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JP.241 Let my, my, m; be the circumpedal extensions of cevians of centroid in

AABC. Prove that:
ml, + m}, + m, > 3Vabc
Proposed by Daniel Sitaru-Romania

Solution by proposer

AA1 = ma;BBl =my, CC1 = mC;AAl N BBl N CCl = {G}

AB—AC—a
1B =416 =5

p(A;) = BA; - A.C = AA, - A A, (the power 4, in circumcircle)
aZ
4m,
aZ

N|Q
N|Q

=-mg,- A1AZ = A1AZ =

m; = Afy = Ay + Ay = mg + o —
a

2 CZ

b
. ! — + . ! — +
Analogous: m;, = m,, g Me = M+ -

a? b? c?

+ + >
4m, 4m, 4m,

m, +my, +m;=m,+m,+m,+

> 6 mambmc-4m = 3Vabc
a

AM—-GM 6 a? b2 2 3
4m,; 4m,
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JP.242 Let m,, my, m; be the circumpedal extensions of cevians of centroid in

AABC. Prove that:
mym,m,_ = abc
Proposed by Daniel Sitaru-Romania

Solution by proposer

AA1 = ma;BBl =my, CCl = mC;AAl N BBl N CCl = {G}

AB—AC—a
1B =416 =5

p(A;) =BA; - A,C = AA; - A1 A, (the power of 4, in circumcircle)
2

a a
E'E:ma'AlAZ :>A1AZ :4ma
a’? am-GMm a? 1
m:l:AAZ:AA1+A1AZ:ma+ m = 2 ma'4m :Zia:a
a a

Analogous: my, > b;m, > c. By multiplying: m;m,m; > abc

JP.243. If x,y,z > 1; xyz = 8 then:

X y z
@) +G) +G) =3
Proposed by Daniel Sitaru-Romania

Solution 1 by Florentin Visescu-Romania

Let be f: (1,8) - R, f(x) = (’Z_f)" _ o*(logx-log2)

f'(x) = (logx — log2 + 1)e*(logx-log2)
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1
f(x) = ((logx —log2 +1)* + ;) ex(logx-log2) -

f —convexe. By Jensen’s inequality: f (”y”) < %(f(x) + f(y) + f(2))

3

x+y+z# X\ YN ZN\?

3( 6 ) <(3) +G )

+(%)y+(;)223(x+_:+z)x+§+zAMéGM
xty+z x+y+z

G

33XZ 3 3% 3 xty+z
23( 6y> :3<6> =3.(1) ¥ =3

X

Equality holdsforx =y =z = 2.
Solution 2 by proposer

G =(1+G-1) """ 12 G- 1)z w1

xZ
@1+7—x2x—1

X

xZ
7—2x+220@x2—4x+420<:>(x—2)220

X z

(;) >x—1; (g)yZy—l; (;) >z-1

By adding: (g)x + (g)y + (;)z >x+y+z—-3>

AM—-GM
> 3%xyz—-3=3318-3=3-2-3=3

Equality holdsforx =y =z = 2.
JP.244 If x,y,z € R then:

max{x,y,z} > min{x,y, z} + x2 + y2 + 22 — xy — yz — zx
When equality holds?
Proposed by Nguyen Viet Hung-Hanoi-Vietnam

Solution by Ravi Prakash-New Delhi-India

WLOG: x = y > z. Hence: max{x,y,z} = x, min{x,y,z} = z
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(y—x)(y—-2)<0->y?—xy—yz+xz<0

(x-2z2(x-2*+@y-x)(y-2)
(x—2)2>x%2—2xz+ 22 +y>? —xy—yz+2xz

(x—2)2=>x2+y2+22—xy—yz—zx

x—z>Jx2+y2+22 —xy—yz—2zx

max{x,y, z} — min{x,y,z} > \/x2 + y2 + 22 — xy — yz — zx

JP.245. Let x, y, z be non-negative real numbers such that x? + y? + z% = 1.

Find the minimum and maximum value of Q.

Q=Vi+x+ /1+y+V1+z
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Michael Sterghiou-Greece
Q= chc\/l +x (1)
Let (p,q,7) = (Zeye X, Xeye Xy, xyz). The function f(¢) = vt is convex therefore by

2
Jensen @ <3 |1+% (2)But1 =3, x* 2% - p < V350V2 becomes @ < 3 f1+?

which is the required maximum. Equality forx =y =z = ‘/3—5 We will show that
Q>2++2 (3)
(2) becomes: (X, M)Z >(2+ \/E)Z N
<—>p+3+22\/(1+x)(1 +y) > (2+\/E)Z

cyc

OF Sy JAT DA+ 2 EVCD _ gy L5 (14 2)(1+y) +

+ZZCJ’C\/1+xl—[cyc\/1+x2 e(p)z - (2p+q+3)+ZQ,/p+q+r+ 1> Qz(p)

6%(p)-(2p+q+3)
2\/p+q+r+1

which becomes Q > g(q) = with equivalence through as all squared

amounts are positive. As g(q) is a decreasing function of q according to V. Cirtoaje
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theorem with p, r fixed g becomes maximal when y = z assuming WLOGx <y < z.

It is enough therefore to show (3) for y = z in which case x2 + 2y? =1 or y? < %
. 1
(3) > 2/T+y+ /1+w/1—2y222+ﬁW|thye[0,E].Let
— o2 _ (v) = 4
0(y) =2/1+y+ |1+ /1-2y2—(2++2).0'(y) = - Where

A=y Jy+1-J1-2y2-/(1—-2y?)+1andT > 0. Itiseasy to show that

A'(y) > 0 [sum of positive factors] so A(y) has only one root equal to ? This root is

unique for 8’'(y) and the minimum value of 8(y) on [071?] is 0(0) = 0, hence

0(y) > 0. Equality for x = y = 0,z = 1 and permutations 2 +v/2 < Q < 3 fl +?

JP.2461fa, b, c,d > 0;a?cd + b%>da + c?ab + d?*bc = 4abcd then:

a’ a b? /b c? /c d? /d B
G Va1 a0 aG-1)=o
Proposed by Daniel Sitaru — Romania

Solution 1 by Florentin Visescu-Romania

a b ¢ d
a’cd + b%da + c*ab + d*bc = 4abcd & —+—+—+—=14
b ¢ a a
a b ¢ d
AM(abcd)_5+;+a+a_4_1
b'c'da 4 T4
GM(abcd)_4a b c d_1
b'c'da/ b cda
2 abcd_GMabcd a_b_c_d_1 LHS = 0
Geaa=MGeaad 5 c a a1~

Solution 2 by proposer
fu>0=>w-1)>2%*@w+1)=>0
W -2u+1D)u+1)=>0
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w+ur-2u: -2u+u+1=>0

w—-—uw—-—-u+1>0=2uw3>ut+u—-1

=@+ (s) -1
B =1 +®-1 o
O =0 +@-1 @
@ =@ +®-1 @

By adding (1) (2); (3)- 4):

26 =X@ 2= @ et

cyc cyc cyc cyc

ﬁlw

Foru =— and successively u =

3
+
3
+
3
+

B z a2 . a*cd + b*da + c*ab + d*bc — 4abcd
N abcd N

cyc

2 4abcd — 4abed 2
=26 e =206

cyc cyc

Fora=b =c=d =1,LHS = 0 which results by condition from enunciation.

JP.247. Let a, b, c be non-negative real numbers such thata+ b +c¢c = 1.
Prove that:
2
(Va+ Vb ++c) +a?+ b*+c? > 10(ab + bc + ca)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Marian Ursdrescu-Romania

Letva=aVvb=B,Vc=v.a B,y =0 a?+ B2 +y? = 1.We must prove:
(@a+B+y)+a*+p*+y*> 10(01215'Z + By +y?a?), (1)

_ z
Jx2+y2+z B = Jx2+y2+z Y_Jx2+y2+z2

Leta =
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xZ + yZ + ZZ (xZ + yZ + ZZ)Z - (xZ + yZ + ZZ)Z

1) e

(x+y+2z)2(x?+y2+2z%) +xt + y* + z* — 10(x%y? + y?2z% + z2%x%) > 0 (2)
f4 — symmetric polynomial, fa(x,9,2) 20 fu(x,1,1) >0
falx,y.2) = (x +y + 2)2(x% + y% + 22) + x* + y* + 2* — 10(x2y? + y22% + 22x2),Vx,y,2 > 0
(Cirtoaje’s theorem)
falx,1,1)=(x+1+1)2(x*+1+1%) +x* + 1%+ 1% — 10(x?1% + 1212 + 12x?)
fax,1,1) = (x+2)2(x*+2)+x*+2-102x%*+1) =
=2x* +4x3 — 142> +8x = 2x(x — 1)*(x +4) >0
Solution 2 by proposer

We rewrite the inequality in homogenous form as follows:

(\/E+\/E+\/E)Z(a+b+c)+az+b2+cZ > 10(ab + bc + ca)
This is equivalent to:
(Vab +Vbc ++ca)(a+ b+ c) + a® + b* + c? > 4(ab + bc + ca)
After replacing (a, b, ¢) by (a?, b?, c?) the inequality becomes:

a* + b* + c* + (ab + bc + ca)(a? + b? + c?) > 4(a®?b? + b%*c? + c%a?)
Or equivalently
a*+b*+c*+abcl(a+b+c)+ z ab(a? + b?) > 4(a?b? + b%*c? + c*a?)

cyc
According to Schur’s inequality of fourth degree we have:
a*+ b*+ c*+abcla+b+c)> Z:ab(aZ + b?)
cyc
Hence it suffices to prove:
z ab(a? + b?) > 2(a?b? + b%*c? + c*a?)
cyc
But this is true because:

z ab(a? + b?) — 2(a?b? + b%c? + c%a?) = z ab(a—b)*>=>0

cyc cyc
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JP.248.If a, b, c > 0 then:

1
+ +
2a+b+c a+2b+c a+b+2c

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

a2+b2+cz+4abc< )22(ab+bc+ca)

Solution 1 by Marian Ursdrescu-Romania
1 + 1 9
2a+b+c  a+2b+c  a+b+2c — 4(a+b+c)

By Bergstrom’s inequality:

Remains to prove:
(a®? + b?> +c?*)(a+ b+ ¢) +9abc — 2(ab + bc+ca)(a+ b +c) > 0,(1)
Reminder Cirtoaje’s theorem:
If f3(a, b, c) isa symmetric and homogenous polynomial og degree 3 then:
fs(a,b,c)>0< f3(1,1,1) > 0,f3(a,1,0) >0,Va =0
Inourcase f3(1,1,1) =9+9—-18=10
f3(a,1,0)=(@*+1)(a+1)-2a(a+1)=(a-1)*(a+1) >0 > (1)
Solution 2 by Do Chinh-Vietnam
BERGSTROM 9 9

1 -
_ > . =
4abcz:2a+b+c - 4abc 4(a+b+c) a+b+c

cyc

Remains to prove:
(a> +b%2+c?)(a+b+c)+9abc—2(ab+ bc+ca)(a+b+c)=>0

Za3 + 3abc > Zab(a+ b)

cyc cyc
Zab(a+b)—2a3—2achabc
cyc cyc
(a+b—-c)(b+c—a)(c+a—-Db) <abc
(a+b—-c)(b+c—a)c+ta—-b)<|la+b—c|-|b+c—a| |c+a—->b|=

2)
:1_[\/|a+b—c|-|b+c—a|glabclzabc

cyc

Observation: (2) istrueif a, b, ¢ are sides in triangle.
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Solution 3 by Michael Sterghiou-Greece

1 1
+ +
2a+b+c a+2b+c a+b+2c

a2+b2+c2+4abc( ) > 2(ab + bc + ca)(1)

Inequality is homogenous so WLOG we can assume:

a+b+c=3,(p,qr)=(a+b+c,ab+ bc+ ca,abc),p=3
CBS
LHS of (1) = p? — 2q+4r-%2 2q (to prove)

This becomes the stronger inequality: p? — 4q + % >029-4q+3r=0

3
Which is 3-rd degree Schur’s inequality-usually written: g < === ;gr

Solution 4 and generalizations by Marin Chirciu-Romania

1) Ifa,b,c > 0then:

1
+ + )
2a+b+c a+2b+c a+b+2c

a2+b2+cz+4abc< > 2(ab + bc + ca)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution
Schur’s lemma:
2) Ifa,b,c > 0 then:

9abc
a’?+b*+c?+————>2(ab + bc + ca)
a+b+c

Proof.
Inequality can be written:
a3 + b3 + ¢ + 3abc > ab(a + b) + bc(b + ¢) + ca(c + a), which follows by Schur’s
inequality:
a(a—b)la—c)+b" (b—c)(b—a)+c"(c—a)(c—b) =>0,a,b,c>0,r>0,for
r = 1. Equality holdsfora = b = c.
Back to the main problem: By Bergstrom’s inequality:

1 1 1 1+1+1)2 9
+ e e &
2a+b+c  2b+c+a  2c+a+b Y(2a+b+c) 4(a+b+c)

By (1) and Schur’s lemma:
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24+ b2+ c%+4ab ( 1 + 1 + 1 )>
a ¢ ‘lCZa+b+c 2b+c+a 2c+a+b/
9abc
>a?+b?>+c*+———>2(ab+ bc+ ca)
a+b+c
1 1 1

+ +
2a+b+c 2b+c+a 2c+a+b

a2+b2+c2+4abc( )22(ab+bc+ca)

Equality holdsfora = b = c.
Remark:

3)Ifa,b,c > 0andn > 0 then:

1 1
+ +
na+b+c nb+c+a nc+a-+b

a2+b2+c2+(n+2)abc( )22(ab+bc+ca)

Marin Chirciu

Solution:

2
1,1 L1 (a4141)? 9 (1)

By BergStrom S Inequa“ty: na+b+c nb+c+a nc+a+b ~ Y(na+b+c) - (n+2)(a+b+c)

, 1 1 1
By (1) and Schur’s lemma: a? + b? + ¢* + (n + Z)abc( + + ) >
na+b+c nb+c+a nc+a+b

9abc
>a?+b%>+c*+———>2(ab+ bc+ ca)
a+b+c
1

+ +
na+b+c nb+c+a nc+a-+b

a2+b2+cz+(n+2)abc( )22(ab+bc+ca)

Equality holdsfora = b = c.
4)Ifa,b,c > 0 then:

1 1
+ +
b+c c+a a+b

a2+b2+c2+2abc< )22(ab+bc+ca)

Marin Chirciu

Solution

cta a+b — Y(b+c) - 2(a+b+c)

2
By Bergstrom’s inequality: — +——+ — S DT _ 9 gy

By (1) and Schur’s lemma:
1 1 1
+ +
b+c c+a a+b
> 2(ab + bc + ca)
1 1
+ +
b+c c+a a+b

9abc
—_—>
a+b+c

a2+b2+c2+2abc( )2a2+b2+c2+

a2+b2+c2+2abc( )22(ab+bc+ca)
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Equality holdsfora = b = c.

