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JP.226. Let ࢈,ࢇ,  such that the ࢞ࢇ࢓࢑ be positive real numbers. Find the ࢉ

inequality is true: 

ࢇ
࢈ + ࢉ +

࢈
ࢉ + ࢇ +

ࢉ
ࢇ + ࢈ −

૜
૛ ≥ ࢑ቆ

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ − ૚ቇ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Tran Hong-Dong Thap-Vietnam 

ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

− ૜
૛
≥ ࢑ ቀࢇ

૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
− ૚ቁ   (*) 

But: ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

≥
࢚࢏࢈࢙ࢋࡺ ૜

૛
૛ࢇ; + ૛࢈ + ૛ࢉ ≥ +࢈ࢇ +ࢉ࢈ ࢇࢉ → ૛ࢉ૛ା࢈૛ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
− ૚ > 0 

So, ࢑ > 0 → ࢞ࢇ࢓࢑ > 0. 

Because: (*) is true for all ࢈,ࢇ, ࢉ > 0 

Hence, we let: ࢇ = ࢈ = ૚; ࢉ = ૚
࢔

࢔∀) ∈ ℕ∗) then: 

࢑ ≤

૜
૚ + ૚

࢔
− ૜
૛

૛ + ૚
૛࢔

૚ + ૛
࢔
− ૚

; ࢔∀) ∈ ℕ∗) 

Let ࢔ → +∞ we have: ࢑ ≤ ૚
૛
 

Now, we show that: ܠ܉ܕ࢑ 	 = ૚
૛
 

ࢇ
+࢈ ࢉ +

࢈
ࢉ + ࢇ +

ࢉ
+ࢇ ࢈ −

૜
૛ ≥

૚
૛ቆ

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + −ࢇࢉ ૚ቇ 

↔
ࢇ

࢈ + ࢉ +
࢈

ࢉ + ࢇ +
ࢉ

ࢇ + ࢈ ≥
૚
૛ ቆ

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + +ቇࢇࢉ ૚ =
ࢇ) + ࢈ + ૛(ࢉ

૛(࢈ࢇ+ +ࢉ࢈  (ࢇࢉ

It is true because: 

ࢇ
࢈ + ࢉ +

࢈
ࢉ + +ࢇ

ࢉ
ࢇ + ࢈ =

૛ࢇ

࢈ࢇ + ࢉࢇ +
૛࢈

+ࢉ࢈ +ࢇ࢈
૛ࢉ

ࢇࢉ + ࢈ࢉ ≥
ࢠ࢘ࢇ࢝ࢎࢉࡿ +ࢇ) +࢈ ૛(ࢉ

૛(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

Proved. Equality if and only if ࢇ = ࢈ =  .ࢉ
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JP.227. Prove that in any ࡯࡮࡭ triangle the following relationship holds: 

૜൫࢘࢈࢘ࢇ૜ + ૜ࢉ࢘࢈࢘ + ૜൯ࢇ࢘ࢉ࢘ ≥ ࢘(૝ࡾ + ࢘)૜ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Marian Ursărescu-Romania 

Because ࢘ࢇ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ we must show: 

૜൫࢘࢈࢘ࢇ૜ + ૜ࢉ࢘࢈࢘ + ૜൯ࢇ࢘ࢉ࢘ ≥ ࢇ࢘)࢘ + ࢈࢘ +  ૜(ࢉ࢘

૜൫࢘࢈࢘ࢇ૜ + ૜ࢉ࢘࢈࢘ + ૜൯ࢇ࢘ࢉ࢘ ≥ ࢇ࢘)࢘ + ࢈࢘ + ૜(࡯࢘

ࢇ࢘	࢚࢛࡮ = ࡿ
ࢇି࢙

,࢘ = ࡿ
࢙

, ࢙ = ࢉା࢈ାࢇ
૛

ൡ ⇒ we must show: 

૜ ൬
૚

(࢙ − ࢙)(ࢇ − ૜(࢈ +
૚

(࢙ − ࢙)(࢈ − ૜(ࢉ +
૚

(࢙ − ࢙)(ࢉ − ૜൰(ࢇ ≥
૚
࢙ ൬

૚
࢙ − +ࢇ

૚
࢙ − ࢈ +

૚
࢙ − ൰ࢉ

૜

 

⇔ ૜࢙((࢙ − ࢙)૛(ࢇ − ૜(ࢉ + (࢙ − ࢙)૛(࢈ − ૜(ࢇ + (࢙ − −࢙)૛(ࢉ (૜(࢈ ≥ 

≥ ൫(࢙ − ࢙)(ࢇ − (࢈ + (࢙ − ࢙)(࢈ − (ࢉ + (࢙ − ࢙)(࢈ − ൯(ࢉ
૜

   (1) 

(࢙ − ࢙)૛(ࢇ − ૜(ࢉ + (࢙ − ࢙)૛(࢈ − ૜(ࢇ + (࢙ − ࢙)૛(ࢉ − ૜(࢈ = 

=
(࢙ − ࢙)૜(ࢇ − ૜(ࢉ

࢙ − ࢇ +
(࢙ − ࢙)૜(࢈ − ૜(ࢇ

࢙ − ࢈ +
(࢙ − ࢙)૜(ࢉ − ૜(࢈

࢙ − ࢉ ≥
࢘ࢋࢊ࢒࢕ࡴ

 

≥
൫(࢙ − ࢙)(ࢇ − (ࢉ + (࢙ − ࢙)(࢈ − (ࢇ + (࢙ − −࢙)(ࢉ ൯(࢈

૜

૜(࢙ − ࢇ + ࢙ − ࢈ + ࢙ − (ࢉ ⇔ 

⇔ ૜࢙((࢙ − ࢙)૛(ࢇ − ૜(ࢉ + (࢙ − ࢙)૛(࢈ − ૜(ࢇ + (࢙ − −࢙)૛(ࢉ (૜(࢈ ≥ 

≥ ൫(࢙ − ࢙)(ࢇ − (࢈ + (࢙ − ࢙)(࢈ − (ࢉ + (࢙ − ࢙)(ࢉ − ൯(ࢇ
૜
⇒ (1) it is true. 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

We have: ࢘ࢇ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘. And: ૚
ࢇ࢘

+ ૚
࢈࢘

+ ૚
ࢉ࢘

= ૚
࢘
 

Now, LHS= ૜ ൭ ࢈࢘
૜

ቀ ૚࢘ࢇ
ቁ

+ ૜ࢉ࢘

൬ ૚࢘࢈
൰

+ ૜ࢇ࢘

ቀ ૚࢘ࢉ
ቁ
൱ ≥

࢘ࢋࢊ࢒࢕ࡴ
૜ ⋅ ૜(ࢇା࢘ࢉା࢘࢈࢘)

૜൬ ૚࢘ࢇ
ା ૚
࢈࢘
ା ૚
ࢉ࢘
൰

= (૝ࡾା࢘)૜
૚
࢘

= ࢘(૝࢘+ ࢘)૜ 

Proved. Equality ⇔ ࢇ࢘ = ࢈࢘ = ࢉ࢘ ⇔ ࢇ = ࢈ =  .ࢉ

Solution 3 by Adrian Popa-Romania 

ࡿࡴࡸ = ૜ቆ
ࢉ૜࢘࢈࢘ࢇ࢘
ࢉ࢘

ቇ+ ቆ
࢈૜࢘ࢉ࢘࢈࢘
ࢉ࢘

ቇ + ቆ
࢈૜࢘ࢇ࢘ࢉ࢘
ࢉ࢘

ቇ = ૜ઢ࢙ ൭
൫࢘ࢇ૛ + ૛࢈࢘ + ൯ࢉ࢘

૛

ࢇ࢘ + ࢈࢘ + ࢉ࢘
൱ = 



 
www.ssmrmh.ro 

6 
 

= ૜ઢ࢙(࢘ࢇ + ࢈࢘ + (ࢉ࢘ = ૜ઢ࢙(૝ࡾ+ ࢘) ≥
?
࢘(૝ࡾ+ ࢘)૛ 

? : ૜ઢ࢙ ≥ ࢘(૝ࡾ + ࢘)૛ ↔ ૜࢙૛ ≥ (૝ࡾ + ࢘)૛ 

૜࢙૛ ≥ ૜(૚૟࢘ࡾ− ૝࢘૛) ↔ ૜࢙૛ − (૝ࡾ+ ࢘૛) ≥ ૜(૚૟࢘ࡾ− ૞࢘૛)− (૝ࡾ + ࢘)૛ ↔ 

↔ ૝૙࢘ࡾ − ૚૟ࡾ૛ − ૚૟࢘૛ ≥ ૙ 

ࡾ ≥ ૛࢘; 	࢘ =
ઢ
࢙ ; ࢉ࢘࢈࢘ࢇ࢘	 = ઢ࢙ 

ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ 

࢙૛ ≥ ૚૟࢘ࡾ− ૞࢘૛ 

Solution 4 by Soumava Chakraborty-Kolkata-India 

∵ ૛࢓ + ૛࢔ + ૛࢖ ≥ +࢔࢓ ࢖࢔ + ࢖,࢔,࢓∀,࢓࢖ ∈ ℝ 

∴ ࢞૛࢟૝ + ࢟૛ࢠ૝ + ૛࢞૝ࢠ ≥ ࢞࢟૛ ⋅ ૛ࢠ࢟ + ૛ࢠ࢟ ⋅ ૛࢞ࢠ + ૛࢞ࢠ ⋅ ࢞࢟૛ = ࢠ࢟࢞ ቀ෍࢞૛࢟ቁ 

⇒
∑࢞૛࢟૝

ࢠ࢟࢞ ≥෍࢞૛࢟ ⇒෍
࢞࢟૜

ࢠ ≥
(૚)

෍࢞૛࢟ 

Now, ૜∑ ࢞࢟ ቀ∑ ࢞૛

࢟
ቁ = ૜∑࢞૜ + ૜∑࢞࢟૛ + ૛∑ ࢞࢟૜

ࢠ
≥

(૚)	࢟࢈
૜∑ ࢞૜ + ૜∑࢞࢟૛ + ૜∑ ࢞૛࢟ 

≥
ࡳି࡭

෍࢞૜ + ૟࢞࢟ࢠ + ૜෍࢞࢟૛ + ૜෍࢞૛࢟ = ෍࢞૜ + ૜ෑ(࢞ + ࢟) = ቀ෍࢞ቁ
૜

 

∴ ૜෍࢞࢟ቆ෍
࢞૛

࢟ ቇ ≥
(૛)

ቀ෍࢞ቁ
૜

 

Choosing ࢞ = ࢟,ࢇ࢘ = ,࢈࢘ ࢠ =  ,in (2) ࢉ࢘

૜෍࢘࢈࢘ࢇ ቆ෍
૛ࢇ࢘

࢈࢘
ቇ ≥

(૜)
ቀ෍࢘ࢇቁ

૜
 

Now, ૜∑ ૜࢈࢘ࢇ࢘ = ૜࢙∑࢘ࢇ૛(࢙ − (࢈ 		(∵ ࢈࢘ࢇ࢘ = ࢙(࢙ −  (ࢉ࢚ࢋ,(ࢉ

 

= ૜࢙∑࢘ࢇ૛
࢙࢘
࢈࢘

= ૜࢘(࢙૛) ቂ∑ ૛ࢇ࢘

࢈࢘
ቃ = ૜࢘(∑࢘࢈࢘ࢇ) ቀ∑ ૛ࢇ࢘

࢈࢘
ቁ ≥
(૜)	࢟࢈

࢘(૝ࡾ+ ࢘)૜  (proved) 

 

JP.228. Prove that if ࢈,ࢇ,  :are the lenghts of the sides of a triangle, then ࢉ
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ට
ࢇ

࢈ + ࢉ − ࢇ + ඨ ࢈
ࢉ + ࢇ − ࢈ + ට

ࢉ
ࢇ + ࢈ − ࢉ ≥

ࢇ) + ࢈ + ૛(ࢉ

࢈ࢇ + ࢉ࢈ +  ࢇࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Marian Ursărescu-Romania 

ට ࢇ
ࢇିࢉା࢈

= ට ࢇ
ࢇିࢉା࢈

⋅ ૚ ≥ ૛
ࢇషࢉశ࢈

ࢇ ା૚
= ૛ࢇ

ࢉା࢈
⇒ we must show: 

૛ ቀ ࢇ
ࢉା࢈

+ ࢈
ࢉାࢇ

+ ࢉ
࢈ାࢇ

ቁ ≥ ૛(ࢉା࢈ାࢇ)

ࢇࢉାࢉ࢈ା࢈ࢇ
   (1) 

ࢇ
ࢉା࢈

+ ࢈
ࢉାࢇ

+ ࢉ
࢈ାࢇ

= ૛ࢇ

ࢉࢇା࢈ࢇ
+ ૛࢈

ࢉ࢈ା࢈ࢇ
+ ૛ࢉ

ࢉ࢈ାࢉࢇ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢉା࢈ାࢇ)

૛(࢈ࢇାࢉࢇାࢉ࢈)
⇒ (1) it is true. 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

ࡿࡴࡸ =
૛ࢇ

+ࢇ࢈√ࢇ ࢇࢉ − ૛ࢇ
+

૛࢈

+࢈ࢉ√࢈ ࢈ࢇ − ૛࢈
+

૛ࢉ

ࢉࢇ√ࢉ + ࢉ࢈ − ૛ࢇ
≥

ࢠ࢘ࢇ࢝ࢎࢉࡿ
 

≥
ࢇ) + +࢈ ૛(ࢉ

+ࢇ࢈√ࢇ ࢇࢉ − ૛ࢇ + +࢈ࢉ√࢈ −࢈ࢇ ૛࢈ + +ࢉࢇ√ࢉ ࢉ࢈ − ૛ࢉ
=  ࡭

ࢉ࢈ඥࢇ + ࢇࢉ − ૛ࢇ ≤
ࡹࡳିࡹ࡭ ૛ࢇ + +ࢉ࢈) ࢇࢉ − (૛ࢇ

૛ =
ࢉ࢈ + ࢇࢉ

૛  

+࢈ࢉඥ࢈ ࢈ࢇ − ૛࢈ ≤
ࡹࡳିࡹ࡭ ૛࢈ + +࢈ࢉ) −࢈ࢇ (૛࢈

૛ =
+࢈ࢉ ࢈ࢇ

૛  

ࢉࢇඥࢉ + −ࢉ࢈ ૛ࢉ ≤
ࡹࡳିࡹ࡭ ૛ࢉ + ࢉࢇ) + ࢉ࢈ − (૛ࢉ

૛ =
࢈ࢇ + ࢉ࢈

૛  

⇒ ࢉ࢈ඥࢇ + ࢇࢉ − ૛ࢇ + +࢈ࢉඥ࢈ ࢈ࢇ − ૛࢈ + +ࢉࢇඥࢉ ࢉ࢈ − ૛ࢉ ≤ ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

⇒ ࡭ ≥
+ࢇ) ࢈ + ૛(ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ =  ࡿࡴࡾ

Proved. Equality ⇔ ࢇ = ࢈ =  .ࢉ

Solution 3 by Michael Sterghiou-Greece 

∑ ට ࢇ
ࢉ࢟ࢉࢇିࢉା࢈ ≥ ൫∑ ࢉ࢟ࢉࢇ ൯

૛

∑ ࢉ࢟ࢉ࢈ࢇ
   (1) 

(1) homogeneous so, WLOG ∑ ࢉ࢟ࢉࢇ = ࢖ = ૜. Let ∑ ࢈ࢇ = ࢉ࢟ࢉࢇ ࢉ࢈ࢇ, = ࢘ 
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(1)→ ∑ ࢇ
ඥ(࢈ାࢇିࢉ)ࢉ࢟ࢉࢇ ≥ ࢇ

ࢗ
  (2). The function ࢌ(࢞) = ૚

√࢞
 is convex hence by the 

generalized Jensen inequality we have LHS of (2) ≥ ࢇ) + ࢈ + (ࢉ ⋅ ૚

ට∑ ࢉ࢟ࢉ⋅ࢇ (ࢇషࢉశ࢈)ࢇ
ࢉశ࢈శࢇ

≥
? ૢ
ࢗ
 

(where ࢈,ࢇ, are “weights”). The last inequalities reduces to ૜ ࢉ

ට∑ ࢉ࢟ࢉ૛ࢇ (૜ష૛ࢇ)
૜

≥ ૢ
ࢗ
 or  

૛ࢗ − ૜૟ࢗ + ૚ૡ࢘+ ૡ૚ ≥ ૙  (3) 

as ∑ ࢉ࢟ࢉ૛ࢇ = ૢ − ૛ࢗ,∑ ࢉ࢟ࢉ૜ࢇ = ૛ૠ − ࢗૢ + ૜࢘. As ࢗ ≤ ૜ାૢ࢘࢖
૝࢖

 from Schur inequality 3rd 

degree we have ૜࢘ ≥ ૝ࢗ − ૢ so (3) → ૛ࢗ − ૚૛ࢗ+ ૛ૠ ≥ ૙ or (૜− ૢ)(ࢗ − (ࢗ ≥ ૙ which 

holds as ࢗ ≤ ૛࢖

૜
= ૜ 

Solution 4 by Jalil Hajimir-Canada 

ට
ࢇ

࢈ + ࢉ − ࢇ = ඨ
૚

࢈ + ࢉ
ࢇ − ૚

≥
(∗) ૚

૚ + ૚
૛ቀ

+࢈ ࢉ
ࢇ − ૚ቁ

=
૛ࢇ
࢈ +  ࢉ

ቀ࢈ାࢉ
ࢇ
− ૚ቁ

૚
૛ = ቀ૚ + ࢉା࢈

ࢇ
− ૛ቁ

૚
૛ ≥ ૚ + ૚

૛
ቀ࢈ାࢉ

ࢇ
− ૛ቁ  (*) Bernoulli 

∑ ට ࢇ
ࢉ࢟ࢉࢇିࢉା࢈ ≥ ∑ ૛ࢇ

ࢉ࢟ࢉࢉା࢈     (1) 

∑ ૛ࢇ
ࢉ࢟ࢉࢉା࢈ = ૛∑ ૛ࢇ

ࢉ࢟ࢉࢉࢇା࢈ࢇ ≥ ૛(ࢇା࢈ାࢉ)૛

૛(࢈ࢇାࢉ࢈ାࢇࢉ)
   (2) 

From (1) and (2): ∑ ට ࢇ
ࢉ࢟ࢉࢇିࢉା࢈ ≥ (ࢉା࢈ାࢇ)

൫ࢇ૛ା࢈૛ାࢉ૛൯
 

Solution 5 by Marian Dinca-Romania 

෍ට
ࢇ

࢈ + ࢉ − ࢇ
ࢉ࢟ࢉ

= ෍ඨ
ࢇ ⋅ ࢇ

࢈) + ࢉ − ࢇ(ࢇ
ࢉ࢟ࢉ

= ෍
ࢇ

ඥ(࢈+ ࢉ − ࢉ࢟ࢉࢇ(ࢇ

≥ 

≥෍
ࢇ

+࢈) ࢉ − (ࢇ + ࢇ
૛ࢉ࢟ࢉ

= ෍
૛ࢇ
+࢈ ࢉ

ࢉ࢟ࢉ

 

෍
૛ࢇ
࢈ + ࢉ

ࢉ࢟ࢉ

= ૛ ⋅෍
૛ࢇ

࢈) + ࢇ(ࢉ
ࢉ࢟ࢉ

≥ ૛෍
+ࢇ) ࢈ + ૛(ࢉ

࢈) + ࢇ(ࢉ
ࢉ࢟ࢉ

=
+ࢇ) ࢈ + ૛(ࢉ

+࢈ࢇ +ࢉ࢈  ࢇࢉ
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Solution 6 by Anant Bansal-India 

We know that the minimum value of ∑ܖܑܛ ࡭ ⋅ ܖܑܛ ࡭ is at ࡮ = ࡮ =  ࡯

⇒෍ܖܑܛ ࡭ ࡮ܖܑܛ ≥
ૢ
૝ >

૛ૠ
૚૙૛૝ =

⎝

⎜
⎛ቆ

૜√૜
૛ ቇ

૛

૛૝√૜

⎠

⎟
⎞

૛

> ቆ
ܖܑܛ∑) ૛(࡭

૛૝√૜
ቇ
૛

 

⇒
൫૛૝√૜൯

૛

∑ ܖܑܛ ࡭ ⋅ ࡮ܖܑܛ >
(∑ ܖܑܛ ૝(࡭

࡭ܖܑܛ∑) ⋅ ܖܑܛ  ૛(࡮

⇒ ૡඨ
૜

ܖܑܛ ࡭ ⋅ ܖܑܛ ࡮ +
૜

࡮ܖܑܛ ⋅ ܖܑܛ ࡯ +
૜

ܖܑܛ ࡭ ⋅ ܖܑܛ ࡯ >
ܖܑܛ∑) ૛(࡭

∑ ܖܑܛ ࡭ ⋅ ܖܑܛ  ࡮

Putting ࡭ܖܑܛ = ࢇ
૛ࡾ

 

૚૟√૜ࡾ
ࢉ࢈ࢇ√

>
+ࢇ) ࢈ + ૛(ࢉ

+࢈ࢇ +ࢉ࢈ ࢇࢉ = ࢑ 

ࡾ =
ࢉ࢈ࢇ
૝ઢ  

૝√૜ࢉ࢈ࢇ
ઢ > ݇  

Using Heron’s formula and ࡹ࡭ ≥  :we get ࡹࡳ

ට
ࢇ

࢈ + ࢉ − ࢇ + ඨ ࢈
+ࢇ ࢉ − ࢈ + ට

ࢉ
ࢇ + ࢈ − ࢉ >

ࢇ) + +࢈ ૛(ࢉ

࢈ࢇ + +ࢉ࢈  ࢇࢉ

Equality holds for ࢇ = ࢈ =  ࢉ

Solution 7 by Soumava Chakraborty-Kolkata-India  

࢈ + ࢉ − ࢇ = ૝ࡾ ܛܗ܋
࡭
૛ ܛܗ܋

࡮ − ࡯
૛ − ૝ܖܑܛࡾ

࡭
૛ ܛܗ܋

࡭
૛ = ૝ࡾ ܛܗ܋

࡭
૛ ൬ܛܗ܋

࡮ − ࡯
૛ − ܛܗ܋

࡮ + ࡯
૛ ൰ 

= ૡܛܗ܋ࡾ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ ⇒

ට
ࢇ

࢈ + ࢉ − ࢇ = ඩ
૝ࡾ ૛ܖܑܛ ૛࡭ ܛܗ܋

࡭
૛

ૡܛܗ܋ࡾ ૛࡭ ቀܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ቁ

= 

= ܖܑܛ
࡭
૛ ඨ

૚

૛ ቀ ࢘૝ࡾቁ
=
(૚)
	ඨ
૛ࡾ
࢘ ܖܑܛ

࡭
૛ 
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Similarly, ට ࢈
࢈ିࢇାࢉ

=
(૛)

ට૛ࡾ
࢘
ܖܑܛ ࡮

૛
 and ට ࢉ

ࢉି࢈ାࢇ
=
(૜)

ට૛ࡾ
࢘
ܖܑܛ ࡯

૛
 

(1)+(2)+(3)⇒ ∑ට ࢇ
ࢇିࢉା࢈

= ට ࡾ
૛࢘
∑

૛ ૛࡭ܖܑܛ ܛܗ܋
࡯ష࡮
૛

૛࡯ష࡮ܛܗ܋
≥
(૝)

ටࡾ
૛࢘
∑ቀ૛ ܛܗ܋ ࡯ା࡮

૛
ܛܗ܋ ࡯ି࡮

૛
ቁ	 

൬∵ ૙ < ܛܗ܋
࡮ − ࡯
૛ ≤ ૚൰ 

= ඨࡾ
૛࢘෍

࡮ܛܗ܋) + (࡯ܛܗ܋ = ඨ૛ࡾ
࢘
ቀ૚ +

࢘
ࡾ
ቁ 

We shall now prove ∑ࢇ
૛

࢈ࢇ∑
≤
(ࢇ)

ටࡾ
૛࢘

 

(a)⇔ ૛࢙)ࡾ + ૝࢘ࡾ + ࢘૛)૛ ≥ ૡ࢘(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ 

⇔ ૝࢙}ࡾ + (૝࢘ࡾ+ ࢘૛)૛ + ૛(૝࢘ࡾ + ࢘૛)࢙૛} ≥ ૡ࢘{࢙૝ + (૝࢘ࡾ+ ࢘૛)૛ − ૛(૝࢘ࡾ + ࢘૛)࢙૛} 

⇔ ࡾ) − ૛࢘)࢙૝ + −ࡾ) ૡ࢘)(૝࢘ࡾ+ ࢘૛)૛ + (૛ࡾ + ૚૟࢘)(૝࢘ࡾ+ ࢘૛)࢙૛ ≥
(࢈)

૟࢙࢘૝ 

Now, LHS of (b) ≥
(࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
ࡾ) − ૛࢘)(૚૟࢘ࡾ − ૞࢘૛)࢙૛ + ࡾ) − ૡ࢘)(૝࢘ࡾ+ ࢘૛)૛ + 

+(૛ࡾ + ૚૟࢘)(૝࢘ࡾ+ ࢘૛)࢙૛ and RHS of (b) ≤
(࢏࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૟࢙࢘૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

(i)(ii)⇒ in order to prove (b), it suffices to prove: 

࢙૛{(ࡾ − ૛࢘)(૚૟࢘ࡾ − ૞࢘૛) + (૛ࡾ+ ૚૟࢘)(૝࢘ࡾ+ ࢘૛) − ૟࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)} + 

ࡾ)+ − ૡ࢘)(૝࢘ࡾ+ ࢘૛)૛ ≥ ૙ 

⇔ ࢙૛(૞ࡾ+ ૡ࢘) + −ࡾ) ૡ࢘)(૝ࡾ+ ࢘)૛ ≥
(ࢉ)
૙ 

Now, LHS of (c)	 ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૞ࡾ + ૡ࢘)(૚૟࢘ࡾ − ૞࢘૛) + −ࡾ) ૡ࢘)(૝ࡾ+ ࢘)૛ ≥
?
૙ 

⇔ ૛࢚૜ − ૞࢘૛ + ૞࢚ − ૟ ≥
?
૙	 ൬࢚ =

ࡾ
࢘൰ 

⇔ (࢚ − ૛){૛࢚(࢚ − ૛) + ૜࢚ + ૜} ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒(c)	⇒(b)	⇒(a) is true. Now, (∑ࢇ)૛

࢈ࢇ∑
= ࢈ࢇ∑૛ା૛ࢇ∑

࢈ࢇ∑
= ૛ + ૛ࢇ∑

∑ ࢈ࢇ
≤
(૞)

(ࢇ)
૛ + ටࡾ

૛࢘
 

(4), (5)⇒ it suffices to prove: ට૛ࡾ
࢘
ቀࡾା࢘

ࡾ
ቁ ≥ ૛ + ૚

૛
ට૛ࡾ

࢘
⇔ ට૛ࡾ

࢘
ቀ૛ࡾା૛࢘ିࡾ

૛ࡾ
ቁ ≥ ૛ ⇔ 



 
www.ssmrmh.ro 

11 
 

⇔
૛ࡾ
࢘ ⋅

+ࡾ) ૛࢘)૛

૝ࡾ૛ ≥ ૝ ⇔ ࡾ) + ૛࢘)૛ ≥ ૡ࢘ࡾ ⇔ ૛ࡾ − ૝࢘ࡾ + ૝࢘૛ ≥ ૙ ⇔ 

⇔ −ࡾ) ૛࢘)૛ ≥ ૙ → true (Proved) 

JP.229. Let ࢈,ࢇ,  such that the ࢞ࢇ࢓࢑ be positive real numbers. Find the ࢉ

inequality is true: 

૝ࢇ + ૝࢈ + ૝ࢉ

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ
− ૚ ≥ ࢑ቆ

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
− ૚ቇ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Tran Hong-Dong Thap-Vietnam 

૝ࢉ૝ା࢈૝ାࢇ

૛ࢇ૛ࢉ૛ାࢉ૛࢈૛ା࢈૛ࢇ
− ૚ ≥ ࢑ ቀࢇ

૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
− ૚ቁ   (*) 

Using Inequality: ࢞૛ + ࢟૛ + ૛ࢠ ≥ ࢞࢟ + ࢠ࢞ +  :we have ࢠ࢟

૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ →
૝ࢇ + ૝࢈ + ૝ࢉ

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ − ૚ > 0 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + +ࢉ࢈ ࢇࢉ →
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ − ૚ > 0 

So, we only check case: ࢑ > 0 → ࢞ࢇ࢓࢑ > 0. Because: (*) is true for all ࢈,ࢇ, ࢉ > 0 

Hence, we let: ࢇ = ࢈ = ૚; ࢉ = ૚
࢔

࢔∀) ∈ ℕ∗) then: ࢑ ≤

૛శ ૚
૝࢔

૛
૛࢔

శ૚
ି૚

૛శ ૚
૛࢔

૚శ૛࢔
ି૚

; ࢔∀) ∈ ℕ∗) 

Let ࢔ → +∞ we have: ࢑ ≤ ૚. Now, we show that: ࢞ࢇ࢓࢑ = ૚ 

૝ࢇ + ૝࢈ + ૝ࢉ

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ − ૚ ≥ ૚ቆ
૛ࢇ + ૛࢈ + ૛ࢉ

+࢈ࢇ ࢉ࢈ + −ࢇࢉ ૚ቇ 

↔
૝ࢇ + ૝࢈ + ૝ࢉ

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≥
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ ↔ ૜ࢇ)ࢉ࢈ࢇ + ૜࢈ + (૜ࢉ + ෍൫ࢇ૞࢈+ ૞൯࢈ࢇ
ࢉ࢟ࢉ

 

≥ ૜ࢇ૛࢈૛ࢉ૛ + ∑ ૝࢈૛ࢇ) + ࢉ࢟ࢉ(૛࢈૝ࢇ . Because: 

૜ࢇ + ૜࢈ + ૜ࢉ ≥
ࡹࡳିࡹ࡭

૜ࢉ࢈ࢇ → ૜ࢇ)ࢉ࢈ࢇ + ૜࢈ + (૜ࢉ ≥ ૜ࢇ૛࢈૛ࢉ૛   (1) 

࢈૞ࢇ + ૞࢈ࢇ = ૝ࢇ)࢈ࢇ + (૝࢈ ≥
൫ࢇ૝ା࢈૝൯ஹ൫࢈ࢇ૜ାࢇ࢈૜൯

૜࢈ࢇ)࢈ࢇ + (૜ࢇ࢈ = ૝࢈૛ࢇ) +  (૛࢈૝ࢇ
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→ ∑ ൫ࢇ૞࢈ + ࢉ࢟ࢉ૞൯࢈ࢇ ≥ ∑ ૝࢈૛ࢇ) + ࢉ࢟ࢉ(૛࢈૝ࢇ    (2) 

From (1)+(2) we have: ࢇ)ࢉ࢈ࢇ૜ + ૜࢈ + (૜ࢉ + ∑ ൫ࢇ૞࢈ + ࢉ࢟ࢉ૞൯࢈ࢇ  

≥ ૜ࢇ૛࢈૛ࢉ૛ + ∑ ૝࢈૛ࢇ) + ࢉ࢟ࢉ(૛࢈૝ࢇ .  Proved. Equality holds if and only if ࢇ = ࢈ =  ࢉ

 

JP.230. Prove that for any ࡯࡮࡭ triangle the following relationship holds: 

ܖܑܛ√ +࡭ ࡮ܖܑܛ√ + ࡯ܖܑܛ√ +
૜√૜૝

√૛
≤ ૛ቌඨܛܗ܋

࡭
૛

+ ඨܛܗ܋
࡮
૛

+ ඨܛܗ܋
࡯
૛ቍ

 

Proposed by Vasile Mircea Popa – Romania  

Solution by Marian Ursărescu – Romania  

Let ࢌ: (૙, +∞) → ℝ, (࢞)ࢌ = √࢞, because ࢌᇱᇱ(࢞) < 0 ⇒ we can use Tiberiu Popoviciu’s 

inequality: 

૚
૜൫ࢌ

(࢞) + (࢟)ࢌ + ൯(ࢠ)ࢌ + ࢌ ൬
࢞ + ࢟ + ࢠ

૜ ൰ ≤
૛
૜ ቆࢌ ൬

࢞ + ࢟
૛ ൰ + ࢌ ൬

࢟ + ࢠ
૛ ൰+ ൬ࢌ

࢞ + ࢠ
૛ ൰ቇ 

࢞ = ࡭ܖܑܛ ,࢟ = ࡮ܖܑܛ ࢠ, = ܖܑܛ ࡯ ⇒ 

⇒
૚
૜ ൫√ܖܑܛ ࡭ + ܖܑܛ√ ࡮ + ܖܑܛ√ ൯࡯ + ටܖܑܛ ቀ

࣊
૜
ቁ ≤

૛
૜෍

ඨ࡭ܖܑܛ + ܖܑܛ ࡮
૛ ⇒ 

⇒ ܖܑܛ√ ࡭ + ࡮ܖܑܛ√ + ܖܑܛ√ ࡯ + ૜ √૜૝

√૛
≤ ૛

૜
∑ට࡭ܖܑܛା࡮ܖܑܛ

૛
  (1) 

࡮ܖܑܛା࡭ܖܑܛ
૛

=
૛ ૛࡮శ࡭ቀܖܑܛ ቁ ૛࡮ష࡭ܛܗ܋

૛
= ܛܗ܋ ࡯

૛
⋅ ࡮ି࡭

૛
  (2) 

From (1)+(2)	⇒ ࡭ܖܑܛ√ + ܖܑܛ√ ࡮ + ܖܑܛ√ ࡯ + ૜ √૜૝

√૛
≤ ૛∑ටܛܗ܋ ࡯

૛
⋅ ܛܗ܋ ࡮ି࡭

૛
   (3) 

But ܛܗ܋ ࡮ି࡭
૛

≤ ૚, with equality for ࡭ =  (4)   ࡮

From (3)+(4) ⇒ ࡭ܖܑܛ√ + ܖܑܛ√ ࡮ + ࡯ܖܑܛ√ + ૜ √૜૝

√૛
≤ ૛ቆටܛܗ܋ ࡭

૛
+ ටܛܗ܋ ࡮

૛
+ ටܛܗ܋ ࡯

૛
ቇ 

Equality for ࡭ = ࡮ = ࡯ = ࣊
૜
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JP.231. Prove that for any positive real numbers ࢈,ࢇ,  the following ࢉ

relationship holds: 

૜ࢇ

૛ࢇ + ࢉ࢈
+

૜࢈

૛࢈ + ࢇࢉ
+

૜ࢉ

૛ࢉ + ࢈ࢇ
≥
ࢇ + ࢈ + ࢉ

૛
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Marian Ursărescu-Romania 

૜ࢇ + ࢉ࢈ࢇ − ࢉ࢈ࢇ
૛ࢇ + ࢉ࢈ +

૜࢈ + ࢉ࢈ࢇ − ࢉ࢈ࢇ
૛࢈ + ࢇࢉ +

૜ࢉ + −ࢉ࢈ࢇ ࢉ࢈ࢇ
૛ࢉ + ࢈ࢇ ≥

ࢇ + ࢈ + ࢉ
૛ ⇔ 

⇔
૛ࢇ൫ࢇ + ൯ࢉ࢈
૛ࢇ + ࢉ࢈

−
ࢉ࢈ࢇ

૛ࢇ + ࢉ࢈
+
૛࢈൫࢈ + ൯ࢉࢇ
૛࢈ + ࢇࢉ

−
ࢉ࢈ࢇ

૛࢈ + ࢇࢉ
+
૛ࢉ൫ࢉ + ൯࢈ࢇ
૛ࢉ + ࢈ࢇ

−
ࢉ࢈ࢇ

૛ࢉ + ࢈ࢇ
≥
ࢇ + ࢈ + ࢉ

૛
⇔ 

⇔ ࢉା࢈ାࢇ
૛

≥ ࢉ࢈ࢇ
ࢉ࢈૛ାࢇ

+ ࢉ࢈ࢇ
ࢇࢉ૛ା࢈

+ ࢉ࢈ࢇ
࢈ࢇ૛ାࢉ

    (1) 

૛ࢇ + ࢉ࢈ ≥ ૛ࢉ࢈√ࢇ ⇔
૚

૛ࢇ + ࢉ࢈ ≤
૚

૛ࢉ࢈√ࢇ
⇔

ࢉ࢈ࢇ
૛ࢇ + ࢉ࢈ ≤

ࢉ࢈√
૛ ⇒ 

ࢉ࢈ࢇ
ࢉ࢈૛ାࢇ

+ ࢉ࢈ࢇ
ࢇࢉ૛ା࢈

+ ࢉ࢈ࢇ
࢈ࢇ૛ାࢉ

≤ ࢉ࢈√ାࢉࢇ√ା࢈ࢇ√
૛

   (2) 

From (1)+(2) we must show: 
ࢉା࢈ାࢇ

૛
≥ ࢉ࢈√ାࢉࢇ√ା࢈ࢇ√

૛
⇔ +ࢇ ࢈ + ࢉ ≥ +࢈ࢇ√ ࢉࢇ√ +  .true   ࢉ࢈√

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

૜ࢇ

૛ࢇ + ࢈ ⋅ ࢉ +
૜࢈

૛࢈ + ࢉ ⋅ +ࢇ
૜ࢉ

૛ࢉ + ࢇ ⋅ ࢈ ≥
? ࢇ + ࢈ + ࢉ

૛  

ቆ
૜ࢇ

૛ࢇ + ࢈ ⋅ ࢉ −
ࢇ
૛ቇ + ቆ

૜࢈

૛࢈ + ࢉ ⋅ ࢇ −
࢈
૛ቇ+ ቆ

૜ࢉ

૛ࢉ + ࢇ ⋅ ࢈ −
ࢉ
૛ቇ ≥

?
૙ 

Let be the function: ࢌ(࢞) = ࢞૜

࢞૛ାࢻ
− ࢞

૛
= ૛࢞૜ି࢞૜ି࢞ࢻ

૛൫࢞૛ାࢻ൯
 

(࢞)ࢌ =
࢞૜ − ࢻ ⋅ ࢞
૛(࢞૛ + (ࢻ , ࢞ > ߙ,0 > 0 

ܕܑܔ
૙→࢔

(࢞)ࢌ = ૙, ܕܑܔ
૙→࢔

(࢞)ࢌ = +∞ 

(࢞)ᇱࢌ =
(૜࢞૛ − ૛࢞૛)(ࢻ + ૛ࢻ) − ૝࢞(࢞૜ (࢞ࢻ−

૝(࢞૛ + ૛(ࢻ = 
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=
૟࢞૝ + ૟࢞ࢻ૛ − ૛࢞ࢻ૛ − ૛ࢻ૛ − ૝࢞૝ + ૝࢞ࢻ૛

૝(࢞૛ + ૛(ࢻ  

(࢞)ᇱࢌ =
૛࢞૝ + ૡ࢞ࢻ૛ − ૛ࢻ૛

૝(࢞૛ + ૛(ࢻ (࢞)ᇱࢌ, = ૙ ⇒ ૛࢞૝ − ૡ࢞ࢻ૛ − ૛ࢻ૛ = ૙ ÷ (૛) 

࢞૝ − ૝࢞ࢻ૛ − ૛ࢻ = ૙ 

 

