૛ − ૛࢈૛)(∑ࢇ૛ − ૛ࢉ૛) 

= ቀ෍ࢇ૛ቁ
૜
− ૛ቀ෍ࢇ૛ቁ

૛
ቀ෍ࢇ૛ቁ + ૝ ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ − ૡࢇ૛࢈૛ࢉ૛ 

= − ቀ෍ࢇ૛ቁ
૜

+ ૝ ቀ෍ࢇ૛ቁ ቊቀ෍࢈ࢇቁ
૛
− ૛ࢉ࢈ࢇ(૛࢙)ቋ − ૚૛ૡࡾ૛࢘૛࢙૛ 

= ቀ෍ࢇ૛ቁ ቊ૝ ቀ෍࢈ࢇቁ
૛
− ቀ෍ࢇ૛ቁ

૛
− ૚૟࢙ࢉ࢈ࢇቋ − ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૝ ቀ෍ࢇ૛ቁ {(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ࢙(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ − ૚૟࢙࢘ࡾ૛}− ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૝ቀ෍ࢇ૛ቁ {૛࢙૛(ૡ࢘ࡾ+ ૛࢘૛) − ૚૟࢙࢘ࡾ૛}− ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૜૛࢘૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘૛) − ૚૛ૡࡾ૛࢘૛࢙૛ = ૜૛࢘૛࢙૛(࢙૛ − ૝ࡾ૛ − ૝࢘ࡾ − ࢘૛) →    (ii) 

(i), (ii) ⇒ ࡭ܛܗ܋∏ =
(࢏࢏࢏) ࢙૛ି૝ࡾ૛ି૝࢘ି࢘ࡾ૛

૝ࡾ૛
 

(2) ⇔ ∑(૚ − ૛ܖܑܛ ૛(࡭ ≤ ૞૚ࡾ૛ି૚૛૜࢘ࡾା૝ૡ࢘૛

ૡࡾ૛
 

⇔෍(૚ − ૛ ૛ܖܑܛ ࡭ + ૝ܖܑܛ (࡭ ≤
૞૚ࡾ૛ − ૚૛૜࢘ࡾ+ ૝ૡ࢘૛

ૡࡾ૛  

⇔෍(ܛܗ܋ ૛࡭) + ෍(ܖܑܛ૝ (࡭ ≤
૞૚ࡾ૛ − ૚૛૜࢘ࡾ+ ૝ૡ࢘૛

ૡࡾ૛  

⇔ ૚− ૝ቀෑܛܗ܋ ቁ࡭ + ෍(ܖܑܛ૝ (࡭ ≤
૞૚ࡾ૛ − ૚૛૜࢘ࡾ+ ૝ૡ࢘૛

ૡࡾ૛  

⇔−૚−
࢙૛ − (૛ࡾ + ࢘)૛

૛ࡾ + ෍(ܖܑܛ૝ (࡭ ≤
(࢏࢏࢏)	࢟࢈ ૞૚ࡾ૛ − ૚૛૜࢘ࡾ+ ૝ૡ࢘૛

ૡࡾ૛  
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⇔෍(ܖܑܛ૝ (࡭ ≤
૛ૠࡾ૛ − ૚૞૞࢘ࡾ+ ૝૙࢘૛ + ૡ࢙૛

ૡࡾ૛  

⇔
૝ࢇ∑

૚૟ࡾ૝ ≤
૛ૠࡾ૛ − ૚૞૞࢘ࡾ+ ૝૙࢘૛ + ૡ࢙૛

ૡࡾ૛  

⇔෍ࢇ૝ ≤
(ࢇ)

૞૝ࡾ૝ − ૜૚૙ࡾ૜࢘ + ૡ૙ࡾ૛࢘૛ + ૚૟ࡾ૛࢙૛ 

Now, ∑ࢇ૝ = ૛(૛ࢇ∑) − ૛{(∑࢈ࢇ)૛ − ૛ࢉ࢈ࢇ(૛࢙)} 

= ૝(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ − ૛(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ + ૜૛࢙࢘ࡾ૛ 

= ૛ ቀ࢙૝ + ࢘૛(૝ࡾ + ࢘)૛ − ૛࢙૛(૝࢘ࡾ+ ࢘૛)ቁ + ૛(૛࢙૛)(−ૡ࢘ࡾ− ૛࢘૛) + ૜૛࢙࢘ࡾ૛ 

= ૛࢙૝ + ૛࢘૛(૝ࡾ + ࢘)૛ − ૝࢙૛(૝࢘ࡾ+ ࢘૛) − ૡ࢙૛࢘૛ 

= ૛࢙૝ + ૛࢘૛(૝ࡾ + ࢘)૛ − ૝࢙૛(૝࢘ࡾ+ ૜࢘૛) ≤
?
૞૝ࡾ૝ − ૜૚૙ࡾ૜࢘+ ૡ૙ࡾ૛࢘૛ + ૚૟ࡾ૛࢙૛ 

⇔ ࢙૝ ≤
?
૛ૠࡾ૝ − ૚૞૞ࡾ૜࢘+ ૝૙ࡾ૛࢘૛ − ࢘૛(૝ࡾ + ࢘)૛ + ૛࢙૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

Now, LHS of (b) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≤
?

 

૛ૠࡾ૝ − ૚૞૞ࡾ૜࢘ + ૝૙ࡾ૛࢘૛ − ࢘૛(૝ࡾ + ࢘)૛ + ૛࢙૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

⇔ ࢙૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) + ૛ૠࡾ૝ − ૚૞૞ࡾ૜࢘ + ૝૙ࡾ૛࢘૛ − ࢘૛(૝ࡾ + ࢘)૛ ≥
(ࢉ)

?
૙ 

Now, LHS of (c) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૛ૠࡾ૝ − ૚૞૞ࡾ૜࢘+ ૝૙ࡾ૛࢘૛ − ࢘૛(૝ࡾ + ࢘)૛ + 

+(૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≥
?
૙ 

⇔ ૛ૠ࢚૝ − ૢ૚࢚૜ + ૟ૡ࢚૛ + ૛૙࢚ − ૚૟ ≥
?
૙  (where ࢚ = ࡾ

࢘
) 

⇔ (࢚ − ૛){(࢚ − ૛)(૛ૠ࢚૛ + ૚ૠ࢚ + ૛ૡ) + ૟૝} ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒ (a) is true ⇒ (2) is true  

Also, ∑ ૝ܛܗ܋ ࡭ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

ቀ૚
૜
ቁ ૛ܛܗ܋∑) ૛(࡭ ≥

? ૜
૚૟
⇔ ૛ܛܗ܋∑ ࡭ ≥

? ૜
૝
⇔ ૛ܖܑܛ∑ ࡭ ≤

? ૢ
૝
 

⇔ ૛ࢇ∑ ≤
?
૛ࡾૢ → true by Leibnitz ⇒ (1) is true 
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UP.109. Let ࢈,ࢇ,  :be positive real numbers. Prove or disprove that ࢊ and ࢉ

ࢇ) + +࢈ ࢉ + ૜(ࢊ

ࢉ࢈ࢇ + +ࢊࢉ࢈ +ࢇࢊࢉ ࢈ࢇࢊ ≥ ૚૟ 

Proposed by George Apostolopoulos - Messolonghi – Greece 

Solution 1 by Catinca Alexandru-Romania 

+ࢇ) ࢈ + ࢉ + ૜(ࢊ

ࢉ࢈ࢇ∑ ≥ ૚૟ ⇔ +ࢇ) ࢈ + ࢉ + ૜(ࢊ ≥ ૚૟ ⋅ ૝[૚,૚,૚,૙]; 

⇔෍ࢇ૜ + ૜෍ࢇ૛࢈
࢓࢙࢟

+ ૟෍ࢉ࢈ࢇ ≥ ૚૟[૚,૚,૚,૙]૝; 

