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JP.016. Find all triplets (m, n, p) where m, n are two natural numbers and p is a

prime number, satisfying the equation:

=4(p"-1)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Safal Das Biswas —Kolkata- India
m* = 4(p" — 1). Since m* = 0(mod 4) then m* = 2*k* some integer k.
Then, this leads, 4k* + 1 = p*, so (2k? + 2k + 1)(2k? - 2k + 1) = p"
Since p is prime then we can set 2k? + 2k + 1 = p™ and 2k? — 2k + 1 = p™ for some
integer n, and n, whereny; + n, = n.

Now, p™ — p™2 = 4k. Thus, k = pop2 and 2k2+1 = %, so we have the final set

up. 2 (%)Z +1= (%), implies (%)Z =p™ +p" — 250

we have, or (p™ — p™)? = 4(p™ + p™) — 8, or,
p2n1 + pan — 4_pn1 — 4_pn2 + 8 e zpnlpTlZ, OI",
(pn1 — 2)2 + (pnz — 2)2 + z(pnl — 2)(pn2 — 2) e 4_(pn1pn2 — pn1 — pnz + 2)
So we have (p™ + p™ — 4)2 = 4(p™p™ — p™ — p"2 + 2) =
n ny _ 2
= 4((p™ - D(P™ — 1) + 1). Sowe have: (FHZ224)" = (pm — 1)(p™ + 1) + 1.
As, p is prime, then: (p™ — 1)(p™ — 1) = 0(mod 4)

Thus, (p™ — 1)(p™ — 1) + 1 = 4u + 1. 50, 22" =

= 1(mod 2), which clearly suffices
(2a +1)? = (p™ — 1)(p™ — 1) + 1, which gives, (p™ — 1)(p™ — 1) = 4a(a + 1).

Thus we get:

(pnl—_l) (E) = a(a+ 1), set, (pnlz_l

2 2

) = xand (pnzz_l) = y then we have that,

(x+y—-1))=4xy+1,andxy=a(a+ 1) asx > yset,x = m(mh + 1)
andy =handa =mh. Thus,x +y—1 = 2a+ 150,
x+h=x+y=2(a+1)=2(mh+ 1),s0,x =2(mh + 1) — hagain, x = m(mh + 1), so
by compairing, m(mh + 1) = 2(mh + 1) — h,so, h = (2 — m)(mh + 1).
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Ash >0hence2 —m > 0so,m € {1,2} if m = 1 then h = h + 1 which is contradiction,
hencem = 2 and h = 0, whichgivesn, =0,n; =1,p=5,son=1andm = 2 is the
only solution.

Note 1: Here all the variables that are used € Z and also observed that since p is
prime we have, (p" — 1) = 0(mod 2)V j € {1, 2}

p'i+p"2-4

2
Note2:(x+y—1)Z:4xy+1istrueas:( . ):(pn1_1)(pn2_1)+1

and we have substituted (pnlz_l) = x and (pnzz_l) =y

JP.017. Prove the following inequality holds for all positive real numbers a, b, ¢

2(a+ b+ c)(a3h3 + b3c3 + c3a3)

2 p2 42>
a*+b"+c" = (a+ b)(b+c)(c+a)

(ab + bc + ca) +

N =

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Para todos los reales no negativos: a, b, ¢, x,y, z se cumple la siguiente desigualdad:

(b+c)x+(a+c)y+(a+b)z=2/(ab+ bc+ ac)(xy + yz + zx)
Aplicando: Cauchy — Schwarz:

P=(Mb+c)x+(a+c)y+(a+b)z=(a+b+c)(x+y+2z)— (ax+ by+cz)

P= \/((az + b2+ c2)+2(ab + bc + ac))((x2 + y2 + z2) + 2(xy + yz + zx) ) —

—(ax + by +cz)

> ./(a% + b2 + c2)(x2 + y2 + z2) + 2,/(ab + bc + ac)(xy + yz + zx) —

—(ax + by + cz) > 2./(ab + bc + ac)(xy + yz + zx)

. b
La igualdad se alcanza cuando: % == 2 Por lo tanto:

1 1 1
Sea:a=a’b=b3c=c3x=— y=—,z=—
! ! ! b+c’y a+c’ a+b
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S () ey

a a+b

22\/(a3b3+b3c3+a3c3)< 2(a+b+c) )

(a+b)(b+c)(a+c)

2(a+b+c)
= 2a% +2b%* + 2¢* = ab + bc + ac + 2 |[(a3b3 + b3¢3 + a3c3) (a+b)(b+c)(a+c)

ab + bc + ac
= a? + b? + ¢? 2—+\/(a3b3+b3c3+a3c3)<

2(a+b+c) )

2 (a+b)(b+c)(a+c)

JP.018. Let ABC be a triangle with the known normal notations. Prove that for
any point P moving on the incircle,
o) < PA? +PBZ +PCZ <§R
~ h, h, h, — 2
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Si I es incentro de AABC

demostrar que:

PA* - | d = + PC? _ 2R+r
. ac ab 2R

Picture by Kevin Soto Palacios — Huarmey — Peru
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Solution by Kevin Soto Palacios — Huarmey — Peru

iz PA>2  PB?  PC?
Probar en un tridngulo ABC: 51 < Tttt
a b c

< 57R. De la siguiente identidad:

aMA? + bMB? + cMC?* = (a + b + ¢c)MI* + abc. Sea: M = P
aPA? + bPB? + cPC? = (2p)PI?* + abc (A)
Del gréfico: PI = r (Caso particular). Dividiendo: (= abc)
PA? . PB? . PC*  2pr?

= + =
bc ac ab abc 1. abc=4pRr

PA? . PB? . PC? r

=—+1-
bc ac ab 2R
2R PA + 2R PBZ+ 2R PC2 =R+ PA? . PB? . PC? 2R+
- — R — E = - =
be ac ab "Th, TThy, | h, r

S5r<2R+r< STR = 2R+ 1r > 5r - R > 2r (Desigualdad de Euler)

=>2R+1r< 57R =>r< g — R > 2r (Desigualdad de Euler)

JP.019.Ifa,b,c > 0and x,y,z > 1 then:

4a3  4b®  4cd x4\ y* b/ 4\€
xa2+bcyb2+cazc2+ab > — - —
yz) \zx] \xy

Proposed by Mihaly Bencze — Romania

Solution by proposer

a3 4a-b-c

We have: —— > —

& b(a —c)? + c(a— b)? > 0 therefore
(a3 Inx (4a-b-c)Inx
a?+bc — 4
3 —C— -
b’lny -, (4b c4a)l“y.After addition we have:

b%+ca
lc3 Inz > (4c-a-b)Inz
c+ab 4

_a allnx (4a—b—-c)lnx a(4lnx —Iny —Inz)
ZInxa2+bc = z > z = z =
a? + bc 4 4
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a

=YIn (;_z)z therefore [] xaéijc >11 ( )a

x4-
yz

JP.020. Given x4, x4, ..., X,, be positive real numbers such that:

n
Yap=n
k=1

Ifa, B > 0,4a(n — 1)(2anvn + B) > B>Vn then:

azl+L2na+\/ﬁ_

Proposed by Ngo Minh Ngoc Bao — Vietnam
Solution by proposer

Let ¥?_, a2 = n+ n(n — 1)t2, with t be real number, 0 < t < 1. We have:

n n
1 a 1+(n—1)t—ay na
“z_:1+(n—1)tz a ETICEE;
= k=1 k

Using Cauchy-Schwarz inequality:

n

z 1+(n-1)t—a, - Cr1+(m—-1)t—a,l)? _n(n-1t

ag T xR e+ (n—1)tYE, ak—Zi‘ﬂai Co1-t

k=1

< - na(n— 1)t N na _ nant-2t+1)
ﬁ“;a_k—[1+(n—1)t] 1+n-1Dt [1+m-DiA-10)

ﬁ“z 1 B na(nt — 2t + 1) B

a \/72[1+(n DAA-0 " Jfn+nt-DE
=1k n_ a2 - - n+n(n—1)t

na(nt-2t+1) B Bk
zna+ (%)

[1+(n-Dt]l(1-t)  Jn+n(n-1tz —

We need to prove that:

na(n-1)t? B(n-1)t2

— >
[1+(n-1Dt](1-1) Jn+n(n—1)t2(1+J1+(n—1)t2) 20

M e

& (n—1)(anvn+ )t — f(n—2)t + nan+n(n—-1)t2+anyn— >0

Considering the function:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

f@®)=m-1)(anVvn+B)t* — p(n—2)t + na/n+nn — 1)t + anvn — g

We have: f(t) > g(t) = (n— 1)(anvn + B)t? — B(n — 2)t + 2anVn — B

Considering function: g(t) = (n — 1)(anvn + B)t?> — B(n — 2)t + 2anvn — B, vt € [0,1]

. - _ B(n-2)
Three quadractic formula g(t) reaches the minimum value when t = 2 D) (/e )

2 -2 2
= Ming(t) = 2anyn— 8 — o —Blgr(ln\/ﬁ)a 5 =

4a(n —1)(2anVn+ ) — p*\Vn -0
4(n - 1)(nVna + B)
= f(t) = g(t) = Ming(t) > 0. Equality occurswhena; = a; = -

c=a, = 1.
JP.021.Prove that if x, y,z > 0, xyz = 8 then:

B+yd+B3>2xfy+z+2yVz+x+2z/x+y

Proposed by luliana Trascd — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo: x,y,z > 0, ademéas: xyz = 8. Probar que:
x3+y3+23>2x/y+z+2yJ/x+z+2z/x+y. Tener en cuenta lo siguiente:

2+y? xy(x+ x+
B +y5 > xy(x+y) - y' _xyety) x+y

8 —  xyz z
3% ?2":3’ Z S PorMA > MG 2 +Z >zm Por la trasitividad:
b ZZ 2/G+y)  (4)
Y G ®)
:>z3;x y_ \/(xTz (©)

= Sumando: () +(B) + (O) » x* +y* + 22 > 2x [y + z+ 2yVx+z+ 2z /x + y

Solution 2 by Soumitra Moukherjee - Chandar Nagore - India
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Y2xfyrz=) 2x ay+2z

cyc cyc

<2./(x+y+z) 2(xy+ yz + zx) [applying Cauchy - Schwarz]

= \/8(x+y+z)(xy+yz+zx)

1
= Jxyz(x +y + z)(xy + yz + zx) < \/5 (xy +yz + zx)3

[(xy + yz + zx)? > 3xyz(x + y + z)]. We need to prove,
3(x3 +y3 +23)% > (xy + zy + zx)?

