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JP.151. Let a, b be positive real numbers. Find the maximum of k such that

inequality is true:
1 1 k 8k + 32

+ — 4+
a* b* a*+b*— (a+b)4

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Michael Sterghiou-Greece

a,b > 0. Find the max of k so that the below inequality is true:

1 1 k 8k+32
— 1
a*  b* a*+b* — (a+b)* (1)

(1) homogeneous toa,b »assumea+b =1.

9(k+4) , So it suffices that

LHS (1) =

(k+4)- [ >0 (2)wherea=x,b=1-x

mf‘]

4[x3—(1—x)3] _
[(1-x)*+x42

flx) = x4+(1 — 8 which f(x) =
forx = % only and min f(x) - —7 when x - 0 or x - 1 and max f(x) = 0 where

= % Therefore f(x) < 0.But (k+4)f(x) > 0 - k < —yso that k + 4 < 0. Therefore

max k = —4 for which (1) becomes true by BCS. Equality for a = b.
Solution 2 by Khaled Abd Almuti-Damascus-Syria

As you know: \/x +y ( )>2\/_x—a .y = b?
1
Va*+ bt <—+—)>2\/_
a

b2

1 1 22

—_— >

a?  b%2 \q* + b4
1+1+ 2 - 8
a*  b* a2 b2~ a*+ b*
1 1 8 -2

+—— =
a bt a*+b*" aZ- b2
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1 1 - 8 2

—+— -

a* b* " a*+b* a2 b2
1 N 1 N k - 8 2 . k
a* b* a*+b*  a*+b* a’b? a*+ bt
1 1 k k+8 2 .
P - >
v s i wrw r t () is true Va,b > 0

1 1 k 8k+32 .
e

BUt 2+ i ¥ 0 = () (1) from assumption

8k+32=0=>k=-4

k —00 —4 + oo
8k+32 | — - ——————— 0+++++++
1 1 4 4 2 . 1 1 4
whenk=—-4.—+—=— - istrue—=+—=—-———-=>0
a* b* at+p* T at+p?t a?.p? € at b* at+pt —

1 k 8k+32
b*  a*+b* T (a+b)*

So: fork < —4:% +
JP.152. Let ABC; h,, h;, h. denote the lengths of altitudes from
A B,C;l, 1, 1. are the lengths of the symmetric divergence lines from

A B, C;r, 1, 1. areradii of the circle next to the corners A, B, C. Prove that:

h h h
a:a bzrb c:c >3
12 12 12

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

In any AABC,Z"V“V# >3

, _4bcs(s—a) Z h,r, _ Z 2rs 1s rs (b + c)?
a w2 a s

" Wa = (b + ¢)? —a.s—a.4bcs(s—a):
_ 2ris? (b+c) r (s+s—a)* @ r s+ (s—a)?+2s(s—a)
" 4-4Rrs’/L.(s—a)®> 8R (s—a)> B8R (s —a)?

Now, X (s = b)(s —¢) = Y{s? — s(b+c) + bc} =

2)
3s2 —4s2+ sZ+ 4Rr +1r? = 4Rr + r?

harq _ rs? _ 2(c 2, 3r 2rs _ _ _
(1)= X0 = g L(s =D (s —)* + o+ e D(s — b)(s —¢) =
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{26 = B)(s — )% - 2r2s{3(s — Y] + 2 + - (4Rr +72) (by ()

_ p2uRrn?_gp22 gy 4 AR+T (4R+71)?-252+3r2+8Rr+2r?

8Rr3 TR (by (2)= 8Rr =0

8R3

Gerretsen

& 16R? —8Rr + 61% > 25?2 © s2 < 8R? —4Rr + 3r%. Now, s? <

? ? ?
< 4R? + 4Rr + 31%> < 8R? — 4Rr + 3r? © 4R? > 8Rr © R > 2r - true (Euler)
(Proved)
Solution 2 by Marin Chirciu — Romania

We prove the following lemma:

Lemma:
2) In AABC:
horq hyr, h.. 8R*+8Rr+3r?—s?
2 5 12 4Rr
Proof
i — 25 -5 7 = Z2b A 24 _ sG-a)
Using h, = —Ta = S_a,la = 7..€0s>,C0os” > o We obtain:
S

zha z o _ 28? (b+c)* r 2(8R*+8Rr+3r?—s?)

b )Z " 4abcs /. (s—a)®? 8R r2 B

$2

_ 8R?+8Rr +3r? — s?
B 4Rr
Back to the main problem:

Inequality that we have to prove can be written:

8R2%+8Rr+3r%—s?

. >3 © s% < 8R? — 4Rr + 3r?%, which follows from Gerretsen’s inequality:

s2 < 4R% + 4Rr + 372, It remains to prove that:
4R? + 4Rr + 31% < 8R? — 4Rr + 31* © 4R? > 8Rr © R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.
Remark.

The inequality can be strengthened:
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3) In AABC:
h h h R
azra bzrb + czrc > 41
1 L 1z r
Proposed by Marin Chirciu — Romania
Solution

Using the Lemma and Gerretsen’s inequality: s? < 4R? + 4Rr + 3r? we obtain:
h,r, 8R*+8Rr +3r? —s? - 8R% + 8Rr + 3r> — 4R* — 4Rr — 3r* _

2 4Rr - 4Rr B
_4R®+4Rr R

4Rr r
Equality holds if and only if the triangle is equilateral.

Remark.

Inequality 3) is stronger than inequality 1):

4)InA ABC:
h,r, hyr, h.r, > 5 +1>3
2 5 Z ~r
Solution
See inequality 3) and§+ 1 > 3 © R > 2r (Euler’sinequality).
Equality holds if and only if the triangle is equilateral.
Remark.
Let’s emphasize an inequality having an opposite sense:
5)In AABC:
hazra + hbzrb + hczrc < (5 _ 1)
i l; 2 r R
Solution

Using the Lemma and Gerretsen’s inequality: s > 16Rr — 572 we obtain:

hara _8R* + 8Rr + 3r? — s? - 8r? + 8Rr + 3r* — 16Rr + 512
2 4Rr - 4Rr
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8R% — 8Rr +8r> _2(R* — Rr +71?) Z(Rz—r ) z(R r)
4Rr N Rr Rr N

r R
Equality holds if and only if the triangle is equilateral.

Remark.

We can write the double inequality:

6) In AABC:
54_1Shara_|_hbrb_|_hcrcS (5_1)
T 2 5 12 r R
Proposed by Marin Chirciu — Romania
Solution

See inequalities 3) and 5)

Equality holds if and only if the triangle is equilateral.
JP.153.In AABC the lengths BC,CA,AB are a, b, c. Let 1, 1}, L. be the lengths
of the bisectors from the vertices A, B, C in triangle ABC. Prove that:

lalb + lb lc lcla

3
< E\/Babc(a +b+c)

sins sin sin

2 2 2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

1
Firstly, [I(a + b) = 2abc + Y, ab (2s — ¢) = 2s(s?> + 4Rr +1%) — 4Rrs @ 2s(s? +
2Rr+r2

2bc A 2ca

B A B
Waw Y7~ €0s-——cos; sin; sin- 4R . A A abc?(a+b
Now, Z avh —lhte Zevae 2 22— 7% (2 sinZ cos —) (2 sm cos )#
2 (H sm—) r 2 2 2/ T[l(a+b)

Y=~ -abc?(a+b) (by(1)

2rs(sz+2Rr+r2) 4R2
_ 4R - 16R*r?*s? Z( )= 64R3r%s? - 4s _ 32Rrs? _
" 8R2rs(s? + 2Rr +1?) @ " 8R2rs(s?+2Rr +1r2) s2+2Rr+r?2"
1024R?*r?*s*

-3-4Rrs(2s)

<3J3 bc(a+ b+ c)
_E abcla CC>(2+2RT+T2)2_

& 27(s> + 2Rr +1%)? > 512Rrs* ©
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(2)
& 27s*+27r*(2R + r)? + 54s>(2Rr + %) > 512Rrs?

Gerretsen
Now, LHSof (2) > {27(16Rr — 57r%) + 54(2Rr + r?)}s?> + 27r*(2R +
1r22?512Rrs2

?
& s?2(28R-81r) +27r(2R+ 1)’ >0 &

)
& s2(28R — 56r) + 27r(2R +1)? (% 25rs?

Gerretsen
Now, LHS of (3) (2) (16Rr — 51%)(28R — 561) +27r(2R + 1)? &
a
Gerretsen

RHS of (3) (2) 2517(4R? + 4Rr + 31r?)

a

(@), (b) = in order to prove (3), it suffices to prove:

(16R — 51)(28R — 561) + 27(2R + 1)?> > 25(4R?> + 4Rr + 31?) &

Euler

& 114R? —257Rr+58r2 >0 < (R—2r)(114R - 29r) > 0 - true~ R > 2r

(proved)
Solution 2 and generalizations by Marin Chirciu — Romania

We prove the following lemma:

Lemma:
2) In AABC:
l,,l;l . lcl% . lalbc = 3222R12'R
. . . S22+ 712+ 2Rr
siny siny  sing
Proof
Using I, = cos— 2 sm cos— =sinA, m = 2R, we obtain:
2ac B 2ab Cc 8a’bc A B (4
zlb za+c T (a+b)a+0 * €0S 5 C0S 5 COS 5
) A ) 2 sinf cos A
sin > sins > sin > C0S
= 8ab 1_[ 4 a = 32R ZRZ
- eanc cOSZ (a+b)(a+c)sinA rs: (a+b)(a+c)

2 _ 32s®Rr
s2+1r2+2Rr s2+1r2+2Rr

= 16Rrs? -
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Let’s get back to the main problem:

Using the Lemma, the inequality that we have to prove can be written:

32s%Rr
s2+ 12+ 2Rr

325°Rr_\* 9 .. 325°Rr_ \* __ o
< s2+r2+2Rr) — 4 rs-as e s2+r2+2Rr| ~ rsTe

9
SZ-Sabc(a+b+c)<:>

32s%Rr 2
sZ2+ 712+ 2Rr

3
< -./3abc(a+b+c) <:><

& 512s?Rr < 27(s? + 12 + 2Rr)? © s%(27s% + 54r? — 404Rr) + 271r*(2R + 1)?

>0
We distinguish the following cases:

Case 1). If (27s2 + 54r% — 404Rr) > 0, the inequality is obvious.
Case 2). If (2752 + 54r% — 404Rr) < 0, we write the inequality:
27r%(2R + 1)? > s%(404Rr — 541% — 27s?%), which follows from Gerretsen’s inequality:

16Rr — 51% < s < 4R? + 4Rr + 3r2. It remains to prove that:
27r2(2R + 1) > (4R?% + 4Rr + 312) (404Rr _ 5472 — 27(16Rr — 5r2)) o
& 28R3® — 26R%*r —33Rr?2 — 5413 >0 © (R — 2r)(28R% + 30Rr + 271%) > 0,

obviously from Euler’s inequality. Equality holds if and only if the triangle is equilateral.

Remark.
We can prove that:

3) In AABC:

Ll N L1, N L1, < 27R?

. A . B . C~ 2
siny  sinz  sins
Proposed by Marin Chirciu — Romania

Solution

Using the Lemma, the inequality can be written:

2 2
32s°Rr _ _ 27R* s2(27R — 64r) + 27Rr(2R + 1) > 0.

s24+r242Rr — 2

We distinguish the cases:

Case 1). If (27R — 64r) = 0, inequality is obvious.
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Case 2). If (27R — 64r) < 0, inequality can be rewritten:

27Rr(2R + r) = s?(64r — 27R), which follows from Gerretsen’s inequality:
s2 < 4R% + 4Rr + 372, It remains to prove that:
27Rr(2R + 1) = 9(4R?* + 4Rr + 3r%)(64r — 27R) & 54R3 — 47R*r — 74Rr? — 96713
>0e
& (R - 2r)(54R?% + 61Rr + 487r%) > 0, obviously Euler’s inequlity.

Equality holds if and only if the triangle is equilateral.

Remark.
Let’s highlight an inequality having an opposite sense.

4)In AABC:

Lyl l.l, L1,

_ é+ _ _+ _ 2227Rr
siny  sins  sing
Proposed by Marin Chirciu — Romania
Solution
. . . . 32s%Rr
Using the Lemma, the inequality can be written: Zozigp = 27RT &

& 552 > 27r(2R + r), which follows from Gerretsen’s inequality: s > 16Rr — 572, It
remains to prove that:

5(16Rr — 51%) > 27r(2R +r) © 26Rr > 52r% & R > 2r (Euler’s inequality)

Remark.
We write the double inequality:
5)In AABC:
(A A A
2 2 2
Proposed by Marin Chirciu — Romania
Solution

See inequalities 3) and 4).