⇔ [૜,૙,૙,૙] ⋅ ૝ + ૜ ⋅ [૛,૚,૙,૙] ⋅ ૚૛ + ૟[૚,૚,૚,૙] ⋅ ૝ ≥ ૚૟ ⋅ ૝[૚,૚,૚,૙] 

⇔ ૝[૜,૙,૙,૙] + ૜૟[૛,૚,૙,૙] ≥ ૝૙[૚,૚,૚,૙]   (1) 

૝[૜,૙,૙,૙] ≥ ૝[૚,૚,૚,૙] as (૜,૙,૙,૙) > (૚,૚,૚,૙) Muirhead 

૜૟[૛,૚,૙,૙] ≥ ૜૟[૚,૚,૚,૙] as (૛,૚,૙,૙) > (૚,૚,૚,૙) Muirhead 

___________________________ + 

૝[૜,૙,૙,૙] + ૜૟[૛,૚,૙,૙] ≥ ૝૙[૚,૚,૚,૙] ⇒ (1) is True⇒ ૜(ࢇ∑)

∑ ࢉ࢈ࢇ
≥ ૚૟ 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

૜ࢇ .1 + ૛࢈ + ૛ࢉ + ૜ࢊ ≥ +࢈૛ࢇ ࢉ૛࢈ + +ࢊ૛ࢉ  ࢇ૛ࢊ

૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢊ ≥ ࢉ૛ࢇ + +ࢇ૛ࢉ ࢊ૛࢈ +  ࢈૛ࢊ

2. ൫ࢇ૛࢈ + ࢉ૛࢈ + ൯ࢇ૛ࢉ + ൫࢈૛ࢉ + ࢊ૛ࢉ + +൯࢈૛ࢊ ൫ࢉ૛ࢊ + +ࢇ૛ࢊ +൯ࢉ૛ࢇ ൫ࢊ૛ࢇ + ࢈૛ࢇ + ൯ࢊ૛࢈ ≥ 

≥ ૜(ࢉ࢈ࢇ+ +ࢊࢉ࢈ +ࢇࢊࢉ  (࢈ࢇࢊ

Hence ࢇ૜ + ૛࢈ + ૛ࢉ + ૜ࢊ ≥ ࢈૛ࢇ + ࢉ૛࢈ + ࢊ૛ࢉ + ࢇ૛ࢊ ≥ ࢉ࢈ࢇ + +ࢊࢉ࢈ ࢇࢊࢉ +  ࢈ࢇࢊ

૜ࢇ + ૛࢈ + ૛ࢉ + ૜ࢊ ≥ ࢉ૛ࢇ + ࢇ૛ࢉ + +ࢊ૛࢈ ࢈૛ࢊ ≥ ࢉ࢈ࢇ + +ࢊࢉ࢈ +ࢇࢊࢉ  ࢈ࢇࢊ

That is (ࢇ + ࢈ + ࢉ + ૜(ࢊ ≥ ૝૛(ࢉ࢈ࢇ+ ࢊࢉ࢈ + ࢇࢊࢉ +  (࢈ࢇࢊ

Therefore (ࢇା࢈ାࢉାࢊ)૜

࢈ࢇࢊାࢇࢊࢉାࢊࢉ࢈ାࢉ࢈ࢇ
≥ ૚૟ is to be true 
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UP.110. Let ࢉ࢓,࢈࢓,ࢇ࢓ be the lengths of the medians of a triangle ࡯࡮࡭. Prove that: 

૚
ࢇ࢓

+
૚
࢈࢓

+
૚
ࢉ࢓

≤
ࡾ
૛࢘૛ 

where ࡾ,࢘ are the circumradius and inradius respectively of ࢤ	࡯࡮࡭. 

Proposed by George Apostolopoulos - Messolonghi – Greece 

Solution 1 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

Lemma: ࢇ࢓ ≥ ࢇࢎ ⇒
૚
ࢇ࢓

+ ૚
࢈࢓

+ ૚
ࢉ࢓

≤ ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ

= ࢉା࢈ାࢇ
૛ࡿ

= ૛࢖
૛࢘࢖

= ૚
࢘

= ૛࢘
࢘૛
≤ ࡾ

૛࢘૛
⇒ Q.E.D. 

Solution 2 by Mehmet Sahin-Ankara-Turkey 

By using the Tereshin Inequality: ૝ࢇ࢓ࡾ ≥ ૛࢈ + ૛ࢉ ≥ ૛ࢉ࢈ 

ࢇ࢓ ≥
ࢉ࢈
૛ࡾ ⇒

૚
ࢇ࢓

≤
૛ࡾ
ࢉ࢈  

∑ ૚
ࢇ࢓

≤ ૛ࡾቀࢇା࢈ାࢉ
ࢉ࢈ࢇ

ቁ = ૚
࢘
≤ ࡾ

૛࢘૛
  (Euler) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࡾ
૛࢘ ≥ ૚ ⇔

ࡾ
૛࢘૛ ≥

૚
૛ =

࢖
࢖ ⋅ ࢘ =

࢖
ઢ 

ࡾ
૛࢘૛ ≥

࢖
ઢ =

૛ࢇ∑
ઢ =

∑ ࢖) − (࢈ + ࢖) − (ࢉ
૛
ઢ ≥

ࡹࡳஹࡹ࡭
 

≥
∑ඥ(࢖ − −࢖)(࢈ (ࢉ

ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ
= ෍

૚
ඥ࢖)࢖ − (ࢇ

≥෍
૚
ࢇ࢓

 

Solution 4 by Marian Ursarescu-Romania 

In any ઢ	࡯࡮࡭ we have: ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
  (1), because: 

ࢇ࢓
૛ =

૛࢈ + ૛ࢉ

૛ −
૛ࢇ

૝ =
૛(࢈૛ + −(૛ࢉ ૛࢈) + ૛ࢉ − ૛ܖܑܛࢉ࢈ (࡭

૝ = 

૛࢈ + ૛ࢉ + ૛ࢉ࢈ ࡭ܛܗ܋
૝ =

૛࢈ + ૛ࢉ − ૛࡮)ܛܗ܋ࢉ࢈ + (࡯
૝ = 

= ܛܗ܋࢈) ࢉି࡮ ࢉା࡮ܖܑܛ࢈)૛ା(࡯ܛܗ܋ ܖܑܛ ૛(࡯

૝
≥ ࢈) ࢉା࡮ܖܑܛ ܖܑܛ ૛(࡯

૝
⇒ ૚ is true 

From (1) ⇒ ૚
ࢇ࢓

+ ૚
࢈࢓

+ ૚
ࢉ࢓

≤ ࡾ
૛࢘૛
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ࢇ࢓⇒ ≥
૛࢈ + ૛ࢉ

૝ࡾ ≥
૛ࢉ࢈
૝ࡾ =

ࢉ࢈
૛ࡾ ⇒

૚
ࢇ࢓

≤
૛ࡾ
ࢉ࢈ ⇒ 

෍
૚
ࢇ࢓

≤ ૛ࡾ൬
૚
࢈ࢇ +

૚
ࢉࢇ +

૚
 ൰ࢉ࢈

Now we show this ⇒ ૛ࡾቀ ૚
࢈ࢇ

+ ૚
ࢉࢇ

+ ૚
ࢉ࢈
ቁ ≤ ࡾ

૛࢘૛
⇔ 

⇔ ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢉࢇ
≤ ૚

૝࢘૛
 which its true. 

P.S. ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢉࢇ
≤ ૚

૝࢘૛
 its true because ૚

࢈ࢇ
+ ૚

ࢉ࢈
+ ૚

ࢉࢇ
= ૚

૛࢘ࡾ
≤ ૚

૝࢘૛
⇔ ࡾ ≥ ૛࢘  true. 