5) In AABC the following relationship holds:

1 1 1
+ +
b+c—a c+a—-b a+b-c

a2+b2+cz+abc< )22(ab+bc+ca)

Marin Chirciu

Solution

. o1 1 1 (1+1+1)%2 _ 9
By BergStrom S Inequa“ty' b+c-a c+a-b a+b-c — Y(b+c—a) " a+b+c ( )

By (1) and Schur’s lemma
1 1 1
+ +
b+c—a c+a—-b a+b-c
> 2(ab + bc + ca)
1 1 1
+ +
b+c—a c+a—b a+b-c

9abc
—_—>
a+b+c

a2+b2+c2+abc( )2a2+b2+c2+

a2+b2+c2+abc( )22(ab+bc+ca)

Equality holdsfora = b = c.
6) In AABC,n < 1 the following relationship holds:

a2+b2+cz+(2—n)abc< ! + ! + ! )>
b+c—na c+a—nb a+b-—nc/

> 2(ab + bc + ca)
Marin Chirciu
Solution

1 1 1 1+1+1)2 9
+ + >( > —

By BegStrom S Inequa“ty: b+c-na c+a-nb a+b-nc ~ Y(b+c—na) - (2-n)(a+b+c) ( )

By (1) and Schur’s lemma:

a2+b2+c2+(2—n)ab6( ! + . * X )>
b+c—-na c+a-nb a+b-nc/”

9abc

>a?+b2+c2+———>2(ab + bc+ ca)
a+b+c
1 1 1

24 p2 4024 (2 — ( + + )>
a? + b* + ¢*+ (2 — n)abc b+c—na c+a—-nb a+b-—nc/”

> 2(ab + bc + ca)

Equality holdsfora = b = c.
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7) In AABC the following relationship holds:

Zt A+2r 1 -
an’—+— ) ————— >
2 s tang+tan%

Marin Chirciu

Solution
By inequality 4) above, we replace (a, b, ¢) with (tang , tang, tan g) and we use the
known relationships: Htang = E,Z tangtang = 1. Equality holds fora = b = c.

Solution (alternative):

By the known relationships:

zt ZA_(4R+r)Z Zz 1 S 1+ (4R+r) nt _
= : B C 2R any =

tan= ) + tan2

The inequality can be written:

(4R+r)z s [1 4R+r)2] s 26 (4R+r)2 (1 + é) >4 %, which follows by

s s

. . R(4R+71)?
Blundon-Gerretsen’s inequality s? < ¢ +r)

S SR . It remains to prove:

(4R+1)? r r . .
R@RI1)2 ( + ﬁ) 24— S R22r (Euler). Equality holds fora = b = c.
2(2R-1)
8) In AABC the following relationship holds:
3+ Z ¢ , A > 8r 1
an’->— > ————
tang + tan%
Marin Chirciu
Solution

Taking n = —8 in the above inequality. Equality holds fora = b = c.
Solution (alternative):
By the known relationships:

Zt ZA_(4R+r)Z ZZ 1 s +(4R+r)2 nt A r
s~ s ' B C~ 4R s ' amnz=s

tan= 5 + tanf

Inequality can be written:
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4R+r) ] (1 - %) > 0, obviously by

3+(4R+r) 2> [1 4-R+r ] [1+

s
Euler’s inequality R > 2r. Equality holds fora = b = c.

9) Ifin AABC,—8 < n < 2 the following relationship holds:

tan -+ —

Z A nr 1 >1+n
2 s B - 2
tan7+tani

Marin Chirciu

By the known relationships:

() 2 L gl (57 [ Tl =S

B
tan+ ) + tan2

Solution
A
tan? - =
Z an'z
The inequality can be written:
4R+T1 4-R+r 4R+1r n nr f
() 20 1 (5] 2 102 o (B (14 2) 2 32 2 whih

s

follows by Blundon - Gerretsen'’s inequality s? < ’;(:‘Z’:’r) It remains to prove:

(4R +1)? r n nr

— (1 +—)>3+-——— — Z 4+ — — 2>
R(4R+r)2( 4R)_3 2 4R@(4 2n)R*+ (5n—8)Rr —2nr* >0 &
2(2R—-71)

& (R —-2r)[(4 — 2n)R + nr] = 0, obviously by Euler’s inequality R = 2r and
—8 <n < 2,whichassureus [(4 —2n)R+nr] >0

Equality holdsfora = b = c.

ABOUT PROBLEM JP.249

17 RMM SUMMER EDITION 2020
By Marin Chirciu — Romania

JP.249.

1) If a,b, c > 0 then:

b+c c+a a+b b+c c+a a+b
+ + > + + +12
a b [ a b [

Proposed by Nguyen Viet Hung — Hanoi

—Vietnam
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Solution

oy squaring: 32+ 23 (2 [0 2 12 03 [o0 605

. [ [ ey =159

— 33\/(‘1 + b)(b + C)(C + a) Cesaro

> 338=3-2=6
abc

Equality holdsfora = b = c.
Remark.
We propose and solve a few problems of the same kind:
2) In AABC the following relationship holds:

a b c a b c
/ + +/ > + + +12
s—a s—b s—c s—a s—b s—c

Marin Chirciu

By squaring: ¥ =+ 23 /ﬁ B L L)) fsj_b ’3—126
S C 3 a 2 3 a 3 abc
> — _T Y= _
5 5 e 10 - TE s
3 /4Rrs 3 ’4R Euler
r<s Tr

Equality holds for an equilateral triangle.

Solution

3) In AABC the following relationship holds:

s—a s—b s—cC s—a s—b s—c or
/ + +/ > + + +—
a b c a b c R

Marin Chirciu
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. v Ss—a s—-b [s—c s—a , 6r s—-b |[s—c 3r
By squaring: X5+ 28 |57 2 R+ Te X 5E = T
/s—b [s—¢ 3 / s — a2 3 s—a 3/]'[(s—a)
> = = - =
z b c =3 1_[( a ) 3 1_[( a ) 3 abc
3| y2g s[ 1T Euler 37
=3 =3 |— > —
4Rrs \J4R R
T r 13

g [T Fuer3T a1 > RZ>4r’ o R>2
— e |l—=—re—>— o
iR > RENaRRT IR R® = =4r

Equality holds for an equilateral triangle.

Solution

4) In AABC the following relationship holds:

A | B | .C_ | A _B_ _C_ 6r
Sll’l2 Sll’l2 Sll’lz_ Sll’l2 Sll’l2 Sll’l2 R

Marin Chirciu

Solution

ina: Y <in 2 / in B / in € inA or / in B / i CS 3
Bysquarlng.Zst+ZZ sin - stZZst+R<:>Z sin— [sin_ > —
z . B . C>33 1—[ . ZA_331—[ . A_33 r Elier3r
sin [sino > sin? 5 = sino = ’4R > 2

3

33 rEtierBr 3 r>r r>r R% > 472 R>2
— — e e —> = =
4R = R 4AR“R 2R R? =ar =ar

Equality holds for an equilateral triangle.

5) In AABC the following relationship holds:

A+ B+ C> A+ B+ C+Zs
cos cos cos5 = [COSo +Coso+cosy +

Marin Chirciu

Solution
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. A ’ B ’ c A 2s ’ B ’ C_s
Bysquarlng.ZcosE+ZZ cos cosEZZcosE+?@Z cos- [cos> >
B C 33 ZA 33 A 33 S Mitrinovic §
— — > — = — = —_— > —
z cos2 cos— > | |cos > | |cos2 ’4R > R
3

3[ § Mitrinovic § S S 27s S ) 27R? 3R\V3
\}4-R

- > _@3 > —= < S s <
4R - R RCaR“RITO% S $=

Equality holds for an equilateral triangle.
6) In AABC the following relationship holds:

¢ A+ ¢ B+ ¢ C ¢ A+t B+t C+18r
an an an2 an; +tano +tang +—

Marin Chirciu

Solution

By squaring: Ztan +2) ’tan— /tan >Ztan +ﬂ@2 ’tang ’tangzﬂ

A 3 A 3 [r Mitrinovic 9r
z tan— tan >3 ntanZ—ZB ntan—ZB\/: > —
2 2 S S

Mitrinovic
9 27
> Xt > T <:) '> r?
s

3 o s2>27r2 s > 3rV3.

&I
I ]

Equality holds for an equilateral triangle.
7) In AABC the following relationship holds:

tA+ tB+ tC> tA+ tB+ tC+54r
cot; cot cot; = |cotz + cot- + coty B

Marin Chirciu

Solution

A 54r 27r
2cot +Zz cot— cot > cot— +—<:)z cot— cot >—
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A S Mitrinovic 271‘
z cot— cot > 3 cotZ = 3 cotE = 3\/7 >
s

3 [§ Mitrinovic 271 3 S 7291‘ 4 2
gt (ST 2TY a8 LT LS — o st >729r* o s2 > 2712 © s > 3rV3
r S r S r S

Equality holds for an equilateral triangle.
8) In AABC the following relationship holds:

A+ B+ C> A+ B+ C+36r
sec sec sec; = [seco +seco +secs B

Marin Chirciu

Solution

A 36r 18r
2sec—+ Zz sec— sec— sec—+—<:>z sec— sec—
B C 3 A 3 A 3|4 R Mitrinovic 181
z sec— [sec—>3 nsecZ—ZB nsec—ZB — > —
2 2 2 S S
3 4R Mitrinovic 18r 3|/4R 6r 4R 21613 Euler
3 |— =2 —e | —z2—e—=>2——0osR254r & s*>27r?
s s s s s s

©s>3r/3
Equality holds for an equilateral triangle.
9) In AABC the following relationship holds:

A+ B+ C> A+ B+ C+12
cscy csc CsC5 = |CsCo +CsCo +esco

Marin Chirciu

Solution

By squaring:

A B / /
ZCSCE+ZZ csci csc— 2csc—+12@z csc— CSC—- =
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B C 3 A 3 A 3 (4R Euler 3
z cscE csc-=3 HCSCZEZB HCSCEZB - > 3/8=3.-2=6

Equality holds for an equilateral triangle.

10) In AABC the following relationship holds:

Jra+rp+\rc=rg+r,+r +18r

Marin Chirciu

Solution

By squaring: Y1, + 2 /1rpr. 221, +18r & ) | /rpr, = 9r

3 3 3 Mitrinovic 4
z rpre =3 /anZB/nraZS rs? > 3yr-27r? =9r

Equality holds for an equilateral triangle.
11) In AABC the following relationship hold:

3612

Jh—a+¢h—b+¢h—czjha+h,,+hc+ 2

Marin Chirciu
Solution

By squaring:

She+23\lph, 2 Shy + 25 & 3 [hyh, 2 2

3 3 3(2s272 Mitrinovic 18712
z,/hbhcz3 /nhg:3 /nha:3 — = —
33 25212 Mitri>novic 18r2  3|2s2r2 - 6r:  2s%r2 - 21671° 2p2 > 10854 Euler
o o o PN
R = R R - R R - Rz SR =20

o s2>27r2 o s > 3rV/3.

Equality holds for an equilateral triangle.
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JP.250. ABOUT PROBLEM JP.250

17 RMM Summer Edition 2020

By Marin Chirciu — Romania

1,1 1 4 4 4
1)Ifa,b,c>Oaresuchthat — + - + - + b1 T erar T = 6, then:

ab+ bc+ca >3

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution

2

=

(a

, equality holds if a = b.

+3)
2

By Bergstrom'’s inequality alz + blz >

. 1.1, 1_1w/(1, 1\?
Bysummlng:a—2+b—2+c_zzzz(;+;) (1)

6 > 1 4 4 + 4 (;)1 ( + ) +z 4 =
~ a? bZ c2 (b+c)Z (c+a)Z (a+b)2 4 a b (a+b)?2

(a+b)2 16 ]AM-GM1 (a+b)2
= Z > =
a?p? (a+b)2 4 a?p? (a+b)2

Z hence6> ZZ—

SQZﬁSB(a

. AM-HM ()9
Finally,> ab > Z_ — = 3. Equality holdsifa = b = c.

ab
EXTENSION FOR 4 VARIABLES
2) Ifa,b,c,d > 0 are such that:

1
b2

i, 4 . 4 4 . 4 <
d2  (a+b)?  (b+c)? (c+d)? (d+a)?

