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JP.106. Let a, b, ¢ > 0. Prove that:

8(a+b+c)

>
(a+b)(b+c)(c+a)+5(ab+bc+ca)_12+10(a+b+c)

Proposed by Nguyen Ngoc Tu — Ha Giang — Vietnam
Solution by Rade Krenkov-Strumica-Macedonia
Inequality is equivalent with:

8(a+b+c)’(a+b+c)ab+ bc+ ca)
(a+b)(b+c)(c+a)

+10(a+ b + c)(ab + bc + ca). Using equality (a + b + c¢)(ab + bc + ca) =

+ 5(ab + bc + ca)?> = 12(ab + bc + ca) +

= (a+ b)(b + c)(c + a) + abc have

8(a+ b+ c)?abc
(a+b)(b+c)(c+a)

+10(a+ b + c)(ab + bc + ca). From AM-GM we get:

8(a+b+c)+ + 5(ab + bc + ca)? > 12(ab + bc + ca) +

5(a+ b+ c)?> +5(ab + bc + ca)? > 10(a+ b + c)(ab + bc + ca). Now, enough to

8(a+b+c)%abc > 12(ab + bc+ ca)

: 2 , _8atb+o’abe
provethat: 3(a + b+ c)* + —5mms s >

8(a+ b+ c)3abc
(a+b)(b+c)(c+a) - (a+b+c) > 12(ab + bc + ca)

From AM-GM we get:

3(a+b+c)*+

8a+b+c)¥=[(a+b)+(b+c)+(c+a)®> [3i/(a+b)(b+c)(c+ a)]3 =

= 27(a + b)(b + c¢)(c + a). We, must prove that:

27abc

+b+¢)2+—m—
3(a+b+c) P

>12(ab + bc + ca) &

o (a+b+c)®>+9abc>4(a+ b+ c)(ab + bc + ca)

From Schur’s inequality we have:
(a+b+c)=a? +b3+c3+32a2b+32ab2+6abc2
>4Y a’b+ 4 ab? + 3abc. Now, (a+ b + ¢)? + 9abc >

24Za2b+42ab2 + 12abc = 4(a+ b + c¢)(ab + bc + ca)
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JP.107. Prove that in any triangle ABC with incentre I the following relationship holds:

a? b? c? R?
Al =+ Bl -+ Cl - < 3VZ—/R(R - 1),
where R is the circumradius, r is the inradius of triangle ABC and w,, w;,, w. are the
lengths of the internal bisectors of the angle opposite of the sides of lengths a, b, c,
respectively.

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Rajsekhar Azaad-India

Al b+c BI cta CI a+b
ForanyA:-==-—,-—==——,—~=——
a

2s "wy 2s 'w, 2s

Al - a? a’(b+c) (a+b+c)(ab+ bc+ ca) — 3abc
R R
w, 2s 2s

_ 2s(s*+12+4Rr) —3-4Rrs
B 2s
< 4R? + 4Rr + 3r% + r? — 2Rr (Gerretsen)= 4R% + 2Rr + 4r?

< 4R? + R? + R? = 6R? (i)

RHS = 3\/ER72,/r(R —r) = 3V2R? /5(5— 1) > 3vV2R%,/2(2-1) (v R > 2r)

= 6R? (ii)
From (i) & (ii) inequality proved.

=s2+1r2—2Rr

Solution 2 by Marian Ursarescu-Romania
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BA'

From bisector theorem =242 =< 584 = € o gy =2
A'C b a b+c b+c
Al c c b+c Al b+c Al b+c
= = = = = = — =
IA" BA’ ac a AA" a+b+c w, 2p

b+c
Inequalities become: %Z a’(b+c) < Sﬁgm (@)
But Y a?(b + c) = 2p(p? +r?> — 2Rr) (2)
From (1)+(2) we show: p? + r? — 2Rr < Sﬁt—zm 3)
BUtR > 2r > 3ﬁ¥m > 6R? (4)
From (3)+(4) we must show: p? + r? — 2Rr < 6R? (5)

But (5) its true from Blundon — Gerretsen inequality: p? < 4R? + 4Rr + 3r2.

Solution 3 by Soumitra Mandal-Chandar Nagore-India

A
A B C 2bc cos»
Al = —,BI = —,CI = =, =—
T'CSC2 1'(:SC2 T'CSC2 W, b+oc
_ 2ac cosg _ 2ab cosg
Wp = c+a and We = a+b

Chebyshev's
Al - a? Ineqiality a?+ b% + ¢2 z Al

w, - 3 w,
cyc cyc
[ p c |
| rescy rcsCy rescy |
|let a? > b? > ¢% then < < |
A B C
[ 2bc cosy 2ca coso 2ab cos EJ
b+c ct+a a+b

/ 4 \
TrCSCH b+c b+ c

< 2R2 § 2 — 2p2 § — ¢R3 §

< 3R k 3R°r bcsin A 6R"r abc

cyc ZbC COS 7 cyc cyc
b+c

— P34, 220 _ 2 2 .~ 3VZR? _
= 6R3r 4Rrp—6R , we need to prove, 6R* < - JR(R—71)

oV2r<JRR-r)=oR:—Rr-2r2>0 (R+r)(R-2r) > 0,

which is also true



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

--ZAI o <3\/— w/R(R—r

cyc

(proved)
JP.108. If a,b > 0O, then:

smx tan x\? T
4Va ( p ) +a>6\/ab,Vx€(0,E)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Ravi Prakash-New Delhi-India

For0<x<§,a,b>0

. 2 . 2
4msmx+b(tanx) +a> 4-\/"Esm;\c_F 2 b(tanx) a
x x x \j x
— Zm [Zsinx+tanx] (1)
x x

Letg(x)=Zsinx+tanx—3x,0Sx<§

11 1 11
g'(x) =2cosx+sec’x—-3,0<x <E:>3[coszxsec2x]§—3,0 <x <E

:>g’(x)>0for0<x<§:>g(x)>g(0)for0<x<§

:>25i:"+ta“>3 foro<x<Z (2)

From (1), (2), we get: 4vVab 22 + (ta:x) +a>6Vabfor0<x < g
Solution 2 by Soumitra Mandal-Chandar Nagore-lndia
3 3
We know, sin x > x —%,tanx > x +%foral| X € [0%]

tan X

smx tanx
4Va g( p ) +az=4va —+zv

_2\/_( sinx ta:x)>2m(2_%+1+%) fOI’alle(O,g)

= 6Vab (proved)
JP.109. If a,b > 0, then:

smx 2ab tanx> 6ab v E(O n)
a+b X a+b’ . "2

(a+Db)-
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Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Soumava Chakraborty-Kolkata-India

sinx+ 2ab tanx (1) 6ab

+b)- . >
(a+b) a+b X a+b

(2)
(1) © (a + b)*sinx + 2abtanx > 6abx

? ?
v (a+ b)? = 4ab .. LHS of (2) > 4absin x + 2abtan x > 6abx © 2sinx + tanx — 3x (?) 0

Let f(x) =2sinx +tanx —3x Vx € [Og)
f'(x) =sec’x+2cosx—3andf"(x) = 2(sec? xtan x — sin x) =
= Z(tanx(l + tan? x) — sinx) = Z(tanx— sin x + tan? x) > Z(Sinx — sinx + tan? x)

( VX € [Og) ,tanx > x > sin x) =2tan3x>0 - f"(x) >0Vx € [Og)

= f(x)ton[0,5)= f(x) = £(0) =0,vxe[0,Z) = f(x) Ton[0,%)
= f(x) = f(0)=0>vVxe [O,E),Zsinx+tanx— 3x > 0, equalityatx =0

~Va,b>0x¢€ (Og) ,2sinx + tanx — 3x > 0 = (3) is true (Proved)

JP.110. If x,y,z € (0,1) and ABC is a triangle, then prove that:
sin? 4 sin2 3 sin2 & 23/4
2 2 2
+ + > (2R -71)
x(1—x3) y(1-9y3) z(1-23)" 3R

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Ravi Prakash-New Delhi-India

1

Let f(x) =x(1—x3),0<x<1;f'(x)=1—-4x3f(x)=0=>x= G)E

1

f'(x) =—-12x%> f" <G)§> < 0 = f(x) has a maximum for x = G)g

4

1 43
R ey for0<x<1

1 1\ _ 3
- MaXgex< f(x) = —1(1 - Z) ==
43 43
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o), sintlg) | () ) (B) ()

Tx(1-2a3) y(1-y3) z(1-23)" 3 2 2 2

45 rq 2 (31) (2R-1)

=— |1 —-——| =
3[ ZR] 3R
A B c A B c
CeinZl 2l cin2o — 28 iz a2
1 — sin 2 sin 2 sin 2 cos 2 sin 2 sin 2
_ <A+B (A—B . ,C C[ (A—B A+B]
= cos 2 )cos 2 ) sin z—sm2 cos 2 ) cos 2
— i A_ B  C (s—a)(s—b)(s—c) 2 A?
B smzsmzsmz abc ~ 3 abc
_1<A)<4A)_1 r
“2\s/\abc/ 2 R

Solution 2 by Marian Ursarescu-Romania

Let £:(0,1) > R, f(x) =x(1 —x3) = x — x*

1
fx)=1- 4x3—0:>x—ﬁ
x 0 1
Va
f'(x) +++++++++++++++0—-—————— —— — — — — — — —
f(x)

)< B 1 4
x(1-x%) < T ewe >— (1)
smZé sin23 sin2¢ 43/
H 1t 2 2
From (1) inequalities become: - xg) y(l_yg) + =) = — (Z sin? ) 2)
. 24 a_ 2R-r
But ) sin AT 3
i Zé sinZE sin2£

From (2)+(3)= s x3) y(l—yz3) + pen 223) > (2R -7r)
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Solution 3 by Soumitra Mandal-Chandar Nagore-India

Let f(x) = x— x*forall x € (0,1) then f'(x) = 1 — 4x3

" — ' — 1 1" _ 1
f (x)——12x2nowletf(c)—O:c—ﬁthenf (x)<0atx—ﬁ

=1 i i i L
hence at x = T the function attains maximum then f (%) > f(x)

. 2 A
z sin3 4Ya¢ LA 4Wz(p—b)(p—6)
sIn® — =
2 3 bc

>
x(1—-x3)" 3
cyc cyc cyc
_4V4 a-b)p-c)+b(p-a)(p-c)+clp-a)p-b)
3 abc
— 4-3_\/1 . p?(a+b+c)-2p(ab+bc+ca)+3abc — 4-3_\/1 . 4Rrp-2pr?

_ 2%
3 abc 3 4Rrp - ? (ZR B T) (Proved)
JP.111. Prove that:
()Ifa,b,c,d,x,y,z t € R%, then:

+8\/(a? + b2 + c2 + d2)(x% + y2 + 22 + t2) >
>(a+b+c+d+x+y+z+t)?
(i) Ifa,b,c,m,n,p,x,y,z € R} then:

S@+pd+E+m*+nd+pd+ a3 +y3+23)+

+3i/(a3 + b3 + C3)(m3 + n3 + p3)(x3 + y3 + Z3) >
>2(a+b+c)(m+n+p)(x+y+2z)
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

4(a®+ b2+t +d?+x%+ Yy + 22+ t2) + 8 (a2 + b2+ 2 + d2)(x2 + Y2 + 22 + (2) >

>(a+b+c+d+x+y+z+t):leta+b+c+d=Ya,x+y+z+t=Yx,
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LHS Chebishev z o z \/(Z a)z » x)Z
ZLLZ:aZ +4§:xZ +2(Za) (Zx)
Chebyshev

> Ca))+Cx)*+2Ca)Cx)=Ca+Yx)?=RHS (Proved)

S@+p+3+rm3+nd+pd+a3+y3+23)+

+3§/(a3 + b3 +c3)(m3 +nd + p3)(x3 +y3 + z3) >
>2(a+b+c)(m+n+p)(x+y+2z)

leta+b+c=Yam+n+p=Yym,x+y+z=3>x,

GrB =Y m g =Y m By =Y
s E (S ) (Fm) (3 ) |+ ;j Cor, Gm:, G
|+ ) () [+ B
53N a) (Qm) (O EEEEED <2 (3 a) (3 m) (3 ) = s

Solution 2 by Soumitra Mandal-Chandar Nagore-India

(geege) 5o 37)

R N 2
o [T i) e

cyc cyc

=(a+b+c+d+x+y+z+t)? (proved)

(g g g (8o (2 (5
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AM=GM 3
> 18 Za3 Zm3 Zx3

cyc cyc cyc

sf(a+b+c¢)? (m+n+p) (x+y+z)3
lej( DO mrnep)? (xy )

=2(a+b+c)(m+n+p)(x+y+2z)
JP.112. Prove thatifa,b € R,,x,y,u,v € R} then:

x u\2 U\ 2
(a-—+b-—) +(a-z+b-—) > 2(a + b)?
y v X u
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

2
(a.£+ b.E+a.Z+b.2) (a.£+ a.Z+b.E+b.Z)
y v X u — y X v u

By Cauchy-Schwarz we have: LHS > 5 5

2
> 22 = 2(a + b)* = QED.