(1)
Applying Holder’s Inequality,

3
(1+1+1)(x3+y3+z3)(x3+y3+z3)2(i/x3-x3-1+i/y3-y3-1+i/z3-z3-1)
=(x*+y?+27%)3 > (xy +yz + zx)3
3(x*+y3+2%) > (xy + yz + zx)?
(Statement (1) is proved)

By +Bc2x/y+x+2yJz+x+2z/x+y
Solution 3 by Ngé Minh Ngoc Bgo-Gia Lang Province-VietNam

Using AM — GM inequality, we have:
2x\J[ytz+2yWz+x+2zx+y<x*+y*+z2 +2(x+y+2)

We need toprovethat: x3 +y3 +2z3 > x?2 +y2 + 22 + 2(x + y + z) (%)
Heo@3-—x?2-2x)+ (3 —y>-2y)+ (22 -2>-22)>0
We have: x3 —x? —2x > 6x — 12 © (x — 2)?(x + 3) > 0 (true)
Similarly, y3 —y? -2y > 6y — 12 © (y — 2)?(y + 3) = 0 (true)
andz3 —2z2-2z>6z—-12 < (z—2)?(z+3) = 0 (true)
S@-xt-2x)+ (P —-y?-2y)+ (@23 -2z*-2z)>6(x+y+2)—36 >

>6-33xyz—36=0
Solution 4 by Imad Zak-Saida-Lebanon
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VabsZ(a+b) (1)

AM — GM =
a®+ b3 >ab(a+b) (2)

2%y T 7= ;_ﬁm - %w(xyz)(y )
=i+ D <G FGT+ A by @)
< %\/(2x3)(y3 +273) < %[Zx3 + y3 + 73] by (1)\
Similarly:2y\z+ x < %[Zy3 + x3 + 73] L = z 2x,/y+z< z x3

1 I
3 3 3
Zz,/x+ySZ[Zz +x3 + y3] }

We are done! Equality holdsforx =y =z = 2

JP.022. Let ABC be an acute triangle with the orthocenter H, inradius r, and

circumradius R. Prove that:

<

+ + <
Vbc +ca +ab
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Vietnam

Siendo H un Ortocentro: Probar en un tridngulo acutdngulo ABC:

HA HB

=ttt % < /2 (1 + %) Por la desigualdad de Cauchy:

HA HB HC)>(HA HB HC)Z

(HA+HB+HC)(—+ +— + +
bc ac ab Vbc +ac +ab
HA HB HC 2R A 2R B 2R c
Para ello desarrollaremos: — + — + =— = 22 7°2 4 20287 278" =
hg hp e be o ab
2Rcos A 2R cosB 2R cosC

= + +
2RsinBsinC 2RsinAsinC 2RsinAsinB
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cos(B+C) cos(A+C)

cos(A+B) _
sin Bsin C

sinAdsinC sinAsinB
—(cotBcotC—1) — (cotAcotC—1) — (cotAcotB —1)

HA HB HC
=5 —+ —

— =3 —(cotAcotB + cotBcotC + cotAcotC) =2
ha hb hc

HA HB HC
:>2R(cosA+cosB+cosC)( ) (
bc ac ab

+_) (HA HB HC)_

R\hy "y )T
_2(1+T) (HA HB HC) HA HB HC 2(1+T)
- Vbe ' ac ' ab)  be  ac  ab R

Solution 2 by Adil Abdullayev-Baku-Azerbaidian

(VON AUBEL) zcyc— = 2. Lemma: X, AH = 2(R + 1)
HA C_”S_SZAH ZAH—Z(R+ ) ZAH
vbc - bc r bc

yc cyc cyc cyc
AH 1 AH 1 AH VON AUBEL 1 5)
bc 2R ‘bc " 2R Lih, R

cyc cyc ZR cyc

(4)(B) = LHS < RHS

JP.023. Prove that for all positive real numbers a, b, c,d

a b [ d 8
—_—t— ——

>
bc c¢d da ab g2+ b% + c2 + d2

Proposed by Nguyen Viet Hung — Hanoi

—Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, ¢, d reales positivos. Probarque: £+ 2 + £+ L > 8
cd da ab " \a2+p2+c%+d?
a’d+b%a+c?b+d?

— ‘VaZz + b2+ c2 + d? > 8 = Siendo: a,b,c,d > 0 > Por: MA > MG
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a’d + b*a+c*b+d*c 4
a?d + b%a + c2b + d%c > 4%/ (abcd)? & =4 ‘abc )

abcd

Ademas: Va2 + b2 + ¢2 + d2 > MﬂmMﬂV:ZVde(m

2d+b%a+c?b+d? 4| 1
Desde que; =52 2E 27 > 4 /m/\\/a2+bz+cz+d2 > 2abcd

abcd

a?d+b%a+c?b+d?

“VaZ+b2+c2+d2>8
abcd

Multiplicando las expresiones se tiene que:

JP.024. Given a triangle ABC and let P be any point in its plane. Prove that:

+ + <—|—+—+—
bc ca ab 4\h, h, h,

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

PB-PC PC-PA PA-PB 1<PA PB PC)2

Solution by Kevin Soto Palacios-Huarmey-Peru
KLAMKIN’s INEQUALITY: - x,y,z€e Rn € Z
x* +y* + 2% > (—1)"*"1(2yxz cos(nd) + 2zx cos(nB) + 2xy cos(n()) ©
& (Demostrado anteriormente). Si: n = 2
x?+y?+2%2 > —-2yzcos2A — 2zxcos 2B — 2xy cos 2C
x*+y?+2z%2 > -2yz(1 - 2sen? A) — 2zx(1 — 2sen? B) — 2xy(1 — 2sen? ()
x2+y%2+ 72+ 2xy+ 2yz+ 2zx > 4yzsen? A + 4zxsen? B + 4xy sen’ C
(x+y+2)? >4yzsen? A+ 4zxsen? B + 4xysen?C

Sea:x = I;—A >0,y= Z—B >0,z= % > 0. Ladesigualdad es equivalente:
b c

a

sen? C

4

1(PA PB PC) >PB-PC 2 +PA-PC zB+PA'PB
h, h, h, hyhe " hehy o0 hohy
1/,PA PB PC\> PB-PC a> PA-PC b® PA-PB c?
— > . + . + .
4(ha hy hc) ac ab 4R* bc ab 4R? bc ac 4R?
2R ‘2R 2R ‘2R 2R ‘2R
1/PA PB PC PB-PC PA-PC PA:-PB
S S

a\n, " h, " h,

bc ac ab
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JP.025. Let n > 2 be aninteger and let a, b, ¢ be positive numbers such that

ab + bc + ca < 1. Prove that:

bc ca ab
(2a? + bc)m * (2b% + ca)™ * (2¢2 + ab)™ =1
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Sea:n = 2 un entero y sean “a, b, c’R*, tal que: ab + bc + ac < 1. Probar que:

bc ac ab 1 . .
+ + > ~. Realizando | igual nderada “Jensen” para:
Q00" T Gntrea) T @arany = 3 Re@lZa do la desigualdad ponderada “Jensen” para

f(x) = xin,x > 0,n = 2 & (Convexo)

bc N ac N ab
(a2 + bc)r  (2b%2+ca)® (2c¢2+ ab)™

bcf(bc + 2a?) + acf(ac + 2b?) + abf(ab + 2¢?) >
bc(bc + 2a?) + ac(ac + 2b?) + ab(ab + 2c2)>

= bcf(bc + 2a?) + acf(ac + 2b*) + abf(ab + 2¢?)

2(bc+ac+ab)f< b+ hot ac

(bc)? + (ac)? + (ab)? + 2abc(a+ b +c)\ _ (ab + bc + ac)?
(bc+ac + ab)f< P —— ) = (be +ac+ ab)f (m)
(ab + bc + ac)? 1
(bc + ac + ab)f< b berac |- (bc+ ac+ ab)f(ab + bc + ac) = (ab ¥ b+ ac)1 >1

JP.026. Let a, b, ¢ be non-negative real numbers and let x, y, z be real numbers
different from 0, such that by + cz = x, ¢z + ax = y,ax + by = z. Prove that.

