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JP.136. Let ࢞,࢟, ࢠ࢟࢞ :be positive real numbers such that ࢠ = ૚. Find the maximum of the 

expression: 

ࡽ =
૚

ඥ૛࢞૞ + ࢟૝ − ࢞૛ + ૝૜ +
૚

ඥ૛࢟૞ + ૝ࢠ − ࢟૛ + ૝૜ +
૚

ඥ૛ࢠ૞ + ࢞૝ − ૛ࢠ + ૝૜  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Michael Stergiou-Greece 

ࡽ = ∑ ૚
ඥ૛࢞૞ା࢟૝ି࢞૜ା૝૜ࢉ࢟ࢉ     (1) 

The function ࢌ(࢞) = √࢞૜  is concave so (1) becomes:  

ࡽ ≤ ૜ට૚
૜
∑ ૚

૛࢞૞ା࢟૝ି࢞૛ା૝
૜ → ૜ࡽ

ૢ
≤ ∑ ૚

૛࢞૞ା࢟૝ି࢞૛ା૝ࢉ࢟ࢉ    (2) 

As ࢞૞ + ࢞૞ + ࢞૛ ≥ ૜࢞૝  (2) → ૜ࡽ

ૢ
≤ ∑ ૚

૜࢞૝ା࢟૝ି૛࢞૛ା૝ࢉ࢟ࢉ    (3) 

Let ࢞૛ = ૛࢟,ࢇ = ,࢈ ૛ࢠ = ࢉ࢈ࢇ,ࢉ = ૚   (3) → ૜ࡽ

ૢ
≤ ∑ ૚

૜ࢇ૛ା࢈૛ି૛ࢇା૝
  (4). But ࢇ

૛ + ૛࢈ ≥ ૛࢈ࢇ
૛ࢇ + ૚ ≥ ૛ࢇ

 

(4) → ૜ࡽ

ૢ
≤ ૚

૛
∑ ૚

ࢉ࢟ࢉା૚࢈ࢇାࢇ ≤ ⋯ ≤ ૚ (after calculus the sum reduces to ૚ using ࢉ࢈ࢇ = ૚) 

Therefore ࡽ ≤ ටૢ
૛

૜  

 

JP.137. Let ࢞,࢟ ≥ ૚. Prove that: 

ඨ
࢞
࢟ + ට

࢟
࢞ ≥ ૛ +

૝(࢞− ࢟)૛

(૛࢞+ ࢞࢟+ ૚)(૛࢟ + ࢞࢟ + ૚) 

Proposed by Andrei Ștefan Mihalcea – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

Rewrite the inequality: ට
࢞
࢟

+ ට࢟
࢞
− ૛ ≥ ૝(࢞ି࢟)૛

(૛࢞ା࢞࢟ା૚)(૛࢟ା࢞࢟ା૚)
⇔ 

⇔ ൫√࢞ିඥ࢟൯
૛

ඥ࢞࢟
≥ ૝൫√࢞ିඥ࢟൯

૛
൫√࢞ାඥ࢟൯

૛

(૛࢞ା࢞࢟ା૚)(૛࢟ା࢞࢟ା૚)
   (1) 

If ࢞ = ࢟, there is nothing to show. Suppose ࢞ ≠ ࢟, then (1) can be written as 



 
www.ssmrmh.ro 

 
૚

ඥ࢞࢟
≥

૝൫√࢞ + ඥ࢟൯
૛

(૛࢞ + ࢞࢟ + ૚)(૛࢟+ ࢞࢟ + ૚) ⇔ (࢞࢟ + ૚)૛ + ૛(࢞ + ࢟)(࢞࢟+ ૚) + ૝࢞࢟ ≥ 

≥ ૝ඥ࢞࢟൫࢞ + ࢟ + ૛ඥ࢞࢟൯ ⇔ ࢞૛࢟૛ + ૚ + ૛(࢞+ ࢟)(࢞࢟ + ૚) + ૟࢞࢟ ≥ ૝ඥ࢞࢟(࢞ + ࢟) + ૡ࢞࢟ 

⇔ ࢞૛࢟૛ − ૛࢞࢟ + ૚ + ૛(࢞+ ࢟)൫࢞࢟ − ૛ඥ࢞࢟ + ૚൯ ≥ ૙ ⇔ 

⇔ (࢞࢟− ૚)૛ + ૛(࢞ + ࢟)൫ඥ࢞࢟ − ૚൯
૛
≥ ૙ which is true ∀࢞,࢟ > 0. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ඨ
࢞
࢟ + ට

࢟
࢞ ≥

(૚)
૛ +

૝(࢞ − ࢟)૛

(૛࢞ + ࢞࢟ + ૚)(૛࢟ + ࢞࢟ + ૚) 

(1)⇔ ࢞
࢟

+ ࢟
࢞

+ ૛ ≥ ૝ + ૚૟(࢞ି࢟)૝

(૛࢞ା࢞࢟ା૚)૛(૛࢟ା࢞࢟ା૚)૛
+ ૚૟(࢞ି࢟)૛

(૛࢞ା࢞࢟ା૚)(૛࢟ା࢞࢟ା૚)
⇔ 

⇔
(࢞ − ࢟)૛

࢞࢟ ≥
૚૟(࢞ − ࢟)૝

(૛࢞+ ࢟ + ૚)૛(૛࢟ + ࢞࢟ + ૚)૛ +
૚૟(࢞ − ࢟)૛

(૛࢞ + ࢞࢟ + ૚)(૛࢟ + ࢞࢟ + ૚) ⇔ 

⇔
૚
࢞࢟ ≥

૚૟(࢞ − ࢟)૛ + ૚૟(૛࢞ + ࢞࢟ + ૚)(૛࢟ + ࢞࢟ + ૚)
(૛࢞ + ࢞࢟ + ૚)૛(૛࢟ + ࢞࢟ + ૚)૛ (∵ (࢞ − ࢟)૛ ≥ ૙) 

⇔ (૛࢞ + ࢞࢟ + ૚)૛(૛࢟ + ࢞࢟ + ૚)૛ ≥ ૚૟࢞࢟(૛࢞ + ࢞࢟ + ૚)(૛࢟ + ࢞࢟ + ૚) + 

+૝࢞࢟൫(૛࢞ + ࢞࢟ + ૚)− (૛࢟ + ࢞࢟ + ૚)൯
૛
⇔ 

⇔ ૛࢈૛ࢇ ≥ ૚૟࢞࢟࢈ࢇ+ ૝࢞࢟(ࢇ૛ + ૛࢈ − ૛࢈ࢇ) ൬࢝ࢋ࢘ࢋࢎ	ࢇ = ૛࢞ + ࢞࢟ + ૚
࢈ = ૛࢟ + ࢞࢟ + ૚ ൰ 

⇔ ૛࢈૛ࢇ ≥ ૝࢞࢟(ࢇ+ ૛(࢈ ⇔ ࢈ࢇ ≥
(૚)

૛(ࢇ +  ,ඥ࢞࢟. Now(࢈

࢈ࢇ = (૛࢞+ ࢞࢟ + ૚)(૛࢟ + ࢞࢟ + ૚) = ൫࢞(૚ + ࢟) + (૚ + ࢞)൯൫࢟(૚ + ࢞) + (૚ + ࢟)൯ 

≥
ࡳି࡭

ቀ૛ඥ࢞(૚ + ࢞)(૚ + ࢟)ቁ ቀ૛ඥ࢟(૚ + ࢞)(૚+ ࢟)ቁ = ૝ඥ࢞࢟(૚ + ࢞)(૚+ ࢟) = 

= ૛ඥ࢞࢟(૛࢞ + ૛࢞ + ૛࢟ + ૛࢞࢟) = ૛ඥ࢞࢟(ࢇ+ (࢈ ⇒ (1) is true (Proved) 

JP.138. Let ࢈,ࢇ, ࢉ > 0, with ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ

= ૚. Prove that: 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ૛૝૜√ࢉ࢈ࢇ૜  

Proposed by Andrei Ștefan Mihalcea – Romania  

Solution 1 by Boris Colakovic-Belgrade-Serbia 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ૛૝૜√ࢉ࢈ࢇ૜ ⇔ (૝ࢇ − ૜)૜(૝࢈ − ૜)૜(૝ࢉ − ૜)૜ ≥ ૛૝૜૜ࢉ࢈ࢇ 
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(૝ࢇ − ૜)૜ = ૟૝ࢇ૜ − ૚૝૝ࢇ૛ + ૚૙ૡࢇ− ૛ૠ ≥ ૛૝૜ࢇ ⇔ ࢇ) − ૜)(ૡࢇ + ૜)૛ ≥ ૙ ⇔ ࢇ ≥ ૜   (*) 

(૝࢈− ૜)૜ = ૟૝࢈૜ − ૚૝૝࢈૛ + ૚૙ૡ࢈ − ૛ૠ ≥ ૛૜૝࢈ ⇔ ࢈) − ૜)(ૡ࢈+ ૜)૛ ≥ ૙ ⇔ ࢈ ≥ ૜   (**) 

(૝ࢉ − ૜)૜ = ૟૝ࢉ૜ − ૚૝૝ࢉ૛ + ૚૙ૡࢉ− ૛ૠ ≥ ૛૝૜ࢉ ⇔ ࢉ) − ૜)(ૡࢉ+ ૜)૛ ≥ ૙ ⇔ ࢉ ≥ ૜  (***) 

(*) × (**) × (***) ⇒ ࢉ࢈ࢇ ≥ ૛ૠ true because of ૚ = ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ

≥
ࡹࡳିࡹ࡭ ૜

૜ࢉ࢈ࢇ√ ⇒ ࢉ࢈ࢇ ≥ ૛ૠ 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0 and ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ

= ૚, give ࢇ = ࢞૜,࢈ = ࢟૜ ࢉ, = ૜. Hence ૚ࢠ
࢞૜

+ ૚
࢟૜

+ ૚
૜ࢠ

= ૚ ⇔ 

⇔ ࢞૜࢟૜ + ࢟૜ࢠ૜ + ૜࢞૜ࢠ = ૜(ࢠ࢟࢞) ⇔ ࢠ࢟࢞ ≥ ૜. We want to show that 

૟૝(࢞࢟ࢠ)૜ + ૜૟(࢞૜ + ࢟૜ + (૜ࢠ ≥ ૛૝૜࢞࢟ࢠ+ ૝ૡ((࢞࢟)૜ + ૜(ࢠ࢟) +   .(૜(࢞ࢠ)

Iff ૚૟(࢞࢟ࢠ)૜ + ૜૟(࢞૜ + ࢟૜ + (૜ࢠ ≥ ૛૝૜࢞࢟ࢠ+ ૛࢟ 

Iff ૚૟(࢞࢟ࢠ)૜ ≥ ૚૜૞࢞࢟ࢠ+ ૛࢟ 

Iff ࢞࢟ࢠ(૚૟((࢞࢟ࢠ)૛ − ૚૜૞) ≥ ૛૝ 

Iff (૚૟(࢞࢟ࢠ)૛ − ૚૜૞) ≥ ૢ 

Iff ૚૟(࢞࢟ࢠ)૛ ≥ ૚૝૝: ࢠ࢟࢞ ≥ ૜ 

Hence (૝࢞૜ − ૜)(૝࢟૜ − ૜)(૝ࢠ૜ − ૜) ≥ ૛૝૜࢞࢟ࢠ 

That is (૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ૛૝૜√ࢉ࢈ࢇ૜  

Therefore it is to be true. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ૟૝ࢉ࢈ࢇ − ૝ૡ෍࢈ࢇ + ૜૟෍ࢇ − ૛ૠ = ૟૝ࢉ࢈ࢇ − ૝ૡࢉ࢈ࢇ+ ૜૟෍ࢇ − ૛ૠ 

ቀ∵ ෍࢈ࢇ =  ቁࢉ࢈ࢇ

≥
ࡳି࡭

૚૟ࢉ࢈ࢇ + ૚૙ૡ√ࢉ࢈ࢇ૜ − ૛ૠ ≥
?
૛૝૜√ࢉ࢈ࢇ૜ ⇔ ૚૟࢚૜ − ૚૜૞࢚ − ૛ૠ ≥

?
૙		൫࢚ = ૜ࢉ࢈ࢇ√ ൯ 

⇔ (࢚ − ૜)(૚૟࢚૛ + ૝ૡ࢚ + ૢ) ≥
?
૙ → true ∵ ࢚ = ૜ࢉ࢈ࢇ√ ≥ ૜  (proved) 

Proof of ࢚ ≥ ૜: 

෍࢈ࢇ = ࢉ࢈ࢇ ≥
ࡳି࡭

૜ඥࢇ૛࢈૛ࢉ૛૜ ⇒ ૜ࢉ૜࢈૜ࢇ ≥ ૛ૠࢇ૛࢈૛ࢉ૛ ⇒ ૜ࢉ࢈ࢇ√ = ࢚ ≥ ૜ 

Solution 4 by proposer 

From ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ

= ૚ we get ࢉ࢈ࢇ = +࢈ࢇ +ࢉ࢈ ࢇࢉ ≥ ૜ඥ(ࢉ࢈ࢇ)૛૜ . Now, we have: 
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૜(ࢉ࢈ࢇ) ≥ ૛ૠ(ࢉ࢈ࢇ)૛|: ࢉ࢈ࢇ ૛ getting(ࢉ࢈ࢇ) ≥ ૛ૠ and from that √ࢉ࢈ࢇ૜ ≥ ૜. Note that 

ࢇ > 1 because ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ

= ૚ and we have ૜ࢇ − ૜ > 0, ࢈3 − ૜ > 0 and ૜ࢉ − ૜ > 0. 

Using Hölder’s inequality we get: 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) = ࢇ] + (૜ࢇ − ૜)][࢈ + (૜࢈ − ૜)][ࢉ + (૜ࢉ − ૜)] ≥ 

≥ ቀ√ࢉ࢈ࢇ૜ + ૜ඥ(ࢇ − ૚)(࢈− ૚)(ࢉ − ૚)૜ ቁ
૜

 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ቀ√ࢉ࢈ࢇ૜ + ૜ඥࢉ࢈ࢇ − ࢈ࢇ) + +ࢉ࢈ (ࢇࢉ + ࢇ) + ࢈ + −(ࢉ ૚૜ ቁ
૜

 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ቆ√ࢉ࢈ࢇ૜ + ૜ටࢉ࢈ࢇ − ࢉ࢈ࢇ + ૜√ࢉ࢈ࢇ૜ − ૚
૜

ቇ
૜

 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ቆ√ࢉ࢈ࢇ૜ + ૜ට૜ ⋅ √૛ૠ૛ૠ − ૚
૜

ቇ
૜

 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ൫√ࢉ࢈ࢇ૜ + ૜ + ૜൯
૜

 

Using AM-GM we have: (૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ቀ૜ඥ√ࢉ࢈ࢇ૜ ⋅ ૜ ⋅ ૜
૜ ቁ

૜
 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ૜૜ ⋅ ૜ࢉ࢈ࢇ√ ⋅ ૢ 

(૝ࢇ − ૜)(૝࢈ − ૜)(૝ࢉ − ૜) ≥ ૛૝૜√ࢉ࢈ࢇ૜  

 

JP.139. Let ࢞,࢟, be positive real numbers such that: ࢞૛ ࢠ + ࢟૛ + ૛ࢠ = ૜. Find the minimum 

of the expression: 

ࡼ =
࢞

ට࢟
ૡ + ૡࢠ
૛

૝
+ ૜࢟ࢠ

+
࢟

ටࢠ
ૡ + ࢞ૡ
૛

૝
+ ૜࢞ࢠ

+
ࢠ

ට࢞
ૡ + ࢟ૡ
૛

૝
+ ૜࢞࢟

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer 

- Using Cauchy and Bunhiacopxki inequality. We have: 

ቀඥ૛(࢟ૡ + (ૡࢠ + ૛࢟૛ࢠ૛ቁ
૛
≤ ૛(૛(࢟ૡ + (ૡࢠ + ૝࢟૝ࢠ૝) = ૝(࢟૝ + ૝)૛ࢠ ⇔ 

⇔ ඥ૛(࢟ૡ + (ૡࢠ + ૛࢟૛ࢠ૛ ≤ ૛(࢟૝ +  (૝ࢠ
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⇔ ඥ૛(࢟ૡ + (ૡࢠ ≤ ૛(࢟૝ − ࢟૛ࢠ૛ + (૝ࢠ ⇔ ට࢟ૡାࢠૡ

૛

૝
≤ ඥ࢟૝ − ࢟૛ࢠ૛ +  ૝     (1)ࢠ

- Other: 

ඥ࢟૝ − ࢟૛ࢠ૛ + ૝ࢠ = ට(࢟૛ + ૛)૛ࢠ − ൫࢟ࢠ√૜൯
૛

= ට൫࢟૛ − ૜√ࢠ࢟ + ૛൯൫࢟૛ࢠ + ૜√ࢠ࢟ +  ૛൯ࢠ

= ට൫૛ + √૜൯൫࢟૛ − ૜√ࢠ࢟ + ૛൯ࢠ ⋅ ൫૛ − √૜൯൫࢟૛ + ૜√ࢠ࢟ + ૛൯ࢠ ≤ 

≤
൫૛ + √૜൯൫࢟૛ − ૜√ࢠ࢟ + ૛൯ࢠ + ൫૛ − √૜൯൫࢟૛ + ૜√ࢠ࢟ + ૛൯ࢠ

૛  

=
૛(૛࢟૛ − ૜࢟ࢠ + ૛ࢠ૛)

૛ = ૛࢟૛ − ૜࢟ࢠ+ ૛ࢠ૛ 

⇒ ඥ࢟૝ − ࢟૛ࢠ૛ + ૝ࢠ ≤ ૛࢟૛ − ૜࢟ࢠ + ૛ࢠ૛           (2) 

- Let (1), (2): ⇒ ට࢟ૡାࢠૡ

૛

૝
≤ ૛࢟૛ − ૜࢟ࢠ + ૛ࢠ૛ ⇔ ට࢟ૡାࢠૡ

૛

૝
+ ૜࢟ࢠ ≤ ૛(࢟૛ +  (૛ࢠ

⇔ ૚

ට࢟
ૡశࢠૡ
૛

૝
ା૜࢟ࢠ

≥ ૚
૛൫࢟૛ାࢠ૛൯

⇔ ࢞

ට࢟
ૡశࢠૡ
૛

૝
ା૜࢟ࢠ

≥ ࢞
૛൫࢟૛ାࢠ૛൯

= ࢞
૛൫૜ି࢞૛൯

     (Let ࢞૛ + ࢟૛ + ૛ࢠ = ૜)   (3) 

- We have: ࢞
૜ି࢞૛

− ࢞૛

૛
= ࢞ ቀ ૚

૜ି࢞૛
− ࢞

૛
ቁ = ࢞൫࢞૜ି૜࢞ା૛൯

૛൫૜ି࢞૛൯
= ࢞(࢞ି૚)૛(࢞ା૛)

૛൫૜ି࢞૛൯
≥ ૙   (because ࢞ > 0; (࢞ − ૚)૛ ≥ ૙) 

⇔ ࢞
૜ି࢞૛

− ࢞૛

૛
≥ ૙ ⇔ ࢞

૜ି࢞૛
≥ ࢞૛

૛
. Let (3): ⇒ ࢞

ට࢟
ૡశࢠૡ

૛
૝

ା૜࢟ࢠ
≥ ࢞૛

૝
        (4) 

+ Similar: ࢟

ටࢠ
ૡశ࢞ૡ
૛

૝
ା૜࢞ࢠ

≥ ࢟૛

૝
; ࢠ

ට࢞
ૡశ࢟ૡ
૛

૝
ା૜࢞࢟

≥ ૛ࢠ

૝
           (5) 

- Let (4), (5) and ࢞૛ + ࢟૛ + ૛ࢠ = ૜: 

⇒ ࡼ =
࢞

ට࢟
ૡ + ૡࢠ
૛

૝
+ ૜࢟ࢠ

+
࢟

ටࢠ
ૡ + ࢞ૡ
૛

૝
+ ૜࢞ࢠ

+
ࢠ

ට࢞
ૡ + ࢟ૡ
૛

૝
+ ૜࢞࢟

≥
࢞૛ + ࢟૛ + ૛ࢠ

૝ =
૜
૝ ⇒ 

⇒ ࢔࢏࢓ࡽ =
૜
૝ 

+ Equality occurs if: 

ቐ
࢞,࢟, ࢠ > 0;࢞૛ + ࢟૛ + ૛ࢠ = ૜

ඥ૛(࢞ૡ + ࢟ૡ) = ૛࢞૛࢟૛;ඥ૛(࢟ૡ + (ૡࢠ = ૛࢟૛ࢠ૛;ඥ૛(ࢠૡ + ࢞ૡ) = ૛ࢠ૛࢞૛ ⇔ ࢞ = ࢟ = ࢠ = ૚
࢞ − ૚ = ࢟ − ૚ = ࢠ − ૚ = ૙
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JP.140. Let ࢈,ࢇ, ࢉ > 0. Prove that: 

෍
ࢇ√ + ࢈
ࢇ ≤ ൬෍

૚
൰ࢇ

ඨ෍ࢇ−
࢈ࢇ∑
ࢇ∑  

Proposed by Andrei Ștefan Mihalcea – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

LHS = ࢇାࢉ√࢈ࢇାࢉା࢈√ࢇࢉା࢈ାࢇ√ࢉ࢈
ࢉ࢈ࢇ

= ඥࢉ࢈(ࢇା࢈)√ࢉ࢈ାඥࢇࢉ(࢈ାࢉ)√ࢇࢉାඥ࢈ࢇ(ࢉାࢇ)√࢈ࢇ
ࢉ࢈ࢇ

≤
ࡿ࡮࡯

 

≤
ඥ∑࢈ࢇඥ૜ࢉ࢈ࢇ + ࢈૛ࢇ∑

ࢉ࢈ࢇ ≤
? ࢈ࢇ∑
ࢉ࢈ࢇ

ඨ෍ࢇ−
࢈ࢇ∑
ࢇ∑ ⇔ ૜ࢉ࢈ࢇ + ෍ࢇ૛ ࢈ ≤

?
 

≤෍࢈ࢇቆ
૛ࢇ∑ + 	࢈ࢇ∑

∑ ࢇ ቇ ⇔ 

⇔ ቀ෍ࢇ૛ + ෍࢈ࢇቁቀ෍࢈ࢇቁ ≥
?
ቀ෍ࢇቁ ቀ૜ࢉ࢈ࢇ + ෍ࢇ૛࢈ቁ ⇔ ૛࢈ࢇ + ૛ࢉ࢈ + ૜ࢇࢉ ≥

(૚)

?
 

≥ ૜࢈ࢇ But .(ࢇ∑)ࢉ࢈ࢇ + ૜ࢉ࢈ + ૜ࢇࢉ = ࢈ቀࢉ࢈ࢇ
૛

ࢉ
+ ૛ࢉ

ࢇ
+ ૛ࢇ

࢈
ቁ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

ࢉ࢈ࢇ	 ૛(ࢇ∑)

ࢇ∑
= 

= (ࢇ∑)ࢉ࢈ࢇ ⇒  (1) is true (proved) 

 

JP.141. Let ࢈,ࢇ, ࢉ > 0. Prove that: 

ቌ෍ඨ࢈+ ࢉ
ࢇ

ቍ

૛

≤
૛(∑࢈ࢇ)૜

૜ࢇ૛࢈૛ࢉ૛  

Proposed by Andrei Ștefan Mihalcea – Romania  

Solution 1 by proposer 

Let be ࢍ: (૙,∞) → ℝ;ࢍ(࢞) = ට࢈ࢇ + ࢉ࢈ + ࢇࢉ − ࢉ࢈ࢇ
࢞

 

(࢞)ࢍ = ൬࢈ࢇ + +ࢉ࢈ −ࢇࢉ
࢞࢈ࢇ
࢞ ൰

૚
૛

; (࢞)ᇱࢍ	 =
ࢉ࢈ࢇ
૛࢞૛ ൬࢈ࢇ + ࢉ࢈ + −ࢇࢉ

ࢉ࢈ࢇ
࢞ ൰

ି૚૛
 

(࢞)ᇱᇱࢍ =
ࢉ࢈ࢇ
૛

቎൬−
૛
࢞૜ ࢈ࢇ) + ࢉ࢈ + ࢇࢉ −

ࢉ࢈ࢇ
࢞ ൰

ି૚૛
−
ࢉ࢈ࢇ
૛࢞૝ ൬࢈ࢇ + +ࢉ࢈ ࢇࢉ −

ࢉ࢈ࢇ
࢞ ൰቏ 
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(࢞)ᇱᇱࢍ < 0;݃ – concave. Denote ࢗ = ࢈ࢇ + ࢉ࢈ + ;ࢇࢉ ࢘ =  ࢉ࢈ࢇ

෍ቆ
૚
ࢌࢇ

ቇ(ࢇ)
ࢉ࢟ࢉ

= ෍൬
૚
࢈ࢇ√ࢇ + ൰ࢉ࢈

ࢉ࢟ࢉ

= ෍ඨ࢈ + ࢉ
ࢇ

ࢉ࢟ࢉ

≤ 

≤
ࡺࡱࡿࡺࡱࡶ ࢗ

࢘ ࢌ ൬
૜࢘
ࢗ ൰ =

ࢗ
࢘
ටࢗ −

࢘ࢗ
૜࢘ =

ࢗ
࢘
ඨ૛ࢗ
૜ =

࢈ࢇ + +ࢉ࢈ ࢇࢉ
ࢉ࢈ࢇ

ඨ૛
࢈ࢇ) + ࢉ࢈ + (ࢇࢉ

૜  

ቌ෍ඨ࢈ + ࢉ
ࢇ

ࢉ࢟ࢉ

ቍ

૛

≤
૛൫∑ ࢉ࢟ࢉ࢈ࢇ ൯

૜

૜ࢇ૛࢈૛ࢉ૛  

Solution 2 by Soumava Chakraborty-Kolkata-India 

,࢈,ࢇ∀ ࢉ > 0,ቌ෍ඨ࢈ + ࢉ
ࢇ

ቍ

૛

≤
૛(∑࢈ࢇ)૜

૜ࢇ૛࢈૛ࢉ૛  

LHS ≤
ࡿ࡮࡯

ቆඥ∑(࢈+ ∑ට(ࢉ ૚
ࢇ
ቇ
૛

= ૛(∑ࢇ)(∑࢈ࢇ)
ࢉ࢈ࢇ

≤
? ૛(∑࢈ࢇ)૜

૜ࢇ૛࢈૛ࢉ૛
⇔ ૛(࢈ࢇ∑) ≥ ૜(ࢇ∑)ࢉ࢈ࢇ 

⇔ ૛࢈૛ࢇ∑ ≥ (ࢇ∑)ࢉ࢈ࢇ → true ∵ ∑ ࢞૛ ≥ ∑࢞࢟   (where ࢞ = ࢟,࢈ࢇ = ,ࢉ࢈ ࢠ =  	(ࢇࢉ

(Proved) 

 

JP.142. Let ࢈,ࢇ, ࢉ ≥ ૚. Prove that: 

෍ඨࢇ− ૚
ࢉ࢈ ≤ ൬෍

૚
൰࢈ࢇ

ඨࢉ࢈ࢇ −
ࢇ∑
૜  

Proposed by Andrei Ștefan Mihalcea – Romania  

Solution by proposer 

Let be ࢌ: (૙,∞) → ℝ;ࢌ(࢞) = ටࢉ࢈ࢇ − ࢉ࢈ࢇ
࢞

 

(࢞)ࢌ = ൬ࢉ࢈ࢇ −
ࢉ࢈ࢇ
࢞ ൰

૚
૛

; (࢞)ᇱࢌ	 =
૚
૛ ⋅

ࢉ࢈ࢇ
࢞૛ ൬ࢉ࢈ࢇ −

ࢉ࢈ࢇ
࢞ ൰

ି૚૛
 

(࢞)ᇱᇱࢌ =
ࢉ࢈ࢇ
૛

቎−
૛
࢞૜ ൬ࢉ࢈ࢇ −

ࢉ࢈ࢇ
࢞ ൰

ି૚૛
−
ࢉ࢈ࢇ
૛࢞૝ ൬ࢉ࢈ࢇ −

ࢉ࢈ࢇ
࢞ ൰

ି૜૛
቏ 
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(࢞)ᇱᇱࢌ < 0;݂ concave. Denote ࢖ = +ࢇ ࢈ + ;ࢉ ࢘ =  ࢉ࢈ࢇ

෍ቆ
(࢈ࢇ)ࢌ
࢈ࢇ ቇ

ࢉ࢟ࢉ

= ෍ඨࢇ− ૚
ࢉ࢈

ࢉ࢟ࢉ

≤
ࡺࡱࡿࡺࡱࡶ ࢖

࢘ ൬ࢌ
૜࢘
࢖ ൰ =

࢖
࢘
ට࢘ −

࢘࢖
૜࢘ =

࢖
࢘
ට࢘ −

࢖
૜ 

ࢇ෍ඨ	ࢉ࢈ࢇ − ૚
ࢉ࢈

ࢉ࢟ࢉ

≤ ቌ෍ࢇ
ࢉ࢟ࢉ

ቍ ⋅ ඨࢉ࢈ࢇ −
૚
૜෍ࢇ
ࢉ࢟ࢉ

 

෍ඨࢇ− ૚
ࢉ࢈

ࢉ࢟ࢉ

≤ ቌ෍
૚
࢈ࢇ

ࢉ࢟ࢉ

ቍඨࢉ࢈ࢇ −
ࢇ + +࢈ ࢉ

૜  

 

JP.143. In any ࡯࡮࡭ triangle the following relationship holds: 

ࢇ࢝
૛

࢈ࢎ ⋅ ࢉࢎ
+

࢈࢝
૛

ࢉࢎ ⋅ ࢇࢎ
+

ࢉ࢝
૛

ࢇࢎ ⋅ ࢈ࢎ
≤ ൬

ࡾ
࢘൰

૛

− ૚ 

all notations are usual sense. 

Proposed by Mehmet Șahin – Ankara – Turkey  

Solution by Soumava Chakraborty-Kolkata-India 

∵ ࢇ࢝
૛ ≤ ࢙(࢙ − ∴ etc ,(ࢇ ࡿࡴࡸ ≤ ∑ ࢉ࢈(ࢇି࢙)࢙

૝ࡿ૛
= ࢙

૝ࡿ૛
࢈ࢇ∑࢙) − ૚૛࢙࢘ࡾ) 

=
࢙૛

૝࢘૛࢙૛
(࢙૛ − ૡ࢘ࡾ + ࢘૛) 

≤
? ૛ି࢘૛ࡾ

࢘૛
⇔ ࢙૛ ≤

?
૝ࡾ૛ + ૡ࢘ࡾ − ૞࢘૛. Now, ࢙૛ ≤

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
 

	૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≤
?
૝ࡾ૛ + ૡ࢘ࡾ − ૞࢘૛ ⇔ ૝࢘ࡾ ≥

?
ૡ࢘૛ ⇔ ࡾ ≥

?
૛࢘ → true (Euler)  

 

JP.144. In any ࡯࡮࡭ triangle the following relationship holds: 

ࢇ
ࢇ࢝

+
࢈
࢈࢝

+
ࢉ
ࢉ࢝

≥
૝࢙
૜ࡾ 

Proposed by Mehmet Șahin – Ankara – Turkey  

Solution by Soumava Chakraborty-Kolkata-India 

LHS = ∑ ૛ࢇ

ࢇ࢝ࢇ
≥

(૚)		

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૝࢙૛

∑ ࢇ࢝ࢇ
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WLOG, we may assume ࢇ ≥ ࢈ ≥ ࢉ ∴ ࢇ࢝ ≤ ࢈࢝ ≤  ࢉ࢝

(1) ⇒ LHS ≥
(૛)

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૝࢙૛
૚
૜(૛࢙)∑࢝ࢇ

= ૛࢙⋅૜
ࢇ࢝∑

 

Now, ∑࢝ࢇ ≤
(૜)	

ࢉ࢚ࢋ,(ࢇି࢙)ஸඥ࢙ࢇ࢝
√૜࢙√૜࢙ − ૛࢙ = √૜࢙ 

(2),(3)⇒ LHS ≥ ૛࢙⋅૜
√૜࢙

= ૛⋅૜
√૜

= ૛⋅૜√૜
૜

= ૛⋅૜√૜ࡾ
૜ࡾ

≥
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૛⋅૛࢙

૜ࡾ
= ૝࢙

૜ࡾ
  (Done) 

 

JP.145. In any ࡯࡮࡭ triangle the following relationship holds: 
ࢇ࢓

࢘ + ࢇ࢘
+

࢈࢓

࢘ + ࢈࢘
+

ࢉ࢓

࢘+ ࢉ࢘
≤

࢙
૛࢘ 

all notations are usual sense. 

