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JP.151. Let ࢈,ࢇ be positive real numbers. Find the maximum of ࢑ such that 

inequality is true: 

૚
૝ࢇ

+
૚
૝࢈

+
࢑

૝ࢇ + ૝࢈
≥
ૡ࢑ + ૜૛
ࢇ) +  ૝(࢈

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Michael Sterghiou-Greece 

࢈,ࢇ > 0. Find the max of ࢑ so that the below inequality is true: 
૚
૝ࢇ

+ ૚
૝࢈

+ ࢑
૝࢈૝ାࢇ

≥ ૡ࢑ା૜૛
૝(࢈ାࢇ)

   (1) 

(1) homogeneous to ࢈,ࢇ → assume ࢇ + ࢈ = ૚. 

LHS (1) ≥
ࡿ࡯࡮ ࢑ା૝

૝࢈૝ାࢇ
 which nees to be ≥ ૢ(࢑ା૝)

૚૝
, so it suffices that  

(࢑+ ૝) ⋅ ቂ ૚
࢞૝ା(૚ି࢞)૝

− ૡቃ ≥ ૙   (2) where ࢇ = ࢈,࢞ = ૚ − ࢞ 

(࢞)ࢌ = ૚
࢞૝ା(૚ି࢞)૝

− ૡ which ࢌʹ(࢞) = − ૝ൣ࢞૜ି(૚ି࢞)૜൧
[(૚ି࢞)૝ା࢞૝]૛

= ૙ 

for ࢞ = ૚
૛
 only and ࢌܖܑܕ(࢞) → −ૠ when ࢞ → ૙ or ࢞ → ૚ and ࢌܠ܉ܕ(࢞) = ૙ where  

࢞ = ૚
૛
. Therefore ࢌ(࢞) ≤ ૙. But (࢑+ ૝)ࢌ(࢞) ≥ ૙ → ࢑ ≤ −࢟ so that ࢑ + ૝ ≤ ૙. Therefore 

࢑ܠ܉ܕ = −૝ for which (1) becomes true by BCS. Equality for ࢇ =  .࢈

Solution 2 by Khaled Abd Almuti-Damascus-Syria 

As you know: ඥ࢞ + ࢟ ⋅ ൬ ૚
√࢞

+ ૚
ඥ࢟
൰ ≥ ૛√૛;࢞ = ૛ࢇ ,࢟ =  ૛࢈

ඥࢇ૝ + ૝࢈ ⋅ ൬
૚
૛ࢇ +

૚
૛൰࢈ ≥ ૛√૛ 

૚
૛ࢇ +

૚
૛࢈ ≥

૛√૛
૝ࢇ√ + ૝࢈

 

૚
૝ࢇ +

૚
૝࢈ +

૛
૛ࢇ ⋅ ૛࢈ ≥

ૡ
૝ࢇ +  ૝࢈

૚
૝ࢇ +

૚
૝࢈ −

ૡ
૝ࢇ + ૝࢈ ≥

−૛
૛ࢇ ⋅  ૛࢈
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૚
૝ࢇ +

૚
૝࢈ ≥

ૡ
૝ࢇ + ૝࢈ −

૛
૛ࢇ ⋅  ૛࢈

૚
૝ࢇ +

૚
૝࢈ +

࢑
૝ࢇ + ૝࢈ ≥

ૡ
૝ࢇ + ૝࢈ −

૛
૛࢈૛ࢇ +

࢑
૝ࢇ +  ૝࢈

૚
૝ࢇ

+ ૚
૝࢈

+ ࢑
૝࢈૝ାࢇ

≥ ࢑ାૡ
૝࢈૝ାࢇ

− ૛
૛࢈૛ࢇ

  (I) is true ∀࢈,ࢇ > 0 

But: ૚
૝ࢇ

+ ૚
૝࢈

+ ࢑
૝࢈૝ାࢇ

≥ ૡ࢑ା૜૛
૝(࢈ାࢇ)

  (II) from assumption 

ૡ࢑ + ૜૛ = ૙ ⇒ ࢑ = −૝ 

࢑ −∞																														 − ૝																									 + ∞ 

ૡ࢑+ ૜૛ −− − − −− −− −૙ + + + + + + + 

when ࢑ = −૝: ૚
૝ࢇ

+ ૚
૝࢈
− ૝

૝࢈૝ାࢇ
≥ ૝

૝࢈૝ାࢇ
− ૛

૛࢈⋅૛ࢇ
 is true ૚

૝ࢇ
+ ૚

૝࢈
− ૝

૝࢈૝ାࢇ
≥ ૙ 

So: for ࢑ ≤ −૝: ૚
૝ࢇ

+ ૚
૝࢈

+ ࢑
૝࢈૝ାࢇ

≥ ૡ࢑ା૜૛
૝(࢈ାࢇ)

 

JP.152. Let ࢉࢎ,࢈ࢎ,ࢇࢎ;࡯࡮࡭ denote the lengths of altitudes from 

;࡯,࡮,࡭ ,ࢇ࢒ ,࢈࢒  are the lengths of the symmetric divergence lines from ࢉ࢒

,࢈࢘,ࢇ࢘;࡯,࡮,࡭  :Prove that .࡯,࡮,࡭ are radii of the circle next to the corners ࢉ࢘

ࢇ࢘ࢇࢎ
૛ࢇ࢒

+
࢈࢘࢈ࢎ
૛࢈࢒

+
ࢉ࢘ࢉࢎ
૛ࢉ࢒

≥ ૜ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

In any ઢ࡯࡮࡭,∑ ࢇ࢘ࢇࢎ
૛ࢇ࢝

≥ ૜ 

∵ ࢇ࢝
૛ =

૝࢙ࢉ࢈(࢙ − (ࢇ
+࢈) ૛(ࢉ , ∴෍

ࢇ࢘ࢇࢎ
ࢇ࢝
૛ = ෍

૛࢙࢘
ࢇ ⋅

࢙࢘
࢙ − ࢇ ⋅

࢙࢘
࢙ − ࢇ ⋅

+࢈) ૛(ࢉ

૝࢙ࢉ࢈(࢙ − (ࢇ = 

=
૛࢘૛࢙૛

૝ ⋅ ૝࢙࢘ࡾ૛෍
࢈) + ૛(ࢉ

(࢙ − ૛(ࢇ =
࢘
ૡࡾ෍

(࢙ + ࢙ − ૛(ࢇ

(࢙ − ૛(ࢇ =
(૚) ࢘

ૡࡾ෍
࢙૛ + (࢙ − ૛(ࢇ + ૛࢙(࢙ − (ࢇ

(࢙ − ૛(ࢇ  

Now, ∑(࢙ − ࢙)(࢈ − (ࢉ = ∑{࢙૛ − +࢈)࢙ (ࢉ + {ࢉ࢈ = 

૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ+ ࢘૛ =
(૛)

૝࢘ࡾ + ࢘૛ 

(1) ⇒ ∑ ࢇ࢘ࢇࢎ
૛ࢇ࢝

= ࢙࢘૛

ૡ࢘ࡾ૝࢙૛
∑(࢙ − ࢙)૛(࢈ − ૛(ࢉ + ૜࢘

ૡࡾ
+ ૛࢙࢘

ૡࡾ⋅࢘૛࢙
∑(࢙ − ࢙)(࢈ − (ࢉ = 
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= ૚
ૡ࢘ࡾ૜

ቂቄ∑(࢙ − ࢙)(࢈ − ૛(ࢉ − ૛࢘૛࢙{∑(࢙ − +ቅቃ{(ࢇ ૜࢘
ૡࡾ

+ ૚
૝࢘ࡾ

(૝࢘ࡾ + ࢘૛) (by (2)) 

= ࢘૛(૝࢘ࡾశ࢘)૛ି૛࢘૛࢙૛

ૡ࢘ࡾ૜
+ ૜࢘

ૡࡾ
+ ૝ࡾା࢘

૝ࡾ
   (by (2))= (૝ࡾା࢘)૛ି૛࢙૛ା૜࢘૛ାૡ࢘ࡾା૛࢘૛

ૡ࢘ࡾ
≥ ૙ 

⇔ ૚૟ࡾ૛ − ૡ࢘ࡾ + ૟࢘૛ ≥ ૛࢙૛ ⇔ ࢙૛ ≤ ૡࡾ૛ − ૝࢘ࡾ+ ૜࢘૛. Now, ࢙૛ ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

 

≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≤
?
ૡࡾ૛ − ૝࢘ࡾ + ૜࢘૛ ⇔ ૝ࡾ૛ ≥

?
ૡ࢘ࡾ ⇔ ࡾ ≥

?
૛࢘ → true (Euler) 

(Proved) 

Solution 2 by Marin Chirciu – Romania  

We prove the following lemma: 

Lemma: 

2) In ઢ࡯࡮࡭: 

ࢇ࢘ࢇࢎ
૛ࢇ࢒

+
࢈࢘࢈ࢎ
૛࢈࢒

+
ࢉ࢘ࢉࢎ
૛ࢉ࢒

=
ૡࡾ૛ + ૡ࢘ࡾ + ૜࢘૛ − ࢙૛

૝࢘ࡾ  

Proof 

Using ࢇࢎ = ૛ࡿ
ࢇ

, ࢇ࢘ = ࡿ
ࢇି࢙

, ࢇ࢒ = ૛ࢉ࢈
ࢉା࢈

ܛܗ܋ ࡭
૛

, ૛ܛܗ܋ ࡭
૛

= (ࢇି࢙)࢙
ࢉ࢈

, we obtain: 

෍
ࢇ࢘ࢇࢎ
૛ࢇ࢒

= ෍
૛ࡿ
ࢇ ⋅ ࡿ

࢙ − ࢇ

ቀ ૛࢈ࢉ࢈ + ࢉ ܛܗ܋
࡭
૛ቁ

૛ =
૛ࡿ૛

૝࢙ࢉ࢈ࢇ෍
࢈) + ૛(ࢉ

(࢙ − ૛(ࢇ =
࢘
ૡࡾ ⋅

૛(ૡࡾ૛ + ૡ࢘ࡾ+ ૜࢘૛ − ࢙૛)
࢘૛ = 

=
ૡࡾ૛ + ૡ࢘ࡾ + ૜࢘૛ − ࢙૛

૝࢘ࡾ  

Back to the main problem: 

Inequality that we have to prove can be written: 

 ૡࡾ
૛ାૡ࢘ࡾା૜࢘૛ି࢙૛

૝࢘ࡾ
≥ ૜ ⇔ ࢙૛ ≤ ૡࡾ૛ − ૝࢘ࡾ + ૜࢘૛, which follows from Gerretsen’s inequality: 

࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that:  

૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≤ ૡࡾ૛ − ૝࢘ࡾ+ ૜࢘૛ ⇔ ૝ࡾ૛ ≥ ૡ࢘ࡾ ⇔ ࡾ ≥ ૛࢘ (Euler’s inequality) 

Equality holds if and only if the triangle is equilateral. 

Remark. 

The inequality can be strengthened: 
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3) In ઢ࡯࡮࡭: 

ࢇ࢘ࢇࢎ
૛ࢇ࢒

+
࢈࢘࢈ࢎ
૛࢈࢒

+
ࢉ࢘ࢉࢎ
૛ࢉ࢒

≥
ࡾ
࢘ + ૚ 

Proposed by Marin Chirciu – Romania  

Solution 

Using the Lemma and Gerretsen’s inequality: ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ we obtain: 

෍
ࢇ࢘ࢇࢎ
૛ࢇ࢒

=
ૡࡾ૛ + ૡ࢘ࡾ + ૜࢘૛ − ࢙૛

૝࢘ࡾ ≥
ૡࡾ૛ + ૡ࢘ࡾ + ૜࢘૛ − ૝ࡾ૛ − ૝࢘ࡾ − ૜࢘૛

૝࢘ࡾ = 

=
૝ࡾ૛ + ૝࢘ࡾ

૝࢘ࡾ =
ࡾ
࢘ + ૚ 

Equality holds if and only if the triangle is equilateral. 

Remark. 

Inequality 3) is stronger than inequality 1): 

 

4) In ઢ	࡯࡮࡭: 

ࢇ࢘ࢇࢎ
૛ࢇ࢒

+
࢈࢘࢈ࢎ
૛࢈࢒

+
ࢉ࢘ࢉࢎ
૛ࢉ࢒

≥
ࡾ
࢘ + ૚ ≥ ૜ 

Solution 

See inequality 3) and ࡾ
࢘

+ ૚ ≥ ૜ ⇔ ࡾ ≥ ૛࢘  (Euler’s inequality). 

Equality holds if and only if the triangle is equilateral. 

Remark. 

Let’s emphasize an inequality having an opposite sense: 

5) In ઢ࡯࡮࡭: 

ࢇ࢘ࢇࢎ
૛ࢇ࢒

+
࢈࢘࢈ࢎ
૛࢈࢒

+
ࢉ࢘ࢉࢎ
૛ࢉ࢒

≤ ૛ ൬
ࡾ
࢘ −

࢘
 ൰ࡾ

Solution 

Using the Lemma and Gerretsen’s inequality: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ we obtain: 

෍
ࢇ࢘ࢇࢎ
૛ࢇ࢒

=
ૡࡾ૛ + ૡ࢘ࡾ + ૜࢘૛ − ࢙૛

૝࢘ࡾ ≤
ૡ࢘૛ + ૡ࢘ࡾ+ ૜࢘૛ − ૚૟࢘ࡾ+ ૞࢘૛

૝࢘ࡾ = 
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=
ૡࡾ૛ − ૡ࢘ࡾ + ૡ࢘૛

૝࢘ࡾ =
૛(ࡾ૛ − ࢘ࡾ + ࢘૛)

࢘ࡾ ≤
૛(ࡾ૛ − ࢘૛)

࢘ࡾ = ૛ ൬
ࡾ
࢘ −

࢘
 ൰ࡾ

Equality holds if and only if the triangle is equilateral. 

Remark. 

We can write the double inequality: 

6) In ઢ࡯࡮࡭: 

ࡾ
࢘ + ૚ ≤

ࢇ࢘ࢇࢎ
૛ࢇ࢒

+
࢈࢘࢈ࢎ
૛࢈࢒

+
ࢉ࢘ࢉࢎ
૛ࢉ࢒

≤ ૛൬
ࡾ
࢘ −

࢘
 ൰ࡾ

Proposed by Marin Chirciu – Romania  

Solution 

See inequalities 3) and 5) 

Equality holds if and only if the triangle is equilateral. 

JP.153. In ઢ࡯࡮࡭ the lengths ࡮࡭,࡭࡯,࡯࡮ are ࢈,ࢇ, ࢇ࢒ Let .ࢉ , ,࢈࢒  be the lengths ࢉ࢒

of the bisectors from the vertices ࡯,࡮,࡭ in triangle ࡯࡮࡭. Prove that: 

࢈࢒ࢇ࢒

ܖܑܛ ૛࡯
+

ࢉ࢒࢈࢒

૛࡭ܖܑܛ
+

ࢇ࢒ࢉ࢒

૛࡮ܖܑܛ
≤
૜
૛
ඥ૜ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

Firstly, ∏(ࢇ+ (࢈ = ૛ࢉ࢈ࢇ + ࢈ࢇ∑ (૛࢙ − (ࢉ = ૛࢙(࢙૛ + ૝࢘ࡾ + ࢘૛) − ૝࢙࢘ࡾ =
(૚)

૛࢙(࢙૛ +

૛࢘ࡾ+࢘૛ 

Now, ∑ ࢈࢝ࢇ࢝
૛࡯ܖܑܛ

=
∑૛࢈ࢉ࢈శࢉ ܛܗ܋

࡭
૛⋅
૛ࢇࢉ
ࢇశࢉ ܛܗ܋

࡮
૛ ܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛

ቀ∏࡭ܖܑܛ૛ቁ
= ૝ࡾ

࢘
∑ቀ૛ ܖܑܛ ࡭

૛
ܛܗ܋ ࡭

૛
ቁ ቀ૛ ܖܑܛ ࡮

૛
ܛܗ܋ ࡮

૛
ቁ ࢉ࢈ࢇ

૛(ࢇା࢈)
(࢈ାࢇ)∏

 

= ૝ࡾ
૛࢙࢘൫࢙૛ା૛࢘ࡾା࢘૛൯

∑ ࢈ࢇ
૝ࡾ૛

⋅ +ࢇ)૛ࢉ࢈ࢇ  (by (1))   (࢈

=
૝ࡾ ⋅ ૚૟ࡾ૛࢘૛࢙૛

ૡࡾ૛࢙࢘(࢙૛ + ૛࢘ࡾ+ ࢘૛)෍
ࢇ) + (࢈ =

૟૝ࡾ૜࢘૛࢙૛ ⋅ ૝࢙
ૡࡾ૛࢙࢘(࢙૛ + ૛࢘ࡾ + ࢘૛) =

૜૛࢙࢘ࡾ૛

࢙૛ + ૛࢘ࡾ + ࢘૛ ≤ 

≤
૜
૛ඥ૜ࢉ࢈ࢇ

+ࢇ) ࢈ + (ࢉ ⇔
૚૙૛૝ࡾ૛࢘૛࢙૝

(࢙૛ + ૛࢘ࡾ+ ࢘૛)૛ ≤
ૢ
૝ ⋅ ૜ ⋅ ૝࢙࢘ࡾ

(૛࢙) ⇔ 

⇔ ૛ૠ(࢙૛ + ૛࢘ࡾ+ ࢘૛)૛ ≥ ૞૚૛࢙࢘ࡾ૛ ⇔ 
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⇔ ૛ૠ࢙૝ + ૛ૠ࢘૛(૛ࡾ+ ࢘)૛ + ૞૝࢙૛(૛࢘ࡾ+ ࢘૛) ≥
(૛)

૞૚૛࢙࢘ࡾ૛ 

Now, LHS of (2) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

{૛ૠ(૚૟࢘ࡾ − ૞࢘૛) + ૞૝(૛࢘ࡾ+ ࢘૛)}࢙૛ + ૛ૠ࢘૛(૛ࡾ+

࢘૛≥?૞૚૛࢙࢘ࡾ૛ 

⇔ ࢙૛(૛ૡࡾ− ૡ૚࢘) + ૛ૠ࢘(૛ࡾ+ ࢘)૛ ≥
?
૙ ⇔ 

⇔ ࢙૛(૛ૡࡾ − ૞૟࢘) + ૛ૠ࢘(૛ࡾ + ࢘)૛ ≥
(૜)

?
૛૞࢙࢘૛ 

Now, LHS of (3) ≥
(ࢇ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૚૟࢘ࡾ − ૞࢘૛)(૛ૡࡾ− ૞૟࢘) + ૛ૠ࢘(૛ࡾ + ࢘)૛ & 

RHS of (3) ≥
(ࢇ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૛૞࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

(a), (b) ⇒ in order to prove (3), it suffices to prove: 

(૚૟ࡾ − ૞࢘)(૛ૡࡾ− ૞૟࢘) + ૛ૠ(૛ࡾ + ࢘)૛ ≥ ૛૞(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ⇔ 

⇔ ૚૚૝ࡾ૛ − ૛૞ૠ࢘ࡾ+ ૞ૡ࢘૛ ≥ ૙ ⇔ −ࡾ) ૛࢘)(૚૚૝ࡾ − ૛ૢ࢘) ≥ ૙ → true ∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘  

(proved) 

Solution 2 and generalizations by Marin Chirciu – Romania  

We prove the following lemma: 

Lemma: 

2) In ઢ࡯࡮࡭: 

ࢉ࢒࢈࢒

ܖܑܛ ૛࡭
+

ࢇ࢒ࢉ࢒

ܖܑܛ ૛࡮
+
࢈࢒ࢇ࢒

ܖܑܛ ૛࡯
=

૜૛࢙૛࢘ࡾ
࢙૛ + ࢘૛ + ૛࢘ࡾ 

Proof 

Using ࢇ࢒ = ૛ࢉ࢈
ࢉା࢈

ܛܗ܋ ࡭
૛

,૛ ܖܑܛ ࡭
૛
ܛܗ܋ ࡭

૛
= ܖܑܛ ࡭ , ࢇ

࡭ܖܑܛ
= ૛ࡾ, we obtain: 

෍
ࢉ࢒࢈࢒

ܖܑܛ ૛࡭
= ෍

૛ࢉࢇ
ࢇ + ࢉ ܛܗ܋

࡮
૛ ⋅

૛࢈ࢇ
ࢇ + ࢈ ܛܗ܋

࡯
૛

ܖܑܛ ૛࡭
= ෍

ૡࢇ૛ࢉ࢈
ࢇ) + +ࢇ)(࢈ (ࢉ ⋅ ܛܗ܋

࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛

૛ ܖܑܛ ૛࡭ ܛܗ܋
࡭
૛

= 

= ૡࢉ࢈ࢇෑܛܗ܋
࡭
૛෍

ࢇ
+ࢇ) +ࢇ)(࢈ (ࢉ ܖܑܛ ࡭ = ૜૛࢙࢘ࡾ ⋅

࢙
૝ࡾ ⋅ ૛ࡾ෍

૚
+ࢇ) +ࢇ)(࢈ (ࢉ = 

= ૚૟࢙࢘ࡾ૛ ⋅
૛

࢙૛ + ࢘૛ + ૛࢘ࡾ =
૜૛࢙૛࢘ࡾ

࢙૛ + ࢘૛ + ૛࢘ࡾ 
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Let’s get back to the main problem: 

Using the Lemma, the inequality that we have to prove can be written: 

૜૛࢙૛࢘ࡾ
࢙૛ + ࢘૛ + ૛࢘ࡾ ≤

૜
૛ඥ૜ࢉ࢈ࢇ

+ࢇ) ࢈ + (ࢉ ⇔ ቆ
૜૛࢙૛࢘ࡾ

࢙૛ + ࢘૛ + ૛࢘ࡾቇ
૛

≤
ૢ
૝ ⋅ ૜ࢉ࢈ࢇ

+ࢇ) +࢈ (ࢉ ⇔ 

⇔ ቆ
૜૛࢙૛࢘ࡾ

࢙૛ + ࢘૛ + ૛࢘ࡾቇ
૛

≤
ૢ
૝ ⋅ ૚૛࢙࢘ࡾ ⋅ ૛࢙ ⇔ ቆ

૜૛࢙૛࢘ࡾ
࢙૛ + ࢘૛ + ૛࢘ࡾቇ

૛

≤ ૞૝࢙࢘ࡾ૛ ⇔ 

⇔ ૞૚૛࢙૛࢘ࡾ ≤ ૛ૠ(࢙૛ + ࢘૛ + ૛࢘ࡾ)૛ ⇔ ࢙૛(૛ૠ࢙૛ + ૞૝࢘૛ − ૝૙૝࢘ࡾ) + ૛ૠ࢘૛(૛ࡾ + ࢘)૛

≥ ૙ 

We distinguish the following cases: 

Case 1). If (૛ૠ࢙૛ + ૞૝࢘૛ − ૝૙૝࢘ࡾ) ≥ ૙, the inequality is obvious. 

Case 2). If (૛ૠ࢙૛ + ૞૝࢘૛ − ૝૙૝࢘ࡾ) < 0, we write the inequality: 

૛ૠ࢘૛(૛ࡾ + ࢘)૛ ≥ ࢙૛(૝૙૝࢘ࡾ − ૞૝࢘૛ − ૛ૠ࢙૛), which follows from Gerretsen’s inequality: 

૚૟࢘ࡾ − ૞࢘૛ ≤ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

૛ૠ࢘૛(૛ࡾ + ࢘)૛ ≥ (૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ቀ૝૙૝࢘ࡾ − ૞૝࢘૛ − ૛ૠ(૚૟࢘ࡾ − ૞࢘૛)ቁ ⇔ 

⇔ ૛ૡࡾ૜ − ૛૟ࡾ૛࢘ − ૜૜࢘ࡾ૛ − ૞૝࢘૜ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૛ૡࡾ૛ + ૜૙࢘ࡾ + ૛ૠ࢘૛) ≥ ૙, 

obviously from Euler’s inequality. Equality holds if and only if the triangle is equilateral. 

Remark. 

We can prove that: 

3) In ઢ࡯࡮࡭: 

ࢉ࢒࢈࢒

૛࡭ܖܑܛ
+

ࢇ࢒ࢉ࢒

ܖܑܛ ૛࡮
+
࢈࢒ࢇ࢒

૛࡯ܖܑܛ
≤
૛ૠࡾ૛

૛  

Proposed by Marin Chirciu – Romania  

Solution 

Using the Lemma, the inequality can be written: 

૜૛࢙૛࢘ࡾ
࢙૛ା࢘૛ା૛࢘ࡾ

≤ ૛ૠࡾ૛

૛
⇔ ࢙૛(૛ૠࡾ− ૟૝࢘) + ૛ૠ࢘ࡾ(૛ࡾ+ ࢘) ≥ ૙. 

We distinguish the cases: 

Case 1). If (૛ૠࡾ− ૟૝࢘) ≥ ૙, inequality is obvious. 
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Case 2). If (૛ૠࡾ− ૟૝࢘) < 0, inequality can be rewritten:  

૛ૠ࢘ࡾ(૛ࡾ+ ࢘) ≥ ࢙૛(૟૝࢘− ૛ૠࡾ), which follows from Gerretsen’s inequality:  

࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

૛ૠ࢘ࡾ(૛ࡾ+ ࢘) ≥ ૢ(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૟૝࢘ − ૛ૠࡾ) ⇔ ૞૝ࡾ૜ − ૝ૠࡾ૛࢘ − ૠ૝࢘ࡾ૛ − ૢ૟࢘૜

≥ ૙ ⇔ 

⇔ −ࡾ) ૛࢘)(૞૝ࡾ૛ + ૟૚࢘ࡾ+ ૝ૡ࢘૛) ≥ ૙ , obviously Euler’s inequlity. 

Equality holds if and only if the triangle is equilateral. 

Remark. 

Let’s highlight an inequality having an opposite sense. 

 

4) In ઢ࡯࡮࡭: 

ࢉ࢒࢈࢒

૛࡭ܖܑܛ
+

ࢇ࢒ࢉ࢒

ܖܑܛ ૛࡮
+
࢈࢒ࢇ࢒

ܖܑܛ ૛࡯
≥ ૛ૠ࢘ࡾ 

Proposed by Marin Chirciu – Romania  

Solution 

Using the Lemma, the inequality can be written: ૜૛࢙૛࢘ࡾ
࢙૛ା࢘૛ା૛࢘ࡾ

≥ ૛ૠ࢘ࡾ ⇔ 

⇔ ૞࢙૛ ≥ ૛ૠ࢘(૛ࡾ+ ࢘), which follows from Gerretsen’s inequality: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛. It 

remains to prove that: 

૞(૚૟࢘ࡾ− ૞࢘૛) ≥ ૛ૠ࢘(૛ࡾ + ࢘) ⇔ ૛૟࢘ࡾ ≥ ૞૛࢘૛ ⇔ ࡾ ≥ ૛࢘ (Euler’s inequality) 

Remark. 

We write the double inequality: 

5) In ઢ࡯࡮࡭: 

૛ૠ࢘ࡾ ≤
ࢉ࢒࢈࢒

ܖܑܛ ૛࡭
+

ࢇ࢒ࢉ࢒

ܖܑܛ ૛࡮
+
࢈࢒ࢇ࢒

ܖܑܛ ૛࡯
≤
૛ૠࡾ૛

૛  

Proposed by Marin Chirciu – Romania  

Solution 

See inequalities 3) and 4). 

Equality holds if and only if the triangle is equilateral. 
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JP.154. In triangle ࡯࡮࡭ with sides ࡯࡮ = ࡭࡯,ࢇ = ࡮࡭,࢈ = .ࢉ ,ࢇ࢘ ,࢈࢘  are ࢉ࢘

exradii, ࢉࢎ,࢈ࢎ,ࢇࢎ are distances from ࡯,࡮,࡭ to ࡮࡭,࡭࡯,࡯࡮. Prove that: 

࢈࢘ࢇ࢘

૛࡭࢔࢏࢙ ࢔࢏࢙
࡮
૛

+
ࢉ࢘࢈࢘

૛࡮࢔࢏࢙ ࢔࢏࢙
࡯
૛

+
ࢇ࢘ࢉ࢘

࢔࢏࢙ ૛࡯ ࢔࢏࢙
࡭
૛
≥

࢈ࢎࢇࢎ

૛࢔࢏࢙ ૛࡯
+

ࢉࢎ࢈ࢎ

૛࡭૛࢔࢏࢙
+

ࢇࢎࢉࢎ

૛࡮૛࢔࢏࢙
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

෍
࢈࢘ࢇ࢘

૛࡭ܖܑܛ ܖܑܛ
࡮
૛

= ෍
࢙૛ ૛࡭ܖ܉ܜ ܖ܉ܜ

࡮
૛ ܖܑܛ

࡯
૛

૛࡭ܖܑܛ ܖܑܛ
࡮
૛ ܖܑܛ

࡯
૛

= ࢙૛෍
૛࡯ܛܗ܋

ቀ∏ܛܗ܋ ૛ቁ࡭
= ࢙૛෍

૛࡯ܛܗ܋
ቀ ࢙૝ࡾቁ

= 

= ૛࢙ࡾ෍
૛ܖܑܛ ࡭ + ࡮

૛ ܛܗ܋ ࡭ − ࡮
૛

࡭ܛܗ܋ − ࡮
૛

≥ ૛࢙ࡾ෍(ܖܑܛ ࡭ + ܖܑܛ  (࡮

൬∵ ૙ < ܛܗ܋
࡭ − ࡮
૛ ≤ ૚	࢙ࢇ −

࣊
૛ <

࡭ − ࡮
૛ <

࣊
૛൰ 

= ૝ܖܑܛ∑)࢙ࡾ (࡭ = ૝࢙ࡾቀ࢙
ࡾ
ቁ = ૝࢙૛ ⇒LHS ≥

(૚)
૝࢙૛ 

∑ ࢈ࢎࢇࢎ
૛࡯૛ܖܑܛ

= ∑ ૝࢘૛࢙૛

࢈ࢇ
⋅ (ࢉି࢙)࢈ࢇ

(ࢉି࢙)(࢈ି࢙)(ࢇି࢙)
= ૝࢘૛࢙૛

࢘૛࢙
∑(࢙ − (ࢉ = ૝࢙૛ ≤

(૚)	࢟࢈
 LHS (Proved) 

 

JP.155. Let ࢈,ࢇ, ࢇ :be positive real numbers such that ࢉ + ࢈ + ࢉ = ૜. 