1 1
S+ +5+ < 8, then:
a c

ab+ bc+cd+da >4

Solution
)
By Bergstrom'’s mequallty +—= bz > Z” . Equality holds ifa = b.
1 1)\2
By summing: —+b—2+c—2 dz_ Z( ;) (@)
1 1 1 1 4 4 4 4 (€Y
8>—

=+ —+ + + + >
az b2 ¢z d? (a+b)2 (b+c)2 (c+d)? (d+a)? —
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>1z(1+1)2+z 4
4 a b (a+b)?2

_ —Z [(a+b)2 16 ] AM_GM 4 (a+bh)2 16 ) 1

1
> . = — > —
2p2 (a+b)? - 4 a’b?  (a+b)? b' s08=>2% ab

Hence Za—lb <4 (2

AM—-HM (2)
Finally, Yab > v >X=4
D 4
Equality holdsifandonlyifa=b =c=d.
EXTENSION FOR n VARIABLES:

3) Ifay,a;,...,a, > 0 are such that:

! — +— ! + o+ ! + 4 + 4 o <2
cee —_— cee _— S n
ai a3 a;z (a; +ay)? (a; +az)? (a, + a;)?

then: a,a, + aya; + ---+ a,a,; = n.
Marin Chirciu

Solution

2

(&)
+
a aZ

By Bergstom’s inequality a—lz +==> . Equality holds if a; = a,.
1

2

2
. . iy 1 1 1 1 1 1
By summing n — 1 inequalities: 5 + 5+ -+ = > =), (— + —) Q)
ai aj a; 4 a; az

o> = L S S SR S
n —_ oo JE— oo _— >
ai a% a:z (a+ay)? (a;+az)? (a, +ay)?

= 4 (a_1 + _) Z (a; + az)z

(a, + a,)? 16 AM-G6M 1 (ay + a,)? 16 1
z 2l =2 71).2 2.2 7 = 2 z
2 aia’ (a1 +a,) 4 ajas (ay +ay) aa,

S0,2n>2Y—— henceY——<n )
ajaz ajaz

. AM-HM 2 (2) .2
Finally, Y aja, = — = — =N

n

ajaz
Equality holdsifand only ifa; = a, = - = a,,.

Remark.
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For n = 3 we obtain problem JP.250 from 17-RMM SUMMER 2020, proposed by

Nguyen Viet Hung — Hanoi — Vietnam

JP.251. Letbe a, b, c,p € (0, ) witha < b < c. Solve the following
equation:
a*(b +p)* + b*(c + p)* + c*(a+ p)* = a*(c + p)* + b*(a + p)* + c*(p + b)*
Proposed by Florentin Visescu — Romania

Solution by proposer

Obviously x = 0 is a solution. For x # 0. Considering the functions f, g: (0,») - R;
f(t) = t* and g(t) = (t + p)*. Applying Cauchy’s theorem on the intervals [a, b] and
[b,c]. Then 3a € (a,b) and B € (b,c)

f@ _ fh-f@ 1" _ f©O-1(b)
g'(a)  g(b)-g(a) 9'B)  flc)-g(b)
xax—l _ b*—a* xBx—l _ cX—p*
Ma+py1 (b+p)*~(a+p)* T x(B+p)*1 T (c+p)*~(b+p)*
b* —a* _ c*—p*

(b+p)*—(a+p)*  (c+p)*—(b+p)*

& b*(c +p)* — b*(b + p)* — a*(c + p)* + a*(b + p)* = c*(b + p)* — c*(a+p)* -
—b*(b + p)* + b*(a + p)* &

b*(c + p)* + a*(b + p)* + c*(a + p)* = a*(c + p)* + c¢*(b + p)* + b*(a + p)* (true)

hypothesis. So, (a;:p)x_l = (ﬁ)x_l & (Zﬁ:gg)x_l =1

(asap+ap #af +Bp, a #p)=>x—1=0;x=1.Then, S ={0,1}

we will prove that

JP.252. Solve for real numbers:

(log (xZJ-C'- 1) + x)3 _ (log (xzi 1) _ x)3 4 (x “log(x® + x))3 . (x tlog(x+ x))3

Proposed by Daniel Sitaru — Romania
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Solution 1 by Florentin Visescu-Romania

2x (109 (G7g) + ) + (log (G75g) ~ ) +tog? (7g) ) =

2 2
= 2x <(x —log(x3 + x)) + (x +log(x3 + x)) —x2+log?(x3 + x)>

(105 (& "3) +%) ~ (¢~ tog +0) + (109 (i3 5) ) -

x
xZ2+1

- (x + log(x3 + x))Z + log? ( ) —log*(x®+x)=0
<2x + log (ﬁ) —log(x3 + x)> <log (ﬁ) +log(x3 + x)> +

+ <log (ﬁ) +log(x3 + x)> (log (xzx—+1) —log(x®+x) — Zx) +

+ <109 (xzi 1) —log(x® + x)) <109 (xzi 1) +log(x® + x)) =0
(Zx + log ﬁ) (logx?) + (—Zx + log ﬁ) (logx?) +

+ (log ﬁ) (logx?) =0
2x —2log(x* + 1) — 2x — 2log(x* + 1) — 2log(x* +1) = 0
log(x?* + 1) = 0 » x = 0-not solution because x > 0
logx* =0->x=1
Solution 2 by Orlando Irahola Ortega-La Paz-Bolivia

3 3

[log (xzx—+1) + x] = [log (ﬁ) - x] + [x — log(x? + x)]3 + [x + log(x? + x)]3

>0Ax2+x>0=2x€]0,00

x2+1

X

a—log(xz_l_1
b=x—-log(x*+x) = (a+ b+ c)(ab+ ac + bc) = abc

a+b=0 (1)

c=x+loglx?+x) = (a+b)la+c)b+c)=0>a+c=0 (2)

b+c=0 (3)

)—x = (a+b+c)¥P=a’+b3+c3
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a+b+c=log(x2+1)+x

(1)a+b=0:>log[m]=0:>x=(x2+1)(x2+x):>
5x=0Ax(x2+x+1)=0=2x=0x*+x+1€C
2
(2)a+c=0:>log[%]=0:>x2(x+1)=x2+1:>
>k-1DGE2+x+1)=0=>x=1

B)b+c=0=2x=0=x=0;5={1}

JP.253. IfneNn>2andake[ ] vk =1 n,then:

12’6

(i sin? ak> : (i cot? ak> < n?

k=1 k=1
Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania

Solution by proposers

Because q,, € [ ] it follows thator a;, < ay,tanay, > a,,Vk =1, n ©ora, < ay

< i and then:

COtak = tanak
n n n
. o 2 1
ZSIH ag |- 2cot ag z Z—Z
- - - — Ay
k=1 k=1 k=1 k=1
—_— 2 2
Polya Szego L ( +?) AM_GM 4_1T_1T_
\Ne O0) 2 2. 12 6 _ 2
a’k : 2 2 < n 2 7 — n
ak 4_.7'[_.”_ 4_.7T_.1T_
k=t 2’6 126

JP.254. Letben e Nyn > 2 and a;, € [12 2) vk = 1,n . Prove that:

n n
] . 49n?
. <
E sin a;, E cotay o

k=1 k=1
Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
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Solution by proposers

Because ay, € [%g) it follows that or sina, < a; andtana, > a,,Vk=1,n < or

! «1.vk=Tn.So:

tan ay ay

(o) (G 52

a, < a,andcota;, =

k=1 1 k=1 k=1
2.2
POLYA-SZEGO m m? 2 1I°m
- nz_(12+2) _ e 49 19
4 LT m? 212 24
12 2 12

JP.255. If m € N then in AABC the following relationship holds:

m+1 m+1 m+1

A
3m + (az coti> + (b2 cot5> + (CZ coti> > 36(m + 1)V3r?

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Avishek Mitra-West Bengal-India
(m+1) m

A A +1 pernoulli
@Q=3m+2(azcoti) =3m+2[1+(a2c0t5—1)] >

23m+2[1+(m+1)a2cotg—(m+1)]

A
:>QZ3m+3—3m—3+(m+1)2a2c0t5

>0>(m+1) (z a? cotg) AMéaM 3(m+1) [(abc)Z 1_[ cotg]%

W =

§3
>0>3(m+1) [(4Rrs) . < >]

L L

1
313
:>QZ3(m+1)[(4-2r-r-3\/§r)2-:2—r] [+ R = 2r,s > 3V37]
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1
=20>3(m+1)- (64)% : (r3)% - (27)%- <BT\/§T>3 [+ s > 3V3r]
>0>3(m+1)-4-3-r2/3

A (m+1)
e 3m+Y (az cot E) > 36(m + 1)v/3r* (proved)

Solution 2 by Soumava Chakraborty-Kolkata-India

A m+1
LHS =3m+ z <1 + (az coti — 1))

Bernoulli A
> 3m+z 1+(m+1)(a2cot§—1) (-m+1>1)

A
=3m+2(1+(m+1)a2coti—m—1)
2

=3m—3m+(m+1)z aZSA=<Z$>(m+1)

stanf

_ (Z M)“’”” _ (M) (m+ 1)
s T

B [Zs(sZ —4Rr — 1?) — 25(s®* — 6Rr — 3r
r

Z)] (m+1)

ule Mitrinovic

Euler
=4s(R+r)(m+1) > 4s-3r(m+1) > 4(3\/3_'r) -3r(m+1)
=36vV3(m + 1)r> (Proved)

SP.241 Let w,, wy, w,. be the circumpedal extensions of cevian of incentre in
AABC. Prove that:

. 8a’b?c?
YoWe =@+ b)(b + o) (c + a)

Proposed by Daniel Sitaru-Romania

Wq
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Solution by proposer

AA; =wy, BB, =wy,;CC; =w.,AA; N BB, N CC, ={I}
AiB ¢ AB c
A,C b AB+A,C b+c
AB c ac ab
T:m:Alem;A1€=b+c
p(Ay) = BA, - A,C = AA, - A4,
ac ab
b+c b+c

=w, 4414,

a’bc

AlAZ = —wa(b T C)Z

w, = AA, = AA, + A4, = w, Vbc

. a’bc AM;GM 5 a’bc _ 2a
wy(b+c)2 — Wa w,b+c)2 b+c

2b 2
Analogous: wj, = ——+/ca;w; = a—fb ab

: I A 2a 2b 2¢ _
By multiplying: wew,w; > —+bc - ——~+ca-—+/ab =
B 8abc - abc - 8a’b?c?
“(a+b)(b+c)(c+a)” (a+b)(b+c)c+a)
SP. 242 Let wg, wy, w, be the circumpedal extensions of cevians of incentre in

AABC. Prove that:

3 ab2c2
(a+b)(b+c)(c+a)

w,+w,+w.>6

Proposed by Daniel Sitaru-Romania
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Solution by proposer

AA1 = Wa,BB]_ = Wb,CCI = WC,AAI ﬂBBl N CC1 = {I}

AIB (4 AIB c
— = =
A, C b AB+AC b+c
A,B c AB ac AcC ab
—_— = = =T, =
a b+c "V b+’ b+
p(Al) = BA1 . A1C = AAI ) AIAZ
ac ab AA
b+c b+c "o f1fe
d = a’bc
192 =5 (b + c)?
o B B a’bc
Wi = Ay = Afy + A dy = Wo +
oy ab’c L abc?
Analogous: wj, = wj, + - i We = W + s
Sy, ’ I — ﬂ LZC ﬂ
By summing: w, + wy, + w, = w, + walb0)Z +wy, + wh(ato)? +w,+ we(b+a)? =
Aw_Gn o a’bc - ab%c - abc? _
= e W w B F P (aF b+ a)?

a*b*ct azb?c?

) 6\/(a+ b)2(b + 0)2(c + a)? 6\/(a+ b)(b+ c)(c + a)
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SP.243. Let P be a polynomial such that P*(x) + 16 = 28P2(x? — 4), for all

x real numbers. Prove that P is constant.
Proposed by Pedro H. O. Pantoja — Natal/RN - Brazil
Solution 1 by Khaled Abd Imouti-Damascus-Syria
Suppose deg P(x) = x
(P%(x) — 14 + 6V5)(P?(x) — 14 — 6V5) = P*(x) + 16 — 28P%*(x),Vx € R
(P%(x) — 14 + 6V5)(P?(x) — 14 — 6V5) = 28P%(x% — 4) — 28P%(x)

(P%(x) — 14 + 6V5)(P?(x) — 14 — 6V5) = 28[P?(x* — 4) — P?(x)], Vx ER
deg=4n deg=2n-1

So:itmusta, =a,_.1=-=a; =0
so: (P%(x) — 14+ 6V5) - (P?(x) — 14— 6v5) =0

P(n)=3-+5
P(n) = -3 ++5

P(n) =3++5
P(n)=-3-+/5

So: P(n) is constant

P?(x) = 14— 6V5 = (3 —V5)’

or P2(x) = 14 + 65 = (3 +5)

Solution 2 by proposer

Suppose that P is not a constant. Fixing deg(P) = n and comparing coefficients of
both sides we deduce that the coefficients of polynomial P must be rational. On the
1+v/17

other hand, setting x = a with a = a? — 4, thatis, a = , we obtain P(a) = b,

where b* — 28b% + 16 = 0, i.e. b = =V 14 + 615 = +(3 £ /5). However, this is

impossible because P(a) must be of the form p + qv17 for some rational p, q for the

coefficients of P are rational. It follows that P(x) is constant.
SP.244.1f 0 < y < x < 2y then:

x(x + y)/4y? — x2 < 3y3/3

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

(1)
x(x + y)J/4y? — x2 < 3y3V3
Ve 22 (x+y)*(4y* — x?) < 27y°

X
& yo(t6 + 265 — 3t* — 8t — 412 +27) >0 (t=;)

& (t°—8t3+16) +2t5 —3t* —4t2+11>0
()
&3 —4)2+2t5-3t*"—4t*+11 > 0
. ] 3)
(3 —4)% > 0, - it suffices to prove: 2t5 — 3t* —4t? +11 > 0
X
'.'0<y<x<2y-‘-0<1<;<2:>1<t<2