ઢ = ૚૟ࢻ૛ − ૝(૚)(−ࢻ૛) = ૚૟ࢻ૛ + ૝ࢻ૛ = ૛૙ࢻ૛ > 0 

࢞ ૙																																																																			+ ∞ 

+ (࢞)ᇱࢌ + + + + + + + + + + + + + + + + + 

+																																																																			૙ (࢞)ࢌ ∞ 

So: ∀࢞ ∈ ]૙, +∞[: (࢞)ࢌ > 0 

૜ࢇ

૛ࢇ + ࢉ࢈ −
ࢇ
૛ > 0,

૜࢈

૛࢈ + ࢇࢉ −
࢈
૛ > 0,

૜ࢉ

૛ࢉ + −࢈ࢇ
ࢉ
૛ > 0 

So: ࢇ૜

ࢉ࢈૛ାࢇ
− ࢇ

૛
+ ૜࢈

ࢇࢉ૛ା࢈
− ࢈

૛
+ ૜ࢉ

࢈ࢇ૛ାࢉ
− ࢉ

૛
> 0 

૜ࢇ

૛ࢇ + ࢉ࢈ +
૜࢈

૛࢈ + ࢇࢉ +
૜ࢉ

૛ࢉ − ࢈ࢇ >
ࢇ + +࢈ ࢉ

૛  

and the inequality is true when ࢇ = ࢈ =  .ࢉ

Solution 3 by Jalil Hajimir-Canada 

Lemma ࢞,࢟,  :are positive real numbers. Prove ࢉ and ࢈,ࢇ,ࢠ

૜ࢇ

࢞ +
૜࢈

࢟ +
૜ࢉ

ࢠ ≥
ࢇ) + ࢈ + ૜(ࢉ

૜(࢞ + ࢟ +  (ࢠ

Proof: 

૜ࢇ

࢞ +
૜࢈

࢟ +
૜ࢉ

ࢠ ≥
൬ࢇ

૜
૛ + ࢈

૜
૛ + ࢇ

૜
૛൰

૛

࢞ + ࢟ + ࢠ ≥
+ࢇ) ࢈ + ૜(ࢉ

૜(࢞ + ࢟ +  (ࢠ

* ቆࢇ
૜
૛ା࢈

૜
૛ାࢉ

૜
૛

૜
ቇ

૛
૜

≥ ࢉା࢈ାࢇ
૜

↔ ቀࢇ
૜
૛ + ࢈

૜
૛ + ࢉ

૜
૛ቁ
૛
≥ ૜(ࢉା࢈ାࢇ)

૜
 

* Power Mean 

Proof based on the lemma: 
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૜ࢇ

૛ࢇ + ࢉ࢈ +
૜࢈

૛࢈ + +ࢉࢇ
૜ࢉ

૛ࢉ + ࢇ࢈ ≥
ࢇ) + ࢈ + ૜(ࢉ

૛ࢇ + ࢉ࢈ + ૛࢈ + ࢉࢇ + ૛ࢉ + ࢈ࢇ ≥ 

≥
ࢇ) + +࢈ ૜(ࢉ

૜(ࢇ + +࢈ ૛(ࢉ =
ࢇ + ࢈ + ࢉ

૜  

Solution 4 by Soumava Chakraborty-Kolkata-India 

෍
૜ࢇ

૛ࢇ + ࢉ࢈ = ෍
૝ࢇ

૜ࢇ + ࢉ࢈ࢇ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(૛ࢇ∑)

૜ࢇ∑ + ૜ࢉ࢈ࢇ 

≥
? ࢇ∑
૛ ⇔ ૛ ቀ෍ࢇ૛ቁ

૛
≥
?
ቀ෍ࢇቁ ቀ෍ࢇ૜ + ૜ࢉ࢈ࢇቁ 

⇔෍ࢇ૝ + ૝෍ࢇ૛࢈૛ ≥
(૚)

?
෍ࢇ૜࢈ + ෍࢈ࢇ૜ + ૜ࢉ࢈ࢇ ቀ෍ࢇቁ 

Now, ∑ࢇ૛࢈૛ ≥ ࢈ࢇ ⋅ +ࢉ࢈ ࢉ࢈ ⋅ ࢇࢉ + ࢇࢉ ⋅ ࢈ࢇ =  (ࢇ∑)ࢉ࢈ࢇ

⇒ ૜෍ࢇ૛࢈૛ ≥
(ࢇ)

૜ࢉ࢈ࢇ ቀ෍ࢇቁ 

Also, ࢇ
૝ାࢇ૛࢈૛

૛
≥
(࢈)

ࡳି࡭
,࢈૜ࢇ ࢈

૝ାࢇ૛࢈૛

૛
≥
(ࢉ)

ࡳି࡭
,૜࢈ࢇ ࢈

૝ା࢈૛ࢉ૛

૛
≥
(ࢊ)

ࡳି࡭
, ࢉ

૝ା࢈૛ࢉ૛

૛
≥
(ࢋ)

ࡳି࡭
 ,૜ࢉ࢈

૝ࢉ + ૛ࢇ૛ࢉ

૛ ≥
(ࢌ)

ࡳି࡭
,ࢇ૜ࢉ

૝ࢇ + ૛ࢇ૛ࢉ

૛ ≥
(ࢍ)

ࡳି࡭
 ૜ࢇࢉ

(a)+(b)	+(c)	+(d)	+(e)	+(f)	+(g)⇒(1) is true (proved) 

Solution 5 by Tran Hong-Dong Thap-Vietnam 

૜ࢇ

૛ࢇ + ࢉ࢈ +
૜࢈

૛࢈ + ࢇࢉ +
૜ࢉ

૛ࢉ + ࢈ࢇ ≥
ࢇ + +࢈ ࢉ

૛  

↔ ૛ቀࢇ૜(࢈૛ + ૛ࢉ)(ࢇࢉ + (࢈ࢇ + ૛ࢇ)૜࢈ + ૛ࢉ)(ࢉ࢈ + (࢈ࢇ + ૛ࢇ)૜ࢉ + ૛࢈)(ࢉ࢈ +  ቁ(ࢇࢉ

≥ ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈)(ࢉ࢈ + ૛ࢉ)(ࢇࢉ +  (࢈ࢇ

↔ ૛ൣࢉ࢈ࢇ൫ࢇ૝ + ૝࢈ + +૝൯ࢉ +ࢇ)૛ࢉ૛࢈૛ࢇ ࢈ + (ࢉ + ૜࢈૝ࢇ + ૜ࢉ૝࢈ + ૜ࢇ૝ࢉ + ૝࢈૜ࢇ + ૝ࢉ૜࢈ +  ૝൧ࢇ૜ࢉ

≥ ૝ࢇ)ࢉ࢈ࢇ + ૝࢈ + (૝ࢉ + ૜࢈૝ࢇ + ૜ࢉ૝࢈ + ૜ࢇ૝ࢉ +  ૝࢈૜ࢇ

૝ࢉ૜࢈+ + ૝ࢇ૜ࢉ + ૛ࢇ૛࢈૛ࢉ૛(ࢇ+ ࢈ +  (ࢉ

૜ࢇ࢈)ࢉ࢈ࢇ+ + ૜ࢉࢇ + (૜࢈ࢉ + ૜࢈ࢇ)ࢉ࢈ࢇ + ૜ࢉ࢈ +  (૜ࢇࢉ

૛࢈૛ࢇ)ࢉ࢈ࢇ+ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

↔ ૝ࢇ)ࢉ࢈ࢇ + ૝࢈ + (૝ࢉ + ૜࢈૝ࢇ + ૜ࢉ૝࢈ + ૜ࢇ૝ࢉ + ૝࢈૜ࢇ + ૝ࢉ૜࢈ +  ૝ࢇ૜ࢉ

≥ ૜ࢇ࢈)ࢉ࢈ࢇ + ૜ࢉࢇ + ૜࢈ࢉ + ૜࢈ࢇ + ૜ࢉ࢈ + (૜ࢇࢉ + ૛࢈૛ࢇ)ࢉ࢈ࢇ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ
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Because: 

૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ → ૝ࢇ)ࢉ࢈ࢇ + ૝࢈ + (૝ࢉ ≥ 

≥ ૛࢈૛ࢇ)ࢉ࢈ࢇ + ૛ࢉ૛࢈ +  (*)  (૛ࢇ૛ࢉ

૜࢈૝ࢇ + ૜࢈૝ࢇ + ૝ࢇ૜ࢉ ≥
ࡹࡳିࡹ࡭

૜ඥ(ࢇ૝)૜(࢈૜)૛ࢉ૜૜ = ૜ࢇ૝࢈૛ࢉ = ૜ࢉ࢈ࢇ ⋅  ૜   (1)ࢇ࢈

૜ࢉ૝࢈ + ૜ࢉ૝࢈ + ૝࢈૜ࢇ ≥
ࡹࡳିࡹ࡭

૜ࢉ࢈ࢇ ⋅  ૜   (2)࢈ࢉ

૜ࢇ૝ࢉ + ૜ࢇ૝ࢉ + ૝ࢉ૜࢈ ≥
ࡹࡳିࡹ࡭

૜ࢉ࢈ࢇ ⋅  ૜    (3)ࢉࢇ

૝࢈૜ࢇ + ૝࢈૜ࢇ + ૝࢈૜ࢉ ≥
ࡹࡳିࡹ࡭

૜ࢉ࢈ࢇ ⋅  ૜   (4)࢈ࢇ

૝ࢉ૜࢈ + ૝ࢉ૜࢈ + ૜ࢇ૝ࢉ ≥
ࡹࡳିࡹ࡭

૜ࢉ࢈ࢇ ⋅  ૜   (5)ࢉ࢈

૝ࢇ૜ࢉ + ૝ࢇ૜ࢉ + ૜࢈૝ࢇ ≥
ࡹࡳିࡹ࡭

૜ࢉ࢈ࢇ ⋅  ૜  (6)ࢇࢉ

(1)+(2)+(3)	+(4)	+(5)	+(6)→ 

૜(ࢇ૝࢈૜ + ૜ࢉ૝࢈ + ૜ࢇ૝ࢉ + ૝࢈૜ࢇ + ૝ࢉ૜࢈ + (૝ࢇ૜ࢉ ≥ 

≥ ૜ࢇ࢈)ࢉ࢈ࢇ૜ + ૜ࢉࢇ + ૜࢈ࢉ + ૜࢈ࢇ + ૜ࢉ࢈ +  (૜ࢇࢉ

↔ ૜࢈૝ࢇ + ૜ࢉ૝࢈ + ૜ࢇ૝ࢉ + ૝࢈૜ࢇ + ૝ࢉ૜࢈ + ૝ࢇ૜ࢉ ≥ 

≥ ૜ࢇ࢈)ࢉ࢈ࢇ + ૜ࢉࢇ + ૜࢈ࢉ + ૜࢈ࢇ + ૜ࢉ࢈ +  (**)   (૜ࢇࢉ

(*)+(**)→ ૝ࢇ)ࢉ࢈ࢇ + ૝࢈ + (૝ࢉ + ૜࢈૝ࢇ + ૜ࢉ૝࢈ + ૜ࢇ૝ࢉ + ૝࢈૜ࢇ + ૝ࢉ૜࢈ + ૝ࢇ૜ࢉ ≥ 

≥ ૜ࢇ࢈)ࢉ࢈ࢇ + ૜ࢉࢇ + ૜࢈ࢉ + ૜࢈ࢇ + ૜ࢉ࢈ + (૜ࢇࢉ + ૛࢈૛ࢇ)ࢉ࢈ࢇ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

Proved. Equality if and only if ࢇ = ࢈ =  .ࢉ

 

JP.232. Prove that in any ࡯࡮࡭ triangle the following relationship holds: 

ඨ
ࢇ࢘
ࢉ࢘࢈࢘

+ ඨ
࢈࢘
ࢇ࢘ࢉ࢘

+ ඨ
ࢉ࢘
࢈࢘ࢇ࢘

≥ ඨ૜
࢘

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
ࢇ࢘

ඥ࢘ࢉ࢘࢈࢘ࢇ
=
૝ࡾ + ࢘
࢘√ࡿ

≥
࢚ࢎࢉ࢛࢘ࢀ √૜ࡿ

࢘√ࡿ
= ඨ૜

࢘ 
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Solution 2 by Mustafa Tarek-Cairo-Egypt 

෍ඨ
ࢇ࢘
ࢉ࢟ࢉࢉ࢘࢈࢘

≥ ඨ૜
࢘ 

First, we will prove the following inequality: 

∑ ට
࢞
ࢉ࢟ࢉࢠ࢟ ≥ ට૜∑ ૚

ࢉ࢟ࢉ࢞  where ࢞,࢟, ࢠ > 0   (1) 

(࢞ − ࢟)૛ + (࢟ − ૛(ࢠ + ࢠ) − ࢞)૛ ≥ ૙ 

࢞૛ + ࢟૛ + ૛ࢠ ≥ ࢞࢟+ ࢠ࢟ +  ࢠ࢞

(࢞ + ࢟ + ૛(ࢠ ≥ ૜(࢞࢟ + +ࢠ࢟  (ࢠ࢞

࢞ + ࢟ + ࢠ
ඥ࢞࢟ࢠ

≥
ඥ૜(࢞࢟ + +ࢠ࢟ (ࢠ࢞

ඥ࢞࢟ࢠ
⇒෍ඨ

࢞
ࢠ࢟

ࢉ࢟ࢉ

≥ ඨ૜෍
૚
࢞

ࢉ࢟ࢉ

 

(1) it is true 

In (1) let ࢞ = ࢟,ࢇ࢘ = ,࢈࢘ ࢠ =  and using the identity ࢉ࢘
૚
࢘

= ૚
ࢇ࢘

+ ૚
࢈࢘

+ ૚
ࢉ࢘

 then: 

෍ඨ
ࢇ࢘
ࢉ࢟ࢉࢉ࢘࢈࢘

≥ ඨ૜
࢘ 

Solution 3 by Jalil Hajimir-Canada 

ඨ
ࢇ࢘
ࢉ࢘࢈࢘

+ ඨ
࢈࢘
ࢇ࢘ࢉ࢘

+ ඨ
ࢉ࢘
࢈࢘ࢇ࢘

=
ࢇ࢘ + ࢈࢘ + ࢉ࢘
ඥ࢘ࢉ࢘࢈࢘ࢇ

≥ √૜ඨ
૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘

= ඨ૜
࢘ 

૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘

=
૚
࢘ 

࢞ + ࢟ + ࢠ
ඥ૜࢞࢟ࢠ

≥ ඨ
૚
࢞ +

૚
࢟ +

૚
ࢠ ; ࢞,࢟, ࢠ > 0 

Solution 4 by Bogdan Fustei-Romania 

࢙૛ ≤ ૛(ା࢘ࡾ૝)ࡾ

૛(૛࢘ିࡾ)
   (Blundan Inequality) 

(RMM – Famous Inequalities Marathon 1 – 100) 
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⇒ ࢙૛ ⋅
૛(૛ࡾ − ࢘)

ࡾ ≤ (૝ࡾ + ࢘)૛ ≤ ࢙૛ ⋅
(૝ࡾ − ૛࢘)

ࡾ ≤ (૝ࡾ + ࢘)૛ 

࢙૛ ൬૝ −
૛࢘
ࡾ ൰ ≤

(૝ࡾ+ ࢘)૛ ⇒ ࢙ඨ૝−
૛࢘
ࡾ ≤ ૝ࡾ + ࢘ 

෍ඨ
ࢇ࢘
ࢉ࢘࢈࢘

= ෍ඨ
૛ࢇ࢘

ࢉ࢘࢈࢘ࢇ࢘
ࢉ࢘࢈࢘ࢇ࢘; = ࢙ࡿ = ࢙ ⋅ ࢘ ⋅ ࢙ = ࢙૛࢘ 

෍ඨ
ࢇ࢘
ࢉ࢘࢈࢘

= ෍
ࢇ࢘
࢙√࢘

=
ࢇ࢘ + ࢈࢘ + ࢉ࢘

࢙√࢘
≥
࢙ට૝ − ૛࢘

ࡾ
࢙√࢘

= ඨ૝
ࡾ −

૛
 ࡾ

Now, we will prove that ૝
࢘
− ૛

ࡾ
≥ ૜

࢘
⇒ ૝

࢘
− ૜

࢘
≥ ૛

ࡾ
⇒ ૚

࢘
≥ ૛

ࡾ
⇒ ࡾ ≥ ૛࢘  (Euler) 

So, finally we have the following: ∑ට
ࢇ࢘
ࢉ࢘࢈࢘

≥ ට૝
࢘
− ૛

ࡾ
≥ ට૜

࢘
  Q.E.D. 

JP.233. Find the maximum and minimum possible value of: 

૚
૝ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞ +

૚
૝ܛܗ܋ ࢞ + ૛ܖܑܛ ࢞ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Sohini Mondal-India 

૚
૝ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞ +

૚
૝ܛܗ܋ ࢞ + ૛ܖܑܛ ࢞ 

We know, ܖܑܛ૝ ࢞ + ૛ܛܗ܋ ࢞ = ૝ܖܑܛ ࢞ + ૚ − ૛ܖܑܛ ࢞ = ૚ − ૛ܖܑܛ ࢞ (૚ − ૛ܖܑܛ ࢞) 

= ૚ − ૛ܖܑܛ ࢞ ૛ܛܗ܋ ࢞ = ૚ −
૚
૝ܖܑܛ

૛ ૛࢞ 

and ܛܗ܋૝ ࢞ + ૛ܖܑܛ ࢞ = ૚ − ૛ܛܗ܋ ࢞ + ૝ܛܗ܋ ࢞ = ૚ − ૛ܛܗ܋ ࢞ (૚ − ૛ܛܗ܋ ࢞) 

= ૚ − ૛ܛܗ܋ ࢞ ૛ܖܑܛ ࢞ = ૚ −
૚
૝ܖܑܛ

૛ ૛࢞ 

∴
૚

૝ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞ +
૚

૝ܛܗ܋ ࢞+ ૛ܖܑܛ ࢞ =
૛

૚ − ૚
૝ ܖܑܛ

૛ ૛࢞
 

∵
૛
૚ ≤

૛

૚ − ૚
૝ ܖܑܛ

૛ ૛࢞
≤

૛

૚ − ૚
૝
⇒ ૛ ≤

૛

૚ − ૚
૝ܖܑܛ

૛ ૛࢞
≤
ૡ
૜ 
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∴ min value = ૛; max value = ૡ
૜
 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

Suppose ࢌ(࢞) = ૚
૝ܖܑܛ ࢞ାܛܗ܋૛ ࢞

+ ૚
૝ܛܗ܋ ࢞ାܖܑܛ૝ ࢞

 

(࢞)ࢌ =
૚

૝ܖܑܛ ࢞ + ૚ − ૛ܖܑܛ ࢞ +
૚

૝ܛܗ܋ ࢞ + ૚ − ૛ܛܗ܋ ࢞ 

(࢞)ࢌ =
૚

૝ܖܑܛ ࢞ − ૛ܖܑܛ ࢞ + ૚ +
૚

૝ܛܗ܋ ࢞ − ૛ܛܗ܋ ࢞ + ૚ 

Suppose: ࢚ = ૛ܖܑܛ ࢞ , ૛ܛܗ܋ ࢞ = ૚ − ࢚,૙ ≤ ࢚ ≤ ૚ 

(࢞)ࢌ =
૚

࢚૛ − ࢚ + ૚ +
૚

࢚૛ − ࢚ + ૚ =
૛

࢚૛ − ࢚ + ૚ 

(૙)ࢌ = ૛,ࢌ(૚) = ૛,ࢌᇱ(࢞) =
−૛(૛࢚ − ૚) ⋅ ૚
(࢚૛ − ࢚ + ૚)૛ (࢞)ᇱࢌ, = ૙ ⇒ ࢚ =

૚
૛ 

ࢌ ൬
૚
૛൰ =

૛
૚
૝ −

૚
૛ + ૚

=
ૡ
૜ 

࢞ ૙																																							
૚
૛ 																															૚ 

+ (࢞)ᇱࢌ + + + + + + + + + − −− −− − −− 

																																						૛ (࢞)ࢌ
ૡ
૜ 																																૛ 

൯(࢞)ࢌ൫ܠ܉ܕ =
ૡ
૜ ൯(࢞)ࢌ൫ܖܑܕ, = ૛ 

Solution 3 by Sudhir Jha-Kolkata-India 

⇔
૚

૛ܖܑܛ ࢞ + ૝ܛܗ܋ ࢞ +
૚

૝ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞ = 

=
૚

૚ − ૛ܛܗ܋ ࢞ (૚ − ૛ܛܗ܋ ࢞) +
૚

૚ − ૛ܖܑܛ ࢞ (૚ − ૛ܖܑܛ ࢞) 

=
૛

૚ − ૛ܖܑܛ ࢞ ⋅ ૛ܛܗ܋ ࢞ =
૚

૚ − ૚
૝ ܖܑܛ) ૛࢞)૛

 

⇔ ૙ ≤ ܖܑܛ) ૛࢞)૛ ≤ ૚ ⇒ ૙ ≤
૚
૝

ܖܑܛ) ૛࢞)૛ ≤
૚
૝ ⇒ ૚ ≥ ૚ −

૚
૝

ܖܑܛ) ૛࢞)૛ ≥ ૚−
૚
૝ 

⇒ ૛ ≤ ૛

૚ି૚૝(ܖܑܛ ૛࢞)૛
≤ ૡ

૜
ܠ܉ܕ⇔ = ૡ

૜
ܖܑܕ, = ૛ (Answer) 
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Solution 4 by Nani Gopal Saha-India 

ࢀ =
૚

૝ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞+
૚

૝ܛܗ܋ ࢞ + ૛ܖܑܛ ࢞ =
૚

૝ܖܑܛ ࢞ − ૛ܖܑܛ ࢞ + ૚ +
૚

૝ܖܑܛ ࢞ − ૛ܖܑܛ ࢞ + ૚ 

=
૛

૝ܖܑܛ ࢞ − ૛ܖܑܛ ࢞ + ૚ =
૛

ቀܖܑܛ૛ ࢞ − ૚
૛ቁ

૛
+ ૚ − ૜

૝

=
૛

ቀܖܑܛ૛ ࢞ − ૚
૛ቁ

૛
+ ૜
૝

 

Clearly ࢀ will be maximum when ܖܑܛ૛ ࢞ = ૚
૛
⇒ i.e. ܖܑܛ૛ ࢞ = ૚

૛
∴ ܠ܉ܕࢀ 	 = ૛

૜
૝

= ૡ
૜
 

and ࢀ will be minimum when ܖܑܛ૛ ࢞ = ૚ 

ܖܑܕࢀ 	 =
૛

ቀ૚૛ቁ
૛

+ ૜
૝

=
૛

૚
૝ + ૜

૝
= ૛ 

 

JP.234. Let ࢞,࢟ be positive real numbers such that ࢞ + ࢟ ≤ ૚. Prove that: 

൬૚ −
૚
࢞૝
൰ ൬૚ −

૚
࢟૝
൰ ≥ ૛૛૞ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ ࢞,࢟ > 0 and ࢞ + ࢟ ≤ ૚,∴ ࢞,࢟ < 1 

⇒ ࢞૝,࢟૝ < 1 ⇒ (࢞૝ − ૚), (࢟૝ − ૚) < 0 ⇒ (࢞૝ − ૚)(࢟૝ − ૚) > 0 

∴ proposed inequality ⇔ (࢞૝ − ૚)(࢟૝ − ૚) ≥ ૛૛૞࢞૝࢟૝ 

⇔ ૚ ≥ ૛૛૞࢞૝࢟૝ − ࢞૝࢟૝ + ࢞૝ + ࢟૝ ⇔ ૚ ≥
(૚)

૛૛૝࢞૝࢟૝ + ࢞૝ + ࢟૝ 

∵ ૚ ≥ ࢞ + ࢟ ∴ LHS of (1) ≥ (࢞ + ࢟)૝ ≥
?
૛૛૝࢞૝࢟૝ + ࢞૝ + ࢟૝ 

⇔ ૛࢞૜࢟ + ૛࢞࢟૜ + ૜࢞૛࢟૛ ≥
(૛)

?
૚૚૛࢞૝࢟૝ 

Now, ૚ ≥ ࢞ + ࢟ ≥
ࡳି࡭

૛ඥ࢞࢟ ⇒ ૚ ≥ ૝࢞࢟ ⇒ ૚ ≥ ૚૟࢞૛࢟૛ ⇒ ࢞૛࢟૛ ≤ ૚
૚૟

 

∴ ૚૚૛࢞૝࢟૝ = ૚૚૛࢞૛࢟૛(࢞૛࢟૛) ≤ ૚૚૛࢞૛࢟૛ ൬
૚
૚૟൰ = ૠ࢞૛࢟૛ ≤

?
૛࢞૜࢟ + ૛࢞࢟૜ + ૜࢞૛࢟૛  

⇔ ࢞૜࢟ + ࢞࢟૜ − ૛࢞૛࢟૛ ≥
?
૙ ⇔ ࢞࢟(࢞ − ࢟)૛ ≥

?
૙ → true ∴ (2) ⇒ (1) ⇒ proposed 

inequality is true (Proved) 
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Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢞,࢟ > 0 and ࢞ + ࢟ ≤ ૚, we have: ૚
࢞

+ ૚
࢟
≤ ૚

࢞࢟
 and ૚

࢞
+ ૚

࢟
≥ ૝ 

૚
࢞૛

+ ૚
࢟૛

+ ૛
࢞࢟
≤ ૚

(࢞࢟)૛
 and ቀ૚ − ૚

࢞
ቁ ቀ૚ − ૚

࢟
ቁ ≥ ૚ 

Consider ቀ૚ − ૚
࢞૝
ቁ ቀ૚ − ૚

࢟૝
ቁ = ቀ૚ − ૚

࢞
ቁ ቀ૚ − ૚

࢟
ቁ ቀ૚ + ૚

࢞
ቁ ቀ૚ + ૚

࢟
ቁ ቀ૚ + ૚

࢞૛
ቁ ቀ૚ + ૚

࢟૛
ቁ 

= ൬૚ −
૚
࢞൰ ൬૚ −

૚
࢟൰ ൬૚ +

૚
࢞ +

૚
࢟ +

૚
࢞࢟൰ ൬૚ +

૚
࢞૛ +

૚
࢟૛ +

૚
(࢞࢟)૛൰ 

≥ ൬૚ −
૚
࢞൰ ൬૚ −

૚
࢟൰ ൬૚ +

૚
࢞ +

૚
࢟ +

૚
࢞ +

૚
࢟൰ ൬૚ +

૚
࢞૛ +

૚
࢟૛ +

૚
࢞૛ +

૚
࢟૛ +

૛
࢞࢟൰ 

≥ ൬૚ −
૚
࢞൰ ൬૚ −

૚
࢟൰
൭૚ + ૛ ൬

૚
࢞ +

૚
࢟൰
൱

⎝

⎛૚ +
ቀ૚࢞ + ૚

࢟ቁ
૛

૛ + ൬
૚
࢞ +

૚
࢟൰

૛

	

⎠

⎞ 

≥ ൬૚ −
૚
࢞൰ ൬૚ −

૚
࢟൰

(૚ + ૡ)(૚ + ૡ + ૚૟) = ൬૚ −
૚
࢞൰ ൬૚ −

૚
࢟൰ૢ × ૛૞ 

≥ ૚ × ૛૛૞ = ૛૛૞ ok. Therefore, it is true. 

 

JP.235. In ઢ࡯࡮࡭;  :ᇱ - lies on circumcircle such that࡯,ᇱ࡮,ᇱ࡭ ;incenter – ࡵ

,࡭) ;(ᇱ࡭,ࡵ ,࡮) ;(ᇱ࡮,ࡵ ,࡯)  :ᇱ) are collinear. Prove that࡯,ࡵ

ࢇ
ᇱ࡭ࡵ

+
࢈
ᇱ࡮ࡵ +

ࢉ
ᇱ࡯ࡵ

≥
ࢇ + ࢈ + ࢉ

ࡾ
 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

 
Using Ptolemy’s theorem with Cyclic quadrilateral ࡯′࡭࡮࡭: 
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ᇱ࡭࡭ ⋅ ࡯࡮ = ࡮࡭ ⋅ ᇱ࡭࡯ + ࡯࡭ ⋅ ᇱ࡭࡮ ↔ ᇱ࡭࡭ ⋅ ࢇ = ࢉ ⋅ ᇱ࡭࡯ + ࢈ ⋅  ᇱ࡭࡮

Because ࡭࡭࡮ᇱ෣ = ᇱ෣࡭࡭࡯ ࡮ᇱ࡭→ = ࡯ᇱ࡭ → ᇱ࡭࡭ ⋅ ࢇ = +࢈)  ࡮ᇱ࡭(ࢉ

But: ࡭ᇲ࡮
ᇲ෣࡭࡭࡮ܖܑܛ = ૛ࡾ → ࡮ᇱ࡭ = ૛ࡾ ܖܑܛ ᇱ෣࡭࡭࡮ = ૛ܖܑܛࡾ ࡭

૛
. So, ࡭࡭ᇱ = ࢉା࢈

ࢇ
⋅ ૛ܖܑܛࡾ ࡭

૛
= ࢉା࢈

૛ ૛࡭ܛܗ܋
 

→ ᇱ࡭ࡵ = ᇱ࡭࡭ − ࡵ࡭ =
࢈ + ࢉ

૛ ܛܗ܋ ૛࡭
−
࢈ + ࢉ
૛࢙ ⋅

૛ࢉ࢈
࢈ + ࢉ ⋅ ܛܗ܋

࡭
૛ =

+࢈ ࢉ

૛ ܛܗ܋ ૛࡭
−
ࢉ࢈
࢙ ܛܗ܋

࡭
૛ 

=
࢈)࢙ + −(ࢉ ૛ܛܗ܋ࢉ࢈૛ ૛࡭

૛࢙ ૛࡭ܛܗ܋
=
+࢈)࢙ −(ࢉ ૛ࢉ࢈ ⋅ ࢙(࢙ − (ࢇ

ࢉ࢈
૛࢙ ܛܗ܋ ૛࡭

 

=
࢈ + ࢉ − ૛(࢙ − (ࢇ

૛ ૛࡭ܛܗ܋
=
+࢈ ࢉ − +࢈) ࢉ − (ࢇ

૛ ૛࡭ܛܗ܋
=

ࢇ

૛ ܛܗ܋ ૛࡭
→

ࢇ
ᇱ࡭ࡵ = ૛ ܛܗ܋

࡭
૛ 

Similarly: ࢈
ᇲ࡮ࡵ

= ૛ܛܗ܋ ࡮
૛

; ࢉ
ᇲ࡯ࡵ

= ૛ ܛܗ܋ ࡯
૛

 

→
ࢇ
ᇱ࡭ࡵ +

࢈
ᇱ࡮ࡵ +

ࢉ
ᇱ࡯ࡵ = ૛ ൬ܛܗ܋

࡭
૛ + ܛܗ܋

࡮
૛ + ܛܗ܋

࡯
૛൰ ≥

ࡹࡳିࡹ࡭
૟ඨܛܗ܋

࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛

૜
= ૟ට

࢙
૝ࡾ

૜
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

Let’s us join ࡭ࡵ࡭ᇱ and ࡭࡮ᇱ.∵ angles ࡭࡭ᇱ࡮ and ࡮࡯࡭ are angles on the same arc ࡯࡭ᇱ࡮ 

and the same side of it, ∵ ࡮ᇱ࡭࡭∠ = ࡮࡯࡭∠ =  ࡯

∴ in ઢ࡭࡭ᇱ࡭࡮࡭∠,࡮ᇱ = ૚ૡ૙° − ቀ࡭
૛

+ ቁ࡯ = ࡭ + ࡮ − ࡭
૛

= ࡮ା૛࡭
૛

= (࡯ି°૚ૡ૙)ା࡮
૛

 

= ૢ૙° +
࡮ − ࡯
૛ ∴ ᇱ࡭࡮࡭∠ =

(૚)
ૢ૙° +

࡮ − ࡯
૛  

∵ the circumcircle of ઢ࡯࡮࡭ coincides with the circumcircle of ઢ࡭࡭ᇱ࡮ 

∴ circumradius of ઢ࡭࡭ᇱ࡮ =
(૛)

 ࡾ

(1), (2) ⇒ ᇱ࡭࡭ ࢋ࢒࢛࢘	ࢋ࢔࢏࢙= ૛ܖܑܛࡾ ቀૢ૙° + ࡯ି࡮
૛
ቁ = ૛ܛܗ܋ࡾ ࡯ି࡮

૛
 

⇒ ᇱ࡭ࡵ = ᇱ࡭࡭ − ࡭ࡵ = ૛ࡾ ܛܗ܋
࡮ − ࡯
૛ −

࢘

૛࡭ܖܑܛ
= ૛ܛܗ܋ࡾ

࡮ − ࡯
૛ −

࢘

ቀ ࢘૝ࡾቁ
ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ 

= ૛ࡾ ܛܗ܋
࡮ − ࡯
૛ − ૛ࡾ൬ܛܗ܋

࡮ − ࡯
૛ − ܛܗ܋

࡮ + ࡯
૛ ൰ = ૛ܖܑܛࡾ

࡭
૛ 
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⇒
ࢇ
ᇱ࡭ࡵ =

૝ࡾ ܖܑܛ ૛࡭ ܛܗ܋
࡭
૛

૛ࡾ ܖܑܛ ૛࡭
= ૛ ܛܗ܋

࡭
૛ =

૛ ܖܑܛ ࡮ + ࡯
૛ ܛܗ܋ ࡮ − ࡯

૛
࡮ܛܗ܋ − ࡯

૛
 

≥ ૛ܖܑܛ
࡮ + ࡯
૛ ܛܗ܋

࡮ − ࡯
૛ ൬∵ ૙ < ܛܗ܋

࡮ − ࡯
૛ ≤ ૚ ∵ −

࣊
૛ <

࡮ − ࡯
૛ <

࣊
૛൰ 

= ܖܑܛ ࡮ + ܖܑܛ ࡯ = ࢉା࢈
૛ࡾ

⇒ ࢇ
ᇲ࡭ࡵ

≥
(ࢇ) ࢉା࢈

૛ࡾ
. Similarly, ࢈

ᇲ࡮ࡵ
≥
(࢈) ࢇାࢉ

૛ࡾ
 and ࢉ

ᇲ࡯ࡵ
≥
(ࢉ) ࢈ାࢇ

૛ࡾ
 

(a)+(b)+(c)⇒ ࢇ
ᇲ࡭ࡵ

+ ࢈
ᇲ࡮ࡵ

+ ࢉ
ᇲ࡯ࡵ

≥ ૛(ࢇା࢈ାࢉ)
૛ࡾ

= ࢉା࢈ାࢇ
ࡾ

   (Proved) 

Solution 3 by Marian Dinca-Romania 

࡭ࡵ ⋅ ᇱ࡭ࡵ = ࡮ࡵ ⋅ ᇱ࡮ࡵ = ࡯ࡵ ⋅ ᇱ࡯ࡵ = ૛ࡾ ૛ࡵࡻ− = ૛࢘ࡾ 

࢘
࡭ࡵ = ܖܑܛ

࡭
૛ ⇒ ᇱ࡭ࡵ =

૛࢘ࡾ
࡭ࡵ = ૛ܖܑܛࡾ

࡭
૛ 

࢘
࡮ࡵ = ܖܑܛ

࡮
૛ ⇒ ᇱ࡮ࡵ =

૛࢘ࡾ
࡮ࡵ = ૛ܖܑܛࡾ

࡮
૛ 

࢘
࡯ࡵ = ܖܑܛ

࡯
૛ ⇒ ᇱ࡯ࡵ =

૛࢘ࡾ
࡯ࡵ = ૛ܖܑܛࡾ

࡯
૛ 

ࢇ
ᇱ࡭ࡵ +

࢈
ᇱ࡮ࡵ +

ࢉ
ᇱ࡯ࡵ =

૛ࡾ ܖܑܛ ࡭

૛ࡾ ܖܑܛ ૛࡭
+
૛ࡾ ܖܑܛ ࡮

૛ࡾ ܖܑܛ ૛࡮
+
૛࡯ܖܑܛࡾ

૛࡯ܖܑܛࡾ૛
= ૛ ܛܗ܋

࡭
૛ + ૛ ܛܗ܋

࡮
૛ + ૛ ܛܗ܋

࡯
૛ 

and: ࢇା࢈ାࢉ
ࡾ

= ૛(࡭ܖܑܛ + ܖܑܛ ࡮ + (࡯ܖܑܛ = ૝ ቀܖܑܛ ࡭
૛
⋅ ܛܗ܋ ࡭

૛
+ ܖܑܛ ࡮

૛
⋅ ܛܗ܋ ࡮

૛
+ ܖܑܛ ࡯

૛
⋅ ܛܗ܋ ࡯

૛
ቁ ≤ 

≤ ૝ ⋅
૚
૜ ൬ܖܑܛ

࡭
૛ + ܖܑܛ

࡭
૛ + ܖܑܛ

࡭
૛൰ ൬ܛܗ܋

࡭
૛ + ܛܗ܋

࡮
૛ + ܛܗ܋

࡯
૛൰ ≤ 

≤ ૝ܖܑܛ ൬
࡭ + ࡮ + ࡯

૟ ൰൬ܛܗ܋
࡭
૛ + ܛܗ܋

࡮
૛ + ܛܗ܋

࡯
૛൰ = 

= ૛ ܛܗ܋ ࡭
૛

+ ૛ܛܗ܋ ࡮
૛

+ ૛ ܛܗ܋ ࡯
૛

. Using Chebyshev and Jensen’s inequality. We must show 

that: ૟ට ࢙
૝ࡾ

૜ ≥ ࢉା࢈ାࢇ
ࡾ

= ૛࢙
ࡾ
↔ ૜ට ࢙

૝ࡾ
૜ ≥ ࢙

ࡾ
↔ ૛ૠ ⋅ ࢙

૝ࡾ
≥ ቀ࢙

ࡾ
ቁ
૜
↔ ૛ૠ

૝
≥ ቀ࢙

ࡾ
ቁ
૛

. It is true because: 

࢙ ≤ ૜√૜
૛
ࡾ → ቀ࢙

ࡾ
ቁ
૛
≤ ቀ૜√૜

૛
ቁ
૛

= ૛ૠ
૝

. Proved. 

