
 
Find: 

∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑 𝒅𝒙
𝟏

𝟎

 

Proposed by Shirvan Tahirov-Azerbaijan 

Solution 1 by Kartick Chandra Betal-India 

∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

= ∑(−𝟏)𝒏−𝟏.
𝒏(𝒏 + 𝟏)

𝟐
∫ 𝒙𝒏+𝟏𝒍𝒏𝟑(𝒙)𝒅𝒙 =

𝟏

𝟎

∞

𝒏=𝟏

 

∑(−𝟏)𝒏−𝟏.
𝒏(𝒏 + 𝟏)

𝟐
[
𝒙𝒏+𝟐𝒍𝒏𝟑(𝒙)

𝒏 + 𝟐
−

𝟑𝒙𝒏+𝟐𝒍𝒏𝟐(𝒙)

(𝒏 + 𝟐)𝟐
+

𝟔𝒙𝒏+𝟐 𝐥𝐧(𝒙)

(𝒏 + 𝟐)𝟑
−

𝟔𝒙𝒏+𝟐

(𝒏 + 𝟐)𝟒
]

𝟏

𝟎
=

∞

𝒏=𝟏

 

∑(−𝟏)𝒏−𝟏.
𝒏(𝒏 + 𝟏)

𝟐
[−

𝟔

(𝒏 + 𝟐)𝟒
] = 𝟑 ∑(−𝟏)𝒏

∞

𝒏=𝟏

∞

𝒏=𝟏

.
𝒏(𝒏 + 𝟏)

(𝒏 + 𝟐)𝟒
= 

𝟑 ∑(−𝟏)𝒏

∞

𝒏=𝟏

{
𝟏

(𝒏 + 𝟐)𝟐
−

𝟑

(𝒏 + 𝟐)𝟑
+

𝟐

(𝒏 + 𝟐)𝟒
} = 𝟑 ∑(−𝟏)𝒏−𝟏

∞

𝒏=𝟑

{−
𝟏

𝒏𝟐
+

𝟑

𝒏𝟑
−

𝟐

𝒏𝟒
} = 

𝟑 [∑(−𝟏)𝒏−𝟏 {−
𝟏

𝒏𝟐
+

𝟑

𝒏𝟑
−

𝟐

𝒏𝟒
}

∞

𝒏=𝟏

] = 𝟑{−𝜼(𝟐) + 𝟑𝜼(𝟑) − 𝟐𝜼(𝟒)} = 

𝟑 {−
𝝅𝟐

𝟏𝟐
+ 𝟑.

𝟑

𝟒
𝜻(𝟑) − 𝟐.

𝟕

𝟖
. 𝜻(𝟒)} = 𝟑 (−

𝝅𝟐

𝟏𝟐
+

𝟗

𝟒
𝜻(𝟑) −

𝟕

𝟒
.
𝝅𝟒

𝟗𝟎
) = 

𝟐𝟕

𝟒
𝜻(𝟑) −

𝝅𝟐

𝟒
−

𝟕𝝅𝟒

𝟏𝟐𝟎
 

∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

=
𝟐𝟕

𝟒
𝜻(𝟑) −

𝝅𝟐

𝟒
−

𝟕𝝅𝟒

𝟏𝟐𝟎
 

Solution 2 by Pham Duc Nam-Vietnam 

∗ 𝒏, 𝒎 ∈ 𝑵 ∶ 𝑰(𝒎, 𝒏) = ∫
𝒍𝒏𝒏(𝒙)

(𝟏 + 𝒙)𝒎
𝒅𝒙 =

(−𝟏)𝒎−𝟏

(𝒎 − 𝟏)!
.

𝝏𝒎−𝟏

𝝏𝒂𝒎−𝟏
|

𝒂=𝟏

∫
𝒍𝒏𝒏(𝒙)

𝒂 + 𝒙
𝒅𝒙 =

𝟏

𝟎

𝟏

𝟎

 

(−𝟏)𝒎−𝟏

(𝒎 − 𝟏)!
.

