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JP.226. Let a, b, ¢ be positive real numbers. Find the k,,,,, such that the

inequality is true:

a b c 3 <az+b2+c2 1>

+ + ——> -
b+c c+a a+b 2 ab + bc + ca
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by Tran Hong-Dong Thap-Vietnam

b 3 24b%4c2
@ 4b e 35 k(u_l) *)
b+c c+a a+b 2 ab+bc+ca

Nesbit
But: -~ + 2 + < egl E;az+b2+c22ab+bc+ca—>aZJ’bZ“Z—1>O
b+c c+a a+b 2 ab+bc+ca
So,k>0-k,,, >0.
Because: (*) istrueforalla,b,c >0
Hence,welet.ta=b=1;c = %(Vn € N*) then:
_3 3
1412
ks+;(VnEN*)
2+_Z
n
2—1
1+ﬁ
Letn —» +oo we have: k s%
Now, we show that: k.« :%
a b c 3 1/a?+b%+c?
+ + ——2|l——-1
b+c c+a a+b 2 2\ab+bc+ca
a b c 1/ a% + b? + ¢ (a+b+c)?
© + + == =
b+c c+a a+b 2\ab+bc+ca 2(ab + bc + ca)

Itis true because:

a b c a’ b2 c?  Sschwarz  (a+ b+ c)?
+ + = + + >
b+c c+a a+b ab+ac bc+ba ca+ch 2(ab + bc + ca)

Proved. Equality ifand only ifa = b = c.
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JP.227. Prove that in any ABC triangle the following relationship holds:

3(roary +rprs +13) > T(4R +71)3
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Marian Ursdrescu-Romania

Because r, + r, + r. = 4R + r we must show:

3(rari +rpri+rad) =r(r,+1y +1.)3

3(rars +rpri+rad) >r(r,+ 1y + 1)
s s a+b+c = we must show:
ButraZE,rZE,sz B

1 1 1 11 1 1\°
3((s—a)(s—b)3+(s—b)(s—c)3_l_(s—c)(s—a):‘)_;(s—cl_|_s—b_|_s—c)

& 3s((s—a)’(s—c)*+(s—b)*(s—a)) +(s—c)’(s—b)?) >
>((s—a)(s—b)+(s—b)s—c)+(s—b)(s—¢c))’ (1)
(s—a)(s—c)}+(s—b)*(s—a)*+(s—c)*(s—b)3 =

(s—a)’(s—c)® (s—b)*(s—a)® (s—c)3(s—b)3 Holder
= + + >

s—a s—b s—cC
((s—a)(s— )+ (s —b)(s—a) + (s — c)(s — b))’
> [—3
- 3(s—a+s—b+s—c)

& 3s((s—a)’(s—c)®*+(s—b)*(s—a)* +(s—c)*(s—b)3) >

>((s—a)(s—b)+(s—b)(s—c)+ (s —c)(s—a))’ = (1) itistrue.
Solution 2 by Tran Hong-Dong Thap-Vietnam

1,1 ,1_1
Wehave:r, +r,+r,=4R+r. And: —+—+—==

Ta Trp Te r

Hold
NOW, LHS: 3 <% + i + %) 02(:‘1' 3 . (rb:'Tc:'ral)g — (4‘RIT)3 — r(4_r + r)3
W ) G (atrte) r

Proved. Equalitye r,=r,=r.©a=b =rc.

Solution 3 by Adrian Popa-Romania
LHS =3 <r“r”r“> + <r”r‘r”> + <r‘r“r”> = 3As <(r“ T+ 7o) ) =
T, T T, r,+r,+r,

5
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=3As(r,+ 1, +71.) =3As(4R + 1) é (4R + 1)?
?:3As > (4R + 1) & 352 > (4R +1)?
352 > 3(167R — 4r?) & 3s2 — (4R+1%?) > 3(16rR—5r*) — (4R +1r)? &
© 40Rr — 16R? — 1612 > 0

A
R = 2r; r=;; T rpr. = As

ro+r,+r.=4R+r
s? > 16rR — 512
Solution 4 by Soumava Chakraborty-Kolkata-India
“m?+n?+p?>mn+np+pmvmn,p€eR
wx2yt + y2zt + 22xt > xy? - yz? + yz? - zx? + zx? - xy? = xyz (z xzy)
2y y3
Z;yz >zxy:>z (1)

3 by (1)
Now, Bny(Z—)—BZx + 3 Y xy? +22xy > 3y x3+3Yxy?+3Yx%y

A; x3+6xyz+32xy2+32x2y22x3+31_[(x+y)= (Z:x)3
Yo (Y2)E (3

Choosingx =1,y =1,z =1r.in (2),

o Yrara(X5) = (X

Now, 3Y 1,13 =3s X 12(s — b) (= rarp, =s(s —c),etc)

= 35372 = 3052 2] = 3rGrary) (32) 2 @R+ 1)° (proved)

JP.228. Prove that if a, b, c are the lenghts of the sides of a triangle, then:
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a b C (a+ b + c)?
/ + +/ =
b+c—a c+a—»b a+b—c ab+ bc+ca

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Marian Ursdrescu-Romania

a a 2 2a

= -1 2> == .

\/b+c_a \/b+c_a 12 5ea =, = Wemust show:
a

2(L+L+L)ZM 1)

b+c a+c a+b ab+bc+ca
a b c _  a? b2 c Bergstrom (a+b+c)? oy -
b+c a+c a+bh  ab+ac ab+bc  ac+be - 2(ab+ac+bc) = (1) Itis true.
Solution 2 by Tran Hong-Dong Thap-Vietnam
a’ b2 c? Schwarz

LHS =

+ +
avba+ca—a? bVcb+ab—-b%? cVac+ bc—a?
(a+b+c)?

2 =
avba + ca — a? + bVcb + ab — b?2 + cVac + bc — ¢2

am-6M a? + (bc+ca—a?) bc+ca
aybc+ca—a?2 < =

2 2
AM-6M b? + (cb +ab — b%*) cb+ab
bycb+ab—b%? < > =—

am-6M c? + (ac + bc —c?) ab + bc
cJac+bc—c* < > =—

= a\/bc+ ca— a% + b\/cbh + ab — b2 + ¢cyJac + bc — ¢2 < ab + bc + ca

(a+b+c)?
~ab+bc+ca

RHS

Proved. Equality @ a=b = c.

Solution 3 by Michael Sterghiou-Greece

(@ Goed)’
chc b+c—a2 Ycycab (1)

(1) homogeneous so, WLOG }Y.yca =p = 3. Let Y .ab = a,abc =1




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2 (2). The function f(x) = 7 is convex hence by the

1)— . >
( ) chcm
T
chca-a(b+c—a)
a+b+c
3

,chca2(3 Za)
3

V-

generalized Jensen inequality we have LHS of (2) > (a + b + ) - 3

(where a, b, c are “weights™). The last inequalities reduces to = or

q* —36g+18r+81=>0 (3)
as chca =9-2q, chca =27—-9q+3r.Asq <—— P+ - %" from Schur inequality 3rd
degree we have 3r >4q —9s0(3) > q*> —12q+27 >00r (3 —q)(9 — q) = 0 which
holdsasqséz 3

Solution 4 by Jalil Hajimir-Canada

’ (
Jb+c— b+c_1

(E_l) (1 +H_2 >1+- (H—z) (*) Bernoulli

a

*

) _ 2a
b+c 1) b+c

IV

chc chc (1)

b+c a

2(a+b+c)?
2 Y eye— = (2)

ab+ac — Z(ab+bc+ca)

chc

b+c

(a+b+c)
b+c—a (a2+b2+c2)

From (1) and (2): X¢yc

Solution 5 by Marian Dinca-Romania

;Jﬁ:; /(b+acfa)a zm

_Z(b+c—a)+a b+c

cyc cyc

z (a+b+c)*> (a+b+c)

b+tc (b+c)a (b+c)a  ab+bc+ca
cyc cyc cyc
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Solution 6 by Anant Bansal-India

We know that the minimum value of Y sinA -sinBisatA =B =C

2
3V3 ?
9 27 /<T>\ ><(ZsinA)Z>Z

= sinAsinB > — > = —_—
Z 47 1024 k 24+/3 ) 2443

(24v3)" (X sin A)*
Y'sinA-sinB ~ (¥ sin A - sin B)?

\[ 3 3 3 (3 sin 4)?
=8 + >
s

+
inA-sinB sinB-sinC sinA-sinC ) sinA-sinB

- . _a
Putting sin4 = R

16\/§R> (a+ b+ c)? .
vabc ab+ bc+ca

_ abc
T 4A

4+/3abc
T>k

Using Heron’s formula and AM > GM we get:

[ a b [ c (a+ b+ c)?
+ + >
b+c—a a+c—>b a+b—c ab+bc+ca

Equality holdsfora=b = ¢

Solution 7 by Soumava Chakraborty-Kolkata-India

A B—-C A A A B-C B+ C
b+c—a= 4RcosEcos —4RsinEcosE= 4RcosE<cos — cos > )

A B ¢ a 4Rsin2gcos%
—8RcosEsmEsmE:> bvc—a

8R cos % (sin % sin gsin %)

A1 ’ZR A
=SsIn— [———— = —SIin —
2 T r 2
2(4R)
9
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Similarl b @ 2R nBand |—— @ [2Bgin€
Y c+ta-b r 2 atb-c r 2

(D)+@)+(3)> 3 Ry 2singeos 7 D f 5 (2 cos "2 cos =9)

b+c— a 2r cos—

B-C
(-.-0<cos 2 Sl)

\/72@053 +cosC) = \/g(l +%)

Z Z(a)

WeshallnowproveZ 2 = 2

(@) R(s? + 4Rr + 1?)? > 8r(s? — 4Rr — 1r?)?
& R{s*+ (4Rr + 1?)? + 2(4Rr + 1r?)s?} > 8r{s* + (4Rr + r?)? — 2(4Rr + 1r?)s?}

(b)
< (R—-2r)s*+ (R—8r)(4Rr +1r?)%2 + (2R + 161r)(4Rr + 1%)s? > 6rs*

retsen

G
Now, LHS of (b) 2" (R—2r)(16Rr —5%)s? + (R — 8r)(4Rr +12)% +
1

Gerretsen

+(2R + 1671)(4Rr + r?)s? and RHS of (b) (g) 6rs?(4R? + 4Rr + 31?)
124

(i)(i1)= in order to prove (b), it suffices to prove:
s?{(R — 2r)(16Rr — 51%) + 2R + 161)(4Rr + 1%) — 61(4R? + 4Rr + 31r%)} +
+(R—8r)(4Rr+12)2 >0

(c)
& s’(5R+8r)+(R—-8r)4R+1)? >0
Gerretsen ?
Now,LHSof(c) = (5R+8r)(16Rr —5r*)+(R—8r)(4R+1)> >0

) R
@zt3—5r2+5t—620<t:7)

Euler

2
o (t-2){2t(t—2)+3t+3}>0->true~wt > 2

a)? _ Ya*+2Yab _ -2+
ab > ab

Z
Ya
(4), (5)= itsuffices to prove: \/?(%) >24 %\/7 \/7 2R+2r— R ’ o

10

=(c) =(b) =(a) is true. Now, g
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2R (R + 2r)?
c} _

= AR >4 (R+2r)*>28Rr © R> —4Rr +4r* 20 &

& (R—-2r)? = 0 - true (Proved)
JP.229. Let a, b, ¢ be positive real numbers. Find the k,,,,, such that the
inequality is true:
a* + b* + c* a’ + b% + c?
02+ b2+ P k<ab +bc+ca 1)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by Tran Hong-Dong Thap-Vietnam

4.4, 4 2,02, .2
a*+b*+c 12k(a+b+c 1) (*)

a2bZ+b%cZ+c2a? ab+bc+ca

Using Inequality: x? + y? + z% > xy + xz + yz we have:
a* + b* + ¢t
a2b? + b2c2 + c2q?

a“+b“+c*>ab+bc+ca»>———-1>0
a

a* + b* + ¢* > a?b? + b%*c? + c%a? » 1>0

So, we only check case: k > 0 — k. > 0. Because: (*) istrueforalla,b,c >0

1
2+
v

-1
2
Hence,welet.a=b=1;c = %(Vn € N*) then: k < ;‘i —; (vn € N¥)
Z

-1
2
1+H

Let n —» +oo we have: k < 1. Now, we show that: k,,,,, = 1
a* + b* + ¢t 1<az+b2+cZ >

a?b? + b2¢? + c2a? ab + bc + ca
a* + b*+ ¢t a? + b?% + ¢?
NPT 72 222
a*b* + b%*c* + c%a ab + bc + ca

o abc(a® + b3 + ¢3) + Z(asb + ab®)

cyc

> 3a®b?c* + },..(a®*b* + a*b?). Because:

AM—GM
a+b3+c3 = 3abc- abc(a®+ b3+ c3) = 3a%b%c? (1)
(a4+b4)2(ab3+ba3)
a’b + ab® = ab(a* + b*) > ab(ab?® + ba3®) = (a’b* + a*b?)

11
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- Yeye(a®b + ab®) > ¥, (a?b* + a*b?) (2)

From (1)+(2) we have: abc(a® + b® + ¢3) + ¥,.(a®b + ab®)

> 3a’b?c? + ¥y (a®b* + a*b?). Proved. Equality holds ifand only ifa = b = ¢

JP.230. Prove that for any ABC triangle the following relationship holds:

3V3 A B C
VsinA + VsinB +VsinC +— < 2 \[cos—+\/cosi+\/cos—

V2 2 2

Proposed by Vasile Mircea Popa — Romania
Solution by Marian Ursdrescu — Romania

Let £: (0, +») — R, f(x) =+/x, because f"'(x) < 0 = we can use Tiberiu Popoviciu’s

1(539)

inequality:

_(f(x)+f(y)+f(z))+f(x+y+z)S;(f(x;y)+f(y;rz)

x=sinA,y=sinB,z=sin(C =

1 sinA +sin B
:>§(\/sinA+\/sinB+\/sinC)+ sm( _32 —— >

4 - -
:>\/SinA+\/sinB+\/sinC+%S§Z SlnA;—smB (1)

sin A+sin B Zsin('qzi)cosg C A-B
5 = 5 = cos_ - —— (2)

From (1)+(2):>\/smA+\/smB+\/smC+ 7 _ZZ /cos— cos— )

But cos% < 1, with equality forA =B (4)

4
From (3)+(4) = v/sinA + +/sin B + /sin C +% <2 <\/cosg+\]cos§+ \/cos%)

EqualityforA=B=C=73

12
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JP.231. Prove that for any positive real numbers a, b, c the following

relationship holds:
al b3 c3 a+b+c
+ + =
a?+bc b*+ca c*+ab 2

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Marian Ursdrescu-Romania

a® +abc — abc b+ abc— abc c3+abc—abc>a+b+c

+ + > =9
a? + bc b2 + ca cZ+ab 2
a(a? + bc) abc N b(b? + ac) abc N c(c? +ab) abc a+b+c
— — — > o
a? + bc a? + bc b?% + ca b% + ca cz+ab c2+ab 2
a+b+c abc abc abc
- 2 2 2 (1)
2 a“+bc b“+ca c“+ab

1 1 abc vbc
< < <
a?+bc” 2abc a*+ bc 2
abc abc abc < vab++ac+Vbc (2)

+
a2+bc  b%+ca c2+ab — 2

a’ + bc > 2aVbc &

From (1)+(2) we must show:

a+:+c = mh/;_ﬁm S a+b+c>+vVab++ac++Vbc true.