 

JP.236. If ࢈,ࢇ, ,࢟,࢞,ࢉ ࢠ > 0;ܽ + ܾ + ܿ = 3 then: 

ࢇࢇ ⋅ ࢈࢈ ⋅ ࢉࢉ ⋅ (࢞ + ࢟ + ૜(ࢠ ≥ ૛ૠ࢞ࢉࢠ࢈࢟ࢇ 
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When does the equality holds? 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: (࢞+ ࢟ + ૜(ࢠ ≥ ૛ૠ ቀ࢞
ࢇ
ቁ
ࢇ
⋅ ቀ࢟

࢈
ቁ
࢈
⋅ ቀࢠ

ࢉ
ቁ
ࢉ
⇔ 

࢞ା࢟ାࢠ
૜

≥ ቀ࢞
ࢇ
ቁ
ࢇ
૜ ቀ࢟

࢈
ቁ
࢈
૜ ቀࢠ

ࢉ
ቁ
ࢉ
૜   (1) 

From inequality of generalized environments ⇒ 

ቀ࢞
ࢇ
ቁ
ࢇ
૜ ቀ࢟

࢈
ቁ
࢈
૜ ቀࢠ

ࢉ
ቁ
ࢉ
૜ ≤ ࢇ

૜
⋅ ࢞
ࢇ

+ ࢈
૜
⋅ ࢟
࢈

+ ࢉ
૜
⋅ ࢠ
ࢉ

= ࢞ା࢟ାࢠ
૜

⇒ (1) it is true, equality ࢇ = ࢈ = ࢉ = ૚ and 

࢞ = ࢟ =  .ࢠ

Solution 2 by Sudhir Jha-Kolkata-India 

Considering ࢞
ࢇ

, ࢟
࢈

, ࢠ
ࢉ
 with associated weights ࢈,ࢇ, ࡹ࡭ respectively, we get, by ࢉ ≥  ࡹࡳ

ࢇ ⋅ ቀ࢞ࢇቁ + ࢈ ቀ࢟࢈ቁ + ࢉ ቀࢉࢠቁ
ࢇ + +࢈ ࢉ ≥ ቈቀ

࢞
ࢇ
ቁ
ࢇ
ቀ
࢟
࢈
ቁ
࢈
ቀ
ࢠ
ࢉ
ቁ
ࢉ
቉

૚
ࢉା࢈ାࢇ

 

⇒
࢞ + ࢟ + ࢠ

૜ ≥ ቈቀ
࢞
ࢇ
ቁ
ࢇ
ቀ
࢟
࢈
ቁ
࢈
ቀ
ࢠ
ࢉ
ቁ
ࢉ
቉

૚
૜
		(∵ ࢇ + ࢈ + ࢉ = ૜) 

⇒
(࢞ + ࢟ + ૜(ࢠ

૛ૠ ≥
ࢉࢠ࢈࢟ࢇ࢞

ࢉࢉ࢈࢈ࢇࢇ 	⇒ ࢞)ࢉࢉ࢈࢈ࢇࢇ + ࢟ + ૜(ࢠ ≥ ૛ૠ࢞ࢉࢠ࢈࢟ࢇ 

(Proved) 

Solution 3 by Daniel Văcaru – Romania 

We have: 

ቀ
࢞
ࢇ
ቁ
ቀ ࢇ
ቁࢉା࢈ାࢇ ⋅ ቀ

࢟
࢈
ቁ
ቀ ࢈
ቁࢉା࢈ାࢇ ⋅ ቀ

ࢠ
ࢉ
ቁ
ቀ ࢉ
ቁࢉା࢈ାࢇ ≤ ቀ

ࢇ
ࢇ + ࢈ + ࢉ

ቁ ⋅ ቀ
࢞
ࢇ
ቁ + ൬

࢈
ࢇ + ࢈ + ൰ࢉ ⋅

ቀ
࢟
࢈
ቁ + 

+ ቀ
ࢉ

+ࢇ ࢈ + ࢉ
ቁ ⋅ ቀ

ࢠ
ࢉ
ቁ =

࢞ + ࢟ + ࢠ
૜ ⇒ 

ቀ
࢞
ࢇ
ቁ
ࢇ
ቀ
࢟
࢈
ቁ
࢈
ቀ
ࢠ
ࢉ
ቁ
ࢉ
≤ ൬

࢞ + ࢟ + ࢠ
૜ ൰

૜
⇒ ૛ૠ࢞ࢉࢠ࢈࢟ࢇ ≤ +࢞)ࢉࢉ࢈࢈ࢇࢇ ࢟ +  ૜(ࢠ

 

JP.237. If ࢈,ࢇ, ,࢟,࢞,ࢉ ࢠ > 0;ܽ + ܾ + ܿ ≥ ݔ + ݕ +  :then ݖ
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ࢉࢉ࢈࢈ࢇࢇ ≥  ࢉࢠ࢈࢟ࢇ࢞

Proposed by Daniel Sitaru – Romania  

Solution 1 by Boris Colakovic-Belgrade-Serbie 

ࢉࢉ࢈࢈ࢇࢇ ≥ ࢉࢠ࢈࢟ࢇ࢞ ⇔ ࢇܖܔࢇ + ࢈ ࢈ܖܔ + ࢉ ܖܔ ࢉ ≥ ࢇ ܖܔ ࢞ + ࢈ ࢟ܖܔ + ࢉ ܖܔ ࢠ ⇔ 

⇔ ܖܔࢇ
ࢇ
࢞ + ࢈ ܖܔ

࢈
࢟ + ࢉ ܖܔ

ࢉ
ࢠ ≥ ૙ ⇔ ܖܔ ቀ

ࢇ
࢞
ቁ
ࢇ

+ ܖܔ ൬
࢈
࢟൰

࢈

+ ܖܔ ቀ
ࢉ
ࢠ
ቁ
ࢉ
≥ ૙ ⇔ 

⇔ ࢇቀܖܔ
࢞
ቁ
ࢇ
ቀ࢈
࢟
ቁ
࢈
ቀࢉ
ࢠ
ቁ
ࢉ
≥ ૙ ⇔ ቀࢇ

࢞
ቁ
ࢇ
ቀ࢈
࢟
ቁ
࢈
ቀࢉ
ࢠ
ቁ
ࢉ
≥ ૚ true, because: by weighted GM-HM ⇒ 

ቀ
ࢇ
࢞
ቁ
ࢇ
൬
࢈
࢟൰

࢈

ቀ
ࢉ
ࢠ
ቁ
ࢉ
≥

⎝

⎜⎜
⎛ ࢇ + ࢈ + ࢉ
ࢇ
ࢇ
࢞

+ ࢈
࢈
࢟

+ ࢉ
ࢉ
⎠ࢠ

⎟⎟
⎞

ࢉା࢈ାࢇ

= ൬
ࢇ + ࢈ + ࢉ
࢞ + ࢟ + ൰ࢠ

ࢉା࢈ାࢇ

≥ ૚ࢇା࢈ାࢉ = ૚ 

Solution 2 by Sudhir Jha-Kolkata-India 

Considering ࢞
ࢇ

, ࢟
࢈

, ࢠ
ࢉ
 with associated weights ࢈,ࢇ, ࡹࡳ and applying weighted ࢉ ≤ 

weighted ࡹ࡭, we get 

ቆቀ
࢞
ࢇ
ቁ
ࢇ
ቀ
࢟
࢈
ቁ
࢈
ቀ
ࢠ
ࢉ
ቁ
ࢉ
ቇ

૚
ࢉା࢈ାࢇ

≤
ቁࢇቀ࢞ࢇ + ࢈ ቀ࢟࢈ቁ + ࢉ ቀࢉࢠቁ	

+ࢇ +࢈ ࢉ ⇒ 

⇒ ቀ
࢞
ࢇ
ቁ
ࢇ
ቀ
࢟
࢈
ቁ
࢈
ቀ
ࢠ
ࢉ
ቁ
ࢉ
≤ ൬

࢞ + ࢟ + ࢠ
ࢇ + ࢈ + ൰ࢉ

ࢉା࢈ାࢇ
 

⇒ ቀ
࢞
ࢇ
ቁ
ࢇ
ቀ
࢟
࢈
ቁ
࢈
ቀ
ࢠ
ࢉ
ቁ
ࢉ
≤ ⋯ (∵ ࢇ + +࢈ ࢉ ≥ ࢞ + ࢟ +  (ࢠ

⇒ ࢉࢉ࢈࢈ࢇࢇ ≥  (proved)  ࢉࢠ࢈࢟ࢇ࢞

Equality holds for ࢞
ࢇ

= ࢟
࢈

= ࢠ
ࢉ

= ૚ 

Solution 3 by Michael Sterghiou-Greece 

ࢉࢉ࢈࢈ࢇࢇ ≥  (1)   ࢉࢠ࢈࢟ࢇ࢞

(1)→ ቀ࢞
ࢇ
ቁ
ࢻ
⋅ ቀ࢟

࢈
ቁ
࢈
⋅ ቀࢠ

ࢉ
ቁ
ࢉ
≤ ૚ or ∑ ࢉ࢟ࢉࢇ ܖܔ ࢞

ࢇ
≤ ૙. As ࢌ(࢚) = ܖܔ ࢚ is concave  

ቀࢌᇱᇱ(࢚) = − ૚
࢚૛

< 0ቁ using generalized Jensen we get: 
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∑ ܖܔࢇ ࢞
ࢉ࢟ࢉࢇ ≤ ൫∑ ࢉ࢟ࢉࢇ ൯ ⋅ ܖܔ ൬

∑ ࢉ࢟ࢉࢇ ࢇ࢞⋅
∑ ࢉ࢟ࢉࢇ

൰ = ൫∑ ࢉ࢟ࢉࢇ ൯ ⋅ ܖܔ ࢞ା࢟ାࢠ
ࢉା࢈ାࢇ

≤ ૙ as ࢞ + ࢟ + ࢠ ≤ ࢇ + ࢈ +  .ࢉ

Equality when ࢞ = ࢟,ࢇ = ,࢈ ࢠ =  .ࢉ

 

JP.238. If ࢈,ࢇ, ,ࢊ,ࢉ ࢞,࢟, ,ࢠ ࢚ > 0 then: 

ࢇ(࢞ࢇ) ⋅ ࢈(࢟࢈) ⋅ ࢉ(ࢠࢉ) ⋅ ࢊ(࢚ࢊ)

ࢇ) + ࢈ + ࢉ + ࢊାࢉା࢈ାࢇ(ࢊ ≥ ൬
࢚ࢠ࢟࢞

ࢠ࢟࢞ + ࢚࢞࢟+ ࢚ࢠ࢞ + ൰࢚ࢠ࢟
ࢊାࢉା࢈ାࢇ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We must show: (࢞ࢇ)ࢊ(࢚ࢊ)ࢉ(ࢠࢉ)࢈(࢟࢈)ࢇ ≥ ቆࢇା࢈ାࢉାࢊ૚
࢞ା

૚
࢟ା

૚
ାࢠ

૚
࢚
ቇ
ࢊାࢉା࢈ାࢇ

   (1) 

Let ૚
࢞

= ,࢓ ૚
࢟

= ,࢔ ૚
ࢠ

= ,࢖ ૚
࢚

=  (2)   ࢗ

From (1)+(2) we must show: ቀࢇ
࢓
ቁ
ࢇ
⋅ ቀ࢈

࢔
ቁ
࢈
⋅ ቀࢉ

࢖
ቁ
ࢉ
⋅ ቀࢊ

ࢗ
ቁ
ࢊ
≥ ቀࢇା࢈ାࢉାࢊ

ࢗା࢖ା࢔ା࢓
ቁ
ࢊାࢉା࢈ାࢇ

⇔ 

⇔ ܖܔࢇ ቀࢇ
࢓
ቁ + ࢈ ࢈ቀܖܔ

࢔
ቁ + ࢉ ࢉቀܖܔ

࢖
ቁ + ࢊ ܖܔ ቀࢊ

ࢗ
ቁ
ࢊ
≥ +ࢇ) ࢈ + ࢉ + (ࢊ ܖܔ ቀࢇା࢈ାࢉାࢊ

ࢗା࢖ା࢔ା࢓
ቁ, which it is 

true, because it is Gibbs inequality. 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Applying Weighted GM≥ Weighted A.M: 

ට(࢞ࢇ)ࢇ ⋅ ࢈(࢟࢈) ⋅ ࢉ(ࢠࢉ) ⋅ ࢊ(࢚ࢊ)
ࢊశࢉశ࢈శࢇ

≥
ࢇ + +࢈ ࢉ + ࢊ

ࢇ
࢞ࢇ + ࢈

࢟࢈ + ࢉ
+ࢠࢉ ࢊ

࢚ࢊ
 

⇒ ට(࢞ࢇ)ࢇ ⋅ ࢈(࢟࢈) ⋅ ࢉ(ࢠࢉ) ⋅ ࢊ(࢚ࢊ)
ࢊశࢉశ࢈శࢇ

≥
ࢇ + ࢈ + ࢉ + ࢊ
૚
࢞ + ૚

࢟ + ૚
ࢠ + ૚

࢚
 

⇒ ࢊ(࢚ࢊ)⋅ࢉ(ࢠࢉ)⋅࢈(࢟࢈)⋅ࢇ(࢞ࢇ)

ࢊశࢉశ࢈శࢇ(ࢊାࢉା࢈ାࢇ)
≥ ቀ ࢚ࢠ࢟࢞

࢚ࢠା࢚࢟ࢠା࢚࢞࢟ା࢞ࢠ࢟࢞
ቁ
ࢊାࢉା࢈ାࢇ

   (proved) 

Equality at ࢞ࢇ = ࢟࢈ = ࢠࢉ =  .࢚ࢊ

 

JP.239. In ઢ࡯࡮࡭ the following relationship holds: 
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૝(ࢇ࢓ + ࢈࢓ (ࢉ࢓+ ≤ ૜ቌ
ࢇ࢘

૛࡭૛ܛܗ܋
+

࢈࢘

૛࡮૛ܛܗ܋
+

ࢉ࢘

૛ܛܗ܋ ૛࡯
ቍ 

Proposed by Marin Chirciu – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

ࢇ࢘ = ࢙ ܖ܉ܜ
࡭
૛ ; ࢈࢘ = ࢙ ܖ܉ܜ

࡮
૛ ; ࢉ࢘ = ࢙ ܖ܉ܜ

࡯
૛ 

ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ ≥ ࢇ࢓ + ࢈࢓ +  ࢉ࢓

૚

૛ܛܗ܋ ૛࡭
+

૚

૛ܛܗ܋ ૛࡮
+

૚

૛ܛܗ܋ ૛࡯
=
࢙૛ + (૝ࡾ + ࢘)૛

࢙૛  

Suppose: ࡭ ≥ ࡮ ≥ ࡯ → ቊ
ࢇ࢘ ≥ ࢈࢘ ≥ ࢉ࢘

ܛܗ܋ ࡭
૛
≤ ܛܗ܋ ࡮

૛
≤ ܛܗ܋ ࡯

૛
→ ൝

ࢇ࢘ ≥ ࢈࢘ ≥ ࢉ࢘
૚

૛࡭૛ܛܗ܋
≥ ૚

૛࡮૛ܛܗ܋
≥ ૚

૛࡯૛ܛܗ܋

 

By Chebyshev’s inequality we have: RHS ≥ ૜ ⋅ ૚
૜

ࢇ࢘) + ࢈࢘ + ቆ(ࢉ࢘ ૚

૛࡭૛ܛܗ܋
+ ૚

૛࡮૛ܛܗ܋
+ ૚

૛࡯૛ܛܗ܋
ቇ 

≥ ૜ ⋅
૚
૜

ࢇ࢓) + ࢈࢓ + (ࢉ࢓ ⋅
࢙૛ + (૝ࡾ+ ࢘)૛

࢙૛
= ࢇ࢓) + ࢈࢓ + (ࢉ࢓ ⋅

࢙૛ + (૝ࡾ + ࢘)૛

࢙૛
 

We must show that: (ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ⋅
࢙૛ା(૝ࡾା࢘)૛

࢙૛
≥ ૝(ࢇ࢓ + ࢈࢓ +  (ࢉ࢓

↔ ࢙૛ + (૝ࡾ+ ࢘)૛ ≥ ૝࢙૛ ↔ (૝ࡾ + ࢘)૛ ≥ ૜࢙૛ ↔ ૝ࡾ + ࢘ ≥ √૜࢙  (true) (Proved) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

Firstly, ∑܋܍ܛ૛ ࡭
૛

= ∑ (ࢉି࢙)(࢈ି࢙)ࢉ࢈
(ࢉି࢙)(࢈ି࢙)(ࢇି࢙)࢙

= ൯ࢉ࢈ା(ࢇ૛࢙ି)൫࢙૛ି࢙ࢉ࢈∑
࢘૛࢙૛

= ି࢙૛∑࢈ࢇା૜࢙ࢉ࢈ࢇା(∑࢈ࢇ)૛ି૛ࢉ࢈ࢇ(૛࢙)
࢘૛࢙૛

 

=
(࢙૛ + ૝࢘ࡾ+ ࢘૛)(૝࢘ࡾ+ ࢘૛) − ૝࢙࢘ࡾ૛

࢘૛࢙૛ =
࢙૛࢘૛ + ࢘૛(૝ࡾ + ࢘)૛

࢘૛࢙૛ =
(૚) ࢙૛ + (૝ࡾ + ࢘)૛

࢙૛  

Now, ૜∑ ࢇ࢘
૛࡭૛ܛܗ܋

= ૜∑ ቂ ࢙࢘
ࢇି࢙

⋅ ࢉ࢈
(ࢇି࢙)࢙

ቃ = ૜࢘
࢙
∑ (ࢇାࢇି࢙)ࢉ࢈

૛(ࢇି࢙)
 

= ૜࢘෍
ࢉ࢈

࢙(࢙ − (ࢇ +
૜࢘
࢙ ⋅

૝࢙࢘ࡾ
࢙૛ ෍

࢙૛

(࢙ − (ࢇ = ૜࢘෍܋܍ܛ૛
࡭
૛ +

૚૛ࡾ
࢙૛ ෍

࢘૛࢙૛

(࢙ −  ૛(ࢇ

=
(૚)	࢟࢈

	૜࢘ ቈ
࢙૛ + (૝ࡾ + ࢘)૛

࢙૛ ቉ +
૚૛ࡾ
࢙૛ ෍࢘ࢇ૛ = ૜࢘ +

૜࢘(૝ࡾ + ࢘)૛

࢙૛ +
૚૛ࡾ
࢙૛

[(૝ࡾ + ࢘)૛ − ૛࢙૛] 
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= ૜࢘ − ૛૝ࡾ +
૜(૝ࡾ + ࢘)૜

࢙૛ ⇒ ૜෍
ࢇ࢘

૛ܛܗ܋ ૛࡭
=
(૛)

૜࢘ − ૛૝ࡾ +
૜(૝ࡾ + ࢘)૜

࢙૛  

Also, ૝∑ࢇ࢓ ≤ ૝∑࢘ࢇ = ૝(૝ࡾ+ ࢘) ≤
?
૜∑ ࢇ࢘

૛࡭૛ܛܗ܋
=

(૛)	࢟࢈
૜࢘ − ૛૝ࡾ + ૜(૝ࡾା࢘)૜

࢙૛
 

⇔ (૝૙ࡾ+ ࢘)࢙૛ ≤
(૜)

?
૜(૝ࡾ+ ࢘)૜ 

Now, LHS of (3) ≤
࢔ࢋ࢙࢚ࢋ࢘ࢋࡳ

(૝૙ࡾ + ࢘)(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ≤
?
૜(૝ࡾ + ࢘)૜ 

⇔ ૡࡾ૛ − ૞࢘ࡾ − ૛૛࢘૛ ≥
?
૙ ⇔ (ૡࡾ + ૚૚࢘)(ࡾ− ૛࢘) ≥

?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘ 

⇒ (3) ⇒ proposed inequality is true (Proved) 

 

JP.240. In ઢ࡯࡮࡭ the following relationship holds: 

૜(ࢇ࢓ ࢈࢓+ (ࢉ࢓+ ≤ ࢇ࢘ ૛ܜܗ܋
࡭
૛ + ࢈࢘ ૛ܜܗ܋

࡮
૛ + ࢉ࢘ ૛ܜܗ܋

࡯
૛ 

Proposed by Marin Chirciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

෍࢘ࢇ ૛ܜܗ܋
࡭
૛ = ෍

࢙
࢙ − ࢇ ⋅

࢙(࢙ − (ࢇ
(࢙ − ࢙)(࢈ − (ࢉ = ෍

࢙ࡿ
(࢙ − ࢙)(࢈ − (ࢉ

෍	࢚࢛࢈
૚

(࢙ − ࢙)(࢈ − (ࢉ =
૚
࢘૛ ⎭

⎬

⎫
⇒ 

ࢇ࢘∑ ૛ܜܗ܋
࡭
૛

= ࢙૛

࢘
   (1) ⇒ we must show: ૜(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤ ࢙૛

࢘
  (2) 

But ࢇ࢓
ࢇࢎ
≤ ࡾ

૛࢘
⇒ ࢇ࢓ ≤

ࡾ
૛࢘
 :From (2)+(3) we must show .(3)  ࢇࢎ

૜ࡾ
૛࢘

ࢇࢎ) + ࢈ࢎ + (ࢉࢎ ≤ ࢙૛

࢘
⇔ ૜ࡾ

૛
ࢇࢎ) + ࢈ࢎ + (ࢉࢎ ≤ ࢙૛  (4) 

But ࢇࢎ + ࢈ࢎ + ࢉࢎ = ࢙૛ା࢘૛ା૝࢘ࡾ
૛ࡾ

  (5). From (4)+(5) we must show: 

૜
૝

(࢙૛ + ࢘૛ + ૝࢘ࡾ) ≤ ࢙૛ ⇔ ૜࢙૛ + ૜࢘૛ + ૚૛࢘ࡾ ≤ ૝࢙૛ ⇔ 

࢙૛ ≥ ૚૛࢘ࡾ+ ૜࢘૛  (6) 

From Gerretsen’s inequality: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  (7) 

From (6)+(7) we must show: 
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૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૛࢘ࡾ + ૜࢘૛ ⇔ ૝࢘ࡾ ≥ ૡ࢘૛ ⇔ ࡾ ≥ ૛࢘ true (Euler) 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

ࢇ࢘ = ࢙ ܖ܉ܜ
࡭
૛ ; ࢈࢘ = ࢙ ܖ܉ܜ

࡮
૛ ; ࢉ࢘ = ࢙ ܖ܉ܜ

࡯
૛ 

→ RHS = ࢇ࢘ ⋅ ૛ܜܗ܋
࡭
૛

 

࢈࢘+ ⋅ ૛ܜܗ܋
࡮
૛ + ࢉ࢘ ⋅ ૛ܜܗ܋

࡯
૛ 

= ࢙ ܖ܉ܜ
࡭
૛ ⋅ ܜܗ܋

૛ ࡭
૛ + ࢙ ܖ܉ܜ

࡮
૛ ⋅ ܜܗ܋

૛ ࡮
૛ + ࢙ ܖ܉ܜ

࡯
૛ ⋅ ܜܗ܋

૛ ࡯
૛ 

= ࢙ ൬ܜܗ܋
࡭
૛ + ܜܗ܋

࡮
૛ + ܜܗ܋

࡯
૛൰ = ࢙ ܜܗ܋

࡭
૛ ܜܗ܋

࡮
૛ ܜܗ܋

࡯
૛ = ࢙ ⋅

࢙
࢘ =

࢙૛

࢘  

But: ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤
ࡿ࡯࡮

ට૜൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ = ටૢ

૝
૛ࢇ) + ૛࢈ + (૛ࢉ = 

૜
૛
ඥ(ࢇ૛ + ૛࢈ + (૛ࢉ ≤

ࢠ࢏࢔࢈࢏ࢋࡸ ૜
૛ ⋅

ඥૢࡾ૛ =
ࡾૢ
૛ → ࡿࡴࡸ = ૜(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤

૛ૠࡾ
૛  

We must show that: ૛ૠࡾ
૛
≤ ࢙૛

࢘
⇔ ૛࢙૛ ≥ ૛ૠ࢘ࡾ 

But: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛. We need to prove: ૛(૚૟࢘ࡾ − ૞࢘૛) ≥ ૛ૠ࢘ࡾ 

↔ ૞࢘ࡾ ≥ ૚૙࢘૛ ↔ ࡾ ≥ ૛࢘ (Euler → true)  Proved. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

෍࢘ࢇ ૛ܜܗ܋
࡭
૛ = ෍൬࢙ ܖ܉ܜ

࡭
૛ ܜܗ܋

૛ ࡭
૛൰ = ࢙෍ܜܗ܋

࡭
૛ = ࢙෍ඨ

࢙(࢙ − (ࢇ
(࢙ − −࢙)(࢈  (ࢉ

= ࢙෍ඨ
࢙૛(࢙ − ૛(ࢇ

࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =
࢙૛

࢙࢘෍
(࢙ − (ࢇ =

(૚) ࢙૛

࢘  

Now, Chu and Yang ⇒ ૜∑ࢇ࢓ ≤ ૜√૝࢙૛ − ૚૟࢘ࡾ + ૞࢘૛ ≤
?
ࢇ࢘∑ ૛ܜܗ܋

࡭
૛

=
(૚)	࢟࢈ ࢙૛

࢘
 

⇔ ࢙૝ ≥
(૛)

?
ૢ࢘૛(૝࢙૛ − ૚૟࢘ࡾ+ ૞࢘૛) 

Now, LHS of (2) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ− ૞࢘૛)࢙૛ ≥
?
ૢ࢘૛(૝࢙૛ − ૚૟࢘ࡾ+ ૞࢘૛) 

⇔ (૚૟ࡾ − ૝૚࢘)࢙૛ + ૢ࢘૛(૚૟ࡾ − ૞࢘) ≥
?
૙ 
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⇔ (૚૟ࡾ − ૜૛࢘)࢙૛ + ૢ࢘૛(૚૟ࡾ − ૞࢘) ≥
(૜)

?
ૢ࢙࢘૛ 

Now, LHS of (3) ≥
(ࢇ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૚૟ࡾ − ૜૛࢘)(૚૟࢘ࡾ − ૞࢘૛) + ૢ࢘૛(૚૟ࡾ− ૞࢘) 

and, RHS of (3) ≤
(࢈)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
ૢ࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

(a), (b) ⇒ in order to prove (3), it suffices to prove: 

(૚૟ࡾ − ૜૛࢘)(૚૟࢘ࡾ − ૞࢘૛) + ૢ࢘૛(૚૟ࡾ− ૞࢘)− ૢ࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≥ ૙ 

⇔ ૞૞ࡾ૛ − ૚૛૚࢘ࡾ+ ૛૛࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૞૞ࡾ − ૚૚࢘) ≥ ૙ → true ∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘ 

⇒ (3) ⇒ (2) ⇒ proposed inequality is true (proved) 

Solution 4 by Bogdan Fustei-Romania 

ܖܑܛ ࡭
૛

= ට࢘࢘ࢇ
ࢉ࢈

 (and the analogs); ܛܗ܋ ࡭
૛

= ට࢘ࢉ࢘࢈
ࢉ࢈

   (and the analogs) 

૛ܜܗ܋ ࡭
૛

= ࢉ࢘࢈࢘
ࢉ࢈

⋅ ࢉ࢈
ࢇ࢘࢘

= ࢉ࢘࢈࢘
ࢇ࢘࢘

 (and the analogs) ⇒ ࢇ࢘ ૛ܜܗ܋
࡭
૛

= ࢇ࢘ ⋅
ࢉ࢘࢈࢘
ࢇ࢘࢘

= ࢉ࢘࢈࢘
࢘

 (and the 

analogs) 

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢉ࢘ࢇ࢘ = ࢙૛ ⇒෍࢘ࢇ ૛ܜܗ܋
࡭
૛ =

࢙૛

࢘  

࢙૛ ≥ ૚૟ࡾ− ૞࢘૛   (Gerretsen’s Inequality) 

૚૟࢘ࡾ − ૞࢘૛ ≥ ૜࢘(૝ࡾ+ ࢘) = ૚૛࢘ࡾ + ૜࢘૛ ⇒ ૚૟࢘ࡾ − ૚૛࢘ࡾ ≥ ૞࢘૛ + ૜࢘૛ = ૡ࢘૛ 

૝࢘ࡾ ≥ ૡ࢘૛ ⇒ ࡾ ≥ ૛࢘  (Euler). So, we will have the inequality: 

࢙૛ ≥ ૜࢘(૝ࡾ + ࢘) ⇒ ࢙૛

࢘
≥ ૜(૝ࡾ+ ࢘) ⇔ ࢇ࢘∑ ૛ܜܗ܋

࡭
૛
≥ ૜(૝ࡾ+ ࢘)   (1) 

૝ࡾ + ࢘ ≥ ࢇ࢓ + ࢈࢓ + ࢉ࢓ ⇒ ૜(૝ࡾ + ࢘) ≥ ૜(ࢇ࢓ + ࢈࢓ +  (2)    (ࢉ࢓

From (1) and (2) ⇒ ૜(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤ ࢇ࢘∑ ૛ܜܗ܋
࡭
૛

. Q.E.D. 

SP.226. If ࢈,ࢇ > 0 then: 

൬√࢈ࢇ −
ࢇ + ࢈
૛ ൰ ൬ܖ܉ܜ܋ܚ܉

૛࢈ࢇ
ࢇ + ൰࢈ + ൬

ࢇ + ࢈
૛ −

૛࢈ࢇ
ࢇ + ൰࢈ ൫ܖ܉ܜ܋ܚ܉

൯࢈ࢇ√ + 

+ ൬
૛࢈ࢇ
ࢇ + ࢈ −

൬ܖ܉ܜ܋ܚ܉൰࢈ࢇ√
ࢇ + ࢈
૛ ൰ ≥ ૙ 

Proposed by Daniel Sitaru - Romania  
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Solution 1 by Marian Ursărescu-Romania 

Let ૛࢈ࢇ
࢈ାࢇ

= ࢈ࢇ√,࢞ = ࢟, and ࢇା࢈
૛

= ࢠ ⇒ ૙ < ݔ < ݕ <  ݖ

Let ࢌ: (૙, +∞) → ℝ;ࢌ(࢞) = ܖ܉ܜ܋ܚ܉ ࢞. We must show: 

(࢟ − (࢞)ࢌ(ࢠ + ࢠ) − (࢟)ࢌ(࢞ + (࢞− (ࢠ)ࢌ(࢟ ≥ ૙	   (1) 

Theorem: Let ࢌ: ࡵ → ℝ, ࡵ ⊂ ℝ, ࡵ = interval 

⇔ its convex ࢌ ∀࢞,࢟, ࢠ ∈ ࢞ with ࡵ < ݕ < (࢟)ࢌି(࢞)ࢌ :we have ݖ
࢞ି࢟

≤ (ࢠ)ࢌି(࢟)ࢌ
ࢠି࢟

 

⇔ it is concave ࢌ (࢟)ࢌି(࢞)ࢌ
࢞ି࢟

≥ (ࢠ)ࢌି(࢟)ࢌ
ࢠି࢟

 

In our case ࢌ it is concave (for (૙, +∞)) ⇒ (࢟)ࢌି(࢞)ࢌ
࢞ି࢟

≥ (ࢠ)ࢌି(࢟)ࢌ
ࢠି࢟

ቚ ⋅ (࢞ − ࢟)(࢟− (ࢠ > 0 ⇒ 

⇒ (࢟ − −(࢞)ࢌ൫(ࢠ ൯(࢟)ࢌ ≥ (࢞− ࢟)൫ࢌ(࢟) − ൯(ࢠ)ࢌ ⇔ 

⇔ (࢟− (࢞)ࢌ(ࢠ + ࢠ) − (࢟)ࢌ(࢞ + (࢞ − (ࢠ)ࢌ(࢟ ≥ ૙ ⇒ (1) it’s true. 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

According to AM ≥ ࡹࡳ ≥ ∴ :we have ࡹࡴ ࢈ାࢇ
૛
≥ ࢈ࢇ√ ≥ ૛࢈ࢇ

࢈ାࢇ
 

Let ࢌ(࢞) = ૚ିܖ܉ܜ ࢞ for all ࢞ ≥ ૙ then ࢌᇱ(࢞) = ૚
૚ା࢞૛

, (࢞)ᇱᇱࢌ = − ૛࢞

൫૚ା࢞૛൯
૛ ≤ ૙ for all ࢞ ≥ ૙ 

hence ࢌ is a concave function ∴
૛࢈శࢇቀࢌ ቁିࢌቀ૛ࢇ࢈ࢇశ࢈ቁ

࢈శࢇ
૛ ି૛࢈ࢇ

࢈శࢇ

≤
ቁ࢈శࢇ࢈ࢇቀ૛ࢌ൯ି࢈ࢇ√൫ࢌ

࢈శࢇ࢈ࢇ૛ି࢈ࢇ√

 

⇒
૚ିܖ܉ܜ ቀࢇ + ࢈

૛ ቁ − ૚ିܖ܉ܜ ቀ ૛ࢇ࢈ࢇ + ቁ࢈
+ࢇ ࢈
૛ − ૛࢈ࢇ

ࢇ + ࢈
≤
൯࢈ࢇ√૚൫ିܖ܉ܜ − ૚ିܖ܉ܜ ቀ ૛ࢇ࢈ࢇ+ ቁ࢈

࢈ࢇ√ − ૛࢈ࢇ
ࢇ + ࢈

 

⇒ ൬
ࢇ + ࢈
૛ −

૛࢈ࢇ
ࢇ + ൰࢈ ܖ܉ܜ

ି૚൫√࢈ࢇ൯ − ൬
+ࢇ ࢈
૛ −

૛࢈ࢇ
ࢇ + ൰࢈ ܖ܉ܜ

ି૚ ൬
૛࢈ࢇ
ࢇ +  ൰࢈

≥ ൬√࢈ࢇ −
૛࢈ࢇ
+ࢇ ൰࢈ ܖ܉ܜ

ି૚ ൬
+ࢇ ࢈
૛ ൰ − ൬√࢈ࢇ −

૛࢈ࢇ
ࢇ + ൰࢈ ܖ܉ܜ

ି૚ ൬
૛࢈ࢇ
+ࢇ  ൰࢈

∴ ൬√࢈ࢇ −
+ࢇ ࢈
૛ ൰ ૚ିܖ܉ܜ ൬

૛࢈ࢇ
ࢇ + +൰࢈ ൬

ࢇ + ࢈
૛ −

૛࢈ࢇ
ࢇ + ൰࢈ ܖ܉ܜ

ି૚൫√࢈ࢇ൯ + 

+ ቀ૛࢈ࢇ
࢈ାࢇ

− ቁ࢈ࢇ√ ૚ିܖ܉ܜ ቀࢇା࢈
૛
ቁ ≥ ૙  (Proved) 

 

SP.227. Prove that for any positive real numbers ࢈,ࢇ,  :ࢉ



 
www.ssmrmh.ro 

32 
 

ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ≥

ૡ(ࢇ + ࢈ + ૜(ࢉ

૜(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ +  (ࢇ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Mustafa Tarek-Cairo-Egypt 

+ࢇ) ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૡ(ࢇା࢈ାࢉ)૜

૜(ࢇା࢈)(࢈ାࢇ)(ࢉାࢇ)
    (1) 

(1) is equivalent to ∑ ૚
ࢇ
≥ ૡ(∑ ૛(ࢇ

૜∏(ࢇା࢈)
   (2) 

Let ࢞ = +࢈ ࢟,ࢉ = ࢇ + ,ࢉ ࢠ = +ࢇ ࢞ :It’s easy to show that .࢈ + ࢟ > ࢟ and ݖ + ࢠ >  and ݔ

࢞ + ࢠ > ,࢟,࢞ then ݕ  are sides of a triangle, suppose that it’s semiperimeter (࢙) and ࢠ

it’s circumradius (ࡾ) and its inradius (࢘) then ∑࢞ = ૛∑ࢇ ࢇ∑, = ∑࢞
૛

= ࢙, and 

ࢇ = ࢟ା࢞ିࢠ
૛

࢈  , = ࢞ା࢟ିࢠ
૛

, ࢉ = ࢞ା࢟ିࢠ
૛

 ∴ (2) is equivalent to ∑ ૚
࢙ି࢞

≥ ૡ࢙૛

૜࢞࢟ࢠ
 

⇔
∑(࢙ − ࢞)(࢙ − ࢟)

∏(࢙ − ࢞) ≥
ૡ࢙૛

૜ ⋅ ૝࢙࢘ࡾ ⇔
࢘(૝ࡾ + ࢘)

࢘૛࢙ ≥
ૡ࢙૛

૜ ⋅ ૝࢙࢘ࡾ 

[where we’ve used the well-known identity ∑(࢙ − ࢞)(࢙ − ࢟) = ࢘(૝ࡾ + ࢘)] 

⇔ ૝ࡾ + ࢘ ≥ ૛࢙૛

૜ࡾ
	. But using Doucet’s  inequality ૝ࡾ + ࢘ ≥ √૜࢙ 

૝ࡾ + ࢘ ≥ √૜࢙ ≥
࡯ࡵࢂࡻࡺࡵࡾࢀࡵࡹ ૛࢙૛

૜ࡾ
⇔ ૜࢙ࡾ

૛
≥ ࢙ ⇒ true because it is Mitrinovic’s inequality. 

Equality holds if ࢇ = ࢈ =  .ࢉ

Solution 2 by Boris Colakovic-Belgrade-Serbie 

We use the well – known inequality (ࢇ+ +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥ 

≥
ૡ
ૢ

+ࢇ) +࢈ +࢈ࢇ)(ࢉ +ࢉ࢈  (ࢇࢉ

ࡿࡴࡾ ≤
૜ ⋅ ૡ(ࢇ+ ࢈ + ૜(ࢉ

ૡ(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ =
૜(ࢇ+ ࢈ + ૛(ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ ≤
ࢇ) + ࢈ + +࢈ࢇ)(ࢉ ࢉ࢈ + (ࢇࢉ

ࢉ࢈ࢇ ⇒ 

⇒ ࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ ≥ ૜(ࢇ+ +࢈  true because ࢉ࢈ࢇ(ࢉ

࢈ࢇ) + +ࢉ࢈ ૛(ࢇࢉ = ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ + ૛ࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ ≥ 

≥ ࢈ࢇ ⋅ ࢉ࢈ + ࢉ࢈ ⋅ ࢇࢉ + ࢈ࢇ ⋅ ࢇࢉ + ૛ࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ = ૜ࢇ)ࢉ࢈ࢇ+ +࢈  (ࢉ
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Solution 3 by Michael Sterghiou-Greece 

൫∑ ࢉ࢟ࢉࢇ ൯ ቀ∑ ૚
ࢉ࢟ࢉࢇ ቁ ≥ ૡ(ࢇା࢈ାࢉ)૜

૜∏ 	࢈ାࢇ) ࢉ࢟ࢉ(
   (1) 

Let ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ൯ࢉ࢈ࢇ, =  (࢘,ࢗ,࢖)

Then observe that ૢ∏ +ࢇ) ࢉ࢟ࢉ(࢈ ≥ ૡ࢖ ⋅ ∑ equivalent to) ࢗ ࢈)ࢇ − ࢉ࢟ࢉ૛(ࢉ ≥ ૙) 

so (1) can became the stronger inequality. 

࢖ ⋅ ࢗ
࢘
≥ ૜⋅ૡ࢖૜

ૡࢗ࢖
 or ࢗ૛ ≥ ૜࢘࢖ which holds. Done! 

