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JP.136. Let x, y, z be positive real numbers such that: xyz = 1. Find the maximum of the
expression:
1 1 1
3 + 3 + 3
V2xS+yt—x2+4 Y2yS+zt—yr+4 (275 +xt—z2+4

Q:

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Michael Stergiou-Greece

_ 1
Q - chc W (1)

The function f(x) = /x is concave so (1) becomes:

Q<3312;_>Q_3<Z ;(2)
- 3 2x5+yt—x2+4 9 — HEVCaxSiyt_x244

. @)

3
5 5 2 4 Q
A + + > - <
sx>+ x> +x° > 3x* (2) g = Ecy03x4+ T2

1
3a2+b%-2a+4

a? + b%? > 2ab

4). But
4) a’+1>2a

3
Letx* = a,y* =b,z> =c,abc=1 (3)- Q?S )
3
4) - % < %chc—l < - < 1 (after calculus the sum reduces to 1 using abc = 1)

a+ab+1 —

Therefore Q < 3\/2

JP.137. Let x, y > 1. Prove that:

_\2
§+P22+ 4(x—y)
y x 2x+xy+1)2y+xy+1)

Proposed by Andrei Stefan Mihalcea — Romania

Solution 1 by Ravi Prakash-New Delhi-India

—_v)2
Rewrite the inequality: \/E + \F -2> 4Hx—y)
y X (2x+xy+1)(2y+xy+1)

o WED) 4= (F ) gy
\/x_y (2x+xy+1)(2y+xy+1)

If x = y, there is nothing to show. Suppose x # y, then (1) can be written as
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2
S s
Jxy  Qx+xy+1)Q2y+xy+1)

>4 [xy(x +y+2/xy) © x2y? + 1+ 2(x+ y)(xy + 1) + 6xy > 4, /xy(x + y) + 8xy
exly—2xy+1+2(x+y)(xy-2/xy+1)>0&

e @y+1)*+2(x+y)(xy+ 1) +4xy >

& (xy—1)2+2(x +y)(J/xy - 1)Z > 0 which is true vx,y > 0.

Solution 2 by Soumava Chakraborty-Kolkata-India

) — y)2
§+\/2 Dot 4(x —y)
y \x 2x+xy+1)Q2y+xy+1)

16(x—y)* + 16(x-y)*
(2x+xy+1)2Q2y+xy+1)2  (2x+xy+1)(2y+xy+1)

Dei+i+2>4+
y x
(x —y)? 16(x — y)* 16(x — y)*
{—4 > + [=—1
xy Qx+y+1)2Qy+xy+1)? (2x+xy+1)Q2y+xy+1)

1 - 16(x —y)? +16(2x +xy+1)2y +xy + 1)
xy ~ (2x + xy + 1)2(2y + xy + 1)2

(- (x=y)?=0)
o 2x+xy+1)?Qy+xy+1)? >16xy2x+xy+1)2y+xy+1) +
+4xy((2x +xy + 1) — 2y + xy + 1))Z e

=2x+xy+
& a’b? > 16xyab + 4xy(a? + b?> — 2ab) (where a=2x+xy 1)

b=2y+xy+1
© a’b? > 4xy(a+ b)? © ab (é) 2(a + b),/xy. Now,
ab=(Q2x+xy+1)Q2y+xy+1) = (x(1+y)+ (1 +x)(y(1+x)+ (1 +y))
S (2T 0+ ») (27T DA +) = 4/1yA+ DA +y) =
= 2,/xy(2x + 2x + 2y + 2xy) = 2,/xy(a + b) = (1) is true (Proved)

JP.138. Let a, b, c > 0, with i + % + % = 1. Prove that:

(4a — 3)(4b — 3)(4c — 3) > 243%abc
Proposed by Andrei Stefan Mihalcea — Romania

Solution 1 by Boris Colakovic-Belgrade-Serbia

(4a—3)(4b — 3)(4c — 3) > 243Vabc © (4a — 3)3(4b — 3)3(4c — 3)3 > 2433abc



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
(4a - 3)3 = 64a® —144a* +108a— 27 >243a < (a-3)(B8a+3)’=>0=a =3 (¥
(4b - 3)3 = 64b3 — 144b*> + 108b — 27 > 234b < (b—3)(8b+3)2 >0 b >3 (*)
(4c—3)3 = 64c® —144c¢* +108c— 27 > 243c © (c—3)(8c+3)? > 0 ¢ = 3 (**)

1 1 1 AM-GM 4
(*) x (**) x (***) = abc > 27 true because of 1 = SHo o 2 T = abc > 27
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c>0and -+ +-=1,givea=x3b=y3¢c =75 Hencelg+l3+l3: 1e
a b c x y z

e x23y3 + 323 + 23x3 = (xyz)?® © xyz > 3. We want to show that
64(xyz)3 + 36(x3 + y3 + z3) > 243xyz + 48((xy)3 + (yz)3 + (zx)3).
Iff 16(xyz)3 + 36(x3 + y3 + z3) > 243xyz+ 2y
Iff 16(xyz)® > 135xyz + 2y
Iff xyz(16((xyz)? — 135) > 24
Iff (16(xyz)?> — 135) > 9
Iff 16(xyz)? > 144: xyz > 3
Hence (4x3 — 3)(4y3 — 3)(423 — 3) > 243xyz
That is (4a — 3)(4b — 3)(4c — 3) = 2433/abc
Therefore it is to be true.

Solution 3 by Soumava Chakraborty-Kolkata-India

LHS = 64abc—482ab+362a—27 = 64abc — 48abc + 362(1—27

(- z ab = abc)

? ?
> 16abc + 108Vabc — 27 > 243Vabc < 16> — 135t — 27 > 0 (t = Vabc)

2
& (t—3)(16t% + 48t +9) > 0 — true =~ t = Yabc > 3 (proved)

Proofoft > 3:
A-G
Zab =abc > 33 azb2c? = a3b3c® > 27a?b%c? = Yabc =t > 3
Solution 4 by proposer

From i + % + % =1 weget abc = ab + bc + ca > 33/ (abc)?. Now, we have:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(abc)? = 27(abc)?|: (abc)? getting abe > 27 and from that Yabc > 3. Note that
a> 1because%+%+%= 1andwehave3a—3>0,3b—3>0and3c—-3>0.

Using Holder’s inequality we get:
(4a—-3)4b—-3)4c—-3)=[a+@Ba-3)I[b+ Bb—-3)l[c+(Bc—-3)] =

> (Vabe +33/@-DB-Dc—1)

(4a-3)(4b—-3)(4c-3) > (%/abc +33/abc— (ab+bc+ca)+(a+b+c)— 1)3

3

(4a—-3)(4b—-3)(4c-3) = <3\/abc + Si]abc —abc + 33Vabc - 1>

(4a—3)(4b — 3)(4c—3) > <3\/abc + 33/3 227 - 1>

(4a— 3)(4b — 3)(4c—3) > (Vabc + 3 +3)°

3

3
Using AM-GM we have: (4a — 3)(4b — 3)(4c — 3) > (3V/¥abc 3 - 3)

(4a —3)(4b—-3)(4c—3) >33 - Yabc-9
(4a — 3)(4b — 3)(4c — 3) > 243%abc

JP.139. Let x, y, z be positive real numbers such that: x? + y? + zZ = 3. Find the minimum

of the expression:

x y z
P = + +
8 + ,8 8 + 8 8 + v8

4/}/ ;Z + 3yz 4/2 -;x + 3zx 4/x ;—y + 3xy

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer

- Using Cauchy and Bunhiacopxki inequality. We have:
2
( [2(y® + 28) + ZyZzZ) < 22(y® + 28) + 4y*zt) = 4(y* + 2*)? &
& \/2(y8 + 28) + 2y27% < 2(y* + z%)
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o208 +28) <200t~y + 2 & LI E < i - Y2+ 2t (1)
- Other:

T = (02 + 20— () = (2 - yaB )02 + yaB e )

= [@+V3)(? ~yn/3+22) - (2 VB2 + y2VE + 72) <

. (2+V3)(y? —yzv3 +2%) + (2 - V3)(y* + yzV3 + 2%)

- 2
_ 2(2y* —3yz +2z%)
B 2

=yt —yr2t + 2t <2y* -3yz+224  (2)

-Let (1), (2):= / <2y -3yz+272’ / +3yz<2(y + z2)

X

= (Letx?+y*2+22=3) (3)

= 2y? — 3yz + 222

> =N >
4 y878+3yz 2(y2+z2) 4[,8 ;rzs+3yz 2(y2+z2) T 2(3-x2)
Lox x2 _ 1 x) _ x(x3-3x+2) _ x(x—1)%(x+2) i _1)2
-We have: -— - > = (3_x2 2) =6 60 2 0 (because x > 0; (x — 1) = 0)
T s0e s let@)s —2—>5 ()
3—x2 2 3—x2 — 2° ) 4 y8+28+3yz — 4
2
. y y? z 72
+S|m||ar:48—827;4—27 (5)
%+3zx Xty +3xy
-Let (4), (5) and x2 + y? + z2 = 3:
2 2 2
X z x“+y- +z 3
P= 8 8 + 4 + 8 8 = }:1- - 4 >
4 + 7z 4 ZB + x8 4x8 +
Y > + 3yz / > + 3zx zy + 3xy

= Qmin = Z
+ Equality occurs if:
xy,z>0'x2+y2+zZ =3

V2(x8 +y8) = 2x%y%; \/2(y8 + 28) = 2y%2%;\J2(z8 +x8) =2z x’ o x=y=z=1
x—1=y-— 1—z—1=0
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JP.140. Let a, b, ¢ > 0. Prove that:

R X

Proposed by Andrei Stefan Mihalcea — Romania

Solution by Soumava Chakraborty-Kolkata-India

beva+b+cavb+c+abyc+a _ \/be(a+b)Vbc+/ca(b+c)Vca+/ab(c+a)Vab Cgs

abc abc

LHS =

<\/Zab\/3abc+2azb;zab Z“_Zab

abc abc Ya

<Z < a +Zab>@
- (z a? + z ab) (z ab) = (z a)(3abc + z a’b)  ab® + be? + ca® %

2 Bergstrom 2
> abc(Y a). Butab? + bc® + ca® —abc( +< + b) > abcZ2 =

c a - Ya

”
@3abc+2azbs

~

=abc(Y a) = (1) is true (proved)

JP.141. Let a, b, ¢ > 0. Prove that:
2
Z b+c 2(2 ab)3

3c12b2(.‘2

Proposed by Andrei Stefan Mihalcea — Romania

Solution 1 by proposer

Let be g: (0, ) - R; g(x) ZJab+bc+ca—%

[

1
abx\2 abc abc\ 2
g(x)Z(ab+bc+ca——) g(x)— (ab+bc+ca——)
x 2x2 x
1

,,()_abc( 2 b+ be+ abC)f abC( b+ be + abC)
g'(x 5 (a c+eca—— 24 \@ c+eca——
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g (x) <0; g-concave. Denote q = ab + bc + ca;r = abc

1 b+ c
> (ar@) =, (3 vabbe) =3,
cyc @ cyc cyc
IEN<SENq 3r _4q [ ab+bc+ca 2(ab+bc+ca)
- r
2
z b+c Z(chc ab)
a = 3a?b?c?
cyc
Solution 2 by Soumava Chakraborty-Kolkata-India
2
2(3 ab)?3

b+c
vab.c>0, z a = 3a2b?c?

_ 2Ca)(ab) ? 2(Rab)® (X ab)? > 3abc(Y a)

LHS <“ Z(b *e F) abc 3azb2 2

© Y a?b? > abc(Y a) > true Y x* > Y xy (wherex =ab,y = bc,z = ca)
(Proved)

ib) ’abc—%

Proposed by Andrei Stefan Mihalcea — Romania

Letbe f: (0,) - R; f(x) = /abc—aTbC

flx) = (abc _aTbC)%; !

abc 2 abc abc abc\ 2
7= 4| o) - -2
X X

JP.142. Let a, b, c = 1. Prove that:

2.

Solution by proposer
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f"(x) <0;f concave. Denotep =a+ b + c;r = abc

z( (ab)> z 1]E12ENEf(%)=g r_%:g r—g

cyc cyc

abc z

cyc cyc cyc

z a—1< zl b a+b+c
bc — ab abe 3

cyc cyc

JP.143. In any ABC triangle the following relationship holds:
Wa + Wb we < <5>2 -1
hy,-h, h.-h, h - hy,

all notations are usual sense.

