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In any A ABC and V n > 2, the following relationship holds :
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Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-KoIkata-lndia
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A<GZ Z Z _2.2s 2a? (Z)S — 4Rr —r?
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~ (1),(2) = in order to prove (i), it suffices to prove :
2s? N R3 —8r3 (;) sZ —4Rr —r?
s2 — 4Rr — r? 8r3 3Rr
(R® — 8r%)(s? — 4Rr — r?) + 16r3s? - s? — 4Rr — r?
8r3(s2 — 4Rr —r?) - 3Rr
& 8r2s* — (3R* + 88Rr? + 161%)s?

+r(12R5 + 3R*r + 32R?*r® + 40Rr* + 8r°) (s) 0
Now, Rouche = s> — (m —n) > 0 and s> — (m + n) < 0, where
m = 2R? + 10Rr —r? and n = 2(R — 2r).v/R2 — 2Rr
(s2 —(m+ n)) (s2 —(m— n)) <0
= s* —s?(2m) + m? —n? < 0 > s* — s?(4R? + 20Rr — 2r?) + r4R+1r)3 < 0
= 8r%s* — 8r?s?(4R? + 20Rr — 2r?) + 8r3(4R + r)3 < 0 - in order to prove (»),
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it suffices to prove : 8r%s* — (3R* + 88Rr® + 161*)s?
+r(12R5 + 3R*r + 32R?r® + 40Rr* + 8r°)
< 8r2s* — 8r2s%(4R? + 20Rr — 2r?) + 8r3(4R + )3
() 4 3._ 2.2
& (3R* - 32R%r? — 72Rr3 + 32r%)s? > Rr (12R + 3Rr = 512R%r )
—352Rr? — 56r
[Case 1|3R* — 32R?*r? — 72Rr? + 32r* > 0 and then, LHS of (+*)

Gerretsen

(3R* — 32R%*r? — 72Rr? + 32r*)(16Rr — 5r?)
> Rr(12R4 + 3R3r — 512R?r? — 352Rr? — 56r%)
’ R
& 18t° — 9t* — 320t% + 464t — 80 >0 (t = ;)

Euler

& (t-2) ((t—2)(18t% + 63t2 + 180t + 148) + 336) > true v t > 2

= (*x) is true
Rouche

[Case 2] 3R* — 32R?r? — 72Rr? + 32r* < 0 and then, LHS of () >
— (~(3R* - 32R?r? — 72Rr? + 32r%)) (ZRZ +10Rr - r? + 2(R — 2r).VR? — 2Rr)
?

> Rr(12R* + 3R3r — 512R?r? — 352Rr> — 561*)
(***)
& 2(R—2r)(3R® + 15R*r — 5R®r? + 14R?r® — 108Rr* + 8r%) >
2 (—(3R* - 32R%r? — 72Rr® + 32r*) ) (R — 2r).//R? — 2Rr

Now, 3R® + 15R*r — 5R3r? + 14R?*r3 — 108Rr* + 8r°
Euler
= (R—2r)(3R* + 21R3r + 37R?r? + 88Rr> + 68r*) + 144r5 > 144r5>0
. in order to prove (**x), it suffices to prove :
(3RS + 15R*r — 5R3r? + 14R?r3 — 108Rr* + 8r5)°
Euler
> (R? — 2Rr) (3R* — 32R?*r2 — 72Rr? + 32r%)° ( R-2r > 0)

& 108t° + 387t% — 18t7 — 2283t — 5508t> + 7596t*
+7776t3 + 1648t% + 320t+ 64 >0 &

7 6 5 4
6168t° +9288t“ + 20256t + 45520

Euler
—true vt > 2= (x*x) > (x) is true

.. combining cases 1 and 2, () = () = (i) is true V A ABC

2a? 8r3 (") 2a3
We shall now prove : Z

b2+c2 b3 +c3

cyc cyc

Weh Z 2a3 A G 2a3.2 24 2a? 2a 11
chave: b3 +¢3 b2+c2)(b+c) bZ+c2'b+c
cyc cyc

A-G 1 242 AGI
< = _ <
T 4 b2+ 2+ + Zb+c - Z ZZabc 2/.b+c

cyc cyc cyc cyc cyc

24 2a3 ) s? — 4Rr —r? Z 23 2a?
< -
b3 + ¢3 Rr 2 b+c b2 + ¢2

cyc cyc cyc
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2a? G H 6a? Bergstrom
b2+c2 szﬂz _Zb2+c2+4a2 =
cyc cyc 42 cyc
6.4s? / 2a?
~3),4)=>
2y + 4 Yy a? Z b2+c2 —4Rr — 3.4

in order to prove (ii), it suffices to prove :

2s? +R3—8r3>sz—4Rr—r2+
— 4Rr —r2 8r3 4Rr 2Z.b+c
cyc
2s2 R3 -8r® s2—4Rr-r?

+ > -~ it suffices to prove :
— 4Rr — r2 8r3 3Rr P

sz—4Rr—r2>sz—4Rr—r2+1z a s? — 4Rr — r? ZZS—(b+c)

— o

3Rr - 4Rr 2 b+c 12Rr - Z b+c
cyc cyc

s? —4Rr —r? _ 2s(5s? + 4Rr + r?)
@ —
6Rr ~ 2s(s? + 2Rr +r?2)

)
& s* —14Rrs? + r?(4R?> + 6Rr —r?) > 0
Gerretsen

Now,LHSof (+) > (2Rr—5r?)s? + r?(4R? + 6Rr — r?)

= (ZRr — 4.1-2)5 — 1252 4 1'2(4-R2 4 6Rr — rz) Gerretsen
(2Rr — 4r?)(16Rr — 5r?) — r?(4R? + 4Rr + 3r%) + r2(4R2 + 6Rr —r2)

=8r2(R-2r)(4R—-r) Eger 0 = () = (ii) is true - (i) and (ii) =

) 4| 2a3 3| 2a? 3—8r3
min z b3+c3’z b2 + ¢2 +

cyc cyc

4| 2a3 2a?
=z max z b3+c3' b2 + c2
cyc cyc

v

Now,n > 2 and Euler = (n +1 — 3). 1n—>0:>( )
2r 2r

R3 — 8r3 (ii) 4| 2a3 3| 2a? 2a3 2a?
S |———=— = max Z ,z — min z , o
8r3 b3 + ¢3 b2 + c2 b3 +c3 c3 b2 + ¢2
cyc cyc cyc cyc
n+1
R n+1 R 81-3 via (iii)

)

Z 2a3 Za2 4 2a3 Z 3| 2a?
max ) — min )
b3+c3 b2 + c2 b3 + ¢3 bZ + ¢2
cyc cyc cyc cyc
4| 2a3 2a? “+1
~ min ,
Z b3 +c3 c3 b2 + c2 2r
cyc cyc
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S Ly
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cyc cyc

VAABCandVn > 2" =" iff A ABCis equilateral (QED)