 

UP.111. For an acute triangle ࡯࡮࡭ and a positive integer ࢔, prove that: 

൬෍(࢙࡭࢔࢏ (࡯࢔࢏࢙࡮࢔࢏࢙
૚
൰࢔

࢔
≤
૜࢔ା૚

ૡ  

where the sum is over all cyclic permutations of (࡯,࡮,࡭). 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Marian Ursărescu – Romania 

From Hölder’s inequality we have: 

൬(࡭ܖܑܛ + ܖܑܛ ܛܗ܋࡮ (࡯
૚
൰࢔

࢔
+ ൬(࡭ܖܑܛ ܛܗ܋ (࡯ܖܑܛ࡮

૚
൰࢔

࢔
+ ൬(࡭ܛܗ܋ ࡮ܖܑܛ ܖܑܛ (࡯

૚
൰࢔

࢔
≥ 

≥
൬(ܖܑܛ ࡭ + ܖܑܛ ࡮ ܛܗ܋ (࡯

૚
࢔ + ࡭ܖܑܛ) ࡮ܛܗ܋ (࡯ܖܑܛ

૚
࢔ + ܖܑܛ࡭ܛܗ܋) ࡮ ܖܑܛ (࡯

૚
൰࢔

࢔

૜ି࢔૚ ⇔ 

⇔ ൬෍(ܖܑܛ ࡭ ܖܑܛ ࡮ (࡯ܖܑܛ
૚
൰࢔

࢔
≤ ૜ି࢔૚ ⋅෍࡭ܖܑܛ ࡮ܖܑܛ ࡯ܛܗ܋ ⇒ 

We must show: ∑ܖܑܛ ܖܑܛ࡭ ࡯ܛܗ܋࡮ ≤ ૢ
ૡ

   (1) 

Now: ܛܗ܋ ૛࡭ + ܛܗ܋ ૛࡮ − ܛܗ܋ ૛࡯ = ૛ ࡭)ܛܗ܋ + (࡮ ࡭)ܛܗ܋ (࡮− − ૛ܛܗ܋૛ ࡯ + ૚ 

= −૛ܛܗ܋ ࡯ ࡭)ܛܗ܋) − (࡮ + ܛܗ܋ (࡯ + ૚ = ૚ − ૛ܛܗ܋ ࡯ ⋅ ૛ ܛܗ܋ ൬
࡭ − +࡮ ࡯

૛
൰ܛܗ܋ ൬

−࡭ −࡮ ࡯
૛

൰ 

= ૚ − ૝ܖܑܛ ࡭ ࡮ܖܑܛ ࡯ܛܗ܋ ⇒ ܖܑܛ ܖܑܛ࡭ ࡯ܖܑܛ࡮ = ૚
૝

(૚ − ࡭૛ܛܗ܋ − ࡮૛ܛܗ܋ + ܛܗ܋ ૛(2)  (࡯ 

From (1)+(2) we must show: ૜ି(ܛܗ܋ ૛࡭ାܛܗ܋ ૛࡮ାܛܗ܋ ૛࡯)
૝

≤ ૢ
ૡ
   (3) 

But ܛܗ܋ ૛࡭ + ܛܗ܋ ૛࡮ + ܛܗ܋ ૛࡯ = −૚ − ૝࡭ܛܗ܋ ܛܗ܋ ܛܗ܋࡮  (4)   ࡯
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From (3)+(4) we must show: ૚ + ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≤ ૢ

ૡ
⇔ ܛܗ܋ ࡭ ܛܗ܋ ܛܗ܋࡮ ࡯ ≤ ૚

ૡ
, 

which its true. 

 

UP.112. Solve for positive real numbers: 

⎩
⎪
⎨

⎪
⎧࢞

૛

࢟ +
࢟૛

࢞ = ඥ૚૛ૡ(࢞ૡ + ࢟ૡ)ૡ

૝࢞૜ − ૜࢟ = ඨ૚ + ඥ૚ − ࢞࢟
૛

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

࢞૛

࢟
+ ࢟૛

࢞
=
(૚)

ඥ૚૛ૡ(࢞ૡ + ࢟ૡ)ૡ ,   ૝࢞૜ − ૜࢟ =
(૛) ට૚ାඥ૚ି࢞࢟

૛
 

(1) ⇔ (࢞૜ + ࢟૜)ૡ − ૚૛ૡ࢞ૡ࢟ૡ(࢞ૡ + ࢟ૡ) = ૙ ⇔ ࢚૛૝ + ૡ࢚૛૚ + ૛ૡ࢚૚ૡ − ૚૛ૡ࢚૚૟ + ૞૟࢚૚૞ + 

+ૠ૙࢚૚૛ + ૞૟࢚ૢ − ૚૛ૡ࢚ૡ + ૛ૡ࢚૟ + ૡ࢚૜ + ૚ = ૙	 ൬࢚ =
࢞
࢟൰ ⇔ 

⇔ (࢚ − ૚)૛(࢚૛૛ + ૛࢚૛૚ + ૜࢚૛૙ + ૚૛࢚૚ૢ + ૛૚࢚૚ૡ + ૜૙࢚૚ૠ + ૟ૠ࢚૚૟ + ૚૙૝࢚૚૞ + ૚૜࢚૚૝ − 

−૛૛࢚૚૜ − ૞ૠ࢚૚૛ − ૢ૛࢚૚૚ − ૞ૠ࢚૚૙ − ૛૛࢚ૢ + ૚૜࢚ૡ + ૚૙૝࢚ૠ + ૟ૠ࢚૟ + ૜૙࢚૞ + ૛૚࢚૝ + 

+૚૛࢚૜ + ૜࢚૛ + ૛࢚ + ૚) = ૙ ⇔ (࢚ − ૚)૛ ⋅ ࢖ = ૙   (a)  (say) 

Now, ૚૛࢚ૢ − ૛૛࢚૚૜ + ૚૙૝࢚ૠ = ૛࢚ૠ(૟࢚૚૛ − ૚૚࢚૟ + ૞૛) = 

= ૛࢚ૠ൫૟ࢇ૚૛ − ૚૚ࢇ૚ + ૞૛൯[(ࢇ૚ = ࢚૟)] > 0  (i) ∵ discriminant ઢ = ૚૛૚ − ૝ ⋅ ૟ ⋅ ૞૛ < 0 

Also, ૛૚࢚૚ૡ − ૞ૠ࢚૚૛ + ૟ૠ࢚૟ = ࢚૟(૛૚࢚૚૛ − ૞ૠ࢚૟ + ૟ૠ) = ࢚૟൫૛૚ࢇ૚૛ − ૞ૠࢇ૚ + ૟ૠ൯ > 0 (ii) 

∵ ઢ = ૞ૠ૛ − ૡ૝ ⋅ ૟ૠ < 0 

Again, ૟ૠ࢚૚૟ − ૞ૠ࢚૚૙ + ૛૚࢚૝ = ࢚૝(૟ૠ࢚૚૛ − ૞ૠ࢚૟ + ૛૚) = 

= ࢚૝൫૟ૠࢇ૚૛ − ૞ૠࢇ૚ + ૛૚൯ > 0  (iii) ∵ ઢ = ૞ૠ૛ − ૡ૝ ⋅ ૟ૠ < 0 

Moreover, ૚૙૝࢚૚૞ − ૛૛࢚ૢ + ૚૛࢚૜  (iv) = ૛࢚૜(૞૛࢚૚૛ − ૚૚࢚૟ + ૟) = 

= ૛࢚૜൫૞૛ࢇ૚૛ − ૚૚ࢇ૚ + ૟൯ > 0  (v) ∵ ઢ = ૚૚૛ − ૛૝ ⋅ ૞૛ < 0 

Now, ૜૙࢚૚ૠ + ૜૙࢚૞ ≥
(࢏࢜)