Proposed by Mehmet Șahin – Ankara – Turkey  

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
ࢇ࢓

ઢ
࢙ + ઢ

࢙ − ࢇ
= ෍

࢙)࢙ࢇ࢓ − (ࢇ
+࢈)࢙࢘ (ࢉ <

ழࢇ࢓
ࢉା࢈
૛ ࢉ࢚ࢋ,

෍൬
࢈ + ࢉ
૛ ൰ ⋅

(࢙ − (ࢇ
+࢈)࢘ (ࢉ = 

= (ࢇି࢙)∑
૛࢘

= ૜࢙ି૛࢙
૛࢘

= ࢙
૛࢘
∴ ࡿࡴࡸ < ࢙

૛࢘
⇒ ࡿࡴࡸ ≤ ࢙

૛࢘
  (proved) 

 

JP.146. Let ࢞,࢟, ࢠ࢟࢞ :be positive real numbers such that ࢠ = ૚. Find the maximum of the 

expression:  

ࡼ = ૚

ට૛൫࢞૞ି࢞૜ା૝൯
૜

+ ૚

ට૛൫࢟૞ି࢟૜ା૝൯
૜

+ ૚

ට૛൫ࢠ૞ିࢠ૜ା૝൯
૜

. 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by proposer 

* We have: ࢞૞ − ࢞૜ − ૛࢞ + ૛ = ࢞૝(࢞− ૚) + ࢞૜(࢞− ૚)− ૛(࢞ − ૚) = (࢞ − ૚)൫࢞૝ + ࢞૜ − ૛൯ 

= (࢞ − ૚) ቀ࢞૜(࢞ − ૚) + ૛࢞૛(࢞ − ૚) + ૛࢞(࢞ − ૚) + ૛(࢞ − ૚)ቁ 

= (࢞ − ૚)૛(࢞૜ + ૛࢞૛ + ૛࢞ + ૛) ≥ ૙  

⇒ ࢞૞ − ࢞૜ − ૛࢞+ ૛ ≥ ૙ ⇔ ࢞૞ − ࢞૜ + ૝ ≥ ૛(࢞ + ૚) ⇔
૚

ඥ૛(࢞૞ − ࢞૜ + ૝)૜ ≤
૚

ඥ૛ ⋅ ૛(࢞ + ૚)૜
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- Therefore, by AM-GM inequality for three positive real numbers: 

⇒
૚

ඥ૛(࢞૞ − ࢞૜ + ૝)૜ ≤
૚

ඥ૝(࢞ + ૚)૜
≤
૚
૜
ቆ

૚
ඥ૛(࢞+ ૚)

+
૚

ඥ૛(࢞+ ૚)
+
૚
૛
ቇ =

૚
૜
ቌඨ

૛
࢞ + ૚

+
૚
૛
ቍ 

+ Similar: ૚

ට૛൫࢟૞ି࢟૜ା૝൯
૜

≤ ૚
૜
൬ට ૛

࢟ା૚
+ ૚

૛
൰ ; ૚

ට૛൫ࢠ૞ିࢠ૜ା૝൯
૜

≤ ૚
૜
ቆට ૛

ା૚ࢠ
+ ૚

૛
ቇ 

- Therefore: 

⇒ ࡼ = ૚

ට૛൫࢞૞ି࢞૜ା૝൯
૜

+ ૚

ට૛൫࢟૞ି࢟૜ା૝൯
૜

+ ૚

ට૛൫ࢠ૞ିࢠ૜ା૝൯
૜

≤ ૚
૜
ቆට ૛

࢞ା૚
+ ට ૛

࢟ା૚
+ ට ૛

ା૚ࢠ
ቇ + ૚

૛
    (1) 

- Other, because ࢞࢟ࢠ = ૚ then exist positive real numbers ࢈,ࢇ,   :such that ࢉ

ࢇ =
࢞
࢟ ࢈, =

࢟
ࢠ , ࢉ =

ࢠ
࢞ 

+ Therefore, by inequality Cauchy Schwarz: 

ቌඨ
૛

࢞+ ૚ + ඨ
૛

࢟+ ૚ + ඨ ૛
+ࢠ ૚

ቍ

૛

= ቌඨ
૛

ࢇ
࢈ + ૚

+ ඨ
૛

࢈
ࢉ + ૚

+ඨ
૛

ࢉ
ࢇ + ૚

ቍ

૛

= ૛ቌඨ
࢈

ࢇ + ࢈ + ට
ࢉ

࢈ + ࢉ + ට
ࢇ

ࢉ + ࢇ
ቍ

૛

 

= ૛ቌඨ
࢈

ࢇ) + ࢈)(࢈ + (ࢉ ⋅ ࢈√ + ࢉ +ඨ
ࢉ

࢈) + ࢉ)(ࢉ + (ࢇ ⋅ ࢉ√ + +ࢇ ඨ
ࢇ

ࢉ) + ࢇ)(ࢇ + (࢈ ⋅ ࢇ√ + ቍ࢈

૛

≤ 

≤ ૛൫(࢈+ (ࢉ + ࢉ) + (ࢇ + +ࢇ) ൯(࢈ ⋅ ൬
࢈

+ࢇ) ࢈)(࢈ + (ࢉ +
ࢉ

࢈) + ࢉ)(ࢉ + (ࢇ +
ࢇ

ࢉ) + ࢇ)(ࢇ +  ൰(࢈

≤ ૝(ࢇ + +࢈ (ࢉ ⋅ (ࢉା࢈)ࢇା(࢈ାࢇ)ࢉା(ࢇାࢉ)࢈
(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)

= ૡ(ࢇା࢈ାࢉ)(࢈ࢇାࢉ࢈ାࢇࢉ)
(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)

     (2) 

- We have: ૢ(ࢇ+ +࢈)(࢈ +ࢉ)(ࢉ −(ࢇ ૡ(ࢇ+ +࢈ +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ = ࢈)ࢇ − ૛(ࢉ ࢉ)࢈+ − ૛(ࢇ + ࢇ)ࢉ − ૛(࢈ ≥ ૙ 

⇒ ࢇ)ૢ + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ ≥ ૡ(ࢇ + +࢈ +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ ⇔
ૡ(ࢇ + ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ

ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≤ ૢ 

By (2): ⇒ ቆට ૛
࢞ା૚

+ ට ૛
࢟ା૚

+ ට ૛
ା૚ࢠ

ቇ
૛

≤ ૢ ⇒ ට ૛
࢞ା૚

+ ට ૛
࢟ା૚

+ ට ૛
ା૚ࢠ

≤ ૜      (3) 

- Let (1), (3): ⇒ ࡼ ≤ ૚
૜
⋅ ૜ + ૚

૛
= ૜

૛
⇒ ܠ܉ܕࡼ 	 = ૜

૛
. Equality occurs if: ൜ ࢠ࢟࢞ = ૚

࢞ = ࢟ = ࢠ > 0 ⇔

࢞ = ࢟ = ࢠ = ૚ 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢇ > 0, we have this fact: 
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૞ࢇ − ૜ࢇ + ૝ ≥ ૛ࢇ + ૜ because ࢇ૞ − ૜ࢇ − ૛ࢇ + ૚ = ૛ࢇ)૜ࢇ − ૚) − ૛ࢇ) − ૚) = 

= ൫ࢇ૛ − ૚൯൫ࢇ૜ − ૚൯ = ൫ࢇ૛ − ૚൯(ࢇ − ૚)൫ࢇ૛ + ࢇ + ૚൯ = ࢇ) − ૚)૜(ࢇ+ ૚)൫ࢇ૛ + ࢇ + ૚൯ ≥ ૙ 

Hence ૚

ට૛൫࢞૞ି࢞૜ା૝൯
૜

+ ૚

ට૛൫࢟૞ି࢟૜ା૝൯
૜

+ ૚

ට૛൫ࢠ૞ିࢠ૜ା૝൯
૜

≤ ૚

ට૛൫࢞૛ା૜൯
૜

+ ૚

ට૛൫࢟૜ା૜൯
૜

+ ૚

ට૛൫ࢠ૜ା૜൯
૜

≤ 

≤ ඨ
૜૛

૛ ൬
૚

࢞૛ + ૜ +
૚

࢟૛ + ૜ +
૚

૛ࢠ + ૜൰ ≤
૜
૛ 

Iff ૢ
૛
ቀ ૚
࢞૛ା૜

+ ૚
࢟૛ା૜

+ ૚
૛ା૜ࢠ

ቁ ≤ ૛ૠ
ૡ

 

Iff ૚
࢞૛ା૜

+ ૚
࢟૛ା૜

+ ૚
૛ା૜ࢠ

≤ ૜
૝
 

Iff ࢈૛

૛࢈૛ା૜ࢇ
+ ૛ࢉ

૛ࢉ૛ା૜࢈
+ ૛ࢇ

૛ࢇ૛ା૜ࢉ
≤ ૜

૝
: ࢠ࢟࢞ = ૚; ࢞ = ࢇ

࢈
,࢟ = ࢈

ࢉ
, ࢠ = ࢉ

ࢇ
 and it is be true. 

Because ૞(ࢇ૝࢈૛ + ૛ࢉ૝࢈ + (૛ࢇ૝ࢉ + ૜(ࢇ૝ࢉ૛ + ૛࢈૝ࢉ + (૛ࢇ૝࢈ ≥ ૛૝(ࢉ࢈ࢇ)૛ ⇒ 

⇒ ૛࢈૝ࢇ)ૢ + ૛ࢉ૝࢈ + (૛ࢇ૝ࢉ + ૛ૠ(ࢇ૝ࢋ૛ + ૛࢈૝ࢉ + (૛ࢇ૝࢈ + ૡ૝(ࢉ࢈ࢇ)૛ ≥ 

≥ ૝(ࢇ૝࢈૛ + ૛ࢉ૝࢈ + (૛ࢇ૝ࢉ + ૛૝(ࢇ૝ࢉ૛ + ૛࢈૝ࢉ + (૛ࢇ૝࢈ + ૚૙ૡ(ࢉ࢈ࢇ)૛ ⇒ 

⇒
૛ࢇ

૛ࢉ + ૜ࢇ૛ +
૛࢈

૛ࢇ + ૜࢈૛ +
૛ࢉ

૛࢈ + ૜ࢉ૛ ≤
૜
૝ 

Therefore it is to be true. 

 

JP.148. Let ࢈,ࢇ, ࢈ࢇ :be positive real numbers such that ࢉ + ࢉ࢈ + ࢇࢉ = ૚૛. Prove that: 

૜ࢇ + ૜࢈

૛࢈૛ − +ࢉ࢈ ૛ࢉ૛ +
૜࢈ + ૜ࢉ

૛ࢉ૛ − ࢇࢉ + ૛ࢇ૛ +
૜ࢉ + ૜ࢇ

૛ࢇ૛ − ࢈ࢇ + ૛࢈૛ ≥ ૝ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Marian Ursărescu – Romania  

Because ࢈ࢇ + +ࢉ࢈ ࢇࢉ = ૚૛ ⇒ ∃࢞,࢟, ࢠ > 0 such that: 

ࢇ =
૛√૜࢞

ඥ࢞࢟ + ࢠ࢟ + ࢞ࢠ
࢈, =

૛√૜࢟
ඥ࢞࢟ + +ࢠ࢟ ࢞ࢠ

ࢉ, =
૛√૜ࢠ

ඥ࢞࢟ + ࢠ࢟ + ࢞ࢠ
 

Inequality becomes: 
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෍

⎝

⎜⎜
⎛

૛૝√૜(࢞૜ + ࢟૜)
൫ඥ࢞࢟ + ࢠ࢟ + ൯࢞ࢠ

૜

૛૝࢟૛ − ૚૛࢟ࢠ + ૛૝ࢠ૛
࢞࢟ + ࢠ࢟ + ࢞ࢠ

⎠

⎟⎟
⎞
≥ ૝ ⇔ ૛√૜෍

࢞૜ + ࢟૜

ඥ࢞࢟ + +ࢠ࢟ ૛࢟૛)࢞ࢠ − ࢠ࢟ + (૛ࢠ
≥ ૝⇔ 

⇔ ∑ ࢞૜ା࢟૜

૛࢟૜ି࢟ࢠା૛ࢠ૛
≥ ૛

√૜ඥ࢞࢟ + ࢠ࢟ +  (1)   ࢞ࢠ

But (࢞ + ࢟ + ૛(ࢠ ≥ ૜(࢞࢟ + +ࢠ࢞ (ࢠ࢟ ⇒ ඥ࢞࢟ + +ࢠ࢞ ࢠ࢟ ≤ ࢞ା࢟ାࢠ
√૜

    (2) 

From (1) + (2) we must show: ∑ ࢞૜ା࢟૜

૛࢟૛ି࢟ࢠା૛ࢠ૛
≥ ૛

૜
(࢞ + ࢟ +  (3)   (ࢠ

But ૛࢟૛ − +ࢠ࢟ ૛ࢠ૛ ≤ ૜(࢟૛ − ࢠ࢟ + ⇔ ૛)   (4) (becauseࢠ ࢟૛ − ૛࢟ࢠ+ ૛ࢠ ≥ ૙) 

∑ ࢞૜ା࢟૜

࢟૛ି࢟ࢠାࢠ૛
≥ ૛(࢞ + ࢟ +  (5)    (ࢠ

But this inequality its proposed and solved by Vasile Cîrtoaje in 2009, solved by S.O.S 

method.  (Or its solved used ૝(࢞૜ + ࢟૜) ≥ (࢞+ ࢟)૜ and Hölder’s inequality) 

Completion: We must (5): ∑ ࢞૜ା࢟૜

࢟૛ି࢟ࢠାࢠ૛
≥ ૛(࢞ + ࢟ +  (ࢠ

We show: (6) ∑ ࢞૜

࢟૛ି࢟ࢠାࢠ૛
≥ ࢞ + ࢟ + ∑ and ࢠ ࢟૜

࢟૛ି࢟ࢠାࢠ૛
≥ ࢞ + ࢟ +  (7)    ࢠ

From (6) + (7) ⇒ (5) 

For (6): ∑ ࢞૜

࢟૛ି࢟ࢠାࢠ૛
= ∑ ࢞૝

࢞൫࢟૛ି࢟ࢠାࢠ૛൯
≥ ൫࢞૛ା࢟૛ାࢠ૛൯

૛

∑࢞൫࢟૛ି࢟ࢠାࢠ૛൯
 

(from Cauchy’s or Bergström’s inequality) ⇒ 

We must show: ൫࢞
૛ା࢟૛ାࢠ૛൯

૛

∑࢞൫࢟૛ି࢟ࢠାࢠ૛൯
≥ ࢞ + ࢟ + ࢠ ⇔ 

⇔ (࢞૛ + ࢟૛ + ૛)૛ࢠ ≥ (࢞ + ࢟ + (ࢠ ⋅ ෍࢞(࢟૛ − +ࢠ࢟ (૛ࢠ ⇔ 

⇔ (࢞૛ + ࢟૛ + ૛)૛ࢠ − (࢞ + ࢟ + ૛࢟)࢞∑(ࢠ − ࢠ࢟ + (૛ࢠ ≥ ૙    (8) 

Now we use Cîrtoaje’s theorem: If ࢔ࢌ(࢞,࢟,  is a symmetric and homogeneous (ࢠ

polynom of degree ૝ then ࢌ૝(࢞,࢟, (ࢠ ≥ ૙	∀࢞,࢟, ࢠ ∈ ℝ ⇔ ૝(࢞૚,૚,૚)ࢌ ≥ ૙		∀࢞ ∈ ℝ in 

our case: ࢌ૝(࢞,࢟, (ࢠ = (࢞૛ + ࢟૛ + ૛)૛ࢠ − (࢞ + ࢟ + ૛࢟)࢞∑(ࢠ − ࢠ࢟ +  (૛ࢠ

૝(࢞૚,૚,૚)ࢌ = ࢞૝ − ૛࢞૜ + ࢞૛ = ࢞૛(࢞ − ૚)૛ ≥ ૙ true ⇒  (6) its true. 

For (7): ∑ ࢟૜

࢟૛ି࢟ࢠାࢠ૛
≥ ࢞ + ࢟ + ࢠ ⇔ ࢟૜

࢟૛ି࢟ࢠାࢠ૛
+ ૜ࢠ

ା࢞૛࢞ࢠ૛ିࢠ
+ ࢞૜

࢞૛ି࢞࢟ା࢟૛
≥ ࢞ + ࢟ + ࢠ ⇔ 
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෍࢞૜ (࢟૛ − +ࢠ࢟ ૛ࢠ)(૛ࢠ − +ࢠ࢞ ࢞૛) ≥ (࢞ + ࢟ + ෑ(࢞૛(ࢠ − ࢞࢟ + ࢟૛) ⇔ 

⇔෍࢞૜ (࢟૛ − ࢠ࢟ + ૛ࢠ)(૛ࢠ − +ࢠ࢞ ࢞૛) − 

−(࢞ + ࢟ + ૛࢞)(ࢠ − ࢞࢟ + ࢟૛)(࢟૛ − +ࢠ࢟ ૛ࢠ)(૛ࢠ − ࢠ࢞ + ࢞૛) ≥ ૙   (9) 

Now again use Cîrtoaje’s theorem: If ࢌ૞(࢞,࢟,ࢠ) it’s a symmetric polynomial function 

of degree ૞ then: ࢌ૞(࢞,࢟, (ࢠ ≥ ૙	∀࢞,࢟, ࢠ ≥ ૙ ⇔ ૞(૙,૝,૝)ࢌ ≥ ૙. In our case: 

,࢟,࢞)૞ࢌ (ࢠ = ෍࢞૜ (࢟૛ − ࢠ࢟ + ૛ࢠ)(૛ࢠ − ࢠ࢞ + ࢞૛) − 

−(࢞ + ࢟ + ૛࢞)(ࢠ − ࢞࢟ + ࢟૛)(࢟૛ − +ࢠ࢟ ૛ࢠ)(૛ࢠ − ࢠ࢞ + ࢞૛) 

૞(૙,૝,૝)ࢌ = ૛࢟ૠ − ૛࢟ૠ ≥ ૙ true ⇒ (9) its true ⇒ (7) its true. 

Vasile Cartoaje proof: 

Let ࢈,ࢇ,  :be non-negative real numbers. Prove that ࢉ

૜ࢇ

૛࢈ − ࢉ࢈ + ૛ࢉ +
૜࢈

૛ࢉ − +ࢇࢉ ૛ࢇ +
૜ࢉ

૛ࢇ − ࢈ࢇ + ૛࢈ ≥ ࢇ + +࢈  ࢉ

Solution. Applying Cauchy – Schwarz inequality, we have: 

෍
૜ࢇ

૛࢈ − ࢉ࢈ + ૛ࢉ
ࢉ࢟ࢉ

= ෍
૝ࢇ

૛࢈)ࢇ − ࢉ࢈ + (૛ࢉ
ࢉ࢟ࢉ

≥
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

∑ ૛࢈)ࢇ − +ࢉ࢈ ࢉ࢟ࢉ(૛ࢉ
 

It remains to prove that: ൫∑ ࢉ࢟ࢉ૛ࢇ ൯
૛
≥ ൫∑ ૛࢈)ࢇ − +ࢉ࢈ ࢉ࢟ࢉ(૛ࢉ ൯൫∑ ࢉ࢟ࢉࢇ ൯ or 

∑ ࢉ࢟ࢉ૝ࢇ + ૛∑ ࢉ࢟ࢉ૛࢈૛ࢇ ≥ ࢇ) + +࢈ ∑(ࢉ ࢈)૛ࢇ + ࢉ࢟ࢉ(ࢉ − ૜ࢉ࢈ࢇ∑ ࢉ࢟ࢉࢇ  or 

෍ࢇ૝
ࢉ࢟ࢉ

+ ࢇ෍ࢉ࢈ࢇ
ࢉ࢟ࢉ

≥෍ࢇ૜(࢈ + (ࢉ
ࢉ࢟ࢉ

 

This is exactly the fourth degree-Schur’s inequality, so we are done. 

 Equality holds for ࢇ = ࢈ = ࢇ or ࢉ = ,࢈ ࢉ = ૙ up to permutation. 

Solution 2 by Michael Sterghiou-Greece 

∑ ૜࢈૜ାࢇ

૛࢈૛ିࢉ࢈ା૛ࢉ૛ࢉ࢟ࢉ ≥ ૝    (1) 

(1) → ∑ ૜ࢇ

૛࢈૛ିࢉ࢈ା૛ࢉ૛ࢉ࢟ࢉ + ∑ ૜࢈

૛࢈૛ିࢉ࢈ା૛ࢉ૛ࢉ࢟ࢉ ≥ ૝. But 

∑ ૜ࢇ

૛࢈૛ିࢉ࢈ା૛ࢉ૛ࢉ࢟ࢉ ≥
ࡿ࡯࡮ ൫ࢇ૛ା࢈૛ାࢉ૛൯

૛

∑ ૛࢈ࢇ૛ିࢉ࢈ࢇା૛ࢉࢇ૛ࢉ࢟ࢉ
   (2) 
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Let ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ൯ࢉ࢈ࢇ, = ࢗ with  (࢘,ࢗ,࢖) = ૚૛ 

(2) ≡ ൫࢖૛ି૛ࢗ൯
૛

૛૝࢘ૢି࢖
≥ ൫࢖૛ି૛ࢗ൯

૛

૛૝ૢି࢖⋅૝ૡ࢖ష࢖
૜

ૢ

= ૛ି૛૝࢖
࢖

  (3) because from the 3rd degree Schur 

ࢗ = ૚૛ ≤
૝࢖૜ + ૢ࢘

૝࢖ → ࢘ ≥
૝ૡ࢖ − ૜࢖

ૢ  

Now ∑ ૜࢈

૛࢈૛ିࢉ࢈ା૛ࢉ૛ࢉ࢟ࢉ ≥
࢘ࢋࢊ࢒࢕ࡴ ૜࢖

૜⋅∑ ൫૛࢈૛ିࢉ࢈ା૛ࢉ૛൯ࢉ࢟ࢉ
= ૜࢖

૚૛൫࢖૛ି૛ૠ൯
   (4) 

It suffices to prove that ࢖
૛ି૛૝
࢖

+ ૜࢖

૚૛൫࢖૛ି૛ૠ൯
− ૝ ≥ ૙   (5) 

(5) → ૚૜࢖૝ − ૝ૡ࢖૜ − ૟૚૛࢖૛ + ૚૛ૢ૟࢖+ ૠૠૠ૟ ≥ ૙ or  

࢖) − ૟)૛(૚૜࢖૛ + ૚૙ૡ࢖+ ૛૚૟) ≥ ૙ which holds as ࢖૛ ≥ ૜ࢗ → ࢖ ≥ ૟ and the 

trinomial is clearly ≥ ૙	for ࢖ ≥ ૟. Done! 

 

JP.149. Find all functions: ࢌ: (૙, +∞) → ℝ which verify the relationship: 

(࢟࢞)࢔࢒ ≤ (࢞)ࢌ࢞ + (࢟)ࢌ࢟ ≤ ࢟,࢞∀,(࢟࢞)ࢌ࢟࢞ > 0 

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

(࢟࢞)ܖܔ ≤ (࢞)ࢌ࢞ + (࢟)ࢌ࢟ ≤ ࢟,࢞∀,(࢟࢞)ࢌ࢟࢞ > 0 

Put ࢞ = ࢟ = ૚, we get: ૙ ≤ (૚)ࢌ + (૚)ࢌ ≤ (૚)ࢌ ⇒ (૚)ࢌ = ૙.  

Put ࢟ = ૚
࢞
 to obtain 

૙ ≤ (࢞)ࢌ࢞ + ૚
࢞
ࢌ ቀ૚

࢞
ቁ ≤ ૙ ⇒ ࢌ ቀ૚

࢞
ቁ = −࢞૛ࢌ(࢞). Taking ࢟ = ૚, we get:  

(࢞)ܖܔ ≤ ࢞∀,(࢞)ࢌ࢞ > 0  (1) 

⇒ ܖܔ ൬
૚
࢞൰ ≤

૚
࢞ ࢌ ൬

૚
࢞൰ = ࢞∀,	(࢞)ࢌ࢞− > 0 ⇒ − (࢞)ܖܔ ≤ ࢞∀,(࢞)ࢌ࢞− > 0 

⇒ (࢞)ࢌ࢞ ≤ ࢞ܖܔ ,∀࢞ > 0   (2) 

From (1), (2): ࢞ࢌ(࢞) = (࢞)ܖܔ ,∀࢞ > 0 ⇒ ݂(࢞) = ૚
࢞
(࢞)ܖܔ ,∀࢞ > 0 
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JP.150. Let be ࢠ૚, ,૛ࢠ ૜ࢠ ∈ ℂ∗ different in pairs such that: |ࢠ૚| = |૛ࢠ| =  ૜|. Ifࢠ|

૚ࢠ) + ૛ࢠ)(૛ࢠ + ૜ࢠ)(૜ࢠ + (૚ࢠ + ૜ࢠ૛ࢠ૚ࢠ = ૙, then ࢠ૚, ,૛ࢠ  ૜ are the affixes of an equilateralࢠ

triangle. 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

Let ࢠ = ૚ࢠ + ૛ࢠ +  ૜ࢠ

૚ࢠ) + ૛ࢠ)(૛ࢠ + ૜ࢠ)(૜ࢠ + (૚ࢠ + ૜ࢠ૛ࢠ૚ࢠ = ૙ ⇒ ࢠ) − ࢠ)(૜ࢠ − ࢠ)(૚ࢠ − (૛ࢠ + ૜ࢠ૛ࢠ૚ࢠ = ૙ ⇒ 

⇒ ૜ࢠ − ૚ࢠ) + ૛ࢠ + ૛ࢠ(૜ࢠ + ૜ࢠ૛ࢠ) + ૚ࢠ૜ࢠ + ࢠ(૛ࢠ૚ࢠ − ૜ࢠ૛ࢠ૚ࢠ + ૜ࢠ૛ࢠ૚ࢠ = ૙ ⇒ 

⇒ ૜ࢠ − (૛ࢠ)ࢠ + ૜ࢠ૛ࢠ)ࢠ + ૚ࢠ૜ࢠ + (૛ࢠ૚ࢠ = ૙ ⇒ ቀࢠ ૚
૚ࢠ

+ ૚
૛ࢠ

+ ૚
૜ࢠ
ቁ ૜ࢠ૛ࢠ૚ࢠ = ૙. 

As |ࢠ૚| = |૛ࢠ| = |૜ࢠ| = ࢑ > 0, ૜ࢠ૛ࢠ૚ࢠ ≠ ૙. Thus  

ࢠ ቀ ૚
૚ࢠ

+ ૚
૛ࢠ

+ ૚
૜ࢠ
ቁ = ૙   (1) 

Also, ࢑૛ = ૚ࢠ૚ࢠ = ૛ࢠ૛ࢠ =  ૜   (2)ࢠ૜ࢠ

From (1), (2): ࢑૛ࢠ)ࢠ૚ + ૛ࢠ + (૜ࢠ = ૙ ⇒ ࢑૛ࢠࢠ = ૙. As ࢑૛ ≠ ૙, ૛|ࢠ| = ૙ ⇒ ࢠ = ૙ ⇒ 

⇒ ૚ࢠ + ૛ࢠ + ૜ࢠ = ૙. Now, |ࢠ૛ − ૜|૛ࢠ + ૚|૛ࢠ| = ૛ࢠ| − ૜|૛ࢠ + ૛ࢠ−| − ૜|૛ࢠ = 

= ૛ࢠ| − ૜|૛ࢠ + ૛ࢠ| + ૜|૛ࢠ = ૛|ࢠ૛|૛ + ૛|ࢠ૜|૛ = ૝࢑૛ ⇒ ૛ࢠ| − ૜|૛ࢠ + ࢑૛ = ૝࢑૛ ⇒ 

⇒ ૛ࢠ| − |૜ࢠ = √૜࢑. Similarly, |ࢠ૜ − |૚ࢠ = ૚ࢠ| − |૛ࢠ = √૜࢑. Thus,  

૚ࢠ| − |૛ࢠ = ૛ࢠ| − |૜ࢠ = ૜ࢠ| − |૚ࢠ ⇒ triangle with vertices ࢠ૚, ,૛ࢠ  ૜ is an equilateralࢠ

triangle. 

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaijan 

Lemma: Let |ࢠ૚| = |૛ࢠ| = ,૚ࢠ ૜|. Pointsࢠ| ,૛ࢠ  ૜ are vertices of an equilateral triangleࢠ

if and only if ࢠ૚ + ૛ࢠ + ૜ࢠ = ૙. Since (ࢠ૚ + ૛ࢠ)(૛ࢠ + ૜ࢠ)(૜ࢠ + (૚ࢠ + ૜ࢠ૛ࢠ૚ࢠ = 

= ૚ࢠ) + ૛ࢠ + ૛ࢠ૚ࢠ)(૜ࢠ + ૜ࢠ૚ࢠ +  ,(૜ࢠ૛ࢠ

 considering condition, we have: ࢠ૚ + ૛ࢠ + ૜ࢠ = ૙ or 

૛ࢠ૚ࢠ + ૜ࢠ૚ࢠ + ૜ࢠ૛ࢠ = ૙.  Using Lemma ⇒ Q.E.D. 
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SP.136. Let ࢞,࢟, be positive real numbers such that: ࢞૝ ࢠ + ࢟૝ + ૝ࢠ = ࢞࢟ + ࢠ࢟ +  .࢞ࢠ

Find the maximum of the expression: 

ࡼ = ඨ࢞
૟ + ࢟૟

૛
૜

+ ඨ࢟
૟ + ૟ࢠ

૛
૜

+ ඨࢠ
૟ + ࢞૟

૛
૜

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by proposer 

* Let ࢞,࢟, ࢠ > 0, we will prove that inequality: 

࢞૝ + ࢟૝ + ૝ࢠ + ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ ≥ ࢞࢟(࢞૛ + ࢟૛) + ૛࢟)ࢠ࢟ + (૛ࢠ + ૛ࢠ)࢞ࢠ + ࢞૛)     (1) 

(1) ⇔ ࢞૝ + ࢟૝ + ૝ࢠ + +࢞)ࢠ࢟࢞ ࢟ + (ࢠ − ࢞࢟(࢞૛ + ࢟૛)− ૛࢟)ࢠ࢟ + (૛ࢠ − ૛ࢠ)࢞ࢠ + ࢞૛) ≥ ૙ 

⇔ ࢞૛(࢞૛ − ࢞࢟ − +ࢠ࢞ (ࢠ࢟ + ࢟૛(࢟૛ − ࢠ࢟ − ࢟࢞ + (࢞ࢠ + ૛ࢠ)૛ࢠ − ࢞ࢠ − ࢟ࢠ + ࢞࢟) ≥ ૙ 

⇔ ࢞૛(࢞− ࢟)(࢞ − (ࢠ + ࢟૛(࢟ − ࢟)(ࢠ − ࢞) + ࢠ)૛ࢠ − ࢠ)(࢞ − ࢟) ≥ ૙         (2) 

- Supposed ࢞ ≥ ࢟ ≥ ࢠ > 0 

+ We have: ൜ࢠ ≤ ࢞
ࢠ ≤ ࢟ ⇔ ൜ࢠ − ࢞ ≤ ૙

ࢠ − ࢟ ≤ ૙ ⇒ ࢠ) − ࢠ)(࢞ − ࢟) ≥ ૙ ⇒ ࢠ)૛ࢠ − ࢠ)(࢞ − ࢟) ≥ ૙     (3) 

+ Other: ࢞૛(࢞ − ࢟)(࢞− (ࢠ + ࢟૛(࢟ − ࢟)(ࢠ − ࢞) 

= (࢞ − ࢟)[࢞૛(࢞ − (ࢠ − ࢟૛(࢟ − [(ࢠ = (࢞ − ࢟)[(࢞૜ − ࢟૜) − ૛࢞)ࢠ − ࢟૛)] 
= (࢞ − ࢟)[(࢞ − ࢟)(࢞૛ + ࢞࢟ + ࢟૛) − ࢞)ࢠ − ࢟)(࢞ + ࢟)] = (࢞ − ࢟)૛(࢞૛ + ࢞࢟ + ࢟૛ − ࢞ࢠ − (࢟ࢠ ≥ ૙     (4) 

(because ࢞ ≥ ࢟ ≥ ࢠ > 0,࢞૛ + ࢞࢟ + ࢟૛ − ࢞ࢠ − ࢟ࢠ = ࢞(࢞ − (ࢠ + ࢟(࢞ − (ࢠ + ࢟૛ ≥ ࢟૛ > 0 

and (࢞ − ࢟)૛ ≥ ૙) 

- Let (3), (4): ⇒ ࢞૛(࢞ − ࢟)(࢞− (ࢠ + ࢟૛(࢟ − ࢟)(ࢠ − ࢞) + ࢠ)૛ࢠ − ࢠ)(࢞ − ࢟) ≥ ૙ 

⇒ Inequality (2) true ⇒ (1) true. 

* We have: ࢞૟ + ࢟૝ = (࢞૛ + ࢟૛)(࢞૝ − ࢞૛࢟૛ + ࢟૝) = (࢞૛ + ࢟૛)൫࢞૛ − ࢞࢟√૜+ ࢟૛൯൫࢞૛ + ࢞࢟√૜+ ࢟૛൯ 

- Therefore, by AM-GM inequality: ට࢞૟ା࢟૟

૛

૜
= ට൫࢞૛ା࢟૛൯൫࢞૛ି࢞࢟√૜ା࢟૛൯൫࢞૛ା࢞࢟√૜ା࢟૛൯

૛

૜
 

= ඨ(࢞૛ + ࢟૛)
૛ ⋅ ൫૛ + √૜൯൫࢞૛ − ࢞࢟√૜ + ࢟૛൯൫૛ − √૜൯൫࢞૛ + ࢞࢟√૜ + ࢟૛൯

૜

 

≤
࢞૛ + ࢟૛

૛ + ൫૛ + √૜൯൫࢞૛ − ࢞࢟√૜+ ࢟૛൯+ ൫૛ − √૜൯൫࢞૛ + ࢞࢟√૜ + ࢟૛൯
૜

=
૜࢞૛ − ૜࢞࢟+ ૜࢟૛

૛
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⇒ ට࢞૟ା࢟૟

૛

૜
≤ ૜࢞૛ି૝࢞࢟ା૜࢟૛

૛
. Similar: ට࢟૟ାࢠ૟

૛

૜
≤ ૜࢟૛ି૝࢟ࢠା૜ࢠ૛

૛
; 	 ටࢠ૟ା࢞૟

૛

૜
≤ ૜ࢠ૛ି૝࢞ࢠା૜࢞૛

૛
 

⇒ ࡼ = ඨ࢞
૟ + ࢟૟

૛
૜

+ ඨ࢟
૟ + ૟ࢠ

૛
૜

+ ඨࢠ
૟ + ࢞૟

૛
૜

≤
૜࢞૛ −૝࢞࢟+ ૜࢟૛

૛ +
૜࢟૛− ૝࢟ࢠ +૜ࢠ૛

૛ +
૜ࢠ૛− ૝࢞ࢠ+૜࢞૛

૛  

⇔ ࡼ ≤ ૜(࢞૛ + ࢟૛ + (૛ࢠ − ૛(࢞࢟ + +ࢠ࢟  (5)                (࢞ࢠ

*We will prove: ૜(࢞૛ + ࢟૛ + (૛ࢠ − ૛(࢞࢟ + ࢠ࢟ + (࢞ࢠ ≤ ૜       (6) 

⇔ ૜(࢞૛ + ࢟૛ + (૛ࢠ −૛(࢞࢟ + ࢠ࢟ + (࢞ࢠ ≤ ૜൫࢞૝ା࢟૝ାࢠ૝൯
࢞࢟ା࢟ࢠା࢞ࢠ

   (࢞૝ + ࢟૝ + ૝ࢠ = ࢞࢟ + ࢠ࢟ + ࢞ then ࢞ࢠ
૝ା࢟૝ାࢠ૝

࢞࢟ା࢟ࢠା࢞ࢠ
= ૚) 

⇔ ቀ૜(࢞૛ + ࢟૛ + (૛ࢠ − ૛(࢞࢟ + ࢠ࢟ + ቁ(࢞ࢠ (࢞࢟ + ࢠ࢟ + (࢞ࢠ ≤ ૜(࢞૝ + ࢟૝ +  (૝ࢠ

⇔ ૜(࢞૛ + ࢟૛ + ࢟࢞)(૛ࢠ + ࢠ࢟ + (࢞ࢠ ≤ ૜(࢞૝ + ࢟૝ + (૝ࢠ + ૛(࢞࢟ + +ࢠ࢟  ૛(࢞ࢠ

⇔ ૜࢞࢟(࢞૛ + ࢟૛) + ૜࢟ࢠ(࢟૛ + (૛ࢠ + ૜ࢠ)࢞ࢠ૛ + ࢞૛) + ૜࢞࢟ࢠ(࢞+ ࢟ + (ࢠ ≤ 

≤ ૜(࢞૝ + ࢟૝ + (૝ࢠ + ૛(࢞૛࢟૛ + ࢟૛ࢠ૛ + (૛ࢠ૛ࢠ + ૝࢞࢟ࢠ(࢞ + ࢟ +  (ࢠ
⇔ ૜(࢞૝ + ࢟૝ + (૝ࢠ + +࢞)ࢠ࢟࢞ ࢟ + (ࢠ + ૛(࢞૛࢟૛ + ࢟૛ࢠ૛ + (૛ࢠ૛ࢠ ≥ ૜࢞࢟(࢞૛ + ࢟૛) + ૜࢟ࢠ(࢟૛ + (૛ࢠ + ૜ࢠ)࢞ࢠ૛ + ࢞૛)   (7) 

- By AM-GM inequality for 2 real numbers: 

࢞૛࢟૛ + ࢟૛ࢠ૛ + ૛ࢠ૛ࢠ =
࢞૛(࢟૛ + (૛ࢠ

૛ +
࢟૛(ࢠ૛ + ࢞૛)

૛ +
૛(࢞૛ࢠ + ࢟૛)

૛ ≥
࢞૛ ⋅ ૛࢟ࢠ

૛ +
࢟૛ ⋅ ૛࢞ࢠ

૛ +
૛ࢠ ⋅ ૛࢞࢟

૛  

⇒ ࢞૛࢟૛ + ࢟૛ࢠ૛ + ૛ࢠ૛ࢠ ≥ +࢞)ࢠ࢟࢞ ࢟ +  (8)     (ࢠ

⇒ ૜(࢞૝ + ࢟૝ + (૝ࢠ + +࢞)ࢠ࢟࢞ ࢟ + (ࢠ + ૛(࢞૛࢟૛ + ࢟૛ࢠ૛ + (૛ࢠ૛ࢠ ≥ ૜ቀ࢞૝ + ࢟૝ + ૝ࢠ + +࢞)ࢠ࢟࢞ ࢟ +  ቁ   (9)(ࢠ

- Let (1), (9): 
⇒ ૜(࢞૝ + ࢟૝ + (૝ࢠ + +࢞)ࢠ࢟࢞ ࢟ + (ࢠ + ૛൫࢞૛࢟૛ + ࢟૛ࢠ૛ + ૛൯ࢠ૛ࢠ ≥ ૜࢞࢟൫࢞૛ +࢟૛൯+ ૜࢟ࢠ൫࢟૛ + ૛ࢠ൫࢞ࢠ૛൯+૜ࢠ + ࢞૛൯ 

⇒ (7) True ⇒ Inequality (6) true. 