𝝏𝒎−𝟏

𝝏𝒂𝒎−𝟏
|

𝒂=𝟏

∑
(−𝟏)𝒌

𝒂𝒌+𝟏

∞

𝒌=𝟎

∫ 𝒙𝒌𝒍𝒏𝒏(𝒙)𝒅𝒙 =
𝟏

𝟎

 



 
(−𝟏)𝒎−𝟏(−𝟏)𝒏𝒏!

(𝒎 − 𝟏)!
.

𝝏𝒎−𝟏

𝝏𝒂𝒎−𝟏
|

𝒂=𝟏

∑
(−𝟏)𝒌

𝒂𝒌+𝟏(𝟏 + 𝒌)𝒏+𝟏

∞

𝒌=𝟎

=
(−𝟏)𝒎−𝟏(−𝟏)𝒏𝒏!

(𝒎 − 𝟏)!
.

𝝏𝒎−𝟏

𝝏𝒂𝒎−𝟏
|

𝒂=𝟏

(−𝑳𝒊𝒏+𝟏 (−
𝟏

𝒂
)) 

∗ 𝑰 = ∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

= ∫ (
𝟏

(𝟏 + 𝒙)𝟑
−

𝟐

(𝟏 + 𝒙)𝟐
+

𝟏

𝟏 + 𝒙
) 𝒍𝒏𝟑(𝒙)𝒅𝒙

𝟏

𝟎

= 𝑰(𝟑, 𝟑) − 𝟐𝑰(𝟑, 𝟐) + 𝑰(𝟑, 𝟏) 

𝑰(𝟑, 𝟑) =
(−𝟏)𝟐(−𝟏)𝟑𝟑!

(𝟑 − 𝟏)!
.

𝝏𝟐

𝝏𝒂𝟐
|

𝒂=𝟏

(−𝑳𝒊𝟒 (−
𝟏

𝒂
)) = −

𝟗

𝟒
𝜻(𝟑) −

𝟑

𝟐
𝜻(𝟐) 

𝑰(𝟑, 𝟐) =
(−𝟏)𝟏(−𝟏)𝟑𝟑!

(𝟏)!
.

𝝏𝟏

𝝏𝒂𝟏
|

𝒂=𝟏

(−𝑳𝒊𝟑 (−
𝟏

𝒂
)) = −

𝟗

𝟐
𝜻(𝟑) 

𝑰(𝟑, 𝟏) =
(−𝟏)𝟎(−𝟏)𝟑𝟑!

(𝟎)!
(−𝑳𝒊𝟒(−𝟏)) = −

𝟐𝟏

𝟒
𝜻(𝟒) 

∗ 𝑰 = 𝑰(𝟑, 𝟑) − 𝟐𝑰(𝟑, 𝟐) + 𝑰(𝟑, 𝟏) = −
𝟗

𝟒
𝜻(𝟑) −

𝟑

𝟐
𝜻(𝟐) + 𝟐.

𝟗

𝟐
𝜻(𝟑) −

𝟐𝟏

𝟒
𝜻(𝟒) 

∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

=
𝟐𝟕

𝟒
𝜻(𝟑) −

𝝅𝟐

𝟒
−

𝟕𝝅𝟒

𝟏𝟐𝟎
 

Solution 3 by Shobhit Jain-India 

Ω = ∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

 

𝑵𝒐𝒘  , (𝟏 + 𝒙)−𝟑 = ∑ 𝑪(−𝟏)𝒏𝒙𝒏
𝟐

𝒏+𝟐

𝒏=𝟎

 

Ω = ∑ 𝑪(−𝟏)𝒏 ∫ 𝒙𝒏+𝟐𝒍𝒏𝟑(𝒙)𝒅𝒙 = −𝜞𝟒 ∑
𝑪(−𝟏)𝒏

𝟐
𝒏+𝟐

(𝒏 + 𝟑)𝟒
=

𝒏=𝟎

𝟏

𝟎
𝟐

𝒏+𝟐

𝒏=𝟎

 