ࡳି࡭
૟૙࢚૚૚,૚૜࢚૝ + ૚૜࢚ૡ ≥

(࢏࢏࢜)

ࡳି࡭
૛૟࢚૚૚ 
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૜࢚૛૙ + ૜࢚૛ ≥
(࢏࢏࢏࢜)

ࡳି࡭
૟૚૚ & of course, ࢚૛૛ + ૛࢚૛૚ + ૛࢚ + ૚ >

(࢞࢏)
૙ as ࢚ > 0 ቀ࢚ = ࢞

࢟
> 0ቁ 

(i)+(ii)+(iii)+(iv)+(v)+(vi)+(vii)+(viii)+(ix) ⇒ ࡼ > 0 ∴ a ⇒ ࢚ = ૚ ⇒ ࢞ = ࢟ 

From (2), we have ૚ − ࢞࢟ = ૚ − ࢞૛ ≥ ૙ ⇒ ࢞ ≤ ૚ ⇒ ૙ < ݔ ≤ 1 

∴ ૙ < ݕ,ݔ ≤ 1. Let ࢞ = ࢟ = ቀ૙			ࣂܛܗ܋ < ߠ < ࣊
૛
ቁ 

∴ (2) becomes ૝ ૜ܛܗ܋ ࣂ − ૜ ࣂܛܗ܋ = ට૚ାࣂܖܑܛ
૛

⇒ ܛܗ܋ ࣂ = ට૚ାࣂܖܑܛ
૛

  (2a) ⇒ 

⇒ ૛ܛܗ܋૛(૜ࣂ) = ૚ + ܖܑܛ ࣂ ⇒ ૚ + ܛܗ܋ ૟ࣂ = ૚ + ܖܑܛ ࣂ ⇒ ܛܗ܋ ૟ࣂ = ܛܗ܋ ቀ
࣊
૛ − ቁࣂ ⇒ 

⇒ ૛ܖܑܛ ቀ࣊
૝

+ ૞ࣂ
૛
ቁ ܖܑܛ ቀ࣊

૝
− ૠࣂ

૛
ቁ = ૙. Now, ࣊

૝
< ࣊

૝
+ ૞ࣂ

૛
< ૜࣊

૛
 

 

∴ ܖܑܛ ቀ࣊
૝

+ ૞ࣂ
૛
ቁ = ૙ ⇒ ࣊

૝
+ ૞ࣂ

૛
= ࣊ ⇒ ࣂ = ૜࣊

૚૙
. From (2a), ܛܗ܋ ૜ࣂ > 0  (*), but ܛܗ܋ ૢ࣊

૚૙
< 0 

∴ ࢞ = ࢟ = ܛܗ܋ ૜࣊
૚૙

 is not an acceptable solution. 

Also, − ૜࣊
૛

< ࣊
૝
− ૠࣂ

૛
< ࣊

૝
∴ ܖܑܛ ቀ࣊

૝
− ૠࣂ

૛
ቁ = ૙ 

 

⇒
࣊
૝ −

ૠࣂ
૛ = ૙,−࣊ ⇒ ࣂ =

࣊
૚૝ ,

૞࣊
૚૝ 
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But ܛܗ܋ ૚૞࣊

૚૝
< 0,∴ ݔ = ݕ = ܛܗ܋ ૞࣊

૚૝
 is unacceptable 

∴ only possible solution is: ࢞ = ࢟ = ܛܗ܋ ࣊
૚૝

 

 

UP.113. Let ࢞,࢟,  :be positive real numbers. Prove that ࢠ

ඨ
૜࢞૛ + ࢠ࢟
࢟૛ + ૛ࢠ + ඨ૜࢟

૛ + ࢞ࢠ
૛ࢠ + ࢞૛ + ඨ

૜ࢠ૛ + ࢞࢟
࢞૛ + ࢟૛ ≥ ඨ

૚૙૜
૟ +

૛૙࢞૛࢟૛ࢠ૛

૜(࢞૛ + ࢟૛)(࢟૛ + ૛ࢠ)(૛ࢠ + ࢞૛) 

Proposed by Do Quoc Chinh – Vinh Phuc – Vietnam  

Solution by proposer 

By the AM-GM inequality, we have:  

ඨ
૜࢞૛ + ࢠ࢟
࢟૛ + ૛ࢠ = ඩ૜࢞

૛ + ࢟૛ࢠ૛
ࢠ࢟

࢟૛ + ૛ࢠ ≥ ඩ૜࢞
૛ + ૛࢟૛ࢠ૛

࢟૛ + ૛ࢠ
࢟૛ + ૛ࢠ =

ඥ૛࢟૛ࢠ૛ + ૜࢞૛࢟૛ + ૜ࢠ૛࢞૛

࢟૛ + ૛ࢠ  

Similarly, we have: LHS ≥ ∑ ඥ૛࢞૛࢟૛ା૜࢟૛ࢠ૛ା૜ࢠ૛࢞૛

࢞૛ା࢟૛
 

Put ࢞૛ = ૛࢟,ࢇ = ૛ࢠ,࢈ = ,࢈,ࢇ)   ࢉ ࢉ > 0). Thus, we need to prove: 

෍
√૛࢈ࢇ + ૜ࢉ࢈ + ૜ࢇࢉ

ࢇ + ࢈ ≥ ඨ
૚૙૜
૟ +

૛૙ࢉ࢈ࢇ
૜(ࢇ+ +࢈)(࢈ +ࢉ)(ࢉ  (ࢇ

⇔෍
૛࢈ࢇ + ૜ࢉ࢈+ ૜ࢇࢉ

ࢇ) + ૛(࢈ + ૛෍
ඥ(૛ࢉ࢈+ ૜ࢇࢉ + ૜࢈ࢇ)(૛ࢇࢉ + ૜࢈ࢇ+ ૜ࢉ࢈)

+࢈) ࢉ)(ࢉ + (ࢇ ≥ 

≥
૚૙૜
૟ +

૛૙ࢉ࢈ࢇ
૜(ࢇ+ ࢈)(࢈ + +ࢉ)(ࢉ  (ࢇ

By the Cauchy – Schwarz inequality, we have: 

෍
ඥ(૛ࢉ࢈ + ૜ࢇࢉ + ૜࢈ࢇ)(૛ࢇࢉ+ ૜࢈ࢇ+ ૜ࢉ࢈)

+࢈) +ࢉ)(ࢉ (ࢇ ≥෍
૜࢈ࢇ + +ࢇඥ(૛ࢉ ૜࢈)(૜ࢇ+ (࢈

࢈) + +ࢉ)(ࢉ (ࢇ  

= ෍
૜࢈ࢇ + ࢉ ⋅ (૛ࢇ+ ૜࢈)(૜ࢇ+ ૛࢈)

ඥ(૛ࢇ+ ૜࢈)(૜ࢇ+ ૛࢈)
࢈) + +ࢉ)(ࢉ (ࢇ ≥෍

૜࢈ࢇ + ࢉ ⋅ ૛(૟ࢇ૛ + ૚૜࢈ࢇ+ ૟࢈૛)
૞(ࢇ+ (࢈

࢈) + +ࢉ)(ࢉ (ࢇ  
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≥෍
૜࢈ࢇ + ࢉ ⋅ ૠࢇ

૛ + ૚૟࢈ࢇ + ૠ࢈૛
૜(ࢇ+ (࢈

࢈) + ࢉ)(ࢉ + (ࢇ =
૚૟(ࢇ+ ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ

૜(ࢇ+ +࢈)(࢈ +ࢉ)(ࢉ (ࢇ  

By the Iran 1996 inequality, we have: (࢈ࢇ + +ࢉ࢈ (ࢇࢉ ቂ ૚
૛(࢈ାࢇ)