Lett —1 = mofcourse, m >0
Then, ) 2(m+1)° -3(m+1)*-4(m+1)2+11>0

(4)
o2m’+7m*+8m3 -2m?2 -10m+6 > 0

A-G @
Now,8m® +2-5+2-5 > 33/8m3x (2-5)2>11m=8m®—11m+5 >0

(i)
Also, discriminantof 7m* —2m? +1=4—-4(7) <0=>7m*-2m?+1 > 0

(iii)
and ofcourse, *m>0,2m°>+m > 0

(i)+(ii)+(iii)=(4)=(3)=(2)=>(1) is true
Solution 2 by Khaled Abd Imouti-Damascus-Syria

x(x +y)\/4y? — x2 < 3y%3, x-y(§+ 1) y? (4 —;—2) <3y%V3

xyz(§+1)\/4_7(§)223y3‘/§’x(§+1)\/4_7(§)223y\/§
§(§+ 1)\/4_7(92; 3v3. Suppose: t :;

?
t(t+1)V4 —t2 < 343, y<x<2y:>1<§<2
1<t<2te]1,2[. Now,letusprove:

”
t(t +1)V4 — t2 < 3v3,t € 11, 2[. Let be the function:
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fO) = +t) - Va—t2tell 2] limtil(f(t)) = 2+/3, limtil(f(t)) =0

YO\ — -2t (.2 14y — @Dt} -t(t?+t)
f@)=Q2t+1)V4 tz+—zm @+, f'(t)

Va—t?
rrey _ 8t—2t3+a—t2-¢3—¢2 o -363-2e248t+4 | .\ 3 2 _
f(t)— e ,f(t)—T,f(t)—0$—3t —2t“°+8t+4 =0

Let be the function: g(x) = —3t3 — 2t? + 3t +4,D =11, 2]
lign(g(x)) = 7,li£n(g(x)) =-12

x-1 x-2

gt)=-9t>—-6t+8, g (t)=0=>—-9t>—-6t+8=0
A=36-4(—9)(8)=36+36(8); A=36(1+8)=36-9=>V/A=18

+6-18 -12
t= ===

2 6+18 _ +24 4
=——=+->0t= ==-_2<0
2(-9) -18 3 2(-9) -18 3

g(\/§)=—9\/§—6+8\/§+4:_ 3—-2<0

(3 = 3(27 2(9 +8<3 va=21_2 16
gz)_ 8) 4) 2) ~T8 2

3\ -81-36 11 3\ 11
a(3)=—5 +16=5>0 (/3 =V3-2<0y(5) =5 >0
3
* ol 5 % 1,616 V3 2
gx) | 7++++++++0—————— -12
g(x)
X \/§+_
1 1,558 Xo 2 3 2
2 2
f'(x) 0
15
" 2ﬁ/?ﬁ' 499 flx) 422 V3(V3+1) 0
4,96 4,73

Not: Local max of f(x) on the interval [1, 2] is nearly S.
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So:vx €11, 2[: f(x) <5, x(x + 1)V4 —x2 < 5,5 < 3V3, f(x) <53

”
If0 <y <x < 2ythen: x(x +y)/4y? — x2 < 3y%/3

xy (3+1) 2 (4-3) <33 02 (5+1) 4= (5) <3y°V3
x(2+1) 4- (g)z < 3yVBiZ(3+1) |4 - (;)Z 2 3v3. suppose: t = :

2
t - (t+1)V4a—t2 <33, y<x<2y:>1<§<2

? ?
1<t<2te]1,2[. Now, letus prove: t(t + 1)vV4 —t2 <33, V4—t2 < ;t—i

Let be the function: f(t) = v4 —t2,t € ]1,2[

tgvmkw@gﬂﬂm:mfﬁy:4_ﬂ

t 1 2
f@) | - - - - - - - - - —————————

e |

Let be the function: g(t) = fz—ﬁ,]l, 2], limtfq[g(t)] = ?’limtiz[g(t)] = %

f@)=0=>t=0¢]11,2[

-3V3(2t+1)
(t2+t)2

g@®= g®=0=>t=—"¢l12[

X 1 2
gt | - - - - - - - - - -"—"———————

g | 33 33
2 ‘ ’ 5

vte]1,2[: f(t) < g(t)
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Solution 3 by proposer

Let's consider AABC; BC = a = xy;AC = b = y?>,AB = ¢ = x* — y?

r

B
a<b+coxy<x’*—y*+y*oy<x (true)
b<a+coy*<xy+x’-y*ox(x+y)>2y*

But: x(x +y) > y(y +y) = 2y*

c<a+box* -y’ <xy+y*ox?<ylx+2y)

©2y2+xy—x*>002t? -t—-1>0;t =

A=9:t;=2t, =—1,min(Qt>* -t —1) = —

RO v

t>1=>2t*-t-1>2-12—-1-1=0 (true)

Denote s — semiperimeter; R — circumradii

__a+b+c _ xy+y%+xi-y%2 _ x’4xy (1)
2 2 2

2,2 p? 2021 (x2_y2)2_ )t 4_,2.2 44 2(,2_12
cosB = tCY Xyl yl) oyt Aevyyioyt 2 y)=i<1(true)
2ac 2xy(x2-y?) 2xy(x2—y2) 2xy(x2-y2) 2y

’ x2 [4vZ — %2
sinB=+1-cos?2B = 1_4yZ: y2y

2

b y y3

R = = =
2sinB 472 — x2 2 _ 52
- — Vay? —x

3V3

By Mitrinovic’s inequality: s < — R

. oy, X(x+y) _ 3V3 3
By (1); @52 <3

x(x + y)J/4y? — x2 < 3y3V3
(Equality doesn’t hold because AABC can’t be an equilateral one:

x<y=xy<y’=a<bh)
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SP.245.1f 0 <y < x < 2y then:

x(x +y) > 3(x — y)v/3(4y?% — x2)
Proposed by Daniel Sitaru — Romania

Solution 1 by Khaled Abd Imouti-Damascus-Syria
If0 <y <x<2ythen: x(x+y) > 3(x—y)/3(4y? — x?)

(x+1)>3 (x 1) 3 2(4 x2>
x — —_—— — ——
Yy Yy Y y?
(x+1)>3 Z(x 1) 3(4 x2>
x — — — — —
Yy Yy y?
X /X X x2
*Ean)>s(31) 3(s-2)
y\y y y

Suppose:t=§>0
t(t+1)>3(t—1)/3(4 —t?)
X
0<y<x<2y:>1<;<2:>1<t<2

So: let us prove Vt € ]1, 2[:

2
t(t+1)>3(t—-1)y3(4—-1t2)
t2+t
— _ t2+t
Let be the function: f(t) = :,]1,2[

limlf(0)] = +oo, lim[f (0)] = 6

t—1 t—-2
L @erD)E-1) - ()2 +t) 22 —t—-1-t*2—t
f= e S (I

t2—2t—1
f’(t)zw,f’(t)zo:tz—Zt—lz0

A=4-41)(-1)=4+4=8>0VA=2V2
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x:z‘zmzl—ﬁeh,z[

c=2 22 meng
X 1 2
fx) | - - - ——————— - ———— =
f(x) | +o — 6

€T

Let be the function: g(t) = 3v3 -V4 —t2, t € ]1,2[
lim g(t) = 3v3,lim[g(t)] =0
31 52
2t —3+/3t
"(t)=3V3 - g’ (1) =
9 T N e
g®=0=>t=0¢]1,2[

X 1 2
gx)| - - - - - - " " " —"-"-———————
g(x) |3V3 L0

Note: vt € ]1, 2[; f(¢t) > g(¢t)

t2+t
—— >3V3./4-¢2

t—1
Solution 2 by Soumava Chakraborty-Kolkata-India

x(x+y) = 3(x — )3y = 2D)
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wx,x+yx—y>0.(D)e

27(4y* —x)(x—y)* —x*(x +y)* >0

X
o yH(7t* — 1383 — 20t + 54t — 27) >0 (t = ;)

(2)
o 7t* —13t3 —20t2+54t—27 > 0

x
-.-0<y<x<2y,.-.0<1<;<2:>t>l

Lett — 1 = mofcourse, m >0
Then (2) © 7(m+1)* —13(m+1)3 — 20(m+1)? +54(m+1) - 27 >0

3)
o 7m*+15m3+3m+1 > 17m?

A-G ®
Now, 7m*+1 > 2/7m? > 2 (;) m? = 5m?
25 5
( 28 > 25, .. 7>—:>ﬁ>—)
4 2
A-G (i)
Also, 15m® +3m > 2V45m? > 2 () m? = 13m?
169 13
()+(i)= 7m* + 15m3 + 3m + 1 > 18m? > 17m?
= (3)=(2) =(1) istrue (Proved)
Solution 3 by proposer
Let's consider AABC;BC = a = xy,;AC = b =y?,AB = ¢ = x* — y2.
a<b+coxy<x?-—y*+y? o y<x(true)
b<a+coey’<xy+xt-y?ox(x+y)>2y?
But: x(x +y) > y(y +y) = 2y?
c<a+box* -y’ <xy+y*ox?<ylx+2y)
& 2yt + xy — x? >O@2t2—t—1>0;t=¥

1+3 1-3

min(2t? —t—1) = —
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t>1=>2t*-t-1>2-12—-1-1=0 (true)

Denote s — semiperimeter; F —area; r — inradii

__a+b+c _ xy+y%+xi-y%2 _ x’4xy (1)

2 2

az+cr—b*  x*y*+ (a2 —y2)r — yt

B = =
cos 2ac 2xy(x? — y?)
ot ox?yZaytoyt aP(xP-y?) x
- 2xy(x2—y2) - 2xy(x2—y?) T2y <1 (true)
sinB =+vV1—cos?B = /1—— ‘4y - 2
1 1 J4y? — x2
F=ZacsinB =2 xy- (xz—yz)-yz—y

R )

By Mitrinovic’s inequality:
s > 3+/3r (Equality doesn’t hold because AABC can't be an equilateral one

x<y=xy<y’=a<bh)

F
s>3\/§-;:>s2>3\/§F

By (1); (2): “X2 > 33 Xty
x(x +y) > 3V3(x — y)/4y? — x2
x(x+y)
3G —y) VI X)

x(x +y) > 3(x — y)y3(4y? — x?)

SP.246. If ABCD bicentric quadrilateral; I —incircle then:
(IA? + IC*)(IB?> + ID?*) > AB - BC - CD - DA

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

@®

(2) 3)
IA2 = r?2 +e? IC?* = 1r*+ g2, IB* = 1%+ f?, ID? = r? + h?

€]

(1), (2), (3), (4) > (A% + IC*)(IC* + ID?) =
= (212 + e + g2)(2r2 + f% + h?)
=12.2(e?+ g?) + 1% - 2(f* + h?) + (e? + g*)(g* + h?) + 4r*

@ 1
> r2(e + g)? + r*(f + h)>? +Z(e + g)2(f + h)? + 4r*

Grinberg
etg - 1aic e+g+f+h _ IAIC+IBIC S Vabcd
Now, f+h  (a) IBIC f+h IBIC f+h — IBIC (China, IMO TST, 2003)
(m) 1B.ID
= 1BIC r
M) 1a.1C

Similarly, using (a),e + g =

"
(m), (n), ()= (IA% + IC*)(IB? + ID?) >
1A% - IC? IB? - ID?

1
2Tt gt e+ ( 2,2 (IAICIBID)? + 4r4) >

> IA%IC?> +IB%ID?* +2IA-IC-IB-ID = (IA-IC + IB - ID)?
=AB-BC-CD -DA (ChinaIMO TST, 2003)
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Solution 2 by proposer

Let a, b, ¢, d be sides in quadrilateral; s = &2+

—semiperimeter; ABCD -

tangential quadrilateral = s—a=c¢;s—b=d;s—c=a;s—d =0b.

By Brahmagupta’s formula (ABCD - cyclic):
[ABCD] = /(s — a)(s — b)(s — ¢)(s — d) =Vabcd (1)

1
VAB -BC - CD - DA = Vabcd L [ABcD] = [AIB] + [BIC] + [CID] + [DIA] =
_ Al - BI - sin(AIB) L Br-cr sin(BIC) L C1-rI- sin(CID) L DI-Al sin(DIA) -

2 2 2 2
<IA-IB+IB-IC+IC-ID+ID-IA __IA(UB +ID) + ICUB + ID) _
= 2 2 2 2 2 N
(IB + ID)(IA + IC) IA+IC IB+ID
2 2 2
AM—-QM IAZ + IC? |IB2 + ID?
< 2 \[ R \[ = V(1A% + IC*)(IB? + ID?)

