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2101. Find: 

ષ = න
࢞܏ܗܔ

√࢞૛ + ૚

૚

૙
 ࢞ࢊ

Proposed by Ghulam Shah Naseri-Afghanistan 
Solution 1 by Bamidele Oluwatosin-Nigeria 

ષ = න
࢞܏ܗܔ

√࢞૛ + ૚
࢞ࢊ

૚

૙
= ෍൬

૛࢔
࢔ ൰

(−૚)࢔

૝࢔ න ࢞૛࢔ ܏ܗܔ ࢞
૚

૙
࢞ࢊ

ஶ

ୀ૚࢔

= 

= ෍൬
૛࢔
࢔ ൰

(−૚)࢔

૝࢔ ቈ
࢞૛࢔ା૚

૛࢔+ ૚ ܏ܗܔ ࢞ −
࢞૛࢔ା૚

(૛࢔+ ૚)૛቉
૙

૚ஶ

ୀ૙࢔

= 

= −෍൬
૛࢔
࢔ ൰

(−૚)࢔

૝࢔(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

= −෍
ડቀ࢔ + ૚

૛ቁ ડ(૛࢔+ ૚)ડ(૛࢔+ ૚)

ડ ቀ૚૛ቁ ડ(૛࢔+ ૛)
(−૚)࢔

ஶ

ୀ૙࢔

= 

= −෍
ቀ૚૛ቁ࢔

ቀ૚૛ቁ࢔
ቀ૚૛ቁ࢔

ቀ૜૛ቁ࢔
ቀ૜૛ቁ࢔

∙
(−૚)࢔

ડ(࢔+ ૚)

ஶ

ୀ૙࢔

 

࢔ࢇ =
ડ(ࢇ+ (࢔
ડ(ࢇ) −  ࢔࢕࢏࢚ࢇ࢚࢔ࢋ࢙ࢋ࢘࢖ࢋᇱ࢙࢘࢘ࢋ࢓࢓ࢇࢎࢉ࢕࢖

૜ࡲ૛(࢈,ࢇ, ,ࢉ ;࢞,࢟; (ࢠ = ෍
࢔(ࢉ)࢔(࢈)࢔(ࢇ)

࢔(࢟)࢔(࢞)
∙

࢔(ࢠ)

ડ(࢔+ ૚)

ஶ

ୀ૙࢔

= −૜ࡲ૛ ൬
૚
૛ ,
૚
૛ ,
૚
૛ ;
૜
૛ ,
૜
૛ ;−૚൰		 

Solution 2 by Rana Ranino-Setif-Algerie 

ષ = න
܏ܗܔ ࢞

√࢞૛ + ૚
࢞ࢊ

૚

૙
=࢞ୀܐܖܑܛ ࢚ න ࢎ࢔࢏࢙)܏ܗܔ ࢚ࢊ(࢚

൫૚ା√૛൯܏ܗܔ

૙
= න ܏ܗܔ ቆ

૚ − ૛࢚ିࢋ

૛࢚ିࢋ ቇ
൫૚ା√૛൯܏ܗܔ

૙
࢚ࢊ = 

= න ૚)܏ܗܔ − (૛࢚ିࢋ
൫૚ା√૛൯܏ܗܔ

૙
࢚ࢊ − න ࢚ࢊ૛܏ܗܔ

൫૚ା√૛൯܏ܗܔ

૙
+ න ࢚

൫૚ା√૛൯܏ܗܔ

૙
࢚ࢊ = 

=
૚
૛ ܏ܗܔ

૛൫૚ + √૛൯ − ൫૚܏ܗܔ + √૛൯ ૛܏ܗܔ + න ૚)܏ܗܔ − (૛࢚ିࢋ
൫૚ା√૛൯܏ܗܔ

૙
࢚ࢊ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ࡷ

 

ࡷ = න ૚)܏ܗܔ] − (࢚ିࢋ + ૚)܏ܗܔ + ࢚ࢊ[(࢚ିࢋ
൫૚ା√૛൯܏ܗܔ

૙
=

࢟ୀࢋష࢚

−න ቆ
૚)܏ܗܔ − ࢟)

࢟ +
૚)܏ܗܔ + ࢟)

࢟ ቇ
√૛ି૚

૚
 ࢚ࢊ
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ࡷ = (࢟)૛࢏ࡸ] + √૛(−࢟)]૚࢏ࡸ
૛ି૚ = ൤

૚
૛࢏ࡸ૛

(࢟૛)൨
૚

√૛ି૚

=
૚
૛࢏ࡸ૛൫૜ − ૛√૛൯ −

૚
૛࢏ࡸ૛

(૚) 

 ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ

න
࢞܏ܗܔ

√࢞૛ + ૚
࢞ࢊ

૚

૙
=
૚
૛࢏ࡸ૛൫૜ − ૛√૛൯ +

૚
૛ ܏ܗܔ

૛൫૚ + √૛൯ − ൫૚܏ܗܔ + √૛൯ ܏ܗܔ ૛ −
࣊૛

૚૛ 

 
2102. Prove that: 

࣒൬
ૠ
ૡ
൰ − ࣒൬

૜
ૡ
൰ = ࣊ (૛)ࢍ࢕࢒ − ૛√૛ +൫૚ࢍ࢕࢒ √૛൯, 

 ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢓࢓ࢇࢍ࢏ࢊ	ࢋࢎ࢚	࢙࢏	(࢞)࣒	ࢋ࢘ࢋࢎ࢝
Proposed by Vasile Mircea Popa-Romania 

Solution by Pham Duc Nam-Vietnam 
∗ :ࢋ࢙ࢁ (ࢗ,ࢇ)ࢊࢉࢍ:(૚ૡ૚૜)࢙࢙࢛ࢇࡳ	࢟࢈	࢚࢟࢏࢚࢔ࢋࢊ࢏ = ૚,૚ ≤ ࢇ < ,ݍ  :࢔ࢋࢎݐ

࣒൬
ࢇ
ࢗ
൰ = −ࢽ− (ࢗ૛)ࢍ࢕࢒ −

࣊
૛
࢚࢕ࢉ ൬

ࢇ࣊
ࢗ
൰ + ૛෍ ࢙࢕ࢉ

૛࣊࢑ࢇ
ࢗ

ࢗ
૛

࢑ୀ૚

࢔࢏൬࢙ࢍ࢕࢒
࣊࢑
ࢗ
൰ (ૠ,ૡ)ࢊࢉࢍ,

= ૚,ࢊࢉࢍ(૜,ૡ) = ૚ 

⇒ ࣒൬
ૠ
ૡ
൰ = −ࢽ− −(૚૟)ࢍ࢕࢒

࣊
૛
࢚࢕ࢉ ൬

ૠ࣊
ૡ
൰ + ૛෍࢙࢕ࢉ

૚૝࣊࢑
ૡ

૝

࢑ୀ૚

࢔࢏൬࢙ࢍ࢕࢒
࣊࢑
ૡ
൰ 

࣒൬
૜
ૡ
൰ = −ࢽ− −(૚૟)ࢍ࢕࢒

࣊
૛
࢚࢕ࢉ ൬

૜࣊
ૡ
൰ + ૛෍࢙࢕ࢉ

૟࣊࢑
ૡ

૝

࢑ୀ૚

࢔࢏൬࢙ࢍ࢕࢒
࣊࢑
ૡ
൰ 

⇒ ࣒൬
ૠ
ૡ
൰ − ࣒൬

૜
ૡ
൰

= −
࣊
૛
൬࢚࢕ࢉ

ૠ࣊
ૡ
൰ +

࣊
૛
࢚࢕ࢉ ൬

૜࣊
ૡ
൰ + ૛෍ ࢙࢕ࢉ

૚૝࣊࢑
ૡ

૝

࢑ୀ૚

࢔࢏൬࢙ࢍ࢕࢒
࣊࢑
ૡ
൰

− ૛෍࢙࢕ࢉ
૟࣊࢑
ૡ

૝

࢑ୀ૚

࢔࢏൬࢙ࢍ࢕࢒
࣊࢑
ૡ
൰ 

=
࣊
૛
൬࢚࢕ࢉ ൬

૜࣊
ૡ
൰ − ࢚࢕ࢉ ൬

ૠ࣊
ૡ
൰൰

+ ૛ቌ࢙࢕ࢉ
ૠ࣊
૝
࢔࢏࢙ࢍ࢕࢒

࣊
ૡ

+ ࢙࢕ࢉ
ૠ࣊
૛
࢔࢏࢙ࢍ࢕࢒

࣊
૝ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ୀ૙

+ ࢙࢕ࢉ
૛૚࣊
૝

࢔࢏࢙ࢍ࢕࢒
૜࣊
ૡ

+ (ૠ࣊)࢙࢕ࢉ ࢔࢏࢙ࢍ࢕࢒
࣊
૛ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

ୀ૙

− ࢙࢕ࢉ
૜࣊
૝
࢔࢏࢙ࢍ࢕࢒

࣊
ૡ
− ࢙࢕ࢉ

૜࣊
૛
࢔࢏࢙ࢍ࢕࢒

࣊
૝ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ୀ૙

− ࢙࢕ࢉ
ૢ࣊
૝
࢔࢏࢙ࢍ࢕࢒

૜࣊
ૡ
− (૜࣊)࢙࢕ࢉ ࢔࢏࢙ࢍ࢕࢒

࣊
૛ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

ୀ૙

൱ 
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=
࣊
૛
൬࢚࢕ࢉ ൬

૜࣊
ૡ
൰ − ࢚࢕ࢉ ൬

ૠ࣊
ૡ
൰൰

+ ૛ ൬࢙࢕ࢉ
ૠ࣊
૝
࢔࢏࢙ࢍ࢕࢒

࣊
ૡ

+ ࢙࢕ࢉ
૛૚࣊
૝

࢔࢏࢙ࢍ࢕࢒
૜࣊
ૡ
− ࢙࢕ࢉ

૜࣊
૝
࢔࢏࢙ࢍ࢕࢒

࣊
ૡ

− ࢙࢕ࢉ
ૢ࣊
૝
࢔࢏࢙ࢍ࢕࢒

૜࣊
ૡ
൰ 

∗ Known: ࢙࢕ࢉ
࣊
૝

= ࢔࢏࢙
࣊
૝

=
√૛
૛

, (࢞)࢙࢕ࢉ = ࢙࢕ࢉ ቀ૛.
࢞
૛
ቁ = ૛ ૛࢙࢕ࢉ ቀ

࢞
૛
ቁ − ૚ ⇒ ቀ࢙࢕ࢉ

࢞
૛
ቁ

= ±ඨ
૚ + (࢞)࢙࢕ࢉ

૛
,since	

࣊
ૡ

<
࣊
૛
⇒ ࢙࢕ࢉ

࣊
ૡ

> 0 ⇒ ࢙࢕ࢉ
࣊
ૡ

= ඩ૚ + √૛
૛

૛

=
ඥ૛ + √૛

૛
 

⇒ ࢔࢏࢙
࣊
ૡ

= ට૚ − ૛࢙࢕ࢉ
࣊
ૡ

=
ඥ૛ − √૛

૛
, ࢔࢏࢙

૜࣊
ૡ

= ൬࢙࢕ࢉ
࣊
૛
−
૜࣊
ૡ
൰ = ࢙࢕ࢉ

࣊
ૡ

, ࢙࢕ࢉ
ૠ࣊
૝

= ࢙࢕ࢉ
ૢ࣊
૝

= ࢙࢕ࢉ
࣊
૝

, ࢙࢕ࢉ
૛૚࣊
૝

= ࢙࢕ࢉ
૜࣊
૝

= ࢙࢕ࢉ−
࣊
૝

 

∗ ൬࢚࢕ࢉ
૜࣊
ૡ
൰ − ࢚࢕ࢉ ൬

ૠ࣊
ૡ
൰ = ቀ࢔ࢇ࢚

࣊
ૡ
ቁ + ࢚࢕ࢉ ቀ

࣊
ૡ
ቁ = 

૚

ૡ࣊࢔࢏࢙ ࢙࢕ࢉ
࣊
ૡ

=
૝

ቀඥ૛ − √૛ቁ ቀඥ૛ + √૛ቁ
=

૝
√૛

= ૛√૛ 

⇒ ࣒൬
ૠ
ૡ
൰ −࣒൬

૜
ૡ
൰

=
࣊
૛

.૛√૛

+ ૛൭
√૛
૛
ࢍ࢕࢒

ඥ૛ −√૛
૛

−
√૛
૛
ࢍ࢕࢒

ඥ૛ + √૛
૛

+
√૛
૛
ࢍ࢕࢒

ඥ૛ − √૛
૛

−
√૛
૛
ࢍ࢕࢒

ඥ૛ + √૛
૛

൱ 

= (૛)ࢍ࢕࢒࣊ + ૛൭√૛ ࢍ࢕࢒
ඥ૛ − √૛

૛
− √૛ ࢍ࢕࢒

ඥ૛ + √૛
૛

൱ = ࣊ (૛)ࢍ࢕࢒ + ૛√૛ࢍ࢕࢒ඨ
૛ − √૛
૛ + √૛

= −(૛)ࢍ࢕࢒࣊ ૛√૛ࢍ࢕࢒ඨ
૛ + √૛
૛ − √૛

= ࣊ (૛)ࢍ࢕࢒ − ૛√૛ ඨࢍ࢕࢒
૟+ ૝√૛

૛
 

= ࣊ −(૛)ࢍ࢕࢒ ૛√૛ࢍ࢕࢒ቆට૜ + ૛√૛ቇ = ࣊ −(૛)ࢍ࢕࢒ ૛√૛ ቆට൫૚ࢍ࢕࢒ + √૛൯
૛
ቇ

= ࣊ (૛)ࢍ࢕࢒ − ૛√૛ࢍ࢕࢒൫૚ + √૛൯  

2103. Show	that	1+√૞ +ඥ૞+ ૛√૞	is	the	zero	of	the	quartic	equation:	 
࢞૝ − ૝࢞૜ − ૚૝࢞૛ − ૝࢞ + ૚ = ૙,	and	also	the	following	relation	holds: 
ૡ + ඥ૚૙ − ૛√૞ + √૚૞ + √૜

ට૜૟ − ૝√૞ − ૝ඥ૜૙ + ૟√૞
ቆ૚ −

ૡ

૝ + ඥ૚૙ − ૛√૞ + √૚૞ + √૜
ቇ = 1+√૞ + ට૞ + ૛√૞ 

Proposed by Naren Bhandari-Bajura-Nepal 
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Solution by Pham Duc Nam-Vietnam 
 

∗ Solve:࢞૝ − ૝࢞૜ − ૚૝࢞૛ − ૝࢞ + ૚ = ૙,࢞ = ૙	is	not	satisϐied,	devide	both	sides	by	࢞૛ 

⇔ ࢞૛ − ૝࢞ − ૚૝ −
૝
࢞

+
૚
࢞૛

= ૙ ⇔ ൬࢞૛ +
૚
࢞૛

+ ૛൰ − ૝൬࢞ +
૚
࢞
൰ − ૚૟ = ૙ 

⇔ ൬࢞ +
૚
࢞
൰
૛

− ૝൬࢞ +
૚
࢞
൰ − ૚૟ = ૙

⇔

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
ݔ +

૚
࢞

= ૛ − ૛√૞ ⇔ ࢞૛ − ࢞൫૛ − ૛√૞൯ + ૚ = ૙ ⇔

⎣
⎢
⎢
ݔ⎡ = 1− √૞ − ට૞ − ૛√૞

ݔ = 1− √૞ + ට૞ − ૛√૞

ݔ +
૚
࢞

= ૛ + ૛√૞ ⇔ ࢞૛ − ࢞൫૛ + ૛√૞൯ + ૚ = ૙ ⇔

⎣
⎢
⎢
ݔ⎡ = 1 + √૞ − ට૞ + ૛√૞

ݔ = 1 + √૞ + ට૞ + ૛√૞

 

⇒ 1+√૞+ ට૞ + ૛√૞	is	the	zero	of	the	quartic	equation:	࢞૝ − ૝࢞૜ − ૚૝࢞૛ − ૝࢞ + ૚ = ૙ 

∗ ቆට૚૙ − ૛√૞+ √૚૞ + √૜ቇ
૛

= ૛ૡ + ૝√૞ + ૛ට૚૞૙− ૜૙√૞+ ૛ට૜૙ − ૟√૞

= ૛ૡ + ૝√૞ + ૛√૞ට૜૙− ૟√૞ + ૛ට૜૙ − ૟√૞ 

= ૛ૡ + ૝√૞ + ට૜૙− ૟√૞൫૛√૞ + ૛൯ = ૛ૡ + ૝√૞ + ૛ට൫૜૙ − ૟√૞൯൫√૞ + ૚൯
૛

= ૛ૡ + ૝√૞ + ૝ට૟൫૞ + √૞൯ = ૝ቆૠ + √૞ + ට૟൫૞ + √૞൯ቇ

= ቌ૛ඨૠ + √૞ + ට૟൫૞ + √૞൯ቍ

૛

 

⇒ ૡ +ට૚૙− ૛√૞ + √૚૞ + √૜ = ૡ + ૛ඨૠ + √૞+ ට૟൫૞ + √૞൯ 

⇒
ૡ +ඥ૚૙− ૛√૞ + √૚૞ + √૜

ට૜૟ − ૝√૞ − ૝ඥ૜૙ + ૟√૞
ቆ૚ −

ૡ

૝ + ඥ૚૙ − ૛√૞+ √૚૞ + √૜
ቇ

=
૝ + ඨૠ + √૞ +ට૟൫૞ + √૞൯

ඨૢ − √૞ −ට૟൫૞ + √૞൯
⎝

⎜
⎜
⎛−૛ +ඨૠ + √૞ + ට૟൫૞ + √૞൯

૛ +ඨૠ + √૞ +ට૟൫૞ + √૞൯
⎠

⎟
⎟
⎞
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=

ቌ૝ +ඨૠ + √૞ + ට૟൫૞ + √૞൯ቍቌ−૛ +ඨૠ + √૞ +ට૟൫૞ + √૞൯ቍ

૛

ඨቆૢ − √૞ − ට૟൫૞ + √૞൯ቇቆ૜ + √૞ + ට૟൫૞ + √૞൯ቇ
૛

=
ቆ√૞ − ૞ +ට૟൫૞ + √૞൯ቇඨૠ + √૞ +ට૟൫૞ + √૞൯+ ૚૟

ඨቆૢ− √૞ −ට૟൫૞ + √૞൯ቇቆ૜ + √૞ + ට૟൫૞ + √૞൯ቇ
૛

=

ඨቆૠ + √૞ +ට૟൫૞ + √૞൯ቇቆ√૞ − ૞ + ට૟൫૞ + √૞൯ቇ
૛

+ ૚૟

ඨቆૢ− √૞ −ට૟൫૞ + √૞൯ቇቆ૜ + √૞ +ට૟൫૞ + √૞൯ቇ
૛

 

=

ඨ૝ቆૠ + √૞ + ට૟൫૞ + √૞൯ቇቆ૚૞− √૞ − ට૟൫૞ + √૞൯ቇ + ૚૟

ඨ૝ቆૢ− √૞ − ට૟൫૞ + √૞൯ቇቆ૚૚+ ૜√૞ + ൫૛√૞ + ૟൯ට૟൫૞ + √૞൯ቇ

=
ට૛൫૞ + √૞൯ + ૝

൫√૞ − ૚൯

=
ቆට૛൫૞ + √૞൯+ ૝ቇ ൫√૞ + ૚൯

૝
= ૚ + √૞ +

ට૛൫√૞ + ૚൯
૛
൫૞ + √૞൯

૝

= ૚ + √૞ +
ඥૡ૙ + ૜૛√૞

૝
 

= ૚ + √૞ +
૝ඥ૞ + ૛√૞

૝
= ૚ + √૞ +ට૞ + ૛√૞  

 
2104. Solve for real numbers: 

࢞૛ +ට
࣊
૛
ડି૛ ൬

૜
૝
൰න

࢞ ܖܑܛ ࢞
ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ = ૜࢞ 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Amin Hajiyev-Azerbaijan 

ࡵ = න
ܖܑܛ࢞ ࢞
ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ ࡼ࡮ࡵ= ൣ−૛࢞√ܛܗ܋ ࢞൧૙

࣊
૛ + ૛න ࢞ܛܗ܋√

࣊
૛

૙
࢞ࢊ = ૛න ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ = 
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= ૛න ⋅૛ܖܑܛ
૚
૛ି૚ ࢞ ⋅૛ܛܗ܋

૜
૝ି૚ ࢞ࢊ࢞

࣊
૛

૙
= ൬ࢼ

૚
૛ ;
૜
૝൰ =

ડ ቀ૚૛ቁ ડቀ
૜
૝ቁ

ડ ቀ૞૝ቁ
=
√࣊ડቀ૜૝ቁ

ડ ቀ૞૝ቁ
 

࢞૛ +
࣊

√૛ડቀ૜૝ቁ ડ ቀ
૞
૝ቁ

= ૜࢞ ⇔ ࢞૛ +
࣊

√૛ડ ቀ૚ − ૚
૝ቁ ડ ቀ૚ + ૚

૝ቁ
= ૜࢞ 

࢞૛ +
࣊

√૛ ⋅ ࣊
૛√૛

= ૜࢞ ⇔ ࢞૛ − ૜࢞ + ૛ = ૙ ⇔ (࢞ − ૚)(࢞ − ૛) = ૙ ⇔ ࢞ ∈ {૚,૛}.		 

Solution 2 by Ankush Kumar Parcha-India 

࢞૛ + ට
࣊
૛ ડ

ି૛ ൬
૜
૝൰න

࢞ ܖܑܛ ࢞
ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ = ૜࢞; 		(૚) 

ࡵ = න
ܖܑܛ࢞ ࢞
ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ ࡼ࡮ࡵ= ൣ−૛࢞√ܛܗ܋ ࢞൧૙

࣊
૛ + ૛න ࢞ܛܗ܋√

࣊
૛

૙
 ࢞ࢊ

(࢔,࢓)ࢼ:࢝࢕࢔࢑	ࢋࢃ = ૛න ૚ି࢔૛ܖܑܛ ࢞ ૚ି࢔૛ܛܗ܋ ࢞
࣊
૛

૙
࢞ࢊ =

ડ(࢓)ડ(࢔)
ડ(࢓ + (࢔ ,ব(࢓) > 0,ব(࢔) > 0. 

ࡵ =
૛ડቀ૚૛ቁ ડ ቀ

૜
૝ቁ

૛ડቀ૞૝ቁ
=
૝√࣊

ડ ቀ૚૝ቁ
ડ ൬
૜
૝൰  :࢚ࢋࢍ	ࢋ࢝,(૚)	࢔࢕࢏࢚ࢇ࢛ࢗࢋ	࢔࢏	ࡵ	ࢌ࢕	ࢋ࢛࢒ࢇ࢜	ࢋࢎ࢚	࢚࢛ࡼ.

࢞૛ + ට
࣊
૛ ⋅

૝√࣊

ડ૛ ቀ૜૝ቁડ ቀ
૚
૝ቁ

ડ ൬
૜
૝൰ = ૜࢞ ⇒ ࢞૛ + ට

࣊
૛ ⋅

૝√࣊
࣊√૛

= ૜࢞ ⇔ 

࢞૛ + ૛ = ૜࢞ ⇔ ࢞ =
૜ ± √ૢ − ૡ

૛ ⇒ ࢞ ∈ {૚,૛}.		 

Solution 3 by Adrian Popa-Romania 

ࡵ = න
ܖܑܛ࢞ ࢞
ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ ࡼ࡮ࡵ= ൣ−૛࢞√ܛܗ܋ ࢞൧૙

࣊
૛ + ૛න ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ = ૛න ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ ܛܗ܋= ࢞ୀ࢚

 

= ૛න
√࢚

√૚ − ࢚૛

૚

૙
࢚ࢊ =࢚ୀ࢛

૛
૛න

√࢛૝

૚ −࢛ ⋅
࢛ࢊ
૛√࢛

૚

૙
= න ࢛ି

૚
૝(૚ − ࢛)ି

૚
૛

૚

૙
࢛ࢊ = ൬ࢼ

૜
૝ ;
૚
૛
൰ =

ડቀ૜૝ቁડ ቀ
૚
૛ቁ

ડቀ૞૝ቁ
		 

࢞૛ + ට
࣊
૛ ડ

ି૛ ൬
૜
૝൰න

ܖܑܛ࢞ ࢞
ܛܗ܋√ ࢞

࣊
૛

૙
࢞ࢊ = ૜࢞ ⇔ ࢞૛ + ට

࣊
૛ ડ

ି૛ ൬
૜
૝൰

ડ ቀ૜૝ቁડ ቀ
૚
૛ቁ

ડ ቀ૞૝ቁ
− ૜࢞ = ૙ 
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࢞૛ − ૜࢞ + ට
࣊
૛ ⋅

ડ ቀ૚૛ቁ

ડ ቀ૜૝ቁ ડ ቀ
૞
૝ቁ

= ૙ 

∵ ડ ൬
૚
૛൰ = √࣊,ડ ൬

૜
૝൰ડ ൬

૞
૝൰ = ડ൬૚ −

૚
૝൰ડ ൬૚ +

૚
૝൰ = ડ൬૚ −

૚
૝൰ ⋅

૚
૝ ડ ൬

૚
૝൰ 

ડ ൬૚ −
૚
૝൰ = ડ ൬

૜
૝൰ =

√૛࣊

ડ ቀ૚૝ቁ
⇒ ડ൬

૜
૝൰ ડ ൬

૞
૝൰ =

√૛࣊

ડቀ૚૝ቁ
⋅
૚
૝ ડ ൬

૚
૝൰ =

√૛࣊
૝  

࢞૛ − ૜࢞+
√࣊
√૛

⋅
√࣊

√૛ ⋅ ࣊૝
= ૙ ⇔ ࢞૛ − ૜࢞ + ૛ = ૙ ⇔ ࢞ ∈ {૚,૛}.		 

 :ࢊ࢔࢏ࡲ .2105

ࡵ = න
(࢞)૜ࢍ࢕࢒

࢞૛ + ૛࢞ + ૛࢞ࢊ
ା∞

૙
 

Proposed by Kaushik Mahanta-India 
Solution by Pham Duc Nam-Vietnam 
 

 
Let:(ࢠ)ࢌ =

(ࢠ)૝ࢍ࢕࢒
૛ࢠ + ૛ࢠ + ૛

,and	use	the	contour	(࡯)	as	shown 

૚ࢠ	:poles	1	order	2	has	(ࢠ)ࢌ = −૚ + ,࢏ ૛ࢠ = −૚ −  theorem	residue	by	contour,	the	inside	࢏

⇒ ර(ࢠ)ࢌ
࡯

ࢠࢊ = ૛࣊࢏෍Res൫(ࢠ)ࢌ,  ૚,૛൯ࢠ

Res(ࢠ,(ࢠ)ࢌ૚) = ࢓࢏࢒
࢏૚ାି→ࢠ

+ࢠ) ૚ − (࢏
૛ࢠ + ૛ࢠ+ ૛

(ࢠ)૝ࢍ࢕࢒ = −
࢏
૛
ቆ
(૛)ࢍ࢕࢒
૛

+
૜࣊࢏
૝
ቇ
૝

 

Res(ࢠ,(ࢠ)ࢌ૛) = ࢓࢏࢒
࢏૚ିି→ࢠ

+ࢠ) ૚ + (࢏
૛ࢠ + ૛ࢠ+ ૛

(ࢠ)૝ࢍ࢕࢒ =
࢏
૛
ቆ
(૛)ࢍ࢕࢒
૛

+
૞࣊࢏
૝
ቇ
૝
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⇒෍Res൫(ࢠ)ࢌ, ૚,૛൯ࢠ =
࢏
૛
ቆ
(૛)ࢍ࢕࢒
૛

+
૞࣊࢏
૝
ቇ
૝

−
࢏
૛
ቆ
(૛)ࢍ࢕࢒
૛

+
૜࣊࢏
૝
ቇ
૝

=
૝ૢ
૜૛

࣊૜ −(૛)ࢍ࢕࢒
૚
ૡ
࣊ −૜(૛)ࢍ࢕࢒ ࢏ ൬

૜
૝
࣊૛ −૛(૛)ࢍ࢕࢒

૚ૠ
૚૟

࣊૝൰ 

⇒ ර(ࢠ)ࢌ
࡯

ࢠࢊ = ૛࣊࢏෍Res൫(ࢠ)ࢌ, ૚,૛൯ࢠ

= ૛࣊࢏ ቆ
૝ૢ
૜૛

࣊૜ −(૛)ࢍ࢕࢒
૚
ૡ
࣊ −૜(૛)ࢍ࢕࢒ ࢏ ൬

૜
૝
࣊૛ −૛(૛)ࢍ࢕࢒

૚ૠ
૚૟

࣊૝൰ቇ

=
૜
૛
࣊૜ ૛(૛)ࢍ࢕࢒ −

૚ૠ
ૡ
࣊૞ + ࢏ ൬

૝ૢ
૚૟

࣊૝ −(૛)ࢍ࢕࢒
૚
૝
࣊૛  ૜(૛)൰ࢍ࢕࢒

∗ ර
(ࢠ)૝ࢍ࢕࢒

૛ࢠ + ૛ࢠ + ૛
ࢠࢊ

࡯

= න
(ࢠ)૝ࢍ࢕࢒

૛ࢠ + ૛ࢠ+ ૛
+ࢠࢊ

ࡾࢽ
න

(ࢠ)૝ࢍ࢕࢒
૛ࢠ + ૛ࢠ+ ૛

+ࢠࢊ
࢘ࢽ

න
(࢞)૝ࢍ࢕࢒

࢞૛ + ૛࢞+ ૛
࢞ࢊ

ࢿࢽ

−න
(࢞)ࢍ࢕࢒) + ૛࣊࢏)૝

࢞૛ + ૛࢞ + ૛
࢞ࢊ

ࢿషࢽ
 

࢓࢏࢒
∞→ࡾ

න
(ࢠ)૝ࢍ࢕࢒

૛ࢠ + ૛ࢠ + ૛
ࢠࢊ =

ࡾࢽ
࢓࢏࢒
࢘→૙

න
(ࢠ)૝ࢍ࢕࢒

૛ࢠ + ૛ࢠ+ ૛
ࢠࢊ =

࢘ࢽ
૙	by	ML	inequality

⇒ ࢓࢏࢒
ோ→∞
ఌ→૙

ර
(ࢠ)૝ࢍ࢕࢒

૛ࢠ + ૛ࢠ + ૛
ࢠࢊ =

࡯
න

(࢞)૝ࢍ࢕࢒
࢞૛ + ૛࢞ + ૛

࢞ࢊ −න
(࢞)ࢍ࢕࢒) + ૛࣊࢏)૝

࢞૛ + ૛࢞+ ૛
࢞ࢊ

ࢿࢽࢿషࢽ

= න
૛૝࣊૛ −(࢞)૛ࢍ࢕࢒ ૚૟࣊૝

࢞૛ + ૛࢞ + ૛

∞

૙
࢞ࢊ + න࢏

−ૡ࣊ (࢞)૜ࢍ࢕࢒ + ૜૛࣊૜ (࢞)ࢍ࢕࢒
࢞૛ + ૛࢞ + ૛

࢞ࢊ
∞

૙
 

⇔
૜
૛
࣊૜ −૛(૛)ࢍ࢕࢒

૚ૠ
ૡ
࣊૞ + ࢏ ൬

૝ૢ
૚૟

࣊૝ (૛)ࢍ࢕࢒ −
૚
૝
࣊૛ ૜(૛)൰ࢍ࢕࢒

= න
૛૝࣊૛ −(࢞)૛ࢍ࢕࢒ ૚૟࣊૝

࢞૛ + ૛࢞ + ૛

∞

૙
࢞ࢊ

+ න࢏
−ૡ࣊ࢍ࢕࢒૜(࢞) + ૜૛࣊૜ (࢞)ࢍ࢕࢒

࢞૛ + ૛࢞ + ૛
࢞ࢊ

∞

૙
,taking	imaginary	part	to	get: 

൬
૝ૢ
૚૟

࣊૝ −(૛)ࢍ࢕࢒
૚
૝
࣊૛ ૜(૛)൰ࢍ࢕࢒ = −ૡ࣊න

(࢞)૜ࢍ࢕࢒
࢞૛ + ૛࢞ + ૛

࢞ࢊ
ା∞

૙
+ ૜૛࣊૜න

(࢞)ࢍ࢕࢒
࢞૛ + ૛࢞+ ૛

࢞ࢊ
ା∞

૙

= −ૡ࣊න
(࢞)૜ࢍ࢕࢒

࢞૛ + ૛࢞ + ૛
࢞ࢊ

ା∞

૙
+ ૜૛࣊૜.

૚
ૡ
(૛)ࢍ࢕࢒࣊ = −ૡ࣊ࡵ + ૝࣊૝  (૛)ࢍ࢕࢒

⇒ ࡵ =
−૚૞૚૟࣊

૝ −(૛)ࢍ࢕࢒ ૚
૝࣊

૛ ૜(૛)ࢍ࢕࢒

−ૡ࣊
=

૚૞
૚૛ૡ

࣊૜ (૛)ࢍ࢕࢒ +
૚
૜૛

࣊ ૜(૛)ࢍ࢕࢒

=
૚
૜૛

࣊ ૛(૛)ࢍ࢕࢒൬(૛)ࢍ࢕࢒ +
૚૞
૝
࣊૛൰  
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න:ࡱࢀࡻࡺ
(࢞)ࢍ࢕࢒

࢞૛ + ૛࢞ + ૛
࢞ࢊ

ା∞

૙

=
૚
ૡ
(૛)ࢍ࢕࢒࣊ ,can	be	easily	evaluated	by	using	same	method	with	:	(ࢠ)ࢌ

=
(ࢠ)૛ࢍ࢕࢒

૛ࢠ + ૛ࢠ+ ૛
 

2106. Find: 

ࢹ = න
࢔࢏࢙ ൬࣊૛ (࢞૛ + ࢞)൰

(࢞࣊)ࢎ࢔࢏࢙

∞

ି∞
 ࢞ࢊ

Proposed by Srinivasa Raghava-AIRMC-India 
Solution by Pham Duc Nam-Vietnam 

 
 

ࢹ = ૛∫
ቀ࣊൫૛࢞૛ା࢞൯ቁ࢔࢏࢙

(૛࣊࢞)ࢎ࢔࢏࢙
∞
ି∞ ࢞ࢊ = ૛ণ∫ ቀ૛࢞࣊࢏ࢋ

૛శ࢞ቁ

(૛࣊࢞)ࢎ࢔࢏࢙
∞
ି∞  ࢞ࢊ

૚.ࢌ:࢚ࢋࡸ(࢞) =
൫૛࢞૛ା࢞൯࣊࢏ࢋ

(૛࣊࢞)ࢎ࢔࢏࢙ ⇒ ࢞)ࢌ + (࢏ =
൯࢏૛ା࢞ା(࢏ା࢞)൫૛࣊࢏ࢋ

(૛࣊࢞)ࢎ࢔࢏࢙ =
(૛ି(૝࢞ା૚)࢏)࣊࢏ࢋ൫૛࢞૛ା࢞൯࣊࢏ࢋ

(૛࣊࢞)ࢎ࢔࢏࢙

=
૝࣊࢞ି࣊ିࢋ൫૛࢞૛ା࢞൯࣊࢏ࢋ

(૛࣊࢞)ࢎ࢔࢏࢙ =  ૝࣊࢞ି࣊ିࢋ(࢞)ࢌ

⇒ −(࢞)ࢌ ࢞)ࢌ + (࢏ = ൫૚ − ૝࣊࢞ି࣊൯ିࢋ
൫૛࢞૛ା࢞൯࣊࢏ࢋ

(૛࣊࢞)ࢎ࢔࢏࢙ ⇒
(࢞)ࢌ − ࢞)ࢌ + (࢏
૚ − ૝࣊࢞ି࣊ିࢋ

=
൫૛࢞૛ା࢞൯࣊࢏ࢋ

(૛࣊࢞)ࢎ࢔࢏࢙ ࢏૝࣊ିࢋ:࢚ࢇࢎ࢚	ࢋ࢚࢕࢔, = ૚ 

⇒
(࢞)ࢌ

૚ − ૝࣊࢞ି࣊ିࢋ
−

࢞)ࢌ + (࢏
૚ − ૝࣊࢞ି࣊ିࢋ

=
(࢞)ࢌ

૚ − ૝࣊࢞ି࣊ିࢋ
−

࢞)ࢌ + (࢏
૚ − ࣊ି(࢏ା࢞)૝࣊ିࢋ =

൫૛࢞૛ା࢞൯࣊࢏ࢋ

 (૛࣊࢞)ࢎ࢔࢏࢙

⇒ (ࢠ)ࢍ:࢚ࢋࡸ =
൯ࢠ૛ାࢠ൫૛࣊࢏ࢋ

(ࢠ૛࣊)ࢎ࢔࢏࢙ .
૚

૚ − ࣊ିࢠ૝࣊ିࢋ
ࢠ)ࢍ−(ࢠ)ࢍ	ࢊ࢔ࢇ + (࢏ =

൯ࢠ૛ାࢠ൫૛࣊࢏ࢋ

(ࢠ૛࣊)ࢎ࢔࢏࢙
(૚) 
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૛.܍ܛ܃	܍ܐܜ	ܚܝܗܜܖܗ܋	as	shown,	g(ࢠ)	has	two	poles	ࢠ =
࢏
૛

, ࢠ =
࢏
૛
−
૚
૝
	inside	the	contour 

⇒ ර(ࢠ)ࢍ
࡯

ࢠࢊ = ૛࣊࢏Res ൬(ࢠ)ࢍ, ࢠ =
࢏
૛

, ࢠ =
࢏
૛
−
૚
૝
൰ 

∗ Res ൬(ࢠ)ࢍ, ࢠ =
࢏
૛
൰ = ࢓࢏࢒

࢏→ࢠ
૛

ࢠ − ࢏
૛

(ࢠ૛࣊)ࢎ࢔࢏࢙ . .൯ࢠ૛ାࢠ൫૛࣊࢏ࢋ
૚

૚ − ࣊ିࢠ૝࣊ିࢋ
=

ିࢋ࢏
࣊
૛

૛࣊(૚−  (࣊ିࢋ

∗ Res ൬(ࢠ)ࢍ, ࢠ =
࢏
૛
−
૚
૝
൰ = ࢓࢏࢒

࢏→ࢠ
૛ି

૚
૝

૚
(ࢠ૛࣊)ࢎ࢔࢏࢙ . .൯ࢠ૛ାࢠ൫૛࣊࢏ࢋ

ࢠ − ࢏
૛ + ૚

૝
૚ − ࣊ିࢠ૝࣊ିࢋ

=
ࢎࢉ࢙ࢉ ቀ࣊૛ቁࢋ

ି૞࣊࢏ૡ

૝࣊
 

⇒ ර(ࢠ)ࢍ
࡯

ࢠࢊ = ૛࣊࢏൮
ିࢋ࢏

࣊
૛

૛࣊(૚ − (࣊ିࢋ +
ࢋቀ࣊૛ቁࢎࢉ࢙ࢉ

ି૞࣊࢏ૡ

૝࣊
൲

= −૛࣊ቌ
ିࢋ

࣊
૛

૛࣊(૚ − −(࣊ିࢋ
ࢎࢉ࢙ࢉ ቀ࣊૛ቁ ࢙࢕ࢉ

࣊
ૡ

૝࣊
ቍ −

૚
૛
࢏ ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ ࢔࢏࢙

࣊
ૡ

 

૜.ර(ࢠ)ࢍ
࡯

ࢠࢊ = න ࢞ࢊ(࢞)ࢍ + න +ࢠࢊ(ࢠ)ࢍ
࢏ାࡾି

࢏ାࡾ
න +ࢠࢊ(ࢠ)ࢍ
࢏ାࡾ

ࡾ
න ࢠࢊ(ࢠ)ࢍ − ࢏࣊
ࡾ

࢏ାࡾି

ࡾ

ࡾି
Res ൬(ࢠ)ࢍ, ࢠ

= ૙,ࢠ = ,࢏ ࢠ = ࢏ −
૚
૝

, ࢠ = −
૚
૝
൰ 

∗ ࢓࢏࢒
∞→ࡾ

න ࢠࢊ(ࢠ)ࢍ =
࢏ାࡾ

ࡾ
࢓࢏࢒
∞→ࡾ

න ࢠࢊ(ࢠ)ࢍ = ૙	by	ML	inequality
ࡾ

࢏ାࡾି
 

∗ න ,ࢠࢊ(ࢠ)ࢍ ࢠ:࢚ࢋ࢒ = ࢞+ ࢏ ⇒
࢏ାࡾି

࢏ାࡾ
න ࢠࢊ(ࢠ)ࢍ =
࢏ାࡾି

࢏ାࡾ

−න ࢞)ࢍ + ࢞ࢊ(࢏ ⇒ න ࢞ࢊ(࢞)ࢍ +න ࢠࢊ(ࢠ)ࢍ = න ࢞ࢊ(࢞)ࢍ
ࡾ

ࡾି

࢏ାࡾି

࢏ାࡾ

ࡾ

ࡾି

ࡾ

ࡾି

−න ࢞)ࢍ + ࢞ࢊ(࢏ = න ൫ࢍ(࢞)− ࢞)ࢍ + ࢞ࢊ൯(࢏ =
ࡾ

ࡾି

ࡾ

ࡾି
න

൫૛࢞૛ା࢞൯࣊࢏ࢋ

	࢟࢈൫࢞ࢊ(૛࣊࢞)ࢎ࢔࢏࢙
(૚)൯

ࡾ

ࡾି
 

⇒ න
൫૛࢞૛ା࢞൯࣊࢏ࢋ

࢞ࢊ(૛࣊࢞)ࢎ࢔࢏࢙ =
ࡾ

ࡾି
ර(ࢠ)ࢍ
࡯

+ࢠࢊ Res࢏࣊ ൬(ࢠ)ࢍ, ࢠ = ૙, ࢠ = ,࢏ ࢠ = ࢏ −
૚
૝

, ࢠ = −
૚
૝
൰ 

∗ Res((ࢠ)ࢍ, ࢠ = ૙) = ࢓࢏࢒
૙→ࢠ

ࢠ
(ࢠ૛࣊)ࢎ࢔࢏࢙ . ൯ࢠ૛ାࢠ൫૛࣊࢏ࢋ .

૚
૚ − ࣊ିࢠ૝࣊ିࢋ

=
૚

૛࣊(૚−  (࣊ିࢋ

∗ Res((ࢠ)ࢍ, ࢠ = (࢏ = ࢓࢏࢒
࢏→ࢠ

ࢠ − ࢏
(ࢠ૛࣊)ࢎ࢔࢏࢙ . .൯ࢠ૛ାࢠ൫૛࣊࢏ࢋ

૚
૚ − ࣊ିࢠ૝࣊ିࢋ

=
࣊ିࢋ

૛࣊(૚ −  (࣊ିࢋ

∗ Res ൬(ࢠ)ࢍ, ࢠ = −
૚
૝
൰ = ࢓࢏࢒

૚૝ି→ࢠ

૚
(ࢠ૛࣊)ࢎ࢔࢏࢙ . .൯ࢠ૛ାࢠ൫૛࣊࢏ࢋ

ࢠ + ૚
૝

૚ − ࣊ିࢠ૝࣊ିࢋ
= −

ࢎࢉ࢙ࢉ ቀ࣊૛ቁࢋ
ૡ࢏࣊ି

૝࣊
 

∗ Res ൬(ࢠ)ࢍ, ࢠ = ࢏ −
૚
૝
൰ = ࢓࢏࢒

૚૝ି࢏→ࢠ

૚
(ࢠ૛࣊)ࢎ࢔࢏࢙ . .൯ࢠ૛ାࢠ൫૛࣊࢏ࢋ

ࢠ − +࢏ ૚
૝

૚ − ࣊ିࢠ૝࣊ିࢋ
= −

ࢎࢉ࢙ࢉ ቀ࣊૛ቁ ࢋ
ૡ࢏࣊ି

૝࣊
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⇒ Res࢏࣊ ൬(ࢠ)ࢍ, ࢠ = ૙,ࢠ = ,࢏ ࢠ = ࢏ −
૚
૝

, ࢠ = −
૚
૝
൰ = ൮࢏࣊

૚ + ࣊ିࢋ

૛࣊(૚− (࣊ିࢋ −
ࢋቀ࣊૛ቁࢎࢉ࢙ࢉ

ૡ࢏࣊ି

૛࣊
൲

= −
૚
૛
ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ ࢔࢏࢙

࣊
ૡ

+ ቌ࢏࣊
૚ + ࣊ିࢋ

૛࣊(૚ − (࣊ିࢋ −
ࢎࢉ࢙ࢉ ቀ࣊૛ቁ ࢙࢕ࢉ

࣊
ૡ

૛࣊
ቍ 

⇒ න
൫૛࢞૛ା࢞൯࣊࢏ࢋ

࢞ࢊ(૛࣊࢞)ࢎ࢔࢏࢙ =
ࡾ

ࡾି
− ૛࣊ቌ

ିࢋ
࣊
૛

૛࣊(૚ − −(࣊ିࢋ
ࢎࢉ࢙ࢉ ቀ࣊૛ቁ ࢙࢕ࢉ

࣊
ૡ

૝࣊
ቍ −

૚
૛
ࢎࢉ࢙ࢉ࢏ ቀ

࣊
૛
ቁ ࢔࢏࢙

࣊
ૡ

−
૚
૛
ቀࢎࢉ࢙ࢉ

࣊
૛
ቁ ࢔࢏࢙

࣊
ૡ

+ ቌ࢏࣊
૚ + ࣊ିࢋ

૛࣊(૚ − −(࣊ିࢋ
ቀ࣊૛ቁࢎࢉ࢙ࢉ ࢙࢕ࢉ

࣊
ૡ

૛࣊
ቍ 

=
ିࢋ

࣊
૛

࣊ିࢋ − ૚
+
૚
૛
ቀࢎࢉ࢙ࢉ

࣊
૛
ቁ ࢙࢕ࢉ

࣊
ૡ
−
૚
૛
ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ ࢔࢏࢙

࣊
ૡ

+ ࢏ ൬
૚ + ࣊ିࢋ

૛(૚ − (࣊ିࢋ −
૚
૛
ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ ࢔࢏࢙

࣊
ૡ
−
૚
૛
ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ ࢙࢕ࢉ

࣊
ૡ
൰

=
ିࢋ

࣊
૛

࣊ିࢋ − ૚
+
૚
૛
ቀࢎࢉ࢙ࢉ

࣊
૛
ቁ√૛ ൬࢙࢕ࢉ

૜࣊
ૡ
൰

+ ࢏ ൬
૚ + ࣊ିࢋ

૛(૚ − (࣊ିࢋ −
૚
૛
ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ√૛ ൬࢔࢏࢙

૜࣊
ૡ
൰൰ 

ࡾ:࢚ࢋࡸ → ∞	and	taking	the	imaginary	part⇒ ণන
൫૛࢞૛ା࢞൯࣊࢏ࢋ

(૛࣊࢞)ࢎ࢔࢏࢙

∞

ି∞
࢞ࢊ

=
૚+ ࣊ିࢋ

૛(૚ − (࣊ିࢋ −
૚
૛
ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ √૛ ࢔࢏࢙ ൬

૜࣊
ૡ
൰ 

⇒ ࢹ = ૛ ൬
૚ + ࣊ିࢋ

૛(૚ − −(࣊ିࢋ
૚
૛
ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ√૛ ࢔࢏࢙ ൬

૜࣊
ૡ
൰൰ =

૚ + ࣊ିࢋ

૚ − ࣊ିࢋ
− ࢎࢉ࢙ࢉ ቀ

࣊
૛
ቁ√૛ ࢔࢏࢙ ൬

૜࣊
ૡ
൰  

2107. Prove that: 

ࡵ = න
࢞૛

࢞ + ࢞૜
ࢍ࢕࢒

࢞
√࢞૛ + ૚

࢞ࢊ = −
૚
ૡ

(૛)ࣀ) + (૛(૛)ࢍ࢕࢒
૚

૙
 

Proposed by Abdul Mukhtar-Nigeria 
Solution by Pham Duc Nam-Vietnam 

 

∗ ࡵ = න
࢞

૚ + ࢞૛
ࢍ࢕࢒

࢞
ඥ࢞૛ + ૚

࢞ࢊ
૚

૙
, :࢚ࢋ࢒ ࢚ = ࢛࢔ࢇ࢚ ⇒ ࢞ࢊ = ൫૚ + ૛࢔ࢇ࢚ ࢛൯࢛ࢊ ⇒

࢞ࢊ
૚ + ࢞૛

=  ࢛ࢊ

⇒ ࡵ = න ࢛ࢊ࢛࢔࢏࢙ࢍ࢕࢒࢛࢔ࢇ࢚
࣊
૝

૙

= −
૚
૝
න

૚
૛࢙࢕ࢉ ࢛

൫૚ࢍ࢕࢒ − ૛࢙࢕ࢉ ࢛൯ࢊ൫࢙࢕ࢉ૛ ࢛൯ =
૚
૝
න

૚)ࢍ࢕࢒ − ࢛)
࢛

૚

૚
૛

࣊
૝

૙
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= −
૚
૝
෍

૚
࢑
න ࢞࢑ି૚࢞ࢊ = −

૚
૝
෍

૚
࢑
൬
૚
࢑
−

૚
࢑૛࢑

൰
∞

࢑ୀ૚

૚

૚
૛

∞

࢑ୀ૚

= −
૚
૝
෍

૚
࢑૛

+
∞

࢑ୀ૚

૚
૝
෍

૚
૛࢑࢑૛

=
∞

࢑ୀ૚

−
૚
૝
(૛)ࣀ +

૚
૝
૛࢏ࡸ ൬

૚
૛
൰ 

By	:	Dilogarithm	identity:	࢏ࡸ૛(ࢠ) + ૛(૚࢏ࡸ − (ࢠ = −(૛)ࣀ (ࢠ)ࢍ࢕࢒ ૚)ࢍ࢕࢒ − (ࢠ , :࢚ࢋ࢙ ࢠ =
૚
૛

⇒ ૛࢏ࡸ ൬
૚
૛
൰ =

૚
૛
൬ࣀ(૛)− ૛ࢍ࢕࢒ ൬

૚
૛
൰൰ =

૚
૛
൫ࣀ(૛)−  ૛(૛)൯ࢍ࢕࢒

⇒ ࡵ = −
૚
૝
(૛)ࣀ +

૚
ૡ
൫ࣀ(૛)− ૛(૛)൯ࢍ࢕࢒ = −

૚
ૡ
൫ࣀ(૛) + ૛(૛)൯ࢍ࢕࢒  

 

2108. For any complex number ࢔,ব(࢔) > ૢ
૝
, prove: 

න ൫ख࢞ൣ൫࢞ିࢋ
૛ି࢞࢟ + ࢟ࢊ૛࢟࢔ିࢋ൧(࢟)൯࢟࢞ିࢋ૛ା࢞࢟൯࢞ିࢋ

ஶ

ିஶ
= ࣊ ൬

૚
√૝࢔ − ૚

+
૚

√૝࢔ − ૢ
൰ 

where ख࢞[ࢌ](࢟) is Laplace transform. 

Proposed by Srinivasa Raghava-AIRMC-India 
Solution by Rana Ranino-Setif-Algerie 

ષ = න ቀख࢞ൣ൫࢞ିࢋ
૛ି࢞࢟ + ࢟ࢊ૛࢟࢔ିࢋ൧(࢟)ቁ࢟࢞ିࢋ૛ା࢞࢟൯࢞ିࢋ

ஶ

ିஶ
= 

= න න ൫࢞ିࢋ૛ି૜࢞࢟ + ૛࢟࢔ିࢋ૛ି࢞࢟൯࢞ିࢋ
ஶ

૙
࢟ࢊ࢞ࢊ

ஶ

ିஶ
= 

= න ૛න࢞ିࢋ ൫࢟࢔ିࢋ૛ି૜࢞࢟ + ࢞ࢊ࢟ࢊ૛ି࢞࢟൯࢟࢔ିࢋ
ஶ

ିஶ

ஶ

૙
= 

= න ૛න࢞ିࢋ ࢋ
ቁ࢔ቈቀ࢟ା૜࢞૛࢔ି

૛
ିૢ࢞

૛

૝࢔૛
቉ஶ

ିஶᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
࢚ୀ࢟ା૜࢞૛࢔

࢞ࢊ࢟ࢊ
ஶ

૙
+ න ૛න࢞ିࢋ ࢋ

ቁ࢔ቈቀ࢟ା૜࢞૛࢔ି
૛
ି ࢞૛

૝࢔૛
቉ஶ

ିஶᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
࢚ୀ࢟ା ࢞

૛࢔

࢞ࢊ࢟ࢊ
ஶ

૙
= 

= න ࢞ିࢋ
૛ቀ૚ି ૢ

૝࢔ቁ
ஶ

૙
න࢞ࢊ ૛࢚࢔ିࢋ

ஶ

ିஶ
࢚ࢊ + න ࢞ିࢋ

૛ቀ૚ି ૚
૝࢔ቁ

ஶ

૙
න࢞ࢊ ૛࢚࢔ିࢋ

ஶ

ିஶ
࢚ࢊ = 

= ට
࣊
࢔ ቆන ࢞ିࢋ

૛ቀ૚ି ૢ
૝࢔ቁ࢞ࢊ

ஶ

૙
+ න ࢞ିࢋ

૛ቀ૚ି ૚
૝࢔ቁ

ஶ

૙
ቇ࢞ࢊ = ට

࣊
࢔
⎝

⎛ √࣊

૛ට૚ − ૢ
૝࢔

+
√࣊

૛ට૚ − ૚
૝࢔⎠

⎞ 

 ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ
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		න ൫ख࢞ൣ൫࢞ିࢋ
૛ି࢞࢟ + ࢟ࢊ૛࢟࢔ିࢋ൧(࢟)൯࢟࢞ିࢋ૛ା࢞࢟൯࢞ିࢋ

ஶ

ିஶ
= ࣊൬

૚
√૝࢔ − ૚

+
૚

√૝࢔− ૢ
൰ 

2109. Find: 

ષ = න ૚)܏ܗܔ + ܖܑܛ ૛࢞) ૚)܏ܗܔ − ܖܑܛ ૛࢞) (૛࢙࢞࢕ࢉ)܏ܗܔ
࣊
૝

૙
 ࢞ࢊ

Proposed by Bui Hong Suc-Vietnam 
Solution by Ahmed Mohammed-Germany 

ષ = න ૚)܏ܗܔ + ܖܑܛ ૛࢞) −૚)܏ܗܔ ܖܑܛ ૛࢞) (૛࢙࢞࢕ࢉ)܏ܗܔ
࣊
૝

૙
࢞ࢊ = 

ቆ࢚ࢋ࢒ (૛࢞)ܖܑܛ = ࢟ ⇒ ࢞ =
૚
૛ ܖܑܛ

ି૚ ࢟ ࢞ࢊ; =
࢟ࢊ

૛ඥ૚ − ࢟૛
ቇ 

=
૚
૝න

૚)܏ܗܔ + ࢟) ૚)܏ܗܔ − ࢟) ૚)܏ܗܔ − ࢟૛)

ඥ૚− ࢟૛
࢟ࢊ

૚

૙
= 

∵ ૚)܏ܗܔ − ࢟૛) = ૚)܏ܗܔ + ࢟) + ૚)܏ܗܔ − ࢟) 

=
૚
૝ቆන

−૚)܏ܗܔ ࢟) ૛(૚܏ܗܔ + ࢟)

ඥ૚ − ࢟૛
࢟ࢊ

૚

૙
+ න

૚)܏ܗܔ + ࢟) ૛(૚܏ܗܔ − ࢟)

ඥ૚ − ࢟૛

૚

૙
ቇ࢟ࢊ ; (૚) 

න
૚)܏ܗܔ − ࢟) ૛(૚܏ܗܔ + ࢟)

ඥ૚ − ࢟૛

૚

ି૚
࢟ࢊ =

࢟ୀି࢞	ࢊ࢔ࢇ	࢟ୀ࢞
 

= න
૚)܏ܗܔ − ࢟) ૛(૚܏ܗܔ + ࢟)

ඥ૚− ࢟૛
࢟ࢊ

૙

ି૚
+ න

૚)܏ܗܔ − ࢟) ૛(૚܏ܗܔ + ࢟)

ඥ૚− ࢟૛
࢟ࢊ

૚

૙
; 		(૛) 

(૛)	࢔࢏	(૚) ⇒ ષ =
૚
૝න

−૚)܏ܗܔ ࢟) ૛(૚܏ܗܔ + ࢟)

ඥ૚ − ࢟૛࢟ࢊ

૚

ି૚
=
૚
૝ ; 		(૜) 

(࢈,ࢇ)ࡶ	࢚ࢋࡸ = න (૚ − ିࢇ(࢟
૚
૛(૚ + ି࢈(࢟

૚
૛

૚

ି૚
;࢟ࢊ ൬ব ൬ࢇ +

૚
૛൰ > 0,ব൬࢈ +

૚
૛൰ > 0൰ 

ࡵ = ܕܑܔ
૙→ࢇ

൥ܕܑܔ
૙→࢈

൭
ࣔ૜

૛࢈ࣔࢇࣔ ൫ࡶ
 ൯൱൩(࢈,ࢇ)

(࢈,ࢇ)ࡶ =
࢟ୀ૚ି࢞૚ା࢞ ૛ࢇା࢈න

ିࢇ࢞
૚
૛

(૚ + ା૚࢈ାࢇ(࢞
ஶ

૙
࢞ࢊ = ૛ࢇା࡮࢈൬ࢇ +

૚
૛ +࢈,

૚
૛൰  	ࢋ࢘ࢋࢎ࢝,

(ࢗ,࢖)࡮ −  .࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢚ࢋ࢈	ࢋࢎ࢚	࢙࢏

ࡵ = ૙→ࢇܕܑܔ ൥࢈ܕܑܔ→૙ ൭
ࣔ૜

૛࢈ࣔࢇࣔ
ቆ
૛ࢇశ࢈ડቀࢇା૚૛ቁડቀ࢈ା

૚
૛ቁ

ડ(ࢇା࢈ା૚)
ቇ൱൩ ; 		(૝).  ࢚࢛࡮:	 ࣔ૜

૛࢈ࣔࢇࣔ
ቆ
૛ࢇశ࢈ડቀࢇା૚૛ቁડቀ࢈ା

૚
૛ቁ

ડ(ࢇା࢈ା૚)
ቇ = 
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= ૛ࢇା࡮࢈൬ࢇ +
૚
૛ ࢈, +

૚
૛൰

൥−࣒(૙)(ࢇ + ࢈ + ૚) + ࣒(૙) ൬ࢇ +
૚
૛൰ (࣒(૙)(ࢇ+ ࢈ + ૚)૛

+ ૛࣒(૙) ൬࢈ +
૚
૛൰

ቀ࣒(૙)(ࢇ + ࢈ + ૚)ቁ
૛
−࣒(૙)(ࢇ + ࢈ + ૚)ቆ࣒(૙) ൬࢈ +

૚
૛൰ቇ

૛

− ૛࣒(૙) ൬ࢇ +
૚
૛൰࣒

(૙) ൬࢈ +
૚
૛൰࣒

(૙)(ࢇ+ +࢈ ૚)

−࣒(૚) ൬࢈ +
૚
૛൰࣒

(૙)(ࢇ+ ࢈ + ૚) + ૜࣒(૚)(ࢇ+ ࢈ + ૚)࣒(૙)(ࢇ+ ࢈ + ૚)

+ ࣒(૙) ൬ࢇ +
૚
૛൰ቆ࣒

(૙) ൬࢈ +
૚
૛൰ቇ

૛

+ ࣒(૙) ൬ࢇ +
૚
૛൰࣒

(૚) ൬࢈ +
૚
૛൰

−࣒(૙) ൬ࢇ +
૚
૛൰࣒

(૚)(ࢇ+ ࢈ + ૚) − ࣒(૛)(ࢇ+ +࢈ ૚)

− ૛࣒(૙) ൬࢈ +
૚
૛൰࣒

(૚)(ࢇ+ ࢈ + ૚)− ૜ ૛܏ܗܔ ૛࣒(૙)(ࢇ+ ࢈ + ૚)

+ ૜ ૛܏ܗܔ ቀ࣒(૙)(ࢇ + +࢈ ૚)ቁ
૛
− ૛ ܏ܗܔ ૛࣒(૙) ൬ࢇ +

૚
૛൰࣒

(૙)(ࢇ + ࢈ + ૚)

− ૝ ૛࣒(૙)܏ܗܔ ൬࢈ +
૚
૛൰࣒

(૙)(ࢇ+ +࢈ ૚)

+ ૛ ૛࣒(૙)܏ܗܔ ൬ࢇ +
૚
૛൰࣒

(૙) ൬࢈ +
૚
૛൰ − ૜ +ࢇ)૛࣒(૚)܏ܗܔ ࢈ + ૚)

+ ૛܏ܗܔ ૛࣒(૙) ൬ࢇ +
૚
૛൰ + ૛ ૛܏ܗܔ ૛࣒(૙) ൬࢈ +

૚
૛൰ + ܏ܗܔ ૛ ቆ࣒(૙) ൬࢈ +

૚
૛൰ቇ

૛

+ ܏ܗܔ ૛࣒(૚) ൬࢈ +
૚
૛
൰ + ૜܏ܗܔ ૛቉ 

ࡵ = ૜࣊ࢽ + ࣊ ૜܏ܗܔ ૛ + ૜ࢽ ૛܏ܗܔ ૛ + ૜࣊ࢽ૛ ૛܏ܗܔ + ૜࣊ࢽ૛࣒(૙) ൬
૚
૛൰+ ૜࣊ࢽቆ࣒(૙) ൬

૚
૛൰ቇ

૛

+ 

૜࣊ࢽ ቆ࣒(૙) ൬
૚
૛൰ቇ

૛

+ ࣊ቆ࣒(૙) ൬
૚
૛൰ቇ

૜

− ࣒࣊(૛)(૚) + ૜࣊ ૛(૛)࣒(૙)܏ܗܔ ൬
૚
૛൰

+ ૜࣊ ܏ܗܔ ૛࣒(૙) ൬
૚
૛൰ + 

૜࣊ ܏ܗܔ ૛ቆ࣒(૙) ൬
૚
૛൰ቇ

૛

 

࣒(૙) ൬
૚
૛൰ = ࢽ)− + ૛ ;(૛܏ܗܔ 	࣒^((૛)(૚) = −૛ࣀ(૜) 

ࡵ = ૛࣊ࣀ(૜)− ૜܏ܗܔ࣊ ૛ ; (૞) 

(૞)	࢔࢏	(૜) ⇒ ષ = ࣊ቆ
(૜)ࣀ
૛ −

૚
૝ ܏ܗܔ

૜ ૛ቇ 
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 .࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢓࢓ࢇࢍ࢏ࢊ	ࢋࢎ࢚	ࢌ࢕	ࢋ࢜࢏࢚ࢇ࢜࢏࢘ࢋࢊ	ࢎ࢚࢔	ࢋࢎ࢚	࢙࢏	(ࢠ)(࢔)࣒

ࢽ − ࢘ࢋ࢒࢛ࡱ	ࢋࢎ࢚	࢙࢏  .࢚࢔ࢇ࢚࢙࢔࢕ࢉ	࢏࢔࢕࢘ࢋࢎࢉ࢙ࢇࡹ−

−(⋅)ࣀ  			.࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢚ࢋࢠ	࢔࢔࢔ࢇ࢓ࢋ࢏ࡾ	ࢋࢎ࢚	࢙࢏

2110. Find: 

ષ = ෑ܏ܗܔ ൬૛ +
૚
࢔
൰ ܏ܗܔ ൬૛ −

૚
࢔ + ૚

൰
ஶ

ୀ૚࢔

 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

܏ܗܔ ࢞
ࢊ
ሱሮ࢞ࢊ
૚
࢞

ࢊ
ሱሮ࢞ࢊ −

૚
࢞૛

ࢊ
ሱሮ࢞ࢊ

૛
࢞૜

ࢊ
ሱሮ࢞ࢊ −

૟
࢞૝ 

܏ܗܔ ࢞ = (࢞ − ૚) −
૚
૛

(࢞− ૚)૛ +
૚
૜

(࢞− ૚)૜ −
૚
૝

(࢞ − ૚)૝ ⇒ ࢞ > 1 

܏ܗܔ ࢞ < ݔ − 1	ܽ݊݀ ࢞܏ܗܔ < ݔ − 1 −
૚
૛

(࢞ − ૚)૛ +
૚
૜

(࢞ − ૚)૜ 

܏ܗܔ ൬૛ +
૚
൰࢔ ܏ܗܔ ൬૛ −

૚
࢔ + ૚൰ < ൬૚ +

૚
൰ቆ૚࢔ −

૚
࢔ + ૚ −

૚
૛ ൬૚ −

૚
࢔ + ૚൰

૛

+
૚
૜൬૚ −

૚
࢔ + ૚൰

૜

ቇ 

=
+࢔ ૚
࢔ ቆ

࢔
+࢔ ૚ −

૚
૛
ቀ

࢔
࢔ + ૚

ቁ
૛

+
૚
૜
ቀ

࢔
+࢔ ૚

ቁ
૜
ቇ = 

= ૚ −
૚
૛ ⋅

࢔
࢔ + ૚ +

૚
૜
ቀ

࢔
+࢔ ૚

ቁ
૜

<
(૚ାࢇழࢇࢋ)	

 

< ିࢋ
૚
૛⋅

࢔
ା૚ା࢔

૚
૜ቀ

࢔
ା૚ቁ࢔

૜

= ࢋ
ି (ା૜࢔)࢔
૟(૚ା࢔)૛ 

૙ ≤ ષ ≤ ൝−෍ܘܠ܍
+࢔)࢔ ૜)
૟(૚ + ૛(࢔

ஶ

ୀ૚࢔

ൡ = ૙ ⇒ ષ = ૙ 

2111. Find: 

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
܏ܗܔ ቆࢣ ቀ૚࢔ቁቇ+ +ቁቇ࢔ቀ૛ࢣቆ܏ܗܔ ⋯+ ܏ܗܔ ቆડ ቀ࢔ − ૚

࢔ ቁቇ	

࢔

⎠

⎟
⎞

 

Proposed by Daniel Sitaru-Romania 
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Solution by Hikmat Mammadov-Azerbaijan 

ෑܖܑܛ ൬
࢑࣊
࢔ ൰

૚ି࢔

࢑ୀ૚

= ෑ
૚
૛࢏൬ࢋ

࢑࣊࢏
࢔ − ିࢋ

࢑࣊࢏
࢔ ൰

૚ି࢔

࢑ୀ૚

= ൬−
૚
૛࢏൰

૚ି࢔

࢏ିࢋ
࣊
࢔ ∑ ష૚࢔࢑

࢑స૚ ෑ൬૚ − ࢋ
૛࢑࣊࢏
࢔ ൰

૚ି࢔

࢑ୀ૚

= 

= ൬−
૚
૛࢏൰

૚ି࢔

࢏ିࢋ
࣊
૛(ି࢔૚) ෑ൬૚ − ࢋ

૛࢑࣊࢏
࢔ ൰

૚ି࢔

࢑ୀ૚

=
૚

૛ି࢔૚ෑ൬૚− ࢋ
૛࢑࣊࢏
࢔ ൰

૚ି࢔

࢑ୀ૚

 

࢔ࢠ − ૚ = ࢠ) − ૚)(૚ + ࢠ + ૛ࢠ + ⋯+ (૚ି࢔ࢠ = ࢠ) − ૚)ෑ൬ࢠ − ࢋ
૛࢑࣊࢏
࢔ ൰

૚ି࢔

࢑ୀ૚

 

ܕܑܔ
૚→ࢠ

࢔ࢠ − ૚
ࢠ − ૚ = ࢔ = ෑ൬૚ − ࢋ

૛࢑࣊࢏
࢔ ൰

࢔

࢑ୀ૚

= ૛ି࢔૚ෑܖܑܛ ൬
࢑࣊
࢔ ൰

૚ି࢔

࢑ୀ૚

⇒ෑܖܑܛ ൬
࢑࣊
࢔ ൰

૚ି࢔

࢑ୀ૚

=
࢔

૛ି࢔૚ 

:ࢇ࢒࢛࢓࢘࢕ࢌ	࢔࢕࢏࢚ࢉࢋ࢒ࢌࢋ࢘	ᇱ࢙࢘ࢋ࢒࢛ࡱ ࢠ ≠ ℤ ⇒
(ࢠ࣊)ܖܑܛ

࣊ = ડ(ࢠ)ડ(૚ −  (ࢠ

ෑ܏ܗܔ൭ࢣ൬
࢑
൰࢔
൱

૚ି࢔

࢑ୀ૚

=
࢔ − ૚
૛ (૛࣊)܏ܗܔ −

૚
૛ ࢔܏ܗܔ ⇒ ષ =

૚
૛ ܏ܗܔ

(૛࣊).		 

2112. Find: 

ࡵ = න න
࢞૛ (࢞)૛ࢍ࢕࢒

(૚ − ࢞)(૚ + ࢞૛࢟)

૚

૙

૚

૙
 ࢟ࢊ࢞ࢊ

Proposed by Naren Bhandari-Bajura-Nepal 
Solution by Pham Duc Nam-Vietnam 
 

∗ ࡵ = න
࢞૛ (࢞)૛ࢍ࢕࢒

(૚ − ࢞)

૚

૙
න࢞ࢊ

૚
(૚ + ࢞૛࢟) ࢟ࢊ =

૚

૙
න

࢞૛ (࢞)૛ࢍ࢕࢒ ૚)ࢍ࢕࢒ + ࢞૛)
(૚ − ࢞)࢞૛

૚

૙
࢞ࢊ

= න
(࢞)૛ࢍ࢕࢒ ૛࢞)ࢍ࢕࢒ + ૚)

(૚ − ࢞)

૚

૙
 ࢞ࢊ

ࡼ࡮ࡵ ⇒ ࡵ = ൭ቆන
(࢚)૛ࢍ࢕࢒
(૚ − ࢚)

࢚ࢊ
࢞

૙
ቇ ૚)ࢍ࢕࢒ + ࢞૛)൱อ

૙

૚

−න
૛࢞

࢞૛ + ૚

૚

૙
ቆන

(࢚)૛ࢍ࢕࢒
(૚ − ࢚)

࢚ࢊ
࢞

૙
ቇࢊ  ࢞

න:ࢋ࢙ࢁ
(࢚)૛ࢍ࢕࢒
(૚ − ࢚) ࢚ࢊ

૚

૙
= න (࢚)૛ࢍ࢕࢒ ෍࢚࢑

∞

࢑ୀ૙

࢚ࢊ
૚

૙

= ෍න ࢚࢑ ࢚ࢊ(࢚)૛ࢍ࢕࢒ = ෍
૛

(࢑ + ૚)૜ =
∞

࢑ୀ૙

૚

૙

∞

࢑ୀ૙

෍
૛
૜࢔ =

∞

ୀ૚࢔

૛ࣀ(૜) 

⇒ ࡵ = ૛ࣀ(૜) (૛)ࢍ࢕࢒

−න න
૛࢞૛ (࢛࢞)૛ࢍ࢕࢒

(࢞૛ + ૚)(૚ − ࢛࢞) ࢛ࢊ
૚

૙

૚

૙
࢚)࢞ࢊ

=  :࢔࢕࢏࢚࢏࢙࢕࢖࢓࢕ࢉࢋࢊ	࢔࢕࢏࢚ࢉࢇ࢘ࢌ	࢒ࢇ࢏࢚࢘ࢇ࢖	࢘ࢋ࢚ࢌࢇ,(࢛࢞
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ࡵ = ૛ࣀ(૜) (૛)ࢍ࢕࢒ − ૛න න ቆ
(࢛࢞)૛ࢍ࢕࢒

(࢛૛ + ૚)(૚ − ࢛࢞) −
(࢛࢞) (࢛࢞)૛ࢍ࢕࢒

(࢛૛ + ૚)(࢞૛ + ૚) −
(࢛࢞)૛ࢍ࢕࢒

(࢛૛ + ૚)(࢞૛ + ૚)ቇ࢛ࢊ
૚

૙

૚

૙
࢞ࢊ

= ૛ࣀ(૜) (૛)ࢍ࢕࢒ − ૛(ࡶ − −ࡷ  (ࡸ

∗ ࡸ = න න
(࢛࢞)૛ࢍ࢕࢒

(࢛૛ + ૚)(࢞૛ + ૚) ࢛ࢊ
૚

૙

૚

૙
࢞ࢊ

= න න
(࢞)૛ࢍ࢕࢒ + (࢛)૛ࢍ࢕࢒ + ૛ (࢞)ࢍ࢕࢒ (࢛)ࢍ࢕࢒

(࢛૛ + ૚)(࢞૛ + ૚) ࢛ࢊ
૚

૙

૚

૙
࢚࢟࢘ࢋ࢓࢓࢙࢟	࢟࢈,࢞ࢊ ⇒ ࡸ

= ૛න න
(࢞)૛ࢍ࢕࢒

(࢛૛ + ૚)(࢞૛ + ૚)࢛ࢊ
૚

૙

૚

૙
+࢞ࢊ ૛ቆන

(࢛)ࢍ࢕࢒
(࢛૛ + ૚) ࢛ࢊ

૚

૙
ቇ
૛

 

= ૛න
૚

(࢛૛ + ૚) න࢛ࢊ
(࢞)૛ࢍ࢕࢒
(࢞૛ + ૚)

૚

૙

૚

૙
࢞ࢊ = ૛.

࣊
૝ .
࣊૜

૚૟ + ૛(ࡳ૛)

=
࣊૝

૜૛ + ૛ࡳ૛ ቆ∴ Used	integral	identity	of	ࡳ−:ࡳ = න
(࢛)ࢍ࢕࢒

(࢛૛ + ૚)࢛ࢊ
૚

૙
ቇ 

൭∴ Used	න
(࢞)૛ࢍ࢕࢒
(࢞૛ + ૚)

૚

૙
࢞ࢊ = ෍(−૚)࢑න ࢞૛࢑ ࢞ࢊ(࢞)૛ࢍ࢕࢒ = ૛෍

(−૚)࢑

(૛࢑ + ૚)૜ = ૛ࢼ(૜) =
∞

࢑ୀ૙

૚

૙

∞

࢑ୀ૙

૛࣊૜

૜૛
=
࣊૜

૚૟
൱ 

∗ ࡷ = න න
(࢛࢞) (࢛࢞)૛ࢍ࢕࢒

(࢛૛ + ૚)(࢞૛ + ૚)࢛ࢊ
૚

૙

૚

૙
࢞ࢊ

= න න ࢛࢞
(࢞)૛ࢍ࢕࢒ + (࢛)૛ࢍ࢕࢒ + ૛ࢍ࢕࢒(࢞) (࢛)ࢍ࢕࢒

(࢛૛ + ૚)(࢞૛ + ૚) ࢛ࢊ
૚

૙

૚

૙
࢈,࢞ࢊ ࢚࢟࢘ࢋ࢓࢓࢙࢟࢟	 ⇒ ࡷ

= ૛න න
࢛࢞ (࢞)૛ࢍ࢕࢒

(࢛૛ + ૚)(࢞૛ + ૚)࢛ࢊ
૚

૙

૚

૙
+࢞ࢊ ૛ቆන

࢛ (࢛)ࢍ࢕࢒
(࢛૛ + ૚) ࢛ࢊ

૚

૙
ቇ
૛

 

= ૛න
࢛

(࢛૛ + ૚)࢛ࢊන
࢞ (࢞)૛ࢍ࢕࢒
(࢞૛ + ૚)

૚

૙

૚

૙
+࢞ࢊ ૛ቆ

࣊૛

૝ૡ
ቇ
૛

= ૛.
(૛)ࢍ࢕࢒
૛ .