Equality holds if and only if the triangle is equilateral.
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JP.154. In triangle ABC with sidesBC = a,CA = b,AB = c.r,, 1,1 are
exradii, h,, hy, h. are distances from A, B, C to BC,CA, AB. Prove that:

Talp rpTe rerq = hahb hbhc hcha
sindsinB  sinBsinl sinlsind sin2l sin28 sin28
2 2 SlTlZSan szsmz sin 2 2 2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

s’tany A tan= B sin ¢ cos g cos g
DD R R e e SO e DX ELE
. A B C A) (i)

Sin & 2 Sin 2 Sll'l 2 sin & 2 sin 5 2 (H Cos 2 4R

. A+ B A—B

2 sin 5 €0S—
= ZRSZ =B > 2Rs2(sinA+sinB)
cos—5—

A—B n’ABn’)

w0 < < —_——< <
(0 cos 1as > > >

o
= 4Rs(Y sin A) = 4Rs (%) = 452 SLHS > 452

2.2 _ 2.2 by (1)
yhaly — girs WG9 35 5(s—c)=4s* < LHS (Proved)

sin 7 ab (s—a)(s—b)(s—c) ris

JP.155. Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3.
Prove that:
a? b? c?
Db+ D) ctadfabe T D) | atbYaa T D)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

N| W

Solution by Soumava Chakraborty-Kolkata-India
aZ bZ Z (1) 3

+
brci/a(b6 +1) c*al/4(bS+1) a4b,/4(a6 +1)

Firstly, 4(a® +1) < (3a? —4a+3)% © (a—1)*(23a*> - 16a+23) >0 &
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& (a—1)423(a—-1)? +30a} > 0 - true

(a) (b)
~ 3/4(a® + 1) < 3a% — 4a + 3. Similarly, 3/4(b6 + 1) < 3b* —4b+3 &

(c)
1/4(c6 +1) < 3¢% —4c + 3; (a), (b), (c) = LHS of (1)
a? b? c?
= + + =
b*c(3b2—-4b+3) c*a(3c2—-4c+3) a*b(3a?—-4a+3)
al b? c?
+ + =
ab*c(3b2—4b+3) bc*a(3c2—-4c+3) a*bc(3a2—4a+3)

3 3 3
{ oy }
abc |3b? —4b+3 3c2—4c+3 3a?—4a+3|
® @ @
~“3b2—4b+3 3¢ —4c+3 3a’—4a+3
(':ZaZSA;SWﬁabCSl)

3

Holder E ’ E ’
(23) (25)
® 3Gxa? —b4za+9) “33ra _b4.3 +9) (v Z“ =3)
(=g =y (=p)

e ) )

“Yoza-@ay 9L -Car

@ wa? Bergstrom  a)? a\3 3) (X a)b
Now B5=35 = Sab=(25) = gy

3
2
2

(T a)b ?
(2), (3) = LHS of (1) > SYTECHTD! >

2N ) 2sQw) Y- (Yo
3o 2 a Qe p Y- (Yo} (0= (X))
@z(za2+zzab)4§27(zab)3{92a2—(2a)2}
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-y

yZZab

? ?
e x+2y)*>27y3(Ux—y) o t* + 863 + 24t> — 76t +43 >0 <t=

?
o 2(x+2y)*>27y3(9x — x — 2y)

o (£ — 1)2(¢2 + 10t + 43) > 0 — true (ve= g—zz >1)
(Hence proved)
JP.156. Let ABC be a triangle having the area S. Let be A" € (BC) such that the
incircles of AAA'B, AAA’'C have the same radius. Analogous, we obtain the
points

B € (AC), C’ € (AB). Prove that:

AA -BB - cC’
S =
S
where s is the semiperimeter of AABC.
Proposed by Marian Ursdrescu — Romania

Solution by proposer

Let be r, the inradii in AABA’, ACA’
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S=04p0F Opca = Sppa’ Tat Spca Ta= rA(SABA’ + SACA') =
=14(s+A4A4) > 14(s +4A) =S (1)
Let be I, I, the incenters in AABA’, ACA" and I the incenter in AABC
LIy, r—1y _Ta 1112

AIIIIZ ~ AIBC :E: - = - BC =

T™w_4_hh
>-42=1 . (2)

r

Let D A E be the intersection points with side BC of the projections of incenters.
I 1,ED is arectangle =
I =DE =DA'+AE=s,5,—Cc+S;cpy —b=s—b—c+A4A4" (3)

From (Q+(3)> A =1 - =20 oy, =2 (s— 44) (4)

a a

From ()+(#) = = (s —AA)(s + AA) =S > s* — AA* = as =
A4 =52 —sa= AA' = \/s(s — a) analogous BB' = \/s(s — b),CC" = \/s(s — ¢)
= AA"- BB’ - CC’
JP.157. Prove thatin AABC, the following inequality holds:

z ( tA 5. C) 81r?
acot sin? B - sin 2 SRR =1)

cyc
Proposed by Marian Ursdrescu — Romania

Solution by Soumava Chakraborty-Kolkata-India

A

A 0052 b?c? 2.2 a)

LHS = z 4Rsm cosE smA 16R* 4R3Zb T —
2

s
= 2m5 b
s2 Gerretsen §2 (8Rr — 4-1'2)
+ + 12 =—— (s — + 72 >
4R3 ——{s(s? + 4Rr + r?) — 12Rrs} = (s 8Rr+1r%) > AR

S>3~/—r 2712 (8Rr - 4r2) ; 81r*
4R3 ~“2R%2(R—-1)

? ? ?
& (AR-2r)(R—1)>3Rr ©4R* —9Rr+2r2>0< (R-2r)4R-1) >0
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Euler
true~ R > 2r (Proved)

JP.158. Let a, b, ¢ > 0. Prove that:

zl z a >3z 1
— + -
a b2z + ¢c2 — b+c

cyc cyc

Proposed by Andrei Stefan Mihalcea — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

B 1 a? Bergstrom Z ab (Z a)z ” 1
LHS_ZE+ZabZ+acZ = abc+Za2b+Zab2232b+c
(X ab)(X a®b + ¥ ab?) + abc(X a)? 2 3(& a)®> + 3 ab)
< abc(3 a%b + Y ab?) “(a+b)(b+c)(c+a)

PR Zas b3 +Z:a3b5 +abc(2a4b+2ab4) + ZZa“b“
2
> 2abc (z alh? + z a2b3) + 2a%b?c? (z az)
(1)

(Simplifying & re-arranging)

(a)
z x% > z xy -2 z a* b* > 2a?b?c? (z az)

(x = a?b? y = b%*c? z = c*a?)

Again, abc(3 a*b + Y, ab*) = abc - Y, ab (a3 + b3)

(b)
> abcz ab - ab(a+ b) = abcz a’b? (a + b) = abc (z a3b? + z a2b3)

Also, Y a®b3® + Y. a®b® = Y c® (a® + b3) > Y. c® ab(a + b) = abc{3 c*(a + b)}

= abc (z a*b + z ab“) b};%b) abc (z a’h? + z a2b3)

(@)+(b)+(c)= (1) is true (Proved)

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
For a, b, c > 0 we have identity inequality below.

1 1 2 2 2 1 1 1
> + + = + + 22( + + )
vab +bc +ca 2Vab 2Vbc 2Jca a+b b+c c+a

Q| M
| =
ey

S
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. 1 1 1 a b c 1 1
Consider =+ - + - + + + = (a? + b? + ¢? +
onside a b ¢ b%2+c2  c2+a? aZ+b? ( ) a(b2+c2)  b(c2+a?)

1ca2+hb2

1. 1.1 ( 1 1 1 )
Sz 4=+2 + +
<a b ¢ vab +bc ﬁ)

2(a? + b% +c?)

> (a® + b* + c?)

1/1 1 1 1 1 1
=_ —+—+—+2( + + )
2\a b ¢ vab +bc +ca
1 1 1 ( 1 1 1 )

> + + + + +
a+b b+c c+a a+b b+c c+a
1 1 1
S3(Lala ) ok

a+b b+c c+a

Therefore, it is to be true.

JP.159. Prove that in any AABC the following inequality holds:
a’hyh, + b*h h, + c*h h, < 4R+ r)*
Proposed by Marian Ursdrescu — Romania

Solution by Soumava Chakraborty-Kolkata-India

a’-ca-ab A4Rrs rs
§ 2 _ § _ § 3\ TS 2 _ ) 4
a’hyh, = 1RZ = IRz ( a ) =2 25(s? —6Rr —3r?) <4(R+71)

& rs* —rs2(6Rr + 31r2) (;) 2R(R +1)*
Now, LHS of (1) & rs2{2R% + 10Rr — r2 + 2(R — 2r)VRZ — 2Rr — (6Rr + 371%)}
gt r{2R? + 10Rr — r? + 2(R — 2r)y/R? - 2Rv}
(ZRZ +4Rr — 4r2 + 2(R — 2r)M) =
= r|(2R? + 10Rr — 1?)(2R? + 4Rr — 41?)
+4R(R — 2r)32(R — 2r)VR? — 2Rr(4R? + 14Rr — 512)|

? ?
<2R(R+1r)* o (R—-2r)(R*+ 2R3*r + 8R?>1r? — 19R13 + 1) (%
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> r(R — 2r)VR? — 2Rr(4R? + 14Rr — 51%)

Euler Euler

“R—2r = 0&R*+ 2R3 +8R*r> —19Rr3 +r* >
>R*+R3r+Rr-4r> +8Rr?* - 2r —19Rr3 +r* >0
-~ in order to prove (2), it suffices to prove:

(R* + 2R3r + 8R?*r? — 19Rr3 + r*)2 — R(R — 2r)r?(4R?> + 14Rr — 51r%)2 >0
R
o t8 + 417 + 4t° — 8615 + 58t° + 15213 + 722+ 12t+1 >0 (t = 7)

& (t—2){(t — 2)(¢° + 8t° + 32¢2(¢? — 4) + 98t + 10t(t> — 4) + 32t + 160) + 684}
+729>0

Euler

—truevt > 2= (2)istrue= (1)istrue (Proved)

JP.160. Prove that for all non-negative real numbers x, y, z the following

inequality holds:

y+z_|_z+x_|_x+y> x ¥y .z
1+x)2 (A+y)?2 (1+2)? 1+yz 1+zx 1+xy

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

Given in alit<:>(1 4+ 1 —1)+(1 + 1 _1)+
€ equality x 1+y)?2  (1+2)?  1+yz y (1+2)2  (14x)?% 1+4zx

(a) 2 2
1 11 1 11 (1+2)2+(1+y) 1
z ((1+;\c)2 + (1+y)2 1+xy) = 0. Now, (1+y)? + (1+2)2  1+yz — < (1+y)2(1+2)2 = 1+yz

cA+y2){1+2)*+A+y)=>A+y)?*A+2)?(~1+yz=>1>0)
o y3z+yz® —y?z22 —2yz+1 >0 (y3z+yz3 — 2y?2%) + (y*2> — 2yz+1) > 0
oyzly—2z)2+(yz—1)2>0->true~ yz(y—2)2 >0 (v yz>0asy,z > 0)

1 1 1

_ 2 _ 2 _ 2 . —
&(yz-1)?*20=>yz(y-2)*+(yz-1)* =0 - (1+y)2 + (1+2)2  1+yz —
1 ! ! V2o¢xz0
+ — > X >
:>x((1+y)2 (1+2)2 1+yz)_ x=
2) 3)
. 1 1 1 1 1 1
Similarly, y ((1+z)2 + 1+x? 1+zx) 20&z ((1+x)2 + a+y? 1+xy) =0
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(1)+(2)+(3)= (a) is true (Proved)
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

a a a
+
(1+b)2  (1+c)2 — (1+bc)

For a, b,c > 0, we have:

Because 1 + b3c + bc3 > 2bc + b%c?
Hence: 1 +2b + b%2 + 1+ 2¢c + ¢ + 2bc + 2bc? + 2b%c + b3c + bc3

>1+2b+ b?+ 2c+ 4bc+ 2bc? + 2b?c + c¢* + b?c?
a + a - a
(1+b)2 (1+c)2~ (1+bc)

Therefore for x,y,z > 0 we will get that:

= [(1+b)>+ (1 +c)’l(1+bc) = (1+b)*(1+c)* =

Xty  y*tz  z+x

1+2)?2 (A+x)? @@A+y)?
= * L, _* . ¥y L, Y .,z , %
(1422 (A+y)?2 (A+x)? (1+2)?2 (A+x)?2 (A+y)32~

> 4+ Y 4+ % ok
(1+yz) (1+zx) (1+xy)

JP.161. Let a, b, c, d be positive real numbers such that abcd > 1. Prove that:

az+b2+c2+1+b2+c2+dz+1+c2+dz+az+1+dz+az+b2+1<4
ad+b3+c3+1 bP3+c3+d3+1 B+di+ad+1 d3+ad+b3+17

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Soumava Chakraborty-Kolkata-India
Firstly, Vx,y,z,w > 0,x3 +y3 + 23 + w3 > %(xZ +y2+z22+wH)x+y+z+w)
S {G® +y°) - Py +xy?)} +{(x° + 2°) — (xPz + x2)} +
+H{(x® + w?) — (Pw + aw?)} +{(y? + 23) — (y?z + yz2)} +
+H3 +w?) — (0w + yw?)} +{(23 + w3) — (z>w + zw?)} = 0 > true
“Vx,y=>0,x3+y3 > xy(x+y)etc

(@1
>x3+y3+23+wd > Z(x2+y2+zz+w2)(x+y+z+w)

(®
@=>a*+b3+c3+1 2%(a2+b2+c2+1)(a+b+c+1),
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(ii) 1
pBP+c3+d3+1 > —(b2+c2+d2+1)(b+c+d+1),
(iii) 1

A+ddP+at+1 > (c +d*?+a’?+1)(c+d+a+1),

(iv) 1
d+at+b3+1 > Z(d2+a2+b2+1)(d+a+b+1)

4 4 4 4
a+b+c+1 b+c+d+1 c+d+a+1 d+a+b+1

osb+c+d+1)(c+d+a+1)(d+a+b+1)+
+(c+d+a+1)(d+a+b+1)(a+b+c+1)

+(d+a+b+1)(a+b+c+1)(b+c+d+1)+

(i), (i), (iii), (iv) = LHS of (1) <

+(a+b+c+1)b+c+d+1)(c+d+a+1)<
<(a+b+c+1)(b+c+d+1)(c+d+a+1)(d+a+b+1)
sab+c+d)+b3(a+c+d)+c3(a+b+d)+d3*(a+b+c)+
+2(a?b? + a®c? + a*d? + b%c? + b%*d? + c?d?) +
+4(a’bc + a’bd + a*cd + b*ac + b?ad + b*cd + c?ab + c?ad + c?*bd + d*ab

+ d%ac + d?bc) +

(2)
+9abcd > 3(a? + b? + c¢? + d?) +7(ab + ac + ad + bc + bd + cd) +
+6(a+b+c+d)+3

Now,a®(b+c+d)+b3(a+c+d)+c3(a+b+d)+d3(a+b+c)>

s(awm)+b3<vm—d>+c3<m>+d3<m>) >

—3<a a3+bZ b3+c c3+dZ d3

Chebyshev 3 2 2 2 2 2
> 2(Za?)(Ta3)(+WLOG, ifwe assume a = b > ¢ > d then, as 2 b > ¢ 2 d5)

30 (o) =2 (R vt =2 3 vz
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>al(b+c+d)+b*a+c+d)+c2(a+b+d)+d3*(a+b+c) (QBZaZ
Also, a?b? + a?c? + a?d? + b%*c? + b%d? + c%d* +
+2(a’bc + a’bd + a*cd + b%ac + b?ad + b%*cd + c?ab + c?ad + c¢*bd + d*ab
+ d?ac + d?bc) +
+6abcd = (ab + ac + ad + bc + bd + cd)?