+ ૚
૛(ࢉା࢈)

+ ૚
૛(ࢇାࢉ)

ቃ ≥ ૢ
૝
 

Thus, we need to prove: ૢ
૛

+ ∑ ࢇ
ࢉା࢈

+ ૜૛(ࢇା࢈ାࢉ)(࢈ࢇାࢉ࢈ାࢇࢉ)
૜(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)

≥ ૚૙૜
૟

+ ૛૙ࢉ࢈ࢇ
૜(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)

 

⇔
ࢇ

+࢈ ࢉ +
࢈

ࢉ + ࢇ +
ࢉ

+ࢇ ࢈ +
૝ࢉ࢈ࢇ

+ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥ ૛ 

⇔ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢉ࢈ࢇ ≥ +ࢇ)࢈ࢇ (࢈ + +࢈)ࢉ࢈ (ࢉ + ࢉ)ࢇࢉ +  (ࢇ

True by Schur inequality. The equality holds for ࢞ = ࢟ =  .ࢠ

 

UP.114. Let ࢈,ࢇ,  and ࢘ the circumradius and the inradius of a triangle ࡾ be the sides and ࢉ

 :respectively. Prove that ࡯࡮࡭

૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ ≥

ૢ
૝࢘(૝ࡾ+ ࢘) 

Proposed by Martin Lukarevski – Skopje – Macedonia  

Solution by proposer 

We use the substitution: ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟, for three positive real 

numbers ࢞,࢟, ࢠ > 0. Then ࢞ = ࢙ − ࢟,ࢇ = ࢙ − ,࢈ ࢠ = ࢙ −  with ࢙ the semiperimeter of ,ࢉ

the triangle. Hence: ࢞࢟ + ࢠ࢟ + ࢞ࢠ = −࢙૛ + ࢈ࢇ + ࢈ࢇ + +ࢉ࢈ ࢇࢉ = ࢘(૝ࡾ + ࢘), be the 

well-known relations [1], ࢈ࢇ+ +ࢉ࢈ ࢇࢉ = ࢙૛ + ૝࢘ࡾ+ ࢘૛ . The inequality is 

transformed to (࢞࢟ + ࢠ࢟ + (࢞ࢠ ቀ ૚
(࢞ା࢟)૛

+ ૚
(࢟ାࢠ)૛

+ ૚
૛(ା࢞ࢠ)

ቁ ≥ ૢ
૝
, and this is a famous 

inequality, [2]. 

Remark 1. By Euler’s inequality ࡾ ≥ ૛࢘, we have (ૢࡾ + ૛࢘)(ࡾ− ૛࢘) ≥ ૙. Hence 
ૢ

૝࢘(૝ࡾା࢘)
≥ ૚

૛ࡾ
. Thus the inequality is a sharpening of the well-known inequality 

૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ ≥

૚
 ૛ࡾ

References 



 
www.ssmrmh.ro 

 
[1] O. Bottema, R.Z. Djordjevic, R. R. Janic, D. S. Mitrinovic, P.M. Vasic, Geometric 

inequalities., Groningen, Wolters-Noordhoff, 1969. 

[2] CRUX Mathematicorum, 1994, No. 4, p. 108, Problem 1940 

 

UP.115. Evaluate: 

න
(࢞)࢔࢒ (࢞)࢔࢏࢙

(࢞)
૚
૛

ஶ

૙

 ࢞ࢊ

Proposed by Arafat Rahman Akib – Dahka – Bangladesh  

Solution by Feti Sinani-Podujeve-Kosovo 

න
(࢞)ܖܔ ܖܑܛ ࢞

࢞
૚
૛

ାஶ

૙

࢞ࢊ = න࢓ࡵ ି࢞࢏࢞ࢋ
૚
૛

ାஶ

૙

࢞ࢊ(࢞)ܖܔ = ቂ
࢞
࢏ = ࢚ቃ = න࢓ࡵ ି࢞࢞ିࢋ

૚
૛

ାஶ

૙

(࢏࢞)ܖܔ ࢏
૚
૛࢞ࢊ = 

= ቌන࢓ࡵ ି࢞࢞ିࢋ
૚
૛ (࢞)ܖܔ

ାஶ

૙

ቀ࢏ࢋ
࣊
૛ቁ

૚
૛ ࢞ࢊ + න࢓ࡵ ି࢞࢞ିࢋ

૚
૛

ାஶ

૙

ܖܔ ቀ࢏ࢋ
࣊
૛ቁ ቀ࢏ࢋ

࣊
૛ቁ

૚
૛ ቍ࢞ࢊ = 

= ቆડ൬࢓ࡵ
૚
૛൰

ቀܛܗ܋
࣊
૝ + ࢏ ܖܑܛ

࣊
૝
ቁ + ડ ൬

૚
૛൰

࣊
૛ ࢏

ቀܛܗ܋
࣊
૝ + ࢏ ܖܑܛ

࣊
૝
ቁቇ = 

=
√૛
૛ ቆડ ൬

૚
૛൰ +

࣊
૛ ડ ൬

૚
૛൰ቇ =

ડ ቀ૚૛ቁ

√૛
൬શ ൬

૚
૛൰+

࣊
૛൰ = ට

࣊
૛
ቀ−ࢽ − ૛ ૛ܖܔ +

࣊
૛
ቁ 

 

UP.116. Prove that: 

෍ቌ(−૚)ି࢔૚
࢔ࡴ
૝ + ૟࢔ࡴ

૛࢔ࡴ
(૛) + ૜ቀ࢔ࡴ

(૛)ቁ
૛

+ ૡ࢔ࡴ࢔ࡴ
(૜) + ૟࢔ࡴ

(૝)

࢔
ቍ

ஶ

ୀ૚࢔

= ૛૝࢏ࡸ૞ ൬
૚
૛൰ 

Proposed by Ali Shather – An Nasiriyah – Iraq, Shivam Sharma – New Delhi – India  

Solution by proposers 

Apply the Stirling’s second sum, we get, 

∫ ૚ି࢔࢞ ૚)࢑ܖܔ − ࢞)૚
૙ ࢞ࢊ = (−૚)࢑

૛
(࢔)࢑

࢔
   (1) 

where, 
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૛
࢑

(࢔) = ෍൬࢑− ૚
࢐ ൰

࢑ି૚

࢐ୀ૙

(࢑ − ࢐ − ૚)!࢔ࡴ
(࢑ି࢐)૛

࢐
 (࢔)

Putting ࢑ = ૝, we get, 

૛
૝

(࢔) = ࢔ࡴ
૝ + ૟࢔ࡴ

૛࢔ࡴ
(૛) + ૜ቀ࢔ࡴ

(૛)ቁ
૛

+ ૡ࢔ࡴ࢔ࡴ
(૜) + ૟࢔ࡴ

(૝)    (2) 