૜
૚૟ ࣀ

(૜) + ૛ ቆ
࣊૛

૝ૡ
ቇ
૛

=
૜
૚૟ࣀ

(૜) (૛)ࢍ࢕࢒

+
࣊૝

૚૚૞૛
൭∴ Used	න

(࢛)ࢍ࢕࢒࢛
(࢛૛ + ૚) ࢛ࢊ

૚

૙

= ෍(−૚)࢑න ࢛૛࢑ା૚ ࢛ࢊ(࢛)ࢍ࢕࢒ =
૚
૝
෍

(−૚)࢑ା૚

(࢑ + ૚)૛ =
࣊૛

૝ૡ

∞

࢑ୀ૙

૚

૙

∞

࢑ୀ૙

൱ 

൭∴ Used	න
(࢞)૛ࢍ࢕࢒࢞
(࢞૛ + ૚)

૚

૙
࢞ࢊ

= ෍(−૚)࢑න ࢞૛࢑ା૚ ࢞ࢊ(࢞)૛ࢍ࢕࢒ =
૚
૝
෍

(−૚)࢑

(࢑ + ૚)૜ =
૚
૝

(૚ − ૛૛)ࣀ(૜) =
૜
૚૟

(૜)ࣀ
∞

࢑ୀ૙

૚

૙

∞

࢑ୀ૙

൱ 

∗ ࡶ = න න
(࢛࢞)૛ࢍ࢕࢒

(࢛૛ + ૚)(૚ − ࢛࢞) ࢛ࢊ
૚

૙

૚

૙
࢞ࢊ = න න

(࢚)૛ࢍ࢕࢒
࢛(࢛૛ + ૚)(૚ − ࢚ࢊ(࢚

࢛

૙

૚

૙
,࢛ࢊ ࡼ࡮ࡵ ⇒ ࡶ

= ൭൬ࢍ࢕࢒(࢛) −
૚
૛ ࢍ࢕࢒

(࢛૛ + ૚)൰න
(࢚)૛ࢍ࢕࢒
(૚ − ࢚) ࢚ࢊ

࢛

૙
൱อ

૙

૚

−න
ቀࢍ࢕࢒(࢛) − ૚

૛ࢍ࢕࢒(࢛૛ + ૚)ቁ (࢛)૛ࢍ࢕࢒
(૚ −࢛)

૚

૙
 ࢛ࢊ
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= −
૚
૛ ࢍ࢕࢒

(૛)න
(࢚)૛ࢍ࢕࢒
(૚− ࢚) ࢚ࢊ

૚

૙
−න

(࢛)૜ࢍ࢕࢒
(૚− ࢛)

૚

૙
࢛ࢊ +

૚
૛ ࡵ

= (૜)ࣀ− (૛)ࢍ࢕࢒ +
࣊૝

૚૞

+
૚
૛ ∴൭ࡵ Used	−න

(࢛)૜ࢍ࢕࢒
(૚− ࢛)

૚

૙
࢛ࢊ

= −෍න ࢛࢑ ࢛ࢊ(࢛)૜ࢍ࢕࢒ = ૟෍
૚

(࢑+ ૚)૝ = ૟ࣀ(૝) =
૟࣊૝

ૢ૙ =
∞

࢑ୀ૙

૚

૙

∞

࢑ୀ૙

࣊૝

૚૞൱ 

∗⇒ ࡵ = ૛ࣀ(૜) (૛)ࢍ࢕࢒ − ૛ቆ−ࣀ(૜) (૛)ࢍ࢕࢒ +
࣊૝

૚૞ +
૚
૛ ࡵ −

૜
૚૟ࣀ

(૜) (૛)ࢍ࢕࢒ −
࣊૝

૚૚૞૛ −
࣊૝

૜૛ − ૛ࡳ૛ቇ

=
૜૞
ૡ (૜)ࣀ (૛)ࢍ࢕࢒ −

૚ૢૢ࣊૝

૛ૡૡ૙ + ૝ࡳ૛ −  ࡵ

⇒ ࡵ =
૜૞
૚૟ࣀ

(૜) (૛)ࢍ࢕࢒ −
૚ૢૢ࣊૝

૞ૠ૟૙ + ૛ࡳ૛  

 
2113. Prove the integral relation: 

න න
૛࢏ࡸ ቀ

࢞ + ࢟
૛ − ඥ࢞࢟ቁ

ඥ࢞࢟

૚

૙
࢟ࢊ

૚

૙
࢞ࢊ = 

=
࣊૛

૜
− ૛൫૚૝+ ૛܏ܗܔ ૛ + ૚૙ ૛܏ܗܔ + ૛√૛ ൫૞ૠૠ܏ܗܔ − ૝૙ૡ√૛൯൯	 

Proposed by Srinivasa Raghava-AIRMC-India 
Solution by Rana Ranino-Setif-Algerie 
 

ષ = න න
૛࢏ࡸ ቀ

࢞ + ࢟
૛ − ඥ࢞࢟ቁ

ඥ࢞࢟

૚

૙
࢟ࢊ

૚

૙
࢞ࢊ =

࢞→࢞૛;࢟→࢟૛
૝න න ૛࢏ࡸ ቆ

(࢞ − ࢟)૛

૛ ቇ࢟ࢊ࢞ࢊ
૚

૙

૚

૙
=

࢞ି࢟ୀ࢚
 

= ૝න න ૛࢏ࡸ ቆ
࢚૛

૛
ቇ

࢞

࢞ି૚
࢞ࢊ࢚ࢊ

૚

૙
=
ࡼ࡮ࡵ

૝ ቈ࢞න ૛࢏ࡸ ቆ
࢚૛

૛
ቇ࢚ࢊ

࢞

࢞ି૚
቉
࢞ୀ૙

࢞ୀ૚

− ૝න ࢞ ቈ࢏ࡸቆ
࢞૛

૛
ቇ − ૛࢏ࡸ ቆ

(࢞ − ૚)૛

૛
ቇ቉࢞ࢊ

૚

૙
 

= ૝න ૛࢏ࡸ ቆ
࢞૛

૛
ቇ࢞ࢊ

૚

૙
− ૝න ૛࢏ࡸ࢞ ቆ

࢞૛

૛
ቇ

૚

૙
࢞ࢊ + ૝න ૛࢏ࡸ࢞ ቆ

(࢞ − ૚)૛

૛
ቇ࢞ࢊ

૚

૙ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
࢞ୀ૚ି࢞

= 

= ૡන ૛࢏ࡸ 	ቆ
࢞૛

૛
ቇ

૚

૙
࢞ࢊ − ૡන ૛࢏ࡸ࢞ ቆ

࢞૛

૛
ቇ࢞ࢊ

૚

૙
=

࢞→࢞√૛
ૡ√૛න ૛൫࢞૛൯࢏ࡸ

૚
√૛

૙
࢞ࢊ

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࡭

− ૚૟න ૛൫࢞૛൯࢏ࡸ࢞
૚
√૛

૙
࢞ࢊ

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࡮

 

࡭ ࡼ࡮ࡵ= ૛൫࢞૛൯൧૙࢏ࡸ࢞ൣ

૚
√૛ + ૛න ൫૚܏ܗܔ − ࢞૛൯

૚
√૛

૙
࢞ࢊ = 
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=
૚
√૛

૛࢏ࡸ ൬
૚
૛
൰+ ૛ ൤࢞ ൫૚܏ܗܔ − ࢞૛൯ − ૛࢞ − ܏ܗܔ ൬

૚ − ࢞
૚ + ࢞

൰൨
૙

૚
√૛

 

=
૚

ૡ√૛
ቆ
૛࣊૛

૜
− ૝ ૛܏ܗܔ ૛ − ૚૟ ܏ܗܔ ૛ − ૜૛ − ૜૛√૛ ൫√૛܏ܗܔ − ૚൯ቇ 

࡮ =࢞
૛→࢞ න

(࢞)૛࢏ࡸ
૛

૚
૛

૙
࢞ࢊ ࡼ࡮ࡵ= ൤

࢞
૛
−(࢞)૛࢏ࡸ

࢞
૛
−
૚
૛

(૚ − ࢞) ૚)܏ܗܔ − ࢞)൨
૙

૚
૛

=
૚
૝
૛࢏ࡸ ൬

૚
૛
൰ −

૚
૝

+
૚
૝
܏ܗܔ ૛ 

࡮ =
૚
૚૟

ቆ
࣊૜

૜
+ ૝ ܏ܗܔ ૛ − ૛ − ૝ቇ 

ષ = ૡ√૛࡭− ૚૟࡮ = 

=
૛࣊૛

૜
− ૝ ૛܏ܗܔ ૛ − ૚૟ ܏ܗܔ ૛ − ૜૛ − ૜૛√૛ ൫√૛܏ܗܔ − ૚൯ −

࣊૛

૜
− ૝ ૛܏ܗܔ + ૛ ૛܏ܗܔ ૛ + ૝ = 

=
࣊૛

૜
− ૛(૚૝+ ૛܏ܗܔ ૛ + ૚૙ ܏ܗܔ ૛ + ૛√૛ ܏ܗܔ ቀ൫√૛ − ૚൯

ૡ
ቁ 

 ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ

න න
૛࢏ࡸ ቀ

࢞ + ࢟
૛ − ඥ࢞࢟ቁ

ඥ࢞࢟

૚

૙
࢟ࢊ

૚

૙
࢞ࢊ =

࣊૛

૜
− ૛൫૚૝ + ૛܏ܗܔ ૛+ ૚૙ ܏ܗܔ ૛ + ૛√૛ ൫૞ૠૠ܏ܗܔ − ૝૙ૡ√૛൯൯	 

2114. If ૙ < ܽ ≤ ܾ,݊ ∈ ℕ∗ then: 

න ࢚૛(࢚૜ − ૚ି࢔(૜ࢇ
࢈ࢇ√

ࢇ
࢚ࢊ ≤

૚
૛૝࢔

૜࢈) + ૜࢈૛ࢇ + ૛ࢇ૛࢈ − ૠࢇ૜)࢔ 

Proposed by Daniel Sitaru-Romania 
Solution by Tapas Das-India 

 

૜࢈ + ૜࢈૛ࢇ + ૛ࢇ૛࢈− ૠࢇ૜ = ࢇ) + ૜(࢈ − ૡࢇ૜ 

ࢇ + ࢈
૛

≥  ࢈ࢇ√

		න ࢚૛(࢚૜ − ૚ି࢔(૜ࢇ
࢈ࢇ√

ࢇ
࢚ࢊ =࢚

૜ୀ࢛ න (࢛− ૚ି࢔(૛ࢇ
൫√࢈ࢇ൯

૜

૜ࢇ
࢛ࢊ = 

=
૚
૜࢔

[(࢛ − [࢔(૜ࢇ
૜ࢇ
൫√࢈ࢇ൯

૜

=
૚
૜࢔

ቂ൫√࢈ࢇ൯
૜
− ૜ቃࢇ

࢔
≤

૚
૜࢔ ቈ൬

ࢇ + ࢈
૛ ൰

૜

− ૜቉ࢇ
࢔

= 

=
૚
૜࢔ ∙

૚
ૡ࢔

ࢇ)] + ૜(࢈ − ૡࢇ૜]࢔ ≤
૚
૜࢔ ∙

૚
ૡ

+ࢇ)] ૜(࢈ − ૡࢇ૜]࢔ = 
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=
૚
૛૝࢔

+ࢇ)] ૜(࢈ − ૡࢇ૜]࢔ =
૚
૛૝࢔

૜࢈) + ૜࢈૛ࢇ+ ૛ࢇ૛࢈ − ૠࢇ૜)࢔		 

2115. Find: 

ષ = ܕܑܔ
ஶ→࢔

૚
૜࢔ ቌ

න
࢞࢑

૜࢞ + ૛

૚

૙

ቍ࢞ࢊ

ି૚

ቌන
࢞࢑

૛࢞ + ૜
࢞ࢊ

૚

૙

ቍ

ି૚

 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

૙ ≤ ࢞ ≤ ૚ → ࢞࢑ା૚ ≤ ࢞࢑,૜࢞ + ૛ > 0 →
࢞࢑ା૚

૜࢞ + ૛ ≤
࢞࢑

૜࢞ + ૛ → න
࢞࢑ା૚

૜࢞ + ૛࢞ࢊ ≤
૚

૙

න
࢞࢑

૜࢞ + ૛

૚

૙

 ࢞ࢊ

૙ ≤ ࢞ ≤ ૚ → ࢞࢑ା૚ ≤ ࢞࢑,૛࢞ + ૜ > 0 →
࢞࢑ା૚

૛࢞ + ૜ ≤
࢞࢑

૛࢞ + ૜ → න
࢞࢑ା૚

૛࢞ + ૜࢞ࢊ ≤
૚

૙

න
࢞࢑

૛࢞ + ૜

૚

૙

 ࢞ࢊ

࢑ࡵ = න
࢞࢑

૜࢞ + ૛

૚

૙

࢞ࢊ → ࢑ା૚ࡵ ≤ ࢑ࡵ , ૜࢑ࡵା૚ + ૛࢑ࡵ = න
૜࢞࢑ା૚ + ૛࢞࢑

૜࢞ + ૛ ࢞ࢊ = න࢞࢞ࢊ࢑ =
૚

࢑ + ૚

૚

૙

૚

૙

 

࢑ࡶ = න
࢞࢑

૛࢞ + ૜

૚

૙

࢞ࢊ → ࢑ା૚ࡶ ≤ ,࢑ࡶ ૛࢑ࡶା૚ + ૜࢑ࡶ = න
૛࢞࢑ା૚ + ૜࢞࢑

૛࢞ + ૜ ࢞ࢊ = න࢞࢞ࢊ࢑ =
૚

࢑ + ૚

૚

૙

૚

૙

 

࢑ା૚ࡵ ≤ ࢑ࡵ ,૜࢑ࡵା૚ + ૛࢑ࡵ =
૚

࢑ + ૚ 

࢑ା૚ࡵ =
૚

૜(࢑+ ૚) −
૛
૜ ࢑ࡵ →

૚
૜(࢑+ ૚) −

૛
૜࢑ࡵ ≤ ࢑ࡵ →

૚
૜(࢑+ ૚) ≤

૞
૜ ࢑ࡵ → ࢑ࡵ ≥

૚
૞(࢑+ ૚) 

࢑ࡵ =
૚

૛(࢑+ ૚)−
૜
૛ ࢑ା૚ࡵ → ࢑ା૚ࡵ ≤

૚
૛(࢑ + ૚)−

૜
૛ ࢑ା૚ࡵ →

૞
૛ ࢑ା૚ࡵ ≤

૚
૛(࢑ + ૚) 

࢑ା૚ࡵ ≤
૚

૞(࢑ + ૚) → ࢑ࡵ ≤
૚
૞࢑ →

૚
૞(࢑ + ૚) ≤ ࢑ࡵ ≤

૚
૞࢑ ,

૚
૞(࢑ + ૚) ≤ ࢑ࡶ ≤

૚
૞࢑ 

૛૞࢑૛ ≤ ࢑ି૚ࡶ࢑ି૚ࡵ ≤ ૛૞(࢑+ ૚)૛  

૛૞ ∙
+࢔)࢔ ૚)(૛࢔ + ૚)

૟ ≤ ෍࢑ିࡵ૚࢑ିࡶ૚
࢔

࢑ୀ૚

≤ ૛૞ ∙ ቆ
+࢔) ૚)(࢔ + ૛)(૛࢔+ ૜)

૟ − ૚ቇ 
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૛૞ ∙
࢔)࢔ + ૚)(૛࢔+ ૚)

૟࢔૜ ≤
૚
࢑ି૚ࡶ࢑ି૚ࡵ૜෍࢔

࢔

࢑ୀ૚

≤ ૛૞ ∙ ቆ
+࢔) ૚)(࢔ + ૛)(૛࢔ + ૜)

૟࢔૜ −
૚
 ૜ቇ࢔

૛૞
૜ ≤ ܕܑܔ

ஶ→࢔

૚
࢑ି૚ࡶ࢑ି૚ࡵ૜෍࢔

࢔

࢑ୀ૚

≤
૛૞
૜  

ષ =
૛૞
૜  

Solution 2 by Hikmat Mammadov-Azerbaijan 

૚
૜࢞ + ૛ ≥

૚
૞ 	ࢊ࢔ࢇ	

૚
૛࢞ + ૜ ≥

૚
૞ , 		:࢔ࢋࢎ࢚ න

࢞࢑

૜࢞ + ૛࢞ࢊ
૚

૙
⋅ න

࢞࢑

૛࢞ + ૜࢞ࢊ
૚

૙
≥

૚
૛૞(࢑+ ૚)૛ 

න
࢞࢑

૜࢞ + ૛ ࢞ࢊ
૚

૙
=
૚
࢑න

࢞࢑

૜࢞ + ૛࢞ࢊ
૚

૙
=
૚
࢑࢞

࢑ ⋅
࢞

૜࢞ + ૛ฬ૙

૚

−
૚
࢑න ࢞࢑

૛
(૜࢞ + ૛)૛ ࢞ࢊ

૚

૙
= 

=
૚
૞࢑−

૛
࢑න

࢞࢑

(૜࢞ + ૛)૛ ࢞ࢊ
૚

૙
≤

૚
૞࢑ 

,࢟࢒࢘ࢇ࢒࢏࢓࢏ࡿ න
࢞࢑

૛࢞ + ૜࢞ࢊ
૚

૙
≤

૚
૞࢑ ;∀࢑ ∈ ℤ. 

,ࢋࢉ࢔ࢋࡴ න
࢞࢑

૜࢞ + ૛࢞ࢊ
૚

૙
⋅ න

࢞࢑

૛࢞ + ૜ ࢞ࢊ
૚

૙
≤

૚
૛૞࢑૛ 

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ܕܑܔ
ஶ→࢔

૚
૜෍૛૞࢑૛࢔

࢔

࢑ୀ૚

≤ ષ ≤ ܕܑܔ
ஶ→࢔

૚
+࢑)૜෍૛૞࢔ ૚)૛	

࢔

࢑ୀ૚

 

ܕܑܔ
ஶ→࢔

૚
૜࢔ ⋅

૛૞
૟ +࢔)࢔ ૚)(૛࢔ + ૚) ≤ ષ ≤ ܕܑܔ

ஶ→࢔

૚
૜࢔ ⋅

૛૞
૟ ൫−૚ + ࢔) + ૚)(࢔+ ૛)(૛࢔+ ૜)൯ 

		ષ = ܕܑܔ
ஶ→࢔

૚
૜෍ቆන࢔

࢞࢑

૜࢞ + ૛࢞ࢊ
૚

૙
ቇ
ି૚

ቆන
࢞࢑

૛࢞ + ૜࢞ࢊ
૚

૙
ቇ
ି૚࢔

࢑ୀ૚

=
૛૞
૜  

2116. Find: 

ષ = ܕܑܔ
ஶ→࢔

૚
!࢔
෍൬૚+

૚
૚!

+
૚
૛!

+ ⋯+
૚
࢑!
൰

૚ି࢔

࢑ୀ૚

 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by Bamidele Oluwatosin-Lagos-Nigeria 

ષ = ܕܑܔ
ஶ→࢔

૚
෍൬૚!࢔ +

૚
૚! +

૚
૛! + ⋯+

૚
࢑!൰

૚ି࢔

࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

૚
!࢔ ቆ

૚
૚ + ൬

૚
૚ +

૚
૚!൰+ ൬

૚
૚ +

૚
૚! +

૚
૛!൰ + ⋯+ ൬

૚
૚ +

૚
૚! +

૚
૛! + ⋯+

૚
࢔) − ૚)!൰ቇ = 

= ܕܑܔ
ஶ→࢔

૚
!࢔ ൬

࢔
૚ +

−࢔ ૚
૚! +

−࢔ ૛
૛! + ⋯+

૚
−࢔) ૚)!൰ = 

= ܕܑܔ
ஶ→࢔	

૚
!࢔
൭࢔෍

૚
(࢑ − ૚)!

࢔

࢑ୀ૚

−෍
࢑− ૚

(࢑ − ૚)!

࢔

࢑ୀ૚

൱ = 

= ܕܑܔ
ஶ→࢔

૚
!࢔
ቌ(࢔ + ૚)෍

૚
(࢑ − ૚)!

࢔

࢑ୀ૚

−෍
૚

(࢑− ૚)!

૚ି࢔

࢑ୀ૚

−෍
૚

(࢑ − ૚)!

࢔

࢑ୀ૚

ቍ = 

= ܕܑܔ
ஶ→࢔

૚
!࢔
ቌ(࢔ − ૚)෍

૚
(࢑ − ૚)!

࢔

࢑ୀ૚

+
૚

࢔) − ૚)!	
ቍ = 

= ܕܑܔ
ஶ→࢔

૚
!࢔

࢔) − ૚)෍
૚

(࢑ − ૚)!

࢔

࢑ୀ૚

= ൬ܕܑܔ
ஶ→࢔

૚
࢔)࢔ − ૛)!൰

൭ܕܑܔ
ஶ→࢔

෍
૚
࢑!

࢔

࢑ୀ૙

൱ = ૙ ⋅ ૚ࢋ = ૙		 

Solution 2 by Ravi Prakash-New Delhi-India 

࢔࡭	࢙࡭ = ෍൬૚ +
૚
૚! +

૚
૛! + ⋯+

૚
࢑!൰

૚ି࢔

࢑ୀ૚

< ෍ࢋ
૚ି࢔

࢑ୀ૚

= ࢔) − ૚)ࢋ 

૙ ≤
૚
࢔࡭!࢔ ≤

࢔ − ૚
!࢔  ࢋ

࢙࡭ ܕܑܔ
ஶ→࢔

࢔ − ૚
!࢔ ࢋ = ܕܑܔ

ஶ→࢔
൬

૚
࢔) − ૚)! −

૚
ࢋ൰!࢔ = ૙ 

,࢓ࢋ࢘࢕ࢋࢎ࢚	ࢎࢉ࢏࢝ࢊ࢔ࢇ࢙	࢟࡮ ܕܑܔ
ஶ→࢔

૚
࢔࡭!࢔ = ૙.		 

Solution 3 by Le Thu-Vietnam 

෍൬૚ +
૚
૚! +

૚
૛! + ⋯+

૚
࢑!൰

૚ି࢔

࢑ୀ૚

= ෍૚
૚ି࢔

࢑ୀ૚

+ ෍ ෍
૚
!࢓

࢑

ୀ૚࢓

૚ି࢔

࢑ୀ૚

 

෍૚
૚ି࢔

࢑ୀ૚

= ࢔ − ૚~࢔ 
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෍ ෍
૚
!࢓

࢑

ୀ૚࢓

૚ି࢔

࢑ୀ૚

~෍ ෍
૚
!࢓

૚ି࢔

ୀ૚࢓

૚ି࢔

࢑ୀ૚

= ෍
࢓−࢔
!࢓

૚ି࢔

ୀ૚࢓

= ࢔ ෍
૚
!࢓

૚ି࢔

ୀ૚࢓

− ෍
࢓
!࢓

૚ି࢔

ୀ૚࢓

ࢋ)࢔~ − ૚) − ࢋ = ࢋ) − ૚)࢔ 

ષ,ࢋࢉ࢔ࢋࡴ = ܕܑܔ
ஶ→࢔

+࢔ ࢋ) − ૚)࢔
!࢔ = ࢋ ܕܑܔ

ஶ→࢔

࢔
!࢔ = ࢋ ⋅ ૙ = ૙		 

2117. Prove that: 

ࡵ = න
૚

(࢞ + ૚)૛
ඨ√࢞ + ૚ + √૛࢞
√࢞ + ૚ − √૛࢞

࢞ࢊ =
࣊ + ૝
૝

૚

૙
 

Proposed by Ankush Kumar Parcha-India 
Solution 1 by Pham Duc Nam-Vietnam 

∗ ࢞:࢚ࢋࡸ =
૚ − ࢚
૚ + ࢚

⇒ ࢚ =
૚ − ࢞
૚ + ࢞

⇒ ࢚ࢊ = −
૛

(࢞ + ૚)૛ ࢞ࢊ ⇒
࢞ࢊ

(࢞+ ૚)૛ = −
࢚ࢊ
૛

 

⇒ ࡵ =
૚
૛
න ඪ

ට૚ − ࢚
૚ + ࢚ + ૚ +ට૛(૚ − ࢚)

૚ + ࢚

ට૚ − ࢚
૚ + ࢚ + ૚ −ට૛(૚ − ࢚)

૚ + ࢚

࢞ࢊ =
૚

૙

૚
૛
න ඨ

√૛ +ඥ૛(૚ − ࢚)

√૛ −ඥ૛(૚ − ࢚)
࢞ࢊ

૚

૙

=
૚
૛
න ඩ

ቀ√૛ +ඥ૛(૚ − ࢚)ቁ
૛

ቀ√૛ − ඥ૛(૚ − ࢚)ቁ ቀ√૛ + ඥ૛(૚ − ࢚)ቁ
࢞ࢊ

૚

૙
 

=
૚
૛
න ඩቀ√૛ +ඥ૛(૚ − ࢚)ቁ

૛

૛ − ૛(૚− ࢚)
࢞ࢊ

૚

૙
=
૚
૛
න ඩ

ቀ√૛ +ඥ૛(૚ − ࢚)ቁ
૛

൫√૛࢚൯
૛ ࢞ࢊ

૚

૙
=
૚
૛
න

૚ + √૚ − ࢚
√࢚

࢞ࢊ
૚

૙

= න ቆ૚ + ට૚ − ൫√࢚൯
૛
ቇࢊ൫√࢚൯

૚

૙
 

= ቆ√࢚+
૚
૛
൫√࢚√૚ − ࢚ + ൫√࢚൯൯ቇቤ࢔࢏࢙ࢉ࢘ࢇ

૙

૚

= ૚ +
࣊
૝

=
࣊ + ૝
૝

 

 
Solution 2 by Yen Tung Chung-Taichung-Taiwan 

න
૚

(૚ + ࢞)૛
ඨ√૚ + ࢞ + √૛࢞
√૚ + ࢞ − √૛࢞

࢞ࢊ
૚

૙
= න

૚
(૚ + ࢞)૛

ඨ൫√૚ + ࢞+ √૛࢞൯
૛

૚ + ࢞ − ૛࢞

૚

૙
࢞ࢊ = 

= න
√૚ + ࢞ + √૛√࢞
(૚ + ࢞)૛√૚− ࢞

૚

૙
࢞ࢊ = න

૚

(૚ + ࢞)૛ට૚ − ࢞
૚ + ࢞

࢞ࢊ
૚

૙
−න

√૛

(૚ + ࢞)૛ට૚− ࢞
࢞

૚

૙
࢞ࢊ = (∗) 
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࢟:࢚ࢋࡸ = ඨ૚ − ࢞
૚ + ࢞ ⇒ ࢞ =

૚ − ࢟૛

૚ + ࢟૛ ࢞ࢊ, =
૝࢟

(૚ + ࢟૛)૛  	ࢊ࢔ࢇ	࢟ࢊ

ࢠ = ඨ૚ − ࢞
࢞ ⇒ ࢞ =

૚
૛ࢠ + ૚ ࢞ࢊ, =

−૛ࢠ
૛ࢠ) + ૚)૛  ࢠࢊ

(∗) = න
૚

൬૚ + ૚ − ࢟૛
૚ + ࢟૛൰

૛
࢟
൬

૝࢟
(૚ + ࢟૛)૛൰

૚

૙
࢟ࢊ − න

√૛

ቀ૚ + ૚
૛ࢠ + ૚ቁ

૛
ࢠ
൬

૛ࢠ
૛ࢠ + ૚൰ࢠࢊ

ஶ

૙
= 

= න ࢟ࢊ
૚

૙
+ න

૛√૛
૛ࢠ) + ૛)૛ ࢠࢊ

ஶ

૙
= ૚ + √૛	න

(૛ + (૛ࢠ − ૛ࢠ

૛ࢠ) + ૛)૛ ࢠࢊ
ஶ

૙
= 

= ૚ + √૛ ቆන
૚

૛ࢠ + ૛ࢠࢊ
ஶ

૙
−න

૛ࢠ

૛ࢠ) + ૛)૛ ࢠࢊ
ஶ

૙
ቇ = 

= ૚ + √૛(න
૚

૛ࢠ + ૛ࢠࢊ
ஶ

૙
+
૚
૛

ࢠ
૛ࢠ + ૛ቚ૙

ஶ
−
૚
૛න

૚
૛ࢠ + ૛ࢠࢊ

ஶ

૙
= (∗∗) 

ቄ ࢛ = ࢠ
࢛ࢊ = ൞				ࢠࢊ

࢜ࢊ =
ࢠ

૛ࢠ) + ૛)૛ ࢠࢊ

࢜ = −
૚
૛

૚
૛ࢠ + ૛

 

(∗∗) = ૚ + √૛ቆන
૚

૛ࢠ + ૛ ࢠࢊ
ஶ

૙
−
૚
૛න

૚
૛ࢠ + ૛ ࢠࢊ

ஶ

૙
ቇ = ૚ +

√૛
૛ න

૚
૛ࢠ + ૛ࢠࢊ

ஶ

૙
= 

= ૚ +
૚
૛ ܖ܉ܜ

ି૚ ൬
ࢠ
√૛

൰ฬ
૙

ஶ

= ૚ +
࣊
૝ =

૝ + ࣊
૝ 		 

Solution 3 by Bui Hong Suc-Vietnam 

ࡵ = න
૚

(૚ + ࢞)૛
ඨ√૚ + ࢞ + √૛࢞
√૚ + ࢞ − √૛࢞

࢞ࢊ
૚

૙
= න

૚
(࢞ + ૚)૛ ඪ

૚ + ට ૛࢞
࢞ + ૚

૚ − ට ૛࢞
࢞ + ૚

࢞ࢊ
૚

૙
=

૛ܛܗ܋ ૛࢚ୀ ૛࢞
࢞ା૚

 

= −૛න ඨ૚ + ܛܗ܋ ૛࢚
૚ − ૛࢚ܛܗ܋ ܛܗ܋ ૛࢚ ܖܑܛ ૛࢚

૙

࣊
૝

࢚ࢊ = ૝න ඨܛܗ܋
૛ ࢚

૛ܖܑܛ ࢚ ܛܗ܋ ૛࢚ ܖܑܛ ࢚ ܛܗ܋ ࢚
࣊
૝

૙
࢚ࢊ = 

= ૛න ܛܗ܋ ૛࢚ (૚ + ܛܗ܋ ૛࢚)
࣊
૝

૙
࢚ࢊ = ૛න ܛܗ܋) ૛࢚ + ૛ܛܗ܋ ૛࢚)

࣊
૝

૙
࢚ࢊ = 

= ܖܑܛ ૛࢚|૙
࣊
૝ + ૛න ૛ܛܗ܋ ૛࢚

࣊
૝

૙
࢚ࢊ = ૚ + න (૚+ ܛܗ܋ ૝࢚)

࣊
૝

૙
࢚ࢊ = ૚ +

࣊
૝		 

2118. For −૚ < ܽ < 0 prove that: 
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ષ = න
ࢇ࢞

(૚ + ࢞)(૚ + (૛࢞૛࢈

ஶ

૙
࢞ࢊ =

૚
૚ + ૛࢈ ቌ

ࢇି࢈࣊

૛ ૛ࢇ࣊ܖܑܛ
+

ࢇ૚ି࢈࣊

૛ ૛ࢇ࣊ܛܗ܋
−

࣊
 ቍࢇ࣊ܖܑܛ

Proposed by Amin Hajiyev-Azerbaijan 
Solution by Bui Hong Suc-Vietnam 

ષ = න
ࢇ࢞

(૚ + ࢞)(૚ + (૛࢞૛࢈

ஶ

૙
࢞ࢊ =

૚
૚ + ૛න࢈ ࢇ࢞ ቆ

૚
૚ + ࢞ −

૛࢞࢈
૚ + ૛࢞૛࢈ +

૛࢈

૚ + ૛࢞૛ቇ࢈
ஶ

૙
࢞ࢊ = 

=
૚

૚ + ૛࢈ ቊන
ࢇ࢞

૚ + ࢞ࢊ࢞
ஶ

૙
− ૛න࢈

ା૚ࢇ࢞

૚ + ૛࢞૛࢈ ࢞ࢊ
ஶ

૙
+ ૛න࢈

ࢇ࢞

૚ + ૛࢞૛࢈ ࢞ࢊ
ஶ

૙
ቋ = 

=
૚

૚ + ૛࢈
ቐࢇ)࡮+ ૚,−ࢇ) −

ࢇି࢈

૛ න
(૛࢞૛࢈)

ࢇ
૛ࢊ(࢈૛࢞૛)

૚ + ૛࢞૛࢈
ஶ

૙
+
ࢇ૚ି࢈

૛ න
(૛࢞૛࢈)

૚ିࢇ
૛ (૛࢞૛࢈)ࢊ

૚ + ૛࢞૛࢈
ஶ

૙
ቑ = 

=
૚

૚ + ૛࢈
ቐ
ડ(૚ + (ࢇ−)ડ(ࢇ

ડ(૚) −
ࢇି࢈

૛ ⋅
ડ ቀ૚ + ࢇ

૛ቁડ ቀ−
ࢇ
૛ቁ

ડ(૚) +
ࢇ૚ି࢈

૛ ⋅
ડ ቀ૚ + ࢇ

૛ ቁ ડቀ૚ − ࢇ
૛ ቁ

ડ(૚) ቑ = 

=
૚

૚ + ૛࢈
ቐ

−࣊
ܖܑܛ ࢇ࣊ +

ࢇି࢈

૛ ⋅
࣊

૛ࢇ࣊ܖܑܛ
+
ࢇ૚ି࢈

૛ ⋅
࣊

ܖܑܛ ࣊(૚ − (ࢇ
૛

ቑ = 

=
૚

૚ + ૛࢈
ቐ

−࣊
ܖܑܛ ࢇ࣊ +

ࢇି࢈

૛ ⋅
࣊

ܖܑܛ ૛ࢇ࣊
+
ࢇ૚ି࢈

૛ ⋅
࣊

૛ࢇ࣊ܛܗ܋
ቑ		 

2119. Prove that: 

ࢹ = න ࢍ࢕࢒ ൬
૚+ ࢞
૚ − ࢞

൰ ቆࢍ࢕࢒
૚ + √૚ − ࢞૛

૚ − √૚ − ࢞૛
ቇ࢞ࢊ =

૚
૛

(૚૟ࡳ − ࣊૛)
૚

૙
 

Proposed by Ose Favour-Nigeria 
Solution 1 by Pham Duc Nam-Vietnam 

∗

⎩
⎪
⎨

⎪
ݑ⎧ = ቆࢍ࢕࢒

૚ + √૚ − ࢞૛

૚ − √૚ − ࢞૛
ቇ

ݒ݀ = ൬ࢍ࢕࢒
૚ + ࢞
૚ − ࢞

൰
⇒

⎩
⎨

ݑ݀⎧ = −
૛

࢞√૚ − ࢞૛
࢞ࢊ

ݒ = 2 ૚)ࢍ࢕࢒ − ࢞) + (࢞ + ૚) ൬ࢍ࢕࢒
૚ + ࢞
૚ − ࢞

൰
⇒ ࢹ

= ቆࢍ࢕࢒
૚ + √૚ − ࢞૛

૚ − √૚ − ࢞૛
ቇ ൬૛ ૚)ࢍ࢕࢒ − ࢞) + (࢞ + ૚) ൬ࢍ࢕࢒

૚ + ࢞
૚ − ࢞

൰൰อ
૙

૚

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ୀ૙

+ ૛න
૛ ૚)ࢍ࢕࢒ − ࢞) + (࢞ + ૚) ቀ૚ࢍ࢕࢒ + ࢞

૚ − ࢞ቁ

࢞√૚ − ࢞૛

૚

૙
 ࢞ࢊ
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= ૛ቌන
૛ ૚)ࢍ࢕࢒ − ࢞)

࢞√૚ − ࢞૛

૚

૙
࢞ࢊ + න

(࢞ + ૚) ቀ૚ࢍ࢕࢒ + ࢞
૚ − ࢞ቁ

࢞√૚ − ࢞૛

૚

૙
ቍ࢞ࢊ = ૝ࡵ + ૛ࡷ(∗) 

∗ ࡵ = න
૚)ࢍ࢕࢒ − ࢞)

࢞√૚ − ࢞૛

૚

૙
,࢞ࢊ ࢞:࢚ࢋ࢒ = (࢚)࢙࢕ࢉ ࢞ࢊ, = ࢚ࢊ(࢚)࢔࢏࢙− ⇒ ࡵ = න

૚)ࢍ࢕࢒ − ((࢚)࢙࢕ࢉ
(࢚)࢙࢕ࢉ (࢚)࢔࢏࢙

࣊
૛

૙
࢚ࢊ(࢚)࢔࢏࢙

= න
૚)ࢍ࢕࢒ − ((࢚)࢙࢕ࢉ

(࢚)࢙࢕ࢉ

࣊
૛

૙
(ࢇ)ࡵ:ࢋ࢔࢏ࢌࢋࢊ,࢚ࢊ = න

૚)ࢍ࢕࢒ − ((࢚)࢙࢕ࢉࢇ
(࢚)࢙࢕ࢉ

࣊
૛

૙
࢚ࢊ ⇒ ࡵ

= ,(૚)ࡵ (૙)ࡵ = ૙ 

⇒ (ࢇ)ʹࡵ = න
ࣔ
ࢇࣔ

ቆ
૚)ࢍ࢕࢒ − ((࢚)࢙࢕ࢉࢇ

(࢚)࢙࢕ࢉ
ቇ

࣊
૛

૙
࢚ࢊ = න

૚
ࢇ (࢚)࢙࢕ࢉ − ૚

࣊
૛

૙
࢚ࢊ

=
૛

૛ࢇ√ − ૚
૚ቌିࢎ࢔ࢇ࢚

ࢇ) + ૚) ࢔ࢇ࢚ ࢚૛
૛ࢇ√ − ૚

ቍቮ

૙

࣊
૛

=
૛

૛ࢇ√ − ૚
૚ିࢎ࢔ࢇ࢚ ൬

ࢇ + ૚
૛ࢇ√ − ૚

൰ 

⇒ (ࢇ)ࡵ = න
૛

૛ࢇ√ − ૚
૚ିࢎ࢔ࢇ࢚ ൬

ࢇ + ૚
૛ࢇ√ − ૚

൰ࢇࢊ = ૛ ൬࢚ିࢎ࢔ࢇ૚ ൬
ࢇ + ૚
૛ࢇ√ − ૚

൰൰
૛

+ ,࡯ ࢇ:࢚ࢋ࢒ = ૙ ⇒ ૙

= ࡯ −
࣊૛

ૡ
⇒ ࡯ =

࣊૛

ૡ
⇒ (ࢇ)ࡵ = ૛ ൬࢚ିࢎ࢔ࢇ૚ ൬

ࢇ + ૚
૛ࢇ√ − ૚

൰൰
૛

+
࣊૛

ૡ
 

ࢇ:࢚ࢋࡸ → ૚ ⇒ ࡵ = ࢓࢏࢒
૚→ࢇ

ቆ૛൬࢚ିࢎ࢔ࢇ૚ ൬
ࢇ + ૚
૛ࢇ√ − ૚

൰൰
૛

+
࣊૛

ૡ
ቇ = −

࣊૛

૛
+
࣊૛

ૡ
= −

૜࣊૛

ૡ
 

∗ ࡷ = න
(࢞ + ૚) ቀ૚ࢍ࢕࢒ + ࢞

૚ − ࢞ቁ

࢞√૚ − ࢞૛

૚

૙
,࢞ࢊ ࢞:࢚ࢋ࢒ =

૚ − ࢚
૚ + ࢚

⇒ ࢞ࢊ = −
૛

(૚ + ࢚)૛
࢚ࢊ ⇒ ࡷ

= ૛න
(࢚ + ૚) (࢚)ࢍ࢕࢒

√࢚(࢚ − ૚)

૚

૙

࢚ࢊ
(૚ + ࢚)૛

= −૛න
(࢚)ࢍ࢕࢒

√࢚(૚ − ࢚૛)

૚

૙
࢚ࢊ = −૛න

(࢚)ࢍ࢕࢒

√࢚

૚

૙
෍࢚૛࢑

∞

࢑ୀ૙

 ࢚ࢊ

= −૛෍න (࢚)ࢍ࢕࢒ ࢚૛࢑ି
૚
૛࢚ࢊ = ૡ

૚

૙

∞

࢑ୀ૙

෍
૚

(૝࢑ + ૚)૛

∞

࢑ୀ૙

= ૡ෍
૚
૚૟

.
૚

ቀ࢑ + ૚
૝ቁ

૛

∞

࢑ୀ૙

=
૚
૛
࣒૚ ൬

૚
૝
൰ :ࢋ࢙࢛, ૚࣒:ࢋ࢛࢒ࢇ࢜	࢒ࢇ࢏ࢉࢋ࢖࢙ ൬

૚
૝
൰ = ࣊૛ + ૡࡳ ⇒ ࡷ =

࣊૛

૛
+ ૝ࡳ 

∗ (∗)࢓࢕࢘ࡲ ⇒ ષ = ૝ቆ−
૜࣊૛

ૡ
ቇ + ૛ቆ

࣊૛

૛
+ ૝ࡳቇ = ࣊૛ −

૜࣊૛

૛
+ ૡࡳ = −

࣊૛

૛
+ ૡࡳ

=
૚
૛
൫૚૟ࡳ − ࣊૛൯  

Solution 2 by Rana Ranino-Setif-Algerie 

ષ = න ܏ܗܔ ൬
૚ + ࢞
૚ − ࢞൰ ቆ܏ܗܔ

૚ + √૚ − ࢞૛

૚ − √૚ − ࢞૛
ቇ࢞ࢊ

૚

૙
= −૛෍

૚
૛࢔ − ૚න ܏ܗܔ ቆ

૚ − √૚ − ࢞૛

૚ + √૚ − ࢞૛
ቇ࢞ࢊ

૚

૙

ஶ

ୀ૚࢔

= 

෍−ࡼ࡮ࡵ=
૚

࢔૛)࢔ − ૚) ቈ࢞
૛࢔ ܏ܗܔ ቆ

૚ − √૚ − ࢞૛

૚ + √૚ − ࢞૛
ቇ቉

૙

૚ஶ

ୀ૚࢔

+ ૛෍
૚

࢔૛)࢔ − ૚)න
࢞૛ି࢔૚

√૚ − ࢞૛
࢞ࢊ

૚

૙

ஶ

ୀ૚࢔

= 
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= ෍
૚

࢔૛)࢔ − ૚)න
࢔࢞

࢞√૚ − ࢞
࢞ࢊ

૚

૙

ஶ

ୀ૚࢔

= ૛෍
૚

૛࢔ − ૚න
࢔࢞

࢞√૚ − ࢞
࢞ࢊ

૚

૙

ஶ

ୀ૚࢔

−෍
૚
න࢔

࢔࢞

࢞√૚− ࢞
࢞ࢊ

૚

૙

ஶ

ୀ૚࢔

= ૛࡭ −  ࡮

࡭ = −න
−ቆ૚܏ܗܔ √࢞

૚+ √࢞
ቇ

√࢞√૚ − ࢞
࢞ࢊ

૚

૙
= −૛න

܏ܗܔ ቀ૚ − ࢞
૚ + ࢞ቁ

√૚ − ࢞૛
࢞ࢊ

૚

૙
=࢞ୀܛܗ܋ ૛࢚− ૡන ܖ܉ܜ)܏ܗܔ ࢚ࢊ(࢚

࣊
૝

૙
= ૡࡳ 

࡮ = −න
૚)܏ܗܔ − ࢞)
࢞√૚ − ࢞

࢞ࢊ
૚

૙
= −න

܏ܗܔ ࢞
(૚ − ࢞)√࢞

࢞ࢊ
૚

૙
= −૝න

࢞܏ܗܔ
૚ − ࢞૛ ࢞ࢊ

૚

૙
= 

= −૝෍න ࢞૛࢔ ࢞܏ܗܔ
૚

૙
࢞ࢊ

ஶ

ୀ૚࢔

= ૝෍
૚

(૛࢔+ ૚)૛

ஶ

ୀ૚࢔

=
࣊૛

૛  

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ න ܏ܗܔ ൬
૚ + ࢞
૚ − ࢞൰ ܏ܗܔ ቆ

૚ + √૚ − ࢞૛

૚ − √૚ − ࢞૛
ቇ࢞ࢊ

૚

૙
=
૚
૛

(૚૟ࡳ − ࣊૛) 

Solution 3 by Ankush Kumar Parcha-India 

ષ = න ܏ܗܔ ൬
૚ + ࢞
૚ − ࢞൰ ቆ܏ܗܔ

૚ + √૚ − ࢞૛

૚ − √૚ − ࢞૛
ቇ࢞ࢊ

૚

૙
=

ܖܑܛ ࢟ୀ࢞
 

= න ࢟ܛܗ܋ ܏ܗܔ ൬
૚ − ࢟࢔࢏࢙
૚ + ൰࢟࢔࢏࢙ ܏ܗܔ ൬

૚ − ࢙࢟࢕ࢉ
૚ + ࢟ࢊ൰࢙࢟࢕ࢉ

࣊
૛

૙
 

ષ
૝ = න ቌ܏ܗܔ

૚ − ૛࢟࢔ࢇ࢚
૚ + ૛࢟࢔ࢇ࢚

ቍ ܏ܗܔ ቀ࢚࢔ࢇ
࢟
૛
ቁቌ

૚ − ૛ܖ܉ܜ ࢟૛
૚ + ૛ܖ܉ܜ ࢟૛

ቍ࢟ࢊ
࣊
૛

૙
=

૛ୀ࢞࢟ܖ܉ܜ
 

ષ
ૡ = න ܏ܗܔ ൬

૚ − ࢞
૚ + ࢞൰ ܏ܗܔ ࢞ ቆ

૚ − ࢞૛

૚ + ࢞૛ቇ
࢞ࢊ

૚ + ࢞૛
૚

૙
=

૚ି࢞
૚ା࢞ୀ࢟ ૛න

࢟
(૚ + ࢟૛)૛ ࢟܏ܗܔ ܏ܗܔ ൬

૚ − ࢟
૚ + ࢟൰࢟ࢊ

૚

૙
 

ષ
૚૟ = න

࢟
(૚ + ࢟૛)૛ ࢟܏ܗܔ ܏ܗܔ ൬

૚ − ࢟
૚ + ࢟൰࢟ࢊ

૚

૙
= 

= න
࢟ ܏ܗܔ ࢟ ૚)܏ܗܔ − ࢟)

(૚ + ࢟૛)૛ ࢟ࢊ
૚

૙
−න

࢟ ܏ܗܔ ࢟ ૚)܏ܗܔ + ࢟)
(૚ + ࢟૛)૛ ࢟ࢊ

૚

૙
; 		(૚) 

૚ࡵ	࢚ࢋࡸ = න
࢟܏ܗܔ࢟ ૚)܏ܗܔ − ࢟)

(૚ + ࢟૛)૛ ࢟ࢊ
૚

૙
૛ࡵ	ࢊ࢔ࢇ	 = න

࢟܏ܗܔ࢟ +૚)܏ܗܔ ࢟)
(૚+ ࢟૛)૛ ࢟ࢊ

૚

૙
 

૚ࡵ = −ቈ
܏ܗܔ ࢟ ૚)܏ܗܔ − ࢟)

૛(૚ + ࢟૛) ቉
૙

૚

+
૚
૛න

૚
૚ + ࢟૛ ቆ

૚)܏ܗܔ − ࢟)
࢟ −

܏ܗܔ ࢟
૚ − ࢟ቇ࢟ࢊ

૚

૙
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∵ න
࢟

(૚ + ࢟૛)૛ ࢟ࢊ = −
૚

૛(૚ + ࢟૛) +  ࡯

૛ࡵ૚ = න
૚)܏ܗܔ − ࢟)

࢟ ࢟ࢊ
૚

૙
− න

࢟ ૚)܏ܗܔ − ࢟)
૚ + ࢟૛ ࢟ࢊ

૚

૙
−
૚
૛න ࢟܏ܗܔ ൬

૚ + ࢟
૚ + ࢟૛ +

૚
૚ − ࢟൰࢟ࢊ

૚

૙
= 

= න
૚)܏ܗܔ − ࢟)

࢟ ࢟ࢊ
૚

૙
+ න න

࢟૛

(૚ + ࢟૛)(૚ − ࢇࢊ࢟ࢊ(࢟ࢇ
૚

૙

૚

૙
− 

−
૚
૛ ቈන

܏ܗܔ ࢟
૚ + ࢟૛ ࢟ࢊ

૚

૙
+ න

࢟ ࢟܏ܗܔ
૚ + ࢟૛ ࢟ࢊ

૚

૙
+ න

܏ܗܔ ࢟
૚ − ࢟ࢊ࢟

૚

૙
቉ 

࡭	࢚ࢋࡸ = න න
࢟૛

(૚ + ࢟૛)(૚ − ࢇࢊ࢟ࢊ(࢟ࢇ
૚

૙

૚

૙
 

૛ࡵ૚ = −෍
૚
න࢔ ૚ି࢔࢟

૚

૙
࢟ࢊ

ஶ

ୀ૚࢔

+ ࡭ −
૚
૛෍

(−૚)࢔න ࢟૛࢔ ܏ܗܔ ࢟ࢊ࢟
૚

૙

ஶ

ୀ૙࢔

− 

−
૚
૛෍

(−૚)࢔න ࢟૛࢔ା૚ ܏ܗܔ ࢟ࢊ࢟
૚

૙

ஶ

ୀ૙࢔

−
૚
૛෍න ࢔࢟ ܏ܗܔ ࢟ࢊ࢟

૚

૙

ஶ

ୀ૙࢔

 

૛ࡵ૚ = −෍
૚
൬࢔

࢔࢟

࢔ ൰
ஶ

ୀ૚࢔

อ
૙

૚

+ ࡭ −
૚
૛
൥෍

(−૚)࢔ା૚

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

+ ෍
(−૚)࢔ା૚

(૛࢔+ ૛)૛

ஶ

૙ି࢔

−෍
૚

࢔) + ૚)૛

ஶ

ୀ૙࢔

൩ 

∵ න ࢓࢞ ࢔܏ܗܔ ࢞
૚

૙
࢞ࢊ =

(−૚)࢔࢔!
࢓) + ૚)࢔ା૚ ࢔; > −1,݉ ≠ −1 

૛ࡵ૚ = −෍
૚
૛࢔

ஶ

ୀ૚࢔

+ ࡭ −
૚
૛
൥−ࡳ+

૚
૝෍

(−૚)࢔ା૚

࢔) + ૚)૛

ஶ

ୀ૙࢔

−෍
૚

+࢔) ૚)૛

ஶ

ୀ૙࢔

൩ 

∵ ෍
(−૚)࢔

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

= (૛)ࢼ =  ࡳ

૛ࡵ૚ = (૛)ࣀ− + ࡭ −
૚
૛ ቈ−ࡳ − −(૛)ࣀ

(૛)ࣀ
ૡ ቉ ; 		(૛) 

࡭ = න න
࢟૛

(૚ + ࢟૛)(૚ − ࢇࢊ࢟ࢊ(࢟ࢇ
૚

૙

૚

૙
= න න

૚
૚ + ૛ࢇ ൬

૚
૚ − ࢟ࢇ −

૚ + ࢟ࢇ
૚ + ࢟૛൰ࢇࢊ࢟ࢊ

૚

૙

૚

૙
= 

= න න
ࢇࢊ࢟ࢊ

(૚ + ૛)(૚ࢇ − (࢟ࢇ

૚

૙

૚

૙
− න න

ࢇࢊ࢟ࢊ
(૚ + +૛)(૚ࢇ ࢟૛)

૚

૙

૚

૙
−න න

࢟ࢇ
(૚ + ૛)(૚ࢇ + ࢟૛)࢟ࢊࢇࢊ

૚

૙

૚

૙
 

૛࡭ = න න
ࢇࢊ࢟ࢊ

(૚ + ૛)(૚ࢇ − (࢟ࢇ

૚

૙

૚

૙
+ න න

ࢇࢊ࢟ࢊ
૚ − ࢟ࢇ

૚

૙

૚

૙
− න න

ࢇࢊ࢟ࢊ
(૚ + ૛)(૚ࢇ − (࢟ࢇ

૚

૙

૚

૙
− 
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න න
ࢇࢊ࢟ࢊ

(૚ + ૛)(૚ࢇ + ࢟૛)

૚

૙

૚

૙
−න න

ࢇࢊ࢟ࢊ	࢟ࢇ
(૚ + ૛)(૚ࢇ + ࢟૛)

૚

૙

૚

૙
 

૛࡭ = ෍൬
࢔ࢇ

࢔ ൰
ஶ

ୀ૚࢔

อ
૙

૚
࢔࢟

࢔ ฬ૙

૚

− ૚࢟หିܖ܉ܜ
૙

૚
૚ିܖ܉ܜ หࢇ

૙

૚
−
૚)܏ܗܔ + ࢟૛)

૛ ቤ
૙

૚ ૚)܏ܗܔ + (૛ࢇ
૛ ቤ

૙

૚

= 

= −(૛)ࣀ
࣊૛

૚૟ −
૛܏ܗܔ ૛
૝ ૚ࡵ			, =

ࡳ
૝ −

࣊૛

ૢ૟ −
૛܏ܗܔ ૛
૚૟  

૛ࡵ = න
࢟ ࢟܏ܗܔ ૚)܏ܗܔ + ࢟)

(૚ + ࢟૛)૛ ࢟ࢊ
૚

૙
= 

= −
܏ܗܔ ࢟ ૚)܏ܗܔ + ࢟)

૛(૚ + ࢟૛) ቤ
૙

૚

+
૚
૛න

૚
૚ + ࢟૛ ቈ

܏ܗܔ ࢟
૚ + ࢟ +

૚)܏ܗܔ + ࢟)
࢟ ቉࢟ࢊ

૚

૙
 

∵ න
࢟

(૚ + ࢟૛)૛ ࢟ࢊ = −
૚

૛(૚ + ࢟૛) +  ࡯

૛ࡵ૛ = න
܏ܗܔ ࢟

(૚ + ࢟૛)(૚ + ࢟ࢊ(࢟
૚

૙
+ න

૚)܏ܗܔ + ࢟)
࢟(૚ + ࢟૛) ૙૚࢟ࢊ

= 

= න ૚)܏ܗܔ + ࢟) ൤
૚
࢟ −

࢟
૚ + ࢟૛൨ ࢟ࢊ

૚

૙
+
૚
૛න ࢟܏ܗܔ ൤

૚− ࢟
૚ + ࢟૛ +

૚
૚ + ࢟൨ ࢟ࢊ

૚

૙
= 

= න
૚)܏ܗܔ + ࢟)

࢟ ࢟ࢊ
૚

૙
− න න

࢟૛

(૚ + ࢟૛)(૚ + ࢇࢊ࢟ࢊ(࢟ࢇ
૚

૙

૚

૙
+ 

+
૚
૛ ቈන

࢞܏ܗܔ
૚ + ࢟૛ ࢟ࢊ

૚

૙
− න

܏ܗܔ ࢟
૚ + ࢟૛ ࢟ࢊ

૚

૙
+ න

܏ܗܔ ࢟
૚ + ࢟ ࢟ࢊ

૚

૙
቉ 

࡮	࢚ࢋࡸ = න න
࢟૛

(૚ + ࢟૛)(૚ + ࢇࢊ࢟ࢊ(࢟ࢇ
૚

૙

૚

૙
 

૛ࡵ૛ = ෍
(−૚)࢔

࢔ න ࢟ࢊ૚ି࢔࢟
૚

૙

ஶ

ୀ૚࢔

࡮− +
૚
૛෍

(−૚)࢔න ࢟૛࢔ ܏ܗܔ ࢟ࢊ࢟
૚

૙

ஶ

ୀ૙࢔

− 

−
૚
૛෍

(−૚)࢔න ࢟૛࢔ା૚ ࢟ࢊ࢟܏ܗܔ
૚

૙

ஶ

ୀ૙࢔

+
૚
૛෍

(−૚)࢔න ࢔࢟ ܏ܗܔ ࢟
૚

૙
࢟ࢊ

ஶ

ୀ૙࢔

 

૛ࡵ૛ = ෍
(−૚)࢔ା૚

૛

ஶ

ୀ૙࢔

࡮− +
૚
૛
൥෍

(−૚)࢔ା૚

(૛࢔ + ૚)૛

ஶ

ୀ૙࢔

−෍
(−૚)࢔ା૚

(૛࢔ + ૛)૛

ஶ

ୀ૙࢔

+ ෍
(−૚)࢔ା૚

+࢔) ૚)૛

ஶ

ୀ૙࢔

൩ 

∵ න ࢓࢞ ࢔܏ܗܔ ࢞ ࢞ࢊ
૚

૙
=

(−૚)࢔࢔!
࢓) + ૚)࢔ା૚ ࢔, > −1,݉ ≠ −1 
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૛ࡵ૛ = (૛)ࣁ ࡮− +
૚
૛ ൤−ࡳ −

૚
૝ ࣁ

(૛)− ൨(૛)ࣁ =
૞
૚૟ ࣀ

(૛) − ࡮ −
ࡳ
૛ ; 		(૜) 

∵ ෍
(−૚)࢔

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

= (૛)ࢼ =  ࡳ

࡮ = න න
࢟૛

(૚ + ࢟૛)(૚ + ࢇࢊ࢟ࢊ(࢟ࢇ
૚

૙

૚

૙
= න න

૚
૚ + ૛ࢇ ൤

૚
૚ + ࢟ࢇ −

૚ − ࢟ࢇ
૚ + ࢟૛ ൨ ࢇࢊ࢟ࢊ

૚

૙

૚

૙
= 

= න න
ࢇࢊ࢟ࢊ

(૚ + ૛)(૚ࢇ + (࢟ࢇ

૚

૙

૚

૙
− න න

ࢇࢊ࢟ࢊ
(૚ + +૛)(૚ࢇ ࢟૛)

૚

૙

૚

૙
+ න න

࢟ࢇ
(૚ + ૛)(૚ࢇ + ࢟૛)ࢇࢊ࢟ࢊ

૚

૙

૚

૙
 

૛࡮ = න න
ࢇࢊ࢟ࢊ

(૚ + ૛)(૚ࢇ + (࢟ࢇ

૚

૙

૚

૙
+ න න

ࢇࢊ࢟ࢊ
૚ − ࢟ࢇ

૚

૙

૚

૙
− න න

ࢇࢊ࢟ࢊ
(૚ + ࢟૛)(૚ + (࢟ࢇ

૚

૙

૚

૙
− 

−න න
ࢇࢊ࢟ࢊ

(૚ + ૛)(૚ࢇ + ࢟૛)

૚

૙

૚

૙
+ න න

࢟ࢇ
(૚ + ૛)(૚ࢇ + ࢟૛)ࢇࢊ࢟ࢊ

૚

૙

૚

૙
 

૛࡮ = ෍(−૚)࢔න න ࢇࢊ࢟ࢊ࢔(࢟ࢇ)
૚

૙

૚

૙

ஶ

ୀ૙࢔

− ૚ିܖ܉ܜ ࢟ห
૙
૚
หࢇ૚ିܖ܉ܜ

૙
૚
−
૚)܏ܗܔ + (૛ࢇ

૛ ቤ
૙

૚ ૚)܏ܗܔ + ࢟૛)
૛ ቤ

૙

૚

 

= (૛)ࣁ −
࣊૛

૚૟ +
૛܏ܗܔ ૛
૝ ⇒ ࡮ =

࣊૛

ૢ૟ +
૛܏ܗܔ ૛
ૡ  

 :࢚ࢋࢍ	ࢋ࢝,(૜)	࢔࢕࢏࢚ࢇ࢛ࢗࢋ	࢔࢏	࡮	ࢌ࢕	ࢋ࢛࢒ࢇ࢜	ࢋࢎ࢚	࢚࢛ࡼ

૛ࡵ =
࣊૛

૝ૡ −
ࡳ
૝ −

૛܏ܗܔ ૛
૚૟  

 :࢚ࢋࢍ	ࢋ࢝,(૚)	࢔࢕࢏࢚ࢇ࢛ࢗࢋ	ࢋࢎ࢚	࢔࢏	૛ࡵ	ࢊ࢔ࢇ	૚ࡵ	ࢌ࢕	࢙ࢋ࢛࢒ࢇ࢜	ࢋࢎ࢚	࢚࢛ࡼ

ષ
૚૟ = ૚ࡵ − ૛ࡵ =

ࡳ
૝ −

࣊૛

ૢ૟ −
૛܏ܗܔ ૛
૚૟ −

࣊૛

૝ૡ +
ࡳ
૝ +

૛܏ܗܔ ૛
૚૟  

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ	 න ܏ܗܔ ൬
૚ + ࢞
૚ − ࢞൰ ܏ܗܔ ቆ

૚+ √૚ − ࢞૛

૚− √૚ − ࢞૛
ቇ࢞ࢊ

૚

૙
=
૚
૛

(૚૟ࡳ − ࣊૛) 

2120. Find: 

ષ = ܕܑܔ
ஶ→࢔

቎෍ ൬૚ −
૚
࢑൰

૚
࢑

ା૚࢔

࢑ୀ૛

቏ ⋅ ቌ቎෍ ൬૚+
૚
࢑൰

૚
࢑ା૚

࢔

࢑ୀ૚

቏ቍ

ି૚

, [∗]−  ࡲࡵࡳ

Proposed by Daniel Sitaru-Romania 
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Solution by Hikmat Mammadov-Azerbaijan 

൬૚ −
૚
࢑൰

૚
࢑

= ࢋ
૚
࢑ ቀ૚ି܏ܗܔ

૚
࢑ቁ ≥

܏ܗܔ வ଴ࢇ,ࢇஹ૚ି૚ࢇ

ࢋ
૚
࢑ቌ૚ି

૚

૚ି૚࢑
ቍ

= ିࢋ
૚

࢑(࢑ି૚) ≥
ࢇஹ૚ିࢇషࢋ

૚ −
૚

࢑)࢑ − ૚) ,࢑ ≥ ૛ 

෍൬૚ −
૚
࢑൰

૚
࢑

ା૚࢔

࢑ୀ૛

≥ ࢔ −෍ ൬
૚

࢑ − ૚ −
૚
࢑൰

ା૚࢔

࢑ୀ૛

=
ࢉ࢏࢖࢕ࢉ࢙ࢋ࢒ࢋ࢚

−࢔ ൬૚ −
૚

࢔ + ૚൰ = −࢔ ૚ +
૚

࢔ + ૚ > ݊ − 1 

෍൬૚ −
૚
࢑൰

૚
࢑

ା૚࢔

࢑ୀ૛

< ෍૚
ା૚࢔

࢑ୀ૛

= ࢔ ⇒ ቎෍൬૚ −
૚
࢑൰

૚
࢑

ା૚࢔

࢑ୀ૛

቏ = ࢔ − ૚,࢔ ∈ ℤ,࢔ ≥ ૚ 

൬૚ +
૚
࢑൰

૚
࢑ା૚

<
࢏࢒࢒࢛࢕࢔࢘ࢋ࡮

૚ +
૚

࢑)࢑ + ૚) ⇒ 

෍൬૚ +
૚
࢑൰

૚
࢑ା૚

࢔

࢑ୀ૚

< ݊ + ෍൬
૚
࢑ −

૚
࢑ + ૚൰

࢔

࢑ୀ૚

=
ࢉ࢏࢖࢕ࢉ࢙ࢋ࢒ࢋࢀ

࢔ + ૚ −
૚

+࢔ ૚ < ݊ + 1 

෍൬૚ +
૚
࢑൰

૚
࢑ା૚

࢔

࢑ୀ૚

> ෍૚
࢔

࢑ୀ૚

= ࢔ ⇒෍൬૚ +
૚
࢑൰

૚
࢑ା૚

࢔

࢑ୀ૚

= ቎෍൬૚ +
૚
࢑൰

૚
࢑ା૚

࢔

࢑ୀ૚

቏ = ࢔,࢔ ∈ ℤ,࢔ ≥ ૚ 

ષ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ = ܕܑܔ
ஶ→࢔

࢔ − ૚
࢔ = ૚.		 