Solution 2 by Henry Ricardo-New York-USA
Recalling that a + i > 2 for a > 0 by the AM-GM inequality, we see that
v Z

g3z -

:(a.§)2+2ab;_j;+(b.;)2+(a.g)z+2abg+(b.§)

(S @ 2an 2 [ ]

2

y x yv Xxu

> 2a% + 2b?* + 4ab = 2(a + b)?

Solution 3 by Ravi Prakash-New Delhi-India
X w\? v\ 2
(a—+ b—) + (az+ b—) =
y v x u

x?2 2 ur v? xu  yv
=a2<y Y >+b2< >+2ab(—+y—) > 2a? + 2b% + 2ab(2) = 2(a + b)?

4+ - 4+ —
z x? 2 u? yv Xxu
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JP.113. Let x, y, z be real numbers such that:
x*y + y?z + z%x + 4(xy* + yz* + zx?) + 13xyz =5
Find the minium value of the expression:
P = (x* + 4xy + 5y?)(y* + 4yz + 52%) (2% + 4zx + 5x?%) + 6x*y?z*
Proposed Do Quoc Chinh — Vinh Phuc — Viet Nam
Solution by proposer
We will prove that P > 15. Since y? + 4yz + 522 = (y + 2z)% + z%. And
(x% + 4xy + 5y?)(2% + 4zx + 5x%) = [(x + 2y)? + y?][x% + (z + 2x)?] =
= [x(x+ 2y) + y(z + 2x)]* + [(x + 2y) (z + 2x) — xy]* =
= (x%* +4xy + yz)? + (2x* + 3xy + 2y + zx)*
By the Cauchy-Schwarz inequality, we have:
P>[(y+2z)(x? + 4xy + yz) + z(2x* + 3xy + 2yz + zx)]* =
= [x*y + y*z + z%x + 4(xy? + yz? + zx?) + 11xyz]* = (5 — 2xyz)>?
Thus, it suffies to show that: (5 — 2xyz)? + 6x2y*z? > 15.
This inequality is equivalent to (xyz — 1)2 > 0
x2y +y2z + z22x = =2

5

-14

The equality holds for xy? +yz? + zx% = 22
5

xyz=1

JP.114. Let a, b, ¢ be positive real numbers. Prove that:

(a) In3 (aTb) + In3 (%) n3 (%) +24Ina-Inb-Inc = In3(abc)

(b) ln(ab) . ln(bc) . ln(ca) — ln3(abC)—ln33a—ln3 b—ln3c

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution by Ravi Prakash-New Delhi-India

Putx =Ina,y =Inb,z = In c. With this (a) can be written as

x+y—zP+(@y+z—x)3+(x+z—y)3+24xyz= (x+y+ z)3 and (b) becomes

e+ NG+ D+ 2 =[x +y+ 28—~y ~ 7]
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(a) Consider

(xry+2P+@x+y-23+(z-(x—y) +(z+x(x-y)°
=2(x+y)B+6(x+y)z?+2z3+6(x—y)z
=2(x+y+2)®—6(x+y)z(x+y+2z)+6(x+y)z* + 6(x - y)°z
=2(x+y+z)}-6(x+y)iz—6(x+y)z’>+6(x+y)z’> +6(x—y)’z
=2(x+y+2)?-6z[(x+y)* - (x—y)*] = 2(x + y + 2)* — 6z(4xy)
s@+y-zP+(z+x-y)P+(z+y—x)3°+24xyz=(x+y+2z)?
as desired.

(b) Consider
(x+y+2z)P3—x3-(3+2%)=
=(x+y+z-0[x+y+2)?+x(x+y+2)+x*] - (y +2)(y* —yz + 2%)
=+ lx+y+2?+x(x+y+2z)+x% -y +yz—7°]
=(+)lx+y+z—y)x+y+z+y)+(x*+xy+yz+zx)+ (x—z)(x +z)]
=@ +)x+2){x+y)+ @+ + (x +y)(x + 2) + (x — 2)(x + 2)]

=(y+2)x+2)x+y+y+z+x+y+x—z]=3(x+y)(y+2)(z+x)

JP.115. If a, b, ¢ are positive real numbers such that a? + b? + ¢? = 3 then:

b 18
(1+%)<1+E)(1+£)22+a+b+c

Proposed by Pham Quoc Sang — Ho Chi Minh - Vietnam
Solution 1 by Christos Eythimiou-Greece

a’b’c>0/\az+bz+czz3:>(1+%)(1+9)(1+£)22+ 18

c a a+b+c
a b c
2 2 2 — _ — — ) =
a,b,c>0Aa*+b*+c —3:>(1+b)(1+c>(1+a)
a b ¢c a b c a’b + b?%c + c?a + a?c + b*a + c%b
24+ —4+—4+—F+—F+—H+—=2+ =
b ¢ a ¢ a b abc

- (a+b+c)(ab+ bc+ ca) —3abc _
abc B
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. (a+ b+ c)*(ab + bc + ca) — 3(abbc + bcca + caab)
abc(a+b +c)

(az + b% + ¢ +2(ab + bc + ca)) (ab + bc + ca) — (ab + bc + ca)?
2+ _
abc(a+b +c)

(1+1+1+ab+ bc+ca)(ab + bc + ca)
abc(a+b +c)
(6V1 -1-1-ab - bc- ca)(3§/abbcca) 18
2+ =24+ —
abc(a+ b + c) a+b+c

Solution 2 by Soumava Chakraborty-Kolkata-India

(1) / 2

Given inequality & M > 2+ 6;% (~Ya%?=3)

leta+b=xb+c=y,c+ta=z.Thenx+y>zy+z>x,z+x>y=x,y, zare
three sides of a triangle with semiperiemeter, circumradius & inradius = s,R,r

respectively (say): - Ya=s=>c=s—x,a=s—y,b =s— z Using above

subtitution, (1) & 22 -2 > 2\ 3T(s — )2 & B -2 > 2 BR(sT— 25y + y) &

s rls
2R —r
{—4
r

3
> ;\/3{352 —4s2+2(s2—4Rr —r?)} o

(2R-1)% _ 27 @
© =5 —25(s*—8Rr —2r*) & (2R—1)*s* > 27r*(s* — 8Rr — 21%) = s* >

rz2 -
2772 .. it suffices to prove: (2R — r)? > s2 — 8Rr — 2r? & s? < 4R? + 4Rr + 312,

which is true by Gerretsen = (2) is true (hence proved)

JP.116. If a, b, ¢ are positive real numbers such that abc = 1 then:
a b c 3

+ + <
a2+bc b2 +ca c +ab” 2

Proposed by Pham Quoc Sang — Ho Chi Minh - Vietnam

Solution by Marian Ursarescu-Romania

Becauseabc = 1= a = ;,b =7,¢="withx,y,z > 0. Inequality becomes:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

X, yz x3 + y3
y x xy?
x“y 3
z:;\c3+y3 =2 (1)

But x3 +y3 > xy(x + y) (because x3 + y® —x’y —xy? >0 &
ex*x-y)+y*(x—-y)20(x—yY)x*—y*) >0 (x—y)*(x+y) = 0true)

1 1 2
< x‘y x

— (2
x3+y3 T xy(x+y) x3+y3 T x+y ( )

=

From (1) + (2) we must show this: xxTy + ﬁ + i < ; S
e 2x(y+2z)(z+x) +2y(x+y)(z+x) +2z(x +y)(y + 2) <
<3x+y+2)(z+x)
© 6xyz + 4x%y + 4xz* + 4y*z + 2xz® + 2y?z + 2yz* <
< 6xyz + 3x*y + 3xz* + 3y*z + 3x?z + 3xy? + 3yz’ &

e z2y+xtz+xy* —x*y—-y?*z—-z’x>0 o

o xy(y —x) + xz(x —z) + zy(z - y) @}@
Butz—-y=z—x+x-—y

exy(y—x)+xz(x—z)+zy(z—x+x—-y)=0&
e xy-zy)(y—-x)+(xz-zy)(x—2) =0
esy-x)yk-2z)+(x-2)z(x—y)=0o
& (y—x)(x—z)(y — z) = 0 which is true.

JP.117. If a, b, ¢ are positive real numbers then:

ab bc ca 3 3

+ + >4 . — p)2 _ 2 PRy
c2+ca a’+ab b2 +bc~ 2 2(a+b+c)? max{(a — b)?, (b — ¢)? (c — a)*}

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam
Solution by proposer

- ab bc ca a b c
First, we prove: + + —+ —+—
! P cZ+ca a%+ab b%+bc ~ b+c c+a a+b
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Proof.
ab bc ca a b c
+ + > + +
c2+ca a’+ab b2+bc b+c c+a a+bh
b(c+a)—bc c(a+b)—ca a(b+c)—ab a b c
+ + +
c(c+a) a(a + b) b(b+c) ~b+c c+a a+b

b +b b+ +
S t-+-> o ety =2y =
a

b
c a+c b+a c+b c

,z=§:>xyz=1.80,
a+b 1+yz 1-y b+c 1+2zx 1-z

= =y+ : = =z+
a+c 1+2z 1+z ' b+a 1+x 1+x

+ 1+
c+b 1+y 1

e -1Dz+1)+* -1+ +(Z2-1)(y+1)=0

1- -1 -1 -1
=~ We need to prove that: — + 2= + ==
+y y+1  z+1  x+1

oxtz+z?y+y*x+x:+y:+z2>x+y+z+3 (1)
On the other hand, we have: x?z + z%y + y?x > 3xyz = 3. And
x? +y? + 72 2§(x+y+z)Z > x +y +z.5S0 (1) right! Or

ab bc ca a b c
+ + > — + —+ —. Next, we prove:
cZ+ca a?4+ab  b%+bc — b+c c+a a+b ext, pro

a b c 3 3
+ + >—4+—
b+c c+a a+b 2 2(a+b+c)?

-max{(a — b)?,(b—c)?, (c — a)?}

Proof. Assume

a>b>c=(a-c)?=max{(a—-b)?(b-—c)?(c—a)?}

a 1 b 1 c 1
Wehave: — —-+——>+——~
b+c 2 c+a 2 a+b 2

1 (a—b)+(a—c)+(b—c)+(b—a)+(c—a)+(c—b)
T2 b+c c+a a+b ]

1 (a — b)? (b —c)? (c — a)?
‘E[(a+c)(b+c)+(b+a)(c+a)+(c+b)(a+b)

>1 (a—=b+b—-c+a-c)?

=2 (a+c)b+c)+(b+a)c+a)+ (c+b)(a+hb)
1 4(a - c)? 1 4(a —c)?
_E.a2+b2+c2+3(ab+bc+ca)_E.(a+b+c)2+%(a+b+c)z

_ 3(a-0c)? _ 3
" 2(a+b+c¢)? 2(a+b+c)?

-max{(a — b)?,(b — ¢)?,(c — a)?}
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b b
, ab_, _bc  ca >
cZ+ca a%?4+ab b%+bc — 2  2(a+b+c)?

| w

So

-max{(a — b)? (b —c)? (c — a)?}

Equality occursifandonlyifa = b = c.