A-G
> 6Ya3b3c3d? (ab + ac + ad + bc+ bd + cd)

1 bed>1
= 6(abcd)z(ab + ac + ad + bc + bd + cd) “ CZ 6(ab + ac + ad + bc + bd + cd)

= a’b? + a’c? + a’d® + b%c? + b2d?* + ¢*d3 +
+2(a’bc + a’bd + a*cd + b%*ac + b?ad + b%*cd + c?ab + c?ad + c*bd + d?ab

+ d%ac + d?bc) + 6abcd

(vi)
> 6(ab + ac + ad + bc + bd + cd)

Now, by A-G, a?b? + a*c? > 2a*’bc,a?b? + a*d? > 2a?bd,

a’c? + a*d? > 2a’%cd, b*a? + b%*c? > 2b%*ac,b*a? + b*d? > 2b%ad,
b?%c? + b*d? > 2b%cd, c?a? + c¢?b? = 2c¢%ab,c?*a? + c*d? > 2c?ad,
c2b? + c2d? > 2¢?bd, d?a? + d?b? > 2d%ab,d?*a? + d?*c? > 2d%ac &
d?b? + d?c? > 2dbc
Adding the last 12 inequalities, we have

(b)
4P > 2Q, where P = a?b? + a*c? + a?d? + b*c? + b*d? + c*d* &

Q = a’bc + a?bd + a*cd + b*ac + b*ad + b%*cd + c*ab + c*ad + c¢*bd +

+d%ab + d*ac + d*bc
. A-G (b)
Again,P > 6Va®b%c%d® = 6abcd = P > 6abcd
(a)+(b)=> 6P > 2Q + 6abcd + P = (ab + ac + ad + bc + bd + cd)?
A-G
> 65 a3b3c3d3(ab + ac + ad + bc + bd + cd)
abcd=1
= 6Vabcd(ab+ ac+ad+bc+bd+cd) > 6(ab+ac+ ad+ bc+ bd+ cd)

(vii)
= a’b? + a®’c? + a?d?® + b*c? + b%2d? + c?d* > ab+ac+ad+ bc+bd+ cd
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Moreover, 2Q = [a?(bc + bd + cd) + b*(ac + ad + cd) + c*(ab + ad + bd) +

d2ab+ac+bc-2

A; 6 (az (3\/ bzczdz) + b? (3\/ azczdz) + c? (3\/ azbzdz) + d? (\3/ azbzcz))

abcd=1 Z31 Z31 Z31 231
= 6a'ﬁ+b'ﬁ+c'c_z+d'ﬁ

1 1 1 1Chebyshe176 1
=6(a-a§+b-b§+c-c§+d-d§) > Z(Za)(Zai)

1 1 1 1
(= if WLOG, we assumea = b > ¢ > d, then as > b3 > ¢3 > d53)

Aéc Z (z a) {4%} =6 (z a) (abcd)% abczdzl 6 ) a

= 2(a’bc + a’bd + a*cd + b*ac + b*ad + b?*cd + c?ab + c?ad + c¢*bd + d*>ab

(viii)
+d%?ac+d?bc) = 6 ) a

(ix)
& lastly, 3abcd > 3

(v)+(vi)+(vii) +(viii) +(ix)=(2) is true =(1) is true (proved)

JP.162. Let x, y, z be non-negative real numbers such thatx + y +z = 1.

Prove that:

3 X y z
a) — < + + <
( )\/E T Jl+yz  Vi+zx  J1l+xy T

z

3. x
(b) \[; = J1+y+z * Vitz+x * J1+x+y =1

When do the equalities occur?

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1
, = ! = L
Jityz = V1+zx — [1+xy

WLOG, we may assume x > y > z. Then
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1
Bergstrom (—) -9

. z x Chebishev 1 z z & 3
J1i+yz J1i+yz Y/ 1+yz
CBS 3 (Tx)%23% xy
- =
\/§\/3+ny V3 3+ Zx) \/_’
Zm>— equalltyatx—y—z——

(a1)
Again,Z\/%yz_ Z\/__Zx@Zx<1—m)20@Zx<m)2 0
1+y221(y220)m—120

x(,/1+yz—1) (;) 0. Similarl y(\/1+zx 1) z(,/1+xy 1) (ii) (uit) 0
Ji+tyz T ys V1 Y f1+xy =

()+(ii)+(iii) =(aq) is true

Also, x> 0>

)

\/%yz_ =0 (y,z#0)ory=0(z,x#0)orz=0(x,y #0)

orx=y=0 (z=1)ory=z=0 (x=1)orz=x=0 (y=1).

1 1 1
Jity+z — Jl+z+x — [1+x+y

Again,x>y=>1z

x Chebyshev 1 Bergstrom (1) -9
> > L A—
z,/1+y+z - z z,/1+y+z - YJ1+y+z

CBS 3

3
= B3r25x V35

X 3 . _ S |
) T 2 Eequallty atx=y=z=
X
Moreover, ), ——— ——< Z—1+y+z <Yro

1+y+z—1 (b1)
(R >°=’Z 2
1+y+z 1+y+z
vy+z20.1+y+z>21=/1+y+z—-12>0

. () @
&-xZO--x(\/Ty+z >0
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- Jitziz-1\ @ JTrxry-1) @)
Slmllarly,y( Nisvas ) >0, (—m) >0

(iv)+(v)+(vi)= (by) is true

Y 1+y+ < 1,equalitywhenx=y=0,z=1ory=z=0,x=1o0r

z=x=0,y =1 (Hence proved)

JP.163. Let ABC be an acute triangle with standard notations. Prove that:

m m m a+b+c
Ta b e 2P

a b c 4r
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Soumava Chakraborty-Kolkata-India

~m, < R(1 + cos A) etc, for acute-angled triangle,

24
2R cos? ZRs(s—a) 2Rs s __a+b+c
~ LHS s Z - Z abc " 4Rrs Z( - a) - _r ar 4r (proved)

JP.164.If a, b = 0 then:

(a+ b+ a?+ bZ)2 > 6v3ab

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

1)
Va,b > 0,(a+ b)?>>4ab (~(a—b)>*>0)=|la+b|>2Vab=>a+b > 2Vab

(a+b=>0asa,b=>0)

@
Also, Va,b = 0,a? + b% > 2ab = Va2 + b?2 > \/2ab
2 ?
(1) + (@)= LHS > ((2 + V2)Vab) = (6+4v2)ab > 6v3ab

2
& (6 +4v2—6vV3)ab = 0 - true - ab > 0 & 6 + 4v/2 — 63 > 0 (Proved)
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JP.165. If a, b, c = 0 then:

4(a+b+c)$(3\/§—2)(\/a2+b2+\/b2+cz+\/cz+a2)

Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India

“ab>0;2(a?+b?% > (@+b)? (~(a—b)*>0)

M ]la+b| a+b
N /a2+b22| l: (+~a+b=0asab=>0)

V2 V2
A @ b+c & c+a
Similarly, vb,c > 0,Vb? + ¢% > - &VeZ+a? > =

3v/3-2
V2

(1)+@+@3) = RHS = (*222) (2% a) = (36 - 2V2)(Za) >4Ya

2
& (3v6—-2v2-4)XTa)=0->true~Ya=0 (asa,b,c > 0) &
316 — 24/2 — 4 > 0 (Hence proved)

SP.151. Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3.
Prove that:

a

b c
+ + >
J2(b* +c*) +7bc J2(c*+a*)+7ca +/2(a*+ b*) + 7ab

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

W =

Solution 1 by Soumava Chakraborty-Kolkata-India
a* + b* < 2(a? — ab + b?)? & a* + b* + 6a?b? — 4ab(a®* + b%) >0

& (a? + b?)? + 4a’b? — 4ab(a? + b?) > 0 & (a? + b? — 2ab)? > 0 > true
~ya*+b* <V2|a® — ab + b?| = V2(a? — ab + b?)
1 3
( a’> — ab + b? ZZ(a+b)Z +Z(a—b)Z > O)

= ,/2(a* + b*) < 2a% — 2ab + 2b% = /2(a* + b*) + 7ab < 2a% + 5ab + 2b% =

6-A(2a+b+a+2b)%> 9
= 2a+b)(a+2b) < ( 2 ) ZZ(a+b)Z:>




R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
1 4 1 c 1) 4 c

J2@@*+b*)+7ab 9 (@+b)*>  [2(a*+b*)+7ab 9 (a+Db)?
3)
Similarly, ———— - i
/Z(b4+c4)+7bc

2 D4
(b+c)? /Z(c4+a4)+7ca -9
(1)+(2)+(3)= LHS > —Z

2
4

2_.
9

~
~

b
(c+a)?

4)

(b+c)2

WLOG, we may assumea = b = ¢

Now,~ > o a2 +ac>b?+bce (a—b)(a+b+c)>0-true~a>b>c

b+c c+a
c 1 1 1
.—>—S|m|IarIy,—>—:>—> >—&also,va=b=>c,—=>—2>—
b+c c+a a+b b+c c+a a+b b+c c+a a+b
Nesbitt Bergstrom
4 1 a 1 4 1 3 1
1y a)(y L)ST4 L3 ( _) >
by ChebySheV & usmg (4) LHS 9 3 (Z b+c) (Z b+c) - 9 3 2 Z b+c -
2 9 1 1
> - ===
2 Iye a3 (Proved)

Solution 2 by Amit Dutta-Jamshedpur-India

Using Cauchy Schwarz’s Inequality
2
(V2% + c*) + 2bc) <2 (2(b* + c* +2b%c?)) < 4(b* + ?)? =
V2(b*+ c¢*) + 2bc < 2(b? + ¢?)

V2(b* + ¢*) + 7bc < 2b%? + 5bc + 2¢? < (b + 2¢)(c + 2b)

b a AM-GM a

> > -

= _Z(b+2c)(c+2b) - z 3b + 3c¢\?
cye ‘y‘( 2 )

:>P>Z9(b+c)2_92(b+c)2

cyc

> iz LA
~9/.ua(b+c)?
cyc
Bergstrom 4 (a +p+ C)Z
P = g{a(b +c¢)2+b(c+a)?+cla+ b)z}

wab+c)+b(c+a)?+cla+ b)? =
= a(b? + c¢? + 2bc) + b(c? + a? + 2ac) + c(a? + b? + 2ab)

= (ab? + ba? + abc) + (ac? + ca? + abc) + (bc? + cb? + abc) + 3abc
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=ab(a+b+c)+acla+b+c)+bcla+b+c)+ 3abc

= (ab + bc+ ac)(a+ b + ¢) + 3abc

(a+b+c)3

Also, by AM-GM: 3abc <

(a+b+c)?
~a(b+c)2+b(c+a):+c(a+b)?< (ab+bc+ac)(a+b+c)+#

Also, (a + b + ¢)? > 3(ab + bc + ac)
(a+b +c)?
3
(a+b+c)3+(a+b+c)3
3 9 -

(ab + bc+ ac) <

= a(b+c)2+b(c+a)+cla+b)?<

4
Sa(a+b+c)3

P> arbror

(a+b +c)?