2122. Prove that: 

න
࢞૚૝ − ૚

(࢞૛ − ૚)(࢞૚૝ + ૚)࢞ࢊ
ஶ

૙
=
࣊
ૠ
൬
૚
૛

+ ܋ܛ܋
࣊
૚૝

+ ܋ܛ܋
૜࣊
૚૝

+ ܋ܛ܋
૞࣊
૚૝

൰ 

Proposed by Amin Hajiyev-Azerbaijan 
Solution by Rana Ranino-Setif-Algerie 

 

:࢙ࢋ࢜࢏ࢍ	࢔࢕࢏࢙࢏࢜࢏ࢊ	ࢍ࢔࢕ࡸ
࢞૚૝ − ૚
࢞૛ − ૚ = ࢞૚૛ + ࢞૚૙ + ࢞ૡ + ࢞૟ + ࢞૝ + ࢞૛ + ૚ 

ષ = න
࢞૚૛ + ࢞૚૙ + ࢞ૡ + ࢞૟ + ࢞૝ + ࢞૛ + ૚

࢞૚૝ + ૚ ࢞ࢊ
ஶ

૙
+ න

࢞૟

࢞૚૝ + ૚ ࢞ࢊ
ஶ

૙
=࢚ୀ࢞
૚૝
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=
૚
૚૝න

࢚
૚
૚૝ି૚ + ࢚

૚૜
૚૝ି૚

૚ + ࢚ ࢚ࢊ
ஶ

૙
+

૚
૚૝න

࢚
૜
૚૝ି૚ + ࢚

૚૚
૚૝ି૚

૚ + ࢚ ࢚ࢊ
ஶ

૙
+

૚
૚૝න

࢚
૞
૚૝ି૚ + ࢚

ૢ
૚૝ି૚

૚ + ࢚ ࢚ࢊ
ஶ

૙

+
૚
ૠන

࢚ࢊ
૚ + ࢚૛

ஶ

૙
 

∵ න
૚ିࢇ࢚ + ࢇି࢚

૚ + ࢚ ࢚ࢊ
ஶ

૙
= ૛ࢇ)࡮,૚ − (ࢇ = ૛࣊܋ܛ܋  ࢇ

න,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ
࢞૚૝ − ૚

(࢞૛ − ૚)(࢞૚૝ + ૚)࢞ࢊ
ஶ

૙
=
࣊
ૠ ൬

૚
૛ + ܋ܛ܋

࣊
૚૝ + ܋ܛ܋

૜࣊
૚૝ + ܋ܛ܋

૞࣊
૚૝൰		 

2123. Find: 

ષ = නනන ܠ)૛܏ܗܔ + ܡ + (ܢ
૚

૙

ܠ܌
૚

૙

ܡ܌
૚

૙

 ܢ܌

Proposed by Asmat Qatea-Afghanistan 
Solution by Togrul Ehmedov-Azerbaijan 

Let x+y+z=t 

ષ = නන න (ܜ)૛܏ܗܔ

ା૚ܡାܠ

ܡାܠ

ܜ܌
૚

૙

ܡ܌
૚

૙

ܠ܌
۾۷۰

=
න ൦቎ܡ න (ܜ)૛܏ܗܔ

ା૚ܡାܠ

ܡାܠ

቏ܜ܌

૙

૚

−න܏ܗܔܡ૛(ܠ + ܡ + ૚)
૚

૙

ܡ܌
૚

૙

+ න܏ܗܔܡ૛(ܠ + (ܡ
૚

૙

൪ܡ܌ ܠ܌

= න቎ න (ܜ)૛܏ܗܔ
ା૛ܠ

ା૚ܠ

ܜ܌ − න܏ܗܔܡ૛(ܠ + ܡ + ૚)
૚

૙

ܡ܌ + න܏ܗܔܡ૛(ܠ + (ܡ
૚

૙

቏ܡ܌
૚

૙

ܠ܌

= න න (ܜ)૛܏ܗܔ
ା૛ܠ

ା૚ܠ

ܜ܌
૚

૙

ܠ܌ − නන܏ܗܔܡ૛(ܠ + ܡ + ૚)
૚

૙

ܡ܌
૚

૙

ܠ܌ +නන܏ܗܔܡ૛(ܠ + (ܡ
૚

૙

ܡ܌
૚

૙

 ܠ܌

ષ૚ = න න (ܜ)૛܏ܗܔ
ା૛ܠ

ା૚ܠ

ܜ܌
૚

૙

ܠ܌
۾۷۰

=
቎ܠ න (ܜ)૛܏ܗܔ

ା૛ܠ

ା૚ܠ

቏ܜ܌

૙

૚

−න܏ܗܔܠ૛(ܠ + ૛)
૚

૙

ܠ܌ + න܏ܗܔܠ૛(ܠ + ૚)
૚

૙

ܠ܌

= න܏ܗܔ૛(ܜ)
૜

૛

ܜ܌ −න ܠ)૛܏ܗܔܠ + ૛)
૚

૙

ܠ܌ +න܏ܗܔܠ૛(ܠ + ૚)
૚

૙

ܠ܌

=
ૢ
૛
−૛(૜)܏ܗܔ

૛ૠ
૛
−(૜)܏ܗܔ ૝܏ܗܔ૛(૛) + ૚૛ (૛)܏ܗܔ +

ૠ
૛
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ષ૛ = නන܏ܗܔܡ૛(ܠ + ܡ + ૚)
૚

૙

ܠ܌
૚

૙

ܡ܌

= නܡ න (ܜ)૛܏ܗܔ

ା૛ܡ

ା૚ܡ

ܜ܌
૚

૙

ܡ܌
۾۷۰

=
቎
૛ܡ

૛
න (ܜ)૛܏ܗܔ

ା૛ܡ

ା૚ܡ

቏ܜ܌

૙

૚

−
૚
૛
නܡ૛ +ܡ)૛܏ܗܔ ૛)
૚

૙

ܡ܌

+
૚
૛
න ૛ܡ ܡ)૛܏ܗܔ + ૚)
૚

૙

ܡ܌

=
૚
૛
න (ܜ)૛܏ܗܔ
૜

૛

ܜ܌ −
૚
૛
නܡ૛ ܡ)૛܏ܗܔ + ૛)
૚

૙

ܡ܌ +
૚
૛
න ૛ܡ ܡ)૛܏ܗܔ + ૚)
૚

૙

ܡ܌

= ૜ (૜)܏ܗܔ +
૛
૜
−૛(૛)܏ܗܔ

૜૝
ૢ
−(૛)܏ܗܔ

૛૜
૜૟

 

ષ૜ = නන܏ܗܔܡ૛(ܠ + (ܡ
૚

૙

ܠ܌
૚

૙

ܡ܌

= නܡ න (ܜ)૛܏ܗܔ

ା૚ܡ

ܡ

ܜ܌
૚

૙

ܡ܌
۾۷۰

=
቎
૛ܡ

૛
න (ܜ)૛܏ܗܔ

ା૚ܡ

ܡ

቏ܜ܌

૙

૚

−
૚
૛
නܡ૛ +ܡ)૛܏ܗܔ ૚)
૚

૙

ܡ܌

+
૚
૛
න ૛ܡ (ܡ)૛܏ܗܔ
૚

૙

ܡ܌

=
૚
૛
න (ܜ)૛܏ܗܔ
૛

૚

ܜ܌ −
૚
૛
නܡ૛ ܡ)૛܏ܗܔ + ૚)
૚

૙

ܡ܌ +
૚
૛
නܡ૛ (ܡ)૛܏ܗܔ
૚

૙

ܡ܌

=
૛
૜
−૛(૛)܏ܗܔ

૚૙
ૢ
−(૛)܏ܗܔ

૚ૠ
૜૟

 

ષ = ષ૚ − ષ૛ +ષ૜ =
ૢ
૛
−૛(૜)܏ܗܔ

૜૜
૛
−(૜)܏ܗܔ ૝ ૛(૛)܏ܗܔ +

૝૝
૜
(૛)܏ܗܔ +

ૡ૞
૚ૡ

 

2124. Find: 

ષ = න න ࢞)૛࢏ࡸ − ࢟)
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
 

Proposed by Togrul Ehmedov-Azerbaijan 
Solution 1 by by Asmat Qatea-Afghanistan 

ષ = න න ࢞)૛࢏ࡸ − ࢟)
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
= ෍

૚
࢑૛න න (࢞ − ࢟)࢑

૚

૙
࢟ࢊ࢞ࢊ

૚

૙

ஶ

࢑ୀ૚

= 
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= ෍ቆ
૚
࢑૛ ∙

૚ + (−૚)࢑

(࢑+ ૚)(࢑ + ૛)ቇ
ஶ

࢑ୀ૚

=
૚
૝෍

૚
࢑૛(૛࢑+ ૚)(࢑ + ૚)

ஶ

࢑ୀ૚

= 

=
૚
૝෍൬

૚
࢑૛ −

૜
࢑+

ૡ
૛࢑ + ૚ −

૚
࢑+ ૚൰

ஶ

࢑ୀ૚

= 

=
૚
૝ ࣀ

(૛) +
૚
૝෍൬

૟
૛࢑ + ૚ −

૜
࢑൰

ஶ

࢑ୀ૚

+
૚
૝෍൬

૛
૛࢑+ ૚ −

૚
࢑ + ૚൰

ஶ

࢑ୀ૚

= 

=
࣊૛

૛૝+
૜
૝෍

ቌ
૚

࢑ + ૚
૛
−
૚
࢑
ቍ

ஶ

࢑ୀ૚

+
૚
૝෍

ቌ
૚

࢑ + ૚
૛
−

૚
࢑ + ૚

ቍ
ஶ

࢑ୀ૚

= 

=
࣊૛

૛૝ +
૜
૝ቆ࣒

(૚)−࣒൬
૜
૛൰ቇ +

૚
૝ቆ࣒

(૛) −࣒൬
૜
૛൰ቇ =

࣊૛

૛૝ + ૝܏ܗܔ −
ૠ
૝ 

ષ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ = න න ࢞)૛࢏ࡸ − ࢟)
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=
࣊૛

૛૝ + ܏ܗܔ ૝ −
ૠ
૝		 

Solution 2 by Rana Ranino-Setif-Algerie 

ષ = න න ࢞)૛࢏ࡸ − ࢟)
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=

࢞ି࢟ୀ࢚
න න (࢚)૛࢏ࡸ

࢞

࢞ି૚
࢞ࢊ࢚ࢊ

૚

૙
 

ࡼ࡮ࡵ= ቈ࢞න (࢚)૛࢏ࡸ
࢞

࢞ି૚
቉࢚ࢊ

࢞ୀ૙

࢞ୀ૚

−න (࢞)૛࢏ࡸ]࢞ − ࢞)૛࢏ࡸ − ૚)]
૚

૙
࢞ࢊ = 

= න (૚− (࢞)૛࢏ࡸ(࢞
૚

૙
࢞ࢊ + න ࢞)૛࢏ࡸ࢞ − ૚)

૚

૙
࢞ࢊ =࢞→૚ି࢞

 

= න (૚ − (࢞)૛࢏ࡸ(࢞
૚

૙
࢞ࢊ + න (૚ − (࢞−)૛࢏ࡸ(࢞

૚

૙
࢞ࢊ = 

= න (૚ − (࢞)૛࢏ࡸ](࢞ + [(࢞−)૛࢏ࡸ
૚

૙
࢞ࢊ =

૚
૛න

(૚ − ૛(࢞૛)࢏ࡸ(࢞
૚

૙
࢞ࢊ  ࡼ࡮ࡵ=

=
૚
૛ ൤൬࢞ −

૚
૛࢞

૛൰ ૛(࢞૛)൨࢏ࡸ
૙

૚

+ න ૚)܏ܗܔ − ࢞૛)
૚

૙
࢞ࢊ −

૚
૛න ࢞ ૚)܏ܗܔ − ࢞૛)

૚

૙
࢞ࢊ = 

=
࣊૛

૛૝ + [(૚ + ࢞) ૚)܏ܗܔ + ࢞) − (૚ − ࢞) −૚)܏ܗܔ ࢞) − ૛࢞]૙૚

+
૚
૝

[(૚ − ࢞૛) ૚)܏ܗܔ − ࢞૛) + ࢞]૙૚ =
࣊૛

૛૝ + ૛ ܏ܗܔ ૛ − ૛ +
૚
૝		 
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ષ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ = න න ࢞)૛࢏ࡸ − ࢟)
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=
࣊૛

૛૝ + ܏ܗܔ ૝ −
ૠ
૝		 

Solution 3 by Amin Hajiyev-Azerbaijan 

ષ = න න ࢞)૛࢏ࡸ − ࢟)
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=

࢞ି࢟ୀ࢚
−න න (࢚)૛࢏ࡸ

࢞ି૚

࢞
࢞ࢊ࢚ࢊ

૚

૙
= 

= ෍
૚
૛න࢔ න ࢔࢚

࢞

࢞ି૚
࢚ࢊ࢞ࢊ

૚

૙

ஶ

ୀ૚࢔

= ෍
૚

࢔)૛࢔ + ૚)න ା૚࢔࢞) − (࢞ − ૚)࢔ା૚)࢞ࢊ
૚

૙

ஶ

ୀ૚࢔

= 

=࢞ି૚ୀ࢚ ෍
૚

+࢔)૛࢔ ૚)(࢔+ ૛)

ஶ

ୀ૚࢔

+ ෍
૚

+࢔)૛࢔ ૚)

ஶ

ୀ૚࢔

න ା૚࢔࢚
૙

ି૚
࢚ࢊ = 

= ൭෍
૚

࢔)૛࢔ + ૚)

ஶ

ୀ૚࢔

−෍
૚

+࢔)૛࢔ ૛)

ஶ

ୀ૚࢔

൱
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

૚ࡵ

−෍
(−૚)࢔

+࢔)૛࢔ ૚)(࢔+ ૛)

ஶ

ୀ૚࢔

 

૚ࡵ = ෍
૚
૛࢔

ஶ

ୀ૚࢔

−෍
૚

࢔)࢔ + ૚)

ஶ

ୀ૚࢔

−
૚
૛
෍

૚
૛࢔

ஶ

ୀ૚࢔

+
૚
૛
෍

૚
࢔)࢔ + ૛)

ஶ

ୀ૚࢔

= 

=
࣊૛

૚૛ − ૚ +
૜
ૡ =

࣊૛

૚૛ −
૞
ૡ 

૛ࡵ = ෍
(−૚)࢔

૛࢔

ஶ

ୀ૚࢔

−෍
(−૚)࢔

࢔)࢔ + ૚)

ஶ

ୀ૚࢔

−
૚
૛෍

(−૚)࢔

૛࢔

ஶ

ୀ૚࢔

+
૚
૛෍

(−૚)࢔

+࢔)࢔ ૛)

ஶ

ୀ૚࢔

= 

= −
࣊૛

૛૝ − ૚ + ૛ ૛܏ܗܔ −
૚
ૡ = ૛ ૛܏ܗܔ −

࣊૛

૛૝ =
ૢ
ૡ 

ષ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ = න න ࢞)૛࢏ࡸ − ࢟)
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=
࣊૛

૛૝ + ૝܏ܗܔ −
ૠ
૝			 

Solution 4 by Le Thu-Vietnam 

ષ = න න ࢞)૛࢏ࡸ − ࢟)
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=

ୀ࢞ି࢟ࢠ
න න (ࢠ)૛࢏ࡸ

૚ି࢟

ି࢟
࢟ࢊࢠࢊ

૚

૙
= න ૚ቈන (ࢠ)૛࢏ࡸ

૚ି࢟

ି࢟
࢟ࢊ቉ࢠࢊ

૚

૙
= 

ࡼ࡮ࡵ= ቈ࢟න (ࢠ)૛࢏ࡸ
૚ି࢟

ି࢟
቉ࢠࢊ

࢟ୀ૙

࢟ୀ૚

− න (࢟)૛࢏ࡸ࢟
૚

૙
࢟ࢊ = ෍

(−૚)࢔

૛࢔

ஶ

ୀ૚࢔

−෍
(−૚)࢔

+࢔)࢔ ૚)

ஶ

ୀ૚࢔

= 

ቌ∵ ࢟න (ࢠ)૛࢏ࡸ
૚ି࢟

ି࢟
ቤࢠࢊ

࢟ୀ૙

࢟ୀ૚

= න (ࢠ)૛࢏ࡸ
૙

ି૚
 ቍࢠࢊ
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൭∵ න (ࢠ)૛࢏ࡸ
૙

ି૚
ࢠࢊ = ෍

૚
૛න࢔ ࢔࢞

૙

ି૚
࢞ࢊ

ஶ

ୀ૚࢔

= ෍
(−૚)࢔

࢔)૛࢔ + ૚)

ஶ

ୀ૚࢔

൱		 

= (૛)ࣁ + න ࣓)܏ܗܔ + ૚)
૚

૙
࣓ࢊ = (૚ − ૛૚ି૛)ࣀ(૛) + [(࣓ + ૚) ࣓)܏ܗܔ + ૚) − ࣓]࣓ୀ૙࣓ୀ૚ = 

= −
࣊૛

૚૛ + ૛ ૛܏ܗܔ − ૚ 

൭∵ ෍
࢔(࣓−)

࢔

ஶ

ୀ૚࢔

= ࣓)܏ܗܔ− + ૚)൱ 

൭∵ න (࢟)૛࢏ࡸ࢟
૚

૙
࢟ࢊ ࡼ࡮ࡵ=

࢟૛࢏ࡸ૛(࢟)
૛ ቤ

૙

૚

+
૚
૛න ࢟ ૚)܏ܗܔ − ࢟)

૚

૙
 ൱࢟ࢊ

൭∵
࢟૛࢏ࡸ૛(࢟)

૛ ቤ
૙

૚

=
૛(૚)࢏ࡸ
૛ =

࣊૛

૚૛൱ 

ቆ∵ න ࢟ ૚)܏ܗܔ − ࢟)
૚

૙
࢟ࢊ =

ࢊ
ࢇࢊ

ࢇ,૛)࡮] + ૚)]|ࢇୀ૙ቇ 

= ࢇ,૛)࡮ + ૚)[࣒૙(ࢇ+ ૚) −࣒૙(૜ + ୀ૙ࢇ|[(ࢇ =
૚
૛ ൬−

૜
૛൰ = −

૜
૝ 

 :࢔࢏ࢇ࢚࢈࢕	ࢋ࢝,࢓ࢋࢎ࢚	ࢌ࢕	࢒࢒ࢇ	ࢍ࢔࢏࢓࢓࢛ࡿ

ષ = −
ૠ
૝ +

࣊૛

૛૝ + ૛ ܏ܗܔ ૛		 

		2125. Prove that: 

ࡿ = ෍
(−૚)࢑ା૚ − ૚

(࢑૛ + ૜࢑ + ૛)(૝࢑૛ + ૡ࢑ + ૜)

∞

࢑ୀ૙

= ࢍ࢕࢒
૜࣊ࢋ√

૝  

Proposed by Ankush Kumar Parcha-India 
Solution by Pham Duc Nam-Vietnam 
 

∗ (−૚)࢑ା૚ − ૚ = ቂ−૛ ∶ 0࢔ࢋ࢜ࢋ	࢙࢏	࢑ ∶ ݀݀݋	ݏ݅	݇ , ࢑:࢚ࢋ࢒ = ૛࢔ 

⇒ ࡿ = ෍
−૚

(૛࢔૛ + ૜࢔+ ૚)(૚૟࢔૛ + ૚૟࢔+ ૜)

∞

ୀ૙࢔

= ෍൬
૛

૛࢔+ ૚
−

૝
૜(૝࢔+ ૚)−

૝
૝࢔+ ૜

+
૚

૜(࢔+ ૚)൰
∞

ୀ૙࢔
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= ෍൬
૛

૛࢔ + ૚
−

૝
૝࢔+ ૜

൰
∞

ୀ૙࢔

+ ෍൬−
૝

૜(૝࢔+ ૚) +
૚

૜(࢔+ ૚)൰
∞

ୀ૙࢔

 

∗෍ ൬
૛

૛࢔+ ૚
−

૝
૝࢔+ ૜

൰
∞

ୀ૙࢔

= ૝෍ ൬
૚

૝࢔+ ૛
−

૚
૝࢔+ ૜

൰
∞

ୀ૙࢔

= ૝෍ ቆන ൫࢞૝࢔ା૚ − ࢞૝࢔ା૛൯࢞ࢊ
૚

૙
ቇ

∞

ୀ૙࢔

 

= ૝න ෍൫࢞૝࢔ା૚ − ࢞૝࢔ା૛൯
∞

ୀ૙࢔

࢞ࢊ
૚

૙
= ૝න

࢞ − ࢞૛

૚ − ࢞૝
࢞ࢊ

૚

૙

= ૝ ൬
૚
૝
૛൫࢞૛ࢍ࢕࢒ + ૚൯ −

૚
૛
࢞)ࢍ࢕࢒ + ૚) +

૚
૛
൰ฬ(࢞)࢔ࢇ࢚ࢉ࢘ࢇ

૙

૚

=
࣊
૛
−  (૛)ࢍ࢕࢒

∗෍ ൬−
૝

૜(૝࢔+ ૚) +
૚

૜(࢔+ ૚)൰
∞

ୀ૙࢔

=
૝
૜
෍ ൬−

૚
૝࢔ + ૚

+
૚

૝࢔+ ૝
൰

∞

ୀ૙࢔

=
૝
૜
෍න ൫࢞૝࢔ା૜ − ࢞૝࢔൯

૚

૙

∞

ୀ૙࢔

 ࢞ࢊ

=
૝
૜
න ෍൫࢞૝࢔ା૜ − ࢞૝࢔൯

∞

ୀ૙࢔

૚

૙
࢞ࢊ =

૝
૜
න

࢞૜ − ૚
૚ − ࢞૝

૚

૙
࢞ࢊ

=
૝
૜
൬−

૚
૝
૛൫࢞૛ࢍ࢕࢒ + ૚൯ −

૚
૛
࢞)ࢍ࢕࢒ + ૚)−

૚
૛
൰ฬ(࢞)࢔ࢇ࢚ࢉ࢘ࢇ

૙

૚

= −
࣊
૟
−  (૛)ࢍ࢕࢒

∗⇒ ࡿ =
࣊
૛
− −(૛)ࢍ࢕࢒

࣊
૟
− (૛)ࢍ࢕࢒ =

࣊
૜
− (૝)ࢍ࢕࢒ = ࢍ࢕࢒

૜࣊ࢋ√

૝
 

2126. Prove that: 

ષ = ܕܑܔ
࢞→૙

ට൤(࢞ + ૛)!
૛ ൨ !

࢞!ష૚

(࢞ − ૚)! ࢞ܖܑܛ
= ࢋ

૞
૛ି

૜
૛ࢽିࢽ 

Proposed by Mohammad Hamed Nasery-Afghanistan 
Solution by Bui Hong Suc-Vietnam 

 

ષ = ܕܑܔ
࢞→૙

ට൤(࢞ + ૛)!
૛ ൨ !

࢞!ష૚

(࢞ − ૚)! ܖܑܛ ࢞ = ܕܑܔ
࢞→૙

ටડ ൤ડ(࢞+ ૜)
૛ + ૚൨

ડ(࢞శ૚)ష૚

࢞(࢞ − ૚)!ܖܑܛ ࢞࢞
= 

= ܕܑܔ
࢞→૙

൤ડ ൬ડ(࢞ + ૜)
૛ + ૚൰൨

૚
ડ(࢞ା૚)ି૚

࢞(࢞ − ૚)! ܖܑܛ ࢞࢞
= ܕܑܔ

࢞→૙

൤ડ ൬ડ(࢞ + ૜)
૛ + ૚൰൨

૚
ડ(࢞ା૚)ି૚

ܖܑܛ!࢞ ࢞࢞
= 
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= ܕܑܔ
࢞→૙

ቈડ ቆ
ડ(࢞ + ૜)

૛ + ૚ቇ቉

૚
ડ(࢞ା૚)ି૚

= ܕܑܔ൞ܘܠ܍
࢞→૙

܏ܗܔ ൤ࢣ ൬ࢣ(࢞ + ૜)
૛ + ૚൰൨

࢞)ࢣ + ૚) − ૚
ൢ ࡸ=

ᇲࡴ
 

= }	ܘܠ܍

ࢊ
࢞ࢊ ൤ડ ൬

ડ(࢞ + ૜)
૛ + ૚൰൨

൤ડ ൬ડ(࢞ + ૜)
૛ + ૚൰൨

ડᇱ(࢞ା૚)

= ൞ܘܠ܍
૚

ડᇱ(࢞ + ૚)ડቀ࢞ + ૜
૛ + ૚ቁ

ࢊ
࢞ࢊ ቈડ ቆ

ડ(࢞ + ૜)
૛ + ૚ቇ቉

ࢊ ൬ડ(࢞ + ૜)
૛ + ૚൰

ࢊ ൬ડ(࢞ + ૜)
૛ + ૚൰

ൢ 

= ൞ܘܠ܍
૚

ડᇱ(࢞ + ૚)ડ൬ડ(࢞ + ૚)
૛ + ૚൰

ડᇱ ቆ
ડ(࢞ + ૜)

૛ + ૚ቇ
ડᇱ(࢞ + ૜)

૛
ൢ = 

= ൞ܘܠ܍
૚

ડᇱ(૚)ડ൬ડ(૜)
૛ + ૚൰

ડᇱ ቆ
ડ(૜)
૛ + ૚ቇ

ડᇱ(૜)
૛

ൢ = 

= ቊܘܠ܍
ડᇱ(૛)

ડᇱ(૚)ડ(૛) ⋅
ડᇱ(૜)
૛ ቋ = ቊડᇱ(૛)ܘܠ܍

ડᇱ(૜)
૛ડᇱ(૚)ቋ = 

= ቊܘܠ܍
ડ(૛)࣒(૛)ડ(૜)࣒(૜)

૛ડ(૚)࣒(૚) ቋ = ቐܘܠ܍
ડ(૛){૚− ડ(૜){ࢽ ቄ૜૛ − ቅࢽ

−૛ࢽ
ቑ = 

= ቊܘܠ܍
(૚ − −૜)(ࢽ ૛ࢽ)

−૛ࢽ ቋ = ቊܘܠ܍
ࢽ) − ૚)(૜ − ૛ࢽ)

૛ࢽ ቋ		 

2127. Find: 

ષ = න න ࢞)૛࢏ࡸ − ࢟)૛
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
 

Proposed by Togrul Ehmedov-Azerbaijan 
Solution 1 by Amin Hajiyev-Azerbaijan 

ષ = න න −࢞)૛࢏ࡸ ࢟)૛
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=

࢞ି࢟ୀ࢚
න න (૛࢚)࢏ࡸ

࢞

࢞ି૚
࢚ࢊ

૚

૙
= ෍

૚
૛න࢔ න ࢚૛࢔

࢞

࢞ି૚
࢞ࢊ࢚ࢊ

૚

૙

ஶ

ୀ૚࢔

= 
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= ෍
૚

+࢔૛(૛࢔ ૚)න (࢞૛࢔ା૚ − (࢞− ૚)૛࢔ା૚)࢞ࢊ
૚

૙

ஶ

ୀ૚࢔

= 

= ෍
૚

࢔૛(૛࢔ + ૚)(૛࢔ + ૛)

ஶ

ୀ૚࢔

+ ෍
૚

+࢔૛(૛࢔ ૚)න (૚ − ࢞)૛࢔ା૚࢞ࢊ
૚

૙

ஶ

ୀ૚࢔

=૚ି࢞ୀ࢛
 

= ૛෍
૚

+࢔૛(૛࢔ ૚)(૛࢔ + ૛)

ஶ

ୀ૚࢔

= ૛෍
૚

࢔૛(૛࢔ + ૚)

ஶ

ୀ૚࢔

− ૛෍
૚

+࢔૛(૛࢔ ૛)

ஶ

ୀ૚࢔

= 

= ૛෍
૚
૛࢔

ஶ

ୀ૚࢔

− ૝෍
૚

࢔૛)࢔ + ૚)

ஶ

ୀ૚࢔

−෍
૚
૛࢔

ஶ

ୀ૚࢔

+ ૛෍
૚

࢔૛)࢔ + ૛)

ஶ

ୀ૚࢔

= 

=
࣊૛

૟ − ૝෍
૚

࢔) + ૚)(૛࢔+ ૜)

ஶ

ୀ૙࢔

+ ૛෍
૚

࢔) + ૚)(૛࢔+ ૝)

ஶ

ୀ૙࢔

= 

=
࣊૛

૟ − ૛෍
૚

+࢔) ૚) ቀ࢔ + ૜
૛ቁ

ஶ

ୀ૙࢔

+ ෍
૚

+࢔) ૚)(࢔ + ૛)

ஶ

ୀ૙࢔

= 

=
࣊૛

૟ − ૝ቆ࣒൬
૜
૛൰ −࣒(૚)ቇ + ࣒(૛)− ࣒(૚) = 

=
࣊૛

૟ − ૝(૛ − ૛ ܏ܗܔ ૛ − ࢽ + (ࢽ + ૚ =
࣊૛

૟ − ૠ + ૡ  		૛܏ܗܔ

Solution 2 by Ankush Kumar Parcha-India 

ષ = න න ࢞)૛࢏ࡸ − ࢟)૛
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
= ෍

૚
࢑૛න න (࢞ − ࢟)૛࢑

૚

૙
࢟ࢊ࢞ࢊ

૚

૙
;	

ஶ

࢑ୀ૚

൭∵ (ࢠ)࢔࢏ࡸ = ෍
࢑ࢠ

࢔࢑

ஶ

࢑ୀ૚

൱ 

ષ = ෍෍
૚
࢑૛ ቈන

(૚ − ࢟)૛࢑ା૚

૛࢑ + ૚ ࢟ࢊ
૚

૙
− න (−૚)૛࢑ା૚ ⋅

࢟૛࢑ା૚

૛࢑ + ૚࢟ࢊ
૚

૙
቉

ஶ

࢑ୀ૚

ஶ

࢑ୀ૚

= 

= ෍
૚
࢑૛ ⋅ ૛න

࢟૛࢑ା૚

૛࢑ + ૚ ࢟ࢊ
૚

૙

ஶ

࢑ୀ૚

= ෍
૚

࢑૛(૛࢑+ ૚)(࢑ + ૚)

ஶ

࢑ୀ૚

= 

= ෍
૚

࢑૛(૛࢑ + ૚)

ஶ

࢑ୀ૚

−෍
૚

࢑)࢑ + ૚)(૛࢑ + ૚)

ஶ

࢑ୀ૚

= 

= ෍
૚
࢑૛

ஶ

࢑ୀ૚

− ૛෍
૚

࢑(૛࢑ + ૚)

ஶ

࢑ୀ૚

−෍
૚

࢑)࢑+ ૚)(૛࢑ + ૚)

ஶ

࢑ୀ૚
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 :࢝࢕࢔࢑	ࢋࢃ

		෍
ା૚࢔࢞

࢔)࢔ + ૚)(૛࢔+ ૚)

ஶ

ୀ૚࢔

= ૜࢞ − ࢞ ૚)܏ܗܔ − ࢞) − ૚)܏ܗܔ − ࢞) − ૝√࢞  ૚൫√࢞൯ିܐܖ܉ܜ

ષ = ෍
૚
࢑૛

ஶ

࢑ୀ૚

− ૝ ൤૚ − ૚ +
૚
૛ −

૚
૜ +

૚
૝ −

૚
૞ + ⋯൨ − 

ܕܑܔ−
࢞→૚

ൣ૜࢞ − ࢞ ૚)܏ܗܔ − ࢞) − ૚)܏ܗܔ − ࢞)− ૝√࢞  ૚൫√࢞൯൧ିܐܖ܉ܜ

∵ ෍
(−૚)࢑ା૚

࢑

ஶ

࢑ୀ૚

=  ૛܏ܗܔ

ષ =
࣊૛

૟ − ૝(૚ − ܏ܗܔ ૛) − ૜ + ૝ ܏ܗܔ ૛ 

ܕܑܔ
࢞→૚

ൣ૜࢞− ࢞ ૚)܏ܗܔ − ࢞) − ૚)܏ܗܔ − ࢞) − ૝√࢞ିܐܖ܉ܜ૚൫√࢞൯൧ = ૜ − ૝ ܏ܗܔ ૛ 

ષ	:ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ = න න ࢞)૛࢏ࡸ − ࢟)૛
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=
࣊૛

૟ + ૡ ܏ܗܔ ૛ − ૠ.		 

Solution 3 by Rana Ranino-Setif-Algerie 

ષ = න න ࢞)૛࢏ࡸ − ࢟)૛
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=

࢞ି࢟ୀ࢚
න න ૛(࢚૛)࢏ࡸ

࢞

࢞ି૚
࢞ࢊ࢚ࢊ

૚

૙
 ࡼ࡮ࡵ=

= ቈ࢞න ૛(࢚૛)࢏ࡸ
࢞

࢞ି૚
቉࢚ࢊ

࢞ୀ૙

࢞ୀ૚

− න −૛(࢞૛)࢏ࡸ]࢞ ࢞))૛࢏ࡸ − ૚)૛)]࢞ࢊ
૚

૙
= 

= න (૚ − ૛(࢞૛)࢏ࡸ(࢞
૚

૙
࢞ࢊ + න ࢞))૛࢏ࡸ࢞ − ૚)૛)

૚

૙
࢞ࢊ =࢞→૚ି࢞	 

= න (૛ − ૛࢞)࢏ࡸ૛(࢞૛)࢞ࢊ
૚

૙
ࡼ࡮ࡵ= (૛ − ૛࢞૛)࢏ࡸ૛(࢞૛)ห

૙
૚

+ ૛න (૛ − ࢞) −૚)܏ܗܔ ࢞૛)
૚

૙
࢞ࢊ = 

=
࣊૛

૟ + ૝න ૚)܏ܗܔ − ࢞૛)
૚

૙
࢞ࢊ − ૛න ࢞ ૚)܏ܗܔ − ࢞૛)

૚

૙
࢞ࢊ =࢞→࢞

૛
 

=
࣊૛

૟ + ૜න ૚)܏ܗܔ − ࢞)
૚

૙
࢞ࢊ + ૝න ૚)܏ܗܔ + ࢞ࢊ(࢞

૚

૙
= 

=
࣊૛

૟ + ૜න ܏ܗܔ ࢞ࢊ࢞
૚

૙
+ ૝න ࢞ࢊ࢞܏ܗܔ

૛

૚
=
࣊૛

૟ − ૜ + ૡ ܏ܗܔ ૛ − ૝			 

 ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ
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ષ = න න ࢞)૛࢏ࡸ − ࢟)૛
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=
࣊૛

૟ + ૡ ܏ܗܔ ૛ − ૠ.		 

2128. Prove the integral relation: 

න ඩ
܋ܛ܋ ቀ࢟૛+ ࣊

૝ቁ

૛ ܛܗ܋ ቀ࢟૛ቁ+ √૛
࢟ࢊ

࣊

૙
= ૛

૜
૝ ܏ܗܔ ቌ

൫√૛૝ + ૚൯ ቀඥ√૛+ ૛ − ૚ቁ

൫√૛૝ − ૚൯ቀඥ√૛+ ૛ + ૚ቁ
ቍ 

Proposed by Srinivasa Raghava-AIRMC-India 
Solution by Ngulmun George Baite-India 

ષ = න ඩ
܋ܛ܋ ቀ࢟૛ + ࣊

૝ቁ

૛ ܛܗ܋ ቀ࢟૛ቁ + √૛
࢟ࢊ

࣊

૙
= න ඩ

√૛ ܋ܛ܋ ቀ࢟૛ቁ

ቀ૚ + ܜܗ܋ ቀ࢟૛ቁቁ ቀ૛ ܛܗ܋ ቀ
࢟
૛ቁ + √૛ቁ

࢟ࢊ
࣊

૙
 

ࢋࢉ࢔࢏ࡿ ࡭ܖܑܛ + ࡭ܛܗ܋ = √૛ ܛܗ܋ ቀ
࣊
૝ −  ቁ࡭

ષ = ૛ට√૛න
࢞ࢊ

ඥ√૛ ܛܗ܋ ቀ࣊૝ − ࢞ቁ ൫૛ ܛܗ܋ ࢞ + √૛൯

࣊
૛

૙
=

࣊
૝ି࢞ୀ࢛

 

= ૛න
࢛ࢊ−

ටܛܗ܋ ࢛ ቀ૛ ܛܗ܋ ቀ࣊૝ − ࢛ቁ + √૛ቁ

ି࣊૝

࣊
૝

= ૛න
࢛ࢊ

ටܛܗ܋ ࢛ ൫√૛(࢛ܖܑܛ + ܛܗ܋ ࢛) + √૛൯

࣊
૝

ି࣊૝

= 

= ૛
૜
૝න

࢛ࢊ
ඥܛܗ܋ ࢛ ࢛ܖܑܛ) + ܛܗ܋ ࢛+ ૚)

࣊
૝

ି࣊૝

= ૛
૜
૝න

࢛ࢊ࢛܋܍ܛ
࢛ܖ܉ܜ√ + ࢛܋܍ܛ + ૚

࣊
૝

ି࣊૝

=
࢟ୀܐܖܑܛ ࢞

 

= ૛
૜
૝න

࢞ࢊ
√૚ + ܐܖܑܛ ࢞ + ܐܛܗ܋ ࢞

ࢇ

ࢇି
; ൫࢝ࢋ࢘ࢋࢎ	ࢇ = ܐܖܑܛ܋ܚ܉ ૚ = ൫૚܏ܗܔ + √૛൯൯ 

ષ = ૛
૜
૝න

࢞ࢊ
√૚ + ࢞ࢋ

ࢇ

ࢇି
࢙ࢇ	 ܐܖܑܛ ࢞ + ܐܛܗ܋ ࢞ =  ࢞ࢋ

න,࢝࢕ࡺ
࢞ࢊ

࢞ࢋ√ + ૚
ࢋ=
࢞ୀ࢛ න

࢛ࢊ
࢛√࢛ + ૚

=࢛ା૚ୀ࢙ න
࢙ࢊ

(࢙ − ૚)√࢙
=

√࢙ୀ࢖
૛න

࢖ࢊ
૛࢖ − ૚ = 

= −૛ܐܖ܉ܜ܋ܚ܉൫√࢞ࢋ + ૚൯ + ࡯,࡯ ∈ ℝ 

ષ = ૛
૜
૝൫−૛ܐܖ܉ܜ܋ܚ܉൫√࢞ࢋ + ૚൯൯ห

ࢇି

ࢇ
= 
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= ૛
૜
૝ ቈ−૛ܐܖ܉ܜ܋ܚ܉ ቆට܏ܗܔࢋ൫૚ା√૛൯ + ૚ቇ + ൫૚ା√૛൯܏ܗܔିࢋቆටܐܖ܉ܜ܋ܚ܉ + ૚ቇ቉ = 

= ૛
૜
૝ ቎−૛ ቆට૛ܐܖ܉ܜ܋ܚ܉ + √૛ቇ + ૛ܐܖ܉ܜ܋ܚ܉ቌඨ૚ +

૚
૚ + √૛

ቍ቏ = 

= ૛
૜
૝ ቎−૛ܐܖ܉ܜ܋ܚ܉ ቆට૛ + √૛ቇ+ ૛ܐܖ܉ܜ܋ܚ܉ቌඨ

૛ + √૛
૚ + √૛

ቍ቏ = 

= ૛
૜
૝ ൥܏ܗܔ൭

૚ + ඥ√૛

૚ −ඥ√૛
൱ − ܏ܗܔ ൭

૚ + ඥ૛ + √૛

૚ − ඥ૛ + √૛
൱൩ = 

= ૛
૜
૝ ܏ܗܔ ቌ

ቀ૚ + ඥ√૛ቁ ቀ૚ − ඥ૛ + √૛ቁ

ቀ૚ − ඥ√૛ቁ ቀඥ૛ + √૛ + ૚ቁ
ቍ = ૛

૜
૝ ܏ܗܔ ቌ

൫√૛૝ + ૚൯ቀඥ√૛ + ૛ − ૚ቁ

൫√૛૝ − ૚൯ቀඥ√૛ + ૛ + ૚ቁ
ቍ 

 ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ

		න ඩ
܋ܛ܋ ቀ࢟૛ + ࣊

૝ቁ

૛ ܛܗ܋ ቀ࢟૛ቁ + √૛
࢟ࢊ

࣊

૙
= ૛

૜
૝ ܏ܗܔ ቌ

൫√૛૝ + ૚൯ ቀඥ√૛ + ૛ − ૚ቁ

൫√૛૝ − ૚൯ ቀඥ√૛ + ૛ + ૚ቁ
ቍ 

૙:ࢌࡵ .2129 < ܽ ≤ ࢈ < ࣊
૛

,  :ࢊ࢔࢏ࢌ	࢔ࢋࢎ࢚

(࢈,ࢇ)ࢹ = න
૜ + (૝࢞)࢙࢕ࢉ
૚ − (૝࢞)࢙࢕ࢉ

࢈

ࢇ
 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 
Solution by Pham Duc Nam-Vietnam 

∗
૜ + (૝࢞)࢙࢕ࢉ
૚ − (૝࢞)࢙࢕ࢉ = −ቆ

−૜ − (૝࢞)࢙࢕ࢉ
૚ − (૝࢞)࢙࢕ࢉ ቇ = 

= −ቆ
૚ − (૝࢞)࢙࢕ࢉ
૚ − (૝࢞)࢙࢕ࢉ −

૝
૚ − ቇ(૝࢞)࢙࢕ࢉ = − ൬૚ −

૝
૚ −  ൰(૝࢞)࢙࢕ࢉ

૚:ࢊ࢔ࢇ − (૝࢞)࢙࢕ࢉ = ૛ ૛(૛࢞)࢔࢏࢙ ⇒ 
૜ + (૝࢞)࢙࢕ࢉ
૚ − (૝࢞)࢙࢕ࢉ = −൬૚ −

૛
૛(૛࢞)൰࢔࢏࢙ =

૛
−૛(૛࢞)࢔࢏࢙ ૚ 

∗⇒ (࢈,ࢇ)ࢹ = න
૜ + (૝࢞)࢙࢕ࢉ
૚ − (૝࢞)࢙࢕ࢉ

࢈

ࢇ
࢞ࢊ = න ൬

૛
−૛(૛࢞)࢔࢏࢙ ૚൰

࢈

ࢇ
࢞ࢊ

= න
૚

૛(૛࢞)࢔࢏࢙

࢈

ࢇ
(૛࢞)ࢊ − න ࢞ࢊ

࢈

ࢇ
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= −(૛࢞)࢚࢕ࢉ−) ࢈ࢇ|(࢞ = (࢈૛)࢚࢕ࢉ− − +࢈ (ࢇ૛)࢚࢕ࢉ + ࢇ

=
࢈૛)࢔࢏࢙ − ૛ࢇ)

(ࢇ૛)࢔࢏࢙ (࢈૛)࢔࢏࢙ + ࢇ − ࢈  

૞:ࢌࡵ .2130 < ܽ ≤ ,࢈  :ࢊ࢔࢏ࢌ	࢔ࢋࢎ࢚

(࢈,ࢇ)ࢹ = න ቆ࢔ࢇ࢚ࢉ࢘ࢇ
૝࢞ − ૝࢞૜

࢞૝ − ૟࢞૛ + ૚ቇ
࢈

ࢇ
 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 
Solution by Pham Duc Nam-Vietnam 

 

∗ ቐݑ = ቆ࢔ࢇ࢚ࢉ࢘ࢇ
૝࢞ − ૝࢞૜

࢞૝ − ૟࢞૛ + ૚ቇ

ݒ݀ = ݔ݀
⇒ ൝݀ݑ =

૝
࢞૛ + ૚

ݒ = ݔ
 

⇒ ષ(࢈,ࢇ)

= ቆ࢔ࢇ࢚ࢉ࢘ࢇ࢞
૝࢞ − ૝࢞૜

࢞૝ − ૟࢞૛ + ૚ቇቤ
ࢇ

࢈

− ૝න
࢞

࢞૛ + ૚࢞ࢊ =
࢈

ࢇ
ቆ࢔ࢇ࢚ࢉ࢘ࢇ࢈

૝࢈ − ૝࢈૜

૝࢈ − ૟࢈૛ + ૚ቇ

− ቆ࢔ࢇ࢚ࢉ࢘ࢇࢇ
૝ࢇ − ૝ࢇ૜

૝ࢇ − ૟ࢇ૛ + ૚ቇ− ૛ ૛࢞)ࢍ࢕࢒ + ૚)ห
ࢇ

࢈
 

= ቆ࢔ࢇ࢚ࢉ࢘ࢇ࢈
૝࢈ − ૝࢈૜

૝࢈ − ૟࢈૛ + ૚ቇ − ቆ࢔ࢇ࢚ࢉ࢘ࢇࢇ
૝ࢇ − ૝ࢇ૜

૝ࢇ − ૟ࢇ૛ + ૚ቇ + ૛ ࢍ࢕࢒
૛ࢇ + ૚
૛࢈ + ૚  

 
2131. Prove that: 

න ࢞૛࣒(૙) ቀ
࢞
૛ + ૚ቁ

૚

૙
࢞ࢊ =

ૠࣀ(૜)
૛࣊૛ −

૛ ܏ܗܔ ૛
૜ − (૝࡭)܏ܗܔ + ૚ 

Proposed by Amin Hajiyev-Azerbaijan 
Solution by Rana Ranino-Setif-Algerie 

ષ = න ࢞૛࣒(૙) ቀ
࢞
૛ + ૚ቁ

૚

૙
࢞ࢊ =࢞→૛࢞ ૡන ࢞૛࣒(࢞ + ૚)

૚
૛

૙
࢞ࢊ = 

= ૡන ࢞૛࣒(࢞)
૚
૛

૙
࢞ࢊ + ૡන ࢞

૚
૛

૙
࢞ࢊ = ૚ + ൣૡ࢞૛ ൯൧(࢞)ࢣ൫܏ܗܔ

૙

૚
૛ − ૚૟න ࢞ ൯(࢞)ࢣ൫܏ܗܔ

૚
૛

૙
࢞ࢊ = 

= ૚ + ࣊܏ܗܔ − ૚૟න ࢞ ൯(࢞)ࢣ൫܏ܗܔ
૚
૛

૙
 ࢞ࢊ

 :ࢇ࢒࢛࢓࢘࢕ࢌ	ᇱ࢙࢘ࢋ࢓࢓࢛ࡷ	ࢍ࢔࢏࢙ࢁ
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൯(࢞)ࢣ൫܏ܗܔ = ൬
૚
૛ − ࢞൰ ࢽ) + (૛܏ܗܔ + (૚ − ࢞) ࣊܏ܗܔ −

૚
૛ ܏ܗܔ

((࢞࣊)࢔࢏࢙)

+
૚
࣊෍

܏ܗܔ ࢔
࢔ (࢞࣊࢔૛)ܖܑܛ

ஶ

ୀ૛࢔

 

ષ = ૚ + ࣊܏ܗܔ − ૚૟(ࢽ+ ૛)න܏ܗܔ ࢞൬
૚
૛ − ࢞൰࢞ࢊ

૚
૛

૙
− ૚૟ න࣊܏ܗܔ ࢞(૚− ࢞)

૚
૛

૙
࢞ࢊ

+ ૡන ࢞ ((࢞࣊)࢔࢏࢙)܏ܗܔ
૚
૛

૙
࢞ࢊ −

૚૟
࣊ ෍

࢔܏ܗܔ
࢔ න ࢞ (࢞࣊࢔૛)ܖܑܛ

૚
૛

૙
࢞ࢊ

ஶ

ୀ૛࢔

 

= ૚ + ܏ܗܔ ࣊ −
ࢽ
૜ −

܏ܗܔ ૛
૜ −

૝
૜ ࣊܏ܗܔ +

ૡ
࣊૛න ࢞ (࢞࢔࢏࢙)܏ܗܔ

࣊
૛

૙
࢞ࢊ

−
૝
࣊૜෍

࢔܏ܗܔ
࢔ න (࢞࢔)ܖܑܛ࢞

࣊

૙
࢞ࢊ

ஶ

ୀ૛࢔

 

න ࢞ ܖܑܛ)܏ܗܔ ࢞)
࣊
૛

૙
࢞ࢊ = − ܏ܗܔ ૛න ࢞

࣊
૛

૙
࢞ࢊ −෍

૚
න࢔ (࢞࢔૛)ܛܗ܋࢞

࣊
૛

૙
࢞ࢊ

ஶ

ୀ૚࢔

= −
࣊૛

ૡ ૛܏ܗܔ −
૚
૝෍

(࣊࢔)ܛܗ܋ − ૚
૜࢔

ஶ

ୀ૚࢔

= 

= −
࣊૛

ૡ ૛܏ܗܔ +
૚
૛෍

૚
(૛࢔ − ૚)૜

ஶ

ୀ૚࢔

= −
࣊૛

ૡ ܏ܗܔ ૛ +
૚
૛

(૚− ૛ି૜)ࣀ(૜) = 

=
ૠ
૚૟ ࣀ

(૜) −
࣊૛

ૡ ܏ܗܔ ૛ 

න (࢞࢔)ܖܑܛ࢞
࣊

૙
࢞ࢊ = ቈ

(࢞࢔)ܖܑܛ − ࢞࢔ (࢞࢔)ܛܗ܋
૛࢔ ቉

૙

࣊

=
(−૚)࣊࢔

࢔  

ષ = ૚ + ܏ܗܔ ࣊ −
ࢽ
૜ −

૛܏ܗܔ
૜ −

૝
૜ ܏ܗܔ ࣊+

ૠࣀ(૜)
૛࣊૛ − ܏ܗܔ ૛ +

૝
࣊૛෍

(−૚)࢔ 	࢔܏ܗܔ
૛࢔

ஶ

ୀ૛࢔

= 

= ૚ −
ࢽ
૜ −

૝ ܏ܗܔ ૛
૜ −

૚
૜ ࣊܏ܗܔ +

ૠࣀ(૜)
૛࣊૛ +

૝
࣊૛෍

(−૚)࢔ ܏ܗܔ ࢔
૛࢔

ஶ

ୀ૚࢔

 

෍
(−૚)࢔ ࢔܏ܗܔ

૛࢔

ஶ

ୀ૚࢔

= ܕܑܔ
࢙→૛

ࢊ
෍࢙ࢊ

(−૚)ି࢔૚

࢙࢔

ஶ

ୀ૙࢔

= ᇱ(૛)ࣁ

= −࣊૛ ࡭܏ܗܔ +
࣊૛

૚૛ ܏ܗܔ ࣊+
࣊૛ࢽ
૚૛ +

࣊૛

૟ ܏ܗܔ ૛ 

ષ = ૚ −
ࢽ
૜ −

૝ ૛܏ܗܔ
૜ −

૚
૜ ܏ܗܔ ࣊+

ૠࣀ(૜)
૛࣊૛ − ૝ ࡭܏ܗܔ +

૚
૜ ܏ܗܔ ࣊ +

ࢽ
૜ +

૛
૜  ૛܏ܗܔ

 	,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ
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න ࢞૛࣒(૙) ቀ
࢞
૛ + ૚ቁ

૚

૙
࢞ࢊ =

ૠࣀ(૜)
૛࣊૛ −

૛܏ܗܔ૛
૜ − (૝࡭)܏ܗܔ + ૚ 

2132. Prove the below closed form: 

෍න
࢑ܖܑܛ܋ܚ܉ ࢞

࢞

૚

૙

૜

࢑ୀ૚

࢞ࢊ =
(࣊૛ + ૛࣊ + ૝) (૝࣊)܏ܗܔ − (ૢ࣊ + ૚૝)ࣀ(૜)

૚૟
 

Where ࣀ(૜) is the Apery’s constant 

Proposed by Ankush Kumar Parcha-India 
Solution by Amin Hajiyev-Azerbaijan 

 

ષ = ෍න
࢑ܖܑܛ܋ܚ܉ ࢞

࢞

૚

૙

૜

࢑ୀ૚

࢞ࢊ ܖܑܛ܋ܚ܉= ࢞ୀ࢚ ෍න ࢚࢑ ܜܗ܋ ࢚
࣊
૛

૙
࢚ࢊ

૜

࢑ୀ૚

= න (࢚+ ࢚૛ + ࢚૜) ܜܗ܋ ࢚
࣊
૛

૙
 ࢚ࢊ

ષ૚ = න ܜܗ܋࢚ ࢚
࣊
૛

૙
࢚ࢊ −ࡼ࡮ࡵ= න (࢚࢔࢏࢙)܏ܗܔ

࣊
૛

૙
࢚ࢊ = ܏ܗܔ ૛න ࢚ࢊ

࣊
૛

૙
+ ෍

૚
න࢔ (࢚࢔૛)ܛܗ܋

࣊
૛

૙
࢚ࢊ

ஶ

ୀ૚࢔

= 

=
࣊
૛ ܏ܗܔ ૛ + ෍

(࣊࢔)ܖܑܛ
૛࢔૛

ஶ

ୀ૚࢔

=
࣊
૛  ૛܏ܗܔ

ષ૛ = න ࢚૛ ܜܗ܋ ࢚
࣊
૛

૙
࢚ࢊ −ࡼ࡮ࡵ= ૛න ࢚ (࢚࢔࢏࢙)܏ܗܔ

࣊
૛

૙
࢚ࢊ

= ૛ ૛න܏ܗܔ ࢚
࣊
૛

૙
࢚ࢊ + ૛෍

૚
න࢔ ࢚ (࢚࢔૛)ܛܗ܋

࣊
૛

૙
࢚ࢊ

ஶ

ୀ૚࢔

=
࣊૛

૝ ܏ܗܔ ૛ + ෍
૚
૛࢔

[࢚ ૙[(࢚࢔૛)ܖܑܛ
࣊
૛

ஶ

ୀ૚࢔

−෍
૚
૛න࢔ (࢚࢔૛)ܖܑܛ

࣊
૛

૙
࢚ࢊ

ஶ

ୀ૚࢔

= 

=
࣊૛

૝ ܏ܗܔ ૛ +
૚
૛෍

(࣊࢔)ܛܗ܋
૜࢔

ஶ

ୀ૚࢔

−
૚
૛෍

૚
૜࢔

ஶ

ୀ૚࢔

=
࣊૛

૝ ܏ܗܔ ૛ −
૚
૛෍

(−૚)࢔ା૚

૜࢔

ஶ

ୀ૚࢔

−
૚
૛ࣀ

(૜) = 

=
࣊૛

૝ ܏ܗܔ ૛ −
૜
ૡ ࣀ

(૜)−
૚
૛ࣀ

(૜) =
࣊૛

૝ ܏ܗܔ ૛ −
ૠ
ૡࣀ

(૜) 

ષ૜ = න ࢚૜ ܛܗ܋ ࢚
࣊
૛

૙
࢚ࢊ −ࡼ࡮ࡵ= ૜න ࢚૛ ܖܑܛ)܏ܗܔ ࢚)

࣊
૜

૙
࢚ࢊ = 
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= ૜ ܏ܗܔ ૛න ࢚૛
࣊
૛

૙
࢚ࢊ + ૜෍

૚
න࢔ ࢚૛ (࢚࢔૛)ܛܗ܋

࣊
૛

૙
࢚ࢊ

ஶ

ୀ૚࢔

= 

=
࣊૜

ૡ ૛܏ܗܔ +
૜
૛෍

[࢚૛ ૙[(࢚࢔૛)ܖܑܛ
࣊
૛

ஶ

ୀ૚࢔

− ૜෍
૚
૛࢔ න ࢚ (࢚࢔૛)ܖܑܛ

࣊
૛

૙
࢚ࢊ

ஶ

ୀ૚࢔

= 

=
࣊૜

ૡ ܏ܗܔ ૛ +
૜
૛෍

૚
૜࢔

[࢚ ૙[(࢚࢔૛)ܛܗ܋
࣊
૛

ஶ

ୀ૚࢔

=
࣊૜

ૡ ૛܏ܗܔ −
ૢ࣊
૚૟ ࣀ

(૜) 

ષ = ષ૚ + ષ૛ + ષ૜ =
࣊
૛ ܏ܗܔ ૛ +

࣊૛

૝ ૛܏ܗܔ −
ૠ
ૡ ࣀ

(૜) +
࣊૜

ૡ ܏ܗܔ ૛ −
ૢ࣊
૚૟  		(૜)ࣀ

2133. Find: 

ࡵ = න
࢞࢔࢏࢙ − ࢙࢞࢕ࢉ
૚ + ࢙࢞࢕ࢉ࢞࢔࢏࢙

࢞ࢊ
࣊
૝

૙
 

 
Proposed by Ajetunmobi Abdulqoyyum-Nigeria 

Solution by Pham Duc Nam-Vietnam 

ࡵ = −૛න
૚

૛ + ૛ ࢔࢏࢙ ࢙࢞࢕ࢉ࢞ ࢊ
࢞࢔࢏࢙) + (࢙࢞࢕ࢉ

࣊
૝

૙

= −૛න
૚

૚ + ૚ + ૛࢙࢞࢔࢏ ࢊ࢙࢞࢕ࢉ
࢞࢔࢏࢙) + (࢙࢞࢕ࢉ

࣊
૝

૙
 

= −૛න
૚

૚ + ࢞࢔࢏࢙) + ૛(࢙࢞࢕ࢉ ࢞࢔࢏࢙)ࢊ + (࢙࢞࢕ࢉ
࣊
૝

૙
= −૛࢞࢔࢏࢙)࢔ࢇ࢚ࢉ࢘ࢇ + ૙|(࢙࢞࢕ࢉ

࣊
૝

= −૛࢔ࢇ࢚ࢉ࢘ࢇ൫√૛൯ + ૛࢔ࢇ࢚ࢉ࢘ࢇ(૚) = ૛࢔ࢇ࢚ࢉ࢘ࢇ
૚ − √૛
૚ + √૛

= ૛࢔ࢇ࢚ࢉ࢘ࢇ൫૛√૛ − ૜൯ 
2134. Find	without	any	software: 

ࡵ = න
࢞ࢍ࢕࢒

૛ࢍ࢕࢒ ࢞ + (૛ − ૛࢞ࢋ) ࢍ࢕࢒ ࢞ + ૛ࢋ૛࢞૛ − ૛࢞ࢋ + ૚࢞ࢊ 

Proposed by Daniel Sitaru-Romania 
Solution by Pham Duc Nam-Vietnam 

∗ ૛ࢍ࢕࢒ ࢞+ (૛ − ૛࢞ࢋ) ࢍ࢕࢒ ࢞ + ૛ࢋ૛࢞૛ − ૛࢞ࢋ + ૚

= ૛ࢍ࢕࢒ ࢞ + ૛࢞૛ࢋ + ૚ + ૛ ࢍ࢕࢒ ࢞− ૛࢞ࢋ − ૛࢞ࢋ ࢍ࢕࢒ ࢞

= ࢍ࢕࢒) ࢞ − ࢞ࢋ + ૚)૛ +  ૛࢞૛ࢋ
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⇒
࢞ࢍ࢕࢒

૛ࢍ࢕࢒ ࢞ + (૛ − ૛࢞ࢋ) ࢍ࢕࢒ ࢞ + ૛ࢋ૛࢞૛ − ૛࢞ࢋ + ૚ =
ࢍ࢕࢒ ࢞

ࢍ࢕࢒) ࢞ − ࢞ࢋ + ૚)૛ + ૛࢞૛ࢋ

=

ࢍ࢕࢒ ࢞
ࢍ࢕࢒) ࢞ − ࢞ࢋ + ૚)૛

૚ + ൬ ࢞ࢋ
࢞ࢍ࢕࢒ − ࢞ࢋ + ૚൰

૛  

∗
ࢊ
൬࢞ࢊ

࢞ࢋ
࢞ࢍ࢕࢒ − +࢞ࢋ ૚൰ =

ࢍ࢕࢒)ࢋ ࢞ − ࢞ࢋ + ૚) − ቀ૚࢞࢞ࢋ − ቁࢋ
ࢍ࢕࢒) ࢞ − ࢞ࢋ + ૚)૛

=
ࢋ ࢞ࢍ࢕࢒ − ૛࢞ࢋ + ࢋ − ࢋ + ૛࢞ࢋ

࢞ࢍ࢕࢒) − ࢞ࢋ + ૚)૛ =
ࢋ ࢍ࢕࢒ ࢞

ࢍ࢕࢒) ࢞ − +࢞ࢋ ૚)૛ 

⇒
࢞ࢍ࢕࢒

૛ࢍ࢕࢒ ࢞ + (૛ − ૛࢞ࢋ) ࢍ࢕࢒ ࢞ + ૛ࢋ૛࢞૛ − ૛࢞ࢋ + ૚ =

ࢍ࢕࢒ ࢞
࢞ࢍ࢕࢒) − ࢞ࢋ + ૚)૛

૚ + ൬ ࢞ࢋ
࢞ࢍ࢕࢒ − ࢞ࢋ + ૚൰

૛

=
૚
ࢋ .

ࢋ ࢞ࢍ࢕࢒
࢞ࢍ࢕࢒) − ࢞ࢋ + ૚)૛

૚ + ൬ ࢞ࢋ
࢞ࢍ࢕࢒ − +࢞ࢋ ૚൰

૛ =
૚
ࢋ .

ࢊ
࢞ࢊ ൬

࢞ࢋ
ࢍ࢕࢒ ࢞ − ࢞ࢋ + ૚൰

૚ + ൬ ࢞ࢋ
࢞ࢍ࢕࢒ − ࢞ࢋ + ૚൰

૛ 

⇒ ࡵ = න
૚
ࢋ .

൬ࢊ ࢞ࢋ
࢞ࢍ࢕࢒ − ࢞ࢋ + ૚൰

૚ + ൬ ࢞ࢋ
࢞ࢍ࢕࢒ − ࢞ࢋ + ૚൰

૛ =
૚
ࢋ ࢔ࢇ࢚ࢉ࢘ࢇ

࢞ࢋ
࢞ࢍ࢕࢒ − ࢞ࢋ + ૚ +  ࡯

2135. Find: 

(࢈,ࢇ)ࢹ = න
(࢞)૜ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + (࢈

∞

૙
−
૜
૛
න(࢈ࢇ)ࢍ࢕࢒

(࢞)૛ࢍ࢕࢒
(࢞ + ࢞)(ࢇ + (࢈

∞

૙
܊,܉, > 0 

 
Proposed by Togrul Ehmedov-Azerbaijan 

Solution 1 by Pham Duc Nam-Vietnam 

∗ ⇔ࢋࢍ࢘ࢋ࢜࢔࢕ࢉ	࢟࢒࢔ࡻ ࢈,ࢇ > ܽ	݁݉ݑݏݏܽ,0 ≠  ࢈

∗ න:ࢍ࢔࢏࢚ࢇ࢛࢒ࢇ࢜ࡱ
(࢞)૛ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + (࢈

∞

૙
 ࢞ࢊ

࢟ࢋࡷ:ࢋ࢙ࢁ − ࢘ࢋ࢚࢔࢛࢕ࢉ,࢙࢏࢞ࢇ	ࢋ࢚࢜࢏࢙࢕࢖	࢒ࢇࢋ࢘	࢔࢕	࢚࢛ࢉ	ࢎࢉ࢔ࢇ࢘࢈	ࢎ࢚࢏࢝	࢛࢘࢕࢚࢔࢕ࢉ	ࢋ࢒࢕ࢎ
− ࢈,ࢇ)	࢔࢕࢏࢚ࢉࢋ࢘࢏ࢊ	ࢋ࢙࢏࢑࢝ࢉ࢕࢒ࢉ < ܴ,ܴ → ∞, ࢿ → ૙) 

(ࢠ)ࢌ:࢚ࢋࡸ =
(ࢠ)૜ࢍ࢕࢒

ࢠ) + +ࢠ)(ࢇ (࢈ ࢠ:(1	࢘ࢋࢊ࢘࢕)࢙ࢋ࢒࢕࢖	࢕࢚࢝	࢙ࢇࢎ(ࢠ)ࢌ, = ,ࢇ− ࢠ =  ࢈−
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⇒ ර
(ࢠ)૜ࢍ࢕࢒

ࢠ) + ࢠ)(ࢇ + ࢠࢊ(࢈ = ૛࣊࢏෍Res
࡯

,(ࢠ)ࢌ) ࢠ = ,ࢇ− ࢠ = (࢈−

= ૛࣊࢏ቆ࢓࢏࢒
ࢇି→ࢠ

ࢠ) + (ࢇ (ࢠ)૜ࢍ࢕࢒
ࢠ) + ࢠ)(ࢇ + (࢈ + ࢓࢏࢒

࢈ି→ࢠ

+ࢠ) (࢈ (ࢠ)૜ࢍ࢕࢒
+ࢠ) +ࢠ)(ࢇ (࢈ ቇ

= ૛࣊࢏ቆ࢓࢏࢒
ࢇି→ࢠ

(ࢇ)ࢍ࢕࢒) + ૜(࣊࢏

࢈ − ࢇ + ࢓࢏࢒
࢈ି→ࢠ

(࢈)ࢍ࢕࢒) + ૜(࣊࢏

ࢇ − ࢈ ቇ 

= ૛࣊࢏
(ࢇ)ࢍ࢕࢒) + ૜(࣊࢏ − (࢈)ࢍ࢕࢒) + ૜(࣊࢏

࢈ − ࢇ

= ૛࣊ࢍ࢕࢒
ࢇ
࢈ ࢏

(ࢇ)ࢍ࢕࢒)) + ૛(࣊࢏ + (ࢇ)ࢍ࢕࢒) + (࢈)ࢍ࢕࢒)(࣊࢏ + (࣊࢏ + (࢈)ࢍ࢕࢒) + (૛(࣊࢏
࢈ − ࢇ

=
૛࣊࢈ࢇࢍ࢕࢒
࢈ − ࢇ ࢏ ቀࢍ࢕࢒૛(ࢇ) + (࢈)૛ࢍ࢕࢒ + (ࢇ)ࢍ࢕࢒ (࢈)ࢍ࢕࢒ − ૜࣊૛ +  ቁ((࢈ࢇ)ࢍ࢕࢒૜࣊)࢏

=
૟࣊૛ (࢈ࢇ)ࢍ࢕࢒ ࢈ࢇࢍ࢕࢒

ࢇ − ࢈ + ࢏
૛࣊ ࢈ࢇࢍ࢕࢒
−࢈ ࢇ

(࢈ࢇ)૛ࢍ࢕࢒) − (ࢇ)ࢍ࢕࢒ −(࢈)ࢍ࢕࢒ ૜࣊૛) 

ර
(ࢠ)૜ࢍ࢕࢒

ࢠ) + ࢠ)(ࢇ + ࡯ࢠࢊ(࢈

= න
(ࢠ)૜ࢍ࢕࢒

ࢠ) + +ࢠ)(ࢇ ࢠࢊ(࢈ +
ࡾࢽ

න
(ࢠ)૜ࢍ࢕࢒

+ࢠ) ࢠ)(ࢇ + ࢘ࢽࢠࢊ(࢈

+න
(࢞)૜ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + ࢞ࢊ(࢈ −න
(࢞)ࢍ࢕࢒) − ૛࣊࢏)૜

(࢞ + ࢞)(ࢇ + (࢈ ࢞ࢊ
ࢿషࢽࢿࢽ

 

࢓࢏࢒
∞→ࡾ

න
(ࢠ)૜ࢍ࢕࢒

+ࢠ) ࢠ)(ࢇ + ࢠࢊ(࢈ =
ࡾࢽ

࢓࢏࢒
࢘→૙

න
(ࢠ)૜ࢍ࢕࢒

+ࢠ) +ࢠ)(ࢇ ࢠࢊ(࢈ =
࢘ࢽ

૙	࢟࢈	ࡸࡹ	࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏ 

⇒ ࢓࢏࢒
ோ→∞
ఌ→૙

ර
(ࢠ)૜ࢍ࢕࢒

ࢠ) + ࢠ)(ࢇ + ࢠࢊ(࢈ =
࡯

න
(࢞)૜ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + ࢞ࢊ(࢈ −න
(࢞)ࢍ࢕࢒) − ૛࣊࢏)૜

(࢞ + ࢞)(ࢇ + (࢈ ࢞ࢊ
ࢿషࢽࢿࢽ

= න
૚૛࣊૛ (࢞)ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + (࢈

∞

૙
࢞ࢊ

+ න࢏
ૡ࣊૜ − ૟࣊ (࢞)૛ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + (࢈ ࢞ࢊ =
∞

૙
න

૚૛࣊૛ (࢞)ࢍ࢕࢒
(࢞ + +࢞)(ࢇ (࢈

∞

૙
࢞ࢊ

+ ࢏ ቆන
ૡ࣊૜

(࢞ + ࢞)(ࢇ + ࢞ࢊ(࢈ − න
૟࣊ (࢞)૛ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + ࢞ࢊ(࢈
∞

૙

∞

૙
ቇ 

࢚࢘ࢇ࢖	࢟࢘ࢇ࢔࢏ࢍࢇ࢓࢏	ࢍ࢔࢏࢑ࢇࢀ ⇒
૛࣊ ࢈ࢇࢍ࢕࢒
࢈ − ࢇ

−(࢈ࢇ)૛ࢍ࢕࢒) (ࢇ)ࢍ࢕࢒ −(࢈)ࢍ࢕࢒ ૜࣊૛)

= −
ૡ࣊૜ ࢍ࢕࢒ ࢈ࢇ
࢈ − ࢇ −න

૟࣊ࢍ࢕࢒૛(࢞)
(࢞ + +࢞)(ࢇ ࢞ࢊ(࢈

∞

૙
⇒ න

(࢞)૛ࢍ࢕࢒
(࢞ + ࢞)(ࢇ + (࢈

∞

૙
࢞ࢊ

=

૛࣊࢈ࢇࢍ࢕࢒
࢈ − ࢇ −(࢈ࢇ)૛ࢍ࢕࢒) (ࢇ)ࢍ࢕࢒ −(࢈)ࢍ࢕࢒ ૜࣊૛) +

ૡ࣊૜ ࢈ࢇࢍ࢕࢒
࢈ − ࢇ

−૟࣊  
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=
૚

૜(ࢇ− (࢈ ࢍ࢕࢒
ࢇ
࢈

(࢈ࢇ)૛ࢍ࢕࢒) − (ࢇ)ࢍ࢕࢒ ((࢈)ࢍ࢕࢒ +
૚

૜(ࢇ − ࣊(࢈
૛ ࢍ࢕࢒

ࢇ
࢈

=
࢈ࢇࢍ࢕࢒

૜(ࢇ − (࢈ (࢈ࢇ)૛ࢍ࢕࢒) − (ࢇ)ࢍ࢕࢒ (࢈)ࢍ࢕࢒ + ࣊૛)  

࢚࢘ࢇ࢖	࢒ࢇࢋ࢘	ࢍ࢔࢏࢑ࢇࢀ ⇒
૟࣊૛ (࢈ࢇ)ࢍ࢕࢒ ࢈ࢇࢍ࢕࢒

ࢇ − ࢈ = න
૚૛࣊૛ (࢞)ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + (࢈

∞

૙
࢞ࢊ

⇒ න
(࢞)ࢍ࢕࢒

(࢞+ ࢞)(ࢇ + (࢈

∞

૙
࢞ࢊ =

(࢈ࢇ)ࢍ࢕࢒ ࢈ࢇࢍ࢕࢒
૛(ࢇ− (࢈  

∗ න:ࢍ࢔࢏࢚ࢇ࢛࢒ࢇ࢜ࡱ
(࢞)૜ࢍ࢕࢒

(࢞ + +࢞)(ࢇ (࢈

∞

૙
 ࢞ࢊ

࢟ࢋࡷ:ࢋ࢙ࢁ − ,࢙࢏࢞ࢇ	ࢋ࢚࢜࢏࢙࢕࢖	࢒ࢇࢋ࢘	࢔࢕	࢚࢛ࢉ	ࢎࢉ࢔ࢇ࢘࢈	ࢎ࢚࢏࢝	࢛࢘࢕࢚࢔࢕ࢉ	ࢋ࢒࢕ࢎ ࢘ࢋ࢚࢔࢛࢕ࢉ
− ࢈,ࢇ)	࢔࢕࢏࢚ࢉࢋ࢘࢏ࢊ	ࢋ࢙࢏࢑࢝ࢉ࢕࢒ࢉ < ܴ,ܴ → ∞, ࢿ → ૙) 

(ࢠ)ࢌ:࢚ࢋࡸ =
(ࢠ)૝ࢍ࢕࢒

+ࢠ) ࢠ)(ࢇ + (࢈ ࢠ:(1	࢘ࢋࢊ࢘࢕)࢙ࢋ࢒࢕࢖	࢕࢚࢝	࢙ࢇࢎ(ࢠ)ࢌ, = ,ࢇ− ࢠ =  ࢈−

⇒ ර
(ࢠ)૝ࢍ࢕࢒

ࢠ) + +ࢠ)(ࢇ ࢠࢊ(࢈ = ૛࣊࢏෍ Res
࡯

,(ࢠ)ࢌ) ࢠ = ,ࢇ− ࢠ = (࢈−

= ૛࣊࢏ቆ࢓࢏࢒
ࢇି→ࢠ

+ࢠ) (ࢇ (ࢠ)૝ࢍ࢕࢒
ࢠ) + +ࢠ)(ࢇ (࢈ + ࢓࢏࢒

࢈ି→ࢠ

+ࢠ) (࢈ (ࢠ)૝ࢍ࢕࢒
ࢠ) + +ࢠ)(ࢇ (࢈ ቇ

= ૛࣊࢏ቆ࢓࢏࢒
ࢇି→ࢠ

(ࢇ)ࢍ࢕࢒) + ૝(࣊࢏

−࢈ ࢇ + ࢓࢏࢒
࢈ି→ࢠ

(࢈)ࢍ࢕࢒) + ૝(࣊࢏

ࢇ − ࢈ ቇ 

= ૛࣊࢏
(ࢇ)ࢍ࢕࢒) + ૝(࣊࢏ − (࢈)ࢍ࢕࢒) + ૝(࣊࢏

࢈ − ࢇ

= ૛࣊࢏
(ࢇ)ࢍ࢕࢒)) + ૛(࣊࢏ + (࢈)ࢍ࢕࢒) + (ࢇ)ࢍ࢕࢒))(૛(࣊࢏ + ૛(࣊࢏ − (࢈)ࢍ࢕࢒) + (૛(࣊࢏

࢈ − ࢇ  

=
૛࣊࢏
࢈ − ࢇ

ቀࢍ࢕࢒૝(ࢇ) − (࢈)૝ࢍ࢕࢒ + ૟࣊૛ −(࢈)૛ࢍ࢕࢒ ૟࣊૛ (ࢇ)૛ࢍ࢕࢒

+ ૝࣊)࢏ (ࢇ)૜ࢍ࢕࢒ − ૝࣊૜ −(ࢇ)ࢍ࢕࢒ ૝࣊ (࢈)૜ࢍ࢕࢒ + ૝࣊૜  ൯((࢈)ࢍ࢕࢒

=
૛࣊࢏
࢈ − ࢇ

൭ቀࢍ࢕࢒
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) (ࢇ)૛ࢍ࢕࢒) + −(࢈)૛ࢍ࢕࢒ ૟࣊૛)

+ ࢏ ቆ૝࣊ ࢍ࢕࢒
ࢇ
࢈

−(࢈ࢇ)૛ࢍ࢕࢒) (ࢇ)ࢍ࢕࢒ −(࢈)ࢍ࢕࢒ ࣊૛)ቇ൱

=
૛࣊
ࢇ − ቆ૝࣊࢈ ࢍ࢕࢒

ࢇ
࢈

−(࢈ࢇ)૛ࢍ࢕࢒) (ࢇ)ࢍ࢕࢒ ૛)ቇ࣊−(࢈)ࢍ࢕࢒

+ ࢏
૛࣊
࢈ − ࢇ

ቀࢍ࢕࢒
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) (ࢇ)૛ࢍ࢕࢒) + −(࢈)૛ࢍ࢕࢒ ૟࣊૛) 
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ර
(ࢠ)૝ࢍ࢕࢒

ࢠ) + +ࢠ)(ࢇ ࡯ࢠࢊ(࢈

= න
(ࢠ)૝ࢍ࢕࢒

+ࢠ) +ࢠ)(ࢇ +ࢠࢊ(࢈
ࡾࢽ

න
(ࢠ)૝ࢍ࢕࢒

+ࢠ) +ࢠ)(ࢇ ࢘ࢽࢠࢊ(࢈

+න
(࢞)૝ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + ࢞ࢊ(࢈ − න
(࢞)ࢍ࢕࢒) + ૛࣊࢏)૝

(࢞+ ࢞)(ࢇ + (࢈ ࢞ࢊ
ࢿషࢽࢿࢽ

 

࢓࢏࢒
∞→ࡾ

න
(ࢠ)૝ࢍ࢕࢒

ࢠ) + +ࢠ)(ࢇ ࢠࢊ(࢈ =
ࡾࢽ

࢓࢏࢒
࢘→૙

න
(ࢠ)૝ࢍ࢕࢒

ࢠ) + ࢠ)(ࢇ + ࢠࢊ(࢈ =
࢘ࢽ

૙	࢟࢈	ࡸࡹ	࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏ 

⇒ ࢓࢏࢒
ோ→∞
ఌ→૙

ර
(ࢠ)૝ࢍ࢕࢒

+ࢠ) +ࢠ)(ࢇ ࢠࢊ(࢈ =
࡯

න
(࢞)૝ࢍ࢕࢒

(࢞ + +࢞)(ࢇ ࢞ࢊ(࢈ − න
(࢞)ࢍ࢕࢒) + ૛࣊࢏)૝

(࢞ + +࢞)(ࢇ (࢈ ࢞ࢊ
ࢿషࢽࢿࢽ

= න
૛૝࣊૛ −(࢞)૛ࢍ࢕࢒ ૚૟࣊૝

(࢞+ ࢞)(ࢇ + (࢈

∞

૙
࢞ࢊ

+ න࢏
−ૡ࣊ (࢞)૜ࢍ࢕࢒ + ૜૛࣊૜ (࢞)ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + (࢈ ࢞ࢊ
∞

૙
 

࢚࢘ࢇ࢖	࢟࢘ࢇ࢔࢏ࢍࢇ࢓࢏	ࢍ࢔࢏࢑ࢇࢀ

⇒
૛࣊
࢈ − ࢇ

ቀࢍ࢕࢒
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) (ࢇ)૛ࢍ࢕࢒) + −(࢈)૛ࢍ࢕࢒ ૟࣊૛)

= −ૡ࣊න
(࢞)૜ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + ࢞ࢊ(࢈
∞

૙
+ ૚૟࣊૜

(࢈ࢇ)ࢍ࢕࢒ ࢈ࢇࢍ࢕࢒
ࢇ − ࢈  

⇒ න
(࢞)૜ࢍ࢕࢒

(࢞ + ࢞)(ࢇ + ࢞ࢊ(࢈
∞

૙

=
૛࣊
࢈ − ࢇ ቀࢍ࢕࢒

ࢇ
࢈ ቁ(࢈ࢇ)ࢍ࢕࢒ (ࢇ)૛ࢍ࢕࢒) + −(࢈)૛ࢍ࢕࢒ ૟࣊૛) + ૚૟࣊૜

(࢈ࢇ)ࢍ࢕࢒ ࢈ࢇࢍ࢕࢒
࢈ − ࢇ

−ૡ࣊

=
૚

૝(ࢇ − ࢍ࢕࢒ቀ(࢈
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) (ࢇ)૛ࢍ࢕࢒) + ((࢈)૛ࢍ࢕࢒ +
࣊૛

૛(ࢇ − (࢈ (࢈ࢇ)ࢍ࢕࢒ ࢍ࢕࢒
ࢇ
 ࢈

=
૚

૝(ࢇ − ࢍ࢕࢒ቀ(࢈
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) (ࢇ)૛ࢍ࢕࢒) + (࢈)૛ࢍ࢕࢒ + ૛࣊૛) 

∗⇒ (࢈,ࢇ)ࢹ

=
૚

૝(ࢇ − ࢍ࢕࢒ቀ(࢈
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) (ࢇ)૛ࢍ࢕࢒) + (࢈)૛ࢍ࢕࢒ + ૛࣊૛)

−
૜
૛ ࢍ࢕࢒

(࢈ࢇ) .
࢈ࢇࢍ࢕࢒

૜(ࢇ − (࢈ −(࢈ࢇ)૛ࢍ࢕࢒) (ࢇ)ࢍ࢕࢒ (࢈)ࢍ࢕࢒ + ࣊૛) 

=
૚

૝(ࢇ − ࢍ࢕࢒ቀ(࢈
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) (ࢇ)૛ࢍ࢕࢒) + (࢈)૛ࢍ࢕࢒ + ૛࣊૛)

−
૚

૛(ࢇ − (࢈ ቀࢍ࢕࢒
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) −(࢈ࢇ)૛ࢍ࢕࢒) (ࢇ)ࢍ࢕࢒ (࢈)ࢍ࢕࢒ + ࣊૛) 
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=
૚

૛(ࢇ − (࢈ ቀࢍ࢕࢒
ࢇ
࢈ ࢍ࢕࢒

ቁ(࢈ࢇ) ൬
૚
૛ ࢍ࢕࢒

૛(ࢇ) +
૚
૛ ࢍ࢕࢒

૛(࢈) + ࣊૛ − (࢈ࢇ)૛ࢍ࢕࢒

+ (ࢇ)ࢍ࢕࢒ ૛൰࣊−(࢈)ࢍ࢕࢒ =
૚

૝(࢈ − (ࢇ ࢍ࢕࢒
ࢇ
࢈ ࢍ࢕࢒

૜(࢈ࢇ) , ࢇ:ࢌ࢏ = ࢈

⇒ (࢈,ࢇ)ࢹ = −
૛ (ࢇ)૜ࢍ࢕࢒

ࢇ  

Solution 2 by proposer 

ષ૚(܊,܉) = න
(ܠ)૜܏ܗܔ

ܠ) + ܠ)(܉ + (܊

ஶ

૙

൩ܠ܌
ܡ܊܉ୀܠ

= න
૜܏ܗܔ ቀܡ܊܉ ቁ

ܡ) + +ܡ)(܉ (܊

ஶ

૙

ܡ܌

= න(܊܉)૜܏ܗܔ
ܡ܌

ܡ) + ܡ)(܉ + (܊

ஶ

૙

− ૜ න(܊܉)૛܏ܗܔ
(ܡ)܏ܗܔ

ܡ) + +ܡ)(܉ (܊

ஶ

૙

ܡ܌

+ ૜ න(܊܉)܏ܗܔ
(ܡ)૛܏ܗܔ

ܡ) + +ܡ)(܉ (܊

ஶ

૙

ܡ܌ − න
(ܡ)૜܏ܗܔ

ܡ) + +ܡ)(܉ (܊

ஶ

૙

 ܡ܌

ષ૚(܊,܉) = න(܊܉)૜܏ܗܔ
ܡ܌

ܡ) + +ܡ)(܉ (܊

ஶ

૙

− ૜ න(܊܉)૛܏ܗܔ
(ܡ)܏ܗܔ

ܡ) + +ܡ)(܉ (܊

ஶ

૙

ܡ܌

+ ૜ න(܊܉)܏ܗܔ
(ܡ)૛܏ܗܔ

ܡ) + +ܡ)(܉ (܊

ஶ

૙

ܡ܌ − ષ૚(܊,܉) 

ષ૚(܊,܉) =
૚
૛
න(܊܉)૜܏ܗܔ

ܡ܌
ܡ) + +ܡ)(܉ (܊

ஶ

૙

−
૜
૛
න(܊܉)૛܏ܗܔ

(ܡ)܏ܗܔ
ܡ) + +ܡ)(܉ (܊

ஶ

૙

ܡ܌

+
૜
૛
න(܊܉)܏ܗܔ

(ܡ)૛܏ܗܔ
ܡ) + +ܡ)(܉ (܊

ஶ

૙

 ܡ܌

ષ(܊,܉) = ષ૚(܊,܉)−
૜
૛
න(܊܉)܏ܗܔ

(ܠ)૛܏ܗܔ
ܠ) + ܠ)(܉ + (܊

ஶ

૙

ܠ܌

=
૚
૛
න(܊܉)૜܏ܗܔ

ܡ܌
ܡ) + +ܡ)(܉ (܊

ஶ

૙

−
૜
૛
න(܊܉)૛܏ܗܔ

(ܡ)܏ܗܔ
ܡ) + +ܡ)(܉ (܊

ஶ

૙

ܡ܌

=
૚
૝
(܊܉)૜܏ܗܔ ܏ܗܔ ቀ܉܊ቁ

܉ − ܊
, ܉ ≠ ܊ > 0 

න:܍ܜܗۼ
ܡ܌

ܡ) + +ܡ)(܉ (܊

ஶ

૙

=
−(܉)܏ܗܔ (܊)	܏ܗܔ

܉ − ܊
 

න
(ܡ)܏ܗܔ

ܡ) + ܡ)(܉ + (܊

ஶ

૙

ܡ܌ =
૚
૛
−(܉)૛܏ܗܔ (܊)૛܏ܗܔ

܉ − ܊
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ષ(܊,܉) =
૚
૛
න(܊܉)૜܏ܗܔ

ܡ܌
ܡ) + +ܡ)(܉ (܊

ஶ

૙

−
૜
૛
න(܊܉)૛܏ܗܔ

(ܡ)܏ܗܔ
ܡ) + +ܡ)(܉ (܊

ஶ

૙

ܡ܌

= ૝ න(܉)૜܏ܗܔ
ܡ܌

ܡ) + ૛(܉

ஶ

૙

− ૟ න(܉)૛܏ܗܔ
(ܡ)܏ܗܔ

ܡ) + ૛(܉

ஶ

૙

ܡ܌ = −
૛ (ࢇ)૜܏ܗܔ

ࢇ
ࢇ, = ࢈ > 0 

2136. Prove the below closed form: 

න න ࢞)૛࢏ࡸ − ࢟)૛
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
=
࣊૛ + ૜૜࣊√૜ + (૛૚૝૝)܏ܗܔ + (૜ૡ૚)܏ܗܔ − ૜ૠૡ

૛૝  

where (ࢠ)࢙࢏ࡸ is the polylogarithm (Alfred Jonquiere’s function). 