- Let (5), (6): ⇒ ࡼ ≤ ૜ ⇒ ࢞ࢇ࢓ࡼ = ૜ 

+ Equality occurs if: ⇔

⎩
⎨

⎧
࢞,࢟, ࢠ > 0

࢞૝ + ࢟૝ + ૝ࢠ = ࢞࢟ + ࢠ࢟ + ࢞ࢠ
࢞ = ࢟ = ࢠ

࢞૛ = ࢟૛ + ૛ࢠ
⇔ ࢞ = ࢟ = ࢠ = ૚ 

 

SP.137. Let ࢈,ࢇ, ࢉ > 0 such that ࢇ + ࢈ + ࢉ = ૜. Prove that: 

ࢇ

ට૝൫࢈૟ାࢉ૟൯
૜

ାૠࢉ࢈
+ ࢈

ට૝൫ࢉ૟ାࢇ૟൯
૜

ାૠࢇࢉ
+ ࢉ

ට૝൫ࢇ૟ା࢈૟൯
૜

ାૠ࢈ࢇ
+ ૜ࢇ√ ା ૜࢈√ ା ૜ࢉ√

૚૛
≥ ૠ

૚૛
      (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution by proposer 

* We have: 

૟࢈ + ૟ࢉ = ૛࢈) + ૝࢈)(૛ࢉ − ૛ࢉ૛࢈ + (૝ࢉ = ૛࢈) + (૛ࢉ ቂ(࢈૛ + ૛)૛ࢉ − ൫ࢉ࢈√૜൯
૛
ቃ 

= ૛࢈) + ૛࢈૛)൫ࢉ − +૜√ࢉ࢈ ૛࢈૛൯൫ࢉ + +૜√ࢉ࢈  ૛൯ࢉ

- By inequality AM-GM for three positive real numbers: 

ඥ૝(࢈૟ + ૟)૜ࢉ = ට(࢈૛ + (૛ࢉ ⋅ ૛൫૛ + √૜൯൫࢈૛− +૜√ࢉ࢈ ૛൯ࢉ ⋅ ૛൫૛ − √૜൯൫࢈૛ + +૜√ࢉ࢈ ૛൯ࢉ
૜

≤ 

≤
૛࢈) + (૛ࢉ + ૛൫૛+ √૜൯൫࢈૛ − ૜√ࢉ࢈ + ૛൯ࢉ + ૛൫૛ − √૜൯൫࢈૛ + +૜√ࢉ࢈ ૛൯ࢉ

૜ =
૛࢈ૢ − ૚૛ࢉ࢈+ ૛ࢉૢ

૜  

⇔ ඥ૝(࢈૟ + ૟)૜ࢉ ≤ ૜࢈૛ − ૝ࢉ࢈ + ૜ࢉ૛ ⇔ ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈ ≤ ૜࢈૛ + ૜ࢉ࢈ + ૜ࢉ૛ 

⇔ ૚

ට૝൫࢈૟ାࢉ૟൯
૜

ାૠࢉ࢈
≥ ૚

૜൫࢈૛ାࢉ࢈ାࢉ૛൯
⇔ ࢇ

ට૝൫࢈૟ାࢉ૟൯
૜

ାૠࢉ࢈
≥ ࢇ

૜൫࢈૛ାࢉ࢈ାࢉ૛൯
     (2) 

+ Similar: ࢈

ට૝൫ࢉ૟ାࢇ૟൯
૜

ାૠࢇࢉ
≥ ࢈

૜൫ࢉ૛ାࢇࢉାࢇ૛൯
      (3) 

ࢉ

ට૝൫ࢇ૟ା࢈૟൯૜ ାૠ࢈ࢇ
≥ ࢉ

૜൫ࢇ૛ା࢈ࢇା࢈૛൯
     (4) 

- Then (2), (3), (4): ⇒ ࢇ

ට૝൫࢈૟ାࢉ૟൯
૜

ାૠࢉ࢈
+ ࢈

ට૝൫ࢉ૟ାࢇ૟൯
૜

ାૠࢇࢉ
+ ࢉ

ට૝൫ࢇ૟ା࢈૟൯
૜

ାૠ࢈ࢇ
≥ 

≥ ࢇ
૜൫࢈૛ାࢉ࢈ାࢉ૛൯

+ ࢈
૜൫ࢉ૛ାࢇࢉାࢇ૛൯

+ ࢉ
૜൫ࢇ૛ା࢈ࢇା࢈૛൯

    (5) 

− Other, by Cauchy-Schwarz we have: 
ࢇ

૛࢈ + ࢉ࢈ + ૛ࢉ
+

࢈
૛ࢉ + ࢇࢉ ૛ࢇ+

+
ࢉ

૛ࢇ + +࢈ࢇ ૛࢈
=

૛ࢇ

૛࢈ࢇ + ࢉ࢈ࢇ + ૛ࢉࢇ
+

૛࢈

૛ࢉ࢈ + ࢇࢉ࢈ + ૛ࢇ࢈
+

૛ࢉ

૛ࢇࢉ + ࢈ࢇࢉ + ૛࢈ࢉ
≥ 

≥ ૛(ାࢉା࢈ାࢇ)

൫࢈ࢇ૛ାࢉ࢈ࢇାࢉࢇ૛൯ା൫ࢉ࢈૛ାࢇࢉ࢈ାࢇ࢈૛൯ା൫ࢇࢉ૛ା࢈ࢇࢉା࢈ࢉ૛൯
    (6) 

- That (ࢇା࢈ାࢉ)૛

൫࢈ࢇ૛ାࢉ࢈ࢇାࢉࢇ૛൯ା൫ࢉ࢈૛ାࢇࢉ࢈ାࢇ࢈૛൯ା൫ࢇࢉ૛ା࢈ࢇࢉା࢈ࢉ૛൯
 

= ૛(ࢉା࢈ାࢇ)

ࢉ࢈ࢇା૜(ࢇାࢉ)ࢇࢉା(ࢉା࢈)ࢉ࢈ା(࢈ାࢇ)࢈ࢇ
= ૛(ࢉା࢈ାࢇ)

(ࢇࢉାࢉ࢈ା࢈ࢇ)(ࢉା࢈ାࢇ)
= ࢉା࢈ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
    (7) 

- Then (6), (7): ⇒ ࢇ
૛ࢉାࢉ࢈૛ା࢈

+ ࢈
૛ࢇାࢇࢉ૛ାࢉ

+ ࢉ
૛࢈ା࢈ࢇ૛ାࢇ

≥ ࢉା࢈ାࢇ
ࢇࢉାࢉ࢈ା࢈ࢇ

    (8) 

+ And ࢇ + ࢈ + ࢉ = ૜. Then (8): 

⇒ ࢇ
૛ࢉାࢉ࢈૛ା࢈

+ ࢈
૛ࢇାࢇࢉ૛ାࢉ

+ ࢉ
૛࢈ା࢈ࢇ૛ାࢇ

≥ ૜
ࢇࢉାࢉ࢈ା࢈ࢇ

   (9) 
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- Then (5), (9):⇒ ࢇ

ට૝൫࢈૟ାࢉ૟൯
૜

ାૠࢉ࢈
+ ࢈

ට૝൫ࢉ૟ାࢇ૟൯
૜

ାૠࢇࢉ
+ ࢉ

ට૝൫ࢇ૟ା࢈૟൯
૜

ାૠ࢈ࢇ
≥ ૚

ࢇࢉାࢉ࢈ା࢈ࢇ
  (10) 

- By AM-GM for five positive real numbers: 

૜ࢇ√ + ૜ࢇ√ + ૜ࢇ√ + ૛ࢇ + ૛ࢇ ≥ ૞ට√ࢇ૜ ⋅ ૜ࢇ√ ⋅ ૜ࢇ√ ⋅ ૛ࢇ ⋅ ૛ࢇ
૞

= ૞ඥࢇ૞૞ = ૞ࢇ 

⇔ ૜ ⋅ ૜ࢇ√ + ૛ࢇ૛ ≥ ૞ࢇ ⇔ ૜√ࢇ૜ ≥ ૞ࢇ − ૛ࢇ૛      (11) 

+ Similar: √࢈૜ ≥ ૞࢈ − ૛࢈૛;૜√ࢉ૜ ≥ ૞ࢉ − ૛ࢉ૛    (12) 

− Then (11), (12):⇒ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ ൯ ≥ ૞(ࢇ+ ࢈ + (ࢉ − ૛(ࢇ૛ + ૛࢈ +  (૛ࢉ

⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ ൯ ≥ ૚૞ − ૛(ࢇ૛ + ૛࢈ + ࢇ)  (૛ࢉ + ࢈ + ࢉ = ૜) 

⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ + ૚൯ ≥ ૚ૡ − ૛(ࢇ૛ + ૛࢈ + (૛ࢉ = ૛(ࢇ+ ࢈ + ૛(ࢉ − ૛(ࢇ૛ + ૛࢈ +  (૛ࢉ

(Because ࢇ + ࢈ + ࢉ = ૜ ⇒ ૛(ࢇ+ ࢈ + ૛(ࢉ = ૚ૡ) 

⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ + ૚൯ ≥ ૛(ࢇ૛ + ૛࢈ + ૛ࢉ + ૛࢈ࢇ + ૛ࢉ࢈+ ૛ࢇࢉ)− ૛(ࢇ૛ + ૛࢈ +  (૛ࢉ

⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ + ૚൯ ≥ ૝(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ ⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ ൯ ≥ ૝(࢈ࢇ+ ࢉ࢈ + −(ࢇࢉ ૜ 

⇔ ૜ࢇ√ ା ૜࢈√ ା ૜ࢉ√

૚૛
≥ ૝(࢈ࢇାࢉ࢈ାࢇࢉ)ି૜

૜૟
⇔ ૜ࢇ√ ା ૜࢈√ ା ૜ࢉ√

૚૛
≥ ࢇࢉାࢉ࢈ା࢈ࢇ

ૢ
− ૚

૛
     (13) 

- Then (10), (13): 

⇒
ࢇ

ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈
+

࢈
ඥ૝(ࢉ૟ + ૟)૜ࢇ + ૠࢇࢉ

+
ࢉ

ඥ૝(ࢇ૟ + ૟)૜࢈ + ૠ࢈ࢇ
+
૜ࢇ√ + ૜࢈√ + ૜ࢉ√

૚૛ ≥ 

≥ ૚
ࢇࢉାࢉ࢈ା࢈ࢇ

+ ࢇࢉାࢉ࢈ା࢈ࢇ
ૢ

− ૚
૚૛

    (14) 

- By AM-GM we have: 

૚
࢈ࢇ + ࢉ࢈ + +ࢇࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ૢ ≥ ૛ ⋅ ඨ

૚
+࢈ࢇ +ࢉ࢈ ࢇࢉ ⋅

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ૢ = ૛ඨ

૚
ૢ =

૛
૜ 

⇒ ૚
ࢇࢉାࢉ࢈ା࢈ࢇ

+ ࢇࢉାࢉ࢈ା࢈ࢇ
ૢ

− ૚
૚૛
≥ ૛

૜
− ૚

૚૛
= ૠ

૚૛
⇔ ૚

ࢇࢉାࢉ࢈ା࢈ࢇ
+ ࢇࢉାࢉ࢈ା࢈ࢇ

ૢ
− ૚

૚૛
≥ ૠ

૚૛
   (15) 

- Then (14), (15): 

⇒
ࢇ

ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈
+

࢈
ඥ૝(ࢉ૟ + ૟)૜ࢇ + ૠࢇࢉ

+
ࢉ

ඥ૝(ࢇ૟ + ૟)૜࢈ + ૠ࢈ࢇ
+
૜ࢇ√ + ૜࢈√ + ૜ࢉ√

૚૛
≥

ૠ
૚૛

 

⇒ Inequality (1) True and we get the result 
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+ Equality occurs if: 

⎩
⎪
⎨

⎪
⎧

,࢈,ࢇ ࢉ > 0;ܽ + ܾ + ܿ = 3
ࢇ = ࢈ = ࢉ

૚
૛ࢉାࢉ࢈૛ା࢈

= ૚
૛ࢇାࢇࢉ૛ାࢉ

= ૚
૛࢈ା࢈ࢇ૛ାࢇ

૜ࢇ√ = ;૛ࢇ ૜࢈√ = ;૛࢈ ૜ࢉ√ = ૛ࢉ
૚

ࢇࢉାࢉ࢈ା࢈ࢇ
= ࢇࢉାࢉ࢈ା࢈ࢇ

ૢ

⇔ ࢇ = ࢈ = ࢉ = ૚. 

 

SP.138. Let ࢈,ࢇ, ࢇ :be positive real numbers such that ࢉ + ࢈ + ࢉ = ૜.  

Prove that: 

૛ࢇ

ඥ૞(࢈૝ + ૝)
+

૛࢈

ඥ૞(ࢉ૝ + ૝)
+

૛ࢉ

ඥ૞(ࢇ૝ + ૝)
≥
૜
૞ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Heikichi Ezakiya-Jakarta-Indonesia 

Let :࣐ = ૛ࢇ

ට૞൫࢈૝ା૝൯
+ ૛࢈

ට૞൫ࢇ૝ା૝൯
+ ૛ࢉ

ට૞൫ࢇ૝ା૝൯
= ૚

√૞
൬ ૛ࢇ

ඥ࢈૝ା૝
+ ૛࢈

ඥࢉ૝ା૝
+ ૛ࢉ

ඥࢇ૝ା૝
൰ 

Using CBS: ࣐ ≥ ૚
√૞
⋅ ૛(ࢉା࢈ାࢇ)

ቀඥࢇ૝ା૝ାඥ࢈૝ା૝ାඥࢉ૝ା૝ቁ
= ࣐(૚) 

Using QM-AM for ൫√ࢇ૝ + ૝ + ૝࢈√ + ૝ + ૝ࢉ√ + ૝൯: 

ටࢇ૝ା࢈૝ାࢉ૝ା૚૛
૜

≥
ඥࢇ૝ା૝ାඥ࢈૝ା૝ାඥࢉ૝ା૝

૜
⇔ ૚

ቀඥࢇ૝ା૝ାඥ࢈૝ା૝ାඥࢉ૝ା૝ቁ
≥ ૚

√૜
⋅ ૚
ඥࢇ૝ା࢈૝ାࢉ૝ା૚૛

 so, 

࣐(૚) ≥ ૚
√૚૞

⋅ ૚
ඥࢇ૝ା࢈૝ାࢉ૝ା૚૛

= ࣐(૛)	  (#) 

Using QM-AM for ࢇ૛ + ૛࢈ +  ૛ࢉ

ඨࢇ
૛ + ૛࢈ + ૛ࢉ

૜ ≥
ࢇ + +࢈ ࢉ

૜ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥
+ࢇ) ࢈ + ૛(ࢉ

૜  

because ࢇ + ࢈ + ૛ࢇ :then ,ࢉ + ૛࢈ + ૛ࢉ ≥ ૜    (1) 

Using QM-AM for ࢇ૝ + ૝࢈ +  ૝ࢉ

ටࢇ૝ା࢈૝ାࢉ૝

૜
≥ ૛ࢉ૛ା࢈૛ାࢇ

૜
⇔ ૝ࢇ + ૝࢈ + ૝ࢉ ≥ ൫ࢇ૛ା࢈૛ାࢉ૛൯

૜
   (2) 

From (1) & (2): ࢇ૝ + ૝࢈ + ૝ࢉ ≥ (૜)૛

૜
= ૜  
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From (#), if we choose ࢇ૝ + ૝࢈ + ૝ࢉ = ૜, # becomes equal, then 

࣐(૚) ≥ ࣐(૛) =
૚
√૚૞

⋅
+ࢇ) ࢈ + ૛(ࢉ

√૜ + ૚૛
=

ࢇ) + ࢈ + ૛(ࢉ

૚૞  

Because ࢇ+ ࢈ + ࢉ = ૜, then: ࣐ ≥ ࣐(૚) ≥ ࣐(૛) = (૜)૛

૚૞
= ૜

૞
 

 

SP.139. In ࡯࡮࡭ triangle the lengths of sides ࡮࡭,࡭࡯,࡯࡮ are ࢈,ࢇ,  be the ࢉࢎ,࢈ࢎ,ࢇࢎ Let .ࢉ

distances from ࡯,࡮,࡭ to ࡮࡭,࡭࡯,࡯࡮; ࢇ࢒ , ,࢈࢒  .࡯,࡮,࡭ are the lengths of the bisectors ࢉ࢒

Prove that: 

࢈࢒ࢇ࢒
ࢉ࢒

+
ࢉ࢒࢈࢒
ࢇ࢒

+
ࢇ࢒ࢉ࢒
࢈࢒

≥
࢈ࢎࢇࢎ
ࢉࢎ

+
ࢉࢎ࢈ࢎ
ࢇࢎ

+
ࢇࢎࢉࢎ
࢈ࢎ

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

In any ઢࢉ࢝࢈࢝∑,࡯࡮࡭
ࢇ࢝

≥ ∑ ࢉࢎ࢈ࢎ
ࢇࢎ

. Firstly,  

ෑ(ࢇ + (࢈ = ૛ࢉ࢈ࢇ+෍࢈ࢇ (૛࢙− (ࢉ = ૛࢙൫࢙૛ + ૝࢘ࡾ+ ࢘૛൯ − ૝࢙࢘ࡾ =
(૚)

૛࢙൫࢙૛ + ૛࢘ࡾ+ ࢘૛൯ 

Also, ∑(࢙ − (࢈ (࢙ − (ࢉ = ∑(࢙૛ − +࢈)࢙ (ࢉ + (ࢉ࢈ = ૜࢙૛ − ૝࢙૛ + ࢈ࢇ∑ =
(૛)

૝࢘ࡾ + ࢘૛ 

Also, ∏࢝ࢇ = ∏ቀ૛ࢉ࢈
ࢉା࢈

ܛܗ܋ ࡭
૛
ቁ = ૡ൫૚૟ࡾ૛࢘૛࢙૛൯

(ࢉା࢈)∏
ቀ ࢙
૝ࡾ
ቁ =
(૚)	࢟࢈ ૚૛ૡࡾ૛࢘૛࢙૛

૛࢙൫࢙૛ା૛࢘ࡾା࢘૛൯
ቀ ࢙
૝ࡾ
ቁ =

(૜) ૚૟࢘ࡾ૛࢙૛

࢙૛ା૛࢘ࡾା࢘૛
 

Now, ∑ ࢉࢎ࢈ࢎ
ࢇࢎ

= ∑ ૛(ࢉࢎ࢈ࢎ)

ࢉࢎ࢈ࢎࢇࢎ
= ቀ ૡࡾ૜

૛ࢉ૛࢈૛ࢇ
ቁ∑ ቀࢇࢉ

૛ࡾ
⋅ ࢈ࢇ
૛ࡾ
ቁ
૛

= ቀ ૡࡾ૜

૛ࢉ૛࢈૛ࢇ
ቁ ቀࢇ

૛࢈૛ࢉ૛

૚૟ࡾ૝
ቁ∑ࢇ૛ =

(ࢇ) ૛ࢇ∑

૛ࡾ
 

Now, ∑ ࢉ࢝࢈࢝
ࢇ࢝

= ቀ ૚
ࢇ࢝∏

ቁ∑࢝࢈
૛࢝ࢇ

૛ =
(૜)	࢟࢈

ቀ࢙
૛ା૛࢘ࡾା࢘૛

૚૟࢘ࡾ૛࢙૛
ቁ∑ ቂ ૝ࢉ

૛ࢇ૛

૛(ࢇାࢉ)
⋅ (࢈ି࢙)࢙

ࢇࢉ
⋅ ૝ࢇ

૛࢈૛

૛(࢈ାࢇ)
⋅ (ࢉି࢙)࢙

࢈ࢇ
ቃ 

= ቆ
࢙૛ + ૛࢘ࡾ+ ࢘૛

૚૟࢘ࡾ૛࢙૛ ቇ ⋅
૚૟ ⋅ ૝࢙࢘ࡾ

+ࢇ)∏) ૛((࢈ ቂ෍ࢇ (࢙ − ࢙)(࢈ − ࢈)(ࢉ +  ૛ቃ(ࢉ

= ቆ
࢙૛ + ૛࢘ࡾ+ ࢘૛

૚૟࢘ࡾ૛࢙૛
ቇ ⋅

૟૝࢙࢘ࡾ ⋅ ࢘૛࢙
૝࢙૛(࢙૛ + ૛࢘ࡾ+ ࢘૛)૛ ቈ෍

+࢈)ࢇ ૛(ࢉ

࢙ − ࢇ
቉ =

(૝)
ቀ

࢘
࢙૛ + ૛࢘ࡾ+ ࢘૛

ቁ ቈ෍
+࢈)ࢇ ૛(ࢉ

࢙ − ࢇ
቉ 

Now, ∑ ૛(ࢉା࢈)ࢇ

ࢇି࢙
= ∑ ૛(ࢇା࢙ି࢙)ࢇ

ࢇି࢙
= ∑ (ࢇି࢙)࢙ࢇ૛ା૛(ࢇି࢙)ࢇ૛ା࢙ࢇ

ࢇି࢙
= ࢙૛∑ ା࢙࢙ିࢇ

ࢇି࢙
+ ࢇ∑ (࢙ − (ࢇ + ૛࢙(૛࢙) 

= ࢙૛ ቀ−૜ + ૝ +
࢙
࢘૛࢙෍

(࢙ − ࢙)(࢈ − ቁ(ࢉ + ࢙(૛࢙)− ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) 
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=
(૛)	࢟࢈

࢙૛ ൬૚ +
૝ࡾ + ࢘
࢘ ൰+ ૛(૝࢘ࡾ+ ࢘૛) =

(૞) ࢙૛(૝ࡾ+ ૛࢘) + ૛࢘૛(૝ࡾ + ࢘)
࢘  

(4),(5)⇒ ∑ ࢉ࢝࢈࢝
ࢇ࢝

=
(࢈) ࢙૛(૝ࡾା૛࢘)ା૛࢘૛(૝ࡾା࢘)

࢙૛ା૛࢘ࡾା࢘૛
 

(a), (b)⇒ given inequality ⇔ ࢙૛(૝ࡾା૛࢘)ା૛࢘૛(૝ࡾା࢘)
࢙૛ା૛࢘ࡾା࢘૛

≥ ૛ࢇ∑

૛ࡾ
= ࢙૛ି૝࢘ି࢘ࡾ૛

ࡾ
 

⇔ ࢙૛(૝ࡾ૛ + ૛࢘ࡾ) + ૛࢘ࡾ૛(૝ࡾ + ࢘) ≥ (࢙૛ − ૝࢘ࡾ − ࢘૛)(࢙૛ + ૛࢘ࡾ + ࢘૛) 

⇔ ࢙૛(૝ࡾ૛ + ૛࢘ࡾ) + ૛࢘ࡾ૛(૝ࡾ+ ࢘) ≥ ࢙૝ − ૛࢙࢘ࡾ૛ − ࢘૛(૝ࡾ+ ࢘)(૛ࡾ + ࢘) 

⇔ ࢙૛(૝ࡾ૛ + ૝࢘ࡾ) + ࢘૛(૝ࡾ+ ࢘)૛ ≥
(ࢉ)
࢙૝ 

Now, RHS of (4) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≤
?
࢙૛(૝ࡾ૛ + ૝࢘ࡾ) + ࢘૛(૝ࡾ+ ࢘)૛ ⇔ 

⇔ (૝ࡾ+ ࢘)૛ ≥ ૜࢙૛ → true (Trucht) (Proved) 

 

SP.140. Let ࢈,ࢇ,  :be positive real numbers. Prove that ࢉ

࢈ + ࢉ
ࢇ +

ࢉ + ࢇ
࢈ +

+ࢇ ࢈
ࢉ ≥

૝(ࢇ૛ + ૛࢈ + (૛ࢉ
࢈ࢇ + ࢉ࢈ + ࢇࢉ +

૛(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ  

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam 

Solution 1 by Rade Krenkov-Sturmica-Macedonia 

From Cauchy – Schwarz inequality we have: 

ቀ࢈
ࢇ

+ ࢉ
ࢇ

+ ࢉ
࢈

+ ࢇ
࢈

+ ࢇ
ࢉ

+ ࢈
ࢉ
ቁ +ࢇ૜࢈) +ࢇ૜ࢉ ࢈૜ࢉ + ࢈૜ࢇ + ࢉ૜ࢇ + (ࢉ૜࢈ ≥ ૝(ࢇ૛ + ૛࢈ +  ૛)૛    (1)ࢉ

൬
࢈
ࢇ

+
ࢉ
ࢇ

+
ࢉ
࢈

+
ࢇ
࢈

+
ࢇ
ࢉ

+
࢈
ࢉ
൰ ൫ࢉ࢈ࢇ૛ + ૛࢈ࢉࢇ + ૛ࢇࢉ࢈ + ૛ࢉࢇ࢈ + ૛࢈ࢇࢉ + ૛൯ࢇ࢈ࢉ ≥ ૝(࢈ࢇ+ ࢉ࢈ +  ૛(ࢇࢉ

ቀ࢈
ࢇ

+ ࢉ
ࢇ

+ ࢉ
࢈

+ ࢇ
࢈

+ ࢇ
ࢉ

+ ࢈
ࢉ
ቁ ૛ࢉ࢈ࢇ) + ૛ࢇࢉ࢈ + (૛࢈ࢇࢉ ≥ ૛(࢈ࢇ+ ࢉ࢈ +  ૛    (2)(ࢇࢉ

From (1) and (2) we get: 

൬
࢈ + ࢉ
ࢇ +

ࢉ + ࢇ
࢈ +

+ࢇ ࢈
ࢉ

൰ +࢈ࢇ) +ࢉ࢈ ૛ࢇ)(ࢇࢉ + ૛࢈ + (૛ࢉ ≥ ૝(ࢇ૛ + ૛࢈ + ૛)૛ࢉ + ૛(࢈ࢇ + +ࢉ࢈  ૛(ࢇࢉ

Now, we have that: 

࢈ + ࢉ
ࢇ +

ࢉ + ࢇ
࢈ +

+ࢇ ࢈
ࢉ ≥

૝(ࢇ૛ + ૛࢈ + (૛ࢉ
࢈ࢇ + ࢉ࢈ + ࢇࢉ +

૛(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ  
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Solution 2 by Soumava Chakraborty-Kolkata-India 

∑ ࢉା࢈
ࢇ
≥ ૝∑ࢇ૛

࢈ࢇ∑
+ ૛∑࢈ࢇ

૛ࢇ∑
. Given inequality transforms into: 

ቀ෍࢈ࢇቁ ቀ෍ࢇ૛ቁ ቄ෍࢈ࢇ +ࢇ) ቅ(࢈ − ቊ૝ࢉ࢈ࢇ ቀ෍ࢇ૛ቁ
૛

+ ૛ቀ෍࢈ࢇቁ
૛
ቋ ≥ ૙ ⇔ 

⇔෍ࢇ૞࢈૛ + ෍ࢇ૛࢈૞ + ෍ࢇ૝࢈૜ + ෍ࢇ૜࢈૝ + ૛ࢉ࢈ࢇቀ෍ࢇ૜࢈ + ෍࢈ࢇ૜ቁ ≥ 

≥
(ࢇ)

૟ࢉ࢈ࢇ൫∑ࢇ૛࢈૛൯+ ૛ࢉ࢈ࢇ൫∑ࢇ૝൯, we have ૛ࢉ࢈ࢇ൫∑ࢇ૜࢈+ ૜൯࢈ࢇ∑ ≥
(૚)

ࡳି࡭
૛ࢉ࢈ࢇ(∑࢈ࢇ(૛࢈ࢇ)) = 

= ૝ࢉ࢈ࢇ(∑ࢇ૛࢈૛). Also, ∑ࢇ૝࢈૜ + ૝࢈૜ࢇ∑ = ૝ࢉ∑ ૜ࢇ) + (૜࢈ ≥ ૝ࢉ∑ +ࢇ)࢈ࢇ (࢈ = 

= ࢈૜ࢇ∑)ࢉ࢈ࢇ + (૜࢈ࢇ∑ = ૛ࢇ)࢈ࢇ∑)ࢉ࢈ࢇ + ((૛࢈ ≥
(૛)

ࡳି࡭
૛ࢉ࢈ࢇ(∑ࢇ૛࢈૛). Moreover, 

෍ࢇ૞࢈૛ + ෍ࢇ૛࢈૞ = ෍ࢉ૞(ࢇ૛ + (૛࢈ ≥
(૜)

ࡳି࡭
෍ࢉ૞ (૛࢈ࢇ) = ૛ࢉ࢈ࢇ ቀ෍ࢇ૝ቁ 

(1)+(2)+(3)⇒ (a) is true (proved) 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0 we have:  

૛࢈૜ࢇ + ૜࢈૛ࢇ + ૛ࢉ૜࢈ + ૜ࢉ૛࢈ + ૛ࢇ૜ࢉ + ૜ࢇ૛ࢉ ≥ ૛(ࢇ૛ࢉ࢈+ ࢉ૜࢈ࢇ +  (૜ࢉ࢈ࢇ

Hence (ࢇ૛࢈ + ૛࢈ࢇ + +ࢉ૛࢈ ૛ࢉ࢈ + ࢇ૛ࢉ + +࢈ࢇ)(૛ࢇࢉ +ࢉ࢈  (ࢇࢉ

≥ ૝ࢇ)ࢉ࢈ࢇ૛ + ૛࢈ + (૛ࢉ + ૛(ࢉ࢈ࢇ)(࢈ࢇ+ +ࢉ࢈ (ࢇࢉ ⇒
࢈૛ࢇ) + (૛࢈ࢇ

ࢉ࢈ࢇ
+

+ࢉ૛࢈) (૛ࢉ࢈
ࢉ࢈ࢇ

+
ࢇ૛ࢉ) + (૛ࢇࢉ

ࢉ࢈ࢇ
≥ 

≥ ૝൫ࢇ૛ା࢈૛ାࢉ૛൯
(ࢇࢉାࢉ࢈ା࢈ࢇ)

+ ૛(࢈ࢇାࢉ࢈ାࢇࢉ)
(ࢇࢉାࢉ࢈ା࢈ࢇ)

⇒ ࢈ାࢇ
ࢉ

+ ࢉା࢈
ࢇ

+ ࢇାࢉ
࢈
≥ ૝൫ࢇ૛ା࢈૛ାࢉ૛൯

(ࢇࢉାࢉ࢈ା࢈ࢇ)
+ ૛(࢈ࢇାࢉ࢈ାࢇࢉ)

૛ࢉ૛ା࢈૛ାࢇ
.  

Therefore it is to be true. 

 

SP.141. Let ࢈,ࢇ, ࢉ > ૙ such that: ࢇ + ࢈ + ࢉ = ૜. Prove that: 

૝ࢇ

࢈ࢇ૝൫૛࢈ − +ࢉ√ ૛൯
+

૝࢈

ࢉ࢈૝൫૛ࢉ − +ࢇ√ ૛൯
+

૝ࢉ

ࢇࢉ૝൫૛ࢇ − ࢈√ + ૛൯
≥
૛ࢇ + ૛࢈ + ૛ࢉ

૜  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Michael Sterghiou-Greece 

∑ ૝ࢇ

ࢉ࢟ࢉା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈ ≥ ∑ ࢉ࢟ࢉ૛ࢇ

૜
   (1) 
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Let ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ൯ࢉ࢈ࢇ, = ,ࢗ,࢖) ࢖.(࢘ = ૜.∑ ࢉ࢟ࢉ૜ࢇ = ૢ − ૛ࢗ 

LHS of (1) ≥
൬∑ ૛ࢇ

ࢉ࢟ࢉ૛࢈ ൰
૛

∑ ൫૛ࢉ√ି࢈ࢇା૛൯ࢉ࢟ࢉ
[ࡿ࡯࡮]	 ≥

ቀ∑ ࢇ
ࢉ࢟ࢉ࢈ ቁ
૝

ૢൣ૛ࢗା૟ି∑ ࢉ࢟ࢉࢇ√ ൧
 [again] BCS  (2) 

It suffices that (2) ≥ ૢି૛ࢗ
૜

. But it holds that 

∑ ࢇ
ࢉ࢟ࢉ࢈ ≥ ࢖

࢘
૚
૜
 (AM-GM) and ∑ ࢉ࢟ࢉࢇ√ ≥ ࢖ as)  ࢗ = ૜) 

The last one: as ∑ ࢉ࢟ࢉ૛ࢇ + ૛∑ ࢉ࢟ࢉ࢈ࢇ = ൫∑ ࢉ࢟ࢉࢇ ൯
૛

= ૢ it suffices that 

∑ ࢉ࢟ࢉ૛ࢇ + ૛∑ ࢉ࢟ࢉࢇ√ ≥ ૢ. But  

෍൫ࢇ૛ + ࢇ√ + ൯ࢇ√
ࢉ࢟ࢉ

≥
ࡹࡳିࡹ࡭

૜ ⋅෍ࢇ
ࢉ࢟ࢉ

= ૢ 

Therefore we have to show that ૡ૚

ૢ࢘
૝
૜(ࢗା૟)

≥ ૢି૛ࢗ
૜

 or 

(ࢗ)ࢌ = ቀࢇ
૜
ቁ
૛

ࢗ) + ૟)(ૢ − ૛ࢗ) − ૛ૠ ≤ ૙ because this stronger inequality arises from 

the fact that ࢘ ≤ ቀࢗ
૜
ቁ
૜
૛. But (ࢗ)ࢌ = ૚

ૢ
(૜ − ૜ࢗ૛)(ࢗ + ૛ࢗૢ − ૛ૠࢗ − ૡ૚) and ࢗ ≤ ૜, 

(ࢗ)ૢ = ૛ࢗ૛)ࢗ + ࢗૢ − ૛ૠ) ≤ ૡ૚ as ࢗ ≤ ૜  and ૛ࢗ૛ + ࢗૢ − ૛ૠ ≤ ૛ૠ 

The proof is complete. 