 Prove that: 

૛ࢇ

૟࢈)ඥ૝ࢉ૝࢈ + ૚)૜ +
૛࢈

૟࢈)ඥ૝ࢇ૝ࢉ + ૚)૜ +
૛ࢉ

૟ࢇ)ඥ૝࢈૝ࢇ + ૚)૜ ≥
૜
૛

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

૛ࢇ

૟࢈)ඥ૝ࢉ૝࢈ + ૚)૜ +
૛࢈

૟࢈)ඥ૝ࢇ૝ࢉ + ૚)૜ +
૛ࢉ

૟ࢇ)ඥ૝࢈૝ࢇ + ૚)૜ ≥
(૚) ૜

૛ 

Firstly, ૝(ࢇ૟ + ૚) ≤ (૜ࢇ૛ − ૝ࢇ + ૜)૜ ⇔ ࢇ) − ૚)૝(૛૜ࢇ૛ − ૚૟ࢇ + ૛૜) ≥ ૙ ⇔ 
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⇔ ࢇ) − ૚)૝{૛૜(ࢇ − ૚)૛ + ૜૙ࢇ} ≥ ૙ → true 

∴ ඥ૝(ࢇ૟ + ૚)૜ ≤
(ࢇ)

૜ࢇ૛ − ૝ࢇ+ ૜. Similarly, ඥ૝(࢈૟ + ૚)૜ ≤
(࢈)

૜࢈૛ − ૝࢈ + ૜ & 

ඥ૝(ࢉ૟ + ૚)૜ ≤
(ࢉ)

૜ࢉ૛ − ૝ࢉ + ૜; (a), (b), (c) ⇒ LHS of (1) 

≥
૛ࢇ

૛࢈૜)ࢉ૝࢈ − ૝࢈ + ૜) +
૛࢈

૛ࢉ૜)ࢇ૝ࢉ − ૝ࢉ + ૜) +
૛ࢉ

૛ࢇ૜)࢈૝ࢇ − ૝ࢇ + ૜) = 

=
૜ࢇ

૛࢈૜)ࢉ૝࢈ࢇ − ૝࢈+ ૜) +
૛࢈

૛ࢉ૜)ࢇ૝ࢉ࢈ − ૝ࢉ + ૜) +
૛ࢉ

૛ࢇ૜)ࢉ࢈૝ࢇ − ૝ࢇ+ ૜) = 

=
૚
ࢉ࢈ࢇ

൞
ቀ࢈ࢇቁ

૜

૜࢈૛ − ૝࢈ + ૜ +
ቀࢉ࢈ቁ

૜

૜ࢉ૛ − ૝ࢉ + ૜ +
ቀࢇࢉቁ

૜

૜ࢇ૛ − ૝ࢇ+ ૜
ൢ ≥ 

≥
ቀ࢈ࢇቁ

૜

૜࢈૛ − ૝࢈ + ૜ +
ቀࢉ࢈ቁ

૜

૜ࢉ૛ − ૝ࢉ + ૜ +
ቀࢇࢉቁ

૜

૜ࢇ૛ − ૝ࢇ+ ૜ 

൬∵ ෍ࢇ = ૜ ≥
ࡳି࡭

૜√ࢉ࢈ࢇ૜ ⇒ ࢉ࢈ࢇ ≤ ૚൰ 

≥
(૛)

࢘ࢋࢊ࢒࢕ࡴ ቀ∑࢈ࢇቁ
૜

૜(૜∑ࢇ૛ − ૝∑ࢇ + ૢ) =
ቀ∑ ቁ࢈ࢇ

૜

૜(૜∑ࢇ૛ − ૝ ⋅ ૜ + ૢ) 		ቀ∵ ෍ࢇ = ૜ቁ 

=
ቀ∑࢈ࢇቁ

૜

ૢቆ∑ࢇ૛ − ൬∑ࢇ૜ ൰
૛
ቇ
			ቆ∵ ૚ =

ࢇ∑
૜ ቇ =

ቀ∑࢈ࢇቁ
૜

ૢ
ૢ ૛ࢇ∑ૢ} − {૛(ࢇ∑)

=
ቀ∑࢈ࢇቁ

૜

૛ࢇ∑ૢ −  ૛(ࢇ∑)

Now, ∑ ࢇ
࢈

= ∑ ૛ࢇ

࢈ࢇ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ (∑ ૛(ࢇ

࢈ࢇ∑
⇒ ቀ∑ ࢇ

࢈
ቁ
૜
≥
(૜) ૟(ࢇ∑)

૜(࢈ࢇ∑)
 

(2), (3) ⇒ LHS of (1) ≥ ૟(ࢇ∑)

૛ൟ(ࢇ∑)૛ିࢇ∑૜൛ૢ(࢈ࢇ∑)
≥
? ૜
૛
 

⇔ ૛ቀ෍ࢇቁ
૟
≥
?
૜ ቀ෍࢈ࢇቁ

૜
ቊૢ෍ࢇ૛ − ቀ෍ࢇቁ

૛
ቋ ⇔ 

⇔
૛
ૢ
ቀ෍ࢇቁ

ૡ
≥
?
૜ ቀ෍࢈ࢇቁ

૜
ቊૢ෍ࢇ૛ − ቀ෍ࢇቁ

૛
ቋ	ቆ∵ ૢ = ቀ෍ࢇቁ

૛
ቇ 

⇔ ૛ቀ෍ࢇ૛ + ૛෍࢈ࢇቁ
૝
≥
?
૛ૠ ቀ෍࢈ࢇቁ

૜
ቊૢ෍ࢇ૛ − ቀ෍ࢇቁ

૛
ቋ 
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⇔ ૛(࢞ + ૛࢟)૝ ≥
?
૛ૠ࢟૜(ૢ࢞ − ࢞ − ૛࢟) 			൮

࢞ = ෍ࢇ૛ ,

࢟ = ෍࢈ࢇ
൲ 

⇔ (࢞ + ૛࢟)૝ ≥
?
૛ૠ࢟૜(૝࢞− ࢟) ⇔ ࢚૝ + ૡ࢚૜ + ૛૝࢚૛ − ૠ૟࢚ + ૝૜ ≥

?
૙	 ቆ࢚ =

࢞
࢟ =

૛ࢇ∑

ቇ࢈ࢇ∑ ⇔ 

⇔ (࢚ − ૚)૛(࢚૛ + ૚૙࢚ + ૝૜) ≥
?
૙ → true ቀ∵ ࢚ = ૛ࢇ∑

࢈ࢇ∑
≥ ૚ቁ 

(Hence proved) 

JP.156. Let ࡯࡮࡭ be a triangle having the area ࡿ. Let be ࡭ʹ ∈  such that the (࡯࡮)

incircles of ࡯ʹ࡭࡭ࢤ,࡮ʹ࡭࡭ࢤ have the same radius. Analogous, we obtain the 

points  

ʹ࡮ ∈ ʹ࡯,(࡯࡭) ∈  :Prove that .(࡮࡭)

ࡿ =
ʹ࡭࡭ ⋅ ʹ࡮࡮ ⋅ ʹ࡯࡯

࢙
 

where ࢙ is the semiperimeter of ࡯࡮࡭ࢤ. 

Proposed by Marian Ursărescu – Romania  

Solution by proposer 

 

 

Let be ࢘࡭ the inradii in ઢ࡭࡯࡭,ʹ࡭࡮࡭ʹ	 
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ࡿ = ʹ࡭࡮࡭࣌ + ʹ࡭࡯࡭࣌ = ʹ࡭࡮࡭࢙ ⋅ ࡭࢘ + ʹ࡭࡯࡭࢙ ⋅ ࡭࢘ = ʹ࡭࡮࡭൫࢙࡭࢘ + ൯ʹ࡭࡯࡭࢙ = 

= ൫࢙࡭࢘ + ൯ʹ࡭࡭ ⇒ ൫࢙࡭࢘ + ൯ʹ࡭࡭ =  (1)   ࡿ

Let be ࡵ૚ , ૛ࡵ  the incenters in ઢ࡭࡯࡭,ʹ࡭࡮࡭ʹ and ࡵ the incenter in ∆࡯࡮࡭ 

ઢࡵࡵ૚ࡵ૛ ∼ ઢ࡯࡮ࡵ ⇒
૚ࡵ૚ࡵ
࡯࡮ =

࢘ − ࡭࢘
࢘ ⇒ ૚ −

࡭࢘
࢘ =

૛ࡵ૚ࡵ
࡯࡮ ⇒ 

⇒ ࡭࢘
࢘

= ૚ − ૛ࡵ૚ࡵ
ࢇ

   (2) 

Let ࡰ ∧  .of the projections of incenters ࡯࡮ be the intersection points with side ࡱ

 ⇒ is a rectangle ࡰࡱ૛ࡵ૚ࡵ 

૛ࡵ૚ࡵ = ࡱࡰ = ʹ࡭ࡰ + ࡱʹ࡭ = ʹ࡭࡮࡭࢙ − ࢉ + ʹ࡭࡯࡭࢙ − ࢈ = ࢙ − ࢈ − +ࢉ  (3)   ʹ࡭࡭

From (2)+(3)⇒ ࡭࢘
࢘

= ૚ − ʹ࡭࡭ାࢉି࢈ି࢙

ࢇ
= ʹ࡭࡭ି࢙

ࢇ
⇒ ࡭࢘ = ࢘

ࢇ
൫࢙ −  ൯   (4)ʹ࡭࡭

From (1)+(4) ⇒ ࢘
ࢇ
൫࢙ − ൯൫࢙ʹ࡭࡭ + ൯ʹ࡭࡭ = ࡿ ⇒ ࢙૛ − ૛ʹ࡭࡭ = ࢙ࢇ ⇒ 

⇒ ૛ʹ࡭࡭ = ࢙૛ − ࢇ࢙ ⇒ ʹ࡭࡭ = ඥ࢙(࢙ − ʹ࡮࡮ analogous (ࢇ = ඥ࢙(࢙ − ʹ࡯࡯,(࢈ = ඥ࢙(࢙ −  (ࢉ

⇒ ʹ࡭࡭ ⋅ ʹ࡮࡮ ⋅  ʹ࡯࡯

JP.157. Prove that in ઢ࡯࡮࡭, the following inequality holds: 

෍൬ܜܗ܋ࢇ
࡭
૛ ⋅ ܖܑܛ

૛࡮ ⋅ ૛ܖܑܛ ൰࡯
ࢉ࢟ࢉ

≥
ૡ૚࢘૝

૛ࡾ૛(૛ࡾ − ࢘) 

Proposed by Marian Ursărescu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍ቌ૝ܖܑܛࡾ
࡭
૛ ܛܗ܋

࡭
૛ ⋅

૛࡭ܛܗ܋
૛࡭ܖܑܛ

⋅
૛ࢉ૛࢈

૚૟ࡾ૝ቍ =
૚
૝ࡾ૜෍࢈૛ࢉ૛ ⋅

࢙(࢙ − (ࢇ
ࢉ࢈

=
࢙
૝ࡾ૜෍ࢉ࢈(࢙ −  (ࢇ

=
࢙
૝ࡾ૜ {࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૚૛࢙࢘ࡾ} =

࢙૛

૝ࡾ૜ (࢙૛ − ૡ࢘ࡾ+ ࢘૛) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ࢙૛(ૡ࢘ࡾ − ૝࢘૛)

૝ࡾ૜  

≥
࢙ஹ૜√૜࢘ ૛ૠ࢘૛(ૡ࢘ࡾ − ૝࢘૛)

૝ࡾ૜ ≥
? ૡ૚࢘૝

૛ࡾ૛(ࡾ − ࢘) 

⇔ (૝ࡾ − ૛࢘)(ࡾ− ࢘) ≥
?
૜࢘ࡾ ⇔ ૝ࡾ૛ − +࢘ࡾૢ ૛࢘૛ ≥

?
૙ ⇔ −ࡾ) ૛࢘)(૝ࡾ − ࢘) ≥

?
૙ 
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true ∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘   (Proved) 

JP.158. Let ࢈,ࢇ, ࢉ > 0. Prove that: 

෍
૚
ࢇ

ࢉ࢟ࢉ

+ ෍
ࢇ

૛࢈ + ૛ࢉ ≥ ૜෍
૚

࢈ + ࢉ
ࢉ࢟ࢉ

 

Proposed by Andrei Ștefan Mihalcea – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
૚
ࢇ + ෍

૛ࢇ

૛࢈ࢇ + ૛ࢉࢇ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ࢈ࢇ∑

ࢉ࢈ࢇ +
૛(ࢇ∑)

+࢈૛ࢇ∑ ૛࢈ࢇ∑ ≥
?
૜෍

૚
࢈ +  ࢉ

⇔
+࢈૛ࢇ∑)(࢈ࢇ∑) (૛࢈ࢇ∑ + ૛(ࢇ∑)ࢉ࢈ࢇ

࢈૛ࢇ∑)ࢉ࢈ࢇ + (૛࢈ࢇ∑ ≥
? ૜((∑ࢇ)૛ + (࢈ࢇ∑

ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ  (ࢇ

⇔෍ࢇ૞ ૜࢈ + ෍ࢇ૜࢈૞ + ࢈૝ࢇቀ෍ࢉ࢈ࢇ + ෍࢈ࢇ૝ቁ + ૛෍ࢇ૝࢈૝ 

≥
(૚)

?
૛ࢉ࢈ࢇ ቀ෍ࢇ૜࢈૛ + ෍ࢇ૛࢈૜ቁ + ૛ࢇ૛࢈૛ࢉ૛ ቀ෍ࢇ૛ቁ 

(Simplifying & re-arranging) 

∵෍࢞૛ ≥෍࢞࢟ ∴ ૛෍ࢇ૝ ૝࢈ ≥
(ࢇ)

૛ࢇ૛࢈૛ࢉ૛ ቀ෍ࢇ૛ቁ 

(࢞ = ࢟,૛࢈૛ࢇ = ,૛ࢉ૛࢈ ࢠ =  (૛ࢇ૛ࢉ

Again, ࢇ∑)ࢉ࢈ࢇ૝࢈ + (૝࢈ࢇ∑ = ࢉ࢈ࢇ ⋅ ࢈ࢇ∑ ૜ࢇ) +  (૜࢈

≥
(࢈)

࢈ࢇ෍ࢉ࢈ࢇ ⋅ +ࢇ)࢈ࢇ (࢈ = ૛࢈૛ࢇ෍ࢉ࢈ࢇ ࢇ) + (࢈ = ૛࢈૜ࢇቀ෍ࢉ࢈ࢇ + ෍ࢇ૛࢈૜ቁ 

Also, ∑ࢇ૞࢈૜ + ૞࢈૜ࢇ∑ = ૞ࢉ∑ ૜ࢇ) + (૜࢈ ≥ ૞ࢉ∑ ࢇ)࢈ࢇ + (࢈ = +ࢇ)૝ࢉ∑}ࢉ࢈ࢇ  {(࢈

= ࢈૝ࢇቀ෍ࢉ࢈ࢇ + ෍࢈ࢇ૝ቁ ≥
(ࢉ)

(࢈)	࢟࢈
૛࢈૜ࢇቀ෍ࢉ࢈ࢇ + ෍ࢇ૛࢈૜ቁ 

(a)+(b)+(c)⇒ (1) is true (Proved) 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0 we have identity inequality below. 

૚
+ࢇ

૚
࢈ +

૚
ࢉ ≥

૚
࢈ࢇ√

+
૚
ࢉ࢈√

+
૚
ࢇࢉ√

=
૛

૛√࢈ࢇ
+

૛
૛√ࢉ࢈

+
૛

૛√ࢇࢉ
≥ ૛ ൬

૚
ࢇ + ࢈ +

૚
࢈ + ࢉ +

૚
ࢉ +  ൰ࢇ
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Consider ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ

+ ࢇ
૛ࢉ૛ା࢈

+ ࢈
૛ࢇ૛ାࢉ

+ ࢉ
૛࢈૛ାࢇ

= ૛ࢇ) + ૛࢈ + (૛ࢉ ൬ ૚
૛൯ࢉ૛ା࢈൫ࢇ

+ ૚
૛൯ࢇ૛ାࢉ൫࢈

+

૚ࢇࢉ૛+࢈૛ 

≥ ૛ࢇ) + ૛࢈ + (૛ࢉ
ቆ૚ࢇ+ ૚

࢈ + ૚
ࢉ + ૛ ൬ ૚

࢈ࢇ√
+ ૚
ࢉ࢈√

+ ૚
ࢇࢉ√

൰ቇ

૛(ࢇ૛ + ૛࢈ + (૛ࢉ  

=
૚
૛൭

૚
+ࢇ

૚
࢈ +

૚
ࢉ + ૛ ൬

૚
࢈ࢇ√

+
૚
ࢉ࢈√

+
૚
ࢇࢉ√

൰൱ 

≥
૚

+ࢇ ࢈ +
૚

࢈ + ࢉ +
૚

+ࢉ ࢇ + ૛ ൬
૚

ࢇ + +࢈
૚

࢈ + ࢉ +
૚

ࢉ +  ൰ࢇ

= ૜ቀ ૚
࢈ାࢇ

+ ૚
ࢉା࢈

+ ૚
ࢇାࢉ

ቁ  ok 

Therefore, it is to be true. 

 

JP.159. Prove that in any ࡯࡮࡭ࢤ the following inequality holds: 

ࢉࢎ࢈ࢎ૛ࢇ + ࢉࢎࢇࢎ૛࢈ + ࢈ࢎࢇࢎ૛ࢉ ≤ ૝(ࡾ + ࢘)૝ 

Proposed by Marian Ursărescu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

෍ࢇ૛ࢉࢎ࢈ࢎ = ෍
૛ࢇ ⋅ ࢇࢉ ⋅ ࢈ࢇ

૝ࡾ૛ =
૝࢙࢘ࡾ
૝ࡾ૛ ቀ෍ࢇ૜ቁ =

࢙࢘
ࡾ ⋅ ૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛) ≤ ૝(ࡾ+ ࢘)૝ 

⇔ ࢙࢘૝ − ࢙࢘૛(૟࢘ࡾ+ ૜࢘૛) ≤
(૚)

૛ࡾ)ࡾ + ࢘)૝ 

Now, LHS of (1) ≤
ࢋࢎࢉ࢛࢕ࡾ

࢙࢘૛൛૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛ + ૛(ࡾ− ૛࢘)√ࡾ૛ − ૛࢘ࡾ − (૟࢘ࡾ+ ૜࢘૛)ൟ 

≤
ࢋࢎࢉ࢛࢕ࡾ

࢘ ቄ૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛ + ૛(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾቅ 

ቀ૛ࡾ૛ + ૝࢘ࡾ − ૝࢘૛ + ૛(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾቁ = 

= ࢘ ቂ(૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛)(૛ࡾ૛ + ૝࢘ࡾ − ૝࢘૛)

+ ૝ࡾ)ࡾ− ૛࢘)૜૛(ࡾ− ૛࢘)ඥࡾ૛ − ૛࢘ࡾ(૝ࡾ૛ + ૚૝࢘ࡾ − ૞࢘૛)൧ 

≤
?
૛ࡾ)ࡾ + ࢘)૝ ⇔ ࡾ) − ૛࢘)(ࡾ૝ + ૛ࡾ૜࢘ + ૡࡾ૛࢘૛ − ૚ૢ࢘ࡾ૜ + ࢘૝) ≥

(૛)

?
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≥ ࡾ)࢘ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ(૝ࡾ૛ + ૚૝࢘ࡾ − ૞࢘૛) 

∵ ࡾ − ૛࢘ ≥
࢘ࢋ࢒࢛ࡱ

૙ & ࡾ૝ + ૛ࡾ૜࢘ + ૡࡾ૛࢘૛ − ૚ૢ࢘ࡾ૜ + ࢘૝ ≥
࢘ࢋ࢒࢛ࡱ

 

≥ ૝ࡾ + +૜࢘ࡾ ࢘ࡾ ⋅ ૝࢘૛ + ૡ࢘ࡾ૛ ⋅ ૛࢘ − ૚ૢ࢘ࡾ૜ + ࢘૝ > 0 

∴ in order to prove (2), it suffices to prove: 

૝ࡾ) + ૛ࡾ૜࢘+ ૡࡾ૛࢘૛ − ૚ૢ࢘ࡾ૜ + ࢘૝)૛ − −ࡾ)ࡾ ૛࢘)࢘૛(૝ࡾ૛ + ૚૝࢘ࡾ− ૞࢘૛)૛ > 0 

⇔ ࢚ૡ + ૝࢚ૠ + ૝࢚૟ − ૡ૟࢚૞ + ૞ૡ࢚૞ + ૚૞૛࢚૜ + ૠ૛࢚૛ + ૚૛࢚+ ૚ > 0			 ൬࢚ =
ࡾ
࢘൰ 

⇔ (࢚ − ૛)൛(࢚ − ૛)൫࢚૟ + ૡ࢚૞ + ૜૛࢚૛(࢚૛ − ૝) + ૢૡ࢚૛ + ૚૙࢚(࢚૛ − ૝) + ૜૛࢚ + ૚૟૙൯ + ૟ૡ૝ൟ

+ ૠ૛ૢ > 0 

→ true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ ⇒ (2) is true ⇒ (1) is true (Proved) 

 

JP.160. Prove that for all non-negative real numbers ࢞,࢟,  the following ࢠ

inequality holds: 

࢟ + ࢠ
(૚ + ࢞)૛ +

ࢠ + ࢞
(૚ + ࢟)૛ +

࢞ + ࢟
(૚ + ૛(ࢠ ≥

࢞
૚ + ࢠ࢟

+
࢟

૚ + ࢞ࢠ
+

ࢠ
૚ + ࢞࢟

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

Given inequality ⇔ ࢞ቀ ૚
(૚ା࢟)૛

+ ૚
(૚ାࢠ)૛

− ૚
૚ା࢟ࢠ

ቁ + ࢟ ቀ ૚
(૚ାࢠ)૛

+ ૚
(૚ା࢞)૛

− ૚
૚ା࢞ࢠ

ቁ + 

ࢠ+ ቀ ૚
(૚ା࢞)૛

+ ૚
(૚ା࢟)૛

− ૚
૚ା࢞࢟

ቁ ≥
(ࢇ)

૙. Now, ૚
(૚ା࢟)૛

+ ૚
(૚ାࢠ)૛

− ૚
૚ା࢟ࢠ

≥ ૙⇔ (૚ାࢠ)૛ା(૚ା࢟)૛

(૚ା࢟)૛(૚ାࢠ)૛
≥ ૚

૚ା࢟ࢠ
 

⇔ (૚+ ૚)}(ࢠ࢟ + ૛(ࢠ + (૚ + ࢟)૛} ≥ (૚ + ࢟)૛(૚ + ∵)	૛(ࢠ ૚ + ࢠ࢟ ≥ ૚ > 0) 

⇔ ࢟૜ࢠ + ૜ࢠ࢟ − ࢟૛ࢠ૛ − ૛࢟ࢠ + ૚ ≥ ૙ ⇔ (࢟૜ࢠ+ ૜ࢠ࢟ − ૛࢟૛ࢠ૛) + (࢟૛ࢠ૛ − ૛࢟ࢠ+ ૚) ≥ ૙ 

⇔ ࢟)ࢠ࢟ − ૛(ࢠ + ࢠ࢟) − ૚)૛ ≥ ૙ → true ∵ ࢟)ࢠ࢟ − ૛(ࢠ ≥ ૙		(∵ ࢠ࢟ ≥ ૙	࢙ࢇ	࢟, ࢠ ≥ ૙) 

ࢠ࢟) & − ૚)૛ ≥ ૙ ⇒ ࢟)ࢠ࢟ − ૛(ࢠ + ࢠ࢟) − ૚)૛ ≥ ૙ ∴ ૚
(૚ା࢟)૛

+ ૚
(૚ାࢠ)૛

− ૚
૚ା࢟ࢠ

≥ ૙ 

⇒ ࢞൬
૚

(૚ + ࢟)૛ +
૚

(૚ + ૛(ࢠ −
૚

૚ + ൰ࢠ࢟ ≥
(૚)

૙	(∵ ࢞ ≥ ૙) 

Similarly, ࢟ ቀ ૚
(૚ାࢠ)૛

+ ૚
(૚ା࢞)૛

− ૚
૚ା࢞ࢠ

ቁ ≥
(૛)

૙ & ࢠ ቀ ૚
(૚ା࢞)૛

+ ૚
(૚ା࢟)૛

− ૚
૚ା࢞࢟

ቁ ≥
(૜)

૙ 
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(1)+(2)+(3)⇒ (a) is true (Proved) 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0, we have: ࢇ
(૚ା࢈)૛

+ ࢇ
(૚ାࢉ)૛

≥ ࢇ
(૚ାࢉ࢈)

 

Because ૚ + ࢉ૜࢈ + ૜ࢉ࢈ ≥ ૛ࢉ࢈ +  ૛ࢉ૛࢈

Hence: ૚ + ૛࢈ + ૛࢈ + ૚ + ૛ࢉ + ૛ࢉ + ૛ࢉ࢈ + ૛ࢉ࢈૛ + ૛࢈૛ࢉ + ࢉ૜࢈ +  ૜ࢉ࢈

≥ ૚ + ૛࢈+ ૛࢈ + ૛ࢉ + ૝ࢉ࢈+ ૛ࢉ࢈૛ + ૛࢈૛ࢉ + ૛ࢉ +  ૛ࢉ૛࢈

⇒ [(૚ + ૛(࢈ + (૚ + ૛](૚(ࢉ + (ࢉ࢈ ≥ (૚ + +૛(૚(࢈ ૛(ࢉ ⇒
ࢇ

(૚ + ૛(࢈ +
ࢇ

(૚ + ૛(ࢉ ≥
ࢇ

(૚ +  (ࢉ࢈

Therefore for ࢞,࢟, ࢠ > 0 we will get that: 

࢞ + ࢟
(૚ + ૛(ࢠ +

࢟ + ࢠ
(૚ + ࢞)૛ +

+ࢠ ࢞
(૚ + ࢟)૛

=
࢞

(૚ + ૛(ࢠ +
࢞

(૚ + ࢟)૛ +
࢟

(૚ + ࢞)૛ +
࢟

(૚ + ૛(ࢠ +
ࢠ

(૚ + ࢞)૛ +
ࢠ

(૚ + ࢟)૛ ≥ 

≥ ࢞
(૚ା࢟ࢠ)

+ ࢟
(૚ା࢞ࢠ)

+ ࢠ
(૚ା࢞࢟)

 ok 

 

JP.161. Let ࢈,ࢇ, ࢊࢉ࢈ࢇ be positive real numbers such that ࢊ,ࢉ ≥ ૚. Prove that: 

૛ࢇ + ૛࢈ + ૛ࢉ + ૚
૜ࢇ + ૜࢈ + ૜ࢉ + ૚ +

૛࢈ + ૛ࢉ + ૛ࢊ + ૚
૜࢈ + ૜ࢉ + ૜ࢊ + ૚ +

૛ࢉ + ૛ࢊ + ૛ࢇ + ૚
૜ࢉ + ૜ࢊ + ૜ࢇ + ૚ +

૛ࢊ + ૛ࢇ + ૛࢈ + ૚
૜ࢊ + ૜ࢇ + ૜࢈ + ૚ ≤ ૝ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

Firstly, ∀࢞,࢟,ࢠ,࢝ > 0,࢞૜ + ࢟૜ + ૜ࢠ + ࢝૜ ≥ ૚
૝

(࢞૛ + ࢟૛ + ૛ࢠ + ࢝૛)(࢞ + ࢟ + ࢠ + ࢝) 

⇔ {(࢞૜ + ࢟૜)− (࢞૜࢟ + ࢞࢟૛)} + {(࢞૜ + (૜ࢠ − (࢞૛ࢠ + {(૛ࢠ࢞ + 

+{(࢞૜ + ࢝૜) − (࢞૛࢝ + ࢞࢝૛)} + {(࢟૜ + (૜ࢠ − (࢟૛ࢠ+ {(૛ࢠ࢟ + 

+{(࢟૜ + ࢝૜) − (࢟૛࢝ + ࢟࢝૛)} + ૜ࢠ)} + ࢝૜) − ૛࢝ࢠ) + {(૛࢝ࢠ ≥ ૙ → true 

∵ ∀࢞,࢟ ≥ ૙,࢞૜ + ࢟૜ ≥ ࢞࢟(࢞ + ࢟) etc 

⇒ ࢞૜ + ࢟૜ + ૜ࢠ + ࢝૜ ≥
(ࢇ) ૚

૝
(࢞૛ + ࢟૛ + ૛ࢠ + ࢝૛)(࢞ + ࢟ + ࢠ + ࢝) 

(a) ⇒ ૜ࢇ + ૜࢈ + ૜ࢉ + ૚ ≥
(࢏) ૚

૝
૛ࢇ) + ૛࢈ + ૛ࢉ + ૚)(ࢇ+ +࢈ ࢉ + ૚), 
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૜࢈ + ૜ࢉ + ૜ࢊ + ૚ ≥
(࢏࢏) ૚

૝
૛࢈) + ૛ࢉ + ૛ࢊ + ૚)(࢈ + ࢉ + +ࢊ ૚), 

૜ࢉ + ૜ࢊ + ૜ࢇ + ૚ ≥
(࢏࢏࢏) ૚

૝
૛ࢉ) + ૛ࢊ + ૛ࢇ + ૚)(ࢉ + +ࢊ ࢇ + ૚), 

૜ࢊ + ૜ࢇ + ૜࢈ + ૚ ≥
(࢜࢏) ૚

૝
૛ࢊ) + ૛ࢇ + ૛࢈ + ૚)(ࢊ+ +ࢇ ࢈ + ૚) 

(i), (ii), (iii), (iv) ⇒ LHS of (1) ≤ ૝
ା૚ࢉା࢈ାࢇ

+ ૝
ା૚ࢊାࢉା࢈

+ ૝
ା૚ࢇାࢊାࢉ

+ ૝
ା૚࢈ାࢇାࢊ

≤
?
૝ 

⇔ +࢈) ࢉ + ࢊ + ૚)(ࢉ + ࢊ + +ࢇ ૚)(ࢊ+ +ࢇ ࢈ + ૚) + 

ࢉ)+ + +ࢊ ࢇ + ૚)(ࢊ + +ࢇ ࢈ + ૚)(ࢇ+ ࢈ + ࢉ + ૚)

+ ࢊ) + +ࢇ ࢈ + ૚)(ࢇ + ࢈ + ࢉ + ૚)(࢈ + ࢉ + +ࢊ ૚) + 

ࢇ)+ + ࢈ + +ࢉ ૚)(࢈ + ࢉ + +ࢊ ૚)(ࢉ + +ࢊ ࢇ + ૚) ≤ 

≤ +ࢇ) ࢈ + ࢉ + ૚)(࢈ + ࢉ + +ࢊ ૚)(ࢉ+ ࢊ + +ࢇ ૚)(ࢊ+ ࢇ + ࢈ + ૚) 

⇔ ࢈)૜ࢇ + ࢉ + (ࢊ + +ࢇ)૜࢈ ࢉ + (ࢊ + +ࢇ)૜ࢉ +࢈ (ࢊ + +ࢇ)૜ࢊ +࢈ (ࢉ + 

+૛(ࢇ૛࢈૛ + ૛ࢉ૛ࢇ + ૛ࢊ૛ࢇ + ૛ࢉ૛࢈ + ૛ࢊ૛࢈ + (૛ࢊ૛ࢉ + 

+૝(ࢇ૛ࢉ࢈+ +ࢊ࢈૛ࢇ +ࢊࢉ૛ࢇ ࢉࢇ૛࢈ + +ࢊࢇ૛࢈ ࢊࢉ૛࢈ + ࢈ࢇ૛ࢉ + +ࢊࢇ૛ࢉ +ࢊ࢈૛ࢉ ࢈ࢇ૛ࢊ

+ ࢉࢇ૛ࢊ + (ࢉ࢈૛ࢊ + 

ࢊࢉ࢈ࢇૢ+ ≥
(૛)

૜(ࢇ૛ + ૛࢈ + ૛ࢉ + (૛ࢊ + ૠ(࢈ࢇ+ ࢉࢇ + ࢊࢇ + +ࢉ࢈ +ࢊ࢈ (ࢊࢉ + 

+૟(ࢇ + ࢈ + +ࢉ (ࢊ + ૜ 

Now, ࢇ૜(࢈+ ࢉ + (ࢊ + +ࢇ)૜࢈ ࢉ + (ࢊ + +ࢇ)૜ࢉ ࢈ + (ࢊ + +ࢇ)૜ࢊ ࢈ + (ࢉ ≥ 

≥
ࡳି࡭

૜ቀࢇ૜൫√ࢊࢉ࢈૜ ൯ + ૜ࢊࢇࢉ√૜൫࢈ ൯ + ૜ࢊࢉ࢈√૜൫ࢉ ൯ + ૜ࢉ࢈ࢇ√૜൫ࢊ ൯ቁ ≥ 

≥
ஹ૚ࢊࢉ࢈ࢇ

૜ቌࢇ૜ඨ
૚
ࢇ

૜
+ ૜ඨ࢈

૚
࢈

૜
+ ૜ඨࢉ

૚
ࢉ

૜
+ ૜ඨࢊ

૚
ࢊ

૜
ቍ 

= ૜ ൬ࢇ૛ ⋅ ࢇ
૛
૜ + ૛࢈ ⋅ ࢈

૛
૜ + ૛ࢉ ⋅ ࢉ

૛
૜ + ૛ࢊ ⋅ ࢊ

૛
૜൰ 

≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૜

૝
(૛ࢇ∑) ቀ∑ࢇ

૛
૜ቁ (∵WLOG, if we assume ࢇ ≥ ࢈ ≥ ࢉ ≥ ࢇ ,then ࢊ

૛
૜ ≥ ࢈

૛
૜ ≥ ࢉ

૛
૜ ≥ ࢊ

૛
૜) 

≥
ࡳି࡭ ૜

૝
ቀ෍ࢇ૛ቁ ൭૝ට(ࢊࢉ࢈ࢇ)