Proposed by Ankush Kumar Parcha-India 
Solution by Izumi Ainsworth-Tokyo-Japan 

 

ષ = න න ࢞)૛࢏ࡸ − ࢟)૛
૚

૙
࢟ࢊ࢞ࢊ

૚

૙
= ෍

૚
૛න࢔ න (࢞ − ࢟)૜࢔

૚

૙
࢟ࢊ࢞ࢊ

૚

૙

ஶ

ୀ૚࢔

= 

= ෍
૚
૛࢔ ቆන

(૚ − ࢟)૜࢔ା૚

૜࢔ + ૚ ࢟ࢊ
૚

૙
−න

(−࢟)૜࢔ା૚

૜࢔ + ૚ ࢟ࢊ
૚

૙
ቇ

ஶ

ୀ૚࢔

= 

= ෍
૚

+࢔૛(૜࢔ ૚) ቆ
૚

૜࢔ + ૛ +
(−૚)૜࢔

૜࢔ + ૛ቇ
ஶ

ୀ૚࢔

=
૚
૛෍

૚
+࢔૛(૟࢔ ૚)(૟࢔+ ૛)

ஶ

ୀ૚࢔

.ࡰ.ࡲ.ࡼ
ሱ⎯⎯ሮ 

෍൬
૚
૝࢔૛ +

૚ૡ
૟࢔ + ૚ −

ૢ
૝(૜࢔+ ૚) −

ૢ
૝࢔൰

ஶ

ୀ૚࢔

= 
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=
૚
૝ ࣀ

(૛) + ૜෍ቌ
૚

࢔ + ૚
૟
−
૚
࢔
ቍ

ஶ

ୀ૚࢔

+
૜
૝෍

ቌ
૚
࢔ −

૚

࢔ + ૚
૜
ቍ

ஶ

ୀ૚࢔

= 

=
࣊૛

૛૝ + ૜ቆ−ࢽ− ࣒൬
ૠ
૟൰ቇ +

૜
૝ቆࢽ + ࣒൬

૝
૜൰ቇ = 

=
࣊૛

૛૝ + ૜ቆ−ࢽ− ૟ − ࣒൬
૚
૟൰ቇ +

૜
૝ቆࢽ + ૜ + ࣒൬

૚
૜൰ቇ = 

=
࣊૛

૛૝ −
ࢽૢ
૝ − ૜ቆ−ࢽ −

√૜࣊
૛ −

૜
૛ ૜܏ܗܔ − ૛ ܏ܗܔ ૛ቇ +

૜
૝ቆ−ࢽ −

√૜࣊
૟ −

૜
૛ ૜ቇ܏ܗܔ = 

=
࣊૛ + ૜૜࣊√૜ + (૛૚૝૝)܏ܗܔ + (૜ૡ૚)܏ܗܔ − ૜ૠૡ

૛૝  

࣒(࢞)−  ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢓࢓ࢇࢍ࢏ࡰ

ࢽ − ࢘ࢋ࢒࢛ࡱ −  ࢏࢔࢕࢘ࢋࢎࢉ࢙ࢇࡹ

෍൬
૚
࢔ −

૚
࢔ + ࢞൰

ஶ

ୀ૚࢔

= ࢽ + ࣒(࢞ + ૚) 

࣒(࢞ + ૚) + ࣒(࢞) +
૚
࢞ 

࣒൬
૚
૟൰ = ࢽ− −

√૜࣊
૛ −

૜
૛ ૜܏ܗܔ − ૛ ܏ܗܔ ૛ 

࣒൬
૚
૜൰ = ࢽ− −

√૜࣊
૟ −

૜
૛ ܏ܗܔ ૜		 

2137. Find: 

ࢹ = න
࢞૝

࢞૝ ૝(૝)ࢍ࢕࢒ + ૝(࢞૜ ૜(૝)ࢍ࢕࢒ + ૜࢞૛ ૛(૝)ࢍ࢕࢒ + ૟࢞ࢍ࢕࢒(૝) + ૟ + ૟.૝࢞)࢞ࢊ 

 
Proposed by Daniel Sitaru-Romania 

Solution by Pham Duc Nam-Vietnam 
 

࢞૝ ૝(૝)ࢍ࢕࢒ + ૝(࢞૜ ૜(૝)ࢍ࢕࢒ + ૜࢞૛ ૛(૝)ࢍ࢕࢒ + ૟࢞ (૝)ࢍ࢕࢒ + ૟ + ૟.૝࢞) 
 

= ࢞૝ ૝(૝)ࢍ࢕࢒ + ૝࢞૜ ૜(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૛(૝)ࢍ࢕࢒ + ૛૝࢞ (૝)ࢍ࢕࢒ + ૛૝ + ૛૝.૝࢞ 
⇒

࢞૝

࢞૝ ૝(૝)ࢍ࢕࢒ + ૝(࢞૜ ૜(૝)ࢍ࢕࢒ + ૜࢞૛ ૛(૝)ࢍ࢕࢒ + ૟࢞ (૝)ࢍ࢕࢒ + ૟ + ૟. ૝࢞) 
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=
૚

૞(૝)ࢍ࢕࢒ .
(૝)ࢍ࢕࢒ (࢞૝ ૝(૝)ࢍ࢕࢒ + ૝࢞૜ ૜(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૛(૝)ࢍ࢕࢒ + ૛૝࢞ (૝)ࢍ࢕࢒ + ૛૝+ ૛૝.૝࢞)− ൫૝࢞૜ ૝(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૜(૝)ࢍ࢕࢒ + ૛૝࢞ ૛(૝)ࢍ࢕࢒ + ૛૝ ૝)ࢍ࢕࢒

࢞૝ ૝(૝)ࢍ࢕࢒ + ૝࢞૜ ૜(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૛(૝)ࢍ࢕࢒ + ૛૝࢞ࢍ࢕࢒(૝) + ૛૝ + ૛૝. ૝࢞
 

=
૚

૝(૝)ࢍ࢕࢒ −
ቀ૝࢞૜ ૝(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૜(૝)ࢍ࢕࢒ + ૛૝࢞ ૛(૝)ࢍ࢕࢒ + ૛૝ (૝)ࢍ࢕࢒ + ૛૝.૝࢞(ࢍ࢕࢒(૝))ቁ

૞(૝)ࢍ࢕࢒ (࢞૝ ૝(૝)ࢍ࢕࢒ + ૝࢞૜ ૜(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૛(૝)ࢍ࢕࢒ + ૛૝࢞ (૝)ࢍ࢕࢒ + ૛૝ + ૛૝.૝࢞) 

 

⇒ ષ = න
૚

࢞ࢊ૝(૝)ࢍ࢕࢒ −න
൫࢞૝ࢊ ૝(૝)ࢍ࢕࢒ + ૝࢞૜ ૜(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૛(૝)ࢍ࢕࢒ + ૛૝࢞ (૝)ࢍ࢕࢒ + ૛૝ + ૛૝.૝࢞൯

૞(૝)ࢍ࢕࢒ (࢞૝ ૝(૝)ࢍ࢕࢒ + ૝࢞૜ ૜(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૛(૝)ࢍ࢕࢒ + ૛૝࢞ࢍ࢕࢒(૝) + ૛૝+ ૛૝.૝࢞) 

 

=
࢞

૝(૝)ࢍ࢕࢒ −
૝࢞)ࢍ࢕࢒ ૝(૝)ࢍ࢕࢒ + ૝࢞૜ ૜(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૛(૝)ࢍ࢕࢒ + ૛૝࢞ (૝)ࢍ࢕࢒ + ૛૝ + ૛૝.૝࢞)

૞(૝)ࢍ࢕࢒ +  ࡯

 

=
࢞ (૝)ࢍ࢕࢒ − ૝࢞)ࢍ࢕࢒ ૝(૝)ࢍ࢕࢒ + ૝࢞૜ ૜(૝)ࢍ࢕࢒ + ૚૛࢞૛ ૛(૝)ࢍ࢕࢒ + ૛૝࢞ (૝)ࢍ࢕࢒ + ૛૝ + ૛૝.૝࢞)

૞(૝)ࢍ࢕࢒ +  ࡯

2138. Find	without	any	software: 
 

	ષ(࢔) = න
࢔࢞࢔࢏࢙√ − ࢔࢙࢞࢕ࢉ√

൫√࢙࢔࢏ ࢔࢞ + ࢔࢙࢞࢕ࢉ√ ൯
૛࢔
൫√࢙࢔࢞࢔࢏ + ࢔࢙࢞࢕ࢉ√ ൯

࢔)࢞ࢊ ∈ ℕ,࢔ ≥ ૛) 

Proposed by Serlea Kabay-Liberia 
Solution by Pham Duc Nam-Vietnam 
 

∗ (࢔)ࢹ = න
࢔࢞࢔࢏࢙√ − ࢔࢙࢞࢕ࢉ√

൫√࢙࢔࢞࢔࢏ + ࢔࢙࢞࢕ࢉ√ ൯
૛࢔
൫√࢙࢔࢏ ࢔࢞ + ࢔࢙࢞࢕ࢉ√ ൯

 ࢞ࢊ

 

= න
࢔࢞࢔ࢇ࢚√ − ૚

(࢞)૛࢙࢕ࢉ ൫√࢚࢔࢞࢔ࢇ + ૚൯
૛࢔
൫√࢚࢔࢞࢔ࢇ + ૚൯

 ࢞ࢊ

= න
࢔࢞࢔ࢇ࢚√ − ૚

൫√࢚࢔࢞࢔ࢇ + ૚൯
૛࢔
൫√࢚࢔ࢇ ࢔࢞ + ૚൯

࢔ࢇ࢚)ࢊ ࢞)
 ࢛ୀ࢚࢔ࢇ ࢞ 
ሱ⎯⎯⎯⎯⎯⎯⎯ሮ 

 

(࢔)ࢹ = න
࢔࢛√ − ૚

൫√࢛࢔ + ૚൯
૛࢔
൫√࢛࢔ + ૚൯

 ࢛ࢊ
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= න
൫√࢛࢔ + ૚൯

૛ି࢔૚
൫√࢛࢔ − ૚൯

ቀ൫√࢛࢔ + ૚൯
૛࢔ቁ

૛ ࢛ࢊ

= න
൫√࢛࢔ + ૚൯

૛ି࢔૚ ቀ૛√࢛࢔ − ൫√࢛࢔ + ૚൯ቁ

ቀ൫√࢛࢔ + ૚൯
૛࢔ቁ

૛ ࢛ࢊ

= න
૛࢛࢛

૚
࢔࢛√૚൫ି࢔ + ૚൯

૛ି࢔૚
− ൫√࢛࢔ + ૚൯

૛࢔

ቀ൫√࢛࢔ + ૚൯
૛࢔ቁ

૛ ࢛ࢊ

=න
࢛. ࢛√൫࢛ࢊࢊ

࢔ + ૚൯
૛࢔
− ൫√࢛࢔ + ૚൯

૛࢔
. ࢛ࢊࢊ (࢛)

ቀ൫√࢛࢔ + ૚൯
૛࢔ቁ

૛  ࢛ࢊ

= −න
൫√࢛࢔ + ૚൯

૛࢔
. ࢛ࢊࢊ (࢛) − ࢛. ࢛√൫࢛ࢊࢊ

࢔ + ૚൯
૛࢔

ቀ൫√࢛࢔ + ૚൯
૛࢔ቁ

૛ ࢛ࢊ = −නࢊ൭
࢛

൫√࢛࢔ + ૚൯
૛࢔൱

= −
࢛

൫√࢛࢔ + ૚൯
૛࢔ + ,࡯ ࢛:࢚ࢋ࢒ =  ࢞࢔ࢇ࢚

⇒ ષ(࢔) = −
࢞࢔ࢇ࢚

൫√࢚࢔࢞࢔ࢇ + ૚൯
૛࢔ +  ࡯

2139. Find: 

ࡵ = න න න ࢟࢞)ࢍ࢕࢒ + ࢠ࢟ + (ࢠ࢞
૚

૙

૚

૙

૚

૙
 ࢠࢊ࢟ࢊ࢞ࢊ

Proposed by Asmat Qatea-Afghanistan 
Solution by Pham Duc Nam-Vietnam 
 

∗ න ࢇ)ࢍ࢕࢒ + (࢞࢈
૚

૙
࢞ࢊ = −૚−

ࢇ (ࢇ)ࢍ࢕࢒
࢈

+
+ࢇ) (࢈ ࢇ)ࢍ࢕࢒ + (࢈

࢈
 

ࡵ = න න න ࢟࢞)ࢍ࢕࢒ + (࢞ + (ࢠ(࢟
૚

૙

૚

૙

૚

૙
 :yields	ࢠ	to	respect	with	integrating	,ࢠࢊ࢟ࢊ࢞ࢊ

ࡵ = න න ቆ−૚ −
(࢟࢞)ࢍ࢕࢒࢟࢞

࢞ + ࢟
+

(࢞࢟ + ࢞ + ࢟) ࢟࢞)ࢍ࢕࢒ + ࢞ + ࢟)
࢞ + ࢟

ቇ
૚

૙

૚

૙
࢟ࢊ࢞ࢊ

= −૚ −න න
࢞࢟ (࢟࢞)ࢍ࢕࢒

࢞ + ࢟

૚

૙

૚

૙
+࢟ࢊ࢞ࢊ න න ࢟࢞)ࢍ࢕࢒ + ࢞ + ࢟)

૚

૙

૚

૙
࢟ࢊ࢞ࢊ

+ න න
࢟࢞)ࢍ࢕࢒࢟࢞ + ࢞ + ࢟)

࢞+ ࢟

૚

૙

૚

૙
 ࢟ࢊ࢞ࢊ
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∗ න න
(࢟࢞)ࢍ࢕࢒࢟࢞

࢞ + ࢟

૚

૙

૚

૙
࢟ࢊ࢞ࢊ = න න ૛࢞

࢞૛࢟ࢍ࢕࢒൫࢞૛࢟൯
࢞(૚ + ࢟)

૚

૙

૚

૙
࢟ࢊ࢞ࢊ = ૛ቆන න

࢞૛࢟ ൫࢞૛࢟൯ࢍ࢕࢒
૚ + ࢟

૚

૙

૚

૙
ቇ࢟ࢊ࢞ࢊ

= ૛ቆන
࢟

࢟ + ૚
න࢟ࢊ ૛࢞૛ ࢞ࢊ(࢞)ࢍ࢕࢒ +න ࢞૛࢞ࢊන

࢟ (࢟)ࢍ࢕࢒
࢟ + ૚

࢟ࢊ
૚

૙

૚

૙

૚

૙

૚

૙
ቇ 

= ૛൭−
૛
ૢ

(૚ − ((૛)ࢍ࢕࢒ +
૚
૜
ቆ
࣊૛

૚૛
− ૚ቇ൱ = −

૚૙
ૢ

+
૝
ૢ
(૛)ࢍ࢕࢒ +

࣊૛

૚ૡ
 

∗ න න +࢟࢞)ࢍ࢕࢒ ࢞+ ࢟)
૚

૙

૚

૙
࢟ࢊ࢞ࢊ = න න ࢞)ࢍ࢕࢒ + (࢞ + ૚)࢟)

૚

૙

૚

૙
࢟ࢊ࢞ࢊ

= න ቆ−૚ −
࢞ (࢞)ࢍ࢕࢒
࢞ + ૚

+
(૛࢞ + ૚) ૛࢞)ࢍ࢕࢒ + ૚)

࢞ + ૚
ቇ

૚

૙
࢞ࢊ

= −
࣊૛

૚૛
+ න

(૛࢞ + ૚) ૛࢞)ࢍ࢕࢒ + ૚)
࢞ + ૚

࢞ࢊ
૚

૙
 

= −
࣊૛

૚૛
+ ૛න ૛࢞)ࢍ࢕࢒ + ૚)࢞ࢊ − න

૛࢞)ࢍ࢕࢒ + ૚)
(࢞ + ૚) ࢞ࢊ = ૜ (૜)ࢍ࢕࢒ − ૛ −

૚

૙

૚

૙

࣊૛

૚૛

− න ૛࢞)ࢍ࢕࢒ + ૚)ࢍ࢕࢒)ࢊ(૛࢞ + ૛))
૚

૙

 ࡼ࡮ࡵ 
ሱ⎯⎯⎯⎯ሮ૜ −(૜)ࢍ࢕࢒ ૛ −

࣊૛

૚૛

− ૛࢞)ࢍ࢕࢒) + ૚) ૛࢞)ࢍ࢕࢒ + ૛))|૙૚ + ૛න
+૛࢞)ࢍ࢕࢒ ૛)
૛࢞ + ૚

૚

૙
 ࢞ࢊ

= ૜ −(૜)ࢍ࢕࢒ ૛ −
࣊૛

૚૛
− ૛ (૜)ࢍ࢕࢒ (૛)ࢍ࢕࢒ + න

૚)ࢍ࢕࢒ + ૛࢞+ ૚)
૛࢞ + ૚

૚

૙
૛࢞)ࢊ + ૚)

= ૜ (૜)ࢍ࢕࢒ − ૛ −
࣊૛

૚૛
− ૛ (૜)ࢍ࢕࢒ −(૛)ࢍ࢕࢒ ૛(−૚࢏ࡸ − ૛࢞)|૙૚ 

= ૜ࢍ࢕࢒(૜)− ૛ −
࣊૛

૚૛
− ૛ (૜)ࢍ࢕࢒ −(૛)ࢍ࢕࢒ −૛(−૜)࢏ࡸ

࣊૛

૚૛

= ૜ (૜)ࢍ࢕࢒ − ૛ − ૛ (૜)ࢍ࢕࢒ −(૛)ࢍ࢕࢒ −૛(−૜)࢏ࡸ
࣊૛

૟
 

= ૜ (૜)ࢍ࢕࢒ +
૚
૛
−૛(૜)ࢍ࢕࢒ ૛ − ૛ (૜)ࢍ࢕࢒ (૛)ࢍ࢕࢒ + ૛࢏ࡸ ൬−

૚
૜
൰

∴ ቆ࢏ࡸ૛(ࢠ) + ૛࢏ࡸ ൬
૚
ࢠ
൰ = −

࣊
૟
−
(ࢠ−)૛ࢍ࢕࢒

૛
ቇ 

∗ න න
࢞࢟ ࢟࢞)ࢍ࢕࢒ + ࢞ + ࢟)

࢞ + ࢟

૚

૙

૚

૙
න	gives:	system	coordinate	polar	,࢟ࢊ࢞ࢊ න

࢞࢟ ࢟࢞)ࢍ࢕࢒ + ࢞ + ࢟)
࢞ + ࢟

૚

૙

૚

૙
࢟ࢊ࢞ࢊ

= ૛න න
࢘૛ ࣐࢙࢕ࢉ࣐࢔࢏࢙
࣐࢔࢏࢙)࢘ + (࣐࢙࢕ࢉ ቀ࢘ࢍ࢕࢒

૛ ࣐࢙࢕ࢉ࣐࢔࢏࢙ + ࣐࢔࢏࢙)࢘ + ቁ(࣐࢙࢕ࢉ
૚

࢙࢕ࢉ ࣐

૙

࣊
૝

૙
 ࣐ࢊ࢘ࢊ࢘
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= ૛න
࣐࢙࢕ࢉ࣐࢔࢏࢙
࣐࢔࢏࢙ + ࣐࢙࢕ࢉ

࣊
૝

૙
න࣐ࢊ ࢘૛ ቀ࢘૛ࢍ࢕࢒ ࣐࢙࢕ࢉ࣐࢔࢏࢙

૚
࣐࢙࢕ࢉ

૙

+ ࣐࢔࢏࢙)࢘

+ ࢘ࢊ൯(࣐࢙࢕ࢉ
 ࡼ࡮ࡵ 
ሱ⎯⎯⎯⎯ሮ૛න

࣐࢙࢕ࢉ࣐࢔࢏࢙
࣐࢔࢏࢙ + ࣐࢙࢕ࢉ

࣊
૝

૙
ቌቆ࣐ࢊ

࢘૜

૜
ቀ࢘૛ࢍ࢕࢒ ࣐࢙࢕ࢉ࣐࢔࢏࢙

+ ࣐࢔࢏࢙)࢘ + ൯൰ቤ(࣐࢙࢕ࢉ
૙

૚
࣐࢙࢕ࢉ

−න
࢘૛(૛࢙࣐࢘࢔࢏ ࣐࢙࢕ࢉ + +࣐࢔࢏࢙ (࣐࢙࢕ࢉ
૜(࢘ ࣐࢙࢕ࢉ࣐࢔࢏࢙ + ࣐࢔࢏࢙ + (࣐࢙࢕ࢉ

૚
࣐࢙࢕ࢉ

૙
 ቍ࢘ࢊ

= ૛න
࣐࢙࢕ࢉ࣐࢔࢏࢙
࣐࢔࢏࢙ + ࣐࢙࢕ࢉ

࣊
૝

૙
൭࣐ࢊ

૚
૜࢙࢕ࢉ૜࣐

૚)ࢍ࢕࢒ + ૛ (࣐࢔ࢇ࢚

−
૚
૜
ቆ−

࣐࢔࢏࢙) + ૜(࣐࢙࢕ࢉ

૜࣐࢙࢕ࢉ૜࣐࢔࢏࢙
൬ࢍ࢕࢒

૚
࢙࢕ࢉ ࣐

(࣐࢙࢕ࢉ࣐࢔࢏࢙) + ࣐࢔࢏࢙ + ൰࣐࢙࢕ࢉ

+
࣐࢔࢏࢙) + ૛(࣐࢙࢕ࢉ

૛࣐࢙࢕ࢉ૛࣐࢔࢏࢙࣐࢙࢕ࢉ
−

࣐࢔࢏࢙ + ࣐࢙࢕ࢉ
૛࢙࢙࢕ࢉ࣐࢙࢕ࢉ࣐࢔࢏૛࣐

+
૛

૜ ૜࣐࢙࢕ࢉ

+
࣐࢔࢏࢙) + ૜(࣐࢙࢕ࢉ

૜࣐࢙࢕ࢉ૜࣐࢔࢏࢙
࣐࢔࢏࢙)ࢍ࢕࢒ +  ቇ൱(࣐࢙࢕ࢉ

= ૛න ቆ
࣐࢔࢏࢙ ૚)ࢍ࢕࢒ + ૛ (࣐࢔ࢇ࢚
૜࢙࢕ࢉ૛࣐ +࣐࢔࢏࢙) (࣐࢙࢕ࢉ −

૛࢙࣐࢔࢏
૛࣐࢙࢕ࢉૢ ࣐࢔࢏࢙) + (࣐࢙࢕ࢉ +

૚
૟ ૛࣐࢙࢕ࢉ

−
࣐࢔࢏࢙ + ࣐࢙࢕ࢉ
૜࢙࢙࢕ࢉ࣐࢔࢏૛࣐

࣊
૝

૙

+
࣐࢔࢏࢙) + ૛(࣐࢙࢕ࢉ

૜ ૛࣐࢙࢕ࢉ૛࣐࢔࢏࢙
ࢍ࢕࢒

૛ ࣐࢔࢏࢙ + ࣐࢙࢕ࢉ
࣐࢔࢏࢙ + ࣐࢙࢕ࢉ

ቇ࣐ࢊ

= ૛න ቆ
૚)ࢍ࢕࢒ + ૛࢚࣐࢔ࢇ)

૜ ૛࣐࢙࢕ࢉ (૚ + (࣐࢚࢕ࢉ −
૛

૛࣐࢙࢕ࢉૢ (૚ + (࣐࢚࢕ࢉ +
૚

૟ ૛࣐࢙࢕ࢉ
−
૚+ ࣐࢚࢕ࢉ
૜࢙࢕ࢉ૛࣐

࣊
૝

૙

+
(૚ + ૛(࣐࢚࢕ࢉ

૜ ૛࣐࢙࢕ࢉ
ࢍ࢕࢒

૛ ࣐࢔ࢇ࢚ + ૚
+࣐࢔ࢇ࢚ ૚

ቇ࣐ࢊ 
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 ࢚ୀ࢚࣐࢔ࢇ 
ሱ⎯⎯⎯⎯⎯⎯⎯ሮ

૛
૜
න

࢚ ૚)ࢍ࢕࢒ + ૛࢚)
(૚ + ࢚)

૚

૙
࢚ࢊ −

૝
ૢ
න

࢚
࢚+ ૚

૚

૙
+࢚ࢊ

૚
૜
න ࢚ࢊ
૚

૙

−
૛
૜
න

࢚+ ૚
࢚

࢚ࢊ
૚

૙

+
૛
૜
න

(࢚+ ૚)૛

࢚૛
ࢍ࢕࢒

૛࢚+ ૚
࢚+ ૚

࢚ࢊ =
૚

૙

૛
૜
න ቆࢍ࢕࢒(૚ + ૛࢚) −

૚)ࢍ࢕࢒ + ૛࢚)
(૚ + ࢚)

ቇ
૚

૙
࢚ࢊ

+
૝
ૢ
(૛)ࢍ࢕࢒ −

૚
ૢ

−
૛
૜
න ቆ૚ +

૚
࢚
−
૚)ࢍ࢕࢒ + ૛࢚)

࢚૛
−
૛ ૚)ࢍ࢕࢒ + ૛࢚)

࢚
− ૚)ࢍ࢕࢒ + ૛࢚) +

૚)ࢍ࢕࢒ + ࢚)
࢚૛

૚

૙

+
૛ ૚)ࢍ࢕࢒ + ࢚)

࢚
+ ૚)ࢍ࢕࢒ + ࢚)൰࢚ࢊ 

=
૛
૜
ቆ
૜
૛
−(૜)ࢍ࢕࢒ ૚ − ૛ (૜)ࢍ࢕࢒ −(૛)ࢍ࢕࢒ ૛(−૜)࢏ࡸ −

࣊૛

૚૛
ቇ+

૝
ૢ
−(૛)ࢍ࢕࢒

૚
ૢ

−
૛
૜
ቆ࢚+ (࢚)܏ܗܔ − ૛܏ܗܔ	(࢚) +

(૛࢚ + ૚) ૛࢚)ࢍ࢕࢒ + ૚)
࢚

+ ૛࢏ࡸ૛(−૛࢚)

− ૚)ࢍ࢕࢒)࢚ + ૛࢚)− ૚)−
૚
૛
૚)ࢍ࢕࢒ + ૛࢚) + −(࢚)	܏ܗܔ

(࢚ + ૚) +࢚)ࢍ࢕࢒ ૚)
࢚

− ૛࢏ࡸ૛(−࢚) + (࢚ + ૚) ࢚)ࢍ࢕࢒ + ૚)− ࢚൰ቤ
૙

૚

 

= (૜)ࢍ࢕࢒ −
૛
૜
−
૝
૜
(૜)ࢍ࢕࢒ −(૛)ࢍ࢕࢒

૛
૜
−૛(−૜)࢏ࡸ

࣊૛

૚ૡ
+
૝
ૢ
(૛)ࢍ࢕࢒ −

૚
ૢ

−
૛
૜
ቆ૚ + ૜ (૜)ࢍ࢕࢒ + ૛࢏ࡸ૛(−૛)− (૜)ࢍ࢕࢒ + ૚ −

(૜)ࢍ࢕࢒
૛

− ૛ (૛)ࢍ࢕࢒ +
࣊૛

૟

+ ૛ (૛)ࢍ࢕࢒ − ૛ + ૚ − ૚൰ 

= (૜)ࢍ࢕࢒ −
૛
૜
−
૝
૜
(૜)ࢍ࢕࢒ −(૛)ࢍ࢕࢒

૛
૜
−૛(−૜)࢏ࡸ

࣊૛

૚ૡ
+
૝
ૢ
(૛)ࢍ࢕࢒ −

૚
ૢ

−
૛
૜
ቆ૛࢏ࡸ૛(−૛) +

૜ (૜)ࢍ࢕࢒
૛

+
࣊૛

૟
ቇ

= −
૝
૜
૛(−૛)࢏ࡸ −

૛
૜
−૛(−૜)࢏ࡸ

࣊૛

૟
−
૛
૜
−
૝
૜
(૜)ࢍ࢕࢒ (૛)ࢍ࢕࢒ +

૝
ૢ
−(૛)ࢍ࢕࢒

૚
ૢ
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∗ ࡵ = −૚ +
૚૙
ૢ
−
૝
ૢ
−(૛)ࢍ࢕࢒

࣊૛

૚ૡ
+ ૜ (૜)ࢍ࢕࢒ +

૚
૛
−૛(૜)ࢍ࢕࢒ ૛ − ૛ࢍ࢕࢒(૜) (૛)ࢍ࢕࢒ + ૛࢏ࡸ ൬−

૚
૜
൰

−
૝
૜
−૛(−૛)࢏ࡸ

૛
૜
−૛(−૜)࢏ࡸ

࣊૛

૟
−
૛
૜
−
૝
૜
(૜)ࢍ࢕࢒ (૛)ࢍ࢕࢒ +

૝
ૢ
−(૛)ࢍ࢕࢒

૚
ૢ

 

= ૜ (૜)ࢍ࢕࢒ +
૚
૛
૛(૜)ࢍ࢕࢒ + ૛࢏ࡸ ൬−

૚
૜
൰ −

ૡ
૜
−
૞
૜
(૜)ࢍ࢕࢒ −(૝)ࢍ࢕࢒

૝
૜
−૛(−૛)࢏ࡸ

૛
૜
−૛(−૜)࢏ࡸ

࣊૛

૚ૡ

−
࣊૛

૟
 

∗ (ࢠ−)૛࢏ࡸ − ૛(૚࢏ࡸ − (ࢠ +
૚
૛
૛൫૚࢏ࡸ − ૛൯ࢠ = −

࣊૛

૚૛
− (ࢠ)ࢍ࢕࢒ ૚)ࢍ࢕࢒ + (ࢠ ⇒ ૛(−૛)࢏ࡸ

= −
࣊૛

૟
− (૛)ࢍ࢕࢒ −(૜)ࢍ࢕࢒

૚
૛
 ૛(−૜)࢏ࡸ

⇒ −
૝
૜
−૛(−૛)࢏ࡸ

૛
૜
−૛(−૜)࢏ࡸ

࣊૛

૚ૡ
−
࣊૛

૟

= −
૝
૜
൭−

࣊૛

૟
− (૛)ࢍ࢕࢒ −(૜)ࢍ࢕࢒

૚
૛
−૛(−૜)൱࢏ࡸ

૛
૜
−૛(−૜)࢏ࡸ

࣊૛

૚ૡ
−
࣊૛

૟

=
૛࣊૛

ૢ
+
૛
૜
(૜)ࢍ࢕࢒ (૝)ࢍ࢕࢒ +

૛
૜
−૛(−૜)࢏ࡸ

૛࣊૛

ૢ
−
૛
૜
૛(−૜)࢏ࡸ =

૛
૜
(૜)ࢍ࢕࢒  (૝)ࢍ࢕࢒

⇒ ࡵ = ૜ (૜)ࢍ࢕࢒ +
૚
૛
૛(૜)ࢍ࢕࢒ + ૛࢏ࡸ ൬−

૚
૜
൰ −

ૡ
૜
−
૞
૜
(૜)ࢍ࢕࢒ (૝)ࢍ࢕࢒ +

૛
૜
(૜)ࢍ࢕࢒ (૝)ࢍ࢕࢒

= ૜ (૜)ࢍ࢕࢒ +
૚
૛
૛(૜)ࢍ࢕࢒ + ૛࢏ࡸ ൬−

૚
૜
൰ −

ૡ
૜
− (૜)ࢍ࢕࢒ (૝)ࢍ࢕࢒  

2140. Find:	 

ષ = ࢓࢏࢒
∞→࢔

൭
√૛ ∙ √૝૝ ∙ √ૡૡ ∙. . .∙ √૛࢔૛࢔

࢔ ൱ 

Proposed by Daniel Sitaru-Romania 
Solution by Pham Duc Nam-Vietnam 
 

∗ √૛√૝૝ √ૡૡ … √૛࢔૛࢔ = ෑ൫૛࢑൯
૚
૛࢑

࢔

࢑ୀ૚

= ෑ(૛)
࢑
૛࢑

࢔

࢑ୀ૚

= ૛∑
࢑
૛࢑

࢔
࢑స૚  

∗ ࡿ:࢚ࢋࡸ = ෍
࢑
૛࢑ =

૚
૛ +

૛
૝ +

૜
ૡ +

૝
૚૟ + ⋯+

࢔
૛࢔

࢔

࢑ୀ૚

 

 

⇒
૚
૛ࡿ =

૚
૝ +

૛
ૡ +

૜
૚૟ + ⋯+

࢔
૛.૛࢔ ⇒ 
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ࡿ −
૚
૛ࡿ =

૚
૛ +

૚
૝ +

૛
ૡ +

૚
૚૟ + ⋯+

૚
૛࢔ −

࢔
૛.૛࢔ ⇔ 

 
૚
૛ࡿ = ૚ −

૚
૛࢔ −

࢔
૛.૛࢔ ⇒ ࡿ = ૛ −

૛
૛࢔ −

࢔
૛࢔ 

 

⇒ ࢹ = ࢓࢏࢒
∞→࢔

൭
√૛√૝૝ √ૡૡ … √૛࢔૛࢔

࢔
൱ = ࢓࢏࢒

∞→࢔
ቌ
૛૛ି

૛
૛ି࢔

࢔
૛࢔

࢔
ቍ, 

since:࢔ → ∞ ⇒ ࢓࢏࢒
∞→࢔

൬૛−
૛
૛࢔ −

࢔
૛࢔൰ = ૛ ⇒ ષ = ࢓࢏࢒

∞→࢔
ቌ
૛૛ି

૛
૛ି࢔

࢔
૛࢔

࢔
ቍ = ࢓࢏࢒

∞→࢔
൬
૝
൰࢔ = ૙ 

2141. Find: 

ષ = න
૚

√࢞૝ − ૛࢞૛ + ૚૜  ࢞ࢊ

Proposed by Ghulam Shah Naseri-Afghanistan 
Solution by Bui Hong Suc-Vietnam 

ષ = න
૚

√࢞૝ − ૛࢞૛ + ૚૜ ࢞ࢊ = න(૚ − ࢞૛)ି
૛
૜࢞ࢊ =

૚
૛න

(૚ − ࢞૛)
૚
૜ି૚(࢞૛)

૚
૛ି૚ࢊ(࢞૛) = 

=
૚
૛࢞࡮ ൬

૚
૜ ,
૚
૛൰ 

ષ = න
૚

√࢞૝ − ૛࢞૛ + ૚૜ ࢞ࢊ = න(૚ − ࢞૛)ି
૛
૜࢞ࢊ = න෍

ቀ૛૜ቁ࢔
!࢔ ࢞૛࢔

ஶ

ୀ૙࢔

࢞ࢊ = 

= ෍
ቀ૛૜ቁ࢔
!࢔

࢞૛࢔ା૚

૛࢔ + ૚ + ࡯
ஶ

ୀ૙࢔

=
࢞
૛෍

ቀ૛૜ቁ࢔
࢔ + ૚

૛

࢞૛࢔

!࢔

ஶ

ୀ૙࢔

+ ࡯ =
࢞
૛෍

ቀ૛૜ቁ࢔
ડ ቀ࢔ + ૚

૛ቁ

ડ ቀ࢔ + ૜
૛ቁ

࢞૛࢔

!࢔

ஶ

ୀ૙࢔

+ ࡯ = 

=
࢞
૛
ડቀ૚૛ቁ

ડ ቀ૜૛ቁ
෍

ቀ૛૜ቁ࢔
ቀ૚૛ቁ࢔

ቀ૜૛ቁ࢔

࢞૛࢔

!࢔ + ࡯
ஶ

ୀ૙࢔

=
࢞
૛
ડቀ૚૛ቁ

ડቀ૜૛ቁ
૚ࡲ ൬

૛
૜ ,
૚
૛ ;
૜
૛ ;࢞૛൰૛ +  		࡯

2142. Prove that: 

න
ࢼࢊ

(૚ + −ඥ૚(ࢼࢻ ૛ࢼ

૚

૙
=
ࢻܛܗ܋܋ܚ܉
√૚ − ૛ࢻ

 

Proposed by Amin Hajiyev-Azerbaijan 
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Solution 1 by Bamidele Oluwatosin-Nigeria 

න
ࢼࢊ

(૚ + −ඥ૚(ࢼࢻ ૛ࢼ

૚

૙
=

ܛܗ܋ୀࢼ ࢞
න

૚
૚ + ࢻ ܛܗ܋ ࢞

࢞ࢊ

࣊
૛

૙
=

ܛܗ܋ ࢞=૚−࢚
૛

૚+࢚૛
૛න

૚
(૚ − ૛࢚(ࢻ + (૚ + ࢚ࢊ(ࢻ

૚

૙
= 

=
ට૚ିࢇ૚ା࢚ࢇୀ࢛ ૛

√૚ − ૛ࢻ
න

૚
࢛૛ + ૚

࢛ࢊ
ට૚ିࢇ૚ାࢇ

૙
=
૛ܖ܉ܜ܋ܚ܉ ቆ√૚− ࢻ

√૚+ ࢻ
ቇ

√૚− ૛ࢻ
=

૚
√૚ − ૛ࢻ

ܖ܉ܜ܋ܚ܉
૛ට૚ ࢻ−

૚ + ࢻ

૚ − ૚ − ࢻ
૚ + ࢻ

= 

=
૚

√૚ − ૛ࢻ
ܖ܉ܜ܋ܚ܉

√૚ − ૛ࢻ

ࢻ
=

૚
√૚ − ૛ࢻ

 		ࢻܛܗ܋܋ܚ܉

Solution 2 by Ravi Prakash-New Delhi-India 

ࢻ	࢘࢕ࡲ = ૙,න
ࢼࢊ

ඥ૚ − ૛ࢼ

૚

૙
= ܖܑܛ܋ܚ܉] ૙૚[ࢼ =

࣊
૛ =

૚

√૚ − ૛ࢻ
ࢻܛܗ܋܋ܚ܉ ; (∵ ࢻ = ૙) 

૙࢘࢕ࡲ < |ࢻ| < ߚ	ݐݑ݌,1 = ࣂܛܗ܋ ,  ࢔ࢋࢎ࢚

න
ࢼࢊ

(૚ + −ඥ૚(ࢼࢻ ૛ࢼ

૚

૙
= න

ࣂࢊ
૚ + ܛܗ܋ࢻ ࣂ

࣊
૛

૙
=

૛ୀ࢚ࣂܖ܉ܜ න
૛࢚ࢊ

૚ + ૚)ࢻ − ࢚૛)
૚ + ࢚૛

૚

૙
= 

= ૛න
࢚ࢊ

૚ + ࢚૛ + −૚)ࢻ ࢚૛)

૚

૙
= ૛න

࢚ࢊ
(૚ + (ࢻ + (૚ − ૛࢚(ࢻ

૚

૙
= 

=
૛

ඥ(૚+ −૚)(ࢻ (ࢻ
ඨܖ܉ܜ܋ܚ܉

૚ − ࢻ
૚ + ࢻ ࢚ቮ

૙

૚

=
૛

√૚ − ૛ࢻ
ඨܖ܉ܜ܋ܚ܉

૚ − ࢻ
૚ + ࢻ = 

=
૛

√૚ − ૛ࢻ
൬
૚
૛ܛܗ܋܋ܚ܉ ൰ࢻ =

૚
√૚ − ૛ࢻ

ܛܗ܋܋ܚ܉  		ࢻ

Solution 3 by Ankush Kumar Parcha-India 

ષ = න
ࢼࢊ

(૚ + −ඥ૚(ࢼࢻ ૛ࢼ

૚

૙
= න

࢞ࢊ
(૚ + ૚√(࢞ࢻ − ࢞૛

૚

૙
=

࢞ୀܖܑܛ ࢟
න

ܛܗ܋ ࢟ࢊ࢟
(૚+ ܖܑܛࢻ ࢟)ඥ૚ − ૛ܖܑܛ ࢟

࣊
૛

૙
= 

= න
࢟ࢊ

૚ + ܖܑܛࢻ ࢟

࣊
૛

૙
= න

૚ + ૛ܖ܉ܜ ࢟૛
૚ + ૛ܖ܉ܜ ࢟૛ + ૛ࢻ ૛࢟ܖ܉ܜ

࣊
૛

૙
=

૛ୀ࢞࢟ܖ܉ܜ ૛න
࢞ࢊ

૚ + ࢞૛ + ૛࢞ࢻ

૚

૙
= 

= ૛න
࢞ࢊ

(࢞ + ૛(ࢻ + ൫√૚ − ૛൯ࢻ
૛

૚

૙
=

૛
√૚ − ૛ࢻ

ܖ܉ܜ܋ܚ܉
࢞ + ࢻ
√૚ − ૛ࢻ

ฬ
૙

૚

= 
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=
૛

√૚− ૛ࢻ
൤ܖ܉ܜ܋ܚ܉

૚ + ࢻ
√૚ − ૛ࢻ

− ܖ܉ܜ܋ܚ܉
ࢻ

√૚ − ૛ࢻ
൨ = 

=
૛

√૚ − ૛ࢻ
ܖ܉ܜ܋ܚ܉ ቆ

૚ − ૛ࢻ

√૚ − −૚)ࢻ ૛ࢻ + ૛ࢻ + (ࢻ
ቇ =

૛
√૚ − ૛ࢻ

ඨܖ܉ܜ܋ܚ܉
૚ − ࢻ
૚ + ࢻ = 

= 	
૚

√૚ − ૛ࢻ
ܖ܉ܜ܋ܚ܉

૛ට૚ − ࢻ
૚ + ࢻ

૚ − ૚ − ࢻ
૚ + ࢻ

=
૚

√૚ − ૛ࢻ
ܖ܉ܜ܋ܚ܉

√૚ − ૛ࢻ

ࢻ
=

૚

√૚ − ૛ࢻ
 		ࢻܛܗ܋܋ܚ܉

2143. Find the closed form: 

۷ = නනන
૚
ܠ
ܖܔ ൬

૚+ ܠ
૚ − ܠ

൰
૚
ඥܡ

૚

૙

૚

૙

૚

૙

+ܡ൫ඥܖܔ ඥܡ + ૚൯ ܖܔ ቆ
૚+ √૚ − ૛ܢ

૚ − √૚ − ૛ܢ
ቇܢ܌ܡ܌ܠ܌ 

Proposed by Hikmat Mammadov-Azerbaijan 
Solution by Togrul Ehmedov-Azerbaijan 
 

۷૚ = නܖܔ ቆ
૚ + √૚ − ૛ܢ

૚ − √૚ − ૛ܢ
ቇ

૚

૙

቏ܢ܌

ܜܖܑܛୀܢ

= නܜܛܗ܋	ܖܔ ൬
૚ + ܜܛܗ܋
૚ − ൰ܜܛܗ܋

ૈ
૛

૙

ܜ܌

= −૛නܜܛܗ܋ ܏ܜቆܖܔ ൬
ܜ
૛൰ቇ

ૈ
૛

૙

ܜ܌ = −૝නܛܗ܋૛ܜ (ܜ܏ܜ)ܖܔ

ૈ
૝

૙

ܜ܌ = −૝ቀ−
ૈ
૝
ቁ = ૈ 

۷૛ = න
૚
ඥܡ

ܡ൫ඥܖܔ + ඥܡ + ૚൯
૚

૙

቏ܡ܌

ܜ૛܏ܜୀܡ

= ૛න ܖܔ ൬
૚ + ܜܖܑܛ
ܜܛܗ܋ ൰

ૈ
૝

૙

ܜ܌
૛ܛܗ܋ ܜ

= ૛൫ܖܔ൫૚ + √૛൯ − √૛+ ૚൯ 

۷૜ = න
૚
ܠ ܖܔ ൬

૚ + ܠ
૚ − ൰ܠ

૚

૙

቏ܠ܌
૚ିܠ
૚ାܠୀܜ

= −૛න
(ܜ)ܖܔ
૚ − ૛ܜ

૚

૙

ܜ܌ =
ૈ૛

૝  

۷ = නනන
૚
ܠ ܖܔ ൬

૚ + ܠ
૚ − ൰ܠ

૚
ඥܡ

૚

૙

૚

૙

૚

૙

ܡ൫ඥܖܔ + ඥܡ+ ૚൯ ቆܖܔ
૚ + √૚ − ૛ܢ

૚ − √૚ − ૛ܢ
ቇܢ܌ܡ܌ܠ܌ = ۷૚۷૛۷૜

=
ૈ૜

૛ ൫ܖܔ൫૚ + √૛൯ − √૛ + ૚൯ 
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2144. Find: 

ષ = ܕܑܔ
ஶ→࢖

ቌܕܑܔ
ஶ→࢔

ቌ෍ ඨ૚+ ܖܑܛ܋ܚ܉
૚ି࢖࢏

࢖࢔
࢖

− ࢔
࢔

ୀ૚࢏

ቍቍ

ܖܑܛା࢖ ࢖

 

Proposed by Florică Anastase-Romania 
Solution by Ruxandra Daniela Tonilă-Romania 

ષ = ܕܑܔ
ஶ→࢖

ቌܕܑܔ
ஶ→࢔

ቌ෍ඨ૚ + ܖܑܛ܋ܚ܉
૚ି࢖࢏

࢖࢔
࢖

− ࢔
࢔

ୀ૚࢏

ቍቍ

࢖ܖܑܛା࢖

= 

= ܕܑܔ
ஶ→࢖

ቌܕܑܔ
ஶ→࢔

ቌ෍ቌඨ૚ + ܖܑܛ܋ܚ܉
૚ି࢖࢏

࢖࢔
࢖

− ૚ቍ
࢔

ୀ૚࢏

ቍቍ

࢖ܖܑܛା࢖

= 

= ܕܑܔ
ஶ→࢖

⎝

⎜
⎛
ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
෍

⎝

⎜
⎛ ට૚ + ܖܑܛ܋ܚ܉ ࢏

૚ି࢖

࢖࢔
࢖

− ૚

ቆට૚܏ܗܔ + ܖܑܛ܋ܚ܉ ࢏
૚ି࢖

࢖࢔
࢖

ቇ
⋅ ܏ܗܔ ቌඨ૚ + ܖܑܛ܋ܚ܉

૚ି࢖࢏

࢖࢔
࢖

ቍ

⎠

⎟
⎞

࢔

ୀ૚࢏

⎠

⎟
⎞

⎠

⎟
⎞

࢖ܖܑܛା࢖

= 

= ܕܑܔ
ஶ→࢖

൮
૚
࢖ ஶ→࢔ܕܑܔ

෍൮
܏ܗܔ ൬૚ + ܖܑܛ܋ܚ܉ ࢏

૚ି࢖

࢖࢔ ൰

ܖܑܛ܋ܚ܉ ࢏
૚ି࢖

࢖࢔
⋅
ܖܑܛ܋ܚ܉ ࢏

૚ି࢖

࢖࢔
૚ି࢖࢏
࢖࢔

⋅
૚ି࢖࢏

࢖࢔
൲

࢔

ୀ૚࢏

൲ = 

= ܕܑܔ
ஶ→࢖

൭
૚
࢖ ஶ→࢔ܕܑܔ

૚
෍൬࢔

࢏
൰࢔

࢔૚ି࢖

ୀ૚࢏

൱
ܖܑܛା࢖ ࢖

= ܕܑܔ
ஶ→࢖

ቆ
૚
න࢖ ૚ି࢖࢞

૚

૙
ቇ࢞ࢊ

࢖ܖܑܛା࢖

= ܕܑܔ
ஶ→࢖

൬
૚
૛൰࢖

ܖܑܛା࢖ ࢖

= ૙		 

ࣅ	ࢌࡵ .2145 > 1, ݂ ∶ 	 [૙,૚] → [૙,  ࢚ࢇࢎ࢚	ࢎࢉ࢛࢙	࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢞ࢋ࢜࢔࢕ࢉ	ࢊ࢔ࢇ	࢙࢛࢕࢛࢔࢏࢚࢔࢕ࢉ	࢙࢏	[ࣅ

(૙)ࢌ	 = ૙, ࢔ࢋࢎ࢚ ∶ 		 ૛නࣅ ࢞ࢊ(࢞)ࢌ
૚
ࣅ

૙
≤ න ࢞ࢊ(࢞)ࢌ

૚

૙
≤ ࣅ)ࣅ + ૚)න

࢞ࢊ
૚ + (࢞)ࢌ

૚

૙
 

Proposed by Florică Anastase-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

ࢋ࢜ࢇࢎ	ࢋࢃ ∶ 	න ࢞ࢊ(࢞)ࢌ
૚
ࣅ

૙
=⏞

࢚	ୀ	࢞ࣅ	
න ൬ࢌ

࢚
ࣅ
൰
࢚ࢊ
ࣅ

૚

૙
=
૚
ࣅ
න ࢌ ቀ

࢞
ࣅ
ቁ࢞ࢊ

૚

૙
. 
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(࢞)ࢍ	࢚ࢋࡸ = −(࢞)ࢌ ቀࢌࣅ
࢞
ࣅ
ቁ ,			࢞ ∈ [૙,૚]. 

ࢋ࢜ࢇࢎ	ࢋࢃ ∶ (࢞)ᇱࢍ	 = −(࢞)ᇱࢌ ᇱࢌ ቀ
࢞
ࣅ
ቁ	 ≥⏞
ᇲࢌ ଵ	வ	ࣅ	ࢊ࢔ࢇ	ࢍ࢔࢏࢙ࢇࢋ࢘ࢉ࢔࢏	࢙࢏	

	૙,			࢚࢔ࢋࢎ	ࢍ	࢙࢏	ࢍ࢔࢏࢙ࢇࢋ࢘ࢉ࢔࢏	࢔࢕	[૙,૚] 

⇒ (࢞)ࢍ	 ≥ (૙)ࢍ = ૙,			∀࢞ ∈ [૙,૚] 	⇔ (࢞)ࢌ		 ≥ ቀࢌࣅ
࢞
ࣅ
ቁ ,			∀࢞ ∈ [૙,૚]. 

࢔ࢋࢎࢀ ∶ 		න ࢞ࢊ(࢞)ࢌ
૚

૙
≥ න ࢌࣅ ቀ

࢞
ࣅ
ቁ࢞ࢊ

૚

૙
= ૛නࣅ ࢞ࢊ(࢞)ࢌ

૚
ࣅ

૙
. 

ࢋ࢜ࢇࢎ	ࢋ࢝,࢝࢕ࡺ ∶ 		૙ < ݂(࢞) ≤ ࢞∀			,ࣅ ∈ [૙,૚],			࢚࢔ࢋࢎ ∶ (࢞)ࢌ		 ≤ ࣅ ≤
ࣅ)ࣅ + ૚)
૚ + ࢞∀			,(࢞)ࢌ ∈ [૙,૚]. 

࢔ࢋࢎࢀ ∶ 	න ࢞ࢊ(࢞)ࢌ
૚

૙
≤ ࣅ)ࣅ + ૚)න

࢞ࢊ
૚ + (࢞)ࢌ

૚

૙
. 

૛නࣅ			,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ࢞ࢊ(࢞)ࢌ
૚
ࣅ

૙
≤ න ࢞ࢊ(࢞)ࢌ

૚

૙
≤ ࣅ)ࣅ + ૚)න

࢞ࢊ
૚ + (࢞)ࢌ

૚

૙
. 

2146. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ√࢔ + ૚૜ ⋅ ෍ ૚ିܖ܉ܜ ൬
૚

࢑૛ + ࢑ + ૚൰
ା૚࢔

࢑ୀ૚

− ૜࢔√ ⋅෍ ૚ିܖ܉ܜ ൬
૚

࢑૛ + ࢑ + ૚൰
࢔

࢑ୀ૚

ቍ 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

 

ષ = ܕܑܔ
ஶ→࢔

൭√࢔ + ૚૜ ⋅ ෍ ૚ିܖ܉ܜ ൬
૚

࢑૛ + ࢑ + ૚൰
ା૚࢔

࢑ୀ૚

− ૜࢔√ ⋅ ෍ ૚ିܖ܉ܜ ൬
૚

࢑૛ + ࢑ + ૚൰
࢔

࢑ୀ૚

൱ = 

= ܕܑܔ
ஶ→࢔

ቌ൫√࢔ + ૚૜ − ૜࢔√ ൯෍ିܖ܉ܜ૚ ൬
૚

࢑૛ + ࢑+ ૚൰
࢔

࢑ୀ૚

+
࢔√ + ૚૜

૛࢔ + ૜࢔+ ૜
ቍ 

෍ିܖ܉ܜ૚ ൬
૚

࢑૛ + ࢑ + ૚൰
࢔

࢑ୀ૚

= ෍ିܖ܉ܜ૚ ቆ
(࢑ + ૚) − ࢑
࢑૛ + ࢑ + ૚ ቇ

࢔

࢑ୀ૚

= ෍(ିܖ܉ܜ૚(࢑ + ૚) − ૚ିܖ܉ܜ ࢑)
࢔

࢑ୀ૚

= 

= +࢔)૚ିܖ܉ܜ ૚)− ૚ିܖ܉ܜ ૚ = ૚ିܖ܉ܜ ቀ
࢔

+࢔ ૛
ቁ 
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ષ	:࢚ࢋࢍ	ࢋ࢝	࢔ࢋࢎࢀ = ܕܑܔ
ஶ→࢔

ቌ൫√࢔ + ૚૜ − ૜࢔√ ൯ ૚ିܖ܉ܜ ቀ
࢔

+࢔ ૛
ቁ +

࢔√ + ૚૜

૛࢔ + ૜࢔ + ૜
ቍ 

+࢔)൫:࢚ࢇࢎ࢚	ࢋ࢚࢕ࡺ ૚) − ൯࢔ = ൫√࢔ + ૚૜ − ૜࢔√ ൯ ቀඥ(࢔+ ૚)૛૜ + ඥ࢔)࢔ + ૚)૜ + ඥ࢔૛૜ ቁ 

൫√࢔ + ૚૜ − ૜࢔√ ൯ =
࢔) + ૚) − ࢔

ඥ(࢔ + ૚)૛૜ + ඥ࢔)࢔ + ૚)૜ + ૛૜࢔√ =
૚

ඥ(࢔+ ૚)૛૜ + ඥ࢔)࢔+ ૚)૜ + ૛૜࢔√  

ષ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ = ܕܑܔ
ஶ→࢔

ቌ
૚ିܖ܉ܜ ቀ ࢔

࢔ + ૛ቁ

ඥ(࢔+ ૚)૛૜ + ඥ࢔)࢔ + ૚)૜ + ૛૜࢔√ +
࢔√ + ૚૜

૛࢔ + ૜࢔ + ૜
ቍ = ૙		 

2147. 

ષ = ܖ܉ܜ܋ܚ܉
૚
૛

+ ෍ܖ܉ܜ܋ܚ܉൬
૛࢔

૝࢔ + ૛࢔ + ૛
൰

ஶ

ୀ૛࢔

 

Solve for real numbers: 

૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛ܜܗ܋܋ܚ܉ ࢞ = ૛૚ାષ 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Adrian Popa-Romania 

ષ = ܖ܉ܜ܋ܚ܉
૚
૛ + ෍ܖ܉ܜ܋ܚ܉൬

૛࢔
૝࢔ + ૛࢔ + ૛൰

ஶ

ୀ૛࢔

= ෍ܖ܉ܜ܋ܚ܉൬
૛࢔

૝࢔ + ૛࢔ + ૛൰
ஶ

ୀ૚࢔

= 

= ෍ܖ܉ܜ܋ܚ܉ቆ
૛࢔) + +࢔ ૚)− ૛࢔) − +࢔ ૚)
૚ + ૛࢔) − ࢔ + ૚)(࢔૛ + +࢔ ૚)ቇ

ஶ

ୀ૚࢔

= 

= ෍(࢔)ܖ܉ܜ܋ܚ܉૛ + +࢔ ૚) − ૛࢔)ܖ܉ܜ܋ܚ܉ − +࢔ ૚))
ஶ

ୀ૚࢔

= 

= ܕܑܔ
ஶ→࢔

൭෍(࢑)ܖ܉ܜ܋ܚ܉૛ + ࢑ + ૚) − ࢑૛)ܖ܉ܜ܋ܚ܉ − ࢑ + ૚))
࢔

࢑ୀ૚

൱ =
࣊
૝ 

૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛
࣊
૛ିܖ܉ܜ܋ܚ܉ ࢞ = ૛ ∙ ૛

࣊
૝ ⇒ ૛ܖ܉ܜ܋ܚ܉ ࢞ +

૛
࣊
૛

૛ܖ܉ܜ܋ܚ܉ ࢞ − ૛ ∙ ૛
࣊
૝ = ૙ 

࢞ܖ܉ܜ܋ܚ܉૛	࢚ࢋࡸ = ࢚, ࢚ > 0, ݐ	ℎ݁݊ݐ +
૛
࣊
૛

࢚ − ૛ ∙ ૛
࣊
૝ = ૙ 
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ቀ࢚ − ૛
࣊
૝ቁ

૛
= ૙ ⇒ ࢚ = ૛

࣊
૝ ܖ܉ܜ܋ܚ܉૛,ࢋࢉ࢔ࢋࡴ. ࢞ = ૛

࣊
૝ , ࢞	࢔ࢋࢎ࢚ = ૚.		 

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo 

∵ ࢞ܖ܉ܜ܋ܚ܉ − ࢟ܖ܉ܜ܋ܚ܉ = ܖ܉ܜ܋ܚ܉
࢞ − ࢟
૚ + ࢞࢟ 

		ષ = ܖ܉ܜ܋ܚ܉
૚
૛ + ෍ܖ܉ܜ܋ܚ܉ ൬

૛࢔
૝࢔ + ૛࢔ + ૛൰

ஶ

ୀ૛࢔

= ෍ܖ܉ܜ܋ܚ܉ ൬
૛࢔

૝࢔ + ૛࢔ + ૛൰
ஶ

ୀ૚࢔

= 

= ෍ܖ܉ܜ܋ܚ܉ቆ
૛࢔) + +࢔ ૚)− ૛࢔) − +࢔ ૚)
૚ + ૛࢔) − ࢔ + ૚)(࢔૛ + +࢔ ૚)ቇ

ஶ

ୀ૚࢔

= 

= ෍(࢔)ܖ܉ܜ܋ܚ܉૛ + +࢔ ૚) − ૛࢔)ܖ܉ܜ܋ܚ܉ − +࢔ ૚))
ஶ

ୀ૚࢔

= 

= ܕܑܔ
ஶ→࢔

൭෍(࢑)ܖ܉ܜ܋ܚ܉૛ + ࢑ + ૚) − ࢑૛)ܖ܉ܜ܋ܚ܉ − ࢑ + ૚))
࢔

࢑ୀ૚

൱ =
࣊
૝ 

૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛ܜܗ܋܋ܚ܉ ࢞ = ૛૚ା
࣊
૝ ,									૛࢞ܖ܉ܜ܋ܚ܉ + ૛ܜܗ܋܋ܚ܉ ࢞ = ૛ ∙ ૛

࣊
૝  

(࢞)ࢌ	࢚ࢋࡸ = ૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛ܜܗ܋܋ܚ܉ ࢞ − ૛ ∙ ૛
࣊
૝ , (࢞)ᇱࢌ =

(૛ܖ܉ܜ܋ܚ܉ ࢞ − ૛ܜܗ܋܋ܚ܉ ࢞) ܏ܗܔ ૛
࢞૛ + ૚  

(࢞)ᇱࢌ = ૙ ⇒ ࢞ = ૚ 

 

(૙ି)ࢌ = ૚ − ૛૚ା
࣊
૝ + ૛ି

࣊
૛ ≅ −૛.૛૛ < 0	ℎܽݏ	݋݊	݊݋݅ݐݑ݈݋ݏ. 

ܖܑܕ
࢞வ଴

൫ࢌ(࢞)൯ = (૚)ࢌ = ૙.ࢋࢉ࢔ࢋࡴ,࢞ = ૚.		 

Solution 3 by Togrul Ehmedov-Azerbaijan 

		ષ = ܖ܉ܜ܋ܚ܉
૚
૛ + ෍ܖ܉ܜ܋ܚ܉ ൬

૛࢔
૝࢔ + ૛࢔ + ૛൰

ஶ

ୀ૛࢔

= ෍ܖ܉ܜ܋ܚ܉ ൬
૛࢔

૝࢔ + ૛࢔ + ૛൰
ஶ

ୀ૚࢔

= 
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= ෍ܖ܉ܜ܋ܚ܉ቆ
૛࢔) + +࢔ ૚)− ૛࢔) − +࢔ ૚)
૚ + ૛࢔) − ࢔ + ૚)(࢔૛ + +࢔ ૚)ቇ

ஶ

ୀ૚࢔

= 

= ෍(࢔)ܖ܉ܜ܋ܚ܉૛ + +࢔ ૚) − ૛࢔)ܖ܉ܜ܋ܚ܉ − +࢔ ૚))
ஶ

ୀ૚࢔

= 

= ܕܑܔ
ஶ→࢔

൭෍(࢑)ܖ܉ܜ܋ܚ܉૛ + ࢑ + ૚) − ࢑૛)ܖ܉ܜ܋ܚ܉ − ࢑ + ૚))
࢔

࢑ୀ૚

൱ =
࣊
૝ 

૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛ܜܗ܋܋ܚ܉ ࢞ ≥ ૛ඥ૛ܖ܉ܜ܋ܚ܉ ࢞ ∙ ૛ܜܗ܋܋ܚ܉ ࢞ ≥ ૛ට૛
࣊
૛ ≥ ૛૚ା

࣊
૝  

࢞	࢙࢏	࢔࢕࢏࢚࢛࢒࢕࢙	࢟࢒࢔ࡻ = ૚. 

Solution 4 by Hikmat Mammadov-Azerbaijan 

		ષ = ܖ܉ܜ܋ܚ܉
૚
૛ + ෍ܖ܉ܜ܋ܚ܉ ൬

૛࢔
૝࢔ + ૛࢔ + ૛൰

ஶ

ୀ૛࢔

= ෍ܖ܉ܜ܋ܚ܉ ൬
૛࢔

૝࢔ + ૛࢔ + ૛൰
ஶ

ୀ૚࢔

= 

= ෍ܖ܉ܜ܋ܚ܉ቆ
૛࢔) + +࢔ ૚)− ૛࢔) − +࢔ ૚)
૚ + ૛࢔) − ࢔ + ૚)(࢔૛ + +࢔ ૚)ቇ

ஶ

ୀ૚࢔

= 

= ෍(࢔)ܖ܉ܜ܋ܚ܉૛ + +࢔ ૚) − ૛࢔)ܖ܉ܜ܋ܚ܉ − +࢔ ૚))
ஶ

ୀ૚࢔

= 

= ܕܑܔ
ஶ→࢔

൭෍(࢑)ܖ܉ܜ܋ܚ܉૛ + ࢑ + ૚) − ࢑૛)ܖ܉ܜ܋ܚ܉ − ࢑ + ૚))
࢔

࢑ୀ૚

൱ =
࣊
૝ 

૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛ܜܗ܋܋ܚ܉ ࢞ = ૛૚ାષ ⇔ ૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛ܜܗ܋܋ܚ܉ ࢞ = ૛૚ା
࣊
૝  

૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛
࣊
૛ାܖ܉ܜ܋ܚ܉ ࢞ = ૛૚ା

࣊
૝  

(૛࢞ܖ܉ܜ܋ܚ܉)૛ − ૛૚ା
࣊
૝૛ܖ܉ܜ܋ܚ܉ ࢞ + ૛

࣊
૛ = ૙ 

ቀ૛ܖ܉ܜ܋ܚ܉ ࢞ − ૛
࣊
૝ቁ

૛
= ૙ ⇔ ࢞ܖ܉ܜ܋ܚ܉ =

࣊
૝ ⇒ ࢞ = ૚.	 

2148. If:	࢙ࢉࢋ ࣊
ૠ

< ܽ ≤  :	ϐind	then	,࢈

	ષ(࢈,ࢇ) = න ቌ࢔ࢇ࢚ࢉ࢘ࢇ
࢞

ૠ࣊ࢉࢋ࢙ − ࢞ ૠ࣊࢔ࢇ࢚
− ࢔ࢇ࢚ࢉ࢘ࢇ ቀ࢙࢞ࢉࢋ

࣊
ૠ − ࢔ࢇ࢚

࣊
ૠ
ቁቍ

࢈

ࢇ
 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 
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Solution by Pham Duc Nam-Vietnam 
 

∗ ࢔࢏ࡿ ࢉ :ࢋ
࢞

ૠ࣊ࢉࢋ࢙ − ࢞ ૠ࣊࢔ࢇ࢚
> ݔ,0 ࢉࢋ࢙

࣊
ૠ
− ࢔ࢇ࢚

࣊
ૠ

> :ࢋ࢘ࢋࢎݓ	0 ࢉࢋ࢙
࣊
ૠ

< ݔ

< ࢉ࢙ࢉ
࣊
ૠ

ࢊ࢔ࢇ,
࢞

ૠ࣊ࢉࢋ࢙ − ࢞ ૠ࣊࢔ࢇ࢚
< ݔ,0 ࢉࢋ࢙

࣊
ૠ
− ࢔ࢇ࢚

࣊
ૠ

< ࢞	ࢋ࢘ࢋࢎݓ	0 > ࢉ࢙ࢉ
࣊
ૠ

 

⇒ ࢔ࢇ࢚ࢉ࢘ࢇ
࢞

ૠ࣊ࢉࢋ࢙ − ࢞ ૠ࣊࢔ࢇ࢚
− ࢔ࢇ࢚ࢉ࢘ࢇ ቀ࢞ ࢉࢋ࢙

࣊
ૠ
− ࢔ࢇ࢚

࣊
ૠ
ቁ

= ࢔ࢇ࢚ࢉ࢘ࢇ

࢞
ૠ࣊ࢉࢋ࢙ − ࢞ ૠ࣊࢔ࢇ࢚

− ቀ࢞ ૠ࣊ࢉࢋ࢙ − ૠቁ࣊࢔ࢇ࢚

૚ + ൭ ࢞
ૠ࣊ࢉࢋ࢙ − ࢞ ૠ࣊࢔ࢇ࢚

൱ቀ࢞ ૠ࣊ࢉࢋ࢙ − ૠቁ࣊࢔ࢇ࢚
=
࣊
ૠ
	 

:ࢋ࢘ࢋࢎ࢝ ࢉࢋ࢙
࣊
ૠ

< ݔ < ࢉ࢙ࢉ
࣊
ૠ

 

࢔ࢇ࢚ࢉ࢘ࢇ	
࢞

ૠ࣊ࢉࢋ࢙ − ૠ࣊࢔ࢇ࢚࢞
− ࢔ࢇ࢚ࢉ࢘ࢇ ቀ࢞ ࢉࢋ࢙

࣊
ૠ
− ࢔ࢇ࢚

࣊
ૠ
ቁ

= ࢔ࢇ࢚ࢉ࢘ࢇ

࢞
ૠ࣊ࢉࢋ࢙ − ࢞ ૠ࣊࢔ࢇ࢚

− ቀ࢞ ૠ࣊ࢉࢋ࢙ − ૠቁ࣊࢔ࢇ࢚

૚ + ൭ ࢞
ૠ࣊ࢉࢋ࢙ − ࢞ ૠ࣊࢔ࢇ࢚

൱ቀ࢞ ૠ࣊ࢉࢋ࢙ − ૠቁ࣊࢔ࢇ࢚
− ࣊ = −

૟࣊
ૠ
 ࢋ࢘ࢋࢎ࢝	

	࢞ > ࢉ࢙ࢉ
࣊
ૠ

 

⇒ (࢈,ࢇ)ࢹ =

⎣
⎢
⎢
⎢
⎢
⎡
࣊
ૠ

࢈) − ࢉࢋ࢙	ࢋ࢘ࢋࢎ࢝:(ࢇ
࣊
ૠ

< ܽ ≤ ࢈ < ࢉ࢙ࢉ
࣊
ૠ

૟࣊
ૠ

ࢇ) − 	ࢋ࢘ࢋࢎ࢝:(࢈ ࢉ࢙ࢉ
࣊
ૠ

< ܽ ≤ ࢈

ߨ ࢉ࢙ࢉ
࣊
ૠ
−
࣊
ૠ

ࢇ) + ૟ࢋ࢘ࢋࢎ࢝:(࢈	 ࢉࢋ࢙
࣊
ૠ

< ܽ < ࢉ࢙ࢉ
࣊
ૠ

< ܾ

 

2149.Find	without	any	software: 

ࡵ	 = න ቆࢍ࢕࢒(૞+ ૝࢙࢕ࢉ(࢞)) + ࢔ࢇ࢚ࢉ࢘ࢇ
(࢞)࢔࢏࢙

૛ + ቇ(࢞)࢙࢕ࢉ
૛࣊

૙
 ࢞ࢊ

Proposed by Surjeet Singhania-India 
Solution by Pham Duc Nam-Vietnam 
 

∗ ࡵ = න ૞)ࢍ࢕࢒ + ૝ ((࢞)࢙࢕ࢉ
૛࣊

૙
࢞ࢊ + න ࢔ࢇ࢚ࢉ࢘ࢇ

(࢞)࢔࢏࢙
૛ + (࢞)࢙࢕ࢉ

૛࣊

૙
࢞ࢊ = +ࡶ  ࡷ
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∗ ࡷ = න ࢔ࢇ࢚ࢉ࢘ࢇ
(࢞)࢔࢏࢙

૛ + (࢞)࢙࢕ࢉ

૛࣊

૙
࢞ࢊ = න ࢔ࢇ࢚ࢉ࢘ࢇ

૚
૛࢙࢔࢏(࢞)

૚ + ૚
૛ (࢞)࢙࢕ࢉ

૛࣊

૙
࢔ࢇ࢚ࢉ࢘ࢇ:ࢋ࢙࢛,࢞ࢊ

(࢞)࢔࢏࢙࢘
૚+ ࢘ (࢞)࢙࢕ࢉ

= −෍
(−૚)࢑࢘࢑ (࢑࢞)࢔࢏࢙

࢑

∞

࢑ୀ૚

(|࢘| < 1) 

⇒ ࡷ = −න ෍
(−૚)࢑ ቀ૚૛ቁ

࢑
(࢑࢞)࢔࢏࢙

࢑

∞

࢑ୀ૚

૛࣊

૙
࢞ࢊ

= −෍
(−૚)࢑ ቀ૚૛ቁ

࢑

࢑

∞

࢑ୀ૚

න ࢞ࢊ(࢑࢞)࢔࢏࢙ = −෍
(−૚)࢑ ቀ૚૛ቁ

࢑

࢑

∞

࢑ୀ૚

.
૛ (࢑࣊)૛࢔࢏࢙

࢑

૛࣊

૙
= ૙ 

∗ ࡶ = න ૞)ࢍ࢕࢒ + ૝ ((࢞)࢙࢕ࢉ
૛࣊

૙
,࢞ࢊ ቄݑ = ૞)ࢍ࢕࢒ + ૝ ((࢞)࢙࢕ࢉ

ݒ݀ = ݔ݀
⇒ ൝݀ݑ =

−૝࢙࢔࢏(࢞)
૞ + ૝ (࢞)࢙࢕ࢉ

ݒ = ݔ
⇒ ࡶ

= ࢞ ૞)ࢍ࢕࢒ + ૝ ૙૛࣊|((࢞)࢙࢕ࢉ + ૝න
(࢞)࢔࢏࢙࢞

૞ + ૝࢞ࢊ(࢞)࢙࢕ࢉ
૛࣊

૙
 

= ૛࣊ࢍ࢕࢒(ૢ) + ૝න
(࢞)࢔࢏࢙࢞

૞ + ૝ ࢞ࢊ(࢞)࢙࢕ࢉ
૛࣊

૙
 

૝න
(࢞)࢔࢏࢙࢞

૞+ ૝ ࢞ࢊ(࢞)࢙࢕ࢉ
૛࣊

૙

= −૛න
࢞(−૛)(૚) (࢞)࢔࢏࢙

(−૛)૛ + (૚)૛ − ૛(−૛)(૚)࢙࢕ࢉ(࢞)

૛࣊

૙
:ࢋ࢙࢛,࢞ࢊ

(࢞)࢔࢏࢙࢈ࢇ
૛ࢇ + ૛࢈ − ૛࢙࢕ࢉ࢈ࢇ(࢞)

= ෍ቀ
ࢇ
࢈
ቁ

∞

࢑ୀ૚

࢑

(࢑࢞)࢔࢏࢙ |ࢇ|) <  (|࢈|

⇒ ૝න
(࢞)࢔࢏࢙࢞

૞ + ૝ ࢞ࢊ(࢞)࢙࢕ࢉ
૛࣊

૙
= −૛න ࢞

૛࣊

૙
෍൬−

૚
૛
൰

∞

࢑ୀ૚

࢑

࢞ࢊ(࢑࢞)࢔࢏࢙ = −૛෍൬−
૚
૛
൰

∞

࢑ୀ૚

࢑

න ࢞
૛࣊

૙
࢞ࢊ(࢑࢞)࢔࢏࢙

= −૛෍൬−
૚
૛
൰

∞

࢑ୀ૚

࢑

ቆ
(૛࣊࢑)࢔࢏࢙

࢑૛
−
૛࢙࣊࢕ࢉ(૛࣊࢑)

࢑
ቇ 

(૛࣊࢑)࢔࢏࢙ = ૙∀࢑ ∈ ℤା ⇒ ૝න
(࢞)࢔࢏࢙࢞

૞ + ૝ ࢞ࢊ(࢞)࢙࢕ࢉ
૛࣊

૙
= ૝࣊෍൬−

૚
૛
൰

∞

࢑ୀ૚

࢑

.
(૛࣊࢑)࢙࢕ࢉ

࢑

= ૝࣊෍൬−
૚
૛
൰

∞

࢑ୀ૚

࢑

.
૚
࢑

(૛࣊࢑)࢙࢕ࢉ) = ૚∀࢑ ∈ ℤା) = ૝࣊࢏ࡸ૚ ൬−
૚
૛
൰ 
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∗ (ࢠ)૚࢏ࡸ = − ૚)ࢍ࢕࢒ − (ࢠ ⇒ ૝࣊࢏ࡸ૚ ൬−
૚
૛
൰ = −૝࣊ ൬ࢍ࢕࢒

૜
૛
൰ 

⇒ ࡵ = ࡷ = ૛࣊ࢍ࢕࢒(ૢ)− ૝࣊ࢍ࢕࢒൬
૜
૛
൰ 

2150. Prove that: 

෍
࢔ࡴ

࢔࢔૛࡯

∞

ୀ૙࢔

=
૝࣊
ૢ√૜

−
૛࣊
ૢ√૜

(૜)ࢍ࢕࢒ +
૝

૜√૜
૛࢒࡯ ൬

૛࣊
૜ ൰ 

Proposed by Fao Ler-Iraq 
Solution by Pham Duc Nam-Vietnam 

෍
࢔ࡴ

࢔࢔૛࡯

∞

ୀ૙࢔

= ෍
࢔ࡴ!࢔!࢔

(૛࢔)!