1
a.abc Sg

1 + 1 1
"24+a+b  2+b4+c  2+4ct+a —

c.a+b+c>2(ab + bc+ ca)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru
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Sean: a, b,c nimeros reales no negativos y sean: x, y, z nimeros reales diferentes de

cero. Ademés: by + cz = x,cz+ ax =y, ax + by = z. Probar que:
1
a)abc < s
1 1 1
b) + <
2+a+b 2+b+c  2+4a+c

c)a+b+c=2(ab+ bc+ ac)

Sumando las ecuaciones se tiene:
x+y+z

2(ax+by+cz)=x+y+z—>(ax+by)+cz=T—>
x+y—z xX+y—z
= <  Ssc=—2
oz 2 ¢ 2z

. ; +z— +x—
De forma analoga se tiene que: a =2 sz Z.b="1 ny Y Por la tanto:

m¢wcS§@(x+y—zXz+x—yXy+z—x)wa
(x+y-2)z+x-Yy+z-)=0*-@-2*)y+z-x) =
= (- y2 -+ 2y 2 )

S —y?—22+2yz)(y+z—x)=x*y+x?z—x3 -y} —yrz+ y?’x —
—z%y — 23 + 72%x + 2y%*z + 2yz® — 2xyz
>@+y-—2)(z+x-y)y+z-x)=-2> -y -2 +xy(x+y) +
+yz(y+z) +zx(z + x) — 2xyz < xyz
=>x3+y3+ 23 +3xyz > xy(x +y) + yz(y + z) + zx(z + x)
> x(x-y)x-2)+y@y-x)@y-2)+z2(z-x)(z-y) 20>
— (Valido por desigualdad de Schur)

1 1, 1

b)Z+a+b 2+b+c 2+a+c
- 22+a+c)22+b+c)+2+a+b)2+a+c)+2+a+b)(2+b+c) <

<@2+a+b)2+b+c)2+a+c)

—>4(3)+Z(a+c)(b+c)+22(2a+b+c)S8+4(2)(a+b+c)+

+2 Z(a+ (b +c) + n(a +b)
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—>4+8(a+b+c)S8(a+b+c)+Z(a+c)(b+c)+2ab(a+b)+2abc

:>4S2a2+32ab+2ab(a+b)+2abc

_ytz—x

- - + —
Tener en cuenta lo siguiente: a =>-— > 0; b = Ty

x+y—z

>0;c=

=0

1 1 1
:>1+a+1+b+1+c_2%2(1+b)(1+6)_2n(1+a)%

—>3+22a+2ab=2+22a+22ab+2abc

1
=>1=ab+ bc+ ac+ 2abc - ab+ bc+ac=1-2abc /\ach§<:>

3 9 3 3
@ab+bc+acZZ:>a+b+c2\/3(ab+bc+ac)2 Zziea+b+czi

3
Zaz+32ab+2ab(a+b)+2abc24Zab+2ab<i—c)+2abc=

11 b b>33 1>4-
ab—abcz—o—2=

2
c)a+b+c=2(ab+ bc+ ca)
Desdeque:a =222 >0; p=22Y > g, ¢ =222 >
2x 2y 2z
C>_""_+'—+'—n>0'b_p>-
yorrmemRTR A m p’a_m+p_’ Tn+m”
m
c=—-—20;
n+p
:>n+p+m22<n.p+n.m+p.m)
m+p m+n n+p m+p m+n m+p n+p m+n n+p

n(n+m)(n+p) +pp+m)(p+n) + m@n + p)(m +n)
= >
(m+n)(n+p)(m + p)

2np(n + p) + mn(m + n) + mp(m + p)
(m+n)(n +p)(m+p) :>zn3_zmn(m+n)+3mnp20

>nn-m)(n—-p)+mm-n)(m-p)+pp-m)(p-n) >0

< (Desigualdad de Schur)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

JP.027. Find all real numbers x satisfying the following equation:

(x+{x})? — (x + {x}) = 6|x|{x} -1
where |x] and {x} denote the integer part and fractional part of x, respectively.

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Soumava Chakraborty — Kolkata — India
Let |x] =Tand{x}=f €[0,1)
x=I+f
I+f+fP-U+f+f)=6If —1=>U+2f)>—(I+2f)=6If -1
>IP+4f2-2If-1-2f+1=0
>P—-I1Q2f+1)+4f>-2f+1=0 (1)

A=Q2f+1)2—-44f*-2f+1)=-304f2-4f+1)=-312f-1)?<0

1

But, IEZERA>0.50,4<0andA>0=4=0=2f-1=0=>f=~

214
2f+1 _ 25 3

1
A =0,from (1), weget, I = 5 :1;x:I+f:1+%:E

JP.028. Prove that in any triangle ABC:

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

-z 4R . .
Probar en un triangulo ABC: :—” +ele> /1 + = Tener en cuenta lo siguiente:
a

Tp Tc
4R A B (. abc _ 8abc
r__mczmczmcz_(p—aXp—bXp—c)_(b+c—aXa+c—bXb+a—c)
s
T _ ph _Pp=a_ btc-a
Ta s p—-b " atc-b >0 (IV)

=
]

Te _ a+c-b >0 (V)

Ta b+a-c
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rq _ a+b—c

e b+c—-a >0 (VI)

Sean:b+c—a=2x>0;a+c—b=2z>0;a+b—-—c=2y>0

Porlatanto:a=y+zb=x+y,c=x+2z

+ + +
+22J1 LGN +D)(x+2)
X Xyz
Desde que: x,y,z > 0 —» (Elevando al cuadrado la expresion tenemos)
2 + + 2 2 2
s (E+E+X) > 1+ny(x y) xyz

z 2 2 2
R RCRUR

x+ z+x +z
>3+ Y. +Y

z y X
x\2 /z\* )2 x z y y X z
:(0-+G)+() +—+—4+=>3+=+—+—
2 y X y x z X z y
2 2 2
$<(£) +1>+<(z) +1>+<(z) +1>+f+z+226+z+f+z
z X X y x z X z Yy
Por:MA > MG
2 2 2 2 2 2
ﬁ((f) +1>+<(z) +1>+<(z) +1>+f+z+22_x+_z+_y+f+z+z
z y X y x z z y X y Xx z

y x z y x zZ X Z Yy
—+—+->6++—t—+—+—+—+—+=>6 < (MA>MG)
z y X y Xx z X z y x z y y x

4R
Porlatanto; 2 + ¢+ > /1+—
ra rb T,_- Tr

JP.029. In acute angled 4 ABC; L — Nagel’s point,M,M' € (AB);N' € (AC);

(M,L,N);(M',L,N") - collinear points. Prove that:
MB M’

(a+ b) + B +(a+b ) NC+N,C >ph+
arc ma_ mal"\@ C\Na" Na c-a

Proposed by Daniel Sitaru — Romania
Solution by Marian Ursédrescu — Romania
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A

From transversal theorem we have:
MB N C LA’ MB N LA’

m(a+c—b)+ﬁ(a+b—c)=E2a 1)

similarly: 22 (a + ¢ - —0)=%24 (2)

From (1)+(2)= (a+ c = b) (7 + ﬁi) +(a+b-o)(fe+1s) =4ats (3

’ b+c— ’ _
LA btc-a LA u(4)

LA’
‘4a-—~>b+c—a=> >
From (3) we must show: 4a o b+c—a " py 1> 2a
_AC' | AB’ -b - LA’ -
From Van Aubel theorem we have: 22 =425 48 _p=b  pc _ @ 14 _p-a gy
LA C'B B'C p—a p-a p—a LA a

From (4)+(5) we must show: == > =< 1 > %true.

JP.030. If x4, € [0,1] (k = 1,2, ...,n) then:
n
3 Z xi < 2N+ X1XpX3 + XX3X4 + -+ X X1 X2
k=1
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Proposed by Mihaly Bencze — Romania
Solution by proposer
First we prove that x* + y%2 + z2 < xyz + 2 forall x,y,z € [0,1]. Let be
f(x) =x2+y%+2z% —xyz— 2 = f(x) < max{f(0), f(1)} but
f(0) =y%2+22 -2 <Owithequalityfory=z=1and f(1) =y?2 + 22 —yz—1
Letbe g(y) =y?> +z?> —yz—1 > g(y) < max{g(0),g(1)} =max{z> -1,z -z} <0
Equality holdsifandonlyifx=y=z=orx =y =1;z = 0, etc.
Binz z (a2 + x5 +x3) < z (x1x,%x3 +2) =
k=1 cyclic cyclic

= 2N+ X1X3X3 + XaX3X, + 0+ X X1 X5

SP.016. Let a, b, c, s, t,u be positive real numbers such thata + b + ¢ = 1. Prove

that:

sa® + th? + uc®? sb?*+ tc? +ua®? sc?+ ta* + ub?
+

+
sa+tbh + uc sb + tc +ua sc+ta+ub

Proposed by Kunihiko Chikaya — Tokyo — Japan
Solution by Kevin Soto Palacios — Huarmey — Peru
Sean: a, b, c, s, t,u nUmeros reales positivos, tal que: a + b + ¢ = 1. Probar que:

sa? + th? + uc? sb? +tc?+ua* sc?+ ta? + ub?
+ +
sa+tb+ uc sb+ tc +ua sc+ta+ub

Por desigualdad de Cauchy:

2 2 2
1. (sa? + th? + uc?)(s + t + u) > (sa + th + uc)? — L +uc -, sattbtuc A)

sa+tb+uc T  s+t+u

sb%+tc?+ua? >sb+tc+ua ( )
sb+tctua ~  s+ttu

sc2+ta®+ub? > sc+ta+ub

©

sa?+th%+uc? + sb%+tc?+ua + sc2+ta?+ub?
sa+tb+uc sb+tc+ua sc+ta+ub

sc+ta+ub T s+t+u

Sumando: (A) + (B) + (C):
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>s(a+b+c)+t(a+b+c)+u(a+b+c)

= =1
s+t+u

SP.017. Let ay(k = 1,2, ...,n) be a positive real numbers such that

n

nn+1)
) =g

k=1
Prove that:

z (k% — 1)ak + k% + 2k n(n+ 1)
2 raq+1 = 2
Proposed by Kunihiko Chikaya — Tokyo — Japan
Solution by Ng6 Minh Ngoc Bdo-Gia Lang Province-VietNam

Weknown:2 +4+ 6+ -+ 2n = n(n + 1), with n € N. We have:

Zn:(kz—l)ak+k2+2k_ 3 L 36,+8  (@-1a,+n*+2n
a+a;+1 T a+a;+1 ai+a,+1 az+a,+1
2_ 2
We prove that: -0atm™42n o ) 20, (). Indeed,

aﬁ+an+1
®»He @m-1a,+n?>+2n=>2n-a,)(d3+a,+1)
em?*-1)a,+n*+2n>-a+(2n—-1)a2+ (2n—-1)a, +2n

e al-2n-1)a?+ n?-2n)a, +n* >0 o (a, —n)?*(a, +1) = 0 (True)

Z (k? — 1)ak + k? + 2k

>2+4+--+2n —Za =
Trail 2 )= ),

nn+1) nn+1)
2 2
Equality occurswhena; = 1,a, = 2,a; = 3,. =n.