૛
૜

૝
൱ = ૜ ቀ෍ࢇ૛ቁ (ࢊࢉ࢈ࢇ)

૚
૟ ≥ ૜෍ࢇ૛ (∵ ࢊࢉ࢈ࢇ ≥ ૚) 
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⇒ +࢈)૜ࢇ ࢉ + (ࢊ + +ࢇ)૜࢈ ࢉ + (ࢊ + +ࢇ)૜ࢉ ࢈ + (ࢊ + ࢇ)૜ࢊ + ࢈ + (ࢉ ≥
(࢜)

૜෍ࢇ૛ 

Also, ࢇ૛࢈૛ + ૛ࢉ૛ࢇ + ૛ࢊ૛ࢇ + ૛ࢉ૛࢈ + ૛ࢊ૛࢈ + ૛ࢊ૛ࢉ + 

+૛(ࢇ૛ࢉ࢈+ +ࢊ࢈૛ࢇ +ࢊࢉ૛ࢇ ࢉࢇ૛࢈ + +ࢊࢇ૛࢈ ࢊࢉ૛࢈ + ࢈ࢇ૛ࢉ + +ࢊࢇ૛ࢉ +ࢊ࢈૛ࢉ ࢈ࢇ૛ࢊ

+ ࢉࢇ૛ࢊ + (ࢉ࢈૛ࢊ + 

+૟ࢊࢉ࢈ࢇ = ࢈ࢇ) + ࢉࢇ + +ࢊࢇ ࢉ࢈ + ࢊ࢈ +  ૛(ࢊࢉ

≥
ࡳି࡭

૟√ࢇ૜࢈૜ࢉ૜ࢊ૜૟ +࢈ࢇ)   +ࢉࢇ +ࢊࢇ +ࢉ࢈ +ࢊ࢈   (ࢊࢉ

= ૟(ࢊࢉ࢈ࢇ)
૚
૛(࢈ࢇ + ࢉࢇ + +ࢊࢇ +ࢉ࢈ +ࢊ࢈ (ࢊࢉ ≥

ஹ૚ࢊࢉ࢈ࢇ
૟(࢈ࢇ + ࢉࢇ + +ࢊࢇ +ࢉ࢈ +ࢊ࢈  (ࢊࢉ

⇒ ૛࢈૛ࢇ + ૛ࢉ૛ࢇ + ૛ࢊ૛ࢇ + ૛ࢉ૛࢈ + ૛ࢊ૛࢈ + ૜ࢊ૛ࢉ + 

+૛(ࢇ૛ࢉ࢈+ +ࢊ࢈૛ࢇ +ࢊࢉ૛ࢇ ࢉࢇ૛࢈ + +ࢊࢇ૛࢈ ࢊࢉ૛࢈ + ࢈ࢇ૛ࢉ + +ࢊࢇ૛ࢉ +ࢊ࢈૛ࢉ ࢈ࢇ૛ࢊ

+ ࢉࢇ૛ࢊ + (ࢉ࢈૛ࢊ + ૟ࢊࢉ࢈ࢇ 

≥
(࢏࢜)

૟(࢈ࢇ + ࢉࢇ + ࢊࢇ + +ࢉ࢈ +ࢊ࢈  (ࢊࢉ

Now, by A-G, ࢇ૛࢈૛ + ૛ࢉ૛ࢇ ≥ ૛ࢇ૛ࢇ,ࢉ࢈૛࢈૛ + ૛ࢊ૛ࢇ ≥ ૛ࢇ૛ࢊ࢈, 

૛ࢉ૛ࢇ + ૛ࢊ૛ࢇ ≥ ૛ࢇ૛࢈,ࢊࢉ૛ࢇ૛ + ૛ࢉ૛࢈ ≥ ૛࢈૛࢈,ࢉࢇ૛ࢇ૛ + ૛ࢊ૛࢈ ≥ ૛࢈૛ࢊࢇ, 

૛ࢉ૛࢈ + ૛ࢊ૛࢈ ≥ ૛࢈૛ࢉ,ࢊࢉ૛ࢇ૛ + ૛࢈૛ࢉ ≥ ૛ࢉ૛ࢉ,࢈ࢇ૛ࢇ૛ + ૛ࢊ૛ࢉ ≥ ૛ࢉ૛ࢊࢇ, 

૛࢈૛ࢉ + ૛ࢊ૛ࢉ ≥ ૛ࢉ૛ࢊ,ࢊ࢈૛ࢇ૛ + ૛࢈૛ࢊ ≥ ૛ࢊ૛ࢊ,࢈ࢇ૛ࢇ૛ + ૛ࢉ૛ࢊ ≥ ૛ࢊ૛ࢉࢇ & 

૛࢈૛ࢊ + ૛ࢉ૛ࢊ ≥ ૛ࢊ૛ࢉ࢈ 

Adding the last 12 inequalities, we have 

૝ࡼ ≥
(࢈)

૛ࡽ, where ࡼ = ૛࢈૛ࢇ + ૛ࢉ૛ࢇ + ૛ࢊ૛ࢇ + ૛ࢉ૛࢈ + ૛ࢊ૛࢈ +   & ૛ࢊ૛ࢉ

ࡽ = +ࢉ࢈૛ࢇ ࢊ࢈૛ࢇ + ࢊࢉ૛ࢇ + +ࢉࢇ૛࢈ ࢊࢇ૛࢈ + +ࢊࢉ૛࢈ ࢈ࢇ૛ࢉ + +ࢊࢇ૛ࢉ  +ࢊ࢈૛ࢉ

࢈ࢇ૛ࢊ+ + +ࢉࢇ૛ࢊ  ࢉ࢈૛ࢊ

Again, ࡼ ≥
ࡳି࡭

૟√ࢇ૟࢈૟ࢉ૟ࢊ૟૟ = ૟ࢊࢉ࢈ࢇ ⇒ ࡼ ≥
(࢈)

૟ࢊࢉ࢈ࢇ 

(a)+(b)⇒ ૟ࡼ ≥ ૛ࡽ + ૟ࢊࢉ࢈ࢇ+ ࡼ = ࢈ࢇ) + ࢉࢇ + ࢊࢇ + ࢉ࢈ + +ࢊ࢈  	૛(ࢊࢉ

≥
ࡳି࡭

૟ඥࢇ૜࢈૜ࢉ૜ࢊ૜૟ ࢈ࢇ) + ࢉࢇ + ࢊࢇ + ࢉ࢈ + +ࢊ࢈  (ࢊࢉ

= ૟√࢈ࢇ)ࢊࢉ࢈ࢇ+ ࢉࢇ + +ࢊࢇ +ࢉ࢈ ࢊ࢈ + (ࢊࢉ ≥
ஹ૚ࢊࢉ࢈ࢇ

૟(࢈ࢇ + ࢉࢇ + +ࢊࢇ +ࢉ࢈ +ࢊ࢈  (ࢊࢉ

⇒ ૛࢈૛ࢇ + ૛ࢉ૛ࢇ + ૜ࢊ૛ࢇ + ૛ࢉ૛࢈ + ૛ࢊ૛࢈ + ૛ࢊ૛ࢉ ≥
(࢏࢏࢜)

+࢈ࢇ ࢉࢇ + ࢊࢇ + +ࢉ࢈ +ࢊ࢈  ࢊࢉ
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Moreover, ૛ࡽ = +ࢉ࢈)૛ࢇ] +ࢊ࢈ (ࢊࢉ + +ࢉࢇ)૛࢈ +ࢊࢇ (ࢊࢉ + +࢈ࢇ)૛ࢉ ࢊࢇ + (ࢊ࢈ +

 ૛⋅ࢉ࢈+ࢉࢇ+࢈ࢇ૛ࢊ

≥
ࡳି࡭

૟൬ࢇ૛ ቀඥ࢈૛ࢉ૛ࢊ૛૜ ቁ+ ૛࢈ ቀඥࢇ૛ࢉ૛ࢊ૛૜ ቁ + ૛ࢉ ቀඥࢇ૛࢈૛ࢊ૛૜ ቁ + ૛ࢊ ቀඥࢇ૛࢈૛ࢉ૛૜ ቁ൰ 

≥
ஹ૚ࢊࢉ࢈ࢇ

૟ቌࢇ૛ ⋅ ඨ
૚
૛ࢇ

૜
+ ૛࢈ ⋅ ඨ

૚
૛࢈

૜
+ ૛ࢉ ⋅ ඨ

૚
૛ࢉ

૜
+ ૛ࢊ ⋅ ඨ

૚
૛ࢊ

૜
ቍ 

= ૟ ቀࢇ ⋅ ࢇ
૚
૜ + ࢈ ⋅ ࢈

૚
૜ + ࢉ ⋅ ࢉ

૚
૜ + ࢊ ⋅ ࢊ

૚
૜ቁ ≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૟
૝

(ࢇ∑) ቀ∑ ࢇ
૚
૜ቁ    

(∵ if WLOG, we assume ࢇ ≥ ࢈ ≥ ࢉ ≥ ࢇ then ,ࢊ
૚
૜ ≥ ࢈

૚
૜ ≥ ࢉ

૚
૜ ≥ ࢊ

૚
૜) 

≥
ࡳି࡭ ૟

૝
ቀ෍ࢇቁ൝૝ට(ࢊࢉ࢈ࢇ)

૚
૜

૝
ൡ = ૟ ቀ෍ࢇቁ (ࢊࢉ࢈ࢇ)

૚
૚૛ ≥

ஹ૚ࢊࢉ࢈ࢇ
૟෍ࢇ 

⇒ ૛(ࢇ૛ࢉ࢈+ ࢊ࢈૛ࢇ + +ࢊࢉ૛ࢇ ࢉࢇ૛࢈ + ࢊࢇ૛࢈ + +ࢊࢉ૛࢈ +࢈ࢇ૛ࢉ +ࢊࢇ૛ࢉ +ࢊ࢈૛ࢉ ࢈ࢇ૛ࢊ

+ ࢉࢇ૛ࢊ + (ࢉ࢈૛ࢊ ≥
(࢏࢏࢏࢜)

૟෍ࢇ 

& lastly, ૜ࢊࢉ࢈ࢇ ≥
(࢞࢏)

૜ 

(v)+(vi)+(vii)	+(viii)	+(ix)⇒(2) is true ⇒(1) is true (proved) 

 

JP.162. Let ࢞,࢟, ࢞ be non-negative real numbers such that ࢠ + ࢟ + ࢠ = ૚. 

Prove that: 

(a) ૜
√૚૙

≤ ࢞
ඥ૚ା࢟ࢠ

+ ࢟
√૚ା࢞ࢠ

+ ࢠ
ඥ૚ା࢞࢟

≤ ૚ 

(b) ට૜
૞
≤ ࢞

ඥ૚ା࢟ାࢠ
+ ࢟

√૚ାࢠା࢞
+ ࢠ

ඥ૚ା࢞ା࢟
≤ ૚ 

When do the equalities occur? 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

WLOG, we may assume ࢞ ≥ ࢟ ≥ Then, ૚ .ࢠ
ඥ૚ା࢟ࢠ

≥ ૚
√૚ା࢞ࢠ

≥ ૚
ඥ૚ା࢞࢟
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∴෍
࢞

ඥ૚ + ࢠ࢟
≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚
૜
ቀ෍࢞ቁ෍

૚
ඥ૚ + ࢠ࢟

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ቀ૚૜ቁ ⋅ ૢ

∑ඥ૚ + ࢠ࢟
 

≥
ࡿ࡮࡯ ૜

√૜ඥ૜ + ∑࢞࢟
≥

(∑࢞)૛ஹ૜∑࢞࢟ ૜

√૜ට૜ + (∑࢞)૛
૜

=
૜

√૜ට૜ + ૚
૜

=
૜
√૚૙

 

∴ ∑ ࢞
ඥ૚ା࢟ࢠ

≥ ૜
√૚૙

 , equality at ࢞ = ࢟ = ࢠ = ૚
૜
 

Again, ∑ ࢞
ඥ૚ା࢟ࢠ

≤ ૚⇔ ∑ ࢞
ඥ૚ା࢟ࢠ

≤ ∑࢞ ⇔ ∑࢞൬૚ − ૚
ඥ૚ା࢟ࢠ

൰ ≥ ૙ ⇔ ∑࢞൬ඥ૚ା࢟ିࢠ૚
ඥ૚ା࢟ࢠ

൰ ≥
(૚ࢇ)

૙ 

∵ ૚ + ࢠ࢟ ≥ ૚	(∵ ࢠ࢟ ≥ ૙) ∴ ඥ૚ + ࢠ࢟ − ૚ ≥ ૙ 

Also, ࢞ ≥ ૙ ⇒ ࢞൫ඥ૚ା࢟ିࢠ૚൯
ඥ૚ା࢟ࢠ

≥
(࢏)
૙. Similarly, ࢟൫√૚ାି࢞ࢠ૚൯

√૚ା࢞ࢠ
, ൫ඥ૚ା࢞࢟ି૚൯ࢠ

ඥ૚ା࢞࢟
≥

(࢏࢏࢏),(࢏࢏)
૙ 

(i)+(ii)+(iii) ⇒(a1) is true 

∴ ∑ ࢞
ඥ૚ା࢟ࢠ

≤ ૚, equality when ࢞ = ૙		(࢟, ࢠ ≠ ૙) or ࢟ = ૙(ࢠ,࢞ ≠ ૙) or ࢠ = ૙	(࢞,࢟ ≠ ૙) 

or ࢞ = ࢟ = ૙			(ࢠ = ૚) or ࢟ = ࢠ = ૙			(࢞ = ૚) or ࢠ = ࢞ = ૙		(࢟ = ૚). 

Again, ∵ ࢞ ≥ ࢟ ≥ ∴,ࢠ ૚
ඥ૚ା࢟ାࢠ

≥ ૚
√૚ାࢠା࢞

≥ ૚
ඥ૚ା࢞ା࢟

 

∴෍
࢞

ඥ૚ + ࢟ + ࢠ
≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚
૜
ቀ෍࢞ቁ෍

૚
ඥ૚ + ࢟ + ࢠ

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ቀ૚૜ቁ ⋅ ૢ

∑ඥ૚ + ࢟ + ࢠ
 

≥
ࡿ࡮࡯ ૜

√૜ඥ૜ + ૛∑ ࢞
=

૜
√૜√૞

= ඨ૜
૞ 

∴ ∑ ࢞
ඥ૚ା࢟ାࢠ

≥ ට૜
૞
 equality at ࢞ = ࢟ = ࢠ = ૚

૜
 

Moreover, ∑ ࢞
ඥ૚ା࢟ାࢠ

≤ ૚ ⇔ ∑ ࢞
ඥ૚ା࢟ାࢠ

≤ ∑࢞ ⇔ 

⇔෍࢞ቆ૚ −
૚

ඥ૚ + ࢟ + ࢠ
ቇ ≥ ૙ ⇔෍࢞ቆ

ඥ૚+ ࢟ + ࢠ − ૚
ඥ૚ + ࢟ + ࢠ

ቇ ≥
(૚࢈)

૙ 

∵ ࢟ + ࢠ ≥ ૙ ∴ ૚ + ࢟ + ࢠ ≥ ૚ ⇒ ඥ૚ + ࢟ + ࢠ − ૚ ≥ ૙ 

& ∵ ࢞ ≥ ૙ ∴ ࢞ ൬ඥ૚ା࢟ାିࢠ૚
ඥ૚ା࢟ାࢠ

൰ ≥
(࢜࢏)

	૙ 
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Similarly, ࢟ ቀ√૚ାࢠା࢞ି૚
√૚ାࢠା࢞

ቁ ≥
(࢜)

૙, ࢠ ൬ඥ૚ା࢞ା࢟ି૚
ඥ૚ା࢞ା࢟

൰ ≥
(࢏࢜)

૙ 

(iv)+(v)+(vi)⇒ (b1) is true 

∴ ∑ ࢞
ඥ૚ା࢟ାࢠ

≤ ૚, equality when ࢞ = ࢟ = ૙, ࢠ = ૚ or ࢟ = ࢠ = ૙, ࢞ = ૚ or 

ࢠ  = ࢞ = ૙,࢟ = ૚ (Hence proved) 

 

JP.163. Let ࡯࡮࡭ be an acute triangle with standard notations. Prove that: 

ࢇ࢓

ࢇ
+
࢈࢓

࢈
+
ࢉ࢓

ࢉ
≤
ࢇ + ࢈ + ࢉ

૝࢘
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

∵ ࢇ࢓ ≤ ૚)ࡾ + ܛܗ܋  ,etc, for acute-angled triangle (࡭

 ∴ ࡿࡴࡸ ≤ ∑
૛ࡾ ૛࡭૛ܛܗ܋

ࢇ
= ∑ ૛(ࢇି࢙)࢙ࡾ

ࢉ࢈ࢇ
= ૛࢙ࡾ

૝࢙࢘ࡾ
∑(࢙ − (ࢇ = ࢙

૛࢘
= ૛࢙

૝࢘
= ࢉା࢈ାࢇ

૝࢘
   (proved) 

 

JP.164. If ࢈,ࢇ ≥ ૙ then: 

ቀࢇ + ࢈ + ඥࢇ૛ + ૛ቁ࢈
૛
≥ ૟√૜࢈ࢇ 

Proposed by Daniel Sitaru – Romania 

Solution by Soumava Chakraborty-Kolkata-India 

࢈,ࢇ∀ ≥ ૙, +ࢇ) ૛(࢈ ≥ ૝࢈ࢇ		(∵ ࢇ) − ૛(࢈ ≥ ૙) ⇒ ࢇ| + |࢈ ≥ ૛√࢈ࢇ ⇒ ࢇ + ࢈ ≥
(૚)

૛√࢈ࢇ 

(∵ +ࢇ ࢈ ≥ ૙	࢙ࢇ	࢈,ࢇ ≥ ૙) 

Also, ∀࢈,ࢇ ≥ ૙,ࢇ૛ + ૛࢈ ≥ ૛࢈ࢇ ⇒ ૛ࢇ√ + ૛࢈ ≥
(૛)

√૛࢈ࢇ 

(1) + (2) ⇒ ࡿࡴࡸ ≥ ቀ൫૛ + √૛൯√࢈ࢇቁ
૛

= ൫૟ + ૝√૛൯࢈ࢇ ≥
?
૟√૜࢈ࢇ 

⇔ ൫૟ + ૝√૛ − ૟√૜൯࢈ࢇ ≥
?
૙ → true ∵ ࢈ࢇ ≥ ૙ & ૟ + ૝√૛ − ૟√૜ > 0 (Proved) 
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JP.165. If ࢉ,࢈,ࢇ ≥ ૙ then: 

૝(ࢇ + ࢈ + (ࢉ ≤ ൫૜√૜ − ૛൯ ቀඥࢇ૛ + ૛࢈ +ඥ࢈૛ + ૛ࢉ +ඥࢉ૛ +  ૛ቁࢇ

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

∵ ࢈,ࢇ ≥ ૙; ૛(ࢇ૛ + (૛࢈ ≥ ࢇ) + ∵)		૛(࢈ ࢇ) − ૛(࢈ ≥ ૙) 

⇒ ඥࢇ૛ + ૛࢈ ≥
(૚) +ࢇ| |࢈

√૛
=
ࢇ + ࢈
√૛

			(∵ +ࢇ ࢈ ≥ ૙	࢙ࢇ	࢈,ࢇ ≥ ૙) 

Similarly, ∀࢈, ࢉ ≥ ૙,√࢈૛ + ૛ࢉ ≥
(૛) ࢉା࢈

√૛
૛ࢉ√ &   + ૛ࢇ ≥

(૜) ࢇାࢉ
√૛

 

(1)+(2)+(3) ⇒ ࡿࡴࡾ ≥ ቀ૜√૜ି૛
√૛

ቁ (૛∑ࢇ) = ൫૜√૟ − ૛√૛൯(∑ࢇ) ≥
?
૝∑ࢇ 

⇔ ൫૜√૟ − ૛√૛ − ૝൯(∑ࢇ) ≥
?
૙ → true ∵ ࢇ∑ ≥ ૙  (as ࢈,ࢇ, ࢉ ≥ ૙) &  

૜√૟ − ૛√૛ − ૝ > 0 (Hence proved) 

 

SP.151. Let ࢈,ࢇ, ࢇ :be positive real numbers such that ࢉ + ࢈ + ࢉ = ૜. 

Prove that: 

ࢇ

ඥ૛(࢈૝ + (૝ࢉ + ૠࢉ࢈
+

࢈

ඥ૛(ࢉ૝ + (૝ࢇ + ૠࢇࢉ
+

ࢉ

ඥ૛(ࢇ૝ + (૝࢈ + ૠ࢈ࢇ
≥
૚
૜

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

૝ࢇ + ૝࢈ ≤ ૛(ࢇ૛ − +࢈ࢇ ૛)૛࢈ ⇔ ૝ࢇ + ૝࢈ + ૟ࢇ૛࢈૛ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ ≥ ૙ 

⇔ ૛ࢇ) + ૛)૛࢈ + ૝ࢇ૛࢈૛ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ ≥ ૙ ⇔ ૛ࢇ) + ૛࢈ − ૛࢈ࢇ)૛ ≥ ૙ → true 

∴ ඥࢇ૝ + ૝࢈ ≤ √૛หࢇ૛ − ࢈ࢇ + ૛ห࢈ = √૛(ࢇ૛ − ࢈ࢇ +  (૛࢈

൬∴ ૛ࢇ − ࢈ࢇ + ૛࢈ =
૚
૝

ࢇ) + ૛(࢈ +
૜
૝

ࢇ) − ૛(࢈ > 0൰ 

⇒ ඥ૛(ࢇ૝ + (૝࢈ ≤ ૛ࢇ૛ − ૛࢈ࢇ+ ૛࢈૛ ⇒ ඥ૛(ࢇ૝ + (૝࢈ + ૠ࢈ࢇ ≤ ૛ࢇ૛ + ૞࢈ࢇ + ૛࢈૛ = 

= (૛ࢇ+ +ࢇ)(࢈ ૛࢈) ≤
࡭ିࡳ (૛ࢇ+ ࢈ + +ࢇ ૛࢈)૛

૝ =
ૢ
૝

+ࢇ) ૛(࢈ ⇒ 
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⇒
૚

ඥ૛(ࢇ૝ + (૝࢈ + ૠ࢈ࢇ
≥
૝
ૢ ⋅

૚
ࢇ) + ૛(࢈ ⇒

ࢉ
ඥ૛(ࢇ૝ + (૝࢈ + ૠ࢈ࢇ

≥
(૚) ૝

ૢ ⋅
ࢉ

+ࢇ)  ૛(࢈

Similarly, ࢇ

ට૛൫࢈૝ାࢉ૝൯ାૠࢉ࢈
≥
(૛) ૝

ૢ
⋅ ࢇ

૛(ࢉା࢈)
࢈ &  

ට૛൫ࢉ૝ାࢇ૝൯ାૠࢇࢉ
≥
(૜) ૝

ૢ
⋅ ࢈

૛(ࢇାࢉ)
 

(1)+(2)+(3) ⇒ 	ࡿࡴࡸ ≥
(૝) ૝

ૢ
∑ ࢇ

૛(ࢉା࢈)
 

WLOG, we may assume ࢇ ≥ ࢈ ≥  ࢉ

Now, ࢇ
ࢉା࢈

≥ ࢈
ࢇାࢉ

⇔ ૛ࢇ + ࢉࢇ ≥ ૛࢈ + ࢉ࢈ ⇔ ࢇ) − +ࢇ)(࢈ +࢈ (ࢉ ≥ ૙ → true ∵ ࢇ ≥ ࢈ ≥  ࢉ

∴ ࢇ
ࢉା࢈

≥ ࢈
ࢇାࢉ

. Similarly, ࢈
ࢇାࢉ

≥ ࢉ
࢈ାࢇ

⇒ ࢇ
ࢉା࢈

≥ ࢈
ࢇାࢉ

≥ ࢉ
࢈ାࢇ

 & also, ∵ ࢇ ≥ ࢈ ≥ ૚ ,ࢉ
ࢉା࢈

≥ ૚
ࢇାࢉ

≥ ૚
࢈ାࢇ

 

∴ by Chebyshev & using (4), LHS ≥ ૝
ૢ
⋅ ૚
૜
ቀ∑ ࢇ

ࢉା࢈
ቁ ቀ∑ ૚

ࢉା࢈
ቁ ≥
࢚࢚࢏࢈࢙ࢋࡺ ૝

ૢ
⋅ ૚
૜
⋅ ૜
૛
ቀ∑ ૚

ࢉା࢈
ቁ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

 

≥ ૛
ૢ
⋅ ૢ
૛∑ ࢇ

= ૚
ࢇ∑

= ૚
૜
  (Proved) 

Solution 2 by Amit Dutta-Jamshedpur-India 

Using Cauchy Schwarz’s Inequality 

ቀඥ૛(࢈૝ + (૝ࢉ + ૛ࢉ࢈ቁ
૛
≤ ૛ ቀ૛(࢈૝ + ૝ࢉ + ૛࢈૛ࢉ૛)ቁ ≤ ૝(࢈૛ + ૛)૛ࢉ ⇒ 

ඥ૛(࢈૝ + (૝ࢉ + ૛ࢉ࢈ ≤ ૛(࢈૛ +  (૛ࢉ

ඥ૛(࢈૝ + (૝ࢉ + ૠࢉ࢈ ≤ ૛࢈૛ + ૞ࢉ࢈ + ૛ࢉ૛ ≤ ࢈) + ૛ࢉ)(ࢉ + ૛࢈) 

⇒ ࡼ ≥෍
ࢇ

࢈) + ૛ࢉ)(ࢉ + ૛࢈)
ࢉ࢟ࢉ

≥
ࡹࡳିࡹ࡭

෍
ࢇ

ቀ૜࢈+ ૜ࢉ
૛ ቁ

૛
ࢉ࢟ࢉ

 

⇒ ࡼ ≥෍
૝ࢇ

+࢈)ૢ ૛(ࢉ
ࢉ࢟ࢉ

≥
૝
ૢ෍

ࢇ
࢈) + ૛(ࢉ

ࢉ࢟ࢉ

 

ࡼ ≥
૝
ૢ෍

૛ࢇ

+࢈)ࢇ ૛(ࢉ
ࢉ࢟ࢉ

 

ࡼ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૝

ૢ
ቊ

+ࢇ) ࢈ + ૛(ࢉ

࢈)ࢇ + ૛(ࢉ + +ࢉ)࢈ ૛(ࢇ + +ࢇ)ࢉ  ૛ቋ(࢈

∵ ࢈)ࢇ + ૛(ࢉ + +ࢉ)࢈ ૛(ࢇ + +ࢇ)ࢉ ૛(࢈ = 

= ૛࢈)ࢇ + ૛ࢉ + ૛ࢉ࢈) + ૛ࢉ)࢈ + ૛ࢇ + ૛ࢉࢇ) + ૛ࢇ)ࢉ + ૛࢈ + ૛࢈ࢇ) 

= ૛࢈ࢇ) + ૛ࢇ࢈ + (ࢉ࢈ࢇ + ૛ࢉࢇ) + ૛ࢇࢉ + (ࢉ࢈ࢇ + ૛ࢉ࢈) + ૛࢈ࢉ + (ࢉ࢈ࢇ + ૜ࢉ࢈ࢇ 
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= +ࢇ)࢈ࢇ ࢈ + (ࢉ + +ࢇ)ࢉࢇ ࢈ + (ࢉ + +ࢇ)ࢉ࢈ ࢈ + (ࢉ + ૜ࢉ࢈ࢇ 

= ࢈ࢇ) + +ࢉ࢈ +ࢇ)(ࢉࢇ ࢈ + (ࢉ + ૜ࢉ࢈ࢇ 

Also, by AM-GM: ૜ࢉ࢈ࢇ ≤ ૜(ࢉା࢈ାࢇ)

ࢇ
 

∴ ࢈)ࢇ + ૛(ࢉ + +ࢉ)࢈ ૛(ࢇ + ࢇ)ࢉ + ૛(࢈ ≤ ࢈ࢇ) + ࢉ࢈ + +ࢇ)(ࢉࢇ +࢈ (ࢉ +
+ࢇ) ࢈ + ૜(ࢉ

ૢ
 

Also, (ࢇ + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢉࢇ

+࢈ࢇ) +ࢉ࢈ (ࢉࢇ ≤
+ࢇ) ࢈ + ૛(ࢉ

૜  

⇒ ࢈)ࢇ + ૛(ࢉ + +ࢉ)࢈ ૛(ࢇ + +ࢇ)ࢉ ૛(࢈ ≤
+ࢇ) ࢈ + ૜(ࢉ

૜ +
ࢇ) + ࢈ + ૜(ࢉ

ૢ ≤ 

≤
૝
ૢ

+ࢇ) ࢈ +  ૜(ࢉ

∴ ࡼ ≥
૝
ૢ ቈ

ࢇ) + +࢈ ૛(ࢉ

+࢈)ࢇ ૛(ࢉ + +ࢉ)࢈ ૛(ࢇ + +ࢇ)ࢉ  ૛቉(࢈

ࡼ ≥
૝
ૢ
቎

+ࢇ) ࢈ + ૛(ࢉ
૝
ૢ ࢇ) + +࢈ ૜(ࢉ

቏ 

ࡼ ≥ ൬
૚

+ࢇ ࢈ + ൰ࢉ ≥
૚
૜ 

ࢇ,࢔ࢋࢎ࢝ = ࢈ = ࢉ
ൠ࢙ࢊ࢒࢕ࢎ	࢚࢟࢏࢒ࢇ࢛ࢗࡱ ⇐

⎩
⎨

⎧
࢔ࢋࢎ࢝	࢙ࢊ࢒࢕ࢎ	࢚࢟࢏࢒ࢇ࢛ࢗࡱ

+࢈ ૛ࢉ = ࢉ + ૛ࢇ,࢈ + ૛࢈ = ࢈ + ૛ࢇ, ࢉ + ૛ࢇ = ࢇ + ૛ࢉ
+ࢇ) ࢈ + ૛(ࢉ = ૜(࢈ࢇ + ࢉ࢈ + (ࢉࢇ

ࢇ) + ࢈ + ૜(ࢉ = ૛ૠࢉ࢈ࢇ

 

SP.152. Let ࢈,ࢇ,  :be positive real numbers. Find the minimum value of ࢉ

ࡼ =
૚

ඥ૛(ࢇ૝ + (૝࢈
+

૚

ඥ૛(࢈૝ + (૝ࢉ
+

૚

ඥ૛(ࢉ૝ + (૝ࢇ
+
૛ࢇ

࢈
+
૛࢈

ࢉ
+
૛ࢉ

ࢇ
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

Firstly, ࢇ૝ + ૝࢈ ≤ ૛(ࢇ૛ − ࢈ࢇ + ૛)૛࢈ ⇔ ૝ࢇ + ૝࢈ + ૟ࢇ૛࢈૛ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ ≥ ૙ ⇔ 

⇔ ૛ࢇ) + ૛)૛࢈ + ૝ࢇ૛࢈૛ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ ≥ ૙ ⇔ ૛ࢇ) + ૛࢈ − ૛࢈ࢇ)૛ ≥ ૙ → true 

∴ ඥࢇ૝ + ૝࢈ ≤ √૛หࢇ૛ − ࢈ࢇ + ૛ห࢈ = √૛(ࢇ૛ − ࢈ࢇ +  (૛࢈
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൬∵ ૛ࢇ − ࢈ࢇ + ૛࢈ =
૚
૝