Proposed by Mehmet Sahin — Ankara — Turkey

Solution by Soumava Chakraborty-Kolkata-India

2<s(s—a)etc. LHS <Y S(S a)bc 452 — (sYab — 12Rrs)
SZ
= m(sz — 8Rr + TZ)
RZ Gerretsen

<:>s2<4RZ+8Rr—5rZ Now, s <

?
<

? ? ?
4R?% + 4Rt + 31? < 4R? + 8Rr — 57? © 4Rr > 8r%* © R > 2r - true (Euler)

JP.144. In any ABC triangle the following relationship holds:
a b c 4s
w, wp 3R
Proposed by Mehmet Sahin — Ankara — Turkey
Solution by Soumava Chakraborty-Kolkata-India

2 Bergstrom

LHS=% -2 s

awg (1_) Yawg
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WLOG, we may assumea =>b >c -~ w, <w, <w,
Chebyshev

4s? 253
1) = LHS > =
@) @ 329)Iwa Zwa
wq<s(s—a)etc
Now, ¥ w, (% V3sV3s—2s =+/3s
253 _ 23 _ 2:3Yy3 _ 2.3y3R Mitrinovic 3 55 45
@@= FZ=F="3"=T5% = Sz =3 (D9

JP.145. In any ABC triangle the following relationship holds:

m, my m, s
+ —_—
r+r, r+r, r+r. 2r
all notations are usual sense.
Proposed by Mehmet Sahin — Ankara — Turkey

Solution by Soumava Chakraborty-Kolkata-India

b+
LHS = z m, _ \MaS(s—a) m“<<Tc'e“ z (b + C) (s—a) _
A, A rs(b +c) 2 r(b + ¢)
s s—a
— Y(s—a) — 35—2s

— 5. s s
- =5~ LHS <_—=LHS < (proved)
JP.146. Let x, y, z be positive real numbers such that: xyz = 1. Find the maximum of the

expression:

1 + 1 + 1 .
3\/2(;\:5—;\:3+4) i/Z(yS—y3+4) 3\/2(25—23+4)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by proposer

*Wehave:x® —x3 —2x+2=x*(x— 1) +x3(x— 1) —2(x — 1) = (x — D(x* + 23 — 2)
= (x— 1) (23— 1) +222(x - 1) + 2x(x - 1) + 2(x - 1))

=(x—-1)2(&P+2x2+2x+2)>0
1 1

sx’-x3-2x+2200x"-x3+4>2(x+1) o <-
V25 —x3+4)  Y2-2(x+1)
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- Therefore, by AM-GM inequality for three positive real numbers:

5 ! <1<1<1+1+1):12+1
25—+ 4) Jake+1) 3\2(+1) J2e+1) 2/ 3\ x+1 2

.. 1 1 2 1 1 1 2 1
+S|m|Iar:3—s—< /—+—);3—S—< /—+—>
Z(y5_y3+4) 3 y+1 2 2(25_23+4) 3 z+1 2

- Therefore:

>P= L + L + <\/7 \/7 \/7> +1
f2(5-xr+a)  [2(5-yRa) Jz(zs-z3+4) Ly Nz )2

- Other, because xyz = 1 then exist positive real numbers a, b, ¢ such that:

x
a=—,b=z,c=E
y z x

+ Therefore, by inequality Cauchy Schwarz:

(ﬁﬁﬂwwwﬂﬁﬂm
(*I(“”’)(b“LC) /(b+c)(c+a) /(c+a)(a+b) )

2((b+c)+ (c+a) + (a+b))- (

IA

(a+ b)(b + c) (b + c)(c + a) (c+ a)(a + b))

b(c+a)+c(a+b)+a(b+c) _ 8(a+b+c)(ab+bc+ca)
<4(@+b+c)- (a+b)(b+c)(c+a) _ (a+b)(b+c)(c+a) (2)

-Wehave:9(a+b)(b+c)(c+a) —8(a+b+c)(ab+bc+ca) =alb—c)> +b(c—a)’+cla-—b)2=>0

= 9(a+b)(b +c)(c+a) > 8(a+b+c)ab+ bc+ ca) 8(“(: f_’ Z)gffz ;Cbi Z)”“) <

(e e ) =9 e v oo

z=1
-Let (1), (3): :>P<— 3+—_E:>PmlX = EqualltyoccurSIf{ _§—2>0@

x=y=z=1
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For a > 0, we have this fact:
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a’—a®+4>a?>+3becausea’® —a®—a’+1=a%@®*-1)-(a*-1) =

=(@*-1)(a®-1)=(a’*-1)(a—D(a?+a+1)=(a-1)(a+1)(a’+a+1)=0
1 1 1 1 1

! + + < + + <
3\/Z(x5—x3+4) 3\/Z(y5—y3+4) 3\/2(25—z3+4) 3\/Z(x2+3) 3\/Z(y3+3) 3\/Z(z3+3)

32( 1 1 1 ) 3
< = + + <—
2 \x2+3 y2+3 2z2+3)7 2

|ff2(1 + 1 + 1)SZ7

2 \x2+3  y2+3  z2+3

Hence

1 1 1
x2+3  y2+3 2243

Iff

<

Iff

b? c a? 3 a
+ <= xyz=1.x=-=-,y=
aZ+3b2  b2+3c2  cZ+3a2 ~ 4 y ! b’y

Because 5(a*b? + b*c? + c*a?) + 3(a*c? + c*b? + b*a?) > 24(abc)? =

b .
z= iand itis be true.

= 9(a*b? + b*c? + c*a?) + 27(a*e? + c*b? + b*a?) + 84(abc)? >
> 4(a*b? + b*c? + c*a?) + 24(a*c? + c¢*b? + b*a?) + 108(abc)? =
a? . b? . c? - 3
= -
c2+3a? a?2+3b%? b2+3c2 4

Therefore itis to be true.

JP.148. Let a, b, ¢ be positive real numbers such that: ab + bc + ca = 12. Prove that:
+ + >
2b%2 —bc+ 2c¢2 2c¢2—ca+2a?2 2a?—ab+ 2b?

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

4

Solution 1 by Marian Ursdrescu — Romania
Because ab + bc + ca = 12 = 3x,y,z > 0 such that:

2+/3x b 2+/3y 2V3z
a= :
JxXy +yz+zx

= ,C =
JXy +yz+zx Jxy +yz +zx

Inequality becomes:
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/ 24V/3(x% + y3)
2| e e Jresay

>4
24y% —12yz + 24272 [xy + yz + zx(2y? — yz + z2)
Xy +yz +zx

2y3—yz+2z2 — 3V yry

But(x +y+2)?>3(xy+xz+yz)> /xy+xz+yz< x+j;z )

Y S E(xry+1z) (3)

From (1) + (2) we must show: Zm > 3

But 2y? —yz + 222 < 3(y%? — yz + z2) (4) (because  y? — 2yz + z2 > 0)

S s a(x+y+2) (5)

y2—yz+z2 —
But this inequality its proposed and solved by Vasile Cirtoaje in 2009, solved by S.0.S
method. (Or its solved used 4(x3 + y3) > (x + y)3 and Holder’s inequality)

x+y

Completion: We must (5): Z s> 2(x+y+2z)

—yz+z2

We show: (6) X = s=>x+y+zand}

yi-yz+z? y? yz+z
From (6) + (7) = (5)

2x+y+z (7)

For (6): X5 =y S il i)

y2—yz+z2 x(y? yz+zz)_2x(y -yz+z?%)

(from Cauchy’s or Bergstrom’s inequality) =

2.2, ,2\%
(x2+y2%+22) Sx+y+ze

We must show: SO —yerdd) =

e @+y?+20) 2 (x+y+2)- Z’f(yZ —yz+z%) &
S @+y*+22) —(x+y+2)Xx(y* —yz+2°) 20 (8)
Now we use Cirtoaje’s theorem: If f,,(x, y, z) is a symmetric and homogeneous
polynom of degree 4 then f,(x,y,z) > 0Vx,y,ze RS f,(x1,1,1) = 0 Vx € Rin
ourcase: f4(x,y,2) = (X2 +y?2 + 222 — (x + y+ 2) Y x(y* — yz + z?)

Falxy, 1, 1) =x*—2x3 +x%2 =x%(x—1)? > 0 true = (6) its true.

For (7): Z ’

3 3
y + z x

2_zx+x*  x%-xy+y?

=x+ty+zoe
yz+z Yy yi-yz+z%  z

>x+y+ze
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Zx3 (Y2 —yz+ 22) (2% —xz+ x?) > (x+y+z)1_[(xZ —xy+yl) e

& Zx3 (y2 —yz+ 2%) (2% — xz + x?) —
—(x+y+2)(x* —xy +y)(? —yz + 2*)(2* —xz +x*) 2 0 (9)
Now again use Cirtoaje’s theorem: If f5(x, y,z) it's a symmetric polynomial function
of degree 5 then: f5(x,y,z) > 0Vx,y,z> 0 & f5(0,4,4) = 0. In our case:

fs(x,y.z) = z 3 (y* —yz+ 2*)(2° — xz + x%) —
—(x+y+2)(x* —xy +y*)(y* — yz + 2°) (2% — xz + x?)
f5(0,4,4) = 2y7 — 2y7 > 0 true = (9) its true = (7) its true.

Vasile Cartoaje proof:

Let a, b, c be non-negative real numbers. Prove that:

al b3 c3 - b
+ + >a+b+c
b2—bc+c%: c: —ca+a? a?-ab+b?

Solution. Applying Cauchy — Schwarz inequality, we have:

B a* - (a? + b2 + ¢*)?
z b2 —bc+c2 Z:a(bZ —bc+c?) " Y.y a(b?—bc+ c?)

cyc cyc
. 2
It remains to prove that: (X,,.a?)” = (Xcyc a(b? — be + ¢?))(Zyca) or
Yeyea* +2%..a’b?* > (a+b+c)Y ., a*(b+c)—3abcy  aor
Za4+abc2a > Za3(b+c)
cyc cyc cyc
This is exactly the fourth degree-Schur’s inequality, so we are done.
Equality holds fora = b = cor a = b,c = 0 up to permutation.

Solution 2 by Michael Sterghiou-Greece

+b3
chc sz bc+2c%2 — =4 (1)

b3
( ) chchz bc+2c2 chc 2b%2—bc+2c2 — = 4. But

a3 BCS (a2+b2+c2

chc

(2

2b%2—bc+2¢? —  Ycyc2ab?—abc+2ac?



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Let (chca,zcyc ab,abc) = (p,q,r) withq =12

2_o )2 2_5 )2 _

(2= &20) 5 @20 _ p*=24 3y hocase from the 3rd degree Schur
24p-9r Z4p—9~48p p P

9

4p3 + 9r 48p — p3

4p - 9
b3 Holder p3 _ pe
Now ZCyCZbZ—bc+Zc2 2 3-Yeyc(2b2-bc+2c2)  12(p2-27) 4)
It suffices to prove that 2=2 + — 7 _ 4> (5)
P p | 12(pP-27)

(5) - 13p* — 48p3® — 612p% +1296p + 7776 = 0 or
(p — 6)?(13p? + 108p + 216) > 0 which holds as p?> > 3q - p = 6 and the

trinomial is clearly > 0 for p > 6. Done!

JP.149. Find all functions: f: (0, +o) — R which verify the relationship:
In(xy) < xf(x) + yf(y) < xyf(xy),vx,y >0

Proposed by Marian Ursdrescu — Romania

Solution by Ravi Prakash-New Delhi-India

In(xy) < xf(x) + yf(y) < xyf(xy),vx,y >0
Putx=y=1,weget: 0 < f(1)+f(1) < f(1)=f@@)=0.

Puty =~ to obtain
0<xf(x)+1f(3) <0 f(3) = —22f(x). Taking y = 1, we get:
In(x) < xf(x),vx >0 (1)
> In (%) < % f(l) = —xf(x) ,¥x > 0 = —In(x) < —xf(x),vx > 0
= xf(x) <Inx,vVx>0 (2)

From (1), (2): xf(x) =In(x) , Vx> 0= f(x) = %ln(x),Vx >0
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JP.150. Let be z,, z,, z3 € C* different in pairs such that: |z,| = |z,| = |z;]. If
(z4 + 2,)(zy + 23)(23 + 21) + 212,253 = 0, then z4, z,, z5 are the affixes of an equilateral
triangle.
Proposed by Marian Ursédrescu — Romania
Solution 1 by Ravi Prakash-New Delhi-India
Letz =2z, +2z, + 23
(21 + 25) (22 + 23) (23 + 21) + 212,23 = 0> (2 — 23)(2 — 2,)(2 — 2,) + 212,23 =0 >
=23 — (2, + 2y +23)2% + (2323 + 232, + 2122)Z — Z1Z2Z3 + 212223 = 0 =

1 1 1
=23 —2(2%) + z(2y23 + 232, + 212,) = 0>z (z— +—+ z—) 212,23 = 0.
1 2 3

As|z,| = |z,| = |z5| = k > 0,2,2,z3 + 0. Thus

z(l+l+i):0 1)

7 z; 73
Also, k? = 2,7z, = z,7; = 7323 (2)
From (1), (2): k*z(z; +z; +23) = 0> k?zz=0.Ask? #0,|z?=0=>z=0=>
=z + 2y + 23 = 0.Now, |z, — z3|% + |24|? = |z, — z5]% + |-z, — z3]* =
= |zy — 231* + |z, + z3]|* = 2|z;,|* + 2|23]* = 4Kk?* = |z, — z3|* + k* = 4k* >
= |z, — z3| = V/3k.Similarly, |z; — z,| = |z, — z,| = V3k. Thus,
|z, — z,| = |z, — 23| = |z3 — 24| = triangle with vertices z4, z,, z5 is an equilateral
triangle.
Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaijan
Lemma: Let |z4]| = |z,| = |z3]. Points z4, z,, z5 are vertices of an equilateral triangle
ifand only if z; + z, + z3 = 0.Since (z4 + z,)(z, + 23) (23 + 2) + 212,25 =
= (21 + 25 + 23) (212, + 2123 + 2,23),
considering condition, we have: z; + z, +z3 = 0 or

Z1Z, + 2,23 + Z,23 = 0. Using Lemma = Q.E.D.
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SP.136. Let x, y, z be positive real numbers such that: x* + y* + z* = xy + yz + zx.

Find the maximum of the expression:

3 6 4 46 3 6 4 6 3|76 4 46
p= X y+ y Z 4 VA X
2 2 2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer
*Let x,y,z > 0, we will prove that inequality:

x*+yt+ 2t +xyz(x + y + z) 2 xy(x® + y?) + yz(y? + 22) + zx(22 + x?) (1)
Qe xt+yt+zt +xyz(x+y +2) —xy(x? + y?) — yz(y? + z2) — zx(22 + x?) = 0

o x’(x*—xy—xz+yz)+y*(y* —yz—yx+zx)+z*(z* —zx —zy + xy) = 0

SxXx-yx-2)+y (y-2)(y-x)+2*(z-x)(z-y) 20 (2
-Supposedx >y >z>0
z—x<

<0

z< Xx
+Wehave.{z @{z—ysoﬁ(

<y z-x)(z-y)20=>2z*(z-x)(z-y) =20 (3)
+ Other: x?2(x — y)(x — z) + y*(y — z)(y — x)
= (x - Y)[x*(x—-2) - y*(y — 2)] = (x — Y)[(x3 — y3) — z(x* — y*)]
=x—-Yx-—p?+xy+y*)—zx—y)x+Y)]=(x-y)?E+xy+y>*—zx—zy) =0 (4)
(becausex >y>z>0x*+xy+y*—zx—zy=x(x—z)+y(x—z) +y> >y?> >0
and (x —y)? > 0)
-Let(3), (4): = x2(x—yY)(x—2)+y*(y—2)(y—x)+2*(z—x)(z—y) =0
= Inequality (2) true = (1) true.

*We have: x6 + y* = (a2 + y2)(x* — 22y% + y*) = (&2 + y?) (2% — xyV3 + y2)(2® + xyV3 + y?)

2 2 2_ 2 2 2
- Therefore, by AM-GM inequality: 3\]"6;”6 = 3\](" ) xy‘/i;’y )(x?+xyV3+y?)