then using (1) & (2), and then summing both sides, we get 

ࡿ− = ෍(−૚)࢔
ஶ

ୀ૚࢔

න࢞ି࢔૚
૚

૙

૝(૚ܖܔ − ࢞ࢊ(࢞ ⇒ න෍(−࢞)࢔
ஶ

ୀ૚࢔

૝(૚ܖܔ − ࢞)
࢞

૚

૙

 ࢞ࢊ

⇒ න
૝(૚ܖܔ − ࢞)
૚ + ࢞

૚

૙

 ࢞ࢊ

Replace, ࢞ → ૚ − ࢞ 

⇒ න
(࢞)૝ܖܔ
૛ − ࢞

૚

૙

࢞ࢊ ⇒
૚
૛෍න

࢔࢞

૛࢔

૚

૙

ஶ

ୀ૙࢔

࢞ࢊ(࢞)૝ܖܔ ⇒෍
૚
૛࢔

ஶ

ୀ૚࢔

න࢞ି࢔૚
૚

૙

 ࢞ࢊ(࢞)૝ܖܔ

⇒෍
૚
૛࢔

ஶ

ୀ૙࢔

⋅
ࣔ૝

૝࢔ࣔ
቎න࢞ି࢔૚
૚

૙

቏࢞ࢊ ⇒ 

⇒෍
૚
૛࢔

ஶ

ୀ૙࢔

ቈ
࢔࢞ (࢞)૝ܖܔ

࢔ −
૝࢞࢔

૛࢔ (࢞)૜ܖܔ + ૚૛
࢔࢞

૜࢔ ܖܔ
૛(࢞) − ૛૝

࢔࢞

૝࢔ ܖܔ
(࢞) + ૛૝

࢔࢞

૞቉࢔
૙

૚

⇒ 

⇒ ૛૝෍൮
ቀ૚૛ቁ

࢔

૞࢔
൲

ஶ

ୀ૚࢔

⇒ ૛૝࢏ࡸ૞ ൬
૚
૛൰ 

(OR) −ࡿ = ૛૝࢏ࡸ૞ ቀ
૚
૛
ቁ (OR) ࡿ = −૛૝࢏ࡸ૞ ቀ

૚
૛
ቁ (Answer) 

 

UP.117. Let ࢈,ࢇ, ࢉ ∈ ቂ૚
૛

;૜ቁ be positive real numbers such that: ࢇ+ ࢈ + ࢉ = ૜. Prove that: 

	 ࢇ√
૝ ା ૝࢈√ ା ૝ࢉ√

૜૙
+ ૚૚

૝૙
≥ ૜(࢈ࢇାࢉ࢈ାିࢇࢉ૛)

૛ቀ ૜ࢇ√ ା ૜࢈√ ା ૜ࢉ√ ା૚ቁ
                                            (*) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution by proposer 

* By AM-GM inequality we have: 

૜ࢇ + ૜ࢇ + ૜ࢇ + ૝ࢇ√ + ૝ࢇ√ + ૝ࢇ√ + ૝ࢇ√ + ૚ + ૚ + ૚ ≥ ૚૙ ⋅ ටࢇ૜ ⋅ ૜ࢇ ⋅ ૜ࢇ ⋅ ൫√ࢇ૝ ൯
૝
⋅ ૚ ⋅ ૚ ⋅ ૚

૚૙
= 

= ૚૙ ⋅ ૚૙૚૙ࢇ√ = ૚૙ࢇ ⇒ ૜ࢇ૜ + ૝ ⋅ ૝ࢇ√ + ૜ ≥ ૚૙ࢇ ⇒ ૝ ⋅ ૝ࢇ√ ≥ ૚૙ࢇ − ૜ࢇ૜ − ૜           (1) 
- Other, because ࢉ,࢈,ࢇ > 0; ܽ + ܾ + ܿ = 3 ⇒ ܽ < 3 ⇒ ࢇ) −૜)(ࢇ −૚)૛ ≤ ૙ ⇔ ࢇ) −૜)(ࢇ૛ − ૛ࢇ + ૚) ≤ ૙ 

                                          ⇔ ૜ࢇ − ૞ࢇ૛ + ૠࢇ − ૜ ≤ ૙ ⇔ ૜ࢇ ≤ ૞ࢇ૛ − ૠࢇ + ૜                    (2) 

- Let (1), (2): ⇒ ૝√ࢇ૝ ≥ ૚૙ࢇ − ૜൫૞ࢇ૛ − ૠࢇ+ ૜൯ − ૜ = ૜૚ࢇ − ૚૞ࢇ૛ − ૚૛ ⇒ ૝ࢇ√ ≥ ૜૚ିࢇ૚૞ࢇ૛ି૚૛
૝

 

+ Similar: √࢈૝ ≥ ૜૚ି࢈૚૞࢈૛ି૚૛
૝

; 	 ૝ࢉ√ ≥ ૜૚ିࢉ૚૞ࢉ૛ି૚૛
૝

 

− Therefore: √ࢇ૝ + ૝࢈√ + ૝ࢉ√ ≥ ૜૚(ࢇା࢈ାࢉ)ି૚૞൫ࢇ૛ା࢈૛ାࢉ૛൯ି૜૟
૝

= ૜૚⋅૜ି૚૞൫ࢇ૛ା࢈૛ାࢉ૛൯ି૜૟
૝

 

⇒
૝ࢇ√ + ૝࢈√ + ૝ࢉ√

૜૙ ≥
૞ૠ− ૚૞[(ࢇ+ +࢈ ૛(ࢉ −૛(࢈ࢇ+ ࢉ࢈ + [(ࢇࢉ

૚૛૙ =
૜૙(࢈ࢇ+ +ࢉ࢈ −(ࢇࢉ ૠૡ

૚૛૙ =
+࢈ࢇ ࢉ࢈ + ࢇࢉ

૝ −
૚૜
૛૙ 

                                          ⇒ ૝ࢇ√ ା ૝࢈√ ା ૝ࢉ√

૜૙
+ ૚૚

૝૙
≥ ࢇࢉାࢉ࢈ା࢈ࢇ

૝
− ૜

ૡ
                                        (3) 

+ Other: √ࢇ૜ + ૜ࢇ√ + ૜ࢇ√ + ૛ࢇ + ૛ࢇ ≥ ૞ ⋅ ට൫√ࢇ૜ ൯
૜
⋅ ૛ࢇ ⋅ ૛ࢇ

૞
= ૞ ⋅ ૞૞ࢇ√ = ૞ࢇ 

⇔ ૜ ⋅ ૜ࢇ√ + ૛ࢇ૛ ≥ ૞ࢇ ⇔ ૜ࢇ√ ≥ ૞ିࢇ૛ࢇ૛

૜
. Similar: √࢈૜ ≥ ૞ି࢈૛࢈૛

૜
; 	 ૜ࢉ√ ≥ ૞ିࢉ૛ࢉ૛

૜
 

- Therefore: √ࢇ૜ + ૜࢈√ + ૜ࢉ√ ≥ ૞(ࢇା࢈ାࢉ)ି૛൫ࢇ૛ା࢈૛ାࢉ૛൯
૜

= ૞⋅૜ି૛ൣ(ࢇା࢈ାࢉ)૛ି૛(࢈ࢇାࢉ࢈ାࢇࢉ)൧
૜

 

⇒ ૜ࢇ√ + ૜࢈√ + ૜ࢉ√ ≥ ૚૞ି૛⋅૜૛ା૝(࢈ࢇାࢉ࢈ାࢇࢉ)
૜

⇔ ૜ࢇ√ + ૜࢈√ + ૜ࢉ√ ≥ ૝(࢈ࢇାࢉ࢈ାࢇࢉ)ି૜
૜

    (4) 

- Because ࢈,ࢇ, ࢉ ∈ ቂ૚
૛

; ૜ቁ ⇒ ቀࢇ − ૚
૛
ቁ ቀ࢈ − ૚

૛
ቁ + ቀ࢈ − ૚

૛
ቁ ቀࢉ − ૚

૛
ቁ + ቀࢉ − ૚

૛
ቁ ቀࢇ − ૚

૛
ቁ ≥ ૙ 

⇔ ࢈ࢇ + +ࢉ࢈ ࢇࢉ ≥ +ࢇ ࢈ + ࢉ − ૜
૝

= ૜ − ૜
૝

= ૢ
૝
⇒ ࢈ࢇ + ࢉ࢈ + ࢇࢉ − ૛ > 0     (5) 

+ Let (4), (5):⇒ ૜(࢈ࢇାࢉ࢈ାିࢇࢉ૛)

૛ቀ ૜ࢇ√ ା ૜࢈√ ା ૜ࢉ√ ା૚ቁ
≤ ૜(࢈ࢇାࢉ࢈ାିࢇࢉ૛)

ૡ(࢈ࢇశࢉ࢈శࢇࢉ)
૜

= (૛ିࢇࢉାࢉ࢈ା࢈ࢇ)ૢ
ૡ(࢈ࢇାࢉ࢈ାࢇࢉ)

                  (6) 

- Let (3), (6), (*). We need to prove: ࢈ࢇାࢉ࢈ାࢇࢉ
૝

− ૜
ૡ
≥ (૛ିࢇࢉାࢉ࢈ା࢈ࢇ)ૢ

ૡ(࢈ࢇାࢉ࢈ାࢇࢉ)
⇔ 

⇔ ࢇࢉାࢉ࢈ା࢈ࢇ
૝

+ ૢ
૝(࢈ࢇାࢉ࢈ାࢇࢉ) ≥

૜
૛
   (True because by AM-GM inequality) and we get the result. 