ࢇ) + ૛(࢈ +
૜
૝

ࢇ) − ૛(࢈ > 0൰ 

∴ ඥ૛(ࢇ૝ + (૝࢈ ≤ ૛ࢇ૛ − ૛࢈ࢇ + ૛࢈૛ ⇒
૚

ඥ૛(ࢇ૝ + (૝࢈
≥
૚
૛ ൬

૚
૛ࢇ + ૛࢈ −  ൰࢈ࢇ

∴
૚

ඥ૛(ࢇ૝ + (૝࢈
+
૛ࢇ

࢈ ≥
૚
૛ ൬

૚
૛ࢇ + ૛࢈ − ൰࢈ࢇ +

૛ࢇ

૛࢈ +
૛ࢇ

૛࢈ 

≥
ࡳି࡭

૜ඨ
૝ࢇ

ૡ࢈૛(ࢇ૛ + ૛࢈ − (࢈ࢇ
૜

=
૜
૛
ඨ

૟ࢇ
૛ࢇ) + ૛࢈ − ࢈ࢇ(࢈ࢇ ⋅ ࢈ࢇ

૜
 

=
૜ࢇ૛

૛ ⋅
૚

ඥ(ࢇ૛ + ૛࢈ − ࢈ࢇ(࢈ࢇ ⋅ ૜࢈ࢇ ≥
ࡳି࡭ ૜ࢇ૛

૛ ⋅
૜

૛ࢇ + ૛࢈ − +࢈ࢇ ૛࢈ࢇ 

=
૛ࢇૢ

૛(ࢇ૛ + ૛࢈ + (࢈ࢇ ∴
૚

ඥ૛(ࢇ૝ + (૝࢈
+
૛ࢇ

࢈ ≥
(૚) ૢ

૛ ቆ
૛ࢇ

૛ࢇ + ૛࢈ +  ቇ࢈ࢇ

Similarly, ૚

ට૛൫࢈૝ାࢉ૝൯
+ ૛࢈

ࢉ
≥
(૛) ૢ

૛
ቀ ૛࢈

ࢉ࢈૛ାࢉ૛ା࢈
ቁ  &  ૚

ට૛൫ࢉ૝ାࢇ૝൯
+ ૛ࢉ

ࢇ
≥
(૜) ૢ

૛
ቀ ૛ࢉ

ࢇࢉ૛ାࢇ૛ାࢉ
ቁ 

(1)+(2)+(3) ⇒ ࢖ ≥ ૢ
૛
ቀ ૛ࢇ

࢈ࢇ૛ା࢈૛ାࢇ
+ ૛࢈

ࢉ࢈૛ାࢉ૛ା࢈
+ ૛ࢉ

ࢇࢉ૛ାࢇ૛ାࢉ
ቁ ≥

? ૢ
૛
⇔ 

⇔ ૛࢈)૛ࢇ + ૛ࢉ + ૛ࢉ)(ࢉ࢈ + ૛ࢇ + (ࢇࢉ + ૛ࢉ)૛࢈ + ૛ࢇ + ૛ࢇ)(ࢇࢉ + ૛࢈ + (࢈ࢇ + 

૛ࢇ)૛ࢉ+ + ૛࢈ + ૛࢈)(࢈ࢇ + ૛ࢉ + −(ࢉ࢈ ૛ࢇ) + ૛࢈ + ૛࢈)(࢈ࢇ + ૛ࢉ + ૛ࢉ)(ࢉ࢈ + ૛ࢇ + (ࢇࢉ ≥
?
૙ 

⇔ ૛࢈૝ࢇ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ ≥
?
+ࢉ૜࢈૛ࢇ ࢇ૜ࢉ૛࢈ + ࢈૜ࢇ૛ࢉ → true  

∵ ࢞૛ + ࢟૛ + ૛ࢠ ≥ ࢞࢟ + +ࢠ࢟ ࢞ where ࢞ࢠ = ࢟,࢈૛ࢇ = ࢠ,ࢉ૛࢈ = ࢇ૛ࢉ ⇒ ࡼ ≥ ૢ
૛
 equality at 

ࢇ = ࢈ = ࢉ = ૚ ⇒ ࢔࢏࢓ࡼ = ૢ
૛
 (where ࢇ = ࢈ = ࢉ = ૚) (Answer) 

Solution 2 by proposer 

* By Cauchy Schwarz inequality we have: 

ቀඥ૛(ࢇ૝ + (૝࢈ + ૛࢈ࢇቁ
૛
≤ (૚૛ + ૚૛) ⋅ (૛(ࢇ૝ + (૝࢈ + ૝ࢇ૛࢈૛) = ૝(ࢇ૝ + ૛ࢇ૛࢈૛ + (૝࢈

= ૝(ࢇ૛ +  ૛)૛࢈

⇔ඥ૛(ࢇ૝ + (૝࢈ + ૛࢈ࢇ ≤ ૛(ࢇ૛ + (૛࢈ ⇔ ඥ૛(ࢇ૝ + (૝࢈ ≤ ૛(ࢇ૛ − ࢈ࢇ + (૛࢈

⇔
૚

ඥ૛(ࢇ૝ + (૝࢈
≥

૚
૛(ࢇ૛ − ࢈ࢇ +  (૛࢈
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+ Similar: ૚

ට૛൫࢈૝ାࢉ૝൯
≥ ૚

૛൫࢈૛ିࢉ࢈ାࢉ૛൯
; ૚

ට૛൫ࢉ૝ାࢇ૝൯
≥ ૚

૛൫ࢉ૛ିࢇࢉାࢇ૛൯
 

- Hence: 

⇒ ૚

ට૛൫ࢇ૝ା࢈૝൯
+ ૚

ට૛൫࢈૝ାࢉ૝൯
+ ૚

ට૛൫ࢉ૝ାࢇ૝൯
≥ ૚

૛൫ࢇ૛ି࢈ࢇା࢈૛൯
+ ૚

૛൫࢈૛ିࢉ࢈ାࢉ૛൯
+ ૚

૛൫ࢉ૛ିࢇࢉାࢇ૛൯
   (1) 

- By inequality (࢓ + ࢔ + ૛(࢖ ≤ ૜(࢓૛ + ૛࢔ + ࢓ ૛) (equality occurs if࢖ = ࢔ =  We .(࢖

have: ൬ ૚
ඥࢇ૛ି࢈ࢇା࢈૛

+ ૚
ඥ࢈૛ିࢉ࢈ାࢉ૛

+ ૚
ඥࢉ૛ିࢇࢉାࢇ૛

൰
૛
≤ ૜ ቀ ૚

૛࢈ା࢈ࢇ૛ିࢇ
+ ૚

૛ࢉାࢉ࢈૛ି࢈
+ ૚

૛ࢇାࢇࢉ૛ିࢉ
ቁ 

⇔ ૚
૛࢈ା࢈ࢇ૛ିࢇ

+ ૚
૛ࢉାࢉ࢈૛ି࢈

+ ૚
૛ࢇାࢇࢉ૛ିࢉ

≥
൬ ૚
ඥࢇ૛ష࢈ࢇశ࢈૛

ା ૚
ඥ࢈૛షࢉ࢈శࢉ૛

ା ૚
ඥࢉ૛షࢇࢉశࢇ૛

൰
૛

૜
    (2) 

- Let (1), (2): 

⇒ ૚

ට૛൫ࢇ૝ା࢈૝൯
+ ૚

ට૛൫࢈૝ାࢉ૝൯
+ ૚

ට૛൫ࢉ૝ାࢇ૝൯
≥

൬ ૚
ඥࢇ૛ష࢈ࢇశ࢈૛

ା ૚
ඥ࢈૛షࢉ࢈శࢉ૛

ା ૚
ඥࢉ૛షࢇࢉశࢇ૛

൰
૛

૛⋅૜
   (3) 

- Other, inequality: ૚
࢞

+ ૚
࢟

+ ૚
ࢠ
≥ ૢ

࢞ା࢟ାࢠ
			(࢞ = ࢟ = ࢠ > 0). We have: 

૚
ඥࢇ૛ି࢈ࢇା࢈૛

+ ૚
ඥ࢈૛ିࢉ࢈ାࢉ૛

+ ૚
ඥࢉ૛ିࢇࢉାࢇ૛

≥ ૢ
ඥࢇ૛ି࢈ࢇା࢈૛ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛

     (4) 

- Let (3), (4): 

⇒
૚

ඥ૛(ࢇ૝ + (૝࢈
+

૚
ඥ૛(࢈૝ + (૝ࢉ

+
૚

ඥ૛(ࢉ૝ + (૝ࢇ

≥
൬ ૢ
૛ࢇ√ − ࢈ࢇ + ૛࢈ + ૛࢈√ − +ࢉ࢈ ૛ࢉ + ૛ࢉ√ − +ࢇࢉ ૛ࢇ

൰
૛

૟  

⇔ ૚

ට૛൫ࢇ૝ା࢈૝൯
+ ૚

ට૛൫࢈૝ାࢉ૝൯
+ ૚

ට૛൫ࢉ૝ାࢇ૝൯
≥ ૛ૠ

૛ቀඥࢇ૛ି࢈ࢇା࢈૛ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛ቁ
૛   (5) 

* By Cauhcy Schwarz inequality we have: 

૛ࢇ

࢈ +
૛࢈

ࢉ +
૛ࢉ

ࢇ = ቆ
૛ࢇ

࢈ − ࢇ + ቇ࢈ + ቆ
૛࢈

ࢉ − ࢈ + ቇࢉ + ቆ
૛ࢉ

ࢇ − ࢉ + ቇࢇ

=
૛ࢇ − +࢈ࢇ ૛࢈

࢈ +
૛࢈ − ࢉ࢈ + ૛ࢉ

ࢉ +
૛ࢉ − ࢇࢉ + ૛ࢇ

ࢇ  
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⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
=

ቀඥࢇ૛ି࢈ࢇା࢈૛ቁ
૛

࢈
+

ቀඥ࢈૛ିࢉ࢈ାࢉ૛ቁ
૛

ࢉ
+

ቀඥࢉ૛ିࢇࢉାࢇ૛ቁ
૛

ࢇ
≥

ቀඥࢇ૛ି࢈ࢇା࢈૛ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛ቁ
૛

ࢇାࢉା࢈
   (6) 

- Other variant: 

ඥࢇ૛ − ࢈ࢇ + ૛࢈ + ඥ࢈૛ − ࢉ࢈ + ૛ࢉ + ඥࢉ૛ − ࢇࢉ +  ૛ࢇ

= ඨ૜(ࢇ − ૛(࢈

૝ +
+ࢇ) ૛(࢈

૝ + ඨ૜(࢈− ૛(ࢉ

૝ +
࢈) + ૛(ࢉ

૝ + ඨ૜(ࢉ − ૛(ࢇ

૝ +
+ࢉ) ૛(ࢇ

૝ ≥ 

≥ ඨ(ࢇ+ ૛(࢈

૝ + ඨ(࢈ + ૛(ࢉ

૝ + ඨ(ࢉ+ ૛(ࢇ

૝ =
ࢇ + ࢈
૛ +

࢈ + ࢉ
૛ +

ࢉ + ࢇ
૛ = +ࢇ +࢈  ࢉ

⇒ ࢇ + +࢈ ࢉ ≤ ૛ࢇ√ − ࢈ࢇ + ૛࢈ + ૛࢈√ − ࢉ࢈ + ૛ࢉ + ૛ࢉ√ − ࢇࢉ +  ૛       (7)ࢇ

- Let (6), (7): ⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
≥

ቀඥࢇ૛ି࢈ࢇା࢈૛ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛ቁ
૛

ඥࢇ૛ି࢈ࢇା࢈૛	ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛
 

⇔
૛ࢇ

࢈ +
૛࢈

ࢉ +
૛ࢉ

ࢇ ≥ ඥࢇ૛ − +࢈ࢇ ૛࢈ + ඥ࢈૛ − ࢉ࢈ + ૛ࢉ + ඥࢉ૛ − ࢇࢉ +  ૛ࢇ

- Let (5), (8): 

⇒ ࡼ =
૚

ඥ૛(ࢇ૝ + (૝࢈
+

૚
ඥ૛(࢈૝ + (૝ࢉ

+
૚

ඥ૛(ࢉ૝ + (૝ࢇ
+
૛ࢇ

࢈ +
૛࢈

ࢉ +
૛ࢉ

ࢇ ≥ 

≥
૛ૠ

૛൫√ࢇ૛ − ࢈ࢇ + ૛࢈ + ૛࢈√ − ࢉ࢈ + ૛ࢉ + ૛ࢉ√ − ࢇࢉ + ૛൯ࢇ
૛

+ ቀඥࢇ૛ − +࢈ࢇ ૛࢈ + ඥ࢈૛ − +ࢉ࢈ ૛ࢉ + ඥࢉ૛ − ࢇࢉ +  ૛ቁࢇ

- Let: √ࢇ૛ − ࢈ࢇ + ૛࢈ + ૛࢈√ − +ࢉ࢈ ૛ࢉ + ૛ࢉ√ − +ࢇࢉ ૛ࢇ = ࢚ > 0 

- Therefore, by AM-GM inequality we have: 

⇒ ࡼ ≥
૛ૠ
૛࢚૛ + ࢚ =

૛ૠ
૛࢚૛ +

࢚
૛ +

࢚
૛ ≥ ૜ ⋅ ඨ

૛ૠ
૛࢚૛ ⋅

࢚
૛ ⋅

࢚
૛

૜
= ૜ ⋅ ඨ

૛ૠ
ૡ࢚૛

૜
= ૜ ⋅

૜
૛ =

ૢ
૛ 

⇒ ࡼ ≥ ૢ
૛
⇒ ࢔࢏࢓ࡼ = ૢ

૛
. Equality occurs if: 
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⎩
⎪⎪
⎨

⎪⎪
⎧ඥ૛(ࢇ૝ + (૝࢈ = ૛࢈ࢇ;ඥ૛(࢈૝ + (૝ࢉ = ૛ࢉ࢈;ඥ૛(ࢉ૝ + (૝ࢇ = ૛ࢇࢉ

૚
૝ࢇ√ − ࢈ࢇ + ૛࢈

=
૚

૛࢈√ − +ࢉ࢈ ૛ࢉ
=

૚
૛ࢉ√ − ࢇࢉ + ૛ࢇ

ࢇ − ࢈ = −࢈ ࢉ = ࢉ − ࢇ = ૙
૛ૠ
૛࢚૛ =

࢚
૛

 

⇔ ቄࢇ = ࢈ = ࢉ > 0
࢚ = ૜ ⇔ ൜

ࢇ = ࢈ = ࢉ = ૙
ඥࢇ૛ − +࢈ࢇ ૛࢈ + ඥ࢈૛− +ࢉ࢈ ૛ࢉ + ඥࢉ૛ − ࢇࢉ + ૛ࢇ = ૜

⇔ ࢇ = ࢈ = ࢉ = ૚ 

 

SP.153. Solve the system of equations: 

⎩
⎪
⎨

⎪
⎧૛ ቆ

࢞૜

࢟૛ +
࢟૜

࢞૛ቇ = ඥૡ(࢞૝ + ࢟૝)૝ + ૛ඥ࢞࢟

૚૟࢞૞ − ૛૙࢞૜ + ૞ඥ࢞࢟ = ඨ࢟+ ૚
૛

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

૛ ቀ࢞
૜

࢟૛
+ ࢟૜

࢞૛
ቁ =

(૚)
ඥૡ(࢞૝ + ࢟૝)૝ + ૛ඥ࢞࢟ & ૚૟࢞૞ − ૛૙࢞૜ + ૞ඥ࢞࢟ =

(૛)
ට࢟ା૚

૛
 

Of course, ࢞,࢟ ≠ ૙ & ࢞࢟ > 0 ⇒ ,ݔ ݕ < 0 or ࢞,࢟ > 0. If ࢞,࢟ < 0, then LHS of (1) < 0, but 

RHS of (1) > 0 ⇒ ݕ,ݔ < 0 is impossible ∴ ࢞,࢟ > 0. Now, ࢞૝ + ࢟૝ ≤ ૛(࢞૛ − ࢞࢟ + ࢟૛)૛ 

⇔ ࢞૝ + ࢟૝ + ૟࢞૛࢟૛ − ૟࢞࢟(࢞૛ + ࢟૛) ≥ ૙ ⇔ (࢞૛ + ࢟૛)૛ + ૝࢞૛࢟૛ − ૝࢞࢟(࢞૛ + ࢟૛) ≥ ૙

⇔ 

⇔ (࢞૛ + ࢟૛ − ૛࢞࢟)૛ ≥ ૙ → true 

∴ ඥ࢞૝ + ࢟૝ ≤ √૛ห࢞૛ − ࢞࢟ + ࢟૛ห = √૛(࢞૛ − ࢞࢟ + ࢟૛) 

൬∵ ࢞૛ − ࢞࢟ + ࢟૛ =
૚
૝

(࢞ + ࢟)૛ +
૜
૝

(࢞ − ࢟)૛ > 0൰ 

⇒ ඨ࢞
૝ + ࢟૝

૛
૝

≤ ඥ࢞૛ − ࢞࢟ + ࢟૛ ⇒ ඥૡ(࢞૝ + ࢟૝)૝ ≤ ૛ඥ࢞૛ − ࢞࢟ + ࢟૛ ⇒ 

⇒ ඥૡ(࢞૝ + ࢟૝)૝ + ૛ඥ࢞࢟ ≤ ૛ ቀඥ࢞૛ − ࢞࢟ + ࢟૛ + ඥ࢞࢟ቁ ≤
ࡿ࡮࡯

૛√૛ඥ࢞૛ − ࢞࢟ + ࢟૛ + ࢞࢟ = 
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= ૛√૛ඥ࢞૛ + ࢟૛ 	 ≤
(ࢇ)

? ૛(࢞૛ + ࢟૛)૛

࢞࢟(࢞ + ࢟) ⇔
(࢞૛ + ࢟૛)૝

࢞૛࢟૛(࢞ + ࢟)૛ ≥
?
૛(࢞૛ + ࢟૛) ⇔ 

⇔ (࢞૛ + ࢟૛)૜ ≥
(࢈)

?
૛࢞૛࢟૛(࢞ + ࢟)૛ 

Now, (࢞૛ + ࢟૛)૜ = (࢞૛ + ࢟૛)(࢞૛ + ࢟૛)૛ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛
(࢞ + ࢟)૛(࢞૛ + ࢟૛) ≥

ࡳି࡭
 

≥ ૚
૛

(࢞ + ࢟)૛ ⋅ ૝࢞૛࢟૛ = ૛࢞૛࢟૛(࢞ + ࢟)૛ ⇒ (b) is true ⇒ (a) is true ⇒ 

⇒ RHS of (1) ≤
(࢏) ૛൫࢞૛ା࢟૛൯

૛

࢞࢟(࢞ା࢟)
, equality at ࢞ = ࢟. 

Again, LHS of (1)= ૛ ቀ ࢞૝

࢞࢟૛
+ ࢟૝

࢞૛࢟
ቁ ≥

(࢏࢏)

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮
૛ ൫࢞૛ା࢟૛൯

૛

࢞࢟(࢞ା࢟)
, equality at ࢞ = ࢟. 

 (i), (ii) ⇒ LHS of (1) = RHS of (1) = ૛൫࢞૛ା࢟૛൯
૛

࢞࢟(࢞ା࢟)
 & ∵ respective equalities occur at ࢞ = ࢟ 

∴ ࢞ = ࢟ 

Putting ࢟ = ࢞ in (2), we get: ૚૟࢞૞ − ૛૙࢞૜ + ૞࢞ = ට࢞ା૚
૛
⇒ 

⇒ ૚૟࢞૞ − ૛૙࢞૜ + ૞࢞ − ૚ = ඨ࢞ + ૚
૛ − ૚ ⇒ (࢞ − ૚)(૝࢞૛ + ૛࢞ − ૚)૛ = 

=
࢞శ૚
૛ ି૚

ට࢞శ૚
૛ ା૚

= ࢞ି૚

૛ቆ૚ାට࢞శ૚૛ ቇ
. One possibility is ࢞ = ૚ ⇒ ࢞ = ࢟ = ૚ is a solution when 

࢞ ≠ ૚,૛(૝࢞૛ + ૛࢞ − ૚)૛ ቆ૚ + ට࢞ା૚
૛
ቇ = ૚. Let ට࢞ା૚

૛
= ࢚. Then, we have: 

(૛ + ૛࢚)(૝(૛࢚૛ − ૚)૛ + ૛(૛࢚૛ − ૚) − ૚)૛ − ૚ = ૙ ⇒ 

⇒ (૛࢚ + ૚)(ૡ࢚૜ − ૟࢚ + ૚)൫૜૛࢚૞ + ૚૟࢚૝ − ૜૛࢚૜ − ૚૛࢚૛ + ૟࢚ + ૚൯ = ૙ 

The equations yield two acceptable solutions: ࢚ = ૛ܛܗ܋ ૛࣊
ૢ
⇒ ට࢞ା૚

૛
= ܛܗ܋ ૛࣊

ૢ
⇒ ࢞ = ܛܗ܋ ૝࣊

ૢ
  

& ࢚ ≈.ૡ૝૚૛૞ ⇒ ࢞ ≈.૝૚૞૝૚૞ 

∴ all possible solutions are 

(࢞ = ࢟ = ૚), ൬࢞ = ࢟ = ܛܗ܋
૝࣊
ૢ ൰ , (࢞ = ࢟ ≈.૝૚૞૝૚૞) 

(Answer) 
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SP.154. Let ࢞,࢟, ࢞ :be positive real numbers such that ࢠ + ࢟+ ࢠ = ૜. Find the 

minimum value of: 

ࡼ =
√࢞૜ + ඥ࢟૜ + ૜ࢠ√ + ૚
૝൫√࢞ + ඥ࢟ + ൯ࢠ√

+
ૡ
૜

(࢞૛ + ࢟૛ +  (૛ࢠ

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Vietnam 

෍൫૜√࢞૜ + ࢞൯ = ෍൫√࢞૜ + √࢞૜ + √࢞૜ + ࢞൯ ≥
࢟ࢎࢉ࢛ࢇ࡯

෍૝√࢞૜ ⇔෍√࢞૜ ≥
૝∑√࢞ − ૜

૜  

ࡼ ≥
૚
૜ ⋅

∑√࢞
∑√࢞

+
ૡ
૜෍࢞૛ ≥

૚
૜ +

ૡ
૜ ⋅

(࢞ + ࢟ + ૛(ࢠ

૜ =
૚
૜ + ૡ =

૛૞
૜  

⇒ ܖܑܕࡼ 	 = ૛૞
૜
⇔ ࢇ = ࢈ = ࢉ = ૚. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢞,࢟, ࢠ > 0 and ࢞ + ࢟ + ࢠ = ૜, we give ࢞ = ࢟,૟ࢇ = ,૟࢈ ࢠ = ,࢈,ࢇ ૟, whereࢉ ࢉ > 0, we 

get √
࢞૜ ା ඥ࢟૜ ା ૜ࢠ√ ା૚
૝൫√࢞ାඥ࢟ା√ࢠ൯

+ ૡ
૜

(࢞૛ + ࢟૛ +  (ࢉࢠ

૛ࢇ + ૛࢈ + ૛ࢉ + ૚
૝(ࢇ૜ + ૜࢈ + (૜ࢉ +

ૡ
૜

૚૛ࢇ) + ૚૛࢈ + (૚૛ࢉ ≥
૛૞
૜  

Iff ૜൫ࢇ
૛ା࢈૛ାࢉ૛ା૚൯

૝൫ࢇ૜ା࢈૜ାࢉ૜൯
+ ૡ(ࢇ૚૛ + ૚૛࢈ + (૚૛ࢉ ≥ ૛૞ 

Iff ૜൫ࢇ
૛ା࢈૛ାࢉ૛൯ା૜

൫ࢇ૜ା࢈૜ାࢉ૜൯
+ ૜૛(ࢇ૚૛ + ૚૛࢈ + (૚૛ࢉ ≥ ૚૙૙ 

Iff ૜(ࢇ૛ + ૛࢈ + (૛ࢉ + ૟ࢇ) + ૟࢈ + (૟ࢉ + ૜૛(ࢇ૚૛ + ૚૛࢈ + ૜ࢇ)(૚૛ࢉ + ૜࢈ + (૜ࢉ ≥ 

≥ ૚૙૙(ࢇ૜ + ૜࢈ +  ૜) and it is to be true becauseࢉ

૟ࢇ .1 + ૟࢈ + ૟ࢉ ≥ ૜ࢇ + ૜࢈ +  ૜ࢉ

૚૛ࢇ) .2 + ૚૛࢈ + ૜ࢇ)(૚૛ࢉ + ૜࢈ + (૜ࢉ ≥ ૜(ࢇ૜ + ૜࢈ +  (૜ࢉ

3. ૜(ࢇ૛ + ૛࢈ + (૛ࢉ + ૚૛ࢇ) + ૚૛࢈ + ૜ࢇ)(૚૛ࢉ + ૜࢈ + (૜ࢉ ≥ 

≥ ૛ඥ૜(ࢇ૛ + ૛࢈ + ૚૛ࢇ)(૛ࢉ + ૚૛࢈ + ૜ࢇ)(૚૛ࢉ + ૜࢈ +  (૜ࢉ

≥ ૛ඥ૜(ࢇૠ + ૠ࢈ + ૠࢇ)(ૠࢉ + ૠ࢈ + ૜ࢇ)(ૠࢉ + ૜࢈ +  (૜ࢉ
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≥ ૟ඥ(ࢇૠ + ૠ࢈ + ૜ࢇ)(ૠࢉ + ૜࢈ +  (૜ࢉ

≥ ૟(ࢇ૜ + ૜࢈ +  (૜ࢉ

Therefore, it is to be true (it’s minimum is ૡ ૚
૜
)   

SP.155. Let ࢞,࢟, ࢠ࢟࢞ :be positive real numbers such that ࢠ = ૚. Find the 

minimum value of: 

ࡼ = ࢞૜

(૛࢟૛ି࢟ࢠା૛ࢠ૛)૛ + ࢟૜

(૛ࢠ૛ି࢞ࢠା૛࢞૛)૛ + ૜ࢠ

(૛࢞૛ି࢞࢟ା૛࢟૛)૛ + ࢞࢟ା࢟ࢠା࢞ࢠ
૜

    (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer 

* Lemma: Let ࢈,ࢇ,  :be positive real numbers we have inequality ࢉ

૝ࢇ + ૝࢈ + ૝ࢉ + +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ ≥ ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ +  ૛)   (2)ࢇ

૝ࢇ :(2) + ૝࢈ + ૝ࢉ + +ࢇ)ࢉ࢈ࢇ +࢈ (ࢉ ≥ ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ +  (૛ࢇ

⇔ ૝ࢇ + ૝࢈ + ૝ࢉ + +ࢇ)ࢉ࢈ࢇ ࢈ + −(ࢉ ૛ࢇ)࢈ࢇ + −(૛࢈ ૛࢈)ࢉ࢈ + (૛ࢉ − ૛ࢉ)ࢇࢉ + (૛ࢇ ≥ ૙ 

⇔ ૛ࢇ)૛ࢇ − ࢈ࢇ − ࢉࢇ + (ࢉ࢈ + ૛࢈)૛࢈ − −ࢉ࢈ +ࢇ࢈ (ࢇࢉ + ૛ࢉ)૛ࢉ − −ࢇࢉ +࢈ࢉ (࢈ࢇ ≥ ૙ 

⇔ ࢇ)૛ࢇ − ࢇ)(࢈ − (ࢉ + ࢈)૛࢈ − ࢈)(ࢇ − (ࢉ + ࢉ)૛ࢉ − ࢉ)(ࢇ − (࢈ ≥ ૙    (3) 

- Supposed ࢇ ≥ ࢈ ≥ ࢉ > 0. 

+ We have: ቄࢉ ≤ ࢇ
ࢉ ≤ ࢈ ⇔ ቄࢉ − ࢇ ≤ ૙

ࢉ − ࢈ ≤ ૙ ⇒
ࢉ) − ࢉ)(ࢇ − (࢈ ≥ ૙⇔ ࢉ)૛ࢉ − ࢉ)(ࢇ − (࢈ ≥ ૙   (4) 

+ Let: ࢇ૛(ࢇ − ࢇ)(࢈ − (ࢉ + −࢈)૛࢈ ࢈)(ࢇ − (ࢉ = ࢇ) − ࢇ)૛ࢇ](࢈ − −(ࢉ ࢈)૛࢈ −  [(ࢉ

⇔ ࢇ)૛ࢇ − −ࢇ)(࢈ (ࢉ + ࢈)૛࢈ − −࢈)(ࢇ (ࢉ = ࢇ) − ૜ࢇ)](࢈ − (૜࢈ − ૛ࢇ)ࢉ −  [(૛࢈

= ࢇ) − ࢇ)](࢈ − ૛ࢇ)(࢈ + ࢈ࢇ + (૛࢈ − −ࢇ)ࢉ +ࢇ)(࢈  [(࢈

= ࢇ) − −ࢇ)(࢈ ૛ࢇ)(࢈ + ࢈ࢇ + ૛࢈ − ࢉࢇ −  (ࢉ࢈

= ࢇ) − ૛ࢇ)૛(࢈ + +࢈ࢇ ૛࢈ − ࢉࢇ −  (5)     (ࢉ࢈

− Because ࢇ ≥ ࢈ ≥ ࢉ > 0 then ࢇ − ࢉ ≥ ૙;࢈ − ࢉ ≥ ૙ 

+ Hence: ࢇ૛ + ࢈ࢇ + ૛࢈ − ࢉࢇ − ࢉ࢈ = ࢇ)ࢇ − (ࢉ + −࢈)࢈ (ࢉ + ࢈ࢇ ≥ ࢈ࢇ >

0; ࢇ) − ૛(࢈ ≥ ૙;∀࢈,ࢇ ∈ ℝ 

⇒ ࢇ) − ૛ࢇ)૛(࢈ + ࢈ࢇ + ૛࢈ − ࢉࢇ − (ࢉ࢈ ≥ ૙. Let (5):⇒ ࢇ)૛ࢇ − −ࢇ)(࢈ (ࢉ +

−࢈)૛࢈ −࢈)(ࢇ (ࢉ ≥ ૙   (6) 
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- Let (4), (6):⇒ ࢇ)૛ࢇ − ࢇ)(࢈ − (ࢉ + ࢈)૛࢈ − ࢈)(ࢇ − (ࢉ + ࢉ)૛ࢉ − ࢉ)(ࢇ − (࢈ ≥ ૙ 

⇒ Inequality (3) true ⇒ (2) true and lemma get the result. 