= 3\/@ (2 +V3)(x% — xyV3 + y2)(2 — V3)(x% + xyV3 + y2)

2 2
LY (24 V3)(x2 - xyVB+y2) + (2~ VE)(2 + VB +)?)  3a7 —3xy+ 32

3 2




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

N 3 |x6+y6 < 3x% —4xy+3y? Similar: 3 |y6+26 < 3y%—4yz+3z% 3 |z6+x® < 3z%-4zx+3x?
2 2 ' '\/ 2 = 2 ! \/ 2 2

3[x6+y6 3|y 426 3|76 +x6 3xZ—4xy+3y? 3y —4yz+3z2 322 —4zx +3x?
=>p=\[ y+\[y z+\[z - y+3y* 3y’ —4yz+3z> 37" 4z

2 2 2 - 2 2 2
© P <3(x%+y?+2%)—2(xy+yz+ zx) (5)
*We will prove: 3(x2 + y2 +z2) —2(xy +yz+2zx) <3 (6)
Hoyteat gy

4,.4, .4
2 4 N2 4 2 3ctyt+rh) g 4 —
3(x2 +y?2 +2%) —2(xy +yz+2zx) < pep—— (x*+ y* + z* = xy + yz + zx then s

= (3(xZ +y2+2z%2) - 2(xy +yz+ zx)) (xy +yz + zx) < 3(x* + y* + z*)
©3(x2+y2+z8)(xy +yz+zx) < 3(x* + y* + z*) + 2(xy + yz + zx)?
& 3xy(x? + y2) + 3yz(y? + z2) + 3zx(2%? + x*) + 3xyz(x +y + z) <
<3(x*+y*+zY) + 2(&%y? + y?2% + 222%) + 4xyz(x + y + z)

& 3(x* + y* +z*) + xyz(x +y + z) + 2(x%y? + y?z% + 222%) = Bxy(x% + y?) + Byz(y* + z%) + 3zx(2* + x*) (7)
- By AM-GM inequality for 2 real numbers:

5 _xz(y2 +2z2) Yy (22 +x%) zZ2(a? +yP) >x2 -Zyz_'_y2 -sz_'_z2 - 2xy
- 2 2 2 = 2 2 2
= x2y? + y2z2 + 7222 > xyz(x +y +z) (8)

x2y2 +yZZZ +ZZZ

=30t +yt +24) +xyz(x + y + z) + 2(x%y? + y*z* + 222%) = 3(x4 +yt+ 7z +xyz(x + y + z)) (9
- Let (1), (9):
= 3(x* + yt + 2% + xyz(x + y + 2) + 2(x%y? + y?2% + 222%) = 3xy(x® + y2) + 3yz(y? + 2%) + 3zx(2* + x?)
= (7) True = Inequality (6) true.
-Let(5),(6): =P <3P =3
x,y,z>0
xt+yt+zt=xy+yz+zx
xX=y=1z
X2 = y% + 72

+ Equality occurs if: & sx=y=z=1

SP.137. Leta, b,c > 0 such that a + b + ¢ = 3. Prove that:
a + b + c + 3\/6"'%"'% > l (1)
3/4-(b6+c'6)+7bc 3/4(66+a6 +7ca 3/4(a6+b6)+7ab 12 T12

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
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Solution by proposer
*We have:
b® + c® = (b? + c?)(b* — b%c? + ¢*) = (b% + ¢?) [(bZ + c2)? — (bcﬁ)z]
= (b? + c?)(b® — beV3 + ¢%)(b? + beV3 + ¢?)
- By inequality AM-GM for three positive real numbers:

2268 + c©) = ja,z +¢2)-2(2 +V3)(b? - beV3 + ¢2) - 2(2 — V3)(b? + bev3 + ¢2) <

B+ )+ 2(2+V3)(b? — beV3 + ¢2) + 2(2 — V/3) (b% + bev3 + ¢2) _ 9b% — 12bc + 9c?

3 3
& 4(b® + c6) < 3b? — 4bc + 3c? & 4(bS + c®) + 7bc < 3b? + 3bc + 3c?
1 1 a a
< = © > 2
3\/4(Tﬁ-cﬁ)+7bc 3(b%+bc+c?) W-”bc 3(b%+bc+c?) (2)
.. b b
+ Similar: > 3
3/4(cﬁ+aﬁ)+7ca 3(c2+ca+a2) ( )

c c

> 4
3,4(a5+b6)+7ab 3(a2+ab+b2) ( )
b c
-Then (2), (3), (4): = 2 + + >
3/4(b6+cﬁ)+7bc 3/4(cﬁ+a6 +7ca 3/4(aﬁ+b6)+7ab
a b c

> + +
~ 3(b2+bc+c?)  3(c2+ca+a?)  3(aZ+ab+b?) (5)

— Other, by Cauchy-Schwarz we have:

a b c a? b? c?
+ + = + + >
b2+bc+c2 c2+ca+a? a?+ab+b%2 ab?+abc+ac? bc2+ bca+ba? ca?+ cab + cb?

- (a+b+c+)? (6)
- (ab2 +abc+ac2)+(bc2 +bca+ba2) +(ca2+cab+ cbz)

(a+b+c)?
(ab2 +abc+ac2)+(bc2 +bca+ba2)+ (ca2+cab+cb2)

- That

_ (a+b+c)? _ (a+b+c)? __ a+b+c (7)
ab(a+b)+bc(b+c)+ca(c+a)+3abc (a+b+c)(ab+bc+ca) ab+bc+ca

a b c a+b+c
+ + >
b2+bc+c?  c2+ca+a? a?+ab+b? ab+bc+ca

-Then (6), (7): = (3)

+Anda+ b+ ¢ = 3. Then (8):

a b c 3
bZ+bc+c?2  c2+ca+a? a?+ab+b? T ab+bc+ca

)
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b 1
- a4 + - + - < >—— (10)
/4(b6+c6)+7bc /4(cﬁ+a6 +7ca /4(a6+b6)+7ab abtbetca

- By AM-GM for five positive real numbers:

-Then (5), (9):=

%+%+%+az+azzsi]%-%-%-az-aZZSi/E:Sa
o 3-3{a+2a%?>5a<3Ya>5a—-2a> (11)
+ Similar: ¥b > 5b — 2b%;33c > 5¢ — 2¢%> (12)

— Then (11), (12):= 3(Ya+ Vb + ¥/c) = 5(a+ b + ¢) — 2(a? + b? + c?)
o3(a+Vb+3c)=15-2(a?+b*+c?) (a+b+c=3)
@3(%+%+ Ve+1) >18—2(a? + b? +c?) = 2(a+ b +c)? — 2(a? + b? + c?)
(Becausea+b+c=3=2(a+b+c)?> =18)
@3(%+%+%+1)22(a2+bZ+cZ+2ab+2bc+2ca)—2(az+bZ+cZ)
@3(%+%+%+1)24(ab+bc+ca)®3(%+%+%)24(ab+bc+ca)—3

PN 3\/E+3;/ZE+3\/? > 4(ab+b3c6+ca)—3 PN 3\/E+3;/25+3\/E > ab+1;c+ca 1 (13)

- Then (10), (13):

R a . b . c 4 Ya+ Vb +3c >
3/a(b® + c®) + 7bc  3/4(c® + ab) + 7ca }/4(a® + b®) + 7ab 12 h

1 ab+bc+ca 1
= + -— (14)
ab+bc+ca 9 12

- By AM-GM we have:

1 ab+bc+ca> 1 ab + bc + ca 2 1 2

+ = . . o — = —

ab + bc + ca 9 ab + bc+ ca 9 9 3
1 ab+bc+ca 1 2 1 7 1 ab+bc+ca 1 7

> + ——=>c——=—e + —-—=2>—= (15
ab+bc+ca 9 12 3 12 12 ab+bc+ca 9 12 12

- Then (14), (15):
= a + b + ¢ + Va+ Vb + e > 7
3/4(b® + c®) +7bc  3/4(c® + a®) + 7ca 3/4(a® + b®) + 7ab 12 12

= Inequality (1) True and we get the result
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( abc>0a+b+c=3
| a=b=c
_ 1 _ 1
+ Equality occurs if: 4b2+bc+c2 T 2+ca+a? a?+ab+b2 S a=b =c=1.

3 3
Ya =a?; Vb = b%;3c = c?
1 __ab+bc+ca
ab+bc+ca 9

SP.138. Let a, b, c be positive real numbers such that: a + b + ¢ = 3.
Prove that:
a? b? c?
+ + >
J5(b*+4) /5(c*+4) /5(a*+4)
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

vl W

Solution by Heikichi Ezakiya-Jakarta-Indonesia

2 b2 c? 1 ( a? b? c?
Let:p = ——+ + :_( N " )
v \/5(b4+4-) JS(a4+4) \/S(a4+4) VE\Vbt+a  Vet+a  Vatts
(a+b+c)? (1)
>_
Using CBS: ¢ V5 (Vat+a+br+a+ict+a) - ¢

Using QM-AM for (Va* + 4 + Vb* + 4 + Vc* + 4):

’a4+b4+c4+12 > Jat+4+/b*+a+/c4+4 o 1 > 1 1 s,
3 3 (\/a4+4+\/b4+4+\/c4+4) V3 Ja*+bt+ct+12

™ > @
002 5 e = 00 @)
Using QM-AM for a? + b? + ¢?

a?+b%2+c2 a+b+c (a+ b+ c)?
3 > 3 <:>az+b2+c2273

becausea + b+ c,then:a? + b2 +c¢2 >3 (1)

Using QM-AM for a* + b* + ¢*

4+b*+ct 2+b%+c? 2+b2+c?
’“ . £ >2 ; < o gt + bt + ¢t > ) 3 <) 2

From (1) & (2):a +b4+c4>“ =3
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From (#), if we choose a* + b* + ¢* = 3, # becomes equal, then
1 (a+b+c)® (a+b+c)?

Ji5 +3+12 15

Becausea+ b +c = 3, then: ¢ > ) > @) =

(p(l) 2 (p(z) =

@ _
15 5

SP.139. In ABC triangle the lengths of sides BC, CA, AB are a, b, c. Let h,, hy, h, be the
distances from A4, B, C to BC,CA,AB; 1, 1,, | are the lengths of the bisectors 4, B, C.
Prove that:
lib Wb l . lia . h;r:b . h;inc . h;lr:a
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India
In any AABC, Z% > % Firstly,
(1)
H(a +b) = 2abc + Z ab (2s — ¢) = 2s(s* + 4Rr + 1%) — 4Rrs = 2s(s?> + 2Rr +1?)
)
Also, Y(s—b)(s—c) =X(s?—s(b+c) + bc) = 3s>—4s*2+ Y ab = 4Rr + 1>

2bc A) _ 8(16R%r2s?) ( s ) by (1)  128R2y2s2 ( s ) (3  16Rr?s?
- 4R/ 4R

Also, [Tw, =11 (— cos 3

b+c [I(b+c) 2s(s2+2Rr+712) 4R) ~ s2+2Rr+r2
Now, 3 hbhc =y (hpho)® _ ( 8R3 )Z (ﬂ _ ﬂ)z _ ( 8R3 )(azbzcz)z 2 @3za?
hqhphe a2b2¢2 2R 2R a2pZc2 16R% 2R

1 )Z 2.2 by:(3) (sz+2Rr+r2) 4c%a? ] s(s—b) ] 4a%b? ] s(s—c)]

Now, Y, 2&%e — (— wiw
0 Z MMwea b*a 16R1r2%s2 (c+a)? ca (a+b)? ab

B <sz + 2Rr + r2> 16 - 4Rrs

16R1?%s? "(IT(a + b))? [z a(s—b)(s—c)(b+ c)z]

_ (s*+2Rr +1? 64Rrs - s Z a(b+c)*| @ ( r ) Z a(b + ¢)?
N 16R12s2 452(s2 + 2Rr +1r?)2 s—a "~ \s2 + 2Rr + 12 s—a

a(b+c) — Z a(s:—saa)2 — Z asz+a(s—:)_2:2as(s—a) — SZ Z as—_s;-s 4+ Z a (S _ a) 4+ ZS(ZS)

Now, ).

=52 (—3 +4 + %Z(s —b)(s— c)) + 5(2s) — 2(s? — 4Rr — 1?)
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+ 2(4Rr +1?) =

by (2) $2 (1 . 4R + r) ) s2(4R + 2r) + 2r?(4R + 1)
r

(B) s2(4aR+2r)+2r2(4R+7)
wpw, ) s
(4)’(5):>Z wg s2+2Rr+12

s2(4R+21r)+2r%(4R+T) > Ya? _ s?—4Rr-r?
s2+2Rr+r2 = 2r R

(a), (b)= given inequality &
& s%(4R? + 2Rr) + 2Rr*(4R + 1) = (s> — 4Rr — r?)(s* + 2Rr +1r?)
& s%(4R? + 2Rr) + 2Rr*(4R + 1) > s* — 2Rrs?* —r*(4R+1r)(2R + 1)

(©)
& s2(4R? + 4Rr) + r*(4R + 1)? > s*

erretsen

G ?
Now, RHSof (4) <  s%(4R?+ 4Rr + 31r?) < s?(4R* +4Rr) +r*(4R+ 1)’ &

< (4R +1r)? = 3s% - true (Trucht) (Proved)

SP.140. Let a, b, c be positive real numbers. Prove that:

b+c+c+a a+b 4(a’?+b%*+c?*) 2(ab+ bc+ ca)
a b ¢ ~ ab+bc+ca a? + b% + ¢2

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution 1 by Rade Krenkov-Sturmica-Macedonia

From Cauchy - Schwarz inequality we have:

(§+§+§+%+§+§)(b3a+c3a+c3b+a3b+a3c+b3c)24(a2+b2+c2)2 (1)

a b
FRIFRE SR ;) (abc? + ach? + bea? + bac? + cab? + cha?) > 4(ab + bc + ca)?
(—+—+—+;+;+§)(abc2+bcaz+cab2)22(ab+bc+ca)Z )

From (1) and (2) we get:

b+ + +b
< ac+cba 2 )(ab+bc+ca)(a2+b2+c2)24—(a2+b2+c2)2+2(ab+bc+ca)2
Now, we have that:

b+c+c+a+a+b 4(a? + b?+c%?) 2(ab+ bc + ca)
a b ¢  ab+bc+ca a? + b% + ¢?
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Solution 2 by Soumava Chakraborty-Kolkata-India

2
ZEZLLZa +ZZab
a Y ab Y a2

(Y ab) (Y)Y abar 52} - avefa (Y. o) +2(Y ab) |20
o> @b+ Y a?h’+ Y athP+ ) bt +2abc() a’h+ ) ab®) 2

(a) A-G
> 6abc(Y a’b?) + 2abc(Y a*), we have 2abc(T a®b + ¥ ab?) (% 2abc(Y ab(2ab)) =

= 4abc(3 a?b?).Also, Y a*b? + Y a®b* =Y c* (a® + b3) > Y c*ab(a + b) =

. Given inequality transforms into:

A-G
=abc(X a®b + Y ab3®) = abc(C ab(a? + b?)) (% 2abc (3 a’b?). Moreover,

A-G
z a’b? + z a’b® = z c5(a? + b?) (% z ¢ (2ab) = 2abc (z a“)

(1)+(2)+(3)= (a) is true (proved)
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
For a,b,c > 0 we have:
a3b? + a?b3® + b3c? + b%c® + c3a® + c?a® > 2(a’bc + ab3c + abc?®)
Hence (a?b + ab? + b%*c + bc? + c?a + ca?)(ab + bc + ca)

(a?b + ab?) (b*c+bc?) (c?a+ ca?)
+ + >

> 4abc(a? + b? + ¢%) + 2(abc)(ab + bc + ca) =

abc abc abc
> 4(a?+b*+c?) 4+ 2(ab+bc+ca) a+b 4+ b+c 4+ c+a > 4(a?+b%+c?) 4+ Z(ab+bc+ca).
(ab+bc+ca) (ab+bc+ca) c a b (ab+bc+ca) aZ+b2%+c?