JP.118. Let a, b, ¢ be the three sides of a triangle. Prove that:

b c a a+b+c

a®i b3 & 3@@+hb3+cd)
— >

Proposed by Nguyen Ngoc Tu —Ha Giang — Vietnam
Solution by Soumava Chakraborty-Kolkata-India

ai b® 2®W3Yad
—_—t—+— >
b ¢ a Ya

ab*+bc*+ca* 3Y a3

(1) < abc = Ya

= (z a) (ab* + bc* + ca*) (é) 3abc (z a3)

lets—a=x,s—b=y,s—c=2z(x,y,z>0)

LssS=x+y+z=>a=y+zb=z+xc=x+Yy

By this substitution, (2) transforms into:
2((x+ NG+ + G+ D+t + (z+ D)@+ (x+y+2) 2

23(x+ (@Y +2)z+x)((x+y)* +(y+2)3°+(z+x)?)
©2Yx0+6YXx°y+ 7Y xty? +2Y x3y3 > 3 Y x2y* + 2xyz(¥ x%y) + 6xyz(Y xy? +
18x2y2z2 (a)

A-G
Now, y® + x*y? > 2x%y* > (1a)
A-G
z% + ytz2 > 2y?2z* > (1b)

A-G
x6+z%x? > 2z%x* > (1c)

(1a)+(1b)+(10)= X x® + Y xty? > 2 x%y* (1)
A-G
Again, y® + y® + x® > 3xZy* > (2a)

A-G
z°+z°+y°® > 3y*z* > (2b)
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x® + x6 + 26 A; 3z2x* - (2c)
(2a)+(2b)+(2c)=> 3 Y x® = 3 Y x2y? = Y x® = Y x2y* (2)
Also, x*y? + y*z? A; 2x%y3z > (3a)
y*z? + z*x? A; 2y2z3x - (3b)
z*x? + xty? A; 2z%x3y - (3¢)
(3a)+(3b)+(3c)= 2 X x*y* = 2xyz(T xy*) = 6 L x*y? > 6xyz(T xy*) — (3)
Moreover, x3y3 + x3y3 + z3x3 A; 3x3y2%z > (4a)
y3z3 + y3z23 + x3y3 5 3y3z*x > (4b)
73x3 + 23x3 + Y323 s 3z3x%y - (4c)
(4a)+(4b)+(4c)= 3 X x3y3 > 3xyz(X x%y) =2 2 ¥ x3y3 > 2xyz(3 x%y) » (4)

Lastly, 6 Y x>y A; 18x2y?z* - (5)
(1)+(2)+(3)+(4)+(5)=(a) is true (Proved)

JP.119. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that:

a+b . b+c . c+a >2 va? + b?% + ¢2
c2(c3+a+b) a*(a3+b+c) b2(b3+c+a)

V3 Vabc
Proposed by Do Quoc Chinh —Vinh Phuc - Vietnam

Solution by proposer
The inequality need to prove to be equivalent to:
3+a+b—-c® al+b+c—a® b +c+a—-b3> 2 +Va?+b%+?

+ + >—
c2(c3+a+b) a*(@aP+b+c) b2 2b3+c+a) 3 3abc
1+1+1>2 \/az+b2+c2+ a N b N c
@— J— J— .
a’> b%? ¢z 3 3labc a3+b+c b3+c+a c3+a+b

Applying the Holder and AM-GM inequality, we have:

z a B a(1+ b+ ¢)? a(1+ b+ c)?
a3+b+c Li(@®+b+c)1+b+c)? ™ (a+ b+ c)3
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_Ya(1+b*+c?+2bc+2b+2c)
B 27
_ 4(ab + bc + ca) + a(b? + ¢®) + b(c* + a?) + c(a® + b*) + 6abc
B 27
__4(ab + bc+ca)+ (a+b+c)(ab+ bc+ ca) + 3abc + 3
B 27
_ 7(ab + bc + ca) + 3abc + 3 7'M+ la+b+c)

_ - 3 3 27 ‘3 _
27 = 27
2 JEEE

1 1
-4 —->-—.—+1
b2 2 T V3 3/abc

Therefore, we need to prove that: aiz +

Applying the Cauchy-Schwarz inequality, we have:

1 1 1 1 (1 1 1,2 3 (1 1 1
—+—=+—=>—|—-+—-+-] >—
a? b?2 c27 3 \a b c) a+b+c )

i ———
a b c
1 1 1 1 1 1 1 1(a b c b c a
c4-+-—1==-(a+b+)(-+-+=)—1==(2+2+5+2 45412
We have: a b ¢ 1 3 (a b C) (a b c) 1 3 (b c a a b c)

2 /3(a2+b2+c2)
Weneedtoprovethat:§+b+§+9+5+5>—

Z a b c W
/3(a2+b2+c2)
We will prove that: = + byes ~——— Which is equivalent to:
b ¢ a Vabc

<a+b+C)Z>3(a2+bZ+cZ) a2+b2+c2+2<b+c+a) 3(a? + b? + ¢?)
J— — J— @ —_ —_ —_ J— J— J—
b ¢ a VaZpzc? b? c¢? a? a b ¢/ Y aZb2c?

Applying the AM-GM inequality, we have:

_wa® a, a 3] a* _ 3(a?+b%+c?) _
LHS =2+ o+ o232 (a2 =™ “5apa RIS

2 2 2
Similarly, we have: -+ % + % S M

Yabe
The proof of the inequality is complete. The equality holdsfora =b =c = 1.
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JP.120. Let a, b, ¢ be positive real numbers and k € [1; 3]. Prove that:
1 1 1
+ +
a2 +ab+ca+kbc b?+bc+ab+kca
- 9
~(k+3)(ab + bc + ca)

¢+ ca+ bc+ kab

Proposed by Do Quoc Chinh - Vinh Phuc - Vietnam

Solution by proposer
Puti = x,% = y,% = z. The inequality need to prove to be equivalent to:

1 1 1 9
+ + <
a’+ab+ca+kbc bZ+bc+ab+kca c%2+ca+bc+kab~ (k+3)(ab+ bc+ ca)
1 1
(=4

1,11
x1  xy zx

1 9
+ <
i2+i+i+£ i2+i+i+£ (k+3)(i+i+i)
y2 yz xy zx z2 zx yz xy Xy yz zx

+
+
yz
X y z 9
+ <
kx2+xy+yz+zx ky:+xy+yz+zx kz2+xy+yz+zx~ (k+3)(x+y+2z)

x(xy +yz + zx) N y(xy + yz + zx) z(xy + yz + zx) 9(xy + yz + zx)
kx2+xy+yz+zx ky:+xy+yz+zx kz2+xy+yz+zx~ (k+3)(x+y+2z)
kx3 ky? kz3 9(xy + yz + zx)
o X — +y— +z — <
kx% +xy +yz + zx ky? + xy + yz + zx kz? +xy+yz+zx~ (k+3)(x+y+z)
i x3 . y3 . z3 . 9(xy + yz + zx) v
< kx> +xy+yz+zx ky’+xy+yz+zx kz’+xy+yz+zx (k+3)(x+y+z)_x yrz

Applying the Cauchy-Schwarz inequality, we have:

x3

(£x?)° _ (Zx?)°
kx2+xy+yz+zx ~ Yx(kx®2+xy+yz+zx) 3kxyz+ QEx)[kEx2) - (k-1)Yxy]

2
Note that we have: (xy + yz + zx)? > 3xyz(x +y + z) © 3xyz < —(xy:;:x)

Therefore, we have: Y, x > (z2)° (0
) " kx24xy+yz+ze T k(Exy) 2+ (S x)z[kz 2—(k-1) 3, xy]

. OEDROE) JOE))
Therefore, we need to prove that: KCo)Tr(5 D2kE (kD) 5 1] Y e = xx
k(X x*)? 9(X xy)
And 2 2 2 + 2 =1
kX xy)? + Rx)?[kXx? — (k—1)Xxy]l  (k+3)(Xx)

_ x2+y2+z2 : I ; . kt? ki
Putt = P (t = 1). The inequality is equivalent to: et T T =
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kt?(k + 3) - 9 3306 (1) k(3t+2—k) 3
= — _— o (- —
kt2+kt+t—k+2 t+2 kt2+kt+t—k+2 t+2]|

o k(Bt+2—-k)(t+2)>3[kt? +kt+t—k+2]
© k(3t? —tk — 2k + 8t + 4) > 3kt> + 3kt + 3t — 3k + 6
5t+7

(:)kz(t+2)—k(5t+7)+3(t+2)SO@kz—k-t+2+3s0
We seeﬂ =5— 3 > > 5 — — = 4. Therefore, we have:
t+2 1+2
K2 -k 43 <k2- 4k +3 = (k—1)(k—3) < 0. Theequality fora=b = c.

SP.106. In AABC the following relationship holds:
a® b® 3
(acot20° + b cot40° + c cot 80° )3>9\/_r<—+—+ )
Tq Tp re
Proposed by Daniel Sitaru — Romania

Solution by proposer

£20° 40° cot 80° cos 20° cos 40° cos 80° cos 80°
co co =— — — o= =
sin 20°sin40°sin 80°  , .. 20°-%(c0520°—cos60°)
B cos 80° B cos 80° 1 V3
"~ 25sin20°cos 20° —sin20°  2sin10°cos30° ) V3 3
2

V3

cot20° cot40° cot 80° = 5 (1)

rZ:—zera(s ) = Za (s—a) (2)

We prove that: Y a3 (s —a) < abcs © Y a3 (b+c—a) < abc(a+b +c)

& Y a? (a — b)(a — c¢) = (by Schur’s inequality)
By (2): L% <abc (3)

AM-GM 1
(acot20°+ bcot40° + ccot80°)2 > 27abccot20° cot40° cot80° L

V3 (3)
=27- ?abc> 9\/_r2—
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SP.107. Prove that:

1 1
dx 1

2 > P
f arctan® x dx f ot ( 1 ) 2
0 0 x2—x+1

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

3
Weknow x > tan lxandtan~lx > x + x—for allx>0

1

1
f(tan‘1 x)%dx
0

-1 *
(tan vy 1

1
x3\?
> <x+—> (x —x+1)%dx

(1.1 . 2\(1 1 1 152 7
D) tato1e) -2 -t
SP.108. If a,b,c > 0,a + b + ¢ = abc then:

4(a+b)(a+c) 4b+c)(b+a) 4(c+a)(c+b)
b+o?2 | (c+a?  (a+by

Proposed by Daniel Sitaru — Romania

<3+a?+b*+c?

Solution 1 by Amit Dutta-Jamshedpur-India

The above expression can be written as
{4(a + b)(a+c) } {4(b +c)(b+a) } {4(0 +a)(c+ b) }
-1+ 1 -1

<a?+b%+c?

(b + ¢)? (c +a)? (a+ b)? -
4(a+b)(a+c) a4 4-((12+ac+ab+bc)—(b+c)2
Let us take T r0? 1= bro)?
_4a* +4ac +4ab + 4bc — b* — ¢* —2bc _ 4a* + 4ac + 4ab + 2bc — b* — ¢?
B (b + c)? B (b + c)?

__4a*+4ac+4ab—(b—c)* 4a(a+b+c) (b—C)Z
B (b + ¢)? ~ (b+0c)? b+c
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_ 4a(abc)
(b + c)?
v b,c>0AM — GM
b+c
2
4a%(bc) B (b - C)Z oz (b - C)Z <2
(4bc) b+c/ — b+c/ —

. 4(a+b)(a+c) _ 2 4(a+b)(a+c)
(b+c)? 1=a”= (b+c)?

b—c\?
(b+c) {+a+b+c=abc}

> bc = (b +c)? = 4bc

< a?+1 (i)

Similarly, we have

4(b+c)(b+a)
(c+a)?

4(c+a)(c+b)
(a+b)2
Adding (i), (ii), (iii) we get the result

4(a+b)(a+c) = 4(b+c)(b+a) (c+a)(c+b)
(b+c)? * (c+a)? +4 ( (a+b)2

<bh2+1 (ii)

and < c? +1 (iii)

) < a? + b% + ¢% + 3 (proved)

Solution 2 by Boris Colakovic-Belgrade-Serbia

AM—-GM 1 1
+ > 2V +c)? > <
b+c > 2Vvbc=>(b+c) _4bc:>(b+c)2_4bc

4(a+b)(a+c) (a+b)(a+c) _ atb a+c _ ( a) ( a) _ a?+ab+ac
< — =1+ (1 +-) =1+ — (1)
b c

(b+c)? - bc T b c bc

Similarly

4(b+c)(b+a) < (b+o)(bta) _ 1+ b%+ab+bc )

(c+a)? - ca ca

4(c+a)(c+b) c+ac+bc
@z 10— O

a’+ab+ac . b*+ab+bc | c?*+ac+bc _
(1)+(2)+(3)=> LHS <3 + o+ + =

ca ab

(a® + a*b + a*c) + (b3 + b*a + b?c) + (c* + c?a + c*b) _
abc B

2 2 2
=3+2 (@+bro)+batbrc)+ec (a+b+c):3+a2+b2+c2
a+b+c




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution 3 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

4(a+b)(a+c) 4(a+b)(a+c) _ « ala+b+c)+bc
(b+c)? s Z 4bc - Z bc

By Cauchy’s inequality we get: };

2
:Z%:Z(az+1):3+az+bz+cz:>QED

x
xZ+1

SP.109. If @, b, ¢ > 0: Q(a) = foasin(

)dx then:

en’(b.(l(a)+c.(l(b)+a.(l(c)) > (aZ + 1)b(b2 + 1)C(C2 + 1)a
Proposed by Daniel Sitaru — Romania

Solution by proposer

- . . 2 . 2x 1
From Jordan’s inequality: sinx > =;x > 0 = sm( Zx ) >
™ x“+1 ™

a a
X 1 2x 1
. - — 2
f51n(x2+1)dx2nfxz+1dx n_ln(a +1)
0 0

nQ(a) > In(a? +1) = tbQ(a) > bIn(a? + 1)

z b0 (a) > z bIn(a? +1) = Z(az +1)b
n'z bQ(a) = In 1_[(aZ +1)b; emZb%a) > n(az +1)b

en'(b.Q(a)+c.Q(b)+a.Q(c)) > (aZ + 1)b(b2 + 1)c(c2 + 1)a

Equality holdsfora = b = ¢ = 0.