J(IA2 + IC%)(IB? + ID%) > VAB - BC - CD - DA
(1A% + IC*)(IB?* +ID?*) > AB - BC - CD - DA
SP.247.In AABC; I - incenter;04, 0p, O ¢ — circumcenters of

ABIC,ACIA AAIB. Prove that: >+ 2 < B¢ A¢ 48 _ /8+2—r
2 R 0z0;, 0,0, 0,0p R

Proposed by Marian Ursdrescu — Romania

Solution 1 by proposer
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B+C _ B+C
m(0,) ZT,m(BIC) Zn—T:

0,MIN cyclic=> m(B0,C) =2m(0,) =B+ C
= A+ B0,4C =m= ABO,4Ccyclic= A,B,C,04,0g, O, are concyclic

We have: 050 = 2Rsin 0, = 2Rsin"- = 2R cos 5 =

BC 2R sinA sinA 5 r . A r
= = —Zsm == +—§Zsm—s 2+—
0g0O¢ 2R cos; cosz 2R 2 2R

For the left-hand side, we apply Popoviciu’s inequality for the concave function:

T
f(x)zcosx22cosA=1+E:>

cosA +cosB +cosC A+B+C A+B 2 C
+ cos <22cos 2 §sm2 =

r
ZCOSA+ <ZZSIH C)ZZSII] _2+1+ :>ZSIH >— —R

For the right-hand side, we have: 2 ), sin;sin 2 <Y cosA

=

andZsinZé = 1Z(l + cos A) Z;—%ZCOSA

r
E E =2+ —
( sin ) =3 2 cosA=2 2R

Solution 2 by Soumava Chakraborty-Kolkata-India




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

_ o o B o C\ _B+C _180°-A _ on, A
From AQO,T, 20, = 180° — (90° — 2+ 90° — £) = 2X€ = 1804 — gqc 2
B
B_ «x Z;\csm2 _ _ (_) r
From ABSQ,tan—- = 1— = = 2xtan cos— rtan = 2x = PQ B
2 231 r cosE
B _ 3Bl b
Again, using ABSQ,cos - =%— = B:>ysmB—r:>y( )Zr
2 y Zysm—
(2 .. 3) by (2).(3)
y = %.Slmllarly,z = ? a=a-y=z = a—2Rr(%+%)
2Rr(b + c)a a(b +c) b+cy 22 @) a?
——Za——za[l— ]:_.-,a:_
4Rrs 2s 2s 2s 2s

a _ m

Applying sine rule on AQO4T, sin(50°2)  sin(90—0)

[ A
a2 ( ) a? cos= (6) c2cos=
= = C (by 4)=>m = 2 Similarly, n = 2
2s cosz cos 2s cosz 2s cosz
(1)+(3)+(6)= 0,0,
1 [ a® cos? ¢, c? cos? 4 r stanZ
2s cos écos ¢ sin+ S
2 2 2

(1 bc-ab s(s—o¢) s(s—a) T
- (E)\[s(s—a)s(s—c)(az. ab tet bc >+BI(?)

1\/—(s—a)(s )(a(s c)+c(s—a))+—( rsb)

1 T s(a+c) — 2ac r
=———{s(a+c)—2ac}+ BI = BI[ + ]
2 sing ( b) 2rs s—b
_ s(s=b)(a+c) — 2ac(s —b) +2r?s
= BI [ 2rs(s—b) ]
(a+c)Ca)c+a—-b)—4ac(c+a—-b)+m(a+b—c)
=Bl 8rs(s —b) ]
B b{(a* + 2ac + c*) — b*} _ b{(a + c¢)? — b?}
= BI- 8rs(s — b) — 70 8rs(s—b)

b(Zs)Z(s—b)_B (b)ﬁOAOC_Blﬁ AC () 2r
8rs(s—b) 2r b 2r 0,0, BI
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Bc_ (D) 2r aB  (iiD) 2

= —and = =

050, Al 0,40p cI

Similarly,

A .
. .. in (iv) —b)(s—
(i) +(i)+(iii)=> Yo =2ry L =2ry > 2 = 2¥sint =2y |79
OBOC Al 2

r bc

L2y s-b)s- &E = 2/56 =506+ )+ b) | o

1

=2y3s2 —4s2+ s2+4Rr + 2/—

\/s s s r+r > Rr

4Rr + 12 4R + 1 16R + 4r 2r
=2 =2 = = |8+

2Rr 2R 2R R

BC 2r - - BC . A 5 r
< / += A Y——=2¥sin->2+-
% 0500 = 8 =+ Again, (iv) > 0500 2 ). sin S22

. A 5R+2r (AR+r)+(R+r) 4R+7r 1 T
o2 E sinz = = = +—( +—)
2 2R 2R 2R 2 R

ZE 'A> ZA+E A 1E(1+ A)+<1 E A 3+EA
= — — =— — =—
sino > ) cos”; cos 2 cos 2) cos 2

(a)
©2YcosA+3 < 4Y sin g. Now, - AABC is acute, . f(x) = cosxVx € (OE) is

concave, - applying Popoviciu’s inequality: ZC%A + cos (A+§+C) < EZ cos (%
3 . A . A - BC 5 r
=) cosA+-<2)sin-=>2)cosA+3<4)sin-=(a)istrue~ ) —=>=-+—
2 2 2 0g0O¢c — 2 R
(Hence proved)

SP.248. Let be A € Ms(R) such that AAT = Is and Tr A = Tr A% = 0. Find
AZOZO.

Proposed by Marian Ursdrescu — Romania
Solution by proposer
The matrix A being orthogonal one = |4;| = |4, = |23] = [24] = 145] =1
Py(x) =x°>—ax* +bx® —cx?*+dx—detA=0 (1)
a=TrA=0 (2)



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
B=TrA*=%((TrA)Z—TrAZ)=0 (3)
d—z/u/u —z/ua,u (1+1+1+1+1)
- 1424344 — 1234511 AZ 13 14 1'5

:detA-Z(/l_l+Z+/1_3+/l_4+/1_5):detA-Z(111+/12+/13+/14+/15)

=detA - Tr A=0(A)

1 -
C= z AiAyAs = AjApAsA,As z T = detd z 17,

=detA - (Tr A2) =0 (5)
From (1)+(2)+(3)+(4)+(5)= P4(x) = x5 — detA =

AS = detA15
=
But det(4A7) = detl5 > (detA4)? =1 = detA = +1

> A5 =+l = (45)"" = 1104 o 42020 = [,

SP.249. Let AA'B’C' be the circumcevian triangle of centroid in AABC. Prove
that:
SIA'B'C’] _ (£>6
S[ABC] — \2r
Proposed by Marian Ursdrescu — Romania

Solution by proposer
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We have the following relationship: 242’¢’ = (p(6)° _ _ (R-0@”)’ _
g p: Sapc T GA2-GB2-GC2 %mgmim% =
9
9%(az+b2+c2)3 (a?+b?+c2)°
= 2 (1)

%(mgmlz,m%) 64m§mbmc
But a® + b%? + ¢?2 < 9R? (2)
A A B c
m, > Vbc-cosZ = m2imim? > a?b?c? cos? EcosZ EcosZ 5 3

93.R6

S 101
From (1)+(2)+(3) = “42¢ < 4
om (D+@)+(3) = = < o TeosTeastl ()
2
But abc = 4sRr and cos? 2 cos? Z cos2 & = =2 > (5)
2 2 2~ 16R

From (4)+(5)= 242c < 3% (g
rom( ) ( ) SABC — 64-s%r2 ( )

From Mitrinovic’s inequality s > 2 +r? (7)

S Il ot 36R6 __ (R 6
From (6)+(7)= 42 < 200 = (1)
SP.250. Let be z4, z,,z3 € C \ {0} different in pairs:
|z1| = |z,| = |z3| = 1; A(z4); B(2z;); C(z3).
If |Zl_ZZ —Z3| + |ZZ —Z —Z3| + |Z3 —Zy —le = 6 then AB = BC = CA.
Proposed by Marian Ursdrescu — Romania

Solution 1 by Khaled Abd Imouti-Damascus-Syria

|z,] = |z,| = |z3| = 1,A(z,), B(z;), C(z3)

|zy —2z; —z3| + 1z, — 2y — 23| + |25 — 2, — 24| = 6
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|zy — (25 + z3)| + |2z, — (21 + 23)| + |23 — (2, + z1)| = 6

|zy — (21 + 2, + 23— 29)| + |2, — (2, + 2, + 23 — 25)| + |23 — (2, + 2, + 23— 23)| = 6
|2z, — 3z;| + |2z, — 3z4| + |22; — 325 = 6
|2z, — 3z¢| + |22, — 3zg| + 223 — 3z¢| = 2]z4| + 2|2z, | + 2]23]
(122, — 3z¢gl — 2]24]) + (122, — 32| — 212,]) + (1223 — 3z¢]| — 2]2z5]) = 0 (*)
Suppose |2z3 — 3z¢| # 2and |2z, — 3z¢| # 2,|223 — 3z4| # 2
(2z3 —32;)(2z3 — 375) + 4
4 — 623Z; — 62523 +92;Z; + 4
2(z3-2g+2¢-23) #3 26 Zg (1)
Similarly, 2(z,Z¢ + z;z;) #+ 3z¢ - Z¢ (1)
and 2(z,zg + 25 -73) + 3 - 25 -Zg (IlN)
By adding (1), (1), (I11): 6z - zg + 6z - Zg + 6zZg + 92Z; - Zg
18z; -2 —92¢-Zg + 0
92;-Zg #0>9|zg|2 0= |zl # 0
z; # 0,6 # 0 and hence: |2z, — 3z¢| — 2|z4] # 0,225 — 32| — 2]|z,| # 0
and |2z5 — 3z¢| — 2|z3| # 0 this is in contradiction with relation (*)

So:z; = 0 = G = 0 and the triangle ABC is equilateral.

Solution 2 by proposer

A(z,),B(z;),C(z3) AABC;,C c (0,1)

zZ,+2z,+z
|zy —zy — 23| = |22y — 2y — 2z, — 23| = 2 Z1_% =

zZogtzy

=2|zl—

= 2|z, — zo| = 2AQ, where Q is Euler’s ninepointcenter. The

relationship from hypothesis can be written: AQ + BQ + CQ =3 (1)
Applying median theorem in ABQC =
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2\_ 2
2(Bo+Co%)-a? = R? = 2(AQ? + BQ?) — C?, because the radius of Euler’s circle

QA2 =
=2 and the analogs. R? = 2(AQ? + CQ?) — b% R? = 2(AQ% + BQ?) — (? =
5 5 , _3R*+a’+b*+c?
AQ"+ BQ"+ €0 = 2 = AQ% + BQ2 + CQ2 < 3R’ =
But a? + b? + ¢? = 9R?

3(49Q% + BQ? + CQ?) < 9R? } -
From Cauchy's inequality: (AQ + BQ + CQ)? < 3(AQ% + BQ? + CQ?)

(AQ +BQ+ CN)? <9R? > AQ +BQ +CQ < 3R, butinourcaseR=1=

= AQ + BQ + CQ < 3 with equality when the triangle is equilateral.

SP.251. ABOUT PROBLEM SP.251
17 RMM SUMMER EDITION 2020
By Marin Chiriciu — Romania
1) In AABC the following relationship holds:
mé + m$ + mé > 9533
Proposed by D.M. Bdtinetu — Giurgiu and Neculai Stanciu — Romania
Solution
We can give a refinement:
2) In AABC the following relationship holds:
m$ +m +m¢ > 9S2(2R — r)?
Marin Chirciu
Proof.

By Chebyshev: ¥ m§ > %Z miYymZ (1)

3 9
Known: Yy m2 = ZZ a? andYm} = EZa“

(1) can be written: Y m$ 2%-%2 at- %Z a’ = %Z a*Ya?> (2)

By CBS: Y a*Y a? > (3 a3)? (3)
By ¥ a® > 85(2R — r), (S.G. Guba, 1963), from (1), (2), (3):
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Z mé > % . 6452(2R — 1)% = 9S%(2R — 1)?
Equality holds for an equilateral triangle. Inequality 2) it's stronger than 1)
3) In AABC the following relationship holds:
mS + m$ + mé > 95%(2R — r)? > 953V3
Solution
By 2) and 95%(2R — r)? > 95%V3 © (2R — r)? > rsV/3, (Doucet 4R + r > sv/3). It
remains: (2R —r)? > r(4R +r) © 4R? > 8Rr & R > 2r, (Euler). Equality holds for
an equilateral triangle.
Guba’s inequality:
4) In AABC the following relationship holds:

Z a® >8S(2R—-71)
S.G. Guba, 1963

Proof.
By Y. a® = 2s(s? — 3r% — 6Rr), the inequality can be written:
2s(s* — 3r? — 6Rr) > 8sr(2R — r) © s* > 14Rr — r?, (Gerretsen s? > 16Rr — 51?)
It remains: 16Rr — 5r% > 14Rr — > © R > 2r, (Euler)
Equality holds for an equilateral triangle.
Remark.
The same kind of problems can be proposed:
5) In AABC the following relationship holds:

27
627 6
Zm“—m a

Marin Chirciu
Solution
Lemma:
6) In AABC the following holds:

Z 0 51s° + s4(81r2% — 612Rr) + s?r2(9r% + 288Rr — 288R?) — 2113 (4R + r)3
Ma = 64
Proof.
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2b? +2¢2 —a?\° 1
ng = Z <—4 ) =1 [152 a® + 182 b%*c? (b% +¢?) - 72a2b202] =

_ 51s%+5*(81r2-612Rr) +s%r?(9r2 +288Rr—288R?)-21r3 (4R+7)3
B 64

, from
abc = 4Rrs,z a® = s® + s*(3r2 — 12Rr) + 3s?r* + r3(4Rr + r)3
z b?%c? (b% + c?) = 2[s® + s*(1*> — 12Rr) + s?>1%(24R? + 8Rr — r?) — r3(4R + 1)?]

Back to the main problem:

By Lemma:
51s® + s*(81r% — 612Rr) + s?r2(9r% + 288Rr — 288R?) — 211r3(4R + 1r)3 -
64 -
27
> a[s6 + s*(31r2 — 12Rr) + 3s?2r* + r*(4Rr +r)3] &
& s —12Rrs* — 3s’r?(RQR—-1r)? - 2r*(4Rr+1r)® >0 o
& s%[s2(s2 — 12Rr) —3r2(2R —1r)?] > 2r3(4R +1)3
2
(Gerretsen: s > 16Rr — 512 > %). It remains:
r(4R +1)?

R [(16Rr — 5r2)(16Rr — 572 — 12Rr) — 3r2(2R —1)?*] > 2r*(4R+ 1)} &

& 22R* —49Rr +10r2 >0 < (R—2r)(22R-5r) >0

Obviously by Euler R > 2r. Equality holds for an equilateral triangle.