SP.018.Ifa,b,c > 0and x,y,z > 1 then:

a? 2 2
8a3 8b3 8c3 x5 y5 ZS
xa+byb+czm2 — - —_
z X y

Proposed by Mihaly Bencze — Romania

=2+4+--+2n) -
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Solution by proposer

5“28'1’2 & (a—b)?*(3a + b) = 0 therefore

3
We have: = >
a+b

(a3 Inx > (Saz—bz)lnx
a+b — 8

3 2_ .2 .. .
bbl“y > (5b ; )ny After addition we obtain:
c

lc3 Inz > (Scz—az)lnz

cta 8
a’lnx a* (5a% = b?)Inx a’?(5lnx —1lnz)
S S s y Sy oo

a+b 8
aZ
x5\8 8a3 25\
() [T
z z

2

SP.019. Prove that:

1) Yho 2k + 1) (2k? + 2k + 5) (k% + k)* = %(ns + 302 + 2n)*

)R Rk +1)(K2+ k+ 1)(K% + k+7) (k? + k)® = %(ns + 302 + 2n)S
Proposed by Mihaly Bencze — Romania

Solution by proposer

DU+ ) U+ 2)7 = (k= D)) = ) (k+ DU((k+2) = (k= 1)) =
k=1 k=1

- Z((k +2)%(k + 1)%k% — (k + 1)%k%(k — 1)%) = (n + 2)%(n + 1)*n®
k=1
Difa=4>(k+2)*—(k—1)*=3QRk+1)(2k? + 2k +5)

Dlfa=6=>(k+2)°—-(k—1)=9QRk+1)(K>* +k+1)(kK?+k+7)
SP.020. If x,y,z € (0721) then prove that;

tan’x  tan’y  tan’x 3
+ + >Z
(y+x)? (z+x)? (x+y)? 4

Proposed by D. M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

2 2 2
tan“ x tan tan“ z
Yy >

. T : 7
Si:x,y,z€< O,Z >, Probar que: G122 | 0k @ty 4

Es bien conocido lo siguiente, ya se ha demostrado anteriormente:
tan® x tan? y tan? z x2 y2 z

+2)2  (z+x0)?  (x+y)? (+2)? (z+x0)?  (x+y)?

2

tanx > xVxe< O,g >. Por la tanto:

2 2 2

x y z xy yz xz

Cor G 0l GryES G G+ GGy G+ DY)
Por desigualdad de Cauchy:
(xy)? N (yz)? N (xz)*
x(y+2)y(z+x) yz+x)zx+y) x(y+z)z(x+y)

(xy + yz + x2)? - Y(xy)? + 2xyz(x +y + z)
T Xxy(z+x)(z+y) X zzxy + Y xtyz + Y y*xz + Y(xy)?

Z(xy)z + 2xyz(x+y+ z)
S 3xyzxty+2) TN (xy)2 - 4 Z(X}’)Z > xyz(x +y + z)

2 2
tan? x tan tan“ z
Yy >

3
Portransmwdad 07 @0? | (i)’

Solution 2 by Soumitra Moukherjee-Chandar Nagore-lndia

Let f(x) = tanx — x forall x € (Og) Now f'(x) = tan®x forall x € (Og)
Now, f(x) is continuous on ( ) f'(x)>0forallx € ( )
Hence, f(x) is increasing on ( ) f(x)>f(0)=0forallx e ( )
So,tanx > x forall x € (Og)

tan? x >z< x )Z>1 z x >1<3) 3
(y + 2)? y+z/ — 3 y+z| ~3\2) 4
cyc cyc

cyc

tan’x 3

. X
smce,z 3Tz .Hence, (y+—z)2 > 7
C

cyc

SP.021. If x,y,z > O, then prove that:
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(x3y3 + y328 +zx3)( LI >>i
(x+y)z (y+2)5x (z+x)°y/ 32
Proposed by D. M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Soumitra Moukherjee — Kolkata — India

R R e

oyt B

cyc

1( x y z 2 -
> - (— + =+ —) [Applying Cauchy — Schwarz]

T 4 \y+x z+x x+y

v

2
%(—) = % [Applying Nesbitt Inequality]

2

(T )= 2

SP.022. Prove thatifn € N;n > 2;0 < a < b then:

bn+1 _ an+1 N ab(bn—l _ an—l)

n+1 n—1

< (b — a)y/2(a?" + b?")

Proposed by Daniel Sitaru — Romania
Solution 1 by Hamza Mahmood - Lahore — Pakistan
Since 0 < a < b, we consider the following two cases:
Casel:0<a=b;neN;n=2,

To prove for this case, we first prove the following lemma:

™) (x— 1) 11
2x n-1

Lemma:Vx € (1, 0) n € N:n > 2,4

Proof: Consider
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1+xm)(x—-1)
2x B

X
f(x) = ft"‘zdt,xZLneN,nZZ,
1

It is easy to show that f(x) is continuous on [1, o) and differentiable on (1, %)(1)

n+1 _ n
Differentiating f(x) gives f'(x) = %
Nowifx>1=x">xifori=n-1,n-2n-3,..,3,2,1,0

xt—1
x—1

S >V T+ 24" 3+ kx4 x+ 1= =

s>ax"—-1<nx"(x—1)
S50<mx™l - +1—-x"=nmx""l+1-(n+ "=

nx"1+1—-(n+ 1"
= >0
2x2
= f'(x)>0forx>1,neN;n=>2 (2)

(D &(@2)= f(x)isincreasingon[1,0) = vVx>1> f(x) > f(1)

1+x")(x—-1)
= _
2x

@A+x")(x-1) - xt1-1
2x n—1

X
ft"‘zdt>0:>
1

Vx € (1,0); ne N;n>2 (proved)

No

bn+1_an+1 bn+abn—1+a2bn—2+,_.+an—1b+an b2"+a2b2"_2+~-~+a2"
W = <
(b—a)(n+1) n+1

Because Arithmetic Mean (A. M.) < Quadratic Mean (Q.M.)

n+1

ab(b"1-a"1) _ ab"11a2p"24..ta™1p - \]aZbZn—Z+a4b2n—4+,,,+a2n—2b2

Similarly, DD —

n-1

bn+1 _ an+1 ab(bn—l _ an—l) \/bZn + aZbZn—Z I aZn

+ +
Th-amn+1) Gb-am-1) n+1
+\/azbZn—z+a4b2n—4+,_,+a2n—2b2 (A)
n—-1
Applying AM - Q.M. Inequality again:
bZn + aZbZn—Z 4 e aZn aZbZn—Z + a4b2n—4 4 e+ aZn—ZbZ

+ <

n+1 n-—1
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+
n+1 n-—1

\/bzn + aZbZn—Z I aZn aZbZn—Z + a4b2n—4 I aZn—ZbZ
<2

Simplifying the Right Hand Side:
2n 2R2n-2 2n 2n2n-2 4 pn2n—-4 2n-2p2
b“™ + a“b +.-+a +ab +a*b +--+a b*
n+1 n—1 B
B (n _ 1)(a2n + bZn) + zn(aZbZn—Z + a4b2n—4 + e 4 aZn—ZbZ)
B nz-1

n-1

2
aZn + bZn 2n 1-— (%)
— + . aZbZn—Z .

n+1 nz—-1 1 a?
-2
(az)n—l
1-{,z . .
(because a?b* % + a*b*™* + ... + a®*"2b* = a?b*""% . —L5— A Geometric Series)
1__
b2

<

S b2n+a2b2n—2+,,,+a2n aZbZn—Z+a4b2n—4+,,,+a2n—2b2
o, +

n+1 n-1

n—-1

a2
aZn+p2n 2n 1_(1,_2)
<+2. |—— 4+ . q2p2n-2. B/ B
\/— n+1 nz-1 l—ﬁ ( )
b2

2
Nowsince0<a<b=>1 <§:> 1< (S) &n =N;n > 2, we use the above lemma for

x= (9)2 >1:

a

2n b 2 n—
1+x")(x-1) - xt1-1 {1 * (g) }{(E) B 1} (3)2 : -1

2x n-1 2(2)2 = n-1__

A T o L R

Multiplying both sides by“:% gives:

n a,? 2n
m. (aZn + bZn) . {1 — (E) } > " (aZbZn—Z _ aZn) =
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az n—-1
1 1 2n bZn ZbZn 2 1_(ﬁ)
). + > . -2, =7
:( n+1) (a )_nz—l a 1 a?
b2
2 n—-1
2 2 1—(—)
:>a2n+b2n_an+bn> Zn .aZbZn—Z.—bZ =
n+1 nz—-1 1 a?
© b2
n-1