Therefore itis to be true.

SP.141. Let a, b, c > 0 such that: a + b + ¢ = 3. Prove that:
at bt ct az+ b% + c?
+ + =
b*(2ab—+c+2) c*(2bc—Va+2) a*(2ca—Vb +2) 3

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Michael Sterghiou-Greece

4

a Yeye a?
chc b*(2ab—+c+2) = 3 @)
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Let (chca,zcyc ab,abc) =(.qr)p=32ya*=9-2q

2
ad

LHS of (1) > _(ocg) [BCS] = 2o

Seye(2ab—c+2) S2a+6-3.yva] L29RIN] BCS (2)

It suffices that (2) > =%, But it holds that

Yeyey =11 (AM-GM) and ¥y Va = q (asp = 3)
r3

The lastone: as Yoyca? + 2 Yy ab = (Zeye a) = 9 jt suffices that

Yeyea® + 2% .vVa >9.But

Z(a +\/_+\/_)AM>GM3-Za=9

cyc cyc

9-2q

Therefore we have to show that >—=o0r

9r3 (q+6)

2
flq) = (g) (q +6)(9 — 2q) — 27 < 0 because this stronger inequality arises from

3

the fact that r < (2)°. But f(q) =2 (3 — q)(2¢® + 9¢* — 27q —81) and g < 3,
9(q) = q(2q* +9q—27) <8lasq <3 and2q%*+9q — 27 < 27
The proof is complete.
Solution 2 by proposer
* By Inequality Cauchy- Schwarz. We have:
az z az z az z
Y a* =y ( ) > (sz) (Zb_z) ()
b*(2ab—c+2) (2ab—vVc+2) = ¥(2ab—Vc+2) 2 ab-YVa+6
- Other, by AM-GM:
az a2 bz 3.3 a2 a2 p2
n=yiEtid s ywd oyl o 1,
3 b2z 3[g2p2e2
3=a+b+c>33abc > Yabc< 1> Va?b?c2 < 1.Let(3): > ZZ—; > Y a?

et @)oYy e 4)
b*(2ab—c+2) ~ 2% ab-Yva+6

-By AM-GMand a + b + ¢ = 3. We have:
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25Va+ Y @t =y (Va+va+rat) >y 3-Nava-a@t=3y a=9=(Ya) =Y vaz Y ab
- Let (4):

at (£a?)  _ (za®)’ _ (za®)’ 2
=X b*(2ab-+c+2) = 2Y ab-Y ab+6  Yab+6 — za2+6 (because Yab<Xa ) (5)

(e S ze? , za?

* ; . 1 2 2 2
WeW|IIprovethat.Za2+6_ 3 Za2+623@32a >Ya*+6oYa*>3

(True because by AM-GM: ¥ a2 > &2 “) =3 3)

3
ot S ia
- Therefore, let (5): = Zb4(zab NG > &
a* b* ct a?+b%+c?
g b*(2ab—c+2) * c*(2bc—a+2) + a*(2ca—Vb+2) — 3 = Q.E.D.

SP.142. Let a, b, c be positive real numbers such that: abc = 1. Prove that:
a’b? b?%c? c2a? a’?+b*+c*+3
+ + <
—2a+b%2+2 b*—-2b+c2+2 c*—2c+a%2+2 4

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Marian Ursarescu-Romania
a*—2a+b*+2=a*—-2a>+1+2a%+p*+2722= (a2—1)2+a2—2a+1+a2+
+b%? = (a? —1)? + (a — 1)? + a? + b? > a? + b? > 2ab, withequality fora = b = 1.

b2 2 a?¢c? < aZ+b%2+c%+3
2ab 2bc 2ac
a?+b%?+c*+3 >2(ab+ bc+ac),Va,b,c > 0withabc =1 (1)

a?+b%>2ab (2);c?+122c (3);2+2c22ac+2bc (Ao 1+_2 +-o
©ab+1>a+be (a—1)(b—-1) = 0, true because we can choose two numbers
sothata,b>1ora,b <1.From(2)+(3)+(4)=>a?+b?*+c*+1+2+2c>
> 2ab + 2¢ + 2ac + 2bc = a? + b? + ¢?2 + 3 > 2(ab + bc + ac) = then (1) its true.
Solution 2 by Michael Sterghiou-Greece

a?b?

< (chc a2)+3 (1)

abc>0Nabc=1- chc a*—2a+b2+2 — 4
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a’b? B a’b? - a’b? <ab
a*+2a+b2+2 a*—a’?—-2a+b2+a?2+2 (a-1)%2(a®?+2a+2)+2ab” 2
>0

Applying this in a cyclic manner it suffices to prove
a?+b?>+c*+3—2(ab+ bc+ca) =0 (2).Fromthenumbersa—1,b—1,c—1
two will have the same sign (pigeonhole principle). Let WLOG thesebea —1,b — 1

(2)» a? + b* + c?> + 1+ 2abc — 2ab — 2bc — 2ca=(a—1)* + (b — ¢)* +
+2a(1 — b)(1 — c¢) which isclearly > 0. Done.
Solution 3 by Rade Krenkov-Sturmica-Macedonia

2p2 b2c2 c2q?

Using AM-GM we get:

+
a*-2a+b%2+2  b%2-2bc+c2+2 c*-2c+a’+2 —

a’b? b?c? c2a?
== 2 2 +7 2 2 t 2 2
a*—a“+b*+4 b*—b*+c*+4 c*—cc-+a*+4
a?b? b%c? c2a? a?b? b?c? c2a?
+ + < + +
at—2a+b*+2 b*—-2b+c2+2 c*—2c+a?+2" a?+b% bZ+c: c?+a?
a’b? b?c? c’a?

<
a4—2a+b2+2+b4+2b+c2+2+c4—2c+a2+2‘
1 ab-2ab+bc-2bc ca(2ca)
2| a2+b%2 b2+ c?2+a?

<

a’b? . b?c? . c2a? <1( b+ be+ ca)
at*—2a+b2+2 b*—2b+c2+2 c4—2c+a2+2_ia crca

We have to prove that: a® + b% + ¢ + 3 > 2(ab + bc + ca)

We will prove that: (a + b + ¢)(a? + b* + ¢?> + 3) > 2(ab + bc + ca)(a+ b + ¢)

Note that: a + b + ¢ > 3¥abc = 33/(abc)3 = 3abc. Now,
(a+b+c)(a2+b2+c2+3)=a3+b3+c3+ZaZb+ZabZ+3(a+b+c)
(a+b+c)(a2+b2+c2+3)2a3+b3+c3+Za2b+2abz+6abc+3abc

Using Schur’s inequality we get:
(a+b+c)(a2+b2+c2+3)22(2a2b+2ab2+3abc)

(a+b+c)a?+b%*+c*+3)>2(a+b+c)ab+ bc+ ca) (Done)
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Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

(ab)?
a*-2a+b%+z

. . b
Fora,b,c>0andabc=1,givea=2 b= ¢=2andsince <=

< IR

(bc)? bc . (ca)? ca d ab 4+ bc ., ca < a?+b%+c%+3

b*-2b+c2+2 — 2 'c¢*-2c+a242 — 2 2 2 2~ 4

1 1 1
Becauseab+ bc+ca=-+-+-=2+2+2
a b c x y z

z

2 2 2
24 p2 402 = (% y z ;
a“+b”+c —(;) +(—) +(;) and since
x*z? + y*x? + zty? + 3(xyz)? = 2(xy32% + x3y*z + x*yz3) =
2 2 2 1 1 1
:>x_+(z) +(E) +322(X+E+E):>a2+b2+c2+322(—+—+—):>
yz \z X X z y a b c

a?+b%+c%+3 > ab+bc+ca
2 =

. Therefore itis to be true.

SP.143. Let x, y, z be non-negative real numbers. Prove that:

x3x2 +yz+y\3y2 +zx + 2322 + xy > x2 + y2 + Z22 + xy + yz + zx
Proposed by Do Quoc Chinh —Ho Chi Minh - Vietnam

Solution by Rade Krenkov-Strumica-Macedonia
Using Cauchy - Schwarz inequality we have: (3x% + yz)(3x% + x2) > (3x2 + x,/yz)z.
2xy/3x%2 +yz = 3x* + [yz (1)
Now, we get: 2y,/2y2 + zx > 3y? +/zx (2)
2z\/32%2 +xy > 322 + /xy (3)
From (1), (2) and (3) we get: 2 (xw/3xZ +vyz+y.3y% +zx +2z,/32% + xy) >
>2(x2 +y2 +2%) + (2% + y? + 22 + [xy + \[yz +zx).
It is enough to prove that:
x> +y? +z* + x\/yz + y\Jzx + z,/xy > 2(xy + yz + zx). Introducing substitution
x=a%y=»b%z=c*?
we get: a* + b* + ¢* + abc(a + b + ¢) = 2(a?b? + b%*c? + c?a?).

Using Schur’s inequality we have:
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Za4+abc2a= Za3+3abc -Za— Za3b+2ab3

cyc cyc cyc cyc cyc cyc
Za4+abc2a2 Za2b+2abz Za—ZabCZa— Za3b+2ab3
cyc cyc cyc cyc cyc cyc cyc cyc
Za“ +abc2a > Zz:azbZ
cyc cyc cyc

SP.144. Let A, B, C be the corners in a triangle ABC. Prove that:

A\Z B\?* C\*
sin sin & sin5 9

2| 4 2| 4 2 ZZ
tani tani tani

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Marian Ursarescu-Romania

_a+b+c
ST

sing 2 . W __ s(s-b)? _ 1 tsh . z:s(s—b)z > 9 Z as(s—b)? > 9
B = G-aG-0 — be(s—a) =1WwWemustsnow: ), ———=2- ), ————— 2 =

tan B bc(s—a) — 4 abc(s—a)
PN a(s—b)? > 9 abc PN Z a?(s—b)? > 9abc (1)
s—a ~— 4 s a(s—a) ~— 4s

als-b)? - (Fal=b)? oy

From Bergstrom inequality we have: ¥, aG-a) = Ya-a)

(Zsz—(ab+bc+ac))2 9abc 3
2s2—(a2+b%+c%) ~ 4s ©)

But we have abc = 4sRr (4)

From (1)+(2) we must show this:

ab + bc+ ac = s> +r2+4Rr (5)
a? + b%+c* =2(s> —r* —4Rr) (6)

(252—sz—r2—4Rr)2 94sRr (52—r2—4Rr)2
252-2s242r248Rr — 4s 2r(4R+71)

From (3)+(4)+(5)+(6) we must show: >9Rr &
(s> —1r?> —4Rr)? > 18Rr*(4R +71) (7)

From Gerretsen inequality we have: s > 16Rr — 5r% (8)
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From (7)+(8) we must show: (12Rr — 6r2)? > 18Rr*(4R + 1) &

& 36r*(2R —1)2 > 18Rr?(4Rr+1) ©2(2R-1r)*>RAR+71) &

S8Rr+2r2>4R?+Rr ©4R?> —9Rr +2r* >0 (R-2r)(4R-1r) >0

o 8R? —
true, because from Euler R > 2r.

Solution 2 by Soumava Chakraborty-Kolkata-India
_(s=b)(s—c)s(s—=b) (s—c)(s—a)s(s—c) (s—a)(s—b)s(s—a) _
LHS = be(s —c)(s—a) + ca(s—a)(s—b) ab(s—b)(s—c)
s [a(s—=b)? b(s—c)* c(s—a)?*| _
G-a)  (-b) @ (-0 ]‘
(s — b)}s —c)? I el Gl

s—b s—c¢c

__5 (S - b)3 (S - C)3 (S — a)3 1
TaRr[G-a)G-b) G-bG-o) (s—c)(S—a)] ~ 3w 2.6~ 072

- 4Rrs

[{s —(s— a)}(s — b)? {s - a)Z] B

Holder § (3s —2s)3 1
> : - 2 _2bs+b?%) =
~ 4Rr BZ(s—a)(s—b) 4er(s s )
gt
3s“—4s“+2 — 4R
~12Rr Y{sz — s(a+ b) + ab} 4Rr { s* s* (s* r—19}
B st s> —8Rr —2r? _
" 1Rr(3s% — 452 + s2 + 4Rr + r?) 4Rr B
s* —3(4Rr + r%)(s%? — 8Rr — 21?) Gerr;tsen s2(16Rr — 51> — 12Rr — 312) + 612(4R + r)?
12Rr(4Rr + 12) - 12R(4R + 1)12
Gerretsen (16RT — 572 )(4Rr — 812) + 612 (4R + r)2 ? 9 ) )
- >
12RAR + )12 4 < 52R 127Rr + 4671 0

? Eul
< (R-2r)(52R —23r) >0 > true R uzer 2r (proved)

Solution 3 by Rade Krenkov-Strumica-Macedonia

. A c
. A B C sin A cos

From sin (—+ —) =cos- & —2+cos-=—=2|?
2 2 tan- 2 sinz

24 A 2 2C

sin E A lnE coSs E

2 + cos?=| > + cos— = —5 Now,
2 sin 2

tan tanE
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24 2B 2C
A B C cos®s  cos“s  cos%:
2LHS + 2 (cosZ >+ cos? >+ cos? E) >—=2 2 2 (1)

C A B
in2> in2Z in2=
sin 2 sin 2 sin 2

Using equality tang . tan§+ tang . tang + tang . tang = 1 and Cauchy-Schwarz

24 2B 2C LA L C A B . B . C
. . i cos 2 cos 2 cos 2 smz smz smz smE smE smz
inequality we get: | —¢ + + 2. + 2. + 2] >
sin“>

sin22  sin28 [\ cos? cost  cos? cosE  cos® cost
2 2 2 2 2 2 2 2

2

sin4 sin B sin C

- + - + -
sinC sin4 sin B

24 2B 2C
cos E CO. E 2
Wehavethat—&+—+—5=>9 (2)
sin?; sinzz sinZE

From Jensen’s inequality on a function f(x) = cos? E which is concave (n) we have:

) A+B+C ZA ZB ZC
3 cos (—)Zcos — + cos”“ — + cos“ —
2 2 2
9 A B c
22 cos? 2+ cos? >+ cos? ;> 3

Using (1), (2) and (3) we get: 2LHS + 2 -% >9;LHS >

o

Solution 4 by Lahiru Samarakoon-Sri Lanka

. 24 . 2B . 2C
sin?Z sin sin?