−𝟔 ∑
𝑪(−𝟏)𝒏

𝟐
𝒏

(𝒏 + 𝟏)𝟒
𝒏=𝟐

= −𝟑 ∑(−𝟏)𝒏
𝒏(𝒏 − 𝟏)

(𝒏 + 𝟏)𝟒
= −𝟑

𝒏=𝟐

∑(−𝟏)𝒏
𝒏(𝒏 − 𝟏)

(𝒏 + 𝟏)𝟒
=

𝒏=𝟎

 

−𝟑 ∑(−𝟏)𝒏−𝟏
(𝒏 − 𝟏)(𝒏 − 𝟐)

𝒏𝟒
= −𝟑 ∑(−𝟏)𝒏−𝟏 {

𝟏

𝒏𝟐
−

𝟑

𝒏𝟑
+

𝟐

𝒏𝟒
}

𝒏=𝟏𝒏=𝟏

= 

−𝟑{𝜼(𝟐) − 𝟑𝜼(𝟑) + 𝟐𝜼(𝟒)} = −𝟑𝜼(𝟐) + 𝟗𝜼(𝟑) − 𝟔𝜼(𝟒) = 

−
𝟑

𝟐
𝜻(𝟐) +

𝟐𝟕

𝟒
𝜻(𝟑) −

𝟐𝟏

𝟒
𝜻(𝟒) =

𝟐𝟕

𝟒
𝜻(𝟑) −

𝝅𝟐

𝟒
−

𝟕𝝅𝟒

𝟏𝟐𝟎
 



 

  ∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

=
𝟐𝟕

𝟒
𝜻(𝟑) −

𝝅𝟐

𝟒
−

𝟕𝝅𝟒

𝟏𝟐𝟎
 

Solution 4 by Cosghun Memmedov-Azerbaijan 

Ω = ∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

= ∫
𝒍𝒏𝟑(𝒙)

𝟏 + 𝒙
𝒅𝒙 − 𝟐 ∫

𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙 + ∫

𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙 = Ω𝟏 − 𝟐Ω𝟐 + Ω𝟑

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

Ω𝟏 = ∫
𝒍𝒏𝟑(𝒙)

𝟏 + 𝒙
𝒅𝒙 = ∑(−𝟏)𝒏 ∫ 𝒙𝒏

𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎

𝒍𝒏𝟑(𝒙)𝒅𝒙 = −𝟔 ∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟒
=

∞

𝒏=𝟎

 

−𝟔 ∑
(−𝟏)𝒏−𝟏

𝒏𝟒
=

∞

𝒏=𝟏

− 𝟔𝜼(𝟒) = −𝟔.
𝟕𝝅𝟒

𝟕𝟐𝟎
= −

𝟕𝝅𝟒

𝟏𝟐𝟎
 

Ω𝟐 = ∫
𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙 = − ∑(−𝟏)𝒏𝒏 ∫ 𝒙𝒏−𝟏𝒍𝒏𝟑(𝒙)𝒅𝒙 = 𝟔 ∑

(−𝟏)𝒏𝒏

𝒏𝟒
= −𝟔𝜼(𝟑) =

∞

𝒏=𝟏

𝟏

𝟎

∞

𝒏=𝟏

𝟏

𝟎

 

−𝟔.
𝟑

𝟒
𝜻(𝟑) = −

𝟗

𝟐
𝜻(𝟑) 

Ω𝟑 = ∫
𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙 =

𝟏

𝟐
∑(−𝟏)𝒏𝒏(𝒏 − 𝟏) ∫ 𝒙𝒏−𝟐𝒍𝒏𝟑(𝒙)𝒅𝒙 = −𝟑 ∑

(−𝟏)𝒏𝒏(𝒏 − 𝟏)

(𝒏 − 𝟏)𝟒
=

∞

𝒏=𝟐

𝟏

𝟎

∞

𝒏=𝟐

𝟏

𝟎

 