* Let (࢈,ࢇ, (ࢉ = (࢞,࢟,  :(ࢠ

⇒ ࢞૝ + ࢟૝ + ૝ࢠ + ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ ≥ ࢞࢟(࢞૛ + ࢟૛) + ૛࢟)ࢠ࢟ + (૛ࢠ + ૛ࢠ)࢞ࢠ + ࢞૛)   

(7) 

- By AM-GM inequality we have: 

࢞࢟(࢞૛ + ࢟૛) + ૛࢟)ࢠ࢟ + (૛ࢠ + ૛ࢠ)࢞ࢠ + ࢞૛) ≥ ࢞࢟ ⋅ ૛࢞࢟ + ࢠ࢟ ⋅ ૛࢟ࢠ + ࢞ࢠ ⋅ ૛࢞ࢠ

= ૛(࢞૛࢟૛ + ࢟૛ࢠ૛ +  (૛࢞૛ࢠ

⇔ ࢞࢟(࢞૛ + ࢟૛) + ૛࢟)ࢠ࢟ + (૛ࢠ + ૛ࢠ)࢞ࢠ + ࢞૛) ≥ ૛(࢞૛࢟૛ + ࢟૛ࢠ૛ +  ૛࢞૛)    (8)ࢠ

- Let (7), (8): ⇒ ࢞૝ + ࢟૝ + ૝ࢠ + ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ ≥ ૛(࢞૛࢟૛ + ࢟૛ࢠ૛ +  (૛࢞૛ࢠ

⇔ ࢞૝ + ࢟૝ + ૝ࢠ + ૛(࢞૛࢟૛ + ࢟૛ࢠ૛ + (૛࢞૛ࢠ

≥ ૝(࢞૛࢟૛ + ࢟૛ࢠ૛ + (૛࢞૛ࢠ − +࢞)ࢠ࢟࢞ ࢟ +  (ࢠ

⇔ (࢞૛ + ࢟૛ + ૛)૛ࢠ ≥ ૝(࢞૛࢟૛ + ࢟૛ࢠ૛ + (૛࢞૛ࢠ − ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

⇔ ൫࢞૛ା࢟૛ାࢠ૛൯
૛

૝൫࢞૛࢟૛ା࢟૛ࢠ૛ାࢠ૛࢞૛൯ି࢞࢟ࢠ(࢞ା࢟ାࢠ)
≥ ૚  (9) 

* By Cauchy Schwarz inequality we have: 

࢞૜

(૛࢟૛ − ࢠ࢟ + ૛ࢠ૛)૛ +
࢟૜

(૛ࢠ૛ − ࢞ࢠ + ૛࢞૛)૛ +
૜ࢠ

(૛࢞૛ − ࢞࢟ + ૛࢟૛)૛ 

=
൬ ࢞૛
૛࢟૛ − ࢠ࢟ + ૛ࢠ૛൰

૛

࢞ +
൬ ࢟૛
૛ࢠ૛ − ࢞ࢠ + ૛࢞૛൰

૛

࢟ +
൬ ૛ࢠ
૛࢞૛ − ࢞࢟ + ૛࢟૛൰

૛

ࢠ ≥ 

≥
൬ ࢞૛

૛࢟૛ష࢟ࢠశ૛ࢠ૛
ା ࢟૛

૛ࢠ૛ష࢞ࢠశ૛࢞૛
ା ૛ࢠ

૛࢞૛ష࢞࢟శ૛࢟૛
൰
૛

࢞ା࢟ାࢠ
    (10) 

- Other: ࢞૛

૛࢟૛ି࢟ࢠା૛ࢠ૛
+ ࢟૛

૛ࢠ૛ି࢞ࢠା૛࢞૛
+ ૛ࢠ

૛࢞૛ି࢞࢟ା૛࢟૛
 

=
࢞૝

૛࢞૛࢟૛ − ࢞૛࢟ࢠ+ ૛࢞૛ࢠ૛ +
࢟૝

૛࢟૛ࢠ૛ − ࢟૛࢞ࢠ+ ૛࢟૛࢞૛ +
૝ࢠ

૛ࢠ૛࢞૛ − ૛࢞࢟ࢠ + ૛ࢠ૛࢟૛ ≥ 

≥
(࢞૛ + ࢟૛ + ૛)૛ࢠ

(૛࢞૛࢟૛ − ࢞૛࢟ࢠ + ૛࢞૛ࢠ૛) + (૛࢟૛ࢠ૛ − ࢟૛࢞ࢠ + ૛࢟૛࢞૛) + (૛ࢠ૛ + ࢞૛ − ૛࢞࢟ࢠ + ૛ࢠ૛࢟૛) 

⇔ ࢞૛

૛࢟૛ି࢟ࢠା૛ࢠ૛
+ ࢟૛

૛ࢠ૛ି࢞ࢠା૛࢞૛
+ ૛ࢠ

૛࢞૛ି࢞࢟ା૛࢟૛
≥ ൫࢞૛ା࢟૛ାࢠ૛൯

૛

૝൫࢞૛࢟૛ା࢟૛ࢠ૛ାࢠ૛࢞૛൯ି࢞࢟ࢠ(࢞ା࢟ାࢠ)
     (11) 
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- Let (9), (11):⇒ ࢞૛

૛࢟૛ି࢟ࢠା૛ࢠ૛
+ ࢟૛

૛ࢠ૛ି࢞ࢠା૛࢞૛
+ ૛ࢠ

૛࢞૛ି࢞࢟ା૛࢟૛
≥ ૚    (12) 

- Let (10), (12): 

⇒
࢞૜

(૛࢟૛ − ࢠ࢟ + ૛ࢠ૛)૛ +
࢟૜

(૛ࢠ૛ − ࢞ࢠ + ૛࢞૛)૛ +
૜ࢠ

(૛࢞૛ − ࢞࢟ + ૛࢟૛)૛ ≥
૚

࢞ + ࢟ +  ࢠ

⇒ ࡼ =
࢞૜

(૛࢟૛ − ࢠ࢟ + ૛ࢠ૛)૛ +
࢟૜

(૛ࢠ૛ − ࢞ࢠ + ૛࢞૛)૛ +
૜ࢠ

(૛࢞૛ − ࢞࢟ + ૛࢟૛)૛

+
࢞࢟ + ࢠ࢟ + ࢞ࢠ

૜ ≥ 

≥ ૚
࢞ା࢟ାࢠ

+ ࢞࢟ା࢟ࢠା࢞ࢠ
૜

   (13) 

- By inequality: (࢔࢓ + ࢖࢔ + ૛(࢓࢖ ≥ ૜࢓)࢖࢔࢓+ ࢔ +  and AM-GM inequality (࢖

and: ࢞࢟ࢠ = ૚. We have: 

૚
࢞ + ࢟ + +ࢠ

࢞࢟ + +ࢠ࢟ ࢞ࢠ
૜

= ൬
૚

࢞ + ࢟ + ࢠ +
࢞࢟ + ࢠ࢟ + ࢞ࢠ

ૢ +
࢞࢟ + ࢠ࢟ + ࢞ࢠ

ૢ ൰ +
࢞࢟ + +ࢠ࢟ ࢞ࢠ

ૢ ≥ 

≥ ૜ ⋅ ඨ
૚

࢞ + ࢟ + ࢠ ⋅
࢞࢟ + ࢠ࢟ + ࢞ࢠ

ૢ ⋅
࢞࢟ + +ࢠ࢟ ࢞ࢠ

ૢ
૜

+
૜ ⋅ ඥ࢞࢟ ⋅ ࢠ࢟ ⋅ ૜࢞ࢠ

ૢ  

⇒ ૚
࢞ା࢟ାࢠ

+ ࢞࢟ା࢟ࢠା࢞ࢠ
૜

≥ ૜ ⋅ ට(࢞࢟ା࢟ࢠା࢞ࢠ)૛

ૡ૚(࢞ା࢟ାࢠ)
૜ + ૜ ඥ(࢞࢟ࢠ)૛૜

ૢ
≥ ૜ට૜࢞࢟ࢠ(࢞ା࢟ାࢠ)

ૡ૚(࢞ା࢟ାࢠ)
૜ + ૜⋅૚

ૢ
     

⇒ ૚
࢞ା࢟ାࢠ

+ ࢞࢟ା࢟ࢠା࢞ࢠ
૜

≥ ૜ට૜⋅૚
ૡ૚

૜ + ૜
ૢ

= ૚ + ૚
૜

= ૝
૜
⇔ ૚

࢞ା࢟ାࢠ
+ ࢞࢟ା࢟ࢠା࢞ࢠ

૜
≥ ૝

૜
   (14) 

 

- Let (13), (14):⇒ ࡼ ≥ ૝
૜
⇒ ܖܑܕࡼ 	 = ૝

૜
. Equality occurs if: 

 

⇔

⎩
⎪
⎨

⎪
⎧

࢞ = ࢟ = ࢠ > 0
ࢠ࢟࢞ = ૚

૚
૛࢟૛ି࢟ࢠା૛ࢠ૛

= ૚
૛ࢠ૛ି࢞ࢠା૛࢞૛

= ૚
૛࢞૛ି࢞࢟ା૛࢟૛

૚
࢞ା࢟ାࢠ

= ࢞࢟ା࢟ࢠା࢞ࢠ
ૢ

⇔ ࢞ = ࢟ = ࢠ = ૚. 
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SP.156. Find all the polynomials ࡼ ∈ ℝ[࢞] having the property 

(࢞)ࡼ = ࡼ ቀ࢞ + ඥ࢞૛ + ૚ቁ ,∀࢞ ∈ ℝ 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

Let ࡼ(࢞) be a polynomial of degree ࢓ where ࢓ ∈ ℕ. 

If ࢓ = ૚, let ࡼ(࢞) = ࢞ࢇ + ࢇ,࢈ ≠ ૙, then ࢞ࢇ + ࢈ = ൫࢞ࢇ + √࢞૛ + ૚൯ + ࢞∀		࢈ ∈ ℝ 

⇒ ඥ࢞૛ࢇ + ૚ = ૙,∀࢞ ∈ ℝ ⇒ ࢇ = ૙ 

A contradiction. 

Assume ࢓ ≥ ૛. 

Choose a sequence ࢓૚ > ૛࢓ > ⋯ >  of positive integers such that ࢓࢓

࢑ା૚࢓ > ࢑࢓ + ට࢑࢓
૛ + ૚ for ૚ ≤ ࢑ ≤ −࢓ ૚.  

For ૚ ≤ ࢘ ≤  ࢓

(࢘࢓)ࡼ = ࡼ ቀ࢘࢓ + ඥ࢘࢓
૛ + ૚ቁ   (given) 

By the Rolle’s theorem ∃࢘ࢻ ∈ ቀ࢘࢓,࢘࢓ + ඥ࢘࢓
૛ + ૚ቁ such that 

(࢘ࢻ)ᇱࡼ = ૙    (૚ ≤ ࢘ ≤ (࢓ ⇒  ᇱ(࢞) is a polynomial ofࡼ zeros. But ࢓ ᇱ(࢞) has at leastࡼ

degree (࢓− ૚). A contradiction. 

∴ there is no polynomial of degree ≥ ૚, satisfying the given condition. 

Thus, ࡼ(࢞) satisfies the given condition if and only if ࡼ(࢞) is a constant  

Solution 2 by Tran Hong-Dong Thap-Vietnam 

Suppose ࡼ܏܍܌(࢞) ≥ ૚:ࡼ(࢞) = ࢔࢞࢔ࢇ + ૚ି࢔૚࢞ି࢔ࢇ + ⋯+  ;૙ࢇ

,૚ି࢔ࢇ,࢔ࢇ) … ૙ࢇ, ∈ ℝ	ࢊ࢔ࢇ	࢔ࢇ ≠ ૙) 

Let ࢞ = −࢚(∀࢚ ∈ ℝ) ⇒ (࢚−)ࡼ = ࢚−൫ࡼ + √࢚૛ + ૚൯		∀࢚ ∈ ℝ 

⇔ (࢚−)ࡼ = ࡼ ൬ ૚
ඥ࢚૛ା૚ା࢚

൰∀∈ ℝ   (*) 

࢔ = ૛࢑	࢑) ∈ ℕ∗) then 
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ܕܑܔ
࢚→ାஶ

(࢚−)ࡼ = [ିஶ	ࢌ࢏	࢔ࢇழ଴
ାஶ	ࢌ࢏	࢔ࢇவ଴	࢚࢛࢈ ܕܑܔ

࢚→ାஶ
ࡼ ൬

૚
√࢚૛ + ૚ + ࢚

൰ = (૙)ࡼ =  ૙ࢇ

࢔ = ૛࢑ + ૚		(࢑ ∈ ℕ) then 

ܕܑܔ
࢚→ାஶ

(࢚−)ࡼ = [ାஶ	ࢌ࢏	࢔ࢇழ଴
ିஶ	ࢌ࢏	࢔ࢇவ଴	࢚࢛࢈ ܕܑܔ

࢚→ାஶ
ࡼ ൬

૚
√࢚૛ + ૚ + ࢚

൰ = (૙)ࡼ =  ૙ࢇ

⇒ (࢞)ࡼ܏܍܌ = ૙ ⇒ (࢞)ࡼ = ࢞∀,࡯ ∈ ℝ  (࡯: const) 

 

SP.157. Let ࢌ: [૙, +∞) → [૙, +∞) a derivable function and ࢇ > 1. If  

(࢞)ࢌ)(࢞)ᇱࢌ + ࢞૛ + ૛࢞ + (ࢇ = ૚,∀࢞ ≥ ૙ then: ࢞ܕܑܔ→ஶ  exists and it is (࢞)ࢌ

finite. 

Proposed by Marian Ursărescu – Romania  

Solution by Tran Hong-Vietnam 

(࢞)ࢌ)(࢞)ᇱࢌ + ࢞૛ + ૛࢞ + (ࢇ = ૚ 

 

⇒ (࢞)ᇱࢌ > ݔ∀	0 ≥ 0  (because ࢌ(࢞) ≥ ૙	∀࢞ ≥ ૙,ࢇ > 1) 

 

⇒ (࢞)ࢌ ↗ on [૙, +∞) 

 

⇒ ାஶ→࢞ܕܑܔ (࢞)ࢌ = ࢒ ∈ [૙, +∞) or ࢞ܕܑܔ→ାஶ (࢞)ࢌ = +∞. 

If ࢞ܕܑܔ→ାஶ (࢞)ࢌ = +∞ ⇒ ାஶ→࢞ܕܑܔ (࢞)ᇱࢌ = ାஶ→࢞ܕܑܔ
૚

ࢇା࢞૛ା૛࢞ା(࢞)ࢌ
= ૙ 

⇒ ࢻ∃ > 0: 0 < (࢞)ᇱࢌ ≤
૚

࢞૛ + ૚	
(∀࢞ ≥ (ࢻ ⇒ ૙ < නࢌᇱ(࢚)

࢞

૙

࢚ࢊ ≤ න
૚

࢚૛ + ૚

࢞

૙

 ࢚ࢊ

⇒ ૙ < ݂(࢞) − (ࢻ)ࢌ ≤ −(࢞)૚ିܖ܉ܜ (ࢻ)૚ିܖ܉ܜ ⇒ (࢞)ࢌ ≤ (࢞)૚ିܖ܉ܜ + −(ࢻ)ࢌ  (ࢻ)૚ିܖ܉ܜ

⇒ ܕܑܔ
࢞→ାஶ

(࢞)ࢌ ≤
࣊
૛ + −(ࢻ)ࢌ  (ࢻ)૚ିܖ܉ܜ

which is contrary with ࢞ܕܑܔ→ାஶ (࢞)ࢌ = +∞. So, we have ࢞ܕܑܔ→ାஶ (࢞)ࢌ = ࢒ ∈ [૙, +∞). 

Proved. 
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SP.158. Prove that for any real numbers ࢇ૚ ,૛ࢇ, …  :the inequality holds ,࢔ࢇ,

෍࢏ࢇ)࢏ࢇ + (ା૚࢏ࢇ
࢔

ୀ૚࢏

൫࢏ࢇ૛ + ା૚૛࢏ࢇ ൯… ቀ࢏ࢇ૛
࢑ + ା૚૛࢑࢏ࢇ ቁ ≥ ૙ 

Where ࢑ is a positive integer and ࢔ࢇା૚ =  ?૚. When does the equality occurࢇ

Proposed by Nguyen Viet Hung  - Hanoi – Vietnam  

Solution by Tran Hong-Vietnam 

With ࢔ = ૚:ࢇ૚(ࢇ૚ + ૚૛ࢇ૛)൫ࢇ + …૛૛൯ࢇ ቀࢇ૚૛
࢑ + ૛૛ࢇ

࢑ቁ 

=
(૚ࢇ૛ୀࢇ)

૛ࢇ૚૛ ⋅ ૛ࢇ૚૛ … .૛ࢇ૚૛
࢑ ≥ ૙  (true) 

Suppose it true with ૚,૛, … ࢔ we prove with ;࢔, + ૚; 

Let: ࢔ࢇା૚ = ࢏|࢏ࢇ}ܠ܉ܕ = ૚,૛, … ࢔, + ૚} ⇒ ା૚࢔ࢇ ≥  ૚ࢇ

ା૚࢔ࢁ = ෍࢏ࢇ

ା૚࢔

ୀ૚࢏

࢏ࢇ) + ૛࢏ࢇା૚)൫࢏ࢇ + ା૚૛࢏ࢇ ൯… ቀ࢏ࢇ૛
࢑ + ૛࢏ࢇ

࢑ቁ 

= ෍࢏ࢇ

࢔

ୀ૚࢏

࢏ࢇ) + ૛࢏ࢇା૚)൫࢏ࢇ + ା૚૛࢏ࢇ ൯… ቀ࢏ࢇ૛
࢑ + ା૚૛࢑࢏ࢇ ቁ + ା૚࢔ࢇ)ା૚࢔ࢇ + ା૚૛࢔ࢇା૛)൫࢔ࢇ + ା૛૛࢔ࢇ ൯… 

… ቀ࢔ࢇା૛૛࢑ + ା૛૛࢑࢔ࢇ ቁ 

ା૚࢔ࢁ = ෍࢏ࢇ

࢔

ୀ૚࢏

࢏ࢇ) + ૛࢏ࢇା૚)൫࢏ࢇ + ା૚૛࢏ࢇ ൯… ቀ࢏ࢇ૛࢑ + ૛࢏ࢇ
࢑ቁ + 

ା૚࢔ࢇ)ା૚࢔ࢇ+ + ା૚૛࢔ࢇ૚)൫ࢇ + …૚૛൯ࢇ ቀ࢔ࢇା૚૛࢑ + ૚૛࢑ቁࢇ ; 

If ࢔ࢇା૚ ≥ ૚ࢇ ≥ ૙ then ࢔ࢁା૚ ≥ ૙ 

If ࢇ૚ ≤ ା૚࢔ࢇ ≤ ૙ then ࢔ࢁା૚ ≥ ૙ 

If ࢔ࢇା૚ ≥ ૙ >  :૚ then we haveࢇ

ା૚࢔ࢁ = ෍࢏ࢇ

࢔

ୀ૚࢏

࢏ࢇ) + ૛࢏ࢇା૚)൫࢏ࢇ + ା૚૛࢏ࢇ ൯… ቀ࢏ࢇ૛
࢑ + ૛࢑ቁ࢏ࢇ + 

+
ା૚࢔ࢇ

ା૚࢔ࢇ − ૚ࢇ
⋅ ൫࢔ࢇା૚૛ − ା૚૛࢔ࢇ૚૛൯൫ࢇ + …૚૛൯ࢇ ቀ࢔ࢇା૚૛࢑ + ૚૛ࢇ

࢑ቁ 
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= ෍࢏ࢇ

࢔

ୀ૚࢏

࢏ࢇ) + ૛࢏ࢇା૚)൫࢏ࢇ + ା૚૛࢏ࢇ ൯…ቀ࢏ࢇ૛
࢑ + ૛࢏ࢇ

࢑ቁ + ା૚࢔ࢇ ⋅
ା૚૛࢑శ૚࢔ࢇ − ૚૛ࢇ

࢑శ૚

ା૚࢔ࢇ − ૚ࢇ
≥ ૙ 

⇒ Proved. Equality ⇔ ࢏ࢇ = ૙   (࢏ = ૚,૛, …  (࢔,

 

SP.159. Prove that in any triangle ࡯࡮࡭ with standard notations, the inequality 

holds: 

ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + (૛ࢉ ≥ ૛(࢈ + ૛ࢇࢎ(ࢉ + ૛(ࢉ + ૛࢈ࢎ(ࢇ + ૛(ࢇ +  ૛ࢉࢎ(࢈

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

෍ࢇ෍ࢇ૛ ≥
(૚)

૛෍(࢈ +  ૛ࢇࢎ(ࢉ

(1) ⇔ ૛࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) ≥ ∑(૛࢙ − (ࢇ ࢈
૛ࢉ૛

૝ࡾ૛
 

⇔ ૝ࡾ૛ ⋅ ૛࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) ≥ ૛࢙ቊቀ෍࢈ࢇቁ
૛
− ૚૟࢙࢘ࡾ૛ቋ − ૝࢙࢘ࡾ ቀ෍࢈ࢇቁ 

⇔ ૝ࡾ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) ≥ (࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛ − ૛࢘ࡾ(࢙૛ + ૝࢘ࡾ+ ࢘૛) 

⇔ ࢙૝ − ࢙૛(૝ࡾ૛ + ૚૙࢘ࡾ − ૛࢘૛) + ૚૟ࡾ૜࢘+ ૚૛ࡾ૛࢘૛ + ૟࢘ࡾ૜ + ࢘૝ ≤
(૛)

૙ 

Now, ࢙૛ ≥ ࢓ ࢔− ⇒ ࢙૛ ࢓− + ࢔ ≥
(૛)

૙ & ࢙૛ ≤ ࢓ + ࢔ ⇒ ࢙૛ −࢓− ࢔ ≤
(࢈)

૙, where 

࢓ = ૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛ & ࢔ = ૛(ࡾ − ૛࢘)√ࡾ૛ − ૛࢘ࡾ 

(a).(b) ⇒ ࢙૝ − ૛࢙࢓૛ + ૛࢓ − ૛࢔ ≤ ૙ ⇒ 

⇒ ࢙૝ − ࢙૛(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛) + ૟૝ࡾ૜࢘ + ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + ࢘૝ ≤
(૜)

૙ 

(2), (3) ⇒ in order to prove (2), it suffices to show: 

−࢙૛(૝ࡾ૛ + ૚૙࢘ࡾ− ૛࢘૛) + ૚૟ࡾ૜࢘+ ૚૛ࡾ૛࢘૛ + ૟࢘ࡾ૜ ≤ −࢙૛(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛) + 

+૟૝ࡾ૜࢘ + ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ ⇔ ૞࢙ࡾ૛ ≤
(૝)

૛૝ࡾ૜ + ૚ૡࡾ૛࢘ + ૜࢘ࡾ૛ 

Now, LHS of (4) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૞ࡾ(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≤
?
૛૝ࡾ૜ + ૚ૡࡾ૛࢘ + ૜࢘ࡾ૛ 

⇔ ૛ࡾ૛ ࢘ࡾ− − ૟࢘૛ ≤
?
૙ ⇔ ࡾ) − ૛࢘)(૛ࡾ + ૜࢘) ≥

?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘  (proved) 
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SP.160. Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢉ + ࢈ + ࢉ ≥ ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
. 

Prove that: 

૜(ࢇ૜࢈ + ࢉ૜࢈ + (ࢇ૜ࢉ ≥ ࢇ) + ࢈ +  ૛(ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

෍ࢇ ≥෍
૚
ࢇ ⇔

(ࢇ∑)ࢉ࢈ࢇ
࢈ࢇ∑ ≥

(૚)
	૚ 

Now, ૜(ࢇ૜࢈+ +ࢉ૜࢈ (ࢇ૜ࢉ = ૜ࢉ࢈ࢇ ቀࢇ
૜

ࢉࢇ
+ ૜࢈

࢈ࢇ
+ ૜ࢉ

ࢉ࢈
ቁ ≥ 

≥
࢘ࢋࢊ࢒࢕ࡴ

૜ࢉ࢈ࢇ
૜(ࢇ∑)

૜(∑࢈ࢇ) =
(ࢇ∑)ࢉ࢈ࢇ
࢈ࢇ∑ ⋅ ቀ෍ࢇቁ

૛
≥

(૚)	࢟࢈
	 ቀ෍ࢇቁ

૛
 

(Proved) 

SP.161. Prove that the following inequalities holds for all real numbers  

,࢈,ࢇ ࢉ ∈ [૙, ૚] 

(a) (૚ − ࢇ + ૛)(૚ࢇ − ࢈ + ૛)(૚࢈ − ࢉ + (૛ࢉ ≤ (૚ − ࢉ࢈ࢇ +  (૛ࢉ૛࢈૛ࢇ

(b) (૚ − ࢇ + ૛)૛(૚ࢇ − ࢈ + ૛)૛(૚࢈ − ࢉ + ૛)૛ࢉ ≤ 

≤ (૚ − ࢈ࢇ + ૛)(૚࢈૛ࢇ − ࢉ࢈ + ૛)(૚ࢉ૛࢈ − ࢇࢉ +  (૛ࢇ૛ࢉ

When does the equality occur? 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Ravi Prakash-New Delhi-India 

(૚ − ࢇ + ૛)(૚ࢇ − ࢈ + (૛࢈ − (૚ − ࢈ࢇ + (૛࢈૛ࢇ = ૚ − +ࢇ ૛ࢇ − ࢈ + ࢈ࢇ − +࢈૛ࢇ ૛࢈ − 

૛࢈ࢇ− + ૛࢈૛ࢇ − [૚ − ࢈ࢇ +  [૛࢈૛ࢇ

= ࢇ) + ૛(࢈ − ࢇ) + (࢈ − +ࢇ)࢈ࢇ (࢈ = +ࢇ) ࢇ](࢈ + −࢈ ࢈ࢇ − ૚] = 

= ࢇ)− + −૚)(࢈ −૚)(ࢇ (࢈ ≤ ૙ 

Equality when ࢇ = ࢈ = ૙ or ࢇ = ૚ or ࢈ = ૚  

∴ (૚ − +ࢇ −૛)(૚ࢇ ࢈ + (૛࢈ ≤ ૚− ࢈ࢇ +  ૛࢈૛ࢇ

Equality when ࢇ = ࢈ = ૙ or ࢇ = ૚ or ࢈ = ૚. 
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⇒ (૚ − ࢇ + ૛)(૚ࢇ − ࢈ + ૛)(૚࢈ − ࢉ + (૛ࢉ ≤ (૚ − ࢈ࢇ + ૛)(૚࢈૛ࢇ − ࢉ + (૛ࢉ ≤ 

≤ ૚− ࢉ࢈ࢇ + ࢇ ૛. Equality whenࢉ૛࢈૛ࢇ = ࢈ = ࢉ = ૙ or when at least two of ࢈,ࢇ,  are ࢉ

equal to ૚. Next, (૚ − ࢇ + ૛)૛(૚ࢇ − ࢈ + ૛)૛(૚࢈ − ࢉ + ૛)૛ࢉ = 

= [(૚ − ࢇ + ૛)(૚ࢇ − ࢈ + −૛)][(૚࢈ ࢈ + ૛)(૚࢈ − ࢉ + ૛)][(૚ࢉ − ࢉ + −૛)(૚ࢉ ࢇ +  [(૛ࢇ

= [(૚ − +࢈ࢇ −(૛࢈૛ࢇ +ࢇ) ૚)(࢈ − ૚)(ࢇ −  [(࢈

[(૚ − +ࢉ࢈ −(૛ࢉ૛࢈ +࢈) ૚)(ࢉ − ૚)(࢈ −  [(ࢉ

[(૚ − ࢇࢉ + ૛ࢉ + −(૛ࢇ ࢉ) + ૚)(ࢇ − ૚)(ࢉ −  [(ࢇ

≤ (૚ − ࢈ࢇ + ૛)(૚࢈૛ࢇ − ࢉ࢈ + ૛)(૚ࢉ૛࢈ − ࢇࢉ +  (૛ࢇ૛ࢉ

with equality iff (ࢇ+ ૚)(࢈ − ૚)(ࢇ − (࢈ = ૙ 

+࢈) ૚)(ࢉ − −૚)(࢈ (ࢉ = ૙; +ࢉ)	 ૚)(ࢇ − ૚)(ࢇ − (ࢉ = ૙ 

⇔ ࢇ = ࢈ = ૙, ࢉ = ૙ or ࢇ = ࢈ = ૙, ࢉ = ૚ or ࢇ = ૚,࢈ = ࢉ = ૙ or ࢇ = ૙,࢈ = ૚,ࢉ = ૙ 

or ࢇ = ૚,࢈ = ૚ or ࢇ = ૚, ࢉ = ૚ or ࢈ = ૚, ࢉ = ૚ 

 

SP.162. If ࢓ ∈ [૙,∞), ࢞,࢟, ,ࢠ ࢚ ∈ (૙,∞), then in any triangle ࡯࡮࡭, with usual 

notations holds: 

෍
൫࢞ࢇ૛ + ࢈࢓࢟

૛൯
ା૚࢓

൫࢈࢝ࢠ
૛ + ૛൯ࢉࢎ࢚

࢓
ࢉ࢏࢒ࢉ࢟ࢉ

≥
(૝࢞ + ૜࢟)࢓ା૚

૜ࢠ)࢓ + ࢓(࢚ √૜ࡿ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

Firstly, ∑࢝ࢇ
૛ ≤

(૚)
∑ ࢙(࢙ − (ࢇ = ࢙૛. Now, ࡿࡴࡸ ≥

࢔࢕ࢊࢇࡾ ൫࢞∑ ૛൯ࢇ࢓∑૛ା࢟ࢇ
శ૚࢓

൫ࢠ ∑૛ା࢚ࢇ࢝∑ ૛൯ࢇࢎ
࢓ =

ቀ࢞∑ࢇ૛ା૜૝࢟∑ࢇ
૛ቁ

శ૚࢓

൫ࢠ ૛൯ࢇࢎ∑૛ା࢚ࢇ࢝∑
࢓ ≥ 

≥ ൫∑ࢇ૛൯
శ૚࢓

(૝࢞ା૜࢟)࢓శ૚

૝࢓శ૚(ࢠା࢚)࢓൫∑࢝ࢇ
૛൯
࢓    (∵ ࢇࢎ ≤ ࢇ࢝  etc, ⇒ ૛ࢇࢎ∑ࢎ ≤ ࢇ࢝∑

૛) 

≥ ൫∑ࢇ૛൯
శ૚࢓శ૚(૝࢞ା૜࢟)࢓

൫૝࢙૛൯
࢓
⋅૝(ࢠା࢚)࢓

   (using (1)) 

≥ ൫∑ࢇ૛൯
శ૚࢓

(૝࢞ା૜࢟)࢓శ૚

൫૜∑ࢇ૛൯
࢓
⋅૝(ࢠା࢚)࢓

   (∵ ૝࢙૛ = ૛(ࢇ∑) ≤ ૜∑ࢇ૛) 

= ൫∑ శ૚࢓૛൯(૝࢞ା૜࢟)ࢇ

૜࢓⋅૝(ࢠା࢚)࢓
≥

࢛ࢉ࢙ࢋ࢔࢕ࡵ
࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃ ૝√૜ࡿ(૝࢞ା૜࢟)࢓శ૚

૜࢓⋅૝(ࢠା࢚)࢓
= (૝࢞ା૜࢟)࢓శ૚

૜࢓(ࢠା࢚)࢓ √૜ࡿ   (Proved) 
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SP.163. If ࢓ ∈ [૙,∞), ࢞,࢟, ,ࢠ ࢚ ∈ (૙,∞), then in any triangle ࡯࡮࡭, with usual 

notations holds: 

෍
૛ࢇ࢞) + ା૚࢓(૛࢈࢟

൫࢈࢝ࢠ
૛ + ࢉ࢚࢝

૛൯
࢓

ࢉ࢏࢒ࢉ࢟ࢉ

≥
૝࢓ା૚(࢞ + ା૚࢓(࢟

૜ି࢓૚૛(ࢠ + ࢓(࢚
 ࡿ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

Firstly, ∑࢝ࢇ
૛ ≤

(૚)
∑࢙(࢙ − (ࢇ = ࢙૛. Now, ࡿࡴࡸ ≥

࢔࢕ࢊࢇࡾ ൫࢞∑ࢇ૛ା࢟∑ࢇ૛൯
శ૚࢓

൫ࢇ࢝∑ࢠ૛ା࢚∑࢝ࢇ૛൯
࢓ = (࢞ା࢟)࢓శ૚൫∑ࢇ૛൯

శ૚࢓

૛൯ࢇ࢝∑൫࢚(ା࢚ࢠ)
࢓  

≥
(૚)	࢟࢈ (࢞ + ା૚࢓(૛ࢇ∑)ା૚࢓(࢟

+ࢠ) ࢓(૛࢙)࢓(࢚ ≥
(࢞ + ା૚࢓(૛ࢇ∑)ା૚࢓(࢟

ࢠ) + ࢓(࢚ ቀ૜૝∑ࢇ
૛ቁ

࢓ 		ቆ∵ ࢙૛ ≤
૜∑ࢇ૛

૝ ቇ 

=
૝࢓(࢞ + ା૚࢓(૛ࢇ∑)ା૚࢓(࢟

+ࢠ) ࢓૜࢓(࢚ ⋅ ࢓(૛ࢇ∑) =
૝࢓(࢞ + ૛ࢇ∑ା૚࢓(࢟

+ࢠ) ࢓(࢚ ⋅ ૜࢓  

≥
ି࢛ࢉࢋ࢙ࢋ࢔࢕ࡵ
࢑ࢉ࢕࢈࢔ࢋࢠ࢏࢚ࢋࢃ ૝࢓(࢞ା࢟)࢓శ૚⋅૝√૜ࡿ

࢓૜⋅࢓(ା࢚ࢠ)
= ૝࢓శ૚(࢞ା࢟)࢓శ૚૜

૚
૛ࡿ

૜࢓(ࢠା࢚)࢓
= ૝࢓శ૚(࢞ା࢟)࢓శ૚

૜࢓ష
૚
૛(ࢠା࢚)࢓

 (Proved) ࡿ

SP.164. If ࢈,ࢇ, ࢉ > 0 then: 

ࢇ) + ૛ࢇඥ(࢈ + ૛࢈ − ࢈ࢇ + ࢈) + ૛࢈ඥ(ࢉ + ૛ࢉ − ࢉ࢈ + ࢉ) + ૛ࢉඥ(ࢇ + ૛ࢇ − ࢇࢉ ≥ 

≥ ૛(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

૛ࢇ + ૛࢈ − ࢈ࢇ =
૚
૝

ࢇ) + ૛(࢈ +
૜
૝

ࢇ) − ૛(࢈ ≥
૚
૝

ࢇ) + ૛(࢈ ⇒ ඥࢇ૛ + ૛࢈ − ࢈ࢇ ≥
(૚) +ࢇ ࢈

૛  

Similarly, √࢈૛ + ૛ࢉ − ࢉ࢈ ≥
(૛) ࢉା࢈

૛
૛ࢉ√ &  + ૛ࢇ − ࢇࢉ ≥

(૜) ࢇାࢉ
૛

 

(1), (2), (3) ⇒ ࡿࡴࡸ ≥ ૛(࢈ାࢇ)∑

૛
≥
?
૛∑࢈ࢇ ⇔ ૛∑ࢇ૛ + ૛∑࢈ࢇ ≥

?
૝∑࢈ࢇ ⇔ ૛ࢇ∑ ≥

?
 ࢈ࢇ∑

 

→ true (Proved) 
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SP.165. If ࢈,ࢇ, ࢉ ≥ ૙ then: 

ࢇ) + ૛ࢇඥ(࢈ + ૛࢈ + ࢈) + ૛࢈ඥ(ࢉ + ૛ࢉ + ࢉ) + ૛ࢉඥ(ࢇ + ૛ࢇ ≥ 

≥ ൫૛√૜ − ૚൯(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

࢈,ࢇ∀ ≥ ૙,૛(ࢇ૛ + (૛࢈ ≥ +ࢇ) ∵)	૛(࢈ ࢇ) − ૛(࢈ ≥ ૙) 

⇒ ඥࢇ૛ + ૛࢈ ≥
(૚) ࢇ| + |࢈

√૛
=
ࢇ + ࢈
√૛

		(∵ ࢇ + ࢈ ≥ ૙	࢙ࢇ	࢈,ࢇ ≥ ૙) 

Similarly, ∀࢈, ࢉ ≥ ૛࢈√ + ૛ࢉ ≥
(૛) ࢉା࢈

√૛
ࢇ,ࢉ∀ &  ≥ ૙,√ࢉ૛ + ૛ࢇ ≥

(૜) ࢇାࢉ
√૛

 

(1), (2), (3) ⇒ ࡿࡴࡸ ≥ ૚
√૛
ࢇ)∑ + ૛(࢈ ≥

?
൫૛√૜ − ૚൯∑  ࢈ࢇ

⇔ ૛෍ࢇ૛ + ૛෍࢈ࢇ ≥
?
൫૛√૟ − √૛൯෍࢈ࢇ ⇔ ૛෍ࢇ૛ ≥

(ࢇ)

?
൫૛√૟ − √૛ − ૛൯෍࢈ࢇ 

Now, ∵ ૛ > 2√૟ − √૛ − ૛ 

∴ ૛ − ൫૛√૟ − √૛ − ૛൯ > 0 

∴ ቀ෍ࢇ૛ቁ ൛૛ − ൫૛√૟ − √૛ − ૛൯ൟ ≥ ૙		 ቀ∵ ෍ࢇ૛ ≥ ૙ቁ 

⇒ ૛∑ࢇ૛ ≥ ൫૛√૟ − √૛ − ૛൯∑ࢇ૛ ≥ ൫૛√૟ − √૛ − ૛൯∑ ࢈ࢇ ⇒ (a) is true (Proved) 

Solution 2 by Michael Sterghiou-Greece 

If ࢈,ࢇ, ࢉ ≥ ૙ then: 

∑ ࢇ) + ࢉ࢟ࢉ(࢈ ૛ࢇ√ + ૛࢈ ≥ ൫૛√૜ − ૚൯∑ ࢉ࢟ࢉ࢈ࢇ    (1) 

෍(ࢇ + (࢈
ࢉ࢟ࢉ

ඥࢇ૛ + ૛࢈ ≥
ࡹࡳିࡹ࡭

෍૛√࢈ࢇ
ࢉ࢟ࢉ

⋅ √૛࢈ࢇ = ෍૛√૛࢈ࢇ
ࢉ࢟ࢉ

= ૛√૛ ⋅෍࢈ࢇ
ࢉ࢟ࢉ

≥ ൫૛√૜ − ૚൯෍࢈ࢇ
ࢉ࢟ࢉ

 

√૛ > 1
√૜ > 1

ൠ → √૛ + √૜ > 2 → 1 −
૛

√૛ + √૜
> 0 → 1 − 2 ⋅

൫√૜൯
૛
൫√૛൯

૛

√૜ + √૛
> 0

→ 1 ⋅ ൫√૜ − √૛൯ > 0 
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→ ૛√૛ − ൫૛√૜ − ૚൯ > 0. Done. 