∞

ୀ૙࢔

= ෍
࢔)ࢣ + ૚)࢔ࡴ࢔(࢔)ࢣ

+࢔૛)ࢣ ૚) =
∞

ୀ૚࢔

෍࢔)ࢢ+ ૚,࢔ࡴ࢔(࢔ =
∞

ୀ૚࢔

෍න ૚)࢔࢞ − ࢞ࢊ࢔ࡴ࢔૚ି࢔(࢞
૚

૙

∞

ୀ૚࢔

 

= ෍
૚

૚− ࢞
න ൫࢞(૚࢔ − ࢞)൯࢔ࡴ࢔

૚

૙

∞

ୀ૚࢔

࢞ࢊ = න
࢞ࢊ
૚ − ࢞

෍ ൫࢞(૚࢔ − ࢞)൯࢔ࡴ࢔

∞

ୀ૚࢔

૚

૙
 

∗ ෍ ࢔ࡴ࢔࢞

∞

ୀ૚࢔

= −
૚)ࢍ࢕࢒ − ࢞)
૚ − ࢞

⇒ ෍൫࢞(૚ − ࢞)൯
࢔
࢔ࡴ

∞

ୀ૚࢔

= −
൫૚ࢍ࢕࢒ − ࢞(૚− ࢞)൯

૚ − ࢞(૚ − ࢞)  

⇒෍࢔൫࢞(૚ − ࢞)൯ି࢔૚(૚ − ૛࢞)࢔ࡴ

∞

ୀ૚࢔

= −
(૚ − ૛࢞)൫ࢍ࢕࢒൫࢞૛ − ࢞ + ૚൯ − ૚൯

(࢞૛ − ࢞ + ૚)૛ ⇒ ෍࢔൫࢞(૚ − ࢞)൯࢔ࡴ࢔

∞

ୀ૚࢔

= −
࢞(૚ − ࢞)൫ࢍ࢕࢒൫࢞૛ − ࢞ + ૚൯ − ૚൯

(࢞૛ − ࢞ + ૚)૛  

⇒ න
࢞ࢊ
૚ − ࢞

෍࢔൫࢞(૚ − ࢞)൯
࢔
࢔ࡴ

∞

ୀ૚࢔

૚

૙
= −න

࢞൫ࢍ࢕࢒൫࢞૛ − ࢞ + ૚൯ − ૚൯
(࢞૛ − ࢞+ ૚)૛

૚

૙
࢞ࢊ

= න
࢞

(࢞૛ − ࢞ + ૚)૛
૚

૙
࢞ࢊ − න

࢞ ൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯
(࢞૛ − ࢞ + ૚)૛

૚

૙
 ࢞ࢊ

∗ න
࢞

(࢞૛ − ࢞ + ૚)૛
૚

૙
࢞ࢊ =

࢞ − ૛
૜(࢞૛ − ࢞ + ૚) +

૛√૜
ૢ

࢔ࢇ࢚ࢉ࢘ࢇ
૛࢞ − ૚
√૜

ቤ
૙

૚

=
૚
૜

+
૛࣊√૜
૛ૠ

 

∗ න
࢞ ൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯

(࢞૛ − ࢞ + ૚)૛
૚

૙
࢞ࢊ = ቐ

ݑ = ൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯

ݒ݀ =
࢞

(࢞૛ − ࢞ + ૚)૛ ࢞ࢊ

⇒

⎩
⎪
⎨

⎪
ݑ݀⎧ =

૛࢞ − ૚
࢞૛ − ࢞ + ૚

ݒ =
࢞ − ૛

૜(࢞૛ − ࢞ + ૚) +
૛√૜
ૢ

࢔ࢇ࢚ࢉ࢘ࢇ
૛࢞ − ૚
√૜
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⇒ න
࢞ ൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯

(࢞૛ − ࢞ + ૚)૛
૚

૙
࢞ࢊ

= ൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯ ቆ
࢞ − ૛

૜(࢞૛ − ࢞ + ૚) +
૛√૜
ૢ

࢔ࢇ࢚ࢉ࢘ࢇ
૛࢞ − ૚
√૜

ቇ
૙

૚

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ୀ૙

−න
૛࢞ − ૚

࢞૛ − ࢞ + ૚
ቆ

࢞ − ૛
૜(࢞૛ − ࢞ + ૚) +

૛√૜
ૢ

࢔ࢇ࢚ࢉ࢘ࢇ
૛࢞ − ૚
√૜

ቇ
૚

૙
 ࢞ࢊ

=
૚
૜
−
૛࣊√૜
૛ૠ

−
૛√૜
ૢ

න
૛࢞ − ૚

࢞૛ − ࢞ + ૚
࢔ࢇ࢚ࢉ࢘ࢇ

૛࢞ − ૚
√૜

࢞ࢊ =
૚

૙

૚
૜
−
૛࣊√૜
૛ૠ

+
૛࣊√૜
૛ૠ

(૜)ࢍ࢕࢒

−
૛
૛ૠ

ቆ࣒(૚) ൬
૚
૜
൰ −࣒(૚) ൬

૛
૜
൰ቇ 

Use	:	identity	of	trigamma	function:࣒(૚) ൬
࢖
ࢗ
൰ =

࣊૛

૛ ૛࢔࢏࢙ ቀ࣊ࢗ࢖ ቁ
+ ૛ࢗ ෍ ࢔࢏࢙

૛࣊࢖࢓
ࢗ

૛/(૚ିࢗ)

ୀ૚࢓

૛࢒࡯
૛࣊࢓
ࢗ

 

⇒ ࣒(૚) ൬
૚
૜
൰ =

૛࣊૛

૜
+ ૟ ࢔࢏࢙

૛࣊
૜
૛࢒࡯ ൬

૛࣊
૜
൰ ,࣒(૚) ൬

૛
૜
൰ =

૛࣊૛

૜
+ ૟ ࢔࢏࢙

૝࣊
૜
૛࢒࡯ ൬

૛࣊
૜
൰ 

⇒ ࣒(૚) ൬
૚
૜
൰ − ࣒(૚) ൬

૛
૜
൰ = ૟√૜࢒࡯૛ ൬

૛࣊
૜
൰ ⇒ න

࢞ ൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯
(࢞૛ − ࢞ + ૚)૛

૚

૙
࢞ࢊ

=
૚
૜
−
૛࣊√૜
૛ૠ

+
૛࣊√૜
૛ૠ

−(૜)ࢍ࢕࢒
૛
૛ૠ

.૟√૜࢒࡯૛ ൬
૛࣊
૜
൰

=
૚
૜
−
૛࣊√૜
૛ૠ

+
૛࣊√૜
૛ૠ

−(૜)ࢍ࢕࢒
૝√૜
ૢ

૛࢒࡯ ൬
૛࣊
૜
൰ 

⇒ −න
࢞൫ࢍ࢕࢒൫࢞૛ − ࢞ + ૚൯ − ૚൯

(࢞૛ − ࢞ + ૚)૛
૚

૙
࢞ࢊ =

૚
૜

+
૛࣊√૜
૛ૠ

−
૚
૜

+
૛࣊√૜
૛ૠ

−
૛࣊√૜
૛ૠ

(૜)ࢍ࢕࢒ +
૝√૜
ૢ

૛࢒࡯ ൬
૛࣊
૜
൰

=
૝࣊√૜
૛ૠ

−
૛࣊√૜
૛ૠ

(૜)ࢍ࢕࢒ +
૝√૜
ૢ

૛࢒࡯ ൬
૛࣊
૜
൰ =

૝࣊
ૢ√૜

−
૛࣊
ૢ√૜

(૜)ࢍ࢕࢒ +
૝

૜√૜
૛࢒࡯ ൬

૛࣊
૜
൰  

∗ −:ࢍ࢔࢏࢚ࢇ࢛࢒ࢇ࢜ࡱ:۳܂۽ۼ
૛√૜
ૢ

න
૛࢞ − ૚

࢞૛ − ࢞ + ૚
࢔ࢇ࢚ࢉ࢘ࢇ

૛࢞ − ૚
√૜

࢞ࢊ
૚

૙
 

⎩
⎨

ݑ⎧ = ࢔ࢇ࢚ࢉ࢘ࢇ
૛࢞ − ૚
√૜

ݒ݀ =
૛࢞ − ૚

࢞૛ − ࢞ + ૚
࢞ࢊ

⇒ ቐ݀ݑ =
√૜

૛(࢞૛ − ࢞ + ૚)
ݒ = ൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯

⇒ −
૛√૜
ૢ

න
૛࢞− ૚

࢞૛ − ࢞ + ૚
࢔ࢇ࢚ࢉ࢘ࢇ

૛࢞ − ૚
√૜

࢞ࢊ
૚

૙

= −
૛√૜
ૢ

࢔ࢇ࢚ࢉ࢘ࢇ
૛࢞ − ૚
√૜

൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯ฬ
૙

૚

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ୀ૙

+
૚
૜
න

൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯
(࢞૛ − ࢞+ ૚)

૚

૙
 ࢞ࢊ
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∗ න
൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯

(࢞૛ − ࢞ + ૚)

૚

૙
࢞ࢊ = න

ቆቀ࢞ࢍ࢕࢒ − ૚
૛ቁ

૛
+ ૜
૝ቇ

ቆቀ࢞ − ૚
૛ቁ

૛
+ ૜
૝ቇ

૚

૙
,࢞ࢊ ࢞:࢚ࢋ࢒ −

૚
૛

=
√૜
૛
࣐࢔ࢇ࢚ ⇒ ࢞ࢊ

=
√૜

૛࢙࢕ࢉ૛࣐
 ࣐ࢊ

⇒ න
൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯

(࢞૛ − ࢞ + ૚)

૚

૙
࢞ࢊ = න

൬ࢍ࢕࢒ ૜
૝ ૛࣐൰࢙࢕ࢉ

૜
૝ ૛࣐࢙࢕ࢉ

࣊
૟

ି࣊૟

.
√૜

૛࢙࢕ࢉ૛ ࣐
࣐ࢊ =

૝
√૜

න ൬ࢍ࢕࢒
૜

૝ ૛࣐࢙࢕ࢉ
൰

࣊
૟

૙
࣐ࢊ

=
૛࣊
૜√૜

−(૜)ࢍ࢕࢒
ૡ
√૜

න ૛)ࢍ࢕࢒ (࣐࢙࢕ࢉ
࣊
૟

૙
࣐ࢊ

=
૛࣊
૜√૜

−(૜)ࢍ࢕࢒
ૡ
√૜

න (૛)ࢍ࢕࢒) + ((࣐࢙࢕ࢉ)ࢍ࢕࢒
࣊
૟

૙
 ࣐ࢊ

:ࢋ࢙ࢁ (࣐࢙࢕ࢉ)ࢍ࢕࢒ = −෍
(−૚)࢑ (૛࢑࣐)࢙࢕ࢉ

࢑

∞

࢑ୀ૚

− (૛)ࢍ࢕࢒ ⇒ −
ૡ
√૜

න ૛)ࢍ࢕࢒ ࢙࢕ࢉ ࣐)
࣊
૟

૙
࣐ࢊ

=
ૡ
√૜

න ෍
(−૚)࢑ (૛࢑࣐)࢙࢕ࢉ

࢑

∞

࢑ୀ૚

࣊
૟

૙
 ࣐ࢊ

=
ૡ
√૜

෍
(−૚)࢑

࢑

∞

࢑ୀ૚

න (૛࢑࣐)࢙࢕ࢉ
࣊
૟

૙
࣐ࢊ =

ૡ
√૜

෍
(−૚)࢑

࢑

∞

࢑ୀ૚

.
࢑૜࣊࢔࢏࢙
૛࢑

=
૝
√૜

෍
(−૚)࢑ ࢑૜࣊࢔࢏࢙

࢑૛

∞

࢑ୀ૚

= −
૝
√૜

.
૚

૟√૜
ቆ࣒(૚) ൬

૚
૜
൰ − ࣒(૚) ൬

૛
૜
൰ቇ = −

૛
ૢ
ቆ࣒(૚) ൬

૚
૜
൰ − ࣒(૚) ൬

૛
૜
൰ቇ 

⇒ −
૛√૜
ૢ

න
૛࢞ − ૚

࢞૛ − ࢞ + ૚
࢔ࢇ࢚ࢉ࢘ࢇ

૛࢞− ૚
√૜

࢞ࢊ
૚

૙
=
૚
૜
න

൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯
(࢞૛ − ࢞ + ૚)

૚

૙
࢞ࢊ

=
૚
૜
൭
૛࣊
૜√૜

−(૜)ࢍ࢕࢒
૛
ૢ
ቆ࣒(૚) ൬

૚
૜
൰ − ࣒(૚) ൬

૛
૜
൰ቇ൱

=
૛√૜࣊
૛ૠ

−(૜)ࢍ࢕࢒
૛
૛ૠ

ቆ࣒(૚) ൬
૚
૜
൰ −࣒(૚) ൬

૛
૜
൰ቇ 

∗ (ࣂ)૛࢒࡯:ܖܗܑܜ܋ܖܝ܎	ܖ܍ܛܝ܉ܔ۱ = ෍
(ࣂ࢑)࢔࢏࢙

࢑૛

∞

࢑ୀ૚

 

2151. Prove that: 

න න
૚

ඥࢇ+ ࢞૛ + ࢟૛
൬ܖ܉ܜ܋ܚ܉

࢞
࢟൰

૚

૙
࢟ࢊ࢞ࢊ

૚

૙
= 
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=
࣊
૛
܏ܗܔ ቆ

ࢇ√ + ૛ + ૚
ࢇ√ + ૚

ቇ +
࣊
૛ √

ࢇ ቆܖ܉ܜ܋ܚ܉
ࢇ√

ࢇ√ + ૛
ቇ−

࣊૛

ૡ  ࢇ√

Proposed by Asmat Qatea-Afghanistan 
Solution by Rana Ranino-Setif-Algerie 

 

ષ = න න
૚

ඥࢇ + ࢞૛ + ࢟૛
ܖ܉ܜ܋ܚ܉ ൬

࢞
࢟൰

૚

૙
࢟ࢊ࢞ࢊ

૚

૙
⇒ 

૛ષ = න න
૚

ඥࢇ+ ࢞૛ + ࢟૛
൤ܖ܉ܜ܋ܚ܉ ൬

࢞
࢟൰+ ܖ܉ܜ܋ܚ܉ ቀ

࢟
࢞
ቁ൨

૚

૙
࢟ࢊ࢞ࢊ

૚

૙
 

ષ =
࣊
૝න න

࢟ࢊ࢞ࢊ
ඥࢇ + ࢞૛ + ࢟૛

૚

૙

૚

૙
 

 :࢙ࢋ࢜࢏ࢍ	࢙ࢋ࢚ࢇ࢔࢏ࢊ࢘࢕࢕ࢉ	࢘ࢇ࢒࢕ࡼ

ષ =
࣊
૝න න

࢘
ࢇ√ + ࢘૛

܋܍ܛ ࣂ

૙
ࣂࢊ࢘ࢊ

࣊
૝

૙
+
࣊
૝න න

࢘
+ࢇ√ ࢘૛

ࣂࢊ࢘ࢊ
܋ܛ܋ ࣂ

૙

࣊
૛

࣊
૝

=
࣊
૛ න න

࢘
+ࢇ√ ࢘૛

ࣂࢊ࢘ࢊ
܋܍ܛ ࣂ

૙

࣊
૝

૙
 

ષ =
࣊
૛ න

ቂඥࢇ + ࢘૛ቃ
૙

܋܍ܛ ࣂ
࣊
૝

૙
ࣂࢊ =

࣊
૛ න

ඥࢇ + ࣂ૛܋܍ܛ
࣊
૝

૙
−ࣂࢊ

࣊૛√ࢇ
ૡ  

ࡵ = නඥࢇ+ ࣂࢊࣂ૛܋܍ܛ =
ା૚ࢇ√ୀࣂܖ܉ܜ ࣐ܖ܉ܜ

න
+ࢇ) ૚) ૜࣐܋܍ܛ

૚ + (૚+ (ࢇ ࣐ࢊ૛࣐ܖ܉ܜ = 

= +ࢇ) ૚)න
࣐܋܍ܛ

૚ + ࢇ  ࣐ࢊ૛࣐ܖܑܛ

ࡵ = ࢇ) + ૚)න
ܛܗ܋ ࣐

(૚ − ૛ܖܑܛ ࣐)(૚+ ૛ܖܑܛࢇ ࣐ࢊ(࣐ = න൬
࣐ܛܗ܋

૚ − ૛࣐ܖܑܛ +
ࢇ ࣐ܛܗ܋

૚ + ૛ܖܑܛࢇ ࣐൰࣐ࢊ 

න ඥࢇ + ࣂ૛܋܍ܛ
࣊
૝

૙
ࣂࢊ = ൤܏ܗܔ ൬

૚ + ࣐࢔࢏࢙
࣐࢙࢕ࢉ ൰+ ࢇ√൫ܖ܉ܜ܋ܚ܉ࢇ√ ൯൨࣐ܖܑܛ

૙

ష૚൬ܖ܉ܜ ૚
ା૚ࢇ√

൰

 

ܖܑܛ ൬࢚ି࢔ࢇ૚ ൬
૚

ࢇ√ + ૚
൰൰ =

૚
ࢇ√ + ૛

ࢊ࢔ࢇ	 ܛܗ܋ ൬࢚ି࢔ࢇ૚ ൬
૚

+ࢇ√ ૚
൰൰ = ඨࢇ+ ૚

+ࢇ ૛ 

න ඥࢇ + ૛܋܍ܛ ࣂ
࣊
૝

૙
ࣂࢊ = ܏ܗܔ ቆ

૚ + ࢇ√ + ૛
+ࢇ√ ૚

ቇ + ܖ܉ܜ܋ܚ܉ࢇ√ ቆ
ࢇ√

+ࢇ√ ૛
ቇ 

 		,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ
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න න
૚

ඥࢇ + ࢞૛ + ࢟૛
ܖ܉ܜ܋ܚ܉ ൬

࢞
࢟൰

૚

૙
࢟ࢊ࢞ࢊ

૚

૙
= 

=
࣊
૛ ܏ܗܔ ቆ

+ࢇ√ ૛ + ૚
+ࢇ√ ૚

ቇ +
࣊
૛ ܖ܉ܜ܋ܚ܉ࢇ√ ቆ

ࢇ√
+ࢇ√ ૛

ቇ−
࣊૛

ૡ  ࢇ√

,ஹ૚࢔(࢔ࢇ)	ܛ܍܋ܖ܍ܝܙ܍ܛ	܍ܐܜ	ܜ܍ۺ .2152  :ܜ܉ܐܜ	ܐ܋ܝܛ	ஹ૚࢔(࢔࢈)

࢔ࢇ = ෍
૚
࢑૛

࢔

࢑ୀ૚

܌ܖ܉	 ܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔࢈࢔

= ࢈ ∈ ℝା
∗ . ષ:܌ܖ۴ܑ = ܕܑܔ

ஶ→࢔
ቆࢋ

࣊૛
૟ − ቇ࢔ࢇࢋ ⋅ ඥ࢔࢈

࢔  

Proposed by Shivam Sharma-New Delhi-India 
Solution 1 by Surjeet Singhania-India 

ℝା:ࢌ	࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ	ࢋ࢔࢏ࢌࢋࢊ	ᇱ࢙࢚ࢋࡸ → ℝା,ࢌ(࢞) = ࢞)൫ડ܏ܗܔ + ૚)൯, 

,࢕࢙࢒࡭.࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢓࢓ࢇࢍ	࢙࢏	ડ	ࢋ࢘ࢋࢎ࢝	  :࢓࢘࢕ࢌ	ࢋࢎ࢚	࢔࢏	࢔ࢋ࢚࢚࢏࢘࢝	ࢋ࢈	࢔ࢇࢉ	࢚࢏

(࢞)ࢌ = ܏ܗܔ ࢞ +  .൫ડ(࢞)൯܏ܗܔ

(࢞)ᇱᇱࢌ	ࢋࢉ࢏࢚࢝	࢔࢏	ࢋ࢚ࢇ࢏࢚࢔ࢋ࢘ࢋࢌࢌ࢏ࢊ	࢝࢕ࡺ = −
૚
࢞૛ + ࢞)ᇱᇱࢌ − ૚). 

(૙)ࢌ	࢚ࢇࢎ࢚	࢝࢕ࢎ࢙	࢔ࢇࢉ	ࢋࢃ =
࣊૛

૟  	࢓࢛࢙	ࢋ࢑ࢇ࢚	(࢔࢕࢏࢙࢔ࢇ࢖࢞ࢋ	࢙ࢋ࢏࢘ࢋ࢙	ࢍ࢔࢏࢙ࢁ)	

(࢔)ᇱᇱࢌ:࢚ࢋࢍ	ࢋ࢝,࢔	࢕࢚	૚	࢓࢕࢘ࢌ =
࣊૛

૟ −෍
૚
࢑૛

࢔

࢑ୀ૚

=
࣊૛

૟ −  .࢔ࢇ

~(࢞)ࢌ,࢞	ࢋࢍ࢘ࢇࡸ	࢘࢕ࢌ,࢕࢙࢒࡭
(૛࣊࢞)܏ܗܔ

૛ + ࢞ ܏ܗܔ ࢞− ࢞ 

~(࢞)ᇱᇱࢌ	࢚ࢋࢍ	ࢋ࢝	ࢋࢉ࢏࢚࢝	࢚࢏	ࢋ࢚ࢇ࢏࢚࢔ࢋ࢘ࢋࢌࢌ࢏ࢊ	࢔࢏ࢇࢍ࡭
૚
࢞ −

૚
૛࢞૛. 

,ࢋࢉ࢔ࢋࡴ
࣊૛

૟ − ~࢔ࢇ
૚
࢔ −

૚
૛࢔૛ ⇒ ܕܑܔ

ஶ→࢔
࢔ ቆ

࣊૛

૟ − ቇ࢔ࢇ = ૚. 

ܕܑܔ
ஶ→࢔

ቆࢋ
࣊૛
૟ − ቇ࢔ࢇࢋ ඥ࢔࢈

࢔ = ܕܑܔ
ஶ→࢔

࢔ࢇିࢋ ቆࢋ
࣊૛
૟ ࢔ࢇି − ૚ቇ ඥ࢔࢈

࢔ = 

= ࢋ
࣊૛
૟ ܕܑܔ
ஶ→࢔

ቌ
ࢋ
࣊૛
૟ ࢔ࢇି − ૚
࣊૛
૟ − ࢔ࢇ

ቍ ⋅ ࢔ ቆ
࣊૛

૟ − ቇ࢔ࢇ ⋅ ඨ
࢔࢈
࢔࢔

࢔
࡭ᇲࡰି࡯=
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= ିࢋ
࣊૛
૟ ܕܑܔ
ஶ→࢔

࢔࢔ା૚࢔࢈

+࢔)࢔࢈ ૚)࢔ା૚ =
ିࢋ࢈

࣊૛
૟

ࢋ
		 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

ષ = ܕܑܔ
ஶ→࢔

ቆࢋ
࣊૛
૟ − ቇ࢔ࢇࢋ ⋅ ඥ࢔࢈

࢔ = ܕܑܔ
ஶ→࢔

ቌ
ࢋ
࣊૛
૟ (૚ − ି࢔ࢇࢋ

࣊૛
૟

૚
࢔

⋅
ඥ࢔࢈
࢔

࢔
ቍ = 

= ࢋ
࣊૛
૟ ⋅ ܕܑܔ

ஶ→࢔
ቌ
ି࢔ࢇࢋ

࣊૛
૟ − ૚
૚
࢔

⋅
ඥ࢔࢈
࢔

࢔
ቍ =

ିࢋ࢈
࣊૛
૟

ࢋ 		 

2153. Find: 

ષ = ܕܑܔ
ஶ→࢔

૛࢔ ൭ࣀ(૜) −෍
૚
࢑૜

࢔

࢑ୀ૚

൱ 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by Shivam Sharma-New Delhi-India 

ષ = ܕܑܔ
ஶ→࢔

൬࢔૛ቀࣀ(૜) ࢔ࡴ−
(૜)ቁ൰ ࢔ࡴ			,

(૜) = (૜)ࣀ −
૚
૛࢔૛ +

૚
૛࢔૜ + ቆ൬ࡻ

૚
൰࢔

૝

ቇ ; (૚) 

 :࢚ࢋࢍ	ࢋ࢝,(૚)	ࢍ࢔࢏࢙ࢁ

ષ = ܕܑܔ
ஶ→࢔

૛࢔ ൤ࣀ(૜)− (૜)ࣀ +
૚
૛࢔૛ + ⋯൨ =

૚
૛		 

Solution 2 by Daniel Sitaru-Romania 

ષ = ܕܑܔ
ஶ→࢔

(૜)ࣀ −∑ ૚
࢑૜

࢔
࢑ୀ૚

૚
૛࢔

=⏞

૙
૙
ܕܑܔ
ஶ→࢔

−(૜)ࣀ ∑ ૚
࢑૜

ା૚࢔
࢑ୀ૚ − ቀࣀ(૜) −∑ ૚

࢑૜
࢔
࢑ୀ૚ ቁ

૚
+࢔) ૚)૛ −

૚
૛࢔

= 

= ܕܑܔ
ஶ→࢔

−૚
+࢔) ૚)૜
−૛࢔ − ૚
࢔)૛࢔ + ૚)૛

= ܕܑܔ
ஶ→࢔

−૚
࢔ + ૚

−૛࢔ − ૚
૛࢔

= ܕܑܔ
ஶ→࢔

૛࢔−

(−૛࢔− ૚)(࢔+ ૚) =
૚
૛ 

Solution 3 by Hikmat Mammadov-Azerbaijan 

෍
૚
૛൬

૚
࢐૜ −

૚
(࢐ + ૚)૜൰

ஶ

࢐ୀ࢔ା૚

=
૚

૛(࢔ + ૚)૜ 
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෍−(૜)ࣀ
૚
࢑૜

࢔

࢑ୀ૚

= ෍
૚
࢑૜

ஶ

࢑ୀ࢔ା૚

>
૚

૛(࢔+ ૚)૜ + න
૚
࢞૜ ࢞ࢊ

ஶ

ା૚࢔
=

૚
૛(࢔+ ૚)૜ +

૚
૛ ∙

૚
࢔) + ૚)૛ 

෍
૚
࢑૜

ஶ

࢑ୀ࢔ା૚

<
૚

+࢔) ૚)૜ + න
૚
࢞૜ ࢞ࢊ

ஶ

ା૚࢔
=

૚
࢔) + ૚)૜ +

૚
૛ ∙

૚
+࢔) ૚)૛ 

૚
૛ ∙

૚
࢔) + ૚)૛ +

૚
૛ ∙

૚
࢔) + ૚)૜ < ෍

૚
࢑૜

ஶ

࢑ୀ૚

<
૚
૛ ∙

૚
+࢔) ૚)૛ +

૚
࢔) + ૚)૜ 

ષ =
૚
૛		 

Solution 4 by Toubal Fethi-Algeria  

ܕܑܔ
ஶ→࢔

૚ି࢞࢔ ൭ࣀ(࢞)−෍
૚
࢞࢔

ஶ

ୀ૚࢔

൱ =
૚

࢞− ૚ 

࢞	࢚ࢋࡸ = ૜,  :࢚ࢋࢍ	ࢋ࢝	࢔ࢋࢎ࢚

ܕܑܔ
ஶ→࢔

૛࢔ ൭ࣀ(૜)−෍
૚
૜࢔

ஶ

ୀ૚࢔

൱ =
૚
૛	 

2154. Prove that: 

ࡵ = න න
࢞࢔࢏࢙ࢉ࢘ࢇ࢟࢞

−࢈) ࢟૛)(ࢇ − ࢞૛)࢟ࢊ࢞ࢊ
૚

૙

૚

૙

=
࣊
૝
ቌ૛ࢍ࢕࢒ඨ

࢈
−࢈ ૚ ࢍ࢕࢒

ቌඨ
ࢇ − ૚
ࢇ + ૚ቍ − ࢍ࢕࢒

૝(ࢇ − ૚)
ࢇ ඨࢍ࢕࢒

࢈
࢈ − ૚

ቍ 

Proposed by Amin Hajiyev-Azerbaijan 
Solution by Pham Duc Nam-Vietnam 
 

∗ ࡵ = න
࢟

−࢈ ࢟૛ න࢟ࢊ
࢞࢔࢏࢙ࢉ࢘ࢇ࢞
ࢇ − ࢞૛ ࢞ࢊ = ࡷࡶ

૚

૙

૚

૙
 

∗ ࡶ = න
࢟

࢈ − ࢟૛ ࢟ࢊ = −
૚
૛න

૚
࢈ − ࢟૛ ࢊ

࢈) − ࢟૛) = −
૚
૛ ࢍ࢕࢒

࢈) − ࢟૛)ฬ
૙

૚

=
૚

૙

૚

૙
−
૚
૛ ࢍ࢕࢒

࢈) − ૚)

+
૚
૛ ࢍ࢕࢒

(࢈) =
૚
૛ ࢍ࢕࢒

࢈
࢈ − ૚ = ඨࢍ࢕࢒

࢈
࢈ − ૚ 
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∗ ࡷ = න
࢞࢔࢏࢙ࢉ࢘ࢇ࢞
ࢇ − ࢞૛ ,࢞ࢊ ቊ

ݑ = ࢞࢔࢏࢙ࢉ࢘ࢇ
ݒ݀ =

࢞
ࢇ − ࢞૛ ࢞ࢊ

⇒

⎩
⎨

ݑ݀⎧ =
૚

√૚ − ࢞૛

ݒ = −
૚
૛ ࢍ࢕࢒

−ࢇ) ࢞૛)

૚

૙
⇒ ࡷ

= −
૚
૛࢞࢔࢏࢙ࢉ࢘ࢇ ࢍ࢕࢒

ࢇ) − ࢞૛)ฬ
૙

૚

+
૚
૛න

ࢇ)ࢍ࢕࢒ − ࢞૛)
√૚ − ࢞૛

૚

૙
 ࢞ࢊ

= −
࣊
૝ ࢍ࢕࢒

−ࢇ) ૚) +
૚
૛න

ࢇ)ࢍ࢕࢒ − ࢞૛)
√૚ − ࢞૛

૚

૙
 ࢞ࢊ

∗ න
ࢇ)ࢍ࢕࢒ − ࢞૛)
√૚ − ࢞૛

૚

૙
,࢞ࢊ :࢚ࢋ࢒ ࢞ = ࣐࢔࢏࢙ ⇒ ࢞ࢊ = ࣐ࢊ࣐࢙࢕ࢉ ⇒ න

−ࢇ)ࢍ࢕࢒ ࢞૛)
√૚ − ࢞૛

૚

૙
࢞ࢊ

= න
ࢇ)ࢍ࢕࢒ − (૛࣐࢔࢏࢙

ඥ૚ − ૛࣐࢔࢏࢙

࣊
૛

૙
࣐ࢊ࣐࢙࢕ࢉ = න ࢇ)ࢍ࢕࢒ − ࣐ࢊ(૛࣐࢔࢏࢙

࣊
૛

૙

= න ࢍ࢕࢒ ൬ࢇ −
૚
૛ +

૛࣐࢙࢕ࢉ
૛ ൰࣐ࢊ

࣊
૛

૙
 

=
࣊
૛ ࢍ࢕࢒

૛ࢇ − ૚
૛ +

૚
૛න ࢍ࢕࢒ ൬૚ +

૚
૛ࢇ − ૚ ൰࣐࢙࢕ࢉ

࣊

૙
࣐ࢊ

=
࣊
૛ ࢍ࢕࢒

૛ࢇ − ૚
૛ +

૚
૛න ૚)ࢍ࢕࢒ + ࢑ (࣐࢙࢕ࢉ

࣊

૙
࣐ࢊ ∴ ൬࢑ =

૚
૛ࢇ − ૚൰ 

∗ (࢑)ࡵ = න +૚)ࢍ࢕࢒ (࣐࢙࢕ࢉ࢑
࣊

૙
࣐ࢊ ⇒ (࢑)ʹࡵ = න

࣐࢙࢕ࢉ
૚ + ࣐࢙࢕ࢉ࢑

࣊

૙
࣐ࢊ

=
࣊
࢑ −

૚
࢑න

࣐ࢊ
૚ + ࣐࢙࢕ࢉ࢑

࣊

૙

 ࢚ୀ࢚࢔ࢇ
࣐
૛
 

ሱ⎯⎯⎯⎯⎯⎯⎯ሮ =
࣊
࢑ −

૛
࢑න

࢚ࢊ
(૚ − ࢑)࢚૛ + (૚+ ࢑)

∞

૙
 

=
࣊
࢑ −

૛
࢑√૚ − ࢑૛

࢔ࢇ࢚ࢉ࢘ࢇ
࢚√૚ − ࢑
√૚ + ࢑

ቤ
૙

∞

=
࣊
࢑ −

࣊
࢑√૚ − ࢑૛

⇒ (࢑)ࡵ

= ࣊න൬
૚
࢑ −

૚
࢑√૚ − ࢑૛

൰࢑ࢊ
 ࢑ୀ࢙࢛࢔࢏ 
ሱ⎯⎯⎯⎯⎯⎯⎯ሮ

= ࣊න൬
૚

࢛࢔࢏࢙ −
૚

࢔࢏࢙ ࢛√૚ − ૛࢔࢏࢙ ࢛
൰ ࢛࢙࢕ࢉ  ࢛ࢊ

= ࣊න൬
࢛࢙࢕ࢉ − ૚
࢛࢔࢏࢙ ൰࢛ࢊ = ૛࣊ ࢙࢕ࢉቀࢍ࢕࢒

࢛
૛ቁ + ࡯ = ૛࣊ ࢍ࢕࢒ ൬࢙࢕ࢉ

࢑࢔࢏࢙ࢉ࢘ࢇ
૛ ൰+ ,࡯ ࢑:࢚ࢋ࢒ = ૙

⇒ ࡯ = ૙ ⇒ (࢑)ࡵ = ૛࣊ࢍ࢕࢒ ൬࢙࢕ࢉ
࢑࢔࢏࢙ࢉ࢘ࢇ

૛ ൰ = ૛࣊ ࢍ࢕࢒
√૚ − ࢑ + √૚ + ࢑

૛  
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⇒ න
ࢇ)ࢍ࢕࢒ − ࢞૛)
√૚ − ࢞૛

૚

૙
࢞ࢊ =

࣊
૛ ࢍ࢕࢒

૛ࢇ − ૚
૛ + ࣊ ࢍ࢕࢒

√૚ − ࢑ + √૚ + ࢑
૛

= ࣊ ඨࢍ࢕࢒
૛ࢇ − ૚
૛ + ࢍ࢕࢒࣊

ට૚ − ૚
૛ࢇ − ૚ + ට૚ + ૚

૛ࢇ − ૚
૛

= ࣊ ቌඨࢍ࢕࢒
૛ࢇ − ૚
૛ .

√૛ࢇ − ૛ + √૛ࢇ
૛√૛ࢇ − ૚

ቍ = ࣊ ࢍ࢕࢒
൫√ࢇ − ૚ + ൯ࢇ√

૛  

= ࣊ ࢍ࢕࢒
ࢇቆටࢇ√ − ૚

ࢇ + ૚ቇ

૛ = ࣊ ࢍ࢕࢒
ࢇ√
૛ + ࣊ ቌඨࢍ࢕࢒

ࢇ − ૚
ࢇ + ૚ቍ ⇒ ࡷ

= −
࣊
૝ ࢍ࢕࢒

ࢇ) − ૚) +
࣊
૛ ࢍ࢕࢒

ࢇ√
૛ +

࣊
૛ ࢍ࢕࢒

ቌඨ
ࢇ − ૚
ࢇ + ૚ቍ

=
࣊
૛ ቌࢍ࢕࢒

ඨࢇ − ૚
ࢇ + ૚ቍ +

࣊
૝ ࢍ࢕࢒

ࢇ
૝ −

࣊
૝ ࢍ࢕࢒

ࢇ) − ૚) +
࣊
૛ ࢍ࢕࢒ ቌ

ඨࢇ− ૚
ࢇ + ૚ቍ 

=
࣊
૝ ࢍ࢕࢒

ࢇ
૝(ࢇ − ૚) +

࣊
૛ ࢍ࢕࢒

ቌඨ
−ࢇ ૚
ࢇ + ૚ቍ =

࣊
૛ ࢍ࢕࢒

ቌඨ
ࢇ − ૚
ࢇ + ૚ቍ −

࣊
૝ ࢍ࢕࢒

૝(ࢇ − ૚)
ࢇ  

⇒ ࡵ = ࡷࡶ = ඨࢍ࢕࢒
࢈

࢈ − ૚
ቌ
࣊
૛
ቌඨࢍ࢕࢒

ࢇ − ૚
ࢇ

+ ૚ቍ −
࣊
૝
ࢍ࢕࢒

૝(ࢇ − ૚)
ࢇ

ቍ

=
࣊
૝
ቌ૛ ඨࢍ࢕࢒

࢈
࢈ − ૚

ቌඨࢍ࢕࢒
ࢇ − ૚
ࢇ

+ ૚ቍ− ඨࢍ࢕࢒
࢈

−࢈ ૚
ࢍ࢕࢒

૝(ࢇ − ૚)
ࢇ

ቍ  (ࡰ.ࡱ.ࡽ)

2155. Find: 

ષ = න
࢞ ૚)܏ܗܔ + ࢞)

࢞૜ + ૚
࢞ࢊ

ஶ

૙
 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by Le Thu-Vietnam 

ષ = න
૚)܏ܗܔ࢞ + ࢞)

࢞૜ + ૚ ࢞ࢊ
ஶ

૙
= න න

࢞૛

(૚ + ࢟࢞)(࢞૜ + ૚)࢞ࢊ࢟ࢊ
૚

૙

ஶ

૙
= 
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= න න
࢞૛

(૚ + ࢟࢞)(࢞૜ + ૚)࢟ࢊ࢞ࢊ
ஶ

૙

૚

૙
= න න

૚
(࢞૛ − ࢞ + ૚)(࢞ + ૚)(࢞ + ࢟ࢊ࢞ࢊ(࢟

ஶ

૙

૚

૙
 

࢞૛

(૚ + ࢟࢞)(࢞૜ + ૚) =
(࢟+ ૛)࢞ + ࢟ − ૚

૜(࢟૛ + ࢟ + ૚)(࢞૛ − ࢞ + ૚) +
࢟

(࢟૜ − ૚)(૚+ (ࢠ࢟ +
૚

૜(૚ − ࢟)(࢞+ ૚) 

 :ࢋ࢜ࢇࢎ	ࢋ࢝,ࢊ࢔ࢇࢎ	࢘ࢋࢎ࢚࢕	ࢋࢎ࢚	࢔ࡻ

න
࢞

࢞૛ − ࢞ + ૚࢞ࢊ
ஶ

૙
=
૚
૛ ܏ܗܔ

(࢞૛ − ࢞ + ૚) +
൬૛࢞ܖ܉ܜ܋ܚ܉ − ૚

√૜
൰

√૜
ተ

૙

ஶ

= 

=
૛࣊√૜
ૢ +

૚
૛ ஶ→ࢼܕܑܔ

૛ࢼ)܏ܗܔ − ࢼ + ૚) 

න
૚

࢞૛ − ࢞ + ૚࢞ࢊ
ஶ

૙
=
૛ܖ܉ܜ܋ܚ܉ ൬૛࢞ − ૚

√૜
൰

√૜
ተ

૙

ஶ

=
૝࣊
૜√૜

 

න
૚

૚ + ࢞ࢊ࢞࢟
ஶ

૙
=
+૚)܏ܗܔ ࢞࢟)

࢟ ቤ
૙

ஶ

=
૚
࢟ ஶ→ࢼܕܑܔ

૚)܏ܗܔ +  (࢟ࢼ

න
૚

࢞ + ૚
࢞ࢊ

ஶ

૙
= ࢞)܏ܗܔ + ૚)|૙ஶ = ܕܑܔ

ஶ→ࢼ
ࢼ)܏ܗܔ + ૚) 

 :࢔࢏ࢇ࢚࢈࢕	࢔ࢇࢉ	ࢋ࢔࢕,࢓ࢋࢎ࢚	ࢌ࢕	࢒࢒ࢇ	ࢍ࢔࢏࢓࢓࢛ࡿ

න
૚

(࢞૜ + ૚)(࢞ + ࢞ࢊ(࢟
ஶ

૙
=
૛√૜࣊
ૢ ⋅

࢟
࢟૛ + ࢟ + ૚ +

܏ܗܔ ࢟
࢟૜ − ૚ 

න
࢟

࢟૛ + ࢟ + ૚ ࢟ࢊ
૚

૙
=
૚
૛ ܏ܗܔ

(࢟૛ + ࢟ + ૚) −
ܖ܉ܜ܋ܚ܉ ൬૛࢟ − ૚

√૜
൰

√૜
ተ

૙

૚

=
܏ܗܔ ૜
૛ −

࣊√૜
૚ૡ  

න
܏ܗܔ ࢟
࢟૜ − ૚࢟ࢊ

૚

૙
= −

૚
ૢන

࢟
૚
૜ି૚ ܏ܗܔ ࢟
૚ − ࢟ ࢟ࢊ

૚

૙
=
૚
ૢ࣒૚ ൬

૚
૜൰ 

ષ,ࢋࢉ࢔ࢋࡴ =
૛√૜࣊
ૢ ቆ

૜܏ܗܔ
૛ −

࣊√૜
૚ૡ ቇ +

࣒૚ ቀ
૚
૜ቁ

ૢ =
૜܏ܗܔ࣊
૜√૜

−
࣊૛

૛ૠ +
࣒૚ ቀ

૚
૜ቁ

ૢ 		 

Solution 2 by Ankush Kumar Parcha-India 

ષ = න
࢞ +૚)܏ܗܔ ࢞)

࢞૜ + ૚ ࢞ࢊ
ஶ

૙
=
࢞ୀ૚࢟

න
࢟૛ ૚)܏ܗܔ + ࢟)
࢟(૚ + ࢟૜)

࢟ࢊ
࢟૛

ஶ

૙
−න

࢟૜ ࢟܏ܗܔ
࢟(૚ + ࢟૜)

ஶ

૙

࢟ࢊ
࢟૛  

૛ષ = න
(૚ + ࢞) ૚)܏ܗܔ + ࢞)

(૚+ ࢞)(࢞૛ − ࢞ + ૚)࢞ࢊ
ஶ

૙
− න

܏ܗܔ ࢞
૚ + ࢞૜ ࢞ࢊ

ஶ

૙
 

න න
࢞

(࢞૛ − ࢞ + ૚)(૚+ ࢇࢊ࢞ࢊ(࢞ࢇ
ஶ

૙

૚

૙
−න

܏ܗܔ ࢞
૚ + ࢞૜ ࢞ࢊ

ஶ

૙
= 
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= න න
૚

(࢞૛ − ࢞ + ૚)(࢞ + ࢇࢊ࢞ࢊ(ࢇ
ஶ

૙

૚

૙
−න

࢞܏ܗܔ
૚ + ࢞૜ ࢞ࢊ

ஶ

૙
; 		(૚) 

૚ࡵ	ࢋ࢈	࢚ࢋࡸ = න න
૚

(࢞૛ − ࢞ + ૚)(࢞ + ࢟ࢊ࢞ࢊ(ࢇ
ஶ

૙

૚

૙
૛ࡵ	ࢊ࢔ࢇ	 = න

࢞܏ܗܔ
૚ + ࢞૜ ࢞ࢊ

ஶ

૙
 

૚ࡵ = න න
૚

(࢞૛ − ࢞ + ૚)(࢞ + ࢇࢊ࢞ࢊ(ࢇ
ஶ

૙

૚

૙
= න න

૚
૛ࢇ + +ࢇ ૚ ൬

૚
࢞ + ࢇ −

ࢇ + ૚ − ࢞
࢞૛ − ࢞ + ૚൰ࢇࢊ࢞ࢊ

ஶ

૙

૚

૙
 

∵ න
࢞ࢊ

૛࢞ࢇ + ࢞࢈ + ࢉ =
૛

√૝ࢉࢇ − ૛࢈
૚ିܖ܉ܜ ൬

૛࢞ࢇ + ࢈
√૝ࢉࢇ − ૛࢈

൰+  	ࢊ࢔ࢇ	࡯

න
࢞

૛࢞ࢇ + +࢞࢈ ࢞ࢊࢉ =
૚
૛ࢇ ܏ܗܔ

૛࢞ࢇ) + ࢞࢈ +  (ࢉ

૚ࡵ = න
૚

૛ࢇ + +ࢇ ૚ ቈ࢞ܕܑܔ→ஶ ܏ܗܔ
(࢞ + (ࢇ − ܏ܗܔ +ࢇ

૛(ࢇ + ૚)
√૜

૚ିܖ܉ܜ ൬
૛࢞ − ૚
√૜

൰ฬ
૙

ஶ૚

૙

−
૛࢞)܏ܗܔ − ࢞ + ૚)

૛ ቤ
૙

ஶ

−
૚
√૜

૚ିܖ܉ܜ ൬
૛࢞ − ૚
√૜

൰ฬ
૙

ஶ	

቉  ࢇࢊ

૚ࡵ = න
૚

૛ࢇ + ࢇ + ૚ ቈ࢞ܕܑܔ→ஶ ܏ܗܔ ൬
࢞ + ࢇ

√࢞૛ − ࢞ + ૚
൰ − ܏ܗܔ ࢇ +

૝࣊(ࢇ+ ૚)
૜√૜

−
૛࣊
૜√૜

቉ࢇࢊ
૚

૙
= 

=
૛࣊√૜
ૢ න

૛ࢇ + ૚
૛ࢇ + +ࢇ ૚ࢇࢊ

૚

૙
− න

(૚ − (ࢇ ࢇ܏ܗܔ
(૚ − ૛ࢇ)(ࢇ + +ࢇ ૚)ࢇࢊ

૚

૙
 

∵ ܕܑܔ
࢞→ஶ

܏ܗܔ ൬
࢞ + ࢇ

√࢞૛ − ࢞ + ૚
൰ = ૙		 

૚ࡵ = ૛࣊√૜
૛ࢇ)܏ܗܔ + +ࢇ ૚)

ૢ ቤ
૙

૚

−෍න ࢞૜࢔ ܏ܗܔ ࢞
૚

૙
࢞ࢊ

ஶ

ୀ૙࢔

+ ෍࢞૜࢔ା૚ ܏ܗܔ ࢞ࢊ࢞
ஶ

ୀ૙࢔

 

∵ න ࢓࢞ ࢔܏ܗܔ ࢞ࢊ࢞
૚

૙
=

(−૚)࢔࢔!
࢓) + ૚)࢔ା૚ ࢓, ≠ −૚,࢔ > −1 

૚ࡵ =
૛࣊√૜
ૢ ܏ܗܔ ૜ +

૚
ૢ෍

૚

ቀ࢔ + ૚
૜ቁ

૛

ஶ

ୀ૙࢔

−
૚
ૢ෍

૚

ቀ࢔ + ૛
૜ቁ

૛

ஶ

ୀ૙࢔

= 

=
૛࣊√૜
ૢ ܏ܗܔ ૜ +

૚
ૢ࣒

(૚) ൬
૚
૜൰ −

૚
ૢ࣒

(૚) ൬
૛
૜൰ 

∵ ૚)(࢓)࣒ − (ࢠ = (−૚)࢓ା૚࢓!෍
૚

+࢔) ࢓૚ା(ࢠ

ஶ

ୀ૙࢔
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૚ࡵ =
࣊√૜
ૢ ܏ܗܔ ૢ +

૚
ૢ࣒

(૚) ൬
૚
૜൰ −

૚
ૢ
቎−࣒(૚) ൬

૚
૜൰ +

࣊૛

૛ܖܑܛ ቀ࣊૜ቁ
቏ = 

=
࣊√૜
ૢ ܏ܗܔ ૢ −

૝࣊૛

૛ૠ +
૛
ૢ࣒

(૚) ൬
૚
૜൰ 

∵ ࣒(૚)(૚ − (ࢠ = −࣒(૚)(ࢠ)− ࣊
ࢊ
ࢠࢊ ܜܗ܋

 (ࢠ࣊)

૛ࡵ = න
܏ܗܔ ࢞
૚ + ࢞૜

࢞ࢊ
ஶ

૙
= න

࢞܏ܗܔ
૚ + ࢞૜

࢞ࢊ
૚

૙
+න

܏ܗܔ ࢞
૚ + ࢞૜

࢞ࢊ
ஶ

૚
= 

= න
܏ܗܔ ࢞
૚ + ࢞૜

࢞ࢊ
૚

૙
+න

࢟૛ ⋅ ࢟ ܏ܗܔ ቀ૚࢟ቁ

૚ + ࢟૜
࢟ࢊ
࢟૛

૚

૙
= 

= ෍(−૚)࢔න ࢞૜࢔ ܏ܗܔ ࢞
૚

૙
࢞ࢊ

ஶ

ୀ૙࢔

−෍(−૚)࢔න ࢟૜࢔ା૚ ܏ܗܔ ࢟ࢊ࢟
૚

૙

ஶ

ୀ૙࢔

=
૚
ૢ
෍

(−૚)࢔ା૚

ቀ࢔+ ૚
૜ቁ

૛

ஶ

ୀ૙࢔

−
૚
ૢ
෍

(−૚)࢔ା૚

ቀ࢔ + ૛
૜ቁ

૛

ஶ

ୀ૙࢔

 

૜૟ࡵ૛ = ࣒(૚) ൬
૛
૜൰ − ࣒(૚) ൬

૚
૟൰ − ࣒(૚) ൬

૞
૟൰ + ࣒(૚) ൬

૚
૜൰ = 

= −࣒(૚) ൬
૚
૜൰ +

࣊૛

૛ܖܑܛ ቀ࣊૜ቁ
− ቎࣒(૚) ൬

૚
૟൰ −࣒(૚) ൬

૚
૟൰+

࣊૛

૛ܖܑܛ ࣊૟
቏+ ࣒(૚) ൬

૚
૜൰ 

૜૟ࡵ૛ =
૝࣊૛

૜ − ૝࣊૛ = −
ૡ
૜࣊

૛ ⇒ ૛ࡵ = −
૛࣊૛

૛ૠ  

 :࢚ࢋࢍ	ࢋ࢝,(૚)	࢔࢕࢏࢚ࢇ࢛ࢗࢋ	ࢋࢎ࢚	࢔࢏	૛ࡵ	ࢊ࢔ࢇ	૚ࡵ	ࢌ࢕	࢙ࢋ࢛࢒ࢇ࢜	ࢋࢎ࢚	ࢍ࢔࢏࢚࢚࢛ࡼ

૛ષ =
૛࣊√૜
ૢ ܏ܗܔ ૜ −

૝࣊૛

૛ૠ +
૛
ૢ࣒

(૚) ൬
૚
૜൰ +

૛࣊૛

૛ૠ = ૛ ቈ
࣊√૜
ૢ ૜܏ܗܔ −

࣊૛

૛ૠ +
૚
ૢ࣒

(૚) ൬
૚
૜൰቉ 

ષ = න
࢞ ૚)܏ܗܔ + ࢞)

࢞૜ + ૚ ࢞ࢊ
ஶ

૙
=
࣊√૜
ૢ ܏ܗܔ ૜ −

࣊૛

૛ૠ +
૚
ૢ࣒

(૚) ൬
૚
૜൰		 

 

2156. Prove that: 

ࡵ = න න න
࢞)࢙࢕ࢉ + ࢟ − (ࢠ ૛ࢍ࢕࢒ ࢞ ૛ࢍ࢕࢒ ૛ࢍ࢕࢒࢟ ࢠ

ඥ࢞࢟ࢠ

∞

૙

∞

૙

∞

૙
ࢠࢊ࢟ࢊ࢞ࢊ

=
࣊√࣊
૚૛ૡ√૛

(૛ࢽ +࣊ + ૝ ࣊+ࢽ૛)૛[(૛ࢍ࢕࢒ + ૝ ૛)૝ࢍ࢕࢒ + (૛ࢽ − ࣊ + ૝  [૛)૝ࢍ࢕࢒

Proposed by Amin Hajiyev-Azerbaijan 
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Solution by Pham Duc Nam-Vietnam 
 

∗ By	symmetry:⇒ ࡵ = න න න
࢞)࢙࢕ࢉ + ࢠ − ࢟) ૛ࢍ࢕࢒ ࢞ ૛ࢍ࢕࢒ ࢟ ૛ࢍ࢕࢒ ࢠ

ඥ࢞࢟ࢠ

∞

૙

∞

૙

∞

૙
ࢠࢊ࢟ࢊ࢞ࢊ

= න න න
࢟)࢙࢕ࢉ + ࢠ − ࢞) ૛ࢍ࢕࢒ ࢞ ૛ࢍ࢕࢒ ૛ࢍ࢕࢒࢟ ࢠ

ඥ࢞࢟ࢠ

∞

૙

∞

૙

∞

૙
 ࢠࢊ࢟ࢊ࢞ࢊ

⇒ ૜ࡵ = න න න
࢞)࢙࢕ࢉ) + ࢟ − (ࢠ + ࢞)࢙࢕ࢉ + ࢠ − ࢟) + ࢟)࢙࢕ࢉ + ࢠ − ࢞)) ૛ࢍ࢕࢒ ࢞ ૛ࢍ࢕࢒ ࢟ ૛ࢍ࢕࢒ ࢠ

ඥ࢞࢟ࢠ

∞

૙

∞

૙

∞

૙
 ࢠࢊ࢟ࢊ࢞ࢊ

= න න න
(૜࢙࢕ࢉ ࢙࢟࢕ࢉ࢞ ࢙࢕ࢉ +ࢠ ࢠ࢙࢕ࢉ࢟࢔࢏࢙࢞࢔࢏࢙ + ࢞࢔࢏࢙ ࢙࢟࢕ࢉࢠ࢔࢏࢙ + ࢠ࢔࢏࢙࢟࢔࢏࢙ (࢙࢞࢕ࢉ ૛ࢍ࢕࢒ ࢞ ૛ࢍ࢕࢒ ૛ࢍ࢕࢒࢟ ࢠ

ඥ࢞࢟ࢠ

∞

૙

∞

૙

∞

૙
 ࢠࢊ࢟ࢊ࢞ࢊ

By	symmetry:⇒ ૜ࡵ

= න න න
(૜࢙࢕ࢉ ࢞ ࢙࢟࢕ࢉ ࢠ࢙࢕ࢉ + ૜ ࢞࢔࢏࢙ ࢟࢔࢏࢙ (ࢠ࢙࢕ࢉ ૛ࢍ࢕࢒ ࢞ ૛࢟ࢍ࢕࢒ ૛ࢍ࢕࢒ ࢠ

ඥ࢞࢟ࢠ

∞

૙

∞

૙

∞

૙
ࢠࢊ࢟ࢊ࢞ࢊ ⇒ ࡵ

= න න න
࢙࢞࢕ࢉ) ࢙࢕ࢉ ࢟ ࢠ࢙࢕ࢉ + ࢔࢏࢙ ࢞ ࢟࢔࢏࢙ (ࢠ࢙࢕ࢉ ૛ࢍ࢕࢒ ࢞ ૛ࢍ࢕࢒ ૛ࢍ࢕࢒࢟ ࢠ

ඥ࢞࢟ࢠ

∞

૙

∞

૙

∞

૙
 ࢠࢊ࢟ࢊ࢞ࢊ

= ቆන
࢙࢞࢕ࢉ ૛ࢍ࢕࢒ ࢞

√࢞
࢞ࢊ

∞

૙
ቇ
૜

+ ቆන
࢞࢔࢏࢙ ૛ࢍ࢕࢒ ࢞

√࢞

∞

૙
ቇ
૛

ቆන
࢙࢕ࢉ ࢞ ૛ࢍ࢕࢒ ࢞

√࢞
࢞ࢊ

∞

૙
ቇ

= ቆන
࢙࢞࢕ࢉ ૛ࢍ࢕࢒ ࢞

√࢞
࢞ࢊ

∞

૙
ቇ൭ቆන

࢙࢞࢕ࢉ ૛ࢍ࢕࢒ ࢞
√࢞

࢞ࢊ
∞

૙
ቇ
૛

+ ቆන
࢞࢔࢏࢙ ૛ࢍ࢕࢒ ࢞

√࢞

∞

૙
ቇ
૛

൱ (∗) 

∗ Let:ષ(࢑) = න ࢞࢑ ࢞ࢊ࢙࢞࢕ࢉ
∞

૙
⇒න

࢙࢞࢕ࢉ ૛ࢍ࢕࢒ ࢞
√࢞

࢞ࢊ
∞

૙
= ࢓࢏࢒

࢑→ି૚૛

ࣔ૛

ࣔ࢑૛
න ࢞࢑ ࢞ࢊ࢙࢞࢕ࢉ

∞

૙
 

(࢑)ࢹ = বන ࢞ࢊ࢑࢞࢞࢏ିࢋ = ࢑)ࢣ + ૚)ব൫࢑ିି࢏૚൯
∞

૙

= ࢑)ࢣ− + ૚)࢙࢔࢏
࣊࢑
૛

,	taking	2nd	derivative	and	taking	the	limit	to	get: 

න
࢙࢞࢕ࢉ ૛ࢍ࢕࢒ ࢞

√࢞
࢞ࢊ

∞

૙
= ࢓࢏࢒

࢑→ି૚૛

ࣔ૛

ࣔ࢑૛
න ࢞࢑ ࢙࢕ࢉ ࢞ࢊ࢞

∞

૙

= ࢓࢏࢒
࢑→ି૚૛

൥
૚
૝
࢑)ࢣ + ૚)൭−૝࢙࣊࢕ࢉ

࣊࢑
૛
࣒(࢞ + ૚)− ૝࢙࢔࢏

࣊࢑
૛
࣒૛(࢞ + ૚)

+ ࢔࢏࢙
࣊࢑
૛
ቀ࣊૛ − ૝࣒(૚)(࢞ + ૚)ቁቇ൩ =

૚
૝
ට
࣊
૛
ቆ࣊ − ૛࣒൬

૚
૛
൰ቇ

૛

 

Use	identity:࣒ ൬
૚
૛
൰ = ࢽ− − ૛ ૛ࢍ࢕࢒ ⇒ න

࢙࢞࢕ࢉ ૛ࢍ࢕࢒ ࢞
√࢞

࢞ࢊ
∞

૙
=
૚
૝
ට
࣊
૛
൫࣊− ૛(−ࢽ− ૛ ૛)൯૛ࢍ࢕࢒

=
૚
૝
ට
࣊
૛

(࣊ + ૛ࢽ+ ૝ ૛)૛ࢍ࢕࢒ =
૚
૝
ට
࣊
૛

(૛ࢽ+࣊ + ૝  ૛)૛ࢍ࢕࢒



 
www.ssmrmh.ro 

85 RMM-CALCULUS MARATHON 2101-2200 
 

න
࢞࢔࢏࢙ ૛ࢍ࢕࢒ ࢞

√࢞
࢞ࢊ

∞

૙
= ࢓࢏࢒

࢑→ି૚૛

ࣔ૛

ࣔ࢑૛
න ࢞࢑ ࢞ࢊ࢞࢔࢏࢙

∞

૙

= ࢓࢏࢒
࢑→ି૚૛

ࣔ૛

ࣔ࢑૛
ণන ࢞ࢊ࢑࢞࢞࢏ିࢋ− = ࢓࢏࢒

࢑→ି૚૛

ࣔ૛

ࣔ࢑૛
࢑)ࢣ−ൣ + ૚)ণ൫࢑ିି࢏૚൯൧

∞

૙

= ࢓࢏࢒
࢑→ି૚૛

ࣔ૛

ࣔ࢑૛
൤࢑)ࢣ+ ૚)࢙࢕ࢉ

࣊࢑
૛
൨ 

= ࢓࢏࢒
࢑→ି૚૛

൥−
૚
૝
࢑)ࢣ + ૚)൭−૝࢙࢕ࢉ

࣊࢑
૛
࣒૛(࢞ + ૚) + ૝࣊ ࢔࢏࢙

࣊࢑
૛
࣒(࢞ + ૚)

+ ࢙࢕ࢉ
࣊࢑
૛
ቀ࣊૛ − ૝࣒(૚)(࢞ + ૚)ቁቇ൩ =

૚
૝
ට
࣊
૛
ቆ࣊+ ૛࣒൬

૚
૛
൰ቇ

૛

=
૚
૝
ට
࣊
૛
൫࣊ + ૛(−ࢽ − ૛ ૛)൯૛ࢍ࢕࢒ =

૚
૝
ට
࣊
૛

(࣊ − ૛ࢽ − ૝ ૛)૛ࢍ࢕࢒

=
૚
૝
ට
࣊
૛

(૛ࢽ −࣊ + ૝  ૛)૛ࢍ࢕࢒

∗ Combine	these	results	to(∗) ⇒ ࡵ

=
૚
૝
ට
࣊
૛

(૛ࢽ +࣊ + ૝ ૛)૛ࢍ࢕࢒ ቂ
࣊
૜૛

(૛ࢽ +࣊ + ૝ ૛)૝ࢍ࢕࢒ +
࣊
૜૛

(૛ࢽ −࣊ + ૝ ૛)૝ቃࢍ࢕࢒

=
√࣊
૝√૛

.
࣊
૜૛

(૛ࢽ+ ࣊+ ૝ +ࢽ૛)૛[(૛ࢍ࢕࢒ ࣊+ ૝ ૛)૝ࢍ࢕࢒ + (૛ࢽ − ࣊ + ૝  [૛)૝ࢍ࢕࢒

=
࣊√࣊
૚૛ૡ√૛

(૛ࢽ+ ࣊+ ૝ +ࢽ૛)૛[(૛ࢍ࢕࢒ ࣊ + ૝ ૛)૝ࢍ࢕࢒ + (૛ࢽ− ࣊+ ૝ࢍ࢕࢒૛)૝](ࡰ.ࡱ.ࡽ) 

2157. Prove that: 

ࡵ = ෍න ࢑ࢍ࢕࢒
࢙࢞࢕ࢉ − ࢔࢏࢙ ࢞
࢙࢞࢕ࢉ + ࢔࢏࢙ ࢞

࢞ࢊ =
࣊૜

૜૛
(૝ + ૞࣊૛)

࣊
૝

ି࣊
૝

૞

࢑ୀ૚

 

Proposed by Ankush Kumar Parcha-India 
Solution by Pham Duc Nam-Vietnam 

∗ ࡵ = න ૛ࢍ࢕࢒
࢙࢕ࢉ ࢞ − ࢞࢔࢏࢙
࢙࢕ࢉ ࢞+ +࢞ࢊ࢞࢔࢏࢙ න ૝ࢍ࢕࢒

࢙࢞࢕ࢉ − ࢞࢔࢏࢙
࢙࢞࢕ࢉ + ࢞ࢊ࢞࢔࢏࢙

࣊
૝

ି࣊
૝

࣊
૝

ି࣊
૝

= ࡶ + ࡷ

∴ ൭࢑ = ૚,૜,૞

⇒ න ࢞ࢊ(࢞)ࢌ
࣊
૝

ି࣊
૝

= න ࢞ࢊ(࢞)ࢌ
૙

ି࣊
૝

+ න ,࢞ࢊ(࢞)ࢌ ࢞:࢚ࢋ࢒ = −࢞	for	the	ϐirst⇒ න ࢞ࢊ(࢞)ࢌ = −න ࢞ࢊ(࢞)ࢌ
࣊
૝

૙
+ න ࢞ࢊ(࢞)ࢌ = ૙

࣊
૝

૙

࣊
૝

ି࣊
૝

࣊
૝

૙
൱ 
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∗ ࡶ = ૛න ૛ࢍ࢕࢒
࢙࢞࢕ࢉ − ࢞࢔࢏࢙
࢙࢞࢕ࢉ + ࢞ࢊ࢞࢔࢏࢙

࣊
૝

૙
= ૛න ૛ࢍ࢕࢒ ࢔ࢇ࢚ ቀ࢞ +

࣊
૝
ቁ

࣊
૝

૙
࢞ࢊ

= න ૛ࢍ࢕࢒ ࢔ࢇ࢚ ࢞
࣊
૛

૙
,࢞ࢊ :࢚ࢋ࢒ ࢔ࢇ࢚ ࢞ =  ࢛ࢋ

⇒ ࡶ = න
࢛૛࢛ࢋ

૛࢛ࢋ + ૚࢛ࢊ =
∞

ି∞
૛න

࢛૛࢛ିࢋ

૛࢛ିࢋ + ૚࢛ࢊ
∞

૙

= ૛න ࢛૛෍(−૚)ିࢋ࢑(૛࢑ା૚)࢛࢛ࢊ
∞

࢑ୀ૙

∞

૙

= ૛෍(−૚)࢑න ࢛૛ିࢋ(૛࢑ା૚)࢛࢛ࢊ = ૝෍
(−૚)࢑

(૛࢑+ ૚)૜ = ૝ࢼ(૜) = ૝.
࣊૜

૜૛ =
࣊૜

ૡ

∞

࢑ୀ૙

∞

૙

∞

࢑ୀ૙

 

∗ ࡷ = ૛න ૝ࢍ࢕࢒
࢙࢞࢕ࢉ − ࢞࢔࢏࢙
࢙࢞࢕ࢉ + ࢞ࢊ࢞࢔࢏࢙

࣊
૝

૙
= ૛න ૝ࢍ࢕࢒ ࢔ࢇ࢚ ቀ࢞ +

࣊
૝
ቁ

࣊
૝

૙
࢞ࢊ

= න ૝ࢍ࢕࢒ ࢔ࢇ࢚ ࢞
࣊
૛

૙
,࢞ࢊ :࢚ࢋ࢒ ࢔ࢇ࢚ ࢞ =  ࢛ࢋ

⇒ ࡷ = න
࢛૝࢛ࢋ

૛࢛ࢋ + ૚࢛ࢊ =
∞

ି∞
૛න

࢛૝࢛ିࢋ

૛࢛ିࢋ + ૚࢛ࢊ
∞

૙

= ૛න ࢛૝෍(−૚)ିࢋ࢑(૛࢑ା૚)࢛࢛ࢊ
∞

࢑ୀ૙

∞

૙

= ૛෍(−૚)࢑න ࢛૝ିࢋ(૛࢑ା૚)࢛࢛ࢊ
∞

૙

∞

࢑ୀ૙

= ૝ૡ෍
(−૚)࢑

(૛࢑ + ૚)૞ = ૝ૡࢼ(૞) = ૝ૡ.
૞࣊૞

૚૞૜૟ =
૞࣊૞

૜૛

∞

࢑ୀ૙

 

⇒ ࡵ =
࣊૜

ૡ +
૞࣊૞

૜૛ =
࣊૜

૜૛
(૝ + ૞࣊૛)(ࡰ.ࡱ.ࡽ) 

ܜ܉ܐܜ	܍ܞܗܚ۾ .2158 ∶ 

ષ = ෍
(−૚)ି࢔૚࢔૛

(૛࢔ − ૚)૜

ஶ

ୀ૚࢔

=
૚
૚૛ૡ

(૟૝ࡳ + ૡ࣊ + ࣊૜) 

 .ܜܖ܉ܜܛܖܗ܋	ܛᇱܖ܉ܔ܉ܜ܉۱	ܛܑ	ࡳ	܍ܚ܍ܐܟ

Proposed by Mohammad Hamed Nasery-Afghanistan 
Solution by Amin Hajiyev-Azerbaijan 

		ષ = ෍
(−૚)ି࢔૚࢔૛

(૛࢔ − ૚)૜

ஶ

ୀ૚࢔

= ෍
(−૚)࢔)࢔ + ૚)૛

(૛࢔ + ૚)૜

ஶ

ୀ૙࢔

= 
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= ෍
(−૚)࢔࢔૛

(૛࢔ + ૚)૜

ஶ

ୀ૙࢔

+ ૛෍
(−૚)࢔࢔

(૛࢔+ ૚)૜

ஶ

ୀ૙࢔

+ ෍
(−૚)࢔

(૛࢔ + ૚)૜

ஶ

ୀ૙࢔

= 

=
૚
૝෍

(−૚)࢔

૛࢔+ ૚

ஶ

ୀ૙࢔

−
૚
૛෍

(−૚)࢔

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

+
૞
૝෍

(−૚)࢔

(૛࢔ + ૚)૜

ஶ

ୀ૙࢔

+ ૛෍
(−૚)࢔࢔

(૛࢔+ ૚)૜

ஶ

ୀ૙࢔

 

(࢞)ࢌ =
૚

૚ + ࢞ = ෍(−૚)࢔࢞࢔
ஶ

ୀ૙࢔

,
ࢊ
ࢌ࢞ࢊ

(࢞) = −
࢞

(૚ + ࢞)૛ = ෍࢔(−૚)࢔࢞࢔
ஶ

ୀ૙࢔

		 

ષ =
૚
૝෍

(−૚)࢔න ࢞૛࢔
૚

૙
࢞ࢊ

ஶ

ୀ૙࢔

−
ࡳ
૛ +

૞࣊૜

૚૛ૡ + ෍(−૚)࢔࢔න ࢞૛࢔ ૛܏ܗܔ ࢞ࢊ࢞
૚

૙

ஶ

ୀ૙࢔

= 

=
૚
૝න

૚
૚ + ࢞૛

૚

૙
࢞ࢊ −

ࡳ
૛ +

૞࣊૜

૚૛ૡ −න
࢞૛ ૛܏ܗܔ ࢞
(૚ + ࢞૛)૛ ࢞ࢊ

૚

૙
 ࡼ࡮ࡵ=

=
࣊૛

૚૟ −
ࡳ
૛ +

૞࣊૜

૚૛ૡ −
૚
૛
ቂቀିܖ܉ܜ૚ ࢞ −

࢞
૚ + ࢞૛

ቁ ૛܏ܗܔ ࢞ቃ
૙

૚
+ න ૚ିܖ܉ܜ ࢞ ⋅

࢞܏ܗܔ
࢞ ࢞ࢊ

૚

૙

− න
࢞܏ܗܔ
૚ + ࢞૛ ࢞ࢊ

૚

૙
 ࡼ࡮ࡵ=

=
࣊
૚૟ −

ࡳ
૛ +

૞࣊૜

૚૛ૡ −෍
(−૚)࢔

(૛࢔+ ૚)૜

ஶ

ୀ૙࢔

− ૚ିܖ܉ܜ]− ࢞ ૙૚[࢞܏ܗܔ + න
૚ିܖ܉ܜ ࢞

࢞ ࢞ࢊ
૚

૙
= 

=
࣊
૚૟ −

ࡳ
૛ +

૞࣊૜

૚૛ૡ −
࣊૜

૜૛ + ෍
(−૚)࢔

(૛࢔ + ૚)૛

ஶ

ୀ૙࢔

න ࢞૛࢔
૚

૙
 ࢞ࢊ

ષ =
࣊
૚૟ −

ࡳ
૛ +

࣊૜

૚૛ૡ + ෍
(−૚)࢔

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

= −
ࡳ
૛ +

࣊
૚૟ +

࣊૜

૚૛ૡ + ࡳ = 

=
ࡳ
૛ +

࣊
૚૟ +

࣊૜

૚૛ૡ 

ࡳ − ࡳ,࢚࢔ࢇ࢚࢙࢔࢕ࢉ	ᇱ࢙࢔ࢇ࢒ࢇ࢚ࢇ࡯ = ෍
(−૚)࢔

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

= න
૚ିܖ܉ܜ ࢞

࢞ ࢞ࢊ
૚

૙
 

(૜)ࢼ = ෍
(−૚)࢔

(૛࢔+ ૚)૜

ஶ

ୀ૙࢔

=
࣊૜

૜૛  ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢇ࢚ࢋ࢈	ᇱ࢙࢚ࢋ࢒ࢎࢉ࢏࢘࢏ࡰ−

(૜)ࢼ = −න
૚ିܖ܉ܜ ࢞

࢞ ܏ܗܔ ࢞ࢊ࢞
૚

૙
=
࣊૜

૜૛		 
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2159. Prove that: 

ࡿ = ෍
૛૝࢔

(૛࢔ + ૚)૜(࡯૛࢔࢔ )૛ = ࡳ࣊− +
ૠ
૛ࣀ

(૜)
∞

ୀ૙࢔

 

Proposed by Amin Hajiyev-Azerbaijan 
Solution by Pham Duc Nam-Vietnam 

∗ From:࢔࢏࢙ࢉ࢘ࢇ૛(࢞) =
૚
૛෍

૝࢞࢔૛࢔

࢔࢔૛࡯૛࢔

∞

ୀ૚࢔

,	re-index:࢔ = ࢔ + ૚ ⇒ 

(࢞)૛࢔࢏࢙ࢉ࢘ࢇ =
૚
૛෍

૝࢔ା૚࢞૛࢔ା૛

+࢔) ૚)૛࡯૛࢔ା૛࢔ା૚

∞

ୀ૙࢔

 

ା૚࢔ା૛࢔૛࡯ =
(૛࢔ + ૛)!

࢔) + ૚)! (૛࢔ + ૛ − ࢔ − ૚)! =
(૛࢔+ ૛)(૛࢔+ ૚)(૛࢔)!

࢔) + ૚)! ࢔) + ૚)!

=
(૛࢔ + ૛)(૛࢔+ ૚)(૛࢔)!