SP.110. Letm, x, y,z > 0 be positive real numbers and F be the area of the triangle ABC.

Prove that:

2m+2xm+1 b2m+2ym+1 C2m+sz+1 2m+1

a
G+t G ey (g

Fm+1

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje

Solution by Soumitra Mandal-Chandar Nagore-India
a2m+2xm+1

(y+z)m+1

We know r(r + 4R) > V3F then X,
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m+1 m+1

- 1 a’x 1 - a?

=3m Zy+z T 3m (x+y Z)Zy+z_

cyc cyc cyc
m+1 1
Bergstrom 1 \(q+ b + ¢)? 1 (2(ab + bc + ca) — a® — b? — &)™
2 —_— ——Zaz = —
3m 2 3m 2

cyc

2(p? + 1% + 4Rr) — 2(p?* — r* — 4RT) m+1 _2m
— + m+1
3"’{ > 3m (r? + 4Rr)

Zm+1

=5 (B3R =

(\/_)m - F"’+1 (Proved)

SP.111. Letx,y,z > 0 be positive real numbers and F the area of the triangle ABC. Prove
that:
(y +2)%a* (z+x)*b* (z+x)c*
+ +

2
p ) 2 2 64F

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje

Solution 1 by Soumava Chakraborty-Kolkata-India

LHS Chebﬁshev g{(y_,_z)al + (z+x)b? + (X+J’)CZ}Z

- x y z

2

21 4F\/(y+z)(z+x) . (z+x)(x+y) . (x+y)(y+2)
3 xy yz Xy

(vinany AABC,vym,n,p € R*,a*m + b*n + c*p > 4F,/mn + np + pn)

1631!?Z Y{z(y +x;)z(z +x)} 2 L 64F? o z i z )} > 12xyz

oYX +Cxy)Cx) é 12xyz (1)

A-G
LHSof (1) = 3xyz + (f/xyz . 3,/x2yzzz) -9 =3xyz+9xyz = 12xyz
= (1) is true (Proved)
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Solution 2 by Soumitra Mandal-Chandar Nagore-India

We know r(r + 4R) > +/3F and p? > 3+/3F then
2

e R e

cyc cyc cyc cyc

Bergstram1 ) 2 . , ) . , i
> s{la+b+0)? -3y 0% :g(p +r(r+4-R)) > 2(3V3F+3F) = 64F

(Proved)

SP.112. Let x, y, z > 0 be positive real numbers and F be the area of the triangle ABC with

circumradius R. Prove that:

x A 'y B 'z  ,C_2V3F
sin“ -+ in sin®“ - =
y+z 2 z+x 2 x+y 2 R?

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia
Solution by Marian Ursarescu-Romania

. . X an24 (x+y+z—y—z) 24
Flrststep.Zy—+z sin® 2 D — ) sinT3
_ 1 . 54 . 5 A
=(x+y+ —. = — =
(x+y Z)Zy+z sin® 2 Y sin > (@)

A2
1 pa (zed)
But from Cauchylnequallty.zy+z sin 222(x+y+z) 2)

X - - 2 =
From (1)+(2)= ZJEsmZ g > %(Z sin g) — Y sin? g )

From (3) inequality becomes: z (Z sin é)Z — Y sin? 1> L
9 y "2 2 2~ 2+3R?

ButF =pr (4)
Zsinzg = 1—# (5)
And sin™ (g) + sin™ (g) + sin™ (g) > 237 ,n € N*

In our case: ), sing >3 (6)

o NI

From (4)+(5)+(6) inequality becomes: g1+ i = Zng (7
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23
Butp<—R:>Z\/_R2 = 4R z ©

From (7)+(8) we must show: —R <3 g E E <: s & 2r<R (true)

SP.113. If x,y,z > O then:
4xyz(x® +y° +2%) < (a2 + y2) (x* + y1) + (2 + 22) (y* + 2%) + (2% + x?)(2* + 1)
Proposed by Mihaly Bencze — Romania

Solution by proposer
We have: xy(x? +y?) < x*+y* o (x —y)?(x2 +xy+y?) = 0orx3y + xy3 <x* +y
and2xz+2yz-2z22<x*+y* o x-2z)*+(y—-2?>0=>
xy(x? + y2)(2xz + 2yz — 22%) < (x*> + y*)(x* + yH) or
2-2xy’2? < (2 +yB)(xt +yh) =

4

2xtyz + 2x2y3z + 2x3y%z + 2xytz — 2x3yz
axyz(x® +y? +2%) = Z (2x*yz + 2x%y3z + 2x3y2z + 2xytz — 2x3yz? — 2xy37%) <

cyclic

< z (x2 + y2)(x* + y*)

cyclic
SP.114. If x,y,z > O then:

2((x+%)2+(y+%)2+(z+1)2><3+—((x +y4)z+(y +z4)x+(z +x4))’)

z 2 xyz
2 2 2 2 2
x“+ +z¢ z°+x
+ 4 +y +
z x y

Proposed by Mihaly Bencze — Romania

Solution by proposer
2
Wehave:2x + 2y -2z <2 o (x — z)?2 + (y — 2)? > 0 and x? +y2<y+3;@

e -y x*+xy+ yZ) > 0 therefore Yeyciic(2x + 2y — 22) + Yopeic(x? + y%) <

2 3 3 1
< chcllcx s chcllc (A; y;) or Z(Z x2+ ) x) < Ez:(x4- + y4-) 7+

Z 4 y2 1 2+
R e s
z 2 xXyz
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SP.115. Let a, b, c be the lengths of the sides of a triangle with inradius r and circumradius

R. Letr,, rp, r. be the exradii of triangle. Prove that:
a6 6 C6
1728 -r° < —+—+—<108R*(R— )
Tq Tp re
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by Marian Ursdrescu — Romania

6 6 6 6 6 6
L2425 3% @R \we must show: 33/—i“’r’c)r > 26335 o W 5 p1836,15 (1)
ab’c

Tq Tp Te TaqlrpTc TaqlrpTc
But abc = 4sRr and r,r,r, = s*r (2). From (1)+(2) we must show:

21256R6T6

s2r

ButR > 2r = R® > 8r3and s? > 27r% = s?R3 > 23 - 33 . r> = (3) its true. Now we

>218.36.715 & §*R% > 6110 & sZR3 > 6315 (3)

use Schur inequality: a®(a— b)(a—c) + b>(b—c)(b—a) + c>(c—a)(c—b) >0 &
& a5(2—ab — ac + bc) + b5(b? —ab — bc+ac)+ c5(c¢? —4c—ac+a’) >0
e a®(a—b—-c)+b%b—-c—a)+c®(c—a—-b)+a’bc+ab’c+abc® >0
sa®(b+c—a)+b%(a+c—b)+c®(a+b—c) <abc(a*+b*+c*) &
& 2a(s —a) + 2b°(s — b) + 2¢%(s — ¢) < abc(a* + b* + ¢*).Butr, = ﬁ =

6 6 6
=>S—a=i=>25(a—+b—+:—)2abc(a4+b4+c4) (4).ButS:'1—I;fC (5) = From
b

Ta Ta Tp

6 6 6
@+(5B)=> :— + I:_ + :— < 2R(a* + b* + ¢*) (6). From (6) we must show:
a b b
2R(a* +b*+c*) <108R*(R—1) @ a* +b* +c* <54R3(R-71) (7)
But a* + b* + ¢* = 2(s* — 2s%(4Rr + 3r%) + r2(4R + 1)?) (8)
From (7)+(8) we must show: s* — 2s%(4Rr + 3r2) + r2(4R +1)? —27R3(R—1) < 0 (9)

Now, let f(s?) a polygon of second degree = f(p?) = (p? — x1)(P? — x3), (9) its

equivalent with [pz —r(4R +3r) — /8r3(2R + 1) + 27R3(R — r)] :

[ = r@R +3r) + B3 @R+ 1) + 27TR*(R—1)| < 0 (10)

(10) its true if x; < p? < x,, x4, x; its square, then we must show:

r(4R + 3r) —/8r3(2R + 1) + 27R3(R— 1) < 5% (1)
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ands?2 <r(4R+3r)—/8r3(2R+1) +27R3(R—1) (2)

For (1) using Gerretsen’s inequality: s > 16Rr — 512 (11) &

& 4Rr + 312 —\/8r3(2R+ 1) + 27R3(R— 1) < 16Rr — 512 &

© 8r2 =12Rr < /8r3(2R+1) +27R3(R—1) &
& (8r? —12Rr)> < 8r3(2R+1r) + 27R3*(R — 1) © R > 2r (Euler). For (12) using

again Gerretsen’s inequality s < 4R? + 312 + 4Rr

(12) © 4R? +3r2 + 4Rr < r(4R + 3r) — \/8r3(2R+ 1) + 27R3(R— 1) &
© 8r* +16Rr3 — 27R3r + 11R* > 0. Let x = % > 1 (Euler) = we must show:
22x* — 27x% + 4x + 1 > 0 and with Horner and Rolle sequence =
(x — 1) (112% + (x - 1)(112% + 6x + 1)) > O true.

Solution 2 by Soumava Chakraborty-Kolkata-India

(@) ~— ab ()
17281r° < - < 108R*(R —71)

a

a® (1)
z — < 108R*(R-1) & z a®(s—a) <108r*A(R-1r) & z a(s —a) < 108R> -

a

ry a’b>c® A 4A
A(1-p) =108 s A )

_ 27 ) a4b4c4(abc—4(s—a)(s—b)(s—c)) _
" 256 s2(s—a)2(s—b)2(s—c)? .Lets

s abc

a=x,s—-b=ys—-c=z.s=x+y+z>

=>a=y+zb=z+xc=x+y. Using this substitution, (1) transforms into:

27{(x + y)(y + 2)(z + x) — 4xyz}(x + y)*(y + 2)*(z + x)* — 256x%y*2*(x + y + 2)* -

Ax(y+2)° +y(z+x)° +2(x +y)} 2 0 & 27 (z x10yS + z x5y10) +
+135 (z x%y® + z x6y9) +135xyz (z x%y3 + z x3y9) +
+14x%y? 72 (z xBy + z xy8) +702xyz (z xBy* + z x4y8) +
+1081x%y%z? (z x7y? + z x2y7) + 270 (z x8y7 + z x7y8) +
+1593xyz (z x7y5 + z x5y7) + 3929x2y2 72 (z xby3 + z x3y6) +
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(2)
+6480x2y?z> (z xSyt + z x4y5) +2052xyz (z xﬁyﬁ) + 8076x°y°z° >
> 2044x3y323 (z x6) +4272x3y323 (z xSy + z xy5) +
+4100x3y323 (z x*y? + z x2y4) + 7356x*y*z* (z x3) +
+3772x3y323 (z x3y3) +1780x*y*z* (z xty + z xyz)
74,2 2.7 — 7002 4 2y 28 7. — 6
x’y?2+ ) x%y x"(y*+2%) > x”-2yz =2xyz x
@@
-~ 1022x2y?z? (z xy? + z x2y7) > 2044x3y3z3 (z x6)
z x0y3 + z x3y® = z x6(y3 +23) > z xbyz(y +2z) =xyz (z x>y + z xy5)
(i)
- 3929x2%y%z? (z xby3 + z x3y6) > 3929x3y323 (z x°y + z xy5)
A-G
Z:x7yZ + z x’y’ = z x(y?+22) > Zx7 - 2yz = xyz(Zz x6) =