SP.252. I1f m,n = 1 then in AABC the following relationship holds:

\/a(mb+nc—a)+\/b(mc+na—b)+\/c(ma+nb—c) -

3
mb + nc mc + na ma +nb 2

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Florentin Visescu

AM—-GM
-~ a+mb+nc—a mb+nc

_ < =
Jamb+nc—a) < 5 5

AM-GM
-~ b+mc+na—b mc+na

Jb(mc+na—-b) < > ==
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AM_GM -t ma+na—c ma+nb
Je(ma+nb—c¢) < > =—
\/a(mb+nc—a)<1
mb + nc -2
\/b(mc+na—b)< 1
mc + na -2
\/c(ma+nb—c)<1
ma+ nb -2

Ja(mb +nc — a) +\/b(mc+na - b) +\/c(ma+nb -0) -

3
mb + nc mc+ na ma + nb 2
Equality holds for:

mc+na—b=b-m(a+b+c)+n(a+b+c)=2(a+b+c)

{mb+nc—a=a
ma+nb—-—c=c

mn=>1lm+n=2--m=n=1

b+c=2a
{c+a=2b—>a=b=c
a+b=2c
SP.253.1fn e N:n > 2:a; € [l,f);kei‘,‘ﬁthen:
12 2

< - 49n?(n + 1)?
stmak chotak <

24
k=1 k=1

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania

Solution by Florentin Visescu — Romania

n=2a E[lz) Vk=1n
=Stk =l T
< = 49n2(n + 1)?
S = 2ksmak 2kcotak <—
24
k=1 k=1

Letbe{aq, ay,....,a,} ={x1,x2, ..., x,} Withx; <x, <x3<--<x,

arangements inequality

Then k-, ksina,)(Xr-, kcotay) <
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n n Cebyshev L
< z ksin x;, z kcotx,_ i1 < n z k? sin x; cotx,,_j.1
k=1 k=1 k=1
. . T T T
< - — = —
But sin x; cot x,,_j,1 < sin > cot P cot o

3 4

4 (n' 11')_\/3+\/7 11'_\/3+\/7:

cosﬁzcos 2 :>cotE—\/(_)_\/Z

1 T m V6—+v2 8+2y12
sin—=sin( _): 2 = 2 =2++3

3 4

12

n

S<n2n2(2+\/§):(2+\/§)n,"(n+1)(2"+1)

6
k=1

2+
<

3 n(n+1)2n+1)

2++3 49n%(n+ 1)2
6 n(n+1)2n+1) <%

(8 +4V3)(2n+1) <49(n+1)
(16 + 8vV3)n + 8+ 43 < 49n +49
n(49 —16 —8v3) >8+4v3-49
n (33 — 8v3) > 4v3 — 41 (True)

+

SP.254. Let A14, ... A,;;n = 3 be a convexe polygon with area
F = [A,A, .. A, ] withsidesa, = A, A1 kE1 N a,, 1 = ay;
Xp, Vi € (0721) ‘k € T, n then:
n 4 2402 (1
Z aj - 16F“ tan (n)

o sinx, +siny,  Xp_,(x; +yi)

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania

Because x, yy € (Og) = sin x;, < x; and sin y, < y; = we must show:
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2 2

Zn at 16F tan— -
k=1 oty = X0 Catyr)

€y

— . o (@) o Gh )
From Bergstrom’s inequality we have: Yi_, oty Z S ) 2
ktYE k=1\XkTVk

From (1)+(2) we must show:

n 2 n
2 2.0 T 2 m
a,| =16F tan; = a; = 4Ftan;
k=1

k=1

Relation which is true by Schanmberger’s inequality.

SP.255. If n € N then in AABC the following relationship holds:

) A n+1 ) B n+1 ) C n+1
3n (a coti> +(b cot5> +(c coti> >

5(n+1)
2 4_n+1 . 3 2 . r2n+2

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

From Hdélder’s inequality we have:

n+1

, A\ , B\ , c\"H1 (az cot%+bZ cotg+cZ coti)
a“ cot— + ( b“ cot —) + <c cot—) >
(a® o) o+ (02 cot; . -
4 5 o+l 5(n+1)
= we must show: (az cot> + b? cot>+ c? cotE) >4ntl.377 2t o

& (az cotg + b? cotg + c? cotg) >4-9v3r? (1)

a? cotg + b? cotg + ¢ cotg > 33\/(abc)Z C"tg : cotg- cotg )

But abc = 4sRr and cotg . cotg- cotg = ; 3)

From (2)+(3)= a® cotg + b? cotg + c? cotg > 33/16sszrZ : ; =

3
=33 16s3-R2-r23\/16-81\/§r3-4R2-r=
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=364 -27V27r® = 4- 9V3r2 = (1) it is true,
Solution 2 by Avishek Mitra-West Bengal-India

1

A" am-6m A"
3" z (az coti) > 3.3" (1_[ a? coti)

1
3

$3 n+1 $3 n+1)73
= Q> 3"t [(abc)z("“) : ( > = Q > 31| (4Rrs)?™+D . <T> ]
Tal'pTc s°r
1
m+1)]3
2(n+1 3V3r
:>923"+1[(4--2r-r-3\/§r) et ).< : >

1
= Q> 3"+l [(8)2(n+1) ) (r3)2(n+1) . 3%.Z(n+1) ) 33(nz+1)]3

(n+1) 2(n+1) 3(n+1) (n+1)
:>923"+1[(64) 3 -(r3)" 3 -3 3 -3 z]

(n+1) 5(n+1)
>0> 3n+1 . 4_n+1 . rZ(n+1) . 3n+1 3z 0> 4_n+1 .32 . r2n+2 (Proved)

Solution 3 by Soumava Chakraborty-Kolkata-India

n+1 n+1
(azcot%) RADON (chc azcot%)
LHS:3"ZT S 3n. - =
cyc
n+1 n+1 n+1
B z a’s B z a’s B z a’s(s—a) B
= Y = = - =
cyc Stanf cyc Ta cyc rs
_($Xcyc@F = Xy @ el _ (2s(s* —4Rr — r?) — 2s(s* — 6Rr — 31?) . B
= = = = =
EULER;MITRINOVIC
— 4_n+1(R + r)n+1sn+1 '2 4_n+1(2r + T)"+1(3\/§T)"+1 —

1 5(n+1) S
— 4_n+ . 3 2 -r n+
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UP.241.letben e N;n > 3;m > 0; A;A4, ... A,,; a convexe polygon inscribed
in acircle with radius R. If a, = Aj A1, Kk €E1,n; A q = Aq;

s —semiperimeter then:

n
z 1 - n
ay — gmpmgipmZ
n
Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania

Solution by Adrian Popa — Romania

ay

. a
a, = 2Rsm7

n 1 JRadon (1 + 1+ ...+ 1)m*1 nm+1 nm+1
—_— > = =
kz:lakm (ai+a, +-+a,)™ @2s)ym 2m.gm

.y . Oy /4
a, +a,+-+a, 2R(sm7+sm7+---+sm7")
s = = =

2 2
, a1 Y . Oy
=R(sm—+sm—+---+sm—)
2 2 2
Buta1+a2+...+an:2n’:>w:27n:n
Let be f(x) =sinx = f""(x) = cosx = f"'(x) = —sinx <0 = f — concave

We apply Jensen’s inequality to function f:
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aq a, a a a a
)+ ()1 (3 [(F+Rrr T
<f =
n n
. ag . . Oy . T
=>sin—+sin—+--+sin— < nsin—
2 2 2 n
n 1 nm+1 _ n
= > =
SO’ Zk:l al — Z’"~Rm~sinm%~nm Z’"~Rm~sinmg
sin? a cos?a-sin’b cos?a-cos?hb
UP.242. A = | cos? b - sin? ¢ sin? b cos?b - cos?c
cos®c-sin?a cos?c-cos?a sin? ¢

X1 X2 X3
A2019 = <x4 X5 xe)

X7 Xg X9
If a, b, c € R then find:

9
ﬂ:in

i=1
Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

a;, a, as R,
LetA=|a, as ag|=|R,
a; ag Qg R,
by b; bs
B=|b, bs bﬁ]:[c1 ¢ €3]
b; bg by

Whereb1+bz+b3:b4+b5+b6:b7+b8+b9:1
Ri-¢c1 Ry-c; Ryi-c3
Ry-c; Ry c; Ry-c3
R;-¢c1 R3z-c; Rz-c3

AB =

Where R1 €1 = a1b1 + a2b4, + a3b6, etc
Sum of the elements of AB

:Rl'C1+R1'C2+R1'C3+RZ'C1+RZ'C2+RZ'C3+R3'C1+R3'C2+R3'C3
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= (a; + ay + a;)(by + by + b3) + (a; + as + ag)(by + bs + bg) +

+(az + ag + ag)(b; + bg + by) =
=a,+a,+a;,+a,+as+ag+as+ag+a
[ by +b,+b; =1, etc]
= sum of the elements of A.
Thus, if sum of the elements of each row of B is 1, sum of the elements of (AB)

= sum of the elements of 4

sin? a cos?asin’b cos?acos?b
We have: A = | cos? bsin? ¢ sin? b cos? b cos? ¢
cos?csin?a cos?ccos?a sin? ¢

Note that the sum of the elements of each row is 1.
Thus, the sum of the elements of A2

= the sum of the elements (44)

= then sum of the elements of 4
=3

Assume the sum of the elements of A™ is 3 for the samem € N
m=>1
The sum of the elements of A™*+1
= sum of the elements of A™A
= sum of the elements of A™
=3
~the sum of the elementsof A" is3;Vyn>1= Yj_;x; =3

Solution 2 by Ravi Prakash-New Delhi-India

1
Letx={1
1

sin? a + cos? a sin? b + cos? a cos? b 1
AX = | cos? bsin? c+sin’b + cos’bcos®’c |=|1|=x
cos? csin? a + cos? csin? a + sin? ¢ 1

Thus A%(x) = A(AX) = AX = x. Continuing in this way, we get
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X1 X2 X3\ /1 1 X1+ X2 + X3 1
A209y = X = <x4 X5 x6> <1> = <1> = <x4 + x5 + x6> = <1>
X7 Xg X9/ \1 1 X7 + Xg + X9 1

L) xe=3

k=1

UP.243. Find:

1 1 1
Q= lim (Hn + log2§ + log3§+ v ]ognm>

n—->oo

Proposed by Daniel Sitaru — Romania

Solution 1 by Rohan Shinde-India

n n
1
Q=1im(H, + z log;, (—) =lim | H, — z log,(2k— 1)
n—oo ) Zk - 1 n—-oo ]

vk > 2 we know that log, (2k— 1) > 1
n n
:>210g2(2k—1)>21=n—1
k=2 k=2

n
= Q= lim <Hn — z log, (2k — 1)) <lim(H,—-n+1)
n-oo

n—oo
k=2

Asn - oo;H, ~In(n) +y > Q <lim,,,(In(n) —n+y+1)
But as n — oo, the linear function grows more rapidly than the logarithmic function.
sasn—->oIn(n) —m->-0=0<-0=>0=-x

Solution 2 by Srinivasa Raghava-AIRMC-India

_log(2n+1) — O(le) _ (2n)

. 1 o}
We have: log,, (Zn+1) o log(n) log(n)

log2n+1) _ 0 (m). Then, we have:

- . m
Itis easy to see that: Y, log(n)

m
: 1 : _
ym (Z 08 () * ) = it = ) = =
n=
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Solution 3 by Naren Bhandari-Bajura-Nepal

We write:

n
. log(2k — 1)
Q_rlll—>n;><Hn_Z logk )

n n 2k—-1 n n n 2k—-1
St > o> (1T )= Y S )
~ e m log k = et m log k
— 1 - m+1 Z
B rlll—>nolo 21 m log(m +1)

k=1

=1 = log(2m + 1) —log?(m + 1)
=lim(1-n+ Z——log(m+1)+ Z
n-oo m log(m + 1)

m=1 m=1

< lim (1 —-n+y-— Z log(m + 1)) < lim(1+ y +log(n!) — n)
n-oo

n—oco
m=1
=lim(1+y—nlogn—n+0log(n)—n)=1+y— llm(2n+logn") =

n—-oo

UP.244.1F A € M4(Q), det ((1 — DA +2I,) = 0 then:
det(4 + xI,) > 2x*,x € R
Proposed by Marian Ursdrescu — Romania

Solution by Florentin Visescu — Romania
\/—+l\/—

In these conditions: det((l —0)A+ \/714) =0 & det (A + 14) 0

We denote @ = = @ root for

V2+iV2
2
det(A + xI,). But det(4 + xI,) has rational coefficients = 8 root of it
As det(4 + xI,) has the grade IV, we obtain:
det(A+xI,) = (x — 0)(x — 0)(x* + ax + b) = (x* —V2x+ 1)(x? + ax + b) =
=x* +ax® + bx? —V2x3 —aV2x? —\V2xb+x*>+ax+b
=x*+x%(a—V2)+x*(b—av2+1)+x(a—bV2)+beQx] > b€ Q
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a-V2eEQ=>a-V2=qeQ=>a=q+2
b—aV2+1€eQ=b-av2eQ=2a-bV2eQ=
>b-(q+V2)V2eQ=>b—-qV2-2€Q
>b-qV2€eQ=2b—qV2=peQ
or—qv2=p-borqv2=b—-peQ
Ifq¢0:>\/§=?(False)so,q:0:>a=\/§:>\/§—b\/§eQ
V2Z(1-b)eQ=>1-b=0=>b=1
Then,det(4 + xI,) = (x% — V2x + 1)(x? +V2x + 1)
det(A+xl,) =(x?+1)2 —2x2=x*+2x2+1-2x>=x*+1
x*+1>2x?2

x*—2x2+1>0(x%2-1)2>0 (True)

UP.245.1f xg = 1, %41 = n +—,n € N then find:
Q= }li_glo(n(xn —n))

Proposed by Marian Ursdrescu — Romania

Solution 1 by Florentin Visescu-Romania

1
Xo=1,x,,1 =n+—;Q=1limn(x, —n)
xn n—-oo

=0+ 1 —1+1 2;x3 =2+ _5. —3+2—17
1= o X2 = Xy X3 = 2 2% 5
k_
We suppose xj, > (k > 2) and we provethat x;,q > k

1 .
Xi+1 = k+—> k obviously.