2
aZn + bZn 2n 1- (%)
+ . aZbZn—Z L \vJ

2n 2n
= a“" + p" >
n+1 nz -1 _a?

aZn4pZn 2n _ 1_(_2)
>V2 | —+ - a?h? . 1”_£ <y2(a?" +b?") (C)

b2

From (A), (B) & (C) We finally get:

bn+1_an+1 ab(bn—l_an—l)

2 2 i i 1 —
e T eaen < Vv 2(a?™ + b?m) Multiplying both sidesby b — a > 0,

n+1_ n+1 n—-1__ ,n—-1
= b +n+¢11 + + ab(b _la ) < (b _ a) z(aZn + bZn) for

n

0<a<b;neN;n=>2 (HenceCase 2 proved)

Solution 2 by Kunihiko Chikaya — Tokyo — Japan

n+1_ n+1 n-1__n-1
b +n+¢; + + ab(b a1 < (b _ a) lz(aZn + bZn) (*)

n-1

0<a<bn=>2m=23.)0<a<bh

LHS of ()
b
= f(x" + abx™ %)dx

f(x) = x™+ abx™? = x"2(x* + ab)
f'(x) = x"3{nx? + ab(n—2)} > 0

M.V.T of Integralfora <x < b

<0-ar(t) (p<a< <) =002 () s w)

2 2
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<o-a(32) 2(%52) =200 (“%”)12 2~ 2
<2(b—-a) () + (b2

2
SP.023.Let A, B € M,,(C) such that det A = det B # 0. Prove that:

det(AB + xy(AB)™ 1 + (x + y)I,,) = det(BA + xy(BA)™! + (x + y)I,,)
forallx,y € C.

Proposed by Mihaly Bencze — Romania
Solution by proposer

(A+XB~Y)B = AB + XI,,

2> (A+XB HU)B=AB+X4 1) >
AB+XA™1) = AB+xIn} ( ) ( )
= det(A + XB 1) detB = detAdet(B + XA 1) = det(4A + XB~1) = det(B + XA™1)

{det(A + XB™1) = det(B+ XA4™1)

. After multiplication:
det(B + yA~1) = det(4+ yB™?1) P
det(AB + yI, + xI,, + xy(AB)™ 1) = det(BA + yI,, + xI,, + xy(BA)~1), finally

det(AB + xy(AB)™! + (x + y)I,,) = det(BA + xy(BA)™1 + (x + y)I,,)

SP.024. Let ABC be a triangle with the centroid G and denote by S 45 its area.
Prove that for any point P in the plane

PA-GA* PB-GB* PC-GC* 4
+ + > =Sanc
BC CA AB 3

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by proposer
First, we will recall without proof two known results below
Lemmal

For any triangle ABC and all positive real numbers x, y, z then

xa? + yb% + zc? > 4S pc/xy + yz + zXx



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Remark 1. We have known that there exists a triangle whose side-lenghts are m,, m;, m,
anditsareais$’' = %SABC. Applying lemma 1 for this triangle yields

x-mg+y-mlz,+z-m§235,43cm 1)

Lemma 2. If ABC is a triangle and P is any point in its plane, then
PB-PC PC-PA PA-PB
+ + >1
bc ca ab

(Hayashi’s inequality)

Back to the main problem

Solution. Applying inequality (1) for (x,y,z) = (E P: PC) and using lemma 2, we obtain
PA , PB PC
g Mat T My o me = 3Sanc

Note that: m, = %GA, my, = EGB, m,= %GC. The inequality above may be rewritten as

PA-GA2  PB-GB?> PC-GC?
+ +
BC cA AB

> ESABC. The proof is complete.

SP.025.Ifa; >0 (i=1,2,..,n)and k > 1 then:

n - -
l1 ... g
E . . a; ..a;
li+...+lk_k+1 51 Lk

i1=1,..i=1

W
Nagb
=
N——
IA

Proposed by Mihaly Bencze — Romania

n

n 1
iy .. ia .. a; ] ] o
z p Lk z 114, - lkaikf tht otk g =
gty —k+ 1 ) '
= = 0

1 n 1 n
— i1—1++ip—1 —
—f z La; .. ija;tt” k= —f(
0 \i 0 N

im1

(G )] (5

i=1

k
la i 1) dt >
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SP.026. Let be n € N*. Compute:

n+1

Vn+1—x

I= dx
f Vn+1—x ++/x — ne?x2n-1
n

Proposed by Daniel Sitaru — Romania

Solution 1 by Hamza Mahmood - Lahore — Pakistan

Letu=x—n

n+1 1

Vvn+1—x vi—u
I = f dx = du (4)
Vn+1—x ++/x — ne2x-2n-1 ) V1 —u + ue?u-1
n
Using f: f(x)dx = fab f(a+ b — x) dx, we have:
1 1
1-(1-u u
1= vi-(a-w e Lu——
J V1-(1-w)+V1-ue2@-w-1 J Vu+V1-uel-2
. . _r1 1-u Vu
Adding (4) & (B): 21 = [} (=g + i)
. Vi-u _ eVl-u Vu _ et \u
Since T eem 1~ evicuruia 19 Farvicuei . narevica 0
1
- f( evl—u N e?u >d
= u=
J evi—u+e?Ju e Ju+eJl—u
1 1
eVl —u+e*\Ju
=f \/_du=f(1)du=1
Jevl—u+ e?t\/u J
__ n+1 Vvn+l-x 1 %
=/ Tt/ 4% = 5 Wheren € N

Solution 2 by Soumitra Moukherjee - Chandar Nagore - India

n+1 n+1

P f Vn+1-—x vx—n
= X =
Vn+1—x++x —ne?x-2n-1 Vx—n++n+1—xen+1-2x
n n
x_ner—Zn—l

dx

[applying f(x) = f(a+ b —x)] = f:ﬂ

Jn+1-x+/x—ne2n-2n-1
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n+1
21 = f dx=1>1= 1
= X = = >
SP.027. Solve the following equation in set of real numbers:

x+1 2x+1

1
8 +27x+2*1.37x +2¥.37x =125
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Ravi Prakash-New Delhi-India
1 x+1 2x+1 3 1
Forx # 0, let f(x) = 8% + 27x + 213 x +2%3 % = 23% + 3x + (15) (2*3;)
Forx <0, f(x) <1+1+15(1)<125.For0<x<1
3/ 3 1 1/ 1
F(x) = (23%)(31In 2) + 3% (—?ln 3) +15 [zxsx In2 + 2%3% (—ﬁln 3)]
2

5(1 1 . 3x
=(3)2 [22 In2 — ?(3;\:) In 3] + (3x) 3)|5(2¥)In2 - x_zln 3

For0<x<10<2?<4,In2<07=0<2%ln2<2-8
1
For0<x<1,xl2>1, 3x>3In3>1

1
22%In2 — xiz(sz) In3 < 0.Also, for 0 < x < 1, 5(2%) In2 < (10)(0.7) = 7

2 2

3xIn3 - 95 5(2%) In2 —i—flns <0

x2

and

Thus, f'(x) <0for0 < x <1, f(x) isstrictly decreasing (0, 1]
Also, note that f’(x) is continuous for x > 1.
f/(1)=24In2-81In3+90In2-90In3 <0

9
f’(2)=1921n2—15\/§ln3+60\/§ln2—1\/§ln3>O

1 1
Thus, 3 some x, € (1,2) such that f'(x,) = 0. For x > 2,23* > 64,27x > 1,2*3x > 4
f(x) >64+1+60=125Vx > 2. Graph ofy = f(x),x > 0 is as follow.
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AN

125

Thus, f(x) = 125 has two solutions, ¢« =1 and g where 1 < < 2.
SP.028. Compute:
n
1 [ x*+4x3+12x%* +9x

L= lim= d
noon) (x+3)5 —x5—243
1

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

= nx4+4x3+12x2+9xd _f x(x® +4x2 +12x+9)
=) (x+3)5 —x5—243 7 ) 152 + 90x3 + 270x% + 405x
1 1

L1 [ (P +4a?+ 120+ 9)x _1fx(x3+4x2+12x+9)
T15) x*r6x® +18x2 +27x 7 T 15 ) x(x + 3)(x2 + 3x% + 9)
1
n n
B 1fx(x+1)(x2+3x2+9) B 1f x+3— 1
" 15) x(x+3)(x2+3x+9) 15 x+3
1 1
n
—1”1 ]d—l[ Infx + 3[] = — [ — In(n +3) — 1 + In4]
—15 X X — In|x 1—15n nn n

1

lim (1) = = 1 [1 n(n+3)— L+ -1
o _15 e nin n n 15
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Solution 2 by Washma Nayer-Rawalpindi-Pakistan
Using the Binomial Theorem, we have:
(x +3)% = x° + 15x* + 90x3 + 270x% + 405x + 243
= (x +3)% — x5 — 243 = 15x* + 90x3 + 270x2 + 405x

x* +4x3 +12x% +9x x*+4x3 +12x? + 9x x(x3 +4x% + 12x +9)
= = =
(x+3)5—x5-243  15x*+90x3 +270x%2 +405x 15x(x3 +6x2+ 18x+27)

x*+4x3 +12x2+9x 1 P(x)
= = e
(x+3)5—x5-243 15 Q(x)

From the Rational Root Theorem, we find x = —1 to be a rational root of P(x)
and x = —3 to be the rational root of Q(x) = P(-1) = 0&Q(-3) =0