Solution 2 by Khaled Abd Imouti-Damascus-Syria

a3 b3 c3 >a+b+c
+ + >

a?+b-c b +c-a ct+a-b 2

al a b3 b c? ¢\’
— )+ |o——— )+ [m>——-2)>0
az+b-c 2 b2+c-a 2 c2+a-b 2

- _ a8 x _ 2x3-x3-ax
Let be the function: f(x) = 57— -2 = 2(24a)

X—-—a-x
2(x2+a)’

lim £(x) = 0,1lim f(x) = +oco

f(x) =

x>0,a>0

(3x* — a)(2x* + 2a) — 4x(x® —ax) _
4(x% + a)? B

f'(x)=

13
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_6x* + 6ax? — 2ax? — 2a* — 4x* + 4ax?

B 4(x% + a)?

2x* + 8ax? — 2a?

f'ix)= 20 + @) a S (x) =0=2x*—8ax? —2a? =0+ (2)

x*—4ax?-at=0

A=16a?—-4(1)(—a?) = 16a? + 4a? = 20a? >0

X 0 + oo

ff(x) | ++++++++++++++++++
f(x) |0 + 00
So:Vx €]0,+oo[: f(x) >0
3

a a>0 b3 b>0 c3 c>0
az+bc 2 'b2+ca 2 'c2+ab 2

So—&__a, B b, & e
"a’?+bc 2  b%+ca 2 c(+ab 2
a? b3 c3 at+b+c
2 +3 +-2 =
a*+bc b?+ca c?—ab 2

and the inequality is truewhena = b = c.
Solution 3 by Jalil Hajimir-Canada

Lemma x,y, z,a, b and c are positive real numbers. Prove:

a2 b ¢ (a+b+c)d
_—t——>—
x y z 3x+y+z)

Proof:
33 3\?
a b 3 (aZ +b2+a2) (a+b+c)
—+—+—> >
X y z x+y+z 3(x+y+2)

2

3 3 3

2 2 2 2

2+b2+c2 3 3 3 3
* <a +I; +c > - a+:+c ( 2+ bz + CZ) > (a+1;+c)

* Power Mean

Proof based on the lemma:

14
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al b3 c3 (a+b+c)?
+ + > >
a?+bc bZ+ac c: +ba a?+bc+b2+ac+c:+ab
(a+b+c)® a+b+c
> 5=
3(a+b+c) 3

Solution 4 by Soumava Chakraborty-Kolkata-India

z a3 z a’ Bergstrom (Z aZ)Z
= _ > e A
a? + bc a® + abc - Y a3 + 3abc

é¥ & 2 (z az)z é (z a) (z ad + 3abc)
@Za4+4z a?b? (% a3b+2ab3 + 3abc (z a)

Now, Y a’b%? > ab - bc + bc - ca+ ca - ab = abc(Z a)

=3 z a’b? (g) 3abc (z a)

4, 2p2 A—-G 4, 2p2 A-G 4,122 A-G 4,22 A-G

a*+a“b b*+a“b b*+b“c c*+b“c

Also,—— > a®bh,—— > 3, =, > bc3,
2 (b) 2 (© 2 (d) 2 (e)

ct + c*a? a-¢ a* + c2a? 2-6
—— > cla———— =
2 Q) 2 )
(@)+(b) +(c) +(d) +(e) +(f) +(g9)=(1) is true (proved)
Solution 5 by Tran Hong-Dong Thap-Vietnam

ca3

al b3 c3 a+b+c
2 +3 +-2 =
a’+bc b?:+ca c?+ab 2

o2 (a3 (b? + ca)(c? + ab) + b3(a? + bc)(c? + ab) + c3(a? + bc)(b? + ca))

> (a+ b+ c)(a? + bc)(b? + ca)(c? + ab)
o 2[abc(a* + b* + ¢*) + a?b?*c?(a+ b + ¢) + a*b® + b*c3 + c*a® + a®b* + bPc* + Pat|
> abc(a* + b* + ¢*) + a*b?® + b*c® + c*a® + a®b*
+b3c* + c3a* + 2a’b?*c*(a+ b + ¢)
+abc(ba® + ac® + cb?®) + abc(ab® + bc3 + ca?®)
+abc(a’b? + b%c? + c*a?)
o abc(a* + b* + ¢*) + a*b® + b*c® + c*a® + a®b* + b3c* + c2a*

> abc(ba?® + ac® + cb® + ab3® + bc® + ca3®) + abc(a?b? + b?%c? + c?a?)

15
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Because:

a* + b* + ¢* > a?b? + b%c? + c?a? - abc(a* + b* + ¢*) >
> abc(a?b? + b%c? + c?a?) (¥)

AM—GM

a*b’ + a*b3 +c3a* > 33(a*)3(b3)2c3 = 3a*b%c = 3abc - ba® (1)
AM—GM

b*c3 +b*c3+a3b* = 3abc-ch® (2)

4.3 5 4.3 3.4 AM_EM 3
c*a® +c*a®>+b>c* = 3abc-ac®> (3)

AM-GM
adb* +a3b* + c3b* > 3abc-abd® (4)

AM-GM
b3c*+ b3c*+c*a® = 3abc- b (5)

cda* + ca* + a*h? AM;M 3abc - ca3 (6)
(1)+(2)+(3) +(4) +(5) +(6)—
3(a*b?® + b*c® + c*a® + a®b* + b3c* + 2at) >
> 3abc(ba® + ac® + cb? + ab® + bc? + ca?)
o a*b3 + b*c3 + ctad® + a®b* + B3¢t + Bat >
> abc(ba3 + ac® + cb? + ab® + bc® + ca3) (*¥)
()+(*)> abe(at + b* + ¢*) + a*b3 + b*c? + cta® + adb* + b3¢* + 3at >
> abc(ba?® + ac® + cb® + ab3® + bc® + ca3®) + abc(a?b? + b?%c? + c?a?)

Proved. Equality ifand only ifa = b = c.

JP.232. Prove that in any ABC triangle the following relationship holds:

=
rpTe o ol r

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

_ 4R + 1 Trucht \/§S _ 3

T
LHS = E 2 > —= |—
N TalpT e SVr SVr r
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Solution 2 by Mustafa Tarek-Cairo-Egypt

ryr. . /
cyc \l

First, we will prove the following inequality:

chc\/% = ’3chc§Where xX,y,z> 0 (1)

(x=y)P2+@y-2>+(Z-x?%20

x*+y*+z: > xy+yz+axz

(x+y+2)?>3(xy+yz+xz)

X+y+z \/3(xy+yz+xz) z’
VxYZ x cyc cyc

(1) itis true

In(1) letx =r,y =1,z =r.and using the identity

1 1
ol Bl Sy +—mm

Ta
rpre \‘
cyc \l

Solution 3 by Jalil Hajimir-Canada

r r re T, +r,t+r,
a . b + c b \/— 4
L rerq rarb r rbr Tq Tp rc

1
—+—+—:—
ry T, T, T

x+y+z 1 1 1
+—+—;x,y,z >0
J3xyz z
Solution 4 by Bogdan Fustei-Romania

2 < R(4R+r)
2(2R-1

(RMM - Famous Inequalltles Marathon 1 - 100)

(Blundan Inequality)
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2(2R—1)

4R — 2r
> s2. S(4R+r)ZSsZ-(Rf)

< (4R +1)?

2r 2r
(4——)<(4R+r)2:>s 4—?<4R+r

2 o= L

TalpTc =SSs=5-1-5=S8*r
arbc

s\Vr

Now, we will prove that— —-= > - = L

4 2r
z z TatTy T, >s "R _ |4 2
ryr. s\/_ - s\/; N R R

=>—>

~:|w
“EIH

%: R > 2r (Euler)

So, finally we have the following: ¥ [—% > F—%Z\/g Q.E.D.
Trpre r r
JP.233. Find the maximum and minimum possible value of

1
+
sin* x + cos? x

XN

r

1
cos? x +sin? x

Proposed by Nguyen Viet Hung — Hanoi

—Vietnam
Solution 1 by Sohini Mondal-India
1 N 1
sin* x + cos? x

cos* x + sin? x
We know, sin* x + cos? x = sin* x + 1 — sin? x = 1 — sin? x (1 — sin? x)

.2 2 1.,
=1-sin“xcos“x=1——sin“ 2x
and cos* x + sin?x = 1 — cos? x + cos* x =1 — cos? x (1 — cos? x)

1
=1 — cos?xsin? x =1 — —sin? 2x

) 1 . 1 _ 2
Y oQin4 2 4 f02 4
sin* x + cos“x cos* x + sin® x 1—%sin2 2y
2 2 < 2 2 < 2 8
-.-_ :> — —
17, 1,5, " ,_1 Ty 105, 3
1 4sm 2x 1 1 1 4sm 2x
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. 8
~ minvalue = 2; max value = 3

Solution 2 by Khaled Abd Imouti-Damascus-Syria

_ 1 1
SUppOSG f(x) " sin% x+cosZ x + cos? x+sin% x
1 1
f(x) == ——+
sintfx+1—sin2x cos*x+1—cos2x
1 1

X) = — . +
f() sintx —sin2x+1 cos*x—cosZ2x+1

Suppose: t =sin?x,cos?x=1-t0<t<1

1 1 5
f(x):tz—t+1+t2—t+1:t2_t+1
f(0)=2,f(1):2,f'(x):H,f,(x):0:”:%
f(%)zé_;fg
x|, % 1

ff(x) | ++++++++++

f(x) 8
2 _— 3 T2

max(f(x)) = g,min(f(x)) =2

Solution 3 by Sudhir Jha-Kolkata-India

1 1
S — + — =
sinZ x + cos*x sin%*x + cos? x
1 1
= 2 z =2 =2
1—cos?x(1—cos?x) 1-—sinZx(1—-sin?x)
2 1

—GinZ x - OS2
1 —sinZx - cosZx 1—%(sin2x)2

1 1 1
<:>0S(sin2x)zs1:>0sz(sin2x)Z sz:lzl—z(sian)Z 21—4

2 8 8 .
=2 <—5—— <-© max =_,min = 2 (Answer)
I—Z(sin 2x)2 3 3
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Solution 4 by Nani Gopal Saha-India

1 1 1 1
: - + - : - - + - -
sin*x+cos2x cos*x+sinZx sintx—sin2x+1 sin*x-—sinZx+1
2 2 2
sin*x —sinZx+1 ( 5 1)Z+1 3 ( 5 1)Z+3
sinZ x — 5 —-= sin2x — 5 =
2 4 2 4

. . . 1 - . 1 8
Clearly T will be maximum when sin? x =;=>ie sin? x = 7 Tmax =3 =3

vl N

and T will be minimum when sin?2 x = 1

JP.234. Let x, y be positive real numbers such that x + y < 1. Prove that:

1 1
(1-2)(1-2) 2228

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
wx,y>0andx+y<1.-xy<l1
sxty'<l>@-1),0'-1)<0=>@-1)O*-1)>0
- proposed inequality & (x* — 1)(y* — 1) > 225x*y*
1)
e 1>225xty —xtyt +xt +yt © 1 > 224x4yt + X+ 9t
?
“1>x+y~LHSof (1) > (x + y)* = 224x*y* + x* + y*

?

o 2x3y + 2xy3 + 3x%y? (% 112x*y*

az¢ 2.2 2.2 1
Now,1>x+y > 2 /xy=1=>4xy=1=> 16x“y- = x°y SE

1 ?
s~ 112x%y* = 112x%2y?(x2y?) < 112x%y? (E) = 7x*y?* < 2x3y + 2xy3 + 3x%y?
2 2
e x3y +xy3 —2x%y? > 0 © xy(x — y)? = 0 - true -~ (2) = (1) = proposed
inequality is true (Proved)
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Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

1 1 1 1 1
Forx,y>0andx+y<1,wehave-+-<—and-+->4
x y Xy x y

+L142 1 and(l—i)(l—i)Zl

1 1 1 1 1 1 1 1
(0Dt )
x y X y xy x2  y*  (xy)?

1 1 1 1 1 1 1 1 1 1 2
2(1——)(1——)(1+—+—+—+—>(1+—+—+—+—+—>
x y Xy xy x* oy x%2 oy xy
1 1\°
=+ = 2
2(1—l>(1—l><1+2(1+1>) 1+(x y) +(1+1>
X y Xy 2 Xy

(1= (1-Darwarae10=(1-H)(1-Haxzs

> 1 %225 = 225 ok. Therefore, itis true.

JP.235.In AABC:; I —incenter; A’, B’, C' - lies on circumcircle such that:
(A4,1,A);:(B,I,B");(C,I,C’) are collinear. Prove that:

a b c a+b+c
+ >
IA’ IB' IC’ R
Proposed by Marian Ursdrescu — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

Using Ptolemy’s theorem with Cyclic quadrilateral ABA'C:
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AA' -BC = AB-CA + AC-BA' < AA'

Because BAA' = CAA’ - AAB=A'C - AA'-a=(b+c)A'B

-a=c-CA'+b- -BA

A/B\,—2R—>AB—2RsmBAA’=2Rsm . So, AA’—— 2R m——LCA
" sinBAA Zcosz
1A'= AA' — Al b+c b+c 2bc A b+c bc A
- = - = -COS— = ——cos—
2cosé 2s b+c 2 2cosé S 2
2 2
zA ( a)
s(b+c) —2bccos 7_ s(b+c)—2bc- ~ B
= a a
Zscosf Zscosf
b+c—2(s—a) b+c—(b+c—a) a a 5 A
= = = -»—=2c0S—
A A A 1A 2
ZCOSE ZCOSE ZCOSE
Similarly: =2cosZ; = = 2cos—
IB 2'IC

a+b+c 2( A+ B+ C)AM;GM63 A B C 63 S
e = —_ —_ — — — —_— = —_—
7T T cos > cos > cos > > cos > cos > cos 2 iR

Solution 2 by Soumava Chakraborty-Kolkata-India

Let'sus join AIA’ and BA'.* angles AA'B and ACB are angles on the same arc AC'B

and the sameside of it, - ZAA'B = 2£ACB = C
~inAAA'B, zABA' = 180° — (‘-‘ + c) — A+ B —4=428 _ B+(180°-0)
2 2 2 2

(1) B-C
2ABA' = 90° + —

=90° +

- the circumcircle of AABC coincides with the circumcircle of AAA’'B

~ circumradius of AAA'B = @ R

1 _ _
sine rule 2R sin (90° + B¢ C) = 2R cos B¢
2 2

Q), (2) > A4’
1A = A4 —1a=2Rcos 2= ¢ " —2pcosP ¢ T qinBin
= = — = - = - — —
COS 2 siné COS 2 (L)SIHZSIHZ

2 4R

— 2R B-C 2R< B-C B+C)—2R'
= cos > cos > cos > = sm2
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B+C B-C

a 4Rsin g cosg A 2sin 5 €C0S—
:HZ—ZZCOSEZ B—C
2R sin > cos—,
> 25 B+C B—C<“0< B—C<1 11'<B C<n'>
> 2sin > cos > 2 cos 5= > > 2
(a) b) (©
—smB+smC—E:>i,2wSlmllarly, ,_C+ andL,_a—er
2R I IB ic 2R
b c 2(a+b+c) _ a+b+c
(@)+(b)+(c)= — TR T Ea (Proved)

Solution 3 by Marian Dinca-Romania
IA-IA' =IB-IB'=1IC-IC' = R> - OI* = 2Rr

r A 2Rr
IA—sm2:>IA’— A —2RsmE
r B 2R
IB—smE:IB’:F:ZRsmE
r A , _2Rr A
EZSlnE:IC =7=2Rsmi

a b c _2RsinA 2RsinB+2RsinC

2

=2 A+2 B+2
=2cosy cos cos

,+_,+ T A+ B
IA' IB' IC 2R sinf 2R sinf 2Rsin7

a+b+c . . . . A A . B B .. C
and: P :2(smA+smB+smC):4(smE-cosE+smE-cos;+sm5-cosE)S

< 4-1<siné+ siné+ siné) (cosé+ cosE+ cosg) <
- 3 2 2 2 2 2 2/~
< 4sin (M) (cosé+ cosE + cosg) =
- 6 2 2 2

=2 cosg + 2 cos g + 2 cos g Using Chebyshev and Jensen’s inequality. We must show

. ,3]s a+b+c __ 2s 3 27 . .
that: 6 fﬁ > =2 3 Lm >= P 27 - E > (R) \adory > (R) . It is true because:

R
<£R (%) (3‘2/—) 27 Proved.