࢔) + ૚)૛࢔!࢔! =
(૛࢔ + ૛)(૛࢔+ ૚)

+࢔) ૚)૛ ࢔࢔૛࡯  

⇒ (࢞)૛࢔࢏࢙ࢉ࢘ࢇ =
૚
૛෍

૝࢔ା૚࢞૛࢔ା૛

࢔) + ૚)૛ (૛࢔+ ૛)(૛࢔+ ૚)
࢔) + ૚)૛ ࢔࢔૛࡯

=
∞

ୀ૙࢔

૛෍
૝࢞࢔૛࢔ା૛

(૛࢔+ ૛)(૛࢔+ ૚)࡯૛࢔࢔

∞

ୀ૙࢔

⇒
(࢞)࢔࢏࢙ࢉ࢘ࢇ
√૚ − ࢞૛

= ෍
૝࢞࢔૛࢔ା૚

(૛࢔+ ૚)࡯૛࢔࢔

∞

ୀ૙࢔

 

⇒
(࢞)࢔࢏࢙ࢉ࢘ࢇ

࢞√૚ − ࢞૛
= ෍

૝࢞࢔૛࢔

(૛࢔+ ૚)࡯૛࢔࢔

∞

ୀ૙࢔

⇒ න
(࢞)࢔࢏࢙ࢉ࢘ࢇ

࢞√૚ − ࢞૛
࢞ࢊ = ෍

૝࢛࢔૛࢔ା૚

(૛࢔ + ૚)૛࡯૛࢔࢔

∞

ୀ૙࢔

࢛

૙
(૚) 

∗ න
(࢞)࢔࢏࢙ࢉ࢘ࢇ

࢞√૚ − ࢞૛
࢞ࢊ

࢛

૙
, ࢞:࢚ࢋ࢒ = (࢚)࢔࢏࢙ ⇒ ࢚ = (࢞)࢔࢏࢙ࢉ࢘ࢇ ⇒ ࢚ࢊ =

࢞ࢊ
√૚ − ࢞૛

⇒ න
(࢞)࢔࢏࢙ࢉ࢘ࢇ

࢞√૚ − ࢞૛
࢞ࢊ

࢛

૙
= න

࢚
࢚ࢊ(࢚)࢔࢏࢙

(࢛)࢔࢏࢙ࢉ࢘ࢇ

૙
 

⇒ (૚) ⇔ න
࢚

࢚ࢊ(࢚)࢔࢏࢙
(࢛)࢔࢏࢙ࢉ࢘ࢇ

૙
= ෍

૝࢛࢔૛࢔ା૚

(૛࢔ + ૚)૛࡯૛࢔࢔

∞

ୀ૙࢔

,let:࢛

= (࣐)࢔࢏࢙ 	and	use	Wallis	integral:න ࣐ࢊ(࣐)ା૚࢔૛࢔࢏࢙ =
૝࢔

(૛࢔ + ૚)࡯૛࢔࢔

࣊
૛

૙
 

⇒ න ࣐ࢊ
࣊
૛

૙
න

࢚
࢚ࢊ(࢚)࢔࢏࢙

࣐

૙
= න ෍

૝࢔ ା૚࢔૛(࣐)࢔࢏࢙

(૛࢔+ ૚)૛࡯૛࢔࢔

∞

ୀ૙࢔

࣐ࢊ
࣊
૛

૙
= ෍

(૛)૝࢔

(૛࢔+ ૚)૜(࡯૛࢔࢔ )૛ = ࡿ
∞

ୀ૙࢔
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∗ න ࣐ࢊ
࣊
૛

૙
න

࢚
࢚ࢊ(࢚)࢔࢏࢙

࣐

૙
, ൝
ݑ = ݐ

ݒ݀ =
࢚ࢊ

(࢚)࢔࢏࢙
⇒ ൝

ݑ݀ = ݐ݀

ݒ = ࢍ࢕࢒ ൬࢚࢔ࢇ
࢚
૛൰

⇒ න ࣐ࢊ
࣊
૛

૙
න

࢚
࢚ࢊ(࢚)࢔࢏࢙

࣐

૙

= න ࣐ࢊ
࣊
૛

૙
൬࢚ ࢍ࢕࢒ ൬࢚࢔ࢇ

࢚
૛൰൰

อ
૙

࣐

−න ࣐ࢊ
࣊
૛

૙
න ൬࢔࢏࢙ࢍ࢕࢒

࢚
૛ − ࢙࢕ࢉࢍ࢕࢒

࢚
૛൰࢚ࢊ

࣐

૙
 

= න ࢔ࢇ࢚ࢍ࢕࢒࣐
࣐
૛ ࣐ࢊ

࣊
૛

૙
+ න ࣐ࢊ

࣊
૛

૙
න ൭෍

(࢑࢞)࢙࢕ࢉ
࢑

∞

࢑ୀ૚

−෍
(−૚)࢑ (࢑࢞)࢙࢕ࢉ

࢑

∞

࢑ୀ૚

൱
࣐

૙

= ࡳ࣊− +
ૠ
૝ ࣀ

(૜) + න ࣐ࢊ
࣊
૛

૙
൭෍

(࢑࣐)࢔࢏࢙
࢑૛ −෍

(−૚)࢑ (࢑࣐)࢔࢏࢙
࢑૛

∞

࢑ୀ૚

∞

࢑ୀ૚

൱ 

= ࡳ࣊− +
ૠ
૝ ࣀ

(૜) + ෍
૛࢙࢔࢏૛ ࣊࢑૝

࢑૜ −෍
(−૚)࢑૛ ૛࢔࢏࢙ ࣊࢑૝

࢑૜

∞

࢑ୀ૚

∞

࢑ୀ૚

= ࡳ࣊− +
ૠ
૝ ࣀ

(૜) + ෍
૚− ࢑૛࢙࣊࢕ࢉ

࢑૜ −෍
(−૚)࢑ ቀ૚ − ࢑૛࢙࣊࢕ࢉ ቁ

࢑૜

∞

࢑ୀ૚

∞

࢑ୀ૚

= ࡳ࣊− +
ૠ
૝ ࣀ

(૜) + ૛෍
૚− ࢑૛࢙࣊࢕ࢉ

࢑૜ − ૛෍
ቀ૚ − ૛࣊࢑૛࢙࢕ࢉ ቁ

ૡ࢑૜

∞

࢑ୀ૚

∞

࢑ୀ૚

 

= ࡳ࣊− +
ૠ
૝ ࣀ

(૜) +
ૠ
૝ ࣀ

(૜)− ૛෍
࢑૛࢙࣊࢕ࢉ
࢑૜ + ૛෍

(࢑࣊)࢙࢕ࢉ
ૡ࢑૜

∞

࢑ୀ૚

∞

࢑ୀ૚

= ࡳ࣊− +
ૠ
૛ ࣀ

(૜) − ૛ቆ−
૜
૜૛ ࣀ

(૜)ቇ +
૚
૝ ቆ−

૜
૝ࣀ

(૜)ቇ

= ࡳ࣊− +
ૠ
૛ ࣀ

(૜)(ࡰ.ࡱ.ࡽ) 
 :ܜ܉ܐܜ	܍ܞܗܚ۾ .2160

ષ = ෍
(−૚)࢔ ܏ܗܔ ࢔

૛࢔

ஶ

ୀ૚࢔

=
ૈ૛

૚૛
[૛ ૛܏ܗܔ + ઻ − ૚૛ ࡭܏ܗܔ +  [࣊܏ܗܔ

ܚ܍ܔܝ۳	ܛܑ	ࢽ	܍ܚ܍ܐܟ − ܚ܍ܐܛܑ܉ܔ۵	ܛܑ	࡭	܌ܖ܉	ܜܖ܉ܜܛܖܗ܋	ܑܖܗܚ܍ܐ܋ܛ܉ۻ −  .ܜܖ܉ܜܛܖܗ܋	ܖܑܔ܍ܓܖ۹ܑ

Proposed by Mohammad Hamed Nasery-Afghanistan 
Solution by Toubal Fethi-Algeria 
 

ષ = ෍
(−૚)࢔ ࢔܏ܗܔ

૛࢔

ஶ

ୀ૚࢔

= ૛෍
(࢔૛)܏ܗܔ

(૛࢔)૛

ஶ

ୀ૚࢔

−෍
࢔܏ܗܔ
૛࢔

ஶ

ୀ૚࢔

= 
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=
܏ܗܔ ૛
૛ ෍

૚
૛࢔

ஶ

ୀ૚࢔

−
૚
૛෍

܏ܗܔ ࢔
૛࢔

ஶ

ୀ૚࢔

=
܏ܗܔ ૛
૛ ⋅

࣊૛

૟ −
૚
૛෍

࢔܏ܗܔ
૛࢔

ஶ

ୀ૚࢔

= 

=
࣊૛ ૛܏ܗܔ
૚૛ −

૚
૛෍

࢔܏ܗܔ
૛࢔

ஶ

ୀ૚࢔

 

ෑ࢑	:࢚ࢉ࢛ࢊ࢕࢘࢖	࢘ࢋࢎ࢙࢏ࢇ࢒ࡳ	ࢋࢎ࢚	ࢍ࢔࢏࢙ࢁ
૚
࢑૛

ஶ

࢑ୀ૚

= ቆ
૚૛࡭

૛࣊ࢽࢋቇ

࣊૛
૟

 

܏ܗܔ ൭	ෑ࢑
૚
࢑૛

ஶ

࢑ୀ૚

൱ =
࣊૛

૟ ቆ܏ܗܔ
૚૛࡭

૛࣊ࢽࢋቇ , ෍
࢑܏ܗܔ
࢑૛

ஶ

࢑ୀ૚

= ૛࣊૛ ܏ܗܔ ࡭ −
࣊૛ ૛࣊܏ܗܔ

૟ −
࣊૛ࢽ
૟  

ષ =
࣊૛ ૛܏ܗܔ
૚૛ − ࣊૛ ࡭܏ܗܔ +

࣊૛ ૛܏ܗܔ
૚૛ +

࣊૛ ࣊܏ܗܔ
૚૛ +

࣊૛ࢽ
૚૛  

ષ =
ૈ૛

૚૛
[૛ ܏ܗܔ ૛ + ઻ − ૚૛ ܏ܗܔ ࡭ +  		[࣊܏ܗܔ

2161.	࢞૚ = ૚
૛

, ૛࢞࢔ା૚૛ + ඥ૚− ૛࢔࢞ = ૚,࢔ ≥ ૚. Find: 

ષ = ܕܑܔ
ஶ→࢔

(૛࢔ ⋅  (࢔࢞

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

࢔࢞	࢚ࢋࡸ = ܖܑܛ ࢻ , ା૚૛࢔૛࢞:࢔ࢋࢎ࢚ + ࢻܛܗ܋ = ૚ ⇒ ା૚࢔࢞ = ඨ૚− ࢻܛܗ܋
૛ = ܖܑܛ

ࢻ
૛ 

࢞૚ =
૚
૛ = ܖܑܛ

࣊
૟ ,࢞૛ = ܖܑܛ

࣊
૚૛ ,࢞૜ = ܖܑܛ

࣊
૛૝ 

࢔࢞ = ܖܑܛ ቀ
࣊
૜ ⋅ ૛

ቁ࢔ି ⇒
ܖܑܛ ቀ࣊૜ ⋅ ૛

ቁ࢔ି
૛ି࢔ →

࣊
૜ ࢔	࢙ࢇ	 → ∞ 

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ષ = ܕܑܔ
ஶ→࢔

(૛࢔ ⋅ (࢔࢞ =
࣊
૜.	 

 

2162. Find a closed form: 

ષ = ෍෍
૚
࢔࣊

⋅ ቀ
࣊
ࢋ
ቁ
࢔࢑

࢑ୀ૙

ஶ

ୀ૙࢔

 

Proposed by Daniel Sitaru, Ramona Nălbaru-Romania 
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Solution by Hikmat Mammadov-Azerbaijan 

ષ = ෍෍
૚
࢔࣊ ⋅

ቀ
࣊
ࢋ
ቁ
࢑

࢔

࢑ୀ૙

ஶ

ୀ૙࢔

࢏࢒࢒ࢋ࢔࢕ࢀ= ෍ቀ
࣊
ࢋ
ቁ
࢑

ஶ

࢑ୀ૙

෍൬
૚
࣊൰

ஶ࢔

ୀ࢑࢔

= ෍ቀ
࣊
ࢋ
ቁ
࢑ ቀ૚࣊ቁ

࢑

૚ − ૚
࣊

ஶ

࢑ୀ૙

= 

=
૚

૚ − ૚
ࢋ
⋅

૚

૚ − ૚
࣊

=
࣊ࢋ

ࢋ) − ૚)(࣊− ૚) 

2163. Find without any software: 

ષ = ૞૚૛ቆන
࢞ ࢞܏ܗܔ
૝ + ࢞૝ ࢞ࢊ

૛

૚
ቇ ቆන

࢞ ܏ܗܔ ࢞
૟૝ + ࢞૝࢞ࢊ

૝

૛
ቇ ቆන

࢞ ࢞܏ܗܔ
૜૛૝ + ࢞૝ ࢞ࢊ

૟

૜
ቇ 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Hikmat Mammadov-Azerbaijan 

න
࢞ ܏ܗܔ ࢞
࢞૝ + ૝ࢇ૝ ࢞ࢊ

૛ࢇ

ࢇ
=
࢟ୀ࢞ࢇ න

࢟ࢇ (࢟ࢇ)܏ܗܔ
૝࢟૝ࢇ + ૝ࢇ૝ ࢇ

૛

૚
࢟ࢊ =

૚
૛නࢇ

܏ܗܔ࢟ ࢟
࢟૝ + ૝ ࢟ࢊ

૛

૚
+
܏ܗܔ ࢇ
૛ࢇ න

࢟
࢟૝ + ૝࢟ࢊ

૛

૚
 

න
࢟

࢟૝ + ૝࢟ࢊ
૛

૚
=

࢛ୀ࢟૛ ૚
૛න

૚
࢛૛ + ૝࢛ࢊ

૝

૚
=
૚
૝ ܖ܉ܜ

ି૚ ࢛
૛ฬ૚

૝

=
૚
૝ ܖ܉ܜ

ି૚ ૛ −
૚
૝ ܖ܉ܜ

ି૚ ૚
૛ 

න
࢟ ࢟܏ܗܔ
࢟૝ + ૝ ࢟ࢊ

૛

૚
=

࢛ୀ࢟૛ ૚
૝න

܏ܗܔ ࢛
࢛૛ + ૝࢛ࢊ

૝

૚
=
૚
૝න

࢛܏ܗܔ
࢛૛ + ૝ ࢛ࢊ

૛

૚
+
૚
૝න

࢛܏ܗܔ
࢛૛ + ૝࢛ࢊ

૝

૛
=
࢛ୀ૝࢜

 

=
૚
૝න

܏ܗܔ ࢛
࢛૛ + ૝࢛ࢊ

૛

૚
+
૚
૝න

૝܏ܗܔ − ܏ܗܔ ࢜
࢜૛ + ૝ ࢜ࢊ

૛

૚
=
૚
૝ ܏ܗܔ ૛ ܖ܉ܜ

ି૚ ࢜
૛ฬ૚

૛

= 

=
૚
૝ ܏ܗܔ ૛ ܖ܉ܜ

ି૚ ૚
૜ 

න
࢞ ܏ܗܔ ࢞
࢞૝ + ૝ࢇ૝ ࢞ࢊ

૛ࢇ

ࢇ
=
ࢇ܏ܗܔ
૝ࢇ૛ ൬ିܖ܉ܜ૚ ૛ − ૚ିܖ܉ܜ

૚
૛൰ +

૛܏ܗܔ
૝ࢇ૛

ቀିܖ܉ܜ૚ ૛ −
࣊
૝
ቁ = 

=
(૛ࢇ૛)܏ܗܔ
૝ࢇ૛

ቀିܖ܉ܜ૚ ૛ −
࣊
૝
ቁ =

(૛ࢇ૛)܏ܗܔ
૝ࢇ૛ ૚ିܖ܉ܜ

૚
૜ 

ષ = ૞૚૛ ⋅
܏ܗܔ ૛
૝ ⋅

ૡ܏ܗܔ
૚૟ ⋅

܏ܗܔ ૚ૡ
૜૟ ൬ିܖ܉ܜ૚

૚
૜൰

૜

=
૛
ૢ ൬ܖ܉ܜ

ି૚ ૚
૜൰

૜

܏ܗܔ ૛ ૡ܏ܗܔ  			૚ૡ܏ܗܔ
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Solution 2 by Ravi Prakash-New Delhi-India 

࢈,ࢇ	࢘࢕ࡲ > (࢈,ࢇ)ܫ	ݐ݈݁	1 = න
࢞ ܏ܗܔ ࢞

࢞૝ + ૛࢈૛ࢇ ࢞ࢊ
࢈

ࢇ
=

࢟ୀ࢞࢈ࢇ න

࢈ࢇ
࢟ ܏ܗܔ ቀ࢟࢈ࢇ ቁ

૝࢈૝ࢇ
࢟૝ + ૛࢈૛ࢇ

⋅
࢈ࢇ−
࢟૛ ࢟ࢊ

࢈

ࢇ
= 

= න
(࢈ࢇ)܏ܗܔ]࢟ − ܏ܗܔ ࢟]

૛࢈૛ࢇ + ࢟૝ ࢟ࢊ
࢈

ࢇ
 

૛(࢈,ࢇ)ࡵ = න
࢟ (࢈ࢇ)܏ܗܔ
૛࢈૛ࢇ + ࢟૝ ࢟ࢊ

࢈

ࢇ
=
૚
૛ ⋅

(࢈ࢇ)܏ܗܔ
࢈ࢇ ૚ିܖ܉ܜ ቆ

࢟૛

ቇቤ࢈ࢇ
ࢇ

࢈

= 

=
૚
૛ ⋅

(࢈ࢇ)܏ܗܔ
࢈ࢇ ൤ିܖ܉ܜ૚ ൬

࢈
൰ࢇ − ૚ିܖ܉ܜ ቀ

ࢇ
࢈
ቁ൨ =

(࢈ࢇ)܏ܗܔ
૛࢈ࢇ ൤ିܖ܉ܜ૚ ൬

࢈
൰ࢇ − ૚ିܜܗ܋ ൬

࢈
൰൨ࢇ = 

=
(࢈ࢇ)܏ܗܔ
૛࢈ࢇ ൤ିܖ܉ܜ૚ ൬

࢈
൰ࢇ − ൬

࣊
૛ − ૚ିܖ܉ܜ ൬

࢈
൰൰൨ࢇ =

(࢈ࢇ)܏ܗܔ
૛࢈ࢇ ൤૛ ૚ିܖ܉ܜ ൬

࢈
൰ࢇ −

࣊
૝൨ 

(࢈,ࢇ)ࡵ =
(࢈ࢇ)܏ܗܔ
૛࢈ࢇ ൤ିܖ܉ܜ૚ ൬

࢈
൰ࢇ −

࣊
૝൨	 

ષ = ૞૚૛ ⋅ (૚,૛)ࡵ ⋅ (૛,૝)ࡵ ⋅ (૜,૟)ࡵ =
૞૚૛
૛૜ ⋅

૛܏ܗܔ
૝ ⋅

ૡ܏ܗܔ
ૡ ⋅

܏ܗܔ ૚ૡ
૚ૡ

ቀିܖ܉ܜ૚૛ −
࣊
૝
ቁ
૜

= 

=
૛
૜ ܏ܗܔ

૛ ૛ ܏ܗܔ ૚ૡ ቀିܖ܉ܜ૚ ૛ −
࣊
૝
ቁ
૜
	 

Solution 3 by Ankush Kumar Parcha-India 

࡭	࢚ࢋࡸ = න
࢞ ܏ܗܔ ࢞
૛ࢇ + ࢞૝ ࢞ࢊ =

࢞૛ୀ࢟ ૚
૝න

࢟܏ܗܔ
૛ࢇ + ࢟૛ ࢟ࢊ =

܏ܗܔ ࢟
૝ࢇ ૚ିܖ܉ܜ ቀ

࢟
ࢇ
ቁ −

૚
૝ࢇන

૚ିܖ܉ܜ ቀ࢟ࢇቁ
࢟  ࢟ࢊ

∵ (࢞)૛࢏ࢀ = න
૚ିܖ܉ܜ ࢚

࢚ ࢚ࢊ
࢞

૙
 

૝࡭ =
࢟܏ܗܔ
ࢇ ૚ିܖ܉ܜ ቀ

࢟
ࢇ
ቁ −

૚
૛࢏ࢀࢇ

ቀ
࢟
ࢇ
ቁ ⇒ 

න
࢞ ࢞܏ܗܔ
૛ࢇ + ࢞૝ ࢞ࢊ =

܏ܗܔ ࢞
૛ࢇ ૚ିܖ܉ܜ ቆ

࢞૛

ࢇ ቇ −
૚
૝࢏ࢀࢇ૛ ቆ

࢞૛

ࢇ ቇ + ;࡯ 		(૚) 

૚࡭	࢚ࢋࡸ = න
࢞ ࢞܏ܗܔ
૛ࢇ + ࢞૝ ࢞ࢊ

૛

૚
 :࢚ࢋࢍ	ࢋ࢝,(૚)	࢔࢕࢏࢚ࢇ࢛ࢗࢋ	ࢍ࢔࢏࢙࢛	ࢊ࢔ࢇ	

૚࡭ = ቈ
܏ܗܔ ࢞
૝ ૚ିܖ܉ܜ ቆ

࢞૛

૛ ቇ −
૚
ૡ࢏ࢀ૛ ቆ

࢞૛

૛ ቇ቉
૚

૛
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∵ (࢞)૛࢏ࢀ − ૛࢏ࢀ ൬
૚
࢞൰ =

࣊
૛  ࢞܏ܗܔ

૚࡭ = න
࢞ ࢞܏ܗܔ
૛૛ + ࢞૝ ࢞ࢊ

૛

૚
=
૛܏ܗܔ
૝ ૚ିܖ܉ܜ ૛ −

࣊
૚૟ ܏ܗܔ ૛ 

૛࡭	࢚ࢋࡸ = න
࢞ ࢞܏ܗܔ
ૡ૛ + ࢞૝ ࢞ࢊ

૝

૛
 :࢚ࢋࢍ	ࢋ࢝,(૚)	࢔࢕࢏࢚ࢇ࢛ࢗࢋ	ࢍ࢔࢏࢙࢛	ࢊ࢔ࢇ	

૛࡭ = ቈ
܏ܗܔ ࢞
૚૟ ૚ିܖ܉ܜ ቆ

࢞૛

ૡ ቇ −
૚
૜૛࢏ࢀ૛ ቆ

࢞૛

ૡ ቇ቉
૛

૝

= 

=
૛ ૛܏ܗܔ
૚૟ ૚ିܖ܉ܜ ૛ −

܏ܗܔ ૛
૚૟ ૚ିܖ܉ܜ ൬

૚
૛൰ +

૚
૜૛ ൤࢏ࢀ૛ ൬

૚
૛൰ −  ૛(૛)൨࢏ࢀ

૛࡭ = න
࢞ ࢞܏ܗܔ
ૡ૛ + ࢞૝ ࢞ࢊ

૝

૛
=
૛ ૚ିܖ܉ܜ ૛ − ૚ିܖ܉ܜ ቀ૚૛ቁ

૚૟ ૛܏ܗܔ −
࣊
૟૝  ૛܏ܗܔ

૜࡭	࢚ࢋࡸ = න
࢞ ࢞܏ܗܔ
૚ૡ૛ + ࢞૝ ࢞ࢊ

૟

૜
 :࢚ࢋࢍ	ࢋ࢝,(૚)	࢔࢕࢏࢚ࢇ࢛ࢗࢋ	ࢍ࢔࢏࢙࢛	ࢊ࢔ࢇ	

૜࡭ = ቈ
܏ܗܔ ࢞
૜૟ ૚ିܖ܉ܜ ቆ

࢞૛

૚ૡቇ −
૚
ૠ૛࢏ࢀ૛ ቆ

࢞૛

૚ૡቇ቉
૜

૟

= 

=
܏ܗܔ ૟
૜૟ ૚ିܖ܉ܜ ૛ −

܏ܗܔ ૜
૜૟ ૚ିܖ܉ܜ ൬

૚
૛൰+

૚
ૠ૛ ൤࢏ࢀ૛ ൬

૚
૛൰ − ૛(૛)൨࢏ࢀ = 

=
܏ܗܔ ૟
૜૟ ૚ିܖ܉ܜ ૛ −

܏ܗܔ ૜
૜૟ ૚ିܖ܉ܜ ൬

૚
૛൰ −

࣊
૚૝૝  ૛܏ܗܔ

ષ = ૞૚૛ ⋅ ૜࡭૛࡭૚࡭ = 

= ૞૚૛ ⋅ ൬
૛܏ܗܔ
૝ ૚ିܖ܉ܜ ૛ −

࣊
૚૟ ૛܏ܗܔ

൰ቌ
૛ିܖ܉ܜ૚ ૛ − ૚ିܖ܉ܜ ቀ૚૛ቁ

૚૟ ૛܏ܗܔ −
࣊
૟૝ ܏ܗܔ ૛

ቍ൬
܏ܗܔ ૟
૜૟ ૚ିܖ܉ܜ ૛

−
܏ܗܔ ૜
૜૟

૚ିܖ܉ܜ ൬
૚
૛
൰ −

࣊
૚૝૝

 	૛൰܏ܗܔ

 

2164. Prove that: 

ࡵ = න
૚)ࢍ࢕࢒ − ࢞૜)
࢞૛ + ࢞ + ૚

࢞ࢊ =
࣊
૛√૜

(૜)ࢍ࢕࢒ − √૜࢒࡯૛ ൬
૛࣊
૜
൰

૚

૙
 

Proposed by Fao Ler-Iraq 
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Solution by Pham Duc Nam-Vietnam 
 

ࡵ = න
൫૚ࢍ࢕࢒ − ࢞૜൯
࢞૛ + ࢞ + ૚

࢞ࢊ = න
−૚)ࢍ࢕࢒ ࢞)
࢞૛ + ࢞ + ૚

࢞ࢊ + න
൫࢞૛ࢍ࢕࢒ + ࢞ + ૚൯

࢞૛ + ࢞ + ૚
࢞ࢊ =

૚

૙

૚

૙

૚

૙
ࡶ  ࡷ+

∗ ࡷ = න
൫࢞૛ࢍ࢕࢒ + ࢞+ ૚൯

࢞૛ + ࢞ + ૚
࢞ࢊ =

૚

૙
න

ቆቀ࢞ࢍ࢕࢒ + ૚
૛ቁ

૛
+ ૜
૝ቇ

ቀ࢞ + ૚
૛ቁ

૛
+ ૜
૝

࢞ࢊ =
૚

૙
න

ቀࢍ࢕࢒ ૜
૝ ૛࢙࢕ࢉ ࢚ቁ
૜

૝ ૛࢙࢕ࢉ ࢚

.
√૜

૛࢙࢕ࢉ૛ ࢚

࣊
૜

࣊
૟

࢚ࢊ

∴ ࢞ +
૚
૛

=
√૜
૛
࢔ࢇ࢚ ࢚ 

=
૛
√૜

න ൬ࢍ࢕࢒
૜

૝ ૛࢙࢕ࢉ ࢚
൰

࣊
૜

࣊
૟

࢚ࢊ =
࣊
૜√૜

−(૜)ࢍ࢕࢒
૝
√૜

න (૛)ࢍ࢕࢒) + ((࢚)࢙࢕ࢉࢍ࢕࢒
࣊
૜

࣊
૟

࢚ࢊ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૝
√૜

෍
(−૚)࢑

࢑

∞

࢑ୀ૚

න (૛࢑࢚)࢙࢕ࢉ
࣊
૜

࣊
૟

 ࢚ࢊ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૛
√૜

෍(−૚)࢑
∞

࢑ୀ૚

ቌ
࢔࢏࢙ ૛࣊࢑૜
࢑૛

−
࢑૜࣊࢔࢏࢙
࢑૛

ቍ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૛
√૜

.
૚

૚૛√૜
ቆ࣒(૚) ൬

૛
૜
൰ − ࣒(૚) ൬

૚
૜
൰ቇ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૚
૚ૡ

ቆ࣒(૚) ൬
૛
૜
൰ − ࣒(૚) ൬

૚
૜
൰ቇ 

Use	the	trigamma	identity:࣒(૚) ൬
࢖
ࢗ
൰ =

࣊૛

૛ ૛࢔࢏࢙ ࢗ࢖࣊
+ ૛ࢗ෍ ࢔࢏࢙

૛࣊࢖࢓
ࢗ

૚ିࢗ
૛

ୀ૚࢓

૛࢒࡯ ൬
૛࣊࢓
ࢗ

൰

⇒ ࣒(૚) ൬
૛
૜
൰−࣒(૚) ൬

૚
૜
൰ = −૟√૜࢒࡯૛ ൬

૛࣊
૜
൰ 

⇒ ࡷ =
࣊
૜√૜

−(૜)ࢍ࢕࢒
૚
૚ૡ

.૟√૜࢒࡯૛ ൬
૛࣊
૜
൰ =

࣊
૜√૜

−(૜)ࢍ࢕࢒
૚
√૜

૛࢒࡯ ൬
૛࣊
૜
൰ 

∗ ࡶ = න
૚)ࢍ࢕࢒ − ࢞)
࢞૛ + ࢞ + ૚

࢞ࢊ =
૚

૙
න

−ቆ૜૛ࢍ࢕࢒ ቀ࢞ + ૚
૛ቁቇ

ቀ࢞ + ૚
૛ቁ

૛
+ ૜
૝

࢞ࢊ =
૚

૙

૛
√૜

න ቆࢍ࢕࢒
૜
૛
−
√૜
૛
࢚ࢊቇ࢚࢔ࢇ࢚ ∴ ࢞ +

૚
૛

࣊
૜

࣊
૟

=
√૜
૛
࢔ࢇ࢚ ࢚ 
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=
૛
√૜

න ቌࢍ࢕࢒
√૜࢙࢕ࢉ ቀ࢚ + ࣊

૟ቁ

࢙࢕ࢉ ࢚
ቍ࢚ࢊ

࣊
૜

࣊
૟

=
࣊
૟√૜

(૜)ࢍ࢕࢒ +
૛
√૜

න ቀ࢚࢙࢕ࢉቀࢍ࢕࢒ +
࣊
૟
ቁቁ ࢚ࢊ −

૛
√૜

න ࢙࢕ࢉ)ࢍ࢕࢒ ࢚ࢊ(࢚
࣊
૜

࣊
૟

࣊
૜

࣊
૟

 

⊕
૛
√૜

න ࢙࢕ࢉቀࢍ࢕࢒ ቀ࢚ +
࣊
૟
ቁቁ ࢚ࢊ

࣊
૜

࣊
૟

=
૛
√૜

න ࢙࢕ࢉ)ࢍ࢕࢒ ࢚ࢊ(࢚ =
૛
√૜

࣊
૛

࣊
૜

න ൭−෍
(−૚)࢑ (૛࢑࢚)࢙࢕ࢉ

࢑
− (૛)ࢍ࢕࢒

∞

࢑ୀ૚

൱
࣊
૛

࣊
૜

= −
࣊
૜√૜

−(૛)ࢍ࢕࢒
૛
√૜

෍
(−૚)࢑

࢑

∞

࢑ୀ૚

න (૛࢑࢚)࢙࢕ࢉ
࣊
૛

࣊
૜

࢚ࢊ

= −
࣊
૜√૜

(૛)ࢍ࢕࢒ +
૚
√૜

෍
(−૚)࢑ ૛࢑࣊૜࢔࢏࢙

࢑૛

∞

࢑ୀ૚

 

⊕
૛
√૜

න ࢙࢕ࢉ)ࢍ࢕࢒ ࢚ࢊ(࢚
࣊
૜

࣊
૟

= −
࣊
૜√૜

−(૛)ࢍ࢕࢒
૚
√૜

෍(−૚)࢑
∞

࢑ୀ૚

ቌ
૛࣊࢑૜࢔࢏࢙

࢑૛
−
࢑૜࣊࢔࢏࢙
࢑૛

ቍ 

⇒ ࡶ =
࣊
૟√૜

−(૜)ࢍ࢕࢒
࣊
૜√૜

(૛)ࢍ࢕࢒ +
૚
√૜

෍
(−૚)࢑ ૛࢑࣊૜࢔࢏࢙

࢑૛

∞

࢑ୀ૚

+
࣊
૜√૜

(૛)ࢍ࢕࢒

+
૚
√૜

෍(−૚)࢑
∞

࢑ୀ૚

ቌ
૛࣊࢑૜࢔࢏࢙

࢑૛
−
࢑૜࣊࢔࢏࢙
࢑૛

ቍ

=
࣊
૟√૜

(૜)ࢍ࢕࢒ +
૚
√૜

෍(−૚)࢑
∞

࢑ୀ૚

ቌ
૛࢙࢔࢏૛࣊࢑૜

࢑૛
−
࢑૜࣊࢔࢏࢙
࢑૛

ቍ 

=
࣊
૟√૜

(૜)ࢍ࢕࢒ +
૚
√૜

.
૚

૜√૜
ቆ࣒(૚) ൬

૛
૜
൰ − ࣒(૚) ൬

૚
૜
൰ቇ =

࣊
૟√૜

−(૜)ࢍ࢕࢒
૚
ૢ
ቆ૟√૜࢒࡯૛ ൬

૛࣊
૜
൰ቇ

=
࣊
૟√૜

−(૜)ࢍ࢕࢒
૛
√૜

૛࢒࡯ ൬
૛࣊
૜
൰ 

⇒ ࡵ = ࡶ ࡷ+ =
࣊
૟√૜

(૜)ࢍ࢕࢒ −
૛
√૜

૛࢒࡯ ൬
૛࣊
૜
൰ +

࣊
૜√૜

(૜)ࢍ࢕࢒ −
૚
√૜

૛࢒࡯ ൬
૛࣊
૜
൰

=
࣊
૛√૜

૛࢒࡯૜√−(૜)ࢍ࢕࢒ ൬
૛࣊
૜
൰  (ࡰ.ࡱ.ࡽ)
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2165. Prove that: 

ࡵ = න
࢞

࢞૛ − ࢞ + ૚
࢞)ࢍ࢕࢒ + ૚)࢞ࢊ =

࣊
૟√૜

(૜)ࢍ࢕࢒ −
૛(૛)ࢍ࢕࢒

૛
+
࣊૛

૚ૡ
−

૚
૟√૜

૛࢒࡯ ቀ
࣊
૜
ቁ −

૚
૝
૛࢏ࡸ ൬

૜
૝
൰

૚

૙
 

Proposed by Fao Ler-Iraq 
Solution by Pham Duc Nam-Vietnam 
 

∗ ࡵ = න
࢞

࢞૛ − ࢞ + ૚
࢞)ࢍ࢕࢒ + ૚)࢞ࢊ =

૚

૙
න

࢞ − ૚
૛ + ૚

૛
࢞૛ − ࢞ + ૚

࢞)ࢍ࢕࢒ + ૚)࢞ࢊ
૚

૙

= න
࢞− ૚

૛
࢞૛ − ࢞ + ૚

࢞)ࢍ࢕࢒ + ૚)࢞ࢊ +
૚
૛

૚

૙
න

૚
࢞૛ − ࢞ + ૚

+࢞)ࢍ࢕࢒ ૚)࢞ࢊ
૚

૙
= ࡶ +

૚
૛
 ࡷ

∗ ࡷ = න
૚

࢞૛ − ࢞ + ૚
࢞)ࢍ࢕࢒ + ૚)࢞ࢊ

૚

૙
= න

ቀ࢞ࢍ࢕࢒ − ૚
૛ + ૜

૛ቁ

ቀ࢞ − ૚
૛ቁ

૛
+ ૜
૝

࢞ࢊ
૚

૙

 ࢞ି
૚
૛
ୀ
√૜
૛
࢔ࢇ࢚ ࢚ 

ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮࡷ

= න
ቆ√૜૛ࢍ࢕࢒ ࢚࢔ࢇ࢚ + ૜

૛ቇ

૜
૝࢙࢕ࢉ૛ ࢚

࣊
૟

ି࣊૟

.
√૜

૛࢙࢕ࢉ૛ ࢚
࢚ࢊ =

૛
√૜

න ቆࢍ࢕࢒
√૜
૛
࢔ࢇ࢚ ࢚+

૜
૛
ቇ

࣊
૟

ି࣊૟

࢚ࢊ

=
૛
√૜

න ቌࢍ࢕࢒
√૜࢙࢕ࢉ ቀ࢚ − ࣊

૟ቁ

࢙࢕ࢉ ࢚
ቍ

࣊
૟

ି࣊૟

ࢊ  ࢚

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૛
√૜

න ቂࢍ࢕࢒ቀ࢙࢕ࢉቀ࢚ −
࣊
૟
ቁቁ − ࢙࢕ࢉ)ࢍ࢕࢒ ࢚)ቃ

࣊
૟

ି࣊૟

࢚ࢊ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૛
√૜

න ൥−෍
(−૚)࢑

࢑
࢙࢕ࢉ ૛࢑ ቀ࢚ −

࣊
૟
ቁ

∞

࢑ୀ૚

+ ෍
(−૚)࢑

࢑
(૛࢑࢚)࢙࢕ࢉ

∞

࢑ୀ૚

൩
࣊
૟

ି࣊૟

 ࢚ࢊ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૛
√૜

෍
(−૚)࢑

࢑
න ൬࢙࢕ࢉ(૛࢑࢚)− ൬૛࢑࢚࢙࢕ࢉ −

࣊࢑
૜
൰൰

࣊
૟

ି࣊૟

∞

࢑ୀ૚

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૚
√૜

෍
(−૚)࢑

࢑
ቌ
૛࢙࢔࢏ ࣊࢑૜

࢑
−
૛࣊࢑૜࢔࢏࢙

࢑
ቍ

∞

࢑ୀ૚

=
࣊
૜√૜

−(૜)ࢍ࢕࢒
૚

૜√૜
૛࢒࡯ ቀ

࣊
૜
ቁ 
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∗ ࡶ =
૚
૛
න

૛࢞ − ૚
࢞૛ − ࢞ + ૚

࢞)ࢍ࢕࢒ + ૚)࢞ࢊ =
૚
૛
න ࢞)ࢍ࢕࢒ + ૚)ࢊ൫ࢍ࢕࢒൫࢞૛ − ࢞ + ૚൯൯
૚

૙

૚

૙

=
૚
૛
࢞)ࢍ࢕࢒ + ૚)ࢍ࢕࢒൫࢞૛ − ࢞ + ૚൯ห૙

૚
−
૚
૛
න

൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯
࢞ + ૚

࢞ࢊ
૚

૙

= −
૚
૛
න

൫࢞૛ࢍ࢕࢒ − ࢞ + ૚൯
࢞ + ૚

࢞ࢊ
૚

૙
 

= −
૚
૛
න

൫࢞૜ࢍ࢕࢒ + ૚൯
࢞ + ૚

࢞ࢊ
૚

૙
+
૚
૛
න

࢞)ࢍ࢕࢒ + ૚)
࢞ + ૚

࢞ࢊ
૚

૙
= −

૚
૛
න

൫࢞૜ࢍ࢕࢒ + ૚൯
࢞ + ૚

࢞ࢊ
૚

૙
+
૛(૛)ࢍ࢕࢒

૝
 

⊕න
൫࢞૜ࢍ࢕࢒ + ૚൯

࢞+ ૚
࢞ࢊ

૚

૙

 ࢞ୀ
૚ି࢚
૚ା࢚

 
ሱ⎯⎯⎯⎯⎯⎯ሮ

= −න
૜ +࢚)ࢍ࢕࢒ ૚)

࢚ + ૚
࢚ࢊ

૚

૙

+ න
൫૟࢚૛ࢍ࢕࢒ + ૛൯

࢚ + ૚
࢚ࢊ = −

૚
૛
૛(૛)ࢍ࢕࢒ +න

൫૜࢚૛ࢍ࢕࢒ + ૚൯
࢚ + ૚

࢚ࢊ
૚

૙

૚

૙
 

Feymann's	technique: (࢑)ࡵ = න
൫࢑࢚૛ࢍ࢕࢒ + ૚൯

࢚ + ૚
࢚ࢊ

૚

૙
, (૙)ࡵ = ૙ ⇒ (࢑)ʹࡵ = න

࢚૛

(࢚+ ૚)(࢑࢚૛ + ૚)࢚ࢊ
૚

૙

= න ൬
࢚ − ૚

(࢑૛ + ࢑)࢚૛ + ࢑+ ૚
+

૚
(࢑+ ૚)࢚+ ࢑ + ૚

൰࢚ࢊ
૚

૙
 

=
૚

૛࢑)࢑+ ૚) ൫࢑࢚ࢍ࢕࢒ൣ
૛ + ૚൯+ ૛࢑ +࢚)ࢍ࢕࢒ ૚)− ૛√࢔ࢇ࢚ࢉ࢘ࢇ࢑൫࢚√࢑൯൧ฬ

૙

૚

=
࢑)ࢍ࢕࢒ + ૚)
૛࢑)࢑+ ૚) +

(૛)ࢍ࢕࢒
࢑ + ૚

−
࢑√࢔ࢇ࢚ࢉ࢘ࢇ
√࢑)࢑ + ૚)

,integrating	both	sides	with	respects	to	࢑: 

⇒ (࢑)ࡵ = නቈ
࢑)ࢍ࢕࢒ + ૚)

૛
൬
૚
࢑
−

૚
࢑ + ૚

൰+
(૛)ࢍ࢕࢒
࢑ + ૚

−
࢑√࢔ࢇ࢚ࢉ࢘ࢇ
√࢑)࢑+ ૚)

቉ ࢑ࢊ

= −
૚
૛
(࢑−)૛࢏ࡸ −

૚
૝
࢑)૛ࢍ࢕࢒ + ૚) + (૛)ࢍ࢕࢒ ࢑)ࢍ࢕࢒ + ૚)−࢔ࢇ࢚ࢉ࢘ࢇ૛√࢑ + ࢑,࡯ = ૙

⇒ ࡯ = ૙ 

Put:࢑ = ૜ ⇒ න
൫૜࢚૛ࢍ࢕࢒ + ૚൯

࢚ + ૚
࢚ࢊ

૚

૙
= −

૚
૛
૛(−૜)࢏ࡸ + −૛(૛)ࢍ࢕࢒

࣊૛

ૢ
⇒ න

൫࢞૜ࢍ࢕࢒ + ૚൯
࢞ + ૚

࢞ࢊ
૚

૙

= −
૚
૛
૛(−૜)࢏ࡸ +

૚
૛
−૛(૛)ࢍ࢕࢒

࣊૛

ૢ
⇒ ࡶ

= −
૚
૛
ቆ−

૚
૛
૛(−૜)࢏ࡸ +

૚
૛
−૛(૛)ࢍ࢕࢒

࣊૛

ૢ
ቇ+

૛(૛)ࢍ࢕࢒
૝

=
૚
૝
૛(−૜)࢏ࡸ +

࣊૛

૚ૡ
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By	dilogarithm's	identity:࢏ࡸ૛(−૜) = −
࣊૛

૟
−
૛(૜)ࢍ࢕࢒

૛
− ૛࢏ࡸ ൬−

૚
૜
൰

= −
࣊૛

૟
−
૛(૜)ࢍ࢕࢒

૛
− ൭

࣊૛

૟
− ࢍ࢕࢒ ൬−

૚
૜
൰ ൬ࢍ࢕࢒

૝
૜
൰− ૛࢏ࡸ ൬

૝
૜
൰൱

= −
࣊૛

૜
−
૛(૜)ࢍ࢕࢒

૛
+ ࢍ࢕࢒ ൬−

૚
૜
൰ ࢍ࢕࢒ ൬

૝
૜
൰+ ૛࢏ࡸ ൬

૝
૜
൰ 

= −
૛(૜)ࢍ࢕࢒

૛
+ −൬ࢍ࢕࢒

૚
૜
൰ ൬ࢍ࢕࢒

૝
૜
൰ −

࣊૛

૜
−
࣊૛

૟
− ૛ࢍ࢕࢒ ൬−

૝
૜
൰ − ૛࢏ࡸ ൬

૜
૝
൰ = −૛ −૛(૛)ࢍ࢕࢒ ૛࢏ࡸ ൬

૜
૝
൰

⇒ ࡶ =
૚
૝
ቆ−૛ −૛(૛)ࢍ࢕࢒ ૛࢏ࡸ ൬

૜
૝
൰ቇ +

࣊૛

૚ૡ
=
࣊૛

૚ૡ
−
૛(૛)ࢍ࢕࢒

૛
−
૚
૝
૛࢏ࡸ ൬

૜
૝
൰ 

∗⇒ ࡵ = ࡶ +
૚
૛
ࡷ =

࣊૛

૚ૡ
−
૛(૛)ࢍ࢕࢒

૛
−
૚
૝
૛࢏ࡸ ൬

૜
૝
൰+

૚
૛
൭
࣊
૜√૜

−(૜)ࢍ࢕࢒
૚

૜√૜
૛࢒࡯ ቀ

࣊
૜
ቁ൱

=
࣊
૟√૜

−(૜)ࢍ࢕࢒
૛(૛)ࢍ࢕࢒

૛
+
࣊૛

૚ૡ
−

૚
૟√૜

૛࢒࡯ ቀ
࣊
૜
ቁ −

૚
૝
૛࢏ࡸ ൬

૜
૝
൰  (ࡰ.ࡱ.ࡽ)

2166. Find: 

ࢹ = න න න
(࢞ + ࢟ − ૜(ࢠ࢟࢞)ࢍ࢕࢒૜ඥ(ࢠ

(࢞ + ࢟ + ૜(ࢠ − ૛૝࢞࢟ࢠ
ࢠࢊ࢟ࢊ࢞ࢊ

૚

૙

૚

૙

૚

૙
 

Proposed by Asmat Qatea-Afghanistan 
Solution by Pham Duc Nam-Vietnam 
 

∗ By	symmetry	:ષ = න න න
(࢞ + ࢟ − ૜(ࢠ࢟࢞)ࢍ࢕࢒૜ඥ(ࢠ

(࢞ + ࢟ + ૜(ࢠ − ૛૝࢞࢟ࢠ ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙

= න න න
(࢞+ ࢠ − ࢟)૜ඥ(ࢠ࢟࢞)ࢍ࢕࢒૜

(࢞ + ࢟ + ૜(ࢠ − ૛૝࢞࢟ࢠ ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙

= න න න
+ࢠ) ࢟ − ࢞)૜ඥ(ࢠ࢟࢞)ࢍ࢕࢒૜

(࢞ + ࢟ + ૜(ࢠ − ૛૝࢞࢟ࢠ ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙
 

⇒ ૜ࢹ = න න න
[(࢞ + ࢟ − ૜(ࢠ + (࢞ + ࢠ − ࢟)૜ + ࢠ) + ࢟ − ࢞)૜]ඥ(ࢠ࢟࢞)ࢍ࢕࢒૜

(࢞ + ࢟ + ૜(ࢠ − ૛૝࢞࢟ࢠ ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙
 

∗ ܕܗܚ۴ ∶ ૜ࢇ + ૜࢈ = ࢇ) + ૜(࢈ − ૜ࢇ)࢈ࢇ + (࢈ ⇒ (࢞ + ࢟ − ૜(ࢠ + (࢞ + ࢠ − ࢟)૜

= ૡ࢞૜ − ૟࢞(࢞ + ࢟ − ࢞)(ࢠ + ࢠ − ࢟) 
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⇒ (࢞+ ࢟ − ૜(ࢠ + (࢞ + ࢠ − ࢟)૜ + +ࢠ) ࢟ − ࢞)૜

= ૡ࢞૜ − ૟࢞(࢞ + ࢟ − ࢞)(ࢠ + ࢠ − ࢟) + +ࢠ) ࢟ − ࢞)૜

= (࢞ + ࢟ + ૜(ࢠ − ૟࢞(ࢠ + ࢟ − ࢞)(࢞ + ࢟ + (ࢠ − ૟࢞(࢞ + ࢟ − ࢞)(ࢠ + ࢠ − ࢟) 

= (࢞ + ࢟ + ૜(ࢠ − ૟࢞[(ࢠ+ ࢟ − ࢞)(࢞ + ࢟ + (ࢠ + (࢞ + ࢟ − ࢞)(ࢠ + −ࢠ ࢟)]

= (࢞ + ࢟ + ૜(ࢠ − ૟࢞(૝࢟ࢠ) = (࢞ + ࢟ + ૜(ࢠ − ૛૝࢞࢟ࢠ 

⇒ ૜ࢹ = න න න ඥ(ࢠ࢟࢞)ࢍ࢕࢒૜ ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙
⇒ ࢹ =

૚
૜න න න ඥ(ࢠ࢟࢞)ࢍ࢕࢒૜ ࢠࢊ࢟ࢊ࢞ࢊ

૚

૙

૚

૙

૚

૙
 

∗ Use	the	integral	transformation	by	Rana	Ranino: 

න න න ࢠࢊ࢟ࢊ࢞ࢊ(ࢠ࢟࢞)ࢌ
૚

૙

૚

૙

૚

૙
=
૚
૛න (࢞)ࢌ

૚

૙
 :then,࢞ࢊ(࢞)૛ࢍ࢕࢒

න න න ඥ(ࢠ࢟࢞)ࢍ࢕࢒૜ ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙
=
૚
૛න ࢍ࢕࢒

ૠ
૜(࢞)࢞ࢊ

૚

૙
,let:࢞ = ࢚ିࢋ ⇒ ࢞ࢊ = ࢚ࢊ࢚ିࢋ−

⇒ න න න ඥ(ࢠ࢟࢞)ࢍ࢕࢒૜ ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙
= −

૚
૛න ࢚

ૠ
૜࢚ିࢋ

∞

૙
࢚ࢊ = −

૚
૛ࢣ ൬

૚૙
૜ ൰ 

⇒ ࢹ = −
૚
૟ࢣ ൬

૚૙
૜ ൰ 

2167. Prove that: 

ࡵ = න ૝࢔ࢇ࢚ࢉ࢘ࢇ ൬
૚
࢞
൰࢞ࢊ =

࣊
૝
ቀ࣊૛ ૝ࢍ࢕࢒ − ቁ(૜)ࣀૢ

∞

૙
 

 
Proposed by Ankush Kumar Parcha-India 

Solution 1 by Pham Duc Nam-Vietnam 

∗ ࣐࢔ࢇ࢚ =
૚
࢞
⇒ ࡵ = න

࣐૝

૛࣐࢔࢏࢙

࣊
૛

૙
࣐ࢊ = න ࣐૝

࣊
૛

૙
,(࣐࢚࢕ࢉ−)ࢊ ൜ݑ = ࣐૝

ݒ݀ = (࣐࢚࢕ࢉ−)݀ ⇒ ൜݀ݑ = 4࣐૜࣐ࢊ
ݒ = ࣐࢚࢕ࢉ−  

⇒ ࡵ = −࣐૝ ห૙࣐࢚࢕ࢉ
࣊
૛ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

ୀ૙

+ ૝න ࣐૜ ࣐ࢊ࣐࢚࢕ࢉ = ૝න ࣐૜(࣐࢔࢏࢙ࢍ࢕࢒)ࢊ, ൜ݑ = ࣐૜

ݒ݀ = (࣐࢔࢏࢙ࢍ࢕࢒)݀

࣊
૛

૙

࣊
૛

૙

⇒ ൜݀ݑ = 3࣐૛࣐ࢊ
ݒ =  ࣐࢔࢏࢙ࢍ࢕࢒

⇒ ࡵ = ૝࣐૜ ห૙࣐࢔࢏࢙ࢍ࢕࢒
࣊
૛

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
ୀ૙

− ૚૛න ࣐૛ ࣐ࢊ࣐࢔࢏࢙ࢍ࢕࢒ = ૚૛න ࣐૛ ൭෍
(૛࢑࣐)࢙࢕ࢉ

࢑
+ ૛ࢍ࢕࢒

∞

࢑ୀ૚

൱
࣊
૛

૙

࣊
૛

૙
࣐ࢊ

= ૝࣐૜ ૛ห૙ࢍ࢕࢒
࣊
૛ + ૚૛෍

૚
࢑
න ࣐૛ (૛࢑࣐)࢙࢕ࢉ
࣊
૛

૙

∞

࢑ୀ૚

 ࣐ࢊ
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=
࣊૜

૝
૝ࢍ࢕࢒ + ૚૛෍

૚
࢑

∞

࢑ୀ૚

ቆ
൫࣊૛࢑૛ − ૛൯࢙(࢑࣊)࢔࢏

ૡ࢑૜
+
(࢑࣊)࢙࢕ࢉ࣊

૝࢑૛
ቇ =

࣊૜

૝
૝ࢍ࢕࢒ + ૜࣊෍

(࢑࣊)࢙࢕ࢉ
࢑૜

∞

࢑ୀ૚

=
࣊૜

૝
૝ࢍ࢕࢒ + ૜࣊෍

(−૚)࢑

࢑૜
=

∞

࢑ୀ૚

࣊૜

૝
૝ࢍ࢕࢒ − ૜࣊൫૚ − ૛૚ି૜൯ࣀ(૜) 

=
࣊૜

૝
૝ࢍ࢕࢒ − ૜࣊

૜
૝
(૜)ࣀ =

࣊૜

૝
૝ࢍ࢕࢒ −

ૢ࣊
૝
(૜)ࣀ =

࣊
૝
ቀ࣊૛ ࢍ࢕࢒ ૝ − ቁ(૜)ࣀૢ  (ࡰ.ࡱ.ࡽ)

Solution 2 by Amin Hajiyev-Azerbaijan 

ܖ܉ܜ܋ܚ܉ ࢞ = ࢚ ⇒
࢚ࢊ
࢞ࢊ =

૚
૚ + ࢞૛ =

૚
૚ + ૛ܖ܉ܜ ࢚ 

ષ = න ࢚૝(૚ + ૛ܖ܉ܜ ࢚) ⋅
૚

૛ܖ܉ܜ ࢚

࣊
૛

૙
= න

࢚૝

૛ܛܗ܋ ࢚ ૛ܖ܉ܜ ࢚

࣊
૛

૙
࢚ࢊ = න

࢚૝

૛ܖܑܛ ࢚ࢊ࢚
࣊
૛

૙
= 

= −࢚૝ ܜܗ܋ ࢚ห
૙

࣊
૛ + ૝න ࢚૜ ܜܗ܋ ࢚

࣊
૛

૙
࢚ࢊ = ૝න ࢚૜ ܜܗ܋ ࢚ ࢚ࢊ

࣊
૛

૙
= (∗) 

ܖܑܛ)܏ܗܔ ࢞) = − ૛܏ܗܔ −෍
(૛࣊࢞)ܛܗ܋

࢔

ஶ

ୀ૚࢔

 

(∗) = ૝ ܖܑܛ)܏ܗܔ ࢚) ࢚૜ห
૙

࣊
૛ − ૚૛න ࢚૛ (࢚࢔࢏࢙)܏ܗܔ

࣊
૛

૙
࢚ࢊ = 

= −૚૛න ࢚૛ ܖܑܛ)܏ܗܔ ࢚)
࣊
૛

૙
࢚ࢊ = ૚૛ ܏ܗܔ ૛න ࢚૛

࣊
૛

૙
࢚ࢊ + ૚૛෍

૚
න࢔ ࢚૛ (࢚࢔૛)ܛܗ܋

࣊
૛

૙
࢚ࢊ

ஶ

ୀ૚࢔

= 

= ૚૛ ૛܏ܗܔ ⋅
࣊૜

૛૝ + ૚૛෍
૚
࢔ ࢚

૛ (࢚࢔૛)ܖܑܛ
૛࢔

ஶ

ୀ૚࢔

อ
૙

࣊
૛

− ૚૛෍
૚
૛න࢔ (࢚࢔૛)ܖܑܛ࢚

࣊
૛

૙
࢚ࢊ

ஶ

ୀ૚࢔

= 

=
࣊૜

૛ ૛܏ܗܔ + ૚૛෍
૚
૛࢔ ⋅

(࢚࢔૛)ܛܗ܋
૛࢔ ࢚

ஶ

ୀ૚࢔

อ
૙

࣊
૛

+ ૟෍
૚
૜න࢔ (࢚࢔૛)ܛܗ܋

࣊
૛

૙

ஶ

ୀ૚࢔

࢚ࢊ = 

=
࣊૜

૛ ܏ܗܔ ૛ + ૜࣊෍
(−૚)࢔

૜࢔

ஶ

ୀ૚࢔

+ ૜෍
(࣊࢔)ܖܑܛ

૝࢔

ஶ

ୀ૚࢔

= 

=
࣊૜

૛ ܏ܗܔ ૛ + ૜࣊ (૚ − ૛૚ି૜)ᇣᇧᇧᇤᇧᇧᇥ
(૜)ࣁ

(૜)ࣀ =
࣊
૝
ቀ૛࣊૛ ૛܏ܗܔ −  		ቁ(૜)ࣀ࣊ૢ

2168. Prove that: 

න
((࢞࣊)࢙࢕ࢉ࣊)ܘܠ܍࢞ ((࢞࣊)࢔࢏࢙࣊)ܖܑܛ

࢞૛ + ࣊૛
࢞ࢊ

ஶ

૙
=
࣊
૛

(૛࣊−)࢖࢞ࢋ࣊)ܘܠ܍) − ૚)) 

Proposed by Mohammad Hamed Nasery-Afghanistan 
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Solution by Bui Hong Suc-Vietnam 

ષ = න
࣊)ܘܠ܍࢞ ((࢞࣊)࢙࢕ࢉ ((࢞࣊)࢔࢏࢙࣊)ܖܑܛ

࢞૛ + ࣊૛ ࢞ࢊ
ஶ

૙
= 

=
૚
૛࢏න

࣊࢏ࢋ൫(࢞࣊)ܛܗ܋࣊ࢋ࢞ (࢞࣊)ܖܑܛ − ࣊࢏ିࢋ ൯(࢞࣊)ܖܑܛ
࢞૛ + ࣊૛ ࢞ࢊ

ஶ

૙
= 

=
૚
૛࢏
൞න

࣊࢏ࢋ(࢞࣊)ܛܗ܋࣊ࢋ࢞ (࢞࣊)ܖܑܛ

࢞૛ + ࣊૛ ࢞ࢊ
ஶ

૙
− න

࣊࢏ିࢋ(࢞࣊)ܛܗ܋࣊ࢋ࢞ (࢞࣊)ܖܑܛ

࢞૛ + ࣊૛ ࢞ࢊ
ஶ

૙ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ
࢞→ି࢞

ൢ = 

=
૚
૛࢏ ቊන

࣊࢏ࢋ(࢞࣊)ܛܗ܋࣊ࢋ࢞ (࢞࣊)ܖܑܛ

࢞૛ + ࣊૛ ࢞ࢊ
ஶ

૙
− න

࣊࢏ࢋ(࢞࣊)ܛܗ܋࣊ࢋ࢞ (࢞࣊)ܖܑܛ

࢞૛ + ࣊૛ ࢞ࢊ
ିஶ

૙
ቋ = 

=
૚
૛࢏න

࣊࢏ࢋ(࢞࣊)ܛܗ܋࣊ࢋ࢞ (࢞࣊)ܖܑܛ

࢞૛ + ࣊૛ ࢞ࢊ
ஶ

ିஶ
=
૚
૛࢏න

࢞࣊࢏ࢋ࣊ࢋ࢞

࢞૛ + ࣊૛
ஶ

ିஶ
࢞ࢊ =

૚
૛࢏ ∙ ૛࣊ࢠࢋࡾ࢏

൭
ࢠ࣊࢏ࢋ࣊ࢋࢠ

૛ࢠ + ࣊૛
൱ 

2169. Find: 

ષ = න
૒

૒࢞ିࢋ
ஶ

૙
ቆቀିࢋ

࢞
૛ + ૛࢞ቁିࢋ  ࢞ࢊቇ(࢞)	ܖܑܛ

Proposed by Srinivasa Raghava-AIRMC-India 
Solution by Santiago Alvarez-Quito-Ecuador 
 

ષ = න
૒

૒࢞ିࢋ
ஶ

૙
ቆቀିࢋ

࢞
૛ + ࢞ࢊቇ(࢞)	ܖܑܛ૛࢞ቁିࢋ = −	න

૒
૒࢞ିࢋ

ஶ

૙
ओ ቆቀିࢋ

࢞
૛ + ૛࢞ቁିࢋ ࢊቇ࢞࢏ିࢋ  ࢞

= 	 −ओ ቆ	න
૒

૒࢞ିࢋ
ஶ

૙
ቆ൬(࢞ିࢋ)

૚
૛ + ૛൰(࢞ିࢋ)  ቇ࢞ࢊቇ࢏(࢞ିࢋ)

= 	−ओቆ	න (࢞ିࢋ)
૚
૛

૒
૒࢞ିࢋ

ஶ

૙
࢏(࢞ିࢋ) + ࢏(࢞ିࢋ)

૒
૒࢞ିࢋ

(࢞ିࢋ)
૚
૛ + ૛(࢞ିࢋ)

૒
૒࢞ିࢋ

࢏(࢞ିࢋ)

+ ࢏(࢞ିࢋ)
૒

૒࢞ିࢋ
 ቇ࢞ࢊ૛(࢞ିࢋ)

= 	 −ओቆ	න (࢞ିࢋ)࢏
૚
૛(࢞ିࢋ)ି࢏૚

ஶ

૙
+

࢏(࢞ିࢋ)

૛
ି(࢞ିࢋ)

૚
૛ + ૚ି࢏(࢞ିࢋ)૛(࢞ିࢋ)࢏ + ૛(࢞ିࢋ)࢞ࢊ࢞ିࢋ࢏ቇ 

= 	−ओቌ	න ି(࢞ିࢋ)࢏
૚
૛ା࢏

ஶ

૙
+

ି(࢞ିࢋ)
૚
૛ା࢏

૛
+ ࢏૚ା(࢞ିࢋ)࢏ + ૛(࢞ିࢋ)૚ା࢞ࢊ࢏ቍ 



 
www.ssmrmh.ro 

102 RMM-CALCULUS MARATHON 2101-2200 
 

= 	 −ओቌ	න ቀିିࢋ࢏
૚
૛ା࢏ቁ࢞

ஶ

૙
+
ቀିିࢋ

૚
૛ା࢏ቁ࢞

૛
+ ࢞(࢏૚ା)ିࢋ࢏ + ૛ିࢋ(૚ା࢏)࢞࢞ࢊቍ 

= 	−ओቌ	
࢏

−૚૛ + ࢏
+

૚
−૚ + ૛࢏

+
࢏

૚ + ࢏
+

૛
૚ + ࢏

ቍ 

= 	 −ओ൮	
࢏

−૚૝ − ૚
൬
૚
૛

+ +൰࢏
૚

−૚ − ૝
(૚ + ૛࢏) +

࢏
−૚ − ૚

࢏) − ૚) +
૛

−૚ − ૚
࢏) − ૚)൲ 

= 	
૛
૞

+
૛
૞
−
૚
૛

+ ૚ = 	
૚૜
૚૙

 

2170. Prove that: 

න (࢞ ૚)܏ܗܔ + ࢞૛))૛࢞ࢊ
૚

૙
=
૚
૜
૛܏ܗܔ ૛ − ૜

ૠ
૛ૠ

−
૛࣊ ܏ܗܔ ૛

૜
+
ૡ࣊
ૢ

+
ૡ ૛܏ܗܔ
ૢ

+
૝ࡳ
૜

 

where ࡳ is Catalan’s constant 

Proposed by Amin Hajiyev-Azerbaijan 
Solution by Ankush Kumar Parcha-India 

ષ = න (࢞ ૚)܏ܗܔ + ࢞૛))૛࢞ࢊ
૚

૙
=

࢞ୀ࢟ܖ܉ܜ
න ૛ܖ܉ܜ ࢟ ૛ܛܗ܋)૛܏ܗܔ ࢟) ૛܋܍ܛ ࢟ࢊ࢟
࣊
૝

૙
⇒
ࡼ࡮ࡵ

 

ષ
૝ = ቈ

ܛܗ܋)૛܏ܗܔ ࢟)
૜ ૜ܖ܉ܜ ࢟቉

૙

࣊
૝

+
૚
૜න ૜ܖ܉ܜ ࢟ ⋅

ܖܑܛ ࢟
࢟ܛܗ܋ ܏ܗܔ

૛ܛܗ܋) ࢟)
࣊
૝

૙
࢟ࢊ = 

=
૛܏ܗܔ ૛
૚૛ +

૛
૜න ૝ܖ܉ܜ ࢟ ܛܗ܋)܏ܗܔ ࢟)

࣊
૝

૙
࢟ࢊ =

ୀ࢞࢟ܖ܉ܜ ૛܏ܗܔ ૛
૚૛ −

૚
૜න

࢞૝ ૚)܏ܗܔ + ࢞૛)
૚ + ࢞૛ ࢞ࢊ

૚

૙
; 		(૚) 

࡭	࢚ࢋࡸ = න
࢞૝ ૚)܏ܗܔ + ࢞૛)

૚ + ࢞૛ ࢞ࢊ
૚

૙
, ࡭	࢔ࢋࢎ࢚ = න

࢞૝ − ૚ + ૚
૚ + ࢞૛ ૚)܏ܗܔ + ࢞૛)

૚

૙
࢞ࢊ = 

= න
(࢞૛ − ૚)(࢞૛ + ૚)

૚ + ࢞૛ ૚)܏ܗܔ + ࢞૛)࢞ࢊ
૚

૙
+ න

૚)܏ܗܔ + ࢞૛)
૚ + ࢞૛ ࢞ࢊ

૚

૙
= 

= න ࢞૛ ૚)܏ܗܔ + ࢞૛)
૚

૙
࢞ࢊ −න ૚)܏ܗܔ + ࢞૛)

૚

૙
࢞ࢊ + න

૚)܏ܗܔ + ૛ܖ܉ܜ ࢟)
૚ + ૛ܖ܉ܜ ࢟ ૛܋܍ܛ ࢟ࢊ࢟

࣊
૝

૙
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∵ ܛܗ܋)܏ܗܔ ࢞) = − ૛܏ܗܔ −෍
(−૚)࢔ (࢞࢔૛)ܛܗ܋

࢔

ஶ

ୀ૚࢔

 

࡭ = ቈ
࢞૜

૜ +૚)܏ܗܔ ࢞૛)቉
૙

૚

−
૛
૜ ቈන

(࢞૛ − ૚)(࢞૛ + ૚)
࢞૛ + ૚ ࢞ࢊ

૚

૙
+ න

૚
૚ + ࢞૛ ࢞ࢊ

૚

૙
቉ − 

−ቈൣ࢞ ൫૚܏ܗܔ + ࢞૛൯൧૙
૚
− ૛න ቆ

࢞૛ + ૚
૚ + ࢞૛

−
૚

૚ + ࢞૛
ቇ࢞ࢊ

૚

૙
቉+ ૛න ൭܏ܗܔ ૛ + ෍

(−૚)࢔ (࢟࢔૛)ܛܗ܋
࢔

ஶ

ୀ૚࢔

൱࢟ࢊ
࣊
૝

૙
 

࡭ =
܏ܗܔ ૛
૜ −

૛
૜ ൤
૚
૜ − ૚ +

࣊
૝൨ −

ቂ܏ܗܔ૛ − ૛ +
࣊
૛
ቃ+

࣊
૛ ܏ܗܔ ૛ + ෍

(−૚)࢔

૛࢔ ܖܑܛ ቀ
࣊࢔
૛
ቁ

ஶ

ୀ૚࢔

= 

=
܏ܗܔ ૛
૜ −

૛
૜ ൤−

૛
૜ +

࣊
૝൨ − ܏ܗܔ ૛ + ૛ −

࣊
૛ +

࣊
૛ ܏ܗܔ ૛ + ෍

(−૚)૛࢔ା૚

(૛࢔+ ૚)૛ ܖܑܛ ቆ
(૛࢔+ ૚)࣊

૛ ቇ
ஶ

ୀ૙࢔

= 

=
૛܏ܗܔ
૜ +

૝
ૢ −

࣊
૟ − ૛܏ܗܔ + ૛ −

࣊
૛ +

࣊
૛ ૛܏ܗܔ −෍

(−૚)࢔

(૛࢔ + ૚)૛

ஶ

ୀ૙࢔

= 

= ൬
૚
૜ − ૚ +

࣊
૛൰ ૛܏ܗܔ −

࣊
૟ −

࣊
૛ +

૝
ૢ + ૛ −  ࡳ

∵ ෍
(−૚)࢔

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

= (૛)ࢼ =  ࡳ

 ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ

න (࢞ ૚)܏ܗܔ + ࢞૛))૛࢞ࢊ
૚

૙
=
૚
૜ ܏ܗܔ

૛ ૛ − ૜
ૠ
૛ૠ −

૛࣊ ܏ܗܔ ૛
૜ +

ૡ࣊
ૢ +

ૡ ܏ܗܔ ૛
ૢ +

૝ࡳ
૜  

2171. 

ࢸ = න න න
࢞૛࢟ + ૛ࢠ࢞ + ૛࢟ࢠ

(࢞ + ࢟+ ૜(ࢠ ࢠࢊ࢟ࢊ࢞ࢊ = ࢇ (ࢇ)ࢍ࢕࢒
૚

૙

૚

૙

૚

૙
−
ࢇ
૜  ࢇ:ࢊ࢔࢏ࡲ.

 
Proposed by Amin Hajiyev-Azerbaijan 

Solution 1 by Pham Duc Nam-Vietnam 

∗ ࢸ:࢚࢟࢘ࢋ࢓࢓࢙࢟	࢟࡮ = ૜න න න
࢞૛࢟

(࢞ + ࢟ + ૜(ࢠ ࢠࢊ࢟ࢊ࢞ࢊ = ૜න න ࢞૛࢟࢟ࢊ࢞ࢊන
ࢠࢊ

(࢞ + ࢟ + ૜(ࢠ
૚

૙

૚

૙

૚

૙

૚

૙

૚

૙

૚

૙
 

= ૜න න ࢞૛࢟࢟ࢊ࢞ࢊቆ−
૚

૛(࢞ + ࢟ + ૛ฬ૙(ࢠ

૚

ቇ =
૚

૙

૚

૙

૜
૛
න න ࢞૛࢟൬

૚
(࢞ + ࢟)૛ −

૚
(࢞ + ࢟ + ૚)૛൰࢟ࢊ࢞ࢊ

૚

૙

૚

૙

=
૜
૛
න න

࢞૛࢟
(࢞ + ࢟)૛ ࢟ࢊ࢞ࢊ

૚

૙

૚

૙
−
૜
૛
න න

࢞૛࢟
(࢞ + ࢟ + ૚)૛ ࢟ࢊ࢞ࢊ

૚

૙

૚

૙
=
૜
૛
ࡵ −

૜
૛
 ࡶ
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∗ ࡵ = න න
࢞૛࢟

(࢞ + ࢟)૛ ࢟ࢊ࢞ࢊ
૚

૙

૚

૙
= න න

࢟૛࢞
(࢞ + ࢟)૛ ࢟ࢊ࢞ࢊ

૚

૙

૚

૙
⇒ ૛ࡵ = න න

࢞࢟
(࢞ + ࢟ࢊ࢞ࢊ(࢟

૚

૙

૚

૙
⇒ ࡵ

=
૚
૛
න න࢞ࢊ࢞

࢟
(࢞ + ࢟ࢊ(࢟

૚

૙

૚

૙
=
૚
૛
න ൫࢞૛ ࢞ࢍ࢕࢒ − ࢞૛ ࢞)ࢍ࢕࢒ + ૚) + ࢞൯
૚

૙
 ࢞ࢊ

 ࡼ࡮ࡵ 
ሱ⎯⎯⎯⎯ሮ =

૚
૜
−
૚
૜
૛ࢍ࢕࢒ =

૚
૜

+ ࢍ࢕࢒
૚
√૛૜  

∗ ࡶ = න න
࢞૛࢟

(࢞ + ࢟ + ૚)૛ ࢟ࢊ࢞ࢊ
૚

૙

૚

૙
= න ࢞૛࢞ࢊන

࢟
(࢞ + ࢟ + ૚)૛ ࢟ࢊ

૚

૙

૚

૙

= න ࢞૛࢞ࢊቆ
࢞ + ૚

࢞ + ࢟+ ૚
+ ࢞)ࢍ࢕࢒ + ࢟ + ૚)ฬ

૙

૚
ቇ

૚

૙

= න ቆ࢞૛ ࢞)ࢍ࢕࢒ + ૛)− ࢞૛ ࢞)ࢍ࢕࢒ + ૚)−
࢞૛

࢞ + ૛
ቇ࢞ࢊ

૚

૙
 

 ࡼ࡮ࡵ 
ሱ⎯⎯⎯⎯ሮ =

૛
૜

+ ࢍ࢕࢒
√૝૜

૜
 

⇒ ࡵ =
૜
૛
ࡵ −

૜
૛
ࡶ =

૜
૛
൬
૚
૜

+ ࢍ࢕࢒
૚
√૛૜ ൰ −

૜
૛
ቆ
૛
૜

+ ࢍ࢕࢒
√૝૜

૜
ቇ = −

૚
૛

+
૜
૛
ࢍ࢕࢒

૚
√૛૜

√૝૜

૜

=
૜
૛
ࢍ࢕࢒

૜
√૛૜ √૝૜ −

૜
૛
૜

=
૜
૛
ࢍ࢕࢒

૜
૛
−
૜
૛
૜

= ࢇ (ࢇ)ࢍ࢕࢒ −
ࢇ
૜
⇒ ࢇ =

૜
૛

 

Solution 2 by Ankush Kumar Parcha-India 

શ = ૜න න න
࢞૛࢟

(࢞ + ࢟ + ૜(ࢠ ࢠࢊ࢟ࢊ࢞ࢊ = ૜න න ࢞૛࢟࢟ࢊ࢞ࢊන
ࢠࢊ

(࢞ + ࢟ + ૜(ࢠ
૚

૙

૚

૙

૚

૙

૚

૙

૚

૙

૚

૙
= 

=
૜
૛න න

࢞૛࢟
(࢞ + ࢟)૛ ࢟ࢊ࢞ࢊ

૚

૙

૚

૙
−
૜
૛න න

࢞૛࢟
(࢞ + ࢟ + ૚)૛ ࢟ࢊ࢞ࢊ

૚

૙

૚

૙
= 

=
૜
૛න ࢞૛ ቈ൬−

࢟
࢞ + ࢟൰૙

૚
+ න

૚
࢞ + ࢟ࢊ࢟

૚

૙
቉ ࢞ࢊ

૚

૙
−
૜
૛න ࢞૛ ቈ൬−

࢟
࢞ + ࢟ + ૚൰૙

૚
+ න

࢟ࢊ
࢞ + ࢟ + ૚

૚

૙
቉࢞ࢊ

૚

૙
 

=
૜
૛න ࢞૛ ൤܏ܗܔ(૚ + ࢞)− ࢞܏ܗܔ −

૚
૚ + ࢞൨࢞ࢊ

૚

૙
 

−
૜
૛න ࢞૛ ൤܏ܗܔ(࢞ + ૛) − ࢞)܏ܗܔ + ૚) −

૚
࢞ + ૛൨ ࢞ࢊ

૚

૙
 

=
૜
૛ ቈන ࢞૛ ૚)܏ܗܔ + ࢞)

૚

૙
࢞ࢊ −න ࢞૛ ܏ܗܔ ࢞ࢊ࢞

૚

૙
−න

࢞૛ − ૚ + ૚
࢞ + ૚ ࢞ࢊ

૚

૙
቉ − 

−
૜
૛ቈන ࢞૛ ቀ܏ܗܔ ቀ૚ +

࢞
૛
ቁ + ࢞ࢊ૛ቁ܏ܗܔ

૚

૙
− න ࢞૛ ૚)܏ܗܔ + ࢞ࢊ(࢞

૚

૙
− න

࢞૛ − ૝ + ૝
࢞ + ૛ ࢞ࢊ

૚

૙
቉ = 
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=
૜
૛
൥෍

(−૚)࢔ା૚

࢔ න ା૛࢔࢞
૚

૙
࢞ࢊ −

−૚
(૛ + ૚)૛ − න ൬࢞ − ૚ +

૚
૚ + ࢞൰࢞ࢊ

૚

૙

ஶ

ୀ૚࢔

൩ − 

−
૜
૛
൥෍

(−૚)࢔ା૚

࢔ ⋅ ૛࢔ න ࢞ࢊା૛࢔࢞
૚

૙
+

ஶ

ୀ૚࢔

܏ܗܔ ૛න ࢞૛࢞ࢊ
૚

૙
−෍

(−૚)࢔ା૚

࢔

ஶ

ୀ૚࢔

න ࢞ࢊା૛࢔࢞
૚

૙

−න ൬࢞ − ૛ +
૝

࢞ + ૛൰࢞ࢊ
૚

૙
൩ = 

=
૜
૛
൥
૚
૜෍

(−૚)࢔ା૚

࢔

ஶ

ୀ૚࢔

−
૚
૜෍

(−૚)࢔ା૚

࢔ + ૜

ஶ

ୀ૚࢔

+
૚૚
૚ૡ − ܏ܗܔ ૛൩ − 

−
૜
૛
൥
૚
૜෍

(−૚)࢔ା૚

࢔ ⋅ ૛࢔

ஶ

ୀ૚࢔

−
૚
૜෍

(−૚)࢔ା૚

૛࢔)࢔+ ૜)

ஶ

ୀ૚࢔

+
܏ܗܔ ૛
૜ −

૚
૜෍

(−૚)࢔ା૚

࢔

ஶ

ୀ૚࢔

+
૚
૜෍

(−૚)࢔ା૚

࢔ + ૜

ஶ

ୀ૚࢔

+
૜
૛

+ ૝ ܏ܗܔ ൬
૛
૜൰൩ = 

=
૜
૛ ൤
૚
૜ −

܏ܗܔ ૛
૜ ൨ −

૜
૛ ൤܏ܗܔ൬

૛
૜൰ −

૚
૜ ܏ܗܔ ૛ +

૝
૟൨ = 

=
૜
૛ ܏ܗܔ ൬

૜
૛൰ −

૚
૛ = ࢇ (ࢇ)܏ܗܔ −

ࢇ
૜
⇒ ࢇ =

૜
૛
		 

2172. Find without any software: 

ષ = න ܖܑܛ ቀ࢞ −
࣊
૝
ቁඥ(૚ + ܖܑܛ ࢞)(૚ + ܛܗ܋ ࢞)

࣊
૝

૙
 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

 

ષ = න ܖܑܛ ቀ࢞ −
࣊
૝
ቁඥ(૚+ ܖܑܛ ࢞)(૚ + ܛܗ܋ ࢞)

࣊
૝

૙
࢞ࢊ = 

=
૚
√૛

න ܖܑܛ) ࢞ − ܛܗ܋ ࢞)√૚ + ܖܑܛ ࢞ + ܛܗ܋ ࢞ + ܖܑܛ ࢞ ܛܗ܋ ࢞
࣊
૝

૙
࢞ࢊ = 

=
−૚
√૛

න ܛܗ܋) ࢞ − ܖܑܛ ࢞)√૚ + ܖܑܛ ࢞ + ܛܗ܋ ࢞ + ܖܑܛ ܛܗ܋࢞ ࢞
࣊
૝

૙
 ࢞ࢊ

࢛	࢚ࢋࡸ = ܖܑܛ ࢞ + ܛܗ܋ ࢞ ⇒ ࢛૛ = ૚ + ૛ ܖܑܛ ࢞ ܛܗ܋ ࢞ 
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ܖܑܛ ࢞ ܛܗ܋ ࢞ =
࢛૛ − ૚
૛  

ષ =
−૚
√૛

න ඨ૚ + ࢛+
࢛૛ − ૚
૛

√૛

૚
࢛ࢊ =

−૚
√૛

න ඥ࢛૛ + ૛࢛ + ૚
√૛

૚
࢛ࢊ = 

=
−૚
√૛

න (࢛+ ૚)࢛ࢊ
√૛

૚
=
૚
૛൬

૚
૛ − √૛൰		 

2173. Prove that: 

ࢹ = න
(࢞࣊)࢔࢏࢙

࢞࢞(૚ − ࢞)૚ି࢞(࢞ − ૛)૛࢞ࢊ =
࣊
૝
(૛)ࢍ࢕࢒

૚

૙
 

Proposed by Surjeet Singhania-India 
Solution by Pham Duc Nam-Vietnam 
 

∗ ࢹ = න
(࢞࣊)࢔࢏࢙

࢞࢞(૚ − ࢞)૚ି࢞(࢞ − ૛)૛ ࢞ࢊ =
૚

૙
න

(࢞࣊)࢔࢏࢙
࢞࢞(૚ − ࢞)૚ି࢞(࢞ + ૚)૛ ࢞ࢊ ∴ න (࢞)ࢌ

࢈

ࢇ

૚

૙
࢞ࢊ

= න ࢇ)ࢌ + ࢈ − ࢞)
࢈

ࢇ
 ࢞ࢊ

= ণන ࢞ିࢋ࢞࣊࢏ࢋ (࢞)ࢍ࢕࢒
૚

૙
(૚ି࢞)ࢍ࢕࢒࢞ࢋ .