%(a+b+c)3

p>( 1 )>1
“\a+b+c/ 3

Equality holds when
when,a=b =c b+2c=c+2b,a+2b=b+2ac+2a=a+2c
Equality holds} < (a+b+c)?>=3(ab+ bc+ ac)
(a+b+c)®=27abc

P>4
-9

SP.152. Let a, b, ¢ be positive real numbers. Find the minimum value of:
1 1 1 a’? b* c?
P = + + +—+—+—
J2(a* +b%) J2(b*+c?) J2(c*+a*) b ¢ a

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
Firstly, a* + b* < 2(a? — ab + b?)? © a* + b* + 6a*b? — 4ab(a® + b?) > 0 &

& (a? + b?)? + 4a®b? — 4ab(a? + b?) > 0 & (a? + b? — 2ab)? > 0 - true

~ya*+b* <V2|a® — ab + b?| = V2(a? — ab + b?)
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1 3
(va?-ab+b?> =3 @@+ b+ (a-b)?*>0)

1 1 1
2(a4+b4)SZaz—Zab+2bZ:>—2_<#)
J2(a* +p*) 2\a*+b*—ab

2 2

a

1 a? 1( 1 ) a
—_ > [ )+
[2(a*+b*) b ~ 2\a*+b*>—ab/ 2b 2b

A-G 33 at 33 ab
> = —
- 8b2(a% + b2 —ab) 2 _[(a%?+ b%2—ab)ab-ab

_ 3a? 1 A6 3a? 3
2 3(a®+b?—ab)ab-ab 2 a*+b’*—ab+2ab
9a? 1 a?Mo9 a?
= +— > —
2(a?+b2+ab) [2(a*+p*) b ~2\a’?+b%+ab

Similarly, —L— + 2 22 () & ——+< Do ()

,Z(b4+c4) ¢ — 2\b%+c%+bc ,Z(c4+a4) a — 2\c%+a?+ca

W++(3) = p > 2 (2 o c_ )22

a?+b%+ab + b2+c2+bc + c2+a?+ca 239
o a?(b? + c¢? + bc)(c? + a? + ca) + b%*(c? + a? + ca)(a® + b%? + ab) +

2

?
+c%(a? + b% + ab)(b? + c* + bc) — (a? + b% + ab)(b? + ¢* + bc)(c? +a? +ca) > 0
?
& a*b? + b*c? + c*a? = a’b3c + b%c3a + c¢*adh - true
X2+ V222> xv+ vz + h = a?b.v = b%c z = c? 9 i
. y-+z°-=zxy+yz+zxwherex =a“b,y c,z ca:>P22equaI|tyat
a:b:c:1:>Pmin:3(wherea:b:c:1)(Answer)

Solution 2 by proposer

* By Cauchy Schwarz inequality we have:

2
(w/Z(a“ F bY) + zab) < (12 +12) - (2(a* + b*) + 4a2b?) = 4(a* + 2a%b? + b*)

= 4(a? + b?)?
& /2(a* + b*) + 2ab < 2(a? + b?)  /2(a* + b*) < 2(a? — ab + b?)
1 1

>
< 2(a* + b*) 2(a* —ab+b?)
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.. 1 1 1 1
+ Similar: > — > = P
Z(b4+C4) Z(b —bc+c ) Z(c4+a4) Z(C —-cata )
- Hence:
1 1 1 1 1 1

5 O

JZ(a4+b4) JZ(b4+c4) JZ(C4+a4) — 2(a?-ab+b?)  2(b%-bc+c?)  2(c%*-ca+ta

- By inequality (m + n + p)? < 3(m? + n? + p?) (equality occurs if m = n = p). We

have: L L : 3 ( L ! ! )
"\Vaz-ab+b? Vb2-bc+c? c2-ca+a?) a?-ab+b? = b?-bc+c*  c?-ca+a?
( 1 N 1 N 1 )2
1 1 + 1 > \/az—ab+b2 \/bz—bc+c2 \/cz—ca+a2 (2)
a’—ab+b?  b%-bc+c? c*-ca+a? 3
- Let (1), (2):
( 1 + 1 + 1 )2
= 1 + 1 + 1 > Ja2-ab+b% Vb2—bc+c® 2 —cata? (3)
JZ(a4+b4) JZ(b4+c4) JZ(C4+a4) 23
. . 1 1 1 9
- Other, inequality: -+ =+~ > (x =y =z > 0). We have:
X 'y z  xty+z
1 1 1 9 (4)
JaZ-ab+b2  b2-bc+c?  JcZ-ca+a? ~ JaZ—ab+b2+Vb2—bc+c2+y c2—ca+a?
- Let (3), (4):
1 1 1

= + +
J2(at+b%) J2(bt+ct) 2(ct+a?)

9 )Z
><\/az—ab+b2+\/b2—bc+c2+\/c2—ca+aZ
- 6

o 1 + 1 + 1 > 27 ~ (5)

\/Z(a4+b4) \/Z(b4+c4) \/Z(c4+a4) N Z(\/az—ab+b2+\/b2—bc+c2+\/c2—ca+a2)

* By Cauhcy Schwarz inequality we have:

a’? b* c* a? b? c?
—+—+—=|——-a+b|+|(——-b+c|+|——-c+a
b c a <b > <c > <a >

a.—ab+b? b? —bc+c*® c?—ca+a*
= + +
b c a




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2

2 2 o2 (\/ az—ab+b2)2 (\/ bZ—bc+c2 2 (\/ cz—ca+a2)
—_—t —= =+ + >

>+
b

c a b c a -

2
(\/az—ab+b2+\/b2—bc+c2+\/c2—ca+a2)

b+c+a

(6)

- Other variant:

Jaz —ab + b2 ++/b? — bc+ ¢ ++/c? — ca + a?

\/S(a—b)z (a+b)? \/S(b—c)z (b + c)? ]3(c—a)z (c + a)?
= + + + + + >

4 4 4 4 4 4 -

=a+b+c

(a + b)? (b + c)? (c+a)? a+b b+c c+a
> + + = + +
4 4 4 2 2 2

s>a+b+c<vVa?—-ab+b2+Vb2—bc+c2+Vc2—ca+a® (7)

2
- Let (6), (7) - % 4 ﬁ 4 f - (\/az—ab+b2+\/b2—bc+c2+\/c2—ca+a2)
c

a \/az—ab+b2 +\/b2—bc+c2+\/c2—ca+a2

2 p2 2

a- b ¢

o —+—+—2>+/a2—ab+ b%++/b%2 —bc+c2+/c2—ca+a?
a

b c
- Let (5), (8):
1 1 1 a’> b?* c?
> P = + + +—+—+—>
\/2(a4+b4) \/2(b4+c4) \/2(c4+a4) b c a
27

=

2(Va2 — ab + b2 + Vb2 — bc + c2 +V¢? —ca+az)Z

+(\/a2—ab+b2+\/b2—bc+c2+\/c2—ca+a2)

-Llet: Va2 —ab+ b2 +Vb2 —bc+ 2+ Vet —ca+at=t>0

- Therefore, by AM-GM inequality we have:

P>27+t 27+t t 327 t t 327 3 9
:> _— = — —_ —_ o —_ . — —_ = =
T 2¢t? 2t? 2 262 2 2 8tZ 272

=>P> E = Poin = E' Equality occurs if:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2(a* + b*) = 2ab;\/2(b* + ¢*) = 2bc:/2(c* + a*) = 2ca
1 _ 1 _ 1
\ Va* —ab+b?2 Vb2—bc+c2 cZ-ca+ a?
a—-b=b—c=c—a=0

27 t

: 212 2
a=b=c>0 a=b=c=0 o
(:){ t=3 (:){\/az—ab+b2+\/b2—bc+cz+\/c2—ca+a2=3(:)a_b_c_1

SP.153. Solve the system of equations:
Byl
<—+ —) V8(xt+yY) + 2. /xy

y+1
16x> — 20x% + 5. /xy A—
X X 2

r———/\_

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3 3\ (1) (Z)
2(5+%) = V8GT+yh) + 2 /xy & 1625 — 20x3 + 5 [xy = |22

y
Of course, x,y # 0 & xy >0=x,y <O0orx,y > 0. Ifx,y <0, then LHS of (1) <0, but
RHS of (1) > 0 = x,y < 0 isimpossible . x,y > 0. Now, x* + y* < 2(x% — xy + y?)?
& x* +yt + 6x2y% — 6xy(x? +y?) = 0 © (x + y2)? + 4x2y? — 4xy(x? + y2) = 0

=3

& (x2 +y2 — 2xy)? = 0 > true
aNxt+ Yyt <V2|x% —xy + yE| = V2(x® — xy +¥?)

1 3
(s 22—y +y2 = 3@+ 2+ 2 (x=9)? > 0)

4 x4_|_y4
=
1’ 2

=BGy + 23y < 2 (Vi —xy R+ [5y) T 22 T —ay+yT vy =

<V —xy+y2=>Y8(x*+yH) <2/ —xy+y2 =
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? 2(x% + y2)? (x2 +y2)*
— 2 & v2 < 2(x2 + v2
=2V2x2+y (a) (T ) @xzyz(x+y)2_2(x +vy%) &

o (% +y?)? (% 2x%y? (x + y)?

Chebyshev 1 A-G
Now, (x2 +32)* = (2 + Y (2 + 32 2 (x+y)P(2+y?) =

%(x +y)? - 4x?y? = 2x%y%*(x + y)? = (b) is true = (a) is true =

= RHS of (1) < Ty) equality atx = y.

y Bergstrom ( 2, )
Again, LHS of (1)= 2 (— + xzy) (u) xy(x+y) , equality atx = y.

(i), (i) = LHS of (1) = RHS of (1) = Z(x(?:yg & " respective equalities occur at x = y

x:y

Putting y = x in (2), we get: 16x> — 20x3 + 5x = %1 =

x+1

=16x° —20x3+5x—1= 5

—1=>(x-1)Ax2+2x—-1)* =

e R

T
x #1,2(4x? +2x—1)2<1+/ >—1Lt/ = t. Then, we have:

(2+200(422 -1)*+2(2e2-1)-1)2-1=0>
= (2t +1)(8t3 — 6t + 1)(32¢t° + 16t* — 3283 — 12t + 6t + 1) =0

>. One possibilityisx =1 = x = y = 1 isa solution when

The equations yield two acceptable solutions: t = cos? = = x;'l = cos%” >x = cos%”
&t=.84125 = x =. 415415
- all possible solutions are
4
(x=y=1), (x =y= cos—) (x =y =.415415)

(Answer)
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SP.154. Let x, y, z be positive real numbers such that: x + y + z = 3. Find the

minimum value of:

Vx+3y+3z+1 8
_\/E \/; \/E +_(x2+y2+22)

b= 4(\/§+\/;+\/E) 3

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Tran Hong-Vietnam

S VR =Y (E+ VR En) oY HEe Y yEs S

1 8 1 8 +y+2z)?2 1 25
J1Ivx 8%, 1,8 (xvy+2)* 1 o 25

3 YVvx 3 3 3 3 3 3
= Prhin 223—5<:)a=b=c=1.

P

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Forx,y,z>0andx+y+z=3,wegivex = a® y = b®z=c® wherea,b,c >0, we

e Va3 fy+¥z+1
9 (i ta)

a?+b2+c*+1 8 25
+—(a'® + b2 + c12) > =2
4(a® + b® + &3) 3@ )z

+3 G2+ y? +2)

3(a?+b%+c?+1)
4(a3+b3+c3)

Iff +8(a'? + p'2 + ¢12) > 25

3(a?+b%+c?)+3
(a3+b3+c3)

Iff 3(a? + b% + c2) + (a® + b® + ¢®) + 32(a'? + b'?2 + c'?)(a® + b3 + ¢3) >

Iff +32(a'? + b1% + %) > 100

> 100(a® + b3 + ¢3) and it is to be true because
lLa®+b®+ct>a®+b3+c3
2. (a'? + b2 + c'?)(a® + b® + ¢3) = 3(a® + b3 + ¢3)

3.3(a? + b2+ c?) + (a'? + b2 + c12)(a® + b3 + ¢3) =

>2./3(a2 + b2 + c2)(@? + b2 + c'2)(a® + b3 + c3)

> 2./3(a” + b7 + ¢7)(a” + b7 + c7)(a3 + b3 + ¢3)
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> 6+/(a” + b7 + c7)(a3 + b3 + c3)

> 6(a + b3 +c3)

Therefore, itis to be true (it’s minimum is 8%)
SP.155. Let x, y, z be positive real numbers such that: xyz = 1. Find the

minimum value of:

3 3 3

x y xy+yz+zx

= + +
Qy2-yz+222)2  (2z2-zx+2x%2)2  (2x%Z—xy+2y%)? 3

z

P

1)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by proposer
* Lemma: Let a, b, ¢ be positive real numbers we have inequality:
a* + b* + ¢* + abc(a + b + ¢) = ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) (2)
(2): a* + b* + ¢* + abc(a+ b + ¢) > ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?)

o a*+ b*+c* +abc(a+ b + c) — ab(a? + b%?) — bc(b? + c?) —ca(c* +a?) >0
< a*(a? —ab — ac + bc) + b>(b? — bc— ba + ca) + c*(c?* —ca—cb+ab) >0
s a*(a-b)la—c)+b*>(b—a)(b—c)+c*(c—a)(c—b) =0 (3)
-Supposeda = b = ¢ > 0.

+Wehave:{csa {c—aso

c<bh c—b<0
+ Let: a’?(a—b)(a—c) + b (b—a)(b —c) = (a — b)[a%*(a — ¢) — b*>(b — c)]
e a’(a-b)(a—c)+b*>(b—a)(b—-—c) = (a—-b)[(a® - b3) — c(a? — b?)]
= (a— b)[(a—b)(a? + ab + b%?) — c(a— b)(a+ b)]
= (a—b)(a— b)(a? + ab + b?> — ac — bc)
= (a—b)*(a? + ab+ b?> —ac—bc) (5

— Becausea>b>c>0thena—-c>0b—c>0

= (c—a)(c-b)=0= c*(c—a)(c-b) =0 (4)

+ Hence: a® +ab + b> —ac—bc=ala—c) +b(b—c)+ab > ab >
0;(a—b)? >0;Va,beR

= (a — b)?*(a®? + ab + b?> —ac — bc) > 0. Let (5):= a?(a— b)(a—c) +
b2(b—a)(b—c¢) >0 (6)
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-Let (4), (6):=> a*(a—b)(a—c)+b*(b—a)(b—c) +c*(c—a)(c—b) =0

= Inequality (3) true = (2) true and lemma get the result.
*Let (a,b,c) = (x,y,2):
= xt+yt+ 2t +ayz(x +y +2) 2 xy(x® +y?) +yz(y? + 2%) + zx(2* + x7)
(7)
- By AM-GM inequality we have:
xy(x? + y?) + yz(y* + z%) + zx(2* + x2) > xy - 2xy + yz - 2yz + zx - 22X
= 2(x2y? + y22% + z2x2)
o xy(x? +y?) + yz(y? + 2%) + zx(2* + x%) > 2(x*y? + y?2% + 2%x%) (§)
-Let (7), (8): = x* + y* + z* + xyz(x + y + z) > 2(x?y? + y?z? + z%x?)
o xt+yt+ 2% + 2(x2y? + Y272 + 22x2)
> 4(x%y? + y?z% + 22x%) —xyz(x + y + 2)
e (x? +y% +22)? > 4(x%2y* + y*z% + z%x?) —xyz(x + y + z)

(2 424ty ~1 9
4(x2y2+y2z2+22x%)—xyz(x+y+z) —

* By Cauchy Schwarz inequality we have:
3

x 3

3
+ Y + z
(2y2 —yz+222)2 (222 —zx + 2x2)2  (2x% —xy + 2y2)2

2

( xZ )Z ( yZ ) ( ZZ 2
2 _ 2
= 23’ ;yz-+-Zz + +

2z% — zx + 2x? 2x2 —xy + ZyZ) -
X y z -
( 2 g2 . 22 )2
2 2y2—y2+222 " 272 —zx+2x2 IZJucz—Jucy+2;y2 (10)
X+y+z
2 2 2
x y z
- Other: +
Othe 2y2—yz+2z2  2zZ-zx+2x%  2x2-xy+2y?
x4

4 4
y z
= + +
2x2y? — x2yz + 2x%2722  2y%7z%Z — y2zx+ 2y*x? 2z%x? — z22xy + 27%y% —

(x2 + y? + 22)?