Solution 4 by Soumava Chakraborty-Kolkata-India 

ቀ෍ࢇቁ ൬෍
૚
൰ࢇ ≥

(૚) ૡ(∑ࢇ)૜

૜∏(ࢇ +  (࢈

Let ∑ࢇ૛࢈+ ૛࢈ࢇ∑ =  ࢖

(1) ⇔ (∑ (࢈ࢇ∑)(ࢇ
ࢉ࢈ࢇ

≥ ૡ (࢈ାࢇ)∏૜ା૛૝ࢇ∑
૜ (࢈ାࢇ)∏

⇔ ࢉ࢈ࢇା૜࢖
ࢉ࢈ࢇ

− ૡ ≥ ૡ∑ ૜ࢇ

૜(૛ࢉ࢈ࢇା࢖)
 

⇔
૜(࢖ − ૞࢖)(ࢉ࢈ࢇ+ ૛ࢉ࢈ࢇ)

ࢉ࢈ࢇ ≥ ૡ෍ࢇ૜ ⇔
૜࢖૛

ࢉ࢈ࢇ − ࢖ૢ − ૜૙ࢉ࢈ࢇ ≥
(૛)

ૡ෍ࢇ૜  

Now, ૜࢖
૛

ࢉ࢈ࢇ
= ૜൫∑ࢇ૛࢈ା∑ ൯࢈ࢇ	

૛

ࢉ࢈ࢇ
= ૜൫∑ ૛൯࢈ࢇ∑⋅࢈૛ࢇ∑ା૛࢖ࢉ࢈ࢇ૝ା૛࢈૛ࢇ∑૛ା࢈૝ࢇ

ࢉ࢈ࢇ
 

= ૜ቆ
૛࢈૝ࢇ∑ + ૝ࢇ૛ࢉ∑

ࢉ࢈ࢇ ቇ+ ૟࢖+
૟∑ࢇ૛࢈ ⋅ ૛࢈ࢇ∑

ࢉ࢈ࢇ  

= ૜෍൜ࢇ૜ ൬
࢈
+൰ࢉ ૜ࢇ ቀ

ࢉ
࢈
ቁൠ + ૟࢖+

૟{∑ࢇ૜࢈૜ + ૜ࢇ૛࢈૛ࢉ૛ + {(૜ࢇ∑)ࢉ࢈ࢇ
ࢉ࢈ࢇ  

≥
ࡳି࡭

૜ ⋅ ૛෍ࢇ૜ + ૟࢖ + ૟෍ࢇ૜ +
૟
ࢉ࢈ࢇ

ቀ෍ࢇ૜࢈૜ + ૜ࢇ૛࢈૛ࢉ૛ቁ 

≥
࢛࢘ࢎࢉࡿ

૚૛෍ࢇ૜ + ૟࢖ +
૟
ࢉ࢈ࢇ

ቀ෍ࢇ૛࢈૛ࢉ૛ ⋅ ࢈ࢇ෍+ࢉ࢈ ⋅  ૛ቁࢉ૛࢈

= ૚૛෍ࢇ૜ + ૟࢖+
૟
ࢉ࢈ࢇ ⋅ ࢖ࢉ࢈ࢇ = ૚૛෍ࢇ૜ + ૚૛࢖ 

⇒
૜࢖૛

ࢉ࢈ࢇ − ࢖ૢ − ૜૙ࢉ࢈ࢇ ≥ ૚૛෍ࢇ૜ + ૜࢖ − ૜૙ࢉ࢈ࢇ 

= ૡ෍ࢇ૜ + ቄ૝෍ࢇ૜ + ૜ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ቁቅ 

≥
ࡳି࡭

ૡ෍ࢇ૜ + (૚૛ࢉ࢈ࢇ+ ૚ૡࢉ࢈ࢇ)− ૜૙ࢉ࢈ࢇ = ૡ෍ࢇ૜ 
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⇒ (2) ⇒ (1) is true (Proved) 

Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ,࢈, ࢉ > 0 , we have the following: Because ࢈ࢇ
ࢉ

+ ࢉ࢈
ࢇ

+ ࢇࢉ
࢈
≥ ࢇ + ࢈ +  ࢉ

⇒ ૛(ࢇ + ࢈ + (ࢉ +
࢈ࢇ
ࢉ +

ࢉ࢈
ࢇ +

ࢇࢉ
࢈ ≥ ૜(ࢇ+ ࢈ +  (ࢉ

⇒ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ

࢈ࢇ) + +ࢉ࢈ (ࢇࢉ ≥ ૜(ࢇ + ࢈ +  (ࢉ

⇒ ૜൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ቆ

ૡ(࢈ࢇ + ࢉ࢈ + ࢇ)(ࢇࢉ + +࢈ (ࢉ
ૢ ቇ ≥ ૡ(ࢇ+ ࢈ +  ૛(ࢉ

⇒ ૜൬
૚
+ࢇ

૚
࢈ +

૚
൰ࢉ

+ࢇ) ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ ≥ ૡ(ࢇ+ ࢈ +  ૛(ࢉ

⇒ ૜(ࢇ+ ࢈ + (ࢉ ൬
૚
ࢇ +

૚
+࢈

૚
൰ࢉ

ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥ ૡ(ࢇ + +࢈  ૜(ࢉ

⇒ +ࢇ) +࢈ (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૡ(ࢇା࢈ାࢉ)૜

૜(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)
  ok. Therefore, it is true. 

Solution 6 by Anant Bansal-India 

By ࡹࡳ ≥ ࢉା࢈ାࢇቀ :ࡹࡴ
ࢇ

ቁ ቀࢇା࢈ାࢉ
࢈

ቁ ቀࢇା࢈ାࢉ
ࢉ

ቁ ≥ ૜૜ = ૛ૠ    (i) 

By ࡹ࡭ ≥ ࢞ :ࡹࡳ = ∏ ቀ∑ ࢉ࢟ࢉࢇ

࢈ାࢇ
ቁࢉ࢟ࢉ = ቀ૚ + ࢉ

࢈ାࢇ
ቁ ቀ૚ + ࢈

ࢉାࢇ
ቁ ቀ૚ + ࢇ

ࢉା࢈
ቁ ≤ ቀ૝

૜
ቁ
૜

 

૞૚૛
ૡ૚ ×

ૡ
૜ =

ૡ
૜࢞ 

ૠ > ૡ
૜
࢞    (ii) 

From (i) and (ii): (ࢇ+ ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૡ(ࢇା࢈ାࢉ)૜

૜(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)
 

 

SP.228. Find the positive real numbers (࢞,࢟) such that: 

⎩
⎪
⎨

⎪
⎧ ࢞૛

࢟
+
࢟૛

࢞
= ૛ඨ

࢞૝ + ࢟૝

૛

૝

࢞૛࢟૛ − ࢟૜ + ૚ = ඥ૛࢞૛ − ૛࢟ + ૚

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution 1 by Khaled Abd Imouti-Damascus-Syria 

ቐ
࢞૛

࢟
+ ࢟૛

࢞
= ૛ට࢞૝ା࢟૝

૛

૝
				(૚)

࢞૛࢟૛ − ࢟૜ + ૚ = ඥ૛࢞૛ − ૛࢟ + ૚			(૛)
, ࢞,࢟ > 0   

From (1), ࢞ ≠ ૙,࢟ ≠ ૙	ࡰ = ]૙, +∞[ 

࢞૛

࢟ +
࢟૛

࢞ = ૛࢞ඨ
૚
૛ቆ૚ +

࢟૝

࢞૝ቇ
૝

⇒
࢞
࢟ ⋅ ࢞ +

࢟
࢞ ⋅ ࢟ = ૛࢞ඨ

૚
૛ቆ૚ +

࢟૝

࢞૝ቇ
૝

;࢞ > 0 

࢞
࢟

+ ࢟
࢞
⋅ ࢟
࢞

= ૛ට૚
૛
ቀ૚ + ࢟૝

࢞૝
ቁ

૝
. Suppose ࢚ = ࢟

࢞
, ࢚ > 0, then: 

૚
࢚

+ ࢚૛ = ૛ට૚
૛

(૚ + ࢚૝)૝ ࡰ (*)    = ]૙, +∞[ 

Let be the function: ࢌ(࢚) = ૚
࢚

+ ࢚૛ − ૛ට૚
૛

(૚+ ࢚૝)૝ ࡰ, = ]૙, +∞[ 

 :and ࡰ is Derivative in ࢌ

ܕܑܔ
࢚→૙

[(࢚)ࢌ] = +∞, ܕܑܔ
࢞→ାஶ

൫ࢌ(࢞)൯ = +∞ 

⎝

⎜
⎛
ܕܑܔ
࢚→ାஶ

[(࢚)ࢌ] = ܕܑܔ
࢚→ାஶ

⎣
⎢
⎢
⎢
⎡
૚
⏟࢚
૙

+ ࢚૛⏟
ାஶ

⎣
⎢
⎢
⎢
⎡
૚ − ૛ ⋅

૚
⏟࢚
૙

ඩ
૚
૛൬

૚
࢚૝ + ૚൰ᇣᇧᇧᇤᇧᇧᇥ
૙

૝

⎦
⎥
⎥
⎥
⎤

⎦
⎥
⎥
⎥
⎤

= +∞

⎠

⎟
⎞

 

(࢚)ᇱࢌ =? (࢚)ࢌ, =
૚
࢚ + ࢚૛ − ૛ ቆ

૚
૛

(૚ + ࢚૝)ቇ

૚
૝
⇒ 

(࢚)ᇱࢌ = −
૚
࢚૛ + ૛࢚ − ૛ ⋅

૚
૝ቆ

૚
૛

(૚ + ࢚૝)ቇ
ି૜૝

(૛࢚૜) 

(࢚)ᇱࢌ = − ૚
࢚૛

+ ૛࢚ − ࢚૜

ඨ൬૚૛൫૚ା࢚
૝൯൰

૜૝
(࢚)ᇱࢌ, = ૙ ⇒ ࢚ = ૚ in the interval ]૙, +∞[ 

࢚ ૙																																				૚																															 + 

−− (࢚)ᇱࢌ −−− −− −−૙ + + + + + + + + + 

																														૙																																∞+ (࢚)ࢌ + ∞ 

So: ࢚ = ૚ is solve to the equation (*). So: 
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࢟
࢞

= ૚ ⇒ ࢟ = ࢞. Substituted in equation (2): 

࢞૝ − ࢞૜ + ૚ = ඥ૛࢞૛ − ૛࢞ + ૚ 

(࢞૝ − ࢞૜)૛ + ૛(࢞૝ − ࢞૜) + ૚ = ૛࢞૛ − ૛࢞ + ૚ 

ቀ࢞૜(࢞− ૚)ቁ
૛

+ ૛ ቀ࢞૜(࢞− ૚)ቁ = ૛࢞(࢞ − ૚) 

(࢞ − ૚)[࢞૟(࢞ − ૚) + ૛࢞૜ − ૛࢞] = ૙ 

(࢞ − ૚)[࢞૟(࢞ − ૚) + ૛࢞૜ − ૛࢞] = ૙ 

࢞(࢞ − ૚)ൣ࢞૞(࢞ − ૚) + ૛࢞૛ − ૛൧ = ૙ 

࢞(࢞ − ૚)ൣ࢞૞(࢞ − ૚) + ૛(࢞ − ૚)(࢞ + ૚)൧ = ૙ 

࢞(࢞ − ૚)૛[࢞૛ + ૛࢞+ ૚] = ૙ 

࢞ = ૙   impossible 

࢞ = ૚ ⇒ ࢟ = ૚ 

࢞૛ + ૛࢞ + ૚ = ૙  impossible 

࢞૛ + ૛࢞ + ૚ > 0   impossible 

So: system ቐ
࢞૛

࢟
+ ࢟૛

࢞
= ૛ට࢞૝ା࢟૝

૛

૝

࢞૛࢟૛ − ࢟૜ + ૚ = ඥ૛࢞૛ − ૛࢟ + ૚
,࢞,࢟ > 0 

Have only: (࢞,࢟) = (૚,૚) 

ࡿ = {(૚,૚)} 

Solution 2 by Soumava Chakraborty-Kolkata-India  

ඨ࢞
૝ + ࢟૝

૛ ≤ ࢞૛ − ࢞࢟ + ࢟૛ ⇔ ૛(࢞૛ − ࢞࢟ + ࢟૛)૛ ≥ ࢞૝ + ࢟૝ 

⇔ ૛(࢞૝ + ࢟૝ + ૛࢞૛࢟૛) − ૝࢞࢟(࢞૛ + ࢟૛) + ૛࢞૛࢟૛ ≥ ࢞૝ + ࢟૝ 

⇔ (࢞૛ + ࢟૛)૛ − ૝࢞࢟(࢞૛ + ࢟૛) + ૝࢞૛࢟૛ ≥ ૙⇔ (࢞૛ + ࢟૛ − ૛࢞࢟)૛ ≥ ૙ → true 

∴ ૛ට࢞૝ା࢟૝

૛

૝
≤ ૛ඥ࢞૛ − ࢞࢟ + ࢟૛ ⇒ ࢞૛

࢟
+ ࢟૛

࢞
≤ ૛ඥ࢞૛ − ࢞࢟+ ࢟૛   (by first equation) 

⇒
(࢞ + ࢟)(࢞૛ − ࢞࢟ + ࢟૛)

࢞࢟ ≤ ૛ඥ࢞૛ − ࢞࢟ + ࢟૛ ⇒ (࢞ + ࢟)ඥ࢞૛ − ࢞࢟ + ࢟૛ ≤
(૚)

૛࢞࢟ 

But A-G⇒ (࢞+ ࢟)ඥ࢞૛ − ࢞࢟ + ࢟૛ ≥
(૛)

૛ඥ࢞࢟ඥ࢞࢟ = ૛࢞࢟ 
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∴ (1), (2) ⇒ (࢞+ ࢟)ඥ࢞૛ − ࢞࢟ + ࢟૛ = ૛࢞࢟ 

and (2) suggests equality occurs when ࢞ = ࢟ 

∴ ࢞ = ࢟  (∵ equality occurs) 

Putting ࢞ = ࢟ in ࢞૛࢟૛ − ࢟૜ + ૚ = ඥ૛࢞૛ − ૛࢟ + ૚, we get: 

࢞૝ − ࢞૜ + ૚ =
(૜)

ඥ૛࢞૛ − ૛࢞ + ૚ 

Let ࢞૛ − ࢞ = ⇒ Then (3) .࢖ ࢞૛࢖ + ૚ = ඥ૛࢖+ ૚ ⇒ ࢞૝࢖૛ + ૚ + ૛࢞૛࢖ = ૛࢖+ ૚ 

⇒ ࢖૝࢞)࢖ + ૛࢞૛ − ૛) = ૙ 

If ࢖ = ૙,࢞(࢞ − ૚) = ૙ ⇒ ࢞ = ૙,૚ and both values satisfy (3), but ࢞,࢟ ≠ ૙ 

If ࢞૝࢖ + ૛࢞૛ − ૛ = ૙, then: ࢞૝(࢞૛ − ࢞) + ૛(૚ + ࢞)(࢞ − ૚) = ૙ 

⇒ ࢞૞(࢞ − ૚) + ૛(࢞ + ૚)(࢞− ૚) = ૙ ⇒ (࢞ − ૚)൫࢞૞ + ૛࢞+ ૛൯ = ૙ 

⇒ ࢞ = ૚		൫∵ ࢞૞ + ૛࢞ + ૛ > 2 ≠ ݔ	ݏܽ	0 > 0൯ 

∴ combining all cases, all possible pairs of (࢞,࢟) satisfying given system is: 

൬࢞ = ૚
࢟ = ૚൰  (answer) 

Solution 3 by Orlando Irahola Ortega-Bolivia 

⎩
⎪
⎨

⎪
⎧࢞૛

࢟ +
࢟૛

࢞ = ૛ඨ
࢞૝ + ࢟૝

૛
૝

																												(૚)

࢞૛࢟૛ − ࢟૜ + ૚ = ඥ૛࢞૛ − ૛࢟ + ૚									(૛)

		{࢞ ∧ ࢟ ≠ ૙} 

(2)→ ࢞૜ + ࢟૜ = ૛࢞࢟ට࢞૝ା࢟૝

૛

૝
⇒ ࢞૟ + ࢟૟ + ૛࢞૜࢟૜ = ૝࢞૛࢟૛ට࢞૝ା࢟૝

૛
⇒ 

⇒
࢞૜

࢟૜ +
࢟૜

࢞૜ + ૛ = ඨ
૚
૛ቆ

࢞૛

࢟૛ +
࢟૛

࢞૛ቇ
૝

 

Sea: ࢚ = ࢞
࢟

+ ࢟
࢞
⇒ ࢚૜ − ૜࢚ + ૛ = ૛√૛࢚૛ − ૝ ⇒ ࢚(࢚૛ − ૜) = ૛൫√૛࢚૛ − ૝− ૚൯ 

⇒ ࢚૛(࢚૛ − ૜)૛ = ૝ ቀඥ૛࢚૛ − ૝ − ૚ቁ
૛
⇒ ൬ඥ૛࢚૛ − ૝

૛
+ ૝൰ ൬ඥ૛࢚૛ − ૝

૛
− ૛൰

૛
= 

= ૜૛൫√૛࢚૛ − ૝− ૚൯
૛

; sea: ࢓ = √૛࢚૛ − ૝ 

⇒ ૛࢓) + ૝)(࢓૛ − ૛)૛ = ૜૛(࢓−૚)૛ ⇒ ૟࢓ − ૝૝࢓૛ + ૟૝࢓− ૚૟ = ૙ 

૞࢓൫(૛−࢓) + ૛࢓૝ + ૝࢓૜ + ૡ࢓૛ − ૛ૡ࢓ + ૡ൯ = ૙ 
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−࢓ ૛ = ૙ ⇒ ૚࢓ = ૛ ⇒ √૛࢚૛ − ૝ = ૛ ⇒ ࢚ = ±૛   pero: ࢚ = ࢞
࢟

+ ࢟
࢞
⇒ ࢚

૛
≥ ට

࢞
࢟
⋅ ࢟
࢞
⇒ ࢚ ≥ ૛ 

࢞ ∧ ࢟ ∈ ℝ 

Then: ࢚ = ૛ ⇒ ࢞
࢟

+ ࢟
࢞

= ૛ ⇒ (࢞ − ࢟)૛ = ૙ ⇒ ࢞ = ࢟     (3) 

Por altro lado: ࢓૞ + ૛࢓૝ + ૝࢓૜ + ૡ࢓૛ − ૛ૡ࢓+ ૡ = ૙ =  :Condition :(࢓)ࢌ

࢓ ≥ ૙ → √૛࢚૛ − ૝ =  |࢓|

Si: ࢓ = ૙ ⇒ (૙)ࢌ = ૡ > 0
࢓ = ૚ ⇒ (૚)ࢌ = −૞ < 0ൠ ∃ variation of signs ⇒ ∃ al menos una solucion en [૙,૚] 

࢓ > 1 ⇒ ࢓)݂ > 1) > 0 ⇒ ∃ solution for ࢓ 

Conclusion: como existe al menos una solucion para ࢓ en [૙,૚]. Pero: ࢚ ≥ ૛ 

⇒ para que ࢚ ≥ ૛ ⇒ ࢓ ≥ ૛ para (࢞;࢟) ∈ ℝ, como ࢓ ∈ [૙,૚] ⇒ (࢞,࢟) ∉ ℝ 

(2)→ ࢟૛(૛࢞૛ − ૛࢟) + ૛ = ૛ඥ૛࢞૛ − ૛࢟ + ૚ ⇒ ࢟૛ඥ૛࢞૛ − ૛࢟+ ૚
૛

+ ૛ − ࢟૛ = 

= ૛ඥ૛࢞૛ − ૛࢟ + ૚ 

Sea: ࢚ = ඥ૛࢞૛ − ૛࢟ + ૚ ⇒ ࢚૛࢟૛ + ૛ − ࢟૛ = ૛࢚ ⇒ (࢚ − ૚)(࢚࢟૛ + ࢟૛ − ૛) = ૙ ⇒ 

࢚ = ૚							   (*) 

࢚࢟૛ = ૛ − ࢟૛    (**) 

(*)→ ࢚ = ૚ ⇒ ඥ࢚࢞૛ − ૛࢟ + ૚ = ૚ ⇒ ࢟ = ࢞૛    (4) 

(**)→ ࢚࢟૛ = ૛ − ࢟૛ ⇒ ࢚૛࢟૝ = ࢟૝ − ૝࢟૛ + ૝ ⇒ ࢟૝(૛࢞૛ − ૛࢟+ ૚) = ࢟૝ − ૝࢟૛ + ૝ 

⇒ ࢞૛࢟૝ + ૛࢟૛ = ࢟૞ + ૛    (5) 

Ahora resolvemos: ൜
࢟ = ࢞
࢟ = ࢞૛ ⇒ ࢞૛ − ࢞ = ૙ ⇒ ࢞ୀ࢟ୀ૙

࢞ୀ࢟ୀ૚ (࢞ ∧ ࢟ ≠ ૙) ∧ ൜
࢟ = ࢞

࢞૛࢟૝ + ૛࢟૛ = ࢟૞ + ૛	 

⇒ (࢞ − ૚)൫࢞૞ + ૛࢞ + ૛൯ = ૙  

⇒ ࢞ = ૚ ∧ ࢞૞ + ૛࢞ + ૛ = ૙;∀࢞ ≥ ૙;∃ solucion: ∀࢞ ∈ ℝ| − ૚ ≤ ࢞ < ݔ∃	0 < ݕ;0 < 0. 

Pero: (2)→ ૛࢞૛ − ૛࢟ + ૚ ≥ 

૛࢞૛ + ૚ ≥ ૛࢟ → ࢟ ≥ ૙ 

Como ࢟ < 0 ⇒ ݔ∃ ∧  .que satisfaga el Sistema ݕ

Unica solucion: ࢞ = ࢟ = ૚. 
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SP.229. Let ࢈,ࢇ, ࢇ be the lengths of a triangle such that ࢉ + ࢈ + ࢉ = ૜. Prove 

that: 

૚
࢈ + ࢉ − ࢇ

+
૚

ࢉ + ࢇ − ࢈
+

૚
ࢇ + ࢈ − ࢉ

+ ૜ ⋅ ૛૙૚ૡࢉ࢈ࢇ√ ≥ ૛(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Michael Sterghiou-Greece 

ቀ∑ ૚
ࢉ࢟ࢉࢇିࢉା࢈ ቁ + ૜ ૛૙૚ૡࢉ࢈ࢇ√ ≥ ૛∑ ࢉ࢟ࢉ࢈ࢇ     (1) 

WLOG, let ࢉ ≤ ࢈ ≤ ∑and let ൫ (c)  ࢇ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ൯ࢉ࢈ࢇ, = ࢖.(࢘,ࢗ,࢖) = ૜ and ࢘ ≤ ૚. As 

ࢇ > ܾ − ܿ, ܽ > ܿ − ܾ so ࢇ > ࢈| − |ࢉ → ૛ࢇ > −࢈)   ૛   (2)(ࢉ

Cyclic application of (2) and addition yields ૛ࢗ ≥ ∑ ࢉ࢟ࢉ૛ࢇ = ૢ − ૛ࢗ, so ࢗ > ૢ
૝

 

[Note: This is general without the condition ©] 

Assume ࢉ ≤ ૚
૚૛

. Then |ࢇ − |࢈ < ܿ ≤ 12 and ࢇ)ܠ܉ܕ + ࢉ − ࢈,࢈ + ࢉ − (ࢇ ≤ ૚
૟
 are one of 

૚
࢈ିࢉାࢇ

, ૚
ࢇିࢉା࢈

 is > 6. So, as ૜ ⋅ ࢘
૚

૛૙૚ૡ > 0 and ૛ࢗ ≤ ૟ because ࢗ ≤ ૜ we are done! 

Therefore, let  ࢇ ≥ ࢈ ≥ ࢉ ≥ ૚
૚૛

. In this case ࢘ > ቀ ૚
૚૛
ቁ
૜

. LHS (1) ≥
ࡿ࡯࡮ ૜૛

∑ ࢉ࢟ࢉ(ࢇିࢉା࢈)
= ૜ so, it 

suffices to show that (3) ૜ + ૜࢘
૚

૛૙૚ૡ − ૛ࢗ ≥ ૙ for ቀ ૚
૚૛
ቁ
૜

< ݎ ≤ 1, ૢ
૝

< ݍ ≤ 3. From the 

3rd degree Schur inequality we have: ࢗ ≤ ૢା૜࢘
૝

, so (3) reduces to:  

(࢘)ࢌ = ૛࢘
૚

૛૙૚ૡ − ࢘ − ૚ ≥ ૙ with ࢘ > ቀ ૚
૚૛
ቁ
૜

 and ࢘ ≤ ૚. ࢌᇱ(࢘) = ૚
૚૙૙ૢ

⋅ ૚

࢘
૛૙૚ૠ
૛૙૚ૡ

− ૚ with only 

one real root ࢘૙ = ቀ ૚
૚૙૙ૢ

ቁ
૛૙૚ૡ
૛૙૚ૠ. It is easy to show that ࢌ ቀ ૚

૚૛૜
ቁ > 0, ݂(࢘૙) > 0 and 

(૚)ࢌ  = ૙ which means that ࢌ(૚) = ૙ is minimum for ࢌ(࢘) on ቀ ૚
૚૛૜

,૚ቃ and hence 

(࢘)ࢌ ≥ ૙. Equality for ࢇ = ࢈ = ࢉ = ૚. Done! 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૛૙૚ૡࢉ࢈ࢇ√ = ටࢉ࢈ࢇ ૚ ⋅ ૚ ⋅ … ⋅ ૚ᇣᇧᇧᇤᇧᇧᇥ
૛૙૚૞	࢚࢙ࢋ࢓࢏

૛૙૚ૡ ≥
ࡴିࡳ ૛૙૚ૡ

∑૚ࢇ+ ૛૙૚૞
=

૛૙૚ૡ
࢈ࢇ∑
૝࢙࢘ࡾ + ૛૙૚૞

=
૛૙૚ૡ

࢈ࢇ∑
૛࢘ࡾ(૜) + ૛૙૚૞
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ቀ∵ ૛࢙ = ෍ࢇ = ૜ቁ =
૚૛૚૙ૡ࢘ࡾ

࢈ࢇ∑ + ૚૛૙ૢ૙࢘ࡾ ⇒ ૜ ૛૙૚ૡࢉ࢈ࢇ√ ≥
(૚) ૜૟૜૛૝࢘ࡾ

࢈ࢇ∑ + ૚૛૙ૢ૙࢘ࡾ 

Now, ∑ ૚
ࢇିࢉା࢈

= ૚
૛
∑ ૚

ࢇି࢙
= (ࢉି࢙)(࢈ି࢙)∑

૛࢘૛࢙
= ∑൫࢙૛ି࢙(࢈ାࢉ)ାࢉ࢈൯

૛࢘૛࢙
 

=
૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ + ࢘૛

૛࢘૛࢙ =
૝ࡾ + ࢘
࢘(૛࢙) =

(૛) ૝ࡾ + ࢘
૜࢘

ቀ∵ ૛࢙ = ෍ࢇ = ૜ቁ 

Again, ૛∑࢈ࢇ = ቀ૛
૜
ቁ (૜∑࢈ࢇ) ≤ ૛

૜
૛(ࢇ∑) = ቀ૛

૜
ቁ ૢ = ૟ ⇒ ૛∑࢈ࢇ ≤

(૜)
૟ 

(1), (2) ⇒ ࡿࡴࡸ ≥
(૝) ૝ࡾା࢘

૜࢘
+ ૜૟૜૛૝࢘ࡾ

࢘ࡾା૚૛૙ૢ૙࢈ࢇ∑
 

(4), (3) ⇒ it suffices to prove: ૝ࡾା࢘
૜࢘

+ ૜૟૜૛૝࢘ࡾ
∑ ࢘ࡾା૚૛૙ૢ૙࢈ࢇ

≥ ૟ ⇔ ૝ିࡾ૚ૠ࢘
૜࢘

+ ૜૟૜૛૝࢘ࡾ
࢘ࡾା૚૛૙ૢ૙࢈ࢇ∑

≥ ૙ 

⇔ (૝ࡾ − ૚ૠ࢘) ቀ෍࢈ࢇ + ૚૛૙ૢ૙࢘ࡾቁ + ૚૙ૡૢૠ૛࢘ࡾ૛ ≥ ૙ 

⇔ (૝ࡾ − ૚ૠ࢘)(࢙૛ + ૚૛૙ૢ૝࢘ࡾ + ࢘૛) + ૚૙ૡૢૠ૛࢘ࡾ૛ ≥ ૙ 

⇔ (૝ࡾ − ૡ࢘)࢙૛ + (૝ࡾ − ૚ૠ࢘)(૚૛૙ૢ૝࢘ࡾ+ ࢘૛) + ૚૙ૡૢૠ૛࢘ࡾ૛ ≥
(૞)

ૢ࢙࢘૛ 

Now, ࡿࡴࡸ of (5) ≥
(࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
	 (૝ࡾ − ૡ࢘)(૚૟࢘ࡾ − ૞࢘૛) + (૝ࡾ − ૚ૠ࢘)(૚૛૙ૢ૝࢘ࡾ+ ࢘૛) + 

+૚૙ૡૢૠ૛࢘ࡾ૛ and, RHS of (5) ≤
(࢏࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
ૢ࢘(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

(i), (ii) ⇒ in order to prove (5), it suffices to prove: 

(૝ࡾ − ૡ࢘)(૚૟࢘ࡾ− ૞࢘૛) + (૝ࡾ− ૚ૠ࢘)(૚૛૙ૢ૝࢘ࡾ+ ࢘૛) + ૚૙ૡૢૠ૛࢘ࡾ૛ ≥ 

≥ ૢ࢘(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ⇔ ૛૝૛૙૛ࡾ૛ − ૝ૡ૝૙૜࢘ࡾ − ૛࢘૛ ≥ ૙ 

⇔ ࡾ) − ૛࢘)(૛૝૛૙૛ࡾ+ ࢘) ≥ ૙ → true ∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘ ⇒ (5) ⇒ proposed inequality is 

true (Proved) 

SP.230. Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢉ + ࢈ + ࢉ = ૜. Find the 

minimum value of: 

ࢀ =
ࢇ
ࢉ࢈

+
࢈
ࢇࢉ

+
ࢉ
࢈ࢇ

+ ૜ ⋅ ൬
૚

ࢉ࢈ࢇ + ૜࢈ + ૜ࢉ
+

૚
ࢉ࢈ࢇ + ૜ࢉ + ૜ࢇ

+
૚

ࢉ࢈ࢇ + ૜ࢇ + ૜࢈
൰ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Ruangkhaw Chaokha-Chiangrai-Thailand 
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Let ࢖ = ࢇ + ࢈ + ࢉ = ૜,ࢗ = +ࢉ࢈ࢇ ࢉ࢈ + ࢘,ࢇࢉ =  ࢉ࢈ࢇ

∵ ࢈ࢇ) − ૛(ࢉ࢈ + ࢉ࢈) − ૛(ࢇࢉ + ࢇࢉ) − ૛(࢈ࢇ ≥ ૙ 

࢈ࢇ) + +ࢉ࢈ ૛(ࢇࢉ ≥ ૜ࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ ⇔ ૛ࢗ ≥ ૢ࢘ → (1) holds at ࢇ = ࢈ = ࢉ = ૚ 

∵ ࢇ) − ૛(࢈ + −࢈) ૛(ࢉ + ࢉ) − ૛(ࢇ ≥ ૙ ⇔ +ࢇ) ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ⇔ ૜ ≥ ࢗ → 

(2) hold at ࢇ = ࢈ = ࢉ = ૚. 

Lemma ࢇ
ࢉ࢈

+ ࢈
ࢇࢉ

+ ࢉ
࢈ࢇ
≥
??
	 ૛൫ࢇ

૜ା࢈૜ାࢉ૜൯ା૜ࢉ࢈ࢇ
૜

 holds at ࢇ = ࢈ = ࢉ = ૚. 

Proof. ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૛ࢇ)ࢉ࢈ࢇ૜ + ૜࢈ + (૜ࢉ + ૜ࢇ૛࢈૛ࢉ૛ 

૜(࢖૛ − ૛ࢗ) ≥ ૛࢘(࢖૜ − ૜ࢗ࢖ + ૜࢘) + ૜࢘૛ ⇔ ૜(ૢ − ૛ࢗ) ≥ ૛࢘(૛ૠ − ࢗૢ + ૜࢘) + ૜࢘૛ 

૙ ≥ ૢ࢘૛ + ૚ૡ(૜ − ࢘(ࢗ + ૟ࢗ − ૛ૠ ⇔ ૙ ≥
૝ࢗ

ૢ + ૚ૡ(૜ − (ࢗ
૛ࢗ

ૢ + ૟ࢗ − ૛ૠ ≥
(૚),(૛)

 

≥ ૢ࢘૛ + ૚ૡ(૜ − ࢘(ࢗ + ૟ࢗ − ૛ૠ 

૙ ≥ ૝ࢗ + ૚ૡ(૜ − ૛ࢗ(ࢗ + ૢ(૟ࢗ − ૛ૠ) ⇔ ૙ ≥ ࢗ) − ૜)૛(ࢗ૛ − ૚૛ࢗ − ૛ૠ)  True!! 

∵ (2); ૙ < ݍ ≤ 3 ⇔−6 < ݍ − 6 ≤ −3 ⇔ 9 ≤ ࢗ) − ૟)૛ < 36 ⇔ ૛ࢗ − ૚૛ࢗ− ૛ૠ < −27 < 0 

Holds at ࢗ = ૜ ⇔ ࢇ = ࢈ = ࢉ = ૚. 

ࢀ ≥
૛(ࢇ૜ + ૜࢈ + (૜ࢉ + ૜ࢉ࢈ࢇ

૜ + ૜ ൬
૚

ࢉ࢈ࢇ + ૜࢈ + ૜ࢉ +
૚

૜ࢇ + +ࢉ࢈ࢇ ૜ࢉ +
૚

૜ࢇ + ૜࢈ +  ൰ࢉ࢈ࢇ

= ቆ
+ࢉ࢈ࢇ ૜࢈ + ૜ࢉ

૜ +
૜

+ࢉ࢈ࢇ ૜࢈ + ૜ቇࢉ + ቆ
૜ࢇ + ࢉ࢈ࢇ + ૜ࢉ

૜ +
૜

૜ࢇ + +ࢉ࢈ࢇ  +૜ቇࢉ

+ቆ
૜ࢇ + ૜࢈ + ࢉ࢈ࢇ

૜ +
૜

૜ࢇ + ૜࢈ + ቇࢉ࢈ࢇ ≥
ࡹࡳିࡹ࡭

૛ + ૛ + ૛ = ૟ 

Holds at ࢉ࢈ࢇା࢈
૜ାࢉ૜

૜
= ૜ࢉାࢉ࢈ࢇ૜ାࢇ

૜
= ࢉ࢈ࢇ૜ା࢈૜ାࢇ

૜
= ૚ ⇔ ࢇ = ࢈ = ࢉ = ૚ 

 

SP.231. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≥ ૝√૜ࡲ + ૛ ૛࢈ࢇࢇ൫܏ܗܔ ⋅ ૛ࢉ࢈࢈ ⋅  ૛൯ࢇࢉࢉ

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

We must show: ࢇ૛࢈૛ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≥ ૝√૜ࡲ + ૛࢈ࢇ૛ ࢇܖܔ + ૛ࢉ࢈૛ ࢈ܖܔ + ૛ࢇࢉ૛ ܖܔ  (1)   ࢉ

Now we have ૛ ܖܔ ࢞ ≤ ࢞૛ି૚
࢞

⇔ ૛࢞ܖܔ ≤ ࢞ − ૚
࢞
   (2) 
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(demonstration with derivative) 

From (2)⇒ ૛ ࢇܖܔ ≤ ࢇ − ૚
ࢇ
⇒ ૛࢈ࢇ૛ ܖܔ ࢇ ≤ ૛࢈૛ࢇ −  ૛ and similarly (3)࢈

From (1)+(3) we must show: 

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≥ ૝√૜ࡲ + ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ − ૛ࢇ) + ૛࢈ + (૛ࢉ ⇔ 

⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૝√૜ࡲ which its true in any ઢ࡯࡮࡭ 

Observation: equality for ࢇ = ࢈ = ࢉ = ૚. 

