ROMANIAN MATHEMATICAL MAGAZINE

Leta,b,c = 0 such thata + b + ¢ = 3. Prove that
a)9(\/a+\/3+\/z)+ab+bc+cag27+3abc.
b) 9(a* + b* + ¢*) + ab + bc + ca > 27 + 3abc, withk > 1.
Proposed by Nguyen Van Canh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a)Letx:=+a, y=+Vb, z:=+\candp:=x+y+2z q:=xy+yz+zx, r:=2xyz
The given condition is equivalent to x? + y* + z? = p? — 2q

= 3,and the problem becomes,

9(x+y+2z)+x2y*+y*z? + z%x? < 27 + 3x*y?z? © 9p +q?* — 2pr < 27 + 3r?
2q=p2—3
S 36p+ (p? —3)%2 —8pr < 108 + 1212

& 99 —36p + 6p% —p* +8pr + 1212 > 0 ()

We have 3 = x% + y2 + 22 < p? < 3(x* + y? + z%) = 9,then V3 < p < 3.

r=0
2If V3 < p < V6, we have LHS ., S 9(11 - 4p) + p%(6 — p?) > 0.
RIf V3 < p < 3,we have
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which completes the proof of a). Equality holds iffa=b =c = 1.
b) Since k > 1 then by Power Mean inequality, we have

a+b+c>k_3
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and by AM — GM inequality, we have

(a+ b +c)(ab + bc + ca)
ab + bc + ca = 3 > 3abc.

Using these two inequalities, we have
9(a* + b* + c*) + ab + bc + ca > 27 + 3abc.
So the proof is complete. Equality holds iff
a=b=c=1ork=1,a=3,b=c=0and permutations.