For AABC,—3+—%2+—2>2
2

B C
22 2> 2
an 2 tan 2 tan

sin?4.cos?3 sin?4 B sina 2 A
LHs= 22272 =32 (1-sin?2) = 0 (Z2) - xsin?2
sin?3 sin?3 2 sin; 2

. A\ 2 . A\ 2 . B\ 2
; sin- sin- sin- ;
Let’s consider, <— §> + <— §> + <—§> . Using AM-GM
sin;
2

2

3sinzg Y.
> 12sin“ -

2 2 —
int8.sin2¢ 3 A B c 2
Sin5-sin®y sinzzsinz?sinzz

. coszg sinzg . 2B
Similalry, 2 sint +|—i 2 12sin” - (2)

2

sinzg sinzg . o C
2 —i |t aE = 12sin” > 3)
2

2

@) (< Msin% < 1)
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N
@+@+@ .5 () > 4ns*]
smE

:-LHSZ4Zsm ——Zcos ——BZsm —

But, >, sinzg > %. So,LHS >3 x % =, (proved)
SP.145.1f1 < a < b then:

bbb
J‘J‘J‘ xdydz 3lb+1

xyz log a+1
a a a

Proposed by Daniel Sitaru — Romania

(b-a)?

Solution by Soumitra Mandal-Chandar Nagore-India

Letx =e™ y =e"ande? = zwherem,n,p > 0

e™(e™-1)

__1 o — N
Let f(m) = — forallm > 0,f (m) = (1+e1n)2 S (m) = trem > 0
hence f is convexe function, chc — > 13+n+p

1+€ 14e 3
b b b b b b
z szf 1 fffdxdydz
= - 7
1+ 3 1+
cyc X 1+ ryz yCa a a x aaa1 xyz
(a - b)? ‘[ dxdyd
a— X z
= 22 Tog(ae + DB f |5
3 1+ 3/xyz
cyc aaa
b b b
b+ 1\ dx dy dz
1e(iy) =]
a+1 1+ 3/xyz
a a a

SP.146. Let be A, B € M3(R) such that:

2 1 1
AB=(0 -1 1
0O 0 -1

Find: det((BA)? — 315)

Proposed by Marian Ursédrescu — Romania
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Solution by Ravi Prakash-New Delhi-India

2 1 1
AB=|10 -1 1
0O 0 -1

det(AB) = 2 = det(4) det(B) = 2 # 0 > det(4) # 0,det(B) # 0
~ A™1, B~1 both exist. Now, (BA)? — 31; = A~*A((BA)?> — 313)BB™1 =
= A [A(BA)?B — 3AB]B™! = A7[(4B)?} - 3(4B)]IB™! (1)

Characteristic equation of AB

2—t 1 1
0 -1-t 1 [=0=2@+)2Q2-t)=0=>A+2t+t2)2-t)=0>
0 0 -1-t

=2+ 4t+2t2 —t—2t> —t3 = 0o0r 2 + 3t — t3 = 0. As AB satisfies this equation
21; = (AB)3 — (34B) (2)
From (1), (2): (BA)? — 313 = A"1(215)B™1 = 247 1B
8 8 8

det((BA)? — 3I3) = 8det(A™1) det(B™1) = det(d) det(B) — det(BA) — 2

=4

SP.147. Find all continuous functions f: R — R having the property:
f(x)+2f(2x) + f(4x) = 25x* +9x +4,Vx €ER
Proposed by Marian Ursdrescu — Romania
Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaijan
fOx)+2f(2x) + f(4x) = 25x + 9x+4 (1) = [f(x) - (x> +x+ )] +
+2[f(2x) — (4x* + 2x + 1)] + [f(4x) — (16x* + 4x + 1)] = 0. Let g(x) = f(x) —
—(x%? + x +1). Then we have: g(x) + 2g(2x) + g(4x) =0 (2)

@3 g0)=0 (3)
(2)= g(4x) + g(2x) = —(g(2x) + g(x)) =
g2x) + g(x) = - (92'™x) + g2 7))

n—-+oo

= using continuity = g(2x) + g(2x) = 0 = g(2x) = —g(x) and so

g(x) = —g(2"x); g(x) = —g(2™x) > and using continuity, we have
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g(x) = —g(0) 2 0. Hence g(x) = 0= F(x) — (2 +x+1) =0 > f(x) =% +x+ 1.
Solution 2 by Sagar Kumar-Kolkata-India
f(x) +2f(2x) + f(4x) = (x* + 2x + 1) + 2((2x)* + (2x) + 1) + ((4x)* + (4x) + 1)
> (F) = (2 +x+ 1)) +2(f(2x) — (2x)2 + 2x + 1)) + f(4x) -
—((4x)? +4x+ 1) = 0 on comparing f(x) = x* +x+ 1
Solution 3 by Tran Hong-Vietnam

Let g(x) = f(x) — [x*> + x + 1]; Vx € R since f continuous = g continuoson R =

= gx) +29(2x) + glax) =0,Yx R > g(2:+2) +2g (2:+1) +g(%) =0,Vx€R

= 1im [g (5252) + 20 (50) + 9 (5)] = 0: (x € R = g(0) + 29(0) + g(0) = 0 >

= 39(0) = 0= g(0) = 0;[g(x) + g(2x)] + [g(2x) + g(x)] = 0;

Let h(x) = g(x) = g(x); h(0) =0 = h(x) + h(2x) =0 =
h(2x) = (D" () ;vn e N
— 1z xZ — — 13 n x —
= h(x) = LLTO(—l)6n h(ﬁ) =0=g2x) = }llllolo(—l) g (2_") =0
f(x)=x®>+x+1
Solution 4 by Chris Kyriazis-Greece
Set g(x) = f(x) — x> —x — 1,Vx € R. Then, the given functional equation becomes:
g(x) +2g(2x) + g(4x) =0 (1)
If we put x = 0, then g(0) = 0. Setting h(x) = g(x) + g(2x) (1)
Becomes h(x) + h(2x) = 0,Vx € R or (putting x - x/2): h(x) = —h(g)

Once moreand h(x) = h G) =h (ziz) By induction, we can show that:

h(x) = (-1)"h (zin) Using continuity of h and taking limits, we have that:

limy oo () = limy,.,o,(—1)"h (%) = 0= h(x) = 0,vx € R.

This means g(x) + g(2x) =0
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vx € R. Working the sameway, g(x) =0,vx € R.So, f(x) = x> +x+1,Vx€R

which satisfies the given equation.

™ vn € N.

x
1+x, '

Find:

SP.148. Let be x, > 0 and x,,,; = arctan

2= lim(n-x,)
Proposed by Marian Ursdrescu — Romania
Solution by Remus Florin Stanca-Romania
We prove by using Mathematical induction that x,, > 0,vn € N.
1) We prove that P(0): x, > 0Ois true (true)
2) We suppose that P(n): x,, > 0 s true.
3) We prove by using P(n) that P(n + 1): x,,,, > O is true.

/3
xn>0:>xn+1E(O;E]:xn+1>0:>xn>O;VneN

Xn
Xp+1

and because x, > 0;vn € N = x,, € (0; E]

X,4+1 = arctan 5

We study the sign of x; — xy = arctan% — Xy
0

Let f: (0;%] — Rsuch that f(x) = arctanﬁ —x

1 1 |- 1
1+ x2 (x +1)2 T 2x2+2x+1
(x +1)2

= f/(x) = ~1= f(x) <0

= f(x) is a decreasing function f(0) = 0 = f(x) <Oforx € (Og] = X1 < X
We prove by using the Mathematical induction that x,, > x,,,¢
1) We proved that P(0): x, > x, is true
2) We suppose that P(n): x,, > x,,,1 is true
3) We prove that P(n + 1): x,,41 > X4 iS true by using P(n)

xn+1
— arctan ————
Xp + 1 Xn41 + 1

Xp+1 — Xpe2 = arctan

We prove that the function f: (0;%] - R, f(x) = arctan—— is an increasing function.
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fx) = —

2 (x41)?
+(x+1)2

>0=>truesox, ;4 —XxX,42 >0

> Xpi1 = Xpyz > Xp > X1 forn e N

X, € (0; g] and x,, is a decreasing sequence = —l = lim,,_,, x, suchthatl € R

1= arctanﬁ,l € (0%] the funciton f(1) = arctanﬁ — lis adecreasing function

so I = 0 is the unique solution.

N Stolz—Cesaro 1
= lim x, = 0 = lim nx,, = lim — = lim
xn Xn+1 X
n
Xpp1Xn . arctan x, + 1 Xn
= lim  —x = lim -
n—oo n—oo _
n n+1 X, — arctan x, + 1
1 1
+ .
arctan e . 2 (x+ 1)2
. arctan_——— xF 1 "X g (x + 1)2
nm x_ o I 1 =
n- _ 0 x-—
x arctanx+ io 1-— p i
+ .
(x+1)% (x+1)2
arctan (Zx +2x+ 1) -Xx arctan
:““6( x+;)xZ+2x =lim—% XL (a2 +2x+1) =
xX— x> .
++1 +D2x+2)
1 1 1
= =———=90
2x+2 2 2

SP.149. Let be the sequence (x,)nen:Xo > 1and x,,; =1 +1n (12:" )

vn € N. Find:

lim(nlnx,)

n—-oo

Proposed by Marian Ursédrescu — Romania
Solution by Remus Florin Stanca-Romania
We prove that x,, > 1,Vn € N by using the Mathematical induction:

1) we prove P(0): xo > 1 (true)
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2) we suppose that P(n): x,, > 1is true

3) we prove P(n + 1): x,.., > 1 by using P(n)

xn xn
x,>1= >1:>ln< )+1>1:>xn+1>1:>xn>1VneN
x, +1 Xn
- ZX()
We study the sign of x; —xo =1+ 1In (1+x ) — X
0
Let f:(1; +0) > R; f(x) =1+1In (%) —-x
, _lwx 2 .1 . . .
f'(x) = P P 1 <0 = f isadecreasing function

f(A)=0>f(x)<O0forx>1>x; <x
g(x) = % is an increasing function so x,,1 < x,
Xpi1 <xpandx,>1>1[=lim, ,x, €ER
[=1+1In (%) = f(D)=1+1In (%) — f isadecreasing function =

l = 1isan unique solution = lim,,_,, x, =1

l. l _l. n _l- 1 J—
R O = U
In x, Inx,,; Inx,
1 Inx, In (1 + ln%)
ln(1+ln 2Xn ) Inx, Tl
x,+1
2x
lll_x_(x_l)_l“(1+l“x+‘1).ln 2x
2x x—1 2x x+1
lnxln(1+lnT1) In +1
lim X = lim X
x>1 2x x-1
lnx—ln(1+ln +1) x
x In 7 —1+1
1+lnx_|_1
2x 2x 2x x—1
x—1—lnm. 1+lnm _lim(x 1)1nx+1 llm(x 1)1n(x+1+1)
1+1 2x 1-1 2x i1 1-1 2x  x-i 1—1 2x
e A | I | |
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=0=>limnlnx, =0
x—-1 ln (x -1 + 1) x-1 X n—-oo

SP.150. Letbe f € Z, f = a,x™ + a,_1x™ 1 + -« + a;x + a,, such that
a;,az, .. a, € {x1,+2 .., +n}. Ifa,isaprime number, a, > n? then f is irreducible
over Z.
Proposed by Marian Ursdrescu — Romania

Solution by proposer

Suppose 3g,h € Zsuchthat f = g - h,grade f,h > 1. f(0) = g(0) = h(0) =

= ay = g(0) - h(0). But ay being prime = g(0) = 10or h(0) = 1.
Suppose g(0) =1 = g(x) = b x*+ -+ bx+1
Let be x4, x5, ..., x;, the roots of f. From the last Viete relationship =

—1)k 1
= |x1xp .. x| = |u| =—< 1, because b, € Z
by |l

lx1%, .. x| <1=3pe{1,2 .. k}suchthat|x,| <1.

But x,, is rootand for f = a,xp + a, x5~ 1 + -+ a;x

p p +a,=0=>

P
n
= lagl = | x® + @y X321+ -+ agx,| < lagl|x,| + -+ lagl|x,| <
<lagl + lagl + -+ |ay| = lagl < lag| + laz| + -+ + |a,| < n? = ay < n?false=

= fisirreducible over Z

UP.136. Prove that:
n
1(2+U X
Z Ty (x) = 7 [—4n+2§ )
) V1 —x
where, T,,(x) and U, (x) denotes the Chebyshev Polynomials of First and Second Kind.