=
(2x2y%2 — x2yz + 2x222) + (2y222 — y2zx + 2y2x2) + (222 + x2 — z2xy + 222y?)
xz + yZ + ZZ > (xz +y2+22)2
2y2—yz+2z2  2z2—zx+2x2

2x2—xy+2y% — 4(x2y2+y2z2+22x2)—xyz(x+y+z) ( 1)
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x2 yZ 72

- Let (9)’ (11):> 2y2—yz+2z2 + 2z2—zx+2x2 + 2x2—xy+2y2 — 21 (12)
- Let (10), (12):
x3 y3 z3 1

+ + >
=z (2y2 —yz+222)2 (222 —zx+2x2)2 (2x2—xy+2y2)2 " x+y+z

3 3 3

x y z
+ +
(2y2 —yz+22%)? (222 —zx +2x%)?  (2x% — xy + 2y?)?
Ly tyztax >
3
1

xy+yz+zx
> + 2 (13)
x+y+z 3

> P =

- By inequality: (mn + np + pm)? > 3mnp(m + n + p) and AM-GM inequality

and: xyz = 1. We have:

1 +xy+yz+zx
xX+y+z 3
1
:( +xy+yz+zx+xy+yz+zx)+xy+yz+zx_
x+y+z 9 9 9

23.3\/ 1 .xy+yz+zx.xy+yz+zx+3-3xy-yz-zx

x+y+z 9 9 9
= 1 4+ xXy+yz+zx >3. 3 | (xy+yz+2zx)2 + 33\/(;\cyz)2 > 33 3xyz(x+y+2z) + 31
x+y+z 3 81(x+y+2z) 9 81(x+y+2z) 9
1 xy+yz+zx 3131 3 1 4 1 xy+yz+zx 4
= + T S 34 i=1+-=C o + 2 S 2 (14)
x+y+z 3 81 9 3 3 x+y+z 3 3

- Let (13), (14):=> P > g = Ppin = %. Equality occurs if:

( =y=z> 0
xyz=1
1 1 — ) — oy —
=3 = = eox=y=z=1.
I 2y2 yz+Zz 272 —zx+2x2% 2x%—xy+2y?
1 _ xy+yz+zx
k x+y+z 9



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
sp.156. Find all the polynomials P € R[x] having the property

P(x):P(x+\/x2+1),VxE]R

Proposed by Marian Ursdrescu — Romania
Solution 1 by Ravi Prakash-New Delhi-India

Let P(x) be a polynomial of degree m where m € N.
Ifm=1,letP(x) =ax+b,a#0,thenax+ b = a(x+\/m) +b VxeR
:amzo,‘v’xeﬁ&:azo
A contradiction.

Assume m > 2.

Choose a sequence m; > m, > --- > m,, of positive integers such that

Myq > my + /mi+1for1£k£m—1.

Fort<r<m
P(m,)=P (mr +./m? + 1) (given)

By the Rolle’s theorem Ja,. € (mr,mr +/m? + 1) such that

P'(a,) =0 (1 <r <m)>= P'(x)hasatleast m zeros. But P’'(x) is a polynomial of
degree (m — 1). A contradiction.
-~ there is no polynomial of degree > 1, satisfying the given condition.
Thus, P(x) satisfies the given condition if and only if P(x) is a constant
Solution 2 by Tran Hong-Dong Thap-Vietnam
Suppose deg P(x) > 1: P(x) = ap,x™ + a,_1x™" 1 + - + ay;
(a,, ap_1,..,a9 € Rand a, # 0)

Letx = —t(Vt € R) = P(—t) = P(—t + V2 + 1) Vt € R

& P(-0)= P (77—

n = 2k (k € N*) then

)vema *)
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. 1
. ) = [t if ap>0 . — —
tl—lgi-rgop( t) [—oo if an<0 but tl—lgi-rgop ( t2+1+ t) P(O) Qo

n=2k+1 (k €N) then

. 1
. = if a,>0 . — —
tl—lge-rgop( t) [+°° if ap<0 but tl—lge-rgop ( 22+1+ t) P(O) o

= degP(x) = 0= P(x) = C,vx € R (C: const)

SP.157. Let f: [0, +0) — [0, +o0) a derivable functionand a > 1. If
F(xX)(f(x) + x% +2x + a) = 1,Vx > 0 then: lim,_,., f(x) exists and it is
finite.

Proposed by Marian Ursdrescu — Romania

Solution by Tran Hong-Vietnam

fx)(f(x) +x2+2x+a)=1
= f'(x) > 0Vvx >0 (because f(x) > 0Vx>0,a > 1)
= f(x) 7on [0, +x)

= lim,_ . f(x) =1 € [0,+x) or lim,_, ., f(x) = +o.

= — = 14 1 1 —_—
Iflim,_ . f(x) =+ = lim,_ . f'(x) =lim,_ ForEizera

X

r 1
Vvxza)=0< | f(t)dt <

+1
0

>3a>0:0<f'(x) < dt

x2+1
=0<f(x)- f(a) <tan1(x) — tan () = f(x) < tan"1(x) + f(a) — tan"1(a)
= lim f(x) < g + f(a) — tan™'(a)

which is contrary with lim,_, , ., f(x) = +. So, we have lim,_, .., f(x) =L € [0, +x).

Proved.
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SP.158. Prove that for any real numbers a4, a,, ..., a,,, the inequality holds:

n
z ai(a; + a;q) (af + aj,q) . (az + a1+1) =0
i=1
Where k is a positive integer and a,,.1 = a;. When does the equality occur?
Proposed by Nguyen Viet Hung - Hanoi — Vietnam

Solution by Tran Hong-Vietnam
Withn = 1. a;(a; + a,)(a? + a3) . (a1 + a? )

(az=aj)

=" 2a%-2a?...2a%" > 0 (true)
Suppose it true with 1,2, ..., n; we prove withn + 1;

Let: ap; = max{q;|i=1,2,.., n+1} > a1 = a4

n+1

k k
Uni1 = z a;(a; + ai+1)(alz + a%+1) (aiZ +aj )
i=1

n
k k
= z a; (a; + a;.4)(a? +a?,,) .. (a? + a%+1) + i1 (Ayrq + Qyip) (@l +d2,)
i=1
2 2k
(an+2 + an+2)
n

Uni1 = z a;(a; + ai+1)(a% + a%+1) - (aZk + aj ) +
i=1

2 2 2k
+a,q(ans1 + al)(an+1 + a1) ( ayq T ajy ) ;
If a,i1 = aq >0 then Un+1 >0
If a1 < an+1 < 0 then Un+1 = 0

Ifa, 1 = 0 > a, then we have:

n

Upni1 = z a;(a; + a;,q)(a? +a?,,) .. (a + aZk) +
i=1

Api1
2 2 2 2 2k
+ _ ) (an+1_a1)(an+1+a1)'”( n+1+a1 )
Apy1 — A4
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n a2k+1 a2k+1
— 2 2 2k 2k n+l — "1
—zai (ai+ai+1)(ai +ai+1)---(ai + a; )+an+1 =20
Api1 —Aq
i=1

= Proved. Equalitye aq; =0 (i=1,2,..,n)

SP.159. Prove that in any triangle AB C with standard notations, the inequality
holds:
(a+ b+ c)(a® + b* + c%) > 2(b + c)h? + 2(c + a)h? + 2(a + b) h?
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Zaz > ZZ(b + c)h2

(1) =4 ZS(SZ — 4Rr — rZ) > Z(ZS _ a) b2 c2

4R?

2
& 4R? - 2s(s?2 —4Rr —1r%) > 2s {(z ab) - 16Rrs2} — 4Rrs (z ab)
& 4R?*(s*> — 4Rr —1%) > (s? + 4Rr + r?)? — 16Rrs? — 2Rr(s? + 4Rr + r?)

)
& s* — s2(4R? + 10Rr — 21%) + 16R3r + 12R*r> +6Rr3 +1r* < 0

2) (b)
Now,s?2>m-n=>s? —-m+n=>0&s’<m+n=s>—m-—n < 0, where

m=2R?>+ 10Rr —r* &n = 2(R — 2r)VR2 — 2Rr

(@).b)=>s*—2ms?+m? —-n?<0>

3)
= s* — s2(4R? + 20Rr — 21%) + 64R3r + 48R*1r? + 12Rr3+1r* < 0
(2), (3) = in order to prove (2), it suffices to show:

—s%2(4R%? + 10Rr — 21%) + 16R3*r + 12R?*r? + 6Rr3 < —s%(4R%* + 20Rr — 2r2) +

@
+64R3r + 48R%*r% + 12R13 < 5Rs? < 24R3 + 18R?*r + 3Rr?
etse’

Gerr n ?
Now, LHSof (4) <  5R(4R?+ 4Rr + 31r%) < 24R3 + 18R?r + 3Rr?

? ? Euler
©2R?—-Rr—-6r*<0o (R—-2r)(2R+3r) >0 >true~ R > 2r (proved)
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. 1 1 1
SP.160. Let a, b, ¢ be positive real numbers such thata + b + ¢ > - + b + -

Prove that:
3(a®b + b3c + c3a) > (a + b + ¢)?
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Yoo yhe%2oY,

3 3
Now, 3(a3b + b3c + c®a) = 3abc (% + 2 C_) >

ab bc
($a)?® _abc(Ta) 2 by (1) 2
8 lzd 3abc3(2‘;b) = d gaba . (Z a) yz (Z a)
(Proved)

SP.161. Prove that the following inequalities holds for all real numbers
a b ce[0 1]
@ 1—a+a*)(1-b+b*>)(1-c+c?) <(1-abc+ a*b?*c?)
b)) XA—a+a*)>A-b+b*)?1-c+c?)? <
< (1—-ab + a?b?*)(1 — bc + b*c?)(1 — ca + c*a?)
When does the equality occur?
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Ravi Prakash-New Delhi-India
1-a+a®)(1-b+b>)—(1—ab+a’*b?)=1—a+a*—-b+ab—a’*b+ b? -
—ab? + a?b? — [1 — ab + a?b?]
=(a+b))—(a+b)—ab(a+b)=(a+b)[a+b—ab—-1] =
=—(a+bh)1-a)(1-b)<0
Equalitywhena=b=0ora=1orb=1
~(1-a+a?)(1-b+b?) <1-ab+ a*b?
Equalitywhena=b =0ora=1orb =1.
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>(A-a+a®’)A-b+b*)(1—-c+c?)<(A—-ab+a’b?*)(1—-c+c?) <

< 1 - abc + a?b?c?. Equality when a = b = ¢ = 0 or when at least two of a, b, ¢ are
equal to 1. Next, (1 —a + a?)>(1 — b + b?)?>(1 — c + ¢?)?* =
=[(1-a+a*)(A-b+b*)I[(1-b+b*)(1—c+c*)I(A~-c+c*)(1-a+a?)]
=[(1—-ab+ a?b?)—(a+b)(1—a)(1 - b)]
[(1—=bc+b%*c?)—(b+c)(1-b)(1-¢)]
[M=ca+c?+a?)—(c+a)(1-c)(1 - a)]
< (1 —ab+a’b?)(1 — bc+ b*c*)(1 — ca + c*a?)
with equality iff (a + b)(1 —a)(1 —b) =0
(b+c)A1-b)1-¢c)=0; (c+a)1—-a)(1-¢c)=0
©a=b=0,c=0ora=b=0c=10ora=1,b=c=00ra=0b=1,c=0

ora=1,b=1ora=1,c=1orb=1c=1

SP.162. If m € [0, ), x,y,z,t € (0, ), then in any triangle ABC, with usual

notations holds:

xa? +ym2)™  (ax + 3y)mt
Z ( y b) >( y) V3s

yelie (zw} + th2) ( )

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Soumava Chakraborty-Kolkata-India

Firstly, w2 < ¥ s(s — @) = s2. Now, LHS " =" (ratryzmp)™ _ (xratsdyzad)”
irstly, Y wz < Y s(s — a) = s*. Now, e e Ty Ly s BSYES

> (Z az)m+1(4;\c+3y)"”r1
T 4mtl(z4)m(y wﬁ)m

(~ hg <wgetc,= hY h% <Y w?)

= az)m+1(4x+ 3y)m+1
(4sz)m~4(z+t)m

(using (1))

> = az)m+1(4;\c+3y)"“r1

(33 a?)" 4(z+t)™ (w45’ = a)*<3%a?)