= By the Factor Theorem, (x + 1) is a factor of P(x) and

(x + 3) is afactor of Q(x). By long division, we get:

x3+4x2+12x+9

1 =x2+3x+9 =2 P(x)=x3+4x2+12x+9=(x+1)(x2+3x+9)

x3 + 6x%+18x +27
x+3

=x*+3x+9 = Q(x) =x3+6x%+18x+27 =

=(x+3)(x*+3x+9)

xr+4x3+12x2+9x 1 P(x) 1 (x+1D*+3x+9) 1 x+1
= =t = —. = —
(x+3)5—x5—243 15 Q(x) 15 (x+3)(x2+3x+9) 15 x+3

1. - .
Now we decompose % into Partial Fractions:

x+1 B A(x+3)+B
LetX = g 4 2 - AP
x+3 x+3

A(x + 3) + B = x + 1 & comparing both sides:

A=18&B=-2=1-1_2
x+3 x+3
f”x4+4x3+12x2+9xd f 1 x+1 f
= =
Gray—w-23 ¥ ) 5 x+3 P 15 x+3 dx

1 n 1
—E{x—ZIn(x+3)}|1—E{n—l—ZIn(n+3)+21n4}

1 (™x*+4x3 +12x% + 9x 1 1 2In(n+3) 2In4
— X =—— — +
nj); (x+3)5—x5-243 15 15n 15n 15n
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Now,
1 (™x*+4x3 +12x%2 +9x

L= lim-
nown), (x+3)5—x5—243

L=l 1 1 Zln(n+3)+21n4
~aoe |15 15n 15n 15n
Sincelim ===, lim—=0, lim22=p,
n—oo 15 15 n—-oo 15n n—-oo 15n
By L'Hospital’'s Rules,
In(n+3 nF2 1
n—-oo n n—-oo 1 n-oon + 3
:>L—1 0 0_|_0_1 L= 1i 1 "x4+4x3+12x2+9xd 1
~15 15 T T %), (x+3)5—x°-243 715

SP. 029. Compute:

n 1
L=l 1 z X sin Tx d
T nboon fx + (1 - k=
k=19
Proposed by Daniel Sitaru — Romania

Solution 1 by Hamza Mahmood-Lahore-Pakistan

We shall use the following theorem: If (c,,) .51 iS @ convergent sequence with
lim,,_,, ¢, = L then limn_,mizz‘zl cx,=1L

Consider a sequence (a,),»; defined as: a,, = [ x sin (mx)

0 x+(1-x)n1-2x dx,

we now find lim,,_,, a,,

N =

dx

1
x sin(mx) x sin(mx)
a, = f ——dx + f —
x+(1—x)nl—2x 1x+(1—x)n1 2x
0
2

1
F0r0<x<E:>0>—2x>—l:>1>1—2x>0:>asn—>00,n1‘2">°—>oo
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1

2
x sin(mrx) ) x sin(mx)

x+(1—x)ni2x 0; lim x+(1—x)nl-2x
0

dx =0

1
ForE<x<1:>—1>—2x>—2:>O>1—2x>—1:>asn—>oo,n1‘2x<°—>

x sin(mrx) x sin(mx)

0=
- x+ (1 —x)nt-2x

= sin(mx)

I x sin(mx) 4 _f in(mx) = 1( 11')_1
nl—>n-}olx+(1—x)n1‘2x x—1 sin(mx) = ——(cosm —cos ) = —

2 2

. _1 . . _1
lim,a, = -= (a,),»1 is a convergent sequence with lim,,_,, a,, = -

. 1 1
so from the above theorem: = lim,,_, ., 522:1 a, =—

. zf x sin(mx) A = 1
oo x+ (1 —x)kl2x -
Solution 2 by Abdelmalek Metidji-Bouira-Algerie
— i z f x sin tx d
T anen x+ (1 —x)k1=2x x

_ x sin tx _r1 (1-x) sinm(1-x)
LetI = fo oz 4% S0, 1 = Jo D+ (1 (1) -2GD dx

fl(l x)k12% sin rx

x+(1-x)k1-2x dx as Sin(n'— 0) = sin 8. So,

1 1

sinmtx (x + (1 — x)k172%
21:f (x +( ) )dx:f
0

. 2
A+ (- Ok smn’xdx—;

So, I = 1
T
I zf x sin wx dox =
~ ahen x+(1—x)k1-2x =

1 1
= lim — z =—llm 21——llm (n)=—1lim1=—
n-on T TTnooon TTnooon T n— oo T
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Solution 3 by Soumitra Moukherjee — Chandar Nagore — India

Let] = fl—xsmm dx = fl—(l_x) sinz(1-x) dx[applying f(x) = f(a + b — x)]

0 x+(1-x)k1-2x 0 xk2x-141-x

1

1
k172*(1 — x) sinmx k1=?*sin mx
| | I
x+ (1 —x)k1-2x x+(1—x)k1-2x
0
1 1
11+ ki-2) f kK**1sinm (1 —x) f sin mx 4
= = =
1—x+ xk2x-1 x+ (1 —x)k1-2x x
0 0
1
0Sx£—1:>02—2x2—2:>121—2x2—1:>k2k1‘2x2E

x—1
x+(1—x)k2x+(1—x)k1‘2"2x—T

1 - 1 - 1
1-x"x+(A-x)k'"2* " x+(1-x)k
k

=
x +

Again,0 < x<1=sin0 <sinmx < sin1

sinm - sin Tx >0
x+—1;x_x+(1—x)k1_zx_

1 1

sinm sin Tx
fidxzf dx=>0

1—x x4+ (1 — x)k1-2x
0o X+t —¢ 0 ( )

sinmx x=0
x+(1-x)k172x

1
L=l 1% x sin tx dx = 0
‘nh%52fx+(1—x)k1—2x *=

k=19

From Sandwich theorems, we have, f01

SP.030. Prove that:

x > 0.0001

T
2
[ f c0s?(2015x) — cos?*(2016x) p
B sinx
T
3

Proposed by Daniel Sitaru — Romania
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Solution 1 by Sagar Kumar-Kolkata-India

T
2
cos(4030x) — cos(4032x)
1= - dx
2sinx
T
3

T
2
2 sin(4031x) sin x
I= - dx
2sinx
T
3

os (4-03 111') — cos (4-03 111')

. ¢ 3 2
sin(4031x) dx = 4031

I =

wl:l\ NS

-1 (1353 +2”)— cos () _ 1 = 0.000124 > 0.0001
- cos T ~ " 72031 800z '

(proved)

Solution 2 by Naren Bhandari-New Delhi-India

dx > 0.0001

T
2
[ = f cos22015x — cos? 2016 x
N sin x
Vs
3

f 2.0 [425] - cos (3)] [psin (25315) sin (3)]
J sin x
3

1

) f[ sin (4931%) . cos (40315) o in () -cos (3)]
J sin x
3

[

T
2
—cos(4031x) (2
I= in(4031x)dx; | = ———F— |- > 1
Jsm( x) dx; 4031 m 0,00
3

3
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1=+ cos (4031%) — cos (40312)] > 0,0001

1
4031

4031 cos ( ) — cos (g)] > 0.0001
1

=—1 > = 10000 >4031-2 ~ I = > —— (proved)
4031-2 10000 4031-2 10000

Solution 3 by Tran Hong-Vietnam

Using: cos? a = 1+C‘Z’SZ“ 'sin? a = 1_“2’—52“ We have:
r r
2 2
[ = f 1[cos(4030x) — cos(4032x) f 2sinx -sin4031
)2 sin x -sinx

E s

3 3
7 ; T os (A031my _ o (4031m)

. 2 3 2
= 4031x)dx = — 4031 = =

Jsm( x) dx 4031cos( x) m 4031
3 3
3

21
_oeos(F) 11
N 4031 8002 10000

UP.016. Compute the limit:

Y

§ -
sinOsec? 0 coso cos 9\ °°t? cot @\5inosec’ o
lim [ In{1+——— (1 + ) (1 + ) do
n_won n n n
4

Proposed by Kunihiko Chikaya - Tokyo — Japan

Solution by Quang Minh Tran - Ho Chi Minh City — VietNam

Forallee[ ] n € N we have:

{ [( sin 0 sec? 0>c°59]}
In|({1+—-——
n

< max In(1 + sin fsec?0) =M,
X€E 51

sin O sec? @
<l|cosO| - In|{1+— | <
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cos 0 cot O
(1+=)
n

7]
S(1+C > ) < (1 + cos B)c°t? <
n

cot@

< max (1 + cos9)°t? = M,

ik

sin 8-sec? @

to :
< (1 + 20 ) < (1 +cotg)sinesec’d <
n

sin6-sec?

cotO
(1+50)
n

< max (1 + cot g)sinosec*0 =
T 3

*€l3g

Soforall@ e Eg] .1 € N exists M > 0 such that:

sin @ sec? 8\’ cos 6\ °°t? cot Oy Sino-sec? 0
{ln[<1+7> ]}[(1+ ) .[(1+ ) ] <M
n n n
mT )
Forall 6 € [Z’E] we have:
sin 0 sec? 9\ “**° cos 0\ °t? cot @ Sin@sec’ o
limln<1+—> (1+ ) (1+ ) —o
n—- oo n n n
Use Lebesgue dominated convergence theorem we have:
T
3 0 . 2
sin @ sec 6\ cos 6\°? cot @\ inosec”o
lim ln<1+—> (1+ ) (1+ ) do =
n—>oon n n n
7
T
3
= f 0:-do=0
T
7
UP.017. Let {a,,} be a sequence defined inductively by
1 ! n2—2n—1( 1,2,3,..)
a,=1,a =—a,+——5 n=1,2,3,..).