I/\

JP.236.Ifa,b,c,x,y,z> 0;a + b + c = 3 then:
a® b’ -c¢- (x+y+2z)3>27x%Pz°
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When does the equality holds?

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

We must show: (x + y + z)3 > 27 (g)a : (’;’)b : (E)c PN

a b c
x+y+z x\3 (¥\3 (23
3 = (a) (b) (c) (1)
From inequality of generalized environments =

_ xty+z

+ =7"°
3

+

QIR
WS
SRS

gf = (1) itis true, equalitya = b = ¢ = 1 and
xX=y=z

Solution 2 by Sudhir Jha-Kolkata-India

Considering =, % = with associated weights a, b, ¢ respectively, we get, by AM > GM
a- E +b Z +c E a b c ﬁ
@200, [y ™

1
S [ O caroress

(x+y+ 2 _ xiybr
27 ~ a%bbcc

= a®bPct(x +y +z)3 > 27x%ybz¢
(Proved)
Solution 3 by Daniel Védcaru — Romania

We have:

a b c

x\ (@7p7e) (G7p7e) 2\ (avp70) a x b
) '(%) (2) = (m)'(z)+(m)'(%)+

+(¥).(i):w:>

a+b+c c 3
B e

JP.237. Ifa,b,c,x,y,z>0;a+ b+ c=>x+y+zthen:
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aabbcc > xaybzc

Proposed by Daniel Sitaru — Romania

Solution 1 by Boris Colakovic-Belgrade-Serbie

a®b’ct > x°y?’z° © alna+blnb+clnc>alnx+blny+clnz &

a b c a\?® b\® Cc\¢
@aln—+bln—+cln—20@ln(—) +ln<—) +ln(—) >0
X y z X y z

& In (E)a (E)b (f)c >0 (E)a (E)b (f)c > 1 true, because: by weighted GM-HM =

x y z x y z

a+b+c
[ainee)
(g)a (5)11 (g)c | 3+—Z+cc | _ <%bi;)a+b+c g
k@+3+§
X y z
Solution 2 by Sudhir Jha-Kolkata-India
Considering E%f with associated weights a, b, ¢ and applying weighted GM <

weighted AM, we get

<({)“ (X)” (E)‘)ﬁ L (g) +b (%) re (%)

=

a b c a+b+c

a b c
- Q) 6 @ <G5+
SO e arbrezreyen

= a®b®c® > x*y?z¢ (proved)

a+b+c

z

Equality holdsfor>=%=2=1
Solution 3 by Michael Sterghiou-Greece
a®b®ct > x%y?z¢ (1)
a b c
1)~ (z) : (’;’) : (f) <1or¥..aln>< 0 Asf(t) =Intisconcave

(f”(t) = —tlz < O) using generalized Jensen we get:
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x chc a-’—‘; _ x+y+z
chcaln; < (chca) -In (m) = (chca) . lna+b+c <0asx+y+z<a+b+c.

Equality whenx =a,y = b,z =c.

JP.238.Ifa,b,c,d, x,y,z,t > 0 then:

(ax)a . (by)b . (CZ)C . (dt)d xyzt a+b+c+d
(a+ b+ c+ d)atb+ctd (xyz + xyt + xzt + yzt)

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

Let— = i
From (1)+(2) we must show: ( ) Z) ( ) (S)d > (%)a+b+c+d -

a+b+c+d

@aln(m)+bln( )+cln(p)+dln(q >(a+b+c+d)In ( ) which it is

m+n+p+q

true, because it is Gibbs inequality.
Solution 2 by Soumitra Mandal-Chandar Nagore-India
Applying Weighted GM> Weighted A.M:

a+b+c+d ] b ] d a+b+c+d
(ax)e- (by)" - (c2)° - (de)d = T

ax by Tzt dt

a+b+c+d a+b+c+d

a b . c. d e gFpreTae
(ax)e - (by)?t - (cz)c - (dt) >
e
x y z t
(ax)®-(by)?-(c2)°-(dt)? xyzt a+b+c+d
(a+b+c+d)atbrerd _(xyz+xyt+xzt+yzt) (proved)

Equality atax = by = cz = dt.

JP.239. In AABC the following relationship holds:
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4(mg +my+m.) <3| —2+ rbB+ Te c
cos? 5 cos? 5 cos? 5
Proposed by Marin Chirciu — Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam

t t B t ¢
r,=stan—,;r, =stan—,;r, = stan—
a 2'°b 2 ¢ 2

Te+rp+r.=4R+r>m,+m,+m,

1 1 1 s2+ (4R +71)?
+ =
cos?5  cos? B cos? ¢ s?
2 2 2
T, >r,,>r Tq2Tp 2T,
Suppose:AZBZC—>{ c—>_ 1t S _1 1
COS < COS— =< COS— coszg - coszg - coszg

A B C
COSZE COSZE COSZ—

By Chebyshev’s inequality we have: RHS > 3 - % (rg+ry+r.) < Loy 141 >

2

1 s?+ (4R +1r)* _ s2+ (4R +1)?
23'§(ma+mb+mc)' §2 _(ma+mb+mc)' s2
2 2
We must show that: (m, + my, + m,) - S+(‘;+r) > 4(m, +m, +m,)

o 52+ (4R+71)? > 4s%> & (4R +1)? > 352 & 4R + 1 > /35 (true) (Proved)
Solution 2 by Soumava Chakraborty-Kolkata-India
. 24 _ bc(s—b)(s—c) Zbc(s —-s(2s— a)+bc) —s2Y ab+3sabc+ (X ab)*—2abc(2s)
Firstly, 2.sec”; = 2 G at-nGe-0 ris?
_ (s*+ 4Rr + r*)(4Rr + r*) — 4Rrs*
B r2s?

r2g2

S22+ r*(4R+1)?> 1 s?+ (4R +71)?
B r2s? B s2

:32[2.

bc(s—a+a)
s—a s(s— a)] Z

2 (s-a)?

_3 z bc 3r 4Rrsz _3 z A+ 12R r’s?
- T s(s— a) s (s—a) T ) sec 2 s2 (s — a)?

by (1) s2+ (4R +r 12R 3r(4R + 1)? 12R
= Br[ (s ) Zr§=3r+ ( 2 ) —[(4R + r)? — 257]
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3(4R +1)° e @ 3(4R +1)3
:3"_2‘””(72):”2 . =3r—24-R+(72)
s cos?3 s
2
? by (2) 3
Als0, 45 m, < 4357, = 4(4R+1) S 332, "= 3y — 24R + 241D
CoOs~—

2

”
& (40R + r)s? (%) 3(4R+71)3

Geretsen ?
Now,LHSof (3) < (40R+1)(4R?> +4Rr +31r%) <3(4R +71)3

Euler

? ?
& 8R?—5Rr—22r2>0< (BR+11r)(R—2r) >0 >true~ R > 2r

= (3) = proposed inequality is true (Proved)

JP.240. In AABC the following relationship holds:

B C
3(m, + my, + m,) < r, cot? > T cot? >+ Te cot? >

Proposed by Marin Chirciu — Romania

Solution 1 by Marian Ursdrescu-Romania

A s s(s—a) Ss
zr“COtZE_Zs—a.(s—b)(s—c)_Z(s—b)(s—c)l:>
1 1
""tZ(s—b)(s—c):ﬁ )

2 2
yr, cotzg = ST (1) = we must show: 3(m, + m, + m,) < ST )

But = < % =>m, < %ha (3). From (2)+(3) we must show:

B (ho+hy+h) <> B (hy+hy+ ) <52 (4)

s®+rZ+4Rr

Buth, +h, +h,. = R (5). From (4)+(5) we must show:

3
Z(SZ +r2+4Rr) <s’? = 3s2+3r2+12Rr < 4s’?

s? > 12Rr + 3r? (6)
From Gerretsen’s inequality: s > 16Rr — 512 (7)

From (6)+(7) we must show:
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16Rr — 51% > 12Rr + 3r* © 4Rr > 8r* & R > 2r true (Euler)

Solution 2 by Tran Hong-Dong Thap-Vietnam

t A t B t ¢
r,=stan—,;r, =stan—,;r, = stan—
a 2'°b 2 ¢ 2

—->RHS =1, - cotzg

+1) - cotZE + 71, cot? =
2 ¢ 2

=st A tZA+t B tZB+t ¢ tZC
=S al‘l2 CcO 2 sanz co 2 sanz CcO 2

= ( 24 cotZ + tc)— t2cotDcots =5 5=
=S COZ C02 COZ =ScCo ZCOZCOZ—S T_T

BCS
. 2 — |9 —
But: m, + my + m, < JB(m§+mb+m§)—JZ(a2+bZ+cZ)—

3 Leibniz 3 9R 27R
E\/(a2+b2+c2) < E-\/9RZ27—>LHS=3(ma+mb+mc)ST

L27R _ s? 2

We must show that: - =7 25 > 27Rr

But: s > 16Rr — 5r2. We need to prove: 2(16Rr — 51%) > 27Rr
o 5Rr > 10r% & R > 2r (Euler - true) Proved.

Solution 3 by Soumava Chakraborty-Kolkata-India

Zracotzg=z<stangcotzg) =s2cotg=sz %
2

_ s2(s — a)? s s
B sz\/s(s— a)(s—b)(s—c) Ez(s_ a) = T
ﬂ by:(1) 52

?
Now, Chu and Yang = 3 Y, m, < 3V4s2 — 16Rr + 5r2 < ¥ r, cot? - =

”
o st (% 91%(4s% — 16Rr + 512)

Gerretsen ?
Now, LHSof (2) >  (16Rr — 5r%)s? > 9r%(4s? — 16Rr + 51?)

?
& (16R — 411r)s? + 9r?(16R —51) > 0
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?
< (16R — 32r)s? + 9r%(16R — 57) (% 9rs?

errets

G
Now, LHS of (3) " = ™ (16R — 32r)(16Rr — 5r2) + 9r2(16R — 5r)
a

rretsen

G
and, RHS of (3) <" Or(4R? + 4Rr +3r?)

(a), (b) = in order to prove (3), it suffices to prove:
(16R — 32r)(16Rr — 51r%) + 9r2(16R — 5r) — 9r(4R* + 4Rr + 31%) > 0

Euler

& 55R? —121Rr+22r2 >0 (R—-2r)(55R—11r) >0 - true~ R > 2r
= (3) = (2) = proposed inequality is true (proved)
Solution 4 by Bogdan Fustei-Romania

sin%l = f% (and the analogs); cos%l = [2¢ (and the analogs)

A rpT bc rpr
Cotz 4 bTc . — bTc
2 bc rrg g

(and the analogs) = r, cotZ%l =1, - 2 = I7¢ (gnd the

rrg r
analogs)

2

) ,A_s
rgrp T 1pr,+r,r. =85> r,cot 527

s?2 > 16R — 5r? (Gerretsen’s Inequality)
16Rr — 51> > 3r(4R + 1) = 12Rr + 3r? = 16Rr — 12Rr > 5r% + 3r? = 8r?
4Rr > 8r% = R > 2r (Euler). So, we will have the inequality:
s2>3r(4R+1r) = % >3(4R+1) o Zracotzg >3@R+1) (1)
4R+r>m,+my+m,>3@4R+1)=>3(m, +my, +m,) (2)
From (1) and (2) = 3(m, + m, + m.) < Y r, cot? g. Q.E.D.
SP.226. If a, b > 0 then:

a+b 2ab a+b 2ab
(\/ ab — )arctan( ) + ( — )arctan(\/ ab) +
2 a+b 2 a+b

2ab a+b
+< —Vab)arctan( 2 )20

a+b

Proposed by Daniel Sitaru - Romania
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Solution 1 by Marian Ursdrescu-Romania

Let@—x,\/abzy,anda%bzz:0<x<y<z

Let f: (0, +x) — R; f(x) = arctan x. We must show:
G-2fx)+EZ-0f@+x-yf(z2)=0 (1)
Theorem: Let f: 1 - R, I c R, I =interval

f its convex © Vx,y,z € I with x < y < zwe have: f(x;:i(y) < f(y;:’zr(z)

f itis concave & fO-f) S f-f(2)

x-y = y-z
In our case f it is concave (for (0, +x)) = f(x;:’yr(y) > f(yy):’zr(z) (x—-y)y—-2z)>0=

=>@-2)(fE)-fO)=(-»FO) -f2) e
e (-2)f(x)+(@Z-x)f(y)+(x—-y)f(z) =0 = (1) it'strue.
Solution 2 by Soumitra Mandal-Chandar Nagore-lndia

According to AM > GM > HM we have: -~ 22 > \ab > 2ab
Let f(x) = tan" ! xforall x > 0 then f'(x) = e 2,f”(x) =— 2)2 <Oforallx>0
a+b\ _.(2ab Jab 2ab
hence f is a concave function .. ( ﬁ_’zﬁ”’) < d \/_)_ﬁ”’)
2 a+b a+b
-1(a+ by _1( 2ab -1 _ _1( 2ab
. tan ( > ) tan (a+b) - tan (\/ab) tan (a+b)
a+b _ 2ab - Jab — 2ab
2 a+b a+b
a+b 2ab a+b 2ab 2ab
—-1(./ -1
:>( 2 )tan ( ) ( a+b)tam (a+b)
2ab a+b 2ab 2ab
> (\/a - )tan‘l( )— (Vab— )tan‘l( )
a+b 2 a+b a+b
a+b 2ab a+b 2ab
(\/ — )tan ( ) ( — )tan‘l(\/ab) +
a+b 2 a+b

+ (:%’; _ \/ﬁ) tan-1 (‘””) > 0 (Proved)

SP.227. Prove that for any positive real numbers a, b, c:
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1 1 1> 8(a+b+c)d

S
(a+b+c)<a+b+ ¢/~ 3(a+ b)(b+c)(c+a)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Mustafa Tarek-Cairo-Egypt

1 1 1 8(a+b+c)3
(a+b+c) (Z Tt Z) = 3(a+b)(b+a)(c+a) (1)

. ) 1_ 8Ca)?
(1) isequivalentto X > =2 (2)

Letx=b+cy=a+c,z=a+b.It'seasytoshowthat: x+y>zandy+z > xand

x +z > ythen x,y, z are sides of a triangle, suppose that it's semiperimeter (s) and

it's circumradius (R) and itsinradius (r)then Y x =2 a,Y a = % = s, and

+z- +z— +y— . : 1 8s?
=22 p="22 =22 (2)isequivalentto Y — > —
2 2 2 s—x 3xyz

Y(is—x)(s—y) - 8s? o r(4R + 1) - 8s?
[1(s — x) ~ 3-4Rrs r2s 3 -4Rrs

[where we've used the well-known identity Y:(s — x)(s — y) = r(4R + 1)]

2
S 4R+1 > ZgiR. But using Doucet’s inequality 4R +r > +/3s

MITRINOVIC o 2 3sR e gl s, .
4R +1 > /35 = e S =25 true because it is Mitrinovic’'s inequality.