Proposed by Shivam Sharma-New Delhi-India
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Solution by proposer
S = z T4 (x)
k=0
Let, x = cos(@). Then, by definition, we have,

n n n
= z cos(4k cos~1(x)) = z cos(4k cos 1(cos 9)) = z cos(4k0) >
k=0 k=0 k=0

i . . 1- 4i0 n+1
= Real Part Y%_,e* = 1 + *¥ + 89 + ... + (n + 1) terms = (¢ 4?9
1—e*

_ ,i(4n+4)0 _ ,—4i0 _ ,i(4n+4)0 _ ,—4i0
:>(1 e )(1 e ):(1 e )(1 e )

(1 — e4i9)(1 — e—4i9) 2(e4i9 + e—4i9) =
(1 — cos(4n + 4)0) — isin((4n + 4)0) (1 — (cos(40)) + isin(40))
= 2 — 2 cos(46) =

1-— cos((4n + 4)0) — cos(40) + cos((4n + 4)0) cos(40) + sin((4n + 4)0) sin(40)
=z 2(1 — cos(40))

(1 — cos(46)) — cos((4n + 4)0) (1 — cos(40)) + sin((4n + 4)0) sin(40)
= 2(1 — cos(40))

sin((4n + 4)0)sin(406)
1 — cos(40)

= %[1 —cos((4n+ 4)0) +

sin((4n + 4)0) 2 sin(20) cos(26)
2 sin2(20)

= %[1 —cos((4n+4)0) +

_1 [1 + sin((4n + 4)0) cos(26) — cos((4n + 4)0) sin(26)
2

2 sin(26)

2

1| sin(((4n+96)-26)| 1[ sin((4n+2)6)
-2 [1 " sin(20) ] 72 [1 T sin@e) |

S P sin((4n +2)0)
2 2[cos(0) V1 — cos? 6]

As, x = cos0 = Uy, ,(x) = sin ((4n +2) cos~1(cos 0)), SO,

Uns+2(x) = sin((4n + 2)8). Using above, we get,
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s = i [—Z+”4"+2(")] (Answer)

xV1-x2

UP.137. Let f, g: R} — R be functions such that:

,{Lfg(f(x+ 1) —f(x)) =ac [Ri,ll_}tg% =b€eR}

f( For t € R calculate the limit:

) and lim,._,,

and exists lim,_,, = (9(x))

sin“t

tim ()" ((g(x))W - g((x>)%)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Shafiqur Rahman-Bangladesh

glx+1)x* b
= lim —
noo g(x) - (x+ 1)1 e

tim 1 = lim (f(x + 1) - f(x)) = a; lim (g(x))

n—-oo X

NoW, limn_mo(f(x))cosz t <(g(x))s;11t _ (g(x))Sm t>

sin? ¢

1
cos® t ( (X)E) sin? ¢
= lim <f(x)> . xcoszt g .xsinzt <(g(x))_m — 1> =
n-oo X X
) sin? t e xs(l;l_,.f) In(g(x) _sin?¢ ) sin? t
=as"t. (—) - lim ‘In(g(x)) **1 |=qa=st. (—) +1-In0
e n-ooo | sm t 1 ( (x)) e
x(x+1) g

sin? ¢

()™ (g@) ™7 - () ™ ) = =oo

sin2 t

In (b:x) =0and lim"_wo(g(x))_"’f—1 =

sin? t
x+1

sin? t
x(x+1)

Note: lim,,_, ln(g(x)) =lim,,_,

xsin?t

lim,, ., (”f)_ 1=

i F (gt il

n-o X

glx+1)x* b
= lim

= lim (f(x + 1) ~ f(x)) = a; lim w g(x) - (x+ D71 e
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Now,

in2
sin“t
sin?t sin? ¢ 1

Tim, oo (F ()" <(g(x))ﬁ - (g(x))T) = lim,., (£2) 7 xeos”e. (M)

X

Sinz t b Sil’l2 t bx —SxinTzlt
. xsinzt <(g(x))_m — 1> = acoszt (_) -x - lim (_) -1 =
e n-o |\ \ e
_ cos2t (P Sinztl_ xsinztl bx\ L o In® (%) — _geos?t, (P SinZtl. xsinztl bx
=at (O) tim| =S (D)ol 58 = et () tim T ()
cos? sin? t sin? t
() ()™ - (90) % ) = e
(90)*
o f) . () glx+1)-x* b
—_ + — = " _— = = —
lim —= = lim (£(x + 1) - f(x)) = a; lim N @G D e
. cos?t sin? ¢ sin’¢
Now, llmn_,m(g(x)) gx+ 1)1 — (g(x)) )=
( ) cos2 ( ) sin?t ( ) sin? ¢
— 1 fx sin? ¢ gx+1 1 sin? ¢ g\x x —
—#ﬂﬁz— (" ) ) )T
g(x + 1) Sin2 t
= a®s’t . sin% t - lim G+t
n—oo g(x)
xx
sin® ¢

= lim (f (x))wSZ t <(g (x))% ~(g (x))%> = a®s’t.sin? ¢ (Z)

UP.138. Let f, g: R} — R} such that: lim, ., (f(x + 1) — f(x)) a € R}, lim,_,, g;;:)) =

1
@. For t € R, calculate:

b € R and there islim,,_, ., %,liqum

tm (7)™ (90 T = (9) ™)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
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Solution by proposers

By Cesaro — Stolz theorem we have:

I f@) _ . fM)es  fn+1)-f@n)
im——= lim lim
x>0 X ;‘::I‘\’IO x—00 (n + 1) [

= li_)rg(f(n +1) —f(n)) =a,

and by Cauchy-D’Alembert theorem we deduce that:

(g(x)) (g(n))" lim nlg(n) c- D' lim gn+1) n" )\
x—»oo x—»oo xom | m2 n-w \ (N + 1)"+1 g(n) B

nenN*

ng(n)

= lim, (g(n+1) (nn?)nﬂ) _ f. So. limx_,oo(f(x))SiHZt <(g(x))czi1t B (g(x))cos t> _

1 COS2 t

= lim <@> x_mo (g(x)) (u(x) _ 1)xsin2 t+cos?t —

X— 0

in2
= qsin“t.

bcoszt . <u(x) 1

7, -~ l1m
ecos“t x—-ow

In(u ()))

1

cos“t
where u(x) = <M> With Tim, ., u(x) = 1, then lim,._, 201 = 1 we
(9(0)* nu(x)
have:
X C()S2 t COSZ t

x+ 1))+ x+1 1
llm(u(x)) = lim % = lim g( © ) . . —
x—00 x—00 X—00 1

C()S2 t
x+1 x+1 X e cos?t
= lim g( ) . :(b._.l) :ecoszt
x| xg(x) 1 x+1
(g(x+ 1))+
sin? ¢ cos?t cos? ¢ sm2 t,bcoszt 2

Therefore: lim,._., (f (x)) (g())=" — (g(x)) = —— - Inews t —

_ asinz l.‘,bcos2 t

- cos? t, and we are done.

ecosz t
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sinhZt _sinh2 t
UP.139. Calculate: lim,_,, | x¢osh*¢ ((I‘(x + 1))‘T _ ((I‘(x + 2))) x+1 > ,

Where t € R and T is the Gamma function (Euler integral of the second kind).

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by proposers

1
= limn—oo (rm+1))n

1
(r(x+1))*
x neN* n

n !
. e Val _ n[nt c-D'4
We have: lim, =limy, o — = limy, o, | =

i () =t () = Lo

f(x) — xcoshz t <(r(x + 1))_SinTht — ([‘(x + 2))_%) = —meh2 t(I‘(x + 1))_SinTht(u(X) - 1)7

1

1 —sinh? ¢
where u: R - R, u(x) = (M) . We deduce that:

(r(x+1))*
1 —sinh? t -
) ) (I‘(x + 2))x+1 x r+1 1 —sinh* t
lm () = i | =5 3 =er) =1
(I‘(x + 1))"
We have, lim,,_,., “2=% = 1. Also, we have:
Inu(x)
1 —xsin? ¢ —sin?t

r(x+2))*1 '(x+2 1
lim (u(x))x = lim % = lim ( ) . . —
xX— 00 xX— 00 = xX—00 F(x =+ 1) 51

(T(x+ 1)) (T(x + 2))*

—sin?t
. +1 _cin2
= lim,_ (x—1> = e~SI""t Therefore:

(r(x+2))x+1
1 —sin?t
M(x+1))* ulx) —1
lim f(x) = — lim | xch*t u.x . (x) nulx) | =
X—00 X>00 x In u(x)
1 —sin?t
= —lim M . ycosh? t-sinh? ¢ u(x) -1 _

X—00 X In u(x) ‘In u(x)
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1 —sinh? ¢t ) u(x) -1

= — (E 1m m - In (lim (u(x))x) = _eSinh2 t, 1-In e—SinhZ t — esinhz t. Sinhz t
X—00 X— 00

COSZ t COSZ t

UP.140. Calculate: lim,_,., | xsin*t <(I‘(x +2)) 1 —(T(x+ 1))T> ,where t € Rand

I is the Gamma function (Euler integral of the second kind).
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by proposers

1 1

. T(x+1))* _ .. r(n+1))n _ .. nl . 1 C-D'A

We have: lim, _,, (U2 D) LS PRSI LC0.c)) e lim,_, o, ~— = lim,_ n/"—n =
X nEN* n n n

s (n+1)! o\ _ . L"_l .
=lim,_ ((n+1)n+1 n!) = lim,_,, (n+1) = —. We denote:

cos2t cosZ t> cosZ t

f(x) = xsin’t <(I‘(x +2))* — (T(x+1)) * |= xsin? trx+1)) * (u(x)-1),

1

C()S2 t
where u: R} - R u(x) = (M) . We deduce that:
(r(x+1))*
1 C()S2 t
(I‘(x + 2))m x x+1 1 cos® ¢
lim u(x) = lim . i Z(—-e-l) =1.
xX—00 X—00 x + 1 1 e
(I‘(x + 1))"
We have, lim, ., “2=% = 1 and also we have:
Inu(x)
1 xcos?t cos?t
_ x .. [(r(x+2))x*1 . [T(x+2) 1 3
lim (u(x))” = lim | ~—————- =lim| ooy =

1 ) 1
(r(x+1))* (T (x +2))

COSZt

. 1 2

=lim,_, | ——— = e°s"t Therefore:
(r(x+2))x+1

(I‘(x + 1))% ) ulx) -1

x Inu(x) Inu(x) | =

lim f(x) = lim [ asin*¢
xX—00 xX— 00



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 COSZt
(x+1)) . u(x)—1
= —lim ( ( )) xsmz t+cos?t ( ) . lnu(x) —
x—00 x In u(x)
u(x) — 2 2 2
— pcos2t = e®0s t. . cos“t — ,cos“t | 2
—e ’lc_m Inu(x ) (chl_{lolo(u(x)) ) 1-lne e cos?t

(n+2)n+1

UP.141. For {a,}ns0. @y = e 1)n

X € (_Ooa Oo)a{bn(x)}nzb
02 2
b, (x) = nsin x(afl‘flx aces x) find lim,,_,, b,,(x)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Marian Ursédrescu — Romania

<(n + 3)n+2>COS X <(n + 2)n+1>COS X

o sm X
=limn o+ 2yt NCEE

n—oo

(H_Z)t“)cos2 x

Let f:fn,n+ 11 > R £(0) = (L2

From Lagrange’s theorm we have: 3c € (n,n+ 1) such that f(n+ 1) — f(n) = f'(c) =

L = lim,_, n5"°* (f(n+ 1) — f(n)) = lim,_,, n°™ * f'(c) (1)

COS2 X

t £ cos?
RO TR RIS
t+1 t+1
tCOSZX
f’(t) =cos?x (t+ Z)COSZ x-1 (1 + m) +(t+ z)coszx .
1
1 tcos“x 1 _
1"‘(—) (coszx-ln(1+—))+tan2x._ t+1 | _
t+1 t+1 1+ 1
t+1

1

f'(t) = cos? x (1 + :)tms i [(t +2)7sin® x4 (¢ 4 2)cos”x (ln (1 + t+1) m)] (2)

From (1)+(2) and because ¢ € (n,n + 1) we must calculate:

L= lim o, 1 - cos? x (14 2) " [(n+ 2905 4 (o 205 (1n (14 1) - 2] 3)

(n+1)(n+2)
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. 2 1 n cos x_ 2 coszx
lim,_ ., cos“x(1+— =cos“x-e 4
n

n+1

n+2 sin? x 5 5 1 n
li ( ) + + 2)cos x-1 . Sin x(l (1+ )_ )
nos \ n (n+2) non n n+1/ (n+1)n+2)

1
n \sin’x In(1+——+ n
:1+lim( ) . ( n+1)_ —
n-oo \n + 2 1 (n+1)(n+2)

1+11-1)=1 (5)

From (3)+(4)+(5) = L = cos? x e *

UP.142. Let (x,,)n>1 be a sequence which satisfy:

mn
1
—ln(mn+xn)+ZE=y
k=1

where m is positive integer and y is Euler — Mascheroni’s constant. Compute:

limx,

n—-oo

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Shafiqur Rahman-Bangladesh

mn 1 1
—In(mn +x,) + z il S lim x,, = lim (e(zkmflry) — mn) =
n—-oo
k=1

x>0

n—oo n—oo

= lim (e(z"m:nl%_zﬁzl%““") — mn) = limn (e(z"m:n"“%) — m) =

mdx
= lim (efl d — m) =lim n(e'"™ —m) - limx, = 0

n—oo n—oo n—-oo

Solution 2 by Khalef Ruhemi-Jarash-Jordan

—In(mn + x,,) + Z’,ﬁz'{’"% = y.Find lim,_,,(x,) = x,, + mn =
k=mn
k=mnl

— e—}’+2k:1 k — ln(mn) + ln(mn) 4

ef=1

k=mn1 -1 _ k=mnl -1 -
L X, tmn = (mn)e(zk=1 k) nmn)-y . x, = (mn) (e(zk=1 k) n(mn)-y _ 1)
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enl Y f < x”+1—x” 1)
~lim(x,) = lim <n <e(2k=1z)—ln(n)—}' _ 1)) ~lim(x,) = lim n<e o\ T—x " In(x) _ 1)

+f 1 xp 1- xp
Y+ T E)

=lim,_, , using Lop-rulle
1 1 1
/ 1 1 P 1-xP 1 1 1, \
lim (x,,) = lim | e‘V-efo =G f *? In(x) +xp dx |
nooo p—0 pz(l—x) pZ
0

xP In(x 1 In(x
= lim < ( ) >dx = lim | n%x"- ( )dx + lim | n? - x™"1ldx
p—0 p 1—x n-oo 1—x n-oo

0 0

Since lim,,_,.,(n?x™) = 0, and lim,,_,,,(n?x™" 1) = 0,1 > x>0

« lim (x,, )—0+0—0:>11m(x )=0
n—-oo
UP.143.Leta, b € R,y (a,b) = —In(n+ a) + X} _ 17, leth
limy,(a,b) =y(a,b) € R
n-oo
Calculate:

n
e

lim| In —v(a,b)