UP.151. Given real numbers ܉૚, ,૛܉ … , ܖ܉ ∈ [૙,૚].Find the maximum and 

minimum possible value of  

૚܉   + ૛܉ +⋯+ ܖ܉ + (૚ − ૚)(૚܉ − (૛܉ … (૚ −  .(ܖ܉

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by proposer 

We fix the variables ܉૛, ,૜܉ … ,  and rewrite the given expression as follows ܖ܉

(૚܉)܎ = [૚ − (૚ − (૛܉ … (૚ − ૚܉[(ܖ܉ + (૚ − (૛܉ … (૚− (ܖ܉ + ૛܉) + ⋯+  (ܖ܉

Now, we consider the following two cases: 

Case 1. If ܉૛, … , (૚܉)܎ are all zero, then ܖ܉ = ૚. 

Case 2. If there is at least one of these numbers ܉૛, …  is a first (૚܉)܎ is non zero. Then ܖ܉,

degree function (which is called linear function) with the variable ܉૚ and the leading 

coefficient is positive, hence ܎(૙) ≤ (૚܉)܎ ≤   Similarly, we also have .(૚)܎

(૙)܎ ≤ (ܑ܉)܎ ≤ ܑ for each (૚)܎ ∈ {૛,૜, … ,૛܉,૚܉)Let ۴ .{ܖ, … ,  denotes the given (ܖ܉

expression, then we obtain ૚ = ۴(૙,૙, … ,૙) ≤ ,૛܉,૚܉)۴ … , (ܖ܉ ≤ ۴(૚,૚, … ,૚) =  .ܖ

Combining the above two cases we deduce that ܉)۴ܖܑܕ૚,܉૛, … (ܖ܉, = ૚ when 

,૛܉,૚܉) … , (ܖ܉ = ,૙,ܠ) … ,૙) and its permutations; ۴ܠ܉ܕ ,૛܉,૚܉) … , (ܖ܉ =  when ܖ

,૛܉,૚܉) … (ܖ܉, = (૚,૚, … ,૚) 

 
Solution 2 by Michael Sterghiou-Greece 

ۯ = ૚܉ + ૛܉ + ⋯+ ܖ܉ + (૚ − ૚)(૚܉ − (૛܉ ⋅… ⋅ (૚ −  (1)   (ܖ܉

From Weierstrass product inequality we have ∏ (૚ − ܖ(ܓ܉
ୀ૚ܓ ≥ ૚− ∑ ܖܓ܉

ୀ૚ܓ    (*) which 

gives immediately ۯܖܑܕ = ૚ when ܓ܉ = ૙	∀ܓ ∈ {૚,૛, …  ,Now .{ܖ,

∏ (૚ − ܖ(ܓ܉
ୀ૚ܓ ≤ ቂ∑ (૚ିܓ܉)ܖ

స૚ܓ
ܖ

ቃ
ܖ

 from AM-GM given ૚ − ܓ܉ ≥ ૙		∀ܓ or  

∏ (૚ − ܖ(ܓ܉
ୀ૚ܓ ≤ ቀ૚ − ܖ܁

ܖ
ቁ
ܖ

 where ܖ܁ = ∑ ܖܓ܉
ୀ૚ܓ   (1) becomes ۯ ≤ ܖ܁ + ቀ૚ − ܖ܁

ܖ
ቁ
ܖ

 

Let ܖ܁ = ܠ,ܠ ∈ [૙,ܖ]: (ܠ)܎ = ܠ + ቀ૚ − ܠ
ܖ
ቁ
ܖ

(ܠ)ᇱ܎ . = ૚ − ቀ૚ − ܠ
ܖ
ቁ
૚ିܖ

> 0 as ܠ
ܖ
≤ ૚, 
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૙ ≤ ቀ૚ − ܠ
ܖ
ቁ
૚ିܖ

≤ ૚ so (ܠ)܎ ↑. This means (ܠ)܎ ≤  or (ܖ)܎

ܖ܁ + ቀ૚ − ܖ܁
ܖ
ቁ
ܖ
≤ ܖ + ቀ૚ − ܖ

ܖ
ቁ
ܖ

= ۯ Therefore .ܖ ≤ ܠ܉ܕۯ and ܖ 	 = ܓ܉ when ܖ = ૚ 

ܓ∀ ∈ {૚,૛, …  {ܖ,

* proved easily by induction over ܖ. 

 

UP.152. Let ࢇ૚,ࢇ૛, … ࢔)	࢔ࢇ, ≥ ૜) be positive real numbers such that: 

෍ ࢐ࢇ࢏ࢇ
૚ஸ࢏ழ௝ஸ௡

≥
࢔)࢔ − ૚)

૛  

Prove that: 

෍
૚

૛࢏ࢇ + ࢔ − ૚

࢔

ୀ૚࢏

≤ ૚ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Vietnam 

∑ ૚
࢏ࢇ
૛ାି࢔૚

= ૚
૚ି࢔

∑ ൬૚ − ࢏ࢇ
૛

࢏ࢇ
૛ାି࢔૚

൰࢔
ୀ૚࢏ = ૚

૚ି࢔
൤࢔ − ∑ ࢏ࢇ

૛

࢏ࢇ
૛ାି࢔૚

࢔
ୀ૚࢏ ൨   (*) 

෍
૛࢏ࢇ

૛࢏ࢇ + ࢔ − ૚

࢔

ୀ૚࢏

≥
(ࢠ࢘ࢇ࢝ࢎࢉࡿ) (∑ ࢔࢏ࢇ

ୀ૚࢏ )૛

∑ ࢔૛࢏ࢇ
ୀ૚࢏ + −࢔)࢔ ૚) =

∑ ࢔૛࢏ࢇ
ୀ૚࢏ + ૛∑ ழ௝ஸ௡࢏࢐૚ஸࢇ࢏ࢇ

∑ ࢔૛࢏ࢇ
ୀ૚࢏ + ࢔)࢔ − ૚)  

≥
∑ ࢏ࢇ

૛࢔
స૚࢏ ା૛࢔ቀ࢔ష૚૛ ቁ

∑ ࢏ࢇ
૛࢔

స૚࢏ ା࢔(ି࢔૚)
= ૚ ⇒ (*) ≤ ૚

૚ି࢔
࢔) − ૚) = ૚ (Proved) 

Solution 2 by Nassim Nicholas Taleb-USA 

Solution with probabilistic commentary: 

There are ࢔(ି࢔૚)
૛

 distinct terms of ∑ ∑ ࢐ࢇ࢏ࢇ
࢐ି૚
ୀ૚࢏

࢔
࢐ୀ૚ ,∑ ∑ ૚࢐ି૚

ୀ૚࢏
࢔
࢐ୀ૚ = (૚ି࢔)࢔

૛
 

Note that we have the lower or upper half of a symmetric square matrix minus the 

diagonal ࢏ࢇ૛.  

The average term ࢐ࢇ࢏ࢇ ≥ ૚, allora the mean ࢏ࢇ૛ ≥ ૚. In probabilistic terms: ॱ൫࢐ࢇ࢏ࢇஷ࢏൯ ≤

ॱ(ࢇ૛) 
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Proof: (Cauchy – Schwarz): ቀ ૛
(૚ି࢔)࢔

∑ ∑ ࢏ࢇ
࢐ି૚
ୀ૚࢏ ࢔࢐ࢇ

࢐ୀ૚ ቁ
૛
≤ ቀ૚

࢔
∑ ࢔૛࢏ࢇ
࢐ୀ૚ ቁ ቀ૚

࢔
∑ ࢔࢐૛ࢇ
࢐ୀ૚ ቁ =

ቀ૚
࢔
∑ ࢔૛࢏ࢇ
࢐ୀ૚ ቁ

૛
 

hence, since all ࢏ࢇ are positive: ૚
࢔
∑ ࢔૛࢏ࢇ
࢐ୀ૚ ≥ ૚ 

by Harmonic/Arthmetic Mean inequality, ૚
࢔
∑ ૚

࢏ࢇ
૛ାି࢔૚

࢔
ୀ૚࢏ ≥ ࢔

∑ ൫࢏ࢇ
૛ାି࢔૚൯࢔

స૚࢏
= ࢔

∑ ࢏ࢇ
૛ା࢔૛ି࢔࢔

స૚࢏
, 

allora ࢔૛

∑ ࢏ࢇ
૛ା࢔૛ି࢔࢔

స૚࢏
≤ ૚ when ૚

࢔
∑ ࢔૛࢏ࢇ
࢐ୀ૚ ≥ ૚. 

UP.153. Find: 

ષ = නන ቆ
࢞૚૙૙

૚૙૙࢞ቇ
ஶ

૙

૚

૙

(࢟ ܖܔ ࢟)૚૙૙࢞ࢊ	࢟ࢊ 

Proposed by Ekpo Samuel – Nigeria  

Solution 1 by Yen Tung Chung-Taichung-Taiwan 

ષ = නන ቆ
࢞૚૙૙

૚૙૙࢞ቇ
ஶ

૙

૚

૙

(࢟ ࢟ࢊ	࢞ࢊ૚૙૙(࢟ܖܔ = ቌන(࢟ ܖܔ ࢟)૚૙૙
૚

૙

ቍቌන࢟ࢊ
࢞૚૙૙

૚૙૙࢞

ஶ

૙

 ቍ࢞ࢊ

= ൬
૚૙૙!
૚૙૚૚૙૚൰ ൬

૚૙૙!
૚૙૚൰(૚૙૙ܖܔ) =

(૚૙૙!)૛

(૚૙૚  ૚૙૙)૚૙૚ܖܔ

where 

let ࢚ = − ࢟ܖܔ ⇒ ࢟ = ࢟ࢊ,࢚ିࢋ =  ࢚ࢊ࢚ିࢋ−

න(࢟ ܖܔ ࢟)૚૙૙
૚

૙

࢟ࢊ = න(−࢚࢚ିࢋ)૚૙૙
૙

ஶ

(࢚ࢊ࢚ିࢋ−) = න ࢚૚૙૙
ஶ

૙

࢚ࢊ૚૙૚࢚ିࢋ =
ડ(૚૙૚)
૚૙૚૚૙૚ =

૚૙૙!
૚૙૚૚૙૚  

න
࢞૚૙૙

૚૙૙࢞

ஶ

૙

࢞ࢊ = න ࢞૚૙૙
ஶ

૙

࢞ିࢋ ࢞ࢊ૚૙૙ܖܔ =
ડ(૚૙૚)

૚૙૚(૚૙૙ܖܔ) =
૚૙૙!

૚૙૚(૚૙૙ܖܔ)  

Solution 2 by Zaharia Burghelea-Romania 

ષ = නන ቆ
࢞૚૙૙

૚૙૙࢞ቇ
ஶ

૙

૚

૙

(࢟ ࢟ࢊ	࢞ࢊ૚૙૙(࢟ܖܔ = න(࢟ ܖܔ ࢟)૚૙૙
૚

૙

න࢟ࢊ
࢞૚૙૙

૚૙૙࢞

ஶ

૙

 ࢞ࢊ
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૚ࡵ = න(࢟ ૚૙૙(࢟ܖܔ
૚

૙

 ࢟ࢊ

Consider: 

(࢔)ࡵ = න࢞࢔
૚

૙

࢞ࢊ =
૚

࢔ + ૚ 

(࢔)ᇱࡵ = න࢞࢔ ܖܔ ࢞
૚

૙

࢞ࢊ = −
૚

+࢔) ૚)૛	 

(࢔)ᇱᇱࡵ = න࢞૛ ૛ܖܔ ࢞
૚

૙

࢞ࢊ = −૚ ⋅ (−૛)
૚

࢔) + ૚)૜ 

(࢔)(࢑)ࡵ = න࢞࢔
૚

૙

࢑ܖܔ ࢞ࢊ࢞ = (−૚)࢑࢑! 	
૚

࢔) + ૚)࢑ା૚ 

૚ࡵ = (૚૙૙)(૚૙૙)ࡵ = න࢞૚૙૙
૚

૙

૚૙૙ܖܔ ࢞ࢊ࢞ = ૚૙૙! 	
૚

૚૙૚૚૙૚  

૛ࡵ = න
࢞૚૙૙

૚૙૙࢞

ஶ

૙

 ࢞ࢊ

substitute ࢞ = ૚૙૙܏ܗܔ ࢚ → ࢞ࢊ = ૚
૚૙૙ܖܔ

૚
࢚
 ࢚ࢊ

૛ࡵ =
૚

૚૙૙නܖܔ
૚
࢚

ஶ

૚

൬
ܖܔ ࢚

൰(૚૙૙)ܖܔ
૚૙૙ ૚

࢚ ࢚ࢊ =
૚

૚૙૚(૚૙૙)නܖܔ
૚૙૙ܖܔ ࢚
࢚૛

ஶ

૚

 ࢚ࢊ

ܖܔ ࢚ = ࢟ →
૚
࢚ ࢚ࢊ =  ࢟ࢊ

૛ࡵ =
૚

૚૙૚(૚૙૙)නܖܔ ࢟૚૙૙
ஶ

૙

࢟ࢊ࢟ିࢋ =
૚૙૙!

 ૚૙૚(૚૙૙)ܖܔ

ષ = ૚ࡵ ⋅ ૛ࡵ =
(૚૙૚!)
૚૙૚૚૙૚ ⋅

૚૙૙!
૚૙૚(૚૙૙)ܖܔ =

(૚૙૚!)૛

(૚૙૚ ܖܔ ૚૙૙)૚૙૙ 
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Solution 3 by Nelson Javier Villaherrera-El Salvador 

ષ = නන
࢞૚૙૙

૚૙૙࢞

ஶ

૙

૚

૙

[࢟ ࢟ࢊ	࢞ࢊ૚૙૙[(࢟)ܖܔ = ൥න
࢞૚૙૙

࢞ࢋ (૚૙૙)ܖܔ ࢞ࢊ
ஶ

૙

൩න{−࢟[− ࢟ࢊ૚૙૙{[(࢟)ܖܔ
૚

૙

= 

= ൥න ࢞૚૙૙࢞ିࢋ ࢞ࢊ(૚૙૙)ܖܔ
ஶ

૙

൩න{࢟[− ૚૙૙{[(࢟)ܖܔ
૚

૙

࢟ࢊ = 

= ൧(૚૙૙)ܖܔ૚ି|{૚૙૙࢞}ࡸൣ න࢛૚૙૙ିࢋ૚૙૙࢛(−࢛ିࢋ)࢛ࢊ
૙

ஶ

=
૚૙૙!

૚૙૚(૚૙૙)නܖܔ ࢛૚૙૙ିࢋ૚૙࢛
ஶ

૙

࢛ࢊ = 

=
૚૙૙!

[૛ ૚૙૚[(૚૙)ܖܔ ૚૙૚ି࢞|{૚૙૙࢛}ࡸ =
૚૙૙!

[૛ ૚૙૚[(૚૙)ܖܔ ⋅
૚૙૙!
૚૙૚૚૙૚ =

(૚૙૙!)૛

[૛૙૛ ૚૙૚[(૚૙)ܖܔ  

 

UP.154. If (࢔ࢇ)࢔ஹ૚ ⊂ (૙,∞);࢔ ∈ ℕ∗; ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ⋅૛࢔

= ࢇ > 0 then find: 

ષ = ܕܑܔ
ஶ→࢔

૚
ඥ࢔࢔ࢇ ෍൤ቀ √࢑!૛࢑ + ඥ(࢑ + ૚)!૛࢑శ૛ ቁ

૛
൨

࢔

࢑ୀ૚

; 

[∗] - is great integer function. 

Proposed by D.M. Bătinețu – Giurgiu; Daniel Sitaru – Romania  

Solution by proposers 

Let be: ࢜࢔ = ࢔૛!࢔√ + ඥ(࢔+ ૚)!૛࢔శ૛ ࢔; ∈ ℕ∗ 

࢔࢞ =
૚
ඥ࢔࢔ࢇ ෍൤ቀ √࢑!૛࢑ + ඥ(࢑+ ૚)!૛࢑శ૛ ቁ

૛
൨

࢔

࢑ୀ૚

=
૚
ඥ࢔࢔ࢇ ෍ൣ࢜࢑૛൧

࢔

࢑ୀ૚

࢔; ∈ ℕ∗ 

ષ = ܕܑܔ
ஶ→࢔

૛࢔

ඥ࢔࢔ࢇ ⋅
૚
૛෍ൣ࢜࢑૛൧࢔

࢔

࢑ୀ૚

 

ܕܑܔ
ஶ→࢔

૛࢔

ඥ࢔࢔ࢇ = ܕܑܔ
ஶ→࢔

ඨ
࢔૛࢔

࢔ࢇ

࢔
࡭ࡰ࡯= ܕܑܔ

ஶ→࢔

࢔) + ૚)૛࢔ା૛

ା૚࢔ࢇ
⋅
࢔ࢇ
࢔૛࢔ = ܕܑܔ

ஶ→࢔

࢔ࢇ૛࢔
ା૚࢔ࢇ

⋅ ൬
࢔ + ૚
࢔ ൰

૛࢔ା૛

=
૛ࢋ

ࢇ  

and ࢔ܕܑܔ→ஶ
࢔!࢔√

࢔
=   .ࢋ
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ܕܑܔ
ஶ→࢔

૚
૛෍ൣ࢜࢑૛൧࢔

࢔

࢑ୀ૚

ࡿ࡯= ܕܑܔ
ஶ→࢔

∑ ൣ࢜࢑૛൧࢔ା૚
࢑ୀ૚ −∑ ൣ࢜࢑૛൧࢔

࢑ୀ૚
+࢔) ૚)૛ − ૛࢔ = ܕܑܔ

ஶ→࢔

ା૚૛࢔࢜ൣ ൧
૛࢔ + ૚ 

[૛࢔࢜] ≤ ૛࢔࢜ < [૛࢔࢜] + ૚;࢔ ∈ ℕ∗ 

[૛࢔࢜]
૛࢔ + ૚ ≤

૛࢔࢜

૛࢔ + ૚ <
[૛࢔࢜]
૛࢔ + ૚ +

૚
૛࢔ + ૚ ࢔; ∈ ℕ∗ 

ܕܑܔ
ஶ→࢔

[૛࢔࢜]
૛࢔ + ૚ = ܕܑܔ

ஶ→࢔

૛࢔࢜

૛࢔ + ૚ = ܕܑܔ
ஶ→࢔

ቀ ࢔૛!࢔√ + ඥ(࢔ + ૚)!૛࢔శ૛ ቁ
૛

૛࢔ + ૚ = 

= ܕܑܔ
ஶ→࢔

ቌ
࢔!࢔√

૛࢔ + ૚ + ૛ඨ
࢔!࢔√

࢔ ⋅ ඨ
ඥ(࢔+ ૚)!࢔శ૚

࢔ + ૚ ⋅
ඥ࢔)࢔+ ૚)
૛࢔ + ૚ +

ඥ(࢔ + ૚)!࢔శ૚

࢔ + ૚ ⋅
࢔ + ૚
૛࢔ + ૚

ቍ = 

= ૚
૛
ቀ૚
ࢋ

+ ૛
ࢋ

+ ૚
ࢋ
ቁ = ૛

ࢋ
 then: 

ܕܑܔ
ஶ→࢔

࢔࢞ =
૛ࢋ

ࢇ ⋅
૛
ࢋ =

૛ࢋ
ࢇ  

UP.155. If ࢓ ∈ ℕ;࢞,࢟, ࢠ > 0 then in ઢ࡯࡮࡭ the following relationship holds: 

૜࢓ + ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
ା૚࢓

+ ቆ
૛࢟૛࢈

࢞ࢠ ቇ
ା૚࢓

+ ቆ
૛ࢠ૛ࢉ

࢞࢟ ቇ
ା૚࢓

≥ ૝(࢓ + ૚)√૜ࡿ 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania  

Solution 1 by Serban George Florin-Romania 

(૚ + ࢻ(࢞ > 1 + ⇒ Bernoulli ,ݔߙ ࢻ࢞ > 1 + −࢞)ߙ ૚) ⇒ 

⇒ ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
ା૚࢓

> 1 + ࢓) + ૚)ቆ
૛࢞૛ࢇ

ࢠ࢟ − ૚ቇ 

ቆ
૛࢟૛࢈

ࢠ࢞ ቇ
ା૚࢓

> 1 + +࢓) ૚)ቆ
૛࢟૛࢈

ࢠ࢞ − ૚ቇ 

ቆ
૛ࢠ૛ࢉ

࢞࢟ ቇ
ା૚࢓

> 1 + +࢓) ૚)ቆ
૛ࢠ૛ࢉ

࢞࢟ − ૚ቇ 

⇒ ૜࢓ + ෍ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
ା૚࢓

> 3 + +࢓) ૚) ቆ෍
૛࢞૛ࢇ

ࢠ࢟ − ૜ቇ + ૜࢓ = 

= ૜ + ࢓) + ૚)෍
૛࢞૛ࢇ

ࢠ࢟ − ૜(࢓+ ૚) + ૜࢓ = ࢓) + ૚)෍
૛࢞૛ࢇ

ࢠ࢟ ≥ ૝(࢓ + ૚)√૜ࡿ 
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⇒෍
૛࢞૛ࢇ

ࢠ࢟ ≥ ૝√૜ࡿ 

෍
૛࢞૛ࢇ

ࢠ࢟ ≥
(ࢍࡹஹࢇࡹ)

૜ඨෑ
૛࢞૛ࢇ

ࢠ࢟
૜

= ૜ඥࢇ૛࢈૛ࢉ૛૜ = ૝√૜ࡿ 

૜ඥࢇ૛࢈૛ࢉ૛૜ ≥ ૝√૜ࡿ,૛ૠ(ࢉ࢈ࢇ)૛ ≥ ൫૝√૜ࡿ൯
૜
⇒ 

⇒ ૛(ࢉ࢈ࢇ) ≥ ቀ૝√૜ࡿ
૜
ቁ
૜

, ૛(ࢉ࢈ࢇ) ≥ ቀ૝ࡿ
√૜
ቁ
૜

, true as in the inequality G. Polya and G. Szegä. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૜࢓ + ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
ା૚࢓

+ ቆ
૛࢟૛࢈

࢞ࢠ ቇ
ା૚࢓

+ ቆ
૛ࢠ૛ࢉ

࢞࢟ ቇ
ା૚࢓

≥
(૚)

૝(࢓+ ૚)√૜ࡿ 

* Case (1) ࢓ ∈ ℕ∗ 

࢓ + ൬ࢇ
૛࢞૛
ࢠ࢟ ൰

ା૚࢓

࢓ + ૚ =
૚ + ૚ + ⋯+ ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

࢚	࢓ ࢙ࢋ࢓࢏
+ ൬ࢇ

૛࢞૛
ࢠ࢟ ൰

ା૚࢓

+࢓ ૚ ≥
ࡳି࡭

ඨቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
శ૚࢓ା૚࢓

=
૛࢞૛ࢇ

ࢠ࢟  

࢓⇒ + ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
ା૚࢓

≥
(ࢇ)

࢓) + ૚) ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ 

Similarly, ∀࢓ ∈ ℕ∗, ቀ࢈
૛࢟૛

࢞ࢠ
ቁ
ା૚࢓

+ ࢓ ≥
(࢈)

+࢓) ૚) ቀ࢈
૛࢟૛

࢞ࢠ
ቁ & ∀࢓ ∈ ℕ∗, 

ቆ
૛ࢠ૛ࢉ

࢞࢟ ቇ
ା૚࢓

+ ࢓ ≥
(ࢉ)

࢓) + ૚)ቆ
૛ࢠ૛ࢉ

࢞࢟ ቇ 

(a)+(b)+(c)⇒ ૜࢓+ ቀࢇ
૛࢞૛

ࢠ࢟
ቁ
ା૚࢓

+ ቀ࢈
૛࢟૛

࢞ࢠ
ቁ
ା૚࢓

+ ቀࢉ
૛ࢠ૛

࢞࢟
ቁ
ା૚࢓

 

≥ ࢓) + ૚)ቆ
૛࢞૛ࢇ

ࢠ࢟ +
૛࢟૛࢈

࢞ࢠ +
૛ࢠ૛ࢉ

࢞࢟ ቇ ≥
?
૝(࢓ + ૚)√૜ࡿ 

⇔
૛࢞૛ࢇ

ࢠ࢟ +
૛࢟૛࢈

࢞ࢠ +
૛ࢠ૛ࢉ

࢞࢟ ≥
(૛)

?
૝√૜ࡿ 

࢖,࢔,࢓∀ ≥ ૙,ࢇ૛࢓ + +࢔૛࢈ ࢖૛ࢉ ≥
(࢏)
૝ࡿඥ࢔࢓+ ࢖࢔ +  ࢓࢖

Taking ࢓ = ࢞૛

ࢠ࢟
࢔, = ࢟૛

࢞ࢠ
࢖ &  = ૛ࢠ

࢞࢟
 & using (i), we get  
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LHS of (2)≥ ૝ࡿට
࢞࢟
૛ࢠ

+ ࢠ࢟
࢞૛

+ ࢞ࢠ
࢟૛

≥
(ࡳି࡭)

૝ࡿ√૜ ⇒ (2) is true ⇒ (1) is true. 

* Case (2) ࢓ = ૙, Then (1) ⇔ (2), which has been just proved. This completes the proof. 

Solution 3 by Marian Ursărescu-Romania 

࢓ + ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
ା૚࢓

= ૚ + ૚ + ⋯+ ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
࢙ࢋ࢓࢏࢚	࢓

+ ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
ା૚࢓

≥ +࢓) ૚) ඨቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
శ૚࢓ା૚࢓

⇒ 

࢓ + ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ
ା૚࢓

≥ +࢓) ૚)
૛࢞૛ࢇ

ࢠ࢟

+࢓ ቆ
૛࢟૛࢈

࢞ࢠ ቇ
ା૚࢓

≥ +࢓) ૚)
૛࢟૛࢈

࢞ࢠ

࢓ + ቆ
૛ࢠ૛ࢉ

࢞࢟ ቇ
ା૚࢓

≥ +࢓) ૚)
૛ࢠ૛ࢉ

࢞࢟ ⎭
⎪
⎪
⎬

⎪
⎪
⎫

⇒ 

૜࢓ + ቀࢇ
૛࢞૛

ࢠ࢟
ቁ
ା૚࢓

+ ቀ࢈
૛࢟૛

࢞ࢠ
ቁ
ା૚࢓

+ ቀࢉ
૛ࢠ૛

࢞࢟
ቁ
ା૚࢓

≥ +࢓) ૚) ቀࢇ
૛࢞૛

ࢠ࢟
+ ૛࢟૛࢈

࢞ࢠ
+ ૛ࢠ૛ࢉ

࢞࢟
ቁ    (1) 

From (1) we must show: ࢇ
૛࢞૛

ࢠ࢟
+ ૛࢟૛࢈

࢞ࢠ
+ ૛ࢠ૛ࢉ

࢞࢟
≥ ૝√૜(2)   ࡿ 

But ࢇ
૛࢞૛

ࢠ࢟
+ ૛࢟૛࢈

࢞ࢠ
+ ૛ࢠ૛ࢉ

࢞࢟
≥ ૜√ࢇ૛࢈૛ࢉ૛૜    (3)  

From (2)+(3) we must show: √ࢇ૛࢈૛ࢉ૛૜ ≥ ૝
√૜
ࡿ ⇔ 

૛ࢉ૛࢈૛ࢇ ≥ ૟૝
૜√૜

૜ࡿ ⇔ ૚૟ࡾ૛ࡿ૛ ≥ ૟૝
૜√૜

૜ࡿ ⇔ ૛ࡾ ≥ ૝
૜√૜

 (4)    ࢘࢖

But 
ࡾ ≥ ૛࢘
ࡾ ≥ ૛

૜√૜
ቋ࢖ ⇒ ૛ࡾ ≥ ૝

૜√૜
࢖࢘ ⇒ (4) its true. 