Solution 2 by proposer 

* By Inequality Cauchy- Schwarz. We have: 

∑ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
= ∑

൬ࢇ
૛

૛࢈
൰
૛

൫૛ࢉ√ି࢈ࢇା૛൯
≥

൬∑ࢇ
૛

૛࢈
൰
૛

∑൫૛ࢉ√ି࢈ࢇା૛൯
=

൬∑ࢇ
૛

૛࢈
൰
૛

૛∑ࢇ√∑ି࢈ࢇା૟
     (2) 

- Other, by AM-GM: 

∑ ૛ࢇ

૛࢈
= ∑

૛ࢇ

૛࢈
ାࢇ

૛

૛࢈
ା࢈

૛

૛ࢉ

૜
≥ ∑

૜⋅ ටࢇ
૛

૛࢈
ࢇ⋅
૛

૛࢈
࢈⋅
૛

૛ࢉ
૜

૜
= ∑ ට ૝ࢇ

૛ࢉ૛࢈
૜

= ૛ࢇ∑

ඥࢇ૛࢈૛ࢉ૛૜      (3) 

૜ = ࢇ + +࢈ ࢉ ≥ ૜√ࢉ࢈ࢇ૜ ⇒ ૜ࢉ࢈ࢇ√ ≤ ૚ ⇒ ૛૜ࢉ૛࢈૛ࢇ√ ≤ ૚. Let (3): ⇒ ∑ ૛ࢇ

૛࢈
≥ ૛ࢇ∑  

- Let (2):⇒ ∑ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
≥ ൫∑ࢇ૛൯

૛

૛∑ࢇ√∑ି࢈ࢇା૟
        (4) 

- By AM-GM and ࢇ+ ࢈ + ࢉ = ૜. We have: 
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૛∑√ࢇ+ ෍ࢇ૛ = ෍൫√ࢇ+ +ࢇ√ ૛൯ࢇ > ෍૜ ⋅ ට√ࢇ ⋅ ࢇ√ ⋅ ૛ࢇ
૜

= ૜෍ࢇ = ૢ = ቀ෍ࢇቁ
૛
⇒෍√ࢇ ≥෍࢈ࢇ 

- Let (4): 

⇒ ∑ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
≥ ൫∑ࢇ૛൯

૛

૛∑࢈ࢇ∑ି࢈ࢇା૟
= ൫∑ࢇ૛൯

૛

ା૟࢈ࢇ∑
≥ ൫∑ࢇ૛൯

૛

∑ ૛ା૟ࢇ
   (because ∑࢈ࢇ ≤  ૛)  (5)ࢇ∑

* We will prove that: ൫∑ࢇ
૛൯
૛

૛ା૟ࢇ∑
≥ ૛ࢇ∑

૜
⇔ ૛ࢇ∑

૛ା૟ࢇ∑
≥ ૚

૜
⇔ ૜∑ࢇ૛ ≥ ૛ࢇ∑ + ૟ ⇔ ૛ࢇ∑ ≥ ૜ 

(True because by AM-GM: ∑ࢇ૛ ≥ ૛(ࢇ∑)

૜
= ૜૛

૜
= ૜) 

- Therefore, let (5): ⇒ ∑ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
≥ ∑ ૛ࢇ

૜
 

⇔ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
+ ૝࢈

ା૛൯ࢇ√ିࢉ࢈૝൫૛ࢉ
+ ૝ࢉ

ା૛൯࢈√ିࢇࢉ૝൫૛ࢇ
≥ ૛ࢉ૛ା࢈૛ାࢇ

૜
⇒ Q.E.D. 

 

SP.142. Let ࢈,ࢇ, ࢉ࢈ࢇ :be positive real numbers such that ࢉ = ૚. Prove that: 

૛࢈૛ࢇ

૛ࢇ − ૛ࢇ + ૛࢈ + ૛ +
૛ࢉ૛࢈

૝࢈ − ૛࢈ + ૛ࢉ + ૛ +
૛ࢇ૛ࢉ

૝ࢉ − ૛ࢉ + ૛ࢇ + ૛ ≤
૛ࢇ + ૛࢈ + ૛ࢉ + ૜

૝  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Marian Ursarescu-Romania 

૝ࢇ − ૛ࢇ+ ૛࢈ + ૛ = ૝ࢇ − ૛ࢇ૛ + ૚ + ૛ࢇ૛ + ૛࢈ + ૛ି૛ࢇ = ൫ࢇ૛ − ૚൯
૛

+ ૛ࢇ − ૛ࢇ+ ૚+ ૛ࢇ + 

૛࢈+ = ૛ࢇ) − ૚)૛ + ࢇ) − ૚)૛ + ૛ࢇ + ૛࢈ ≥ ૛ࢇ + ૛࢈ ≥ ૛࢈ࢇ, with equality for ࢇ = ࢈ = ૚. 

Inequality becomes: ࢇ
૛࢈૛

૛࢈ࢇ
+ ૛ࢉ૛࢈

૛ࢉ࢈
+ ૛ࢉ૛ࢇ

૛ࢉࢇ
≤ ૛ା૜ࢉ૛ା࢈૛ାࢇ

૝
⇔ 

૛ࢇ + ૛࢈ + ૛ࢉ + ૜ ≥ ૛(࢈ࢇ+ ࢉ࢈ + ,࢈,ࢇ∀,(ࢉࢇ ࢉ > 0 with ࢉ࢈ࢇ = ૚  (1) 

૛ࢇ + ૛࢈ ≥ ૛ࢉ ; (2)   ࢈ࢇ૛ + ૚ ≥ ૛(3)   ࢉ; ૛ + ૛ࢉ ≥ ૛ࢉࢇ + ૛(4)  ࢉ࢈ ⇔ ૚ + ૚
࢈ࢇ
≥ ૚

࢈
+ ૚

ࢇ
⇔ 

⇔ ࢈ࢇ + ૚ ≥ ࢇ + ࢈ ⇔ ࢇ) − ૚)(࢈ − ૚) ≥ ૙, true because we can choose two numbers 

so that ࢈,ࢇ ≥ ૚ or ࢈,ࢇ ≤ ૚. From (2)+(3)+(4)⇒ ૛ࢇ + ૛࢈ + ૛ࢉ + ૚ + ૛ + ૛ࢉ ≥ 

≥ ૛࢈ࢇ + ૛ࢉ + ૛ࢉࢇ + ૛ࢉ࢈ ⇒ ૛ࢇ + ૛࢈ + ૛ࢉ + ૜ ≥ ૛(࢈ࢇ + ࢉ࢈ + (ࢉࢇ ⇒ then (1) its true. 

Solution 2 by Michael Sterghiou-Greece 

,࢈,ࢇ ࢉ > 0 ∧ ܾܽܿ = 1 → ∑ ૛࢈૛ࢇ

ࢉ࢟ࢉ૛ା૛࢈ାࢇ૝ି૛ࢇ ≤ ൫∑ ࢉ࢟ࢉ૛ࢇ ൯ା૜
૝

   (1) 
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૛࢈૛ࢇ

૝ࢇ + ૛ࢇ+ ૛࢈ + ૛ =
૛࢈૛ࢇ

૝ࢇ − ૛ࢇ − ૛ࢇ + ૛࢈ + ૛ࢇ + ૛ ≤
૛࢈૛ࢇ

ࢇ) − ૚)૛(ࢇ૛ + ૛ࢇ+ ૛)ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
வ଴

+ ૛࢈ࢇ ≤
࢈ࢇ
૛  

Applying this in a cyclic manner it suffices to prove 

૛ࢇ + ૛࢈ + ૛ࢉ + ૜ − ૛(࢈ࢇ+ +ࢉ࢈ (ࢇࢉ ≥ ૙  (2). From the numbers ࢇ − ૚,࢈ − ૚, ࢉ − ૚ 

two will have the same sign (pigeonhole principle). Let WLOG these be ࢇ − ૚,࢈ − ૚ 

(2)→ ૛ࢇ + ૛࢈ + ૛ࢉ + ૚ + ૛ࢉ࢈ࢇ − ૛࢈ࢇ − ૛ࢉ࢈ − ૛ࢇࢉ = ࢇ) − ૚)૛ + −࢈) ૛(ࢉ + 

+૛ࢇ(૚ − ૚)(࢈ − ≤ which is clearly (ࢉ ૙. Done. 

Solution 3 by Rade Krenkov-Sturmica-Macedonia 

Using AM-GM we get: ࢇ૛࢈૛

૛ା૛࢈ାࢇ૝ି૛ࢇ
+ ૛ࢉ૛࢈

૛ା૛ࢉାࢉ࢈૛ି૛࢈
+ ૛ࢇ૛ࢉ

૛ା૛ࢇାࢉ૝ି૛ࢉ
≤ 

≤
૛࢈૛ࢇ

૝ࢇ − ૛ࢇ + ૛࢈ + ૝ +
૛ࢉ૛࢈

૝࢈ − ૛࢈ + ૛ࢉ + ૝ +
૛ࢇ૛ࢉ

૝ࢉ − ૛ࢉ + ૛ࢇ + ૝ 

૛࢈૛ࢇ

૝ࢇ − ૛ࢇ + ૛࢈ + ૛
+

૛ࢉ૛࢈

૝࢈ − ૛࢈+ ૛ࢉ + ૛
+

૛ࢇ૛ࢉ

૝ࢉ − ૛ࢉ+ ૛ࢇ + ૛
≤

૛࢈૛ࢇ

૛ࢇ + ૛࢈
+

૛ࢉ૛࢈

૛࢈ + ૛ࢉ
+

૛ࢇ૛ࢉ

૛ࢉ + ૛ࢇ
 

૛࢈૛ࢇ

૝ࢇ − ૛ࢇ+ ૛࢈ + ૛ +
૛ࢉ૛࢈

૝࢈ + ૛࢈+ ૛ࢉ + ૛ +
૛ࢇ૛ࢉ

૝ࢉ − ૛ࢉ + ૛ࢇ + ૛ ≤ 

≤
૚
૛ቈ
࢈ࢇ ⋅ ૛࢈ࢇ
૛ࢇ + ૛࢈ +

ࢉ࢈ ⋅ ૛ࢉ࢈
૛࢈ + ૛ࢉ +

(ࢇࢉ૛)ࢇࢉ
૛ࢉ + ૛ࢇ ቉ 

૛࢈૛ࢇ

૝ࢇ − ૛ࢇ + ૛࢈ + ૛ +
૛ࢉ૛࢈

૝࢈ − ૛࢈ + ૛ࢉ + ૛ +
૛ࢇ૛ࢉ

૝ࢉ − ૛ࢉ+ ૛ࢇ + ૛ ≤
૚
૛

+࢈ࢇ) +ࢉ࢈  (ࢇࢉ

We have to prove that: ࢇ૛ + ૛࢈ + ૛ࢉ + ૜ ≥ ૛(࢈ࢇ+ +ࢉ࢈  (ࢇࢉ

We will prove that: (ࢇ + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ + ૜) ≥ ૛(࢈ࢇ+ ࢉ࢈ + +ࢇ)(ࢇࢉ ࢈ +  (ࢉ

Note that: ࢇ+ ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜ = ૜ඥ(ࢉ࢈ࢇ)૜૜ = ૜ࢉ࢈ࢇ. Now,  

+ࢇ) ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ + ૜) = ૜ࢇ + ૜࢈ + ૜ࢉ + ෍ࢇ૛࢈+ ෍࢈ࢇ૛ + ૜(ࢇ + +࢈  (ࢉ

ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ + ૜) ≥ ૜ࢇ + ૜࢈ + ૜ࢉ + ෍ࢇ૛࢈ + ෍࢈ࢇ૛ + ૟ࢉ࢈ࢇ + ૜ࢉ࢈ࢇ 

Using Schur’s inequality we get:  

ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ + ૜) ≥ ૛ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ + ૜ࢉ࢈ࢇቁ 

+ࢇ) ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ + ૜) ≥ ૛(ࢇ+ ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (Done)  (ࢇࢉ
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Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0 and ࢉ࢈ࢇ = ૚, give ࢇ = ࢞
࢟

࢈, = ࢟
ࢠ

, ࢉ = ࢠ
࢞
 and since (࢈ࢇ)૛

ࢠ૛ା࢈ାࢇ૝ି૛ࢇ
≤ ࢈ࢇ

૛
 

૛(ࢉ࢈)

૛ା૛ࢉା࢈૝ି૛࢈
≤ ࢉ࢈

૛
; ૛(ࢇࢉ)

૛ା૛ࢇାࢉ૝ି૛ࢉ
≤ ࢇࢉ

૛
 and ࢈ࢇ

૛
+ ࢉ࢈

૛
+ ࢇࢉ

૛
≤ ૛ା૜ࢉ૛ା࢈૛ାࢇ

૝
 

Because ࢈ࢇ+ +ࢉ࢈ ࢇࢉ = ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ

= ࢟
࢞

+ ࢠ
࢟

+ ࢞
ࢠ
 

૛ࢇ + ૛࢈ + ૛ࢉ = ቀ࢞
࢟
ቁ
૛

+ ቀ࢟
ࢠ
ቁ
૛

+ ቀࢠ
࢞
ቁ
૛

 and since 

࢞૝ࢠ૛ + ࢟૝࢞૛ + ૝࢟૛ࢠ + ૜(࢞࢟ࢠ)૛ ≥ ૛(࢞࢟૜ࢠ૛ + ࢞૜࢟૛ࢠ + ࢞૛࢟ࢠ૜) ⇒ 

⇒
࢞૛

࢟૛ + ቀ
࢟
ࢠ
ቁ
૛

+ ቀ
ࢠ
࢞
ቁ
૛

+ ૜ ≥ ૛൬
࢟
࢞ +

࢞
ࢠ +

ࢠ
࢟൰ ⇒ ૛ࢇ + ૛࢈ + ૛ࢉ + ૜ ≥ ૛൬

૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ⇒ 

⇒ ૛ା૜ࢉ૛ା࢈૛ାࢇ
૝

≥ ࢇࢉାࢉ࢈ା࢈ࢇ
૛

. Therefore it is to be true. 

 

SP.143. Let ࢞,࢟,  :be non-negative real numbers. Prove that ࢠ

࢞ඥ૜࢞૛ + ࢠ࢟ + ࢟ඥ૜࢟૛ + ࢞ࢠ + ૛ࢠඥ૜ࢠ + ࢞࢟ ≥ ࢞૛ + ࢟૛ + ૛ࢠ + ࢞࢟+ ࢠ࢟ +  ࢞ࢠ

Proposed by Do Quoc Chinh – Ho Chi Minh – Vietnam  

Solution by Rade Krenkov-Strumica-Macedonia 

Using Cauchy – Schwarz inequality we have:  (૜࢞૛ + ૜࢞૛)(ࢠ࢟ + ࢞૛) ≥ ൫૜࢞૛ + ࢞ඥ࢟ࢠ൯
૛

. 

Now, we get: 
૛࢞ඥ૜࢞૛ + ࢠ࢟ ≥ ૜࢞૛ + ඥ࢟ࢠ			(૚)

૛࢟ඥ૛࢟૛ + ࢞ࢠ ≥ ૜࢟૛ + (૛)			࢞ࢠ√
૛ࢠඥ૜ࢠ૛ + ࢞࢟ ≥ ૜ࢠ૛ + ඥ࢞࢟			(૜)

 

 From (1), (2) and (3) we get: ૛ ቀ࢞ඥ૜࢞૛ + ࢠ࢟ + ࢟ඥ૜࢟૛ + ࢞ࢠ + ૛ࢠඥ૜ࢠ + ࢞࢟ቁ ≥ 

≥ ૛(࢞૛ + ࢟૛ + (૛ࢠ + ൫࢞૛ + ࢟૛ + ૛ࢠ + ඥ࢞࢟ + ඥ࢟ࢠ +  .൯࢞ࢠ√

 It is enough to prove that: 

࢞૛ + ࢟૛ + ૛ࢠ + ࢞ඥ࢟ࢠ + ࢞ࢠ√࢟ + ඥ࢞࢟ࢠ ≥ ૛(࢞࢟ + +ࢠ࢟  Introducing substitution .(࢞ࢠ

࢞ = ࢟,૛ࢇ = ,૛࢈ ࢠ =   ૛ࢉ

we get: ࢇ૝ + ૝࢈ + ૝ࢉ + +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ ≥ ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +   .(૛ࢇ૛ࢉ

Using Schur’s inequality we have:  
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෍ࢇ૝
ࢉ࢟ࢉ

+ ࢇ෍ࢉ࢈ࢇ
ࢉ࢟ࢉ

= ቌ෍ࢇ૜
ࢉ࢟ࢉ

+ ૜ࢉ࢈ࢇቍ ⋅෍ࢇ
ࢉ࢟ࢉ

− ቌ෍ࢇ૜࢈
ࢉ࢟ࢉ

+ ෍࢈ࢇ૜
ࢉ࢟ࢉ

ቍ 

෍ࢇ૝
ࢉ࢟ࢉ

+ ࢇ෍ࢉ࢈ࢇ
ࢉ࢟ࢉ

≥ ቌ෍ࢇ૛࢈
ࢉ࢟ࢉ

+ ෍࢈ࢇ૛
ࢉ࢟ࢉ

ቍ෍ࢇ
ࢉ࢟ࢉ

− ૛ࢉ࢈ࢇ෍ࢇ
ࢉ࢟ࢉ

−ቌ෍ࢇ૜࢈
ࢉ࢟ࢉ

+ ෍࢈ࢇ૜
ࢉ࢟ࢉ

ቍ 

෍ࢇ૝
ࢉ࢟ࢉ

+ ࢇ෍ࢉ࢈ࢇ
ࢉ࢟ࢉ

≥ ૛෍ࢇ૛࢈૛
ࢉ࢟ࢉ

 

 

SP.144. Let ࡯,࡮,࡭ be the corners in a triangle ࡯࡮࡭. Prove that: 

ቌ
૛࡭ܖܑܛ
૛࡮ܖ܉ܜ

ቍ

૛

+ ቌ
ܖܑܛ ૛࡮
૛࡯ܖ܉ܜ

ቍ

૛

+ ቌ
ܖܑܛ ૛࡯
૛࡭ܖ܉ܜ

ቍ

૛

≥
ૢ
૝ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Marian Ursarescu-Romania 

࢙ =
ࢇ + +࢈ ࢉ

૛  

ቆ
૛࡭ܖܑܛ
૛࡮ܖ܉ܜ

ቇ
૛

=
(࢙ష࢈)(࢙షࢉ)

ࢉ࢈
(࢙షࢇ)(࢙షࢉ)
࢙(࢙ష࢈)

= ૛(࢈ି࢙)࢙

(ࢇି࢙)ࢉ࢈
= ૚ we must show: ∑ ૛(࢈ି࢙)࢙

(ࢇି࢙)ࢉ࢈
≥ ૢ

૝
⇔ ∑ ૛(࢈ି࢙)࢙ࢇ

(ࢇି࢙)ࢉ࢈ࢇ
≥ ૢ

૝
⇔ 

⇔ ૛(࢈ି࢙)ࢇ

ࢇି࢙
≥ ૢ

૝
⋅ ࢉ࢈ࢇ

࢙
⇔ ∑ ૛(࢈ି࢙)૛ࢇ

(ࢇି࢙)ࢇ
≥ ࢉ࢈ࢇૢ

૝࢙
   (1) 

From Bergstrom inequality we have: ∑ ૛(࢈ି࢙)ࢇ

(ࢇି࢙)ࢇ
≥ ૛((࢈ି࢙)ࢇ∑)

(ࢇି࢙)ࢇ∑
   (2) 

From (1)+(2) we must show this: 
ቀ૛࢙૛ି(࢈ࢇାࢉ࢈ାࢉࢇ)ቁ

૛

૛࢙૛ି൫ࢇ૛ା࢈૛ାࢉ૛൯
≥ ࢉ࢈ࢇૢ

૝࢙
   (3) 

But we have ࢉ࢈ࢇ = ૝࢙(4)  ࢘ࡾ 

࢈ࢇ + ࢉ࢈ + ࢉࢇ = ࢙૛ + ࢘૛ + ૝(5)   ࢘ࡾ 

૛ࢇ + ૛࢈ + ૛ࢉ = ૛(࢙૛ − ࢘૛ − ૝(6)   (࢘ࡾ 

From (3)+(4)+(5)+(6) we must show: ൫૛࢙
૛ି࢙૛ି࢘૛ି૝࢘ࡾ൯૛

૛࢙૛ି૛࢙૛ା૛࢘૛ାૡ࢘ࡾ
≥ ૢ૝࢙࢘ࡾ

૝࢙
⇔ ൫࢙૛ି࢘૛ି૝࢘ࡾ൯૛

૛࢘(૝ࡾା࢘) ≥ ࢘ࡾૢ ⇔ 

(࢙૛ − ࢘૛ − ૝࢘ࡾ)૛ ≥ ૚ૡ࢘ࡾ૛(૝ࡾ + ࢘)   (7) 

From Gerretsen inequality we have: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛   (8) 
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From (7)+(8) we must show: (૚૛࢘ࡾ − ૟࢘૛)૛ ≥ ૚ૡ࢘ࡾ૛(૝ࡾ+ ࢘) ⇔ 

⇔ ૜૟࢘૛(૛ࡾ − ࢘)૛ ≥ ૚ૡ࢘ࡾ૛(૝࢘ࡾ+ ࢘) ⇔ ૛(૛ࡾ − ࢘)૛ ≥ ࡾ૝)ࡾ + ࢘) ⇔ 

⇔ ૡࡾ૛ − ૡ࢘ࡾ + ૛࢘૛ ≥ ૝ࡾ૛ + ࢘ࡾ ⇔ ૝ࡾ૛ − ࢘ࡾૢ + ૛࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૝ࡾ− ࢘) ≥ ૙ 

true, because from Euler ࡾ ≥ ૛࢘. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =
(࢙ − ࢙)(࢈ − ࢙)࢙(ࢉ − (࢈

࢙)ࢉ࢈ − ࢙)(ࢉ − (ࢇ +
(࢙ − ࢙)(ࢉ − ࢙)࢙(ࢇ − (ࢉ
࢙)ࢇࢉ − ࢙)(ࢇ − (࢈ +

(࢙ − ࢙)(ࢇ − ࢙)࢙(࢈ − (ࢇ
࢙)࢈ࢇ − ࢙)(࢈ − (ࢉ = 

=
࢙

૝࢙࢘ࡾ ቈ
࢙)ࢇ − ૛(࢈

(࢙ − (ࢇ +
࢙)࢈ − ૛(ࢉ

(࢙ − (࢈ +
࢙)ࢉ − ૛(ࢇ

(࢙ − (ࢉ ቉ = 

=
૚
૝࢘ࡾ ቈ

{࢙ − (࢙ − ࢙){(ࢇ − ૛(࢈

࢙ − ࢇ +
{࢙ − (࢙ − ࢙){(࢈ − ૛(ࢉ

࢙ − ࢈ +
{࢙ − (࢙ − ࢙){(ࢉ − ૛(ࢇ

࢙ − ࢉ ቉ = 

=
࢙

૝࢘ࡾ ቈ
(࢙ − ૜(࢈

(࢙ − ࢙)(ࢇ − (࢈ +
(࢙ − ૜(ࢉ

(࢙ − ࢙)(࢈ − (ࢉ +
(࢙ − ૜(ࢇ

(࢙ − ࢙)(ࢉ − ቉(ࢇ −
૚
૝࢘ࡾ

ቂ෍(࢙ − ૛ቃ(࢈ ≥ 

≥
࢘ࢋࢊ࢒öࡴ ࢙

૝࢘ࡾ ⋅
(૜࢙ − ૛࢙)૜

૜∑(࢙ − ࢙)(ࢇ − −(࢈
૚
૝࢘ࡾ෍

(࢙૛ − ૛࢙࢈ + (૛࢈ = 

=
࢙૝

૚૛࢘ࡾ∑{࢙૛ − +ࢇ)࢙ (࢈ + {࢈ࢇ −
૚
૝࢘ࡾ

{૜࢙૛ − ૝࢙૛ + ૛(࢙૛ − ૝࢘ࡾ − ࢘૛)} 

=
࢙૝

૚࢘ࡾ(૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ+ ࢘૛) −
࢙૛ − ૡ࢘ࡾ − ૛࢘૛

૝࢘ࡾ = 

=
࢙૝ − ૜(૝࢘ࡾ + ࢘૛)(࢙૛ − ૡ࢘ࡾ − ૛࢘૛)

૚૛࢘ࡾ(૝࢘ࡾ + ࢘૛) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ࢙૛(૚૟࢘ࡾ− ૞࢘૛ − ૚૛࢘ࡾ − ૜࢘૛) + ૟࢘૛(૝ࡾ + ࢘)૛

૚૛ࡾ(૝ࡾ+ ࢘)࢘૛  

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ൫૚૟࢘ࡾ − ૞࢘૛൯൫૝࢘ࡾ − ૡ࢘૛൯ + ૟࢘૛(૝ࡾ+ ࢘)૛

૚૛ࡾ(૝ࡾ+ ࢘)࢘૛
≥
? ૢ
૝
⇔ ૞૛ࡾ૛ − ૚૛ૠ࢘ࡾ+ ૝૟࢘૛ ≥

?
૙ 

⇔ −ࡾ) ૛࢘)(૞૛ࡾ − ૛૜࢘) ≥
?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘   (proved) 

Solution 3 by Rade Krenkov-Strumica-Macedonia 

From ܖܑܛ ቀ࡭
૛

+ ࡮
૛
ቁ = ܛܗ܋ ࡯

૛
⇔

૛࡭ܖܑܛ
૛࡮ܖ܉ܜ

+ ܛܗ܋ ࡭
૛

=
૛࡯ܛܗ܋
૛࡮ܖܑܛ

|૛ 

૛ቆ
૛࡭૛ܖܑܛ
૛࡮૛ܖ܉ܜ

+ ૛ܛܗ܋ ࡭
૛
ቇ ≥ ቆ

૛࡭ܖܑܛ
૛࡮ܖ܉ܜ

+ ܛܗ܋ ࡭
૛
ቇ
૛

=
૛࡯૛ܛܗ܋
૛࡮૛ܖܑܛ

. Now, 
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૛ࡿࡴࡸ + ૛ ቀܛܗ܋૛ ࡭
૛

+ ૛ܛܗ܋ ࡮
૛

+ ૛ܛܗ܋ ࡯
૛
ቁ ≥

૛࡭૛ܛܗ܋
૛࡯૛ܖܑܛ

+
૛࡮૛ܛܗ܋
૛࡭૛ܖܑܛ

+
૛࡯૛ܛܗ܋
૛࡮૛ܖܑܛ

     (1) 

Using equality ܖ܉ܜ ࡭
૛
⋅ ܖ܉ܜ ࡮

૛
+ ࡮ܖ܉ܜ

૛
⋅ ܖ܉ܜ ࡯

૛
+ ܖ܉ܜ ࡯

૛
⋅ ܖ܉ܜ ࡭

૛
= ૚ and Cauchy-Schwarz 

inequality we get: ቆ
૛࡭૛ܛܗ܋
૛࡯૛ܖܑܛ

+
૛࡮૛ܛܗ܋
૛࡭૛ܖܑܛ

+
૛࡯૛ܛܗ܋
૛࡮૛ܖܑܛ

ቇቆ
૛࡭ܖܑܛ
૛࡭ܛܗ܋

⋅
૛࡯ܖܑܛ
૛࡯ܛܗ܋

+
૛࡭ܖܑܛ
૛࡭ܛܗ܋

⋅
૛࡮ܖܑܛ
૛࡮ܛܗ܋

+
૛࡮ܖܑܛ
૛࡮ܛܗ܋

⋅
૛࡯ܖܑܛ
૛࡯ܛܗ܋

ቇ ≥ 

≥ ቌඨ
࡭ܖܑܛ
࡯ܖܑܛ + ඨܖܑܛ ࡮

ܖܑܛ ࡭ + ඨܖܑܛ ࡯
ܖܑܛ ࡮

ቍ

૛

 

We have that 
૛࡭૛ܛܗ܋
૛࡯૛ܖܑܛ

+
૛࡮૛ܛܗ܋
૛࡭૛ܖܑܛ

+
૛࡯૛ܛܗ܋
૛࡮૛ܖܑܛ

≥ ૢ   (2) 

From Jensen’s inequality on a function ࢌ(࢞) = ૛ܛܗ܋ ࢞
૛
 which is concave (∩) we have: 

૜ܛܗ܋૛ ൬
࡭ + ࡮ + ࡯

૟ ൰ ≥ ૛ܛܗ܋
࡭
૛ + ૛ܛܗ܋

࡮
૛ + ૛ܛܗ܋

࡯
૛ 

ૢ
૝
≥ ૛ܛܗ܋ ࡭

૛
+ ૛ܛܗ܋ ࡮

૛
+ ૛ܛܗ܋ ࡯

૛
    (3) 

Using (1), (2) and (3) we get: ૛ࡿࡴࡸ + ૛ ⋅ ૢ
૝
≥ ࡿࡴࡸ;ૢ ≥ ૢ

૝
 

Solution 4 by Lahiru Samarakoon-Sri Lanka 

For ઢ࡯࡮࡭,
૛࡭૛ܖܑܛ
૛࡮૛ܖ܉ܜ

+
૛࡮૛ܖܑܛ
૛࡯૛ܖ܉ܜ

+
૛࡯૛ܖܑܛ
૛࡭૛ܖ܉ܜ

≥ ૢ
૝

 

LHS= ∑
ܛܗ܋⋅૛࡭૛ܖܑܛ

૛࡮
૛

૛࡮૛ܖܑܛ
= ∑

૛࡭૛ܖܑܛ
૛࡮૛ܖܑܛ

ቀ૚ − ૛ܖܑܛ ࡮
૛
ቁ = ∑ቆ

૛࡭ܖܑܛ
૛࡮ܖܑܛ

ቇ
૛

૛ܖܑܛ∑− ࡭
૛

 

Let’s consider, ቆ
૛࡭ܖܑܛ
૛࡮ܖܑܛ

ቇ
૛

+ ቆ
૛࡭ܖܑܛ
૛࡮ܖܑܛ

ቇ
૛

+ ቆ
૛࡮ܖܑܛ
૛࡯ܖܑܛ

ቇ
૛

. Using AM-GM 

૛ቆ
૛࡭ܖܑܛ
૛࡮ܖܑܛ

ቇ
૛

+ ቆ
૛࡮ܖܑܛ
૛࡯ܖܑܛ

ቇ
૛

≥ ૜ඨ
ܖܑܛ⋅૛࡭૝ܖܑܛ

૛࡮
૛

ܖܑܛ⋅૛࡮૝ܖܑܛ
૛࡯
૛

૜
=

૜ ૛࡭૛ܖܑܛ

ටܖܑܛ૛࡭૛⋅ܖܑܛ
૛࡮
૛⋅ܖܑܛ

૛࡯
૛

૜
≥ ૚૛ ૛ܖܑܛ ࡭

૛
    (1) ቀ∵ ܖܑܛ∏ ࡭

૛
≤ ૚

ૡ
ቁ 

Similalry, ૛ቆ
૛࡮૛ܛܗ܋
૛࡯૛ܖܑܛ

ቇ + ቆ
૛࡯૛ܖܑܛ
૛࡭૛ܛܗ܋

ቇ ≥ ૚૛ ૛ܖܑܛ ࡮
૛

   (2) 

૛ቆ
૛࡯૛ܖܑܛ
૛࡭૛ܛܗ܋

ቇ + ቆ
૛࡭૛ܖܑܛ
૛࡮૛ܖܑܛ

ቇ ≥ ૚૛ ૛ܖܑܛ ࡯
૛
   (3) 
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(1)+(2)+(3), ∑ቆ
૛࡭ܖܑܛ
૛࡮ܖܑܛ

ቇ
૛

≥ ૝∑ܖܑܛ૛ ࡭
૛

 

∴ ࡿࡴࡸ ≥ ૝෍ܖܑܛ૛
࡭
૛ −෍ܛܗ܋૛

࡭
૛ = ૜෍ܖܑܛ૛

࡭
૛ 

But, ∑ܖܑܛ૛ ࡭
૛
≥ ૜

૝
. So, ࡿࡴࡸ ≥ ૜	 × ૜

૝
= ૢ

૝
  (proved) 

 

SP.145. If ૚ < ܽ ≤ ܾ then: 

නනන
ࢠࢊ	࢟ࢊ	࢞ࢊ
૚ + ඥ࢞࢟ࢠ૜

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ ቌඨ܏ܗܔ
࢈ + ૚
ࢇ + ૚

૜
ቍ

૛(ࢇି࢈)

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

Let ࢞ = ࢟,࢓ࢋ = ࢖ࢋ and ࢔ࢋ = ࢖,࢔,࢓ where ࢠ > ૙ 

Let (࢓)ࢌ = ૚
૚ା࢓ࢋ

  for all ࢓ > ૙,(࢓)ʹࢌ = − ࢓ࢋ

(૚ା࢓ࢋ)૛
, (࢓)ʹʹࢌ = (૚ି࢓ࢋ)࢓ࢋ

(૚ା࢓ࢋ)૜
> ૙ 

hence ࢌ is convexe function, ∴ ∑ ૚
૚ାࢉ࢟ࢉ࢓ࢋ ≥ ૜

૚ାࢋ
࢖శ࢔శ࢓

૜
 

⇒෍
૚

૚ + ࢞
ࢉ࢟ࢉ

≥
૜

૚ + ඥ࢞࢟ࢠ૜ ⇒
૚
૜෍නනන

૚
૚ + ࢞

࢈

ࢇ

࢈

ࢇ

࢈

ࢉ࢟ࢉࢇ

࢞ࢊ ≥ නනන
ࢠࢊ	࢟ࢊ	࢞ࢊ
૚ + ඥ࢞࢟ࢠ૜

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

 

⇒
ࢇ) − ૛(࢈

૜ ෍[܏ܗܔ(࢞ + ૚)]࢞ୀ࢞ࢇୀ࢈

ࢉ࢟ࢉ

≥ නනන
ࢠࢊ	࢟ࢊ	࢞ࢊ
૚ + ඥ࢞࢟ࢠ૜

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

 

⇒ ܏ܗܔ ൬
࢈ + ૚
+ࢇ ૚൰

૛(࢈ିࢇ)

≥ නනන
ࢠࢊ	࢟ࢊ	࢞ࢊ
૚ + ඥ࢞࢟ࢠ૜

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

 

SP.146. Let be ࡮,࡭ ∈  :૜(ℝ) such thatࡹ

࡮࡭ = ൭
૛ ૚ ૚
૙ −૚ ૚
૙ ૙ −૚

൱ 

Find: (࡭࡮))࢚ࢋࢊ૛ − ૜ࡵ૜) 

Proposed by Marian Ursărescu – Romania  
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Solution by Ravi Prakash-New Delhi-India  

࡮࡭ = ൭
૛ ૚ ૚
૙ −૚ ૚
૙ ૙ −૚

൱ 

(࡮࡭)ܜ܍܌ = ૛ ⇒ (࡮)ܜ܍܌(࡭)ܜ܍܌ = ૛ ≠ ૙ ⇒ (࡭)ܜ܍܌ ≠ ૙,(࡮)ܜ܍܌ ≠ ૙ 

∴ ૛(࡭࡮) ,૚ both exist. Nowି࡮,૚ି࡭ − ૜ࡵ૜ = ૛(࡭࡮))࡭૚ି࡭ − ૜ࡵ૜)ି࡮࡮૚ = 

= −࡮૛(࡭࡮)࡭]૚ି࡭ ૜ି࡮[࡮࡭૚ = ૜(࡮࡭)]૚ି࡭ − ૜(࡮࡭)]ି࡮૚    (1) 

Characteristic equation of ࡮࡭ 

อ
૛ − ࢚ ૚ ૚
૙ −૚ − ࢚ ૚
૙ ૙ −૚ − ࢚

อ = ૙ ⇒ (૚ + ࢚)૛(૛ − ࢚) = ૙ ⇒ (૚ + ૛࢚ + ࢚૛)(૛ − ࢚) = ૙ ⇒ 

⇒ ૛ + ૝࢚ + ૛࢚૛ − ࢚ − ૛࢚૛ − ࢚૜ = ૙ or ૛ + ૜࢚ − ࢚૜ = ૙. As ࡮࡭ satisfies this equation 

૛ࡵ૜ = ૜(࡮࡭) − (૜࡮࡭)    (2) 

From (1), (2): (࡭࡮)૛ − ૜ࡵ૜ = ૚ି࡮(૜ࡵ૛)૚ି࡭ = ૛ି࡭૚ି࡮૚ 

૛(࡭࡮))ܜ܍܌ − ૜ࡵ૜) = ૡܜ܍܌(ି࡭૚)ܜ܍܌(ି࡮૚) =
ૡ

(࡮)ܜ܍܌(࡭)ܜ܍܌ =
ૡ

(࡭࡮)ܜ܍܌ =
ૡ
૛ = ૝ 

 

SP.147. Find all continuous functions ࢌ:ℝ → ℝ having the property: 

(࢞)ࢌ + ૛ࢌ(૛࢞) + (૝࢞)ࢌ = ૛૞࢞૛ + ૢ࢞ + ૝,∀࢞ ∈ ℝ 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaijan 

(࢞)ࢌ + ૛ࢌ(૛࢞) + (૝࢞)ࢌ = ૛૞࢞૛ + ૢ࢞ + ૝   (1) ⇒ (࢞)ࢌ] − (࢞૛ + ࢞ + ૚)] + 

+૛[ࢌ(૛࢞)− (૝࢞૛ + ૛࢞ + ૚)] + −(૝࢞)ࢌ] (૚૟࢞૛ + ૝࢞ + ૚)] = ૙. Let ࢍ(࢞) =  −(࢞)ࢌ

−(࢞૛ + ࢞ + ૚). Then we have: ࢍ(࢞) + ૛ࢍ(૛࢞) + (૝࢞)ࢍ = ૙   (2) 

(2) ⇒
࢞ୀ૙

(૙)ࢍ = ૙   (3) 

(2) ⇒ (૝࢞)ࢍ + (૛࢞)ࢍ = −൫ࢍ(૛࢞) + ൯(࢞)ࢍ ⇒ 

(૛࢞)ࢍ + (࢞)ࢍ = − ቀࢍ(૛૚ି࢞࢔) +  ቁ(࢞࢔૛ି)ࢍ

⇒
ାஶ→࢔

  using continuity ⇒ (૛࢞)ࢍ + (૛࢞)ࢍ = ૙ ⇒ (૛࢞)ࢍ =   and so (࢞)ࢍ−

(࢞)ࢍ = (࢞)ࢍ;(࢞࢔૛ି)ࢍ− = (࢞࢔૛ି)ࢍ− ⇒
ஶ→࢔

 and using continuity, we have 



 
www.ssmrmh.ro 

 

(࢞)ࢍ = (૙)ࢍ− =
(૜)

૙. Hence ࢍ(࢞) = ૙ ⇒ (࢞)ࢌ − (࢞૛ + ࢞+ ૚) = ૙ ⇒ (࢞)ࢌ = ࢞૛ + ࢞ + ૚. 