+ —_—
n-oo n+a k+b
k=1

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

a,b)—y(ab a+b)—y,(ab

lim n(Yn(a, b) - y(a, b)) = lim y"( ) Y( ) = lim le+1( ) Yn( )
n—-oo 71— 00 1 m 1 - 1
n n+1 n

1 1
. QZ}m—ln(n+1+a)—22:1m+ln(n+a)
= lim 1 1

n+1 n
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1 1 1 1
S ln(1_'_n+a)_n+1+b_ . ln(1+ﬁ)_n+1_
= lim = lim =
n—-oco 1 n-oo 1
(n+1) nn+1)

= lim

n—oo

(D)5
%

(1 +x)In(1 + x) — x 1'HOSPITAL " In1+x)+1-1 1
= im

= lim > =—limlnV1+x =
x—0 X x—0 2x 2 x-0
x>0 x>0 x>0
_Ine 1
2 2

n
e

n
: 1 b—a+1
E — = 2
rlll_{'l.}o lnn - + 2, T+ y(a, b) e

Solution 2 by Shafiqgur Rahman-Bangladesh

n+a

n
Let Q = lim, ., (ln (—) + gzlﬁ —v(a, b)) -

n

InQ =1i In| 1 1 1 b
=>InQ=limnin| 1+ P n(n+ a) — y(a, b)
k=1
< ﬁz1ﬁ—ln(n+a)—y(a,b)> #_ln(lﬁLL)
= lim — lim n+bhb+1 n+a\_
n n+1 n
=1li ( +1)< 1 1 +0< 1 ) 1 )
~ o TR n+a 2(n+a)? (n+a)3) n+b+1
- [((2b—-2a+1)n*(n+1)+ (2ab —2a* +2a—b—1)n(n+1)
= lim =b—a+—
n-oo 2n+a)’!(n+b+1) 2

n

1 _ b—a+1
)+k_1m—)’(a,b) =e 2

s~ Q= lim ln(

n—-oo

n+a

Solution 3 by Remus Florin Stanca-Romania



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Leta,b € R, y,(a,b) = —In(a+n) +Y}_, 3 — with lim,_,, ¥,, (a,b) = y(a, b) € R,

BT e
calculate: lim,, ,,, (lnE“L " 1k -—v(a, b))

, n 1 l( . ) — 1 1 + + 1 l( + )
fim | 2, g+ @) ) = fim (o v+ g~ e+ o)

1 1
= lim 1+---+——ln(b+n)+ln(b+n)—ln(n+a)—<1+---+—) =
n-oo b+n b

<1+ +1)+l' lb+n— 1 1_ (a,b)
£ b ot nn+a_y b—ya,

li 1 i +" 1 +1+ +1 =
o\ nta Lk+b ! b~

b+
. 1 e . en + be
= lim Z——ln(b+n)+ln(b+n)+ln —y |=Ilimln =1
n-oo kj n+a n—-oco
k=1
b+n b+n n
. . e 1
lim +z =lim | In + ——y—-1+1
n—-oo n a n—-oo n+a k
k=1
1 e b+nl
In——+ybins_y1
e b+n1 lnn+a+22+rll,1c -1 ( o ratik=1"Y )n
= lim (| In +Z——y—1+1 =
n—-oo n+a k

b+nl
=lime (l n+a+zk g Y- 1)

b+ n+a 1
llml n+a+z "__y 1Stolziesorolimlnn+a+1+b+n+1
n—oco !; n—oo _ 1

n nn+1)

Let f:R\{-1;0;(—a—1);(b—1—1)}.Such that f(x) = —ln("ixl)ﬂ’*:‘“

x(;+1)
x+a+1 1 1

lim x+a (x+a+1)? (+rx+1)2 . x*+2x3+x?

llole

tim £
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b2+ x2+1+2bx+2b+2x—x*—a’>—-2ax—x—a
" b2x% + b2a? + 2ab?x + b2x + b2a + x* + x2a? + 2ax3 + x3 + x2a + x2 + a® + 2ax + x +
+a + 2bx3 + 2bxa? + 4abx? + 2bx?% + 2abx + 2bx?% + 2ba? + 4abx + 2bx + 2ab +
+2x3 + 2xa? + 4ax? + 2x2 + 2ax

2b—2a+1 2b—2a+1
:fﬁl,:e 2

UP.144. If x,y,z = 0 then:

cosh? x cosh? y cosh? z > 2(1 + cosh(x — y) + cosh(y — z) + cosh(z — x)) -
L, xty yt+tz | z+x
- sinh > sinh > sinh >

Proposed by Mihaly Bencze — Romania

Solution by proposer
Ifa,b > 0 then: (a? + 1)(b? + 1) = (a®b? + 1) + a? + b? > a*? + 2ab + b? = (a + b)?
[T(a? + 1)? =](a? + 1) (b? + 1) > [](a + b)? therefore [[(a? + 1) > [[(a + b)

We take a = sinh x, b = sinh y, ¢ = sinh z = [] cosh? x =[[(1 + sinh? x) >

x+ x—
> n(sinhx+sinhy) = HZSinh > ycosh > Y

_ L, Xty . T AN L, Xty
—Znsmh > -(41_[smh > )—Znsmh > (1+Zcosh(x—y))

UP.145. Let be (x,,),51, X,, € R%,¥n € N*, such that exists

lim,_ . (x,,+1 — x,) = x € R%. Find:

< (Tl + 1)-xn+1 _ nx, >
Y+ Y/ (2n-1)!

Proposed by Bdtinetu — Giurgiu, Neculai Stanciu — Romania

lim

n—-oo

Solution 1 by Ruanghaw Chaokha-Chiangrai-Thailand

n+1)x nx
lim(x,,; —x,) =x=L=lim <n51 Yn+1 - = >:??
noe noo \"™/2n+ 1)1 Y/(2n-1)!
BT — 1 an . — (m+Dxp4q
Stolz-Cesaro; lim,,_,,(a, — a,_1) = lim,,, 2 a, = =2 T
(n + 1)xn+1 . Xn+1 n-n-1 . Xn

L =1im =1lim ———=— =

llm P ——
noon M On+ DI e ™ (2n + 1) n-o f(2n — )Nl
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Again, Stolz - Cesaro; llmn_my = llmn_,m%;yn =1@2n-1)!
n —Jn-1

lim(x, — x
L= li Xn = Xp-1 n_mo( n n-— 1) x

1
e - Dl - " @n =3 tim (@ - DI - " @n-on) K
=Y/Zn— Dl > K = lim m \/m

n—-oo

2n-1)!!
And Stolz-Cesaro again; lim,,_., %/a, = lim,_,—" -~ 1, a, = _( nnn )
K=l @n-1D! (n-1~* ~ (2n-1) <n — 1)"
Tt an (2n—3) no6 (n—1) n
. (2n-1) 1\" 1 xe
—LLI{.})W(].—;) = 2e ,*,..L—7
Solution 2 by Nassim Nicholas Taleb-USA
(n+1) n
[ = mmm—"n1 — g ——"Xn
V@2n+ 1! V(Q2n—-1)!
H - - - _ (n+1) _ n
We write at the limit, with a,, = G D1 anda,;q = i—= =
forn Iarge f - f, =Qpy X+ (an+1 - an)xn
lim f, = llm Api1 X + llm (an+1 n) Xn
n—oo
lim(a,,q — a,) =
n x
llmf—xllm—:_@
n-oo 2
“(@n-1))m
Solution 3 by Soumitra Mandal-Chandar Nagore-India
li n — lim " nn D' ngﬂgggRT (n+ 1™ 2n - 1!
noos "f(2n— 1! T oo 2n-1)! N vy (2n+ 1)! nn
n 1
— 1 n+1 (2n)! ( +1) . 1+ﬁ_e
| @n+2)  2nem n € 12

2+l (n+1)! n
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X, Xp.1 —X x, + 1\" X1 — X\
- lim = = lim sz,lim(" ) =lim(1+u)
n

n-oo N n-oon + 1 n n-oo xn n-oo X
Xnt1—X
X X e 1
. n+l =~ An\Xn+1—X =,
= lim (1+—)" " —ed’=e¢
n—-oo xn
n+1)x 1/ 2n-1)!
Letu, = (ntDner , V( ‘forallne N

"Hone)l
n+1 Xni1 "J(Zn - n (1 N 1)

» limu, = li _ 4
up—1
SO, - asn-—-> o
Inu,
1\" /Xy \® n+1 "/@2n+1)
lim u? = lim (1 + —) : ( "+1) . C M _ e
n— o n-oo n Xn 2n+1 n+1
(n+ 1)x,44 nx, _ n x, u,—1 ex
s lim ~y — = lim —_—lnug -~
noe \"/2n+ 1) Y@n-1)1) me\}/@n-1)1 n Inu, 2

UP.146. Let f: (0,0) — (0, ) be a function with:

lim,Hooﬁ =a € (0,00)and t € R. Find:

cos2t

1111—32 ((n + 1)Sin2t : n+1\/(f(1)f(2) f(n)f(n + 1)) — nsinzt . n\/(f(l)f(Z) f(n))cos2 t)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India

n+1 2
o sin ¢ (H;(ll% f(k))COS '
lim,_ . ! ;

=a> llmx—mo [ aletu = (nt1) forallneN

neN 1
smzt (= lf(k))mS t
n

mJ(H L F0)™ _ m"](n LS

11— 00 ncos2 t nncoszt
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CAUCHY cos? t 5
D'ALEMBERT .. f(n+1) 1 a,cos”t
MBERT S S P
n—-oo n -+ 1 ( 1 ncos<t e

/ (2 £ )™

) ) ¢ 1 1
w2 limy 0wy, = lim,, o, (i 1)c05” (1 + ;) =1 s0, u"uﬂ s> 1lasn - ©
n

1
(T £0)°%° !
ncoszt
COS t Zt
lim u! = lim f(n + 1) (n * 1)“’5 — ecosz t
noow N n-oo n+1 +1 1 cos? t
(IMett £ )

2

k=1 k=1

ngn;< J(m,;fs('?)m“ *;;u:.lnun)(‘;)

Solution 2 by Remus Florin Stanca-Romania

L= tim (P - e f) ™ ((—" I (Jf W fnr 1)) _ 1)

COS2 t

n f@)-..-f(n)

S (e S (S S o e i) R
n—oo n n n f(l) f(n)

We know that limy, o, (""\/f(1) - .- fle + 1) = }/f(1) - ... f(n)) = Zand

x4-1
llmx_,l — =a

’ f(1)-..-f(n)

n 1)-..- n Iny n f("+1) a
lim M =lime n = lim el n+) = —
n—oo nn n—-oo n-oo e
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limn.<<n+1 \/ "+1f(k)>tan2t \

-1 =
O )

<n+ 1 "VF@) f+ D) 1) _
no Y@ @)

g fig AV V@D -t D - nVfQ) - fG)
. V@) - .- f(n)

e a a
t=tan2t-—-(—+—)=2tan2t
a e e

n+1 tanZ t—1
i ( \/f(l)-----f(n+1)> )
o V@) - .- f(n)

n—-oo

tan?t: limn -

n—oo

n+1
1)-...: +1
(tanzt—l)limn-< \{lf() fn ) >—(tan 2—-1)- €2 tantt-1
n—co f(]_) f(n) a e
a COSZt a COSZt a cos“t
— 2 — (= . 2. 2 =(— =(—
= l; = tan t+1:>l—(e) cos?’t-(tan’t+1) (e) =1 (e)

Solution 3 by Nassim Nicholas Taleb — USA

We have sin(t)? = 1 — cos?(t) = B, with g € [0,1]
1-g

n+1 n+1 n #
g=@+1F <]_[ f(i)> ~ <]_[f(i)>
i=1 i=1

Replacing f(i) by a i we have
1-8
=(n+1)~F (a"“I‘(n + 2))"+1 —nf(a"T(n+ 1)) " ,
Where I'(.) is the (standard) gamma function.

By Stirling’s formula, as n becomes large

n+1

rn+2)-.2n(n+1) (%) TITn+1) - \/ﬁ(ﬁ)n

—B+2n+3 1-8 —B+2n+1 -1
g - e@b1g1- 3<(n+1) 2n+2 (2m)2n+2 —n~ 2n (2m) Zn)
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-B+2n+3 1-p -B+2n+1 B-1
((n+ 1) 2n+2 (2m)zn+2 —m 2n (2m) Zn) -1

Hencelim,,_,,, g = e#~1a'~F with g = sin(t)?