SP.232. If ࢈,ࢇ ≥ ૚ then: 

૛
૛

࢈ାࢇ ⋅ ૜
࢈ାࢇ
૛ + ૛√࢈ࢇ ⋅ ૜

૚
࢈ࢇ√ + ૛

࢈ାࢇ
૛ ⋅ ૜

૛
࢈ାࢇ + ૛

૚
࢈ࢇ√ ⋅ ૜√࢈ࢇ ≥ ૛૝ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

Let ࢞ ≥ ૚ ⇒ ૛࢞ ⋅ ૜
૚
࢞ + ૛

૚
࢞ ⋅ ૜࢞ ≥ ૛ට૛࢞ା

૚
࢞ ⋅ ૜࢞ା

૚
࢞ ≥ ૛√૛૛ ⋅ ૜૛  

⇒ ૛࢞ ⋅ ૜
૚
࢞ + ૛

૚
࢞ ⋅ ૜࢞ ≥ ૚૛ 

࢞ =
ࢇ + ࢈
૛ ⇒ ૛

࢈ାࢇ
૛ ⋅ ૜

૛
࢈ାࢇ + ૛

૛
࢈ାࢇ ⋅ ૜

࢈ାࢇ
૛ ≥ ૚૛

࢞ = ࢈ࢇ√ ⇒ ૛√࢈ࢇ ⋅ ૜
૚

࢈ࢇ√ + ૛
૚

࢈ࢇ√ ⋅ ૜√࢈ࢇ ≥ ૚૛

ቑ ⇒ 

⇒ ૛
૛

࢈ାࢇ ⋅ ૜
࢈ାࢇ
૛ + ૛√࢈ࢇ ⋅ ૜

૚
࢈ࢇ√ + ૛

࢈ାࢇ
૛ ⋅ ૜

૛
࢈ାࢇ + ૛

૚
࢈ࢇ√ ⋅ ૜√࢈ࢇ ≥ ૛૝ 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ ≥ ૚, we have: ૛
૛

૜࢈శࢇ
࢈శࢇ
૛ + ૛√࢈ࢇ૜

૚
࢈ࢇ√ + ૛

࢈శࢇ
૛ ૜

૛
࢈శࢇ + ૛

૚
࢈ࢇ√ − ૜√࢈ࢇ 

≥ ૝ඨቆ૛
૛

࢈ାࢇ ⋅ ૛
࢈ାࢇ
૛ ⋅ ૛√࢈ࢇ ⋅ ૛

૚
ቇቆ૜࢈ࢇ√

࢈ାࢇ
૛ ⋅ ૜

૛
࢈ାࢇ ⋅ ૜√࢈ࢇ૜

૚
ቇ࢈ࢇ√

૝
 

= ૝ට૛
૛

ା࢈శࢇ
࢈శࢇ
૛ ା√࢈ࢇା ૚

࢈ࢇ√ ⋅ ૜
࢈శࢇ
૛ ା ૛

ା࢈ࢇ√ା࢈శࢇ
૚

࢈ࢇ√
૝

≥ ૝√૛૝૜૝૝ = ૛ × ૜ × ૝ = ૛૝ ok 

 

Because ࢇ
࢈ାࢇ

+ ࢈ାࢇ
૛

+ ࢈ࢇ√ + ૚
࢈ࢇ√

≥ ૝ටቀ ૛
࢈ାࢇ

ቁ ቀࢇା࢈
૛
ቁ ൫√࢈ࢇ൯ቀ ૚

࢈ࢇ√
ቁ૝ = ૝ × ૚ = ૝ 
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SP.233. If ࡭ ∈ (૛࡭)࢘ࢀ;૜(ℝ)ࡹ = ૙;ܜ܍܌ = ૚ then: 

૛࡭)ܜ܍܌ + ࡭ + (૜ࡵ ≥  ૜(࡭	࢘ࢀ)

Proposed by Marian Ursărescu – Romania  

Solution by Florentin Vișescu – Romania  

If  ࢘ࢀ(࡭૛) = ૙ and ࡭ܜ܍܌ = ૚ 

(࢞)࡭ࡼ = ࢞૜ − ૛࢞	࡭	࢘ࢀ +
૛(࡭	࢘ࢀ)

૛ ࢞ − ૚ 

૛࡭)ܜ܍܌ + ࡭ + (૜ࡵ = ࡭)ܜ܍܌ − (૜ࡵࢿ ࡭) − (૜ࡵതࢿ = 

= (ࢿ)࡭ࡼ ⋅ (തࢿ)࡭ࡼ = ቆࢿ૜ − ૛ࢿ	࡭	࢘ࢀ +
૛(࡭	࢘ࢀ)

૛ ࢿ − ૚ቇ ⋅ ቆࢿത૜ − ത૛ࢿ࡭	࢘ࢀ +
૛(࡭	࢘ࢀ)

૛ തࢿ − ૚ቇ = 

= ࢿ૛(࡭	࢘ࢀ) ⋅ തࢿ ൬ࢿ −
࡭	࢘ࢀ
૛ ൰൬ࢿത −

࡭	࢘ࢀ
૛ ൰ = ૛(࡭	࢘ࢀ) ⋅ ቆࢿࢿത − ࢿ

࡭	࢘ࢀ
૛ − തࢿ

࡭	࢘ࢀ
૛ +

૛(࡭	࢘ࢀ)

૝ ቇ 

= ૛(࡭	࢘ࢀ) ⋅ ቆ૚ −
࡭	࢘ࢀ
૛

+ࢿ) (തࢿ +
૛(࡭	࢘ࢀ)

૝ ቇ = ૛(࡭	࢘ࢀ) ⋅ ቆ૚ +
࡭	࢘ࢀ
૛ +

૛(࡭	࢘ࢀ)

૝ ቇ ≥  ૜(࡭	࢘ࢀ)

૚ +
࡭	࢘ࢀ
૛ +

૛(࡭	࢘ࢀ)

૝ ≥  ࡭	࢘ࢀ

૝ + ૛	࢘ࢀ	࡭ + ૛(࡭	࢘ࢀ) ≥ ૝࢘ࢀ	࡭ 

૛(࡭	࢘ࢀ) − ૛࢘ࢀ	࡭ + ૝ ≥ ૙ 

−࡭	࢘ࢀ) ૚)૛ + ૜ ≥ ૙ 

 

SP.234. In ઢ࡯࡮࡭,  and ࡵ࡭ ᇱ - is the intersection between࡭ ;incentre – ࡵ

circumcircle of ઢ࡮;࡯ࡵ࡮ᇱ - is the intersection between ࡵ࡮ and circumcircle of 

ઢ࡯;࡯ࡵ࡭ᇱ - is the intersection between ࡵ࡯ and circumcircle of ઢ࡮ࡵ࡭. Prove 

that: 

࡭ࡵ
ᇱ࡭ࡵ +

࡮ࡵ
ᇱ࡮ࡵ +

࡯ࡵ
ᇱ࡯ࡵ ≥ ૛ ቀ૚ −

࢘
 ቁࡾ

Proposed by Marian Ursărescu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 
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Let ࡭࡭ᇱ intersect ࡯࡮ at ࢄ. In ઢ࡮ࢄ࡭∠,ࢄ࡮࡭ = ૚ૡ૙°− ቀ࡮ + ࡭
૛
ቁ using ઢࢄࡵ࡮∠,ࢄࡵ࡮ = 

= ૚ૡ૙° − ቆ
࡮
૛ + ૚ૡ૙°− ൬࡮ +

࡭
૛൰ቇ =

࡭ + ࡮
૛ = ૢ૙° −

࡯
૛ ⇒ 

⇒ ᇱ࡭࡯࡮∠ = ࢄࡵ࡮∠ = ૢ૙° −
࡯
૛ 

∴ ᇱ࡭࡯ࡵ∠ = ૢ૙°. Also, ∠࡭ࡵᇱ࡯ = ࡯࡮ࡵ∠ = ࡮
૛

 

Using ઢ࡭ࡵᇱ࡯, ܖܑܛ ࡮
૛

= ࡯ࡵ
ᇲ࡭ࡵ

= ࢘

ᇲ࡭ࡵ ૛࡯ܖܑܛ
⇒ ࢘

૝࡭ܖܑܛࡾ૛
= ࢘

ᇲ࡭ࡵ
⇒ ᇱ࡭ࡵ = ૝ࡾ ܖܑܛ ࡭

૛
⇒ 

⇒ ࡭ࡵ
ᇲ࡭ࡵ

=
(ࢇ) ࢘

૝ࡾ ૛࡭૛ܖܑܛ
. Similarly, ࡮ࡵ

ᇲ࡮ࡵ
=
(࢈) ࢘

૝ࡾ ૛࡮૛ܖܑܛ
 and ࡯ࡵ

ᇲ࡯ࡵ
=
(ࢉ) ࢘

૝ࡾ ૛࡯૛ܖܑܛ
 

(a)+(b)+(c)⇒ ࡿࡴࡸ = ࢘
૝ࡾ
૛܋ܛ܋∑ ࡭

૛
= ࢘

૝ࡾ
∑ (ࢇି࢙)ࢉ࢈

࢘૛ࡿ
= 

=
࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૚૛࢙࢘ࡾ

૝࢙࢘ࡾ =
࢙૛ − ૡ࢘ࡾ + ࢘૛

૝࢘ࡾ ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ૡ࢘ࡾ − ૝࢘૛

૝࢘ࡾ = 

= ૛ −
࢘
ࡾ = ૛ ቀ૚ −

࢘
૛ࡾ

ቁ 

 

SP.235. Let be ࡭(ࢠ૚);࡮(ࢠ૚);࡯(ࢠ૜); ,૚ࢠ ,૛ࢠ ૜ࢠ ∈ ℂ ∖ {૙}; 

|૚ࢠ| = |૛ࢠ| = ࡮࡭;|૜ࢠ| = ࡯࡮;ࢉ = ࡭࡯;ࢇ =   .࢈

If (࢈ + ࡯ࢠ࡮ࢠ(ࢉ + ࢉ) + ࡭ࢠ࡯ࢠ(ࢇ + ࢇ) + ࡮ࢠ࡭ࢠ(࢈ = ૙ then ࡮࡭ = ࡯࡮ =  .࡭࡯

Proposed by Marian Ursărescu – Romania  
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Solution by Khaled Abd Imouti-Damascus-Syria 

 
Let be ࡭(ࢠ૚),࡮(ࢠ૛),࡯(ࢠ૜), ,૚ࢠ ,૛ࢠ ૜ࢠ ∈ ℂ ∖ {૙} 

|૚ࢠ| = |૛ࢠ| = ࡮࡭,|૜ࢠ| = ࡯࡮,ࢉ = ࡭࡯,ࢇ =  ࢈

If (࢈+ (ࢉ ⋅ ࡮ࢠ ⋅ ࡯ࢠ + ࢉ) + (ࢇ ⋅ ࡯ࢠ ⋅ ࡭ࢠ + +ࢇ) (࢈ ⋅ ࡭ࢠ ⋅ ࡮ࢠ = ૙ 

Then ࡮࡭ = ࡯࡮ =  .࡭࡯

|࡭ࢠ| = |࡮ࢠ| = |࡯ࢠ| =  (radius of circle ࡾ) ࡾ

࡭ࢠ ⋅ തതത࡭ࢠ = ,૛ࡾ ࡮ࢠ ⋅ തതത࡮ࢠ = ,૛ࡾ ࡯ࢠ ⋅ തതത࡯ࢠ =  ૛ࡾ

࡭ࢠ =
૛ࡾ

തതത࡭ࢠ
, ࡮ࢠ =

૛ࡾ

തതത࡮ࢠ
, ࡯ࢠ =

૛ࡾ

തതത࡯ࢠ
 

+࢈) (ࢉ ⋅ ቆ
૛ࡾ

തതത࡮ࢠ
⋅
૛ࡾ

തതത࡯ࢠ
ቇ + ࢉ) + ቆ(ࢇ

૛ࡾ

തതത࡯ࢠ
⋅
૛ࡾ

തതത࡭ࢠ
ቇ + +ࢇ) ቆ(࢈

૛ࡾ

തതത࡭ࢠ
⋅
૛ࡾ

തതത࡮ࢠ
ቇ = ૙ 

+࢈) (ࢉ ⋅ ൬
૚

തതത࡮ࢠ ⋅ തതത࡯ࢠ
൰+ ࢉ) + (ࢊ ൬

૚
തതത࡯ࢠ ⋅ തതത࡭ࢠ

൰+ ࢇ) + (࢈ ൬
૚

തതത࡭ࢠ ⋅ തതത࡯ࢠ
൰ = ૙ 

+࢈) (ࢉ
࡮ࢠ ⋅ ࡯ࢠ

+
+ࢉ) (ࢇ
࡯ࢠ ⋅ ࡭ࢠ

+
ࢇ + ࢈
࡭ࢠ ⋅ ࡮ࢠ

= ૙	× ࡭ࢠ) ⋅ ࡮ࢠ ⋅ ࡯ࢠ ≠ ૙) 

࢈) + ࡭ࢠ(ࢉ + ࢉ) + ࡮ࢠ(ࢇ + +ࢇ) (࢈ ⋅ ࡯ࢠ = ૙ 

+࢈) ࢉ + ࢇ − ࡭ࢠ(ࢇ + ࢉ) + +ࢇ ࢈ − ࡮ࢠ(࢈ + +ࢇ) ࢈ + ࢉ − ࡯ࢠ(ࢉ = ૙ 

૛࡭ࢠ)࢖ + ࡮ࢠ + (࡯ࢠ = ࢇ ⋅ ࡭ࢠ + ࢈ ⋅ ࡮ࢠ + ࢉ ⋅  ࡯ࢠ

૟࢖ ⋅ ࡳࢠ = ࢇ ⋅ ࡭ࢠ + ࢈ ⋅ ࡮ࢠ + ࢉ ⋅  ࡯ࢠ
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ࡳࢠ =
ࢇ ⋅ ࡭ࢠ + ࢈ ⋅ ࡮ࢠ + ࢉ ⋅ ࡯ࢠ

૟࢖  

Suppose ࡴ is orthocenter: 

ሬሬሬሬሬሬ⃗ࡴࡻ = ሬሬሬሬሬሬ⃗࡭ࡻ + ሬሬሬሬሬሬ⃗࡮ࡻ + ሬሬሬሬሬሬ⃗࡯ࡻ    (*) 

ሬሬሬሬሬሬ⃗ࡴࡻ = ሬሬሬሬሬሬ⃗࡭ࡻ + ൫࡮ࡻሬሬሬሬሬሬ⃗ + ሬሬሬሬሬሬ⃗࡯ࡻ ൯ ⇒ ሬሬሬሬሬሬ⃗ࡺࡻ − ሬሬሬሬሬሬ⃗࡭ࡻ = ૛࡭ࡻᇱሬሬሬሬሬሬሬ⃗  

So: ࡴ࡭ሬሬሬሬሬሬ⃗ = ૛ ⋅ ᇱሬሬሬሬሬሬሬ⃗࡭ࡻ , (ࡴ࡭) ∥  (ᇱ࡭ࡻ)

but ࡭ࡻᇱ ⊥ ࡯࡮ ⇒ ࡴ࡭ ⊥  ࡯࡮

in a similar way, ࡴ࡮ ⊥ ࡴ࡯ and ࡯࡭ ⊥  ࡮࡭

so, ࡴ is orthocenter in triangle ઢ࡯࡮࡭ 

from (*): ࡴࡻሬሬሬሬሬሬ⃗ = ૜ࡳࡻሬሬሬሬሬሬ⃗ , so: 

 .is collinear ࡳ,ࡴ,ࡻ

not: ࡴࢠ = ૜ ⋅  ࡳࢠ

ࡳࢠ − ࡴࢠ =
ࢇ ⋅ ࡭ࢠ + ࢈ ⋅ ࡮ࢠ + ࢉ ⋅ ࡯ࢠ

૟࢖ −
࡭ࢠ + ࡮ࢠ + ࡯ࢠ

૚  

ࡳࢠ − ࡴࢠ =
ࢇ) − ૟࡭ࢠ(࢖ + (૟ − ૟࡮ࢠ(࢖ + ࢉ) − ૟࡯ࢠ(࢖

૟࢖  

ࡳࢠ− + ࡴࢠ =
(૟࢖ − ࡭ࢠ(ࢇ + (૟࢖ − ࡮ࢠ(࢈ + (૟࢖ − ࡯ࢠ(ࢉ

૟࢖  

૟ࡴࢠ)࢖ − (ࡳࢠ = (૟࢖ − ࡭ࢠ(ࢇ + (૟࢖ − ࡮ࢠ(࢈ + (૟࢖ −  ࡯ࢠ(ࢉ

૟ࡴࢠ)࢖ − (ࡳࢠ
૚૟࢖ =

(૟࢖ − ࡭ࢠ(ࢇ + (૟࢖ − ࡮ࢠ(࢈ + (૟࢖ − ࡯ࢠ(ࢉ
૚૟࢖  

૜
ૢ

ࡴࢠ) − (ࡳࢠ =
૚
૚૟࢖

[(૟࢖− ࡭ࢠ(ࢇ + (૟࢖− ࡮ࢠ(࢈ + (૟࢖ −  [࡯ࢠ(ࢉ

but: (૟࢖ − ࡭ࢠ(ࢇ + (૟࢖ − ࡮ࢠ(࢈ + (૟࢖ − ࡯ࢠ(ࢉ = ૟࡭ࢠ)࢖ + ࡮ࢠ + (࡯ࢠ − ࡭ࢠࢇ) + ࡮ࢠ࢈ +  (࡯ࢠࢉ

(૟࢖ − ࡭ࢠ(ࢇ + (૟࢖ − ࡮ࢠ(࢈ + (૟࢖ − ࡯ࢠ(ࢉ

= ૚ૡ࢖ ⋅ ൬
࡭ࢠ + ࡮ࢠ + ࡯ࢠ

૜ ൰ − ࢇ) ⋅ ࡭ࢠ + ࢈ ⋅ ࡮ࢠ + ࢉ ⋅  (࡯ࢠ

(૟࢖ − (ࢇ ⋅ ࡭ࢠ + (૟࢖ − ࡮ࢠ(࢈ + (૟࢖ − ࡯ࢠ(ࢉ = ૚ૡ࢖ ⋅ ࡳࢠ − ࢇ) ⋅ ࡭ࢠ + ࢈ ⋅ ࡮ࢠ + ࢉ ⋅  (࡯ࢠ
(૟࢖ − ࡭ࢠ(ࢇ + (૟࢖ − ࡮ࢠ(࢈ + (૟࢖ − ࡯ࢠ(ࢉ

૚૟࢖ =
૚ૡ࢖ ⋅ ࡳࢠ
૚૟࢖ −

ࢇ ⋅ ࡭ࢠ + ࢈ ⋅ ࡮ࢠ + ࢉ ⋅ ࡯ࢠ
૚૟࢖  
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=
ૢ
૝ ࡳࢠ −

૚
ૡ ൬

ࢇ ⋅ ࡭ࢠ + ࢈ ⋅ ࡮ࢠ + ࢉ ⋅ ࡯ࢠ
૛࢖ ൰ 

=
ૢ
૝ ࡳࢠ −

૚
ૡ ⋅  ࡴࢠ

So: ૜
ૡ

ࡴࢠ) − (ࡳࢠ = ૢ
૝
ࡳࢠ −

૚
ૡ
ࡴࢠ  

૜
ૡ ࡴࢠ +

૚
ૡ ࡴࢠ =

ૢ
૝ࡳࢠ +

૜
ૡࡳࢠ 

૚
૛ࡴࢠ =

૛૚
ૡ ࡳࢠ ⇒ ࡴࢠ =

૛૚
૝  ࡳࢠ

and: ࡴࢠ = ૜ ⋅  ࡳࢠ
૛૚
૝ ࡳࢠ − ૜ࡳࢠ = ૙ 

ૢ
૝ ࡳࢠ = ૙ ⇒ ࡳࢠ = ૙ 

ࡳ ≡  ࡻ

So ઢ࡯࡮࡭ is equilateral triangle. 

 

SP.236. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤ ૜ࡾ૛ ቀ
ࢇ࢘
૛ࢇ

+
࢈࢘
૛࢈

+
ࢉ࢘
૛ࢉ
ቁ 

Proposed by Marin Chirciu – Romania  

Solution 1 by Avishek Mitra-West Bengal-India 

⇔ ࢞૛ + ࢟૛ + ૛ࢠ ≥ ࢞࢟ + ࢠ࢟ + ࢞ࢠ ⇒ ࢞૛ + ࢟૛ + ૛ࢠ ≥
(࢞ + ࢟ + ૛(ࢠ

૛ −
(࢞૛ + ࢟૛ + (૛ࢠ

૛  

⇒ ૜(࢞૛ + ࢟૛ + (૛ࢠ ≥ (࢞ + ࢟ + ૛(ࢠ ⇔ put ࢞ = ࢟,ࢇ࢓ = ,࢈࢓ ࢠ =  ࢉ࢓

⇒ ૜൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ ≥ ࢇ࢓) + ࢈࢓ + ૛(ࢉ࢓ ⇒

ૢ
૝

૛ࢇ) + ૛࢈ + (૛ࢉ ≥ ࢇ࢓) + ࢈࢓ +  ૛(ࢉ࢓

ࢇ࢓⇒ + ࢈࢓ + ࢉ࢓ ≤
૜
૛
ඥࢇ૛ + ૛࢈ + ૛ࢉ ≤

ࢠ࢚࢏࢔࢈࢏ࢋࡸ ૜
૛
ඥૢࡾ૛ =

ࡾૢ
૛  

⇔ Need to show⇔ ࡾૢ
૛
≤ ૜ࡾ૛ ቀ࢘ࢇ

૛ࢇ
+ ࢈࢘

૛࢈
+ ࢉ࢘

૛ࢉ
ቁ ⇒ ષ = ࢇ࢘

૛ࢇ
+ ࢈࢘

૛࢈
+ ࢉ࢘

૛ࢉ
≥ ૜

૛ࡾ
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⇔ષ ≥
ࡹࡳିࡹ࡭

૜ ቀ
ࢉ࢘࢈࢘ࢇ࢘
૛ࢉ૛࢈૛ࢇ

ቁ
૚
૜ = ૜ቆ

࢙૛࢘
૚૟ࡾ૛ઢ૛ቇ

૚
૜

= ૜ቆ
࢙૛࢘

૚૟ࡾ૛࢘૛࢙૛ቇ

૚
૜

= ૜ ൬
૚

૚૟ࡾ૛࢘൰
૚
૜

 

⇔ ૜ቀ ૚
૚૟ࡾ૛࢘

ቁ
૚
૜ ≥ ૜

૛ࡾ
⇒ ૚

૚૟ࡾ૛࢘
≥ ૚

ૡࡾ૜
⇒ ࡾ

࢘
≥ ૛ ⇒ ࡾ ≥ ૛࢘ ⇒ (Euler * true) 

ࢇ࢓⇔ + ࢈࢓ + ࢉ࢓ ≤ ૜ࡾ૛ ቀ࢘ࢇ
૛ࢇ

+ ࢈࢘
૛࢈

+ ࢉ࢘
૛ࢉ
ቁ   (Proved) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍
ࢇ࢘
૛ࢇ = ෍

ቀ૚ࢇቁ
૛

૚
ࢇ࢘

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ቀ∑ ૚ࢇቁ

૛

∑ ૚
ࢇ࢘

=
൬∑࢈ࢇ૝࢙࢘ࡾ൰

૛

૚
࢘

=
૛(࢈ࢇ∑)࢘

૚૟ࡾ૛࢘૛࢙૛ =
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛

૚૟ࡾ૛࢙࢘૛  

⇒ ૜ࡾ૛ ቀ෍
ࢇ࢘
૛ࢇ
ቁ ≥

૜[࢙૝ + ૛࢙૛(૝࢘ࡾ+ ࢘૛) + (૝࢘ࡾ+ ࢘૛)૛]
૚૟࢙࢘૛ ≥

?
૝ࡾ + ࢘ 

⇔ ૜࢙૝ + ૟࢙૛(૝࢘ࡾ+ ࢘૛) + ૜(૝࢘ࡾ+ ࢘૛)૛ ≥
(૚)

?
૚૟࢙૛(૝࢘ࡾ+ ࢘૛) 

Now, LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૜࢙૛(૚૟࢘ࡾ − ૞࢘૛) + ૟࢙૛(૝࢘ࡾ+ ࢘૛) + ૜(૝࢘ࡾ+ ࢘૛)૛ ≥
?

 

≥ ૚૟࢙૛(૝࢘ࡾ+ ࢘૛) ⇔ ࢙૛(ૡ࢘ࡾ− ૚૟࢘૛) + ૜(૝࢘ࡾ + ࢘૛)૛ ≥
(૛)

?
ૢ࢘૛࢙૛ 

Now, LHS of (2) ≥
(࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૚૟࢘ࡾ − ૞࢘૛)(ૡ࢘ࡾ − ૚૟࢘૛) + ૜(૝࢘ࡾ+ ࢘૛)૛ and 

RHS of (2) ≤
(࢏࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
ૢ࢘૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

(i), (ii) ⇒ in order to prove (2), it suffices to show: 

(૚૟࢘ࡾ − ૞࢘૛)(ૡ࢘ࡾ − ૚૟࢘૛) + ૜(૝࢘ࡾ+ ࢘૛)૛ ≥ ૢ࢘૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

⇔ ૞ࡾ૛ − ૚૚࢘ࡾ+ ૛࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૞ࡾ− ࢘) ≥ ૙ 

→ true ∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘ ⇒ (2) ⇒ (1) is true.⇒ ૜ࡾ૛ ቀ∑ ࢇ࢘
૛ࢇ
ቁ ≥ ૝ࡾ + ࢘ ≥

࢘ࢋࢍࢇ࡮
 ࢇ࢓∑

∴ ࢇ࢓∑ ≤ ૜ࡾ૛ ቀ∑ ࢇ࢘
૛ࢇ
ቁ  (Proved) 

Solution 3 by Bogdan Fustei-Romania 

We know that: ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤ ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ ≤ ૢ
૛
 ࡾ

(૝ࡾ + ࢘ ≤ ૢ
૛
ࡾ ⇒ ૡࡾ+ ૛࢘ ≤ ࡾૢ ⇒ ૛࢘ ≤  (Euler’s inequality – ࡾ
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૛ࢇ = ૛ࡾ ࢉࢎ࢈ࢎ
ࢇࢎ

  (and the analogs) ⇒ ࢇ࢘
૛ࢇ

= ࢇ࢘ࢇࢎ
૛ࢉࢎ࢈ࢎࡾ

   (and the analogs) 

૜ࡾ૛ ቀ
ࢇ࢘
૛ࢇ +

࢈࢘
૛࢈ +

ࢉ࢘
૛ࢉ
ቁ = ૜ࡾ૛ ⋅

૚
૛ࡾ ൬

ࢇ࢘ࢇࢎ
ࢉࢎ࢈ࢎ

+
࢈࢘࢈ࢎ
ࢉࢎࢇࢎ

+
ࢉ࢘ࢉࢎ
࢈ࢎࢇࢎ

൰ = 

= ૜
૛
ࡾ ⋅ ቀࢇ࢘ࢇࢎ

ࢉࢎ࢈ࢎ
+ ࢈࢘࢈ࢎ

ࢉࢎࢇࢎ
+ ࢉ࢘ࢉࢎ

࢈ࢎࢇࢎ
ቁ. We will prove that: 

Using the inequality between the arithmetic mean and the geometric mean: 

ࢇ࢘ࢇࢎ
ࢉࢎ࢈ࢎ

+
࢈࢘࢈ࢎ
ࢉࢎࢇࢎ

+
ࢉ࢘ࢉࢎ
࢈ࢎࢇࢎ

≥ ૜ ⋅ ඨ
ࢉ࢘ࢉࢎ࢈࢘࢈ࢎࢇ࢘ࢇࢎ
ࢉࢎࢇࢎࢉࢎ࢈ࢎ࢈ࢎࢇࢎ

૜
= ૜ඨ

ࢉ࢘࢈࢘ࢇ࢘
ࢉࢎ࢈ࢎࢇࢎ

૜
 

ࢇࢎ =
૛ࡿ
ࢇ ࢈ࢎ; =

૛࢈
࢈ ࢉࢎ; =

૛࢈
ࢉ ࢉ࢈ࢇ; = ૝ࡿ;ࡿࡾ૛ =  ࢉ࢘࢈࢘ࢇ࢘࢘

ࢉࢎ࢈ࢎࢇࢎ =
૝ࡿ ⋅ ૛ࡿ૛

૝ࡿࡾ =
૛ࡿ૛

ࡾ =
૛࢘
ࡾ ⋅ ࢉ࢘࢈࢘ࢇ࢘ ⇔ ࢉࢎ࢈ࢎࢇࢎ =

૛࢘
ࡾ  ࢉ࢘࢈࢘ࢇ࢘

⇒ ࡾ
૛࢘

= ࢉ࢘࢈࢘ࢇ࢘
ࢉࢎ࢈ࢎࢇࢎ

ࡾ; ≥ ૛࢘ (Euler’s inequality) ⇒ ࢉ࢘࢈࢘ࢇ࢘
ࢉࢎ࢈ࢎࢇࢎ

≥ ૚ 

So, we have: ࢇ࢘ࢇࢎ
ࢉࢎ࢈ࢎ

+ ࢈࢘࢈ࢎ
ࢉࢎࢇࢎ

+ ࢉ࢘ࢉࢎ
࢈ࢎࢇࢎ

≥ ૜ට
ࢉ࢘࢈࢘ࢇ࢘
ࢉࢎ࢈ࢎࢇࢎ

૜ = ૜ටࡾ
૛࢘

૜ ≥ ૜ 

So, ૜ࡾ૛ ቀ࢘ࢇ
૛ࢇ

+ ࢈࢘
૛࢈

+ ࢉ࢘
૛ࢉ
ቁ ≥ ૜

૛
ࡾ ⋅ ૜ = ૢ

૛
ࡾ ≥ ૝ࡾ + ࢘ ≥  ࢇ࢓∑

 

SP.237. In ઢ࡯࡮࡭ the following relationship holds: 

૜࢘(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤ ࢙ࡾ ቀ
ࢇ࢘
ࢇ

+
࢈࢘
࢈

+
ࢉ࢘
ࢉ
ቁ 

Proposed by Marin Chirciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

We have: ࢘ࢇ
ࢇ

+ ࢈࢘
࢈

+ ࢉ࢘
ࢉ

= ࢙૛ା(૝ࡾା࢘)૛

૝࢙ࡾ
  (1) 

From Doucet’s inequality: (૝ࡾ + ࢘)૛ ≥ ૜࢙૛   (2) 

From (1)+(2)⇒ ࢇ࢘
ࢇ

+ ࢈࢘
࢈

+ ࢉ࢘
ࢉ
≥ ࢙

ࡾ
⇒ we must show: ૜࢘(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤ ࢙૛   (3) 

But ࢇ࢓
ࢇࢎ
≤ ࡾ

૛࢘
⇒ ࢇ࢓ ≤

ࡾ
૛࢘
ࢇࢎ ⇒ ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤

ࡾ
૛࢘

ࢇࢎ) + ࢈ࢎ +  (4)   (ࢉࢎ

From (3)+(4) we must show: ૜
૛
ࢇࢎ)ࡾ + ࢈ࢎ + (ࢉࢎ ≤ ࢙૛   (5) 
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But ࢇࢎ + ࢈ࢎ + ࢉࢎ = ࢙૛ା࢘૛ା૝࢘ࡾ
૛ࡾ

   (6) 

From (5)+(6) we must show: ૜
૝

(࢙૛ + ࢘૛ + ૝࢘ࡾ) ≤ ࢙૛ ⇔ ૜࢙૛ + ૜࢘૛ + ૚૛࢘ࡾ ≤ ૝࢙૛ ⇔ 

࢙૛ ≥ ૚૛࢘ࡾ+ ૜࢘૛   (7) 

From Gerretsen’s inequality: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  (8) 

From (7)+(8) we must show: ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૛࢘ࡾ+ ૜࢘૛ 

⇔ ૝࢘ࡾ ≥ ૡ࢘૛ ⇔ ࡾ ≥ ૛࢘, true (Euler) 

Solution 2 by Bogdan Fustei-Romania 

In ઢ࡯࡮࡭ we have the following relationship: 

૜࢘(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤ ቀ࢙ࡾ
ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ
ቁ 

ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ =

ࢇࢎࢇ࢘
૛ࡿ +

࢈ࢎ࢈࢘
૛ࡿ +

ࢉࢎࢉ࢘
૛ࡿ =

ࢇࢎࢇ࢘ + ࢈ࢎ࢈࢘ + ࢉࢎࢉ࢘
૛ࡿ  

૛ࡿ = ࢇࢎ ⋅ ࢇ = ࢈ࢎ ⋅ ࢈ = ࢉࢎ ⋅ ࢇࢎ,ࢉ = ቀ૚ + ࢉା࢈
ࢇ
ቁ ⋅ ࢘ (and the analogs) 

ࢉା࢈
ࢇ

= ࢇࢎାࢇ࢘
ࢇ࢘

 (and the analogs); ࢘ࢇࢎࢇ = ቀ૚ + ࢉା࢈
ࢇ
ቁ  ࢘ࢇ࢘

ࢇࢎࢇ࢘ = ቀ૚ + ࢇࢎାࢇ࢘
ࢇ࢘

ቁ ࢘ࢇ࢘ = (૛࢘ࢇ +  (and the analogs)  ࢘(ࢇࢎ

ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ =

[૛(࢘ࢇ + ࢈࢘ + (ࢉ࢘ + ࢇࢎ + ࢈ࢎ + [ࢉࢎ ⋅ ࢘
૛ࡿ ; ࡿ = ࢙ ⋅ ࢘ 

ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ =

[૛(࢘ࢇ + ࢈࢘ + (ࢉ࢘ + ࢇࢎ + ࢈ࢎ + [ࢉࢎ
૛࢙ ቤ ⋅  ࢙ࡾ

ቀ࢙ࡾ
ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ
ቁ =

ࡾ
૛

[(૛࢘ࢇ + ૛࢘࢈ + ૛࢘ࢉ) + ࢇࢎ + ࢈ࢎ +  [ࢉࢎ

The inequality from enunciation becomes: 

૜࢘(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤
ࡾ
૛

[૛(࢘ࢇ + ࢈࢘ + (ࢉ࢘ + ࢇࢎ + ࢈ࢎ +  [ࢉࢎ

૟࢘(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤ ૛ࢇ࢘)ࡾ + ࢈࢘ + (ࢉ࢘ + ࢇࢎ)ࡾ + ࢈ࢎ +  (ࢉࢎ
ࡾ
૛࢘
≥ ࢇ࢓

ࢇࢎ
 (and the analogs) ⇒ ࡾ ⋅ ࢇࢎ ≥ ૛࢘ࢇ࢓ ⇒ ࢇࢎ)ࡾ + ࢈ࢎ + (ࢉࢎ ≥ ૛࢘∑ࢇ࢓ 

We will prove that ૝ࢇ࢓)ࡾ + ࢈࢓ + (ࢉ࢓ ≤ ૛ࢇ࢘)ࡾ + ࢈࢘ +  (ࢉ࢘

ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤ ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ – true. 

૝࢘ ≤ ૛ࡾ ⇒ ૛࢘ ≤  (Euler’s inequality) ࡾ
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So, ૝࢘(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤ ૛ࢇ࢘)ࡾ + ࢈࢘ +  .is true (ࢉ࢘

૛࢘(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ ≤ ࢇࢎ)ࡾ + ࢈ࢎ +  .is true (ࢉࢎ

Finally, the inequality from enunciation is proved. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

Firstly, ∑ࢇ࢘ࢇ = ∑૝ܖܑܛࡾ ࡭
૛
ܛܗ܋ ࡭

૛
࢙ ࡭ܖ܉ܜ

૛
= ૛࢙ࡾ∑ ૛ܖܑܛ૛ ࡭

૛
= ૛࢙ࡾ∑(૚ −  (࡭ܛܗ܋

= ૛࢙ࡾ ቀ૜ − ૚ −
࢘
ࡾ
ቁ =

(૚)
૛࢙(૛ࡾ− ࢘) 

Now, ࢙ࡾ∑ ࢇ࢘
ࢇ

= ∑࢙ࡾ ૛ࢇ࢘

ࢇ࢘ࢇ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ା࢘ࡾ૝)࢙ࡾ

ࢇ࢘ࢇ∑
 

=
(૚)	࢟࢈ ࡾ૝)࢙ࡾ + ࢘)૛

૛࢙(૛ࡾ− ࢘) ≥
࢘ࢋࢍࢇ࡮ +ࡾ૝)ࡾ (ࢇ࢓∑)(࢘

૛(૛ࡾ − ࢘) ≥
?
૜࢘෍ࢇ࢓ ⇔ ૝ࡾ૛ + ࢘ࡾ ≥

?
૚૛࢘ࡾ − ૟࢘૛ 

⇔ ૝ࡾ૛ − ૚૚࢘ࡾ + ૟࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(૝ࡾ− ૜࢘) ≥

?
૙ 

→ true ∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘ ∴ ૜࢘∑ࢇ࢓ ≤ ∑࢙ࡾ ࢇ࢘
ࢇ

   (proved) 

Solution 4 by Tran Hong-Dong Thap-Vietnam 

We have: ࢘ࢇ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ 

ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤ ࢇ࢘ + ࢈࢘ + ࢇ࢘ࢇ;ࢉ࢘ + ࢈࢘࢈ + ࢉ࢘ࢉ = 

= ࢙ ൬ࢇ ൬ܖ܉ܜ
࡭
૛൰+ ࢈ ൬ܖ܉ܜ

࡮
૛൰ + ࢉ ܖ܉ܜ ൬

࡯
૛൰൰ = 

= ૛࢙(૛ࡾ− ࢘). Using Schwarz’s inequality, we have: 

ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ =

૛ࢇ࢘

ࢇ࢘ࢇ
+

૛࢈࢘

࢈࢘࢈
+
૛ࢉ࢘

ࢉ࢘ࢉ
≥

ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

ࢇ࢘ࢇ + ࢈࢘࢈ + ࢉ࢘ࢉ
=

(૝ࡾ+ ࢘)૛

૛࢙(૛ࡾ− ࢘) 

→ ࡿࡴࡾ ≥
ࡾ૝)ࡾ + ࢘)૛

૛(૛ࡾ− ࢘)  

We must show that: ࡾ(૝ࡾା࢘)૛

૛(૛࢘ିࡾ)
≥ ૜࢘(૝ࡾ + ࢘) ≥  ࡿࡴࡸ

ࡾ૝)ࡾ + ࢘) ≥ ૟࢘(૛ࡾ− ࢘) 

૝ࡾ૛ − ૚૚࢘ࡾ + ૟࢘૛ ≥ ૙ 

(૝ࡾ − ૜࢘)(ࡾ − ૛࢘) ≥ ૙ 

It is true because: ࡾ ≥ ૛࢘ → ૝ࡾ − ૜࢘ ≥ ૡ࢘ − ૜࢘ = ૞࢘ > 0 (proved) 
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SP.238. Let ࢈,ࢇ,  be positive real numbers such that ࢉ

࢈}ܖܑܕ + ,ࢉ ࢉ + ࢇ,ࢇ + {࢈ >  :Prove that .{ࢉ,࢈,ࢇ}ܠ܉ܕ

ࢇ
࢈ + ࢉ − ࢇ +

࢈
ࢉ + ࢇ − ࢈ +

ࢉ
ࢇ + ࢈ − ࢉ ≥ ૜ඨ

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ +  ࢇࢉ

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0 and ࢇ}ܖܑܕ + ࢈,࢈ + ,ࢉ ࢉ + {ࢇ > ,࢈,ࢇ}ܠ܉ܕ  :we have ,{ࢉ

+ࢇ ࢈ > ܿ,ܾ + ܿ > ܽ,ܿ + ܽ > ܾ consider because ૛(ࢇ૛ + ૛࢈ + +࢈ࢇ)(૛ࢉ +ࢉ࢈ (ࢇࢉ ≥ 

≥ ૜((࢈ࢇ)૛ + ૛(ࢉ࢈) + ૛(ࢇࢉ) + ࢉ࢈૛ࢇ + ࢉ૛࢈ࢇ + (૛ࢉ࢈ࢇ ⇒ 

⇒ ૝ቀ(ࢇ૛ + ૛࢈ + +࢈ࢇ)(૛ࢉ ࢉ࢈ + ቁ(ࢇࢉ
૛
≥ 

≥ ૛(࢈ࢇ))ૢ + ૛(ࢉ࢈) + ૛(ࢇࢉ) + ࢉ࢈૛ࢇ + ࢉ૛࢈ࢇ +  ૛)૛ࢉ࢈ࢇ

⇒ ૝(ࢇ૛ + ૛࢈ + ࢈ࢇ)૛)૜ࢉ + ࢉ࢈ + (ࢇࢉ ≥ 

≥ ૛(࢈ࢇ))ૢ + ૛(ࢉ࢈) + ૛(ࢇࢉ) + ࢉ࢈૛ࢇ + ࢉ૛࢈ࢇ +  ૛)૛ࢉ࢈ࢇ

⇒
૝(ࢇ૛ + ૛࢈ + ૛)૝ࢉ

૛(࢈ࢇ)) + ૛(ࢉ࢈) + ૛(ࢇࢉ) + ࢉ࢈૛ࢇ + ࢉ૛࢈ࢇ + ૛)૛ࢉ࢈ࢇ ≥
૛ࢇ)ૢ + ૛࢈ + (૛ࢉ
࢈ࢇ) + ࢉ࢈ + (ࢇࢉ  

⇒
૛(ࢇ૛ + ૛࢈ + ૛)૛ࢉ

૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢇࢉ) + ࢉ࢈૛ࢇ + ࢉ૛࢈ࢇ + ૛ࢉ࢈ࢇ ≥ ૜ඨ
૛ࢇ) + ૛࢈ + (૛ࢉ
࢈ࢇ) + ࢉ࢈ +  (ࢇࢉ

⇒
૝(ࢇ૛ + ૛࢈ + ૛)૛ࢉ

૛(࢈ࢇ)૛ + ૛(ࢉ࢈) + ૛(ࢇࢉ) + ࢉ࢈૛ࢇ + +ࢉ૛࢈ࢇ ૛ࢉ࢈ࢇ ≥ ૜ඨ
૛ࢇ) + ૛࢈ + (૛ࢉ
࢈ࢇ) + ࢉ࢈ +  (ࢇࢉ

⇒ ૝ቆ
૛ࢇ

+࢈) ૛(ࢉ +
૛࢈

ࢉ) + ૛(ࢇ +
૛ࢉ

+ࢇ) ૛ቇ(࢈ ≥ ૜ඨ
૛ࢇ) + ૛࢈ + (૛ࢉ
࢈ࢇ) + ࢉ࢈ +  (ࢇࢉ

⇒ ൬
૛ࢇ
࢈ + ൰ࢉ

૛

+ ൬
૛࢈
ࢉ + ൰ࢇ

૛

+ ൬
૛ࢉ

+ࢇ ൰࢈
૛

≥ ૜ඨ
૛ࢇ) + ૛࢈ + (૛ࢉ
࢈ࢇ) + ࢉ࢈ +  (ࢇࢉ

⇒ ቆට
ࢇ

+࢈ ࢉ − ቇࢇ
૛

+ ቌඨ
࢈

+ࢉ ࢇ − ࢈
ቍ

૛

+ ቆට
ࢉ

ࢇ + ࢈ − ቇࢉ
૛

≥ ૜ඨ
૛ࢇ + ૛࢈ + ૛ࢉ

+࢈ࢇ +ࢉ࢈  ࢇࢉ
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⇒ ࢇ
ࢇିࢉା࢈

+ ࢈
࢈ିࢇାࢉ

+ ࢉ
ࢉି࢈ାࢇ

≥ ૜ටࢇ૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
   ok. Therefore, it is to be true. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