3R
Equality holdsifa = b = c.
Solution 2 by Boris Colakovic-Belgrade-Serbie

We use the well - known inequality (a + b)(b + ¢)(c + a) =

8
26(a+b+c)(ab+bc+ca)

3-8(a+b+c)? 3(a+b+c)? (a+b+c)ab+ bc+ca)
RHS < = < =
8(a+b+c)(ab+bc+ca) ab+bc+ca abc

= (ab + bc + ca)? > 3(a + b + c)abc true because
(ab + bc + ca)? = a’b? + b%c? + c*a? + 2abc(a+ b + ¢) >

>ab-bc+bc-ca+ab-ca+2abc(a+ b+ c)=3abc(a+b+c)
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Solution 3 by Michael Sterghiou-Greece

(Beye @) (Teyet) = 22O ()

3 [leyc(a+ b)
Let (chca , Dicyc @b, abc) =(p,q.1)
Then observe that 9 [],,.(a + b) > 8p - q (equivalent to Y., a(b — c)? > 0)
so (1) can became the stronger inequality.

. 3
p-1> %or q? = 3pr which holds. Done!

r

Solution 4 by Soumava Chakraborty-Kolkata-India

RINPERE
LetY a’b+ Y ab?>=p

& a)(X ab) > 83 a3+24[](a+b) p+3abc _8> 8Y a3

(1) < abc - 3 [1(a+b) abc ~— 3(2abc+p)

3(p — 5abc + 2abc 3p? @
L3 )(p )Zgzasﬁi_gp—soachB a®
abc bc

2
3p% _ 3(2 a’b+y ab) _ 3(2 a*b?+Y a?b*+2abcp+2Y a®b-y, abz)
abc abc - abc

Y a*b? + Y, c?a* 6Y a?b - Y, ab?
=3 + 6p +

Now,

abc abc

T (O] o Y T s

abc

- 6
) 3 § 3 § 3p3 2p2,.2
2 3-2) a>+6p+6 ) a +abc( a’b +3abc)

Selur 12 ) a®+6p+ i(z a’b*c? - bc + z ab - bzcz)
- abc

6
= 3+ + —- = z 3 4+
12 z a’ + 6p abe abcp=12 ) a’ +12p
3pZ
ab

—BZa + Za3+3 Za2b+2abz

> 8 ) a®+ (12abc + 18abc) — 30abc = 82 3

—9p —30abc = 122(1 + 3p — 30abc
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= (2) = (1) is true (Proved)

Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand

b

For,b,c > 0, we have the following: Because—+ C+—>a+b+c

ab bc ca
:>2(a+b+c)+7+;+?>3(a+b+c)

1 1 1
:>(—+—+—)(ab+bc+ca)23(a+b+c)
a b c

:>3(1 1+1)<8(ab+bc+ca)(a+b+c)

9 >28(a+b+c)Z

a b c

:3C+;+ ya+m@+mxpuo>sm+b+oz

:>3(a+b+c)($+%+;)(a+b)(b+c)(c+a)28(a+b+c)3

3
:>(a+b+c)( +;+%)> 8(a+b+c)

Z Sarnbroera Ok Therefore itistrue.

Solution 6 by Anant Bansal-India

By GM > HM: (a+Z+c) (a+ll:+c) (a+f+c) > 33 =927 (I)

By am > 6 x = Mo (257) = (1+35) (1 2) (1+35) < ()

512 8 8
81 3 3%
7>2x (i)
. . 8(a+b+c)3
From (i) and (ii): (a+ b + ¢) ( +1 ,+ ) eI

SP.228. Find the positive real numbers (x, y) such that:

(

| X2 w2 4|yt a4

) 1+L:2F+Y
y X 2

szyz—y3+1:\/2x2—2y+1

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
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Solution 1 by Khaled Abd Imouti-Damascus-Syria

2

x_+ﬁ: 4M
{ y x 2 2 1) ,x,y>0

xX*y?—y3+1=/2x2-2y+1 (2)

From (1), x # 0,y # 0 D = ]0, +oo[

T+t = 24/;(1 +t4) (*) D =10, +oo]
Let be the function: f(t) = %+ t2 — 24/%(1 + t4),D =10, +oo[

f is Derivative in D and:

Hm[f(£)] = +oo, lim (f(x)) = +oo

| [
|1 |
km[ﬂtﬂ =l e+ £ 12

[L :zo[
0

1 1 3
f' (@) =2, f(t) :?+ t2 _2<E(1+t4)> .

f'@) = —t12+ 2t —2 -%(%(1 + t‘*)>_Z (2t3)

f'(t) = —tlz+ 2t—4t—33,f’(t) =0 =t =1intheinterval ]0,+o[
ase)
t 0 1 +
f@ | --——————-- O+++++++++
f@®) |+ 0 + 0

So: t = 1is solve to the equation (*). So:
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Y= 1= y = x. Substituted in equation (2):
xt—x3+1=2x2-2x+1

(x*=x3)?2+2(x*—x3)+1=2x>-2x+1

(x3(x - 1))Z + 2 (x3(x - 1)) =2x(x—1)
(x—1Dx(x—-1)+2x3—-2x]=0
x-—Dxb(x—-1)+2x3-2x]=0
x(x—D[x*(x—1)+2x2-2] =0

x(x-D[x*(x—1)+2(x-1)(x+1)]=0

x(x—1)%[x2+2x+1]=0
x =0 impossible
x=1=>y=1
x%+2x+1=0 impossible

x*+2x+1>0 impossible

x2 +y2 . 24 x*+y4
So: system y x N2 x,y=>0

xX’y?—y3+1=/2x2-2y+1

Have only: (x,y) = (1,1)
s ={(1,1)}
Solution 2 by Soumava Chakraborty-Kolkata-India

xt+yt
2

<x*—xy+y?’ o2 —xy+y?)?>xt+y*

o 2(x* + y* + 2x%y?) — dxy(x® + y?) + 2x%2y? > xt + y*

e (k% +y2)? —axy(x® + y?) + 4x*y?* > 0 © (x? + y%2 — 2xy)? > 0 > true
Lo xtyt 5 5 X2 y? 5 > ] )
L2 s 2yxi—xy+y :>7+7§2w/x —xy + y? (by first equation)

x+y)(x%2 —xy + y? )
:>( ) po 4 y)SZ x2—xy+y2=(x+y)/xt—xy+y? < 2xy

(2)
ButA-G= (x + y)\/x2 —xy +y? > 2./xy,/xy = 2xy
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21D, (2= (x+y)/x2 —xy+y2=2xy
and (2) suggests equality occurswhen x =y

~ x =y (~equality occurs)
Puttingx = yinx?y? —y3 + 1 = ,/2x% — 2y + 1, we get:

x4—x3+1(;) 2x2 —2x+1
Letx? —x=p.Then(3)=>x*p+1=2p+1=>x*p?+1+2x*p=2p+1
>plxip+2x2-2)=0
Ifp=0,x(x—1) = 0> x =0,1and both values satisfy (3), butx,y # 0
Ifx*p +2x* —2 =0, then: x*(x®> —x) +2(1 +x)(x—1) =0
S8 -1D+2x+Dx-1)=0=>(x-1)(x>+2x+2) =0
>x=1(v25+2x+2>2+#0asx>0)

~ combining all cases, all possible pairs of (x, y) satisfying given system is:

(x ~ 1) (answer)

y=
Solution 3 by Orlando Irahola Ortega-Bolivia
(xZ yZ 4 x4 + y
J?“L?:z 2 W eny =0}

lxzyZ -y +1=2x2-2y+1 (2)

2)- x3 +y3—2xy/ "o xS + % + 2x3y3 = 4x%y? x+y:>

3 2
:>x—+y—+2_41 +y
y3 X3 2\yz 2

Sea:t:§+§:>t3—3t+2:2\/2t2—4:>t(t2—3):2(\/2t2—4—1)
2 2 2 2
:>t2(t2—3)224(\/2t2—4—1) :><\/2t2—4- +4-)<\/2t2—4- —2) =
2
=32(V22—4-1) ;seam =V2t> — 4
>mM?+4)(m?-2)2=32(m—-1)?=>m®—-44m*> +64m—-16=0
(m —2)(m® + 2m* + 4m3 + 8m? — 28m +8) =0
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m—2=0:>m1:2:>\/2t2—4:2:>t:iz pero: t = +£:>

X

y
xAy€eR

Then:t=2:>§+£=2:>(x—y)2=0:>x=y 3

Por altro lado: m® + 2m* + 4m3 + 8m? — 28m + 8 = 0 = f(m): Condition:

m>0-V2t2 — 4 = |m|

G M=0=£(0)=8>0
"m=1=f1)=-5<0

m>1= f(m>1) > 0= 3solution form

} J variation of signs = 3 al menos una solucion en [0, 1]

Conclusion: como existe al menos una solucion paramen [0,1]. Pero: t > 2

= paraquet>2=>m = 2para(x;y) € R,comome€ [0,1] = (x,y) € R

2)- y*(2x%2 —2y)+2 =2 2x2—2y+1:>y2\/2x2——2y+12+2—y22

=22x2-2y+1
Seait =222 —2y+1=t2y2 +2—y2 =2t = (t—1)(ty? +y* - 2) =0 =

t=1 ™
ty? =2—-y* (%)
M-t=1= Jtx2-2y+1=1=>y=x% (4)
C)-ty!=2—-y’ =22yt =y* -4y + 4> y*(2x2 -2y + 1) = y* —4y? + 4
= xlyt+2y? =y*+2 (5)

. y=x 2 — x=y=0 y=x
Ahora resolvemos: {y — 2 DX x= 0= xmy=1 (xAy+0)A {xzy“ +2y2 =5 +2

S@x-1(x5+2x+2)=0
>x=1Ax>+2x+2=0;Vx>0;3solucion: VxER|—1<x<03x<0;y <O.
Pero: (2)- 2x? -2y +1 >
2x2+1>2y-5y=>0
Comoy < 0 = 3Ix A y que satisfaga el Sistema.

Unica solucion: x =y = 1.
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SP.229. Let a, b, c be the lengths of a triangle such that a + b + ¢ = 3. Prove

that:

1 1 1

b+c—a+c+a—b+a+b—C 3. *Yabc > 2(ab + bc + ca)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Michael Sterghiou-Greece

(Seyer—) +3*"¥abe = 23, cab (1)
WLOG, letc < b < a (c) and let (chca,zcyc ab, abc) =(p,q,r).p=3andr<1.As
a>b—-ca>c—bsoa>|b—c|-a*>(b-c)? (2)
Cyclic application of (2) and addition yields 2q > ¥..,.a* =9 — 2q,s0 q > %
[Note: This is general without the condition ©]
Assume ¢ < l. Thenla—b|<c<12andmax(a+c—b,b+c—a) < 1areoneof

1

— . a15>6.50,as3" rzow > 0 and 2q < 6 because q < 3 we are done!

1 . 133 BCS 32 .
Therefore,let a>b = ¢ = —. Inthiscaser > (—) .LHS(1) = ——=3s0,it
12 12 ch‘b+c_a)

1 3
suffices to show that (3) 3 + 372018 — 2q > 0 for (11—2) <r< 1,% < q < 3.From the

3rd degree Schur inequality we have: q < ﬂ, so (3) reduces to:

1 .
— 1 with only
2017
1009 72018

1
f(r)ZZrW—r—lzowithr>(12) andr <1.f'(r) =—
2018
1

one real rootry = (m)zm It is easy to show thatf( ) >0, f(rp) > 0and

f(1) = 0 which means that f(1) = 0 is minimum for f(r) on ( el ] and hence
f(@r) = 0. Equality fora = b = ¢ = 1. Done!
Solution 2 by Soumava Chakraborty-Kolkata-India
G-H 2018 2018 2018
2018 — 2018\/abc1 1.1 > 1 Zab = S ab
2015 times ZE+ 2015 iRrs T 2015 2Rr(3) + 2015
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12108Rr ota—— O 36324Rr

w28 = z =3)= = 3" Vabc >
(v2s a=3) S ab + 12090Rr a%¢ = 5ab + 12090Rr

1 1 1 Y(s—=b)(s—c) _ Z(sz—s(b+c)+bc)
NOW’ Z b+c—-a - ZZ s—a - 2ris - 2ris
3s2 —4s?+s2+4Rr+r> 4R+r (2 4R+r
= = = (-,'2522(123)
212s r(2s) 3r

Again,2¥ab = (2)33ab) <2(Ra)? = (2)9=6=2%ab 26

@ 4p4r 36324Rr
1), (2)=LHS = P Y ab+12090Rr

. . 4R+T1 36324Rr 4R-17r 36324Rr
=4 . + >6 < +
(4), (3) = it suffices to prove 37 S ab+12090Rr = 6 - S abs 12090Rr =

& (4R — 177) (z ab + 12090Rr) +108972Rr2 > 0

& (4R — 177)(s? + 12094Rr + %) + 108972Rr% > 0

(5)
< (4R — 8r)s? + (4R — 17r)(12094Rr + 1%) + 108972R1r? > 9rs?

retse

Ger n
Now, LHS of (5) (2) (4R — 8r)(16Rr — 51r%) + (4R — 171)(12094Rr + %) +
15

retse

G
+108972Rr? and, RHS of (5) er(_se_) " 9r(4R? + 4Rr + 312)
124

(i), (ii) = in order to prove (5), it suffices to prove:
(4R — 8r)(16Rr — 57?) + (4R — 177)(12094Rr + r?) + 108972Rr?* >
> 9r(4R? + 4Rr + 31%) © 24202R? — 48403Rr — 21> >0

Euler

< (R—2r)(24202R+r) >0 ->true~ R > 2r = (5)= proposed inequality is
true (Proved)

SP.230. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Find the

minimum value of:

T_a+b+ c+3 ( 1 . 1 . 1 )
" bc ca ab abc+b3+c3 abc+c3+a3 abc+ad+ b3

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by Ruangkhaw Chaokha-Chiangrai-Thailand
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Letp=a+b+c=3,q=abc+ bc+car=abc
 (ab — bc)? + (bc — ca)? + (ca—ab)* > 0
(ab + bc + ca)? = 3abc(a+b+c) © q*>9r > () holdsata=b=c=1
“(a=-b)*+b-c)+(c—a))>0s(a+b+c)>=>3(ab+bc+ca)e3=>q-

(2)holdata=b =c=1.

7 3,53,.,.3
a b c 2(a®+b>+c”)+3abc
Lemma—+—+—2> ( )
bc ca ab

holdsata=b=c=1.

Proof. 3(a? + b? + ¢%) > 2abc(a® + b3 + ¢?) + 3a?b?c?
3(p? —2q) = 2r(p® —3pq +3r) +3r? © 3(9 — 2q) = 2r(27 — 9q + 3r) + 312

q* q* 1).(2)
0>9r*+18(3 —q)r+6q—27 <0 2?+18(3—q)?+6q—27 >

>9r2+18(3 —q)r + 6q — 27
0> q*+18(3 — q)q? +9(6q — 27) = 0 > (q — 3)%(q? — 12q — 27) True!!
“(2;0<q<3©-6<q-6<-329<(q-6)?<36=q*>*—-12q-27<-27<0
Holdsatq=3 a=b=c=1.