Solution 4 by Aaditya Joshi-Mumbai-India

f:(0,00) > (O,w);liqumL:) =astac (0 x)teR

( cosZt

)
n+1 n cos?t
lth (n+ 1)’ <[]f(o> — minte <[]f(0> !
i=1

n—oo l I
COS t

_ }ll_{?o (n + 1)sin*¢ <ﬁ f(l)) nsin?t <1_[ f(l)> l
i=1

( If |
sin? ¢ n+1 n+

_} J nsin 2 (T~ 1f(l)) i (n T 1) (%) 1 i }
nt, ?2 f l "

l | o )

= lim{n - t,(u, — 1)}

C()S2 t

,lll_,lg nsinzt <1_[ f(l)) " l = rlan; nl—coSZt <1_[ f(l)) " l —
i=1 } i=1 }

C()S2 t

= lim { n< @> b
n-oo L] nn

I
n (H 1f( ))cos t o
\ nn cos2t n

— Cauchy — D' Alembert

COS t

. [ [f@m+ D)

lim ¢, = lim X—

n-oo n—oo n+1 n+1 ncos-t
( n )
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Zt _ Zt 2
_ o [[F D] 1\ ayeos®e
_rlLTo< n+1 x <1+;) —(g)

{(n + 1)sm t(l‘[n+1 f(l))cr(:il }

lim u, = lim >
n—-oo n—-oo os~t

nsi’ ([, f (l)) n

n+1\][f(1)f(2) f(n + 1)]C052 t. (n + 1)1—cos2 tl
s
T:][f(l)f(z) f(n)]c"s2 t. nl—c052 t }

n—-oo

n+1\][f(1)f(2) o f)f(n + 1)]eos cost o1
= lim N (n + 1)cosz -1
\][f(l)f(Z) f(n)]ccs2 t

( A
(M F@)™ ™ mewtt naq l
o l (H?_lf(z))wszi (n+1)es’t  n |
Pn }
. . n+1
tim w, = lim (p, -~ )
+1
lim(n-[u, —1]) = lim ( [pn nrt_ 1 ) = lim(p,(n+1) — n)

COS

n+1 neos t
lim p,, = lim UFYL0) x —
n-oo n-oo (H?ZIf(l))cos n (n + 1)
~limp, =1 « lim(p,(n+1)—n) =1

n—oo

n+1
}lgnolo (n + 1)sm t nf(l)cosz t_ nsm t 1_[]?(1)cos2 tl
i=1 }

COS t

= rlli_{l.}o{n t, (u, —1)}=



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

UP.147. In an ABC triangle let be a, b, ¢ the lengths of BC, CA, AB, and r, r},, . exradii.
Prove that:

r2 s r? - 9(a? + b% + c?)
B C A A B~ 4
tanftani tanitani tanitani

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam
* Let a, b, c be the lengths BC, CA, AB of AABC. We have:
LA 1—cos4 b% + c2 — a2 a?— (b —c)?
. A_singy 2 _ |1—cosA _ 1- 2bc _ 2bc _ |a®—(b—c)?
anZ_cosﬂ_ 1+cosA .1+cosAd 1_'_b2+l:2—a2_ (b+c)2—a? " [(b+c)?—a?
2 —3 2bc 2bc
A _ [(a-b+c)(a+b—c) . - . B _ (b-c+a)(b+c—a)
< tanE - \’(b+c+a)(b+c—a)' Similar: tan 2 \’ (c+a+b)(c+a—Db)

(a-b+c)(a+b-c) ) \](b—c+a)(b+c—a) __a+b-c (2)

(b+c+a)(b+c—a) (c+a+b)(c+a-b) " a+b+c

A B
= tan-tan— 2\]
2 2

a+b+c
2

- Other, letp = is half circumference of AABC and S its area. By Heron’s

formula we have: s = /p(p — a)(p — b)(p — ¢) © 4§ = /2p(2p — 2a)(2p — 2b)(2p — 2¢) &

(a+b+c)(b+c—a)(c+a—b)(a+b—rc)
4

- Therefore (2), by the radius formula of the circle in a triangle:
(a+b+c)b+c—a)ic+a—-b)a+b-rc)
1

o45=/(a+b+c)(b+c—a)(c+a—b)(a+b—c) o 45% =

28 2 452
N T _(a+b—c) _(a+b—-0)? _ (a+b-c)?
tanétang_ a+tb—-c =~ a+b-—c at+b—c
2 2 a+b+c a+b+c a+b+c
rZ __ (a+b+c)%(b+c—a)(c+a-b) (3)
tan? tanZ 4(a+b—c)?
2 1an;
b+c—a=2x a=y+z
+let:jc+a—-b=2y;,(x,y,z>0)eob=z+x=>a+b+c=2(x+y+2z)
a+b—-—c=2z c=x+y

z Zox 2,
-Let(3): > —f——5 = (2Gxty+2) 2x2y _ (x+y+2)*xy (4)

= tan— 4(2z)2 z2
tan; tan (22)

2 2 2 2
- - T X+y+z)“-zx T X+y+z)“-yz
Similar; —2—; _ (x+y 2) . a  _ (x+y+2)*y (5)
tanitanz y

v B, C 2
= b x
tan 2 tan 2
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- Let (4), (5):
r2 rZ rZ _ (x+y+2)2yz | (x+y+2)%zx | (x+y+z)%-xy
= Ba [4 Cb A Ac B — 2 + 2 + 2 (6)
tanE tanz tanE tanE tanE tanE X y z
2, p2, 2 2,2, .2
-Other: 2e+t2+¢) +: *) = 3((y +2)2+ (z+ )2 + (x +y)?) = 2L ;xy+yz+zx) (7)

*Let (1), (6), (7). We need to prove that:

(x+y+2)%-yz + (x+y+zz)2.zx + (x+y+zz)2.xy > 9(x2+y2+z22+xy+yz+zx) ()
z

x2 y
- By inequality: (m + n + p)? > 3(mn + np + pm). We have:

(x+y+2z)?-yz (x+y+2z)?-zx (x+y+2z)* xy
+ + >
xZ yZ ZZ

3(xy+yz+zx)-yz 3(xy+yz+zx)-zx 3(xy+yz+zx)- xy
= 2 + 2 + 72

x2 y2 z x y

(x+y+2)%-yz  (x+y+z)?zx | (x+y+z)%-xy x2y2  y2z22  z22x2  xy(x+y) | yz(y+z)  zx(z+x)
2 + )2 + 2 >3 (2—2 + + + + + ) 9)

- By AM-GM inequality for 2 positive real numbers:
24,2 2,2 2,2 + + +
xy+yz+zx+w@ w+w@ ﬂ+m& x) _
72 x? y? z X y

2 2 2 2 2
C(55) #EE) ) s aees
= + + +x2( —)+ 2(—+—)+z2(—+—)2

=x2 +y? + 22+ 2x% + 2y% + 222 = 3(x? + y% + z?)

2.2 2,2 2.2
+ + +
¥y v mx | xyty) | yeGen) | 2x(e x)23(x2+y2+z2) (10)
z2 x? y2 zx x y

- Let (9), (10):

2, 2, 2,
(’”y::) 2 (’”y;zz) 2+ (x+y:22) Y2 >3.3(x2+y?2+22) =9(x2+y2+22) (11)

=

- Other: m? + n? + p? > mn + np + pm. Therefore:

2,024 22V (x2 4 y2 472 2,2, ,2
x2+yZ+ZZ=(x +y’+z );(x +y +z)2x+y +z -;xy+yz+zx (12)
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- Let (11), (12):

(x+y+z)2-xy+(x+y+z)2-zx+(x+y+z)2-yz>9(x2+y2+zz+xy+yz+zx)
- 2

ZZ yZ x2
= Inequality (8) True. Therefore (1) true and we get the result.
+ Equality occursif x=y=zo b+c—a=c+a—-b=a+b—-cSa=b=c s AABC

Solution 2 by Soumava Chakraborty-KoIkata—India

Z Bg C Z _s(;)r(zm) Z:3Z9Za @42 (;)91«2 2

tans tanz sHtan
Now, Z ra = (Z ra)3 -3 H(ra + rb) = (4'R + r)3 - 3(Zrarbrc + Zrarb (Z rq — rc)) =
(2)
=(@4R+1)-3 ((4R +7r)s? — rsz) = (4R +1)3 — 12Rs?

Leibniz ? ?
Now,RHSof (1) < 81R*’r <4Y 13 < 4(4R +1)3 — 48Rs? > 81R?*r (by (2))

etsen

? G
= 4(4R +1)? ~ B1R’T 2 4857 Now, RHS of (3) TS A8R(AR? + ART + 372)

? ? R
<4(4R+1)? - 81R*’r © 64t —81t> — 96t +4 >0 (t = 7)
Euler

2
o (t—2)(64t* +47t—2) >0 >true-t > 2 (Proved)

UP.148. Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3.

Prove that:

2(a? + b2 + ¢%) + 3 > 3 /3abc(a3b + b3c + c3a)
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Marian Ursarescu-Romania

We use Vasc’s inequality: Va, b, c € R = (a? + b? + ¢?)? > 3(a®b + b3c + c?a) >

= \/3(a3b + b3c + c3a) < a® + b? + c? = inequality becomes:

2(a? + b? + ¢?) + 3 > 3Vabc(a? + b*> + ¢?) (1)

a+bc a+ bc
Vvabc < = Vabc(a? + b%? + ¢?) < %(a2 + b?% + ¢2)
=
22,y Brac) Lo,
\/ach :>Vabc(a +b +C)ST(a + b?% + ¢?)
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c+ab c+ab
5 :>\/m(a2+b2+c2)s¥

vabc <

(a? + b% + ¢?)

2 2 2
3vabc(a? + b% + ¢2) < (aH;—H) (3+ab+ac+ bc) (2)

a?+b%+c?
2

From (1)+(2) we must show: 2(a? + b2+ ¢?) + 3 > (3+ab+ac+bc) &

4(a? + b? + c?) + 6 > 3(a? + b? + c?) + (a? + b?> + c®*)(ab + ac + bc) &
a? + b% + c¢* + 6 > (a? + b% + c?)(ab + ac + bc) (3)

Because a,b,c > Osuchthata+ b +c =3 = 3x,y,z > 0suchthat: a = 3x

x+y+t'
3y 3z . . (x2+y2+zz) 9(x?+y%+2%) 9(xy+xz+yt)
= = _ )+ > .
b prewrt Ly Inequality (3) becomes: 9 "y iy i) riyi)?

3(x? +y? + z%) 27(x? + y? + z2)(xy + xz + yz)
(x +y+2)? - (x+y+2)*

o3(x2+y?+22)(x+y+2)?+2(x+y+2)* 2 27(x? +y? + 22 )(xy + xz + yz) (4)
Now, using Cartoaje’s theorem: If f,(x,y, z) is an symmetric polynomial function of
degree n = 4 then: f,(x,y,2) > 0,Vx,y,z>0< x=0andy =z
(if and only if)

Inourcaselet f,(x,y.2) =32 +y* +z2:)(x +y+2)? + 2(x +y + z)* =
= 2t(x* + y* + z%)(xy + zx + yz)
f4(0,y,y) =3-2y* - 4y? +2-2%y* — 27 - 2y% - y* =
24y* + 32y* — 54y* = 2y* > 0 = inequality (4) its true.

Solution 2 by Michael Sterghiou-Greece

1
Z(chc aZ) +3 2> 3(3abc . chc a3b)2 (1)
Let (chca’zcyc ab,abc) = (pJI)p = 372(:}1(: aZ =9 — Zq
r= (%)E - r < (g)Z From Vasc's inequality:

(Seyea?)’ 235,03 (1) f(q) = 243q+ — 9Y3as —4q+21>0 (2)

Where in the original 21 — 4q — 3v/r(9 — 2q) > 0 we've replaced /r by (g)Z to get

the stronger inequality (2). Notethat9 —2q > 0,q < 3. Now f(3) =0,
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3 4 1
f(q)=2%3qs - Z,ﬁ —4,f"(q) =D > 0,50, f1(q) 1o f@) < FB)= -1 <
16q4

<0-f(q)1- f(q) > f(3)=0asq < 3.Done.
UP.149. Prove that:

1
3 e ()

_ (I+m+n)QD!'(2m)! (2n)!

T (+m)' (A +n)!(m+n)! D) (m)! (n)!

Proposed by Shivam Sharma — New Delhi — India

Solution by proposer

5= 3[04 (2 (2m) 2

k=1

Assuming that, I = min(l, m, n). This reduces to the series,

(-1)!(2m)! (2n)! fo(~2L-m—-1-n-1_
m-D'm+D'(n-D'(n+1)! (m—l+1,n—l+1’ )

—2l-2-—-m-—-1l—g-—-n—1—¢ )

Now, Applying Dixon’s formula, we get = 3/2 ( me—l—s+1ln—l-s+1 °

TA-1l-9r@+m-1l-grl+m+n+1+¢)
r1-21-29)r@+mr(1+n)r(1+m+n)
Now, apply Euler’s reflection formula, we get,
sinm(2l+ 2¢) TQ2RL+2e) TA+m—-1l-eTA+n—-1l-TA+m+n+1l+¢)

sinm(l+g) T(l+g) r(1+m)r(1+n)r(1 + m+n)
. . . . _ 1 (21-1)! ) (m-D)'(n-1)!(m+n+l)!
As the limit € - 0, this expression gives = 2(—1) D ——_—
(OI") S = (I+m+n)!(2D)!(2m)!(2n)! (Answer)

(I+m)!(l1+n)(m+n)! !'m!n!

UP.150. Determine all continuos functions f: R — R such that

fx+y)=f(x)+ f(y) +xyand f(1) = 1 forall x,y € R.
Proposed by Mihaly Bencze — Romania
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Solution 1 by proposer

If x =y = 0 then f£(0) = 0. By induction holds f(nr) = nf(r) + —— n<n—1) 12

forallr e R Ifr = 1then f(n) = @foralln € N. Ifr = —1 then

(—n)(—n+1)
2

foralln € N. Ifr =£ € Q then f(qr) = f(a- B) =f(1) = qf(s) +M(§)Z

2

0=fO)=fA-D=fD+f-1)-1=>f(-1)=0=f(-n)=

(p,qEN*)butf(p)zgﬁf(q) ; Z( 1) Letx, > re R\ Qx,€Q

f is continuosly = f(x,) = Exn(xnﬂ)

r(r+1)

1
lim f(x,) = lim —xn(xn +1)=f(r) = >

x(x+ 1)

And finally f(x) = ,Vx € R.

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaijan

f(x+y)=f(x)+f(y)+xy;y=1f(1=)>:1f(x+1)—f(x)=x+1 (1)
f(2)-f(1)=2
x=12.n- 1wehave{ fB3)-f(2)=3 ®= f(n) = "("+1)
f@) - f-1) =n
is a solution of equation f(x +y) = f(x) + f(y) +xy (2)

then the function f(x) = x(x“)

denote g(x) = f(x) — fl(x), then using (2), we have: g(x +y) = f(x +y) — f1(x +y) =
=fX)+f) +xy—f1(x0) - f1(y) —xy = (f(x) _fl(x)) + (f(y) _f1(y)) =gx)+g@ (3

g(x) 1))

the function g(x) is continuos, since f(x) is continuos.

Cauchy func.equation

glx+y)=gx)+g(y) = g(x) = kx, g(x) = f(x) — f1(x) =

2 2
:>kx—f(x)—x(x v f(x):x?+;+kx:x7+<k+%)x

using f(1) = 1 = k = 0. Hence f(x) = x22+x
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Solution 3 by Tran Hong-Vietnam

2x(2x+1

x=y= f(2x) =2f(x) + x* (VER) & f(2x) — > )ZZ[f(X)—

x(x+1)
=

Let g(x) = f(x) - X5 = g(1) = £(1) — 1 = 0. We have: g(2x) = 2g(x) (vx € R)

*vx# 0= L2 =09 ot p(x) =22 (vx # 0)

= h(2%) = h(x) = h(x) = h(;) == h(%) (n € N)

= h(x) = lim h(x) = h (lim i) = h(0) = g(x) = h(0)x (Vx # 0)

n-oo 2N
More g(1) = 0= h(0) = g(x) =0 (vx#0) (1)
*x=0>g(2.0) =2g(0) = g(0) =2 (2)

From(l)and (2)= g(x) =0 Vvxe R= f(x) = @ (Vx € R)