Find the greatest value of n such that a; + a, + --- + a,, is minimized.
Proposed by Kunihiko Chikaya — Tokyo — Japan

Solution 1 by Ravi Prakash-New Delhi-India
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1 n?-2n-1

an+1:Ean+m,Vn21
12 1 2 1 2\
=T G D R e e 7 =2 (@ ) Y2

by=1-2=-1andbn =3b,Vn =1 b, = (%)"'1 by = _(1)"‘1

n-1

1 1
anzm—(i) vn=>1
2 1 1 2 1 2 1
al:1’a2:0’a3:E_Z:_E;a“:E_ﬁ:O;as:E_§>O

As2" >n’vn>5wegeta, >0vn=>5. Lets,=a, +a,+ - +a,, then

o _ _ 35 _ 35 _
si=a;=1,s,=1,s; = 3654 = 35 S5 =S4+ a5 > 54 Infact s, ;1 > s, > 55 > 54

vn > 5. Thus, s,, is minimum when n = 3 or 4.

Solution 2 by Shafiqgur Rahman-Bangladesh

1 n>-2n-1 . - 2n+l 2n -
an+1:Ean+m=>2an+1—2 an:m—?:z a,—a; =
_2n 2 1

n n
_ N2 1o 1 /11 1y, 1 _
Sn_zak_Z(F_ZH_l)—ZHn —2+F—2(§+§++F)+2n_1_
k=1 k=1
2 1 35 35 3563
=Sn_1+n—2—2n—_1.Here51=1,SZ=1,53=£,S4=£,55Zm&5n>5n_lwhen

n = 5.5So0 minimum value of §,, is %When n = 3,4. Thus the greatest value of n = 4.

UP.018.

T
4
Jcosx T, o 2 J2—-1 152
[ (ef-1) +
T
6

Proposed by Soumitra Mandal — Chandar Nagore — India
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Solution by proposer

a bc 1) AT ,then

LetA:(1 )

=0 S Q
QT a M=

/1+z 2(a+bc)\
A4 cyc
kZ(a+bc) 1+z )

cyc
Applying Cauchy - Binetdet(4 - AT) > 0 = 1+ ¥ ,.a* > 2(a + bc)

T 2 1 Vcos x

putting b = cosx,cZiandazeﬁ,then(elz—1) +cosx+x—222 . then

integrating both sides

n E r
1 1
T % 12 d 2 \/cosx
E(e—)+fcosxx+fxz_f
n n n
6 6
n
1
:>n'(% 1)2+ V2 — 1 152 f\/cosx
24 \°
Vs
6

UP.019. Let E = (n, k, p) be the total number of (x4, x5, ..., x,,) for which

X1 + Xy + -+ xp is a perfect k power when the integers x4, x5, ..., x,, are selected
independently at random from the set {1, 2, ..., n}. Compute: lim,,_, E(:k’—\;";) for
p=2;"p=3.

Proposed by Mihaly Bencze — Romania
Solution by proposer

V] v
p=2Emnk?2)=2 z i* — z i — [¥n] + (2n+ 1) ([Vzn - [¥n]))
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k k
and lim,,_, ,:/;] = lim,,_, [,:/ﬁ] V2

Z[m] jk = Z‘/— ~and finally lim,, ., Emk2) _ 2k = (V2 -1)

lim
n-oo ko nkm T k+1

UP.020. Ifx, € R (k=1,2,... ,n) then:

= n - x2
(Z (k+1)> n+1kZ1k(k+1)

Proposed by Mihaly Bencze — Romania

Solution by proposer

=1 ’ . 1 1 :
<;k(k+1)xk> :<kzl\/k(k+1)\/k(k+1)x"> =

2 2
N 1 N 1

n n n
-Z(l Y s e
N k k+1 k(k+1) n+1ZLk(k+1)

k=1 k=1

k=1

UP.021. Prove that:

dx - T
. \/1 — x2 + x2015 _ 42016 2

Proposed by Soumitra Mandal — Chandar Nagore — India
Solution by Ravi Prakash - New Delhi — India
For0 <x <1,1—x%+x2015 — x2016 = (1 — x)[1 + x + x2015] > 0
AlSO, xZ _ xZOlS + x2016 — xZ + x2016 _ x2015 > 2(x1009) _ x2015
— x1009 + x1009 _ xZOlS >0=>1-— xZ + x2015 _ x2016 <1
0 <1—x2+x2015 _ 42016 < 1 (1)

Also, x2015 — x2016 — 42015(1 _ x)>Q0for0 <x <1
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=>1—x%+x%015 —x2016 > 1 42 (2) 0<x<1l.From(l)and(2)for0<x<1

1 1

1—x2<1—x2+x2015 _ 2016 <1 5 1< <
\/1—x2 + x2015 _ 42016 /1 — x?2

1
dx b4

1<f <—
J \/1_x2+x2015_x2016 2

UP.022. Let ABC be a triangle with the area S and denote by r,r,, rj, 1. inradius,

exradii respectively. Prove that:

0 3
(2 + 1) (2 + 1y )@ + 1) 2 () (8)?

Proposed by Nguyen Viet Hung — Hanoi — Vietam

Solution by Soumava Chakraborty — Kolkata — India

(rZ + rarb)(rZ + rbrc) (rZ + rcra) = r6 + T4 (z rarb) + rzrarbrc (z ra) + (rarbrc)Z
s2 s2\?
=18+ ris?+r? <7> (4R + 1)+ <7>

SZ
r,r,=s%r,rnr,=—:; r,=4R+71|=71% +1r*s?2 + r3s2(4R + r) + r’s*
a'b a’ b’ c r a

1000

2¢2
27rS

(2 + 1) +rpr)(r +r.ry) =

2

& ré + 152 + rts? + 4Rr3s% + rist > ris

& 271% — 9461%s? + 27r%s* + 108Rr3s* > 0
& 27r* — 9461%s* + 27s* + 108Rrs>2 >0 (1)
Now, 27r* — 946r?%s? + 27s* + 108rs? > 27r* — 9461%s% + 27s* + 2161?%s?
(R =2r)
=27r* —7301r%s%? + 27s* = (27r% — s2)(r?2 — 27s%) = (s2 - 27r?)(27s* —1r2) >0

Gerretsen Euler
<s2 S  16Rr—5r2 5 32r:—5r%= 27r2>. (1) is proved (Done).
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UP.023. If x,y,z,z,b,c > 0 then:

(x + y>b+c (y + Z>C+a (z + x>a+b o (x4 y)b—C(y (s x)a_b
2x 2y 2z
Proposed by Mihaly Bencze — Romania
Solution by proposer
Wehave% @(y—z)2>0:>

<y+z)(z+x)> x+z

J""Z

IV

<<Z+x)(x+y)>b y+x

z+x
G+ +2)\ (222
\ 4xy - x+y

T - - x+y btc b—
After multiplication we obtain: [] (?) > [1(x + y)b-c

UP.024. Calculate:

[0¢]

1
arctanh (—)
).

n=2
where F,, is the n th Fibonacci number.

Proposed by Cornel loan Vélean — Romania

Solution by Hamza Mahmood-Lahore-Pakistan

Compute ).;°_, arctanh (Fi) where F,, is the nth Fibonacci number with F; = 1
2n

The nth Fibonacci number can be expressed as:

el Y5
A= 03]

:>F2n:
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3+4v§ 1 _ 2 _ 3-5

Leta=——=>"=35%""7

1 { . (1)"} a?"-1 F,,+1 a*™++5a"-1
—lan— (=) t= = =
a Vs5a®  Fzz—1 a2 — /5" —

Now arctanh(x) = —ln (1+x) x<1

i 1 1)1 M) -1 (M)
Since F,, >1forn>=2>= o < 1 = arctanh (an) =3 In (an_l = Zln TP

owas (-1) = a- L2275 = Faa(-) =

B AT R e
a?"—V5a"-1  g2n_ (a+( ))a"+(a)( ) a%n— (a+( ))a"+(a)(——)

So,

an v Bar—1 (a"—1)(a"+a)
= =
—\/ga"—l (an_a)(an+%)

x2—(p+qdx+pg=x—-p)x—q)

a
— \/’ga" -1 B a(an—1 _ 1) (an + %) - (an—l — 1)(an+1 + 1)

n 1 n-
a’m + \/gan -1 3 (a ——) a(a 14 1) 3 (an+1 _ 1)(an—1 + 1)

ln{EZ:ii : i;EZ:;i : i;} = ln(a"+1 — 1) - ln(an—l — 1) + ]n(an—l + 1) _ ln(a"“ + 1)

Now

D arctans () = 1 (=)

n=2

(0]

z arctanh (Fi) = %[{ln(a3 —1)+In(a* - 1) +In(a® - 1) + In(a® - 1) + -}
2n

n=2

—{In(a-1)+In(a®?-1)+In(a®-1) +In(a* - 1) + ---}
+{In(a + 1) +In(a? + 1) + In(a® + 1) +In(a* + 1) + In(a’ + 1) + -}
—{In(a® + 1) + In(a* + 1) +In(a® + 1) + - }]

z arctanh (FL) = %{— Infa—1)—-In(a? -1)+In(a+1) +In(a? + 1)} =
2n

n=2
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1 {(a +1)(a% + 1)}

“2M@-D@-1
Sincea:3+‘/§:>a+1=5+Zﬁ,a—1:1+zﬁ, Z=7+:ﬁ,a2+1:9+:ﬁ,
) 5+3v5
ac — :T

(a+1)(a2+1)_(5+\/§)(9+3\/§)_45+15\/§+9\/§+15_60+24\/§_3
(a-1)(@®-1) (1++5)(5+3V5) 5+3V5+5V5+15 20+8Y5

1 1
z arctanh (F_Zn> = Eln 3=1InvV3

n=2

UP.025. Compute:

lim (3 G+ 1)l - Val) - Y2

n—ooeo
Proposed by D. M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Soumitra Moukherjee - Chandar Nagore - India

x,=Yn'=>Inx, = iln n! . Using Stirling’s formula,

1 1
Inn! =lnv2n+(n+i)lnn—n+0(—)

n
1 1 1 1 1 1 1

Inx, Zﬁlnn! Zﬁlnv2n+§(1+ﬁ)lnn—§+§0(ﬁ>

1

1
Inx,,.¢ =—ln\/211'+§(1+2

3(n+1) ﬁ)l"("“q)_%“%o(;)

(n+ 1)?