࢈}ܖܑܕ + ,ࢉ ࢉ + ࢇ,ࢇ + {࢈ ≥ ,࢈,ࢇ}ܠ܉ܕ {ࢉ ⇒ ࢈ + ࢉ > ܽ, ܿ + ܽ > ܾ, ܽ + ܾ > ܿ 

⇒ ,࢈,ࢇ   .are sides of a triangle ࢉ

෍
ࢇ

+࢈ ࢉ − ࢇ =
૚
૛෍

ࢇ
࢙ − ࢇ =

૚
૛෍

ࢇ − ࢙ + ࢙
࢙ − ࢇ =

૚
૛ቆ−૜ +

࢙∑(࢙ − ࢙)(࢈ − (ࢉ
࢙࢘૛ ቇ 

=
૚
૛ቆ−૜ +

∑࢙(࢙૛ − ࢈)࢙ + (ࢉ + (ࢉ࢈
࢘૛ ቇ =

૚
૛ቆ−૜ +

૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ + ࢘૛

࢘૛ ቇ 

=
૚
૛ ൬−૜ +

૝ࡾ + ࢘
࢘ ൰ =

૛ࡾ − ࢘
࢘ ≥ ૜ඨ

૛ࢇ∑
࢈ࢇ∑ ⇔ ൬

૛ࡾ − ࢘
࢘ ൰

૛

≥
૚ૡ(࢙૛ − ૝࢘ࡾ− ࢘૛)
࢙૛ + ૝࢘ࡾ+ ࢘૛  

⇔ (૛ࡾ − ࢘)૛(࢙૛ + ૝࢘ࡾ+ ࢘૛) ≥ ૚ૡ࢘૛(࢙૛ − ૝࢘ࡾ − ࢘૛) 

⇔ (૝ࡾ૛ − ૝࢘ࡾ − ૡ࢘૛)࢙૛ + (૛ࡾ − ࢘)૛(૝࢘ࡾ+ ࢘૛) + ૚ૡ࢘૛(૝࢘ࡾ+ ࢘૛) ≥
(૚)

ૢ࢘૛࢙૛ 

∵ ૝ࡾ૛ − ૝࢘ࡾ − ૡ࢘૛ = ૝(ࡾ + ࡾ)(࢘ − ૛࢘) ≥
࢘ࢋ࢒࢛ࡱ

૙ ∴ LHS of (1) ≥
(ࢇ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
 

≥ (૝ࡾ૛ − ૝࢘ࡾ − ૡ࢘૛)(૚૟࢘ࡾ − ૞࢘૛) + (૛ࡾ − ࢘)૛(૝ࡾ + ࢘૛) + ૚ૡ࢘૛(૝࢘ࡾ+ ࢘૛) and, 

RHS of (1) ≤
(ࢇ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
ૢ࢘૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

(a), (b) ⇒ in order to prove (1), it suffices to prove: 

(૝ࡾ૛ − ૝࢘ࡾ − ૡ࢘૛)(૚૟࢘ࡾ− ૞࢘૛) + (૛ࡾ − ࢘)૛(૝࢘ࡾ+ ࢘૛) + ૚ૡ࢘૛(૝࢘ࡾ+ ࢘૛) ≥ 

≥ ૢ࢘૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ⇔ ૛૙࢚૜ − ૜૜࢚૛ − ૚ૡ࢚ + ૡ ≥ ૙	 ൬࢚ =
ࡾ
࢘൰ 

⇔ (࢚ − ૛)(૛૙࢚૛ + ૠ(࢚ − ૛) + ૚૙) ≥ ૙ → true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ ⇒ (1) ⇒ proposed inequality 

is true (Proved)  

SP.239 If ࢈,ࢇ, ,࢈࢘,ࢇ࢘ ,are sides in a cyclic quadrilateral ࢊ,ࢉ ,ࢉ࢘  – ࢙ ,exradii – ࢊ࢘

semiperimeter then: 

ࢇ
૛ࢇ࢘

+
࢈
૛࢈࢘

+
ࢉ
૛ࢉ࢘

+
ࢊ
૛ࢊ࢘

≥
૜૛
࢙  

Proposed by Daniel Sitaru – Romania  
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Solution by Soumava Chakraborty-Kolkata-India 

 
Let ࡮࡭ = ࡯࡮,ࢇ = ࡰ࡯,࢈ = ࡭ࡰ,ࢉ =  ࢊ

∵ ࡭ࡼࢇࡻ∠ + ࡭ࡾࢇࡻ∠ = ૢ૙° + ૢ૙° = ૚ૡ૙° 

∴ ࡾࢇࡻࡼ∠ = ૚ૡ૙° −  ࡾ࡭ࡼ∠

(∵  (is a cyclic quadrilateral ࡾࢇࡻࡼ࡭

= ૚ૡ૙°− (૚ૡ૙°− (࡭ =  ࡭

using cosine law on ઢࡾ࡭ࡼ and ઢࡾࢇࡻࡼ, 

࢞૛ + ࢞૛ − ૛࢞૛ °૚ૡ૙)ܛܗ܋ − (࡭ = ૛ࢇ࢘ + ૛ࢇ࢘ − ૛࢘ࢇ૛ ࡭ܛܗ܋ ⇒ ૛࢞૛ ⋅ ૛ ૛ܛܗ܋
࡭
૛ = ૛࢘ࢇ૛ ⋅ ૛ ૛ܖܑܛ

࡭
૛ 

⇒ ࢞ =
(૚)

ࢇ࢘ ܖ܉ܜ
࡭
૛

. Similarly, ∠ࡽࢇࡻࡼ = ∴ and ࡮ ࢟ =
(૛)

ࢇ࢘ ܖ܉ܜ
࡮
૛

 

(1)+(2)⇒ ࢇ࢘ ቀܖ܉ܜ
࡭
૛

+ ࡮ܖ܉ܜ
૛
ቁ = ࢞ + ࢟ = ࢇ ⇒ ૚

ࢇ࢘
=
(ࢇ) ܖ܉ܜ૛ା࡭ܖ܉ܜ

࡮
૛

ࢇ
 

Similarly, ૚
࢈࢘

=
(࢈) ܖ܉ܜ૛ା࡮ܖ܉ܜ

࡯
૛

࢈
, ૚
ࢉ࢘

=
(ࢉ) ܖ܉ܜ૛ା࡯ܖ܉ܜ

ࡰ
૛

ࢉ
 and ૚

ࢊ࢘
=
(ࢊ) ܖ܉ܜ૛ାࡰܖ܉ܜ

࡭
૛

ࢊ
  

(a), (b), (c), (d)⇒ LHS 

=
ቀ࡭ܖ܉ܜ૛ + ૛ቁ࡮ܖ܉ܜ

૛

ࢇ +
ቀ࡮ܖ܉ܜ૛ + ૛ቁ࡯ܖ܉ܜ

૛

࢈ +
ቀ࡯ܖ܉ܜ૛ + ૛ቁࡰܖ܉ܜ

૛

ࢉ +
ቀࡰܖ܉ܜ૛ + ૛ቁ࡭ܖ܉ܜ

૛

ࢊ  

≥
ࡳି࡭

૝ቌ
૛࡭ܖ܉ܜ ܖ܉ܜ

࡮
૛

ࢇ +
૛࡮ܖ܉ܜ ܖ܉ܜ

࡯
૛

࢈ +
૛࡯ܖ܉ܜ ܖ܉ܜ

ࡰ
૛

ࢉ +
૛ࡰܖ܉ܜ ܖ܉ܜ

࡭
૛

ࢊ
ቍ 
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≥
ࡳି࡭

૚૟ඨ
૛ܖ܉ܜ ૛࡭ ܖ܉ܜ

૛ ࡮
૛ ܖ܉ܜ

૛ ࡯
૛ ܖ܉ܜ

૛ࡰ
૛

ࢊࢉ࢈ࢇ

૝

 

= ૚૟ඨ
(࢙ − ࢙)(ࢇ − (ࢊ
(࢙ − ࢙)(࢈ − (ࢉ ⋅

(࢙ − ࢙)(࢈ − (ࢇ
(࢙ − ࢙)(ࢉ − (ࢊ ⋅

(࢙ − ࢙)(ࢉ − (࢈
(࢙ − ࢙)(ࢇ − (ࢊ ⋅

(࢙ − ࢙)(ࢊ − (ࢉ
(࢙ − ࢙)(ࢇ − (࢈ ⋅

૚
ࢊࢉ࢈ࢇ

૝
 

= ૚૟ඨ
૚

ࢊࢉ࢈ࢇ
૝

≥
? ૜૛
࢙ ⇔ ࢙૝ ≥

?
૚૟ࢊࢉ࢈ࢇ ⇔ ࢇ) + ࢈ + ࢉ + ૝(ࢊ ≥

?
૛૞૟ࢊࢉ࢈ࢇ 

⇔ ࢇ + ࢈ + ࢉ + ࢊ ≥
?
૝√ࢊࢉ࢈ࢇ૝ → true by A-G (Hence proved) 

 

SP.240 If ࢈,ࢇ, ,ࢇ࢘ ,are sides in a cyclic quadrilateral ࢊ,ࢉ ,࢈࢘ ,ࢉ࢘  – ࢙ ,exradii – ࢊ࢘

semiperimeter then: 

૛ࢇ࢘

૜ࢇ
+
૛࢈࢘

૜࢈
+
૛ࢉ࢘

૜ࢉ
+
૛ࢊ࢘

૜ࢊ
≥
૛
࢙

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

෍
૛ࢇ࢘

૜ࢇ ≥
૛
࢙ =

૝
ࢇ∑ ⇔ ቀ෍ࢇቁቆ෍

૛ࢇ࢘

૜ቇࢇ ≥
(࢏)
૝ 

Now, (∑ࢇ) ቀ∑ ૛ࢇ࢘

૜ࢇ
ቁ ≥
ࡿ࡮࡯

ቀ∑ ࢇ࢘
ࢇ
ቁ
૛
≥
?
૝ ⇔ ∑ ࢇ࢘

ࢇ
≥

	(࢏࢏)

?
૛ 

 



 
www.ssmrmh.ro 

56 
 

Let ࡮࡭ = ࡯࡮,ࢇ = ࡰ࡯,࢈ = ࡭ࡰ,ࢉ =  ࢊ

∵ ࡭ࡼࢇࡻ∠ + ࡭ࡾࢇࡻ∠ = ૢ૙° + ૢ૙° = ૚ૡ૙° 

 (∴  (is a cyclic quadrilateral ࡾࢇࡻࡼ࡭

∴ ࡾࢇࡻࡼ∠ = ૚ૡ૙° − (૚ૡ૙° − (࡭ =  ࡭

using cosine law on ઢࡾ࡭ࡼ and ઢࡾࢇࡻࡼ, 

࢞૛ + ࢞૛ − ૛࢞૛ °૚ૡ૙)ܛܗ܋ − (࡭ = ૛ࢇ࢘ + ૛ࢇ࢘ − ૛࢘ࢇ૛ ࡭ܛܗ܋ ⇒ ૛࢞૛ ⋅ ૛ ૛ܛܗ܋
࡭
૛ = ૛࢘ࢇ૛ ⋅ ૛ ૛ܖܑܛ

࡭
૛ 

⇒ ࢞ =
(૚)

ࢇ࢘ ܖ܉ܜ
࡭
૛

. Similarly, ∠ࡽࢇࡻࡼ = ∴ and ࡮ ࢟ =
(૛)

ࢇ࢘ ܖ܉ܜ
࡮
૛

 

(1)+(2)⇒ ࢇ࢘ ቀܖ܉ܜ
࡭
૛

+ ࡮ܖ܉ܜ
૛
ቁ = ࢞ + ࢟ = ࢇ ⇒ ࢇ࢘

ࢇ
= ૚

ܖ܉ܜ૛ା࡭ܖ܉ܜ
࡮
૛

= ૚

ට(࢙షࢇ)(࢙షࢊ)
(࢙ష࢈)(࢙షࢉ)ାට

(࢙ష࢈)(࢙షࢇ)
(࢙షࢉ)(࢙షࢊ)

 

=
ඥ(࢙ − ࢙)(ࢇ − −࢙)(࢈ ࢙)(ࢉ − (ࢊ

(࢙ − ࢙)(ࢇ − (ࢊ + (࢙ − ࢙)(ࢇ − (࢈ =
ઢ

(࢙ − +ࢇ)(ࢇ (ࢉ ⇒
ࢇ࢘
ࢇ =

(ࢇ) ઢ
(࢙ − +ࢇ)(ࢇ  (ࢉ

Now, ࢘࢈
࢈

= ૚

ܖ܉ܜ૛ା࡮ܖ܉ܜ
࡯
૛
   (similarly) 

=
૚

ට(࢙ − ࢙)(࢈ − (ࢇ
(࢙ − ࢙)(ࢉ − (ࢊ + ට(࢙ − ࢙)(ࢉ − (࢈

(࢙ − ࢙)(ࢇ − (ࢊ

=
(࢈) ઢ

(࢙ − +࢈)(࢈  (ࢊ

Again, ࢘ࢉ
ࢉ

= ૚

ܖ܉ܜ૛ା࡯ܖ܉ܜ
ࡰ
૛

= ૚

ට(࢙షࢉ)(࢙ష࢈)
(࢙షࢇ)(࢙షࢊ)ାට

(࢙షࢊ)(࢙షࢉ)
(࢙షࢇ)(࢙ష࢈)

=
(ࢉ) ઢ

(ࢉାࢇ)(ࢉି࢙)
 

Also, ࢘ࢊ
ࢊ

= ૚

ܖ܉ܜ૛ାࡰܖ܉ܜ
࡭
૛

= ૚

ට(࢙షࢊ)(࢙షࢉ)
(࢙షࢇ)(࢙ష࢈)ାට

(࢙షࢇ)(࢙షࢊ)
(࢙ష࢈)(࢙షࢉ)

=
(ࢊ) ઢ

(ࢊା࢈)(ࢊି࢙)
 

(a)+(b)+(c)+(d)⇒ 

෍
ࢇ࢘
ࢇ =

ઢ
ࢇ + ࢉ ൬

૚
࢙ − ࢇ +

૚
࢙ − +൰ࢉ

ઢ
࢈ + ൬ࢊ

૚
࢙ − ࢈ +

૚
࢙ − ൰ࢊ = 

=
ઢ(࢈ + (ࢊ

(࢙ − ࢙)(ࢇ − +ࢇ)(ࢉ (ࢉ +
ઢ(ࢇ+ (ࢉ

(࢙ − ࢙)(࢈ − +࢈)(ࢊ  (ࢊ

≥
ࡳି࡭

૛ඨ
ઢ૛

(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ࢙)(ࢉ − (ࢊ = ૛ඨ
ઢ૛

ઢ૛ = ૛ 

⇒ (ii)	⇒(i)	⇒ given inequality is true (Proved) 

 

UP.226. Find all positive real numbers (࢞, ࢟,  :such that (ࢠ
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ቐ
࢞૛ + ࢟૛ + ૛ࢠ = ૜

࢞૜࢟ + ࢟૜ࢠ + ૜࢞ࢠ =
૛࢞

࢟૛ + ૛ࢠ
+

૛࢟
૛ࢠ + ࢞૛

+
૛ࢠ

࢞૛ + ࢟૛
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Ruangkhaw Chaoka-Chiangrai-Thailand 

࢞૛ + ࢟૛ + ૛ࢠ = ૜   (a) 

࢞૜࢟ + ࢟૜ࢠ + ૜࢞ࢠ = ૛࢞
࢟૛ାࢠ૛

+ ૛࢟
૛ା࢞૛ࢠ

+ ૛ࢠ
࢞૛ା࢟૛

  (b) 

Lemma. ૛࢞
࢟૛ାࢠ૛

+ ૛࢟
૛ା࢞૛ࢠ

+ ૛ࢠ
࢞૛ା࢟૛

≥ ૜   (1) (hold at ࢞ = ࢟ = ࢠ = ૚) 

Proof. ૛࢞
࢟૛ାࢠ૛

= ૛࢞
૜ି࢞૛

≥
??
࢞૛ ⇔ ࢞૝ − ૜࢞૛ + ૛࢞ = ࢞(࢞ − ૚)૛(࢞ + ૛) ≥ ૙ true 

 (hold at ࢞ = ૚) 

Similarly: ૛࢟
૛ା࢞૛ࢠ

≥ ࢟૛ (holds at ࢟ = ૚) and ૛ࢠ
࢞૛ା࢟૛

≥ ૛ࢠ   (holds at ࢠ = ૚) 

∴ ૛࢞
࢟૛ାࢠ૛

+ ૛࢟
૛ା࢞૛ࢠ

+ ૛ࢠ
࢞૛ା࢟૛

≥ ࢞૛ + ࢟૛ + ૛ࢠ = ૜ (holds at ࢞ = ࢟ = ࢠ = ૚) 

(Vasile Cîrtoaje, 1992) (࢞૛ + ࢟૛ + ૛)૛ࢠ ≥ ૜(࢞૜࢟ + ࢟૜ࢠ +   (૜࢞ࢠ

 (holds at ࢞૛ − ࢞࢟+ ࢠ࢟ = ࢟૛ − +ࢠ࢟ ࢞ࢠ = ૛ࢠ − ࢞ࢠ + ࢞࢟)	 

૚
૛
൝
ൣ൫࢞૛ − ࢞࢟+ ൯ࢠ࢟ − ൫࢟૛ − +ࢠ࢟ ൯൧࢞ࢠ

૛
+ ൣ൫࢟૛ − ࢠ࢟ + ൯࢞ࢠ − ൫ࢠ૛ − ࢞ࢠ + ࢞࢟൯൧

૛
+

+ൣ൫ࢠ૛ − ࢞ࢠ + ࢞࢟൯ − (࢞૛ − ࢞࢟+ ൧ࢠ࢟
૛ ൡ ≥ ૙  (2) 

(1), (2): ૛࢞
࢟૛ାࢠ૛

+ ૛࢟
૛ା࢞૛ࢠ

+ ૛ࢠ
࢞૛ା࢟૛

≥ ૜ = ൫࢞૛ା࢟૛ାࢠ૛൯
૛

૜
≥ (࢞૜࢟+ ࢟૜ࢠ +   (૜࢞ࢠ

(holds at ࢞ = ࢟ = ࢠ = ૚)  

∴ (b) is the hold point of inequality at ࢞ = ࢟ = ࢠ = ૚ 

 

UP.227. If ࢞࢔ = ∑ ට૚ + ૚
࢑

࢑శ૚࢔
࢑ୀ૚ ࢔; ∈ ℕ;࢔ ≥ ૚, then find: 

ષ = ܕܑܔ
ஶ→࢔

൭܏ܗܔ൭෍࢞࢑૛
࢔

࢑ୀ૚

൱ − ૜࢔ࡴ൱ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
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Solution 1 by Marian Ursărescu-Romania 

ષ = ܕܑܔ
ஶ→࢔

൭ܖܔ൭෍࢞࢑૛
࢔

࢑ୀ૚

൱ − ૜࢔ࡴ൱ = 

= ஶ→࢔ܕܑܔ ∑൫ܖܔ ࢞࢑૛࢔
࢑ୀ૚ ൯ − ૜ ࢔ܖܔ = ૜ ࢔ࡴ)ஶ→࢔ܕܑܔ −  (1)   (࢔ܖܔ

࢔ࡴ)ஶ→࢔ܕܑܔ − (࢔ܖܔ =  (2)   ࢽ

ஶ→࢔ܕܑܔ ∑൫ܖܔ ࢞࢑૛࢔
࢑ୀ૚ ൯ − ૜࢔ܖܔ = ஶ→࢔ܕܑܔ ܖܔ ൬

∑ ࢞࢑
૛࢔

࢑స૚
૜࢔

൰ = ܖܔ ൬࢔ܕܑܔ→ஶ ൬
∑ ࢞࢑

૛࢔
࢑స૚
૜࢔

൰൰  (3) 

ܕܑܔ
ஶ→࢔

∑ ࢞࢑૛࢔
࢑ୀ૚

૜࢔ .ࡿ.࡯= ܕܑܔ
ஶ→࢔

ା૚૛࢔࢞

+࢔) ૚)૜ − ૜࢔ = ܕܑܔ
ஶ→࢔

ା૚૛࢔࢞

૜࢔૛ + ૜࢔+ ૚ = ܕܑܔ
ஶ→࢔

ቀ
ା૚࢔࢞
+࢔ ૚

ቁ
૛
⋅

+࢔) ૚)૛

૜࢔૛ + ૜࢔+ ૚ 

= ૚
૜
ቀ࢔ܕܑܔ→ஶ

శ૚࢔࢞
ା૚࢔

ቁ
૛

= ૚
૜
ቀ࢔ܕܑܔ→ஶ

࢔࢞
࢔
ቁ
૛

   (4) 

ஶ→࢔ܕܑܔ
࢔࢞
࢔

.ࡿ.࡯= ஶ→࢔ܕܑܔ
࢔శ૚ି࢞࢔࢞
࢔ା૚ି࢔

= ஶ→࢔ܕܑܔ ට૚ + ૚
ା૚࢔

శ૛࢔
= ஶ→࢔ܕܑܔ ቀ૚ + ૚

ା૚࢔
ቁ

૚
శ૛࢔ = ૚   (5) 

From (1)+(2)+(3)+(4)+(5)⇒ ષ = ܖܔ ૚
૜
− ૜ࢽ = ૜ܖܔ)− + ૜ࢽ) 

Solution 2 by Remus Florin Stanca-Romania 

ષ = ܕܑܔ
ஶ→࢔

ቌܖܔ൭෍࢞࢑૛
࢔

࢑ୀ૚

൱ − ૜(࢔ࡴ − (࢔)ܖܔ + ቍ((࢔)ܖܔ = −૜ࢽ + ܕܑܔ
ஶ→࢔

ቆܖܔ
∑ ࢞࢑૛࢔
࢑ୀ૚

૜࢔ ቇ ࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ=
 

= −૜ࢽ + ܕܑܔ
ஶ→࢔

ቆܖܔ
ା૚૛࢔࢞

૜࢔૛ + ૜࢔+ ૚ቇ = −૜ࢽ + ૛ ܕܑܔ
ஶ→࢔

ܖܔ ൬
ା૚࢔࢞

√૜࢔૛ + ૜࢔ + ૚
൰ ࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ=

 

= −૜ࢽ + ૛ ܕܑܔ
ஶ→࢔

ܖܔ

⎝

⎛
ට૚ + ૚

+࢔ ૚
శ૜࢔

૟࢔ + ૟
√૜࢔૛ + +࢔ૢ ૠ + √૜࢔૛ + ૜࢔ + ૚⎠

⎞ = 

= −૜ࢽ + ૛ ܕܑܔ
ஶ→࢔

ܖܔ

⎝

⎜
⎜
⎜
⎜
⎜
⎛

૚

ቀ૟࢔ + ૟
ቁ࢔

ቆට૜࢔ + ૢ
+࢔ ૠ

૛࢔ + ට૜ + ૜
+࢔ ૚

⎠૛ቇ࢔

⎟
⎟
⎟
⎟
⎟
⎞

= 

= −૜ࢽ+ ૛ ܖܔ ൬
૚
√૜

൰ = −૜ࢽ − ૜ܖܔ ⇒ ષ = −૜ࢽ −  (૜)ܖܔ
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Solution 3 by Ali Jaffal-Lebanon 

By Bernoulli’s inequality we have: 

(૚ + ࢻ(࢔ ≤ ૚ + ࢞ for ࢔ࢻ ≥ −૚ and ૙ ≤ ࢻ ≤ ૚, so, 

൬૚ +
૚
࢑൰

૚
࢑ା૚

≤ ૚ +
૚

࢑)࢑+ ૚) = ૚ +
૚
࢑ −

૚
࢑ + ૚ 

then ૚ ≤ ቀ૚ + ૚
࢑
ቁ

૚
࢑శ૚ ≤ ૚ + ૚

࢑
− ૚

࢑ା૚
 then ࢔ ≤ ࢔࢞ ≤ ࢔ + ૚ − ૚

ା૚࢔
 

so, ࢔ ≤ ࢔࢞ ≤ +࢔ ૚ and ࢔૛ ≤ ૛࢔࢞ ≤ ࢔) + ૚)૛ 

then ∑ ࢑૛࢑ୀ࢔
࢑ୀ૚ = ∑ ࢞࢑૛࢑ୀ࢔

࢑ୀ૚ ≤ ∑ (࢑ + ૚)૛࢑ୀ࢔
࢑ୀ૚  

+࢔)࢔ ૚)(૛࢔+ ૚)
૟ ≤ ෍࢞࢑૛

࢑ୀ࢔

࢑ୀ૚

≤
+࢔)࢔ ૚)(૛࢔ + ૚)

૟ − ૚૝(࢔ + ૚)૛ 

We have: ࢔ܕܑܔ→ାஶ
(ା૚࢔૛)(ା૚࢔)࢔

૟࢔૜
= ૚

૜
. Then ࢔ܕܑܔ→ஶ ࢔

૚
૜ ∑ ࢞࢑૛࢑ୀ࢔

࢑ୀ૚ = ૚
૜
 

by ષ࢔ = ∑൫܏ܗܔ ࢞࢑૛࢑ୀ࢔
࢑ୀ૚ ൯ − ૜࢔ࡴ = ∑൫܏ܗܔ ࢞࢑૛࢑ୀ࢔

࢑ୀ૚ ൯ − ૜ ࢔ܖܔ − ૜ࢽ+ ࣐ᇱ(࢔) 

Since ࢔ࡴ = ࢔ܖܔ + +ࢽ =(࢔)࣐ ܏ܗܔ ቀ࢔
૚
૜∑ ࢞࢑

૛࢑స࢔
࢑స૚ ቁ − ૜ࢽ + ࣐ᇱ(࢔) 

ܕܑܔ
ାஶ→࢔

ષ࢔ = ܏ܗܔ ൬
૚
૜൰ − ૜ࢽ 

 

UP.228. If ࢌ:ℝ → (૙,∞),ࢌ continuous; ࢈,ࢇ ∈ ℝ;ࢇ ≤  :then ࢈

නනቌ
ቀࢌ૛(࢞) + ቁ(࢟)ࢌ ቀࢌ૛(࢟) + ቁ(࢞)ࢌ

൫૚+ +൯൫૚(࢞)ࢌ ൯(࢟)ࢌ
ቍ࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

≥ ቌනࢌ(࢞)
࢈

ࢇ

ቍ࢞ࢊ

૛

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

ℝ:ࢌ → (૙,∞) and ࢌ is continuous. Hence ࢌ(࢞) > 0 for all ࢞ ∈ ℝ 

ቀࢌ૛(࢞) + ቁ(࢟)ࢌ ቀ૚ + ૚
(࢟)ࢌ

ቁ ≥
ࢅࡴ࡯ࢁ࡭࡯
ࢆࡾ࡭ࢃࡴ࡯ࡿ

൫૚ + ൯(࢞)ࢌ
૛

 where ࢞,࢟ ∈ ℝ 

⇒ (࢟)ࢌ૛(࢞)ାࢌ
૚ାࢌ(࢟)

≥ (࢞)ࢌቀ૚ା(࢟)ࢌ
૚ାࢌ(࢟)

ቁ
૛

 similarly, ࢌ
૛(࢟)ାࢌ(࢞)
૚ାࢌ(࢞)

≥ (࢞)ࢌ ቀ૚ାࢌ(࢟)
૚ାࢌ(࢞)

ቁ
૛
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∴ නන
ቀࢌ૛(࢞) + ቁ(࢟)ࢌ ቀࢌ૛(࢟) + ቁ(࢞)ࢌ

൫૚ + ൯൫૚(࢞)ࢌ + ൯(࢟)ࢌ
࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

≥ නනࢌ(࢟)
࢈

ࢇ

࢈

ࢇ

ቆ
૚ + (࢞)ࢌ
૚ + ቇ(࢟)ࢌ

૛

⋅ ቆ(࢞)ࢌ
૚+ (࢟)ࢌ
૚ + ቇ(࢞)ࢌ

૛

 ࢟ࢊ	࢞ࢊ

= ቌනࢌ(࢞)
࢈

ࢇ

(࢟)ࢌቍቌන࢞ࢊ
࢈

ࢇ

ቍ࢟ࢊ = ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૛

 

(proved) 

Solution 2 by Nassim Nicholas Taleb-USA 

ࢍ =
ቀࢌ(࢞)૛ାࢌ(࢟)ቁ൫ࢌ(࢞)ାࢌ(࢟)૛൯

(ା૚(࢟)ࢌ)(ା૚(࢞)ࢌ)
. Rewrite, with ࢌ(࢞) = (࢟)ࢌ,࢜ = ࢝: 

ࢍ =
(࢜૛ + ࢝)(࢜+ ࢝૛)

(૚ + ࢜)(૚ + ࢝) ,࢜,࢝ > 0 

We have ࢍ ≥ ࢜࢝, with identity for ࢜ = ࢝ 

So, ∫ ∫ ቆ
ቀࢌ(࢞)૛ାࢌ(࢟)ቁ൫ࢌ(࢞)ାࢌ(࢟)૛൯

(ା૚(࢟)ࢌ)(ା૚(࢞)ࢌ)
ቇ࢈࢟ࢊ

ࢇ ࢈࢞ࢊ
ࢇ ≥ ∫ ∫ ࢈(࢞)ࢌ

ࢇ ࢈(࢟)ࢌ
ࢇ ࢟ࢊ	࢞ࢊ = 

ቀ∫ ࢈(࢞)ࢌ
ࢇ ∫ቁቀ࢞ࢊ ࢈(࢟)ࢌ

ࢇ ቁ࢟ࢊ = ቀ∫ ࢈(࢞)ࢌ
ࢇ ቁ࢞ࢊ

૛
 as required. 

Note: 

(࢜૛ + ࢝)(࢜+ ࢝૛)
(૚ + ࢜)(૚ + ࢝) − ࢜࢝ =

(࢜ − ࢝)૛(࢜ + ࢝)
(૚ + ࢜)(૚ + ࢝) ≥ ૙ 

 

UP.229. Calculate the limit: 

ષ = ܕܑܔ
࢞→ஶ

⎝

⎜
⎛
࢞૛ න ܖ܉ܜ܋ܚ܉ ൬

૚
࢚൰

࢞ା૛࢞

࢞

࢚ࢊ

⎠

⎟
⎞

 

Proposed by Vasile Mircea Popa – Romania  

Solution 1 by Florentin Vișescu-Romania 

ࢻ∃ ∈ ൬࢞;࢞ +
૛
࢞൰࢞ࢇ 
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න ܖ܉ܜ܋ܚ܉
૚
࢚

࢞ା૛࢞

࢞

࢚ࢊ = ൬࢞ +
૛
࢞ − ࢞൰ ࢻܖ܉ܜ܋ܚ܉ =

૛
࢞  ࢻܖ܉ܜ܋ܚ܉

૙ < ݔ < ߙ < ݔ +
૛
࢞							

૚
࢞ >

૚
ࢻ >

࢞
࢞૛ + ૛ 

ܖ܉ܜ܋ܚ܉
૚
࢞ > ܖ܉ܜ܋ܚ܉

૚
ࢻ > ܖ܉ܜ܋ܚ܉

࢞
࢞૛ + ૛ 

૛࢞ܖ܉ܜ܋ܚ܉
૚
࢞ > ૛࢞ܖ܉ܜ܋ܚ܉

૚
ᇣᇧᇧᇧᇤᇧᇧᇧᇥࢻ

࢞૛ ∫ ૚࢚ܖ܉ܜ܋ܚ܉
࢞శ૛࢞
࢞ ࢚ࢊ

> ܖ܉ܜ܋ܚ܉2࢞
࢞

࢞૛ + ૛ 

ܕܑܔ
ஶ→ܖ

࢞૛ න ܖ܉ܜ܋ܚ܉
૚
࢚

࢞ା૛࢞

࢞

࢚ࢊ = ૛ 

ષ = ૛ 

Solution 2 by Ali Jaffal-Lebanon 

Let ࡵ(࢞) = ࢞૛ ∫ ܖ܉ܜ܋ܚ܉ ቀ૚
࢚
ቁ࢞ା૛࢞

࢞ ࢞,࢚ࢊ > 0 

We have: ࢞ < ݐ < ݔ + ૛
࢞
 then: 

࢞ < ݐ <
࢞૛ + ૛
࢞  

࢞
࢞૛ + ૛ <

૚
࢚ <

૚
࢞ 

But ࣐(࢚) = ܖ܉ܜ܋ܚ܉ ࢚ is increasing on ]−∞,∞[ 

So, ܖ܉ܜ܋ܚ܉ ቀ ࢞
࢞૛ା૛

ቁ < ܖ܉ܜ܋ܚ܉ ቀ૚
࢚
ቁ < ܖ܉ܜ܋ܚ܉ ቀ૚

࢞
ቁ 

then ૛࢞ܖ܉ܜ܋ܚ܉ ቀ ࢞
࢞૛ା૛

ቁ < (࢞)ܫ < 2࢞ ቀ૚ܖ܉ܜ܋ܚ܉
࢞
ቁ 

we have ࢛ܕܑܔ→૙
(࢛)ܖ܉ܜ܋ܚ܉

࢛
= ૚ 

so, ࢞ܕܑܔ→ାஶ ૛࢞ܖ܉ܜ܋ܚ܉ ቀ
૚
࢞
ቁ = ஶ→࢞ܕܑܔ ૛

ቀ૚࢞ቁܖ܉ܜ܋ܚ܉
૚
࢞

= ૙→࢞ܕܑܔ ૛
(࢛)ܖ܉ܜ܋ܚ܉

࢛
= ૛ 

and ࢞ܕܑܔ→ାஶ ૛࢞ܖ܉ܜ܋ܚ܉ቀ
࢞

࢞૛ା૛
ቁ = ૙శ→࢛ܕܑܔ

૛
࢛
ܖ܉ܜ܋ܚ܉ ቀ ࢛

૛࢛૛ା૚
ቁ 
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= ܕܑܔ
࢛→૙

૛
࢛×

࢛
૛࢛૛ + ૚ ×

ܖ܉ܜ܋ܚ܉ ቀ ࢛
૛࢛ + ૚ቁ

૛ࢇ
૛࢛૛ + ૚

= ૛ × ૚ = ૛ 

Then by sandwich theorem: ࢔ܕܑܔ→ஶ (࢞)ࡵ = ષ = ૛ 

 

UP.230. If ࢈,ࢇ > 1 then: 

൬
૛࢈ࢇ
ࢇ + ࢈

൰
૛࢈ାࢇି࢈ࢇ√

⋅ ൫√࢈ࢇ൯
࢈ାࢇ
૛ ି૛ࢇ࢈ࢇା࢈ ⋅ ൬

ࢇ + ࢈
૛

൰

૛࢈ࢇ
࢈ࢇ√ି࢈ାࢇ

≥ ૚ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

Let ࡭ = ࢈ାࢇ
૛

ࡳ, = ࡴ,࢈ࢇ√ = ૛࢈ࢇ
࢈ାࢇ

. We are to prove: ࡭ିࡳࡴ ⋅ ࡴି࡭ࡳ ⋅ ࡳିࡴ࡭ ≥ ૚ 

⇔
ࡳࡴ

࡭ࡴ ⋅
࡭ࡳ

ࡴࡳ ⋅
ࡴ࡭

ࡳ࡭ ≥ ૚ ⇔ ൬
ࡴ
൰࡭

ࡳ

൬
ࡳ
൰ࡴ

࡭

൬
࡭
൰ࡳ

ࡴ

≥ ૚ 

⇔ ൬
ࡴ
൰࡭

ࡳ

൬
࡭
൰ࡳ

࡭

൬
࡭
൰ࡳ

ࡴ

≥ ૚	 ൬∵
ࡳ
ࡴ =

࡭
ࡳ ࡳ	࢙ࢇ	

૛ =  ൰ࡴ࡭

⇔ ൬
ࡴ
൰࡭

ࡳ

൬
࡭

ࡴ࡭√
൰
ࡴା࡭

≥ ૚			൫∵ ࡳ = ൯ࡴ࡭√ ⇔ ൬
ࡴ
൰࡭

ࡳ

ቌඨ
࡭
ࡴ
ቍ

ࡴା࡭

≥
(૚)

૚ 

Now, ቆට࡭
ࡴ
ቇ
ࡴା࡭

≥
(૛)
	 ቆට࡭

ࡴ
ቇ
૛ࡳ

⇔ ࡭) + (ࡴ ࡭ට܏ܗܔ
ࡴ
≥ ૛ࡳ ࡭ට܏ܗܔ

ࡴ
 

⇔ ቆ܏ܗܔට࡭
ࡴ
ቇ ࡭) + −ࡴ ૛ࡳ) ≥ ૙ → true ∵ ࡭ට܏ܗܔ

ࡴ
≥ ૙  (as ට࡭

ࡴ
≥ ૚) 

and ࡭ + −ࡴ ૛ࡳ ≥
ࡳି࡭

૛√ࡴ࡭− ૛ࡳ = ૛ࡳ − ૛ࡳ = ૙ 

∴ ቀࡴ
࡭
ቁ
ࡳ
ቆට࡭

ࡴ
ቇ
ࡴା࡭

≥
(૛)	࢟࢈

	 ቀࡴ
࡭
ቁ
ࡳ
ቆට࡭

ࡴ
ቇ
૛ࡳ

= ቀࡴ
࡭
ቁ
ࡳ
ቀ࡭
ࡴ
ቁ
ࡳ

= ૚ ⇒ (1) ⇒ given inequality is true  

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Let ࢌ(࢞) = ܖܔ ࢞ for all ࢞ > (࢞)ᇱࢌ,1 = ૚
࢞

(࢞)ᇱᇱࢌ, = − ૚
࢞૛

< 0 for all ࢞ > 1 hence ࢌ is a 

concave function and ࢇା࢈
૛
≥ ࢈ࢇ√ ≥ ૛࢈ࢇ

࢈ାࢇ
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൯࢈ࢇ√൫ࢌ − ቀࢌ ૛ࢇ࢈ࢇ+ ቁ࢈

࢈ࢇ√ − ૛࢈ࢇ
+ࢇ ࢈

≥
ࢌ ቀࢇ + ࢈

૛ ቁ − ࢌ ቀ ૛ࢇ࢈ࢇ + ቁ࢈
+ࢇ ࢈
૛ − ૛࢈ࢇ

ࢇ + ࢈
 

⇒ ൬
+ࢇ ࢈
૛ −

૛࢈ࢇ
ࢇ + ൯࢈ࢇ√൫ࢌ൰࢈ + ࢌ ൬

૛࢈ࢇ
ࢇ + ൰࢈ ൬

૛࢈ࢇ
+ࢇ ࢈ −

+ࢇ ࢈
૛ ൰ ≥ 

≥ ൬√࢈ࢇ −
૛࢈ࢇ
ࢇ + ࢌ൰࢈ ൬

+ࢇ ࢈
૛ ൰ − ൬√࢈ࢇ −

૛࢈ࢇ
ࢇ + ࢌ൰࢈ ൬

૛࢈ࢇ
+ࢇ  ൰࢈

⇒ ൬
ࢇ + ࢈
૛ −

૛࢈ࢇ
ࢇ + ൯࢈ࢇ√൫ࢌ൰࢈ + ൬√࢈ࢇ −

+ࢇ ࢈
૛ ൰ ൬ࢌ

૛࢈ࢇ
+ࢇ +൰࢈ ൬

૛࢈ࢇ
ࢇ + −࢈ ൬ࢌ൰࢈ࢇ√

+ࢇ ࢈
૛ ൰ ≥ ૙ 

൬
+ࢇ ࢈
૛ −

૛࢈ࢇ
ࢇ + ൰࢈ ൯࢈ࢇ√൫ܖܔ + ൬√࢈ࢇ −

ࢇ + ࢈
૛ ൰ ܖܔ ൬

૛࢈ࢇ
ࢇ + ൰࢈ + ൬

૛࢈ࢇ
ࢇ + ࢈ − ൰࢈ࢇ√ ൬ܖܔ

+ࢇ ࢈
૛ ൰ ≥ ૙ 

⇒ ቀ૛࢈ࢇ
࢈ାࢇ

ቁ
૛࢈శࢇ࢈ࢇ√ ⋅ ൫√࢈ࢇ൯

࢈శࢇ
૛ ି૛࢈ࢇ

࢈శࢇ ⋅ ቀࢇା࢈
૛
ቁ
૛࢈ࢇ
࢈ࢇ√ି࢈శࢇ ≥ ૚   (Proved) 

Solution 3 by Marian Ursărescu Romania 

Let ૛࢈ࢇ
࢈ାࢇ

= ࢈ࢇ√,࢞ = ࢟, ࢈ାࢇ
૛

= ࢠ ⇒ ࢞ < ݕ < ࢠି࢟࢞ :We must show .ݖ ⋅ ࢞ିࢠ࢟ ⋅ ࢟ି࢞ࢠ ≥ ૚ ⇔ 

ࢠି࢟࢞)ܖܔ ⋅ ࢞ିࢠ࢟ ⋅ (࢟ି࢞ࢠ ≥ ૙ ⇔ (࢟ − (ࢠ ܖܔ ࢞ + ࢠ) − ࢞) ࢟ܖܔ + (࢞− ࢟) ܖܔ ࢠ ≥ ૙   (1) 

Theorem: Let ࢌ: ࡵ → ℝ, ࡵ ⊂ ℝ, ⇔ its concave ࢌ internal – ࡵ ∀࢞,࢟, ࢠ ∈ ࢞ :with ࡵ < ݕ <  ݖ

we have: ࢌି(࢞)ࢌ(࢟)
࢞ି࢟

≥ (ࢠ)ࢌି(࢟)ࢌ
ࢠି࢟

. In our case ࢌ(࢞) = ܖܔ ࢞ 

From theorem ⇒ (࢟ − (࢞)ࢌ(ࢠ + ࢠ) − (࢟)ࢌ(࢞ + (࢞ − (ࢠ)ࢌ(࢟ ≥ ૙ 

Let ࢌ(࢞) = ܖܔ ࢞ ⇒ (1) it’s true. 