Ionescu
_ (T a?)(@x+3y)m+1 Weitzenbock 4. 35(4x13y)ym+1 _ (4x+3y)™*
3m.4(z+t)m - 3Mm.4(z+t)™ 3m(z+t)™m

L3S (Proved)
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SP.163. Ifm € [0,0),x,y,z,t € (0, ), then in any triangle ABC, with usual

notations holds:

S

(xaz + be)m+1 4_m+1(x _|_y)m+1
z 2 2 1
cyclic (Zwb + tWC) 3m_7(Z +)m
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Soumava Chakraborty-Kolkata-India
m+1

Firstly, ¥ w2 (2 Y s(s — a) = s2. Now, LHS R“g"" (xza?+yza®)™ _ (y)™(3a?)
1 a — . 1 =

(zzwi+ezwd)™ (@0t (zwd)"
by (1) (x + y)m+1(z aZ)m+1 (x + y)m+1(z aZ)m+1 < ) 3 Z a2>
> vse <
- + $)m(g2)m m -
GrOmEO™ T Gron (35a) *
B 4_m(x + y)m+1(z aZ)m+1 B 4_m(x + y)m+1 Z aZ
- (z+t)m3m. (3 a?2)m - (z+t)m.3m
M;oneseci,u—k 1
etizenbock ,m m+1, m+1 m+1q3 m+1 m+1
S 4™ (x+y) 4-/38 _4 (x+y)m+13zg _4 (1x+y) s (Proved)
(z+t)m.3m 3m(z+t)™m 3" Z(z4e)m

Sp.164. If a, b, c > 0 then:

(a+b)VaZz+b2—ab+ (b+c)yb2+c2—bc+(c+a)/c2+a%—ca>
> 2(ab + bc + ca)
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

1 3 MDa+b
az+b2—ab=—(a+b)2+—(a—b)Z (a+b)2:>\/a2+b2—ab > 5

2) 3)
Similarly, Vb2 + ¢2 — bc > b—“& c2+a?2—-ca> “Z’_“

(a+b)

(1), (2), (3)=> LHS > =—— >ZZab@ZZaZ+ZZab>4Zab@ZaZ >Zab

— true (Proved)
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Sp.165. If a, b, c = 0 then:

(a+b)/a?+b*+ (b+c)Vb?+c2+(c+a)/c?+a?=
> (2V3 —1)(ab + bc + ca)
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

va,b > 0,2(a? + b?) > (a+ b)? (~ (a— b)? > 0)

M fa+bl a+b
N /a2+b22| l: (+a+b>=0asahb=>0)

V2 V2
P (Z)b+c (3)c+a
Similarly, Vb, ¢ = Vb% + ¢% > ﬁ&W,a >0,VcZ+az > =

(1), (2), (3) = LHS > %Z(a + b)? é (2vV3-1)Yab

©2) a*+2) abz(2V6-V2) ) abe2) a 2 (2V6-vZ-2)) ab
Now, + 2 > 26 — V2 — 2
~2-(2V6-v2-2)>0

(D @) 2-(2V8-VZ-2)}20 (v ) a?20)
=>2Ya? > (2V6 —v2-2)Ya* = (26 — V2 — 2) Y ab = (a) is true (Proved)
Solution 2 by Michael Sterghiou-Greece

Ifa,b,c > 0 then:

Yeyela+b)Va? + b2 > (23 —1)X,cab (1)
Z(a + b)+/a? + b2 AM;M z 2vVab -\2ab = z 2vV2ab = 2V2 - z ab

cyc cyc cyc cyc

>(2V3-1)) ab

cyc

2 2
\/Z>1}_)\/E+\/§>2_>1_#>0_>1_2.M>0

V3>1 V2 +43 V3++42
—>1-(\/§—\/i)>0
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- 2V2 - (2v3 - 1) > 0. Done.

UP.151. Given real numbers a4, a,, ..., a, € [0, 1].Find the maximum and

minimum possible value of
a; +a; +--+a,+ (1 - al)(l - aZ) (1 - an)-

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by proposer
We fix the variables a5, a3, ..., a, and rewrite the given expression as follows
fla))=[1-(1-ay)..(1-ay)]a; +(1-az)..(1—-a,) +(ay +--+a,)
Now, we consider the following two cases:
Case 1. Ifa,, ..., a, are all zero, then f(a;) = 1.

Case 2. If there is at least one of these numbers a,, ..., a, is non zero. Then f(a,) is a first
degree function (which is called linear function) with the variable a; and the leading
coefficient is positive, hence f(0) < f(a;) < f(1). Similarly, we also have
f(0) < f(a;) < f(1) foreachi€{2,3,...,n}. LetF(a,,a,, ..., a,) denotes the given
expression, then we obtain 1 = F(0,0, ...,0) < F(a,,a3,...,a,) <F(1,1,..,1) =n.
Combining the above two cases we deduce that min F(a, a,, ...,a,) = 1 when
(aj,ay,...,a,) = (x,0,...,0) and its permutations; maxF (ay,a,, ...,a,) = n when

(a;,a,,..,a,)=(1,1,..,1)

Solution 2 by Michael Sterghiou-Greece
A:al+a2+"'+an+(1_a1)(1_a2)' (1_an) (1)
From Weierstrass product inequality we have [[i_,(1 —a,) =1 —-Yp_, a, (*) which

gives immediately minA = 1 whena, =0 Vk € {1,2,..., n}. Now,

", (1—ay) < [M]nfromAM—GM iven1 —a, > 0 vk
k=1 1) < . given1 — ay > or

Sp\" s\
[Tho1(1—ay) < (1 - —“) where S, = Yp_; a (1) becomesA <S, + (1 - —“)

n n

1
Let S, = x,x € [0, n]: f(x) :x+(1—§)n. f'(x) = 1—(1—§)n >0as<1,
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n-1
0< (1 —%) < 1so0f(x) T. This means f(x) < f(n) or

Sn
n

n n
Sn+(1— ) Sn+(1—2) =n. Therefore A<nandA,,x =nwhenay =1

vk €{1,2,..,n}

* proved easily by induction over n.

UP.152. Let a4, a5, ..., a,, (n = 3) be positive real numbers such that:
nn—-1)
), w ==
1<i<j<n

Prove that:

n

1
Z+n—1

i=1
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Tran Hong-Vietnam

Yo = i (- i) = - ] @

a?+n-1 T n-1 a?+n-1 izlazg"'"_l
n
2 n 2 n 2
z a; (Schwarz) (Zizl ai) _ Zizl a; + 2 lei<jsn a;a;
2 — = n 2 _ - n 2 _
Liai+n 1 r.a; +n(n—-1) Yria; +n(n—1)
n-1

Z?:laz;'*Z"(T) _ 1 _
= S Zinme1) 1= (*)<—(n—-1)=1(Proved)
Solution 2 by Nassim Nicholas Taleb-USA

Solution with probabilistic commentary:

n(n-1)
2

nn-1) ,. .. j—1 j—1 4 _
There are —— distinct terms of ¥y %/ a;a; X7, ¥ 1 =
Note that we have the lower or upper half of a symmetric square matrix minus the
diagonal a?.
The average term a;a; > 1, allora the mean a? > 1. In probabilistic terms: [E(aia]-ii) <

E(a?)
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n j_l 2 < 1 n
j=12i-1 @i a;) < = Z =1 ]
1 2
( j=14i )

. - 1
hence, since all a; are positive: =¥, af > 1

Proof: (Cauchy — Schwarz): (n(:_l)

1 n _ n

by Harmonic/Arthmetic Mean mequallty, o 1 Zon >Z" @n1) - Siaienion
i=1\*i - i=1%i -

n? 1
a5 = —yn 2 >
allora o S 1 when - Yipai = 1.

UP.153. Find:

1 o
— 100
ﬂ—ff<100x>(ylny) dx dy
00

Proposed by Ekpo Samuel — Nigeria

Solution 1 by Yen Tung Chung-Taichung-Taiwan

oo

100

1 o 1
X
— 100 = 100
Q ff(mox)(ylny) dx dy f(ylny) dy flOOxdx
00 0 0

_( 100! )( 100! )_ (100!)2
~\1011°1/\(In100)1°1/ ~ (1011n 100)101

where
lett=—Iny=>y=etdy=—etdt

(00

f(y In y)1% dy = f(_te—t)mo (—e-tdt) = f £100 o101t gy —
0

oo 0

r(1o1) _ 100!
101101 - 101101

(00

f f 100 —xlnlOOd F(101) — 100!
100" (ln 100)101 ~ (In100)101
0

Solution 2 by Zaharia Burghelea-Romania

1 oo
— 100 100
Q ff<100x>(ylny) dxdy = f(ylny) dyfmox
00
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1
I, = f(ylny)“"’ dy
0

Consider:
1
) = [ dx=—
n) = | xtdx=———
0
1
I’(n)—fx"lnxdx——;
B - (n+1)?
0
1 1
" — 2 1?2 = —1.(=2)—
I'"(n) fx In? xdx 1-( 2)(n+1)3
0
1
() = | vnInk — (1Y)
1% (n) fx In* xdx = (—1)*k! T Dt

0
1

I, = 1190)(100) = f x100n1%0 x dx = 100!

101101
0

< 100

I, = | ——d

2 f 100 ¥
0

. _ 11
substitute x = log1go t —» dx = 1n1oo?dt

oo

100
1 100 t

L1 fl( Int ) o1 fln .
27" 1n100) t\In(100) t  1nl01(100) t2
1 1

1
lnt=y—>?dt=dy

Lo 1 f 100 oy gy — 100!
2= ntoig100) ) ¥ € %Y T Inioi(100)
0
_(101) 100! (1011)2

Q=

1772 = 701101 "Jn101(100) _ (1011In 100)100
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Solution 3 by Nelson Javier Villaherrera-El Salvador

oo

x100 4
exln(100) X
0

1
f {—y[- In()]}%dy =
0

— X 100 —
f f 100 W InMI™Pdx dy
00

— [f xlOOe—xln(loo)dx
0

1
f - ()] dy =
0

= [L{x100}|1—1n(100)] fulooe‘mo"(—e‘")du — 100 -10u gy, =

In101 (100) f

100! 100! 100! (100")2

~ [2In(10)]101 L{u* 101 = [2In(10)]1°7 101101  [202 In(10)]1°1

UP.154. If (a,),1»1 € (0,00):n € N*; lim,,_,, n"f: = a > 0 then find:

n

—llm\/—_Z[ Zk '+2k+m) ]

n—>oo

[«] - is great integer function.

Proposed by D.M. Bdtinetu — Giurgiu; Daniel Sitaru — Romania

Solution by proposers

Let be: v, = A/n! + *3/(n + 1)!;n € N*
1 n[Zk 2k+2 2 1 X
Xy = = VE! + 22 [(k + 1)! ]:n_ [vi];n e N

n? 1
_Z

Z[ 2

. n? . nneps . (m+1)22 q, nla, m+1\"""2 2
lim =lim [— = lim———— ——=lim |— =—
n-oo g noco | Ay n-o Api1 Nt now Ay n a

n

ol
and lim,,_, ., T\m =e.
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SEdod] - Siafod] _ | [vha

LLH;FZ[U,(] n—»oo (n + 1)2 — n? e 2n+1

[vi] <v2 <[v3]+1,neN*

mi _ vi _ W1
2n+1" 2n+1 2n+1 2n+1’

g _ v (WD)

n € N*

lim ———— = lim = lim =
noo2n+1 noo2n+1 noo 2n+1
. Yn! vy Ynl "/ (n+1)! Jn(n+1)+"+V(n+1)! n+1)\
T\ 2n+ 1 n n+1 2n+1 n+1  2n+1)_
_1/1_ 2 1y_2 .
_Z(e+e+e)_ethen'
] e’ 2 2e
limx,=—-—=—
n-oc e a

UP.155.If m € N; x,y,z > O then in AABC the following relationship holds:
3m+< ) +< Y ) +<—> > 4(m+ 1)V3S
yz zZX xy

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania

Solution 1 by Serban George Florin-Romania

A1+x)*>1+ax,Bernoulli=x*>1+a(x—1)=>

m+1 2.2
a“x
() e men(2)
yz yz
zzm+1 p2y?
< y> >1+(m+1)< y_1>
XZ XZ
c2z2\™! c%z2
(5 ool
X xy
a2x2m+1
:>3m+z<yz> >3+(m+1)<
2

—3(m+1)+3m=

)
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a’x?
:z >
yz
Z = 3 H_[ o = 3%/a2b?c2 = 43S

33/a2b2c? > 4v35,27(abc)? > (4V35)" =

3
= (abc)? > (‘hrs) ,(abc)? > (\/;) , true as in the inequality G. Polya and G. Szega.

Solution 2 by Soumava Chakraborty-Kolkata-India

azxz m+1 bz 2 m+1 CZZZ m+1 (1)
3m+< > +< y> +<xy> > 4(m+ 1)V3S

yz zZx

*Case (1)m € N~

azx2\™! 1+1+--+1+ (azx )m+1
m+ ( yZ ) _ —,_/m — yZ A;G m+1 aZxZ m+1 _ aZxZ
m+1 m+1 - yz yz
a’x? m+l ) a’x?
>m+ < > > (m+1) < >
yz yz

.. beZ m+1 (b)
Similarly, vm € N*, (7) +m > (m+1) ( ) & vm € N*,

CZZZ m+1 (C) CZZZ
< > +m > (m+1) < >

xy Xy
(@)+(b)+(c)= 3m + (a:z)mﬂ + (bzz) + (%)

bZ 2 CZZZ ”
LA > > 4(m + 1)V3S
zX X

m+1 m+1

a’x?
>(m+1) < +
yZ

252 p2y2 2,
a’x” y+cz>4\/_s
yz  zx  xy

@@
vm,n,p = 0,a*m+ b*n+ c’p > 4S,/mn+np + pm

Taklngm—y—2 n—y &p——&usmg (i), we get
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. (4-6)
LHS of (2)> 4§ /xy +2+ y— > 48V3 = (2)is true = (1) s true.