૚
(૚ − ࢞)(࢞ + ૚)૛ ࢞ࢊ

= ণන ࢍ࢕࢒ା࣊࢏ቀ࢞ࢋ
૚ି࢞
࢞ ቁ

૚

૙
.

૚
(૚ − ࢞)(࢞+ ૚)૛ ࢛:let,࢞ࢊ = ࢍ࢕࢒

૚ − ࢞
࢞

⇒ ࢛ࢋ =
૚ − ࢞
࢞

⇒ ࢞

=
૚

࢛ࢋ + ૚
⇒ ࢞ࢊ = −

࢛ࢋ

࢛ࢋ) + ૚)૛  ࢛ࢊ

࢓࢏࢒
࢞→૙శ

ࢍ࢕࢒
૚− ࢞
࢞

= ∞, ࢓࢏࢒
࢞→૚ష

ࢍ࢕࢒
૚− ࢞
࢞

= −∞ ⇒ ࢹ

= ণන ࢋ
૚

(ା࢛࣊࢏)ା૚࢛ࢋ
∞

ି∞
.

૚

ቀ૚ − ૚
࢛ࢋ + ૚ቁቀ

૚
࢛ࢋ + ૚+ ૚ቁ

૛ .
࢛ࢋ

࢛ࢋ) + ૚)૛࢛ࢊ

= ণන ࢋ
૚

(ା࢛࣊࢏)ା૚࢛ࢋ
∞

ି∞
.

࢛ࢋ) + ૚)૜

࢛ࢋ)࢛ࢋ + ૛)૛ .
࢛ࢋ

࢛ࢋ) + ૚)૛ ࢛ࢊ = ণන ࢋ
૚

(ା࢛࣊࢏)ା૚࢛ࢋ
∞

ି∞

࢛ࢋ) + ૚)
࢛ࢋ) + ૛)૛  ࢛ࢊ

Let:ࢠ = ࣊࢏ + ࢛ ⇒ ࢠࢊ = ࢛ࢊ ⇒ ષ = ণන ࢋ
ࢠ

ା૚࣊࢏షࢠࢋ
∞ା࣊࢏

ି∞ା࣊࢏

൫࣊࢏ିࢠࢋ + ૚൯
࣊࢏ିࢠࢋ) + ૛)૛ ࢠࢊ

= ণන ࢋ
ࢠ

૚ିࢠࢋ
∞ା࣊࢏

ି∞ା࣊࢏

૚ − ࢠࢋ

(૛ − ૛(ࢠࢋ  ࢠࢊ
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Let:(ࢠ)ࢌ = ࢋ
ࢠ

૚ିࢠࢋ
૚ − ࢠࢋ

(૛− ૛(ࢠࢋ ,and	counter-clockwise	direction	rectangular	contour	with	sides:࡯

= +ࡾ−] ࡾ,࣊࢏ + [࣊࢏ ∪ +ࡾ] ࡾ,࣊࢏ − [࣊࢏ ∪ −ࡾ] ࡾ−,࣊࢏ − [࣊࢏
∪ −ࡾ−] +ࡾ−,࣊࢏ [࣊࢏ ∴ ࡾ → ∞ 

ࢠ	:2	pole,order	one	has(ࢠ)ࢌ = (૛)ࢍ࢕࢒ 	inside	࡯ 

⇒ න ࢠࢊ(ࢠ)ࢌ = ૛࣊(ࢠ)ࢌ)࢙ࢋࡾ࢏, ((૛)܏ܗܔ = ૛࣊࢏
૚

(૛ − ૚)!
ܕܑܔ

(૛)	܏ܗܔ→ࢠ

ࢊ
ࢠࢊ

൬(ࢠ − ૛(૛)܏ܗܔ ࢋ
ࢠ

૚ିࢠࢋ
૚− ࢠࢋ

(૛ − ࡯૛൰(ࢠࢋ

= ૛࣊࢏ ൬−
(૛)	܏ܗܔ
૝

൰ = −
(૛)ࢍ࢕࢒࢏࣊

૛
 

∗ නࢠࢊ(ࢠ)ࢌ
࡯

= න ࢠࢊ(ࢠ)ࢌ
࣊࢏ିࡾ

࣊࢏ିࡾି
+න ࢠࢊ(ࢠ)ࢌ

࣊࢏ାࡾି

࣊࢏ାࡾ
+ න ࢠࢊ(ࢠ)ࢌ

࣊࢏ାࡾ

࣊࢏ିࡾ
+න ࢠࢊ(ࢠ)ࢌ

࣊࢏ିࡾି

࣊࢏ାࡾି
 

By:estimation	lemma⇒ ࢓࢏࢒
∞→ࡾ

න ࢠࢊ(ࢠ)ࢌ
࣊࢏ାࡾ

࣊࢏ିࡾ
= ࢓࢏࢒

∞→ࡾ
න ࢠࢊ(ࢠ)ࢌ = ૙
࣊࢏ିࡾି

࣊࢏ାࡾି

⇒ ර ࢠࢊ(ࢠ)ࢌ = න ࢠࢊ(ࢠ)ࢌ
࣊࢏ିࡾ

࣊࢏ିࡾି
+

࡯
න ࢠࢊ(ࢠ)ࢌ
࣊࢏ାࡾି

࣊࢏ାࡾ
= න ࢠࢊ(ࢠ)ࢌ

࣊࢏ିࡾ

࣊࢏ିࡾି
−න ࢠࢊ(ࢠ)ࢌ

࣊࢏ାࡾ

࣊࢏ାࡾି

= −න ࢠࢊ(ࢠ)ࢌ
࣊࢏ାࡾ

࣊࢏ାࡾି
−න ࢠࢊ(ࢠ)ࢌ

࣊࢏ାࡾ

࣊࢏ାࡾି
 

= −૛න ࢠࢊ(ࢠ)ࢌ
࣊࢏ାࡾ

࣊࢏ାࡾି
= −૛࢓࢏࢒

∞→ࡾ
න ࢠࢊ(ࢠ)ࢌ

∞ା࣊࢏

ି∞ା࣊࢏
= −૛࢓࢏࢒

∞→ࡾ
න ࢋ

ࢠ
૚ିࢠࢋ

૚ − ࢠࢋ

(૛ − ૛(ࢠࢋ ࢠࢊ
∞ା࣊࢏

ି∞ା࣊࢏
= ࣊࢏−

(૛)ࢍ࢕࢒
૛

⇒ ࢓࢏࢒
∞→ࡾ

න ࢋ
ࢠ

૚ିࢠࢋ
૚ − ࢠࢋ

(૛ − ૛(ࢠࢋ ࢠࢊ
∞ା࣊࢏

ି∞ା࣊࢏
= ࣊࢏

(૛)ࢍ࢕࢒
૝

 

⇒ ࢹ = ণන ࢋ
ࢠ

૚ିࢠࢋ
∞ା࣊࢏

ି∞ା࣊࢏

૚ − ࢠࢋ

(૛ − ૛(ࢠࢋ ࢠࢊ = ণቆ࣊࢏
(૛)ࢍ࢕࢒
૝

ቇ =
࣊
૝
 (૛)ࢍ࢕࢒

2174. 

If	૙ < ࢇ ≤ ࢈ <
࣊
૟ 	then	ϐind: 

(࢈,ࢇ)ࢹ = න
(૚ + ૛࢔ࢇ࢚ ࢞)૛

૛࢙࢕ࢉ ࢞ − ૜࢙࢔࢏૛ ࢞ࢊ࢞
࢈

ࢇ
 

Proposed by Daniel Sitaru-Romania 
Solution by Pham Duc Nam-Vietnam 
 

(࢈,ࢇ)ࢹ = න
൫૚ + ૛࢔ࢇ࢚ ࢞൯૛

૛࢙࢕ࢉ ࢞ (૚ − ૜ ૛࢔ࢇ࢚ ࢞ࢊ(࢞
࢈

ࢇ
= න

൫૚ + ૛࢔ࢇ࢚ ࢞൯૛

(૚ − ૜ ૛࢔ࢇ࢚ ࢊ(࢞
(࢞࢔ࢇ࢚)

࢈

ࢇ
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= −
૜࢔ࢇ࢚ ࢞
ૢ

−
ૠ ࢞࢔ࢇ࢚

ૢ
−

ૡ
ૢ√૜

ࢍ࢕࢒
√૜ − ૜ ࢞࢔ࢇ࢚
√૜ + ૜ ࢞࢔ࢇ࢚

ቤ
ࢇ

࢈

= −
૜࢔ࢇ࢚ ࢈
ૢ

−
ૠ ࢈࢔ࢇ࢚

ૢ
−

ૡ
ૢ√૜

ࢍ࢕࢒
√૜ − ૜ ࢈࢔ࢇ࢚
√૜ + ૜ ࢈࢔ࢇ࢚

+
૜࢔ࢇ࢚ ࢇ
ૢ

+
ૠ ࢇ࢔ࢇ࢚

ૢ

+
ૡ

ૢ√૜
ࢍ࢕࢒

√૜ − ૜࢚ࢇ࢔ࢇ
√૜ + ૜࢚ࢇ࢔ࢇ

 

=
૜࢔ࢇ࢚ ࢇ
ૢ

−
૜࢔ࢇ࢚ ࢈
ૢ

+
ૠ ࢇ࢔ࢇ࢚

ૢ
−
ૠ ࢈࢔ࢇ࢚

ૢ
+

ૡ
ૢ√૜

ࢍ࢕࢒
√૜ − ૜ ࢇ࢔ࢇ࢚
√૜ + ૜ ࢇ࢔ࢇ࢚

−
ૡ

ૢ√૜
ࢍ࢕࢒

√૜ − ૜ ࢈࢔ࢇ࢚
√૜ + ૜ ࢈࢔ࢇ࢚

 

2175. Find: 

ࢹ = න න න
࢟ ࢍ࢕࢒ ࢞

(࢞ + ࢟)૛(૚ + ࢟૛)(૚+ ࢠࢊ࢟ࢊ࢞ࢊ(૛ࢠ
∞

૚

∞

૚

∞

૙
 

Proposed by Probal Chakraborty-India 
Solution by Pham Duc Nam-Vietnam 
 

ࢹ = න න න
࢟ ࢞ࢍ࢕࢒

(࢞ + ࢟)૛(૚+ ࢟૛)(૚ + ࢠࢊ࢟ࢊ࢞ࢊ(૛ࢠ
∞

૚

∞

૚

∞

૙

= න න
࢟ ࢞ࢍ࢕࢒

(࢞ + ࢟)૛(૚+ ࢟૛)࢟ࢊ࢞ࢊන
૚

(૚ + ࢠࢊ(૛ࢠ
∞

૙

∞

૚

∞

૚

=
࣊
૛
න න

࢟ ࢞ࢍ࢕࢒
(࢞ + ࢟)૛(૚ + ࢟૛)࢟ࢊ࢞ࢊ

∞

૚

∞

૚
 

=
࣊
૛
න

࢟
૚ + ࢟૛

න࢟ࢊ
࢞ࢍ࢕࢒

(࢞+ ࢟)૛ ࢞ࢊ
∞

૚

∞

૚
 

∗ න
࢞ࢍ࢕࢒

(࢞ + ࢟)૛ ࢞ࢊ
∞

૚
,ቐ
ݑ = (࢞)ࢍ࢕࢒

ݒ݀ =
࢞ࢊ

(࢞ + ࢟)૛
⇒

⎩
⎨

ݑ݀⎧ =
࢞ࢊ
࢞

ݒ = −
૚

࢞ + ࢟

⇒ න
࢞ࢍ࢕࢒

(࢞ + ࢟)૛࢞ࢊ
∞

૚

= −
(࢞)ࢍ࢕࢒
࢞ + ࢟

ቤ
૚

∞

ᇣᇧᇧᇤᇧᇧᇥ
ୀ૙

+ න
૚

࢞(࢞ + ࢞ࢊ(࢟
∞

૚
= න ൬

૚
࢞࢟

−
૚

࢞࢟ + ࢟૛
൰࢞ࢊ

∞

૚
 

=
(࢞)ࢍ࢕࢒
࢟

−
࢞)ࢍ࢕࢒ + ࢟)

࢟
ቤ
૚

∞

=
૚
࢟
ࢍ࢕࢒

࢞
࢞ + ࢟

ฬ
૚

∞

=
࢟)ࢍ࢕࢒ + ૚)

࢟
 

⇒ ࢹ =
࣊
૛
න

࢟
૚ + ࢟૛

.
+࢟)ࢍ࢕࢒ ૚)

࢟
࢟ࢊ =

∞

૚

࣊
૛
න

࢟)ࢍ࢕࢒ + ૚)
૚ + ࢟૛

,࢟ࢊ ࢟:࢚ࢋ࢒ =
૚
࢛
⇒

∞

૚
࢟ࢊ = −

࢛ࢊ
࢛૛

 

⇒ ࢹ =
࣊
૛
න

ቀ૚࢛ࢍ࢕࢒ + ૚ቁ

૚ + ቀ૚࢛ቁ
૛

࢛ࢊ
࢛૛

=
૚

૙

࣊
૛
න

ቀ૚࢛ࢍ࢕࢒ + ૚ቁ
࢛૛ + ૚

࢛ࢊ =
૚

૙

࣊
૛
න ቆ

࢛)ࢍ࢕࢒ + ૚)
࢛૛ + ૚

−
(࢛)ࢍ࢕࢒
࢛૛ + ૚

ቇ࢛ࢊ
૚

૙

=
࣊
૛
ቆන

࢛)ࢍ࢕࢒ + ૚)
࢛૛ + ૚

࢛ࢊ −
૚

૙
න

(࢛)ࢍ࢕࢒
࢛૛ + ૚

࢛ࢊ
૚

૙
ቇ 
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∗ න
࢛)ࢍ࢕࢒ + ૚)
࢛૛ + ૚

,࢛ࢊ ࢚ࢋ࢒ ∶ ࢛ =
૚ − ࢜
૚ + ࢜

૚

૙
⇒ ࢛ࢊ = −

૛
(૚ + ࢜)૛ ࢜ࢊ

⇒ න
࢛)ࢍ࢕࢒ + ૚)
࢛૛ + ૚

࢛ࢊ
૚

૙

= න
ቀࢍ࢕࢒ ૛

࢜ + ૚ቁ
૛(࢜૛ + ૚)
(࢜+ ૚)૛

.
૛

(૚ + ࢜)૛ ࢜ࢊ
૚

૙

= න
૛ࢍ࢕࢒ − ࢜)ࢍ࢕࢒ + ૚)

࢜૛ + ૚
࢜ࢊ =

૚

૙
න

૛ࢍ࢕࢒ − ࢛)ࢍ࢕࢒ + ૚)
࢛૛ + ૚

࢛ࢊ
૚

૙
 

⇒ ૛න
࢛)ࢍ࢕࢒ + ૚)
࢛૛ + ૚

࢛ࢊ = න
૛ࢍ࢕࢒
࢛૛ + ૚

࢛ࢊ
૚

૙

૚

૙
= ૙૚|(࢛)࢔ࢇ࢚ࢉ࢘ࢇ(૛)ࢍ࢕࢒ =

࣊
૝
(૛)ࢍ࢕࢒

⇒ න
࢛)ࢍ࢕࢒ + ૚)
࢛૛ + ૚

࢛ࢊ =
૚

૙

࣊
ૡ
 (૛)ࢍ࢕࢒

∗ න
(࢛)ࢍ࢕࢒
࢛૛ + ૚

࢛ࢊ
૚

૙
= න ࢔૛࢛࢔෍(−૚)࢛ࢊ(࢛)ࢍ࢕࢒

∞

ୀ૙࢔

૚

૙

= ෍(−૚)࢔න ࢛૛࢔ ࢛ࢊ(࢛)ࢍ࢕࢒ =
૚

૙

∞

ୀ૙࢔

−෍
(−૚)࢔

(૛࢔+ ૚)૛ = (૛)ࢼ− = ࡳ− ∴ constant	Catalan's	is	ࡳ
∞

ୀ૙࢔

 

⇒ ષ =
࣊
૛
ቆන

࢛)ࢍ࢕࢒ + ૚)
࢛૛ + ૚

࢛ࢊ −
૚

૙
න

(࢛)ࢍ࢕࢒
࢛૛ + ૚

࢛ࢊ
૚

૙
ቇ =

࣊
૛
ቀ
࣊
ૡ
(૛)ࢍ࢕࢒ +  ቁࡳ

2176. Find: 

ࢹ = න
√࢞ (࢞)ࢍ࢕࢒
࢞૛ − ࢞ + ૚

࢞ࢊ
∞

૚
 

Proposed by Vasile Mircea Popa-Romania 
Solution by Pham Duc Nam-Vietnam 

࢞:࢚ࢋࡸ =
૚
࢚
⇒ ࢞ࢊ = −

࢚ࢊ
࢚૛
⇒ ࢹ = න

ට૚࢚ ቀࢍ࢕࢒
૚
࢚ቁ

ቀ૚࢚ቁ
૛
− ૚
࢚ + ૚

࢚ࢊ
࢚૛

= −
૚

૙
න

(࢚)ࢍ࢕࢒

√࢚(࢚૛ − ࢚ + ૚)

૚

૙
࢚ࢊ

= −
ࢊ
ࢇࢊ

ฬ
ୀି૚૛ࢇ

න
࢚)ࢇ࢚ + ૚)
࢚૜ + ૚

૚

૙
࢚ࢊ = −

ࢊ
ࢇࢊ

ฬ
ୀି૚૛ࢇ

ቆන
ା૚ࢇ࢚

࢚૜ + ૚

૚

૙
࢚ࢊ +න

ࢇ࢚

࢚૜ + ૚

૚

૙
 ቇ࢚ࢊ

= −
ࢊ
ࢇࢊ

ฬ
ୀି૚૛ࢇ

൭෍(−૚)࢔
∞

ୀ૙࢔

න ࢚૜࢔ାࢇା૚
૚

૙
+࢚ࢊ ෍(−૚)࢔

∞

ୀ૙࢔

න ࢚૜࢔ାࢇ
૚

૙
൱࢚ࢊ

= −
ࢊ
ࢇࢊ

ฬ
ୀି૚૛ࢇ

൭෍
(−૚)࢔

૜࢔+ ࢇ + ૛

∞

ୀ૙࢔

+ ෍
(−૚)࢔

૜࢔+ ࢇ + ૚

∞

ୀ૙࢔

൱

=
૝
ૢ
෍

(−૚)࢔

(૛࢔ + ૚)૛

∞

ୀ૙࢔

+ ૝෍
(−૚)࢔

(૟࢔ + ૚)૛

∞

ୀ૙࢔
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=
૝
ૢ
+ࡳ

૚
૜૟

ቆ࣒(૚) ൬
૚
૚૛
൰ − ࣒(૚) ൬

ૠ
૚૛
൰ቇ

∴ Where	:	ࡳ	is	Catalan's	constant,࣒(૚)(ࢠ)	is	Trigamma	function. 
 

2177. Find a closed form: 

ࢹ = න
࢞ࢍ࢕࢒ ൫ࢍ࢕࢒√૚ − ࢞૛൯൫૚+ ࢍ࢕࢒ √૚ − ࢞૛൯

࢞

૚

૙
 ࢞ࢊ

Proposed by Abdul Mukhtar-Nigeria 
Solution by Pham Duc Nam-Vietnam 
 

∗ ࢹ = න
࢞ࢍ࢕࢒ ࢍ࢕࢒ √૚ − ࢞૛ ൫૚ + ࢍ࢕࢒ √૚ − ࢞૛൯

࢞

૚

૙
࢞ࢊ

= න
ࢍ࢕࢒ ࢞ ૚√ࢍ࢕࢒ − ࢞૛

࢞

૚

૙
࢞ࢊ + න

࢞ࢍ࢕࢒ ૛ࢍ࢕࢒ √૚ − ࢞૛

࢞

૚

૙
 ࢞ࢊ

=
૚
૛න

࢞ࢍ࢕࢒ ૚)ࢍ࢕࢒ − ࢞૛)
࢞

૚

૙
࢞ࢊ +

૚
૝න

ࢍ࢕࢒ ࢞ ૛(૚ࢍ࢕࢒ − ࢞૛)
࢞

૚

૙
࢞ࢊ =

૚
૛ ࡵ +

૚
૝  ࡶ

∗ ࡵ = න
࢞ࢍ࢕࢒ ૚)ࢍ࢕࢒ − ࢞૛)

࢞

૚

૙
࢞ࢊ = න

࢞ࢍ࢕࢒
࢞

૚

૙
൭−෍࢞ࢊ

࢞૛࢔

࢔

∞

ୀ૚࢔

൱ = −෍
૚
න࢔ ࢞૛ି࢔૚ ࢞ࢊ(࢞)ࢍ࢕࢒

૚

૙

∞

ୀ૚࢔

= −෍
૚
−൬࢔

૚
૝࢔૛൰

∞

ୀ૚࢔

=
૚
૝෍

૚
૜࢔ =

(૜)ࣀ
૝

∞

ୀ૚࢔

 

∗ ࡶ = න
࢞ࢍ࢕࢒ ૛(૚ࢍ࢕࢒ − ࢞૛)

࢞

૚

૙
࢞ࢊ = ࢓࢏࢒

૙→ࢇ

ࣔ
ࢇࣔ

ࣔ૛

૛ቤ࢈ࣔ
ୀ૙࢈

න
૚)ࢇ࢞ − ࢞૛)࢈

࢞

૚

૙
࢞ࢊ

= ࢓࢏࢒
૙→ࢇ

ࣔ
ࢇࣔ

ࣔ૛

૛ቤ࢈ࣔ
ୀ૙࢈

૚
૛න ൬(࢞૛)

૛ିࢇ
૛ (૚− ࢞૛)࢈൰

૚

૙
 (૛࢞)ࢊ

= ࢓࢏࢒
૙→ࢇ

ࣔ
ࢇࣔ

ࣔ૛

૛ቤ࢈ࣔ
ୀ૙࢈

૚
૛න

ቀ(࢞૛)
ࢇ
૛ି૚(૚ − ࢞૛)࢈ା૚ି૚ቁ

૚

૙
(૛࢞)ࢊ = ࢓࢏࢒

૙→ࢇ

ࣔ
ࢇࣔ

ࣔ૛

૛ቤ࢈ࣔ
ୀ૙࢈

૚
૛ࢢ

ቀ
ࢇ
૛ ࢈, + ૚ቁ

=
૚
૛ ૙→ࢇ࢓࢏࢒

ࣔ
ࢇࣔ

ࣔ૛

૛ቤ࢈ࣔ
ୀ૙࢈

ቀࢢ
ࢇ
૛ ࢈, + ૚ቁ 
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=
૚
૛ ૙→ࢇ࢓࢏࢒

ࣔ
ࢇࣔ

ࣔ૛

૛ቤ࢈ࣔ
ୀ૙࢈

࢈)ࢣ૛ቁࢇቀࢣ + ૚)

ࢣ ቀࢇ૛ + ࢈ + ૚ቁ
,taking	derivative	and	taking	limit	ࢇ → ૙ ⇒ ࡶ

=
૚
૛ቆ−

࣊૝

૜૟૙ቇ = −
࣊૝

ૠ૛૙ 

⇒ ࢹ =
૚
૛ +ࡵ

૚
૝ ࡶ =

૚
૛ ቆ

(૜)ࣀ
૝ ቇ+

૚
૝ቆ−

࣊૝

ૠ૛૙ቇ =
(૜)ࣀ
ૡ −

࣊૝

૛ૡૡ૙ 

2178. Find a closed form: 

ࡵ = න
૛(૚ࢍ࢕࢒ + ࢞)

(૚ + ࢞)(૚ + ࢞૛)࢞ࢊ
૚

૙
 

Proposed by Naren Bhandari-Bajura-Nepal 
Solution by Pham Duc Nam-Vietnam 
 

ࡵ = න
૛(૚ࢍ࢕࢒ + ࢞)

(૚ + ࢞)(૚ + ࢞૛)࢞ࢊ =
૚
૛
න

(૚ − ࢞) +૛(૚ࢍ࢕࢒ ࢞)
૚ + ࢞૛

࢞ࢊ +
૚

૙

૚

૙

૚
૛
න

૛(૚ࢍ࢕࢒ + ࢞)
࢞ + ૚

࢞ࢊ
૚

૙

=
૚
૛
ቆන

૛(૚ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

࢞ࢊ −
૚

૙
න

࢞ ૛(૚ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

࢞ࢊ
૚

૙
ቇ+

૚
૛
න

૛(૚ࢍ࢕࢒ + ࢞)
࢞ + ૚

࢞ࢊ
૚

૙
 

=
૚
૛

(ࡺ−ࡹ) +
૚
૛
 ࡼ

∗ ࡼ = න
૛(૚ࢍ࢕࢒ + ࢞)

࢞ + ૚
࢞ࢊ =

૚

૙
න ૛(૚ࢍ࢕࢒ + ࢞)ࢍ࢕࢒)ࢊ(࢞ + ૚)) =
૚

૙

૚
૜
࢞)૜ࢍ࢕࢒ + ૚)ฬ

૙

૚

=
૚
૜
૜(૛)ࢍ࢕࢒  

∗ ࡺ = න
࢞ ૛(૚ࢍ࢕࢒ + ࢞)

૚ + ࢞૛
࢞ࢊ

૚

૙
=
૚
૛
න ૛(૚ࢍ࢕࢒ + ൫࢞૛ࢍ࢕࢒൫ࢊ(࢞ + ૚൯൯
૚

૙
, ቊ
ݑ = +૛(૚ࢍ࢕࢒ ࢞)
ݒ݀ = ݀൫ࢍ࢕࢒൫࢞૛ + ૚൯൯

⇒ ቐ݀ݑ =
૛ ૚)ࢍ࢕࢒ + ࢞)

૚+ ࢞
࢞ࢊ

ݒ = ൫࢞૛ࢍ࢕࢒ + ૚൯
 

⇒ ࡺ =
૚
૛
ቆࢍ࢕࢒૛(૚ + ࢞) ൫࢞૛ࢍ࢕࢒ + ૚൯ห૙

૚
− ૛න

૚)ࢍ࢕࢒ + ࢞) ൫࢞૛ࢍ࢕࢒ + ૚൯
૚ + ࢞

࢞ࢊ
૚

૙
ቇ

=
૚
૛
ቆࢍ࢕࢒૜(૛)− ૛න

૚)ࢍ࢕࢒ + ࢞) ൫࢞૛ࢍ࢕࢒ + ૚൯
૚ + ࢞

࢞ࢊ
૚

૙
ቇ

=
૚
૛
−૜(૛)ࢍ࢕࢒ න

૚)ࢍ࢕࢒ + ࢞) ൫࢞૛ࢍ࢕࢒ + ૚൯
૚ + ࢞

࢞ࢊ
૚

૙
=
૚
૛
૜(૛)ࢍ࢕࢒  ૚ࡺ−

૚ࡺ⊕ = න
૚)ࢍ࢕࢒ + ࢞) ൫࢞૛ࢍ࢕࢒ + ૚൯

૚ + ࢞
࢞ࢊ

૚

૙
, ࢞:࢚ࢋ࢒ =

૚ − ࢚
૚ + ࢚

⇒ ࢞ࢊ = −
૛

(૚ + ࢚)૛
࢚ࢊ ⇒ ૚ࡺ

= ૛න
ቀ૚ࢍ࢕࢒ + ૚− ࢚

૚+ ࢚ቁ ቆቀࢍ࢕࢒
૚ − ࢚
૚ + ࢚ቁ

૛
+ ૚ቇ

૚ + ૚ − ࢚
૚ + ࢚

.
૚

(૚ + ࢚)૛
࢚ࢊ

૚

૙
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= ૛ቆ−
૚
૛
න

૚)ࢍ࢕࢒ + ࢚) ൫࢚૛ࢍ࢕࢒ + ૚൯
૚ + ࢚

࢚ࢊ
૚

૙

+
(૛)ࢍ࢕࢒
૛

න
൫࢚૛ࢍ࢕࢒ + ૚൯

࢚+ ૚
+࢚ࢊ න

࢚)૛ࢍ࢕࢒ + ૚)
࢚ + ૚

+࢚ࢊ
૛(૛)ࢍ࢕࢒

૛

૚

૙

૚

૙
න

૚
࢚+ ૚

࢚ࢊ
૚

૙

−
૜ (૛)ࢍ࢕࢒

૛
න

࢚)ࢍ࢕࢒ + ૚)
࢚ + ૚

࢚ࢊ
૚

૙
ቇ 

= ૛ቆ−
૚
૛
૚ࡺ +

(૛)ࢍ࢕࢒
૛

න
൫࢚૛ࢍ࢕࢒ + ૚൯

࢚+ ૚
+࢚ࢊ

૚
૜
૜(૛)ࢍ࢕࢒ +

૚
૛
૜(૛)ࢍ࢕࢒ −

૜
૝
૜(૛)ࢍ࢕࢒

૚

૙
ቇ ⇒ ૚ࡺ

=
(૛)ࢍ࢕࢒
૛

න
൫࢚૛ࢍ࢕࢒ + ૚൯

࢚ + ૚
࢚ࢊ +

૚
૚૛

૜(૛)ࢍ࢕࢒
૚

૙
=

૚
૚૛

૜(૛)ࢍ࢕࢒ +
(૛)ࢍ࢕࢒
૛

 ૛ࡺ

૛ࡺ⊕ = න
൫࢚૛ࢍ࢕࢒ + ૚൯

࢚ + ૚
,࢚ࢊ

૚

૙
(࢑)૛ࡺ:࢚ࢋ࢒	 = න

൫࢑࢚૛ࢍ࢕࢒ + ૚൯
࢚ + ૚

࢚ࢊ
૚

૙
⇒ ૛ࡺ

ʹ (࢑)

= න
࢚૛

(࢚+ ૚)(࢑࢚૛ + ૚)࢚ࢊ
૚

૙

=
૚

࢑ + ૚
න ൬

૚
࢚ + ૚

+
࢚

࢑࢚૛ + ૚
−

૚
࢑࢚૛ + ૚

൰࢚ࢊ =
(૛)ࢍ࢕࢒
࢑+ ૚

+
࢑)ࢍ࢕࢒ + ૚)
૛࢑)࢑ + ૚)

૚

૙

−
࢑√࢔ࢇ࢚ࢉ࢘ࢇ
√࢑)࢑ + ૚)

 

⇒ ૛ࡺ = න ቆ
(૛)ࢍ࢕࢒
࢑+ ૚

+
࢑)ࢍ࢕࢒ + ૚)
૛࢑)࢑ + ૚) −

࢑√࢔ࢇ࢚ࢉ࢘ࢇ
√࢑)࢑ + ૚)

ቇ࢑ࢊ
૚

૙

= ൬ࢍ࢕࢒(૛) ࢑)ࢍ࢕࢒ + ૚)−
૚
૝
࢑)૛ࢍ࢕࢒ + ૚)−

૚
૛
−(࢑−)૛࢏ࡸ ࢑൯൰ฬ√૛൫࢔ࢇ࢚ࢉ࢘ࢇ

૙

૚

= −૛(૛)ࢍ࢕࢒
૚
૝
૛(૛)ࢍ࢕࢒ +

࣊૛

૛૝
−
࣊૛

૚૟
=
૜
૝
−૛(૛)ࢍ࢕࢒

࣊૛

૝ૡ
 

⇒ ૚ࡺ =
૚
૚૛

૜(૛)ࢍ࢕࢒ +
(૛)ࢍ࢕࢒
૛

૛ࡺ =
૚
૚૛

૜(૛)ࢍ࢕࢒ +
(૛)ࢍ࢕࢒
૛

ቆ
૜
૝
−૛(૛)ࢍ࢕࢒

࣊૛

૝ૡ
ቇ

=
૚૚
૛૝

૜(૛)ࢍ࢕࢒ −
(૛)ࢍ࢕࢒
ૢ૟

࣊૛ ⇒ ࡺ =
૚
૛
૚ࡺ−૜(૛)ࢍ࢕࢒

=
૚
૛
−૜(૛)ࢍ࢕࢒

૚૚
૛૝

૜(૛)ࢍ࢕࢒ +
(૛)ࢍ࢕࢒
ૢ૟

࣊૛ =
૚
૛૝

૜(૛)ࢍ࢕࢒ +
(૛)ࢍ࢕࢒
ૢ૟

࣊૛  

∗ ࡹ = න
૛(૚ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

࢞ࢊ =
૚

૙
ণ࢏ࡸ૜(૚ + (࢏ −

࣊૜

૜૛
+න

(࢞)ࢍ࢕࢒ ૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

࢞ࢊ
૚

૙

= ণ࢏ࡸ૜(૚ + −(࢏
࣊૜

૜૛
૚ࡹ+ ⇒ ૚ࡹ−ࡹ = ণ࢏ࡸ૜(૚ + (࢏ −

࣊૜

૜૛
(∗), ૛ࡹ:࢚ࢋ࢒

= න
૚)ࢍ࢕࢒ − ࢞) ૚)ࢍ࢕࢒ + ࢞)

૚ + ࢞૛
࢞ࢊ

૚

૙
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૛ࡹ−ࡹ⊕ ૚ࡹ−

= න
૛(૚ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

࢞ࢊ −
૚

૙
න

૚)ࢍ࢕࢒ − ࢞) ૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

࢞ࢊ
૚

૙

−න
(࢞)ࢍ࢕࢒ ૚)ࢍ࢕࢒ + ࢞)

૚ + ࢞૛
࢞ࢊ

૚

૙
= න(૛)ࢍ࢕࢒−

ቀ૚ࢍ࢕࢒ − ࢞
૚ + ࢞ቁ

࢞૛ + ૚

૚

૙
࢞ࢊ = ࡳ (૛)ࢍ࢕࢒ (∗∗) 

⊕න
(࢞)૛ࢍ࢕࢒
૚ + ࢞૛

࢞ࢊ =
࣊૜

૚૟

 ࢞ୀ
૚ି࢞
૚ା࢞

 
ሱ⎯⎯⎯⎯⎯⎯ሮ

૚

૙
−ࡹ ૛ࡹ૛

=
࣊૜

૚૟

− න
૛(૚ࢍ࢕࢒ − ࢞)
૚ + ࢞૛

࢞ࢊ
૚

૙

=
࣊૜

૚૟
− ণන

࢏ −૛(૚ࢍ࢕࢒ ࢞)
૚ − ࢞࢏

࢞ࢊ =
࣊૜

૚૟
− ণන

(࢞)૛ࢍ࢕࢒࢏
૚ − +࢏ ࢞࢏

࢞ࢊ =
૚

૙

૚

૙

࣊૜

૚૟
+ ૛ণ࢏ࡸ૜ ൬

࢏
࢏ − ૚

൰

=
࣊૜

૚૟
+ ૛ণ࢏ࡸ૜(૚+ −(࢏

ૠ
૟૝

࣊૜ −
૜࣊
૚૟

 ૛(૛)ࢍ࢕࢒

= ૛ণ࢏ࡸ૜(૚ + −(࢏
૜࣊
૚૟

−૛(૛)ࢍ࢕࢒
૜
૟૝

࣊૜(∗∗∗) 

,(∗)࢓࢕࢘ࡲ⊕ (∗∗), (∗∗∗) ⇒

⎩
⎪
⎨

⎪
ܯ⎧ ૚ࡹ− = ণ࢏ࡸ૜(૚ + −(࢏

࣊૜

૜૛
ܯ ૛ࡹ− ૚ࡹ− = ࡳ (૛)ࢍ࢕࢒

−ܯ ૛ࡹ૛ = ૛ণ࢏ࡸ૜(૚+ −(࢏
૜࣊
૚૟

−૛(૛)ࢍ࢕࢒
૜
૟૝

࣊૜
⇒ ࡹ

= ૝ণ࢏ࡸ૜(૚+ −(࢏
૜࣊
૚૟

−૛(૛)ࢍ࢕࢒
ૠ
૟૝

࣊૜ − ૛ࡳ (૛)ࢍ࢕࢒  

⇒ ࡵ =
૚
૛

(ࡺ−ࡹ) +
૚
૛
ࡼ

=
૚
૛
ቆ૝ণ࢏ࡸ૜(૚ + −(࢏

૜࣊
૚૟

−૛(૛)ࢍ࢕࢒
ૠ
૟૝

࣊૜ − ૛ࡳ −(૛)ࢍ࢕࢒
૚
૛૝

૜(૛)ࢍ࢕࢒

−
(૛)ࢍ࢕࢒
ૢ૟

࣊૛൰ +
૚
૟
૜(૛)ࢍ࢕࢒

= ૛ণ࢏ࡸ૜(૚ + −(࢏
૜࣊
૜૛

−૛(૛)ࢍ࢕࢒
ૠ
૚૛ૡ

࣊૜ ࡳ− (૛)ࢍ࢕࢒ −
૚
૝ૡ

−૜(૛)ࢍ࢕࢒
(૛)ࢍ࢕࢒
૚ૢ૛

࣊૛

+
૚
૟
 ૜(૛)ࢍ࢕࢒

= ૛ণ࢏ࡸ૜(૚ + −(࢏
૜࣊
૜૛

−૛(૛)ࢍ࢕࢒
ૠ
૚૛ૡ

࣊૜ ࡳ− (૛)ࢍ࢕࢒ +
ૠ
૝ૡ

−૜(૛)ࢍ࢕࢒
(૛)ࢍ࢕࢒
૚ૢ૛

࣊૛

=
ૠ
૝ૡ

−૜(૛)ࢍ࢕࢒
(૛)ࢍ࢕࢒
૚ૢ૛

࣊૛ − ࡳ −(૛)ࢍ࢕࢒
ૠ
૚૛ૡ

࣊૜ −
૜࣊
૜૛

૛(૛)ࢍ࢕࢒ + ૛ণ࢏ࡸ૜(૚ +  (࢏
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+૜(૚࢏ࡸণ:࢔࢝࢕࢔ࡷ⊕ (࢏ + ণ࢏ࡸ૜ ൬
૚ + ࢏
૛

൰

=
ૠ
૚૛ૡ

࣊૜ +
૜࣊
૜૛

૛(૛)ࢍ࢕࢒ ൫∴ ૚ૢ૚૚.૚૛૚૞૞.ࢌࢊ࢖	(ࢍ࢘࢕.࢜࢏࢞࢘ࢇ)൯ ⇒ ૛ণ࢏ࡸ૜(૚+ (࢏

= ૛ ൬
ૠ
૚૛ૡ

࣊૜ +
૜࣊
૜૛

૛(૛)൰ࢍ࢕࢒ − ૛ণ࢏ࡸ૜ ൬
૚ + ࢏
૛

൰ 

⇒ ࡵ =
ૠ
૝ૡ

−૜(૛)ࢍ࢕࢒
(૛)ࢍ࢕࢒
૚ૢ૛

࣊૛ ࡳ− −(૛)ࢍ࢕࢒
ૠ
૚૛ૡ

࣊૜ −
૜࣊
૜૛

૛(૛)ࢍ࢕࢒ + ૛ ൬
ૠ
૚૛ૡ

࣊૜ +
૜࣊
૜૛

૛(૛)൰ࢍ࢕࢒

− ૛ণ࢏ࡸ૜ ൬
૚+ ࢏
૛

൰

=
ૠ
૝ૡ

૜(૛)ࢍ࢕࢒ +
૜࣊
૜૛

૛(૛)ࢍ࢕࢒ −
࣊૛

૚ૢ૛
(૛)ࢍ࢕࢒ +

ૠ࣊૜

૚૛ૡ
− (૛)ࢍ࢕࢒ࡳ

− ૛ণቆ࢏ࡸ૜ ൬
૚+ ࢏
૛

൰ቇ  (ࡰ.ࡱ.ࡽ)

૙	܎۷ .2179 < ܽ ≤ ܾ < 1,݂ ∈ ,૚([૙࡯ ૚])	ܖ܍ܐܜ ∶ 

න ൫ࢌ(࢞)൯
࢞
࢞ࢊ

࢈

ࢇ
+
૛࢈ − ૛ࢇ

૛
≤ ࢈ − ࢇ + න ࢞ࢊ(࢞)ࢌ࢞

࢈

ࢇ
 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
࢞	ܜ܍ۺ ∈ .[࢈,ࢇ] (࢞)ࢌ	ࢋࢉ࢔࢏ࡿ ≥ ૙	ܖ܍ܐܜ	ܡ܊	ܑܔܔܝܗܖܚ܍۰ᇱܛ	܍ܟ,ܡܜܑܔ܉ܝܙ܍ܖܑ	܍ܞ܉ܐ: 

൫ࢌ(࢞)൯
࢞

= ൫૚ + (࢞)ࢌ) − ૚)൯
࢞
≤ ૚ + −(࢞)ࢌ)࢞ ૚), 

൫ࢌ(࢞)൯
࢞

+ ࢞ ≤ ૚ + ࢞∀			,(࢞)ࢌ࢞ ∈  .[࢈,ࢇ]

 :܍ܞ܉ܐ	܍ܟ,[࢈,ࢇ]	ܖܗ	ܛ܍܌ܑܛ	ܐܜܗ܊	܏ܖܑܜ܉ܚ܏܍ܜܖ۷

න ൫൫ࢌ(࢞)൯
࢞

+ ࢞൯࢞ࢊ
࢈

ࢇ
≤ න ൫૚ + ࢞ࢊ൯(࢞)ࢌ࢞

࢈

ࢇ
, 

 :ܗܜ	ܜܖ܍ܔ܉ܞܑܝܙ܍	ܛܑ	ܛܑܐ܂

න ൫ࢌ(࢞)൯࢞࢞ࢊ
࢈

ࢇ
+
૛࢈ − ૛ࢇ

૛ ≤ ࢈ − ࢇ + න ࢞ࢊ(࢞)ࢌ࢞
࢈

ࢇ
 .ࢊࢋ࢘࢏࢙ࢋࢊ	࢙ࢇ			,

૙	܎۷ .2180 < ܽ ≤ ܾ < 1,݂ ∈ ,૚([૙࡯ ૚])	ܖ܍ܐܜ ∶ 
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න ൫ࢌ(࢞)൯
(࢞)ᇲࢌ

࢞ࢊ
࢈

ࢇ
+ (࢈)ࢌ − (ࢇ)ࢌ ≤ ࢈ − ࢇ +

૚
૛ ቀࢌ

૛(࢈) −  ቁ(ࢇ)૛ࢌ

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
࢞	ܜ܍ۺ ∈ .[࢈,ࢇ] (࢞)ᇱࢌ,(࢞)ࢌ	ࢋࢉ࢔࢏ࡿ ∈ [૙,૚],  :܍ܞ܉ܐ	܍ܟ,ܡܜܑܔ܉ܝܙ܍ܖܑ	ܛᇱܑܔܔܝܗܖܚ܍۰	ܡ܊	ܖ܍ܐܜ

൫ࢌ(࢞)൯
(࢞)ᇲࢌ

= ൫૚ + −(࢞)ࢌ) ૚)൯
(࢞)ᇲࢌ

≤ ૚ + −(࢞)ࢌ)(࢞)ᇱࢌ ૚), 

ܖ܍ܐܜ ∶ 		 ൫ࢌ(࢞)൯
(࢞)ᇲࢌ

+ (࢞)ᇱࢌ ≤ ૚ + ࢞∀			,(࢞)ࢌ(࢞)ᇱࢌ ∈  .[࢈,ࢇ]

 :܍ܞ܉ܐ	܍ܟ,[࢈,ࢇ]	ܖܗ	ܛ܍܌ܑܛ	ܐܜܗ܊	܏ܖܑܜ܉ܚ܏܍ܜܖ۷

න ቆ൫ࢌ(࢞)൯
(࢞)ᇲࢌ

+ ࢞ࢊᇱ(࢞)ቇࢌ
࢈

ࢇ
≤ න ൫૚ + ࢞ࢊ൯(࢞)ࢌ(࢞)ᇱࢌ

࢈

ࢇ
, 

 :ܗܜ	ܜܖ܍ܔ܉ܞܑܝܙ܍	ܛܑ	ܛܑܐ܂

න ൫ࢌ(࢞)൯
(࢞)ᇲࢌ

࢞ࢊ
࢈

ࢇ
+ −(࢈)ࢌ (ࢇ)ࢌ ≤ −࢈ +ࢇ

૚
૛
ቀࢌ૛(࢈)−  ቁ(ࢇ)૛ࢌ

2181. Prove that: 

ࡿ = ෍(−૚)࢑ ࢔࢏࢙ࢉ࢘ࢇ
ࢋ
ି࣊(૛࢑ା૚)

૛√૛

ට૚ + ࢋ
ି࣊(૛࢑ା૚)

√૛

∞

࢑ୀ૙

=
૚
૛ ࢚࢕ࢉࢉ࢘ࢇ

૚

ඥ√૛ − ૚
 

Proposed by Toubal Fethi-Algeria 
Solution by Pham Duc Nam-Vietnam 
 

∗ Note	that:ቆࢋ
ି࣊

(૛࢑ା૚)
૛√૛ ቇ

૛

= ࢋ
ି࣊

(૛࢑ା૚)
√૛ ⇒ ࢔࢏࢙ࢉ࢘ࢇ

ࢋ
ି࣊

(૛࢑ା૚)
૛√૛

ට૚ + ࢋ
ି࣊

(૛࢑ା૚)
√૛

= ࢋቆ࢔ࢇ࢚ࢉ࢘ࢇ
ି࣊

(૛࢑ା૚)
૛√૛ ቇ 

⇒ ෍(−૚)࢑ ࢔࢏࢙ࢉ࢘ࢇ
ࢋ
ି࣊

(૛࢑ା૚)
૛√૛

ට૚ + ࢋ
ି࣊

(૛࢑ା૚)
√૛

∞

࢑ୀ૙

= ෍(−૚)࢑ ࢋቆ࢔ࢇ࢚ࢉ࢘ࢇ
ି࣊(૛࢑ା૚)

૛√૛ ቇ = ෍(−૚)࢑ ࢋ൭ቆ࢔ࢇ࢚ࢉ࢘ࢇ
ି ࣊
૛√૛ቇ

૛࢑ା૚

൱
∞

࢑ୀ૙

∞

࢑ୀ૙
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Apply:෍(−૚)࢑ ૛࢑ା૚൯ࢗ൫࢔ࢇ࢚ࢉ࢘ࢇ
∞

࢑ୀ૙

=
૚
૝
࢔࢏࢙ࢉ࢘ࢇ

૚ − √૚− ࢓
૚ + √૚− ࢓

,where:࢓	is	Inverse	Elliptic	Nome	Q[ࢗ] 

In	this	case:ࢗ = ࢋ
ି ࣊
૛√૛ ⇒ ࢓ = ࣅ ൬

࢏
૛√૛

൰ = ૚ −  .function	modular	is(࣎)ࣅ	where	ૡ൯√࢏൫ࣅ

And:ࣅ∗(࢘) = ටࣅ൫࢏√࢘൯,where	ࣅ∗(࢘)	gives	the	value	of	the	elliptic	modulus	࢑࢘. 

Known	value:ࣅ∗(ૡ) = ቆ√૛ + ૚ −ට૛√૛+ ૛ቇ
૛

= ටࣅ൫࢏√ૡ൯⇒ ૡ൯√࢏൫ࣅ = ቆ√૛+ ૚ − ට૛√૛+ ૛ቇ
૝

⇒ ࢓ = ૚ − ቆ√૛ + ૚ −ට૛√૛+ ૛ቇ
૝

 

⇒ ࡿ =
૚
૝
࢔࢏࢙ࢉ࢘ࢇ

૚ −ට૚ − ૚ + ቀ√૛ + ૚ − ඥ૛√૛+ ૛ቁ
૝

૚ +ට૚ − ૚ + ቀ√૛ + ૚ − ඥ૛√૛+ ૛ቁ
૝

=
૚
૝
࢔࢏࢙ࢉ࢘ࢇ

૚ − ቀ√૛+ ૚− ඥ૛√૛ + ૛ቁ
૛

૚ + ቀ√૛+ ૚− ඥ૛√૛ + ૛ቁ
૛

=
૚
૝
ට૛൫√૛࢔࢏࢙ࢉ࢘ࢇ − ૚൯ =

૚
૛

.
૚
૛
ට૛൫√૛࢔࢏࢙ࢉ࢘ࢇ − ૚൯ 

∗ ࢟:࢚ࢋࡸ =
૚
૛
ට૛൫√૛࢔࢏࢙ࢉ࢘ࢇ − ૚൯ ⇒ ૛࢟࢔࢏࢙ = ට૛൫√૛ − ૚൯ ⇒ ૛࢔࢏࢙ ૛࢟ = ૛൫√૛ − ૚൯

⇒ ૚ + ૛࢚࢕ࢉ ૛࢟ =
૚

૛൫√૛ − ૚൯
⇒ ૛࢚࢕ࢉ ૛࢟ =

૚
૛൫√૛ − ૚൯

− ૚ =
√૛ − ૚
૛

 

⇒ ࢚࢕ࢉ ૛࢟ = ඨ√૛ − ૚
૛

⇒ ࢚࢟࢕ࢉ −
૚

࢚࢟࢕ࢉ
= ට૛൫√૛ − ૚൯ ⇒ ࢚࢕ࢉ ࢟ =

૚
૛
ቆට૛√૛ − ૛ + ට૛√૛ + ૛ቇ

= ට√૛ + ૚ ⇒ ࢟ =
૚
૛
ට૛൫√૛࢔࢏࢙ࢉ࢘ࢇ − ૚൯ = ට√૛࢚࢕ࢉࢉ࢘ࢇ + ૚ = ࢚࢕ࢉࢉ࢘ࢇ

૚
ඥ√૛ − ૚

 

⇒ ࡿ =
૚
૛
࢚࢕ࢉࢉ࢘ࢇ

૚
ඥ√૛ − ૚

 

2182. Prove that: 

෍
࢞૛࢑

(૛࢑)!ࡴ૛࢑

ஶ

࢑ୀ૚

= ࢞ܐܛܗ܋ ൫࢞܏ܗܔ + ࢽ − ൯(࢞)࢏ࢎ࡯ + (࢞)࢏ࢎࡿ ܐܖܑܛ ࢞ 

Proposed by Fao Ler-Iraq 
Solution by Bui Hong Suc-Vietnam 

ષ = ෍
࢞૛࢑

(૛࢑)!ࡴ૛࢑

ஶ

࢑ୀ૚

= ෍
࢞૛࢑

(૛࢑)!න
࢚૛࢑ − ૚
࢚ − ૚ ࢚ࢊ

૚

૙

ஶ

࢑ୀ૚

= 

= ෍ቆන
(࢚࢞)૛࢑

(૛࢑)! ∙
࢚ࢊ
࢚ − ૚

૚

૙
− න

࢞૛࢑

(૛࢑)! ∙
࢚ࢊ
࢚ − ૚

૚

૙
ቇ

ஶ

࢑ୀ૚

= 
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= න
࢚ࢊ
࢚ − ૚ ∙෍

(࢚࢞)૛࢑

(૛࢑)!

ஶ

࢑ୀ૚

૚

૙
−න

࢚ࢊ
࢚ − ૚ ∙෍

࢞૛࢑

(૛࢑)!

ஶ

࢑ୀ૚

૚

૙
= 

= න
࢚ࢊ
࢚ − ૚

(࢚࢞)ܐܛܗ܋) − ૚ − ܐܛܗ܋ ࢞+ ૚)
૚

૙
= 

= න
−(࢚࢞)ܐܛܗ܋ ܐܛܗ܋ ࢞

࢚ − ૚ ࢚ࢊ
૚

૙
=࢜ୀ૚ି࢚ න

ܐܛܗ܋ ࢞(૚ − ࢜)− ܐܛܗ܋ ࢞
−࢜ ࢜ࢊ

૚

૙
= 

= න
ܐܛܗ܋ ࢞ − ܐܛܗ܋ ࢞ ܐܛܗ܋ ࢜࢞ + ܐܖܑܛ ࢞ ܐܖܑܛ ࢜࢞

࢜ ࢜ࢊ
૚

૙
= 

= ܐܛܗ܋ ࢞න
૚ − ܐܛܗ܋ ࢜࢞

࢜ ࢜ࢊ
૚

૙
+ ܐܖܑܛ ࢞න

ܐܖܑܛ ࢜࢞
࢜ ࢜ࢊ

૚

૙
 

 :࢚ࢇࢎ࢚	࢝࢕࢔࢑	ࢋࢃ

(࢞)࢏ࢎࡿ = න
ܐܖܑܛ ࢚
࢚ ࢚ࢊ

࢞

૙
= න

ܐܖܑܛ ࢚࢞
࢚ ࢚ࢊ

૚

૙
 

(࢞)࢏ࢎ࡯ = ࢽ + ܏ܗܔ ࢞ + න
ܐܛܗ܋ ࢚ − ૚

࢚ ࢚ࢊ
࢞

૙
= ࢽ + ܏ܗܔ ࢞ −න

૚ − ܐܛܗ܋ ࢚࢞
࢚ ࢚ࢊ

૚

૙
 

න
૚ − ܐܛܗ܋ ࢚࢞

࢚ ࢚ࢊ
૚

૙
= ܏ܗܔ ࢞+ ࢽ −  (࢞)࢏ࢎ࡯

 ,ࢋࢉ࢔ࢋࡴ

	෍
࢞૛࢑

(૛࢑)!ࡴ૛࢑

ஶ

࢑ୀ૚

= ܐܛܗ܋ ࢞ ൫࢞܏ܗܔ + ࢽ − ൯(࢞)࢏ࢎ࡯ + ܐܖܑܛ(࢞)࢏ࢎࡿ ࢞ 

2183. Find a closed form: 

ષ = ෍(−૚)࢑ ૚ିܛܗ܋ ቆ
૚

ඥ૚+ (૛࢑ା૚)࣊ିࢋ
ቇ

ஶ

࢑ୀ૙

 

Proposed by Toubal Fethi-Algeria 
Solution by Ahmed Mohammed-Berlin-Germany 

ષ = ෍(−૚)࢑ ܖ܉ܜ܋ܚ܉ ቀܘܠ܍ቀ−(૛࢑ + ૚) ⋅
࣊
૛
ቁቁ

ஶ

࢑ୀ૙

= 

= ෍ܖ܉ܜ܋ܚ܉ ቀܘܠ܍ቀ−(૝࢑ + ૚) ⋅
࣊
૛
ቁቁ

ஶ

࢑ୀ૙

−෍ܖ܉ܜ܋ܚ܉ ቀܘܠ܍ቀ−(૝࢑ + ૜) ⋅
࣊
૛
ቁቁ

ஶ

࢑ୀ૙

= 
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=
࢏
૛෍ ܏ܗܔ

⎣
⎢
⎢
⎢
⎡ቆ૚ − ቀିࢋ࢏

࣊
૛ቁ

૝࢑ା૚
ቇቆ૚ + ቀ−ିࢋ࢏

࣊
૛ቁ

૝࢑ା૜
ቇ

ቆ૚ + ቀିࢋ࢏
࣊
૛ቁ

૝࢑ା૚
ቇቆ૚ − ቀ−ିࢋ࢏

࣊
૛ቁ

૝࢑ା૜
ቇ
⎦
⎥
⎥
⎥
⎤ஶ

࢑ୀ૙

 

൬ܘܠ܍
૛
࢏ ષ൰ = ෑ

૚− ቀିࢋ࢏
࣊
૛ቁ

૝࢑ା૚

૚ + ቀିࢋ࢏
࣊
૛ቁ

૝࢑ା૚

ஶ

࢑ୀ૙

⋅ෑ
૚ + ቀ−ିࢋ࢏

࣊
૛ቁ

૝࢑ା૜

૚ − ቀ−ିࢋ࢏
࣊
૛ቁ

૝࢑ା૜

ஶ

࢑ୀ૙

= 

=
ቀିࢋ࢏

࣊
૛ ૛࣊ቁିࢋ;

ஶ

ቀ−ିࢋ࢏
࣊
૛ ૛࣊ቁିࢋ;

ஶ

⋅
൬ିࢋ࢏

૜࣊
૛ ; ૛࣊൰ିࢋ

ஶ

൬−ିࢋ࢏
૜࣊
૛ ૛࣊൰ିࢋ;

ஶ

 

ષ =
࢏
૛ ܏ܗܔ

⎝

⎛
ቀିࢋ࢏

࣊
૛;ିࢋ૛࣊ቁ

ஶ

ቀ−ିࢋ࢏
࣊
૛;ିࢋ૛࣊ቁ

ஶ

⋅
൬ିࢋ࢏

૜࣊
૛ ૛࣊൰ିࢋ;

ஶ

൬−ିࢋ࢏
૜࣊
૛ ; ૛࣊൰ିࢋ

ஶ⎠

⎞ =
࢏
૛ ܏ܗܔ

൦
ቀିࢋ࢏

࣊
૛;࣊ିࢋቁ

ஶ

ቀ−ିࢋ࢏
࣊
૛; ቁ࣊ିࢋ

ஶ

൪ 

,࢚࢛࡮ ቀିࢋ࢏
࣊
૛;࣊ିࢋቁ

ஶ
= ିࢋ

࣊࢏
ૡ ቀ−ିࢋ࢏

࣊
૛;−࣊ିࢋቁ

ஶ
,  :࢔ࢋࢎ࢚

ષ =
࢏
૛ ܏ܗܔ

ቀିࢋ
࣊
ૡቁ =

࢏
૛ ൬−

࢏࣊
ૡ ൰ =

࣊
૚૟  	ࢋ࢘ࢋࢎ࢝,

࢔(ࢗ;ࢇ) ࢗ	ࢋࢎ࢚	࢙ࢋ࢜࢏ࢍ− −  .࢒࢕࢈࢓࢙࢟	࢘ࢋ࢓࢓ࢇࢎࢎࢉ࢕ࡼ

࢏ −  	.࢚࢏࢔࢛	࢟࢘ࢇ࢔࢏ࢍࢇ࢓࢏	ࢋࢎ࢚	࢙࢏

2184. Let ࢈,ࢇ > 0, ܽ ≠ ܾ and (࢞࢔)࢔வଵ sequence of real numbers strictly 

positive such that ܕܑܔ
ஶ→࢔

శ૚࢔࢞
࢔࢞࢔

= ࢉ > 0. Find: 

ષ(܊,܉, (܋ = ܕܑܔ
ஶ→࢔

൫√࢔ࢇ − ࢔࢈√ ൯ ⋅ ඥ࢞࢔࢔  

Proposed by D.M. Bătinețu-Giurgiu, Florică Anastase-Romania 
Solution by Toubal Fethi-Algeria 

ષ(܊,܉, (܋ = ܕܑܔ
ஶ→࢔

൫√࢔ࢇ − ࢔࢈√ ൯ ⋅ ඥ࢞࢔࢔ = ܕܑܔ
ஶ→࢔

ቌ √
࢔ࢇ − ૚
૚
࢔

−
࢔࢈√ − ૚
૚
࢔

ቍ ⋅
ඥ࢞࢔࢔

࢔ = 

= ܕܑܔ
ஶ→࢔

ࢇ܏ܗܔ) − (࢈܏ܗܔ ⋅
ඥ࢞࢔࢔

࢔ = ܏ܗܔ ቀ
ࢇ
࢈
ቁ ⋅ ܕܑܔ

ஶ→࢔

ඥ࢞࢔࢔

࢔ = 
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= ܏ܗܔ ቀ
ࢇ
࢈
ቁ ⋅ ܕܑܔ

ஶ→࢔
ට
࢔࢞
࢔࢔

࢔
ࡰି࡯= ܏ܗܔ ቀ

ࢇ
࢈
ቁ ⋅ ܕܑܔ

ஶ→࢔

ା૚࢔࢞
࢔) + ૚)࢔ା૚ ⋅

࢔࢔

࢔࢞
= 

= ܏ܗܔ ቀ
ࢇ
࢈
ቁ ⋅ ܕܑܔ

ஶ→࢔
ቆ
ା૚࢔࢞
࢔࢞࢔

⋅ ቀ
࢔

࢔ + ૚
ቁ
ା૚࢔

ቇ = ࢉ ܏ܗܔ ቀ
ࢇ
࢈
ቁ ⋅ ܕܑܔ

ஶ→࢔
൬૚ −

૚
࢔ + ૚൰

ା૚࢔

= 

=
ࢉ
ࢋ ܏ܗܔ

ቀ
ࢇ
࢈
ቁ		 

2185. Find: 

ષ = ܕܑܔ
ஶ→࢔

൭࢔ −෍
ࢋ) − ૚)࢔

࢔ + ࢋ) − ૚)࢑

࢔

࢑ୀ૚

൱ 

Proposed by Daniel Sitaru, Nedelcu Elena-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

ࢇ	࢚ࢋࡸ = ૚ − ෍,ࢋ
૚

࢑ + ࢔
ࢇ

࢔

࢑ୀ૚

= ෍ቌ
૚

࢑ + ࢔
ࢇ
−

૚

࢑ + ࢔ + ࢔
ࢇ
ቍ

࢔

࢑ୀ૚

= 

= ෍ቌ
૚

࢓ + ૚ + ࢔
ࢇ
−

૚

࢓ + ૚ + ࢔ + ࢔
ࢇ
ቍ

ஶ

ୀ૙࢓

= 

= +ࢽ− ෍ ቌ
૚

࢓ + ૚ −
૚

࢓ + ૚ + ࢔ + ࢔
ࢇ
ቍ

ஶ

ୀ૙࢓

+ ࢽ − ෍ ቌ
૚

࢓ + ૚ −
૚

࢓ + ૚ + ࢔
ࢇ
ቍ

ஶ

ୀ૙࢓

 

⇒෍
ࢇ

࢔ + ࢑ࢇ

࢔

࢑ୀ૚

= ࣒ ቀ૚ + +࢔
࢔
ࢇ
ቁ − ࣒ቀ૚ +

࢔
ࢇ
ቁ ≅ 

≅ ܏ܗܔ ቀ૚ + +࢔
࢔
ࢇ
ቁ −

૚

૛ቀ૚ + ࢔ + ࢔
ቁࢇ

− ܏ܗܔ ቀ૚ +
࢔
ࢇ
ቁ +

૚

૛ ቀ૚ + ࢔
ቁࢇ

 

ષ = ܕܑܔ
ஶ→࢔

൭࢔−෍
ࢋ) − ૚)࢔

+࢔ ࢋ) − ૚)࢑

࢔

࢑ୀ૚

൱ = ܕܑܔ
ஶ→࢔

ቌ࢔− ࢔ ቌ૚܏ܗܔ +
࢔

૚ + ࢔
ࢋ − ૚

ቍቍ − 

− ܕܑܔ
ஶ→࢔

ࢋ) − ૚)૛࢔૛

૛(ࢋ − ૚ + ࢋ)(࢔ − ૚ +  (࢔ࢋ
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ષ = ܕܑܔ
ஶ→࢔

൭࢔−෍
ࢋ) − ૚)࢔

+࢔ ࢋ) − ૚)࢑

࢔

࢑ୀ૚

൱ = ܕܑܔ
ஶ→࢔

૚ − ቌ૚܏ܗܔ + ࢔
૚ + ࢔

ࢋ − ૚
ቍ

૚
࢔

=
࢒ࢇ࢚࢏࢖࢕ࡴᇲࡸ

 

= ܕܑܔ
ஶ→࢔

૛࢔

ቀ૚ + ࢔
ࢋ − ૚ቁ

૛
+ ቀ૚࢔ + ࢔

ࢋ − ૚ቁ
=

૚
૚

ࢋ) − ૚)૛ + ૚
ࢋ − ૚

=
ࢋ) − ૚)૛

ࢋ  

ܕܑܔ
ஶ→࢔

ࢋ) − ૚)૛࢔૛

૛(ࢋ − ૚ + ࢋ)(࢔ − ૚ + (࢔ࢋ =
ࢋ) − ૚)૛

૛ࢋ  

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ષ = ܕܑܔ
ஶ→࢔

൭࢔ −෍
ࢋ) − ૚)࢔

࢔ + ࢋ) − ૚)࢑

࢔

࢑ୀ૚

൱ =
ࢋ) − ૚)૛

૛ࢋ 	 

2186.	Prove	that	for	࢔ ∈ ℕ: 

ࡵ = න
࢞࢔ࢇ࢚ࢉ࢘ࢇ) − ࢔૛((࢞)࢚࢕ࢉࢉ࢘ࢇ

(૚ + ࢞૛)૛ ࢞ࢊ =
૛ି(૛࢔ା૛)࣊૛࢔ା૚

૛࢔ + ૚

∞

૙
 

 
                                                           Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Pham Duc Nam-Vietnam 
 

∗ ࡵ = න
࢞࢔ࢇ࢚ࢉ࢘ࢇ) − ࢔૛((࢞)࢚࢕ࢉࢉ࢘ࢇ

(૚ + ࢞૛)૛ ࢞ࢊ =
∞

૙
න

ቀ࢞࢔ࢇ࢚ࢉ࢘ࢇ − ቀ૚࢞ቁቁ࢔ࢇ࢚ࢉ࢘ࢇ
૛࢔

(૚ + ࢞૛)૛ ࢞ࢊ
∞

૙

=න
൬࢞࢔ࢇ࢚ࢉ࢘ࢇ − ቀ࣊૛ − ቁ൰࢞࢔ࢇ࢚ࢉ࢘ࢇ

૛࢔

(૚ + ࢞૛)૛ ࢞ࢊ = න
ቀ૛ ࢞࢔ࢇ࢚ࢉ࢘ࢇ − ࣊

૛ቁ
૛࢔

(૚ + ࢞૛)૛ ࢞ࢊ
∞

૙

∞

૙
 

Let:࢞ = ࢔ࢇ࢚ ࢚ ⇒ ࢞ࢊ = (૚ + ૛࢔ࢇ࢚ ࢚ࢊ(࢚ ⇒ ࡵ = න
ቀ૛࢚ − ࣊

૛ቁ
૛࢔

(૚ + ૛࢔ࢇ࢚ ࢚)૛
(૚ + ૛࢔ࢇ࢚ ࢊ(࢚

࣊
૛

૙
࢚

= න
ቀ૛࢚ − ࣊

૛ቁ
૛࢔

૚ + ૛࢔ࢇ࢚ ࢚ ࢊ
࣊
૛

૙
࢚ = ૛૛࢔න (࢚)૛࢙࢕ࢉ ቀ࢚ −

࣊
૝
ቁ
૛࢔
ࢊ

࣊
૛

૙
࢚ 

࢛:࢚ࢋࡸ = ࢚ −
࣊
૝ ⇒ ࢛ࢊ = ࢚ࢊ ⇒ ࡵ = ૛૛࢔න ૛࢙࢕ࢉ ቀ࢛ +

࣊
૝
ቁ࢛૛ࢊ࢔

࣊
૝

ି࣊૝

࢛

= ૛૛ି࢔૚න (૚ − ࢊ࢔૛࢛((૛࢛)࢔࢏࢙
࣊
૝

ି࣊૝

࢛ 
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= ૛૛ି࢔૚
࢛૛࢔ା૚

૛࢔ + ૚ቤ
ି࣊૝

࣊
૝

− ૛૛ି࢔૚න ࢊ࢔૛࢛(૛࢛)࢔࢏࢙
࣊
૝

ି࣊૝

࢛

= ૛૛ି࢔૚ ቆ
૛࣊૛࢔ା૚

(૛࢔ + ૚)૛૝࢔ା૛ቇ − ૛૛ି࢔૚න ࢊ࢔૛࢛(૛࢛)࢔࢏࢙
࣊
૝

ି࣊૝

࢛

= ૛ି૛ି࢔૛
࣊૛࢔ା૚

૛࢔+ ૚ − ૛૛ି࢔૚න ࢊ࢔૛࢛(૛࢛)࢔࢏࢙
࣊
૝

ି࣊૝

࢛ 

= ૛ି૛ି࢔૛
࣊૛࢔ା૚

૛࢔+ ૚ =
૛ି(૛࢔ା૛)࣊૛࢔ା૚

૛࢔ + ૚ ∴ න ࢊ࢔૛࢛(૛࢛)࢔࢏࢙
࣊
૝

ି࣊૝

࢛ = ૙	because	ࢌ(࢛)

= ࢔)function	odd	is	࢔૛࢛(૛࢛)࢔࢏࢙ ∈ ℕ) 
 
2187. Find: 

ષ = ܕܑܔ
ஶ→࢔

න ൬[࢞࢔] ⋅ ฬ࢞ − ൤࢞ +
૚
૛൨ฬ൰

૚

૙
࢞ࢊ , [∗]−  ࡲࡵࡳ

Proposed by Daniel Sitaru, Ileana Duma-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

શ = න ൬[࢞࢔] ⋅ ฬ࢞ − ൤࢞ +
૚
૛൨ฬ൰

૚

૙
࢞ࢊ = න (࢞)[࢞࢔]

૚
૛

૙
࢞ࢊ + න ૚)[࢞࢔] − ࢞)

૚

૚
૛

࢞ࢊ = 

࢔ࢋ࢜ࢋି࢔= ෍න (࢞)࢓
ା૚࢓
࢔

࢓
࢔

࢞ࢊ

࢔
૛ି૚

ୀ૙࢓

+ ෍ න ૚)࢓ − ࢞)
ା૚࢓
࢔

࢓
࢔

࢞ࢊ
૚ି࢔

૛࢔ୀ࢓

= 

= ෍
࢓
૛࢔૛

(૛࢓+ ૚)

࢔
૛ି૚

ୀ૙࢓

+ ෍ ቆ
࢓
࢔ −

࢓
૛࢔૛

(૛࢓+ ૚)ቇ
૚ି࢔

૛࢔ୀ࢓

= 

=
૚
૛࢔ ⋅

૚
૟
ቀ
࢔
૛ − ૚ቁ ⋅

࢔
૛

−࢔) ૚) +
૚
૛࢔૛ ⋅

૚
૛
ቀ
࢔
૛ − ૚ቁ ⋅

࢔
૛ + ൬

૚
࢔ −

૚
૛࢔૛൰ ⋅

࢔
૛ ൬

૜࢔
૛ − ૚൰ − 

−
૚
૛࢔ ⋅

૚
૟ ⋅

࢔
૛

−࢔) ૚) ൬
ૠ࢔
૛ − ૚൰ =

−࢔ ૚
ૡ  

	શ ࢊࢊ࢕ି࢔= ෍න (࢞)࢓
ା૚࢓
࢔

࢓
࢔

࢞ࢊ

૜ି࢔
૛

ୀ૙࢓

+ න ൬
−࢔ ૚
૛ ൰࢞࢞ࢊ

૚
૛

૚ି࢔
૛࢔

+ න ൬
࢔ − ૚
૛ ൰ (૚ − ࢞ࢊ(࢞

ା૚࢔
૛࢔

૚
૛

+ 
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+ ෍ න ૚)࢓ − ࢞)
ା૚࢔
࢓

࢓
࢔

࢞ࢊ
૚ି࢔

ା૚૛࢔ୀ࢓

= ⋯ =
࢔ = ૚
ૡ  

શ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ =
࢔ − ૚
ૡ ષࢊ࢔ࢇ	 = ܕܑܔ

ஶ→࢔
න ൬[࢞࢔] ⋅ ฬ࢞ − ൤࢞ +

૚
૛൨ฬ൰

૚

૙
࢞ࢊ = +∞				 

2188. Find: 

ࢹ = ࢓࢏࢒
∞→࢔

૛࢔ ቌන
૚

࢞૛ + ૛࢞࢔࢙࣊࢕ࢉ + ૚
࢞ࢊ − ࢓࢏࢒

∞→࢔
න

૚

࢞૛ + ૛࢞ ࢔࢙࣊࢕ࢉ + ૚
࢞ࢊ

૚

૙

૚

૙
ቍ 

Proposed by Max Wong-Hong Kong 
Solution by Pham Duc Nam-Vietnam 
 

∗ ࡵ = න
૚

࢞૛ + ૛࢞ ࢔࢙࣊࢕ࢉ + ૚
࢞ࢊ

૚

૙
= න

૚

ቀ࢞ + ቁ࢔࢙࣊࢕ࢉ
૛

+ ࢔૛࣊࢔࢏࢙

ቀ࢞ࢊ + ࢙࢕ࢉ
࣊
࢔
ቁ

૚

૙
 

=
૚

࢔࣊࢔࢏࢙
࢔ࢇ࢚ࢉ࢘ࢇ

࢞ + ࢔࢙࣊࢕ࢉ
࢔࣊࢔࢏࢙

ቮ

૙

૚

=
૚

࢔࣊࢔࢏࢙
࢚࢕ࢉቀ࢔ࢇ࢚ࢉ࢘ࢇ

࣊
૛࢔
ቁ −

૚

࢔࣊࢔࢏࢙
࢚࢕ࢉቀ࢔ࢇ࢚ࢉ࢘ࢇ

࣊
࢔
ቁ

=
૚

࢔࣊࢔࢏࢙
࢔ࢇቀ࢚࢔ࢇ࢚ࢉ࢘ࢇ

࣊
૛࢔

ቁ =
࣊

૛࢔ ࢔࣊࢔࢏࢙
 

⇒ ࢓࢏࢒
∞→࢔

න
૚

࢞૛ + ૛࢞ ࢔࢙࣊࢕ࢉ + ૚
࢞ࢊ

૚

૙
= ࢓࢏࢒

∞→࢔

࣊

૛࢔࣊࢔࢏࢙࢔
=
૚
૛ ∞→࢔࢓࢏࢒

࣊
࢔

࢔࣊࢔࢏࢙
=
૚
૛ 

∗⇒ ࢹ = ࢓࢏࢒
∞→࢔

૛࢔ ቌ
࣊

૛࢔࣊࢔࢏࢙࢔
−
૚
૛
ቍ =

૚
૛ ∞→࢔࢓࢏࢒

૛࢔ ቌ
࣊

࢔࣊࢔࢏࢙࢔
− ૚ቍ

 ࢚ୀ
࣊
࢔
 

ሱ⎯⎯⎯⎯ሮ

=
࣊૛

૛ ࢓࢏࢒
࢚→૙శ

૚
࢚૛ ൬

࢚
࢔࢏࢙ ࢚ − ૚൰ =

࣊૛

૛ ࢓࢏࢒
࢚→૙శ

൬
૚

࢚ ࢔࢏࢙ ࢚ −
૚
࢚૛൰ 
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=
࣊૛

૛ ࢓࢏࢒
࢚→૙శ

൬
࢚ − ࢚࢔࢏࢙
࢚૛ ࢚࢔࢏࢙ ൰ =

࣊૛

૛ ࢓࢏࢒
࢚→૙శ

൬
࢚ − ࢔࢏࢙ ࢚

࢚૜ .
࢚

࢔࢏࢙ ࢚൰
 ࢙ࢋ࢏࢘ࢋ࢙	࢔࢏࢛࢘ࢇ࢒ࢉࢇࡹ 
ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ

=
࣊૛

૛ ࢓࢏࢒
࢚→૙శ

⎝

⎜
⎛࢚ − ቆ࢚ − ࢚૜

૟ + ൫࢚૞൯ቇࡻ

࢚૜ .
࢚

࢔࢏࢙ ࢚

⎠

⎟
⎞

=
࣊૛

૛ ࢓࢏࢒
࢚→૙శ

൮
࢚૜
૟ + ൫࢚૞൯ࡻ

࢚૜ .
࢚

࢔࢏࢙ ࢚
൲

=
࣊૛

૛ .
૚
૟ =

࣊૛

૚૛ 

2189. Prove that: 

ࡵ = න
૜(૚ࢍ࢕࢒ + ࢞) ૚)ࢍ࢕࢒ − ࢞૛)