−𝟑 ∑
(−𝟏)𝒏𝒏

(𝒏 − 𝟏)𝟑
= −𝟑

∞

𝒏=𝟐

∑
(−𝟏)𝒏

(𝒏 − 𝟏)𝟐
− 𝟑 ∑

(−𝟏)𝒏

(𝒏 − 𝟏)𝟑
= −𝟑 ∑

(−𝟏)𝒏−𝟏

𝒏𝟐
− 𝟑 ∑

(−𝟏)𝒏−𝟏

𝒏𝟑
=

∞

𝒏=𝟏

∞

𝒏=𝟏

∞

𝒏=𝟏

∞

𝒏=𝟐

 

−𝟑𝜼(𝟐) − 𝟑𝜼(𝟑) = −𝟑.
𝝅𝟐

𝟏𝟐
− 𝟑.

𝟑

𝟒
𝜻(𝟑) = −

𝝅𝟐

𝟒
−

𝟗

𝟒
𝜻(𝟑) 

Ω = Ω𝟏 − 𝟐Ω𝟐 + Ω𝟑 = −
𝟕𝝅𝟒

𝟏𝟐𝟎
+ 𝟗𝜻(𝟑) −

𝝅𝟐

𝟒
−

𝟗

𝟒
𝜻(𝟑) 

∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

=
𝟐𝟕

𝟒
𝜻(𝟑) −

𝝅𝟐

𝟒
−

𝟕𝝅𝟒

𝟏𝟐𝟎
 

Solution 5 by Quadri Faruk Temitope-Nigeria 

 

𝑰 = ∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

 

𝑰 = ∫
𝒍𝒏𝟑(𝒙)

𝟏 + 𝒙
𝒅𝒙 − 𝟐 ∫

𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟐
𝒅𝒙 + ∫

𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 



 

𝑰 = ∑ (
−𝟑

𝒏
) ∫ 𝒙𝒏𝒍𝒏𝟑(𝒙)𝒅𝒙 − 𝟐 ∑ (

−𝟐

𝒏
) ∫ 𝒙𝒏

𝟏

𝟎

∞

𝒏=𝟎

𝟏

𝟎

∞

𝒏=𝟎

𝒍𝒏𝟑(𝒙)𝒅𝒙 + ∑(−𝟏)𝒏 ∫ 𝒙𝒏𝒍𝒏𝟑(𝒙)𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟎

 

𝑰 = ∑ (
−𝟑

𝒏
) [−

𝟔

(𝒏 + 𝟏)𝟒
] − 𝟐 ∑ (

−𝟐

𝒏
) [−

𝟔

(𝒏 + 𝟏)𝟒
] + ∑(−𝟏)𝒏

∞

𝒏=𝟎

∞

𝒏=𝟎

∞

𝒏=𝟎

[−
𝟔

(𝒏 + 𝟏)𝟒
] 

𝑰 = −𝟔 ∑
(−𝟑

𝒏
)

(𝒏 + 𝟏)𝟒

∞

𝒏=𝟎

+ 𝟏𝟐 ∑
(−𝟐

𝒏
)

(𝒏 + 𝟏)𝟒
− 𝟔 ∑

(−𝟏)𝒏

(𝒏 + 𝟏)𝟒

∞

𝒏=𝟎

∞

𝒏=𝟎

 

𝑰 = −𝟔 [
𝟑

𝟖
𝜻(𝟑) +

𝟏

𝟒
𝜻(𝟐)] + 𝟏𝟐 [

𝟑

𝟒
𝜻(𝟑)] − 𝟔 [

𝟕

𝟖
𝜻(𝟒)] 

∫
𝒙𝟐𝒍𝒏𝟑(𝒙)

(𝟏 + 𝒙)𝟑
𝒅𝒙

𝟏

𝟎

=
𝟐𝟕

𝟒
𝜻(𝟑) −

𝝅𝟐

𝟒
−

𝟕𝝅𝟒

𝟏𝟐𝟎
 

 

 

 

 


