
 
If 𝒙, 𝒚 , 𝒛 > 0 then: 

𝒙

√𝒙𝟐 + 𝟑𝒚𝒛
+

𝒚

√𝒚𝟐 + 𝟑𝒙𝒛
+

𝒛

√𝒛𝟐 + 𝟑𝒙𝒚
≥

𝟑

𝟐
 

Proposed by Shirvan Tahirov, Gulkhanim Piriyeva-Azerbaijan 

Solution by Hai Duong-Vietnam 

𝑳𝒆𝒎𝒎𝒂 ∶ ∨ 𝒕 > 0 ∶   𝑓(𝒕) =
𝟏

√𝟏 + 𝟑𝒕
+  

𝟑

𝟏𝟔
𝒍𝒏𝒕 ≥

𝟏

𝟐
  

𝒇′(𝒕) = −
𝟑

𝟐(𝟏 + 𝟑𝒕)√𝟏 + 𝟑𝒕
 +  

𝟑

𝟏𝟔𝒕
= 𝟑 ∙

(𝟏 + 𝟑𝒕)√𝟏 + 𝟑𝒕 − 𝟖𝒕

𝟖(𝟏 + 𝟑𝒕)√𝟏 + 𝟑𝒕
 

𝒇′(𝒕) = 𝟎 → (𝟏 + 𝟑𝒕)√𝟏 + 𝟑𝒕 = 𝟖𝒕 → 𝒕 = 𝟏  

 𝒂𝒏𝒅  𝒇′(𝒕) > 0 →  𝑡 > 1  𝑎𝑛𝑑   𝒇′(𝒕) < 0 → 𝑡 < 1 

∨ 𝒕 > 0 ∶   𝑓(𝒕) ≥ 𝑴𝒊𝒏𝒇(𝒕) = 𝒇(𝟏) =
𝟏

𝟐
 

𝟏

√𝟏 + 𝟑𝒕
+  

𝟑

𝟏𝟔
𝒍𝒏𝒕 ≥

𝟏

𝟐
 

𝒕 =
𝒙𝒚

𝒛𝟐
→

𝟏

√𝟏 + 𝟑 ∙
𝒙𝒚
𝒛𝟐

+  
𝟑

𝟏𝟔
𝒍𝒏

𝒙𝒚

𝒛𝟐
≥

𝟏

𝟐
 (𝟏) 

𝒕 =
𝒚𝒛

𝒙𝟐
→

𝟏

√𝟏 + 𝟑 ∙
𝒚𝒛
𝒙𝟐

+  
𝟑

𝟏𝟔
𝒍𝒏

𝒚𝒛

𝒙𝟐
≥

𝟏

𝟐
 (𝟐) 

𝒕 =
𝒛𝒙

𝒚𝟐
→

𝟏

√𝟏 + 𝟑 ∙
𝒛𝒙
𝒚𝟐

+  
𝟑

𝟏𝟔
𝒍𝒏

𝒛𝒙

𝒚𝟐
≥

𝟏

𝟐
 (𝟑) 

By adding (𝟏), (𝟐), (𝟑): 

𝟏

√𝟏 + 𝟑 ∙
𝒙𝒚
𝒛𝟐

+
𝟏

√𝟏 + 𝟑 ∙
𝒚𝒛
𝒙𝟐

+
𝟏

√𝟏 + 𝟑 ∙
𝒛𝒙
𝒚𝟐

+
𝟑

𝟏𝟔
𝒍𝒏 (

𝒙𝒚

𝒛𝟐
∙

𝒚𝒛

𝒙𝟐
∙

𝒛𝒙

𝒚𝟐
) ≥

𝟑

𝟐
 

 



 
𝒙

√𝒙𝟐 + 𝟑𝒚𝒛
+

𝒚

√𝒚𝟐 + 𝟑𝒙𝒛
+

𝒛

√𝒛𝟐 + 𝟑𝒙𝒚
+ 𝒍𝒏𝟏 ≥

𝟑

𝟐
 

𝒙

√𝒙𝟐 + 𝟑𝒚𝒛
+

𝒚

√𝒚𝟐 + 𝟑𝒙𝒛
+

𝒛

√𝒛𝟐 + 𝟑𝒙𝒚
≥

𝟑

𝟐
 

 