2(a®+ b3 + ¢?) + 3abc ( 1 1 1 )

> + + +

3 abc+b3+c¢c3 a3+abc+c3 a3+ b3+ abc
_<abc+b3+c3 3 >+<a3+abc+c3 3 >

+ 3 3 +-3 3
3 abc+ b3 + ¢ 3 a3 +abc+c

a3 + b3 + abc 3 AM-GM
+ + > 24+2+2=6
3 a3 + b3 + abc
abc+b3+c3 ad3+abc+c3 ad3+b3+abc

Holds at = = =1oa=b=c=1
3 3 3

SP.231. In AABC the following relationship holds:
a?b? + b?c? + c2a? = 4V3F + 2log(a™’ - b>¢* . ")
Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
Solution by Marian Ursdrescu — Romania
We must show: a?b? + b%c? + c*a? > 4V/3F + 2ab*Ina + 2bc*Inb + 2ca’Inc (1)
Now we have 2Inx < % & 2Inx < x—i 2)
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(demonstration with derivative)

From(2)=> 2Ilna <a — % = 2ab?Ina < a?b? — b?% and similarly (3)
From (1)+(3) we must show:
a?b? + b%c? + c%a? > 4V3F + a?b? + b%*c% + c2a? — (a? + b* + %) &
& a? + b% + ¢? > 4+/3F which its true in any AABC
Observation: equality fora = b =c = 1.
SP.232.Ifa, b = 1 then:

2a+b .32 +2Vab.3Vab+ 277 3a+b+2\/_ 3Vab > 24
Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

1 1 1 1
Lletx>1=2%-3x+2x-3*> 2‘/2“2-3"*; >222.32

1 1
=2¥-3x+2x-3*>12
a+b a+b 2 2 a+b
> =22 -3a+th+2a+h-3 2 >12
=

1 1
x=+Va :Zm-35+2ﬁ-3m212

X =

a+b

2 1
5 2a55 377 + 2V . 3v—+zz . 3a+b + 2Vab - 3Vab > 24

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

2 a+b a+b 2
Fora,b > 1, we have: 2a+63 2 + 2‘/_3¢_ b+ 2 2 Jat+b + zv— 3Vab

2 +b 1 +b 2 1
> 44\/<zm . ZaT . oVab . zm> <3aT . 3a+b - 3ﬁ3m>

4 2 ,a+h 1 atb 2 1
= 4\/2a+_b+T”_” Va3 2 tan VY > 442937 = 2 x 3 x 4 = 24 0k
a+b 4 2 a+b _
s 58 2 42 () ) () =4 1=
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SP.233.1f A € M3(R); Tr(4%) = 0; det = 1 then:

det(4% + A + I3) > (Tr A)3
Proposed by Marian Ursdrescu — Romania
Solution by Florentin Visescu — Romania

If Tr(42) =0anddetd =1

Tr A)?
PA(x)=x3—TrAxZ+%x—1

det(AZ +A+ 13) = det(A — 813) (A — 513) =
(Tr A)?

Tr A)?
=PA(£)-PA(§)=<£3—TrA£Z+ £—1>-<§3—TrA§Z+( 5 ) ?3—1)—

e a(e- A (e T2 oo (s o TEA TR O
= (Tr A)? - (1 L TR S L A)Z> = (Tra)?. (1 L (T”4A)Z> S (Tr a)®

TrA (Tr A)?
+ +
2 4
4+2TrA+(Tr A)? >4Tr A
(Tr A? —-2TrA+4>0
(TrA—-1)2+3>0

=>Tr A

SP.234.In AABC, I - incentre; A’ - is the intersection between AI and
circumcircle of ABIC; B' - is the intersection between BI and circumcircle of
AAIC:; C' -is the intersection between CI and circumcircle of AAIB. Prove

that:

IA IB IC -2 (1 T
+ + - —
IA" IB' IC' — ( R)

Proposed by Marian Ursdrescu — Romania

Solution by Soumava Chakraborty-Kolkata-India
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A

Let AA’ intersect BC atX. In AABX, 2AXB = 180° — (B + g) using ABIX, «BIX =

180° 5 + 180° (B + A) A+ B 90° ¢
= —_— | — —_ — = = —_—_—
2 2 2

2

C
= LBCA' = LBIX =90° —
~ 2ICA’ =90°. Also, 2IA'C = 2IBC = g

. . B__IC . A
Using AIA'C,sin-=—=——-=—— =" = JA' = 4Rsin= =
2 IA 1A' sinz 4R sinz IA 2
m@ 5 Similarly. ®) ic © r
[7U 4R sin?5 Yo = 4R sin2 ic’ 4R sin2Z
_r 2A _ T bc(s—a) __
+(b)+(c)= = — —=— =
(a@)+(b)+(c)= LHS iR Y csc > = ar ) 75

_ s(s*+4Rr +r*) —12Rrs _ s* — 8Rr +r? Gerretsen 8Rr — 4r* _

B 4Rrs B 4Rr - 4Rr B
r r

=2-5=2(1-3p)

SP.235. Let be A(z4); B(z1); C(23); 21,22, 23 € C\ {0};
|le - |Zzl - |Z3|,AB =c,;,BC=a;CA=b.
If (b+ c)zgz; + (c+a)zczy + (a+ b)zyzg = 0 then AB = BC = CA.

Proposed by Marian Ursdrescu — Romania
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Solution by Khaled Abd Imouti-Damascus-Syria

L

Let be A(z,), B(z,),C(2z3),24,2,,25 € C\ {0}
|z4| = |z,| = 23], AB=¢c,BC=a,CA=b
if(b+c) -zg-zc+(c+a) zc-zg+(a+b)-z4-23=0
Then AB = BC = CA.
|z4] = 1zg| = |z¢| = R (R radius of circle)

Zy-Z,=R? zp-Zg = R? z; - Z; = R?

R? R? R?
ML BT T

R? R? R? R? R? R?
0+0 (55 )+ a5 )+ @rn) (5 1) =0

Zgp Zc Zc Zy Zy Zp

1 1 1

(b+c).(_ _)+(c+d)(_ _)+(a+b)(_ _):0

Zg ' Z¢ Zc - Zy ZyZc

(b+c) (c+a) a+b
+ +
Zp-Zc Zc'Zp Zp°Zp

(b+c)zy+(c+a)zg+(a+Db) z,=0

=0 ><(ZA'ZB'Z(::pt())

b+c+a—-a)zg;+(c+a+b—-b)zg+(a+b+c—c)z,=0
2p(zy+zg+ze)=a-z,+b-zg+c-z.

6p-zg=a-z,+b -zg+c-z,
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_a-zy+b-zg+tc-zc

Zg — 6p

Suppose H is orthocenter:

OH =04+ 0B +0C (*

OH =04+ (0B+0C)= ON — 04 =204
So:AH = 2 - 04", (AH) | (04")
but0oA’ 1 BC = AH 1 BC
inasimilarway, BH 1 ACand CH 1 AB
so, H is orthocenter in triangle AABC
from (*): OH = 306, so:

O,H, G is collinear.
not:zy = 3 - z¢

a-zy,+b-zg+c-z, z,+zg+2z,

Zg—Zy = op 1
_(a—6p)z, + (6 — 6p)zp + (c — 6p)2
Zg —Zyg = 6p
_(6p—a)z,+ (6p — b)zg + (6p — )z
—ZgtzZp= 6p

6p(zy — zg) = (6p — a)z, + (6p — b)zg + (6p — )z,

6p(zy —z5) _ (6p —a)z, + (6p — b)zg + (6p — )z
16p 16p

3 1
§(ZH —2zg) = E [(6p — a)z, + (6p — b)zg + (6p — c)z(]
but: (6p — a)z, + (6p — b)zg + (6p — c)z; = 6p(z, + zg + z;) — (azy + bzg + cz()

(6p —a)z, + (6p — b)zp + (6p — )z
Z,+zp+2z
:18p-<%)—(a-zA+b-zB+c-zc)
(6p—a)-zy+(6p—b)zg+(6p—c)zc=18p-z;—(a -z, +b-zp+ - z()

(6p—a)zy+(6p—b)zg+(6p—c)z¢ 18p-z; a-z,+b-zg+c-z¢
16p ~ 16p 16p
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9 1la-z,+b-zg+c-z;
—Zla—g( 2p )
9 1
=% g %

3z, — =2, _1
SO.B(ZH Z;) 2Z6 —32H

3 1 9 3
§ZH+§ZH :ZZG+§ZG
1 21 21
EZH = ?za = Zy = TZG

and:zy =3 -z

21

TZG—3ZG =0

9
ZZG =0=>2;=0

G=0

So AABC is equilateral triangle.

SP.236. In AABC the following relationship holds:

Ty Tp T
2("a b c
m,+m,+m,< 3R (¥+ﬁ+c_2)
Proposed by Marin Chirciu — Romania
Solution 1 by Avishek Mitra-West Bengal-India

(x+y+2z)? (*+y%+2%)
2 2

=532 +y?+z22)>(x+y+z) oputx=m,y=m,z=m,

ext+y?+z22>xy+yz+zx=>x2 +yr+z72 >

9
= 3(mg+mlzi+m§) = (rn-a_l_rnb_I_rnc)Z :>Z(a2 +b2+cz) = (rna_|_rnb_|_rnc)Z

3 Leibnitz 3 9R
:>ma+m,,+mcsix/az+b2+cZ < E\/9RZ=7

Tp e 3

Tc
b2 ¢z T 2R

9R
@Needtoshowc)—ssRZ(r—‘;+r—’2’+ 2):>ﬂ:r—‘;+
2 a b c a
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1 1

1 1 1
AM-GM /T, TpT\3 sir \3 sir \3 ( 1 )
Q0 = 3l=553) =3l =355 =3l
- (azbzcz) <16RZAZ> <16R2r2sZ 16R?*r

1

1 3 3 1 1 R
@3( 2)32—: 5= =—=>-2>2>R>=2r = (Euler *true)
16R“r 2R 16R“r 8R r

1
3

e m,+my,+m, < 3R? (Z—‘; + ;—’2’ + Z—Z) (Proved)

Solution 2 by Soumava Chakraborty-Kolkata-India

1,2 1\2 Y ab\?
z Tq z (E) Bergstrom (Z E) <4RrS> r(X ab)? (s’ +4Rr+1?)?
— = — 2 = = =
a? 1 5 1 1 16R%r2s? 16R?%rs?
ra ra r

r 3[s* + 2s2(4Rr + %) + (4Rr + 1?)?] 2
:>3RZ(Z—“)2 [ ( )+ ( Y12 4per
a? 1671s2

”
& 3s* + 6s2(4Rr + 1%) + 3(4Rr + 1r?)? (% 16s%(4Rr +1r?)

rretse

G ?
Now, LHS of (1) = . 3s2(16Rr — 5r2) + 6s2(4Rr + 12) + 3(4Rr + r2)% >

”
> 16s%(4Rr + r?) © s%(8Rr — 1612) + 3(4Rr + 1?%)? (% 91252

Gerretsen

Now, LHS of (2) (2) (16Rr — 51%)(8Rr — 161%) + 3(4Rr + r?)? and
15

erretsen

G
RHS of (2) (g) 912(4R? + 4Rr + 31?)
124

(i), (i) = in order to prove (2), it suffices to show:
(16Rr — 57%)(8Rr — 161%) + 3(4Rr + 12)? > 9r%(4R? + 4Rr + 371?%)
©5R2—11Rr+2r2>20 (R-2r)(5R—1) >0
- true~ R Eger 2r = (2) > (1) istrue.= 3R? (Z Z—‘;) >4R +r Baéer ym,
» T mg < 3R*(I) (Proved)
Solution 3 by Bogdan Fustei-Romania

9
Weknowthat:ma+mb+mcSra+rb+rc:4R+rsER

(4R +1 < zR = 8R + 2r < 9R = 2r < R - Euler’s inequality)
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hbhc _ hgrg
a? = 2R-= (and the analogs) = ; TRIgh. (and the analogs)
Tp c 1 hara hbrb hcrc
3R? (5 + -5+ :3R2-—( + + )=
(az b? cz) 2R\h,h. h,h. h,h,

— ER X (hara + hprp + here
hph, hgh, hghy

> ) We will prove that:

Using the inequality between the arithmetic mean and the geometric mean:

h,r, . hyry . h.r, - 3| hgrghpryhere 33 TaTpT e
hyh, h,h. h,h, — hohpyhpyh hoh, = |hghyh,
2S 2b 2b )
h, = ;;hb = T;hc = ?;abc = 4RS;S° = rr 1,

48 -25% 25% 2r T
h,hyh,. = ARS = R = R r rpr. © h hyh, = ?rarbrC

— TalbTc . Tal'pTc
> — > n 5 == 2>
P hahph, R 27 (Euler Si equallty) hahphe 1

L hgrg hprp h rc 3 TalpTc 3|R
So, we have: hbhc+hah +h hb hahoh. —3\/;>3
2(Ta 4 Tp 3 =2
S0,3R? (8+2+%)>3R.3=2R>4R+r>3m,
SP.237. In AABC the following relationship holds:

Taq Tp T
3r(m, + my +m,) SRS(—+?+—)
a c

Proposed by Marin Chirciu — Romania
Solution 1 by Marian Ursdrescu-Romania

Th 4 Te _ s?+(4R+r1)? (1)

Tq
p—— +
We have: 2 b . 4Rs

From Doucet’s inequality: (4R +1)% > 3s% (2)
From (1)+(2)= "2 + 22+ > = = we must show: 3r(m, + m;, + m,) < s* (3)

Butr;:“<2—:>ma_ —h, :>ma+mb+mc_£(ha+hb+hc) 4)

a

From (3)+(4) we must show: ER(ha + h, + h,) <s? (5)
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s2+r2+4Rr

Buth, + hy, + h, T (6)
From (5)+(6) we must show: %(sZ +12+4Rr) <s? © 352+ 3r2+12Rr < 4s’ &
s2>12Rr+3r? (7)
From Gerretsen’s inequality: s > 16Rr — 512 (8)
From (7)+(8) we must show: 16Rr — 5r% > 12Rr + 3r?
& 4Rr > 8r* © R > 2r, true (Euler)

Solution 2 by Bogdan Fustei-Romania

In AABC we have the following relationship:

Tq Ty re
3r(m, +my +m,) < Rs(z+?+?)
E + ﬁ + E — raha + rbhb + rchc — raha + rbhb + rchc
a b c 285 285 28 285

ZS:ha-a:h,,-b:hc-c,ha:(l +%)-r(andtheanalogs)

bre — Ta*ha (and the analogs); roh, = (1 + %) Tol

a Ta

roh, = (1 + r“”’“) ror = (2r, + h,)r (and the analogs)

Tq

E+Q+E:[z(r“+rb+r‘)+h“+hb+h0].r;S:s.r
a b c 28

ra+rb+rc:[z(ra+rb+rc)+ha+hb+hc]

a b c 2s

Tqg Tp T R
Rs(;“+?+?“):E[(Zra+2rb+2rc)+ha+h,,+hc]

The inequality from enunciation becomes:
3r(m, +my, +m,) < g[z(ra +1p+71)+hy+hy+h]
6r(m,+m,+m.) < 2R(ro+r,+r.)+R(hy+ h, + h.)
% > T—Z (and theanalogs)= R - h, = 2rm, = R(h, + hy + h,) = 2rY m,
We will prove that 4R(m, + m, + m.) < 2R(r, +r, +1.)
m,+my+m.<r,+r,+r.=4R +r—true.

4r < 2R = 2r < R (Euler’s inequality)
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So,4r(m, + my, + m.) < 2R(r, +r, +r.)is true.

2r(m, +my, +m,) < R(h, + hy, + h.) is true.
Finally, the inequality from enunciation is proved.

Solution 3 by Soumava Chakraborty-Kolkata-India

Firstly, Y ar, = > 4R singcosgstang = 2Rs Y, 2 sin? g = 2RsY.(1—cosA)

= 2Rs (3 —1- %) L os@2Rr-1)

Bergstrom
ra? 9

2
NOW,RSZ%:RSZ— > Rs(R+r)”

ar, >arg

by (1) Rs(4R + r)? Bager R(4R + r)(T m,) ? )
= S = 232 4R? + Rr > 12Rr — 612
2s(2R-r1) 2(2R-71) r,) mg<e r r—6r

? ?
& 4R? —11Rr+6r2>0< (R-2r)AR-3r) >0

Euler

—truew R > 2r-3rYm,<Rs¥™ (proved)
Solution 4 by Tran Hong-Dong Thap-Vietnam

Wehave:r, +r,+r.=4R+r

m,+my+m,<r,+r,+r.ar, +br,+cr.=

 s(atan(2) + bian(2) + ctan($)) -

= 2s5(2R — r). Using Schwarz’s inequality, we have:

ra+rb TC_T5+T§+T%>(ra+Tb+TC)Z_ (4-R+T)Z

a b ¢ ar, br, cr. ar,+br,+cr. 2sR-r)

RHS > R(4R +1)?