Solution 2 by Sagar Kumar-Kolkata-India 

(࢞)ࢌ + ૛ࢌ(૛࢞) + (૝࢞)ࢌ = (࢞૛ + ૛࢞ + ૚) + ૛((૛࢞)૛ + (૛࢞) + ૚) + ((૝࢞)૛ + (૝࢞) + ૚) 

⇒ ቀࢌ(࢞) − (࢞૛ + ࢞ + ૚)ቁ + ૛ ቀࢌ(૛࢞)− ((૛࢞)૛ + ૛࢞ + ૚)ቁ + (૝࢞)ࢌ − 

−((૝࢞)૛ + ૝࢞ + ૚) = ૙ on comparing ࢌ(࢞) = ࢞૛ + ࢞ + ૚ 

Solution 3 by Tran Hong-Vietnam 

Let ࢍ(࢞) = (࢞)ࢌ − [࢞૛ + ࢞ + ૚];∀࢞ ∈ ℝ since ࢌ continuous ⇒ continuos on ℝ ࢍ ⇒ 

⇒ (࢞)ࢍ + ૛ࢍ(૛࢞) + (࢞ࢇ)ࢍ = ૙,∀࢞ ∈ ℝ ⇒ ቀࢍ
࢞

૛࢔ା૛
ቁ+ ૛ࢍቀ

࢞
૛࢔ା૚

ቁ + ቀࢍ
࢞
૛࢔
ቁ = ૙,∀࢞ ∈ ℝ 

⇒ ܕܑܔ
ஶ→࢔

ቂࢍ ቀ
࢞

૛࢔ା૛
ቁ + ૛ࢍቀ

࢞
૛࢔ା૚

ቁ + ቀࢍ
࢞
૛࢔
ቁቃ = ૙; (∀)࢞ ∈ ℝ ⇒ (૙)ࢍ + ૛ࢍ(૙) + (૙)ࢍ = ૙ ⇒ 

⇒ ૜ࢍ(૙) = ૙ ⇒ (૙)ࢍ = ૙; (࢞)ࢍ] + [(૛࢞)ࢍ + (૛࢞)ࢍ] + [(࢞)ࢍ = ૙;  

Let ࢎ(࢞) = (࢞)ࢍ = (૙)ࢎ;(࢞)ࢍ = ૙ ⇒ (࢞)ࢎ + (૛࢞)ࢎ = ૙ ⇒ 

(૛࢞)ࢎ = (−૚)ࢎ࢔ቀ
࢞
૛࢔
ቁ ࢔∀; ∈ ℕ 

⇒ (࢞)ࢎ = ܕܑܔ
ஶ→࢔

(−૚)૟࢔	ࢎቆ
࢞૛

૛࢔ቇ = ૙ ⇒ (૛࢞)ࢍ = ܕܑܔ
ஶ→࢔

(−૚)࢔ ቀࢍ
࢞
૛࢔
ቁ = ૙ 

(࢞)ࢌ = ࢞૛ + ࢞ + ૚ 

Solution 4 by Chris Kyriazis-Greece 

Set ࢍ(࢞) = −(࢞)ࢌ ࢞૛ − ࢞ − ૚,∀࢞ ∈ ℝ. Then, the given functional equation becomes: 

(࢞)ࢍ + ૛ࢍ(૛࢞) + (૝࢞)ࢍ = ૙   (1) 

If we put ࢞ = ૙, then ࢍ(૙) = ૙. Setting ࢎ(࢞) = (࢞)ࢍ +  (1)   (૛࢞)ࢍ

Becomes ࢎ(࢞) + (૛࢞)ࢎ = ૙,∀࢞ ∈ ℝ or (putting ࢞ → ࢞/૛	): ࢎ(࢞) = ቀ࢞ࢎ−
૛
ቁ 

Once more and ࢎ(࢞) = ࢎ ቀ࢞
૝
ቁ = ቀࢎ ࢞

૛૛
ቁ. By induction, we can show that: 

(࢞)ࢎ = (−૚)ࢎ࢔ቀ ࢞
૛࢔
ቁ. Using continuity of ࢎ and taking limits, we have that: 

(࢞)ࢎାஶ→࢔ܕܑܔ = ࢎ࢔ஶ(−૚)→࢔ܕܑܔ ቀ ࢞
૛࢔
ቁ = ૙ ⇒ (࢞)ࢎ = ૙,∀࢞ ∈ ℝ.  

This means ࢍ(࢞) + (૛࢞)ࢍ = ૙ 
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∀࢞ ∈ ℝ. Working the same way, ࢍ(࢞) = ૙,∀࢞ ∈ ℝ. So, ࢌ(࢞) = ࢞૛ + ࢞ + ૚,∀࢞ ∈ ℝ 

which satisfies the given equation. 

 

SP.148. Let be ࢞૙ > 0 and ࢞࢔ା૚ = ܖ܉ܜ܋ܚ܉ ࢔࢞
૚ା࢞࢔

࢔∀, ∈ ℕ. 

Find: 

ષ = ܕܑܔ
ஶ→࢔

࢔) ⋅  (࢔࢞

Proposed by Marian Ursărescu – Romania  

Solution by Remus Florin Stanca-Romania  

We prove by using Mathematical induction that ࢞࢔ > 0,∀݊ ∈ ℕ. 

1) We prove that ࡼ(૙):࢞૙ > 0 is true (true) 

2) We suppose that ࢔࢞:(࢔)ࡼ > 0 is true. 

3) We prove by using (࢔)ࡼ that ࢔)ࡼ+ ૚):࢞࢔ା૚ > 0 is true. 

࢔࢞ > 0 ⇒ ା૚࢔࢞ ∈ ቀ૙;
࣊
૛ቃ ⇒ ା૚࢔࢞ > 0 ⇒ ࢔࢞ > 0;∀݊ ∈ ℕ 

ା૚࢔࢞ = ܖ܉ܜ܋ܚ܉ ࢔࢞
ା૚࢔࢞

 and because ࢞࢔ > 0;∀݊ ∈ ℕ ⇒ ࢔࢞ ∈ ቀ૙; ࣊
૛
ቃ 

We study the sign of ࢞૚ − ࢞૙ = ܖ܉ܜ܋ܚ܉ ࢞૙
࢞૙ା૚

− ࢞૙ 

Let ࢌ: ቀ૙;࣊
૛
ቃ → ℝ such that ࢌ(࢞) = ܖ܉ܜ܋ܚ܉ ࢞

࢞ା૚
− ࢞ 

⇒ (࢞)ᇱࢌ =
૚

૚ + ࢞૛
(࢞ + ૚)૛

⋅
૚

(࢞ + ૚)૛ − ૚ =
૚

૛࢞૛ + ૛࢞+ ૚ − ૚ ⇒ (࢞)ᇱࢌ < 0 

⇒ (૙)ࢌ is a decreasing function (࢞)ࢌ = ૙ ⇒ (࢞)ࢌ < 0 for ࢞ ∈ ቀ૙, ࣊
૛
ቃ ⇒ ࢞૚ < ࢞૙ 

We prove by using the Mathematical induction that ࢞࢔ >  ା૚࢔࢞

1) We proved that ࡼ(૙):࢞૙ > ࢞૚ is true 

2) We suppose that ࢔࢞:(࢔)ࡼ >  ା૚ is true࢔࢞

3) We prove that ࢔)ࡼ + ૚):࢞࢔ା૚ >  	(࢔)ࡼ ା૛ is true by using࢔࢞

ା૚࢔࢞ − ା૛࢔࢞ = ܖ܉ܜ܋ܚ܉
࢔࢞

࢔࢞ + ૚ − ܖ܉ܜ܋ܚ܉
ା૚࢔࢞

ା૚࢔࢞ + ૚ 

We prove that the function ࢌ:ቀ૙; ࣊
૛
ቃ → ℝ, (࢞)ࢌ = ܖ܉ܜ܋ܚ܉ ࢞

࢞ା૚
 is an increasing function. 
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(࢞)ࢌ = ૚

૚ା ࢞૛

(࢞శ૚)૛

⋅ ૚
(࢞ା૚)૛

> 0 ⇒ true so ࢞࢔ା૚ − ା૛࢔࢞ > 0 

≻ ା૚࢔࢞ > ା૛࢔࢞ ≻ ࢔࢞ > ࢔ ା૚ for࢔࢞ ∈ ℕ. 

࢔࢞ ∈ ቀ૙; ࣊
૛
ቃ and ࢞࢔ is a decreasing sequence ⇒ ࢒− = ஶ→࢔ܕܑܔ ࢒ such that ࢔࢞ ∈ ℝ 

⇒ ࢒ = ܖ܉ܜ܋ܚ܉ ࢒
ା૚࢒

, ࢒ ∈ ቀ૙, ࣊
૛
ቃ the funciton (࢒)ࢌ = ܖ܉ܜ܋ܚ܉ ࢒

ା૚࢒
−  is a decreasing function ࢒

so ࢒ = ૙ is the unique solution. 

⇒ ܕܑܔ
ஶ→࢔

࢔࢞ = ૙ ⇒ ܕܑܔ
ஶ→࢔

࢔࢞࢔ = ܕܑܔ
ஶ→࢔

࢔
૚
࢔࢞

࢕࢘ࢇ࢙ࢋ࡯ିࢠ࢒࢕࢚ࡿ= ܕܑܔ
ஶ→࢔

૚
૚

ା૚࢔࢞
− ૚
࢔࢞

= 

= ܕܑܔ
ஶ→࢔

࢔ା૚࢞࢔࢞
࢔࢞ − ା૚࢔࢞

= ܕܑܔ
ஶ→࢔

ܖ܉ܜ܋ܚ܉ ࢔࢞
࢔࢞ + ૚࢞࢔

࢔࢞ − ܖ܉ܜ܋ܚ܉ ࢔࢞
࢔࢞ + ૚

 

ܕܑܔ
૙→࢔

ܖ܉ܜ܋ܚ܉ ࢞
࢞ + ૚ ⋅ ࢞	

࢞ − ܖ܉ܜ܋ܚ܉ ࢞
࢞ + ૚

=
૙
૙

ࡴᇲࡸ ܕܑܔ
࢞→૙

ܖ܉ܜ܋ܚ܉ ࢞
࢞ + ૚ + ࢞ ⋅ ૚

૚ + ࢞૛
(࢞ + ૚)૛

⋅ ૚
(࢞ + ૚)૛

૚ − ૚

૚ + ࢞૛
(࢞ + ૚)૛ ⋅

૚
(࢞ + ૚)૛

= 

= ܕܑܔ
࢞→૙

ቀܖ܉ܜ܋ܚ܉ ࢞
࢞ + ૚ቁ ൫૛࢞

૛ + ૛࢞+ ૚൯ − ࢞
૛࢞૛ + ૛࢞

= ܕܑܔ
࢞→૙

ܖ܉ܜ܋ܚ܉ ࢞
࢞+ ૚

࢞
࢞ + ૚ ⋅ (࢞ + ૚)(૛࢞+ ૛)

൫૛࢞૛ + ૛࢞ + ૚൯ = 

=
૚

૛࢞ + ૛ =
૚
૛ −

૚
૛ = ૙ 

 

SP.149. Let be the sequence (࢞࢔)࢔∈ℕ:࢞૙ > 1 and ࢞࢔ା૚ = ૚ + ܖܔ ቀ ૛࢞࢔
૚ା࢞࢔

ቁ, 

࢔∀ ∈ ℕ. Find: 

ܕܑܔ
ஶ→࢔

࢔) ܖܔ  (࢔࢞

Proposed by Marian Ursărescu – Romania  

Solution by Remus Florin Stanca-Romania  

We prove that ࢞࢔ > 1,∀݊ ∈ ℕ by using the Mathematical induction: 

1) we prove ࡼ(૙):࢞૙ > 1  (true) 
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2) we suppose that ࢔࢞:(࢔)ࡼ > 1 is true 

3) we prove ࢔)ࡼ + ૚):࢞࢔ା૚ > 1 by using (࢔)ࡼ 

࢔࢞ > 1 ⇒
૛࢞࢔
࢔࢞ + ૚ > 1 ⇒ ܖܔ ൬

૛࢞࢔
࢔࢞ + ૚൰ + ૚ > 1 ⇒ ା૚࢔࢞ > 1 ⇒ ࢔࢞ > 1	∀݊ ∈ ℕ 

We study the sign of ࢞૚ − ࢞૙ = ૚ + ܖܔ ቀ ૛࢞૙
૚ା࢞૙

ቁ − ࢞૙ 

Let ࢌ: (૚; 	+∞) → ℝ; (࢞)ࢌ = ૚ + ܖܔ ቀ ૛࢞
૚ା࢞

ቁ − ࢞ 

(࢞)ᇱࢌ = ૚ା࢞
૛࢞

⋅ ૛
(࢞ା૚)૛

− ૚ = ૚
࢞(࢞ା૚)

− ૚ < 0 ⇒ ݂ is a decreasing function 

(૚)ࢌ = ૙ ≻ (࢞)ࢌ < 0 for ࢞ > 1 ≻ ࢞૚ < ࢞૙ 

(࢞)ࢍ = ૛࢞
૛࢞ା૚

 is an increasing function so ࢞࢔ା૚ <  ࢔࢞

ା૚࢔࢞ < ࢔࢞ and ࢔࢞ > 1 ≻ ݈ = ஶ→࢔ܕܑܔ ࢔࢞ ∈ ℝ 

࢒ = ૚ + ܖܔ ቀ ૛࢒
ା૚࢒
ቁ ⇒ (࢒)ࢌ = ૚ + ܖܔ ቀ ૛࢒

ା૚࢒
ቁ −  ⇒ is a decreasing function ࢌ

࢒ = ૚ is an unique solution ⇒ ஶ→࢔ܕܑܔ ࢔࢞ = ૚ 

ܕܑܔ
ஶ→࢔

ܖܔ࢔ ࢔࢞ = ܕܑܔ
ஶ→࢔

࢔
૚

ܖܔ ࢔࢞

= ܕܑܔ
ஶ→࢔

૚
૚

ܖܔ ା૚࢔࢞
− ૚
࢔࢞ܖܔ

= 

= ܕܑܔ
ஶ→࢔

૚
૚

ܖܔ ቀ૚ + ܖܔ ૛࢞࢔
࢔࢞ + ૚ቁ

− ૚
࢔࢞ܖܔ

= ܕܑܔ
ஶ→࢔

ܖܔ ࢔࢞ ܖܔ ቀ૚ + ܖܔ ૛࢞࢔
࢔࢞ + ૚ቁ

࢔࢞ܖܔ − ቀ૚ܖܔ + ܖܔ ૛࢞࢔
࢔࢞ + ૚ቁ

 

ܕܑܔ
࢞→૚

ܖܔ ࢞ ܖܔ ቀ૚ + ܖܔ ૛࢞
࢞ + ૚ቁ

࢞ܖܔ − ܖܔ ቀ૚ + ܖܔ ૛࢞
࢞ + ૚ቁ

= ܕܑܔ
࢞→૚

ܖܔ ࢞
࢞ − ૚ ⋅ (࢞ − ૚) ⋅

ܖܔ ቀ૚ + ܖܔ ૛࢞
࢞ + ૚ቁ

ܖܔ ૛࢞
࢞ + ૚

⋅ ܖܔ ૛࢞
࢞ + ૚

ܖܔ ቌ ࢞
૚ + ܖܔ ૛࢞

࢞ + ૚
− ૚ + ૚ቍ

⋅ 

⋅
࢞ − ૚ − ܖܔ ૛࢞

࢞ + ૚
૚ + ܖܔ ૛࢞

࢞ + ૚
⋅

૚ + ܖܔ ૛࢞
࢞ + ૚

࢞ − ૚ − ܖܔ ૛࢞
࢞ + ૚

= ܕܑܔ
࢞→૚

(࢞ − ૚) ܖܔ ૛࢞
࢞ + ૚

࢞ − ૚ − ܖܔ ૛࢞
࢞ + ૚

= ܕܑܔ
࢞→૚

(࢞ − ૚) ܖܔ ቀ࢞ − ૚
࢞ + ૚+ ૚ቁ

࢞ − ૚ − ܖܔ ૛࢞
࢞ + ૚
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= ܕܑܔ
࢞→૚

(࢞ − ૚) ⋅
ܖܔ ቀ࢞ − ૚

࢞ + ૚ + ૚ቁ
࢞ − ૚
࢞ + ૚

࢞ + ૚ −
ܖܔ ቀ࢞ − ૚

࢞ + ૚ + ૚ቁ
࢞ − ૚
࢞ + ૚

= ܕܑܔ
࢞→૚

࢞ − ૚
࢞ = ૙ ⇒ ܕܑܔ

ஶ→࢔
࢔ ܖܔ ࢔࢞ = ૙ 

 

SP.150. Let be ࢌ ∈ ℤ,ࢌ = ࢔࢞࢔ࢇ + ૚ି࢔૚࢞ି࢔ࢇ + ⋯+ ૚࢞ࢇ +   ૙, such thatࢇ

,૛ࢇ,૚ࢇ … ࢔ࢇ, ∈ {±૚, ±૛, … , ૙ࢇ ,૙ is a prime numberࢇ If .{࢔± > ૛࢔  then ࢌ is irreducible 

over ℤ. 

Proposed by Marian Ursărescu – Romania  

Solution by proposer 

Suppose ∃ࢎ,ࢍ ∈ ℤ such that ࢌ = ࢍ ⋅ ࢎ,ࢌ grade ,ࢎ ≥ ૚. ࢌ(૙) = (૙)ࢍ = (૙)ࢎ ⇒ 

⇒ ૙ࢇ = (૙)ࢍ ⋅ ⇒ ૙ being primeࢇ But .(૙)ࢎ (૙)ࢍ = ૚ or ࢎ(૙) = ૚. 

Suppose ࢍ(૙) = ૚ ⇒ (࢞)ࢍ = ࢑࢞࢑࢈ + ⋯+ ૚࢞࢈ + ૚ 

Let be ࢞૚, ࢞૛, … ,࢞࢑ the roots of ࢌ.  From the last Viete relationship ⇒ 

⇒ |࢞૚࢞૛ |࢔࢞… = ቚ(ି૚)࢑

࢑࢈
ቚ = ૚

|࢑࢈|
≤ ૚, because ࢑࢈ ∈ ℤ 

|࢞૚࢞૛ …࢞࢑| ≤ ૚ ⇒ ࢖∃ ∈ {૚,૛, … ,࢑} such that ห࢞࢖ห ≤ ૚. 

But ࢞࢖ is root and for ࢌ ⇒ ࢔࢖࢞࢔ࢇ + ૚ି࢔࢖૚࢞ି࢔ࢇ + ⋯+ ࢖૚࢞ࢇ + ૙ࢇ = ૙ ⇒ 

⇒ |૙ࢇ| = ห࢔࢖࢞࢔ࢇ + ૚ି࢔࢖૚࢞ି࢔ࢇ + ⋯+ ห࢖૚࢞ࢇ ≤ ห࢖ห࢞|࢔ࢇ|
࢔

+ ⋯+ ห࢖૚|ห࢞ࢇ| ≤ 

≤ |૚ࢇ| + |૛ࢇ| + ⋯+ |࢔ࢇ| ⇒ |૙ࢇ| ≤ |૚ࢇ| + |૛ࢇ| + ⋯+ |࢔ࢇ| ≤ ૛࢔ ⇒ ૙ࢇ ≤  ⇒૛ false࢔

⇒  is irreducible over ℤ ࢌ

 

UP.136. Prove that: 

෍ࢀ૝࢑(࢞)
࢔

࢑ୀ૙

=
૚
૝ ቈ
૛ + (࢞)ା૛࢔૝ࢁ

࢞√૚ − ࢞૛
቉ 

where, ࢔ࢀ(࢞) and ࢔ࢁ(࢞) denotes the Chebyshev Polynomials of First and Second Kind. 

Proposed by Shivam Sharma-New Delhi-India 
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Solution by proposer 

ࡿ = ෍ࢀ૝࢑(࢞)
࢔

࢑ୀ૙

 

Let, ࢞ =  ,Then, by definition, we have .(ࣂ)ܛܗ܋

⇒෍ܛܗ܋(૝ିܛܗ܋࢑૚(࢞))
࢔

࢑ୀ૙

⇒෍ܛܗ܋(૝ିܛܗ܋࢑૚(ࣂܛܗ܋))
࢔

࢑ୀ૙

⇒෍ܛܗ܋(૝ࣂ࢑)
࢔

࢑ୀ૙

⇒ 

⇒ Real Part ∑ ࢔ࣂ࢏૝࢑ࢋ
࢑ୀ૙ ⇒ ૚ + ࣂ࢏૝ࢋ + ࣂ࢏ૡࢋ + ⋯+ ࢔) + ૚) terms ⇒ ૚ି൫ࢋ૝ࣂ࢏൯

శ૚࢔

૚ିࢋ૝ࣂ࢏
⇒ 

⇒
൫૚ − ൯൫૚ࣂ(ା૝࢔૝)࢏ࢋ − ൯ࣂ࢏૝ିࢋ

(૚ − ૚)(ࣂ࢏૝ࢋ − (ࣂ࢏૝ିࢋ ⇒
൫૚ − ൯൫૚ࣂ(ା૝࢔૝)࢏ࢋ − ൯ࣂ࢏૝ିࢋ

૛(ࢋ૝ࣂ࢏ + (ࣂ࢏૝ିࢋ ⇒ 

⇒
(૚ − ࢔૝)ܛܗ܋ + ૝)ࣂ) − ࢏ ࢔൫(૝ܖܑܛ + ૝)ࣂ൯ (૚ − ((ࣂ૝)ܛܗ܋) + ࢏ ((ࣂ૝)ܖܑܛ

૛ − ૛ܛܗ܋(૝ࣂ) ⇒ 

⇒
૚ − +࢔൫(૝ܛܗ܋ ૝)ࣂ൯ − (ࣂ૝)ܛܗ܋ + ࢔൫(૝ܛܗ܋ + ૝)ࣂ൯ (ࣂ૝)ܛܗ܋ + ࢔൫(૝ܖܑܛ + ૝)ࣂ൯ (ࣂ૝)ܖܑܛ

૛(૚ − ((ࣂ૝)ܛܗ܋  

⇒
(૚ − ((ࣂ૝)ܛܗ܋ − ࢔൫(૝ܛܗ܋ + ૝)ࣂ൯ (૚ − ((ࣂ૝)ܛܗ܋ + ࢔൫(૝ܖܑܛ + ૝)ࣂ൯ (ࣂ૝)ܖܑܛ

૛(૚ − ((ࣂ૝)ܛܗ܋  

⇒
૚
૛ ቈ૚ − +࢔൫(૝ܛܗ܋ ૝)ࣂ൯ +

࢔൫(૝ܖܑܛ + ૝)ࣂ൯ܖܑܛ(૝ࣂ)
૚ − (ࣂ૝)ܛܗ܋ ቉ 

⇒
૚
૛ ቈ૚ − +࢔൫(૝ܛܗ܋ ૝)ࣂ൯ +

+࢔൫(૝ܖܑܛ ૝)ࣂ൯ ૛ܖܑܛ(૛ࣂ) (ࣂ૛)ܛܗ܋
૛ (ࣂ૛)૛ܖܑܛ ቉ 

⇒
૚
૛ቈ
૚ + +࢔൫(૝ܖܑܛ ૝)ࣂ൯ܛܗ܋(૛ࣂ) − ࢔൫(૝ܛܗ܋ + ૝)ࣂ൯ܖܑܛ(૛ࣂ)

(ࣂ૛)ܖܑܛ ቉ 

⇒
૚
૛
቎૚ +

ܖܑܛ ቀ൫(૝࢔ + ૝)ࣂ൯ − ૛ࣂቁ
(ࣂ૛)ܖܑܛ ቏ ⇒

૚
૛ ቈ૚ +

+࢔൫(૝ܖܑܛ ૛)ࣂ൯
(ࣂ૛)ܖܑܛ ቉ ⇒ 

⇒
૚
૛
൥૚ +

+࢔൫(૝ܖܑܛ ૛)ࣂ൯
૛ൣ(ࣂ)ܛܗ܋√૚ − ૛ܛܗ܋ ൧ࣂ

൩ 

As, ࢞ = ࣂܛܗ܋ ⇒ (࢞)ା૛࢔૝ࢁ = ܖܑܛ ቀ(૝࢔+ ૛)  ,ቁ, so(ࣂܛܗ܋)૚ିܛܗ܋

(࢞)ା૛࢔૝ࢁ = ࢔൫(૝ܖܑܛ + ૛)ࣂ൯. Using above, we get, 
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ࡿ = ૚

૝
൤૛ାࢁ૝࢔శ૛(࢞)

࢞ඥ૚ି࢞૛
൨ (Answer) 

 

UP.137. Let ࢍ,ࢌ:ℝା
∗ → ℝା

∗  be functions such that: 

ܕܑܔ
࢞→ஶ

൫ࢌ(࢞ + ૚) − ൯(࢞)ࢌ = ࢇ ∈ ℝା
∗ , ܕܑܔ

࢞→ஶ

࢞)ࢍ + ૚)
(࢞)ࢍ࢞ = ࢈ ∈ ℝା

∗  

and exists ࢞ܕܑܔ→ஶ
(࢞)ࢌ
࢞

 and ࢞ܕܑܔ→ஶ
൫ࢍ(࢞)൯

૚
࢞

࢞
. For ࢚ ∈ ℝ calculate the limit: 

ܕܑܔ
࢞→ஶ

൫ࢌ(࢞)൯ܛܗ܋
૛ ࢚ ቆ൫ࢍ(࢞)൯

૛ܖܑܛ ࢚
࢞ା૚ ൫(࢞)൯ࢍ−

૛ܖܑܛ ࢚
࢞ ቇ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by Shafiqur Rahman-Bangladesh 

ܕܑܔ
ஶ→࢔

(࢞)ࢌ
࢞ = ܕܑܔ

ஶ→࢔
൫ࢌ(࢞ + ૚) − ൯(࢞)ࢌ = ;ࢇ 	 ܕܑܔ

ஶ→࢔

൫ࢍ(࢞)൯
૚
࢞

࢞ = ܕܑܔ
ஶ→࢔

࢞)ࢍ + ૚)࢞࢞

(࢞)ࢍ ⋅ (࢞ + ૚)࢞ା૚ =
࢈
 ࢋ

Now, ࢔ܕܑܔ→ஶ൫ࢌ(࢞)൯
૛ܛܗ܋ ࢚

ቆ൫ࢍ(࢞)൯
૛ܖܑܛ ࢚
࢞శ૚ − ൫ࢍ(࢞)൯

૛ܖܑܛ ࢚
࢞ ቇ = 

= ܕܑܔ
ஶ→࢔

ቆ
(࢞)ࢌ
࢞ ቇ

૛ܛܗ܋ ࢚

⋅ ૛ܛܗ܋࢞ ࢚ ൮
൬ࢍ(࢞)

૚
࢞൰

࢞
൲

૛ܖܑܛ ࢚

⋅ ૛ܖܑܛ࢞ ࢚ ቆ൫ࢍ(࢞)൯
ି ૛ܖܑܛ ࢚
࢞(࢞ା૚) − ૚ቇ = 

= ૛ܛܗ܋ࢇ ࢚ ⋅ ൬
࢈
ࢋ
൰
૛ܖܑܛ ࢚

⋅ ܕܑܔ
ஶ→࢔

൮
ࢋ
ି ૛ܖܑܛ ࢚
࢞(࢞ା૚) ൯(࢞)ࢍ൫ܖܔ

− ૚

− ૛ܖܑܛ ࢚
࢞(࢞ + ૚) ൯(࢞)ࢍ൫ܖܔ

⋅ ൯(࢞)ࢍ൫ܖܔ
ܖܑܛି

૛ ࢚
࢞ା૚ ൲ = ૛ܛܗ܋ࢇ ࢚ ⋅ ൬

࢈
ࢋ
൰
૛ܖܑܛ ࢚

⋅ ૚ ⋅ ܖܔ ૙ 

∴ ܕܑܔ
ஶ→࢔

൫ࢌ(࢞)൯
૛ܛܗ܋ ࢚

ቆ൫ࢍ(࢞)൯
૛ܖܑܛ ࢚
࢞ା૚ − ൫ࢍ(࢞)൯

૛ܖܑܛ ࢚
࢞ ቇ = −∞ 

Note: ࢔ܕܑܔ→ஶ
૛ܖܑܛ ࢚
࢞(࢞ା૚) ൯(࢞)ࢍ൫ܖܔ = ஶ→࢔ܕܑܔ

૛ܖܑܛ ࢚
࢞ା૚

ܖܔ ቀ࢞࢈
ࢋ
ቁ = ૙ and ࢔ܕܑܔ→ஶ൫ࢍ(࢞)൯ି

૛ܖܑܛ ࢚
࢞శ૚ =

ஶ→࢔ܕܑܔ ቀ
࢞࢈
ࢋ
ቁ
ି࢞ ܖܑܛ

૛ ࢚
࢞శ૚ = ૙ 

ܕܑܔ
ஶ→࢔

(࢞)ࢌ
࢞ = ܕܑܔ

ஶ→࢔
൫ࢌ(࢞ + ૚) − ൯(࢞)ࢌ = ;ࢇ 	 ܕܑܔ

ஶ→࢔

൫ࢍ(࢞)൯
૚
࢞

࢞ = ܕܑܔ
ஶ→࢔

࢞)ࢍ + ૚)࢞࢞

(࢞)ࢍ ⋅ (࢞ + ૚)࢞ା૚ =
࢈
 ࢋ
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Now, 

൯(࢞)ࢌஶ൫→࢔ܕܑܔ
૛ܛܗ܋ ࢚

ቆ൫ࢍ(࢞)൯
૛ܖܑܛ ࢚
࢞శ૚ − ൫ࢍ(࢞)൯

૛ܖܑܛ ࢚
࢞ ቇ = ஶ→࢔ܕܑܔ ቀࢌ(࢞)