Chebyshev

1 A—G
= xyz (Z(x" +y9) = xyz- > -Z(xz +y?) (x* +y*) 2 xyzz xy (x* +y*)
(ii)
= xyz (z x5y + z xy5) = 59x2y2z? (z x7y? + z x2y7) >
> 59x3y323 (z xSy + z xy5)
Chebyshev 1 A-G
Z X°y3 + Zx3y9 — Z BOO+y)) > EZ 2 (2 +y) (7 +y7) >
A-G
> z 22 xy(x” +vy7) = xyz {z z7(x* + yz)} > xyz (z z’ - ny) =
Chebyshev 1
= x2y27? (2 z xe) = x2y27? (z(xe + ye)) > Exzyzzz z(xz + y2) (x* + y*)
A6 222 4 4) — ,2.2,2 5 5
> x°y“z xy(x* +y*) = x%y?z xXy+ ) xy’)=>
(iv)
= 135xyz (z x°y3 + z x3y9) > 135x3y323 (z x>y + z xy5)

Chebyshev 1 A-G
z x%y + z xy® = z z(x®+y%) > Ez z(x® + y?)(x® + y®) =
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Chebyshev 1 A-G
= zxyz (x®+y%) = Fayz- Z(xZ +y)(xt +y*) >

> xyzz xy (x* +y*) =xyz (Z x°y + Z xy5) =
)
= 14x2y?z? (z x8y + z xy8) > 14x3y323 (z x>y + z xy5)
Chebyshev 1 A-G
Z X8yt + Z xty8 = Z Bt +yt) > > 2B (2 +y2)? >
Chebyshev 1
> ZZ 28 x2y2 = x2y2z2 . Z(xe +y5) > Exzyzzz _ Z(xz +y2)(xt +y*) >
A-G
> x2y?z?. z xy (x* + y*) = x2y2 22 (z xSy + z xy5) N
(vi)
= 135xyz (z xByt+ z x4y8) > 135x3y323 (z x°y + z xy5)
Schur
z x6y8 + 3xtytzt > x2y?z? (z xty? + z x2y4) N
(vii)
= 2052xyz (z x6y6) +6156x°y°z5 > 2052x3y373 (z xty? + z x2y4)
A-G
1024 (z X7y + z xy7) 2 20482 x6y® = 1024 (z X7y’ + z x5y7) +

Sch
+6144x5y5z> > 2048 (z x®y° + 3x5y525) B 2048x3y3z3 (z xty? + z x2yt

(viii)

A-G
z xSyt + z xtyS = z Byt +2%) > 2x%y?z? (z x3) N
(ix)
= 3678x%y?z2 (z xSyt + z x4y5) > 7356xtytz* (z x3)
1 A-G
z Syt + zx4y5 — z xt(yS +25) > EZ (2 +22) (3 +23) >
> z xtyz (y? +23) = xyzZ(x3y3 + x323) = 2xyz (z x3y3) =

(x)
= 1886x2%y*z> (z xSyt + z x4y5) > 3772x3y323 (z x3y3)

xSyt + Y xty® > xyz(2Y x3y?) (proved above)

Schur+A-G
> x?y?z? (z x2y + Z xyz) =

N—
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(xi)
= 916x2y2z?2 (z x5yt + z x4y5) > 916x*y*z* (z xty + z xyz)
A-G A-G
Z X7y + Z 5y > 2 Z x6y6 = Z(xeye +y626) = Z y5(x6 + 26) >
Schur+A-6G
> Zyﬁ -2x323 = x3y323 (2 z x3) > x3y3z3 (z x%y + z xyz) =
(xii)
= 569xyz (z xy> + z x5y7) > 569x*y*z* (z x’y + z xyz)
A-G Schur+A-6G
z X8yt + z xty® > 2 z x6y8 " = x2y?z? (z xty? + z x2y4) >
A-G Schur+A-6G
> x*y*z* (z 2x3y3) > 23y’ (z xZy + Z xyz) =
(xii)
= 295xyz (z xByt + z x4y8) > 295x*ytz* (z x’y + z xyz)

Lastly, 27(F x1%° + ¥ x5y10) + 272xyz(T x8y* + T x*y®) + 135(T x°y% + Y x%y%) +

A-G
+270 (z x8yS5 + z x7y8) ">’ 704 - 6x5y525 = 42245525

(xiv)
(0)+(ii) +(iii) +(iv) +(v) +(vi) +(vii) +(viii)
(iX) +(x) +(xi) +(xii) +(xiii) +(xiv)

= (2) is true = (b) is true (*)

S
r<—
6 A—G 5,.2;,2 2 33 2.2 2 s23V/3r R=2r
3a’b 3v3-16R
:— > 5— TS > 27-16R%*r3 > 27-64r° =1728r° =
a

3
rs2 s

Also, ).

= (a) is true (*) (Done)

SP.116. A triangle with side lenghts a, b, ¢ has perimeter equal to 3.
Prove that: a3 + b3 + ¢3 + a* + b* + ¢* > 2(a?b? + b%c? + c%a?)
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India

1= % =~ given inequality & X a)(T a®) +3Y a* > 6 a’b?

@Za4+2a3b+2ab3+32a426Za2b2

e 4Ya*+Ya’b+Yab®>6Ya’bh? (1)
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A-G (b)
Now, Y a3®b + Y. ab3 (2) 2Y a?b?. Also,4Y a* > 4 a*b?
a

(a)+(b)=(1) is true (Proved)

SP.117. Let ABC be a triangle with inradius r and circumradius R. Prove that:

a—3< gt st —e <
COSE COSE COSZ

8v3 1 1 1 z\r( )
2

2
b.9 (%) < coszg+ coszg+ coszg < %
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India

A1 8cos3BZC 8

D (cos'3) =2, <) GmEes

2 . B+2 B—C\° (sinB + sin C)3
(Zsm 5 C0S— )

B—C<1 n'<B C<n')
@B=55"2 =32

( 0 < cos

B 64R3 64R3 @ 64R?
z (b +c)3 z b3+ c3+3bc(b+c) ~ be(b +c¢) + 3bc(b + )
B 16R*  16R*Ya(c+a)(a+b)  16R*Ya(Xab+a?®)
B z bc(b+c) abc(a+b)(b+c)(c+a) 4Rrs(a+b)(b+c)(c+a)

_ ﬁ (Zs Y ab+Y a3
- n(a+b)

). Now, Y. a® = 3abc + 2s(3 a? — Y. ab) =

rs

= 12Rrs + 2s(s*> —12Rr — 3r2) 2s(s —6Rr—-31r?) &

(az)
n(a + b) = 2abc + z ab (2s —c) = 2s(s?> + 4Rr + %) — 4Rrs 2

= 2s(s? + 2Rr + 1?%)

2
4R?> 2s(2s®—4Rr-2r?) @ g2
rs 2s(s2+2Rr+1%) — /3r2

=1

34\7!
1), (a2), (az) =X (cos E) <
V3 @ Q)
© 4V3r(s? — Rr —1%) < s(s? + 2Rr +12) & s?(s? + 2Rr + r%)? >

?

> 481r%(s? — Rr — r?)? o s? (s4 +12(2R +r)? + 2s2(2Rr + rz)) >
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> 48r? (54 +7r2(R+1)? —2s?(Rr + rz)) & 50+ 2s*(2Rr +1%) + s2r?2(2R +1r)* +

2
+96s212(Rr + r?) (2 481r%s* + 48r*(R + 1r)?
as

Gerretsen

@
Now, LHSof (as) >  s*(20Rr —372) + s?r2{(2R + )2 + 96(Rr + r2)} > 48r%s* +

2
+48r*(R +r)? © s*(20Rr — 4012) + s2r2{(2R + r)? + 96(Rr + r?)} (2

as

1
= W + 4-87'4(R + T)Z

Gerretsen

Now, LHS of (a4) (2) s?r?(16R — 51)(20R — 40r) + s’r*{(2R + r)* +
13

96Rr+r2and also, RHS of (a4)) >iiGerretsen11s2r24R2+4Rr+3r2+48r4R+r2

(i) & (i) = in order to prove (as), it suffices to prove:
s2{(16R — 51)(20R — 40r) + 2R +r)? + 96(Rr + 1%?) — 11(4R? + 4Rr + 312)} >

as)

(
> 48r*(R +1)? © s2(70R?* — 171Rr + 661?%) >
> 12r%(R +1)? » 70R? —171Rr + 661> = (R — 2r)(70R — 31r) + 4r> >0

erretsen

G ?
~LHSof(as) = (16Rr—51r?)(70R? — 171Rr + 667%) > 12r*(R+1r)? &

”
o 1120t3 — 3098t% + 1887t — 342 > 0 (t = 5)

r

? Eul -1 2
o (t—2)(11206%2 — 858t +171) > 0 > true <t > 257 (cos3 g) < Zg—ﬁ(ﬁ)

r

Radon 34 Jensen 34

1
AIso,Z}cosgg > (stg)g > (@)3

2

( f(x) = cos? is concave on (0, 7))

_ 3*.8 _8_8\/5.2 1 _8V3
3°-3v3 V3 3 cos3%_ 3

~\ (b
= both bounds of (a) are proved. Now, ), cosZ%l = %Z(l + cosA) = %(3 +1+ E) @
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1 (4R + r)
2\ R
9r? 4R+r

Z£>_
(b1) = Y cos S 27 © R

2
2%<:>R(4R+r)z18r2<:>4R2+Rr—18r220

Euler

? 2
< (R—2r)(AR+9r) >0 >truew R = 2r . ) coszg >9 (%) .Also, (b1)=

4R+1
2

:Zcoszgs%@ S3@9R28R+2r@R22r—>true(EuIer)

alo ®

A
~ Y cos? 3 <

~ both bounds of (b) are proved (Done)

SP.118. Let a, b, ¢ > 0 such that: a? + b? + ¢? = 3. Find the minimum of the expression:

b3 c3 +(a+b)(b+c)(c+a)

a3
P= N N 16
8 8 8 8 8 8
‘:jb ;“C + 5bc ‘:}C JZ““ +5ca 4/“ JZ“” + Sab

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer

* By Cauchy-Schwarz’s inequality we have:
2
(\/z(b8 +c8) + 2b2c2) < 2(2(b® + ) + 4b*c*) = 4(b® + 2b*c* + ¢®) = 4(b* + c*)”

= /2(b8 + ¢8) + 2b%c?2 < 2(b* + ¢*) & 2(b8 + ¢8) < 2(b* — b%’c* + ¢*) &

4|p8 + 8
=
1{ 2
4 b8+C8
ﬁf "< @ VB0 - bevE ) (2~ VE) (b2 + bevE + ) <
- (2 +V3)(b? — bev3 +c?) + (2 - V3)(b* + beV3 + c?) _ -

< Vb - brE ¥ ¢t =

2 _3bc+ 2c?

2
4|p8 + 8 , , a3 a3
=3 + 5bc < 2(b” + bc + = >
2 c=2( c+c) +[p® + 8 = 2(b% + bc + ¢?)
7+ 5bc
. i 3 b3 . c3 c3
+ Similar: 4[8148 = 2(c2+ca+a?)’ 4[q84p8 = 2(a2+b%+ab)

T+5Cﬂ T+5ab
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al b3 c3 (a+b)(b+c)(c+ a)
=> P = + + + 16
8 + -8 8 + 8 8 + h8
B2 E S she Y2 E i seq EEDE0, 5ap
2 2 2
al b3 c3 (a+b)(b+c)(c+a)
= + + +
2(b2+bc+c%2) 2(c2+ca+a?) 2(a?+ b2+ ab) 16

+ Using inequality: 9(x + y)(y + 2)(z+x) = 8(x + y + z)(xy + yz + zx)

8
1 a3 [Ib+¢) 1 at 5 X a)X ab)
re Y e Y
2/ b?%+ bc+ c? 16 2 /Z.ab? + abc + ac? 16

(£a?)’ ,CoGa)_ 9 . CaEa
Y.(ab%+abc+ac?) 18 2(X a) (T ab) 18

9 Xa)Xab) 1 _
:Pzz-\/z(za)(zab)- s —2-\/;—1:Pmin =1

(Because by AM-GM inequality and a? + b% + ¢% = 3)

>P> % (Cauchy-Schwarz)

a=b=c
= Ppin =1©{a2+b2+c223@a=b=c=1.