* Case (2) m = 0, Then (1) © (2), which has been just proved. This completes the proof.
Solution 3 by Marian Ursdrescu-Romania

azxz m+1 azxz m+1 ml azxz m+1
m+<yz> :1+1+---+1+<yz> >(m+1) < > =

m times yz
m+1
a’x? a’x?
m+ >(m+1)
yz yz
b2y? m+1 22
m+ < > >(m+1) r =
zZX
m+1
c%z? c?2z?
m+ >(m+1)
Xy
2.2 \Mm+1 2.2\m+1 2, 2\m+1 2.2 2.2 2,2
a‘x b c“z a‘x b c“z
3m+ () + () +( ) 2(m+1>( ) W
yz zx xy yz zx xy
beZ
zZX
2.2 2.2 2.2
a“x b c“z 3
+ 2y 4 > a’b?c?

X

From (2)+(3) we must show: Ya2b2¢? > iS e
a’b?c? > = 53 & 16R?*S? > 53 & R? > 3r;m« (4)
R =2r

2
R=357P

Solution 4 by Tran Hong-Vietnam

But } = R? > —rp = (4) its true.

We have

aZxZ bZ 2 CZZZ (Cauchy) (1)
+ 2 > 33a?b%c? > 43S

yz zZx xy

1) e 4—‘/—5 <Va?b?c® 64\/—53 < (abc)?

V3 2V3
= ng < 16(RS)Z = T(a +b+ c)r < R?

(True because: (a + b + c)‘/;g <R 2r<R)
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letf(B) =m+t™1—(m+1)t,t>0meN

:>f’(t)=(m+1)tm—(m+1):0@t:1
Sf() 2 fmin (D) =0 m+ ™1 > (m+1)t (¥

_ azxz m+1 bzyz m+1 CZZZ m+1 _ azxz m+1 bzyz m+1
s=3m+ () + () +() =me() eme(R) o+
c2x2\™ () a’x? p2y? c2z2
+m+< > 2(m+1)< >+(m+1)< y>+(m+1)< >:
xy vz zXx xy

azx®  b2v? 2721 ()
=(m+1)[yz + Zi’ + xy] >(m+1)- -4V3S =4V3(m+1)S

Proved.

a?x? _ beZ _

Equality & -

xz xy

uP.156.Ifa,b,c > 0;b < c;b(a+c) EN;b(a+c)=>1,neEN;n>2;x; €
[b, c];
t, > 0:k € 1,n then:

n n . b(a+c) a+b+c 1+ab+be n 1+ab+bc
t — < . t
z KXk Zxk _(1+b(a+c)> z k

k=1 k=1 k=1

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania
Solution by Marian Ursédrescu — Romania

From A.M-G.M. inequality =

1+ab+bc

g

(1)

Z£:1thk+(ab+bc)2£:1tk
1+ab+bc

Zn t (Zn t_k)ab+bc <
k=1 Xk k=15, =
From (1) we must show this:

tk 1+ab+bc

n n 1+ab+bc
Tkoatixi + (@b +be) Xi_y 3 ( a+b+c )1+ab+bc <Zn: t )
= k

1+ab+ bc 1+ab + bc ]

& Yo tx, + (ab + be) 22=1;_k <(a+b+c)X  tx (2
k
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Butxy €[b,clob<x,<c=>(x—b)(c—x)=20=>x2—(b+c)x,+bc<0 &

2 bc
oxi+bc<(b+c)xy>x,+—<b+c=>
Xk

n

n n
t X
texy + bc—= < (b+ o)ty :>Zthk+bcz—ks (b+c)z t, =
Xk k=1 = k=1

Shortixi + (ab + be) Xiy < abYioE+ (b + ) Bia i (3)

From (2)+(3) we must show:

abzx—k+(b+c)2tks (a+b+c)2tk@abzx—kSaZtk@
=1k k=1 k=1 =1k k=1

bYia < Thate ()

1 1 t t
Butx, >bh>—<:-=>*%<ks
XK b Xk b

(4) is true.

UP.157.If m = 0; x,y > O then in AABC the following relationship holds:
ha hb hc
mipam m+ mjpm m+ mijpm m 2
hb hc (th + yhc) hc ha (xhc + yha) ha hb (xha + yhb)
9
>
= (x + y)m . sZm . rm—l

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

s2+ 4Rr + 1r? 5 5
Zha:T29TC}S > 14Rr —r°- &

& (s? —16Rr + 51%) + (2Rr — 41%) > 0 - true

Gerretsen

Euler
~s2 > 16Rr —5r?&2Rr > 4r? (asR = 2r)
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)
h, = 9r
— hgt! hptt R+l
NOW, LHS = G i Gy © haligho)™ Greliar yh)™ + rahghe)™Celigtyp)™ =
Radon (3 Rt
N [hahbhc{(xhb + xhc + xha) + (yhc + yha + yhb)}]m
(Z ha)m+1 _ Z ha Z ha . 271 Euler

~ /(8r3s3\" (2rss2\™ = (rs?)m(x + y)m ( r = 1)

(Fres) GrymEhym (BRE) G+ yym
by (1) or 9

(x+y)msz’"rm = (x+y)m52mrm_1 (Proved)

Solution 2 by Marian Ursarescu-Romania

We must show:
m+1 m+1 m+1
. + o + & > s (1)
hg hb h¢ (xhp+yh;)™ (hghphe)™(xhe+yhg)™ (hghph)™(xhg+yhp)™ (x+y)msemym

From Holder’s inequality we have:

1 hZH'l - 1 (ha + hb + hc)m+1
. = . C}
(hahbhc)m (xhb + yhc)m (hahbhc)m (x + y)m(ha + hb + hc)m

Z hq > (ha+hb+hc) (2)
h;,nhzn(xhc"'yhc)m ~ (hghph)™(x+y)™
ha+hp+he 9
(hahphc)™(x+y)™ — (x+y)msZmym-1

From (2) we must show:

hg+hp+h, 9 3)
(hahphe)m = s2m.ym=1

Because h, + hy + h, > 9r (4). From (3) + (4) =

9r - 9 - 1 - 1
(h hyh )™ — s?mym-1 " (h,hyh )™ — s?mym

L >l o hh,h, <s*r (5

g =
hqhphe — s2r

But hohyh, = ZS;rZ (6). From (5)+(6) we must show:

2 2.2
% < s?r © 2r < R true (Euler)
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Solution 3 by Soumitra Mandal-Chandar Nagore-India

h, B 1 hm+1
thhm(h+ h)™ (h,h,h )™ L. (xh, + yh )™
b cxb yc a'tb'tc cycxb yc

cyc

RADON'S
INEQUALITY <abc>m (hq+ hy + h)™1 <8Rrp )m Yeye ha

- 843 (Xeyclxhy + yhc))m B (x+ y)m

8r3p3

- 8r’p\"  or . R>2 th S or| = 9
2\ 8rip?) Grryym since R > 2r an r = G y)mpEmym

cyc
(proved)
UP.158. Find:

1

ﬂ—f 2log(x)cot(z)dx

0
Proposed by Arafat Rahman Akib-Dhaka-Bangladesh

Solution by proposer
We know, = f g(x) cot( ) dx =YY%, f:g(x) sin(anx) dx
put, g(x) = x*log(x),a = m and (a, b) = (0, 1). Now,
f x% log(x) cot( )dx = ;‘lefol x%log(x) sin(mrnx) dx (1)

3 cosax x sin ax (Z cos ax+2ax sin ax—a?x2 cos ax)

a3 a?

We have that, [ x?log(x) sin(ax) dx =

a3

2 Ci(ax
log(x) — % f x*log(x) sin(mrnx) dx =
0
_(=1)"3 3 2Ci(nt) 2(y +lognm)
T 3 ndnmd ndnd + n3m3

From (1) we get,

1 oo

1fx log(x) cot z < -1)"3 2Ci(nm) N 2(y + log(nn’))> _

2 n3n3 n3 w3 n3m3 n3n3

0 n=1
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3 2 — Cilnm) 2 - (y +lognm)
=SB+ -5 > = +;;—n3 =

n=1
3 2 O Citnm) 2,
=~ S1E() +£G3)] - ;Z DR+ S (~E(3) + V() + £(3) log(m)
! X -6 4 < Ci(nm)
fo x*log(x) cot (7) dx = 3 [£,(3) +&EB3)] - ;;T +

4 4
"‘;f@)[)’ +logm] — i §'(3)

UP.159.Find:

+1

0= f (x% +2x + 1)% 1- x)%dx
-1
Proposed by Ekpo Samuel-Nigeria
Solution by proposer

+1
f [(x+1D(x+ 1)]%(1 — x)% dx
-1

*l 3 3 1 *l 3 1
f (1 +0)2(1 + )2 (1 — x)Zdx = f (1 +x)2)2 (1 — x)Zdx
-1 -1

(exx = cos 2t dx = —2sin20d0
cos 1(x) =20
cos 1(1)=20:0=20-60=0
14
cos 1(-1) =20;:t=26;0 = >

0
1
f(1 +¢c0s20)%(1 — (cos 20))? (-2 sin 20)d6
%
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0 1
—zf(1+ 2 cos? t — 1)3 (1 —(2cos?t — 1))Z sin 2t dt

7

T

2

1

2[(1—1+2cosZ t)3(1+1—2cos?t)zsin2tdt

0

1
2 | 23(cost)® (2(1 — cos? t)i) sin 2t dt

o — i

T
2
1 1
2-23 f cos® t 22(sin? t)2 sin 2t dt
0

sin 2t = 2sintcost

1
2224 | cos®tsint2sintcostdt

o — i

n
2
1
24+7+1f cos? tsin? tdt
0

2 [ 2z l
1 9 |
22 fcosztsinztdt: 22|2fcosztsin20d0|
0 | © |

or 242 [2 JZ cos? tsin® tdt]

[ 1

162 llZ cos? tsin? t dtJI

S — iy

T
2

B(m,n) = Zf cos’™ 1tsin?"10dt
0

«2m—-1=1and2n—-1=2
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2Zm—-2->+12n=1+1

2Zm=0 2n=3
m=42n=3

3
=3

n
2
2(4)-1 . Z(g)—l |
~10V2|2 | cos tsin“\2 tdtJ
0

[z 3]
:10\/5[/2(4,;) = 10V2 \/\/;‘E \/_(10)|\/Z—‘£|
4+3 V% ]

[16 x 6 x [T [3072 x |7
| \Eizﬁi\ﬁizﬁ[ﬁ% _SIVZ 087
I

y
21" 9asvm 945\ 945 315
| 32
UP.160. Let x,y,z € (0;+) and a > 1. Prove:
1 1 1 3a+1

G+ 01+ D QI+ @+ D @+ @+ 12~ (x+y+z+3)°

[x] is the integer part of the real number x;{x} is the fraction of real numbers x.
Proposed by Nguyen Van Nho — Nghe An — Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

wx>0-[x]=0andofcourse,{y} =0=[x]+{y}+1>1>0

Similarly, [y] +{z}+1>0and[z] + {x}+1>0

1a+1 1a+1

1 1 1a+1
([z]+{x}+ 1)

([z]+{x}+1)® - ([x]+{y}+D*  (y]+{z}+1)*

1

+
Now, rorne T Glrerne
3a+1 3a+1

(L] + {x) + (] + {yH) + ([2] +{z}) + 3)

(v x = [x] + {x}, etc)

Radon

a:(x+y+z+3)a

Solution 2 by Tran Hong-Vietnam
xy,2z=20=[x][yl.[zl =0and 0 < {x} {y}{z} <1
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= [x] + {y} + 1,[y] + {z} + 1,[z] + {x} + 1 > 0. Using Cauchy’s inequality we have:

3

HS > =
Y@+ BT+ DT+ (@ + DA + e+ De
- 3 B 3 _ e 3)"
(@ + )+ DIy + 0+ DT + G+ 1) J (3"
x+y+3
We need to prove that: (x”;ff)a > (x+;::-1i-3)“ o (x+y+3)>3%02 o

& (x+y+z+3)*>3%1 Whichistrue becausex +y+z+3 >3 &

o (x+y+3)*>3%>3%1forx,y,z>0and a > 1. Proved.
UP.161. Find:

0N =

j‘o dxdy
(x* +2x% +1)(y% + 25)*4
0

Proposed by Ekpo Samuel — Nigeria
Solution 1 by Ravi Prakash-New Delhi-India

Q= (I,)U,) where I = [ —2__ = Iy & _ putx=tan@

0 x*+2x2+1 (x2+1)°
L E
2 2
_ [sec?*O 5 o
Il—fsec40d0—fcos 6do 1
0 0
and
[y
'2‘!(y2+25)4
Puty = 5tan¢
L L
_ZSSecZ(p _1Z . 1 531#mn 1w
I, = md‘f’—ﬁf‘m PAP =57 6222 56 32
? ?