Solution 4 by Tran Hong-Vietnam 

We have 

૛࢞૛ࢇ

ࢠ࢟
+
૛࢟૛࢈

࢞ࢠ
+
૛ࢠ૛ࢉ

࢞࢟
≥

(࢟ࢎࢉ࢛ࢇ࡯)
૜ඥࢇ૛࢈૛ࢉ૛૜ ≥

(૚)
૝√૜ࡿ 

(1) ⇔ ૝√૜ࡿ
૜

≤ ૛૜ࢉ૛࢈૛ࢇ√ ⇔ ૟૝√૜
ૢ
૜ࡿ ≤  ૛(ࢉ࢈ࢇ)

⇔
૟૝√૜
ૢ ૜ࡿ ≤ ૚૟(ࡿࡾ)૛ ⇔

૛√૜
ૢ

ࢇ) + +࢈ ࢘(ࢉ ≤  ૛ࡾ

(True because: (ࢇ+ ࢈ + (ࢉ √૜
ૢ
≤ ૛࢘,ࡾ ≤  (ࡾ
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Let ࢌ(࢚) = ࢓ + ା૚࢓࢚ − ࢓) + ૚)࢚, ࢚ > 0,݉ ∈ ℕ 

⇒ (࢚)ᇱࢌ = +࢓) ૚)࢚࢓ − ࢓) + ૚) = ૙ ⇔ ࢚ = ૚ 

⇒ (࢚)ࢌ ≥ ܖܑܕࢌ 	(૚) = ૙ ⇒ ࢓ + ା૚࢓࢚ ≥ ࢓) + ૚)࢚    (*) 

*LHS = ૜࢓ + ቀࢇ
૛࢞૛

ࢠ࢟
ቁ
ା૚࢓

+ ቀ࢈
૛࢟૛

࢞ࢠ
ቁ
ା૚࢓

+ ቀࢉ
૛ࢠ૛

࢞࢟
ቁ
ା૚࢓

= +࢓ ቀࢇ
૛࢞૛

ࢠ࢟
ቁ
ା૚࢓

+ ࢓ + ቀ࢈
૛࢟૛

࢞ࢠ
ቁ
ା૚࢓

+ 

+࢓+ ቆ
૛࢞૛ࢉ

࢞࢟ ቇ
ା૚࢓

≥
(∗)

࢓) + ૚)ቆ
૛࢞૛ࢇ

ࢠ࢟ ቇ + +࢓) ૚) ቆ
૛࢟૛࢈

࢞ࢠ ቇ+ ࢓) + ૚)ቆ
૛ࢠ૛ࢉ

࢞࢟ ቇ = 

= +࢓) ૚) ቈ
૛࢞૛ࢇ

ࢠ࢟ +
૛࢟૛࢈

࢞ࢠ +
૛ࢠ૛ࢉ

࢞࢟ ቉ ≥
(૚)

࢓) + ૚) ⋅ ૝√૜ࡿ = ૝√૜(࢓ + ૚)ࡿ 

Proved. 

Equality ⇔ ૛࢞૛ࢇ

ࢠ࢟
= ૛࢟૛࢈

ࢠ࢞
= ૛ࢠ૛ࢉ

࢞࢟
= ૚. 

 

UP.156. If ࢈,ࢇ, ࢉ > 0; ܾ < ܿ; ࢇ)ܾ + (ࢉ ∈ ℕ;ࢇ)࢈ + (ࢉ ≥ ૚;࢔ ∈ ℕ;࢔ ≥ ૛; ࢞࢑ ∈

,࢈]  ;[ࢉ

࢚࢑ > 0;݇ ∈ ૚,࢔ then: 

൭෍࢚࢑࢞࢑

࢔

࢑ୀ૚

൱൭෍
࢚࢑
࢞࢑

࢔

࢑ୀ૚

൱
(ࢉାࢇ)࢈

≤ ൬
ࢇ + ࢈ + ࢉ

૚ + ࢇ)࢈ + ൰(ࢉ
૚ା࢈ࢇାࢉ࢈

⋅ ൭෍ ࢚࢑

࢔

࢑ୀ૚

൱
૚ା࢈ࢇାࢉ࢈

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

From A.M-G.M. inequality ⇒ 

∑ ࢔࢑࢞࢑࢚
࢑ୀ૚ ቀ∑ ࢚࢑

࢞࢑
࢔
࢑ୀ૚ ቁ

ࢉ࢈ା࢈ࢇ
≤ ቆ

∑ ࢔࢑࢞࢑࢚
࢑స૚ ା(࢈ࢇାࢉ࢈)∑

࢚࢑
࢞࢑

࢔
࢑స૚

૚ା࢈ࢇାࢉ࢈
ቇ
૚ା࢈ࢇାࢉ࢈

    (1) 

From (1) we must show this: 

൮
∑ ࢔࢑࢞࢑࢚
࢑ୀ૚ + +࢈ࢇ) ∑(ࢉ࢈ ࢚࢑

࢞࢑
࢔
࢑ୀ૚

૚ + +࢈ࢇ ࢉ࢈
൲

૚ା࢈ࢇାࢉ࢈

≤ ൬
ࢇ + ࢈ + ࢉ
૚ + ࢈ࢇ + ൰ࢉ࢈

૚ା࢈ࢇାࢉ࢈

൭෍࢚࢑

࢔

࢑ୀ૚

൱
૚ା࢈ࢇାࢉ࢈

 

⇔ ∑ ࢔࢑࢞࢑࢚
࢑ୀ૚ + ࢈ࢇ) + ∑(ࢉ࢈ ࢚࢑

࢞࢑
࢔
࢑ୀ૚ ≤ ࢇ) + +࢈ ∑(ࢉ ࢔࢑࢚

࢑ୀ૚    (2) 
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But ࢞࢑ ∈ [ࢉ,࢈] ⇒ ࢈ ≤ ࢞࢑ ≤ ࢉ ⇒ (࢞࢑ − ࢉ)(࢈ − ࢞࢑) ≥ ૙ ⇒ ࢞࢑૛ − ࢈) + ࢑࢞(ࢉ + ࢉ࢈ ≤ ૙ ⇔ 

⇔ ࢞࢑૛ + ࢉ࢈ ≤ ࢈) + ࢑࢞(ࢉ ⇒ ࢞࢑ +
ࢉ࢈
࢞࢑

≤ ࢈ + ࢉ ⇒ 

࢚࢑࢞࢑ + ࢉ࢈
࢚࢑
࢞࢑

≤ +࢈) ࢑࢚(ࢉ ⇒෍࢚࢑࢞࢑

࢔

࢑ୀ૚

+ ෍ࢉ࢈
࢞࢑
࢞࢑

࢔

࢑ୀ૚

≤ +࢈) ෍࢚࢑(ࢉ

࢔

࢑ୀ૚

⇒ 

∑ ࢔࢑࢞࢑࢚
࢑ୀ૚ + ࢈ࢇ) + ∑(ࢉ࢈ ࢚࢑

࢞࢑
࢔
࢑ୀ૚ ≤ ∑࢈ࢇ ࢚࢑

࢞࢑
࢔
࢑ୀ૚ + ࢈) + ∑(ࢉ ࢔࢑࢚

࢑ୀ૚    (3) 

From (2)+(3) we must show: 

෍࢈ࢇ
࢚࢑
࢞࢑

࢔

࢑ୀ૚

+ +࢈) ෍࢚࢑(ࢉ

࢔

࢑ୀ૚

≤ +ࢇ) ࢈ + ෍࢚࢑(ࢉ

࢔

࢑ୀ૚

⇔ ෍࢈ࢇ
࢚࢑
࢞࢑

࢔

࢑ୀ૚

≤ ෍࢚࢑ࢇ

࢔

࢑ୀ૚

⇔ 

∑࢈ ࢚࢑
࢞࢑

࢔
࢑ୀ૚ ≤ ∑ ࢔࢑࢚

࢑ୀ૚    (4) 

But ࢞࢑ ≥ ࢈ ⇒ ૚
࢞࢑
≤ ૚

࢈
⇒ ࢚࢑

࢞࢑
≤ ࢚࢑

࢈
⇒ 

෍
࢚࢑
࢞࢑

࢔

࢑ୀ૚

≤
૚
෍࢚࢑࢈

࢔

࢑ୀ૚

⇒ ෍࢈
࢚࢑
࢞࢑

࢔

࢑ୀ૚

≤ ෍࢚࢑

࢔

࢑ୀ૚

⇒ 

(4) is true. 

 

UP.157. If ࢓ ≥ ૙; ࢞,࢟ > 0 then in ઢ࡯࡮࡭ the following relationship holds: 

ࢇࢎ
࢈ࢎ࢞)࢓ࢉࢎ࢓࢈ࢎ + ࢓(ࢉࢎ࢟ +

࢈ࢎ
ࢉࢎ࢞)࢓ࢇࢎ࢓ࢉࢎ + ࢓(ࢇࢎ࢟ +

ࢉࢎ
ࢇࢎ࢞)࢓࢈ࢎ࢓ࢇࢎ + ࢓(࢈ࢎ࢟ ≥ 

≥
ૢ

(࢞ + ࢓(࢟ ⋅ ࢙૛࢓ ⋅  ૚ି࢓࢘

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

෍ࢇࢎ =
࢙૛ + ૝࢘ࡾ + ࢘૛

૛ࡾ ≥ ૢ࢘ ⇔ ࢙૛ ≥ ૚૝࢘ࡾ − ࢘૛ ⇔ 

⇔ (࢙૛ − ૚૟࢘ࡾ + ૞࢘૛) + (૛࢘ࡾ − ૝࢘૛) ≥ ૙ → true 

∵ ࢙૛ ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૚૟࢘ࡾ − ૞࢘૛ & ૛࢘ࡾ ≥ ૝࢘૛		 (as ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘) 
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∴෍ࢇࢎ ≥
(૚)

ૢ࢘ 

Now, ࡿࡴࡸ = శ૚࢓ࢇࢎ

࢓(ࢉࢎା࢟࢈ࢎ࢞)࢓(ࢉࢎ࢈ࢎࢇࢎ)
+ ࢈ࢎ

శ૚࢓

࢓(ࢇࢎା࢟ࢉࢎࢉ࢞)࢓(ࢉࢎ࢈ࢎࢇࢎ)
+ శ૚࢓ࢉࢎ

࢓(࢈ା࢟ࢇࢎ࢞)࢓(ࢉࢎ࢈ࢎࢇࢎ)
≥ 

≥
࢔࢕ࢊࢇࡾ ା૚࢓(ࢇࢎ∑)

࢈ࢎ࢞)}ࢉࢎ࢈ࢎࢇࢎ] + ࢉࢎ࢞ + (ࢇࢎ࢞ + ࢉࢎ࢟) + ࢇࢎ࢟ +  ࢓[{(࢈ࢎ࢟

=
ା૚࢓(ࢇࢎ∑)

൬ૡ࢘
૜࢙૜

૝࢙࢘ࡾ ൰
࢓

(࢞ + ࢓(ࢇࢎ∑)࢓(࢟
=

ࢇࢎ∑

൬૛࢘
࢙࢙૛
ࡾ ൰

࢓
(࢞ + ࢓(࢟

≥
ࢇࢎ∑

(࢙࢘૛)࢓(࢞+ ࢓(࢟ 			൬∵
૛࢘
ࡾ ≤

࢘ࢋ࢒࢛ࡱ
૚൰ 

≥
(૚)	࢟࢈

ૢ࢘
(࢞ା࢟)࢙࢓૛࢓࢘࢓

= ૢ
(࢞ା࢟)࢙࢓૛࢓࢘࢓ష૚   (Proved) 

Solution 2  by Marian Ursarescu-Romania 

We must show:  

శ૚࢓ࢇࢎ

࢈ࢎ࢓ࢇࢎ
࢓(ࢉࢎା࢟࢈ࢎ࢞)࢓ࢉࢎ࢓

+ ࢈ࢎ
శ૚࢓

࢓(ࢇࢎା࢟ࢉࢎ࢞)࢓(ࢉࢎ࢈ࢎࢇࢎ)
+ శ૚࢓ࢉࢎ

࢓(࢈ࢎା࢟ࢇࢎ࢞)࢓(ࢉࢎ࢈ࢎࢇࢎ)
≥ ૢ

(࢞ା࢟)࢙࢓૛࢓࢘࢓ష૚    (1) 

From Hölder’s inequality we have: 

૚
࢓(ࢉࢎ࢈ࢎࢇࢎ) ⋅ ෍

ା૚࢓ࢇࢎ

࢈ࢎ࢞) + ࢓(ࢉࢎ࢟ ≥
૚

࢓(ࢉࢎ࢈ࢎࢇࢎ) ⋅
ࢇࢎ) + ࢈ࢎ + ା૚࢓(ࢉࢎ

(࢞ + ࢇࢎ)࢓(࢟ + ࢈ࢎ + ࢓(ࢉࢎ ⇔ 

∑ ࢇࢎ
࢈ࢎ
࢓(ࢉࢎା࢟ࢉࢎ࢞)࢓ࢉࢎ࢓

≥ (ࢉࢎା࢈ࢎାࢇࢎ)
࢓(ା࢟࢞)࢓(ࢉࢎ࢈ࢎࢇࢎ)

    (2) 

From (2) we must show: ࢇࢎା࢈ࢎାࢉࢎ
࢓(ା࢟࢞)࢓(ࢉࢎ࢈ࢎࢇࢎ)

≥ ૢ
(࢞ା࢟)࢙࢓૛࢓࢘࢓ష૚ ⇔ 

ࢉࢎା࢈ࢎାࢇࢎ
࢓(ࢉࢎ࢈ࢎࢇࢎ)

≥ ૢ
࢙૛࢓࢘⋅࢓ష૚   (3) 

Because ࢇࢎ + ࢈ࢎ + ࢉࢎ ≥ ૢ࢘   (4). From (3) + (4) ⇒ 

ૢ࢘
࢓(ࢉࢎ࢈ࢎࢇࢎ)

≥
ૢ

࢙૛ି࢓࢘࢓૚ ⇔
૚

࢓(ࢉࢎ࢈ࢎࢇࢎ) ≥
૚

࢙૛࢓࢘࢓ 

⇔ ૚
ࢉࢎ࢈ࢎࢇࢎ

≥ ૚
࢙૛࢘

⇔ ࢉࢎ࢈ࢎࢇࢎ ≤ ࢙૛࢘    (5) 

But ࢉࢎ࢈ࢎࢇࢎ = ૛࢙૛࢘૛

ࡾ
   (6). From (5)+(6) we must show: 

૛࢙૛࢘૛

ࡾ
≤ ࢙૛࢘ ⇔ ૛࢘ ≤  true (Euler)   ࡾ
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Solution 3 by Soumitra Mandal-Chandar Nagore-India 

෍
ࢇࢎ

࢈ࢎ࢞)࢓ࢉࢎ࢓࢈ࢎ + ࢉ࢟ࢉ࢓(ࢉࢎ࢟

=
૚

෍࢓(ࢉࢎ࢈ࢎࢇࢎ)
ା૚࢓ࢇࢎ

࢈ࢎ࢞) + ࢓(ࢉࢎ࢟
ࢉ࢟ࢉ

 

≥

ࡿᇲࡺࡻࡰ࡭ࡾ
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ

	 ൬
ࢉ࢈ࢇ
ૡઢ૜൰

࢓

	
ࢇࢎ) + ࢈ࢎ + ା૚࢓(ࢉࢎ

൫∑ ࢈ࢎ࢞) + ࢉ࢟ࢉ(ࢉࢎ࢟ ൯
࢓ = ൬

ૡ࢖࢘ࡾ
ૡ࢘૜࢖૜൰

࢓

⋅
∑ ࢉ࢟ࢉࢇࢎ

(࢞ +  ࢓(࢟

≥ ቆ
ૡ࢘૛࢖
ૡ࢘૜࢖૜ቇ

࢓ ૢ࢘
(࢞ + ࢓(࢟ ቎࢙ࢋࢉ࢔࢏	ࡾ ≥ ૛࢘	ࢊ࢔ࢇ	෍ࢇࢎ

ࢉ࢟ࢉ

≥ ૢ࢘቏ =
ૢ

(࢞ +  ૚ି࢓࢘࢓૛࢖࢓(࢟

(proved) 

UP.158. Find: 

ષ = නܠ૛ (ܠ)܏ܗܔ
૚

૙

ܜܗ܋ ቀ
ܠૈ
૛
ቁܠ܌ 

Proposed by Arafat Rahman Akib-Dhaka-Bangladesh 

Solution by proposer 

We know, ૚
૛
∫ ࢈(࢞)ࢍ
ࢇ ܜܗ܋ ቀ࢞ࢇ

૛
ቁ ࢞ࢊ = ∑ ∫ ࢈(࢞)ࢍ

ࢇ ஶ࢞ࢊ(࢞࢔ࢇ)ܖܑܛ
ୀ૚࢔  

put, ࢍ(࢞) = ࢞૛ (࢞)܏ܗܔ ࢇ, = ࣊ and (࢈,ࢇ) = (૙,૚). Now, 
૚
૛
∫ ࢞૛ ૚(࢞)܏ܗܔ
૙ ܜܗ܋ ቀ࣊࢞

૛
ቁ ࢞ࢊ = ∑ ∫ ࢞૛૚

૙ ஶ(࢞)܏ܗܔ
ୀ૚࢔  (1)   ࢞ࢊ(࢞࢔࣊)ܖܑܛ

We have that, ∫ ࢞૛ (࢞)܏ܗܔ ࢞ࢊ(࢞ࢇ)ܖܑܛ = ૜ ܛܗ܋ ࢞ࢇ
૜ࢇ

+ ࢞ ܖܑܛ ࢞ࢇ
૛ࢇ

+ ቀ૛ ܛܗ܋ ࢞ࢇା૛࢞ࢇ ࢇି࢞ࢇܖܑܛ
૛࢞૛ ܛܗ܋ ࢞ࢇ

૜ࢇ
ቁ 

−(࢞)܏ܗܔ
૛	(࢞ࢇ)࢏࡯

૜ࢇ ∴ න࢞૛ (࢞)܏ܗܔ (࢞࢔࣊)ܖܑܛ
૚

૙

࢞ࢊ = 

=
(−૚)࢔૜
૜࣊૜࢔ −

૜
૜࣊૜࢔ −

૛(࣊࢔)࢏࡯
૜࣊૜࢔ +

૛(ࢽ+ ܏ܗܔ (࣊࢔
૜࣊૜࢔  

From (1) we get, 

૚
૛න࢞૛ (࢞)܏ܗܔ ܜܗ܋ ቀ

࣊࢞
૛
ቁ

૚

૙

࢞ࢊ = ෍ቆ
(−૚)࢔૜
૜࣊૜࢔ −

૜
૜࣊૜࢔ −

૛(࣊࢔)࢏࡯
૜࣊૜࢔ +

૛(ࢽ + ((࣊࢔)܏ܗܔ
૜࣊૜࢔ ቇ

ஶ

ୀ૚࢔

= 
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= −
૜
࣊૜

[૆܉(૜) + −[(૜)ࣈ
૛
࣊૜෍

(࣊࢔)࢏࡯
૜࢔

ஶ

ୀ૚࢔

+
૛
࣊૜෍

ࢽ) + (࣊࢔܏ܗܔ
૜࢔

ஶ

ୀ૚࢔

= 

= −
૜
࣊૜

(૜)ࢇࣈ] + −[(૜)ࣈ
૛
࣊૜෍

(࣊࢔)࢏࡯
૜࢔

ஶ

ୀ૚࢔

+
૛
࣊૜

ᇱ(૜)ࣈ−) + (૜)ࣈࢽ + (૜)ࣈ  ((࣊)܏ܗܔ

∴ න ࢞૛
૚

૙
(࢞)܏ܗܔ ܜܗ܋ ቀ

࣊࢞
૛
ቁ࢞ࢊ =

−૟
࣊૜

(૜)ࢇࣈ] + [(૜)ࣈ −
૝
࣊૜෍

(࣊࢔)࢏࡯
૜࢔

ஶ

ୀ૚࢔

+ 

+
૝
࣊૜ ࣈ

(૜)[ࢽ + ܏ܗܔ ࣊]−
૝
࣊૜ −  ᇱ(૜)ࣈ

 

UP.159.Find: 

ࢹ = න (࢞૛ + ૛࢞ + ૚)
૜
૛

ା૚

ି૚

(૚ − ࢞)
૚
૛࢞ࢊ 

Proposed by Ekpo Samuel-Nigeria 

Solution by proposer 

න [(࢞ + ૚)(࢞+ ૚)]
૜
૛(૚ − ࢞)

૚
૛

ା૚

ି૚

 ࢞ࢊ

න (૚ + ࢞)
૜
૛(૚ + ࢞)

૜
૛

ା૚

ି૚

(૚ − ࢞)
૚
૛࢞ࢊ ⇒ න ((૚ + ࢞)૛)

૜
૛

ା૚

ି૚

(૚− ࢞)
૚
૛࢞ࢊ 

(ex ࢞ = ܛܗ܋ ૛࢚ ࢞ࢊ		 = −૛ ܖܑܛ ૛ࣂ  ࣂࢊ

(࢞)૚ି࢙࢕ࢉ = ૛ࣂ 

૚(૚)ିܛܗ܋ = ૛ࣂ;૙ = ૛ࣂ ∴ ࣂ = ૙ 

૚(−૚)ିܛܗ܋ = ૛ࣂ;࣊ = ૛ࣂ; ૙ =
࣊
૛ 

න(૚ + ܛܗ܋ ૛ࣂ)૜൫૚ − ܛܗ܋) ૛ࣂ)൯
૚
૛

૙

࣊
૛

(−૛ܖܑܛ ૛ࣂࢊ(ࣂ 
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−૛න(૚+ ૛ ૛ܛܗ܋ ࢚ − ૚)૜
૙

࣊
૛

ቀ૚ − (૛ܛܗ܋૛ ࢚ − ૚)ቁ
૚
૛ ܖܑܛ ૛࢚	࢚ࢊ 

૛න(૚ − ૚ + ૛ ૛ܛܗ܋ ࢚)૜

࣊
૛

૙

(૚ + ૚ − ૛ ૛ܛܗ܋ ࢚)
૚
૛ ܖܑܛ ૛࢚  ࢚ࢊ

૛න૛૜(ܛܗ܋ ࢚)૟

࣊
૛

૙

൬૛(૚ − ૛ܛܗ܋ ࢚)
૚
૛൰ ܖܑܛ ૛࢚࢚ࢊ 

૛ ⋅ ૛૜න ૟ܛܗ܋ ࢚

࣊
૛

૙

૛
૚
૛(ܖܑܛ૛ ࢚)

૚
૛ ܖܑܛ ૛࢚  ࢚ࢊ

ܖܑܛ ૛࢚ = ૛ ܖܑܛ ࢚ ܛܗ܋ ࢚ 

૛
૚
૛૛૝න ૟ܛܗ܋ ࢚

࣊
૛

૙

ܖܑܛ ࢚૛ ܖܑܛ ࢚ ܛܗ܋  ࢚ࢊ࢚

૛૝ା
૚
૛ା૚න ૛ܛܗ܋ ࢚

࣊
૛

૙

૛ܖܑܛ  ࢚ࢊ࢚

૛
૚૚
૛ න ૛ܛܗ܋ ࢚

࣊
૛

૙

૛ܖܑܛ ࢚ࢊ࢚ ⇒ ૛
ૢ
૛

⎣
⎢
⎢
⎡
૛න ૛ܛܗ܋ ࢚ ૛ܖܑܛ ࣂࢊࣂ

࣊
૛

૙ ⎦
⎥
⎥
⎤
 

or ૛૝√૛ ൤૛∫ ૛ܛܗ܋ ࢚ ૛ܖܑܛ ࢚ࢊ࢚
࣊
૛
૙ ൨ 

૚૟√૛

⎣
⎢
⎢
⎡
૛න ૛ܛܗ܋ ࢚ ૛ܖܑܛ ࢚ ࢚ࢊ

࣊
૛

૙ ⎦
⎥
⎥
⎤
 

(࢔,࢓)ࢼ = ૛න ૚ି࢔૛ܛܗ܋ ࢚ ૚ି࢔૛ܖܑܛ ࢚ࢊࣂ

࣊
૛

૙

 

∴ ૛࢓− ૚ = ૚ and ૛࢔ − ૚ = ૛ 
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૛࢓− ૛ → +૚  ૛࢔ = ૚ + ૚ 

૛࢓ = ૙    ૛࢔ = ૜ 

࢓ = ૝  ૛࢔ = ૜ 

࢔ =
૜
૛ 

∴ ૚૙√૛

⎣
⎢
⎢
⎡
૛න ૛(૝)ି૚ܛܗ܋ ࢚ ૛ቀܖܑܛ

૜
૛ቁି૚ ࢚ ࢚ࢊ

࣊
૛

૙ ⎦
⎥
⎥
⎤
 

= ૚૙√૛ ൤ࢼ൬૝,
૜
૛൰൨ ⇒ ૚૙√૛

⎝

⎛
√૝ට૜૛

ට૝ + ૜
૛⎠

⎞ = √૛(૚૙)

⎣
⎢
⎢
⎡√૝ට૜૛

ට૚૚૛ ⎦
⎥
⎥
⎤
 

√૛

⎣
⎢
⎢
⎡૚૟	× 	૟	 × 	ට࣊૛

ૢ૝૞√࣊
૜૛ ⎦

⎥
⎥
⎤

= √૛

⎣
⎢
⎢
⎡૜૙ૠ૛	× 	ට࣊૛

ૢ૝૞√࣊
⎦
⎥
⎥
⎤

= √૛ ൤
૚૞૜૟
ૢ૝૞ ൨ =

૞૚૛√૛
૜૚૞ ≈ ૛ ⋅ ૛ૢૡૠ 

UP.160. Let ࢞,࢟, ࢠ ∈ (૙; +∞) and ࢇ ≥ ૚. Prove: 

૚
([࢞] + {࢟} + ૚)ࢇ +

૚
([࢟] + {ࢠ} + ૚)ࢇ +

૚
[ࢠ]) + {࢞} + ૚)૛ ≥

૜ࢇା૚

(࢞ + ࢟ + ࢠ + ૜)ࢇ 

[࢞] is the integer part of the real number ࢞;{࢞} is the fraction of real numbers ࢞. 

Proposed by Nguyen Van Nho – Nghe An – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

∵ ࢞ > 0 ∴ [࢞] ≥ ૙ and of course, {࢟} ≥ ૙ ⇒ [࢞] + {࢟} + ૚ ≥ ૚ > 0 

Similarly, [࢟] + {ࢠ} + ૚ > 0 and [ࢠ] + {࢞} + ૚ > 0 

Now, ૚
([࢞]ା{࢟}ା૚)ࢇ

+ ૚
([࢟]ା{࢞}ା૚)ࢇ

+ ૚
ࢇ(ା{࢞}ା૚[ࢠ])

= ૚ࢇశ૚

([࢞]ା{࢟}ା૚)ࢇ
+ ૚ࢇశ૚

([࢟]ା{ࢠ}ା૚)ࢇ
+ ૚ࢇశ૚

ࢇ(ା{࢞}ା૚[ࢠ])
 

≥
࢔࢕ࢊࢇࡾ ૜ࢇା૚

൫([࢞] + {࢞}) + ([࢟] + {࢟}) + [ࢠ]) + ({ࢠ} + ૜൯
ࢇ =

૜ࢇା૚

(࢞ + ࢟ + ࢠ + ૜)ࢇ 

(∵ ࢞ = [࢞] + {࢞},    (ࢉ࢚ࢋ

Solution 2 by Tran Hong-Vietnam 

࢞,࢟, ࢠ ≥ ૙ ⇒ [࢞], [࢟], [ࢠ] ≥ ૙ and ૙ ≤ {࢞}, {࢟}, {ࢠ} < 1 
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⇒ [࢞] + {࢟} + ૚, [࢟] + {ࢠ} + ૚, [ࢠ] + {࢞} + ૚ > 0. Using Cauchy’s inequality we have: 

ࡿࡴࡸ ≥
૜

ඥ([࢞] + [࢟] + ૚)ࢻ([࢟] + {ࢠ} + ૚)[ࢠ])ࢻ + {࢞} + ૚)ࢻ૜ = 

=
૜

ට൫([࢞] + {࢟} + ૚)([࢟] + {࢞} + ૚)([ࢠ] + {࢞} + ૚)൯
૜ࢻ
≥

૜

ඨቀ ૜
࢞ + ࢟ + ૜ቁ

૜ࢻ૜

=
(࢞ + ࢟ + ૜)ࢻ

૜ିࢻ૚  

We need to prove that: (࢞ା࢟ାࢠା૜)ࢻ

૜ࢻష૚
≥ ૜ࢻశ૚

(࢞ା࢟ାࢠା૜)ࢻ
⇔ (࢞ + ࢟ + ૜)૛ࢻ ≥ ૜૛ିࢻ૛ ⇔ 

⇔ (࢞+ ࢟ + ࢠ + ૜)ࢻ ≥ ૜ିࢻ૚. Which is true because ࢞ + ࢟ + ࢠ + ૜ ≥ ૜ ⇔ 

⇔ (࢞+ ࢟ + ૜)ࢻ ≥ ૜ࢻ ≥ ૜ିࢻ૚ for ࢞,࢟, ࢠ ≥ ૙ and ࢻ ≥ ૚. Proved. 