Ca)Xab) =9

SP.119. Leta, b, c > O such that: a + b + ¢ = 3. Find the minimum of the expression:
a b c
Ja(bE + c©) + 7he | YAt + a®) + Tca  Ja(at + be) + 7ab
. (a+b)(b+c)(c+a)
24
Proposed by Hoang Le Nhat Tung — Hanoi - VietNam

Solution by proposer:
*\We have: b® + c® = (b% + ¢2)(b* — b%c% + ¢*) = (b% + (:2)(b2 — beV3 + (:2)(b2 + bcV3 + cz)

- Therefore, by AM-GM inequality:

bz +

4(b® + ) =2- 3\/ > c* (2 —v3)(b% + beV3 + ¢2)(2 +V3) (b2 — beV3 + ¢2) <

b2 + ¢
+(2—=+3)(b? + beV3 + ¢%) + (2 +V3)(b?* — beV3 + ¢2)

<2.—2 3 = 3b2 — 4bc + 3¢2
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a a B a
3b2 — 4bc + 3c2 + 7bc  3(b? + bc + ¢?)

= >
3/4(b® + ¢b) + 7bc -
c

b b . c

+ Similar: >— ~ > ©

3/4(c6+a6)+7ca 3(c2+cata?)’3 4(ab+b6)+7ab 3(a2+b%+ab)
(a+b)(b+c)(c+a)

+ >

a b c
= + +
3/4(b® + %) + 7bc  3/4(c® + a®) + 7ca 3/4(a® + b®) + 7ab 24
a b c (a+b)(b+c)(c+a)
= + + +
3(b2+bc+c%) 3(c2+ca+a?) 3(a%+ b2+ ab) 24
+ Using inequality: 9(x + y)(y + 2)(z +x) = 8(x + y + z)(xy + yz + zx)

Mb+c) _ @ jCaEa)
S
T 34.b%2+ bc + ¢2 24 34.ab%?+ abc+ acZ 24
1 (T a)? (X ab) _ 3 (X ab)
=Pz 3 Y. (ab%+abc+ac?) 9  (Ca)(Cab) + 9 (Cauchy—Schwarz)

1 Y ab 1 XYab _ 2 ) _
:>P2ﬁ+722- /ﬁ'T_g (Because by AM-GMand a+ b + ¢ = 3)

=2 a= :_ ©a=b=c=1.

Pun =250

a

SP.120. In A ABC the following relationship holds:
Va2B + b2C + Y c2A < Y4ns?

length’s sides; A, B, C —angled’s measures
Proposed by Daniel Sitaru — Romania

s —semiperimeter; a, b, c —

Solution 1 by Marian Ursarescu-Romania

’E+C ’ﬁ+A ’AZ_\/n(a+b+c)2<:>
B3|aZ2 , €3[b%2  A3|c?2 _ 3|(a+b+c)?
;\/;““;\/;*;\/:—zﬁ = b

2 1 2 4
=3x 5 f'(x)=—-5x3<0=

Let £: (0, ) > R; f(x) = VaZ; f'(x) = (xg), _
from Jensen’s inequality =

pif(x1) + p2f(x2) + p3f(x3) < f(P1x1 + p2x2 + p3x3) Withpy +p, +p3 =1
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B A A
=—D2-= 7173—_

_a _b c (a+b+c>Z
=g T T g7 A+B+C

7(2) +£\/(z) +;J<;> J then (1) i true

B T

q|®

Solution 2 by Soumitra Mandal-Chandar Nagore-India
Applying Holder's Inequality (a + b + ¢)?(4 + B + €) > (Va?B + Vb2 + VY c24)

famp? > Va2B + VYb2C + Vc2A (proved)

UP.106. Prove that:
A+ B+ c<\/‘—1t+11\/§+37t r
COS — COS — COoS— = ==
4 4 4 4/6 86 R

Proposed by Vadim Mitrofanov-Kiev-Ukraine

Solution by proposer
. A A 1
We make some transformations, let k, = tan_ = cos; = — and we know
K2+1

A Al—(s—a) V2Rr 72(5;@—(5—“) _
= = |Ravi| =

tanzz r B r
x+y)y+2)(z+x) xyz v
2 . . — +
j tfxyzryrg NxryEz T Z_\/(x+y)(x+z)—\/x(x+y+z)_
Jyz

B  XyzZ__
x+y+z VY
Jyz

:\/(x+y)(x+Z)+\/x(x+y+Z)
1

-esd=y Z
[

cyc cyc
Jax+y)(x+2z)+ /x(x+y+2)
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1

: jmx Nar D - xary D)

yz

:zj yz

S |x+y+)x+ (x+y)(x+2) +yz—2x(x+y+2)(x + y)(x +2)

:iz Yz
\/icyc (x+y)(x+z)—\/x(X+y+Z)(x+}’)(X+Z)

_1 Ja+y)GE+2z)+Jx(x+y+2) 1 x(x+y+z)
_\/iz\/ - cyc\/1+\/

Jx+y)(x + 2) 2 (x+y)(x+2)
3 x(x+y+2z) 3 x(x+y+2z)

] E 3+ 6<1+ xyz ) = 2+3 §+§£

T2 x+y)y+2z2)(x+2)) | |2 2 8 R

9 3 3 Vv3-1 11v3+37
D=+ /— +=.t< +
Hence we need to prove: 5 3 Stgts ™G t 3

2
<\/§ 1. 113+ 37>Z 9\ 27, 1
o (B2 2} Z (14 k)0
4/6 86 2 2 4
o @2t 1)%(¢?(28 — 16V3) + t(208v3 — 316) + 713 — 1628V3) -0
36864 -

(t2(28 — 16V3) + t(208V3 — 316) — 713 + 1628V3) = 0 (***)

D, = (208V3 —316)" — 4(~713 + 1628v3)(28 — 16v3) = 13824(45 — 26v3) <0 = (") v t

Done!
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UP.107. Let ABC be a triangle with inradius r and circumradius R. Prove that
r\2  Yeyesin*A 3 /R\? T
2V3(=) €<=——7—<—(—) (1 —=
\/_(R) T YeyeSind AT 4 (r) ( R)
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India

23 () C o 20 (3) (1-7)

<= < -
R/ ~ Ysin®4A = 4 \r R

Firstly, > a* = (¥ a?)? — 2{(3 ab)? — 2abc(2s)}
=4(s? —4Rr — 1%*)? — 2(s?> + 4Rr + %)% + 32Rrs?

=2 (s4 +1r2(4R +1)? — 25*(4Rr + rz)) + 2(2s2)(—8Rr — 21?%) + 32Rrs?
= 2s*+ 2r2(4R + r)? — 4s*>(4Rr + r?) — 8s%r?
@ 25* +2r2(4R +1)? — 4s2(4Rr + 31?)
(ii)
Also, Y a® = 3abc + 2s(s? — 12Rr — 3r?) = 2s5(s? — 6Rr — 312)

Using sin 4 = & etg, 284 = (1) (1) P20 TR R <L®) (1-1)

”
o r? E a* (zs) V3R -R(R —1r)s(s*> — 6Rr — 312)
a

Mitri i 2(e2_ _32.2 ) ?
RHS of (2a) t Tg‘""” 252(s 6Rr33r )R(R-T) > r2¥ gt

”
& 6r2s* + 6r*(4R + r)? — 125%r?2(4Rr + 312%) bs(_) 25%(s2 — 6Rr — 3r*)R(R—71)
y (1

2
& s*(R? — Rr —37%) + 6s*>r3(4R + 3r) > 3s’Rr(R—1r)(2R + 1) + 3r*(4R + 1)?
?
© s*(R? — Rr — 2r?) + 65’13 (4R + 31) (221;) r’s* + 3s’Rr(R — r)(2R +1r) + 3r*(4R + 1)?

retse

G
LHS of (2b) erZ " s2(16Rr — 5r*)(R? — Rr — 2r%) + 6s*r3(4R + 31)

Gerretsen

Also,RHS <  71%s%2(4R? + 4Rr + 31%) + 3s’Rr(R—1r)(2R + 1) + 3r*(4R + 1r)?
~ in order to prove (2b), it suffices to prove:
s2(16R — 51)(R? — Rr — 21%) + 6s*1r*(4R + 3r) >

rs?(4R? + 4Rr + 3r?) + 3s2R(R—r)(2R + 1) + 31r3(4R + 1)?
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< s2{(16R — 5r)(R? — Rr — 2r?) —3R(R — r)(2R + 1) + 67*(4R + 3r) — r(4R? + 4Rr + 31?)}

(2¢)
& s2(10R3 — 22R?*r — 4Rr? + 2513) > 3r3(4R +71)?
_ r— re + r3 = —2r —2r + r)+ rey+9r° >
10R3 — 22R?>r — 4Rr?> + 25 = (R — 2r){(R — 2r)(10R + 187) + 2812} + 9r3 > 0

as R > 2r (Euler),

erretsen

G ?
~LHSof (2c) = (16Rr —5r2)(10R3 — 22R?*r — 4Rr? + 2513) > 3r3(4R + r)?

?
© 80t —201¢% — 2 + 198t — 64 > 0 (Where t =)

Euler

2
e (t—2){(t-2)(80t*> + 119t + 155) + 342} >0 > true~t > 2

= (2a) istrue = (2) is true

Isint4 _ 1 s*+r2(4R+7)?-252(4Rr+3r?) r 2
Also, Ysin34 (ZR) ( s(s2-6Rr—3r2) = 2\/§ (R)

(1a) 45(s? — 6Rr — 312)\/3r?
o s*+12(4R +1)? — 25s*(4Rr + 31%) > ( R )

Mitrinovic

?
Now, RHSof (1a) <  18r%(s* — 6Rr —3r%) < s* + r*(4R +r)*> — 2s2(4Rr + 31r%)

”
& s*+1r?(AR+1)2 +54r3(2R + 1) (121;) 181r%s? + s?(8Rr + 61?%)

rretsen

G ?
Now, LHS of (1b) = s?(16Rr — 512) + r2(4R +1)? + 54r3(2R + 1) > s2(8Rr + 2412)

”
< s?2(8BR—29r) +r(4R +1)? + 54r?(2R+1) >0

”
& s?2(8R—16r) +r(4R +1)%? + 541r2(2R + 1) (12) 13rs?
(4

errets

G
Now, LHS of (1c) > - (16Rr — 5r2)(8R — 167) + (4R +1)? + 54r2(2R + 1)

erretsen

Also, RHS of (1c) ‘ < 13r(4R%*+ 4Rr + 31?%)
=~ in order to prove (1c), it suffices to prove:
(16R —5r)(8R — 167) + (4R + 1)?> + 541r(2R + 1) > 13(4R? + 4Rr + 312%)
& 23R? —-58Rr+24>0< (R—-2r)(23R—12r) >0 > true~ R > 2r

= (1a) istrue = (1) is true
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UP.108. Let ABC be a triangle with circumradius R and inradius r. Prove that

(1)2 123 r 51

3
—<cos*A+cos*B+cos*C<6 2 "8 r %

=+
16 — 8 R 8
Proposed by George Apostolopoulos - Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India

3 < cos* A (2 6 (%)Z - (E) (1) + E

=<
16 8 R 8
cos A cos B cos ¢ = <@t ratb)(@tb?-ch) (i)
2bc-2ca-2ab

Numerator = (3 a? — 2a?) (¥ a? — 2b%) (Y a? — 2¢?)

=Y a) —2(Y @) (Yat)+a(Y @)Y a2) - sarprcr
__ (z a2)3 +4 (z a?) {(z ab)Z - 2abc(2s)} — 128R%r2s?
= (z a?) {4 (z ab)z - (z aZ)Z - 16sabc} — 128R?r?s?

=4 (z az) {(s? + 4Rr + 1r?*)? — s(s* — 4Rr — r?)? — 16Rrs?} — 128R?*r?*s?

=4 (z az) {252(8Rr + 2r2) — 16Rrs2} — 128R%r2s?

= 32r%s?(s? — 4Rr —1%) — 128R%*r?*s? = 32r*s%(s* — 4R?> — 4Rr — r*) > (ii)

N (i (iid) s2_4R%—4Rr—r?
(i), (ii)=[lcosA = — ——

2_ 2
(2) & Y(1 — sin? 4)? < SR -123Rr+asy

8R2
o Z(l 2 sin? A+ sin® 4) < 51R%? — 123Rr + 4812
8R?
o 3 Ccos2a) + Y int ) < SL 2SR o
o1-—4 (1_[ cos A) + Z(sin‘* A) < 51R? — 123Rr + 4817
8R?

s2— (2R +1)? g o YD 51R? — 123Rr + 4812
1-— R? +Z(sm A) < 3R2



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

27R%? — 155Rr + 401?% + 8s2

= 4 A <
Ya* 27R? — 155Rr + 4012 + 8s?
< <
16R* 8R?