% _—

~— 2(2R-1)
R(4R+71)?

2(ZR—7) >3r(4R +1r) > LHS

R(AR+71)>61r(2R—71)
4R? —11Rr+61r%2 >0
(A4R-3r)(R-2r)=>0

Itis true because: R = 2r - 4R — 3r > 8r — 3r = 5r > 0 (proved)

We must show that:
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SP.238. Let a, b, c be positive real numbers such that

min{b + ¢,c + a,a + b} > max{a, b, c}. Prove that:

a b c a? + b?% + c2
+ + >3
b+c—a c+a—b a+b-c ab + bc + ca

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c > 0and min{a + b, b + ¢, c + a} > max{a, b, c}, we have:

a+b>cb+c>a,c+a>bconsider because 2(a® + b? + c¢?)(ab + bc + ca) >
> 3((ab)? + (bc)? + (ca)? + a’bc + ab?c + abc?) =
=4 ((aZ + b% + c?)(ab + bc + ca))Z >
> 9((ab)? + (bc)? + (ca)? + a’bc + ab?c + abc?)?
= 4(a? + b? + ¢?)3(ab + bc + ca) >
> 9((ab)? + (bc)? + (ca)? + a’bc + ab?c + abc?)?

s 4(a? + b* + c?)* 9(a? + b + ¢?)
((ab)? + (bc)? + (ca)? + a2bc + ab%c + abc?)?2 — (ab + bc + ca)

2(a? + b? + ¢?)? (a% + b2 + c2)
>
= (ab)2 + (bc)2 + (ca)? + a%bc + ab?c + abc? — ~_[(ab + bc + ca)

4(a®? + b% + c?)? (a% + b? + ¢2)
>
= 2(ab)? + (bc)? + (ca)? + a%bc + ab?c + abc? — ~ |(ab + bc + ca)

. a? b2 c2 \ (a? + b? + c?)
+ + >
= (b+c): (c+a)? (a+b)2)~ " _|(ab+ bc+ca)
2

2a \2 2b 2¢ \?2 (a? + b2 + ¢2)
= (re) *leva) *(avn) =3
b+c c+a a+b (ab + bc + ca)

2
a 2 b C 2 a? + b2 + c2
=2 [—— | + — | + ’— >3 |———M
b+c—a c+a—>b a+b-—c ab + bc+ ca
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b 24 p24c2 o
>—" 4+ +——>3 fa . ok. Therefore, it is to be true.
b+c—-a ct+a-b a+b-c ab+bc+ca

Solution 2 by Soumava Chakraborty-Kolkata-India

min{b + c,c + a,a + b} > max{a,b,c}=b+c>a,c+a>b,a+b>c

= a, b, c are sides of a triangle.

a 1 a a-s+s _ 1 sYX(s—b)(s—o0)
Zb+c—a_i s—a z <_3+ >

sr?
1< Zs(sz—s(b+c)+bc)> 1< 3s2—4sz+s2+4Rr+r2>
=_(-3+ =_(-3+

2

2 T2 T2

1 4R+1r\ 2R-r1 Y a? 2R—1r\* 18(s?— 4Rr —1?)
sty B L
2 r r Y ab r s2+4Rr +1r?

& (2R —1)%(s? + 4Rr +r?) > 181r%(s? — 4Rr — r?)

1)
< (4R? — 4Rr — 8r?)s? + (2R — r)?(4Rr + r?) + 18r*(4Rr + 1?) > 9r?s?

Euler Gerretsen
“4R* —4Rr —8r*=4(R+7r)(R—2r) > 0 .LHSof(1) =

a)
> (4R? — 4Rr — 8r?)(16Rr — 51%) + (2R — 1r)?*(4R + 1r?) + 18r?(4Rr + %) and,

erretsen

G
RHS of (1) r:s) 9r2(4R? + 4Rr + 312)

(a), (b) = in order to prove (1), it suffices to prove:

(4R? — 4Rr — 8r2)(16Rr — 51%) + (2R — r)?>(4Rr + 1?) + 181r2(4Rr + r2) >

R
> 91r2(4R? + 4Rr + 31r%) © 20t3 — 33t - 18t+8>0 (t = 7)

Euler

e (t-2)20t2+7(t—2)+10) >0 >true~t > 2= (1)= proposed inequality
is true (Proved)

SP.239 If a, b, c,d are sides in a cyclic quadrilateral, r,, 1y, 1., 74 — exradii, s —

semiperimeter then:

a b c d 32
—_—t =t —+—>—
2 2 12 27 s

Proposed by Daniel Sitaru — Romania

53



ML

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Soumava Chakraborty-Kolkata-India

Let AB =a,BC=b,CD =c,DA=d
2 £0,PA + 20,RA = 90° + 90° = 180°
~ 2PO4R = 180° — 2PAR

(+ APO,R is a cyclic quadrilateral)
=180°—-(180°—4) =4
using cosine law on APAR and APO,R,

A
x2+x% — 2x%cos(180° — A) =12 + 12 — 2ri cos A = 2x? - 2 cos? = = 2r% - 2sin

2

1) A . - (2) B
=X = rtanc. Similarly, zPO0,Q =Band -~y = r, tan-

(@) tanj+tans
(1)+(2):> Ta (tang + tang) =x+y=a> rl 4 anza an

B c c D D A
L 1 (b) tans+tan: 1 (c) tan_+tan; 1 (d) tan>+tan>
Similarly, — = —2—2 — = —2—2gnd— = —2—2

E - b ’rc c rq d
(a), (b), (c), (d)=LHS
A B\* B C\? c D\* D A2
_ (tani + tan 7) . (tani + tan 7) . (tani + tani) . (tan7 + tan 7)
a b c d

A B B C C D D A

A;a 4 tanftani . tanftani . tanitanf . tanftani
- a b c d
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A-¢ *[tan? étanZ B tan? ¢ tan? D
2 2 2 2
> 16
abcd

_t(s—a)(s—d) (s=b)(s—a) (s—c)(s—b) (s—d)(s—c) 1
=16 1 ) G-0) G-0G-ad) G-a)s—d) G-a)s—b) abcd

4 1 2 32 ? 2
=16 >— o st*>16abcd < (a+b+c+d)* > 256abcd
abcd — s

”
& a+b+c+d=>4Yabcd - true by A-G (Hence proved)

SP.240 If a, b, c,d are sides in a cyclic quadrilateral, r 4, ry, 1., 174 — exradii, s —
semiperimeter then:

r: r: r? 3 2
a3 b3 2 d3 " s
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India

2 2 i
re 2 4 rz\ @
;Z;ﬂ@(Za)(Z;)M

Now, (3 a) (Z:—é) Cgs (Z%“)Z é 4 o Z%“ (%) 2

C

r/
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LetAB = a,BC =b,CD =c,DA=d

©w £0,PA+ £0,RA =90° +90° = 180°
(~ APO4R is acyclic quadrilateral)
~ 2PO,R =180°—-(180°—A4)=A
using cosine law on APAR and APO4R,

A A
x% + x% —2x? cos(180° — A) =12 + 12 — 2r2 cos A = 2x? - 2 cos? 5= 2r? - 2 sin? 2

1) A .. . (2) B
=X = rgtan;. Similarly, zP0,Q =Band ..y = r, tan—

A B r 1 1

D+2)=>r (tan—+tan—)=x+ —a=>-"= =
D+ a 2 2 Yy a  tani+tan® G—a)Gs-d), [G=b)(s—a)
2oz G-b)(s=0) " s—e)(s—d)

_J6-a)s-b)G-c)(s—d) _ A Ta @ A
T (s—a)(s—-d)+(s—a)(s—b) (s—a)(a+c):>; “(s—a)(a+c)
Now, %” = m (similarly)
1 (b) A

- (s—b)(s—a), |(s—c)(s—b) ~G-b)(b+d)
(s—c)s—d) (s—a)(s—d)

1 1 (o) A

- re _
Agaln, ? B tan+tan2 T [6=0G-h) . [(s=d)(s—c) - (s—c)(a+c)
2 2 \/(S—a)(s—d)T (s—a)(s—b)
rd __ 1 _ 1 (1) A
AISO, 7 B tang+tang - \/Es—d;((s—c;+ ((s—a;((s—d; - (s—d)(b+d)
s—a)(s—b s—b)(s—c
(@)+(b)+(c)+(d)=
ra_A<1+1)+A<1+1)_
a a+c\s—a s-—c b+d\s—b s—d)
_ A(b +d) N A(a+ c)
(s—a)(s—c)a+c) (s—b)(s—d)(b+d)
A;G 5 A2 _, A2 _,
- (s—a)(s—b)(s—c)(s—d) Az

= (it) =(i) = given inequality is true (Proved)

UP.226. Find all positive real numbers (x, y, z) such that:
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x2+y2+2z72 =3
2x 2y 2z

3
+ +

3y +y3z+2z3x =

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by Ruangkhaw Chaoka-Chiangrai-Thailand

x2+y?+2z2=3 (a)

2x 2y + 2z
y2+z2  z2+x2  x2+y

XBy+ydz+z3x = > (b)
2y 2z

y223 (1) (holdatx=y=2z=1)

Lemma. - + +
“yr+z2 Z24x? X%+

27
2 2 o
Proof. nyzz = 3_’;2 >x?2 oxt—3x2+2x =x(x—1)2%(x +2) > 0true

(hold at x = 1)

2z
x2+y

Similarly: =22 > y2 (holds aty = 1) and

z24x

> > 22 (holdsatz =1)

2 2 2
yZ:zz + 22+yx2 + x2+zy2 >x*+y*+z2=3(holdsatx =y =z=1)

(Vasile Cirtoaje, 1992) (x2 + y? + z%)? > 3(x3y + y3z + z3x)
(holdsatx? — xy + yz = y? — yz+ zx = z> — zx + xy)

(162 = xy+y2) = (52 = yz + 20+ [0 — yz + 22) — (22 — 2+ xy)[ +

. >0 (2)

+[(z2 —zx+xy)— (x* —xy+ yz]2

. 2x 2y 2z _ (x2+y2+z2)2
W)@ gt pgatayp23=—73 —2&y+yz+2x)

(holdsatx =y =z =1)
~ (b) is the hold point of inequalityatx=y=z=1

UP.227.1f x;, = Xk=1 k+1/1 +%;n € N:n > 1, then find:

n
Q = lim (log (Z xi) — 3Hn>
n—>0oo

k=1
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania
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Solution 1 by Marian Ursdrescu-Romania

erlli_glo(ln(i ﬁ) 3H>

=1
=lim,_ o, In(Ti_; x7) — 3Inn = 3lim,_(H, —Inn) (1)
lim,_ (H, —lnn) =y (2)

n 2
o 102 ) ~ I =l 0 (5) = tn tim,... (35)) @

2 2 2 2
lim =1 X1 €S im Xns1 ~ lim Xni1 I (xn+1 ) (n+1)
noco M3 nro(n+1)3—-n3 now3n2+3n+1 now\n+1/ 3n2+3n+1
2 2
_1/5. Xn+1 _1/(,. Xn
= (limy oo 22)" = 2 (im0, 2) ()

1
P AP _ wz
lll'l‘ln_,Oo P lll'l‘ln_,Oo iion lll'l‘ln_,Oo 1 + m lll'l‘ln_,Oo 1+ ? =1 (5)

From (1)+(2)+(3)+(4)+(5)= 2 = In; — 3y = —(In3 + 3y)

Solution 2 by Remus Florin Stanca-Romania

2
22:1 xk> Stolz Cesaro

n
Q=1lim| In <z i) 3(H,, — In(n) + In(n)) | = =3y + lim ln< =
n-oo

n—-oo
k=1

— - Xn+1 — . Xn+1 Stolz Cesaro
- 3y+3L“.%'“<3nZ +3n+ 1) - 3y+2£&%'“<m) =

n+3 1
\I1+n+1 .

= -3y +2limin en T 6 =

n—>oo

V3n2 +9n+7++V3n2+3n+1

1
= -3y +2limin =

n-oo (6 6)
9 7 3.1
n<\/3 ﬁ 2 \/3+n+m>

)=—3y—ln3 > Q=-3y—1In(3)

1

=-3 +21n<—
Y 73
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Solution 3 by Ali Jaffal-Lebanon

By Bernoulli’s inequality we have:

1+n)*<1+anforx>-1and0<a <1,so0,

1
1 1 1 1

k+1
— < - = -
<1+k) e () Sl
1

thenls(1+%)ms1+l_

1 1
—thenn<x,<n+1-—
k+1

k n+1
son<x,<n+1landn? <x% < (n+1)>?
then Yk=n 2 = Yk=n 42 < Yh=n() + 1)?
k=n
nn+1)2n+1 nn+1)2n+1
( )6( )Szxiﬁ ( )6( )—14(n+1)2
k=1

n(n+1)(2n+1) _ 1
6n3 3

1
. 3yk=n,2 _1
-Then lim,,_,o, n3 Y327 xj = 3

We have: lim,,_, , o,
by @, =log(Xk=tx%) — 3H,, = log(Zk=1x7) —3Inn—3y + ¢'(n)

- lzkinxz
Since H, = Inn +y + ¢(n)= log (n3 le=1 k) —3y+¢'(n)

1
lim Q, =log (—) -3y

n—-+oo 3

UP.228. If f: R — (0, ), f continuous; a, b € R;a < b then:
2

f fb (P20 +£3) (FP0) + F @)

b
A+r@)1+rom) | Y= f flx)dx

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India
f:R - (0,00) and f is continuous. Hence f(x) > 0 for all x € R

CAUCHY
SCHWARZ

(P@+rm)(1+:5)" 2 (1+f()) wherex,y € R

F2(0)+f () 1+f(0)\% . . F2()+f(x) 1+f(»))?
= 1+f(y) Zf(y) (1+f(y)) Slmllarly’ 1+f(x) Zf(x) (1+f(x))
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b b b b
(F2@+ ) (F20) + F)) 1+ () 1+ f()\*
af f A+r@)a+re) =Y Zaf f o )<1+f(y)) K (x)<1+f(x)) drdy

(frow]) (o) fro]

(proved)
Solution 2 by Nassim Nicholas Taleb-USA

_ (F@2+rm)(r@+£3)?)
T (f@+D)(F3)+1)

@+ w)(w+w?)
S @+v)(a+w)

We have g > vw, with identity forv =w

so, [* [ <(f(x)2+f(y))(f(x)+f(y)2)

.Rewrite, with f(x) = v, f(y) =w

o,w>0

b b
> =
O+ DI+ >d3’ dx > [ [, f(0) f(y) dx dy

(fabf(x) dx) (fabf(y) dy) = (f:f(x) dx)Z as required.
Note:

(v2+w)(v+w2)_ _(v—w)z(v+w)>
A+v)a+w) VT A+ +w) -

UP.229. Calculate the limit:

()

1
Q = lim | x? f arctan (;) dt |

X—00
X

Proposed by Vasile Mircea Popa — Romania

Solution 1 by Florentin Visescu-Romania

2
da € (x;x+—>ax
X
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2

1 2 2

f arctan—dt = (x + —— x) arctana = —arctana
t X X

X

2 1 1 X
O<x<a<x+-— -_>—

>
X X a xz2+2

x
xZ +2

1
arctan— > arctan— > arctan
X a

1 1
2x arctan; > 2x arctan; > 2xarctan

2+2

x+2 1
x2 [ xarctan;dt
X t

2
x+2
x

1
lim x?2 f arctan?dt =2

n-oo

Q=2
Solution 2 by Ali Jaffal-Lebanon
2
Let I(x) = x? f;ﬁi arctan G) dt,x >0
Wehave:x <t <x +§then:

x2+2
x<t<

X
X 1 1

<_<
x2+2 t x

But @(t) = arctant is increasing on ]—oo, o[

X

So, arctan( 2 ) < arctan (1) < arctan (1)
xX“+2 t X

X

then 2x arctan (x2+2) < I(x) < 2xarctan (i)