+ Equality occurs if: ࢇ = ࢈ = ࢉ = ૚. 
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UP.118. Prove that: 

න ඨ࢖࢞
૚ + √૚ + ࢞૛

૚ + ࢞૛

ஶ

૙

࢞ࢊ = ૛࢖ା
૚
૛࡮൬

+࢖ ૚
૛ ࢖−, −

૚
૛൰ ; 	−૚ < ݌ < −

૚
૛ 

Proposed by Shivam Sharma - New Delhi – India 

Solution 1 by Abdulrahman Hamed Balfaqih - Tarim – Yemen 

ඥ૚ + ࢞૛ = ૛ ૛ܖ܉ܜ ࢟ + ૚ ⇒ ࡵ = න(࢞૛)
࢖
૛

ஶ

૙

ඨ૚ + √૚+ ࢞૛

૚ + ࢞૛ ࢞ࢊ = 

= ૛࢖ା
૜
૛න ࢖ܖܑܛ ࢟

࣊
૛

૙

૛ି࢖૛ିܛܗ܋ ࢞ࢊ࢟ = ૛࢖ା
૚
૛ࢼ ൬

࢖ + ૚
૛ ࢖−, −

૚
૛൰ ; 	−૚ < ݌ < −

૚
૛ 

Solution 2 by Khalef Ruhemi  - Jarash – Jordan 

න ࢞ି
૚
૛ ⋅ ࢞ିࢋ ⋅ (࢞࡮)ܛܗ܋

ஶ

૙

࢞ࢊ = ડ ൬
૚
૛൰

(૚ + ି(૛ࢼ
૚
૝ ܛܗ܋ ൬

૚
૛ ܛܗ܋

ି૚ ൬
૚

√૚ + ૛࡮
൰൰ 

=
√࣊

(૚ + (૛ࢼ
૚
૝
⋅
૚
√૛

⋅
ඥ૚ + √૚ + ૛࡮

(૚ + (૛࡮
૚
૝

= ට
࣊
૛ ⋅

ඨ૚ + √૚ + ૛࡮

૚ + ૛࡮  

⇒ ට
࣊
૛ න ࢖࡮

ஶ

૙

ඨ૚ + √૚ + ૛࡮

૚ + ૛࡮ ⋅ ࡮ࢊ = න ቌ࢞ି
૚
૛ ⋅ ࢞ିࢋ ⋅ න ࢖࡮

ஶ

૙

⋅ ࢞ࢊቍ࡮ࢊ(࢞࡮)ܛܗ܋
ஶ

૙

 

= −ડ(૚ + (࢖ ܖܑܛ ቀ
࢖࣊
૛
ቁන ࢞ି

૜
૛ି࢖ ⋅ ࢞ିࢋ

ஶ

૙

−,࢞ࢊ
૚
૛ > ݌ > −1 

= −ડ(૚+ −ડ൬(࢖
૚
૛ − ൰࢖ ܖܑܛ ቀ

࢖࣊
૛
ቁ ⇒ −૚ 

⇒ න ඨ࢖࢞
૚ + √૚ + ૛࡮

૚ + ૛࡮

ஶ

૙

⋅ ࡮ࢊ = −ඨ
૛
࣊ ⋅ ડ

(૚ + ડ(࢖ ൬−
૚
૛ − ൰࢖ ܖܑܛ ቀ

࢖࣊
૛
ቁ 

= −ඨ
૛
࣊ ⋅ ડ ൬−

૚
૛ − ൰࢖ ܖܑܛ ቀ

࢖࣊
૛
ቁ ࢞ ⋅

૚
√࣊

⋅ ૛࢖ ⋅ ડ ൬
࢖ + ૚
૛ ൰ ડ ቀ

࢖
૛ + ૚ቁ 
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= −
(૛)࢖ା

૚
૛

࣊ ⋅ ડ ൬−
૚
૛ − ൰ડ࢖ ൬

࢖ + ૚
૛ ൰ ડ ቀ

࢖
૛ + ૚ቁ࢞

−࣊

ડቀ−࢖૛ቁ ડ ቀ
࣊
૛ + ૚ቁ

 

= (૛)࢖ା
૚
૛ ⋅
ડ ቀ࢖ + ૚

૛ ቁ ડ ቀ− ૚
૛ − ቁ࢖

ડ ቀ−࢖૛ቁ
= ૛࢖ା

૚
૛ ⋅ ࡮ ൬

+࢖ ૚
૛ −࢖−,

૚
૛൰ 

∴ න ࢖࢞ ⋅ ඨ
૚ + √૚+ ࢞૛

૚ + ࢞૛

ஶ

૙

⋅ ࢞ࢊ = (૛)࢖ା
૚
૛ ⋅ ࡮ ൬

࢖ + ૚
૛ −࢖−,

૚
૛൰ 

Solution 3 by Togrul Ehmedov-Baku-Azerbaidian 

૚ + ࢞૛ = ࢟૛ ⇒ ࢞ = ඥ࢟૛ − ૚ ⇒ ࢞ࢊ =
࢟

ඥ࢟૛ − ૚
 ࢟ࢊ

ࡵ = න ࢖࢞
ஶ

૙

ඨ૚ + √૚ + ࢞૛

૚ + ࢞૛ ࢞ࢊ = න(࢟૛ − ૚)
࢖
૛

ஶ

૙

࢟ࢊ
ඥ࢟ − ૚

= න
(࢟ − ૚)

࢖
૛(࢟ + ૚)

࢖
૛

(࢟ − ૚)
૚
૛

ஶ

૙

 ࢟ࢊ

= න (࢟ − ૚)
૚ି࢖
૛

ஶ

૙

(࢟ + ૚)
࢖
૛࢟ࢊ 

૚
࢟ − ૚ = ࢚ ⇒ ࢟ =

૚
࢚ − ૚ ⇒ ࢟ࢊ = −

૚
࢚૛  ࢚ࢊ

ࡵ = න ࢚
૚ି࢖
૛

ஶ

૙

൬
૚ + ૛࢚
࢚ ൰

࢖
૛ ࢚ࢊ
࢚૛ = න ࢚

ି૛ି࢖૜
૛

ஶ

૙

(૚ + ૛࢚)
࢖
૛࢚ࢊ 

૛࢚ = ࢠ ⇒
ࢠ
૛ ⇒ ࢚ࢊ =

ࢠࢊ
૛  

ࡵ = න ૛
૛࢖ା૚
૛

ஶ

૙

ࢠ
ି૛ି࢖૜

ࢠ (૚ + (ࢠ
࢖
૛࢞ࢊ = ૛࢖ା

૚
૛න

ࢠ
ି૛ି࢖૜

૛

(૚ + ି(ࢠ
࢖
૛

ஶ

૙

 ࢠࢊ

= ૛࢖ା
૚
૛࡮൬

࢖ + ૚
૛ −࢖−,

૚
૛൰ 

Note: ࡮(࢞,࢟) = ∫ ࢚࢞ష૚

(૚ା࢚)࢞శ࢟
ஶ
૙ (࢞)ࢋࡾ,࢚ࢊ > 0;ܴ݁(࢟) > 0 
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UP.119. Prove that: 