࢞
ቁ
૛ܛܗ܋ ࢚

⋅ ૛ܛܗ܋࢞ ࢚ ⋅ ൭൫ࢍ
(࢞)൯

૚
࢞

࢞
൱
૛ܖܑܛ ࢚

⋅ 

⋅ ૛ܖܑܛ࢞ ࢚ ቆ൫ࢍ(࢞)൯
ି ૛ܖܑܛ ࢚
࢞(࢞ା૚) − ૚ቇ = ૛ܛܗ܋ࢇ ࢚ ൬

࢈
൰ࢋ

૛ܖܑܛ ࢚

⋅ ࢞ ⋅ ܕܑܔ
ஶ→࢔

ቌ൬
࢞࢈
ࢋ ൰

ܖܑܛି
૛ ࢚

࢞ା૚
− ૚ቍ = 

= ૛ܛܗ܋ࢇ ࢚ ⋅ ൬
࢈
ࢋ
൰
૛ܖܑܛ ࢚

ܕܑܔ
ஶ→࢔

⎝

⎛−
૛ܖܑܛ࢞ ࢚
࢞+ ૚ ൬ܖܔ

࢞࢈
ࢋ
൰ + ૙ቌ

૛ܖܔ ቀࢋ࢞࢈ ቁ
࢞ + ૚

ቍ

⎠

⎞ = ૛ܛܗ܋ࢇ− ࢚ ⋅ ൬
࢈
ࢋ
൰
૛ܖܑܛ ࢚

ܕܑܔ
ஶ→࢔

࢞ ૛ܖܑܛ ࢚
࢞ + ૚ ൬ܖܔ

࢞࢈
ࢋ
൰ 

∴ ܕܑܔ
ஶ→࢔

൫ࢌ(࢞)൯
૛ܛܗ܋ ࢚

ቆ൫ࢍ(࢞)൯
૛ܖܑܛ ࢚
࢞ା૚ − ൫ࢍ(࢞)൯

૛ܖܑܛ ࢚
࢞ ቇ = −∞ 

ܕܑܔ
ஶ→࢔

(࢞)ࢌ
࢞ = ܕܑܔ

ஶ→࢔
൫ࢌ(࢞ + ૚)− ൯(࢞)ࢌ = ;ࢇ 	 ܕܑܔ

ஶ→࢔

൫ࢍ(࢞)൯
૚
࢞

࢞ = ܕܑܔ
ஶ→࢔

࢞)ࢍ + ૚) ⋅ ࢞࢞

+࢞)(࢞)ࢍ ૚)࢞ା૚ =
࢈
 ࢋ

Now, ࢔ܕܑܔ→ஶ൫ࢍ(࢞)൯
૛ܛܗ܋ ࢚

ቆࢍ(࢞+ ૚)
૛ܖܑܛ ࢚
࢞శ૚ − ൫ࢍ(࢞)൯

૛ܖܑܛ ࢚
࢞ ቇ = 

= ܕܑܔ
ஶ→࢔

ቆ
(࢞)ࢌ
࢞ ቇ

૛ܛܗ܋ ࢚

⋅ ൮(࢞ + ૚)ܖܑܛ૛ ࢚ ቆ
࢞)ࢍ + ૚)

(࢞ + ૚)࢞ା૚ቇ

૛ܖܑܛ ࢚
࢞ା૚

− ૛ܖܑܛ࢞ ࢚ ቆ
(࢞)ࢍ
࢞࢞ ቇ

૛ܖܑܛ ࢚
࢞
൲ = 

= ૛ܛܗ܋ࢇ ࢚ ⋅ ૛ܖܑܛ ࢚ ⋅ ܕܑܔ
ஶ→࢔

൮

࢞)ࢍ + ૚)
(࢞ + ૚)࢞ା૚

(࢞)ࢍ
࢞࢞

൲

૛ܖܑܛ ࢚

 

∴ ܕܑܔ
ஶ→࢔

൫ࢌ(࢞)൯
૛ܛܗ܋ ࢚

ቆ൫ࢍ(࢞)൯
૛ܖܑܛ ࢚
࢞ା૚ − ൫ࢍ(࢞)൯

૛ܖܑܛ ࢚
࢞ ቇ = ૛ܛܗ܋ࢇ ࢚ ⋅ ૛ܖܑܛ ࢚ ൬

࢈
൰ࢋ

૛ܖܑܛ ࢚

 

UP.138. Let ࢍ,ࢌ:ℝା
∗ → ℝା

∗  such that: ࢞ܕܑܔ→ஶ൫ࢌ(࢞ + ૚) − ࢇ൯(࢞)ࢌ ∈ ℝା
∗ , ஶ→࢞ܕܑܔ

(ା૚࢞)ࢍ
(࢞)ࢍ࢞

=

࢈ ∈ ℝା
∗  and there is ࢞ܕܑܔ→ஶ

(࢞)ࢌ
࢞

, ஶ→࢞ܕܑܔ
൫ࢍ(࢞)൯

૚
࢞

࢞
. For ࢚ ∈ ℝ, calculate: 

ܕܑܔ
࢞→ஶ

൫ࢌ(࢞)൯
૛ܖܑܛ ࢚

ቆ൫ࢍ(࢞)൯
૛ܛܗ܋ ࢚
࢞ା૚ − ൫ࢍ(࢞)൯

૛ܛܗ܋ ࢚
࢞ ቇ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  
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Solution by proposers 

By Cesaro – Stolz theorem we have: 

ܕܑܔ
࢞→ஶ

(࢞)ࢌ
࢞ = ஶ→࢞ܕܑܔ

∗ℕ→࢔

(࢔)ࢌ
࢔ ࡿି࡯= ܕܑܔ

࢞→ஶ

࢔)ࢌ + ૚) − (࢔)ࢌ
࢔) + ૚) − ࢔ = ܕܑܔ

࢞→ஶ
൫࢔)ࢌ + ૚)− ൯(࢔)ࢌ =  ,ࢇ

and by Cauchy-D’Alembert theorem we deduce that: 

ܕܑܔ
࢞→ஶ

൫ࢍ(࢞)൯
૚
࢞

࢞ = ஶ→࢞ܕܑܔ
∗ℕ∋࢔

൫(࢔)ࢍ൯
૚
࢔

࢔ = ܕܑܔ
࢞→ஶ

ඨࢍ
(࢔)
૛࢔

࢔
࡭ᇲࡰି࡯= ܕܑܔ

ஶ→࢔
ቆ
+࢔)ࢍ ૚)

+࢔) ૚)࢔ା૚ ⋅
࢔࢔

ቇ(࢔)ࢍ = 

= ஶ→࢔ܕܑܔ ൬
(ା૚࢔)ࢍ
(࢔)ࢍ࢔

ቀ ࢔
ା૚࢔

ቁ
ା૚࢔

൰ = ࢈
ࢋ
. So, ࢞ܕܑܔ→ஶ൫ࢌ(࢞)൯

૛ܖܑܛ ࢚
ቆ൫ࢍ(࢞)൯

૛ܛܗ܋ ࢚
࢞శ૚ − ൫ࢍ(࢞)൯

૛ܛܗ܋ ࢚
࢞ ቇ = 

= ܕܑܔ
࢞→ஶ

ቆ
(࢞)ࢌ
࢞ ቇ

૛ܖܑܛ ࢚

ܕܑܔ
࢞→ஶ

ቌ
൫ࢍ(࢞)൯

૚
࢞

࢞
ቍ

૛ܛܗ܋ ࢚

(࢛(࢞)− ૚)࢞ܖܑܛ૛ ࢚ାܛܗ܋૛ ࢚ = 

= ૛ܖܑܛࢇ ࢚ ⋅
૛ܛܗ܋࢈ ࢚

૛ܛܗ܋ࢋ ࢚
⋅ ܕܑܔ
࢞→ஶ

ቆ
࢛(࢞)− ૚
(࢞)࢛ܖܔ ⋅ ൫࢛(࢞)൯ܖܔ

࢞
ቇ, 

where ࢛(࢞) = ൭൫ࢍ(࢞ା૚)൯
૚

࢞శ૚

൫ࢍ(࢞)൯
૚
࢞
൱
૛ܛܗ܋ ࢚

 with ࢞ܕܑܔ→ஶ ࢛(࢞) = ૚, then ࢞ܕܑܔ→ஶ
࢛(࢞)ି૚
(࢞)࢛ܖܔ

= ૚. We 

have: 

ܕܑܔ
࢞→ஶ

൫࢛(࢞)൯
࢞

= ܕܑܔ
࢞→ஶ

ቌ
൫ࢍ(࢞ + ૚)൯

࢞
࢞ା૚

(࢞)ࢍ ቍ

૛ܛܗ܋ ࢚

= ܕܑܔ
࢞→ஶ

ቌ
࢞)ࢍ + ૚)
(࢞)ࢍ ⋅

૚

൫ࢍ(࢞+ ૚)൯
૚

࢞ା૚
ቍ

૛ܛܗ܋ ࢚

= 

= ܕܑܔ
࢞→ஶ

ቌ
࢞)ࢍ + ૚)
(࢞)ࢍ࢞ ⋅

࢞ + ૚

൫ࢍ(࢞ + ૚)൯
૚

࢞ା૚
⋅

࢞
࢞ + ૚

ቍ

૛ܛܗ܋ ࢚

= ቀ࢈ ⋅
ࢋ
࢈ ⋅ ૚

ቁ
૛ܛܗ܋ ࢚

= ૛ܛܗ܋ࢋ ࢚ 

Therefore: ࢞ܕܑܔ→ஶ൫ࢌ(࢞)൯
૛ܖܑܛ ࢚

ቆ൫ࢍ(࢞)൯
૛ܛܗ܋ ࢚
࢞శ૚ − ൫ࢍ(࢞)൯

૛ܛܗ܋ ࢚
࢞ ቇ = ܖܑܛࢇ

૛ ܛܗ܋࢈⋅࢚
૛ ࢚

૛ܛܗ܋ࢋ ࢚
⋅ ܖܔ ૛ܛܗ܋ࢋ ࢚ = 

= ܖܑܛࢇ
૛ ܛܗ܋࢈⋅࢚

૛ ࢚

૛ܛܗ܋ࢋ ࢚
⋅ ૛ܛܗ܋ ࢚, and we are done. 
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UP.139. Calculate: ࢞ܕܑܔ→ஶ ቌ࢞ܐܛܗ܋
૛ ࢚ ൭൫ડ(࢞ + ૚)൯

ܐܖܑܛି
૛࢚

࢞ − ቀ൫ડ(࢞ + ૛)൯ቁ
ܐܖܑܛି

૛ ࢚
࢞శ૚ ൱ቍ, 

Where ࢚ ∈ ℝ and ડ is the Gamma function (Euler integral of the second kind). 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by proposers 

We have: ࢞ܕܑܔ→ஶ
൫ડ(࢞ା૚)൯

૚
࢞

࢞
= ஶ→࢔ܕܑܔ

∗ℕ∋࢔
൫ડ(࢔ା૚)൯

૚
࢔

࢔
= ஶ→࢔ܕܑܔ

࢔!࢔√

࢔
= ஶ→࢔ܕܑܔ ට࢔!

࢔࢔
࢔  ࡭ᇲࡰି࡯=

= ஶ→࢔ܕܑܔ ቀ
	!(ା૚࢔)

శ૚࢔(ା૚࢔)
⋅ ࢔

࢔

!࢔
ቁ = ஶ→࢔ܕܑܔ ቀ

࢔
ା૚࢔

ቁ
࢔

= ૚
ࢋ
. Let 

(࢞)ࢌ = ૛ܐܛܗ܋࢞ ࢚ ቆ൫ડ(࢞ + ૚)൯ି
૛ܐܖܑܛ ࢚

࢞ − ൫ડ(࢞ + ૛)൯ି
૛ܐܖܑܛ ࢚
࢞శ૚ ቇ = ૛ܐܛܗ܋࢞− ࢚൫ડ(࢞ + ૚)൯ି

૛ܐܖܑܛ ࢚
࢞ (࢛(࢞)− ૚),  

where ࢛:ℝା
∗ → ℝ,࢛(࢞) = ൭൫ડ(࢞ା૛)൯

૚
࢞శ૚

൫ડ(࢞ା૚)൯
૚
࢞
൱
૛ܐܖܑܛି ࢚

. We deduce that: 

ܕܑܔ
ஶ→࢔

࢛(࢞) = ܕܑܔ
ஶ→࢔

ቌ
൫ડ(࢞ + ૛)൯

૚
࢞ା૚

࢞ + ૚ ⋅
࢞

൫ડ(࢞ + ૚)൯
૚
࢞
⋅
࢞ + ૚
࢞

ቍ

ି ૛ܐܖܑܛ ࢚

= ൬
૚
ࢋ ⋅ ࢋ ⋅ ૚൰

ି ૛ܐܖܑܛ ࢚

= ૚ 

We have, ࢔ܕܑܔ→ஶ
࢛(࢞)ି૚
(࢞)࢛ܖܔ

= ૚. Also, we have: 

ܕܑܔ
࢞→ஶ

൫࢛(࢞)൯
࢞

= ܕܑܔ
࢞→ஶ

ቌ
൫ડ(࢞ + ૛)൯

૚
࢞ା૚

൫ડ(࢞ + ૚)൯
૚
࢞
ቍ

૛ܖܑܛ࢞ି ࢚

= ܕܑܔ
࢞→ஶ

ቌ
ડ(࢞ + ૛)
ડ(࢞ + ૚) ⋅

૚

൫ડ(࢞+ ૛)൯
૚

࢞ା૚
ቍ

ି ૛ܖܑܛ ࢚

= 

= ஶ→࢞ܕܑܔ ൭
࢞ା૚

൫ડ(࢞ା૛)൯
૚

࢞శ૚
൱
૛ܖܑܛି ࢚

= ૛ܖܑܛିࢋ ࢚. Therefore: 

ܕܑܔ
࢞→ஶ

(࢞)ࢌ = − ܕܑܔ
࢞→ஶ

⎝

૛࢚ቌࢎࢉ࢞⎛
൫ડ(࢞ + ૚)൯

૚
࢞

࢞ ⋅ ࢞ቍ

૛ܖܑܛି ࢚

⋅
࢛(࢞) − ૚
(࢞)࢛ܖܔ ⋅ (࢞)࢛ܖܔ

⎠

⎞ = 

= − ܕܑܔ
࢞→ஶ

⎝

⎛ቌ
൫ડ(࢞ + ૚)൯

૚
࢞

࢞
ቍ

ି ૛ܖܑܛ ࢚

⋅ ૛ܐܛܗ܋࢞ ૛ܐܖܑܛି࢚ ࢚ ⋅
࢛(࢞) − ૚
(࢞)࢛ܖܔ ⋅ ܖܔ ࢛(࢞)

⎠

⎞ = 
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= −൬
૚
ࢋ
൰
૛ܐܖܑܛି ࢚

ܕܑܔ
࢞→ஶ

࢛(࢞)− ૚
(࢞)࢛ܖܔ ⋅ ܖܔ ቀܕܑܔ

࢞→ஶ
൫࢛(࢞)൯

࢞
ቁ = ૛ܐܖܑܛࢋ− ࢚ ⋅ ૚ ⋅ ܖܔ ૛ܐܖܑܛିࢋ	 ࢚ = ૛ܐܖܑܛࢋ ࢚ ⋅ ૛ܐܖܑܛ ࢚ 

 

UP.140. Calculate: ࢞ܕܑܔ→ஶ ቌ࢞ܖܑܛ
૛ ࢚ ቆ൫ડ(࢞ + ૛)൯

૛ܛܗ܋ ࢚
࢞శ૚ − ൫ડ(࢞ + ૚)൯

૛ܛܗ܋ ࢚
࢞ ቇቍ, where ࢚ ∈ ℝ and 

ડ is the Gamma function (Euler integral of the second kind). 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by proposers 

We have: ࢞ܕܑܔ→ஶ
൫ડ(࢞ା૚)൯

૚
࢞

࢞
= ஶ→࢔ܕܑܔ

∗ℕ∋࢔
൫ડ(࢔ା૚)൯

૚
࢔

࢔
= ஶ→࢔ܕܑܔ

࢔!࢔√

࢔
= ஶ→࢞ܕܑܔ ට࢔!

࢔࢔
࢔  ࡭ᇲࡰି࡯=

= ஶ→࢞ܕܑܔ ቀ
!(ା૚࢔)

శ૚࢔(ା૚࢔)
⋅ !࢔
!࢔
ቁ = ஶ→࢞ܕܑܔ ቀ

࢔
ା૚࢔

ቁ
࢔

= ૚
ࢋ
. We denote: 

(࢞)ࢌ = ૛ܖܑܛ࢞ ࢚ ቆ൫ડ(࢞ + ૛)൯
૛ܛܗ܋ ࢚
࢞శ૚ − ൫ડ(࢞ + ૚)൯

૛ܛܗ܋ ࢚
࢞ ቇ = ૛ܖܑܛ࢞ ࢚൫ડ(࢞ + ૚)൯

૛ܛܗ܋ ࢚
࢞ (࢛(࢞) − ૚), 

where ࢛:ℝା
∗ → ℝ,࢛(࢞) = ൭൫ડ(࢞ା૛)൯

૚
࢞శ૚

൫ડ(࢞ା૚)൯
૚
࢞
൱
૛ܛܗ܋ ࢚

. We deduce that: 

ܕܑܔ
࢞→ஶ

࢛(࢞) = ܕܑܔ
࢞→ஶ

ቌ
൫ડ(࢞+ ૛)൯

૚
࢞ା૚

࢞ + ૚ ⋅
࢞

൫ડ(࢞ + ૚)൯
૚
࢞
⋅
࢞ + ૚
࢞

ቍ

૛ܛܗ܋ ࢚

= ൬
૚
ࢋ ⋅ ࢋ ⋅ ૚൰

૛ܛܗ܋ ࢚

= ૚. 

We have, ࢞ܕܑܔ→ஶ
࢛(࢞)ି૚
(࢞)࢛ܖܔ

= ૚ and also we have: 

ܕܑܔ
࢞→ஶ

൫࢛(࢞)൯
࢞

= ܕܑܔ
࢞→ஶ

ቌ
൫ડ(࢞ + ૛)൯

૚
࢞ା૚

൫ડ(࢞+ ૚)൯
૚
࢞
ቍ

࢞ ૛ܛܗ܋ ࢚

= ܕܑܔ
࢞→ஶ

ቌ
ડ(࢞ + ૛)
ડ(࢞ + ૚) ⋅

૚

൫ડ(࢞+ ૛)൯
૚

࢞ା૚
ቍ

૛ܛܗ܋ ࢚

= 

= ஶ→࢞ܕܑܔ ൭
࢞ା૚

൫ડ(࢞ା૛)൯
૚

࢞శ૚
൱
૛ܛܗ܋ ࢚

= ૛ܛܗ܋ࢋ ࢚. Therefore: 

ܕܑܔ
࢞→ஶ

(࢞)ࢌ = ܕܑܔ
࢞→ஶ

ቌ࢞ܖܑܛ૛ ࢚ቌ
൫ડ(࢞ + ૚)൯

૚
࢞

࢞ ⋅ ࢞ቍ ⋅
࢛(࢞) − ૚
(࢞)࢛ܖܔ ⋅ ܖܔ ࢛(࢞)ቍ = 
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= − ܕܑܔ
࢞→ஶ

⎝

⎛ቌ
൫ડ(࢞ + ૚)൯

૚
࢞

࢞
ቍ

૛ܛܗ܋ ࢚

⋅ ૛ܖܑܛ࢞ ࢚ାܛܗ܋૛ ࢚ ⋅
࢛(࢞)− ૚
(࢞)࢛ܖܔ ⋅ (࢞)࢛ܖܔ

⎠

⎞ = 

= ૛ܛܗ܋ࢋ ࢚ ܕܑܔ
࢞→ஶ

࢛(࢞) − ૚
(࢞)࢛ܖܔ ⋅ ܖܔ ቀܕܑܔ

࢞→ஶ
൫࢛(࢞)൯

࢞ቁ = ૛ܛܗ܋ࢋ ࢚ ⋅ ૚ ⋅ ܖܔ ૛ܛܗ܋ࢋ ࢚ = ૛ܛܗ܋ࢋ ࢚ ⋅ ૛ܛܗ܋ ࢚ 

 

UP.141. For {࢔ࢇ}࢔ஹ૙,࢔ࢇ = శ૚࢔(ା૛࢔)

࢔(ା૚࢔)
, ࢞ ∈ (−∞,∞),  	,ஹ૚࢔{(࢞)࢔࢈}

(࢞)࢔࢈ = ૛ܖܑܛ࢔ ࢞ ቀ࢔ࢇା૚ܛܗ܋૛ ࢞ − ܛܗ܋࢔ࢇ
૛ ࢞ቁ, find ࢔ܕܑܔ→ஶ  (࢞)࢔࢈

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by Marian Ursărescu – Romania  

ࡸ = ܕܑܔ
ஶ→࢔

૛ܖܑܛ࢔ ࢞ ቎ቆ
+࢔) ૜)࢔ା૛

+࢔) ૛)࢔ା૚ቇ
૛ܛܗ܋ ࢞

− ቆ
࢔) + ૛)࢔ା૚

+࢔) ૚)࢔ ቇ
૛ܛܗ܋ ࢞

቏ 

Let ࢌ: ࢔,࢔] + ૚] → ℝ,ࢌ(࢚) = ቀ(࢚ା૛)࢚శ૚

(࢚ା૚)࢚
ቁ
૛ܛܗ܋ ࢞

 

From Lagrange’s theorm we have: ∃ࢉ ∈ +࢔,࢔) ૚) such that ࢔)ࢌ+ ૚)− (࢔)ࢌ = (ࢉ)ᇱࢌ ⇒ 

ࡸ = ஶ→࢔ܕܑܔ ܖܑܛ࢔
૛ ࢞ ൫࢔)ࢌ+ ૚)− ൯(࢔)ࢌ = ஶ→࢔ܕܑܔ ܖܑܛ࢔

૛ ࢞  (1)   (ࢉ)ᇱࢌ

(࢚)ࢌ = ቌ(࢚ + ૛) ൬
࢚ + ૛
࢚ + ૚൰

࢚

ቍ

૛ܛܗ܋ ࢞

= (࢚+ ૛)ܛܗ܋૛ ࢞ ൬૚ +
૚

࢚ + ૚൰
࢚ ૛ܛܗ܋ ࢞

 

(࢚)ᇱࢌ = ૛ܛܗ܋ ࢞ (࢚+ ૛)ܛܗ܋૛ ࢞ି૚ ൬૚ +
૚

࢚ + ૚൰
࢚ ૛ܛܗ܋ ࢞

+ (࢚ + ૛)ܛܗ܋૛ ࢞ ⋅ 

⋅ ቌቆ૚ + ൬
૚

࢚ + ૚൰ቇ
࢚ ૛ܛܗ܋ ࢞

൬ܛܗ܋૛ ࢞ ⋅ ܖܔ ൬૚ +
૚

࢚ + ૚൰൰ + ૛ܖ܉ܜ ࢞ ⋅
− ૚
࢚ + ૚

૚ + ૚
࢚ + ૚

ቍ ⇒ 

(࢚)ᇱࢌ = ૛ܛܗ܋ ࢞ ቀ૚ + ૚
࢚ା૚

ቁ
࢚ ૛ܛܗ܋ ࢞

ቂ(࢚+ ૛)ିܖܑܛ૛ ࢞ + (࢚ + ૛)ܛܗ܋૛ ࢞ ቀܖܔ ቀ૚ + ૚
࢚ା૚

ቁ − ࢚
(࢚ା૚)(࢚ା૛)ቁቃ     (2) 

From (1)+(2) and because ࢉ ∈ ࢔,࢔) + ૚) we must calculate: 

ࡸ = ஶ→࢔ܕܑܔ ܖܑܛ࢔
૛ ࢞ ⋅ ૛ܛܗ܋ ࢞ቀ૚ + ૚

ା૚࢔
ቁ
૛ܛܗ܋ ࢞

ቂ(࢔ + ૛)ି ૛ܖܑܛ ࢞ + ࢔) + ૛)ܛܗ܋૛ ࢞ ቀܖܔቀ૚ + ૚
ା૚࢔

ቁ − ࢔
(ା૛࢔)(ା૚࢔)

ቁቃ      (3) 
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ஶ→࢔ܕܑܔ ૛ܛܗ܋ ࢞ ቀ૚ + ૚
ା૚࢔

ቁ
࢔ ૛ܛܗ܋ ࢞

= ૛ܛܗ܋ ࢞ ⋅ ૛ܛܗ܋ࢋ ࢞    (4) 

ܕܑܔ
ஶ→࢔

൬
࢔ + ૛
࢔ ൰

૛ܖܑܛ ࢞

+ ࢔) + ૛)ܛܗ܋૛ ࢞ି૚ ⋅ ࢔ ⋅ ૛ܖܑܛ࢔ ࢞ ൬ܖܔ ൬૚ +
૚

࢔ + ૚൰ −
࢔

+࢔) ૚)(࢔+ ૛)൰ 

= ૚ + ܕܑܔ
ஶ→࢔

ቀ
࢔

࢔ + ૛
ቁ
૛ܖܑܛ ࢞

⋅ ቌ
ܖܔ ቀ૚ + ૚

+࢔ ૚ቁ
૚
࢔

−
࢔

࢔) + ૚)(࢔ + ૛)ቍ = 

૚ + ૚(૚ − ૚) = ૚  (5) 

From (3)+(4)+(5) ⇒ ࡸ = ૛ܛܗ܋ ࢞ ૛ܛܗ܋ࢋ ࢞ 

 

UP.142. Let (࢞࢔)࢔ஹ૚ be a sequence which satisfy: 

− +࢔࢓)࢔࢒ (࢔࢞ + ෍
૚
࢑

࢔࢓

࢑ୀ૚

=  ࢽ

where ࢓ is positive integer and ࢽ is Euler – Mascheroni’s constant. Compute: 

࢓࢏࢒
ஶ→࢔

 ࢔࢞

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Shafiqur Rahman-Bangladesh 

− +࢔࢓)ܖܔ (࢔࢞ + ෍
૚
࢑

࢔࢓

࢑ୀ૚

= ࢽ ⇒ ܕܑܔ
ஶ→࢔

࢔࢞ = ܕܑܔ
࢞→ஶ

൬ࢋቀ∑
૚
࢑

࢔࢓
࢑స૚ ቁࢽି ൰࢔࢓− = 

= ܕܑܔ
ஶ→࢔

൬ࢋቀ∑
૚
࢑

࢔࢓
࢑స૚ ି∑ ૚

࢑
࢔
࢑స૚ ା࢔ܖܔቁ ൰࢔࢓− = ܕܑܔ

ஶ→࢔
∑ቀࢋ൬࢔

૚
࢑

࢔࢓
࢑స࢔శ૚ ቁ ൰࢓− = 

= ܕܑܔ
ஶ→࢔

൬ࢋ∫
࢞ࢊ
ࢊ

࢓
૚ ൰࢓− = ܕܑܔ

ஶ→࢔
࢓ܖܔࢋ൫࢔ ൯࢓− ∴ ܕܑܔ

ஶ→࢔
࢔࢞ = ૙ 

Solution 2 by Khalef Ruhemi-Jarash-Jordan 

− +࢔࢓)ܖܔ (࢔࢞ + ∑ ૚
࢑

࢑ୀ࢔࢓
࢑ୀ૚ = (࢔࢞)ஶ→࢔ܕܑܔ Find .ࢽ ⇛ ࢔࢞ + ࢔࢓ = 

= ∑ାࢽିࢋ
૚
࢑

࢑స࢔࢓
࢑స૚ ቌ ෍

૚
࢑

࢑ୀ࢔࢓

࢑స૚ࢋ
ቍ− (࢔࢓)ܖܔ + (࢔࢓)ܖܔ −  ࢽ

∴ ࢔࢞ + ࢔࢓ = ∑ቀࢋ(࢔࢓)
૚
࢑

࢑స࢔࢓
࢑స૚ ቁିࢽି(࢔࢓)ܖܔ 	 ∴ ࢔࢞ = ∑ቀࢋ൬(࢔࢓)

૚
࢑

࢑స࢔࢓
࢑స૚ ቁିࢽି(࢔࢓)ܖܔ − ૚൰ 
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∴ ܕܑܔ
ஶ→࢔

(࢔࢞) = ܕܑܔ
ஶ→࢔

ቆ࢔ ൬ࢋቀ∑
૚
࢑

࢑స࢔
࢑స૚ ቁିࢽି(࢔)ܖܔ − ૚൰ቇ ∴ ܕܑܔ

ஶ→࢔
(࢔࢞) = ܕܑܔ

ஶ→࢔
ቌ࢔൭ࢋ

∫ାࢽି ቆ૚ି࢞
࢔

૚ି࢞ ା
૚ି࢞࢔ష૚
(࢞)ܖܔ ቇ࢞ࢊ૚

૙ − ૚൱ቍ 

= ૙→࢖ܕܑܔ
ି૚ାࢋ

షࢽశ∫

⎝

⎛૚ష࢞
૚
࢖

૚ష࢞ శ૚ష࢞
૚
ష૚࢖

(࢞)ܖܔ
⎠

૚࢞ࢊ⎞
૙

࢖
, using Lop-rulle 

ܕܑܔ
ஶ→࢔

(࢔࢞) = ܕܑܔ
૙→࢖

⎝

⎜
⎛
ࢽିࢋ ⋅ ࢋ

∫ ቌ૚ି࢞
૚
࢖

૚ି࢞ ା
૚ି࢞

૚
ష૚࢖

(࢞)ܖܔ ቍ૚
૙ ࢞ࢊ

⋅ නቌ
࢞
૚
࢖ (࢞)ܖܔ

૛(૚࢖ − ࢞) +
࢞
૚
૚ି࢖

૛࢖
ቍ࢞ࢊ

૚

૙
⎠

⎟
⎞

 

= ܕܑܔ
૙→࢖

න
࢞
૚
࢖

૛࢖

૚

૙

ቆ
(࢞)ܖܔ
૚ − ࢞ +

૚
࢞ቇ࢞ࢊ = ܕܑܔ

ஶ→࢔
න࢔૛࢞࢔ ⋅

(࢞)ܖܔ
૚ − ࢞

૚

૙

࢞ࢊ + ܕܑܔ
ஶ→࢔

න࢔૛ ⋅ ૚ି࢔࢞
૚

૙

 ࢞ࢊ

Since ࢔ܕܑܔ→ஶ(࢔૛࢞࢔) = ૙, and ࢔ܕܑܔ→ஶ(࢔૛࢞ି࢔૚) = ૙,૚ > ݔ > 0 

∴ ܕܑܔ
ஶ→࢔

(࢔࢞) = ૙ + ૙ = ૙ ⇒ ܕܑܔ
ஶ→࢔

(࢔࢞) = ૙ 

 

UP.143. Let ࢈,ࢇ ∈ ℝା,(࢈,ࢇ)࢔ࢽ = +࢔)࢔࢒− (ࢇ + ∑ ૚
࢑ା࢈

࢔
࢑ୀ૚  with  

࢓࢏࢒
ஶ→࢔

(࢈,ࢇ)࢔ࢽ = (࢈,ࢇ)ࢽ ∈ ℝ 

Calculate: 

࢓࢏࢒
ஶ→࢔

ቌ࢔࢒
ࢋ

࢔ + ࢇ + ෍
૚

࢑ + ࢈

࢔

࢑ୀ૚

− ቍ(࢈,ࢇ)ࢽ

࢔

 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

ܕܑܔ
ஶ→࢔

−(࢈,ࢇ)࢔ࢽ൫࢔ ൯(࢈,ࢇ)ࢽ = ܕܑܔ
ஶ→࢔

−(࢈,ࢇ)࢔ࢽ (࢈,ࢇ)ࢽ
૚
࢔

= ܕܑܔ
ஶ→࢔

ࢇ)ା૚࢔ࢽ + (࢈ − (࢈,ࢇ)࢔ࢽ
૚

࢔ + ૚ −
૚
࢔

 

= ܕܑܔ
ஶ→࢔

∑ ૚
࢑ + ࢈

ା૚࢔
࢑ୀ૚ − +࢔)ܖܔ ૚ + (ࢇ − ∑ ૚

࢑ + ࢈
࢔
࢑ୀ૚ + ࢔)ܖܔ + (ࢇ

૚
+࢔ ૚ −

૚
࢔
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= ܕܑܔ
ஶ→࢔

ܖܔ ቀ૚ + ૚
࢔ + ቁࢇ −

૚
࢔ + ૚ + ࢈

૚
+࢔) ૚)

= ܕܑܔ
ஶ→࢔

ܖܔ ቀ૚ + ૚
ቁ࢔ −

૚
࢔ + ૚

૚
+࢔)࢔ ૚)

= 

= ܕܑܔ
ஶ→࢔

ቀ૚ + ૚
ቁ࢔ ܖܔ ቀ૚ + ૚

ቁ࢔ −
૚
࢔

૚
૛࢔

= 

= ܕܑܔ
࢞→૙
࢞வ଴

(૚ + ࢞) ૚)ܖܔ + ࢞) − ࢞
࢞૛ ࡸ࡭ࢀࡵࡼࡿࡻࡴᇲࡸ= ܕܑܔ

࢞→૙
࢞வ଴

૚)ܖܔ + ࢞) + ૚ − ૚
૛࢞ =

૚
૛ ૙→࢞ܕܑܔ

࢞வ଴

ܖܔ √૚ + ࢞࢞ = 

=
ࢋܖܔ
૛ =

૚
૛ 

ܕܑܔ
ஶ→࢔

ቌܖܔ
ࢋ

࢔ + +ࢇ ෍
૚

࢑+ ࢈

࢔

࢑ୀ૚

− ቍ(࢈,ࢇ)ࢽ

࢔

= ାࢇି࢈ࢋ
૚
૛ 

Solution 2 by Shafiqur Rahman-Bangladesh 

Let ષ = ஶ→࢔ܕܑܔ ൬ܖܔ ቀ
ࢋ

ࢇା࢔
ቁ + ∑ ૚

࢑ା࢈
࢔
࢑ୀ૚ − ൰(࢈,ࢇ)ࢽ

࢔
⇒ 

⇒ ષܖܔ = ܕܑܔ
ஶ→࢔

࢔ ܖܔ ቌ૚ + ෍
૚

࢑ + ࢈

࢔

࢑ୀ૚

− +࢔)ܖܔ (ࢇ −  ቍ(࢈,ࢇ)ࢽ

= ܕܑܔ
ஶ→࢔

ቆ∑ ૚
࢑ + ࢈

࢔
࢑ୀ૚ − ࢔)ܖܔ + (ࢇ − ቇ(࢈,ࢇ)ࢽ

૚
࢔

= ܕܑܔ
ஶ→࢔

ቌ
૚

࢔ + ࢈ + ૚ − ܖܔ ቀ૚ + ૚
࢔ + ቁࢇ

૚
࢔ + ૚ −

૚
࢔

ቍ = 

= ܕܑܔ
ஶ→࢔

+࢔)࢔ ૚) ൬
૚

࢔ + ࢇ −
૚

૛(࢔+ ૛(ࢇ + ૙ ൬
૚

+࢔) ૜൰(ࢇ −
૚

࢔ + ࢈ + ૚൰ 

= ܕܑܔ
ஶ→࢔

ቆ
(૛࢈ − ૛ࢇ + ૚)࢔૛(࢔ + ૚) + (૛࢈ࢇ − ૛ࢇ૛ + ૛ࢇ − ࢈ − ૚)࢔)࢔ + ૚)

૛(࢔+ +࢔)૛(ࢇ ࢈ + ૚) ቇ = ࢈ − +ࢇ
૚
૛ 

∴ ષ = ܕܑܔ
ஶ→࢔

ቌܖܔ ቀ
ࢋ

࢔ + ࢇ
ቁ + ෍

૚
࢑ + ࢈

࢔

࢑ୀ૚

− ቍ(࢈,ࢇ)ࢽ

࢔

= ାࢇି࢈ࢋ
૚
૛ 

Solution 3 by Remus Florin Stanca-Romania 
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Let ࢈,ࢇ ∈ ℝା	(࢈,ࢇ)࢔ࢽ = − +ࢇ)ܖܔ (࢔ + ∑ ૚