 

UP.231. Prove that for any acute triangle ࡯࡮࡭ the following inequality holds: 

࡭ܖ܉ܜ√ + ࡮ܖ܉ܜ√ + ܖ܉ܜ√ ࡯ + ࡭ܜܗ܋√ + ࡮ܜܗ܋√ + ࡯ܜܗ܋√ ≥ ૜√૜૝ +
૜
√૜૝  

Proposed by Vasile Mircea Popa – Romania  

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

Let ࡭ܖܑܛ = ࢞, ܖܑܛ ࡮ = ࢟, ܖܑܛ ࡯ =  ࢠ

ܛܗ܋ ࡭ = ,ࢇ ࡮ܛܗ܋ = ,࢈ ܛܗ܋ ࡯ =  ࢉ

We have: 
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1. ࢞ + ࢟ + ࢠ ≤ ૜√૜
૛

 

+ࢇ .2 +࢈ ࢉ ≤ ૜
૛
 

3. ࢞
ࢇ

+ ࢟
࢈

+ ࢠ
ࢉ
≥ ૜√૜ 

ࢇ .4
࢞

+ ࢈
࢟

+ ࢉ
ࢠ
≥ √૜ 

Consider ൫√࢞ାඥ࢟ା√ࢠ൯
૛

૜
≤ ࢞ + ࢟ + ࢠ ≤ ૜√૜

૛
⇒ √࢞ + ඥ࢟ + ࢠ√ ≤ ૜ √૜૝

√૛
 

and ൫√ࢇା√࢈ା√ࢉ൯
૛

૜
≤ ࢇ + +࢈ ࢉ ≤ ૜

૛
⇒ ࢇ√ + ࢈√ + ࢉ√ ≤ ૜

√૛
 

by using a method above, we have: ට࢞
ࢇ

+ ට࢟
࢈

+ ටࢠ
ࢉ
≥ ૜√૜૝  and ටࢇ

࢞
+ ට࢈

࢟
+ ටࢉ

ࢠ
≥ ૜

√૜૝  

Hence √࡭ܖ܉ܜ + ࡮ܖ܉ܜ√ + ࡯ܖ܉ܜ√ + ܜܗ܋√ ࡭ + ࡮ܜܗ܋√ + ܜܗ܋√ ࡯ ≥ ૜√૜૝ + ૜

√૜૝  

Therefore, it is true. 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

Let ࢌ(࢞) = ࢞ܖ܉ܜ√ + ܜܗ܋√ ࢞ , ቀ૙ < ݔ < ࣊
૛
ቁ 

→ (࢞)ᇱࢌ =
૚
૛ ܋ܛ܋ ࢞ ܋܍ܛ ࢞൫√ܖ܉ܜ ࢞− ܜܗ܋√ ࢞൯ 

→ (࢞)ᇱᇱࢌ =
૚
૝
൬√࢞ܜܗ܋ ൤(܋ܛ܋ ࢞ ܋܍ܛ ࢞)૛ +

૛ ૛࢞ܛܗ܋
ܛܗ܋) ࢞ ܖܑܛ ࢞)૛൨ + ࢞ܖ܉ܜ√ ൤(܋ܛ܋ ࢞ ܋܍ܛ ࢞)૛ −

૛ܛܗ܋૛࢞
ܛܗ܋) ࢞ ܖܑܛ ࢞)૛൨൰ 

=
૚
૝൬

܋ܛ܋) ࢞ ܋܍ܛ ࢞)૛ൣ√࢞ܜܗ܋ + ൧࢞ܖ܉ܜ√ +
૛ ૛࢞ܛܗ܋

ܛܗ܋) ࢞ ܖܑܛ ࢞)૛ ܜܗ܋√ൣ ࢞ −  ൧൰࢞ܖ܉ܜ√

=
૚
૝ ൬

܋ܛ܋) ܋܍ܛ࢞ ࢞)૛ൣ√࢞ܜܗ܋ + ൧࢞ܖ܉ܜ√ +
૛ ૛࢞ܛܗ܋

ܛܗ܋) ࢞ ܖܑܛ ࢞)૛ ⋅
ܜܗ܋ ࢞ − ࢞ܖ܉ܜ

ܜܗ܋√ ࢞ + ࢞ܖ܉ܜ√
൰ 

=
૚
૝
ቆ(܋ܛ܋ ࢞ ࢞ܜܗ܋√૛ൣ(࢞܋܍ܛ + ൧࢞ܖ܉ܜ√ +

૛ܛܗ܋૛ ૛࢞
ܛܗ܋) ࢞ ܖܑܛ ࢞)૜ ⋅

૚
ܜܗ܋√ ࢞ + ࢞ܖ܉ܜ√

ቇ > 0 

(with ૙ < ݔ < ࣊
૛

) 

Using Jensen’s inequality with ૙ < ܥ,ܤ,ܣ < ࣊
૛

 we have: 

(࡭)ࢌ + (࡮)ࢌ + (࡯)ࢌ ≥ ૜ࢌ൬
࡭ + ࡮ + ࡯

૜ ൰ = ૜ࢌ ቀ
࣊
૜
ቁ 

= ૜ቆටܖ܉ܜ
࣊
૜ + ටܜܗ܋

࣊
૜ቇ = ૜ ൬

૚
√૜૝ + √૜૝ ൰ =  ࡿࡴࡾ
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Proved. Equality if and only if ࡭ = ࡮ = ࡯ = ࣊
૜

. 

UP.232. If ࢈,ࢇ, ࢉ > 0; ܽ + ܾ + ܿ = 3 then: 

൬૚ +
૚
ࢇ
൰
ࢉࢇ૛ା૛ࢇ

⋅ ൬૚+
૚
࢈
൰
ࢇ࢈૛ା૛࢈

⋅ ൬૚ +
૚
ࢉ
൰
࢈ࢉ૛ା૛ࢉ

≥ ૞૚૛ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

൬૚ +
૚
൰ࢇ

ࢉࢇ૛ା૛ࢇ

= ቈ൬૚ +
૚
൰ࢇ

ࢇ

቉
૚ା૛ࢉ

൬૚ +
૚
൰ࢇ

ࢇ

≥ ૛	(࢏࢒࢒࢛࢕࢔࢘ࢋ࡮) ⎭
⎪
⎬

⎪
⎫

⇒ ൬૚ +
૚
൰ࢇ

ࢉࢇ૛ା૛ࢇ

≥ ૛૚ା૛ࢉ ⇒ 

൬૚ +
૚
൰ࢇ

ࢉࢇ૛ା૛ࢇ

⋅ ൬૚ +
૚
൰࢈

࢈ࢇ૛ା૛࢈

⋅ ൬૚ +
૚
൰ࢉ

ࢉ࢈૛ା૛ࢉ

≥ ૛૚ା૛ࢉ ⋅ ૛૚ା૛ࢇ ⋅ ૛૚ା૛࢈ ⇒ 

⇒ ൬૚ +
૚
൰ࢇ

ࢉࢇ૛ା૛ࢇ

⋅ ൬૚ +
૚
൰࢈

࢈ࢇ૛ା૛࢈

⋅ ൬૚ +
૚
൰ࢉ

ࢉ࢈૛ା૛ࢉ

≥ ૛૜ା૛(ࢇା࢈ାࢉ) = ૛ૢ = ૞૚૛ 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢉ,࢈,ࢇ > 0 and ࢇ+ ࢈ + ࢉ = ૜, we get as follows: 

૛ࢇ .1 + ૛࢈ + ૛ࢉ + ૛(࢈ࢇ+ +ࢉ࢈ (ࢇࢉ = +ࢇ) ࢈ + ૛(ࢉ = ૜૛ = ૢ 

ࢉ࢈ࢇ .2 ≤ ૚ ⇒ ૛(ࢉ࢈ࢇ) ≤ ࢉ࢈ࢇ ≤ ૚ 

Hence ࢇ൫ࢇ૛ା૛ࢉࢇ൯࢈൫࢈૛ା૛ࢇ࢈൯ࢉ൫ࢉ૛ା૛࢈ࢉ൯ ≥  ൯࢈ࢉ૛ା૛ࢉ૛൫ࢉ൯ࢇ࢈૛ା૛࢈૛൫࢈൯ࢉࢇ૛ା૛ࢇ૛൫ࢇ

⇒ ࢇ
ࢉࢇ૛ା૛ࢇ

૛ ࢈
ࢉ࢈૛ା૛࢈

૛ ࢉ
࢈ࢉ૛ା૛ࢉ

૛ ≥  ൯࢈ࢉ૛ା૛ࢉ൫ࢉ൯ࢇ࢈૛ା૛࢈൫࢈൯ࢉࢇ૛ା૛ࢇ൫ࢇ

⇒ ૛ૢ ቈࢇ
൫ࢇ૛ା૛ࢉࢇ൯

૛ ࢈
൫࢈૛ା૛ࢇ࢈൯

૛ ࢉ
൫ࢉ૛ା૛࢈ࢉ൯

૛ ቉ ≥ ૞૚૛ࢇ൫ࢇ૛ା૛ࢉࢇ൯࢈൫࢈૛ା૛ࢇ࢈൯ࢉ൫ࢉ૛ା૛࢈ࢉ൯ 

⇒ ૛ൣ൫ࢇ૛ା૛ࢉࢇ൯ା൫࢈૛ା૛ࢇ࢈൯ା൫ࢉ૛ା૛࢈ࢉ൯൧ࢇ
൫ࢇ૛ା૛ࢉࢇ൯

૛ ࢈
൫࢈૛ା૛ࢇ࢈൯

૛ ࢉ
൫ࢉ૛ା૛࢈ࢉ൯

૛ ≥ 

≥ ૞૚૛ࢇ൫ࢇ૛ା૛ࢉࢇ൯࢈൫࢈૛ା૛ࢇ࢈൯ࢉ൫ࢉ૛ା૛࢈ࢉ൯ 

⇒ +ࢇ) ૚)൫ࢇ૛ା૛ࢉࢇ൯ ⋅ ࢈) + ૚)൫࢈૛ା૛ࢇ࢈൯ ⋅ ࢉ) + ૚)൫ࢉ૛ା૛࢈ࢉ൯ ≥ ૞૚૛ࢇ൫ࢇ૛ା૛ࢉࢇ൯࢈൫࢈૛ା૛ࢇ࢈൯ࢉ൫ࢉ૛ା૛࢈ࢉ൯ 

⇒ ൬
ࢇ + ૚
ࢇ ൰

൫ࢇ૛ା૛ࢉࢇ൯

⋅ ൬
࢈ + ૚
࢈ ൰

൫࢈૛ା૛ࢇ࢈൯

⋅ ൬
ࢉ + ૚
ࢉ ൰

൫ࢉ૛ା૛࢈ࢉ൯

≥ ૞૚૛ 
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⇒ ቀ૚ + ૚
ࢇ
ቁ
൫ࢇ૛ା૛ࢉࢇ൯

⋅ ቀ૚ + ૚
࢈
ቁ
൫࢈૛ା૛ࢇ࢈൯

⋅ ቀ૚ + ૚
ࢉ
ቁ
൫ࢉ૛ା૛࢈ࢉ൯

≥ ૞૚૛ ok 

Therefore, it is true. 

 

UP.233. If ࢖,࢓ ∈ ℕ − {૙};࢓ ≥  :then find ࢖

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛ ට൫(૛࢔ + ૚)‼൯࢓

శ૚࢔
− ට൫(૛࢔ − ૚)‼൯࢓

࢔

࢖ି࢓࢔ ቆ ට൫(࢔ + ૚)!൯
శ૚࢔࢖
− ඥ(࢔!)࢔࢖ ቇ

⎠

⎟
⎞

 

Proposed by D. M. Bătinețu – Giurgiu – Romania  

Solution 1 by Marian Ursărescu-Romania 

ષ = ܕܑܔ
ஶ→࢔

ට൫(૛࢔ − ૚)!൯
࢔࢓
ቆ ඥ(૛࢔+ ૚)‼࢔࢓శ૚

ඥ(૛࢔ − ૚)‼࢔࢓ − ૚ቇ

࢔࢖!࢔√࢖ି࢓࢔ ቆ ඥ(࢔ + ૚)!࢔࢖శ૚

࢔࢖!࢔√ − ૚ቇ
= 

= ஶ→࢔ܕܑܔ ൬
ඥ(૛ି࢔૚)‼࢔

࢔
൰
࢓
⋅ ቀ ࢔

࢔!࢔√ ቁ
࢖
⋅
ቆ൬࢔

ඥ(૛࢔శ૚)‼࢔

ඥ(૛࢔ష૚)‼࢔ ൰
࢓
ି૚ቇ

൭ቆ࢔
ඥ(࢔శ૚)!࢔శ૚

࢔!࢔√ ቇ
࢖

ି૚൱
    (1) 

ܕܑܔ
ஶ→࢔

ඥ(૛࢔ − ૚)‼࢔

࢔ = ܕܑܔ
ஶ→࢔

ඨ
(૛࢔ − ૚)‼

࢔࢔
࢔

.ࡰ.࡯= ܕܑܔ
ஶ→࢔

(૛࢔+ ૚)‼
࢔) + ૚)࢔ା૚ ⋅

࢔࢔

(૛࢔ − ૚)‼ 

= ஶ→࢔ܕܑܔ
૛࢔ା૚
ା૚࢔

⋅ ቀ ࢔
ା૚࢔

ቁ
࢔

= ૛
ࢋ
   (2) 

ஶ→࢔ܕܑܔ
࢔
࢔!࢔√ = ஶ→࢔ܕܑܔ ට࢔࢔

!࢔

࢔
.ࡰ.࡯= ஶ→࢔ܕܑܔ

శ૚࢔(ା૚࢔)

!(ା૚࢔)
⋅ !࢔
࢔࢔

= ஶ→࢔ܕܑܔ ቀ
ା૚࢔
࢔
ቁ
࢔

=  (3)   ࢋ

ܕܑܔ
ஶ→࢔

൭൭࢔
ඥ(૛࢔ + ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ ൱
࢓

− ૚൱ = ܕܑܔ
ஶ→࢔

ࢋቌ࢔
൭ቆܖܔ

ඥ(૛࢔ା૚)‼࢔శ૚

ඥ(૛ି࢔૚)‼࢔ ቇ
࢓

൱ି૚
ቍ

ቆܖܔ ඥ(૛࢔ + ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ ቇ
࢓ ⋅ ܖܔ ൭

ඥ(૛࢔+ ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ ൱
࢓
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= ܕܑܔ
ஶ→࢔

ା૚࢔ܖܔ࢓
ඥ(૛࢔ + ૚)‼

࢔

(૛࢔ − ૚)‼ = ܕܑܔቆܖܔ࢓
ஶ→࢔

(૛࢔+ ૚)‼
(૛࢔ − ૚)‼ ⋅

૚
ඥ(૛࢔ + ૚)‼࢔శ૚ ቇ = 

= ஶ→࢔ܕܑܔ൬ܖܔ࢓ ൬
૛࢔ା૚
ା૚࢔

⋅ ା૚࢔
ඥ(૛࢔ା૚)‼࢔శ૚ ൰൰ =

(૛)
ܖܔ࢓ ቀ૛ ⋅ ࢋ

૛
ቁ =  (4)   ࢓

ܕܑܔ
ஶ→࢔

൭൭࢔
ඥ(࢔+ ૚)!࢔శ૚

࢔!࢔√ ൱
࢖

− ૚൱ = ܕܑܔ
ஶ→࢔

	࢔

ቌࢋ
ቆܖܔ

ඥ(࢔ା૚)!࢔శ૚

࢔!࢔√ ቇ
࢖

ି૚
ቍ

ቆܖܔ ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ቇ
࢖ ⋅ ܖܔ ൭

ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ൱
࢖

 

= ܕܑܔ
ஶ→࢔

࢖ ܖܔ
ඥ(࢔ + ૚)!࢔శ૚ ࢔

!࢔ = ࢖ ܖܔ ቆܕܑܔ
ஶ→࢔

࢔) + ૚)!
!࢔ ⋅

૚
ඥ(࢔+ ૚)!࢔శ૚ ቇ 

= ࢖ ܖܔ ൬࢔ܕܑܔ→ஶ
ା૚࢔
ඥ(࢔ା૚)!࢔శ૚ ൰ =

(૜)
࢖ ܖܔ ࢋ =  (5)   ࢖

From (1)+(2)+(3)+(4)+(5)⇒ ષ = ቀ૛
ࢋ
ቁ
࢓
⋅ ࢖ࢋ ⋅ ࢓ ⋅ ࢖ = ૛࢓ ⋅ ࢓ ⋅ ࢖ ⋅  ࢓ି࢖ࢋ

Solution 2 by Remus Florin Stanca-Romania 

ષ = ܕܑܔ
ஶ→࢔

ቀ ඥ(૛࢔ − ૚)‼࢔శ૚ ቁ
࢓

൫√࢔!࢔ ൯
࢖ ⋅

ቆ ඥ(૛࢔+ ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ ቇ
࢓

− ૚

࢖ି࢓࢔ ൭ቆ ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ቇ
࢖

− ૚൱
= 

= ஶ→࢔ܕܑܔ ൬
ඥ(૛ି࢔૚)‼࢔

࢔
൰
࢓
⋅ ቀ ࢔

࢔࢔√ ቁ
࢖
⋅
ቆ

ඥ(૛࢔శ૚)‼࢔శ૚

ඥ(૛࢔ష૚)‼࢔ ቇ
࢓

ି૚

ቆ
ඥ(࢔శ૚)!࢔శ૚

࢔!࢔√ ቇ
࢖

ି૚
    (1) 

ஶ→࢔ܕܑܔ
ඥ(૛ି࢔૚)‼࢔

࢔
= ஶ→࢔ܕܑܔ ට(૛ି࢔૚)‼

࢔࢔
࢔

= ஶ→࢔ܕܑܔ
(૛࢔ା૚)‼

శ૚࢔(ା૚࢔)
⋅ ࢔࢔

(૛ି࢔૚)‼
= ૚

ࢋ
⋅ ஶ→࢔ܕܑܔ

૛࢔ା૚
ା૚࢔

= ૛
ࢋ
  

(2) 

ஶ→࢔ܕܑܔ
࢔!࢔√

࢔
= ஶ→࢔ܕܑܔ ට࢔!

࢔࢔
࢔ = ஶ→࢔ܕܑܔ

!(ା૚࢔)
శ૚࢔(ା૚࢔)

⋅ ࢔
࢔

!࢔
= ૚

ࢋ
⋅ ஶ→࢔ܕܑܔ

ା૚࢔
ା૚࢔

= ૚
ࢋ
⇒ ஶ→࢔ܕܑܔ

࢔
࢔!࢔√ =

 (3)  ࢋ
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⇒
(૚);(૛);(૜)

ષ = ൬
૛
൰ࢋ

࢓

⋅ ࢖ࢋ ⋅ ܕܑܔ
ஶ→࢔

ቆ ඥ(૛࢔+ ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ ቇ
࢓

− ૚

ඥ(૛࢔ + ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ − ૚
⋅

ඥ(࢔+ ૚)!࢔శ૚

࢔!࢔√ − ૚

ቆ ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ቇ
૚ି࢖ ⋅ 

⋅

ඥ(૛࢔ + ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ − ૚

ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ − ૚
= ൬࢖࢓

૛
൰ࢋ

࢓

⋅ ࢖ࢋ ⋅ ܕܑܔ
ஶ→࢔

ࢋ
ቆܖܔ

ඥ(૛࢔ା૚)‼࢔శ૚

ඥ(૛ି࢔૚)‼࢔ ቇ
− ૚

ܖܔ ቆ ඥ(૛࢔+ ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ ቇ
⋅ 

⋅
ቆܖܔ ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ቇ

ࢋ
ቆܖܔ

ඥ(࢔ା૚)!࢔శ૚

࢔!࢔√ ቇ
− ૚

⋅ ܖܔ ൭
ඥ(૛࢔+ ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔
൱ ⋅

૚

ܖܔ ቆ ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ቇ
= 

= ൬	࢖࢓
૛
ࢋ
൰
࢓

⋅ ࢖ࢋ ⋅ ૚ ⋅ ૚ ⋅ ܕܑܔ
ஶ→࢔

࢔ ܖܔ ቆ ඥ(૛࢔ + ૚)‼࢔శ૚

ඥ(૛࢔ − ૚)‼࢔ ቇ

࢔ ܖܔ ቆ ඥ(࢔+ ૚)!࢔శ૚

࢔!࢔√ ቇ
= 

= ൬࢖࢓
૛
൰ࢋ

࢓

⋅ ࢖ࢋ ⋅ ܕܑܔ
ஶ→࢔

ܖܔ ቆ(૛࢔+ ૚)‼
(૛࢔ − ૚)‼ ⋅

૚
ඥ(૛࢔+ ૚)‼࢔శ૚ ቇ

ܖܔ ቆ(࢔+ ૚)!
!࢔ ⋅ ૚

ඥ(࢔+ ૚)!࢔శ૚ ቇ
= 

= ൬࢖࢓
૛
൰ࢋ

࢓

⋅ ࢖ࢋ ⋅ ܕܑܔ
ஶ→࢔

ቆܖܔ ૛࢔ + ૚
ඥ(૛࢔+ ૚)‼࢔శ૚ ቇ

ቆܖܔ ࢔ + ૚
ඥ(࢔ + ૚)!࢔శ૚ ቇ

= ൬࢖࢓
૛
൰ࢋ

࢓

⋅ ࢖ࢋ ⋅ ܕܑܔ
ஶ→࢔

ܖܔ ቌ ඨ(૛࢔+ ૚)࢔ା૚
(૛࢔ + ૚)‼

శ૚࢔
ቍ

ܖܔ ቌ ඨ(࢔ + ૚)࢔ା૚
+࢔) ૚)!

శ૚࢔
ቍ

 

= ൬࢖࢓
૛
൰ࢋ

࢓

࢖ࢋ ܕܑܔ
ஶ→࢔

ቆܖܔ
(૛࢔+ ૜)࢔ା૛

(૛࢔ + ૜)‼ ⋅
(૛࢔ + ૚)‼

(૛࢔+ ૚)࢔ା૚ቇ ⋅
૚

ܖܔ ൬(࢔ + ૛)࢔ା૛
+࢔) ૛)! ⋅ +࢔) ૚)!

࢔) + ૚)࢔ା૚൰
= 

= ࢖࢓ ⋅ ૛࢓ ⋅ ࢓ି࢖ࢋ (ࢋ)ܖܔ ⋅
૚

(ࢋ)ܖܔ = ࢓ି࢖ࢋ࢓૛࢖࢓ ⇒ ષ =  ࢓ି࢖ࢋ࢓૛࢖࢓
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UP.234. If ࢖,࢓ ≥ ૙ then find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ
ቀ ඥ(࢔+ ૚)!࢔శ૚ ቁ

ା૚࢖ା࢓
− ൫√࢔!࢔ ൯

ା૚࢖ା࢓

࢓࢔ ⋅ ቀඥ(૛࢔ − ૚)‼࢔ ቁ
࢖ ቍ 

Proposed by D.M. Bătinețu – Giurgiu – Romania  

Solution 1 by Marian Ursărescu – Romania  

ષ = ܕܑܔ
ஶ→࢔

࢔!࢔√ ା૚࢖ା࢓
൭ቆ ඥ(࢔+ ૚)!࢔శ૚

࢔!࢔√ ቇ
ା૚࢖ା࢓

− ૚൱

࢔ඥ(૛࢓࢔ − ૚)‼࢔ ࢖ = 

= ஶ→࢔ܕܑܔ ቀ
࢔!࢔√

࢔
ቁ
ା૚࢖ା࢓

⋅ ൬ ࢔
ඥ(૛ି࢔૚)‼࢔ ൰

࢖
⋅ ࢔ ቆ൬ ඥ(࢔ା૚)!࢔శ૚

࢔!࢔√ ൰
ା૚࢖ା࢓

− ૚ቇ    (1) 

ܕܑܔ
ஶ→࢔

࢔!࢔√

࢔ = ܕܑܔ
ஶ→࢔

ඨ࢔!
࢔࢔

࢔
.ࡰ.࡯= ܕܑܔ

ஶ→࢔

࢔) + ૚)!
࢔) + ૚)࢔ା૚ ⋅

࢔࢔

!࢔ = 

= ஶ→࢔ܕܑܔ ቀ
࢔

ା૚࢔
ቁ
࢔

= ૚
ࢋ
   (2) 

ܕܑܔ
ஶ→࢔

࢔
ඥ(૛࢔ − ૚)‼࢔ = ܕܑܔ

ஶ→࢔
ඨ

࢔࢔
(૛࢔ − ૚)‼

࢔
.ࡰ.࡯= ܕܑܔ

ஶ→࢔

࢔) + ૚)࢔ା૚

(૛࢔+ ૚)‼ ⋅
(૛࢔ − ૚)‼

࢔࢔  

= ஶ→࢔ܕܑܔ
ା૚࢔
૛࢔ା૚

⋅ ቀ࢔ା૚
࢔
ቁ
࢔

= ࢋ
૛
   (3) 

ܕܑܔ
ஶ→࢔

ቌ൭࢔
ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ൱
ା૚࢖ା࢓

− ૚ቍ = 

= ܕܑܔ
ஶ→࢔

ቌࢋ
ቆܖܔ

ඥ(࢔ା૚)!࢔శ૚

࢔!࢔√ ቇ
ା૚࢖ା࢓

− ૚ቍ

ܖܔ ቆ ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ቇ
ା૚࢖ା࢓ ⋅ ܖܔ ൭

ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ൱
ା૚࢖ା࢓

= 

= ܕܑܔ
ஶ→࢔

+࢓) +࢖ ૚) ⋅ ܖܔ
ඥ(࢔ + ૚)!࢔శ૚ ࢔

!࢔ = ࢓) + +࢖ ૚) ܖܔ ൭ܕܑܔ
ஶ→࢔

ඥ(࢔+ ૚)!࢔శ૚ ࢔

!࢔
൱ 
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= ࢓) + +࢖ ૚) ܖܔ ቆܕܑܔ
ஶ→࢔

+࢔) ૚)!
!࢔ ⋅

૚
ඥ(࢔ + ૚)!࢔శ૚ ቇ = 

= ࢓) + +࢖ ૚) ܕܑܔቆܖܔ
ஶ→࢔

+࢔ ૚
ඥ(࢔ + ૚)!࢔శ૚ ቇ = +࢓) ࢖ + ૚) ܖܔ ൬ܕܑܔ

ஶ→࢔

࢔
࢔!࢔√ ൰ 

=
(૛)

࢓) + +࢖ ૚) ܖܔ ࢋ = ࢓ + +࢖ ૚   (4) 

From (1)+(2)+(3)+(4): ષ = ቀ૚
ࢋ
ቁ
ା૚࢖ା࢓

⋅ ቀࢋ
૛
ቁ
࢖
⋅ ࢓) + +࢖ ૚) = (ା૚࢖ା࢓)

૛࢓ࢋ⋅࢖శ૚
 

 

Solution 2 by Remus Florin Stanca – Romania  

ષ = ܕܑܔ
ஶ→࢔

൫√࢔!࢔ ൯
ା૚࢖ା࢓

⋅ ൭ቆ ඥ(࢔+ ૚)!࢔శ૚

࢔!࢔√ ቇ
ା૚࢖ା࢓

− ૚൱

࢓࢔ ቀඥ(૛࢔ − ૚)‼࢔ ቁ
࢖ = 

= ܕܑܔ
ஶ→࢔

൫√࢔!࢔ ൯
ା૚࢖ା࢓

⋅
૚
࢓࢔ ⋅ ቆ

࢔
ඥ(૛࢔ − ૚)‼࢔ ቇ

࢖

⋅
૚
࢖࢔ ⋅

ቌ൭
ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ൱
ା૚࢖ା࢓

− ૚ቍ = 

= ஶ→࢔ܕܑܔ ቀ
࢔!࢔√

࢔
ቁ
ା૚࢖ା࢓

⋅ ൬ ࢔
ඥ(૛ି࢔૚)‼࢔ ൰

࢖
⋅ ࢔ ቆ൬ ඥ(࢔ା૚)!࢔శ૚

࢔!࢔√ ൰
ା૚࢖ା࢓

− ૚ቇ   (1) 

ܕܑܔ
ஶ→࢔

࢔!࢔√

࢔ = ܕܑܔ
ஶ→࢔

ඨ࢔!
࢔࢔

࢔
= ܕܑܔ

ஶ→࢔

+࢔) ૚)!
࢔) + ૚)࢔ା૚ ⋅

࢔࢔

!࢔ =
૚
 ࢋ

ܕܑܔ
ஶ→࢔

ඨ
࢔࢔

(૛࢔ − ૚)‼
࢔

= ܕܑܔ
ஶ→࢔

+࢔) ૚)࢔ା૚

(૛࢔ + ૚)‼ ⋅
(૛࢔ − ૚)‼

࢔࢔ =
ࢋ
૛ 

 

⇒
(૚)

ષ =
࢓ + +࢖ ૚
ା૚࢓ା࢖ࢋ ⋅ ቀ

ࢋ
૛
ቁ
࢖
⋅ ܕܑܔ
ஶ→࢔

൭ܖܔ
ඥ(࢔ + ૚)!࢔శ૚

࢔!࢔√ ൱࢔ = 

 

=
࢓ + +࢖ ૚
ା૚࢓ࢋ ⋅

૚
૛࢖ ⋅ ஶ→࢔ܕܑܔ

ቌ(࢔ + ૚) ⋅
૚

ඥ(࢔ + ૚)!࢔శ૚ ቍ =
࢓ + ࢖ + ૚
૛࢖ ⋅ ା૚࢓ࢋ ⇒ ષ =

+࢓ +࢖ ૚
૛࢖ ⋅ ା૚࢓ࢋ  
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UP.235. If ࢇ > 0; ݎ ≥ 0; ஹ૙࢔(࢔࢈) ⊂ (૙,∞); ஶ→࢔ܕܑܔ
శ૚࢔࢈
࢔࢈⋅࢘࢔

= ࢈ > 0 then find: 

ષ = ܕܑܔ
ஶ→࢔

൬ቀ൫ ඥ࢔࢈ା૚
శ૚࢔ ൯

ࢇ
− ൫ඥ࢔࢈

࢔ ൯
ࢇ
ቁ ⋅  ൰࢘ࢇ૚ି࢔

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Marian Ursărescu – Romania  

ષ = ܕܑܔ
ஶ→࢔

࢔
࢘ࢇ࢔ ⋅ ൫ඥ࢔࢈

࢔ ൯
ࢇ
൭

ඥ࢔࢈ା૚
శ૚࢔

ඥ࢔࢔࢈ ࢇ − ૚൱ = 

= ஶ→࢔ܕܑܔ ൬
ඥ࢔࢈
࢔

࢘࢔
൰
ࢇ
⋅ ࢔ ቆ൬ ඥ࢔࢈శ૚

శ૚࢔

ඥ࢔࢈
࢔ ൰

ࢇ
− ૚ቇ   (1) 

ܕܑܔ
ஶ→࢔

ඥ࢔࢈
࢔

࢘࢔ = ܕܑܔ
ஶ→࢔

ඨ
࢔࢈

࢘(࢔࢔)
࢔

.ࡰ.࡯= ܕܑܔ
ஶ→࢔

ା૚࢔࢈
+࢔) ૚)(࢔ା૚)࢘ ⋅

࢘࢔࢔

࢔࢈
= 

= ஶ→࢔ܕܑܔ
శ૚࢔࢈
࢔࢈⋅࢘࢔

⋅ ࢘࢔

࢘(ା૚࢔)
⋅ ቀ ࢔

ା૚࢔
ቁ
࢘࢔

= ࢈ ⋅ ૚ ⋅ ቀ૚
ࢋ
ቁ
࢘

= ࢈
࢘ࢋ

   (2) 

ܕܑܔ
ஶ→࢔

൭ቆ࢔
ඥ࢔࢈ା૚

శ૚࢔

ඥ࢔࢈
࢔ ቇ

ࢇ

− ૚൱ = ܕܑܔ
ஶ→࢔

࢔

቎ࢋ
ቆܖܔ

ඥ࢔࢈ା૚
శ૚࢔

ඥ࢔࢈
࢔ ቇ

ࢇ

ି૚
቏

ቆܖܔ ඥ࢔࢈ା૚
శ૚࢔

ඥ࢔࢈
࢔ ቇ

ࢇ ⋅ ቆܖܔ
ඥ࢔࢈ା૚

శ૚࢔

ඥ࢔࢈
࢔ ቇ

ࢇ

 

= ܕܑܔ
ஶ→࢔

ࢇ࢔ ⋅ ܖܔ
ඥ࢔࢈ା૚

శ૚࢔

ඥ࢔࢈
࢔ = ࢇ ܕܑܔ

ஶ→࢔
ܖܔ

ඥ࢔࢈ା૚
శ૚࢔ ࢔

࢔࢈
= 

= ࢇ ⋅ ܖܔ ቆܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔࢈

⋅
૚

ඥ࢔࢈ା૚
శ૚࢔ ቇ = ࢇ ܖܔ ቆܕܑܔ

ஶ→࢔

ା૚࢔࢈
࢘࢔ ⋅ ࢔࢈

⋅
࢘࢔

ඥ࢔࢈ା૚
శ૚࢔ ቇ 

= ࢇ ܖܔ ൬࢈ ஶ→࢔ܕܑܔ
࢘(ା૚࢔)

ඥ࢔࢈శ૚
శ૚࢔ ⋅ ࢘࢔

࢘(ା૚࢔)
൰ =

(૛)
ࢇ ࢈ቀܖܔ ࢘ࢋ

࢈
ቁ = ࢇ ܖܔ ࢘ࢋ =  (3) ࢘ࢇ

From (1)+(2)+(3)⇒ ષ = ࢇ࢈

࢘ࢇࢋ
⋅ ࢘ࢇ = ࢇ࢈࢘ࢇ

࢘ࢇࢋ
 

Solution 2 by Remus Florin Stanca – Romania  

ષ = ࢔࢈ஶ൫ඥ→࢔ܕܑܔ
࢔ ൯

ࢇ
ቆ൬ ඥ࢔࢈శ૚

శ૚࢔

ඥ࢔࢈
࢔ ൰

ࢇ
− ૚ቇ࢔૚ି࢘ࢇ = ࢇ ஶ→࢔ܕܑܔ ൬

ඥ࢔࢈
࢔

࢘࢔
൰
ࢇ
࢔ ൬ ඥ࢔࢈శ૚

శ૚࢔

ඥ࢔࢈
࢔ − ૚൰   (1) 
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ܕܑܔ
ஶ→࢔

ඥ࢔࢈
࢔

࢘࢔ = ܕܑܔ
ஶ→࢔

ඨ ࢔࢈
࢔࢘࢔

࢔
= ܕܑܔ

ஶ→࢔

ା૚࢔࢈
࢔) + ૚)࢘(࢔ା૚) ⋅

࢘࢔࢔

࢔࢈
= ൬

૚
൰ࢋ

࢘

⋅ ࢈ ⇒ 

⇒ ષ = ࢇ ⋅ ൬
૚
൰ࢋ

ࢇ࢘

ࢇ࢈ ܕܑܔ
ஶ→࢔

ܖܔ ቆ
ା૚࢔࢈
࢔࢈࢘࢔

⋅
࢘࢔

ඥ࢔࢈ା૚
శ૚࢔ ቇ = 

= ࢘ࢇ ൬
૚
൰ࢋ

ࢇ࢘

ࢇ࢈ =
ࢇ࢈࢘ࢇ

࢘ࢇࢋ ⇒ ષ =
ࢇ࢈࢘ࢇ

࢘ࢇࢋ  

 

UP.236. If ࢍ,ࢌ: (૙,∞) → (૙,∞) are such that exists: 

ஶ→࢞ܕܑܔ
(ା૚࢞)ࢌ
(࢞)ࢌ⋅࢞ = ࢇ > 0; ஶ→࢞ܕܑܔ

(ା૚࢞)ࢍ
(࢞)ࢍ⋅࢞ = ࢈ > 0; ஶ→࢞ܕܑܔ

(࢞)ࢌ
૚
࢞

࢞
ஶ→࢞ܕܑܔ,

൫ࢍ(࢞)൯
૚
࢞

࢞
 

then find: 

ષ = ܕܑܔ
࢞→ஶ

⎝

⎛൫ࢌ(࢞)൯
૛
࢞ ⋅ ቌ

൫ࢍ(࢞ + ૚)൯
૚

࢞ା૚

(࢞ + ૚)૛ −
൫ࢍ(࢞)൯

૚
࢞

࢞૛ ቍ

⎠

⎞ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Marian Ursărescu-Romania 

We have (from Heine): ࢔ܕܑܔ→ஶ
శ૚࢔ࢇ
࢔ࢇ࢔

= ,૚ࢇ ஶ→࢔ܕܑܔ
శ૚࢔࢈
࢔࢈࢔

=  ࢈

and we must find: ષ = ஶ→࢔ܕܑܔ ൤ඥ࢔ࢇ૛
࢔ ൬ ඥ࢔࢈శ૚

శ૚࢔

૛(ା૚࢔)
− ඥ࢔࢈

࢔

૛࢔
൰൨   (1) 

ષ = ܕܑܔ
ஶ→࢔

ඥ࢔ࢇ૛
࢔ ⋅

ඥ࢔࢈
࢔

૛࢔ ቆ
ඥ࢔࢈ା૚

శ૚࢔

࢔) + ૚)૛ ⋅
૛࢔

ඥ࢔࢈
࢔ − ૚ቇ = 

= ஶ→࢔ܕܑܔ ൬
ඥ࢔࢔ࢇ

࢔
൰
૛
⋅ ඥ࢔࢈
࢔

࢔
⋅ ࢔ ൬ ඥ࢔࢈శ૚

శ૚࢔

૛(ା૚࢔)
⋅ ૛࢔

ඥ࢔࢈
࢔ − ૚൰   (2) 

ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢇ

࢔ = ܕܑܔ
ஶ→࢔

ට
࢔ࢇ
࢔࢔

࢔
.ࡰ.࡯= ܕܑܔ

ஶ→࢔
൬

ା૚࢔ࢇ
࢔) + ૚)࢔ା૚ ⋅

࢔࢔

࢔ࢇ
൰ 

= ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ⋅࢔

⋅ ࢔
ା૚࢔

⋅ ቀ ࢔
ା૚࢔

ቁ
࢔

= ࢇ
ࢋ
   (3) 
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ܕܑܔ
ஶ→࢔

ඥ࢔࢈
࢔

࢔ = ܕܑܔ
ஶ→࢔

ඨ࢔࢈
࢔࢔

࢔
.ࡰ.࡯= ܕܑܔ

ஶ→࢔
൬

ା૚࢔࢈
࢔) + ૚)࢔ା૚ ⋅

࢔࢔

࢔࢈
൰ = 

= ஶ→࢔ܕܑܔ
శ૚࢔࢈
࢔࢈࢔

⋅ ࢔
ା૚࢔

⋅ ቀ ࢔
ା૚࢔

ቁ
࢔

= ࢈
ࢋ
   (4) 

ܕܑܔ
ஶ→࢔

ቆ࢔
ඥ࢔࢈ା૚

శ૚࢔

+࢔) ૚)૛ ⋅
૛࢔

ඥ࢔࢈
࢔ − ૚ቇ = 

= ܕܑܔ
ஶ→࢔

࢔

ቌࢋ
ቆܖܔ ඥ

శ૚࢔࢈
࢔

ඥ࢔࢈
࢔ ቇ

− ૚ቍ

ቆܖܔ ඥ࢔࢈ା૚
శ૚࢔

ඥ࢔࢈
࢔ ቇ

⋅ ܖܔ ቆ
ඥ࢔࢈ା૚
࢔

ඥ࢔࢈
࢔ ቇ = 

= ܕܑܔ
ஶ→࢔

ܖܔ࢔ ቆ
ඥ࢔࢈ା૚

శ૚࢔

ඥ࢔࢔࢈ ቇ = ܕܑܔ
ஶ→࢔

ܖܔ
ඥ࢔࢈ା૚

శ૚࢔ ࢔

࢔࢈
= 

= ܖܔ ቆܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔࢈ ඥ࢔࢈ା૚

శ૚࢔ ቇ = ܖܔ ቆܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔࢈࢔

⋅
࢔

࢔ + ૚ ⋅
࢔ + ૚
ඥ࢔࢈ା૚

శ૚࢔ ቇ = 

=
(૝)

ܖܔ ቀ࢈ ⋅ ࢋ
࢈
ቁ = ܖܔ ࢋ = ૚  (5) 

From (1)+(2)+(3)+(4)+(5)⇒ 

ષ = ቀ
ࢇ
ࢋ
ቁ
૛ ࢈
ࢋ ⋅ ૚ =

࢈૛ࢇ
૜ࢋ  

Solution 2 by Remus Florin Stanca-Romania 

We know that there are two sequences (࢔ࢇ)࢔∈ℕ and (࢔࢈)࢔∈ℕ such that 

ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ࢔

= ࢇ > 0 and ࢔ܕܑܔ→ஶ
శ૚࢔࢈
࢔࢈࢔

= ࢈ > 0 

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛

(࢔ࢇ)
૛
࢔ ⋅ ൮

ା૚࢔࢈
૚

ା૚࢔

+࢔) ૚)૛ −
࢔࢈
૚
࢔

૛࢔
൲

⎠

⎟
⎞

= ܕܑܔ
ஶ→࢔

(࢔ࢇ)
૛
࢔ ⋅
࢔࢈
૚
࢔

૛࢔
൮
ା૚࢔࢈

૚
ା૚࢔

࢔࢈
૚
࢔
⋅ ቀ

࢔
࢔ + ૚

ቁ
૛
− ૚൲ = 

= ஶ→࢔ܕܑܔ ൭
࢔ࢇ
૚
࢔

࢔
൱

૛

⋅ ࢔࢈
૚
࢔

࢔
⋅ ࢔ ⋅ ஶ→࢔ܕܑܔ ቌܖܔ

శ૚࢔࢈

૚
శ૚࢔

࢔࢈
૚
࢔
ቀ ࢔
ା૚࢔

ቁ
૛
ቍ (1) 
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ஶ→࢔ܕܑܔ ൭
࢔ࢇ
૚
࢔

࢔
൱ = ஶ→࢔ܕܑܔ

శ૚࢔ࢇ
శ૚࢔(ା૚࢔)

⋅ ࢔
࢔

࢔ࢇ
= ࢇ

ࢋ
 and 

ஶ→࢔ܕܑܔ
࢔࢈
૚
࢔

࢔
= ஶ→࢔ܕܑܔ ቀ

࢔࢈
࢔࢔
ቁ
૚
࢔ = ஶ→࢔ܕܑܔ

శ૚࢔࢈
శ૚࢔(ା૚࢔)

⋅ ࢔
࢔

࢔࢈
= ࢈

ࢋ
⇒ 

⇒ ષ =
࢈૛ࢇ
૛ࢋ ൮ܖܔ

૚
૛ࢋ ⋅ ஶ→࢔ܕܑܔ

൮
ା૚࢔࢈
࢔࢈࢔

⋅
+࢔ ૚

ା૚࢔࢈
૚

ା૚࢔
൲൲ =

࢈૛ࢇ
૛ࢋ ܖܔ ൬

૚
૛ࢋ ⋅ ࢈ ⋅

ࢋ
൰࢈ = −

࢈૛ࢇ
૛ࢋ ⇒ 

⇒ ષ = −
࢈૛ࢇ
૛ࢋ  

We also notice that if ࢎ(࢞) = ൯(࢞)ࢌ൫ܖܔ − ࢞ (࢞)ܖܔ − ࢞ and ࢎ૚(࢞) = ൯(࢞)ࢍ൫ܖܔ −

࢞ (࢞)ܖܔ − ࢞ were continuous and differentiable functions on (૙; +∞) then we would 

apply Lagrange’s theorem on (࢞;࢞ + ૚): 
(࢞)ࢎି(ା૚࢞)ࢎ

࢞ା૚ି࢞
= (࢞)૚ࢎି૚(࢞ା૚)ࢎ and (࢞ࢉ)ᇱࢎ

࢞ା૚ି࢞
= ૚ᇱࢎ ᇱ࢞ࢉ) ) ⇔ 

⇔ +࢞)ࢌ൫ܖܔ ૚) − (࢞ + ૚) ࢞)ܖܔ + ૚) − ࢞ − ૚ − ൯൯(࢞)ࢌ൫ܖܔ + ࢞ (࢞)ܖܔ + ࢞ = 

=
(࢞ࢉ)ᇱࢌ
(࢞ࢉ)ࢌ − −(࢞ࢉ)ܖܔ ૛ 

Where ࢞ࢉ ∈ (࢞,࢞ + ૚) ⇒ ஶ→࢞ܕܑܔ ቀܖܔ ቀ
(ା૚࢞)ࢌ
(࢞)ࢌ

ቁ − ૛ − ቁ(࢞)ܖܔ = ஶ→࢞ܕܑܔ ቀ
(࢞)ᇲࢌ
(࢞)ࢌ

− −(࢞)ܖܔ ૛ቁ   

(1) 

ܕܑܔ
࢞→ஶ

࢞)ࢌ + ૚)
(࢞)ࢌ࢞ = ࢋ

ܕܑܔ
࢞→ಮ

൬ܖܔ൬
(ା૚࢞)ࢌ
(࢞)ࢌ ൰൰(࢞)ܖܔି = ࢇ ⇒ ܕܑܔ

࢞→ஶ
ܖܔ ቆ

+࢞)ࢌ ૚)
(࢞)ࢌ ቇ − (࢞)ܖܔ =  (ࢇ)ܖܔ

⇒
(૚)

ஶ→࢞ܕܑܔ
(࢞)ᇲࢌ
(࢞)ࢌ

− (࢞)ܖܔ =  (2)   (ࢇ)ܖܔ

ஶ→࢞ܕܑܔ
൫ࢌ(࢞)൯

૚
࢞

࢞
= ஶ→࢞ܕܑܔ ࢋ

ࢌ൬ܖܔ
(࢞)
࢞࢞ ൰

࢞ =ಮ
ಮ

ࡴᇲࡸ ஶ→࢞ܕܑܔ ࢋ
(࢞)ᇲࢌ
(࢞)ࢌ ૚ି(࢞)ܖܔି ⇒

(૛)
ஶ→࢞ܕܑܔ

൫ࢌ(࢞)൯
૚
࢞

࢞
= ૚ି(ࢇ)ܖܔࢋ = ࢇ

ࢋ
 

and 

in the same way ࢞ܕܑܔ→ஶ
൫ࢍ(࢞)൯

૚
࢞

࢞
= ࢈

ࢋ
 so, 

ષ = ܕܑܔ
࢞→ஶ

൫ࢍ(࢞)൯
૚
࢞

࢞ ⋅ ቌ
൫ࢌ(࢞)൯

૚
࢞

࢞
ቍ

૛

࢞ ቌܖܔ
࢞)ࢍ + ૚)

૚
࢞ା૚

(࢞)ࢍ
૚
࢞

⋅ ቀ
࢞

࢞ + ૚
ቁ
૛
ቍ =

૛ࢇ࢈

૛ࢋ ⋅ 
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⋅ ܖܔ ቌ
૚
૛ࢋ ஶ→࢞ܕܑܔ

ቌ
࢞)ࢍ + ૚)
(࢞)ࢍ ⋅

૚

࢞)ࢍ + ૚)
૚

࢞ା૚
ቍቍ =

૛ࢇ࢈

૛ࢋ ܖܔ ൬
૚
૛ࢋ ⋅ ࢈ ⋅

ࢋ
൰࢈ = −

૛ࢇ࢈

૛ࢋ  

⇒ ષ = −
૛ࢇ࢈

૛ࢋ  

 

UP.237. Let be ࢌ: (૙,∞) → (૙,∞) a continuous function; (࢔ࢇ)࢔ஹ૚ ⊂ (૙,∞); 

ஹ૚࢔(࢔࢈) ⊂ (૙,∞); ࢔ܕܑܔ→ஶ
శ૚࢔ࢇ
࢔ࢇ࢔

= ࢇ > 0; ஶ→࢔ܕܑܔ
శ૚࢔࢈
૛࢔⋅࢔࢈

= ࢈ > 0. Find: 

ષ = ܕܑܔ
ஶ→࢔

൮
૚
࢔

න ቆࢌ
࢞

ඥ࢔࢈
࢔

ቇ

ඥ(࢔ା૚)!⋅࢔ࢇశ૚
శ૚࢔

ඥ࢔ࢇ⋅!࢔
࢔

 ൲࢞ࢊ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru - Romania  

Solution by Remus Florin Stanca – Romania  

ࢌ = continuous function ⇒ ࣀ∃ ∈ ൣඥ࢔࢔ࢇ!࢔ 	ࢊ࢔ࢇ	 ඥ(࢔+ ૚)!࢔ࢇା૚
శ૚࢔ ൧ such that: 

න ቆࢌ
࢞
ඥ࢔࢈
࢔ ቇ

ඥ(࢔ା૚)!࢔ࢇశ૚
శ૚࢔

ඥ࢔࢔ࢇ!࢔

࢞ࢊ = ቀ ඥ(࢔+ ૚)!࢔ࢇା૚
శ૚࢔ − ඥ࢔࢔ࢇ!࢔ ቁ ࢌ ቆ

ࣀ
ඥ࢔࢈
࢔ ቇ ⇒ 

⇒ ષ = ஶ→࢔ܕܑܔ
૚
࢔
൫ ඥ(࢔+ ૚)!࢔ࢇା૚
శ૚࢔ − ඥ࢔࢔ࢇ!࢔ ൯ࢌ൬ ࣀ

ඥ࢔࢈
࢔ ൰  (a) 

ࣀ ∈ ቂඥ࢔࢔ࢇ!࢔ ; 	 ඥ(࢔+ ૚)!࢔ࢇା૚
శ૚࢔ ቃ ⇒ ඥ࢔࢔ࢇ!࢔ ≤ ࣀ ≤ ඥ(࢔+ ૚)!࢔ࢇା૚

శ૚࢔ ⇒ 

⇒ ඥ࢔ࢇ!࢔
࢔

ඥ࢔࢈
࢔ ≤ ࣀ

ඥ࢔࢈
࢔ ≤ ඥ(࢔ା૚)!࢔ࢇశ૚

శ૚࢔

ඥ࢔࢈
࢔    (1) 

ܕܑܔ
ஶ→࢔

ඥ࢔ࢇ!࢔
࢔

ඥ࢔࢈
࢔ = ܕܑܔ

ஶ→࢔

࢔!࢔√

࢔ ⋅
૛࢔

ඥ࢔࢈
࢔ ⋅

ඥ࢔࢔ࢇ

࢔ = ܕܑܔ
ஶ→࢔

ඨ࢔!
࢔࢔

࢔
⋅ ܕܑܔ
ஶ→࢔

ඨ
࢔૛࢔

࢔࢈

࢔
⋅ ܕܑܔ
ஶ→࢔

ට
࢔ࢇ
࢔࢔

࢔
= 

= ܕܑܔ
ஶ→࢔

ቆ
+࢔) ૚)!

+࢔) ૚)࢔ା૚ ⋅
࢔࢔

ቇ!࢔ ⋅ ஶ→࢔ܕܑܔ
ቆ

+࢔) ૚)૛࢔ା૛

ା૚࢔࢈
⋅
࢔࢈
ቇ࢔૛࢔ ⋅ ஶ→࢔ܕܑܔ

൬
ା૚࢔ࢇ

࢔) + ૚)࢔ା૚ ⋅
࢔࢔

࢔ࢇ
൰ = 

= ૚
ࢋ
⋅ ஶ→࢔ܕܑܔ ቀࢋ૛ ⋅

૛(ା૚࢔)

శ૚࢔࢈
ቁ࢔࢈ ஶ→࢔ܕܑܔ ቀ

૚
ࢋ
⋅ శ૚࢔ࢇ
࢔ࢇ࢔

ቁ = ૚
ࢋ
૛ࢋ ૚

࢈
⋅ ૚
ࢋ
ࢇ = ࢇ

࢈
   (2) 
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ܕܑܔ
ஶ→࢔

ඥ(࢔ + ૚)!࢔ࢇା૚
శ૚࢔

ඥ࢔࢈
࢔ = ܕܑܔ

ஶ→࢔

ඥ(࢔+ ૚)!࢔శ૚

࢔ + ૚ ⋅
ඥ࢔ࢇା૚࢔శ૚

+࢔ ૚ ⋅
࢔) + ૚)૛

ඥ࢔࢈
࢔ = 

= ܕܑܔ
ஶ→࢔

ඨ
+࢔) ૚)!

࢔) + ૚)࢔ା૚
శ૚࢔

ܕܑܔ
ஶ→࢔

ඨ
ା૚࢔ࢇ

࢔) + ૚)࢔ା૚
శ૚࢔

ܕܑܔ
ஶ→࢔

ඨ
࢔૛࢔

࢔࢈

࢔
= 

= ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૛)!

+࢔) ૛)࢔ା૛ ⋅
+࢔) ૚)࢔ା૚

+࢔) ૚)! ቇ ⋅ ܕܑܔ
ஶ→࢔

ቆ
ା૛࢔ࢇ

࢔) + ૛)࢔ା૛ ⋅
࢔) + ૚)࢔ା૚

ା૚࢔ࢇ
ቇ ⋅ 

⋅ ஶ→࢔ܕܑܔ ቀ
శ૛࢔૛(ା૚࢔)

శ૚࢔࢈
⋅ ࢔࢈
࢔૛࢔
ቁ = ૚

ࢋ
⋅ ቀ૚

ࢋ
ஶ→࢔ܕܑܔ

శ૛࢔ࢇ
శ૚࢔ࢇ(ା૚࢔)

ቁ ቀࢋ૛ ஶ→࢔ܕܑܔ
࢔࢈࢔
శ૚࢔࢈

ቁ = ૚
૛ࢋ
૛ࢋࢇ ૚

࢈
= ࢇ

࢈
  (3) 

⇒
(૚);(૛);(૜)

ஶ→࢔ܕܑܔ
ࣀ
ඥ࢔࢈
࢔ = ࢇ

࢈
ࢌ, = continuous ⇒ ஶ→࢔ܕܑܔ ࢌ ൬

ࣀ
ඥ࢔࢈
࢔ ൰ = ࢌ ቀࢇ

࢈
ቁ ⇒

(ࢇ)
 

⇒ ષ = ࢌ ቀ
ࢇ
ቁ࢈ ஶ→࢔ܕܑܔ

૚
࢔ ඥ࢔࢔ࢇ!࢔ ൭

ඥ(࢔ + ૚)!࢔ࢇା૚
శ૚࢔

ඥ࢔࢔ࢇ!࢔ − ૚൱ = 

= ࢌ ቀ
ࢇ
࢈
ቁ ܕܑܔ
ஶ→࢔

࢔!࢔√

࢔ ⋅
ඥ࢔࢔ࢇ

࢔ ࢔

⎝

⎜
⎛ ࢋ

ቆܖܔ
ඥ(࢔ା૚)!࢔ࢇశ૚

శ૚࢔

ඥ࢔࢔ࢇ!࢔ ቇ
− ૚

ܖܔ ቆ ඥ(࢔+ ૚)!࢔ࢇା૚
శ૚࢔

ඥ࢔࢔ࢇ!࢔ ቇ
⎠

⎟
⎞
⋅ ܖܔ ൭

ඥ(࢔+ ૚)!࢔ࢇା૚
శ૚࢔

ඥ࢔࢔ࢇ!࢔ ൱ = 

=
૚
ࢋ ⋅ ࢌ ቀ

ࢇ
ࢇቁ࢈ ⋅ ૚ ⋅ ஶ→࢔ܕܑܔ ܖܔ ൭൭

ඥ(࢔+ ૚)!࢔ࢇା૚
శ૚࢔

ඥ࢔࢔ࢇ!࢔ ൱
࢔

൱ 

=
ࢇ
ࢋ ࢌ

ቀ
ࢇ
࢈
ቁ ܕܑܔ
ஶ→࢔

ܖܔ ቆ
+࢔) ૚)!࢔ࢇା૚

!࢔ ⋅ ࢔ࢇ
⋅

૚
ඥ(࢔+ ૚)!࢔ࢇା૚
࢔ ቇ = 

=
ࢇ
ࢋ ࢌ

ቀ
ࢇ
࢈
ቁ ܕܑܔ
ஶ→࢔

ቆܖܔ
ା૚࢔ࢇ
࢔ࢇ࢔

⋅
૛࢔

ඥ࢔࢈
࢔ ⋅

ඥ࢔࢈
࢔

ඥ(࢔ + ૚)!࢔ࢇା૚
శ૚࢔ ቇ =

ࢇ
ࢋ ࢌ

ቀ
ࢇ
࢈
ቁ ࢇቆܖܔ

૛ࢋ

࢈ ⋅
࢈
ቇࢇ = 

=
૛ࢇ
ࢋ ࢌ ቀ

ࢇ
࢈
ቁ ⇒ ષ =

૛ࢇ
ࢋ ࢌ ቀ

ࢇ
࢈
ቁ 

 

UP.238. If ࢓ ≥ ૙ then find: 

ષ = ܕܑܔ
࢞→ஶ

ቆ൫(࢞ + ૚)࢓ ⋅ ડ(࢞ + ૛)൯
૚

࢞ା૚ − ൫࢞࢓ ⋅ ડ(࢞ + ૚)൯
૚
࢞ቇ 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania  
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Solution 1 by Marian Ursărescu-Romania 

(another approach by sequence) 

Because ડ(࢔+ ૚) =  :we must calculate (from Heine) !࢔

ષ = ܕܑܔ
ஶ→࢔

ቀ ඥ(࢔ + ૚)࢔)࢓ + ૚)!࢔శ૚ − ࢔!࢔࢓࢔√ ቁ = 

= ஶ→࢔ܕܑܔ
࢔!࢔࢓࢔√

࢔
⋅ ࢔ ൬ ඥ(࢔ା૚)࢓(࢔ା૚)!࢔శ૚

࢔!࢔࢓࢔√ − ૚൰   (1) 

ܕܑܔ
ஶ→࢔

࢓࢔√ ⋅ ࢔!࢔

࢔ = ܕܑܔ
ஶ→࢔

ඨ࢔
!࢔࢓
࢓࢔

࢔
.ࡿ.࡯= ܕܑܔ

ஶ→࢔

+࢔) ૚)࢔)࢓+ ૚)!
+࢔) ૚)࢔ା૚ ⋅

࢔࢔

࢓࢔ −  !࢔

= ஶ→࢔ܕܑܔ ቀ
ା૚࢔
࢔
ቁ
࢓
⋅ ቀ ࢔

ା૚࢔
ቁ
࢔

= ૚
ࢋ
   (2) 

ܕܑܔ
ஶ→࢔

൭࢔
ඥ(࢔ + ૚)࢔)࢓+ ૚)!࢔శ૚

࢔!࢔࢓࢔√ ൱ = 

= ܕܑܔ
ஶ→࢔

ࢋ൭࢔
ܖܔ

ඥ(࢔ା૚)࢓(࢔ା૚)!࢔శ૚

࢔!࢔⋅࢓࢔√ − ૚൱

ܖܔ ඥ(࢔+ ૚)࢔)࢓+ ૚)!࢔శ૚

࢔!࢔࢓࢔√

⋅ ܖܔ
ඥ(࢔ + ૚)࢔)࢓ + ૚)!࢔శ૚

࢔!࢔࢓࢔√  

= ܕܑܔ
ஶ→࢔

ܖܔ
ඥ(࢔+ ૚)࢔)࢓+ ૚)!࢔శ૚ ࢔

!࢔࢓࢔ = ܖܔ ቆܕܑܔ
ஶ→࢔

࢔) + ૚)࢔)࢓ + ૚)!
!࢔࢓࢔ ⋅

૚
ඥ(࢔ + ૚)࢔)࢓+ ૚)!࢔శ૚ ቇ = 

= ܖܔ ൬࢔ܕܑܔ→ஶ ቀ
ା૚࢔
࢔
ቁ
࢓
⋅ ା૚࢔

ඥ(࢔ା૚)࢓(࢔ା૚)!࢔శ૚ ൰ =
(૛)

ܖܔ ࢋ = ૚   (3) From (1)+(2)+(3)⇒ ષ = ૚
ࢋ
 

Solution 2 by Remus Florin Stanca-Romania 

ஶ→࢞ܕܑܔ
ડ(࢞ା૚)
࢞ડ(࢞)

ℕ∋࢔= ஶ→࢔ܕܑܔ
!࢔

!(૚ି࢔)⋅࢔
= ૚   (1) 

ડ(࢞) is continuous and differentiable so the function ࢌ(࢞) = ൫ડ(࢞)൯ܖܔ − ࢞ ܖܔ ࢞ is 

differentiable and continuous ⇒ 

⇒
࢞)൫ડܖܔ + ૚)൯ − (࢞ + ૚) ࢞)ܖܔ + ૚) − ൫ડ(࢞)൯ܖܔ + ࢞ (࢞)ܖܔ

࢞ + ૚ − ࢞ =
ડᇱ(࢞ࢉ)
ડ(࢞ࢉ) − ૚ − ܖܔ  	,࢞ࢉ

࢞ࢉ ∈ (࢞;࢞ + ૚)  (Lagrange)⇒ +࢞)൫ડܖܔ ૚)൯ − ൫ડ(࢞)൯ܖܔ − ࢞ ܖܔ ቀ࢞ା૚
࢞
ቁ − ࢞)ܖܔ + ૚) = 

=
ડᇱ(࢞ࢉ)
ડ(࢞ࢉ) − ૚ − (࢞ࢉ)ܖܔ ⇒ ܕܑܔ

࢞→ஶ
ቆܖܔ ቆ

ડ(࢞ + ૚)
ડ(࢞) ቇ − ࢞)ܖܔ + ૚)ቇ − ૚ = 
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= ܕܑܔ
࢞→ஶ

ડᇱ(࢞ࢉ)
ડ(࢞ࢉ) − ૚ − (࢞ࢉ)ܖܔ ⇒ 

⇒ ܕܑܔ
࢞→ஶ

ቆܖܔ ቆ
ડ(࢞ + ૚)
ડ(࢞) ቇ − ቇ(࢞)ܖܔ − ૚ = ܕܑܔ

࢞→ஶ
ቆ
ડᇱ(࢞)
ડ(࢞) − (࢞)ܖܔ − ૚ቇ ⇒ 

⇒ ܕܑܔ
࢞→ஶ

ܖܔ ቆ
ડ(࢞ + ૚)
࢞ડ(࢞) ቇ − ૚ = ܕܑܔ

࢞→ஶ
ቆ
ડᇱ(࢞)
ડ(࢞) − −(࢞)ܖܔ ૚ቇ 

⇒
(૚)

ஶ→࢞ܕܑܔ
ડᇲ(࢞)
ડ(࢞)

− (࢞)ܖܔ − ૚ = −૚  (2) 

ܕܑܔ
࢞→ஶ

൫ડ(࢞ + ૚)൯
૚
࢞

࢞ = ܕܑܔ
࢞→ஶ

ቆ
ડ(࢞+ ૚)

࢞࢞ ቇ

૚
࢞

= ܕܑܔ
࢞→ஶ

ࢋ
(࢞)ܖܔ൫ડ(࢞ା૚)൯ି࢞ܖܔ

࢞ = 

ࡴᇱࡸ
ஶ
ஶ

ܕܑܔ
࢞→ஶ

ࢋ
ડᇲ(࢞)
ડ(࢞) ି૚ିܖܔ(࢞) =

(૛)
૚ିࢋ =

૚
ࢋ ⇒ 

⇒ ஶ→࢞ܕܑܔ
൫ડ(࢞ା૛)൯

૚
࢞శ૚

࢞ା૚
= ૚

ࢋ
   (3) 

ડ = ܕܑܔ
࢞→ஶ

൫࢞࢓ડ(࢞+ ૚)൯
૚
࢞ ቌ

൫(࢞ + ૚)࢓ડ(࢞+ ૛)൯
૚

࢞ା૚

൫࢞࢓ડ(࢞ + ૚)൯
૚
࢞

− ૚ቍ = 

= ܕܑܔ
࢞→ஶ

൫ડ(࢞ + ૚)൯
૚
࢞

࢞ ࢞ ቌܖܔ
൫(࢞ + ૚)࢓ડ(࢞ + ૛)൯

૚
࢞ା૚

൫࢞࢓ડ(࢞+ ૚)൯
૚
࢞

ቍ = 

=
૚
ࢋ ஶ→࢞ܕܑܔ ܖܔ

ቌ
(࢞ + ૚)࢓

࢓࢞ ⋅
ડ(࢞ + ૛)
ડ(࢞ + ૚) ⋅

૚

൫(࢞ + ૚)࢓ડ(࢞ + ૛)൯
૚

࢞ା૚
ቍ = 

=
૚
ࢋ ஶ→࢞ܕܑܔ ܖܔ

ቌ
ડ(࢞ + ૛)

(࢞ + ૚)ડ(࢞ + ૚) ⋅
࢞ + ૚

൫ડ(࢞ + ૛)൯
૚

࢞ା૚
ቍ =

૚
ࢋ ܖܔ

(ࢋ) =
૚
ࢋ ⇒ ષ =

૚
 ࢋ

Solution 3 by Rohan Shinde-India 

Using Lemma 1 of Stolz Cesaro theorem that for two sequences (࢔ࢇ)࢔∈ℕ and (࢔࢈)࢔∈ℕ 

of real numbers, if ૙ < ૚࢈ < ૛࢈ < ⋯ < ࢔࢈ < ⋯ and ࢔ܕܑܔ→ஶ ࢔࢈ = ∞ 

then if ࢔ܕܑܔ→ஶ
࢔ࢇశ૚ି࢔ࢇ
࢔࢈శ૚ି࢔࢈

= ષ then also ࢔ܕܑܔ→ஶ
࢔ࢇ
࢔࢈

= ષ 

Here if ࢔ࢇ = ൫࢓࢔ડ(࢔+ ૚)൯
૚
࢔࢈ and ࢔ =  then ࢔
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ܕܑܔ
ஶ→࢔

ቊ((࢔+ ૚)࢓ડ(࢔+ ૛)
૚

ା૚࢔ − ൫࢓࢔ડ(࢔+ ૚)൯
૚
ቋ࢔ = ષ 

⇒ ܕܑܔ
ஶ→࢔

൫࢓࢔ડ(࢔+ ૚)൯
૚
࢔

࢔ = ષ ⇒ ܕܑܔ
ஶ→࢔

ቆ࢓࢔ ⋅
ડ(࢔+ ૚)

࢔࢔ ቇ

૚
࢔

 

Using Stirling’s approximation for Gamma function, 

ષ = ܕܑܔ
ஶ→࢔

ቆ࢓࢔ ×
√૛࣊࢔
࢔࢔ × ቀ

࢔
ࢋ
ቁ
࢔
ቇ

૚
࢔

= ܕܑܔ
ஶ→࢔

ቆ࢔
࢓
࢔ × ൫√૛࣊࢔൯

૚
࢔ ×

૚
 ቇࢋ

But  

ܕܑܔ
ஶ→࢔

࢔
࢓
࢔ = ܕܑܔ

ஶ→࢔
ࢋ
࢔ܖܔ࢓
࢔ = ࢋ ܕܑܔ

ಮ→࢔
࢔ܖܔ࢓
࢔ = ૙ࢋ = ૚ 

and ࢔ܕܑܔ→ஶ൫√૛࣊࢔൯
૚
࢔ = ஶ→࢔ܕܑܔ ࢋ

(࢔૛࣊)ܖܔ
૛࢔ = ಮቀ→࢔ܕܑܔࢋ

(࢔૛࣊)ܖܔ
૛࢔ ቁ = ૙ࢋ = ૚ 

⇒ ષ =
૚
 ࢋ

UP.239. If ૙ < ܽ ≤ ܾ < ࣊
૛
 then: 

૚
૛නන(૚ + ܖ܉ܜ ࢞)

࢈

ࢇ

࢈

ࢇ

(૚ + ܖ܉ܜ ࢟)(૚ + ܖ܉ܜ ࢞ ܖ܉ܜ ࢟ࢊ࢞ࢊ(࢟ ≥ ܖ܉ܜ) ࢈ −  ૛(ࢇܖ܉ܜ

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

૛
૛ܛܗ܋ ૛ܛܗ܋࢞ ࢟ = ૛ ⋅

૚
૛ܛܗ܋ ࢞ ⋅

૚
૛ܛܗ܋ ࢟ = ૛ ⋅

૛ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞
૛ܛܗ܋ ࢞ ⋅

૛ܖܑܛ ࢟ + ૛ܛܗ܋ ࢟
૛ܛܗ܋ ࢟ = 

= ૛(ܖ܉ܜ૛ ࢞ + ૚)(ܖ܉ܜ૛ ࢟ + ૚) = 

= ૛ܖ܉ܜ) ࢞ + ૚)(ܖ܉ܜ૛࢟ + ૚) + ૛ܖ܉ܜ) ࢞ + ૚)(ܖ܉ܜ૛ ࢟ + ૚) ≥ 

≥
ࡹ࡭ିࡹࡽ

૛ ൬
࢞ܖ܉ܜ + ૚

૛ ൰
૛

૛ܖ܉ܜ) ࢟ + ૚) + ૛ܖ܉ܜ) ࢞ + ૚) ⋅ ૛ ൬
࢟ܖ܉ܜ + ૚

૛ ൰
૛

= 

=
૚
૛

࢞ܖ܉ܜ)] + ૚)૛(ܖ܉ܜ૛ ࢟ + ૚) + ૛ܖ܉ܜ) ࢞ + ૚)(࢟ܖ܉ܜ + ૚)૛] = 

=
૚
૛

૛ܖ܉ܜ)] ࢞ + ૛ ࢞ܖ܉ܜ + ૚)(ܖ܉ܜ૛ ࢟ + ૚) + ૛ܖ܉ܜ) ࢞ + ૚)(ܖ܉ܜ૛࢟ + ૛ ࢟ܖ܉ܜ + ૚)] = 
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=
૚
૛ቆ

૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ + ૛ܖ܉ܜ ࢞ + ૛ ࢞ܖ܉ܜ ૛ܖ܉ܜ ࢟ + ૛ ࢞ܖ܉ܜ +
+ ૛ܖ܉ܜ ࢟ + ૚ + ૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ + ૛ ૛ܖ܉ܜ ࢞ ࢟ܖ܉ܜ + ૛ܖ܉ܜ ࢞ + ૛ܖ܉ܜ ࢟ + ૛ ࢟ܖ܉ܜ + ૚

ቇ = 

= ૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ + ࢞ܖ܉ܜ ૛ܖ܉ܜ ࢟ + ૛ܖ܉ܜ ࢞ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ + ࢟ܖ܉ܜ + ૚ + ૛ܖ܉ܜ ࢞ + ૛ܖ܉ܜ ࢟ ≥ 

≥
ࡹࡳିࡹ࡭

૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ + ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ + ૛ܖ܉ܜ ࢞ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ + ܖ܉ܜ ࢟ + ૚ + ૛ ࢞ܖ܉ܜ ࢟ܖ܉ܜ

= 

= ૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ + ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ + ૛ܖ܉ܜ ࢞ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ + 

+ ܖ܉ܜ ࢟ + ૚ = ܖ܉ܜ ࢞ ࢟ܖ܉ܜ ܖ܉ܜ) ࢞ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ + ࢟ܖ܉ܜ + ૚) + 

࢞ܖ܉ܜ)+ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ + ܖ܉ܜ ࢟ + ૚) = 

= ܖ܉ܜ) ࢞ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ + ܖ܉ܜ ࢟ + ૚)(ܖ܉ܜ ࢞ ࢟ܖ܉ܜ + ૚) = 

= ܖ܉ܜ] ࢞ ࢟ܖ܉ܜ) + ૚) + ࢟ܖ܉ܜ) + ૚)](࢞ܖ܉ܜ ࢟ܖ܉ܜ + ૚) = 

= ܖ܉ܜ) ࢞ + ૚)(࢟ܖ܉ܜ + ૚)(࢞ܖ܉ܜ ࢟ܖ܉ܜ + ૚) 

නන(૚ + ܖ܉ܜ ࢞)
࢈

ࢇ

࢈

ࢇ

(૚ + ૚)(࢟ܖ܉ܜ + ܖ܉ܜ ࢞ ࢟ࢊ࢞ࢊ(࢟ܖ܉ܜ ≥ 

≥ නන
૛

૛ܛܗ܋ ࢞ ૛ܛܗ܋ ࢟

࢈

ࢇ

࢈

ࢇ

࢟ࢊ࢞ࢊ = ૛ቌන
૚

૛ܛܗ܋ ࢞ ࢞ࢊ
࢈

ࢇ

ቍቌන
૚

૛ܛܗ܋ ࢟

࢈

ࢇ

 ቍ࢟ࢊ

૚
૛නන(૚ + ܖ܉ܜ ࢞)

࢈

ࢇ

࢈

ࢇ

(૚ + ૚)(࢟ܖ܉ܜ + ࢞ܖ܉ܜ ࢟ࢊ࢞ࢊ(࢟ܖ܉ܜ ≥ 

≥ ቀ࢞ܖ܉ܜ ቚࢇ࢈ቁ ⋅ ቀ࢟ܖ܉ܜ ቚ
࢈
ቁࢇ = ࢈ܖ܉ܜ) −  ૛(ࢇܖ܉ܜ

Equality holds for ࢇ =  .࢈

UP.240. Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢉ + ࢈ + ࢉ = ૜. Find the 

minimum value of: 

ࢀ =
ࢇ
࢈

+
࢈
ࢉ

+
ࢉ
ࢇ

+
૚

૜ࢇ + ૜࢈ + ࢉ࢈ࢇ
+

૚
૜࢈ + ૜ࢉ + ࢉ࢈ࢇ

+
૚

૜ࢉ + ૜ࢇ + ࢉ࢈ࢇ
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Michael Sterghiou-Greece 

ࢀ = ቀ∑ ࢇ
ࢉ࢟ࢉ࢈ ቁ+ ∑ ૚

ࢉ࢟ࢉࢉ࢈ࢇ૜ା࢈૜ାࢇ   (1) 
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We will prove that ࢀ ≥ ૝. We use the following lemma: With the problem’s 

conditions it holds that: ࡳ ቀ∑ ࢇ
ࢉ࢟ࢉ࢈ ቁ + ૜ ≥ ૠ ⋅ ∑ ࢉ࢟ࢉ૛ࢇ    (L). To prove this, we 

homogenize the inequality by multiplying by ૜ࢉ࢈ࢇ (and taking into account that 

∑ ࢉ࢟ࢉࢇ = ૜) as follows: 

(L) → ૛൫∑ ࢉ࢟ࢉࢇ ൯
૛
⋅ (૛࢈ࢇ∑) + ࢉ࢈ࢇ ⋅ ൫∑ ࢉ࢟ࢉࢇ ൯

૛
− ૛૚ࢉ࢈ࢇ∑ ࢉ࢟ࢉ૛ࢇ ≥ ૙ or the equivalent 

∑ ࢉ࢟ࢉࢉ૝ࢇ + ∑ ࢉ࢟ࢉ૛࢈૜ࢇ + ૛∑ ࢉ࢟ࢉ૜࢈૛ࢇ + ૝ࢉ࢈ࢇ ⋅ ∑ ࢉ࢟ࢉ࢈ࢇ − ૡࢉ࢈ࢇ∑ ࢉ࢟ࢉ૛ࢇ ≥ ૙. The last 

reduces to: ∑ ࢉ࢟ࢉࢇ ࢇ) − −࢈)૛(࢈ ૛ࢉ)૛ ≥ ૙ which is true. Now, as ∑ ࢉ࢟ࢉ૛ࢇ ≥ ૜ be adding 

this to (L) we get ቀ∑ ࢇ
ࢉ࢟ࢉ࢈ ቁ ≥ ∑ ࢉ࢟ࢉ૛ࢇ   (2). Let (ࢗ,࢖,࢘) = ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ   ൯ withࢉ࢈ࢇ,

࢖ = ૜  (1) becomes the stronger inequality ൫∑ ࢉ࢟ࢉ૛ࢇ ൯ + ૢ
૛൫∑ ࢉ࢟ࢉ૜ࢇ ൯ା૜ࢉ࢈ࢇ

≥ ૝ [by (2) and 

BCS] or ૢ − ૛ࢗ + ૚
૟ି૛ࢗା࢘

− ૝ ≥ ૙ [Note that ∑ ࢉ࢟ࢉ૜ࢇ = ૜࢖ − ૜ࢗ࢖ + ૜࢘] which reduces 

to ૝ࢗ૛ − ૛૛ࢗ+ (૞ − ૛ࢗ)࢘ + ૜૚ ≥ ૙  (3). This is either an increasing or decreasing 

function of ࢘ (depending on the sign of ૞ − ૛ࢗ). In either case it suffices to hold when 

࢘ = ܠ܉ܕ 	 or ࢘ = ܖܑܕ 	 which according to V. Cîrtoaje theorem happens (for any fixed 

,࢈,ࢇ when any two of (ࢗ ࢈ are equal. Let WLOG ࢉ = ࢉ ቀ< ૜
૛
ቁ ⇒ ࢇ = ૜ − ૛࢈. Now (3) 

becomes −(࢈ − ૚)૛(૚૛࢈૜ − ૞૝࢈૛ + ૠ૙࢈ − ૜૚) ≥ ૙ for ૙ < ܾ < ૜
૛
. This can be easily 

show to be true because ૚૛࢈૜ − ૞૝࢈૛ + ૠ૙࢈ − ૜૚ < 0 for ࢈ ∈ ቀ૙, ૜
૛
ቁ. Done! 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 