1 1 _ In2mw +1l (1+1)+ 1 In(n + 1) 1l +0(1)
N Xneg = M Xn = 6n(n+1) 3" n 6(n+1)nn on " n2

Using Lagrange’s Mean Value Theorem:

1
Inx,, , —Inx, = (x4 — xn); where c,, € (x,,, X;+1)

. 1
Also, limy,_,e €5 = Z; YnZ(nx,,; —Inx,)

3 3 3\/ _3V V —
_ _Yn?m2n 4+ Yn? In (1 _,_1) _,__"Zln(n +1) — n’ In+¥nZ0 ( 12)' Now,
= n 6n n

6n(n+1) 6(n+1)
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lim Yn2(nx,,; —Inx,) =0

n-oo
1
lim Yn2 (x,,1 — x,,) = p lim Yn2(na,,; —Inx,) = 0
n—-oco

lim Ynz ("3 +1)! - *¥al) = 0

n—-oo

UP.026. Compute:

. n+1 n vn
R <¢m - m)
Proposed by D. M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution by George - Florin Serban — Romania
Proposition: Let be the sequence:

Aniq

a a n
=1,lim —= =a € (0,»), lim ( "+1) =b,

(an)n217 a, = 0, lim
a,

n—-oo an n-oo N n—-oo
then lim,,_,.(a,,; —a,) =alnb

Solution:

n
an ——(an+1—an)
ani1\" Qi1 — Ap\ampr—an | "
( n ) — (1+( n n) n+1 n
a’n a’n

n
an ]an(an+1—an)

In (arrl:l)n = In [1 4+ (an+;_ a’n)an+1_an
n

n an

an
a a n a —-a -
fln ( n+1) — (an+1 _ an) In [1 + ( n+1 n)an+1 an]’

. Ani1 — Ay . Api1 . a,
lim—— = 1lim —lim—=1-1=0,

n—oo n

a

Then lim,_,. In [(1 + (M)a’”l_a"] =1lne =1, then

an

an
. ap Api1 " . Ani1 — Ap\api1-a
llm—ln( =lim(a,,; —a,)In|(1+(—— )" |,
n-oo N an n—-oo an
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n
) = lim(a,,; — a,) = a(lnb).
n—-oo

n

vn
1= lim( nel ¢ > _
noo \2n+ DI B/ @2n-1)!

- (e DL R >ﬁ.<i)““
S\ [Gn ) Vn+1 ®/@n-1D1) W/
L Vm
N

. ((n+1)Vn+1 m \" 1"
l = llm <2n 2 - 2 > . ( )
noo \ 72/ n+ 1)1 2f(2n — 1!
Vn
= lim @ - @) (7]

a,
=———— lim— = lim

a n\/ﬁ L lim " n—n —
"nmnoDi e n  me2fGp_nn  [we [2n-1)!

= |y (m+1r(n+1) (2n—1)!
T ST @Dl ar

n

.oa, . 1 n+1 e
lim— = llm<1+ ) 2
n-o N n-o n 2n+1
a, a n n+1
lim =2 = Jjm 2L . — . =~ f f 1=1,
noo Ay noon+ 1 a,

e (Aen\" (e DVR+1 (@2 -1)!
b= rlll—>n;>< a, ) B }ll—>nolo <2"+2/(2n + 1) m/n >
_ i (@D " NGRS

2n+2/(2n+ 1)” ’n—»oo n\/_

n—-oo
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_n_ nnl

(A@n -1\t [ =]/@n-1)! '
b=lim|—— = |lim B =
noo\ V2Zn+1 noe | | (2n+1)"

. 2n+1)! 2n+1)"
= S Zn+3)(2n+3) Cn- DI

2n+3 -2n
b I 2n+1\" 2n+1 lim (1 —2 \ -2 Zn+3 -1
= . = + = -1 = 2
nLTo(Zn+3) 2n + 3 nLTo( 2n+3) e =€

2n+1_
b 2n+3

e 1 -1 e
lim(a,,; —a,)=a-Inb = /E-lne 2=—
n—-oo

2 N2
1=l 1\"_ -1 ®o0=0
—nLll.}o(an+1—an)'(ﬁ) —5 4z’ 'Y

UP.027. If I': (0, ) — (0, o) is Euler’s function, compute:

Vx
. x+1 X
lim —

TN+ 2))ﬁ (r(x+ 1))%

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Feti Sinani-Kosovo

x—1

r(x)~ (x%l) JZr(x—1) = T(x) = (%)x_lm +

o (5 )

In (x—-gl)x+1,/21t(x+1)(1+o(1))>
1 _InT(x+2)
(x+1)Ir(x+2)2x+2=(x+1e  2x+t2 =(x+1e 2x+2 =

x2

3 Ve InV2m 1 In(x+ 1) 1))
SV EE e g\ e T\ g) )T
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SN 1+$+o<13> 1+o<11> = VevE+o(1) (x- w)

x2 x2

xl‘(x+1)_%=x£ 1—lnm+o<i> 1_111_x+0<i> =+eVvx+o0(1)
Vx x

AN\ TETG

NE
~ lim x+1 T x = lim eﬁln(o(1)+) —e®=0

TE\rM(x +2)2xvz T(x+1)2x X2
UP.028. Let be f: (0, ) — (0, o),
(m+1)(x+2) (m+1)(x+1)

f(x)=(x+1) 1 —x =+ ;me€[0,0).Compute:

lim f_(x)

X—00 xm

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by Marian Ursédrescu — Romania

(m+1)(t+1)
Letg:[x,x+1] >R g(t) =t ¢ .FromLagrange theorem we have: 3x € (x,x + 1).

(m+1)(x+2) (m+1)(x+1)

Such that% =g'(c)>(x+1) =1 —x =« =

(m+1)(c+1) 1
=c c [(m+1)(—t—2)lnc+(m+1)

c+1 1]
c

(m+1)(c+1)[ lnc|c+1]
(m+1)c ¢ L e2 " 2

- (1)

Because ¢ € (x,x + 1) and x — o we calculate this.

Dr Inx x+1
(m+ 1)x(m+1)(1+x) — + ] m+1 [ Inx x+ 1]

f(x)

xm

= lim,_, =lim,_

2 2
lim X X l=@m+1)limx *x -x|-—+ =
xX—00 xm x— 00 x?2 x?

m+1

. 1 1
=(m+ Dlime o x » [-25+522] (2)
m+1

1
lim, ,,x « =e x

limx_momTHJn x L’:H e(m+ 1) lim,_, o0

—ed=1 (3)
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lim, ., — 2 lim, ., ~ 1= 0 (4)
lim, o, “ = 1 (5). From (1)+(2)+(3)+(4)+(5) = lim,.., S22 =m + 1.
2 1 x+y
UP.029. Let x,y € (0, »). Prove that =arctan(x + y) arctan (—) <
4 x+y 4xy+1

Proposed by Daniel Sitaru — Romania
Solution by Anas Adlany - Khemis Des Zemamra — Morroco

— — 2 ad
Putx+y=sandp =xythens 24p<:)1+52<1+4p

So it suffices to show that 2 arctan(x + y) arctan (i) <
T x+y.

_2 2
or arctan(s) - (arctan(s))? < e

arctan(s) <s
S

1+s2

But we know that {arc tan(s) >

2
= arctan(s) — % (arctan(s))? <s — % (1;2) < 1+SSZ < 1+S4p as desired.

UP.030. Prove that:

n km-1 4 (k + 1)m—1 + (k + Z)m—l
kZ1 2k + 3)kmt1 + 2(k + 1)™+2 + 2k + 1)(k + 2)m*1

<1 1
=8 4(n+1)(n+2)

foralln,m € N*,
Proposed by Mihéaly Bencze — Romania
Solution by proposer
First we show that for all x,y,z > 0 and m € N* we have
™y +2) +y™tH(z + x) + 2" (x + y) 2 2xyz(xm T+ ym T+ 2m )
Proof.

%+%2xm‘1+y"‘1(x,y>0). Ift:i—:>0:>tm+1+12tm+t@
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-1+t 2+ +t+1)>0

YRS O I e

Ifk=k;y=k+1,z=k+ 2then

km—l + (k + 1)m—1 + (k + Z)m—l B
(2K + 3)kem+ 1+ 2(k + 1)™+2 + 2k + 1) (k + 2)"+

=

km—l + (k + 1)m—1 + (k + Z)m—l
<
(k+1+k+2)k"+1+(k+k+2)(k+1)"+1+(k+k+1)(k+2)"+1 -

1" 1% 1 1 1
EZk(k+1)(k+z)_EkZ(2k k+1 2(k+2)) 8 2+ Dn+2)