࢑ା࢈
࢔
࢑ୀ૚  with ࢔ܕܑܔ→ஶ ࢔ࢽ (࢈,ࢇ) = (࢈,ࢇ)ࢽ ∈ ℝ, 

calculate: ࢔ܕܑܔ→ஶ ൬ܖܔ
ࢋ

ࢇା࢔
+ ∑ ૚

࢑ା࢈
࢔
࢑ୀ૚ − ൰(࢈,ࢇ)ࢽ

࢔
 

ܕܑܔ
ஶ→࢔

൭෍
૚

࢑ + ࢈

࢔

࢑ୀ૚

− ࢔)ܖܔ + ൱(ࢇ = ܕܑܔ
ஶ→࢔

൬
૚

+࢈ ૚ + ⋯+
૚

+࢈ ࢔ − +࢔)ܖܔ  ൰(ࢇ

= ܕܑܔ
ஶ→࢔

ቆ૚ + ⋯+
૚

࢈ + ࢔ − ࢈)ܖܔ + (࢔ + ࢈)ܖܔ + (࢔ − +࢔)ܖܔ (ࢇ − ൬૚ + ⋯+
૚
൰ቇ࢈ = 

ࢽ − ൬૚ + ⋯+
૚
+൰࢈ ܕܑܔ

ஶ→࢔
ܖܔ
࢈ + ࢔
࢔ + ࢇ = ࢽ − ૚ −⋯−

૚
࢈ =  (࢈,ࢇ)ࢽ

ܕܑܔ
ஶ→࢔

൭ܖܔ
ࢋ

࢔ + +ࢇ ෍
૚

࢑ + ࢈

࢔

࢑ୀ૚

− ࢽ + ૚ + ⋯+
૚
࢈
൱ = 

= ܕܑܔ
ஶ→࢔

ቌ෍
૚
࢑

࢔ା࢈

࢑ୀ૚

− ࢈)ܖܔ + (࢔ + +࢈)ܖܔ (࢔ + ܖܔ
ࢋ

࢔ + ࢇ − ቍࢽ = ܕܑܔ
ஶ→࢔

ܖܔ
࢔ࢋ + ࢋ࢈
࢔ + ࢇ = ૚ 

ܕܑܔ
ஶ→࢔

ቌܖܔ
ࢋ

+࢔ +ࢇ ෍
૚
࢑− ࢽ

࢔ା࢈

࢑ୀ૚

ቍ

࢔

= ܕܑܔ
ஶ→࢔

ቌܖܔ
ࢋ

࢔ + +ࢇ ෍
૚
࢑

࢔ା࢈

࢑ୀ૚

− ࢽ − ૚ + ૚ቍ

࢔

 

= ܕܑܔ
ஶ→࢔

ቌܖܔ
ࢋ

+࢔ ࢇ + ෍
૚
࢑

࢔ା࢈

࢑ୀ૚

− −ࢽ ૚ + ૚ቍ

૚

ܖܔ ࢋ
∑ାࢇା࢔

૚
૚ିࢽ࢑ି

࢔శ࢈
࢑స૚

⋅ቀܖܔ ࢋ
∑ାࢇା࢔

૚
࢑

࢔శ࢈
࢑స૚ ࢔૚ቁିࢽି

= 

= ܕܑܔ
ஶ→࢔

ܖܔቀ࢔ࢋ
ࢋ

∑ାࢇା࢔
૚
૚ିࢽ࢑ି

࢔శ࢈
࢑స૚ ቁ 

ܕܑܔ
ஶ→࢔

ܖܔ ࢋ
࢔ + ࢇ + ∑ ૚

࢑
࢔ା࢈
࢑ − −ࢽ ૚
૚
࢔

࢕࢘࢕࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ= ܕܑܔ
ஶ→࢔

ܖܔ ࢔ + ࢇ
࢔ + ࢇ + ૚ + ૚

࢈ + ࢔ + ૚
− ૚
࢔)࢔ + ૚)

 

ℝ:ࢌ	࢚ࢋࡸ ∖ {−૚; ૙; −ࢇ−) ૚); −࢈) ૚ − ૚)}. Such that ࢌ(࢞) =
ቀܖܔ ࢞శࢇ

࢞శࢇశ૚ቁା
૚

శ࢞శ૚࢈
ష૚

࢞(࢞శ૚)
 

ܕܑܔ
ஶ→࢔

(࢞)ࢌ =
૙
૙ ܕܑܔ

ஶ→࢔

࢞ + ࢇ + ૚
࢞ + ࢇ ⋅ ૚

(࢞ + ࢇ + ૚)૛ −
૚

+࢈) ࢞ + ૚)૛
૚

(࢞૛ + ࢞)૛ (૛࢞ + ૚)
= ܕܑܔ

ஶ→࢔

࢞૝ + ૛࢞૜ + ࢞૛

૛࢞ + ૚ ⋅ 
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⋅
૛࢈ + ࢞૛ + ૚ + ૛࢞࢈ + ૛࢈+ ૛࢞ − ࢞૛ − ૛ࢇ − ૛࢞ࢇ − ࢞ − ࢇ

૛࢞૛࢈ + ૛ࢇ૛࢈ + ૛࢈ࢇ૛࢞ + ૛࢞࢈ + ࢇ૛࢈ + ࢞૝ + ࢞૛ࢇ૛ + ૛࢞ࢇ૜ + ࢞૜ + ࢞૛ࢇ+ ࢞૛ + ૛ࢇ + ૛࢞ࢇ + ࢞ +
ࢇ+ + ૛࢞࢈૜ + ૛ࢇ࢞࢈૛ + ૝࢞࢈ࢇ૛ + ૛࢞࢈૛ + ૛࢞࢈ࢇ + ૛࢞࢈૛ + ૛ࢇ࢈૛ + ૝࢞࢈ࢇ + ૛࢞࢈ + ૛࢈ࢇ +

+૛࢞૜ + ૛࢞ࢇ૛ + ૝࢞ࢇ૛ + ૛࢞૛ + ૛࢞ࢇ

 

=
૛࢈ − ૛ࢇ+ ૚

૛ ⇒ ࡸ = ࢋ
૛ି࢈૛ࢇା૚

૛  

UP.144. If ࢞,࢟, ࢠ ≥ ૙ then: 

૛ܐܛܗ܋ ࢞ ૛ܐܛܗ܋ ࢟ ૛ܐܛܗ܋ ࢠ ≥ ૛(૚ + ࢞)ܐܛܗ܋ − ࢟) + −࢟)ܐܛܗ܋ (ࢠ + ࢠ)ܐܛܗ܋ − ࢞)) ⋅ 

⋅ ܐܖܑܛ
࢞ + ࢟
૛ ܐܖܑܛ

࢟ + ࢠ
૛ ࢎܖܑܛ

ࢠ + ࢞
૛  

Proposed by Mihály Bencze – Romania  

Solution by proposer 

If ࢈,ࢇ ≥ ૙ then: ൫ࢇ૛ + ૚൯൫࢈૛ + ૚൯ = ൫ࢇ૛࢈૛ + ૚൯+ ૛ࢇ + ૛࢈ ≥ ૛ࢇ + ૛࢈ࢇ+ ૛࢈ = ࢇ) +  ૛(࢈

૛ࢇ)∏ + ૚)૛ = ૛ࢇ)∏ + ૚) ૛࢈) + ૚) ≥ +ࢇ)∏ ૛ࢇ)∏ ૛ therefore(࢈ + ૚) ≥ +ࢇ)∏  (࢈

We take ࢇ = ܐܖܑܛ ࢞ ࢈, = ܐܖܑܛ ࢟ , ࢉ = ܐܖܑܛ ࢠ ⇒ ૛ܐܛܗ܋∏ ࢞ =∏(૚ + ૛ܐܖܑܛ ࢞) ≥ 

≥ෑ(ܐܖܑܛ ࢞ + ܐܖܑܛ ࢟) = ෑ૛ܐܖܑܛ
࢞ + ࢟
૛ ܐܛܗ܋

࢞ − ࢟
૛ = 

= ૛ෑܐܖܑܛ
࢞ + ࢟
૛ ⋅ ቀ૝ෑܐܖܑܛ

࢞ − ࢟
૛

ቁ = ૛ෑܐܖܑܛ
࢞ + ࢟
૛

ቀ૚ + ෍ܐܛܗ܋(࢞ − ࢟)ቁ 

 

UP.145. Let be (࢞࢔)࢔ஹ૚, ࢔࢞ ∈ ℝା
∗ ࢔∀, ∈ ℕ∗, such that exists 

ା૚࢔࢞)ஶ→࢔ܕܑܔ − (࢔࢞ = ࢞ ∈ ℝା
∗ . Find: 

ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૚)࢞࢔ା૚
ඥ(૛࢔+ ૚)‼࢔శ૚ −

࢔࢞࢔
ඥ(૛࢔ − ૚)‼࢔ ቇ 

Proposed by Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Ruanghaw Chaokha-Chiangrai-Thailand 

ܕܑܔ
ஶ→࢔

ା૚࢔࢞) − (࢔࢞ = ࢞ ⇒ ࡸ = ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૚)࢞࢔ା૚
ඥ(૛࢔+ ૚)‼࢔శ૚ −

࢔࢞࢔
ඥ(૛࢔ − ૚)‼࢔ ቇ =? ? 

Stolz-Cesaro; ࢔ܕܑܔ→ஶ(࢔ࢇ − (૚ି࢔ࢇ = ஶ→࢔ܕܑܔ
࢔ࢇ
࢔

࢔ࢇ; = శ૚࢔࢞(ା૚࢔)
ඥ(૛࢔ା૚)‼࢔శ૚  

ࡸ = ܕܑܔ
ஶ→࢔

+࢔) ૚)࢞࢔ା૚
࢔ ⋅ ඥ(૛࢔ + ૚)‼࢔శ૚ = ܕܑܔ

ஶ→࢔

ା૚࢔࢞
ඥ(૛࢔+ ૚)‼࢔శ૚ ૚ି࢔→࢔= ܕܑܔ

ஶ→࢔

࢔࢞
ඥ(૛࢔ − ૚)‼࢔  
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Again, Stolz – Cesaro; ࢔ܕܑܔ→ஶ

࢔࢞
࢔࢟

= ஶ→࢔ܕܑܔ
ష૚࢔࢞ି࢔࢞
ష૚࢔࢟ି࢔࢟

; ࢔࢟ = ඥ(૛࢔ − ૚)‼࢔  

ࡸ = ܕܑܔ
ஶ→࢔

࢔࢞ − ૚ି࢔࢞
ඥ(૛࢔ − ૚)‼࢔ − ඥ(૛࢔ − ૜)‼࢔ష૚ =

ܕܑܔ
ஶ→࢔

࢔࢞) − (૚ି࢔࢞

ܕܑܔ
ஶ→࢔

ቀඥ(૛࢔ − ૚)‼࢔ − ඥ(૛࢔ − ૜)‼࢔ష૚ ቁ
=
࢞
ࡷ →∗ 

࢔ࢇ = ඥ(૛࢔ − ૚)‼࢔ ⇒ ࡷ = ܕܑܔ
ஶ→࢔

ඥ(૛࢔ − ૚)‼࢔

࢔ = ܕܑܔ
ஶ→࢔

ඨ
(૛࢔ − ૚)‼

࢔࢔
࢔

 

And Stolz-Cesaro again; ࢔ܕܑܔ→ஶ ඥ࢔࢔ࢇ = ஶ→࢔ܕܑܔ
࢔ࢇ
ష૚࢔ࢇ

࢔ࢇ; = (૛ି࢔૚)‼
࢔࢔

 

ࡷ = ܕܑܔ
ஶ→࢔

(૛࢔ − ૚)‼
࢔࢔ ⋅

࢔) − ૚)ି࢔૚

(૛࢔ − ૜)‼ = ܕܑܔ
ஶ→࢔

(૛࢔ − ૚)
−࢔) ૚) ⋅ ൬

࢔ − ૚
࢔ ൰

࢔

= 

= ܕܑܔ
ஶ→࢔

(૛࢔ − ૚)
−࢔) ૚) ⋅ ൬૚ −

૚
൰࢔

࢔

= ૛ିࢋ૚;	∗;∴ ࡸ =
ࢋ࢞
૛  

Solution 2 by Nassim Nicholas Taleb-USA 

ࢌ =
࢔) + ૚)

ඥ(૛࢔+ ૚)‼࢔శ૚ ା૚࢔࢞ −
࢔

ඥ(૛࢔ − ૚)‼࢔  ࢔࢞

We write at the limit, with ࢔ࢇ = (ା૚࢔)

ඥ(૛࢔ା૚)‼࢔శ૚  and ࢔ࢇା૚ = ࢔
ඥ(૛ି࢔૚)‼࢔  

for ࢔ large, ࢌ → ᇱࢌ = ା૚࢞࢔ࢇ + ା૚࢔ࢇ) −  ࢔࢞(࢔ࢇ

ܕܑܔ
ஶ→࢔

ᇱࢌ = ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ ࢞ + ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) −  ࢔࢞(࢔ࢇ

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ૙ 

ܕܑܔ
ஶ→࢔

ࢌ = ࢞ ܕܑܔ
ஶ→࢔

࢔

൫(૛࢔ − ૚)‼൯
૚
࢔

=
࢞
૛অ 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

ܕܑܔ
ஶ→࢔

࢔
ඥ(૛࢔ − ૚)‼࢔ = ܕܑܔ

ஶ→࢔
ඨ

࢔࢔
(૛࢔ − ૚)‼

࢔
=

ࢅࡴ࡯ࢁ࡭࡯
ࢀࡾࡱ࡮ࡹࡱࡸ࡭ᇲࡰ ܕܑܔ

ஶ→࢔
ቆ

࢔) + ૚)࢔ା૚

(૛࢔+ ૚)‼ ⋅
(૛࢔ − ૚)‼

࢔࢔ ቇ 

= ܕܑܔ
ஶ→࢔

൮
+࢔ ૚

(૛࢔ + ૛)!
૛࢔ା૚ ⋅ +࢔) ૚)!

⋅
(૛࢔)!
૛࢔ ⋅ !࢔ ⋅ ൬૚ +

૚
൰࢔

࢔

൲ = ࢋ ܕܑܔ
ஶ→࢔

૚ + ૚
࢔

૛ + ૚
࢔

=
ࢋ
૛ 
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∴ ܕܑܔ
ஶ→࢔

࢔࢞
࢔ = ܕܑܔ

ஶ→࢔

ା૚࢔࢞ − ࢔࢞
࢔ + ૚ − ࢔ = ࢞, ܕܑܔ

ஶ→࢔
൬
࢔࢞ + ૚
࢔࢞

൰
࢔

= ܕܑܔ
ஶ→࢔

൬૚ +
ା૚࢔࢞ − ࢔࢞

࢔࢞
൰
࢔

 

= ܕܑܔ
ஶ→࢔

൝൬૚ +
ା૚࢔࢞ − ࢔࢞

࢔࢞
൰

࢔࢞
ൡ࢔శ૚ି࢞࢔࢞

࢔࢞࢔శ૚ି࢞࢔࢞࢔
= ࢋ

૚
ࢇ⋅ࢇ =  ࢋ

Let ࢛࢔ = శ૚࢔࢞(ା૚࢔)
ඥ(૛࢔ା૚)‼࢔శ૚ ⋅ ඥ(૛ି࢔૚)‼࢔

࢔࢞࢔
 for all ࢔ ∈ ℕ 

∴ ܕܑܔ
ஶ→࢔

࢔࢛ = ܕܑܔ
ஶ→࢔

ቌ
࢔ + ૚

ඥ(૛࢔+ ૚)!!࢔శ૚ ⋅
ା૚࢔࢞
࢔ + ૚ ⋅

ඥ(૛࢔ − ૚)‼࢔

࢔ ⋅
࢔
࢔࢞

⋅ ൬૚ +
૚
൰࢔
ቍ = ૚ 

so, ࢛ି࢔૚
࢔࢛ܖܔ

→  as ࢔ → ∞ 

ܕܑܔ
ஶ→࢔

࢔࢔࢛ = ܕܑܔ
ஶ→࢔

൭൬૚ +
૚
൰࢔

࢔

⋅ ൬
ା૚࢔࢞
࢔࢞

൰
࢔
⋅
+࢔ ૚
૛࢔+ ૚ ⋅

ඥ(૛࢔ + ૚)‼࢔శ૚

+࢔ ૚ ൱ =  ࢋ

∴ ܕܑܔ
ஶ→࢔

ቆ
+࢔) ૚)࢞࢔ା૚
ඥ(૛࢔+ ૚)‼࢔శ૚ −

࢔࢞࢔
ඥ(૛࢔ − ૚)‼࢔ ቇ = ܕܑܔ

ஶ→࢔
ቆ

࢔
ඥ(૛࢔ − ૚)‼࢔ ⋅

࢔࢞
࢔ ⋅

࢔࢛ − ૚
ܖܔ ࢔࢛

⋅ ܖܔ ቇ࢔࢔࢛ =
࢞ࢋ
૛  

 

UP.146. Let ࢌ: (૙,∞) → (૙,∞) be a function with: 

ஶ→࢞࢓࢏࢒
(࢞)ࢌ
࢞

= ࢇ ∈ (૙,∞) and ࢚ ∈ ℝ. Find: 

࢓࢏࢒
ஶ→࢔

ቆ(࢔+ ૚)࢙࢔࢏૛ ࢚ ⋅ ට൫ࢌ(૚)ࢌ(૛) … ࢔)ࢌ(࢔)ࢌ + ૚)൯
૛࢙࢕ࢉ శ૚࢔࢚

− ૛࢔࢏࢙࢔ ࢚ ⋅ ට൫ࢌ(૚)ࢌ(૛) … ൯(࢔)ࢌ
૛࢙࢕ࢉ ࢔࢚

ቇ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

ஶ→࢞ܕܑܔ
(࢞)ࢌ
࢞

= ࢇ ⇒ ஶ→࢞ܕܑܔ
ℕ∋࢔

(࢔)ࢌ
࢔

= ࢔࢛ let ࢇ = (ା૚࢔)
૛ܖܑܛ ࢚ ඨቀ∏ శ૚࢔(࢑)ࢌ

࢑స૚ ቁ
૛ܛܗ܋ శ૚࢔࢚

࢔
૛ܖܑܛ ࢚ ඨ൫∏ ࢔(࢑)ࢌ

࢑స૚ ൯ܛܗ܋
૛ ࢔࢚

   for all ࢔ ∈ ℕ 

ܕܑܔ
ஶ→࢔

ට൫∏ ࢔(࢑)ࢌ
࢑ୀ૚ ൯

૛ܛܗ܋ ࢔࢚

૛ܛܗ܋࢔ ࢚
= ܕܑܔ

ஶ→࢔
ඨ൫∏ ࢔(࢑)ࢌ

࢑ୀ૚ ൯
૛ܛܗ܋ ࢚

૛࢚࢙࢕ࢉ࢔࢔
࢔

= 
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=
ࢅࡴ࡯ࢁ࡭࡯

ࢀࡾࡱ࡮ࡹࡱࡸ࡭ᇲࡰ ܕܑܔ
ஶ→࢔

൮ቆ
+࢔)ࢌ ૚)
࢔ + ૚ ቇ

૛ܛܗ܋ ࢚

⋅
૚

ቀ૚ + ૚
ቁ࢔

࢔ ૛ܛܗ܋ ࢚
൲ = ቀ

ࢇ
ࢋ
ቁ
૛ܛܗ܋ ࢚

 

∴ ஶ→࢔ܕܑܔ ࢔࢛ = ஶ→࢔ܕܑܔ

ඨቀ∏ శ૚࢔(࢑)ࢌ
࢑స૚ ቁ

૛ܛܗ܋ శ૚࢔࢚

૛ܛܗ܋(శ૚࢔) ࢚

ඨ൫∏ ࢔(࢑)ࢌ
࢑స૚ ൯ܛܗ܋

૛ ࢔࢚

૛ܛܗ܋࢔ ࢚

ቀ૚ + ૚
࢔
ቁ = ૚ so, ࢛ି࢔૚

࢔࢛ܖܔ
→ ૚ as ࢔ → ∞ 

ܕܑܔ
ஶ→࢔

࢔࢔࢛ = ܕܑܔ
ஶ→࢔

⎝

⎛ቆ
࢔)ࢌ + ૚)
࢔ + ૚ ቇ

૛ܛܗ܋ ࢚

⋅
࢔) + ૚)ܛܗ܋૛ ࢚

ට൫∏ ା૚࢔(࢑)ࢌ
࢑ୀ૚ ൯ܛܗ܋

૛ శ૚࢔࢚

⎠

⎞ = ૛ܛܗ܋ࢋ ࢚ 

∴ ܕܑܔ
ஶ→࢔

⎝

⎜
⎛

+࢔) ૚)ܖܑܛ૛ ࢚ ඩ൭ෑ(࢑)ࢌ
ା૚࢔

࢑ୀ૚

൱

૛ܛܗ܋ ࢚
శ૚࢔

− ૛ܖܑܛ࢔ ࢚ඩ൭ෑ(࢑)ࢌ
࢔

࢑ୀ૚

൱
૛ܛܗ܋ ࢚

࢔

⎠

⎟
⎞

 

= ܕܑܔ
ஶ→࢔

⎝

⎜
⎛

⎝

⎛
ට൫∏ ࢔(࢑)ࢌ

࢑ୀ૚ ൯
૛ܛܗ܋ ࢔࢚

૛ܛܗ܋࢔ ࢚
⎠

⎞ ⋅
࢔࢛ − ૚
࢔࢛ܖܔ

⋅ ܖܔ ࢔࢔࢛

⎠

⎟
⎞

= ቀ
ࢇ
ࢋ
ቁ
૛ܛܗ܋ ࢚

 

Solution 2 by Remus Florin Stanca-Romania 

࢒ = ܕܑܔ
ஶ→࢔

૛ܖܑܛ࢔ ࢚ට൫ࢌ(૚) ⋅… ⋅ ൯(࢔)ࢌ
૛ܛܗ܋ ࢔࢚

൭൬
࢔ + ૚
࢔ ൰

૛ܖܑܛ ࢚

⋅ ൭
ඥࢌ(૚) ⋅ … ⋅ ࢔)ࢌ + ૚)࢔శ૚

ඥࢌ(૚) ⋅… ⋅ ࢔(࢔)ࢌ
൱− ૚൱ 

= ܕܑܔ
ஶ→࢔

࢔ ⋅ ඨቆ
(૚)ࢌ ⋅… ⋅ (࢔)ࢌ

࢔࢔ ቇ
૛ܛܗ܋ ࢔࢚

⋅ ቌ൭൬
+࢔ ૚
࢔ ൰

૛ܖ܉ܜ ࢚

⋅
ඥࢌ(૚) ⋅ … ⋅ ࢔)ࢌ + ૚)࢔శ૚

ඥࢌ(૚) ⋅… ⋅ ࢔(࢔)ࢌ ൱
૛ܛܗ܋ ࢚

− ૚ቍ 

We know that ࢔ܕܑܔ→ஶ൫ ඥࢌ(૚) ⋅ … ⋅ ࢔)ࢌ + ૚)࢔శ૚ − ඥࢌ(૚) ⋅… ⋅ ࢔(࢔)ࢌ ൯ = ࢇ
ࢋ
 and 

૚→࢞ܕܑܔ
૚ିࢇ࢞
࢞ି૚

=  ࢇ

ܕܑܔ
ஶ→࢔

ඨࢌ(૚) ⋅ … ⋅ (࢔)ࢌ
࢔࢔

࢔
= ܕܑܔ

ஶ→࢔
ࢋ
(࢔)ࢌ⋅…⋅(૚)ࢌܖܔ

࢔࢔
࢔ = ܕܑܔ

ஶ→࢔
ܖܔࢋ

(ା૚࢔)ࢌ
(ା࢔) =

ࢇ
 ࢋ
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ܕܑܔ
ஶ→࢔

࢔ ⋅

⎝

⎜
⎛

⎝

࢔⎛ + ૚
࢔ ⋅

ට∏ ା૚࢔(࢑)ࢌ
࢑ୀ૚

శ૚࢔

ඥ∏ ࢔(࢑)ࢌ
࢑ୀ૚

࢔

⎠

⎞

૛ܖ܉ܜ ࢚

− ૚

⎠

⎟
⎞

= 

૛ܖ܉ܜ ࢚ ⋅ ܕܑܔ
ஶ→࢔

࢔ ⋅ ൭
࢔ + ૚
࢔ ⋅

ඥࢌ(૚) ⋅ … ⋅ +࢔)ࢌ ૚)࢔శ૚

ඥࢌ(૚) ⋅… ⋅ ࢔(࢔)ࢌ − ૚൱ = 

૛ܖ܉ܜ ࢚ ⋅ ܕܑܔ
ஶ→࢔

+࢔) ૚) ඥࢌ(૚) ⋅… ⋅ ࢔)ࢌ + ૚)࢔శ૚ − (૚)ࢌඥ࢔ ⋅… ⋅ ࢔(࢔)ࢌ

ඥࢌ(૚) ⋅ … ⋅ ࢔(࢔)ࢌ = 

࢚ = ૛ܖ܉ܜ ࢚ ⋅
ࢋ
ࢇ ⋅

ቀ
ࢇ
ࢋ +

ࢇ
ࢋ
ቁ = ૛ ૛ܖ܉ܜ ࢚ 

ܕܑܔ
ஶ→࢔

ቌ൭࢔
ඥࢌ(૚) ⋅ … ⋅ ࢔)ࢌ + ૚)࢔శ૚

ඥࢌ(૚) ⋅… ⋅ ࢔(࢔)ࢌ ൱
૛ܖ܉ܜ ࢚ି૚

− ૚ቍ = 

૛ܖ܉ܜ) ࢚ − ૚) ܕܑܔ
ஶ→࢔

࢔ ⋅ ൭
ඥࢌ(૚) ⋅… ⋅ ࢔)ࢌ + ૚)࢔శ૚

ඥࢌ(૚) ⋅ … ⋅ ࢔(࢔)ࢌ − ૚൱ = ૛ܖ܉ܜ) ૛ − ૚) ⋅
ࢋ
ࢇ ⋅

ࢇ
ࢋ = ૛ܖ܉ܜ ࢚ − ૚ 

⇒ ૚࢒ = ૛ܖ܉ܜ ࢚ + ૚ ⇒ ࢒ = ቀ
ࢇ
ቁࢋ

૛ܛܗ܋ ࢚
⋅ ૛ܛܗ܋ ࢚ ⋅ ૛ܖ܉ܜ) ࢚ + ૚) = ቀ

ࢇ
ቁࢋ

૛ܛܗ܋ ࢚
⇒ ࢒ = ቀ

ࢇ
ቁࢋ

૛ܛܗ܋ ࢚
 

Solution 3 by Nassim Nicholas Taleb – USA 

We have ܖܑܛ(࢚)૛ = ૚ − (࢚)૛ܛܗ܋ = ࢼ with ,ࢼ ∈ [૙,૚] 

ࢍ = +࢔) ૚)ࢼ ൭ෑ(࢏)ࢌ
ା૚࢔

ୀ૚࢏

൱

૚ିࢼ
ା૚࢔

− ࢼ࢔ ൭ෑ(࢏)ࢌ
࢔

ୀ૚࢏

൱

૚ିࢼ
࢔

 

Replacing (࢏)ࢌ by ࢇ	࢏ we have 

ࢍ = +࢔) ૚)ࢼ ቀ࢔ࢇା૚ડ(࢔+ ૛)ቁ
૚ିࢼ
ା૚࢔ − ࢔)ડ࢔ࢇ൫ࢼ࢔ + ૚)൯

૚ିࢼ
࢔ , 

Where ડ(. ) is the (standard) gamma function.  

By Stirling’s formula, as ࢔ becomes large 

ડ(࢔ + ૛) → ඥ૛࣊(࢔+ ૚) ൬
࢔ + ૚
অ ൰

ା૚࢔

, ડ(࢔+ ૚) → √૛࣊࢔ ቀ
࢔
অ
ቁ
࢔

 

ࢍ → অିࢼ૚ࢇ૚ିࢼ ൬(࢔ + ૚)
ା૜࢔ା૛ࢼି
૛࢔ା૛ (૛࣊)

૚ିࢼ
૛࢔ା૛ − ࢔

ା૚࢔ା૛ࢼି
૛࢔ (૛࣊)ି

૚ିࢼ
૛࢔ ൰ 
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൬(࢔ + ૚)
ା૜࢔ା૛ࢼି
૛࢔ା૛ (૛࣊)

૚ିࢼ
૛࢔ା૛ − ࢔

ା૚࢔ା૛ࢼି
૛࢔ (૛࣊)ି

૚ିࢼ
૛࢔ ൰ → ૚ 

Hence ࢔ܕܑܔ→ஶ ࢍ = অିࢼ૚ࢇ૚ିࢼ, with ࢼ =  ૛(࢚)ܖܑܛ

Solution 4 by Aaditya Joshi-Mumbai-India 

:ࢌ (૙,∞) → (૙,∞); ஶ→࢞ܕܑܔ
(࢞)ࢌ
࢞

= ࢇ .s.t  ࢇ ∈ (૙,∞), ࢚ ∈ ℝ 

ܕܑܔ
ஶ→࢔

⎩
⎪
⎨

⎪
⎧

࢔) + ૚)ܖܑܛ૛ ࢚ ඩ൭ෑ(࢏)ࢌ
ା૚࢔

ୀ૚࢏

൱

૛ܛܗ܋ ࢚
శ૚࢔

− ૛ܖܑܛ࢔ ࢚ඩ൭ෑ(࢏)ࢌ
࢔

ୀ૚࢏

൱
૛ܛܗ܋ ࢚

࢔

⎭
⎪
⎬

⎪
⎫

 

= ܕܑܔ
ஶ→࢔

⎩
⎨

⎧
+࢔) ૚)ܖܑܛ૛ ࢚ ൭ෑ(࢏)ࢌ

࢔

ୀ૚࢏

൱

૛ܛܗ܋ ࢚
ା૚࢔

− ૛ܖܑܛ࢔ ࢚ ൭ෑ(࢏)ࢌ
࢔

ୀ૚࢏

൱

૛ܛܗ܋ ࢚
࢔

⎭
⎬

⎫
 

= ܕܑܔ
ஶ→࢔

⎩
⎪
⎨

⎪
⎧

૛ܖܑܛ࢔ ࢚൫∏ ࢔(࢏)ࢌ
స૚࢏ ൯

૛ܛܗ܋ ࢚
ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ࢔

࢔࢚࢔

⎣
⎢
⎢
⎢
⎢
⎡

൬
࢔ + ૚
࢔ ൰

૛ܖܑܛ ࢚

ቌ
∏ (࢏)ࢌ

૛ܛܗ܋ ࢚
ା૚࢔ା૚࢔

ୀ૚࢏

∏ (࢏)ࢌ
૛ܛܗ܋ ࢚
࢔࢔

ୀ૚࢏

ቍ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

࢔࢛

− ૚

⎦
⎥
⎥
⎥
⎥
⎤

⎭
⎪
⎬

⎪
⎫

 

= ܕܑܔ
ஶ→࢔

࢔} ⋅ ࢔࢛)࢔࢚ − ૚)} 

ܕܑܔ
ஶ→࢔

⎩
⎨

⎧
૛ܖܑܛ࢔ ࢚ ൭ෑ(࢏)ࢌ

࢔

ୀ૚࢏

൱

૛ܛܗ܋ ࢚
࢔

⎭
⎬

⎫
= ܕܑܔ

ஶ→࢔

⎩
⎨

⎧
૛ܛܗ܋૚ି࢔ ࢚ ൭ෑ(࢏)ࢌ

࢔

ୀ૚࢏

൱

૛ܛܗ܋ ࢚
࢔

⎭
⎬

⎫
= 

= ܕܑܔ
ஶ→࢔

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

൭ෑ࢔
(࢏)ࢌ
࢔࢔

࢔

ୀ૚࢏

൱

૛ܛܗ܋ ࢚
࢔

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
∥

ඨ൫∏ ࢔(࢏)ࢌ
స૚࢏ ൯

૛ܛܗ܋ ࢚

࢔࢔ ૛ܛܗ܋ ࢚

࢔
⎭࢔࢚⇒

⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

 

ܕܑܔ
ஶ→࢔

࢔࢚ = ܕܑܔ
ஶ→࢔

൮ቈ
࢔)ࢌ + ૚)
࢔ + ૚ ቉

૛ܛܗ܋ ࢚

	×
૚

ቀ࢔ + ૚
࢔ ቁ

࢔ ૛ܛܗ܋ ࢚
൲ → ࢟ࢎࢉ࢛ࢇ࡯  ࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇱࡰ−
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= ܕܑܔ
ஶ→࢔

ቌቈ
࢔)ࢌ + ૚)
࢔ + ૚ ቉

૛ܛܗ܋ ࢚

	× 	൬૚ +
૚
൰࢔

૛ܛܗ܋࢔ି ࢚

ቍ = ቀ
ࢇ
ࢋ
ቁ
૛ܛܗ܋ ࢚

 

ܕܑܔ
ஶ→࢔

࢔࢛ = ܕܑܔ
ஶ→࢔

൞
࢔) + ૚)ܖܑܛ૛ ࢚൫∏ ା૚࢔(࢏)ࢌ

ୀ૚࢏ ൯
૛ܛܗ܋ ࢚
ା૚࢔

૛ܖܑܛ࢔ ࢚(∏ ࢔(࢏)ࢌ
ୀ૚࢏ )

૛ܛܗ܋ ࢚
࢔

ൢ 

= ܕܑܔ
ஶ→࢔

⎩
⎨

⎧ ට[ࢌ(૚)ࢌ(૛) ࢔)ࢌ… + ૚)]ܛܗ܋૛ ࢚
శ૚࢔

⋅ +࢔) ૚)૚ିܛܗ܋૛ ࢚

ට[ࢌ(૚)ࢌ(૛) ૛ܛܗ܋[(࢔)ࢌ… ࢚ ⋅ ૛ܛܗ܋૚ି࢔ ࢚
࢔

⎭
⎬

⎫
 

= ܕܑܔ
ஶ→࢔

⎩
⎨

⎧ ට[ࢌ(૚)ࢌ(૛) ࢔)ࢌ(࢔)ࢌ… + ૚)]ܛܗ܋૛ ࢚
శ૚࢔

ට[ࢌ(૚)ࢌ(૛) ૛ܛܗ܋[(࢔)ࢌ… ࢚
࢔

	×
૛ܛܗ܋࢔ ࢚ି૚

࢔) + ૚)ܛܗ܋૛ ࢚ି૚
⎭
⎬

⎫
 

= ܕܑܔ
ஶ→࢔

⎩
⎪
⎨

⎪
⎧
൫∏ ା૚࢔(࢏)ࢌ

ୀ૚࢏ ൯
૛ܛܗ܋ ࢚

ା૚࢔

(∏ ࢔(࢏)ࢌ
ୀ૚࢏ ૛ܛܗ܋(

࢚
࢔

×
૛ܛܗ܋࢔ ࢚

࢔) + ૚)ܛܗ܋૛ ࢚
	×

࢔ + ૚
࢔

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
࢔࢖

	

⎭
⎪
⎬

⎪
⎫

 