@
o z a* < 54R* — 310R%r + 80R%r? + 16R2s?

Now, Y a* = (¥ a?)? — 2{(¥ ab)? — 2abc(2s)}
=4(s?2 —4Rr — 1%*)? — 2(s?> + 4Rr + 1%?)? + 32Rrs?

=2 (54 +12(4R +1)? — 25%(4Rr + rz)) + 2(2s2)(—8Rr — 21?) + 32Rrs?
= 2s5*+ 2r2(4R + r)? — 4s*>(4Rr + r?) — 8s%r?
”
= 25*+2r2(4R + 1r)? — 4s*(4Rr + 31r?) < 54R* — 310R3r + 80R?*r? + 16R?s?

?
& s* < 27R* — 155R3r + 40R?*r* — r?(4R + r)? + 252(4R? + 4Rr + 31?)

erretsen

G ?
Now, LHSof (b) <  s?(4R?>+ 4Rr +31r?%) <
27R* — 155R3r + 40R?*1r? — r?2(4R + 1)? + 25%(4R? + 4Rr + 31?)

”
& s2(4R? + 4Rr + 31r2) + 27R* — 155R3*r + 40R?*1r? — r*(4R + r)? (2) 0
(4

erretsen

G
Now, LHSof (c) = 27R*—155R3r + 40R*r* —r?(4R +1)* +

?
+(16Rr — 5r2)(4R?> + 4Rr + 31%) > 0

?
& 27t* —91¢% + 68t2 + 20t — 16 > 0 (wheret = g)
? Euler
o (t-2){(t-2)27t> +17t +28)+ 64} >0 > true~t > 2
= (a) istrue = (2) is true

Chebyshev 1 ? 4 ? 3 ? 9
Also, Y cos*A > (5) (X cos? A)? > = © Y cos? A > i Y sin?A4 < "

2
© Y a? < 9R? - true by Leibnitz = (1) is true
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UP.109. Let a, b, c and d be positive real numbers. Prove or disprove that:

(a+b+c+d)3
> 16
abc + bed + cda + dab

Proposed by George Apostolopoulos - Messolonghi — Greece
Solution 1 by Catinca Alexandru-Romania
(a+b+c+d)?

Y abc
o Za3 +3 z ab + 62 abc > 16[1.1,1,0]4;

o
& [3,0,0,0]-4+3-[2,1,0,0] - 12 +6[1,1,1,0] - 4 > 16 - 4[1,1,1, 0]
& 4[3,0,0,0] + 36[2,1,0,0] > 40[1,1,1,0] (1)
4[3,0,0,0] > 4[1,1,1,0] as (3,0,0,0) > (1,1,1,0) Muirhead
36[2,1,0,0] > 36[1,1,1,0] as (2,1,0,0) > (1,1,1,0) Muirhead

+

>16 = (a+b+c+d)?>16-4[1,11,0];

3
4[3,0,0,0] + 36[2,1,0,0] > 40[1,1,1,0] = (1) is True= ;ZT“Z > 16

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
1.a% + b%+ c® +d3 = a®b + b%c + c*d + d*a
a+b3+c3+d3>a’c+cta+bid+d%b
2.(a®b + b%c + c?a) + (b%c + c2d + d*b) + (c*d + d*a + a®c) + (d®a + a®?b + b%d) >
> 3(abc + bcd + cda + dab)
Hence a3 + b? + ¢? + d3 > a?b + b?c + ¢*d + d*a = abc + bcd + cda + dab
a® +b%+c? +d3 > a*c+ c*a+ b*d+ d?b > abc + bcd + cda + dab

Thatis (a + b + ¢ + d)® > 4*(abc + bcd + cda + dab)

3
(atbtetd)” - 46 isto be true

Therefore abc+bcd+cda+dab —
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UP.110. Let m,, m,, m,. be the lengths of the medians of a triangle ABC. Prove that:
1 1 1 R
—_——t < —
m, m, m, 2r?
where R, r are the circumradius and inradius respectively of A ABC.

Proposed by George Apostolopoulos - Messolonghi — Greece

Solution 1 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

1 1 1 1 1 1 a+b+c 2 1 2r R
Lemmam,>h,>—+—+—<—+—+—= =L === < = 5QED.
mg my me hqa hp h¢ 28 2pr r r 2r

Solution 2 by Mehmet Sahin-Ankara-Turkey
By using the Tereshin Inequality: 4Rm, = b% + ¢* > 2bc
bc 1 2R
<

1 a+b+c) _ 1 R
Zm— <2R (—) =-=53 (Euler)

a

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
R R 1 P p

> _—>s = = -
Zr_l(:)ZrZ_Z p-r A
a —-b)+(p—c
R 14 Zf Z(p )2 (p )AMzGM
—>—=—== >
2r2 - A A A

S YJ@-b)p--c) :z 1 Zzi
Jp(@—a)(p —b)(p —¢) JVp(p —a) m,

Solution 4 by Marian Ursarescu-Romania

b2 +c2
4R

Inany A ABC we have: m, > (1), because:

b%+c* a* 2(b*+c*)— (b®+c*—2bcsinA)

2
a

m 2 4 4
b? +c* +2bccosA _ b*+ c* —2bccos(B+C) _
4 B 4 B

b cos B—c cos C)%+(b sin B+c sin C)? b sin B+c sin C)?2 -
:( )4( )2( 2 ):>1|strue

1 1 1
5 —+—+—<—
From (1) e Sl
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>b2+c2>2bc bc 1 <2R
= s <
Ma="34R = 4R 2R m, ~ bc

1 <2R(1 . 1 . 1)
m, ab ac bc

. 1 1 1 R
Nowweshowthls:>2R(5+;+E)Sﬁ@
1

1 1 1 R .
& —+ —+ — < —which its true.
ab bc ac 412

1,1 1 1. 1 1 1 1 1
S—+—+—<— 1,1, _1 1 . p> .
PS.—+—+—<_—itstruebecause — + -+ —=——-<_-—5 & R2>2r true

UP.111. For an acute triangle ABC and a positive integer n, prove that:

n 3n+1

1
(Z(sinA sin Bsin C)ﬁ) < 3

where the sum is over all cyclic permutations of (4, B, C).

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution by Marian Ursdrescu — Romania

From Hdélder’s inequality we have:

1 n 1 n 1 n
((sin A + sin B cos C)E) + ((sin A cos B sin C)E) + ((cos A sin B sin C)E) >

1 1 1\
((sin A + sin B cos C)n + (sin A cos B sin C)n + (cos A sin B sin C)E)

= 3n—1 <

1 n
& (Z(sinAsinBsin C)E) <31 z sinA sin B cos C =

We must show: ); sin A sin B cos C < % (D)

Now: cos 24 + cos 2B — cos 2€C = 2 cos(A + B) cos(A — B) —2cos?>C + 1
A—B—C)
2

A—B+C
=—2cosC(cos(A—B)+cosC)+1=1—2cosC~2cos( 2 )cos(

=1—-4sinAsinBcosC = SinASinBSinC:i(l—COSZA—COSZB+COSZC) 2

From (1)+(2) we must show: 3~ (cos ZA“ZS 2B+cos20) 3 3)

But cos 24 + cos 2B + cos2C = —1 -4 cosAcosBcosC (4)
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From (3)+(4) we must show: 1 + cos Acos B cos C < 3 © cosAcosBcosC < %,

which its true.

UP.112. Solve for positive real numbers:

2
X
(7+y— = V128(x8 + y®)
4 1+,/1—x
Ik4x3—3y= — Y

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India
1+ 1-xy

2 2@ @
L +L = 3/128(x8 + y8), 4x3 -3y =
y x 2
(1) © (x* +y3)8 — 128x8y8(x® + y®) = 0 & 2 + 8t?1 + 28t"8 — 128¢16 + 56115 +
X

+70t12 +56t° — 128t +28t° +8t3+1 =0 (t = ;) o

© (t—1)2(t%2 + 221 + 3620 + 12¢1° + 21¢8 + 30tV7 + 67t6 + 10415 + 13t —
—22t13 — 57t12 — 92¢11 — 57¢10 — 22¢° + 13t8 + 10417 + 67t° + 30t + 21t* +
+1283 +3t2+2t+1) =0 (t—1)>-p =0 (a) (say)
Now, 12¢° — 22¢13 + 104t” = 2t7(6t'%2 — 11t + 52) =
= 2t7(6a% — 11a; + 52)[(a; = t®)] >0 (i) ~ discriminantA = 121—-4-6-52 <0
Also, 2118 — 57t1%2 + 67t° = t°(21¢1% — 57t° + 67) = t%(21a% — 57a, + 67) > 0 (ii)
“A=572-84-67<0
Again, 67t1® — 57t10 + 21t* = t*(67t1? — 57t% + 21) =
=t*(67a% — 57a, +21) >0 (jiii)~A=572-84-67 <0
Moreover, 10415 — 22¢° + 12¢3 (iv) = 2t3(52t'? — 11t° + 6) =

=2t3(52a% —11a; +6) >0 (V) * A=112-24-52 <0
A-G
> 26t!!

A-G
Now, 30t7 + 305 > 60t'1,13t* + 138 )
Vi

(vi)
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A-G (ix) x
3t20 + 3t2 > 61 &ofcourse, t?2 +2t*1+2t+1 > Oast > O(t =Z> O)
(viii) y
() +(ii)+(iii) + (iv)+ (V) + (Vi) +(vii)+(vii)+(ix) > P>0a=t=1>x =y
From(2),wehavel—xy=1-x*>0=>x<1=>0<x<1

~0<xy<lletx=y=cosf (0<6<2)

1+sin 6 1+sin 6
= cos B = 5

= (2) becomes 4 cos3 0 — 3 cos 9 = (2a) >

14
:>2cosz(30)=1+sin0:>1+cos60=1+sin0:>cos60=cos(——0):>

:>2sin(f+ﬁ)sin(f—ﬁ):0.Now,f<f+ﬁ<3—"
4 2 4 2 4 4 2 2
'}

i y=sinx

¥

d 3

1 e

| 2

& L 2

AN A N

PR ]

4

. 50 50 3 9
Sln(%+7) =0 :>$+7:Tl':> 0:%_ From (28.),(:0830 >0 (*),bUtCOS£<O

3m . .
LX=Yy = cosﬁ is not an acceptable solution.

G-

3 T 7
< _
4

Also, —

™|

2

g9 -=-¢----}----

)
P SN

2
w 70 T 5w
>S———=0-n1>0=—,—
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15 51 .
But cos - < 0, x =y = cosis unacceptable

- only possible solutionis: x =y = cosﬁ

UP.113. Let x, y, z be positive real numbers. Prove that:

3x2 +yz . 3y? +zx . 3z2 +xy - 103 . 20x2y2z2
yZ + ZZ ZZ + xZ xZ + yZ - 6 3(x2 + yZ)(yZ + ZZ)(ZZ + xZ)

Proposed by Do Quoc Chinh - Vinh Phuc - Vietnam

Solution by proposer

By the AM-GM inequality, we have:

3x2 +yz 3x2+7 3x +y2+z2 _\/2y2z2+3x2y2+322x2
y2+zz_ y2+z2 y2 + 72 - y2 + z2

2+3y272+322x2
x2+y?