~ 5627 _ 2000000
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Solution 2 by Togrul Ehmedov-Baku-Azerbaijan

f f dxdy _ f f dxdy _
(x*+2x2+1)(y2+25)* ) ] (2 +1)2(y2 +25)%
00 00

T
2
fﬁfcoszzdxl
(y2 + 25) I
Jz:tan_lx
2
— nf — n f 6 d
1] G250 4,57 | costudu
0 y=>5tan(u) 0
T T
2 2 3
n 6 . 6 __r ( _ 22 )
57f(cos u + sin u)du—g*s7 1 2 5in 2u)du
0 0
T
2 2
+ -_ J—
f cos(4u)) du = P 57 g 2sm(4u)] 25106
0

Solution 3 by Nelson Javier Villaherrera Lopez-El Salvador

oo

ff dx dy f f dy _
(x*+2x2 + 1)(y2 + 25)4 58 ] (x2+ 1)Z 2 47
00

o () +1]

Q

[ 2 12
sec?(0) do 1] | sec?(0)
[tanZ(8) + ﬂzof (22 + 1)* _7[0[ cos2(0) dOJOf [tan2(8) + 11 de

1
T 57

S — iy

cos®(0) do =

[0 L1 sm(ZG)]% f [1 + cos(ZB)] dé
0

S ——in

2
1
A [ 11+ coszoas
0
n

= %I[l + 3 cos(20) + 3 cos?(20) + cos3(2¢)]1do =
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T
2

1+ 40
= %f {1 + 3 cos(20) + 3# + cos(20) [1 — sinZ(ZB)]} de
0

T

2
=™ _[[2+4cos(26) + > cos(46) (26) sin2(20) | d6 =
=35 57f [E cos 5 €os — cos sin ] =

0

T
T [5 3 1 >

= + 3 + — = T cin3
25,57 [2 0 + 2sin(20) 8sm(40) 2 sin (20)]0

2 2 2

5 ) b4 b4 b4

27.57"° T 27.56 2-106 2000000

UP.162. If ABCD tetrahedron; AB = a4; AC = a,;AD = a3, BC = ay;
BD = as; CD = ag4 then:
2
z (a; + a;)” = 4V3S[ABCD]

1<i<j<6
S[ABCD] - total area of tetrahedron ABCD

Proposed by Daniel Sitaru — Romania

Solution by Marian Ursédrescu — Romania

ay a3

ay ag

C

2
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3 ) a2 12V35[4BCD] &

1<i<j<6
Disicjce Al = 4+/3S[ABCD] (1)
Now, using Gordon’s inequality: in any AABC we have:
ab + bc+ac>4V/3 =
aja; +aja, + azas > 438450

a,ac +a,as +azag = 4\/§SACD a;a; > 4-\/§S[ABCD]

aias + aias + aszas = 4\/’§SABD | 1<i<j<6

a,as + a,ag + asag > 43Spcp
UP.163. Let a, b, ¢ be positive real numbers such that:
(a? + b?)(b? + c?)(c? + a?) = 8.
Find the minimum value of:

a b c
T b+ 2c+ D(@a+302  clc+2a+1)b+3a)2  ala+2b+1)(c+3b)?

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

P

Solution by proposer
* By Cauchy Schwarz inequality we have:

a b c
P = b+ 2c+ D@+30)2 T clc+2a+ Db +3a)2 " ala+2b+ 1)(c + 3b)?

2
— (a -I‘-IBC)Z 4 (b:ﬁ) 4 (ﬁ)z
ab(b+2c+1) bc(c+2a+1) cala+2b+1)
2

a b c
> (a+3+b+3a+c+3b)
“ab(b+2c+1)+bc(c+2a+1)+ca(a+2b+1)

(LJ,LJ,;)Z
a+3c_b+3a_c+3b
eP= (abz+bc2+ca2)+6abc+(ab+bc+ca) ( )
2
- By inequality: x% + y% > Gy (equality occurs if x = y) we have:

2

8= (a? + YW + (e + at) > TP LT (cr )
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64 > (a+ b)%(b +c)*(c+ a)?

©8=>(a+b)(b+c)(c+a) (2
- Other, by AM-GM inequality for 2 positive real numbers:

(a+b)(b+c)(c+a) = 2Vab - 2Vbc - 2+/ca = 8/ (abc)? = 8abc &

abcs(a+b)(b+c)(c+a) (3)

- Hence (3):
s> (a+b+c)lab+ bc+ca)=(a+b)(b+c)(c+a)+abc<

(a+b)(b+c)(c+a) _ 9(a+b)(b+c)(c+a)

<(a+b)(b+c)(c+a)+

8 8
©(a+b+c)(ab+bc+ca)sw (4)
8(a+b+c)(ab+bc+ca)

-Let(2), (4):=> 8 > ©9=>(a+b+c)(ab+ bc+ ca)

9
© 9 > (ab? + bc? + ca?) + (a?b + b%*c + c?a) + 3abc  (5)

- By AM-GM inequality we have:

a?b + b%c + ca > 33/(a?b) - (b%c) - (c2a) = 33/(abc)3 = 3abc < a?b + b?%c +
c’a = 3abc (6)

-Let (5), (6):= 9 = (ab? + bc? + ca?) + 3abc + 3abc & (ab? + bc? + ca?) + 6abc <

9 (7)
2,52 2,2 2, 2
a“+b b“+c c“+a 2ab 2bc 2ca
- Other: a? + b%2 + ¢% = ,t— t—5 25ttt =ab+bc+ca

e a?+b%*+c*>ab+bc+cae a?+ b*+c?+2(ab+ bc +ca)

> 3(ab + bc + ca)

e (a+b+c)?>3(ab+bc+ca) o a+b+c>,/3(ab+bc+ca) (8)

-Let (4), (8): = (a+ b)(b + c)(c + a) > 23@bthcrcay@ibercd) (g

- Let (2), (9):

8> 8,/3(ab + bc + ca) - (ab + bc + ca)
- 9
> 3(ab + bc + ca)?

= 9> ./3(ab + bc + ca)? o 81

& 27 > (ab+ bc+ca)® ©3 > (ab+ bc+ca) © (ab+ bc+ca) <3 (10)
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-Let (7), (10): > (ab? + bc? + ca?) + 6abc + (ab+ bc+ca) <9+ 3

& (ab? + bc? + ca?) + 6abc + (ab+ bc+ca) <12 (11)

b 2

-Let (1), (11):=> P > (m*@*m) (12)

- By Cauchy Schwarz inequality we have:
a b c a? b? c?
+ + = + +
a+3c b+3a c+3b a*+3ca b%?+3ab c?+3bc
- (a+ b +c)?
~ (a? + 3ca) + (b% + 3ab) + (c? + 3bc)

a b c (a+ b +c)?
o + + >
a+3c b+3a c+3b (a%2+ b%2+ c2+2ab+ 2bc+ 2ca)+ (ab + bc + ca)
a_ 4+ b c (a+b+c)? ( )
a+3 b+3a c+3b ~ (a+b+c)2+(ab+bc+ca)
. 2 (a+b+c)?
-let(8):(a+b+c)2=>3(ab+bc+ca) © ab+bc+ca<——— (14)
a b c (a+b+c)? __ 3(a+b+c)? _ 3

- Let (13), (14):= ot + > = ==

3¢ b+3a  c+3b T (gipio24@thtOr  a(atbto)? 4
3

a b c

3
>=Z
a+3c b+3a c+3b 4

2

. G _ o _3
-let(12), (15)=»> P> = =2

3

3
>5P>—=> o= =
P_64 Prin 64

( ab,c>0;(a%+b?)(b?+c?)(c*+a%?)=8
a=bb=c,c=a
+ Equality occurs if: a = b = ¢
(a+3c)-ab(b+2c+1) (b+3a)-bc(c+2a+1) (c+3b)-ca(a+2b+1)
a _ b _ c
l a(a+3c) - b(b+3a) - c(c+3b)
@{ a=b=c>0 { a=b=c>0 {a=b=c>0@

a=b=c=1.
Therefore, minimum of P: % thena=b=c=1.

UP.164. Solve the equation: \/2(x* + 1) + 2vV3x — 2x* =7 — 3x

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
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Solution 1 by Soumava Chakraborty-Kolkata-India

xr+yt <2 -axy+y?)2 o xt+yt +6x%y? —dxy(x?+y?) >0
& (x2+y2)2 +4x’y? — 4xy(x®2 + y2) > 0 © (x? + y2 — 2xy)? > 0 - true
st 120 —x+ D)3 (y=1) 2Vt +1<V2[x2 —x+ 1 = Jat + 1
<V2(x?2-x+1)

1 3
('.'xz—x+1=Z(x+1)2+1(x—1)2>O)

1)
= /2(x*+ 1) < 2x% — 2x + 2 (equality whenx = 1)

Now, for LHS to be defined, we must have: x(3 — 2x3) > 0. If x < 0, we then must have

3-2x3<0>x> 3\/2 - not possible - x > 0 & . we must have

3(3
3—2x320:>xs\/;

(2)
Now, 2x2 + x + 2V3x —2x* < 5 & (2x%2 + x)? + 4(3x — 2x*) + 4(2x% +
x3x—2x4<25

@)
& 4(2x% + x)/3x — 2x* < 4x* —4x3 — x> — 12x + 25
Let f(x) = 4x* — x? — (4x3 + 12x — 25), which is a quadratic in x2.
Discriminant = 1 + 4(4)(4x3 + 12x — 25) = 64x3 + 192x — 399 < 64 (;) +192 (g) _

399

s g B3
e R P

=-15<0- f(x) >0~ (3) © 16(3x — 2x*)(2x% + x)? < (4x* — 4x3 — x? — 12x +
252
& 144x8 + 96x7 + 40x° — 280x° + 105x* — 224x3 + 94x% — 600x + 625 > 0 &
& (x — 1)2(144x5 + 384x5 + 664x* + 664x3 + 769x% + 650x + 625) > 0

- true ~ x > 0 (equality when x = 1)
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(4)
~ (3) &hence (2) is true = 2V3x — 2x* < 5 —2x% — x

(1)+(4)= 2(x* + 1) + 2v/3x — 2x* < 7 — 3x, equality when x = 1.

& /2(x* + 1) + 2v/3x — 2x* = 7 — 3x, ~ x = 1, which is the only soulution (answer)
Solution 2 by Amit Dutta-Jamshedpur-India

Using Cauchy — Schwarz’s Inequality:
(\/W + ny)z <2 (Z(x4 + y* + ZnyZ)) <4(x?+y?)? >
= (\/W + ny) < 2(x* +y?)
V2(xt +y*) < 2(x% — xy + y?)

Puttingy = 1:/2(x*+1) <2(x2—x+1) (1)
( Equality holds when )

1 1 1 _i!
{W‘m ‘"’m‘“}.

2V3x —2x*<2yx(3-2x3) < (x+3-2x3) (2

Equality holds when
x=3-2x3=>x=1

(b)
Adding (1) & (2):
2t 1) +23x —2xt <2(x* —x+ 1) +x+3 —2x3 =
>7-3x<2x*—x+5-2x3=22x3-2x2-2x+2<0=>x3-x*-x+1<0>
>5x2x-1)-1x-1)<0=>x2-1)x-1)<0=>(x+1)(x-1)2<0
“(x+1)>0 {x>0fromdomain}
>x-1)2<0=>(Cx-1)?%=0
=>x=1 (c)

From (a), (b) & (c) we can conclude that the only real solution is x = 1.
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L + L + L =3
. 3 b3 3
UP.165. Solve the system of equation: Vad b3 e . (@
a’? | b? | c? _ (a®+b3+c3)
—_—t— = 7
b c a 3

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer
* Hence (1), by AM-GM inequality for three positive real numbers we have:

3 1 . 1 . 1 >3 3 1 3 3 3> 3
— >3- = = S 3= S
Va3 Vb3 Je3 Va3 - Vb3 -3 $[(abc)? +abc abc

o vVabec>1< abc>1

b? c2 adc+b3a+c3b adc+b3a+c3b
—+== < =a’c+b*a+c3b (3)
c a abc 1

2
Hence (2):= % +
- By AM-GM inequality, we have:

a® + (ac)? . b* + (ba)? . c* + (cb)?
2 2 2

at+b*+c*+a?b? +b%c% +c%a?

! @

. a’?  b*  ? a*+b*+ct+a’b? +b%c? +c%a?
-Hence (3), (4):=> -+ —+—< 5 (5)

- Other, by AM-GM inequality:

adc+b3a+c3b = atac + b ba+ c%ch <

e adc+b3a+c3h <

a®+a®+1 b+b°+1 c®+c®+1 3Vab-ab-1 3Vb6 -b6-1 33c6-c6-1
+ + > + +
2 2 2 2 2 2
_ 3(a*+b*+c?)
N 2

3(a4+b4+c4)

& ab+ b+ 0+ 2> 22 o 2(al + bS + ) +3 > 3(at + b+ c*) (6)
(@®b3+a*b®+1)+ (b3cE+b3c2+1) +(cPa® +c2a®+1) >

> 33/ (a3b3)(a3b3) - 1+ 33/ (b3c3)(b3c3) - 1+ 33/(c3a®)(c3ad) - 1

= 3(a?b? + b%*c? + c%a?)

& 2(a3b® + b3c® + c3a3) + 3 > 3(a?b? + b*c? + c?a?)
& 4(a3b3® + b3c3 + c3ad) + 6 > 6(a’b? + b?c? + c?a?) (7)

- Let (6), (7): = 2(a® + b® + c®) + 3 + 4(a®b3 + b3c® + c*a®) + 6 >



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
> 3(a* + b* + ¢*) + 6(a?b? + b%*c? + c%a?)

& 2(a® + b® + c® +2a®b3 + 2b3c3 + 2c3a®) + 9 >
> 3(a* + b* + ¢*) + 6(a?b? + b%*c? + c%a?)
o 2(ad + b3 + c3)? > 3(a* + b* + ¢*) + 6(a’b? + b%c? + c*a?) —9 (8)

- By AM-GM inequality and (2). We have:

3(a%b? + b%c? + c%a?) > 3 - 3 - 3/ (a?b?)(b2c?)(c2a?) = 93/(abc)* = 9314 = 9
& 6(a?b? + b%c? + c?a?) — 9 > 3(a®?b? + b?c? + c?a?) (9)
-Let (8),(9):= 2(a® + b3 + ¢3)? > 3(a* + b* + ¢*) + 3(a?b? + b%c? + c?a?)
o 2(a® + b3 + ¢3)? > 3(a* + b* + c* + a?b? + b?%c? + c*a?)

2
a*+b*+c*+a?b?+b%c?+c%a’? < (a3+b3+c3)
2 =

(10)

2 2 3,53, .3\2
b+c_s(a+b+c)
a 3

-(5), (10> S+ (11)

a=b=c>0

.. a*  b? cz_(a3+b3+c3)2 o o
'(1),(11)-=>7+7+———occur3|f.{L+ 1,1 _geoa=b=c=1

Jad 3 B
Solution of equation is: (a, b,c) = (1,1,1).

a