Xk-1
SO, x,>n—-1,vn>2n€eN=lim,_,x, =
1

1
Asxn+1=n+x—:>xn=n—1+ =

n Xn-1

1
S X, —N= :>n(xn—n)=n( —1)

Xn-1 Xn-1
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Aslim,_,, x, = = lim,_, X,_1 = ®©

:>limn(xn—n)=limn( —1)200(0—1)2—00

n—-oo n—-oo n_l

Solution 2 by Remus Florin Stanca-Romania

We prove by using the Mathematical induction that x,, > 0;vn € N:
P(0):x, > Oistrue (xo = 1)

We suppose that P(n): x,, > O is true and we prove that P(n + 1): x,,,, > Ois true by

. A by adding 1
using the factthat P(n) istrue: x,, >0andn>0 = n+—>0>x,,;,>0=>

Xn

= proved = x, > 0;Vn € N.

x021,x1=121,xn+1=n+xiforn2 1=>x,1=21,Vn=>21=>x,>1,VneN

n

1 1 1
X,21>—<1=>n+—<n+1=x,,<n+1lx,,,—n=—>0=>
Xn Xn Xn
:>xn+1—n>0:>xn+1>n:>n<xn+13n+1:>rlli_{1.}oxn=°°
1 1

Xn—-1

-1) @

. 1 Xn+1 n . 1 I Xn-1 1+ 1 1 @
Xpyp =N+—= = = lim = —=1=
nl x, n+2 n+2 n+2x, n>eo n o

X,=n—1+ S X, —N= —1:>n(xn—n)=n(

Xn-1 Xn-1

:>lim(n(xn—n))=1—oo:—oo:>Q:—oo

n—oo

UP.246.Prove that:
¢<3+\/§>—¢<3 _\/§> = 2\/§+1rtan<\/2—§1r>

2 2
where ¥ (x) is the digamma function.
Proposed by Vasile Mircea Popa — Romania

Solution 1 by Rohan Shinde-India

Y(1+2) = 9@+
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3++3 1++/3 2 1++/3
(50 = (1) e ()
3-+3 1-+3 2 1-+/3
(57015 o ()
B 1 1 1++3 1-V3
Q_2(\/§+1_1—\/_)+‘I’< 2 >_‘I’< 2 >
0=2/3+ 1/)(1 \/_> 1I}<1—2\/§>:

= 2v3 + mcot <E - i) = 2vV3 + mtan <—\/§>

2 2 2

Solution 2 by Remus Florin Stanca-Romania

3++3 3-+3 1++3 1-+3
$(5) e (357) = (1010 e (1 157) -

__ 2 <1_1+\/_> 2 < 1- \/§>
T V3+1 v 2 1-v3 2
B 1 1 1- \/_ -3
_2(\/§+1—1_\/§)+<¢<1— 2 >>
2\3 m w3 /3
(\/__'_1)(\/5 ) ncot( —>—2\/_+1rtan<T>

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie
3+3 3-v3)\ _
o(2) -+ (5)-
S R R R

=\/§2+1+n'cot<;[ 11'\2/_> 1_2\/§=2J§+ntan<%§>
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)
y
1

N

UP.247.1f 0 < a < b then:

fe"‘z dx > \/a(\/ﬁa— Va)  (VB—Ya)' (b=ay

eab 24 e(a+b)2 26b2

Proposed by Daniel Sitaru — Romania

Solution 1 by Ali Jaffal-Lebanon

a+b

b Vab 2 b
—xz —xz —xz —xz
e dx= e ™ dx + e dx+ e dx
a a Jab a+b
2

> (Vab — a)e™* + (a _ZF b_ \/E> e_(%b)z + (b _ar b) e-b’

2
a+b —a

> \/E(\/E _ \/'a)e—ab +%(\/¢_1 — \/E)Ze_(T)Z + b 2

—b2

e

Va(Vb-va) (Vb-va)’ b-a
= + +

2
eab 2%/eatn)?  2eP

Solution 2 by proposer
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y
1

<

b
f e * dx > A[AMM'A'] + A[BA"A'B'] + A[CB"B'C']

a

M'(a,0);A’'(Vab,0); B’ (aTH’ 0) ;C'(b,0)

M(a,f(a));A" (Vab, f(vab)); B" <a er b (a ; b)) ;

[ e *dx > (Vab — a)e= +
J (

a

a+b
2

(a+b)? +b
—m)e_aT+(b—a2 )e‘bz:

_Va(Vb-va) (Vb-va)' b-a

eab

2%/ e(a+h)? 2eb?

UP.248.Ifaq,a,,...,a, = 1,a,a, ..a, = 2", n > 1then:

2 2 2 -
a+a, +--+a, — ————— - — — >N
1 2 n a, a a,

Proposed by Marin Chirciu — Romania
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Solution 1 by Florentin Visescu-Romania

e2x—_2
ex

Let £:[22 ) S R f¥) =" — i f () = e + 2o fr () = er— 2 =

e

Fore’* —2>0;e*>2;2x>1In2;x > lnTzfis convexe. Then:

<x1 +Xx; +x3 "'"""xn) <f(x1)+f(xz)+"'+f(xn)
n - n

In2
For xq,x5,..,x, € [nT;OO).Letbexl =Ina,x, =Ina,,..,x, =Ina,

Then we obtain: f(

Inaq+Inaz+---+In an) < f(naq)+-+f(Inay)

n n

(l““l“—zan) ‘n< f(lnay) + -+ f(Ina,)

n
In 2" | | 2
.nSenal_ +...+enan_
n elnai elnay
2 2
fn2)n<a;— =+ +a, — —
a n
ny 2 2 2 2
nlems — 3 Sa1+a2+...+an____ ..... R
en a; a, a,
2 2 2
ni2—-;)|<a,+a;+-+a,——+—..—
a, a a,

- 2 2 -2
n<a+a,+:--+a,———...—
1 2 n a, a, a,

The inequality holds forlna; > Inv2;a; >V2;i=1n
Solution 2 by Michael Sterghiou-Greece

n
nai =2"n>1
i=1

2
hera—Ti 2 n (1)

AM-GM

k=1 = n-Yllia=2n (2)

n 1 n n 1 _n
> - =
k=15 =T /szl a2 3)

—<1-%5,—<n (4)
A

aj
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2_
The function f(t) = t?> — 2 is concave and (1)— X}_, a’; 2>n
k

By generalized Jensen on f(t) = t? — 2 with “weights” ai,/l = 1,n we get:
A

] [ 1

1 a B2 n 4n?
_z | Xt Z _l 7% __|—Z_2|
A A I A
“A la,
2n3 . . . 2n3 n 1
>-——— — nwhichsuffices to b > n. Thisreducesto ———-n>n->¥}_,—<n
(Shrzy) (Vg '

which is (4). Donel

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
For a4, ay,az,...,a, > 1and a,a,as ... a, = 2™, where n > 1 we have:
a,+a,+az;+--+a,=>2n
>(a,+2)+(ay+2)+--+(a,+2)=4n
and (aqaza;z .. a,)* = 2% > a3 + a2 +a% + -+ a2 > 4n
andsince a,,a,,as,..,a, > 1
Hence a? + a3 + a2+ -+ a% > (a; +2)+ (a, +2) + (ag +2) + -+ (a, +2) and
since ayas ...a, + a;a; ...a, + a;a,a, ..a, +--+a.a,..a, 4
=ayaz..a, +aqa;z..a, +a,a,a,..a, +--+a.a,..a, 4
Hence (a? + a} + - a2)(azas3 .. a, + a1a3 ...a, + - a,a; ... ap_4) =
> ((a; +2) + (ap +2) + - (a, +2))(azaz ..a, + aa3 + - +a, +-+aa; .. a,_1)
By matching we have:
ai(aa; .. a,) + aj(aa; ... a,) + aj(a aza, ... a,) + -+ ai(aa, ... a,_,)
> (a, + 1)(aza; ... ay) + (a; + 2)(a1a;3 ... a,) + (a3 + 2)(a1aza4 .. a,) + -+
+(a, + 2)(ayaa;3 ... a,_q)
Hence a;(a;a, ... a,) + a,(a;a, ... a,) + az;(a,a,a; ... a,) + -+ a,(a a, ... a,)
> a1a; —a, +2aaz..a, +aa, —a, +2a,a3a,..a, +aaas .. a, +

+2aq1a5,0a4 ..., + -+ aqa,...a, +2a4a, ...ay_4

2 2 2 2 2 2
Sa,+ta,+az++a,>1+—+1+—+1+—+1+—+1+—+ - +1+—
a a; as a, as a,
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2 2 2 2
= 4+—+—+.-+—+n
a; a; as a,

Therefore, itis true.

UP.249 If x> 0,1 € (0,x), 24,25,..,2Z, € Csuchthat |z;,—x| <r,k =1,n
then:

1 1 1 n?(«c?— r?)
B L o R —
Z,

|21 + 22 + o+ 2y Z z, 2

Proposed by Marian Voinea-Romania
Solution by proposer
Letbe z, = x; + iy, withx, y, € Rk=1n.

By |z,—x| < r, we obtain (x,—x)? + y, % < r?

2 ¢ xp > 32+ +oE— 12 2 2./ (x2 + y2) (02— 1r2) > x, > 0,k =1,n.

X X = \/(xkZ + ¥, 2)(o2—1r2) o, x> 0,

2_.2

xkz > o8
X2 +y? o2

-r

By squaring:

XK > 0(2 —TZ (1)

xk2+yk2 0(2xk

Zy+Zp+ o H 2y, =X xy A Xy (Y F Y oY)

1 1 1 x1 —iyq Xz — 1y, Xn — 1Yn
— t— 4+ — = 5 5 5 S ———
z, 1z, zZ, X1°TY1® X7ty Xn® T Yn
| | 1 1 1
Z{+z2,+ -+ 2 —_t— 4t e+ —| =
1 2 n Zl ZZ Zn

x12+y12 xn2+yn2 x12+y12 xn2+yn2

2 2
:\/(x1+...+xn)2+(yl_....._..yn)z\](L.F......L) (o)

2 (1)
> /(x1+...+xn)2\/( X1 +...+x—") :(x1+"'+xn) X1 44 )>

x12+y,2 Xn2+yp? 12+y42 X2 +yp?

(xq + -+ )(—Mz_r2+ +°(2_r2)——°(2 " (g + e+ )(l+ +l)>7"2(°(2_r2)
*1 Xn «Zxq o2x, ) «2 *1 Xn x1 xn) 2

1 1
(g + - +x,) (_+ +_) > n?
X1 Xn
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Hence:

1,1 1 n?(«?-72)
+2z,+ -+ — 4=t >——

217 2 an z1  Z Zn o2 )
UP.250 If a, b, c > O then:
1 b b ¢ c ., a a b
Z (1 + —) > e2a+1 2b+1 + e2b+1 2c¢+1 + e2c+1 "' 2a+1

a

cyc
Proposed by Daniel Sitaru-Romania

Solution by proposer

2
2x+1

Letbe f: (0,0) - R; f(x) =In (1+i)_

1

ey — X2 4 _ —4(x+1) _ —4
O = T  Gav 12 s D@+ D2 x@x+DE = °

X

f decreasing = inf f(x) = lim,_, f(x) =0
(x)>0=>1 1+1 >0
= fx :”1( §>_2x+1

1 (1+1> >0=>1 (1+1>> 2

n a 2a+1 n a 2a+1

bl 1+1 __2b : 1+1 "> 2b

"( E) 2a+1 "( E) 2a+1
1,2 2b
(1 +—> > e2a+1
a

1\ b 2b b c b c
2(1 +E> >zem2 (em.em> :Z(em+m>
cyc cyc cyc cyc

UP.251. If t,u,x,y > O then in AABC the following relationship holds:
z a? - 18R
= 2
ye (t coszg+ ucoszg) (xb + yc)? (t+u)(x+y)* (4R + 1)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
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Solution by Marian Ursdrescu — Romania

Z( a )2 Bergstrom (Z a )2

xb+yc xb+yc (1)
tcoszg+y coszg - (t+y)-% coszg
A 4R+1r
ButY cos?-==—"- (2
2 > =5 @
a
(be+yc)'ZR 18R

From (1)+(2) we must show: ) R > Ty iy 2GR =

(Eas) 2tneiz2l @

xb+yc) T (x+y)? xb+yc — x+y
Bergstrom
2 2
a a a+b+c
But ), =) = __(athro)” 4)
xb+yc abx+acy (x+y)(ab+ac+bc)

But (a+ b + ¢)?> > 3(ab + ac + bc) (5)

a

From (4)+(5)= £ 5> == (3) itis true.

UP.252. If m,n,t > 0 then in AABC the following relationship holds:

B c\* C A)4 mntr?

m3 (tan 4 - tan E>4 +n3 (tan —tan —) + 3 (tan —tan—
2 2 2 2

>

2 2 — s

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania

Solution by proposers
According to AM-GM inequality:
4 c\* c A)

V= 3(t At B)+ 3(t Bt )+t3(t t
=m al‘l2 al‘l2 n al‘l2 al‘l2 al‘l2 al‘l2

4
>

3 A B o\8 a B c\2 3 A B c\2
=3 n’ 3( 292 _) = ( 2 2 _) \/( 292 _)
>3 \/m n3t3 (tan tan- tan; 3mn(tan;tan tan; tantan- tan; Q)

A B c_r
Buttan tan_tan = - (2)

N

r2 T

2 3,2 Mitrinovic 9
- =9mnt — -

2

s

so,V=3mnt-5 |5 = 3mnt-5 3
s2\s 5% 1(3v3r)

W=

2
=mnt - :—2 g.e.d with equality © the triangle is equilateral, m =n = t.
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UP.253.Ifm e N;m = 1;a,b,x; > 0; (¥n)ns0; Yo, V1 > O;

Yn+2 = QYn41 + by, (V)n € N then:

n n

1 XX 41 m+1\  (m+ 1)*n?

s S (e 3 e
=1 X} =1 ayn+1 T X1t bynxk Yn+2

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania

Solution 1 by Remus Florin Stanca — Romania

The inequality can be written as:

n n
1 m+1
1Z+12+___+1Z+z — 1Z+1Z+"'+1Z+Z( XrXk+1 ) >
= Xk £ \AYni1Xpr1 + by.x)

> (m+1)2n?