ܕܑܔ
ஶ→࢔

࢔࢛ = ܕܑܔ
ஶ→࢔

൬࢔࢖ ⋅
࢔ + ૚
࢔ ൰ 

ܕܑܔ
ஶ→࢔

࢔) ⋅ ࢔࢛] − ૚]) = ܕܑܔ
ஶ→࢔

൬࢔ ⋅ ൤࢔࢖ ⋅
࢔ + ૚
࢔ − ૚൨൰ = ܕܑܔ

ஶ→࢔
࢔)࢔࢖) + ૚) −  (࢔

ܕܑܔ
ஶ→࢔

࢔࢖ = ܕܑܔ
ஶ→࢔

ቐ
൫∏ ା૚࢔(࢏)ࢌ

ୀ૚࢏ ൯
૛ܛܗ܋ ࢚

ା૚࢔

(∏ ࢔(࢏)ࢌ
ୀ૚࢏ ૛ܛܗ܋(

࢚
࢔
	×

૛ܛܗ܋࢔ ࢚

࢔) + ૚)ܛܗ܋૛ ࢚
ቑ 

∴ ܕܑܔ
ஶ→࢔

࢔࢖ = ૚	 ∴ ܕܑܔ
ஶ→࢔

࢔)࢔࢖) + ૚)− (࢔ = ૚ 

∴ ܕܑܔ
ஶ→࢔

⎩
⎨

⎧
+࢔) ૚)ܖܑܛ૛ ࢚ ඩෑܛܗ܋(࢏)ࢌ૛ ࢚

ା૚࢔

ୀ૚࢏

శ૚࢔

− ૛ܖܑܛ࢔ ࢚ඩෑܛܗ܋(࢏)ࢌ૛ ࢚
࢔

ୀ૚࢏

࢔

⎭
⎬

⎫
 

= ܕܑܔ
ஶ→࢔

࢔} ⋅ ࢔࢚ ⋅ ࢔࢛) − ૚)} = ቀ
ࢇ
ࢋ
ቁ
૛ܛܗ܋ ࢚
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UP.147. In an ࡯࡮࡭ triangle let be ࢈,ࢇ, ࢈࢘,ࢇ࢘ and ,࡮࡭,࡭࡯,࡯࡮ the lengths of ࢉ  .exradii ࢉ࢘,

Prove that: 

૛ࢇ࢘

૛࡮ܖ܉ܜ ܖ܉ܜ
࡯
૛

+
૛࢈࢘

૛࡯ܖ܉ܜ ܖ܉ܜ
࡭
૛

+
૛ࢉ࢘

૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛
≥
૛ࢇ)ૢ + ૛࢈ + (૛ࢉ

૝  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

* Let ࢈,ࢇ,  :We have .࡯࡮࡭of ઢ ࡮࡭,࡭࡯,࡯࡮ be the lengths ࢉ

ܖ܉ܜ
࡭
૛

=
૛࡭ܖܑܛ
૛࡭ܛܗ܋

=
ට૚ − ܛܗ܋ ࡭

૛

ට૚ + ܛܗ܋ ࡭
૛

= ඨ
૚− ࡭ܛܗ܋
૚ + ࡭ܛܗ܋

= ඩ
૚− ૛࢈ + ૛ࢉ − ૛ࢇ

૛ࢉ࢈

૚ + ૛࢈ + ૛ࢉ − ૛ࢇ
૛ࢉ࢈

= ඩ
−૛ࢇ ࢈) − ૛(ࢉ

૛ࢉ࢈
+࢈) ૛(ࢉ − ૛ࢇ

૛ࢉ࢈

= ඨ
૛ࢇ − ࢈) − ૛(ࢉ

+࢈) ૛(ࢉ − ૛ࢇ
 

⇔ ܖ܉ܜ ࡭
૛

= ට(࢈ିࢇାࢉ)(ࢇାࢉି࢈)
(ࢇିࢉା࢈)(ࢇାࢉା࢈)

. Similar: ࡮ܖ܉ܜ
૛

= ට(ࢉି࢈ାࢇ)(࢈ାࢇିࢉ)
(࢈ିࢇାࢉ)(࢈ାࢇାࢉ)

 

⇒ ܖ܉ܜ ࡭
૛
࡮ܖ܉ܜ

૛
= ට(࢈ିࢇାࢉ)(ࢇାࢉି࢈)

(ࢇିࢉା࢈)(ࢇାࢉା࢈)
⋅ ට(ࢉି࢈ାࢇ)(࢈ାࢇିࢉ)

(࢈ିࢇାࢉ)(࢈ାࢇାࢉ)
= ࢉି࢈ାࢇ

ࢉା࢈ାࢇ
    (2) 

- Other, let ࢖ = ࢉା࢈ାࢇ
૛

 is half circumference of ઢ࡯࡮࡭ and ࡿ its area. By Heron’s 

formula we have: ࡿ = ඥ࢖)࢖− ࢖)(ࢇ − ࢖)(࢈ − (ࢉ ⇔ ૝ࡿ = ඥ૛࢖(૛࢖ − ૛ࢇ)(૛࢖ − ૛࢈)(૛࢖ − ૛ࢉ) ⇔ 

⇔ ૝ࡿ = ඥ(ࢇ+ +࢈ +࢈)(ࢉ ࢉ +ࢉ)(ࢇ− ࢇ − +ࢇ)(࢈ ࢈ − (ࢉ ⇔ ૝ࡿ૛ =
+ࢇ) +࢈ +࢈)(ࢉ ࢉ − ࢉ)(ࢇ + ࢇ − +ࢇ)(࢈ ࢈ − (ࢉ

૝
 

- Therefore (2), by the radius formula of the circle in a triangle: 

⇒
૛ࢉ࢘

૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛

=
ቀ ૛ࡿ
ࢇ + ࢈ − ቁࢉ

૛

ࢇ + ࢈ − ࢉ
ࢇ + ࢈ + ࢉ

=

૝ࡿ૛
+ࢇ) ࢈ − ૛(ࢉ
+ࢇ ࢈ − ࢉ
+ࢇ ࢈ + ࢉ

=

+ࢇ) +࢈ ࢈)(ࢉ + ࢉ − +ࢉ)(ࢇ ࢇ ࢇ)(࢈− + ࢈ − (ࢉ
૝

ࢇ) + ࢈ − ૛(ࢉ
+ࢇ ࢈ − ࢉ
+ࢇ +࢈ ࢉ

 

⇔ ૛ࢉ࢘

૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛

= (࢈ିࢇାࢉ)(ࢇିࢉା࢈)૛(ࢉା࢈ାࢇ)
૝(ࢇାࢉି࢈)૛

      (3) 

+ Let: ൝
࢈ + ࢉ − ࢇ = ૛࢞
ࢉ + ࢇ − ࢈ = ૛࢟
ࢇ + ࢈ − ࢉ = ૛ࢠ

; (࢞,࢟, ࢠ > 0) ⇔ ൝
ࢇ = ࢟ + ࢠ
࢈ = ࢠ + ࢞
ࢉ = ࢞ + ࢟

⇒ +ࢇ ࢈ + ࢉ = ૛(࢞ + ࢟ +  (ࢠ

- Let (3): ⇒ ૛ࢉ࢘

૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛

= ൫૛(࢞ା࢟ାࢠ)൯
૛
⋅૛࢞⋅૛࢟

૝(૛ࢠ)૛
= (࢞ା࢟ାࢠ)૛⋅࢞࢟

૛ࢠ
    (4) 

+ Similar: ࢘࢈
૛

૛࡯ܖ܉ܜ ܖ܉ܜ
࡭
૛

= (࢞ା࢟ାࢠ)૛⋅࢞ࢠ
࢟૛

; ૛ࢇ࢘

૛࡮ܖ܉ܜ ܖ܉ܜ
࡯
૛

= (࢞ା࢟ାࢠ)૛⋅࢟ࢠ
࢞૛

      (5) 
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- Let (4), (5): 

⇒ ૛ࢇ࢘

૛࡮ܖ܉ܜ ܖ܉ܜ
࡯
૛

+ ࢈࢘
૛

૛࡯ܖ܉ܜ ܖ܉ܜ
࡭
૛

+ ૛ࢉ࢘

૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛

= (࢞ା࢟ାࢠ)૛⋅࢟ࢠ
࢞૛

+ (࢞ା࢟ାࢠ)૛⋅࢞ࢠ
࢟૛

+ (࢞ା࢟ାࢠ)૛⋅࢞࢟
૛ࢠ

     (6) 

- Other: ૢ൫ࢇ
૛ା࢈૛ାࢉ૛൯
૝

= ૢ
૝

((࢟ + ૛(ࢠ + ࢠ) + ࢞)૛ + (࢞+ ࢟)૛) = ૢ൫࢞૛ା࢟૛ାࢠ૛ା࢞࢟ା࢟ࢠା࢞ࢠ൯
૛

    (7) 

* Let (1), (6), (7). We need to prove that: 
(࢞ା࢟ାࢠ)૛⋅࢟ࢠ

࢞૛
+ (࢞ା࢟ାࢠ)૛⋅࢞ࢠ

࢟૛
+ (࢞ା࢟ାࢠ)૛⋅࢞࢟

૛ࢠ
≥ ૢ൫࢞૛ା࢟૛ାࢠ૛ା࢞࢟ା࢟ࢠା࢞ࢠ൯

૛
     (8) 

- By inequality: (࢓ + ࢔ + ૛(࢖ ≥ ૜(࢔࢓+ ࢖࢔ +  :We have .(࢓࢖

(࢞ + ࢟ + ૛(ࢠ ⋅ ࢠ࢟
࢞૛ +

(࢞ + ࢟ + ૛(ࢠ ⋅ ࢞ࢠ
࢟૛ +

(࢞ + ࢟ + ૛(ࢠ ⋅ ࢞࢟
૛ࢠ ≥ 

≥
૜(࢞࢟+ +ࢠ࢟ (࢞ࢠ ⋅ ࢠ࢟

࢞૛ +
૜(࢞࢟ + ࢠ࢟ + (࢞ࢠ ⋅ ࢞ࢠ

࢟૛ +
૜(࢞࢟ + ࢠ࢟ + (࢞ࢠ ⋅ ࢞࢟

૛ࢠ  

⇔ (࢞ା࢟ାࢠ)૛⋅࢟ࢠ
࢞૛

+ (࢞ା࢟ାࢠ)૛⋅࢞ࢠ
࢟૛

+ (࢞ା࢟ାࢠ)૛⋅࢞࢟
૛ࢠ

≥ ૜ቀ࢞
૛࢟૛

૛ࢠ
+ ࢟૛ࢠ૛

࢞૛
+ ૛࢞૛ࢠ

࢟૛
+ ࢞࢟(࢞ା࢟)

ࢠ
+ (ࢠା࢟)ࢠ࢟

࢞
+ (ା࢞ࢠ)࢞ࢠ

࢟
ቁ   (9) 

- By AM-GM inequality for 2 positive real numbers: 

࢞૛࢟૛

૛ࢠ +
࢟૛ࢠ૛

࢞૛ +
૛࢞૛ࢠ

࢟૛ +
࢞࢟(࢞+ ࢟)

ࢠ +
࢟)ࢠ࢟ + (ࢠ

࢞ +
+ࢠ)࢞ࢠ ࢞)

࢟ = 

=
࢞૛ ൬࢟

૛

૛ࢠ + ૛ࢠ
࢟૛൰

૛
+
࢟૛ ൬ࢠ

૛

࢞૛ + ࢞૛
૛൰ࢠ

૛
+
૛ࢠ ൬࢞

૛

࢟૛ + ࢟૛
࢞૛൰

૛
+ ࢞૛ ൬

࢟
ࢠ

+
ࢠ
࢟
൰+ ࢟૛ ቀ

ࢠ
࢞

+
࢞
ࢠ
ቁ+ ૛ࢠ ൬

࢞
࢟

+
࢟
࢞
൰ ≥ 

≥

࢞૛ ⋅ ૛ඨ࢟
૛

૛ࢠ ⋅
૛ࢠ
࢟૛

૛
+
࢟૛ ⋅ ૛ටࢠ

૛

࢞૛ ⋅
࢞૛
૛ࢠ

૛
+

૛ࢠ ⋅ ૛ඨ࢞
૛

࢟૛ ⋅
࢟૛
࢞૛

૛
+ ࢞૛ ⋅ ૛ට

࢟
ࢠ
⋅
࢟
ࢠ

+ ࢟૛ ⋅ ૛ට
ࢠ
࢞
⋅
࢞
ࢠ

+ ૛ࢠ ⋅ ૛ඨ
࢞
࢟
⋅
࢟
࢞

 

= ࢞૛ + ࢟૛ + ૛ࢠ + ૛࢞૛ + ૛࢟૛ + ૛ࢠ૛ = ૜(࢞૛ + ࢟૛ +  (૛ࢠ

⇔ ࢞૛࢟૛

૛ࢠ
+ ࢟૛ࢠ૛

࢞૛
+ ૛࢞૛ࢠ

࢟૛
+ ࢞࢟(࢞ା࢟)

࢞ࢠ
+ (ࢠା࢟)ࢠ࢟

࢞
+ (ା࢞ࢠ)࢞ࢠ

࢟
≥ ૜(࢞૛ + ࢟૛ +  ૛)    (10)ࢠ

- Let (9), (10): 

⇒ (࢞ା࢟ାࢠ)૛⋅࢞࢟
૛ࢠ

+ (࢞ା࢟ାࢠ)૛⋅࢞ࢠ
࢟૛

+ (࢞ା࢟ାࢠ)૛⋅࢟ࢠ
࢞૛

≥ ૜ ⋅ ૜(࢞૛ + ࢟૛ + (૛ࢠ = ૢ(࢞૛ + ࢟૛ +  ૛)    (11)ࢠ

- Other: ࢓૛ + ૛࢔ + ૛࢖ ≥ +࢔࢓ ࢖࢔ +  :Therefore .࢓࢖

࢞૛ + ࢟૛ + ૛ࢠ = ൫࢞૛ା࢟૛ାࢠ૛൯ା൫࢞૛ା࢟૛ାࢠ૛൯
૛

≥ ࢞૛ା࢟૛ାࢠ૛ା࢞࢟ା࢟ࢠା࢞ࢠ
૛

    (12) 
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- Let (11), (12): 

⇒
(࢞ + ࢟ + ૛(ࢠ ⋅ ࢞࢟

૛ࢠ
+

(࢞ + ࢟ + ૛(ࢠ ⋅ ࢞ࢠ
࢟૛

+
(࢞ + ࢟ + ૛(ࢠ ⋅ ࢠ࢟

࢞૛
≥
ૢ൫࢞૛ + ࢟૛ + ૛ࢠ + ࢞࢟+ +ࢠ࢟ ൯࢞ࢠ

૛
 

⇒ Inequality (8) True. Therefore (1) true and we get the result. 

+ Equality occurs if: ࢞ = ࢟ = ࢠ ⇔ ࢈ + ࢉ − ࢇ = ࢉ + ࢇ − ࢈ = ࢇ + ࢈ − ࢉ ⇔ ࢇ = ࢈ = ࢉ ⇔ ઢ࡯࡮࡭ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍
૛ࢇ࢘

૛࡮ܖ܉ܜ ܖ܉ܜ
࡯
૛

= ෍
૜ࢇ࢘

࢙∏ ૛࡭ܖ܉ܜ
=

૜ࢇ࢘∑

࢙ ቀ ࢘૝ࡾቁ ቀ
૝ࡾ
࢙ ቁ

=
∑ ૜ࢇ࢘

࢘ ≥
૛ࢇ∑ૢ

૝ ⇔ ૝෍࢘ࢇ૜ ≥
(૚)

ૢ࢘෍ࢇ૛ 

Now, ∑࢘ࢇ૜ = ૜(ࢇ࢘∑) − ૜∏(࢘ࢇ + (࢈࢘ = (૝ࡾ + ࢘)૜ − ૜൫૛࢘ࢉ࢘࢈࢘ࢇ + ࢈࢘ࢇ࢘∑ ࢇ࢘∑) − ൯(ࢉ࢘ = 

= (૝ࡾ + ࢘)૜ − ૜ቀ(૝ࡾ + ࢘)࢙૛ − ࢙࢘૛ቁ =
(૛)

(૝ࡾ + ࢘)૜ − ૚૛࢙ࡾ૛ 

Now, RHS of (1) ≤
ࢠ࢏࢔࢈࢏ࢋࡸ

ૡ૚ࡾ૛࢘ ≤
?
૝∑ ૜ࢇ࢘ ⇔ ૝(૝ࡾ + ࢘)૜ − ૝ૡ࢙ࡾ૛ ≥

?
ૡ૚ࡾ૛࢘  (by (2)) 

⇔ ૝(૝ࡾ+ ࢘)૜ − ૡ૚ࡾ૛࢘ ≥
(૜)

?
૝ૡ࢙૛. Now, RHS of (3) ≤

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૝ૡࡾ(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

≤
?
૝(૝ࡾ + ࢘)૜ − ૡ૚ࡾ૛࢘ ⇔ ૟૝࢚૜ − ૡ૚࢚૛ − ૢ૟࢚ + ૝ ≥

?
૙		 ൬࢚ =

ࡾ
࢘൰ 

⇔ (࢚ − ૛)(૟૝࢚૛ + ૝ૠ࢚ − ૛) ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛  (Proved) 

 

UP.148. Let ࢈,ࢇ, +ࢇ :be positive real numbers such that ࢉ ࢈ + ࢉ = ૜.  

Prove that: 

૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ૜ ≥ ૜ඥ૜ࢇ)ࢉ࢈ࢇ૜࢈+ ࢉ૜࢈ +  (ࢇ૜ࢉ

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Marian Ursarescu-Romania 

We use Vasc’s inequality: ∀࢈,ࢇ, ࢉ ∈ ℝ ⇒ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥ ૜(ࢇ૜࢈ + ࢉ૜࢈ + (ࢇ૛ࢉ ⇒ 

⇒ ඥ૜(ࢇ૜࢈ + ࢉ૜࢈ + (ࢇ૜ࢉ ≤ ૛ࢇ + ૛࢈ + ૛ࢉ ⇒ inequality becomes: 

૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ૜ ≥ ૜√ࢇ)ࢉ࢈ࢇ૛ + ૛࢈ +  ૛)   (1)ࢉ

ࢉ࢈ࢇ√ ≤
+ࢇ ࢉ࢈
૛ ⇒ ૛ࢇ)ࢉ࢈ࢇ√ + ૛࢈ + (૛ࢉ ≤

+ࢇ) (ࢉ࢈
૛

૛ࢇ) + ૛࢈ + (૛ࢉ

ࢉ࢈ࢇ√ ≤
+࢈ ࢉࢇ
૛ ⇒ ૛ࢇ)ࢉ࢈ࢇ√ + ૛࢈ + (૛ࢉ ≤

+࢈) (ࢉࢇ
૛

૛ࢇ) + ૛࢈ + (૛ࢉ
ൢ ⇒ 
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ࢉ࢈ࢇ√ ≤
ࢉ + ࢈ࢇ
૛ ⇒ ૛ࢇ)ࢉ࢈ࢇ√ + ૛࢈ + (૛ࢉ ≤

ࢉ) + (࢈ࢇ
૛

૛ࢇ) + ૛࢈ +  (૛ࢉ

૜√ࢇ)ࢉ࢈ࢇ૛ + ૛࢈ + (૛ࢉ ≤ ൫ࢇ૛ା࢈૛ାࢉ૛൯
૜

(૜ + +࢈ࢇ +ࢉࢇ  (2)   (ࢉ࢈

From (1)+(2) we must show: ૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ૜ ≥ ૛ࢉ૛ା࢈૛ାࢇ

૛
(૜ + ࢈ࢇ + ࢉࢇ + (ࢉ࢈ ⇔ 

૝(ࢇ૛ + ૛࢈ + (૛ࢉ + ૟ ≥ ૜(ࢇ૛ + ૛࢈ + (૛ࢉ + ૛ࢇ) + ૛࢈ + +࢈ࢇ)(૛ࢉ ࢉࢇ + (ࢉ࢈ ⇔ 

૛ࢇ + ૛࢈ + ૛ࢉ + ૟ ≥ ૛ࢇ) + ૛࢈ + ࢈ࢇ)(૛ࢉ + ࢉࢇ +  (3)   (ࢉ࢈

Because ࢈,ࢇ, ࢉ > 0 such that ࢇ+ ࢈ + ࢉ = ૜ ⇒ ∃࢞,࢟, ࢠ > 0 such that: ࢇ = ૜࢞
࢞ା࢟ା࢚

, 

࢈	 = ૜࢟
࢞ା࢟ା࢚

, ࢉ = ૜ࢠ
࢞ା࢟ା࢚

. Inequality (3) becomes: ૢ ቀ࢞
૛ା࢟૛ାࢠ૛

(࢞ା࢟ା࢚)૛
ቁ + ૟ ≥ ૢ൫࢞૛ା࢟૛ାࢠ૛൯

(࢞ା࢟ାࢠ)૛
⋅ ૢ(࢞࢟ା࢞ࢠା࢚࢟)

(࢞ା࢟ାࢠ)૛
 

⇔
૜(࢞૛ + ࢟૛ + (૛ࢠ

(࢞ + ࢟ + ૛(ࢠ + ૛ ≥
૛ૠ(࢞૛ + ࢟૛ + ࢟࢞)(૛ࢠ + +ࢠ࢞ (ࢠ࢟

(࢞+ ࢟ + ૝(ࢠ ⇔ 

⇔ ૜൫࢞૛ + ࢟૛ + ࢞)૛൯ࢠ + ࢟ + ૛(ࢠ + ૛(࢞ + ࢟ + ૝(ࢠ ≥ ૛ૠ൫࢞૛ + ࢟૛ + ࢟࢞)૛൯ࢠ + +ࢠ࢞  (4)   (ࢠ࢟

Now, using Cartoaje’s theorem: If ࢌ૝(࢞,࢟,  is an symmetric polynomial function of (ࢠ

degree ࢔ = ૝ then: ࢌ૝(࢞,࢟, (ࢠ ≥ ૙,∀࢞,࢟, ࢠ ≥ ૙ ⇔ ࢞ = ૙ and ࢟ =  ࢠ

(if and only if) 

In our case let ࢌ૝(࢞,࢟, (ࢠ = ૜(࢞૛ + ࢟૛ + ࢞)(૛ࢠ + ࢟ + ૛(ࢠ + ૛(࢞ + ࢟ + ૝(ࢠ = 

= ૛࢚(࢞૛ + ࢟૛ + ࢟࢞)(૛ࢠ + ࢞ࢠ +  (ࢠ࢟

૝(૙,࢟,࢟)ࢌ = ૜ ⋅ ૛࢟૛ ⋅ ૝࢟૛ + ૛ ⋅ ૛૝࢟૝ − ૛ૠ ⋅ ૛࢟૛ ⋅ ࢟૛ = 

૛૝࢟૝ + ૜૛࢟૝ − ૞૝࢟૝ = ૛࢟૝ ≥ ૙ ⇒ inequality (4) its true. 

Solution 2 by Michael Sterghiou-Greece 

૛൫∑ ࢉ࢟ࢉ૛ࢇ ൯ + ૜ ≥ ૜൫૜ࢉ࢈ࢇ ⋅ ∑ ࢉ࢟ࢉ࢈૜ࢇ ൯
૚
૛   (1) 

Let ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ൯ࢉ࢈ࢇ, = ࢖.(ࢗ,࢖) = ૜,∑ ࢉ࢟ࢉ૛ࢇ = ૢ − ૛ࢗ 

࢘ ≤ ቀࢇ
૜
ቁ
૜
૛ → √࢘ ≤ ቀࢇ

૜
ቁ
૜
૝. From Vasc’s inequality: 

൫∑ ࢉ࢟ࢉ૛ࢇ ൯
૛
≥ ૜∑ ࢉ࢟ࢉ࢈૜ࢇ (ࢗ)ࢌ → (1)    = ૛√૜૝ ࢗ

ૠ
૝ − ૢ√૜૝ ࢇ

૜
૝ − ૝ࢗ+ ૛૚ ≥ ૙   (2) 

Where in the original ૛૚ − ૝ࢗ − ૜√࢘(ૢ − ૛ࢗ) ≥ ૙ we’ve replaced √࢘ by ቀࢇ
૜
ቁ
૜
૝ to get 

the stronger inequality  (2). Note that ૢ − ૛ࢗ ≥ ૙,ࢗ ≤ ૜. Now ࢌ(૜) = ૙, 
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(ࢗ)ᇱࢌ	 = ૠ
૛
√૜૝ ࢗ

૜
૝ − ૛ૠ √૜૝

૝ ඥࢗ૝ − ૝, (ࢗ)ᇱᇱࢌ = ૜૜
૚
૝(૚૝ࢗାૢ)

૚૟ࢗ
૞
૝

≥ ૙. So, ࢌᇱ(ࢗ) ↑→ (ࢗ)ᇱࢌ < ᇱ(૜)ࢌ = − ૚
૝

< 

< 0 → (ࢗ)݂ ↓→ (ࢗ)ࢌ > ݂(૜) = ૙ as ࢗ ≤ ૜ . Done. 

UP.149. Prove that: 

෍ ቂ(−૚)࢑ ቀ ૛࢒
࢒ + ࢑ቁ ቀ

૛࢓
࢓ + ࢑ቁቀ

૛࢔
࢔ + ࢑ቁቃ

࢒

࢑ୀି࢒

= 

=
+࢒) +࢓ !(࢔ (૛࢒)! (૛࢓)! (૛࢔)!

࢒) + !(࢓ +࢒) !(࢔ +࢓) !(࢔ !(࢒) !(࢓)  !(࢔)

Proposed by Shivam Sharma – New Delhi – India  

Solution by proposer 

ࡿ = ෍ ቂ(−૚)࢑ ቀ ૛࢒
࢒ + ࢑ቁቀ

૛࢓
࢓ + ࢑ቁ ቀ

૛࢔
࢔ + ࢑ቁቃ

࢒

࢑ୀି࢒

 

Assuming that, ࢒ =  ,This reduces to the series .(࢔,࢓,࢒)ܖܑܕ

(−૚)࢒(૛࢓)! (૛࢔)!
−࢓) !(࢒ ࢓) + !(࢒ −࢔) !(࢒ +࢔) ૜!(࢒

૛ࢌ ቀ−૛࢓−,࢒− −࢔−,࢒ ࢒
࢓ − ࢒ + ૚,࢔ − ࢒ + ૚; ૚ቁ 

Now, Applying Dixon’s formula, we get  ⇒ ૜ࢌ૛ ቀ−૛࢒ − ૛࢓−,ࢿ − ࢒ − ࢔−,ࢿ − ࢒ − ࢿ
−࢓ ࢒ − ࢿ + ૚,࢔− ࢒ − ࢿ + ૚ ;૚ቁ 

=
ડ(૚ − ࢒ − ડ(૚(ࢿ + −࢓ ࢒ − ડ(૚(ࢿ + +࢓ ࢔ + +࢒ (ࢿ
ડ(૚ − ૛࢒ − ૛ࢿ)ડ(૚ + ડ(૚(࢓ + +ડ(૚(࢔ ࢓ + (࢔  

Now, apply Euler’s reflection formula, we get, 

ܖܑܛ ࣊(૛࢒+ ૛ࢿ)
ܖܑܛ ࣊ +࢒) (ࢿ ⋅

ડ(૛࢒+ ૛ࢿ)
ડ(࢒+ (ࢿ ⋅

ડ(૚+ −࢓ ࢒ − ડ(૚(ࢿ + ࢔ − ࢒ − ડ(૚(ࢿ + +࢓ +࢔ +࢒ (ࢿ
ડ(૚ + +ડ(૚(࢓ ડ(૚(࢔ + +࢓ (࢔  

As the limit ࢿ → ૙, this expression gives ⇒ ૛(−૚)࢒ (૛ି࢒૚)!
!(૚ି࢒)

⋅ !(࢒ା࢔ା࢓)!(࢒ି࢔)!(࢒ି࢓)
!(࢔ା࢓)!࢔!࢓

 

(or) ࡿ = !(࢔૛)!(࢓૛)!(࢒૛)!(࢔ା࢓ା࢒)
!࢔!࢓!࢒!(࢔ା࢓)(!࢔ା࢒)!(࢓ା࢒)

 (Answer) 

 

UP.150. Determine all continuos  functions ࢌ:ℝ → ℝ such that 

࢞)ࢌ + ࢟) = (࢞)ࢌ + (࢟)ࢌ + ࢞࢟ and ࢌ(૚) = ૚ for all ࢞,࢟ ∈ ℝ. 

Proposed by Mihály Bencze – Romania  
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Solution 1 by proposer 

If ࢞ = ࢟ = ૙ then ࢌ(૙) = ૙. By induction holds (࢘࢔)ࢌ = (࢘)ࢌ࢔ + (૚ି࢔)࢔
૛

࢘૛ 

for all ࢘ ∈ ℝ. If ࢘ = ૚ then (࢔)ࢌ = (ା૚࢔)࢔
૛

 for all ࢔ ∈ ℕ. If ࢘ = −૚ then 

૙ = (૙)ࢌ = ૚)ࢌ − ૚) = (૚)ࢌ + −(૚−)ࢌ ૚ ⇒ (૚−)ࢌ = ૙ ⇒ (࢔−)ࢌ =
+࢔−)(࢔−) ૚)

૛  

for all ࢔ ∈ ℕ. If ࢘ = ࢖
ࢗ
∈ ℚ then (࢘ࢗ)ࢌ = ࢗቀࢌ ⋅ ࢖

ࢗ
ቁ = (૚)ࢌ = ࢌࢗ ቀ࢖

ࢗ
ቁ + (૚ିࢗ)ࢗ

૛
ቀ࢖
ࢗ
ቁ
૛

 

ࢗ,࢖) ∈ ℕ∗) but (࢖)ࢌ = (ା૚࢘)࢖
૛

⇒ ࢌ ቀ࢖
ࢗ
ቁ = ૚

૛
⋅ ࢖
ࢗ
ቀ࢖
ࢗ

+ ૚ቁ. Let ࢞࢔ → ࢘ ∈ ℝ ∖ ℚ,࢞࢔ ∈ ℚ 

⇒ is continuosly ࢌ (࢔࢞)ࢌ = ૚
૛
 (ା૚࢔࢞)࢔࢞

ܕܑܔ
ஶ→࢔

(࢔࢞)ࢌ = ܕܑܔ
ஶ→࢔

૚
૛࢞࢔

࢔࢞) + ૚) ⇒ (࢘)ࢌ =
࢘(࢘+ ૚)

૛  

And finally ࢌ(࢞) = ࢞(࢞ା૚)
૛

,∀࢞ ∈ ℝ. 

 

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaijan 

࢞)ࢌ + ࢟) = (࢞)ࢌ + (࢟)ࢌ + ࢞࢟;࢟ = ૚ ⇒
ୀ૚(૚)ࢌ

࢞)ࢌ + ૚) − (࢞)ࢌ = ࢞ + ૚   (1) 

࢞ = ૚,૛…࢔− ૚ we have ൞

(૛)ࢌ − (૚)ࢌ = ૛
(૜)ࢌ − (૛)ࢌ = ૜

…
(࢔)ࢌ − −࢔)ࢌ ૚) = ࢔

	⊕⇒ (࢔)ࢌ = (ା૚࢔)࢔
૛

 

then the function ࢌ(࢞) = ࢞(࢞ା૚)
૛

 is a solution of equation ࢌ(࢞ + ࢟) = (࢞)ࢌ + (࢟)ࢌ + ࢞࢟   (2) 

denote ࢍ(࢞) = −(࢞)ࢌ ࢞)ࢍ :૚(࢞), then using (2), we haveࢌ + ࢟) = ࢞)ࢌ + ࢟)− ࢞)૚ࢌ + ࢟) = 

= (࢞)ࢌ + (࢟)ࢌ + ࢞࢟ − (࢞)૚ࢌ − (࢟)૚ࢌ −࢞࢟ = ൫ࢌ(࢞) − ૚(࢞)൯ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥࢌ
(࢞)ࢍ

+ ൫ࢌ(࢟) − ૚(࢟)൯ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥࢌ
(࢟)ࢍ

= (࢞)ࢍ +  (3)   (࢟)ࢍ

the function ࢍ(࢞) is continuos, since ࢌ(࢞) is continuos. 

࢞)ࢍ + ࢟) = (࢞)ࢍ + (࢟)ࢍ ⇒
࢔࢕࢏࢚ࢇ࢛ࢗࢋ.ࢉ࢔࢛ࢌ	࢟ࢎࢉ࢛ࢇ࡯

(࢞)ࢍ = (࢞)ࢍ,࢑࢞ = −(࢞)ࢌ (࢞)૚ࢌ ⇒ 

⇒ ࢑࢞ = (࢞)ࢌ −
࢞(࢞ + ૚)

૛ ⇒ (࢞)ࢌ =
࢞૛

૛ +
࢞
૛ + ࢑࢞ =

࢞૛

૛ + ൬࢑ +
૚
૛൰࢞ 

using ࢌ(૚) = ૚ ⇒ ࢑ = ૙. Hence ࢌ(࢞) = ࢞૛ା࢞
૛
	 



 
www.ssmrmh.ro 

 
Solution 3 by Tran Hong-Vietnam 

࢞ = ࢟ ⇒ (૛࢞)ࢌ = ૛ࢌ(࢞) + ࢞૛	(∀∈ ℝ) ⇔ −(૛࢞)ࢌ
૛࢞(૛࢞ + ૚)

૛ = ૛ ቈࢌ(࢞)−
࢞(࢞ + ૚)

૛ ቉ 

Let ࢍ(࢞) = (࢞)ࢌ − ࢞(࢞ା૚)
૛

⇒ (૚)ࢍ = −(૚)ࢌ ૚ = ૙. We have: ࢍ(૛࢞) = ૛ࢍ(࢞)	(∀࢞ ∈ ℝ) 

* ∀࢞ ≠ ૙ ⇒ (૛࢞)ࢍ
૛࢞

= (࢞)ࢍ
࢞

. Let ࢎ(࢞) = (࢞)ࢍ
࢞
		(∀࢞ ≠ ૙) 

⇒ (૛࢞)ࢎ = (࢞)ࢎ ⇒ (࢞)ࢎ = ࢎ ቀ
࢞
૛
ቁ = ⋯ = ቀࢎ

࢞
૛࢔
ቁ ࢔)		 ∈ ℕ) 

⇒ (࢞)ࢎ = ܕܑܔ
ஶ→࢔

(࢞)ࢎ = ࢎ ቀܕܑܔ
ஶ→࢔

࢞
૛࢔
ቁ = (૙)ࢎ ⇒ (࢞)ࢍ = ࢞∀)		࢞(૙)ࢎ ≠ ૙) 

More ࢍ(૚) = ૙ ⇒ (૙)ࢎ ⇒ (࢞)ࢍ = ૙		(∀࢞ ≠ ૙)   (1) 

* ࢞ = ૙ ⇒ (૛.૙)ࢍ = ૛ࢍ(૙) ⇒ (૙)ࢍ = ૛  (2) 

From (1) and (2) ⇒ (࢞)ࢍ = ૙		∀࢞ ∈ ℝ ⇒ (࢞)ࢌ = ࢞(࢞ା૚)
૛

		(∀࢞ ∈ ℝ) 

 