Similarly, we have: LHS > Y. J2rty

Putx? =a,y* = b,z*> = ¢ (a,b,c > 0). Thus, we need to prove:

z v2ab + 3bc + 3ca 103 20abc
+
a+b ) 3(a+b)(b+c)(c+a)
z 2ab + 3bc + 3ca 4o z J(2bc + 3ca+ 3ab)(2ca + 3ab + 3bc) -
=3
(a + b)2 (b+c)(c+a) -
103 20abc

26 "3@+ )b+ o)c+a)

By the Cauchy - Schwarz inequality, we have:

\/(Zbc + 3ca + 3ab)(2ca+ 3ab + 3bc) - 3ab + c\/(Za +3b)(3a+ b)
z (b+c)(c+a) _z (b+c)(c+a)

2 3b)(3 2b
3ab + ¢ - \/((zaa++ 3}2)((:a++ 23) 3ab +c- 2(6a? ;-(;3:1’}:; 6b?)
=Z b+0c+a) Zz b+0c+a)
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2 2
3ab+c-7a +16ab+7b

z 3(a+b) 16(a+ b + c¢)(ab + bc + ca)
2 =
(b+c)(c+a) 3(a+b)(b+c)(c+a)
. . ) 1 1 1 9
By the Iran 1996 inequality, we have: (ab + bc + ca) [(a+b)2 et (C+a)2] =
.9 a_ 32(a+b+c)(ab+bc+ca) 103 20abc
ThUS, we need to prove. 2 * Z b+c * 3(a+b)(b+c)(c+ta) ~— 6 3(a+b)(b+c)(c+a)

a . b . c . 4abc .
b+c c+a a+b (a+b)b+c)(c+a)
o a®+ b3+ ¢ +3abc = ab(a+ b) + be(b+ c) + calc + a)

True by Schur inequality. The equality holds for x =y = z.

UP.114. Let a, b, ¢ be the sides and R and r the circumradius and the inradius of a triangle
ABC respectively. Prove that:

1+1+1> 9
az b?2 2 4r(4R+71)

Proposed by Martin Lukarevski — Skopje — Macedonia
Solution by proposer

We use the substitution: a = y +z,b = z + x, c = x + y, for three positive real
numbers x,y,z > 0. Thenx =s —a,y = s — b,z = s — ¢, with s the semiperimeter of
the triangle. Hence: xy + yz + zx = —s? + ab + ab + bc + ca = r(4R + r), be the

well-known relations [1], ab + bc + ca = s + 4Rr + r2. The inequality is

1 1 1 9 ..
transformed to (xy + yz + zx) ((x+y)2 tom t (z+x)2) > -, and this is a famous
inequality, [2].

Remark 1. By Euler’s inequality R > 2r, we have (9R + 2r)(R — 2r) = 0. Hence

9 1 - - - - . .
TR 2 Thus the inequality is a sharpening of the well-known inequality

1 1 1 1
2 TR
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UP.115. Evaluate:

oo

In(x) sin(x)

f — 1 dx
0 (x)2

Proposed by Arafat Rahman Akib — Dahka — Bangladesh

Solution by Feti Sinani-Podujeve-Kosovo

+ oo + oo + oo

In(x) sinx .1 X 1 1
f #dx = Imf e*x 2In(x) dx = [7 = t] = Imf e *x"2In(xi) izdx =
0 x2 0 0

+ o0 + oo

[

1
=Im f e"‘x_% In(x) (elg)7 dx + Imf e"‘x_% In (e'g) (eig)7 dx | =
0 0

= Im(l‘(%) (cos+isin2) +I‘(%)§i(cosg+ising)> =
“2(0) 31 6) D200 D - Fr-amed

UP.116. Prove that:

2
°° HE +6HZHY +3(HY) +8H,HY + 6H) 1
Z (=1)n? = 24Lis (—)
n 2
n=1

Proposed by Ali Shather — An Nasiriyah — Iraq, Shivam Sharma — New Delhi — India
Solution by proposers
Apply the Stirling’s second sum, we get,

2
fol " In*k(1 - x)dx = (—1)""(n—n) 1)

where,
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k-1 k-1 2
‘(") - Z ( ) (k—j— DH, = ()

J )j

]_
Putting k = 4, we get,
2
2m) = Hy + 6HZHY +3(HY) +8H,HY +6HY (2)

then using (1) & (2), and then summing both sides, we get
1

—S—;( 1) Ofx TIn*(1 x)dx:!;( x) . dx

1
In*(1—x

1+x
0

Replace,x -1 —x

(00

S Of '“4_(’;) ano Of X In*(x) dx = zzl f 21 In*(x) dx

:zzn 6n4[f " ldx| =
n=0

ﬁz 1 [ x"In*(x)  4x" ' In 3(x)+1z—1n2(x) 24—ln(x)+24—]

2n n
= 242
n=1

(OR) =S = 24Li5 (1) (OR) S = —24Lis (1) (Answer)

n=0

1
= 24Lis (E)

UP.117. Leta, b, c € E : 3) be positive real numbers such that: a + b + ¢ = 3. Prove that:

Yra+4b+Ye + 11 3(ab+bc+ca-2)

- 7 *
30 40~ 2(¥a+¥p+¥c+1) *)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
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Solution by proposer

* By AM-GM inequality we have:

10 4
@ +adrad+Yarlarariar1+1+1210- a0t ar- (V@) 1-1-1=

=10- Va® =10a=>3a®+4-Ya+3>10a=>4-Ya > 10a—3a3 -3 (1)
- Other, because a,b,c >0;a+b+c=3=2a<3=2@-3)a@a-1)?<0<(@-3)(a*-2a+1) <0

oad-5a2+7a-3<0=a®<5a>-7a+3 )

— 2_
-Let (1), (2):= 4Ya > 10a — 3(5a% - 7a+3) -3 =31a—15a? — 12 > Ya > 2202

.. 31b-15b%-12 31c-15c%-12
+ Similar: Vb > Ve 2%

31(a+b+c)—15(a2+b%+c2)—=36  31-3-15(a2+b%+c2)-36
— Therefore: 4/a + {/b + ¥¢ > 3@tb+d) iﬂ c?)-36 _ (a4 c)

Ya+ W+%> 57 —15[(a+ b+ c)? —2(ab+ bc+ca)] _30(ab+bc+ca)—78 ab+bc+ca 13
30 = 120 - 120 - 4 20
N %+%+% + E > ab+bc+ca _ E (3)

30 40 — 4 8

+0ther;%+%+%+a2+az25.1(%)3@2@2:5.%_5:5(1

o3-Ya+2a2>5a< Ya>"

5b—2b> 5c-2c¢?*
® Similar: Vb > 3c > Cgc

— 2,p2, -2 2 2_
- Therefore: % + % + % > 5(a+b+c) z(a +b“+c ) — 53 Z[(a+b+c)3 Z(ab+bc+ca)]

N \/—+ \/—+ \/—> 15— 232+4(ab+bc+ca) \/—+\/—+ \/—>4(ab+bc+ca) -3 (4)

-Because a, b, c € [%;3):(a——)(b——) (b_%)(c_%)+(c_%)(a_i)>0

@ab+bc+ca2a+b+c—Z=3—Z=%:>ab+bc+ca—2>O (5)
. 3(ab+bc+ca-2) 3(ab+bc+ca-2) __ 9(ab+bc+ca-2)
+ Let (4)! (5):> Z(%+%+%+1) < 8(ab+:c+ca) - 8(ab+bc+ca) (6)

ab+bctca > 9(ab+bc+ca-2)

-Let (3), (6), (*). We need to prove: 8 = 8(ab+bctca)

ab+bc+ca 9
4 4(ab+bc+ca)

= % (True because by AM-GM inequality) and we get the result.

+ Equality occursiffa=b=c=1.



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

UP.118. Prove that:

f 1+xzd T pr1 b, 1<p< !
1+ 22 (2 P 2)’ P="3

Proposed by Shivam Sharma - New Delhi — India

Solution 1 by Abdulrahman Hamed Balfaqgih - Tarim — Yemen

V1+x2=2 +1=1= (2)2 1+ 1+x2d =

X tan? y = fx 1+ 2 X =
T
H 1 1 1
3 +

=2p+7fsinpycos ~2p ydx—2p+2ﬂ(p— —p—i) -1<p<-3
0

Solution 2 by Khalef Ruhemi - Jarash — Jordan

fx_% e *.cos(Bx)dx =T (%) 1+ BZ)_% cos (%cos‘1 (;))
0

V1 + B2
_ Wm 1 V1 +B? \/’ V1 +B?
= s —
1+p2s V2 (1+B2 1+B
\f Vi+B -dB = x °°Bp Bx)dB |d
= 2.07%. .
= f EEEY T f X 2-e f cos(Bx) x
0 0

T r 1
=—I‘(1+p)sin(7p)fx 2 p-e"‘dx,—i>p>—l
0

=-T(1+p)r (_1 — p) sin (n'p) > -1

:>f 1:;32 ——\/: ra+p)r ———p)sm(zp)
:—\/g-l‘(—%—p)sin(?)x-%r-zp-F(pTH)F(g+1)
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1
(2)7"z ( 1 p+1\ P -
= T ———p)F(—)I‘(—+1)x
/4 2 2 2 _P\p (™
r(-5)r(z+1)
PN\ 1_
— 2 Bz)r(-2 p)_2p+_ B(p+1 ~ _1)
_p 2 2
r(-%)
r 1+V1i+ a2 1 p+1 1
p . = Pty (— — ——)
fx T+ 22 dx = (2) B 7 2
0
Solution 3 by Togrul Ehmedov-Baku-Azerbaidian
1+x?=y’=x=.y?-1>dx= Y dy
y* -1
P
+ V1 + x2 p dy (y—1)zZ(y+1)2

14 = 2 _ 2
fx BT ———dx f(y 1)2
0 0

oo

y
r 1-p 1+ 2t Zdt —Zp—3

I:ft ( ) _f (1+2t)zdt
0

t 2
0

2t Z =Y
=z=>_-—=>dt=—
Z2=5 2

2p+1 —Zp3 100 zZ 2
I=f2 2 (1+z)2dx—2p Zf—dz
o (

Note: B(x,y) —f

0 (1+t)x+y

dt,Re(x) > 0;Re(y) >0
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UP.119. Prove that:
o (2)
> ('19 ) 93(2)3(9) + 23(3)3(8) + 63(4)5(7) + 44(5)3(6) — 275(11)
k=1

Proposed by Ali Shather and Shivam Sharma
Solution by Ali Shather and Shivam Sharma

H® &1
s=y -2 =Y = - (((3) Z — k)3> 3(3)3(8) + Z Z e k)3

k=1 n=1
36 36 28 8 L2
B kn k%(k+n) k°n2 Kk°(k+n)?2 kBnS
S_((3)((8)+k22l 1 15 . 10 6 . 3 1
=1n=1|— — — —
" 5(k+n)® k’n* kén5 k5n® k*n? Kk3nd

. [36H; 28((2) 8(

28{(2) 8 H(Z)) 21¢(3) 35
$=¢(3)3@®) + )
k=1

k38 — 78 (((3) H(3))
_15¢(4) , 10{(5) _64(6) 3((7) {(8)
k7 kb k5 k* k3

36(65(11) ~ 4(2)7(9) ~ £(3)4(8) = ¢(F(7) ~ £(5)4(8)) -
H®
§=4(3)3(8) +| —28¢(2)(9) - 8«2)«9)+8Z—+21z(3)z(s) {ONOR

+S — 154(4)3(7) + 10((5)((6) 6((6)((5) +34(7)3(4) — ¢(8)3(3)

k10 k°

I—I

(2)
—82 0 =2164(11) — 724(2)¢(9) — 164(3)¢(8) — 48¢(4){(7) — 32¢(5)¢(6)
Or

(2)
Z PCa =9¢(2)3(9) + 28(3)3(8) + 64(4)¢(7) + 4¢(5)3(6) — 273(11)

UP.120. Prove that in any acute-angled triangle ABC the following relationship holds:

\/EZ(sinA + cos A) > Z sinC (1 +cos2(A—- B))
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India

A ABC is acute-angled, . 0 < 4, B, C <§ 0<A <§ &—§< —-B<0
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Adding these last 2, —% <A-B< %

|

N[

™
2

/

Yy =cosx

From the graph, wesee 0 < cos(4—B) <1 (1)
Similarly, 0 < cos(B—-C) <1 (2)
0<cos(C—A4)<1 (3)

ZSinC(l +cos2(A —B)) = ZSinC-ZcosZ(A —B)

by (1).(2).(3) ?
< ZZSinCZZZSinA<\/EZ(sinA+cosA)

R+r

@ﬁZcosA;(Z—\/E)ZSiHA@\/E< R );(2—\/5)(%)

2
©2(R+1)?> (6 —4V2)s? (a)
©128>121:8V2>11=4V2> 2 =6—2=_>6-4V2 (4)
(4) = in order to prove (), it suffices to show: 2(R +r) > %sz =3

& st<4(R+1)? (b)

Gerretsen

?
Now, LHSof (b) < 4R?+4Rr+3r?<4R?>+8Rr+4r’ o

2
& 4Rr + 1% > 0 > true = (b) istrue = (a) is true

(proved)