. t
we have lim,,_,o = ‘;“(") =1

1
arctan(—) . arctan (u)
—% =1lim,_, 2 — = 2

. 1 .
so, lim,_,,, 2x arctan (;) =lim,_ 2

X

. x 1 2
and lim,_,,, 2x arctan (x2+2) =lim,_+ —arctan (

)
2u?+1
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— lim 2 x u arctan (—Zuu+ 1) Cox1=2
u—ou 2u?+1 2a
2uZ2 +1

Then by sandwich theorem: lim,,_,,, I(x) = Q = 2

UP.230. If a, b > 1 then:

a+b 2ab
2ab Vva a+b 2ab a+b>a+b vab

()™ 7 am) T (L

Proposed by Daniel Sitaru — Romania

>1

Solution 1 by Soumava Chakraborty-Kolkata-India

LetA—“—”’G Vab H—ﬂWearetoprove HE4.GAH . AH-6¢ > 1

HE¢ GA AH H\¢ /G\* /a\"
E — > — — — >
S HA GH AG_l(:)(A) (H) (G) =1

- ' =1 (-t
- () ()" =1 e (3] 2

2G

A+H
N o
Now, <\/;> > <\/;> @(A+H)logf>2610gf
A 1 "
‘:’<108\/;>(A+H—ZG)20—>true-.- log\/;zo (as\/;zn

andA+H—26"> 2VAH-26=26-2G6=0
A+H by (2) 2G
(%)G< %) yz (%)G< %) = (%)G (%)G = 1= (1) = given inequality is true
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Let f(x) =Inxforallx>1,f'(x) = l,f”(x) = —l <Oforallx>1hencefisa

2ab
concave function and 22 > vab > jb
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2ab a+b 2ab
1(Vab) - f (a55) _f (572) - £ (G55)
Jab 2ab - a+b 2ab
ab—a+b 2 a+b

:>(a;b_azzbb)f(m)+f(azzbb)(azzbb_a;b)2

2(\/“__ 2ab)f(a+b)_(\/a__ Zab)f(Zab)

a+b 2 a+b a+b
= (3 a0+ (Vab -2 2)r (G5) + (g - @)1 () =

a+b 2ab a+b 2ab 2ab a+b
— v vab — —/ >
( 2 a+b)ln( ab)+( ab 2 )ln(a+b)+(a+b ab)ln( 2 )_0

\/abﬂ atb_2ab ﬂ—\/ab
2ab 2 2 a+b , [A+b\a+b
> (—a+b) (\/ab) * (_z ) >1 (Proved)
Solution 3 by Marian Ursdrescu Romania

2ab b o zex oxe
Letﬁzx,\/ab:y,%:z:>x<y<z.Wemustshow:xy 2y V> 1o

In(x?"2.y=*. z7"Y) >0 (y—z)Inx+ (z—x)Iny+ (x—y)lnz>0 (1)
Theorem: Let f:I - R, I c R, I-internal f itsconcave © Vx,y,z€ I[with:x <y <z

fO-f») § fO)
x-y =y

we have: :f(z). Inour case f(x) =Inx

From theorem = (y —z2)f(x) + (z— x)f(y) + (x —y)f(2) = 0
Let f(x) =Inx = (1) it's true.

UP.231. Prove that for any acute triangle ABC the following inequality holds:

3
Vtan A + vtan B + Vtan C + VcotA + Vcot B + Vcot C > 333 + 73
Proposed by Vasile Mircea Popa — Romania

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

LetsinA = x,sinB =y,sinC = z
cosA=a,cosB=b,cosC =c

We have:
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1.x+y+zsﬂ
2

2a+b+cs§

ider (EHTHD)" 3V ERE]
Consider - Sx+y+z<= =>Vx+ Jy+vz < =

2
andws(l+b+cs;:ﬂfa+\/ﬁ+ﬁs%

by using amethodabove,wehave:\/§+\/%+\E23‘§/§and\/%+\/§+ﬁ2%

Hence vtan A + vtan B + Vtan C + v/cot 4 + +/cot B + vcot C > 3V/3 +%

Therefore, itis true.

Solution 2 by Tran Hong-Dong Thap-Vietnam

Let f(x) = \/tanx+\/cotx,(0 <x< g)

1
- f'(x) = Ecscxsecx(\/tanx —+cotx)

2cos2x 2 cos2x ])

(cos x sin x)2

- f(x) = %(x/cotx [(csc xsecx)? + ] ++/tanx [(csc xsecx)? —

(cos x sin x)2

2 cos2x

1
= Z((cscxsec x)Z[\/cotx ++/tan x] +

vJcotx —+/tan x])

(cos x sin x)? [

2 cos2x cotx — tanx )
(cosxsinx)? /cotx +tanx

2 cos? 2x 1 >
>0

1
= 7 ((csc xsec x)Z[\/cotx + +/tan x] +

1
= —| (csc x secx)?[+/cotx + Vtanx| + - .
4 <( ) [ ] (cosxsinx)? /cotx ++/tanx

(with 0 < x <7)

Using Jensen’s inequality with0 < A4,B,C < gwe have:

F@+ 18 + (0 237 (221 5) = 37(5)

= 3<\/tan§+\jcotg> =3 <%+ %) = RHS
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Proved. Equality ifand onlyif A=B=C ="~

S
UP.232.Ifa,b,c > 0;a + b + ¢ = 3 then:
1 a’+2ac 1 b2+2ba 1 cZ+2ch
(1+—> -(1+—> -(1+—> > 512
a b c
Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

a%+2ac

e

1 a 1+ZC\
(1 + —) ] 1 a’+2ac
a = (1+—) > 2142 o
a a

1 |
(1 + —) > 2 (Bernoulli) }
a

a’+2ac 1 b%+2ab 1 c2+2bc

(1 + _) . (1 + _) . (1 + _) > 21+Zc . 21+Za . 21+Zb =
a b c -
a’+2ac 1 b%+2ab 1 c2+2bc
= (1 +_) . (1 + E) . (1 +_) > 23+Z(a+b+c) =29=512
a c

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c >0anda+ b + c = 3, we get as follows:
l.a?+b?>+c?+2(ab+bc+ca)=(a+b+c)>=32=9
2.abc<1= (abc)? <abc<1
Hence a(az+Zac)b(b2+2ba)c(c2+2cb) > aZ(aZ+Zac)b2(b2+2ba)cZ(c2+Zcb)

a’+2ac b*+2bc c%+2ch
>a 2z b 2z ¢ 2z > al@®+2ac)p(b*+2ba)(c*+2ch)

2 2 2
99 a(a +ZZaC)b(b +Zzba)c(c +ZZcb) > 512q(@?+2ac) p(b?+2ba) o (c*+2cb)

2 2 2
-, 9l(a+2ac)+(b2+2ba)+(c2+2ch)] a(“ +2ac) (b°+2ba) c(“ +2cb)

> 512¢q(a?+2ac) p(b*+2ba) ¢(c*+2ch)

= (a + 1)(a2+2ac) . (b + 1)(b2+2ba) . (C + 1)(c2+2cb) > 512a(a2+2ac)b(b2+2ba)c(c2+2cb)

. (a:l_l)(az+2ac) . (¥)(b2+2ba)

(cz +Zcb)

c+1
( ) > 512
c
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1 (a2+2ac) 1 (b2+2ba) 1 (c2+2cb)
> (1+3) (1+3) (1+3) > 512 ok

Therefore, itis true.

UP.233. If m,p € N — {0}; m > p then find:

_hm/ \/((2n+1)”) \/((Zn 1)")\

"ﬁw\nmp< ((n+1))” —W)/

Proposed by D. M. Bdtinetu — Giurgiu — Romania

Solution 1 by Marian Ursdrescu-Romania

n m (MY (2n+ 1D)Im >
2n—1)! -1
Q = lim (=0 < V(@2n—1)um
n-oo m—p™ <n+1, (n + 1)|p 1>
Vnlp

m n ("1/(2n+1)!!)m_1
— lim (",/(Zn—1)!!) _ ( n )P . =
n-oo n Rl ((n+1 (n+1)!>17_1>
)

"J(Zn 1)” n (2n 1)” cD. (2n+ ! n"
n—>°° n—>oo (n + 1)1 (2n — 1)

— llmn_mo 2n+1 (L) — ; (2)

n+1 n+1

1)

(n+1)n+1 n! n+1

. . n|nn CD. . n
lim,, .., T;ﬁ = limy,o, \/% = limy,o, (n+1)! nn = limy, (T) - € (3)
1n<(n+1‘/(2"+1)”>m>—1
" nl e M (2n-1)!
i/ (2n + 1) _
————— | —1)]=Ilim
Y@2n-1)!

Y (2n—-1)!

limn

" <"+1/(2n FOu\
Y(@2n-1)!
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n
= lim mln"*'lm =miIn( lim (zn + 1)” ) 1
" S ws @n— DI "4 (n + DI

_ . 2n+1 n+1 (E) e\
=mln (llmn_,Oo <n+1 . n+m)) = mln (2 . E) =m (4)

ln("“,/ (n+1)!)"_ )
e\

n+1 p n+1 L4
Alm T n—-oo n+1 .
WEC "
Yn!
I (S VI
= 1!11—>I£!> pln - pln <1!ll—>rl;) nl "+m>

n+1

) ®3)
=pln (llmn_,Oo W) =plne=p (5

From ()+2)+@)+@+©G)= 2= (2) e -m-p=2m-m-p-erm

Solution 2 by Remus Florin Stanca-Romania

- " En+ D\
g D) (o) 1
oo m-p< e D)
() -1
n T (%\/:;l)!f—l

. " (2n-1)! . n|(2n-1)! . (2n+1)! nm 1 5. 2n+1 _ 2
lim,,_, - =lim,,_ = lim =< lim,,_, —5 =

N20 (pe1)n+l  (2n-1)!

(2

)

=lim,,_, (

n

i n! _ i nlnl _ i (n+1)! n" _ 1 i n+l _ 1 i n _
Moo =7 = MMy [ = iMoo @ S oy = o MM 5 = 02 iMoo 7 =

e (3)
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("*1/ (2n + 1)!!) _1 "Dl
(1);(2):(3) 2\™ ] Y(2n-—1)! “nl
= Q:<—) -e? - lim ey : : p—1~
e n—co (/;Zn _|_1;)” _1 <n+1/(n ¥ 1)|>
M(2n-1)!

n

n!
"Y@n+ 1D 1 ln('“m)
ey m "Dt ) _
) n+$2n 1)” =mp (E) -eP - lim ° n+1 - )
J+r n00 ln( J(@2n+ 1)!!>
Vnl V(@zn -1

~
]

T‘
-

=

ln( Yn! > In "Y@n+1n) 1 B
,n("“n ) Yen-Dr ) <“+:/7(n + 1)!) -
e n /-1 ay

$

~
=
+
=

~

n!
ln <"+i/(2n + 1)!!>

_ 2\™ ] Y(@2n—-1)!

=mp (;) -ep-l-l-rllLH.}O l <n+m>
nlin

 WVnl
In <(2n + 1) 1 >
m 2n— 1)l n+l
=mp<z) -eP - lim (2n—1) @n+1)1/ _

o <(n+ 1! 1 >
n! n+m

n+1 (zn + 1)n+1
2n+1 In
z)m " <"+i/m> — mp (2)'" < (2n+ D)1 )

- -e? - lim 1 . -e? - lim
In <n—> n+1 (n + 1)n+1
(2 " e (@ 3)2  (2n+ 1)!! 1 _
mp e) e M @3 @n+ ((n +2)"2  (n+ 1) ) -
(n+2) (n+1)"*1t
1
=mp- 2™ -eP™In(e) - In(e) = mp2™MeP~™ = Q = mp2™meP™™
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UP.234. If m,p = 0 then find:

Q = lim ("+m) _ (W)m+p+1
o - (Y@n-Dt)

Proposed by D.M. Bdtinetu — Giurgiu — Romania

m+p+1

Solution 1 by Marian Ursdrescu — Romania

Wm+p+1 <<n+1,/ (n+ 1)!>m+p+1 3 1)

Vn!
Q = lim 7
noe nmy/(2n — 1!
n m+p+1 P n+1 m+p+1
=lim,,_,,, (\i—"_l) . (;) ‘n <( \/(n+1)!) _ 1> 1)

"(Zn—-1)! Rl
li Vn! I "n'cnl (n+1)! nt_
nl—>To n _nl—g}) nt noow (n+ 1)""’1 nl
= L =1
llmn_,Oo +1 (2)

(n+1)™1 2n-1!

""°°n (Zn 1)n n (2 - D n—>°° 2n+1! nr

= limy,o, 5 2n+1 (%1) T2 (3)
n+1 m+p+1

n+1 m+p+1
ln( 1n/(n+1)!>
e Vn! -1
= lim

n—-oo ln n+m m+p+1
Vn!

n+1 n
v(n+1)!
= llm(m+p+1)ln¥

n—-oo nl

| n+m m+p+1
T

=(m+p+1)In (limn—'(nm>

n—oo nl
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n+1)! 1
=(m+p+1)ln<lim( ) >—

el 1))

—(m+p+1)ln<llm1n;1>—(m+p+1)ln( )
T G 1 e Yl

2
@ (m+p+1)lne=m+p+1 (4

(m+p+1)
2p.em+1

From (1)+(2)+(3)+(4): @ = (g)mﬂ’+1 &) m+p+1)=

Solution 2 by Remus Florin Stanca — Romania

n —m+p+1 " (n+ 1) mipel
o (T
= 1mm

nee nm ("w/ (2n - 1)!!)p

mipt1 1 n Py (" mrD\"T ~
=" =) ((r) 1)

o n m+p+1 n P n+m m+p+1
= limy,.c, (T) . (",/(2n—1)!!) n ( Rl ) -1) (1)
li W—l' nn! I (n+1)! n"_l
Tll—’rg n Tll—g}? F N nl—g}) (n + 1)"+1 n ;
. nf  nt (m+1)"! 2n-1)! e
lim [—— =1im . =_
n— oo (2n — 1)” n-o (Zn + 1)” nn 2

n+1
Qo= Prl (& i <_v("+1)'> _

eptm+1 2 n-o W
m+p+1 1 1 m+p+1 m+p+1
T (n+1)."+i/m T v emtl U T gp . eme

70



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
UP.235.1f @ > 0;7 2 0; (by)nso < (0, %0); limy, o = = b > O then find:

n

~ lim (((mm) (ma) . n1—ar>

n—->oo

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Marian Ursdrescu — Romania

—,llgn;nar (V/ba) (P 1>=

=t (5 () 1)

L I S W i
n-oo nr - nl—>n;) (n )T n-oo (n+ 1)("+1)r bn -

T bn+1 . n” . n nr — . . l " = E
- llm"_mo n"-b, (m+1)" (n+1) =b-1 (e) T er (2)
e bn

a

1l+1[b a
limn((—"“) —1)]=1limn

n+1 b 1 a
V Yn+

n-oo n/b n-oo n+1 b ln( >
n ln< Y n+1>

Vb

= lim na - In

n— oo \/b—n n-oo —bn —

b 1 b r
=a-In <llm ntl, " > =aln <lim r"+1 . +1n >
w2 by by on” by b,

_ . ) ar \ @) ey _ r_
=aln (b lim,,_, T (n+1)r) = aln (b b) =alne” = ar (3)

From (1)+(2)+(3)= Q= - ar =

arb?