" . We use Cauchy’s inequality:
n+2

n n
1
1Z+_”+1Z+z — 12_'_____'_12_'_2( xkxk+1 )
k:1x7‘n = \AYn+1Xk+1 + bynxy
2

> <mn + g (e )m;l> )

aYn+1Xk+1+bYnXk

m+1

We use Bernoulli’'s inequality: (x + 1) > ax + 1 forx > —1anda > 1 and in our

particular case, we have:

m+1

2 +1
(L -1+ 1) 2> ( it ) 2+ 1 (2) because
AYn+1Xk+1+bYnXk AYn+1Xk+1+bynxi 2
+1 +1 @)
— el _1>_-1and®=>1becausem=>1|+1=>"22>1 =
AYn+1Xk+1+bYnXk 2 2
n m+1
(2) x 2 x m+1 (€]
SN v BEEDN Prareararah) i
=1 AYn+1Xk+1 + bynxk =1 AYn+1Xk+1 + bynxk 2

(1) - 1 - Xk+1XKk m+1
= | mn-+ i1 mn + =
= Xk £ \AYni1Xpr1 + bynx

2
m+1 X
= z ( kil — 1) +n+mn
2 =1 AYn+1Xk+1 + bynxk
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2
1
We need to prove that: (m+ n (—x"“ - 1) +n+ mn) >
ayn+1Xk+1+bynxk

m+1)%n?
( ) o

Yn+2
(m+1)n

W Yn+2

m+1<x Xpt1 (m+1)n (m+1n
©— z — e

n
m+1 ( Xk+1

— 1) +n+mn >
AYn+1Xk+1 + bynxk

+n+mn>=>
=1 aAYni1Xk+1 + bynxk 2 VYn+2

n
1 z Xi+1 > (m+1)n (m+1Dn o
] AYni1Xks1 + bypx, — v Yn+2 2

1w Xpsq < 1 1>
=4 —z =n e R
24 ayniaXir Hbynxi — \Jay,,q + by, 2

2
ey LG<——1) 3
Zk_l AYn+1Xk+1+bYnXx v @Yn+1+byn ( )
We need to prove that

2 1 2
Mt 1 -1 > -1

ayn+1Xg+1+bynxr — Vayn+1+byn ayn+1+bynxzf_1 - v ayn+1+byn

1 2
o +1>

X P —
aAYn+1 +bynxkl_:1 \/ayn+1 +byn

Case xk<xk+1:>_<1:>byn <byn:>ayn+1+byn <byn+ayn+1:>
Xk+1 k+1 k+1

1 1
~ byptayni1

(4)

x
k
ayn+1+bynxk+1

1 2 A+B+1 2
= = —at1> =) > =)
Let by, = B and ay,,1 = A we prove that B 1> " B =i

O

1
T g
ayn+1+byn Vv aynt1+byn

A+B+1
_A+322<:> A+B+— _2(true):>

(4) 1 +1> 2 N Xk+1 > 2 -1 (*)

B — > =
ayn+1+byn% Vv aynt1+byn AYn+1Xk+1+bYnXk Vv ayn+1+byn

S AYpi1 < ayn+1 2 AYnir byt <

Case ll: xk>xk+1:>—>1:>1<
k+1 Xk+1 Xk+1

Xk 1 1

Xk+1 ayn+1+byn

(5), let Yo: Y1 >4 and

Xk
< AYn+1 X1 + byn

xk+1

ab>1:

We prove by using the Mathematical induction that y,, > 4:
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1. we suppose that P(n):” y,, = 4" is true

2. we prove that P(n + 1): “y,.,; = 4" is true by using the fact that P(n) is true:
Yni1 =ayp+tby,az2l1=ay, 2y, 24=>ay,24b=21=>by, 12y, 124>
> by, =4
So:ay, = 4

"y
s> ay,+by,_124>y,,1=24=>y,=>24VneEN

2
>4, let®™ g5 a<1,weprovethat1 + —=— > 6
yn Xk p ayni+1tbyn N, aypi+1tbyn ( )
74 2 A+B+a 2
= = + _— > >
LetA =ay,,iandB =by, & 1 —= —

A+B

Nrm \/A+B<:>(\/A+B) -2JA+B+a>0letVA+B=x&
ex*-2x+a>0A=4—4a>VA=2V2—a=>weprovethatVvA+B>1+

Vi—asuchthatx? —2x+a>0 [y ., > 1+ fl—xfc—“,yn>4:> Vniz > 2 >
k

>1+ fl Tkl o true = (6) is true = (5) is true = Xhet1 > -1 (**
Xk ( ) ( ) ayn4+1Xk+1+tbynxg vV Yn+2 ( )

= thegiven inequality is true =

m+1
= (mn + Yk=1 ﬁ) (mn +3r (L) ) > (m+1)%n? (QED)

ayn+1Xk+1+bYynxk Yn+2

Solution 2 by proposers

We have:

- MA>MG 1
_mn+z m+1:z m+ Z(m"'l) 1,'xm+1:
"m" times

k=1 k

= (m+1) zzzli = (m+ 1)V, (1)

Also, we have:

n

n
+1 +1
_ XkXk+1 met XkYk+1 e
Vi, =mn+ = m+ =
£ \AY 11 Xk+1 + by xy o] AYpi1Xkr1 + byrxy
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m+1

n
1 HA=HG
Y e — =
AYr+1 + by

Xk Xk+1

1
>Z(m+1) mitlg 1. 011 -

—,_/ m+1
"m" times (% + %)

Xk Xk+1
1 Bergstrom nZ
—(m+1)zW > (m+1) =
yn+1 by, o (ayk+1 + yk)
Xi+1 k=1\""xy Xie+1
(m+1)n? __ (m+1)n? (2)

 (ayns1+byn) Zﬁzli " yna2'Vo
So, relationships (1) and (2) we deduce that:
(m+1)n%2 (m+1)*n?

Wp=Uy V,=(m+1)V,- Vo - s Vn € N*
n+ n+

UP.254.1fa,, b, > 0;n € N;n > 1

. an+1
lim

n—oo na n—>oo \/_

=b=>0

then find:

0= lim ( ﬁ”k— ﬂ”k)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Marian Ursdrescu-Romania

n+1 b b b
. n \ D102 ... +1
Q:rllLTo,/blbz...bn< = —1> =

/b, .. b,

n+1 b1 b
: vO21--On+1
"/by1by..b lim;,, 0 ln(in >
1n2 n < o bq..bp—1 1 (1)

=lim,,_
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. nw/blbz...bn . n ble bn cD.
Iim————=1lim | —— =
n-oo n n-oo nn"

bib; ..byq n" li b1 ( n )

n

= li
m n+1

noe (n+ 1) bib,.. b, nosn+1

1. b, 1. b, Ya,_ b .[a,
=—llm—=—llmn . =—lim [— =
eén->co N € n—»o /an n eén->o\Nn

cn. b Ani1 n" b (L] n"
= —lim ————-—=—1lim .
en-w(n+ 1)1 q en>o(n+1)a, (n+1)"

_b,. an+1 n n n_ab
= i, G (1) e o)

na, n+l n+1
" Yb1bais
n
nle by..bn _ 1

= lim -In <n+1“ by b"+1> =
now <““,/b1 ...bn+1> "by .. b,

“/by .. b,

lim

"V (by ... by _ . b1..byyq 1
=In|{ lim .
n—-oo bl bn

n—oo bl"'bn n+w1/b1...bn+1

1 (1' b ! > 1 <l' <b"+1 e >>
=In/( lim —— | =In| lim ’
N0 n+1 n+1 bl N bn+1 n-o \n + 1 n+1 b]_ D bn+1

b n b “a n 2
=ln<lim—"-—>=ln<lim 2. L. >(=)
nbomn U/p, .. b, oo lg, M Yby..b,

=in(b-2-2)=Ie=1 (3)

From (1)+(2)+(3)= 0=5-e =5
Solution 2 by Remus Florin Stanca-Romania

n+1l| 41

M p
Q =lim,_ \/[I}-; bk - nl_[niklk -1 (1)
k=1"k

by nm by own" by (+D™ a,
lim—-——=1lim(—) - lim [—=1lim{—]|-lim - . =
n—-oo N /an n-oo \Nn n— oo an n-oo \ N n—oo n an+1
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. nan . bn
=e-llm< )-llm<—):
n—oo an+1 n—oo n

. b\ _ ) by\ _ ab
= lim,.o, (7)_b:>11m,m, (;)_“: @
Q) "M . b M,l/l_li‘f}bk
SQo=limX—=tTk [N _q|=

n—-oo n Ly 2_1 bk

n+1 n+1
n n b 1_[k=1 bk
([t (T

n[Tn
n—-oo r bk

n+1
*/n;:z}bk
Iimn| ——-1 | =

n[Tn
n—oo N1 bk

nl
/ Hzi% bk L (E)

= lim

n—>oo

[Thi1 by _ n" _
[li. by (n+1)n+1

—1 lim—b"+1 limn

e nhron+1 noow n n b

vV 1g=1Pk
/ n+1 Hﬁz%bk \
| In — |
o e

n+1
__ab . \ / H;cp:r% k
> - limg,,, n- -In

lim n—“z:lbk = lim [Miza b _ lim [T bi 1 lim (bn+1
noe m moo | nt o moe(m+1)™ [ b e noo\n+1

n+1
(@) ab J b gp

= —>>lim———=

eZ n—-coo n eZ
n+1
. \ i1 br __ab
SO, llmn_,oo T = e—z
) n e?
li =—
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. a
>lim———=1>0=—"limIn : =

2 n
noe k=1 b e” mnoe k=1Di n+1 [I**1b,

abl | <bn n >
=—-limIn — | =
eZﬂ—)OO n n/ 2:1bk

_abl ab_. (mn+1)""1 [[i_, by _abl ab . o n+1
e N\ e i, w _?n<_'e' e )

e n-o Dpiq
_abl (b e)_abﬁﬂ_ab
T e niae ab’/  e? T e?

Solution 3 by Soumitra Mandal-Chandar Nagore- India

CAUCHY
Van n|@Qn D' ALEMBERT Ani1 n"
lim — lim|——— —
n-o N n—>oo nn n—-oo (n -+ 1)n+1 a
H bk n
- ant1 1 n _a . \ k=1 " [Tg=1 bk
lll'l‘ln_,Oo a, . W . 1 e Now, lll'ﬂn_,Oo ll'ﬂn_,Oo "
n
CAUCHY
D'ALEMBERT lim [Tii1 by _ n" lim by lim 1 _
00 (n + 1)n+1 szl bk n-oon+1 now (1 N 1)11
n+l| o piq
1,. "a b M1 br
=-lim,,_,, ,i/"_llmn_,Oo == a—z Letu, = — for alln € N. Then
e n e ,H;::l bk
n+1
n+1
/Hk:1 bk
n+1__ ntl
lim u, = lim =1
n-oo n n-oo N/ Tl bk n
n
-1
Hence, 22— - 1, foralln - o
n
n+1 1 n+1
[1R2 n+1 n+1 v An+1
lim u? = lim = lim

noe n-eo | [T 1bk "+1h—[n+1bk nee \/an+1 h-[n+1bk n+1
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b ez a
ab e
"’ n+1
n+1 n+l n n Hk:l bk u, — 1
lim | |bk— | |bk = lim . -Inu}
n-co n-co n Inu,
k=1 k=1

__ab __ab
—e—z-l-lne—z (Answer)

UP.255.1ft > 0;a,, b, > 0:n € N:n > 1;

. An+1 _ .13 bni1 _ i
lim,,_, n"a =a > 0;lim,_, n;bn = b > 0 then find:

< (n + 1)t+2 ntt2 >
" An+1 - bnia :/an - by

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

n

Q = lim

n—>oo

Solution by Marian Ursdrescu — Romania

0=l nt+? <(n+ 1)t+2 “la,b, 1>
= lim : -1 =
n t+2 n+1
noe vV anbn n Apyiq bn+1

(n+1)t+2 M anby
t+1 l“( nttZ i 5
‘nile Ant1bny1/ — 1 (1)

nt+1 n [+ (n + 1)@+D(+1) a, b,
lim = lim = lim : =
nool/q b, nO® a,b, n-o @pyq - bpyq nn(e+1)

I A L na, ntb, (m+1)+1)  t+1
=t ([()] 7 )

an+1  bn+1

oy
2
lim| e nt* n+1\/an+1bn+1
n—-oo
t+2 n
| (n+1) \ @nby

n .
n t+2 n+1
In (n+ 1)t+2 . Vv anb, n Vant1bni1
nt+Z n+W
n+1%n+1
t+2 n
<(n+1) Y a,b, > _
n+1 -
n Y, an+1bn+1

=limnln

n—-oo
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t+2
= lim _,mln(a"—b"- ntl ) 3
ey () ) @

lim,, ., ("T“)HZ =1 (4)

. a,b, > . ( a,b, n+1 )
lim In = lim In -y a,. 1b =
n-o0 <1l+1\, (an+1bn+1)n n—oo an+1bn+1 n+1Tntl

tp, "/ 1 ab
In|lim 22 .2 anb @, _ - )
- @y, q bn+1 nt+1 b et+l
=Ine D = —(t+ 1) (5)
_ 1
From (1)+(2)+(3)+(@)+(5)= @ = - — (¢ +1) =~
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