෍൭
࢑ࡴ

(૛)

࢑ૢ
൱

ஶ

࢑ୀ૚

= (ૢ)ࣀ(૛)ࣀૢ + ૛ࣀ(૜)ࣀ(ૡ) + ૟ࣀ(૝)ࣀ(ૠ) + ૝ࣀ(૞)ࣀ(૟)− ૛ૠࣀ(૚૚) 

Proposed by Ali Shather and Shivam Sharma  

Solution by Ali Shather and Shivam Sharma 

ࡿ = ෍
࢔ࡴ

(૜)

ૡ࢔

ஶ

࢑ୀ૚

= ෍
૚
ૡ࢔

ஶ

ୀ૚࢔

൭ࣀ(૜)−෍
૚

࢔) + ࢑)૜

ஶ

࢑ୀ૚

൱ = (ૡ)ࣀ(૜)ࣀ + ෍෍
−૚

+࢔)ૡ࢔ ࢑)૜

ஶ

ୀ૚࢔

ஶ

࢑ୀ૚

 

ࡿ = (ૡ)ࣀ(૜)ࣀ + ෍෍

⎣
⎢
⎢
⎡

૜૟
࢑૚૙࢔

−
૜૟

࢑૚૙(࢑ + −(࢔
૛ૡ
૛࢔࢑ૢ

−
ૡ

࢑)࢑ૢ + ૛(࢔ +
૛૚
࢑ૡ࢔૞

−

−
૚

࢑૞(࢑+ ૜(࢔ −
૚૞
࢑ૠ࢔૝

+
૚૙
࢑૟࢔૞

−
૟

࢑૞࢔૟
+

૜
࢑૝࢔ૠ

−
૚

࢑૜࢔ૡ⎦
⎥
⎥
⎤ஶ

ୀ૚࢔

ஶ

࢑ୀ૚

 

ࡿ = (ૡ)ࣀ(૜)ࣀ + ෍

⎣
⎢
⎢
⎡
૜૟࢑ࡴ

࢑૚૙
−
૛ૡࣀ(૛)
࢑ૢ

−
ૡ
࢑ૢ

ቀࣀ(૛)−࢑ࡴ
(૛)ቁ +

૛૚ࣀ(૜)
࢑ૡ

−
૜૞
࢑ૡ

ቀࣀ(૜)−࢑ࡴ
(૜)ቁ −

−
૚૞ࣀ(૝)
࢑ૠ

+
૚૙ࣀ(૞)
࢑૟

−
૟ࣀ(૟)
࢑૞

+
૜ࣀ(ૠ)
࢑૝

−
(ૡ)ࣀ
࢑૜ ⎦

⎥
⎥
࢔⎤

࢑ୀ૚

 

ࡿ = (ૡ)ࣀ(૜)ࣀ +

⎣
⎢
⎢
⎢
⎡ ૜૟൫૟ࣀ(૚૚)− −(ૢ)ࣀ(૛)ࣀ −(ૡ)ࣀ(૜)ࣀ −(ૠ)ࣀ(૝)ࣀ ൯(૟)ࣀ(૞)ࣀ −

−૛ૡࣀ(૛)ࣀ(ૢ)− ૡࣀ(૛)ࣀ(ૢ) + ૡ෍
࢑ࡴ

(૛)

࢑ૡ

ஶ

࢑ୀ૚

+ ૛૚ࣀ(૜)ࣀ(ૡ)− (ૡ)ࣀ(૜)ࣀ +

ࡿ+ − ૚૞ࣀ(૝)ࣀ(ૠ) + ૚૙ࣀ(૞)ࣀ(૟)− ૟ࣀ(૟)ࣀ(૞) + ૜ࣀ(ૠ)ࣀ(૝)− ⎦(૜)ࣀ(ૡ)ࣀ
⎥
⎥
⎥
⎤

 

−ૡ෍
࢑ࡴ

(૛)

࢑ૢ

ஶ

࢑ୀ૚

= ૛૚૟ࣀ(૚૚)− ૠ૛ࣀ(૛)ࣀ(ૢ)− ૚૟ࣀ(૜)ࣀ(ૡ)− ૝ૡࣀ(૝)ࣀ(ૠ)− ૜૛ࣀ(૞)ࣀ(૟) 

Or 

෍
࢑ࡴ

(૛)

࢑ૢ

ஶ

࢑ୀ૚

= (ૢ)ࣀ(૛)ࣀૢ + ૛ࣀ(૜)ࣀ(ૡ) + ૟ࣀ(૝)ࣀ(ૠ) + ૝ࣀ(૞)ࣀ(૟)− ૛ૠࣀ(૚૚) 

 

UP.120. Prove that in any acute-angled triangle ࡯࡮࡭ the following relationship holds: 

√૛෍(࢙࡭࢔࢏ + (࡭࢙࢕ࢉ > ෍࢙࡯࢔࢏ ൫૚ + ૛࢙࢕ࢉ ࡭)  ൯(࡮−

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ઢ	࡯࡮࡭ is acute-angled, ∴ ૙ < ܥ,ܤ,ܣ < ࣊
૛
∴ ૙ < ܣ < ࣊

૛
	&− ࣊

૛
< ܤ− < 0 
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Adding these last 2, − ࣊

૛
< ܣ − ܤ < ࣊

૛
 

 
From the graph, we see ૙ < ࡭)ܛܗ܋ − (࡮ ≤ ૚  (1) 

Similarly, ૙ < −࡮)ܛܗ܋ (࡯ ≤ ૚  (2) 

૙ < ࡯)ܛܗ܋ − (࡭ ≤ ૚   (3) 

∴ ෍ܖܑܛ ࡯ (૚ + ܛܗ܋ ૛(࡭ ((࡮− = ෍ܖܑܛ ࡯ ⋅ ૛ ࡭)૛ܛܗ܋  (࡮−

≤
(૜),(૛),(૚)	࢟࢈

෍૛ܖܑܛ ࡯ = ૛෍ܖܑܛ ࡭ <
?
√૛෍(࡭ܖܑܛ +  (࡭ܛܗ܋

⇔ √૛෍࡭ܛܗ܋ >
?
൫૛ − √૛൯෍࡭ܖܑܛ ⇔ √૛൬

ࡾ + ࢘
ࡾ ൰ >

?
൫૛ − √૛൯ ቀ

࢙
ࡾ
ቁ 

⇔ ૛(ࡾ+ ࢘)૛ >
?
൫૟ − ૝√૛൯࢙૛   (a) 

∵ ૚૛ૡ > 121 ∴ 8√૛ > 11 ⇒ 4√૛ > ૚૚
૛

= ૟ − ૚
૛
⇒ ૚

૛
> 6 − 4√૛   (4) 

(4) ⇒ in order to prove (a), it suffices to show: ૛(ࡾ + ࢘) > ૚
૛
࢙૛ ⇔ 

⇔ ࢙૛ < ࡾ)4 + ࢘)૛   (b) 

Now, LHS of (b) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ <
?
૝ࡾ૛ + ૡ࢘ࡾ+ ૝࢘૛ ⇔ 

⇔ ૝࢘ࡾ+ ࢘૛ >
?
૙ → true ⇒ (b) is true ⇒ (a) is true 

(proved) 

 

 