ear

Solution 2 by Remus Florin Stanca — Romania

= lim,_, o, (%/by) <( "“)a - 1> n'=% = alim,_ (n{l’:_")an (M;J% - 1) (1)
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i nbn_l- n bn . bn+1 nnr_ 1 r b
fin = dim o= i e = () 0=

11"(1 b Tr
:>Q=a-(;> b“limln( n+l n >=

n— oo nrbn n+1/bn+1

(1)“‘ pa arb?® arb®
=arl|— = =

=
ear ear

UP.236. If f, g: (0,) — (0, ) are such that exists:

1
f(x) O fim (g()*

. fx+1) _ i gx+1) _
llmx—)oom =a>0;lim,_,—— x 90 =b > 0;lim,_, x> 00
then find:
/ ( ) ; ( )1
. 2 [(gx+1))**1  (g(x))*
— x . —
= lim \(ﬂx)) CEYE 2

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution by Marian Ursdrescu-Romania

We have (from Heine): lim,,_, % =a,, lim, ., I:ll;rl =b
Vbui1 _ NVbn
and we must find: @ = lim,, ,, [,/ ( (n+1);1 gen [€))

n+1/ 2
= lim /a2 - \/7<(n+71l;; 1\17_—1>

rv_) /ba n(ner' n? _1) ©)

n (n+1)2 b,

n—-oo

=lim,,_, (

/ n
n CD. li Api1 n_
n" n—oo

lim — —(n+1)"+1 a

n-oco N

= lim,,_,,, 2t 2. (_) —a (3)

na, n+l n+1
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lim n\/ bn = lim " ﬁ Cé)' lim <—bn+1 . n_n) —
n-oc N n-ooo _| MM n-o (n + 1)n+1 bn

b n n \" b
= lim "“-—-(—) =2 4
n=>% nb, n+1 n+1 e ( )

limn i b"+1- n —-1|=
nos "\ @+ 1)? /5.

n
ln( bn+1
e \Vbn/ _1

=limn -In <" b"+1>

n+1 n+1
b b
= lim nln <7n+1> = limIn—- ™1 =
n—-oo "/bn n—oo bn

=ln<limL> =ln<limb"+1- . n+1 >=
n=e bnn+1 bn+1 n-e nb" n+1 n+\1/ bn+1

(é)ln(b-g)zme=1 (5)

From (1)+(2)+(3)+(4)+(5)=
_ (2)2 b _a'b

e/ e e3

Solution 2 by Remus Florin Stanca-Romania

We know that there are two sequences (a,,),cy and (b,,),.cy Such that

. b
il — g > 0andlim, -1 =bh >0

nan nby

lim,,_, .,

1 1

n—-oo

1
2 bﬁ pnt1 n
— T = 1
)—llm(an)"'n—; i (—) -1
1 1 1 2
. n| . Dba . bRii
= lim,,_, <a) -+ 2-n-limy, . In —il(ni) (9]
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1 1
= bﬁ _ bn ; 1= n+1 n" _ b
llmn_,oo: =lim,,_, (n_") llmn_,oo( ) b e =
2 Zb Zb
a“b 1 b,.s n+1 a 1 e a
=>0Q=——In lim 1 =—-In|l='b-—-)=——
2 2 w0\ nb, e2 2 b 2
bn+1
n+1
a’b
=Q=-—7
e

We also notice that if h(x) = ln(f(x)) —xIn(x) —xand h,(x) = ln(g(x)) —
xIn(x) — x were continuous and differentiable functions on (0; +c0) then we would
apply Lagrange’s theorem on (x; x + 1):

MDD = py(c,) and MDD = gy (0]

& In(f(x+ 1;+—1_(: +1)In(x+1) — xx—+11_x— In(f(x))) +xIn(x) +x =
N CRUER
Where ¢, € (x,x +1) = lim,_, (In (%) ~2-In(x) = lim,_., (% ~ In(x) - 2)
1)
M)f i’;;)l ) _ tim () _ lim In (%) — In(x) = In(a)

W x
= lim,_, f— —In(x) =In(a) (2)

(F@)~ ln(%) L'H r (x)—ln(x) 1@ (f (x))% a
limx—mo x - llmx—mo e «x g limx_,oo ef( = l oo . — e]n(a)_l — ;
and

1
in the same way lim,_, . (g(;‘))x = g 50,
1\ 2 1
(g(x)) (F(x))* g(x + 1)x+1 x A2 ba?
Q= x1n . ( ) S
x+1 e

x—>oo X

1
g(x)x
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: 11_ glx+1) 1 _bazl (1 b e)_ ba?
gl PR gx) 1| T ez M2 b/ e?

g(x+ 1)x+1

ba?
SQ=——0ro

UP.237. Let be f: (0,) — (0, =) a continuous function; (a,,) =1 < (0, x);

(b,,) 51 € (0,00); lim,,_, ., ‘;";1 =a>0;lim,_, :"“ = b > 0. Find:
" D a,.

Q= lim | > f f< ad )d
= 11m/| — X
n-o\ n "/brl
"/nla,

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru - Romania

Solution by Remus Florin Stanca — Romania

f = continuous function = 3¢ € [%/n!a, and "*\/(n + 1)! a,,,4| such that:

D ans ;
X n+1 _n
% f('\‘/b—,l)dx_( Vo+1'a,,, \/n!an)f<1\l/b_n>:>

= 0 = lim, o 2 (“Y 0+ Dlag - Yla,)f (o) @
(€ [’\‘/n!an; Y@+ 1) an+1] ="nla, <{ <" V(n+Dlay,, =

n n+1
N \n/\"l!,ﬁ‘:ln< (4 V(r:l"'bl:an+1 (1)

~ Mnla, . Yn! n? n[nl n nZ" n an
lim = lim . = lim - lim llm
n-o 1\l/b—n n-o N 11 n-oo nn n-oo n-oo
e (DU w2 . ( @it )_
T\ D nl) e\ b, nZ" noe\(m+ 1)t q )

1 . (n+1)?2 . 1 a1l _1 21 1 _a
——-llmn_,m(ez-—bn lim, (= -22)=-e?--za== (2)
e bp+1 e na,
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VoA Dlay, Y@ D Ya ot 1)?
n+1 “/b,

lim
n/ +
n-oo bn n—-oo n 1

— i w1 (n+1)! lim ™™ Ani1 li n (2
B CFm et L R ey et L

< Apny2 (n + 1)n+1> .

i m+2) (m+1)"1\
Taom\m+2)"2 () ) e \m+ 2™ ay,,

N ()™ bn) _ 1 (1 Gntz 2] nh) 1 jp2l_a
llmn_m( " nZn) == (e lim,,_, (n+1)an+1) (e lim,,_, an) = ae?- = (3)
(1):(2):(3) (a)

. { —_a o_ ; :  V\=f(2
.f = continuous = llmn_mf(m) = f(b) =

= lll'l‘ln_,Oo n_bn = ;

N I n+\1/(n+1)!an+1 _
= 0= (p) lim 2 /nla, e, )

/ ln(—ﬁW) \ 1
= () i Y e Vrlan ) 1 In Vm+Dla,,, _
f(b) nbo M N kln <"+m>) Ynla,

yn'a,
1 n
V (n + 1)' Api1

_1 a . n+

=2 f(;)e 1 limn Vnla,

_a a (n+1)!an+1 1 =
= (e o) -

_a_a a,.; n? /b, _a_qa B
_;f(E)rlll_Toln<nan.T\I/b_n.nﬂ(n+1)!an+1>_;f(z)ln<a?.a>_

=25 (5) = a=221(3)

UP.238. If m > 0 then find:
1 1
Q = lim <((x +1)™ T(x+2))*+ 1 — (a™ - T(x+ 1))x>
X—00

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
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Solution 1 by Marian Ursdrescu-Romania

(another approach by sequence)

Because I'(n + 1) = n! we must calculate (from Heine):

@ = lim ("YG+ Dmm+ D! - Vo) =

m n+1 m
— llmn—mo n n' ( 1/(n+n1121n(n+1)| ) (1)
. A/m™-nl nmn' ¢s. (n +1)"(n+1)! n"
lim —— .
n-oco n—>00 00 (n + 1)"+1 nm —n!
n+1 _
= lim,,_o, T) ' (m) =; @
_ (“*J(n +1)™(n + 1)!>
limn — =
n-o nmn!
| M )™ (et 1)!
nle - Vamm -1
i : @+ D)™ (n+ 1)!
= lim - in
e Y+ 17+ 1)! Yl
n Vnmn!
" D+ D!  (n+1)™(n+1)! 1
= lim In =In|( lim . =
n—-oo nmnl! n—-oo nmn! "+V(n +1)m(n +1)!

. N 1 @) )
=In (llmn_,oo (%) . #W) =lne=1 (3) From (1)+(2)+(3):> Q= .

Solution 2 by Remus Florin Stanca-Romania

. F(x+1) neN . n! _
lim,_, ol lim, D 1 (1)

I'(x) is continuous and differentiable so the function f(x) = ln(I‘(x)) —xlnxis
differentiable and continuous =

ln(I‘(x + 1)) (x+1DIn(x+1) — ln(I‘(x)) +xIn(x) T'(c,)
x+1—x ~ T(cy)

—1-Inc,,

¢, € (x;x+1) (Lagrange)=> ln(I‘(x + 1)) — ln(I‘(x)) —xIn (xH) —In(x+1) =

= E((cc:)) —1-In(c,) > ’lcl_{lolo <ln <%> —In(x + 1)> -1=
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—1-In(c,) >

. r(x+1) _ r'(x)
:lLTo<ln<W>—ln(x)> 1= l <I‘() In(x) — 1>

= lim In <Fi’;—&)1)> -1= ’16'%0(“( )) In(x) — 1>

(1)
llmx_,w% —In(x) —1=-1 (2)

1 1
(I‘(x + 1))x l“(x + 1) x In(T'(x+1))-xIn(x)
X— 00 X X— 00 xx X— 00
L'H I'(x) 1
lim eT(®) el=—>
g xX—00 e
1
> lim,_, T&2* 1 3)
X—00

x+1 e

L((x+ D)™ (x+ 2))"_J1r1

[ =lim(x"F(x+ D) 1=
* (me‘(x + 1))E
@) (e 2))x+1
e x (me‘(x + 1))
—llimln (x+1)m.r(x+2). 1 =
e x—> o xm I‘(x + 1) ((x 4 1)ml_,(x 4 2));—1

1 I(x+2) x+1 1 11
Seimbl DG o e

(I‘(x + 2))m
Solution 3 by Rohan Shinde-India

Using Lemma 1 of Stolz Cesaro theorem that for two sequences (a,) ey and (by)nen
of real numbers,if0 < b, < b, <:-<b, <--andlim,_, b, = o

An+1—An __

then if lim,,_, b

Q then also lim,,_,, 2 = Q
n+1_bn bn

1
Here if a, = (n™T'(n+ 1))" and b,, = n then
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1 1
lim {((n +1)™I(n+ 2)n+1 — (n™I(n + 1))"} =Q
n—oo
1

. I'(n+ 1)>5

nn

1
. (nmr(n+ 1)) .
= lim =0 = lim|n™

n—-oo n n—-oo

Using Stirling’s approximation for Gamma function,
1

Q= lim <nm x 2mn x (E)rl)n = lim <n% x (\/m)% x %)

n—-oo nn e n—-oo

But

m minn li mlnn
: — — 1z —_— __ m _ 0 —
limnn =lime n =erx n =¢el=1

n—-oo n—-oo

1 In(2mn) lim (ln(Znn))
and limn_,m(\/ZTm)" =1lim, ,,e 2n =e " J=¢%=1

>0 =—
e

UP.239.1f0 <a<bh < gthen:

b b

1

Ef f(l + tanx) (1 + tan y)(1 + tan x tan y)dxdy > (tan b — tan a)?
a a

Proposed by Daniel Sitaru — Romania

Solution by proposer

2 5 1 1 sin® x + cos?x sin*y + cos?y
cos2xcos’y ~ cos’x cos’y cos? x cos?y B
=2(tan’x + 1)(tan’y + 1) =

= (tan?x + 1)(tan’y + 1) + (tan?x + 1)(tan’y + 1) >

QM-AM 2 (tanx +1

t 2
s any+1) _
2

2
) (tan2y+1)+(tan2x+1)-2( >

1
=3 [(tanx + 1)?(tan?y + 1) + (tan? x + 1)(tany + 1)%] =

1
= E[(tanzx +2tanx + 1)(tan? y + 1) + (tan’x + 1)(tan’ y + 2tany + 1)] =
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1 tan® xtan?y + tan®? x + 2tanxtan®y + 2tanx +
+tan’y+1+tan’xtan’y+2tan’xtany + tan?x + tan’y + 2tany + 1

2

=tan?xtan’y + tanxtan’?y + tan’xtany + tanx + tany + 1 + tan? x + tan? y >

AM-GM
> tan’xtan’y+tanxtan?y+tan’xtany +tanx +tany + 1+ 2tanxtany

=tan?xtan’y +tanxtan®?y + tan’xtany + tanxtany + tanxtany + tan x +
+tany+1=tanxtany (tanxtany +tanx +tany + 1) +
+(tanxtany +tanx +tany + 1) =
= (tanxtany+tanx +tany+ 1)(tanxtany + 1) =
=[tanx (tany + 1) + (tany + 1)](tanx tany + 1) =
= (tanx +1)(tany + 1)(tanxtany + 1)

b b
f f(l +tanx) (1 +tany)(1+ tanxtany)dxdy >
a a

b

b b

>ff dxd —zf !4 f L 4

- coszxcosZ xey = cos2x ¥ cos?y Y
a a

a a

b b
1
Eff(l +tanx) (1 +tany)(1+ tanxtany)dxdy >
a a

b\ by _ _ 2
> (tanx |a) (tany |a) (tanb — tan a)
Equality holds for a = b.
UP.240. Let a, b, c be positive real numbers such thata + b + ¢ = 3. Find the

minimum value of:

T a b c 1 1 1
=+ —+—_+ +
c a a3+b3+abc b3 +c3+abc c3+a3+abc

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Michael Sterghiou-Greece

Tr= (chc ) ey Frpirabe a3+b3+abc @)
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We will prove that T > 4. We use the following lemma: With the problem’s

conditions it holds that: G (chc%) +3>7-Y,ca* (L). Toprove this, we
homogenize the inequality by multiplying by 3abc (and taking into account that
Yeyc @ = 3) as follows:
(L) - 2(Xeye a)z (X ab?) + abc- (Teye a)z —21abc Y., a* > 0 or the equivalent
Yeycatc+ Yoy alb? + 23, a’b® + 4abc - ¥ ab — 8abc Y., a* > 0. The last
reduces to: Y., a (a — b)?(b — 2¢)* = 0 which is true. Now, as ¥, a* > 3 be adding

this to (L) we get (chc %) >Ycca? (2) Let(pqr) = (chc a,Ycab, abc) with

9
Z(chc a3)+3abc

p = 3 (1) becomes the stronger inequality (X, a?) + > 4 [by (2) and
1

BCS]or9 — 2q + o 2qrr

—4 > 0 [Note that ¥, a®* = p* — 3pq + 3r] which reduces

to4q* — 22q + (5 — 2q)r + 31 = 0 (3). This is either an increasing or decreasing
function of r (depending on the sign of 5 — 2q). In either case it suffices to hold when

r = max orr = min which according to V. Cirtoaje theorem happens (for any fixed

q) when any two of a, b, c are equal. Let WLOG b = ¢ (< g) = a =3 —2b.Now (3)

becomes —(b — 1)2(12b% — 54b%2 +70b—31) > 0for0 < b < % This can be easily

show to be true because 12b3 — 54b% + 70b — 31 < Ofor b € (0%) Done!
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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