UP.161. Find: 

ࢹ = න න
࢟ࢊ࢞ࢊ

(࢞૝ + ૛࢞૛ + ૚)(࢟૛ + ૛૞)૝

ஶ

૙

ஶ

૙

 

Proposed by Ekpo Samuel – Nigeria  

Solution 1 by Ravi Prakash-New Delhi-India 

ષ = ૚ࡵ where (૛ࡵ)(૚ࡵ) = ∫ ࢞ࢊ
࢞૝ା૛࢞૛ା૚

ஶ
૙ = ∫ ࢞ࢊ

൫࢞૛ା૚൯૛
ஶ
૙ . Put ࢞ =  ࣂܖ܉ܜ

૚ࡵ = න
૛܋܍ܛ ࣂ
૝܋܍ܛ ࣂ

࣊
૛

૙

ࣂࢊ = නܛܗ܋૛ ࣂ

࣊
૛

૙

ࣂࢊ =
࣊
૝ 

and 

૛ࡵ = න
࢟ࢊ

(࢟૛ + ૛૞)૝

ஶ

૙

 

Put ࢟ = ૞  ࣐ܖ܉ܜ

૛ࡵ = න
૞ ૛࣐܋܍ܛ
૞ૡ ૡ࣐܋܍ܛ

࣊
૛

૙

࣐ࢊ =
૚
૞ૠන ૟࣐ܛܗ܋

࣊
૛

૙

࣐ࢊ =
૚
૞ૠ ⋅

૞
૟ ⋅

૜
૝ ⋅

૚
૛ ⋅

࣊
૛ =

૚
૞૟ ⋅

࣊
૜૛ 

∴ ષ =
࣊૛

૞૟૛ૠ =
࣊૛

૛૙૙૙૙૙૙ 
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Solution 2 by Togrul Ehmedov-Baku-Azerbaijan 

න න
࢟ࢊ࢞ࢊ

(࢞૝ + ૛࢞૛ + ૚)(࢟૛ + ૛૞)૝

ஶ

૙

ஶ

૙

= න න
࢟ࢊ࢞ࢊ

(࢞૛ + ૚)૛(࢟૛ + ૛૞)૝

ஶ

૙

ஶ

૙

= 

= න
࢟ࢊ

(࢟૛ + ૛૞)૝

ஶ

૙

න ૛ܛܗ܋ ࢠ

࣊
૛

૙

࢞ࢊ

⎦
⎥
⎥
⎤

ష૚ܖ܉ܜୀࢠ ࢞

 

=
࣊
૝ න

࢟ࢊ
(࢟૛ + ૛૞)૝

ஶ

૙

൩
࢟ୀ૞ (࢛)ܖ܉ܜ

=
࣊

૝ ∗ ૞ૠන ૟ܛܗ܋ ࢛

࣊
૛

૙

 ࢛ࢊ

=
࣊

ૡ ∗ ૞ૠන
૟ܛܗ܋) ࢛ + ૟ܖܑܛ ࢛)

࣊
૛

૙

࢛ࢊ =
࣊

ૡ ∗ ૞ૠන൬૚ −
૜
૝ ܖܑܛ

૛ ૛࢛൰

࣊
૛

૙

 ࢛ࢊ

=
࣊

ૡ ∗ ૞ૠන൬
૞
ૡ +

૜
ૡ ܛܗ܋

(૝࢛)൰࢛ࢊ

࣊
૛

૙

=
࣊

ૡ ∗ ૞ૠ ൤
૞
ૡ࢛+

૜
૜૛ܖܑܛ

(૝࢛)൨
૙

࣊
૛

=
࣊૛

૛ ∗ ૚૙૟ 

Solution 3 by Nelson Javier Villaherrera Lopez-El Salvador 

ષ = න න
࢟ࢊ	࢞ࢊ

(࢞૝ + ૛࢞૛ + ૚)(࢟૛ + ૛૞)૝

ஶ

૙

ஶ

૙

=
૚
૞ૡන

࢞ࢊ
(࢞૛ + ૚)૛

ஶ

૙

න
࢟ࢊ

൤ቀ࢟૞ቁ
૛

+ ૚൨
૝

ஶ

૙

= 

=
૚
૞ૠන

ࣂࢊ(ࣂ)૛܋܍ܛ
(ࣂ)૛ܖ܉ܜ] + ૚]૛

࣊
૛

૙

න
ࢠࢊ

૛ࢠ) + ૚)૝

ஶ

૙

=
૚
૞ૠ
⎣
⎢
⎢
⎡
න ࣂࢊ(ࣂ)૛ܛܗ܋

࣊
૛

૙ ⎦
⎥
⎥
⎤
න

(ࣂ)૛܋܍ܛ
(ࣂ)૛ܖ܉ܜ] + ૚]૝

࣊
૛

૙

 ࣂࢊ

=
૚

૛ ⋅ ૞ૠ
⎩
⎨

⎧
න[૚+ ࣂࢊ[(ࣂ૛)ܛܗ܋

࣊
૛

૙ ⎭
⎬

⎫
න (ࣂ)૟ܛܗ܋

࣊
૛

૙

ࣂࢊ =
૚

૛ ⋅ ૞ૠ
൤ࣂ +

૚
૛ ܖܑܛ

(૛ࣂ)൨
૙

࣊
૛
න ቈ

૚ + (ࣂ૛)ܛܗ܋
૛

቉
૜

ࣘࢊ

࣊
૛

૙

 

=
࣊

૛૞ ⋅ ૞ૠන
[૚ + ૜ (ࣂ૛)ܛܗ܋ + ૜ (ࣂ૛)૛ܛܗ܋ + [૜(૛ࣘ)ܛܗ܋

࣊
૛

૙

ࣂࢊ = 
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=
࣊

૛૞ ⋅ ૞ૠනቊ૚ + ૜ (ࣂ૛)ܛܗ܋ + ૜
૚ + (ࣂ૝)ܛܗ܋

૛ + (ࣂ૛)ܛܗ܋ [૚ − ቋ[(ࣂ૛)૛ܖܑܛ

࣊
૛

૙

 ࣂࢊ

=
࣊

૛૞ ⋅ ૞ૠන ൤
૞
૛ + ૝ (ࣂ૛)ܛܗ܋ +

૜
૛ ܛܗ܋

(૝ࣂ)− (ࣂ૛)ܛܗ܋ ൨(ࣂ૛)૛ܖܑܛ

࣊
૛

૙

ࣂࢊ = 

=
࣊

૛૞ ⋅ ૞ૠ ൤
૞
૛ࣂ + ૛ (ࣂ૛)ܖܑܛ +

૜
ૡܖܑܛ

(૝ࣂ)−
૚
૟ ܖܑܛ

૜(૛ࣂ)൨
૙

࣊
૛

 

=
૞

૛ૠ ⋅ ૞ૠ࣊
૛ =

࣊૛

૛ૠ ⋅ ૞૟ =
࣊૛

૛ ⋅ ૚૙૟ =
࣊૛

૛૙૙૙૙૙૙ 

 

UP.162. If ࡰ࡯࡮࡭ tetrahedron; ࡮࡭ = ࡯࡭;૚ࢇ = ࡰ࡭;૛ࢇ = ࡯࡮;૜ࢇ =  ;૝ࢇ

ࡰ࡮ = ࡰ࡯;૞ࢇ =  :૟ thenࢇ

෍ ൫࢏ࢇ + ࢐൯ࢇ
૛
≥

૚ஸ࢏ழ௝ஸ଺

૝√૜[ࡰ࡯࡮࡭]ࡿ 

 ࡰ࡯࡮࡭ total area of tetrahedron – [ࡰ࡯࡮࡭]ࡿ

Proposed by Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

 

൫࢏ࢇ + ࢐൯ࢇ
૛
≥ ૜࢐ࢇ࢏ࢇ ⇒ we must show: 
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૜ ෍ ࢐ࢇ࢏ࢇ
૚ஸ࢏ழ௝ஸ଺

≥ ૚૛√૜[ࡰ࡯࡮࡭]ࡿ ⇔ 

∑ ழ௝ஸ଺࢏࢐૚ஸࢇ࢏ࢇ ≥ ૝√૜(1)    [ࡰ࡯࡮࡭]ࡿ 

Now, using Gordon’s  inequality: in any ઢ࡯࡮࡭ we have: 

࢈ࢇ + +ࢉ࢈ ࢉࢇ ≥ ૝√૜ ⇒ 

૛ࢇ૚ࢇ + ૝ࢇ૚ࢇ + ૝ࢇ૛ࢇ ≥ ૝√૜࡯࡮࡭ࡿ
૟ࢇ૛ࢇ + ૜ࢇ૛ࢇ + ૟ࢇ૜ࢇ ≥ ૝√૜ࡰ࡯࡭ࡿ
૞ࢇ૚ࢇ + ૜ࢇ૚ࢇ + ૞ࢇ૜ࢇ ≥ ૝√૜ࡰ࡮࡭ࡿ
૞ࢇ૝ࢇ + ૟ࢇ૝ࢇ + ૟ࢇ૞ࢇ ≥ ૝√૜ࡰ࡯࡮ࡿ⎭

⎪
⎬

⎪
⎫

⇒ ෍ ࢐ࢇ࢏ࢇ
૚ஸ࢏ழ௝ஸ଺

≥ ૝√૜[ࡰ࡯࡮࡭]ࡿ 

UP.163. Let ࢈,ࢇ,   :be positive real numbers such that ࢉ

૛ࢇ) + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + (૛ࢇ = ૡ. 

Find the minimum value of: 

ࡼ =
ࢇ

+࢈)࢈ ૛ࢉ + ૚)(ࢇ+ ૜ࢉ)૛ +
࢈

ࢉ)ࢉ + ૛ࢇ+ ૚)(࢈ + ૜ࢇ)૛ +
ࢉ

+ࢇ)ࢇ ૛࢈+ ૚)(ࢉ + ૜࢈)૛ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer 

* By Cauchy Schwarz inequality we have: 

ࡼ =
ࢇ

+࢈)࢈ ૛ࢉ + ૚)(ࢇ+ ૜ࢉ)૛ +
࢈

ࢉ)ࢉ + ૛ࢇ+ ૚)(࢈ + ૜ࢇ)૛ +
ࢉ

+ࢇ)ࢇ ૛࢈+ ૚)(ࢉ + ૜࢈)૛ 

=
ቀ ࢇ
+ࢇ ૜ࢉቁ

૛

+࢈)࢈ࢇ ૛ࢉ + ૚) +
ቀ ࢈
࢈ + ૜ࢇቁ

૛

+ࢉ)ࢉ࢈ ૛ࢇ + ૚) +
ቀ ࢉ
ࢉ + ૜࢈ቁ

૛

+ࢇ)ࢇࢉ ૛࢈ + ૚) ≥ 

≥
ቀ ࢇ
+ࢇ ૜ + ࢈

࢈ + ૜ࢇ+ ࢉ
ࢉ + ૜࢈ቁ

૛

࢈)࢈ࢇ + ૛ࢉ + ૚) + +ࢉ)ࢉ࢈ ૛ࢇ+ ૚) + ࢇ)ࢇࢉ + ૛࢈+ ૚) 

⇔ ࡼ ≥
ቀ ࢇ
ାࢉశ૜ࢇ

࢈
ାࢇశ૜࢈

ࢉ
ቁ࢈శ૜ࢉ

૛

൫࢈ࢇ૛ାࢉ࢈૛ାࢇࢉ૛൯ା૟ࢉ࢈ࢇା(࢈ࢇାࢉ࢈ାࢇࢉ)
    (1) 

- By inequality: ࢞૛ + ࢟૛ ≥ (࢞ା࢟)૛

૛
  (equality occurs if ࢞ = ࢟) we have: 

ૡ = ૛ࢇ) + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + (૛ࢇ ≥
+ࢇ) ૛(࢈

૛ ⋅
࢈) + ૛(ࢉ

૛ ⋅
ࢉ) + ૛(ࢇ

૛ ⇔ 
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⇔ ૟૝ ≥ +ࢇ) ࢈)૛(࢈ + +ࢉ)૛(ࢉ  ૛(ࢇ

⇔ ૡ ≥ ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ  (2)       (ࢇ

- Other, by AM-GM inequality for 2 positive real numbers: 

+ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥ ૛√࢈ࢇ ⋅ ૛√ࢉ࢈ ⋅ ૛√ࢇࢉ = ૡඥ(ࢉ࢈ࢇ)૛ = ૡࢉ࢈ࢇ ⇔ 

ࢉ࢈ࢇ ≤ (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
ૡ

   (3) 

- Hence (3): 

⇒ ࢇ) + ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ = +ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ + ࢉ࢈ࢇ ≤ 

≤ ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ +
ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ

ૡ =
ࢇ)ૢ + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ

ૡ  

⇔ ࢇ) + +࢈ +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ ≤ (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)ૢ
ૡ

    (4) 

- Let (2), (4): ⇒ ૡ ≥ ૡ(ࢇା࢈ାࢉ)(࢈ࢇାࢉ࢈ାࢇࢉ)
ૢ

⇔ ૢ ≥ ࢇ) + +࢈ +࢈ࢇ)(ࢉ ࢉ࢈ +  (ࢇࢉ

⇔ ૢ ≥ ૛࢈ࢇ) + ૛ࢉ࢈ + (૛ࢇࢉ + ࢈૛ࢇ) + ࢉ૛࢈ + (ࢇ૛ࢉ + ૜(5)      ࢉ࢈ࢇ 

- By AM-GM inequality we have: 

࢈૛ࢇ + ࢉ૛࢈ + ࢇ૛ࢉ ≥ ૜ඥ(ࢇ૛࢈) ⋅ (ࢉ૛࢈) ⋅ ૜(ࢇ૛ࢉ) = ૜ඥ(ࢉ࢈ࢇ)૜૜ = ૜ࢉ࢈ࢇ ⇔ ࢈૛ࢇ + ࢉ૛࢈ +

ࢇ૛ࢉ ≥ ૜(6)   ࢉ࢈ࢇ 

- Let (5), (6):⇒ ૢ ≥ ૛࢈ࢇ) + ૛ࢉ࢈ + (૛ࢇࢉ + ૜ࢉ࢈ࢇ + ૜ࢉ࢈ࢇ ⇔ ૛࢈ࢇ) + ૛ࢉ࢈ + (૛ࢇࢉ + ૟ࢉ࢈ࢇ ≤

ૢ    (7) 

- Other: ࢇ૛ + ૛࢈ + ૛ࢉ = ૛࢈૛ାࢇ

૛
+ ૛ࢉ૛ା࢈

૛
+ ૛ࢇ૛ାࢉ

૛
≥ ૛࢈ࢇ

૛
+ ૛ࢉ࢈

૛
+ ૛ࢇࢉ

૛
= ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + +ࢉ࢈ ࢇࢉ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ + ૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

⇔ ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ⇔ ࢇ + ࢈ + ࢉ ≥ ඥ૜(࢈ࢇ+ +ࢉ࢈  (8)     (ࢇࢉ

- Let (4), (8):⇒ +ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥ ૡඥ૜(࢈ࢇାࢉ࢈ାࢇࢉ)⋅(࢈ࢇାࢉ࢈ାࢇࢉ)
ૢ

      (9) 

- Let (2), (9): 

⇒ ૡ ≥
ૡඥ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ⋅ ࢈ࢇ) + +ࢉ࢈ (ࢇࢉ

ૢ ⇔ ૢ ≥ ඥ૜(࢈ࢇ+ +ࢉ࢈ ૜(ࢇࢉ ⇔ ૡ૚

≥ ૜(࢈ࢇ + ࢉ࢈ +  ૜(ࢇࢉ

⇔ ૛ૠ ≥ ࢈ࢇ) + ࢉ࢈ + ૜(ࢇࢉ ⇔ ૜ ≥ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ⇔ ࢈ࢇ) + +ࢉ࢈ (ࢇࢉ ≤ ૜    (10) 
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- Let (7), (10):⇒ ૛࢈ࢇ) + ૛ࢉ࢈ + (૛ࢇࢉ + ૟ࢉ࢈ࢇ + +࢈ࢇ) +ࢉ࢈ (ࢇࢉ ≤ ૢ + ૜ 

⇔ ૛࢈ࢇ) + ૛ࢉ࢈ + (૛ࢇࢉ + ૟ࢉ࢈ࢇ + +࢈ࢇ) +ࢉ࢈ (ࢇࢉ ≤ ૚૛      (11) 

- Let (1), (11):⇒ ࡼ ≥
ቀ ࢇ
ାࢉశ૜ࢇ

࢈
ାࢇశ૜࢈

ࢉ
ቁ࢈శ૜ࢉ

૛

૚૛
       (12) 

- By Cauchy Schwarz inequality we have: 

ࢇ
ࢇ + ૜ࢉ +

࢈
࢈ + ૜ࢇ+

ࢉ
ࢉ + ૜࢈ =

૛ࢇ

૛ࢇ + ૜ࢇࢉ +
૛࢈

૛࢈ + ૜࢈ࢇ +
૛ࢉ

૛ࢉ + ૜ࢉ࢈

≥
+ࢇ) ࢈ + ૛(ࢉ

૛ࢇ) + ૜ࢇࢉ) + ૛࢈) + ૜࢈ࢇ) + ૛ࢉ) + ૜ࢉ࢈) 

⇔
ࢇ

ࢇ + ૜ࢉ +
࢈

࢈ + ૜ࢇ+
ࢉ

ࢉ + ૜࢈ ≥
+ࢇ) ࢈ + ૛(ࢉ

૛ࢇ) + ૛࢈ + ૛ࢉ + ૛࢈ࢇ+ ૛ࢉ࢈+ ૛ࢇࢉ) + ࢈ࢇ) + ࢉ࢈ +  (ࢇࢉ

⇔ ࢇ
ା૜ࢇ

+ ࢈
ࢇା૜࢈

+ ࢉ
࢈ା૜ࢉ

≥ ૛(ࢉା࢈ାࢇ)

(ࢇࢉାࢉ࢈ା࢈ࢇ)૛ା(ࢉା࢈ାࢇ)
    (13) 

- Let (8): (ࢇ+ ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ⇔ ࢈ࢇ + +ࢉ࢈ ࢇࢉ ≤ ૛(ࢉା࢈ାࢇ)

૜
    (14) 

- Let (13), (14):⇒ ࢇ
ࢉା૜ࢇ

+ ࢈
ࢇା૜࢈

+ ࢉ
࢈ା૜ࢉ

≥ ૛(ࢉା࢈ାࢇ)

૛ା(ࢉା࢈ାࢇ)
૛(ࢉశ࢈శࢇ)

૜

= ૜(ࢇା࢈ାࢉ)૛

૝(ࢇା࢈ାࢉ)૛
= ૜

૝
 

⇔ ࢇ
ࢉା૜ࢇ

+ ࢈
ࢇା૜࢈

+ ࢉ
࢈ା૜ࢉ

≥ ૜
૝
     (15) 

- Let (12), (15):⇒ ࡼ ≥
ቀ૜૝ቁ

૛

૚૛
= ૢ

૚૟⋅૚૛
= ૜

૟૝
⇒ ࡼ ≥ ૜

૟૝
⇒ ܖܑܕࡼ 	 = ૜

૟૝
 

+ Equality occurs if: 

⎩
⎪
⎨

⎪
⎧ ,࢈,ࢇ ࢉ > 0; ૛ࢇ) + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + (૛ࢇ = ૡ

ࢇ = ࢈;࢈ = ࢉ;ࢉ = ࢇ
ࢇ

(ା૚ࢉା૛࢈)࢈ࢇ⋅(ࢉା૜ࢇ)
= ࢈

(ା૚ࢇା૛ࢉ)ࢉ࢈⋅(ࢇା૜࢈)
= ࢉ

(ା૚࢈ା૛ࢇ)ࢇࢉ⋅(࢈ା૜ࢉ)
ࢇ

(ࢉା૜ࢇ)ࢇ
= ࢈

(ࢇା૜࢈)࢈
= ࢉ

(࢈ା૜ࢉ)ࢉ

 

⇔ ൜ ࢇ = ࢈ = ࢉ > 0
૛ࢇ) + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + (૛ࢇ = ૡ ⇔ ቄ ࢇ = ࢈ = ࢉ > 0

૛ࢇ૛ ⋅ ૛ࢇ૛ ⋅ ૛ࢇ૛ = ૡ ⇔ ቄࢇ = ࢈ = ࢉ > 0
૟ࢇ = ૚ ⇔

ࢇ = ࢈ = ࢉ = ૚. 

Therefore, minimum of ࡼ: ૜
૟૝

 then ࢇ = ࢈ = ࢉ = ૚. 

UP.164. Solve the equation: ඥ૛(࢞૝ + ૚) + ૛√૜࢞ − ૛࢞૝ = ૠ − ૜࢞ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution 1 by Soumava Chakraborty-Kolkata-India 

࢞૝ + ࢟૝ ≤ ૛(࢞૛ − ࢞࢟ + ࢟૛)૛ ⇔ ࢞૝ + ࢟૝ + ૟࢞૛࢟૛ − ૝࢞࢟(࢞૛ + ࢟૛) ≥ ૙ ⇔ 

⇔ (࢞૛ + ࢟૛)૛ + ૝࢞૛࢟૛ − ૝࢞࢟(࢞૛ + ࢟૛) ≥ ૙⇔ (࢞૛ + ࢟૛ − ૛࢞࢟)૛ ≥ ૙ → true  

∴ ࢞૝ + ૚ ≤ ૛(࢞૛ − ࢞+ ૚)૛; (࢟ = ૚) ⇒ ඥ࢞૝ + ૚ ≤ √૛ห࢞૛ − ࢞ + ૚ห ⇒ ඥ࢞૝ + ૚

≤ √૛(࢞૛ − ࢞ + ૚) 

൬∵ ࢞૛ − ࢞ + ૚ =
૚
૝

(࢞ + ૚)૛ +
૜
૝

(࢞ − ૚)૛ > 0൰ 

⇒ ඥ૛(࢞૝ + ૚) ≤
(૚)

૛࢞૛ − ૛࢞ + ૛  (equality when ࢞ = ૚) 

Now, for LHS to be defined, we must have: ࢞(૜ − ૛࢞૜) ≥ ૙. If ࢞ ≤ ૙, we then must have 

૜ − ૛࢞૜ ≤ ૙ ⇒ ࢞ ≥ ට૜
૛

૜ → not possible ∴ ࢞ ≥ ૙ & ∴ we must have  

૜ − ૛࢞૜ ≥ ૙ ⇒ ࢞ ≤ ඨ૜
૛

૜
 

Now, ૛࢞૛ + ࢞ + ૛√૜࢞ − ૛࢞૝ ≤
(૛)

૞ ⇔ (૛࢞૛ + ࢞)૛ + ૝(૜࢞ − ૛࢞૝) + ૝(૛࢞૛ +

࢞૜࢞−૛࢞૝≤૛૞ 

⇔ ૝(૛࢞૛ + ࢞)ඥ૜࢞ − ૛࢞૝ ≤
(૜)

૝࢞૝ − ૝࢞૜ − ࢞૛ − ૚૛࢞ + ૛૞ 

Let ࢌ(࢞) = ૝࢞૝ − ࢞૛ − (૝࢞૜ + ૚૛࢞ − ૛૞), which is a quadratic in ࢞૛.  

Discriminant = ૚ + ૝(૝)(૝࢞૜ + ૚૛࢞ − ૛૞) = ૟૝࢞૜ + ૚ૢ૛࢞ − ૜ૢૢ < 64 ቀ૜
૛
ቁ + ૚ૢ૛ቀ૜

૛
ቁ −

૜ૢૢ 

ቌ∵ ࢞૜ ≤
૜
૛ ݔ&	 ≤

ඨ૜
૛

૜
<
૜
૛
ቍ 

= −૚૞ < 0 ∴ ݂(࢞) > 0 ∴ (3) ⇔ ૚૟(૜࢞ − ૛࢞૝)(૛࢞૛ + ࢞)૛ ≤ (૝࢞૝ − ૝࢞૜ − ࢞૛ − ૚૛࢞ +

૛૞૛ 

⇔ ૚૝૝࢞ૡ + ૢ૟࢞ૠ + ૝૙࢞૟ − ૛ૡ૙࢞૞ + ૚૙૞࢞૝ − ૛૛૝࢞૜ + ૢ૝࢞૛ − ૟૙૙࢞ + ૟૛૞ ≥ ૙ ⇔ 

⇔ (࢞ − ૚)૛൫૚૝૝࢞૟ + ૜ૡ૝࢞૞ + ૟૟૝࢞૝ + ૟૟૝࢞૜ + ૠ૟ૢ࢞૛ + ૟૞૙࢞+ ૟૛૞൯ ≥ ૙ 

→ true ∵ ࢞ ≥ ૙ (equality when ࢞ = ૚) 
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∴ (3) & hence (2) is true ⇒ ૛√૜࢞ − ૛࢞૝ ≤
(૝)

૞ − ૛࢞૛ − ࢞ 

(1)+(4)⇒ ඥ૛(࢞૝ + ૚) + ૛√૜࢞ − ૛࢞૝ ≤ ૠ− ૜࢞, equality when ࢞ = ૚. 

& ∵ ඥ૛(࢞૝ + ૚) + ૛√૜࢞ − ૛࢞૝ = ૠ − ૜࢞, ∴ ࢞ = ૚, which is the only soulution (answer) 

Solution 2 by Amit Dutta-Jamshedpur-India 

Using Cauchy – Schwarz’s Inequality: 

ቀඥ૛(࢞૝ + ࢟૝) + ૛࢞࢟ቁ
૛
≤ ૛ቀ૛(࢞૝ + ࢟૝ + ૛࢞૛࢟૛)ቁ ≤ ૝(࢞૛ + ࢟૛)૛ ⇒ 

⇒ ቀඥ૛(࢞૝ + ࢟૝) + ૛࢞࢟ቁ ≤ ૛(࢞૛ + ࢟૛) 

ඥ૛(࢞૝ + ࢟૝) ≤ ૛(࢞૛ − ࢞࢟ + ࢟૛) 

Putting ࢟ = ૚:ඥ૛(࢞૝ + ૚) ≤ ૛(࢞૛ − ࢞ + ૚)     (1) 

⎩
⎪
⎨

⎪
⎧ ࢔ࢋࢎ࢝	࢙ࢊ࢒࢕ࢎ	࢚࢟࢏࢒ࢇ࢛ࢗࡱ

૚
ඥ૛(࢞૝ + ࢟૝)

=
૚
૛࢞࢟ ࢘࢕	

૚
ඥ૛(࢞૝ + ૚)

=
૚
૛࢞

⇒ ࢞ = ૚					(ࢇ) ⎭
⎪
⎬

⎪
⎫

 

∵ ࡹࡳ ≤  ࡹ࡭

૛√૜࢞ − ૛࢞૝ ≤ ૛ඥ࢞(૜ − ૛࢞૜) ≤ (࢞ + ૜ − ૛࢞૜)   (2) 

ቐ
࢔ࢋࢎ࢝	࢙ࢊ࢒࢕ࢎ	࢚࢟࢏࢒ࢇ࢛ࢗࡱ
࢞ = ૜ − ૛࢞૜ ⇒ ࢞ = ૚

(࢈)
ቑ 

Adding (1) & (2): 

ඥ૛(࢞૝ + ૚) + ૛ඥ૜࢞ − ૛࢞૝ ≤ ૛(࢞૛ − ࢞ + ૚) + ࢞ + ૜ − ૛࢞૜ ⇒ 

⇒ ૠ − ૜࢞ ≤ ૛࢞૛ − ࢞ + ૞ − ૛࢞૜ ⇒ ૛࢞૜ − ૛࢞૛ − ૛࢞ + ૛ ≤ ૙ ⇒ ࢞૜ − ࢞૛ − ࢞ + ૚ ≤ ૙ ⇒ 

⇒ ࢞૛(࢞ − ૚) − ૚(࢞ − ૚) ≤ ૙ ⇒ (࢞૛ − ૚)(࢞ − ૚) ≤ ૙ ⇒ (࢞ + ૚)(࢞ − ૚)૛ ≤ ૙ 

∵ (࢞ + ૚) > 0   {∵ ࢞ > 0 from domain} 

⇒ (࢞ − ૚)૛ ≤ ૙ ⇒ (࢞− ૚)૛ = ૙ 

⇒ ࢞ = ૚    (c) 

From (a), (b) & (c) we can conclude that the only real solution is ࢞ = ૚. 
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UP.165. Solve the system of equation: ൞

૚
ඥࢇ૜

+ ૚
ඥ࢈૜

+ ૚
ඥࢉ૜

= ૜

૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
= ൫ࢇ૜ା࢈૜ାࢉ૜൯

૛

૜

     (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer 

* Hence (1), by AM-GM inequality for three positive real numbers we have: 

૜ =
૚
૜ࢇ√

+
૚
૜࢈√

+
૚
૜ࢉ√

≥ ૜ ⋅ ඨ
૚

૜ࢇ√ ⋅ ૜࢈√ ⋅ ૜ࢉ√
૜

=
૜

ඥ(ࢉ࢈ࢇ)૜૟ =
૜

ࢉ࢈ࢇ√
⇔ ૜ ≥

૜
ࢉ࢈ࢇ√

⇔ 

⇔ ࢉ࢈ࢇ√ ≥ ૚ ⇔ ࢉ࢈ࢇ ≥ ૚ 

Hence (2):⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
= ࢈૜ࢉାࢇ૜࢈ାࢉ૜ࢇ

ࢉ࢈ࢇ
≤ ࢈૜ࢉାࢇ૜࢈ାࢉ૜ࢇ

૚
= +ࢉ૜ࢇ ࢇ૜࢈ +  (3)    ࢈૜ࢉ

- By AM-GM inequality, we have: 

ࢉ૜ࢇ + ࢇ૜࢈ + ࢈૜ࢉ = ࢉࢇ૜ࢇ + +ࢇ࢈૛࢈ ࢈ࢉ૛ࢉ ≤
૜ࢇ + ૛(ࢉࢇ)

૛ +
૝࢈ + ૛(ࢇ࢈)

૛ +
૝ࢉ + ૛(࢈ࢉ)

૛  

⇔ ࢉ૜ࢇ + +ࢇ૜࢈ ࢈૜ࢉ ≤ ૛ࢇ૛ࢉ૛ାࢉ૛࢈૛ା࢈૛ࢇ૝ାࢉ૝ା࢈૝ାࢇ

૛
    (4) 

- Hence (3), (4):⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
≤ ૛ࢇ૛ࢉ૛ାࢉ૛࢈૛ା࢈૛ࢇ૝ାࢉ૝ା࢈૝ାࢇ

૛
    (5) 

- Other, by AM-GM inequality: 

૟ࢇ + ૟ࢇ + ૚
૛ +

૟࢈ + ૟࢈ + ૚
૛ +

૟ࢉ + ૟ࢉ + ૚
૛ ≥

૜√ࢇ૟ ⋅ ૟ࢇ ⋅ ૚૜

૛ +
૜√࢈૟ ⋅ ૟࢈ ⋅ ૚૜

૛ +
૜√ࢉ૟ ⋅ ૟ࢉ ⋅ ૚૜

૛

=
૜(ࢇ૝ + ૝࢈ + (૝ࢉ

૛  

⇔ ૟ࢇ + ૟࢈ + ૟ࢉ + ૜
૛
≥ ૜൫ࢇ૝ା࢈૝ାࢉ૝൯

૛
⇔ ૛(ࢇ૟ + ૟࢈ + (૟ࢉ + ૜ ≥ ૜(ࢇ૝ + ૝࢈ +  ૝)    (6)ࢉ

૜࢈૜ࢇ) + ૜࢈૜ࢇ + ૚) + ૜ࢉ૜࢈) + ૜ࢉ૜࢈ + ૚) + ૜ࢇ૜ࢉ) + ૜ࢇ૜ࢉ + ૚) ≥ 

≥ ૜ඥ(ࢇ૜࢈૜)(ࢇ૜࢈૜) ⋅ ૚૜ + ૜ඥ(࢈૜ࢉ૜)(࢈૜ࢉ૜) ⋅ ૚૜ + ૜ඥ(ࢉ૜ࢇ૜)(ࢉ૜ࢇ૜) ⋅ ૚૜

= ૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇔ ૛(ࢇ૜࢈૜ + ૜ࢉ૜࢈ + (૜ࢇ૜ࢉ + ૜ ≥ ૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇔ ૝(ࢇ૜࢈૜ + ૜ࢉ૜࢈ + (૜ࢇ૜ࢉ + ૟ ≥ ૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  ૛)     (7)ࢇ૛ࢉ

- Let (6), (7):⇒ ૛(ࢇ૟ + ૟࢈ + (૟ࢉ + ૜ + ૝(ࢇ૜࢈૜ + ૜ࢉ૜࢈ + (૜ࢇ૜ࢉ + ૟ ≥ 
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≥ ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇔ ૛(ࢇ૟ + ૟࢈ + ૟ࢉ + ૛ࢇ૜࢈૜ + ૛࢈૜ࢉ૜ + ૛ࢉ૜ࢇ૜) + ૢ ≥ 

≥ ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇔ ૛(ࢇ૜ + ૜࢈ + ૜)૛ࢉ ≥ ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ − ૢ    (8) 

- By AM-GM inequality and (2). We have: 

૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ ૜ ⋅ ૜ ⋅ ඥ(ࢇ૛࢈૛)(࢈૛ࢉ૛)(ࢉ૛ࢇ૛)૜ = ૢඥ(ࢉ࢈ࢇ)૝૜ ≥ ૢඥ૚૝૜ = ૢ 

⇔ ૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ − ૢ ≥ ૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  ૛)     (9)ࢇ૛ࢉ

- Let (8),(9):⇒ ૛(ࢇ૜ + ૜࢈ + ૜)૛ࢉ ≥ ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇔ ૛(ࢇ૜ + ૜࢈ + ૜)૛ࢉ ≥ ૜(ࢇ૝ + ૝࢈ + ૝ࢉ + ૛࢈૛ࢇ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇔ ૛ࢇ૛ࢉ૛ାࢉ૛࢈૛ା࢈૛ࢇ૝ାࢉ૝ା࢈૝ାࢇ

૛
≤ ൫ࢇ૜ା࢈૜ାࢉ૜൯

૛

૜
      (10) 

- (5), (10):⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
≤ ൫ࢇ૜ା࢈૜ାࢉ૜൯

૛

૜
    (11) 

- (1), (11):⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
= ൫ࢇ૜ା࢈૜ାࢉ૜൯

૛

૜
 occurs if: ቊ

ࢇ = ࢈ = ࢉ > 0
૚

ඥࢇ૜
+ ૚

ඥ࢈૜
+ ૚

ඥࢉ૜
= ૜ ⇔ ࢇ = ࢈ = ࢉ = ૚. 

Solution of equation is: (࢈,ࢇ, (ࢉ = (૚,૚,૚). 

 

 