࢞

૚

૙
࢞ࢊ

=
ૠ࣊૛

૚૟ (૜)ࣀ +
૞࣊૛

૟ −૜(૛)ࢍ࢕࢒ ૞(૛)ࢍ࢕࢒ −
૚૙૞ࣀ(૜)

ૡ ૛(૛)ࢍ࢕࢒

+
ૢૢ
૝ (૞)ࣀ − ૜૙ (૛)ࢍ࢕࢒ Li૝ ൬

૚
૛൰ − ૜૙Li૞ ൬

૚
૛൰ 

Proposed by Naren Bhandari-Bajura-Nepal 
Solution by Pham Duc Nam-Vietnam 
 

ࡵ = න
૝(૚ࢍ࢕࢒ + ࢞)

࢞

૚

૙
࢞ࢊ + න

૜(૚ࢍ࢕࢒ + ࢞) ૚)ࢍ࢕࢒ − ࢞)
࢞

૚

૙
࢞ࢊ = ࡶ  ࡷ+

∗ ࡶ = න
૝(૚ࢍ࢕࢒ + ࢞)

࢞

૚

૙
,࢞ࢊ ࢞:࢚ࢋ࢒ =

૚ − ࢚
࢚

⇒ ࢞ࢊ = −
࢚ࢊ
࢚૛

 

⇒ ࡶ = න
(࢚)૝ࢍ࢕࢒
࢚ − ࢚૛

= න (࢚)૝ࢍ࢕࢒ ൬
૚
࢚

+
૚

૚ − ࢚
൰࢚ࢊ =

૚

૚
૛

૚

૚
૛

= න
(࢚)૝ࢍ࢕࢒

࢚

૚

૚
૛

࢚ࢊ +න
(࢚)૝ࢍ࢕࢒
૚ − ࢚

૚

૚
૛

࢚ࢊ

=
૚
૞
૞(࢚)ฬ૚ࢍ࢕࢒

૛

૚

+ න
(࢚)૝ࢍ࢕࢒
૚ − ࢚

૚

૚
૛

࢚ࢊ =
૚
૞
૞(૛)ࢍ࢕࢒ +  ૚ࡶ

⊕ ૚ࡶ = න
(࢚)૝ࢍ࢕࢒
૚ − ࢚

૚

૚
૛

࢚ࢊ = −න (࢚)૝ࢍ࢕࢒
૚

૚
૛

૚)ࢍ࢕࢒)ࢊ − ࢚))

= − ૚)ࢍ࢕࢒ − ࢚) ૝(࢚)ห૚ࢍ࢕࢒
૛

૚
− ૝න

(࢚)૜ࢍ࢕࢒ −૚)ࢍ࢕࢒ ࢚)
࢚

૚

૚
૛

= − −૞(૛)ࢍ࢕࢒ ૝෍
૚
࢔
න ૚ି࢔࢚ (࢚)૜ࢍ࢕࢒
૚

૚
૛

∞

ୀ૚࢔

 ࢚ࢊ

= − −૞(૛)ࢍ࢕࢒ ૝෍
૚
࢔

∞

ୀ૚࢔

ቆ
૟

૛࢔࢔૝
−
૟
૝࢔

+
૟ (૛)ࢍ࢕࢒
૛࢔࢔૜

+
૜ ૛(૛)ࢍ࢕࢒
૛࢔࢔૛

+
૜(૛)ࢍ࢕࢒
૛࢔࢔

ቇ 



 
www.ssmrmh.ro 

124 RMM-CALCULUS MARATHON 2101-2200 
 

= − −૞(૛)ࢍ࢕࢒ ૛૝෍
૚

૛࢔࢔૞

∞

ୀ૚࢔

+ ૛૝෍
૚
૞࢔

∞

ୀ૚࢔

− ૛૝ࢍ࢕࢒(૛)෍
૚

૛࢔࢔૝

∞

ୀ૚࢔

− ૚૛ ૛(૛)෍ࢍ࢕࢒
૚

૛࢔࢔૜

∞

ୀ૚࢔

− ૝ ૜(૛)෍ࢍ࢕࢒
૚

૛࢔࢔૛

∞

ୀ૚࢔

 

= − −૞(૛)ࢍ࢕࢒ ૛૝෍
ቀ૚૛ቁ

࢔

૞࢔
+

∞

ୀ૚࢔

૛૝ࣀ(૞)− ૛૝ ෍(૛)ࢍ࢕࢒
ቀ૚૛ቁ

࢔

૝࢔
−

∞

ୀ૚࢔

૚૛ࢍ࢕࢒૛(૛)෍
ቀ૚૛ቁ

࢔

૜࢔

∞

ୀ૚࢔

− ૝ ૜(૛)෍ࢍ࢕࢒
ቀ૚૛ቁ

࢔

૛࢔

∞

ୀ૚࢔

 

= − −૞(૛)ࢍ࢕࢒ ૛૝Li૞ ൬
૚
૛
൰+ ૛૝ࣀ(૞)− ૛૝ࢍ࢕࢒(૛) Li૝ ൬

૚
૛
൰ − ૚૛ ૛(૛)ࢍ࢕࢒ Li૜ ൬

૚
૛
൰

− ૝ ૜(૛)ࢍ࢕࢒ Li૛ ൬
૚
૛
൰ 

Use	:	particular	value	of:Li૛ ൬
૚
૛
൰ =

࣊૛

૚૛
−
૚
૛
૛(૛)ࢍ࢕࢒ ,Li૜ ൬

૚
૛
൰ =

ૠ
ૡ
(૜)ࣀ +

૚
૟
−૜(૛)ࢍ࢕࢒

࣊૛

૚૛
 (૛)ࢍ࢕࢒

⇒ ૚ࡶ = −૞(૛)ࢍ࢕࢒− ૛૝Li૞ ൬
૚
૛
൰+ ૛૝ࣀ(૞)− ૛૝ (૛)ࢍ࢕࢒ Li૝ ൬

૚
૛
൰

− ૚૛ ૛(૛)ቆࢍ࢕࢒
ૠ
ૡ
(૜)ࣀ +

૚
૟
−૜(૛)ࢍ࢕࢒

࣊૛

૚૛
ቇ(૛)ࢍ࢕࢒ − ૝ ૜(૛)ቆࢍ࢕࢒

࣊૛

૚૛
−
૚
૛
 ૛(૛)ቇࢍ࢕࢒

= − −૞(૛)ࢍ࢕࢒ ૛૝Li૞ ൬
૚
૛
൰+ ૛૝ࣀ(૞)− ૛૝ࢍ࢕࢒(૛) Li૝ ൬

૚
૛
൰ −

૛૚
૛
−(૜)ࣀ૛(૛)ࢍ࢕࢒ ૛ ૞(૛)ࢍ࢕࢒

+࣊૛ ૜(૛)ࢍ࢕࢒ −
࣊૛

૜
૜(૛)ࢍ࢕࢒ + ૛  ૞(૛)ࢍ࢕࢒

= − −૞(૛)ࢍ࢕࢒ ૛૝Li૞ ൬
૚
૛
൰+ ૛૝ࣀ(૞)− ૛૝ࢍ࢕࢒(૛) Li૝ ൬

૚
૛
൰ −

૛૚
૛
(૜)ࣀ૛(૛)ࢍ࢕࢒ +

૛࣊૛

૜
 ૜(૛)ࢍ࢕࢒

⇒ ࡶ =
૚
૞
૞(૛)ࢍ࢕࢒ + ૚ࡶ

= −
૝
૞
−૞(૛)ࢍ࢕࢒ ૛૝Li૞ ൬

૚
૛
൰ + ૛૝ࣀ(૞)− ૛૝ࢍ࢕࢒(૛) Li૝ ൬

૚
૛
൰ −

૛૚
૛
૛(૛)ࢍ࢕࢒ (૜)ࣀ

+
૛࣊૛

૜
 ૜(૛)ࢍ࢕࢒

∗ ࡷ = න
+૜(૚ࢍ࢕࢒ ࢞) ૚)ࢍ࢕࢒ − ࢞)

࢞

૚

૙
identity:࢞࢟૜	algebraic	by,࢞ࢊ =

૚
ૡ

(࢞ + ࢟)૝ −
૚
ૡ

(࢞ − ࢟)૝ − ࢞૜࢟ 

⇒ ࡷ =
૚
ૡ
න

૝൫૚ࢍ࢕࢒ − ࢞૛൯
࢞

૚

૙
࢞ࢊ −

૚
ૡ
න

૝ࢍ࢕࢒ ቀ૚− ࢞
૚+ ࢞ቁ

࢞

૚

૙
−࢞ࢊ න

૜(૚ࢍ࢕࢒ − ࢞) ૚)ࢍ࢕࢒ + ࢞)
࢞

૚

૙
࢞ࢊ

=
૚
ૡ
૚ࡷ −

૚
ૡ
૛ࡷ  ૜ࡷ−

૚ࡷ⊕ = න
૝൫૚ࢍ࢕࢒ − ࢞૛൯

࢞

૚

૙
࢞ࢊ

 ࢞→࢞૛ 
ሱ⎯⎯⎯⎯⎯ሮࡷ૚ = ૚૛ࣀ(૞) 
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૛ࡷ⊕ = න
૝ࢍ࢕࢒ ቀ૚ − ࢞

૚ + ࢞ቁ
࢞

૚

૙
case:න	general	the	have	we,࢞ࢊ

࢔ࢍ࢕࢒ ቀ૚ − ࢞
૚ + ࢞ቁ
࢞

૚

૙
࢞ࢊ

= (૛ − ૛ି࢔)(−૚)࢔࢔! +࢔)ࣀ ૚),easy	to	prove	by	set	:	࢚ =
૚ − ࢞
૚ + ࢞

 

⇒ ૛ࡷ =
ૢ૜
૛
 (૞)ࣀ

૜ࡷ⊕ = න
૜(૚ࢍ࢕࢒ − ࢞) ૚)ࢍ࢕࢒ + ࢞)

࢞

૚

૙
:࢓࢕࢘ࢌ,࢞ࢊ (−૚)࢔ࡴ!࢑࢑

(࢑ା૚) = න
(࢞)࢑ࢍ࢕࢒ (૚ − (࢔࢞

૚ − ࢞

૚

૙
࢞ࢊ

⇒
(−૚)࢔ࡴ!࢑࢑

(࢑ା૚)

࢔૛࢔
= න

(࢞)࢑ࢍ࢕࢒
૚ − ࢞

.
૚ − ࢔࢞

࢔૛࢔
૚

૙
࢞ࢊ

⇒ ෍
(−૚)࢔ࡴ!࢑࢑

(࢑ା૚)

࢔૛࢔
= න

(࢞)࢑ࢍ࢕࢒
૚ − ࢞

൭෍
૚ − ࢔࢞

࢔૛࢔

∞

ୀ૚࢔

൱
૚

૙
࢞ࢊ

∞

ୀ૚࢔

 

⇒ ෍
(−૚)࢔ࡴ!࢑࢑

(࢑ା૚)

࢔૛࢔
= න

(࢞)࢑ࢍ࢕࢒ ૛)ࢍ࢕࢒ − ࢞)
૚− ࢞

૚

૙
࢞ࢊ =

∞

ୀ૚࢔

න
૚)࢑ࢍ࢕࢒ − ࢞) ૚)ࢍ࢕࢒ + ࢞)

࢞

૚

૙
࢞ࢊ ⇒ ૜ࡷ

= −૟෍
࢔ࡴ

(૝)

࢔૛࢔

∞

ୀ૚࢔

 

⊕ Use	:	result	from	Cornel	Ioan	Valean:෍
࢔ࡴ

(૝)

࢔૛࢔

∞

ୀ૚࢔

= −Li૞ ൬
૚
૛
൰ − (૛)ࢍ࢕࢒ Li૝ ൬

૚
૛
൰+

૛ૠ
૜૛

(૞)ࣀ +
ૠ࣊૛

ૢ૟
−(૜)ࣀ

ૠ
૚૟

૛(૛)ࢍ࢕࢒ (૜)ࣀ

+
࣊૛

૜૟
−૜(૛)ࢍ࢕࢒

૚
૜૙

 ૞(૛)ࢍ࢕࢒

⇒ ૜ࡷ = −૟ቆ−Li૞ ൬
૚
૛
൰ − (૛)ࢍ࢕࢒ Li૝ ൬

૚
૛
൰+

૛ૠ
૜૛

(૞)ࣀ +
ૠ࣊૛

ૢ૟
−(૜)ࣀ

ૠ
૚૟

૛(૛)ࢍ࢕࢒ (૜)ࣀ +
࣊૛

૜૟
૜(૛)ࢍ࢕࢒

−
૚
૜૙

 ૞(૛)൰ࢍ࢕࢒

⇒ ࡷ =
૚
ૡ
૚ࡷ −

૚
ૡ
૛ࡷ ૜ࡷ−

= 6Li૞ ൬
૚
૛
൰ − ૟ࢍ࢕࢒(૛) Li૝ ൬

૚
૛
൰+

૛૚࣊૛

૝ૡ
−(૜)ࣀ

૛૚
ૡ
૛(૛)ࢍ࢕࢒ (૜)ࣀ +

࣊૛

૟
૜(૛)ࢍ࢕࢒

−
૚
૞
૞(૛)ࢍ࢕࢒ +

૜
૝
 (૞)ࣀ

∗ Combine	these	results: 

ࡵ = +ࡶ =ࡷ −
૝
૞
−૞(૛)ࢍ࢕࢒ ૛૝Li૞ ൬

૚
૛
൰+ ૛૝ࣀ(૞)− ૛૝ࢍ࢕࢒(૛) Li૝ ൬

૚
૛
൰ −

૛૚
૛
(૜)ࣀ૛(૛)ࢍ࢕࢒ +

૛࣊૛

૜
−૜(૛)ࢍ࢕࢒ ૟ Li૞ ൬

+
૛૚࣊૛

૝ૡ
−(૜)ࣀ

૛૚
ૡ
(૜)ࣀ૛(૛)ࢍ࢕࢒ +

࣊૛

૟
−૜(૛)ࢍ࢕࢒

૚
૞
૞(૛)ࢍ࢕࢒ +

૜
૝
 (૞)ࣀ
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= −૜૙Li૞ ൬
૚
૛
൰ − ૜૙ࢍ࢕࢒(૛) Li૝ ൬

૚
૛
൰ +

ૢૢ
૝
(૞)ࣀ +

ૠ࣊૛

૚૟
−(૜)ࣀ ૞(૛)ࢍ࢕࢒ +

૞࣊૛

૟
૜(૛)ࢍ࢕࢒

−
૚૙૞ࣀ(૜)

ૡ
૛(૛)ࢍ࢕࢒  (ࡰ.ࡱ.ࡽ)

2190. Solve for real numbers: 

૛න
࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞

√૚ + ࢞૛

࢞

૙
࢞ࢊ = ૚ 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

૛න
࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞

√૚ + ࢞૛

࢞

૙
࢞ࢊ = ૚; 		(∗) 

૛න
࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞

√૚ + ࢞૛

࢞

૙
࢞ࢊ =

࢞ୀ࢟ܖ܉ܜ
૛න

૛ܖ܉ܜ ࢟ ૛܋܍ܛ ࢟ࢋ࢟

࢟܋܍ܛ

࢟

૙
࢟ࢊ = ૛න

૛ܖܑܛ ࢟
૜ܛܗ܋ ࢋ࢟

࢟
࢟

૙
࢟ࢊ = 

= ૛න ܖܑܛ ࢟ ࢟ࢋ
ܖܑܛ ࢟
૜ܛܗ܋ ࢟

࢟

૙
࢟ࢊ = න ܖܑܛ ࢟ ࢟ࢋ ቆ−૛

ܛܗ܋)ࢊ ࢟)
૜ܛܗ܋ ࢟ ቇ

૚

૙
= න ࢟ܖܑܛ ൬ࢊ࢟ࢋ

૚
૛ܛܗ܋ ࢟൰

૚

૙
= 

= ൤
ܖܑܛ ࢟
૛ܛܗ܋ ࢟ ࢋ

࢟൨
૙

࢟

−න
࢟ܛܗ܋ ࢟ࢋ + ܖܑܛ ࢟ࢋ࢟

૛ܛܗ܋ ࢟

࢟

૙
࢟ࢊ = 

=
ܖܑܛ ࢟
૛ܛܗ܋ ࢋ࢟

࢟ − න
࢟ࢋ

ܛܗ܋ ࢟

࢟

૙
࢟ࢊ − න ࢟ࢋ ൭−

૚
૛ܛܗ܋ ࢊ࢟

ܛܗ܋) ࢟)൱
࢟

૙
= 

=
ܖܑܛ ࢟
૛ܛܗ܋ ࢋ࢟

࢟ − න
࢟ࢋ

ܛܗ܋ ࢟

࢟

૙
࢟ࢊ − ቆ൤

࢟ࢋ

ܛܗ܋ ࢟൨૙

࢟

− න
࢟ࢋ

ܛܗ܋ ࢟ࢊ࢟
࢟

૙
ቇ = 

=
ܖܑܛ ࢟
૛ܛܗ܋ ࢟ ࢋ

࢟ −
࢟ࢋ

ܛܗ܋ ࢟ + ૚ =
࢟ࢋ

ܛܗ܋ ࢟
ܖ܉ܜ) ࢟ − ૚) + ૚ = (࢞ − ૚)ඥ૚ + ࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞ + ૚ 

⇒ (࢞− ૚)ඥ૚ + ࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞ + ૚ = ૚ ⇒ ࢞ = ૚. 

:ࢋ࢚࢕ࡺ
ࢊ
൬࢞ࢊ

(࢞− ૚)ඥ૚ + ࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞ + ૚൰ = 

= ඥ૚ + ࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞ + (࢞ − ૚) ∙
࢞

√૚ + ࢞૛
ܖ܉ܜ܋ܚ܉ࢋ ࢞ +

(࢞ − ૚)ඥ(૚ + ࢞૛)ܖ܉ܜ܋ܚ܉ࢋ ࢞

૚ + ࢞૛ = 

= ඥ૚ + ࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞ +
࢞૛ − ૚
√૚ + ࢞૛

ܖ܉ܜ܋ܚ܉ࢋ ࢞ = 

= (૚ + ࢞૛ + ࢞૛ − ૚)
࢞ܖ܉ܜ܋ܚ܉ࢋ

√૚ + ࢞૛
=
૛࢞૛ܖ܉ܜ܋ܚ܉ࢋ ࢞

√૚ + ࢞૛
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2191. Prove that: 

ࡵ = න
૚)ࢍ࢕࢒ − ࢞૜)
࢞૛ + ࢞ + ૚

࢞ࢊ =
࣊
૛√૜

(૜)ࢍ࢕࢒ − √૜࢒࡯૛ ൬
૛࣊
૜
൰

૚

૙
 

Proposed by Fao Ler-Iraq 
Solution 1 by Pham Duc Nam-Vietnam 
 

ࡵ = න
൫૚ࢍ࢕࢒ − ࢞૜൯
࢞૛ + ࢞ + ૚

࢞ࢊ = න
−૚)ࢍ࢕࢒ ࢞)
࢞૛ + ࢞ + ૚

࢞ࢊ + න
൫࢞૛ࢍ࢕࢒ + ࢞ + ૚൯

࢞૛ + ࢞ + ૚
࢞ࢊ =

૚

૙

૚

૙

૚

૙
ࡶ  ࡷ+

∗ ࡷ = න
൫࢞૛ࢍ࢕࢒ + ࢞+ ૚൯

࢞૛ + ࢞ + ૚
࢞ࢊ =

૚

૙
න

ቆቀ࢞ࢍ࢕࢒ + ૚
૛ቁ

૛
+ ૜
૝ቇ

ቀ࢞ + ૚
૛ቁ

૛
+ ૜
૝

࢞ࢊ =
૚

૙
න

ቀࢍ࢕࢒ ૜
૝ ૛࢙࢕ࢉ ࢚ቁ
૜

૝ ૛࢙࢕ࢉ ࢚

.
√૜

૛࢙࢕ࢉ૛ ࢚

࣊
૜

࣊
૟

࢚ࢊ

∴ ࢞ +
૚
૛

=
√૜
૛
࢔ࢇ࢚ ࢚ 

=
૛
√૜

න ൬ࢍ࢕࢒
૜

૝ ૛࢙࢕ࢉ ࢚
൰

࣊
૜

࣊
૟

࢚ࢊ =
࣊
૜√૜

−(૜)ࢍ࢕࢒
૝
√૜

න (૛)ࢍ࢕࢒) + ((࢚)࢙࢕ࢉࢍ࢕࢒
࣊
૜

࣊
૟

࢚ࢊ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૝
√૜

෍
(−૚)࢑

࢑

∞

࢑ୀ૚

න (૛࢑࢚)࢙࢕ࢉ
࣊
૜

࣊
૟

 ࢚ࢊ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૛
√૜

෍(−૚)࢑
∞

࢑ୀ૚

ቌ
࢔࢏࢙ ૛࣊࢑૜
࢑૛

−
࢑૜࣊࢔࢏࢙
࢑૛

ቍ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૛
√૜

.
૚

૚૛√૜
ቆ࣒(૚) ൬

૛
૜
൰ − ࣒(૚) ൬

૚
૜
൰ቇ

=
࣊
૜√૜

(૜)ࢍ࢕࢒ +
૚
૚ૡ

ቆ࣒(૚) ൬
૛
૜
൰ − ࣒(૚) ൬

૚
૜
൰ቇ 

Use	the	trigamma	identity:࣒(૚) ൬
࢖
ࢗ
൰ =

࣊૛

૛ ૛࢔࢏࢙ ࢗ࢖࣊
+ ૛ࢗ෍ ࢔࢏࢙

૛࣊࢖࢓
ࢗ

૚ିࢗ
૛

ୀ૚࢓

૛࢒࡯ ൬
૛࣊࢓
ࢗ

൰

⇒ ࣒(૚) ൬
૛
૜
൰−࣒(૚) ൬

૚
૜
൰ = −૟√૜࢒࡯૛ ൬

૛࣊
૜
൰ 

⇒ ࡷ =
࣊
૜√૜

−(૜)ࢍ࢕࢒
૚
૚ૡ

.૟√૜࢒࡯૛ ൬
૛࣊
૜
൰ =

࣊
૜√૜

−(૜)ࢍ࢕࢒
૚
√૜

૛࢒࡯ ൬
૛࣊
૜
൰ 
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∗ ࡶ = න
૚)ࢍ࢕࢒ − ࢞)
࢞૛ + ࢞ + ૚

࢞ࢊ =
૚

૙
න

−ቆ૜૛ࢍ࢕࢒ ቀ࢞ + ૚
૛ቁቇ

ቀ࢞ + ૚
૛ቁ

૛
+ ૜
૝

࢞ࢊ =
૚

૙

૛
√૜

න ቆࢍ࢕࢒
૜
૛
−
√૜
૛
࢚ࢊቇ࢚࢔ࢇ࢚ ∴ ࢞ +

૚
૛

࣊
૜

࣊
૟

=
√૜
૛
࢔ࢇ࢚ ࢚ 

=
૛
√૜

න ቌࢍ࢕࢒
√૜࢙࢕ࢉ ቀ࢚ + ࣊

૟ቁ

࢙࢕ࢉ ࢚
ቍ࢚ࢊ

࣊
૜

࣊
૟

=
࣊
૟√૜

(૜)ࢍ࢕࢒ +
૛
√૜

න ቀ࢚࢙࢕ࢉቀࢍ࢕࢒ +
࣊
૟
ቁቁ ࢚ࢊ −

૛
√૜

න ࢙࢕ࢉ)ࢍ࢕࢒ ࢚ࢊ(࢚
࣊
૜

࣊
૟

࣊
૜

࣊
૟

 

⊕
૛
√૜

න ࢙࢕ࢉቀࢍ࢕࢒ ቀ࢚ +
࣊
૟
ቁቁ ࢚ࢊ

࣊
૜

࣊
૟

=
૛
√૜

න ࢙࢕ࢉ)ࢍ࢕࢒ ࢚ࢊ(࢚ =
૛
√૜

࣊
૛

࣊
૜

න ൭−෍
(−૚)࢑ (૛࢑࢚)࢙࢕ࢉ

࢑
− (૛)ࢍ࢕࢒

∞

࢑ୀ૚

൱
࣊
૛

࣊
૜

= −
࣊
૜√૜

−(૛)ࢍ࢕࢒
૛
√૜

෍
(−૚)࢑

࢑

∞

࢑ୀ૚

න (૛࢑࢚)࢙࢕ࢉ
࣊
૛

࣊
૜

࢚ࢊ

= −
࣊
૜√૜

(૛)ࢍ࢕࢒ +
૚
√૜

෍
(−૚)࢑ ૛࢑࣊૜࢔࢏࢙

࢑૛

∞

࢑ୀ૚

 

⊕
૛
√૜

න ࢙࢕ࢉ)ࢍ࢕࢒ ࢚ࢊ(࢚
࣊
૜

࣊
૟

= −
࣊
૜√૜

−(૛)ࢍ࢕࢒
૚
√૜

෍(−૚)࢑
∞

࢑ୀ૚

ቌ
૛࣊࢑૜࢔࢏࢙

࢑૛
−
࢑૜࣊࢔࢏࢙
࢑૛

ቍ 

⇒ ࡶ =
࣊
૟√૜

−(૜)ࢍ࢕࢒
࣊
૜√૜

(૛)ࢍ࢕࢒ +
૚
√૜

෍
(−૚)࢑ ૛࢑࣊૜࢔࢏࢙

࢑૛

∞

࢑ୀ૚

+
࣊
૜√૜

(૛)ࢍ࢕࢒

+
૚
√૜

෍(−૚)࢑
∞

࢑ୀ૚

ቌ
૛࣊࢑૜࢔࢏࢙

࢑૛
−
࢑૜࣊࢔࢏࢙
࢑૛

ቍ

=
࣊
૟√૜

(૜)ࢍ࢕࢒ +
૚
√૜

෍(−૚)࢑
∞

࢑ୀ૚

ቌ
૛࢙࢔࢏૛࣊࢑૜

࢑૛
−
࢑૜࣊࢔࢏࢙
࢑૛

ቍ 
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=
࣊
૟√૜

(૜)ࢍ࢕࢒ +
૚
√૜

.
૚

૜√૜
ቆ࣒(૚) ൬

૛
૜
൰ − ࣒(૚) ൬

૚
૜
൰ቇ =

࣊
૟√૜

−(૜)ࢍ࢕࢒
૚
ૢ
ቆ૟√૜࢒࡯૛ ൬

૛࣊
૜
൰ቇ

=
࣊
૟√૜

−(૜)ࢍ࢕࢒
૛
√૜

૛࢒࡯ ൬
૛࣊
૜
൰ 

⇒ ࡵ = ࡶ ࡷ+ =
࣊
૟√૜

(૜)ࢍ࢕࢒ −
૛
√૜

૛࢒࡯ ൬
૛࣊
૜
൰ +

࣊
૜√૜

(૜)ࢍ࢕࢒ −
૚
√૜

૛࢒࡯ ൬
૛࣊
૜
൰

=
࣊
૛√૜

૛࢒࡯૜√−(૜)ࢍ࢕࢒ ൬
૛࣊
૜
൰  (ࡰ.ࡱ.ࡽ)

Solution 2 by Le Thu-Vietnam 

ષ = න
(૚ − ࢞) −૚)܏ܗܔ ࢞૜)
(࢞૜ + ࢞ + ૚)(૚ − ࢞)

૚

૙
࢞ࢊ = න

(૚ − ࢞) ૚)܏ܗܔ − ࢞૜)
૚ − ࢞૜

૚

૙
࢞ࢊ =࢞

૜→࢞
 

=
૚
૜න

࢞ି
૛
૜ ൬૚ − ࢞

૚
૜൰ ૚)܏ܗܔ − ࢞)

૚ − ࢞ ࢞ࢊ
૚

૙
=
૚
૜ ܕܑܔ
࢝→ି૚

ࢊ
࢝ࢊ ൤࡮൬

૚
૜ ,࢝ + ૚൰ − ൬࡮

૛
૜ ,࢝ + ૚൰൨ = 

=
૚
૜ ܕܑܔ
࢝→ି૚

൤࡮൬
૚
૜ ,࢝ + ૚൰ ൜࣒૙(࢝ + ૚) −࣒૙ ൬

૝
૜ + ࢝൰ൠ

− ൬࡮
૛
૜ ,࢝ + ૚൰ ൜࣒૙(࢝ + ૚) − ࣒૙ ൬

૞
૜ + ࢝൰ൠ൨ = 

=
૚
૟ ൤࣒૙ ൬

૚
૜൰ −࣒૙ ൬

૛
૜൰൨ ൤૛ࢽ + ࣒૙ ൬

૚
૜൰ + ࣒૙ ൬

૛
૜൰൨ +

૚
૟ ൤࣒૙ ൬

૛
૜൰ −࣒૙ ൬

૚
૜൰൨ = 

=
૚
૟ ൬−

࣊
√૜

൰ (૛ࢽ − ૛ࢽ − ૜ ܏ܗܔ ૜) +
૚
૟ቆ−૟√૜࢒࡯૛ ൬

૛࣊
૜ ൰ቇ = 

=
࣊
૛√૜

૜܏ܗܔ − √૜࢒࡯૛ ൬
૛࣊
૜ ൰ 

∵ ࣒૙(૚ − (ࢠ − ࣒૙(ࢠ) =  (ࢠ࣊)ܜܗ܋࣊

∵ ࣒૛(૚ − (ࢠ + ࣒૚(ࢠ) =
࣊૜

 (ࢠ࣊)૛ܖܑܛ

࣒૙ ቀ
࢘
࢓
ቁ = ࢽ− − −(࢓૛)܏ܗܔ

࣊
૛ ܜܗ܋

ቀ
࢘࣊
࢓
ቁ + ૛ ෍ ܛܗ܋

૛࣊࢘࢔
࢓ ܏ܗܔ ቀܖܑܛ

࣊࢔
࢓
ቁ

૚ି࢓ܛܗ܋
૛

ୀ૚࢔

 

࢘ = ૚,࢓ = ૜,࣒૙ ൬
૚
૜൰ = −

࣊
૛√૜

−
૜ ૜܏ܗܔ
૛ −  ࢽ
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૚࣒	:(૚ૢૢ૚,࢔࢏࢝ࢋࡸ)	࢕࢚	ࢋ࢛ࡰ ൬
࢖
൰ࢗ =

࣊૛

૛ ૛ܖܑܛ ቀࢗ࣊࢖ ቁ
+ ૛ࢗ ෍ ܖܑܛ

૛࣊࢖࢓
ࢗ ૛࢒࡯ ൬

૛࣊࢓
ࢗ ൰

ቂିࣂ૚૛ ቃ

࢑ୀ૚

 

࢖	࢘࢕ࡲ = ૚,ࢗ = ૜,࢝ࢋ	ࢋ࢜ࢇࢎ:	࣒૚ ൬
૚
૜൰ =

૛
૜࣊

૛ + ૜√૜࢒࡯૛ ൬
૛࣊
૜ ൰  .ࢊࢋ࢘࢏࢙ࢋࢊ	࢙ࢇ	

࢈	ࢊ࢔࢛࢕࢘ࢇ	࢙ࢋ࢏࢘ࢋ࢙	࢚࢔ࢋ࢛࢘ࢇࡸ = ૙: 

(࢈,ࢇ)࡮ ≅
૚
࢈ +

࢈
૚૛ ൣ૟࣒૙

૛(ࢇ) + ૚૛࣒ࢽ૙(ࢇ)− ૟࣒૚(ࢇ) + ࣊૛ + ૟ࢽ૛൧ 

࣒૙(ࢿ) ≅ −
૚
ࢿ +

࣊૛ࢿ
૟

ࢿ	ࢊ࢔࢛࢕࢘ࢇ	࢙ࢋ࢏࢘ࢋ࢙	࢚࢔ࢋ࢛࢘ࢇࡸ) = ૙)		 

2192. Find a closed form: 

ࢹ = න න න
ࢠࢊ࢟ࢊ࢞ࢊ
૟ − ࢞࢟૛ࢠ૜

૚

૙

૚

૙

૚

૙
 

Proposed by Ankush Kumar Parcha-India 
Solution by Pham Duc Nam-Vietnam 
 

∗ ࢹ = න න න
ࢠࢊ࢟ࢊ࢞ࢊ
૟ − ࢞࢟૛ࢠ૜

૚

૙

૚

૙

૚

૙
= න නࢠࢊ න࢟ࢊ

࢞ࢊ
૟ − ࢞࢟૛ࢠ૜

૚

૙

૚

૙

૚

૙

= −න නࢠࢊ ൮࢟ࢊ
ࢍ࢕࢒ ൬૚ − ࢟૛ࢠ૜

૟ ൰

࢟૛ࢠ૜
൲

૚

૙

૚

૙
 

= න නࢠࢊ ෍࢟ࢊ
࢟૛࢑ି૛ࢠ૜࢑ି૜

૟࢑࢑

∞

࢑ୀ૚

૚

૙

૚

૙

= ෍
૚
૟࢑࢑൬

૚
૛࢑ − ૚൰൬

૚
૜࢑ − ૛൰ =

∞

࢑ୀ૚

෍
૚
૟࢑ ൬

ૢ
૛(૜࢑− ૛) +

૚
૛࢑ −

૝
૛࢑ − ૚൰

∞

࢑ୀ૚

 

∗෍
૚
૟࢑ .

∞

࢑ୀ૚

૚
૛࢑ =

૚
૛ ൬ࢍ࢕࢒

૟
૞൰ ∴ ෍

࢞࢑

࢑ = − ૚)ࢍ࢕࢒ − ࢞) , :࢚ࢋ࢒ ࢞ =
૚
૟

∞

࢑ୀ૚
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∗ ૝෍
૚
૟࢑ .

∞

࢑ୀ૚

૚
૛࢑ − ૚ =

૛√૟
૜ ෍

૚

൫√૟൯
૛࢑ା૚ .

∞

࢑ୀ૙

૚
૛࢑+ ૚ =

૛√૟
૜ ૚ିࢎ࢔ࢇ࢚ ൬

૚
√૟

൰

=
૛√૛
√૜

૚ିࢎ࢔ࢇ࢚ ൬
૚
√૟

൰ 

∗
ૢ
૛෍

૚
૟࢑ .

∞

࢑ୀ૚

૚
૜࢑ − ૛ =

૜√૟૜

૝ ෍
૚

√૟૜ ૜࢑ା૚ .
∞

࢑ୀ૙

૚
૜࢑ + ૚ 

⊕෍࢞૜࢑ =
૚

૚ − ࢞૜
⇒

∞

࢑ୀ૙

෍
࢚૜࢑ା૚

૜࢑+ ૚
= න

૚
૚ − ࢞૜

࢞ࢊ
࢚

૙
⇒

∞

࢑ୀ૙

෍
࢚૜࢑ା૚

૜࢑+ ૚

∞

࢑ୀ૙

=
૚
૟ ൬ࢍ࢕࢒

(࢞૛ + ࢞ + ૚) − ૛ ૚)ࢍ࢕࢒ − ࢞) + ૛√૜࢔ࢇ࢚ࢉ࢘ࢇ
૛࢞ + ૚
√૜

൰ฬ
૙

࢚

 

⇔෍
࢚૜࢑ା૚

૜࢑ + ૚ =
૚
૟ ൬ࢍ࢕࢒

(࢚૛ + ࢚ + ૚) − ૛ ૚)ࢍ࢕࢒ − ࢚) + ૛√૜࢔ࢇ࢚ࢉ࢘ࢇ
૛࢚ + ૚
√૜

൰ −
∞

࢑ୀ૙

૚
૟૛√૜

࣊
૟

=
૚
૟ ൬ࢍ࢕࢒

(࢚૛ + ࢚ + ૚) − ૛ ૚)ࢍ࢕࢒ − ࢚) + ૛√૜࢔ࢇ࢚ࢉ࢘ࢇ
૛࢚ + ૚
√૜

൰ −
࣊√૜
૚ૡ  

:࢚ࢋࡸ ࢚ =
૚
√૟૜ ⇒

ૢ
૛෍

૚
૟࢑ .

∞

࢑ୀ૚

૚
૜࢑ − ૛ =

૜√૟૜

૝ ෍
૚

√૟૜ ૜࢑ା૚ .
∞

࢑ୀ૙

૚
૜࢑ + ૚

=
૜√૟૜

૝
൦
૚
૟
൮ࢍ࢕࢒ ൬

૚
√૜૟૜ +

૚
√૟૜ + ૚൰ − ૛ ࢍ࢕࢒ ൬૚ −

૚
√૟૜ ൰

+ ૛√૜࢔ࢇ࢚ࢉ࢘ࢇ

૛
√૟૜ + ૚

√૜
ቍ −

࣊√૜
૚ૡ

൪ 

=
૜

૝√૜૟૜ ቈࢍ࢕࢒൬
૚
√૜૟૜ +

૚
√૟૜ + ૚൰ − ૛ ࢍ࢕࢒ ൬૚ −

૚
√૟૜ ൰+ ૛√૜࢔ࢇ࢚ࢉ࢘ࢇ

૛ + √૟૜

√૜√૟૜ ቉ −
૜√૟૜

૝ .
࣊√૜
૚ૡ

=
૜

૝√૜૟૜ ቈࢍ࢕࢒ ൬
૚
√૜૟૜ +

૚
√૟૜ + ૚൰ − ૛ ࢍ࢕࢒ ൬૚ −

૚
√૟૜ ൰ + ૛√૜࢔ࢇ࢚ࢉ࢘ࢇ

૛ + √૟૜

√૜√૟૜ ቉

−
૜࣊

૝√૜√૜૟૜  
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⇒ ષ =
૜

૝√૜૟૜ ቈࢍ࢕࢒ ൬
૚
√૜૟૜ +

૚
√૟૜ + ૚൰ − ૛ ࢍ࢕࢒ ൬૚ −

૚
√૟૜ ൰ + ૛√૜࢔ࢇ࢚ࢉ࢘ࢇ

૛ + √૟૜

√૜√૟૜ ቉

−
૜࣊

૝√૜√૜૟૜ +
૚
૛ ࢍ࢕࢒ ൬

૟
૞൰ −

૛√૛
√૜

૚ିࢎ࢔ࢇ࢚ ൬
૚
√૟

൰ 

2193. Prove that: 

ࡵ = න
࢔࢏࢙ ࢞

૞࢔࢏࢙ ࢞ + ૞࢙࢕ࢉ ࢞
࢞ࢊ =

૛࣊
૞

࣊
૛

૙
ඨ
૛࣐ + ૚
૛࣐ − ૚

 (࢕࢏࢚ࢇ࢘	࢔ࢋࢊ࢒࢕ࢍ	࢙࢏	࣐	ࢋ࢘ࢋࢎࢃ)

Proposed by Togrul Ehmedov-Baku-Azerbaijan 
Solution 1 by  Pham Duc Nam-Vietnam 

∗ ࡵ = න
࢔࢏࢙ ࢞

૞࢔࢏࢙ ࢞ + ૞࢙࢕ࢉ ࢞
࢞ࢊ =

࣊
૛

૙
න

࢙࢞࢕ࢉ
૞࢔࢏࢙ ࢞ + ૞࢙࢕ࢉ ࢞

࢞ࢊ ⇒ ૛ࡵ = න
࢞࢔࢏࢙ + ࢙࢞࢕ࢉ
૞࢔࢏࢙ ࢞ + ૞࢙࢕ࢉ ࢞

࢞ࢊ
࣊
૛

૙

࣊
૛

૙
 

= න
࢞࢔࢏࢙ + ࢙࢞࢕ࢉ

૚
ૡ ࢔࢏࢙) ࢞ + ૛࢞࢔࢏૝࢙−)(࢙࢞࢕ࢉ + ࢙࢕ࢉ ૝࢞ + ૠ)

࢞ࢊ
࣊
૛

૙
= ૡන

૚
(−૝࢙࢔࢏૛࢞ + ࢙࢕ࢉ ૝࢞+ ૠ)࢞ࢊ

࣊
૛

૙

= ૡන
૚

(−૝࢙࢔࢏૛࢞ + ૚ − ૛࢙࢔࢏૛ ૛࢞ + ૠ)࢞ࢊ
࣊
૛

૙
 

= ૝න
૚

૛࢔࢏࢙−) ૛࢞ − ૛࢙࢔࢏૛࢞ + ૝)࢞ࢊ
࣊
૛

૙
⇒ ࡵ = ૛න

૚
૛࢔࢏࢙−) ૛࢞ − ૛࢙࢔࢏૛࢞ + ૝)࢞ࢊ

࣊
૛

૙

=
૚
√૞

න ൬
૚

࢔࢏࢙ ૛࢞+ √૞ + ૚
−

૚
૛࢞࢔࢏࢙ + ૚ − √૞

൰࢞ࢊ
࣊
૛

૙
=

૚
√૞

ࡶ) −  (ࡷ

∗ ࡶ = න
૚

૛࢞࢔࢏࢙ + ࢛
࢞ࢊ

࣊
૛

૙
=
૚
૛
න

૚
࢞࢔࢏࢙ + ࢛

࣊

૙
࢞ࢊ

 ࢚ୀ࢚࢔ࢇ
࢞
૛
 

ሱ⎯⎯⎯⎯⎯⎯⎯ሮන
૚

࢛࢚૛ + ૛࢚+ ࢛

∞

૙
࢚ࢊ

=
࢔ࢇ࢚ࢉ࢘ࢇ ࢚࢛ + ૚

√࢛૛ − ૚
√࢛૛ − ૚

ተ

૙

∞

=
࣊

૛√࢛૛ − ૚
−

૚
√࢛૛ − ૚

࢔ࢇ࢚ࢉ࢘ࢇ
૚

√࢛૛ − ૚
 

 ࢛ୀ√૞ା૚ 
ሱ⎯⎯⎯⎯⎯⎯⎯⎯ሮ =

࣊

૛ඥ૞ + ૛√૞
−

૚
ඥ૞ + ૛√૞

࢔ࢇ࢚ࢉ࢘ࢇ
૚

ඥ૞ + ૛√૞
=

࣊

૛ඥ૞ + ૛√૞
−

࣊

૚૙ඥ૞+ ૛√૞

=
૛࣊

૞ඥ૞ + ૛√૞
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∗ ࡷ = න
૚

૛࢞࢔࢏࢙ + ࢜
࢞ࢊ

࣊
૛

૙
= −

࣊
૛√࢜૛ − ૚

−
૚

√࢜૛ − ૚
࢔ࢇ࢚ࢉ࢘ࢇ

૚
√࢜૛ − ૚

 ࢜ୀ૚ି√૞ 
ሱ⎯⎯⎯⎯⎯⎯⎯⎯ሮ

= −
࣊

૛ඥ૞ − ૛√૞
−

૚
ඥ૞ − ૛√૞

࢔ࢇ࢚ࢉ࢘ࢇ
૚

ඥ૞ − ૛√૞
= −

࣊

૛ඥ૞ − ૛√૞
−

૜࣊

૚૙ඥ૞ − ૛√૞

= −
૝࣊

૞ඥ૞ − ૛√૞
 

⇒ ࡵ =
૚
√૞

ࡶ) − (ࡷ =
૚
√૞

ቆ
૛࣊

૞ඥ૞ + ૛√૞
+

૝࣊

૞ඥ૞ − ૛√૞
ቇ =

૛࣊
૞
ቆ

૚

√૞ඥ૞+ ૛√૞
+

૛

√૞ඥ૞ − ૛√૞
ቇ

=
૛࣊
૞
ቆ

૚
ඥ૛૞ + ૚૙√૞

+
૛

ඥ૛૞ − ૚૙√૞
ቇ =

૛࣊
૞
ඨ૞ + ૛√૞

૞
=
૛࣊
૞
ඨ
૛࣐ + ૚
૛࣐ − ૚

 (ࡰ.ࡱ.ࡽ)

Solution 2 by Ankush Kumar Parcha-India 

ષ = න
ܖܑܛ ࢞

૞ܖܑܛ ࢞ + ૞ܛܗ܋ ࢞
࢞ࢊ

࣊
૛

૙
=

࢞→࣊૛ି࢞ න
࢞ܛܗ܋

૞ܛܗ܋ ࢞ + ૞ܖܑܛ ࢞
࢞ࢊ

࣊
૛

૙
= 

= න
૝܋܍ܛ ࢞

૞ܖ܉ܜ ࢞ + ૚࢞ࢊ
࣊
૛

૙
=

ܖ܉ܜ ࢞ୀ࢟
න

(૚ + ࢟૛)(૚ + ࢟૛)
(૚ + ࢟૞)(૚ + ࢟૛)࢟ࢊ

ஶ

૙
= 

= න
૚ + ࢟૛

૚ + ࢟૞ ࢟ࢊ
ஶ

૙
=

࢟૞ୀ࢞ ૚
૞න

࢞
૚
૞ି૚

૚ + ࢞ࢊ࢞
ஶ

૙
+
૚
૞න

࢞
૛
૞ା

૚
૞ି૚

૚ + ࢞ ࢞ࢊ
ஶ

૙
= 

=
૚
૞
቎
࣊

ܖܑܛ ࣊૞
+

࣊

ܖܑܛ ૜࣊૞
቏ ;∵ න

૚ି࢔࢞

૚ + ࢞ࢊ࢞
ஶ

૙
=

࣊
(࣊࢔)ܖܑܛ ࢔, ∉ ℤ 

૞
૛࣊ષ = ඨ

૛
૞ − √૞

+ ඨ
૛

૞ + √૞
=
ඩ

૚

√૞ቆ√૞ − ૚
૛ ቇ

+
ඩ

૚

√૞ቆ√૞ + ૚
૛ ቇ

= 

= ඨ
࣐૛

࣐√૞
+ ඨ

૚
࣐√૞

=
૚ + ࣐

ඥ࣐ඨ૛ቆ૚ + √૞
૛ ቇ − ૚

=
࣐૛

ඥ࣐ඥ૛࣐ − ૚
= 

= ඩ
൫૜ + √૞൯൫૚ + √૞൯

૜
૛࣐ − ૚ = ඨ૛ + √૞

૛࣐ − ૚ =
ඩ૛ቆ

૚ + √૞
૛ ቇ + ૚

૛࣐ − ૚ ; (∵ ࣐૛ = ࣐ + ૚) 
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ષ = න
ܖܑܛ ࢞

૞ܖܑܛ ࢞ + ૞ܛܗ܋ ࢞ࢊ࢞
࣊
૛

૙
=
૛࣊
૞ ඨ

૛࣐ + ૚
૛࣐ − ૚		 

2194. Find a closed form: 

ષ = න
࢞
૜
૝(૚ − ࢞)

૞
૝

(ૠ − ࢞)૛
૚

૙
 ࢞ࢊ

Proposed by Le Thu-Vietnam 
Solution by Fao Ler-Iraq 
 

ષ = න
࢞
૜
૝(૚ − ࢞)

૞
૝

(ૠ − ࢞)૛
૚

૙
࢞ࢊ =

૚
૝ૢන

࢞
૜
૝(૚ − ࢞)

૞
૝

ቀ૚ − ࢞
ૠቁ

૛ ࢞ࢊ
૚

૙
=

૚
૝ૢන ࢞

૜
૝(૚ − ࢞)

૞
૝෍࢑ቀ

࢞
ૠ
ቁ
࢑ି૚

ஶ

࢑ୀ૚

࢞ࢊ
૚

૙
= 

=
૚
ૠ෍

࢑
ૠ࢑න ࢞࢑ି

૚
૝(૚ − ࢞)

૞
૝

૚

૙
࢞ࢊ

ஶ

࢑ୀ૚

=
૚
ૠ෍

࢑
ૠ࢑ ൬࢑ࢼ +

૜
૝ ,
ૢ
૝൰

ஶ

࢑ୀ૚

=
૚
ૠ෍

࢑
ૠ࢑
ડ ቀ࢑ + ૜

૝ቁ ડ ቀ
ૢ
૝ቁ

ડ(࢑+ ૜)

ஶ

࢑ୀ૚

= 

=
૚
ૠ
૞
૝
૚
૝ડ ൬

૚
૝൰෍

࢑
ૠ࢑)࢑ + ૛)!ડ൬࢑ +

૜
૝൰

ஶ

࢑ୀ૚

=
૞
૚૚૛ડ ൬

૚
૝൰෍

࢑+ ૛ − ૛
ૠ࢑)࢑ + ૛)!ડ ൬࢑ +

૜
૝൰

ஶ

࢑ୀ૚

= 

=
૞
૚૚૛ડ൬

૚
૝൰

൭෍
૚

ૠ࢑)࢑ + ૚)!

ஶ

࢑ୀ૚

ડ൬࢑ +
૜
૝൰ −෍

૛
ૠ࢑)࢑ + ૛)! 	ડ ൬࢑ +

૜
૝൰

ஶ

࢑ୀ૚

൱ = 

=
૞
૚૚૛ડ ൬

૚
૝൰

൭෍
૚

ૠ࢑ି૚࢑!ડ൬࢑ −
૚
૝൰

ஶ

࢑ୀ૛

−෍
૛

ૠ࢑ି૛࢑!ડ൬࢑ −
૞
૝൰

ஶ

࢑ୀ૜

൱ = 

=
૞
૚૚૛ડ ൬

૚
૝൰
൮ૠ൭෍

૚
ૠ࢑࢑! ડ൬࢑ −

૚
૝൰ − ડ൬−

૚
૝൰ −

૚
ૠડ൬

૜
૝൰

ஶ

࢑ୀ૙

൱

− ૢૡቌ෍
૚

ૠ࢑࢑!ડ ൬࢑ −
૞
૝൰

ஶ

࢑ୀ૙

− ડ ൬−
૞
૝൰ −

૚
ૠ ડ൬−

૚
૝൰ −

૚
ૢૡડ ൬

૜
૝൰
ቍ൲ = 
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=
૞
૚૚૛ડ൬

૚
૝൰
൮ૠ ൬૚ −

૚
ૠ൰

૚
૝
ડ൬−

૚
૝൰ − ૠડ൬−

૚
૝൰ − ડ ൬

૜
૝൰ − ૢૡ ൬૚ −

૚
ૠ൰

૞
૝
ડ ൬−

૞
૝൰

+ ૢૡડ ൬−
૞
૝൰ + ૚૝ડ ൬−

૚
૝൰ + ડ ൬

૜
૝൰
ቍ = 

=
૞
૚૚૛ડ ൬

૚
૝൰

൮ቌૠ ൬૚ −
૚
ૠ൰

૚
૝

+ ૠቍડ ൬−
૚
૝൰ + ቌૢૡ − ૢૡ ൬૚ −

૚
ૠ൰

૞
૝
ቍ ડ൬−

૞
૝൰
൲ = 

=
૞
૚૚૛ડ൬

૚
૝൰ ડ ൬૚ −

૚
૝൰

ቌ−૝ቌૠ ൬૚ −
૚
ૠ൰

૚
૝

+ ૠቍ + ቌૢૡ − ૢૡ ൬૚ −
૚
ૠ൰

૞
૝
ቍ
ડ ቀ૜૝ቁ
−૞
૝
−૚
૝
ቍ = 

=
૞
૚૚૛ડ൬

૚
૝൰ ડ ൬૚ −

૚
૝൰

ቌ−૝ቌૠ ൬૚ −
૚
ૠ൰

૚
૝

+ ૠቍ + ቌૢૡ − ૢૡ ൬૚ −
૚
ૠ൰

૞
૝
ቍ
૚૟
૞
ቍ = 

=
૞
૚૚૛√૛࣊

ቌ−૝ቌૠ ൬૚ −
૚
ૠ൰

૚
૝

+ ૠቍ + ቌૢૡ − ૢૡ ൬૚ −
૚
ૠ൰

૞
૝
ቍ
૚૟
૞
ቍ = 

= ቌ
૞૚
૛√૛

−
૞૜
૛ ൬

૜
૚૝൰

૚
૝
ቍ࣊		 

2195. Find: 

ࢹ = න
(࢞)࢔ࢇ࢚ࢉ࢘ࢇ

࢞(࢞ + ૚)(࢞૛ + ૚)࢞ࢊ
∞

૙
 

 
Proposed by Vasile Mircea Popa-Romania 

Solution 1 by Pham Duc Nam-Vietnam 

∗ ࢞ = ࢔ࢇ࢚ ࢚ ⇒ ࢞ࢊ = ൫૚ + ૛࢔ࢇ࢚ ࢚൯࢚ࢊ ⇒ ࢹ = න
࢚

࢚࢔ࢇ࢚ ࢔ࢇ࢚) ࢚+ ૚)

࣊
૛

૙
࢚ࢊ

= න
࢚

࢔ࢇ࢚ ࢚

࣊
૛

૙
࢚ࢊ −න

࢚
࢔ࢇ࢚ ࢚+ ૚

࣊
૛

૙
࢚ࢊ = ࡵ −  ࡶ

∗ ࡵ = න
࢚

࢔ࢇ࢚ ࢚

࣊
૛

૙
࢚ࢊ = න ࢚

࣊
૛

૙
࢔࢏࢙ࢍ࢕࢒)ࢊ ࢚), ൜ݑ = ݐ

ݒ݀ = ࢔࢏࢙ࢍ࢕࢒)݀ ࢚) ⇒ ൜݀ݑ = ݐ݀
ݒ =  ࢚࢔࢏࢙ࢍ࢕࢒
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⇒ ࡵ = ࢚ ࢔࢏࢙ࢍ࢕࢒ ࢚|૙
࣊
૛ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

ୀ૙

−න ࢔࢏࢙ࢍ࢕࢒ ࢚ࢊ࢚ =
࣊ (૛)ࢍ࢕࢒

૛

࣊
૛

૙
 

∗ ࡶ = න
࢚

࢚࢔ࢇ࢚ + ૚

࣊
૛

૙
,࢚ࢊ ൝

ݑ = ݐ

ݒ݀ =
࢚ࢊ

࢔ࢇ࢚ ࢚+ ૚
⇒ ൝

ݑ݀ = ݐ݀

ݒ =
࢚
૛

+
࢔࢏࢙)ࢍ࢕࢒ ࢚+ ࢙࢕ࢉ ࢚)

૛
 

⇒ ࡶ = ࢚ ቈ
࢚
૛

+
࢚࢔࢏࢙)ࢍ࢕࢒ + ࢙࢕ࢉ ࢚)

૛
቉ቤ
૙

࣊
૛
−න ቆ

࢚
૛

+
࢚࢔࢏࢙)ࢍ࢕࢒ + ࢙࢕ࢉ ࢚)

૛
ቇ

࣊
૛

૙
࢚ࢊ

=
࣊૛

૚૟
−
૚
૛
න ࢔࢏ቀ√૛࢙ࢍ࢕࢒ ቀ࢚ +

࣊
૝
ቁቁ

࣊
૛

૙
࢚ࢊ

=
࣊૛

૚૟
−
(૛)ࢍ࢕࢒࣊

ૡ
−
૚
૛
න ࢔࢏ቀ࢙ࢍ࢕࢒ ቀ࢚ +

࣊
૝
ቁቁ

࣊
૛

૙
 ࢚ࢊ

=
࣊૛

૚૟
−
(૛)ࢍ࢕࢒࣊

ૡ
+
૚
૛
න ൮ࢍ࢕࢒(૛) + ෍

൬૛࢑࢙࢕ࢉ ቀ࢚ + ࣊
૝ቁ൰

࢑

∞

࢑ୀ૚

൲
࣊
૛

૙
࢚ࢊ

=
࣊૛

૚૟
+
(૛)ࢍ࢕࢒࣊

ૡ
+
૚
૛
෍

૚
࢑
න ቆ૛࢑ቀ࢚࢙࢕ࢉ +

࣊
૝
ቁቇ࢚ࢊ =

࣊
૛

૙

∞

࢑ୀ૚

࣊૛

૚૟
+
࣊ (૛)ࢍ࢕࢒

ૡ

+
૚
૝
෍

૚
࢑૛

൬࢙࢔࢏
૜࣊࢑
૛

− ࢔࢏࢙
࣊࢑
૛
൰

∞

࢑ୀ૚

=
࣊૛

૚૟
+
࣊ (૛)ࢍ࢕࢒

ૡ
−
ࡳ
૛

 

⇒ ࢹ =
࣊ (૛)ࢍ࢕࢒

૛
− ቆ

࣊૛

૚૟
+
࣊ (૛)ࢍ࢕࢒

ૡ
−
ࡳ
૛
ቇ =

ࡳ
૛
−
࣊૛

૚૟
+
૜࣊ࢍ࢕࢒(૛)

ૡ
 

 
Solution 2 by Ankush Kumar Parcha-India 

 

ષ = න
(૚ + ࢞ − ܖ܉ܜ܋ܚ܉(࢞ ࢞
࢞(૚ + ࢞)(૚ + ࢞૛) ࢞ࢊ

ஶ

૙
= න

࢞ܖ܉ܜ܋ܚ܉
࢞(૚ + ࢞ࢊ(࢞

ஶ

૙
− න

ܖ܉ܜ܋ܚ܉ ࢞
(૚ + ࢞)(૚ + ࢞૛)࢞ࢊ

ஶ

૙
=

࢞ୀ࢟ܖ܉ܜ
 

= න
࢟

࢟ࢊ࢟ܖ܉ܜ
࣊
૛

૙
− න

ܛܗ܋࢟ ࢟
ܖܑܛ ࢟ + ܛܗ܋ ࢟ࢊ࢟

࣊
૛

૙
; 		(૚) 

ષ = [࢟ ܖܑܛ)܏ܗܔ ࢟)]૙
࣊
૛ − න ࢔࢏࢙)܏ܗܔ ࢟ࢊ(࢟

࣊
૛

૙
−න

ቀ࣊૛ − ࢟ቁܖܑܛ ࢟
ܖܑܛ ࢟ + ܛܗ܋ ࢟ ࢟ࢊ

࣊
૛

૙
= 

= −න ࢟ࢊ(࢟࢔࢏࢙)܏ܗܔ
࣊
૛

૙
−
࣊
૛ න

ܖܑܛ ࢟
ܖܑܛ ࢟ + ܛܗ܋ ࢟ࢊ࢟

࣊
૛

૙
+ න

࢟ܖܑܛ࢟
ܖܑܛ ࢟ + ܛܗ܋ ࢟ࢊ࢟

࣊
૛

૙
; 		(૛) 

૛ષ = −૛න ܖܑܛ)܏ܗܔ ࢟)
࣊
૛

૙
࢟ࢊ −

࣊
૛න

࢟ܖ܉ܜ
૚ + ܖ܉ܜ ࢟ࢊ࢟

࣊
૛

૙
− න ࢟൬

࢟ܛܗ܋ − ܖܑܛ ࢟
ܖܑܛ ࢟ + ܛܗ܋ ࢟൰࢟ࢊ

࣊
૛

૙
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∵ ܖܑܛ)܏ܗܔ ࢞) = − ૛܏ܗܔ −෍
(࢞࢔૛)ܛܗ܋

࢔

ஶ

ୀ૚࢔

 

૛ષ = ૛ ܏ܗܔ ૛න ࢟ࢊ
࣊
૛

૙
+ ૛෍

૚
න࢔ (࢟࢔૛)ܛܗ܋

࣊
૛

૙
࢟ࢊ

ஶ

ୀ૚࢔

−
࣊
૛න ൬૚ −

૚
૚ + ܖ܉ܜ ࢟൰࢟ࢊ

࣊
૛

૙
− 

−൭[࢟ ܖܑܛ)܏ܗܔ ࢟) + ܛܗ܋ ࢟]૙
࣊
૛ −න ܖܑܛ)܏ܗܔ ࢟ + ܛܗ܋ ࢟ࢊ(࢟

࣊
૛

૙
൱ 

૛ષ = ૛ ૛܏ܗܔ ⋅
࣊
૛ + ૛෍

૚
ቈ࢔
(࢟࢔૛)ܖܑܛ

૛࢔ ቉
૙

࣊
૛

ஶ

ୀ૚࢔

−
࣊
૛ ቈ
࣊
૛ −

૚
૛න ൬

૚
૚ + ࢞ +

૚
૚ + ࢞૛ −

࢞
૚ + ࢞૛൰࢞ࢊ

ஶ

૙
቉ + 

+න ܏ܗܔ ቀ√૛࢙࢔࢏ቀ
࣊
૝ + ࢟ቁቁ࢟ࢊ

࣊
૛

૙
; (∵ (࣊࢔)ܖܑܛ = ૙,࢔ ∈ ℤ) 

૛ષ = ࣊ ܏ܗܔ ૛ −
࣊
૛ ൤
࣊
૛

−
૚
૛ ൬࢞ܕܑܔ→ஶ ܏ܗܔ

(૚ + ࢞) − ܕܑܔ
࢞→૙

૚)܏ܗܔ + ࢞) +
࣊
૛ −

૚
૛ ஶ→࢞ܕܑܔ ܏ܗܔ

(૚ + ࢞૛)

+
૚
૛ ૙→࢞ܕܑܔ ܏ܗܔ

(૚ + ࢞)൰൨ +
૚
૛න ࢟ࢊ૛܏ܗܔ

࣊
૛

૙
+ න ܏ܗܔ ቀ࢙࢔࢏ ቀ

࣊
૝ + ࢟ቁቁ࢟ࢊ

࣊
૛

૙
 

૛ષ = ࣊ ܏ܗܔ ૛ −
࣊
૛ ൤
࣊
૛ −

૚
૛ ൬

࣊
૛ + ܕܑܔ

࢞→ஶ
܏ܗܔ ൬

૚ + ࢞
√૚ + ࢞૛

൰൰൨ +
܏ܗܔ ૛
૛ ⋅

࣊
૛ − 

−න ࢟܏ܗܔ ࢟ࢊ
࣊
૛

૙
−෍

૚
න࢔ ܛܗ܋ ቀ

࣊࢔
૛ + ૛࢟࢔ቁ ࢟ࢊ

࣊
૛

૙

ஶ

ୀ૚࢔

 

૛ષ = ܏ܗܔ࣊ ૛ −
࣊
૛
⎣
⎢
⎢
⎡࣊
૛ −

૚
૛ ஶ→࢞ܕܑܔ

܏ܗܔ

⎝

⎛
࢞ ቀ૚࢞ + ૚ቁ

࢞ට ૚
࢞૛ + ૚⎠

⎞

⎦
⎥
⎥
⎤

+
࣊
૝ ૛܏ܗܔ −

࣊
૛ ܏ܗܔ ૛

−෍቎
ܖܑܛ ቀ࣊࢔૛ + ૛࢟࢔ቁ

૛࢔૛
቏

૙

࣊
૛ஶ

ୀ૚࢔

 

૛ષ =
૜࣊
૝ ܏ܗܔ ૛ −

࣊
૛ ⋅

࣊
૝ −

૚
૛෍

ܖܑܛ ቀ࣊࢔૛ ቁ (࣊࢔)ܛܗ܋

૛࢔

ஶ

ୀ૚࢔

+
૚
૛෍

ܖܑܛ ቀ࣊࢔૛ ቁ
૛࢔

ஶ

ୀ૚࢔
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૛ષ =
૜࣊
૝ ૛܏ܗܔ −

࣊૛

ૡ −
૚
૛෍

(−૚)࢔(−૚)૛࢔ା૚

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

+
૚
૛෍

(−૚)࢔

(૛࢔+ ૚)૛

ஶ

ୀ૙࢔

 

∵ (૛)ࢼ = ෍
(−૚)࢔

(૛࢔ + ૚)૛

ஶ

ୀ૙࢔

=  ࡳ

૛ષ =
૜࣊
૝ ૛܏ܗܔ −

࣊૛

ૡ +  ࡳ

ષ = න
ܖ܉ܜ܋ܚ܉ ࢞ࢊ࢞

࢞(૚ + ࢞)(૚ + ࢞૛)

ஶ

૙
=
૜࣊
ૡ ܏ܗܔ ૛ −

࣊૛

૚૟ +
ࡳ
૛		 

Solution 3 by Amin Hajiyev-Azerbaijan 

ષ = න
ܖ܉ܜ܋ܚ܉ ࢞ࢊ࢞

࢞(૚ + ࢞)(૚ + ࢞૛)

ஶ

૙
ܖ܉ܜ܋ܚ܉= ࢞ୀ࢚ න

࢚
ܖ܉ܜ ࢚ ܖ܉ܜ) ࢚ + ૚)࢚ࢊ

࣊
૛

૙
= 

= න
࢚

ܖ܉ܜ ࢚ࢊ࢚
࣊
૛

૙
−න

࢚
ܖ܉ܜ ࢚ + ૚࢚ࢊ

࣊
૛

૙
 

ષ૚ = න
࢚

ܖ܉ܜ ࢚ ࢚ࢊ
࣊
૛

૙
= න ܜܗ܋࢚ ࢚

࣊
૛

૙
࢚ࢊ ࡼ࡮ࡵ= [࢚ ܖܑܛ)܏ܗܔ ࢚)]૙

࣊
૛ − න ܖܑܛ)܏ܗܔ ࢚ࢊ(࢚

࣊
૛

૙
= 

= −න ࢚ࢊ(࢚࢔࢏࢙)܏ܗܔ
࣊
૛

૙
= ܏ܗܔ ૛න ࢚ࢊ

࣊
૛

૙
+ ෍

૚
න࢔ (࢚࢔૛)ܛܗ܋

࣊
૛

૙
࢚ࢊ

ஶ

ୀ૚࢔

=
࣊
૛ ܏ܗܔ ૛ 

ષ૛ = න
࢚

࢚ܖ܉ܜ + ૚࢚ࢊ
࣊
૛

૙
 

࢜:ࡼ࡮ࡵ = න
૚

૚ + ܖ܉ܜ ࢚ ࢚ࢊ ܖ܉ܜ= ࢚ୀ࢞ න
૚

(૚ + ࢞)(૚ + ࢞૛)࢞ࢊ = න
૚− ࢞

૛(࢞૛ + ૚)࢞ࢊ +
૚
૛න

࢞ࢊ
૚ + ࢞ = 

=
૚
૛න

࢞ࢊ
࢞૛ + ૚ −

૚
૛න

࢞
࢞૛ + ૚࢞ࢊ +

૚
૛ ܏ܗܔ

(࢞ + ૚) = 

= ൤
૚
૛ܖ܉ܜ܋ܚ܉ ࢞ −

૚
૛ ܏ܗܔ

(࢞૛ + ૚) +
૚
૛ ܏ܗܔ ࢞൨ܖ܉ܜ ࢚ୀ࢞

 

࢜ =
૚
૛

(࢚ + ܖܑܛ)܏ܗܔ ࢚ + ܛܗ܋ ࢚)) 

ષ૛ = ቈ
࢚૛

૛ +
࢚
૛ ܏ܗܔ

ܖܑܛ) ࢚ + ܛܗ܋ ࢚)቉
૙

࣊
૛
−
૚
૛න

(࢚ + ܖܑܛ)܏ܗܔ ࢚ + ܛܗ܋ ࢚ࢊ((࢚
࣊
૛

૙
= 
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=
࣊૛

ૡ −
࣊૛

૚૟ −
૚
૛න ࢔࢏࢙)܏ܗܔ ࢚ + ࢚ࢊ(࢚࢙࢕ࢉ

࣊
૛

૙
=
࣊૛

૚૟ −
૚
૛න ܏ܗܔ ቀ√૛ ࢔࢏࢙ ቀ࢞ +

࣊
૝
ቁቁ

࣊
૛

૙
࢞ࢊ = 

=
࣊૛

૚૟ −
૚
૝න ࢞ࢊ૛܏ܗܔ

࣊
૛

૙
−
૚
૛න ܏ܗܔ ቀ࢙࢔࢏ቀ࢞ +

࣊
૝
ቁቁ࢞ࢊ

࣊
૛

૙
=

࢞ା࣊૝ୀ࢚
 

=
࣊૛

૚૟ −
࣊
ૡ ૛܏ܗܔ −

૚
૛න ࢔࢏࢙)܏ܗܔ ࢚ࢊ(࢚

૜࣊
૝

࣊
૝ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
࢙ࢋ࢏࢘ࢋ࢙	࢘ࢋ࢏࢛࢘࢕ࡲ

= 

=
࣊૛

૚૟ −
࣊
ૡ ܏ܗܔ ૛ +

૚
૛ ૛න܏ܗܔ ࢚ࢊ

૜࣊
૝

࣊
૝

+
૚
૛෍

૚
න࢔ (࢚࢔૛)ܛܗ܋

૜࣊
૛

࣊
૝

࢚ࢊ
ஶ

ୀ૚࢔

= 

=
࣊૛

૚૟ −
࣊
ૡ ܏ܗܔ ૛ +

૜࣊
૝ ܏ܗܔ ૛ −

࣊
ૡ ૛܏ܗܔ +

૚
૝෍

૚
૛࢔

࣊[(࢚࢔૛)ܖܑܛ]
૝

૜࣊
૝

ஶ

ୀ૚࢔

= 

=
࣊૛

૚૟ +
࣊
ૡ ܏ܗܔ ૛ +

૚
૝෍

ܖܑܛ ቀ૜࣊࢔૛ ቁ
૛࢔

ஶ

ୀ૚࢔

−
૚
૝෍

ܖܑܛ ቀ࣊࢔૛ ቁ
૛࢔

ஶ

ୀ૚࢔

= 

=
࣊૛

૚૟ +
࣊
ૡ ܏ܗܔ ૛ +

૚
૝෍

ܖܑܛ ቀ૜࣊࢔૛ ቁ − ܖܑܛ ቀ࣊࢔૛ ቁ
૛࢔

ஶ

ୀ૚࢔

= 

=
࣊૛

૚૟ +
࣊
ૡ ૛܏ܗܔ +

૚
૝ ൬૛ + ૙ −

૛
૜૛ + ૙ +

૛
૞૛ + ૙ −

૛
ૠ૛ + ⋯൰ = 

=
࣊૛

૚૟ −
૚
૛ࡳ+

࣊
ૡ ܏ܗܔ ૛ 

ષ = ષ૚ − ષ૛ =
૜࣊
૛ ܏ܗܔ ૛ −

࣊૛

૚૟ +
ࡳ
૛ 

Solution 4 by Yen Tung Chung-Taichung-Taiwan 

ષ = න
ܖ܉ܜ܋ܚ܉ ࢞ࢊ࢞

࢞(૚ + ࢞)(૚ + ࢞૛)

ஶ

૙
=࢚ୀܖ܉ܜ܋ܚ܉ ࢞ න

࢚
ܖ܉ܜ ࢚ (૚ + ܖ܉ܜ ࢚ࢊ(࢚

࣊
૛

૙
= 

= න
࢚

࢚ܖ܉ܜ ࢚ࢊ
࣊
૛

૙
−න

࢚
૚ + ܖ܉ܜ ࢚ࢊ࢚

࣊
૛

૙
= 

=
࣊
૛ ܏ܗܔ ૛ − ቆ

࣊૛

૚૟ +
࣊
ૡ ܏ܗܔ ૛ −

૚
૛ࡳቇ =

૜࣊
૛ ૛܏ܗܔ −

࣊૛

૚૟ +
૚
૛ࢋ࢘ࢋࢎ࢝,ࡳ 
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(࢏) 	න
࢚

ܖ܉ܜ ࢚ࢊ࢚
࣊
૛

૙
= න ࢚ ⋅

ܛܗ܋ ࢚
ܖܑܛ ࢚ ࢚ࢊ

࣊
૛

૙
= ࢚ ܖܑܛ)܏ܗܔ ࢚)|૙

࣊
૛ −න ࢚ࢊ(࢚࢔࢏࢙)܏ܗܔ

࣊
૛

૙
= 

= −න ࢔࢏࢙)܏ܗܔ ࢚ࢊ(࢚
࣊
૛

૙
= −ቀ−

࣊
૛ ૛܏ܗܔ

ቁ =
࣊
૛ ܏ܗܔ ૛ 

(࢏࢏) 	න
࢚

૚ + ܖ܉ܜ ࢚ࢊ࢚
࣊
૛

૙
= න

࢚ ܛܗ܋ ࢚
ܛܗ܋ ࢚ + ܖܑܛ ࢚ࢊ࢚

࣊
૛

૙
=
૚
૛න

ܛܗ܋)]࢚ ࢚ + ܖܑܛ ࢚) + ܛܗ܋) ࢚ − ܖܑܛ ࢚)]
ܛܗ܋ ࢚ + ܖܑܛ ࢚ ࢚ࢊ

࣊
૛

૙

=
૚
૛න ࢚

࣊
૛

૙
࢚ࢊ +

૚
૛න ܛܗ܋)܏ܗܔ)ࢊ࢚ ࢚ + ܖܑܛ ࢚)]

࣊
૛

૙
= 

=
૚
૛ ቈ
࢚૛

૛ ቉
૙

࣊
૛

+
૚
૛
൭[࢚ ܛܗ܋)܏ܗܔ ࢚ + ܖܑܛ ࢚)]૙

࣊
૛ −න ࢙࢕ࢉ)܏ܗܔ ࢚ + ࢚ࢊ(࢚࢔࢏࢙

࣊
૛

૙
൱ = 

=
࣊૛

૚૟ +
૚
૛൭૙ −න ܛܗ܋)܏ܗܔ ࢚ + ܖܑܛ ࢚ࢊ(࢚

࣊
૛

૙
൱ =

࣊૛

૚૟ −
૚
૛න ቀ࢚࢙࢕ࢉቆ√૛܏ܗܔ −

࣊
૝ቁቇ࢚ࢊ

࣊
૛

૙
= 

=
࣊૛

૚૟ −
࣊
ૡ ܏ܗܔ ૛ −න ܛܗ܋)܏ܗܔ ࢚)

࣊
૝

૙
࢚ࢊ = 

=
࣊૛

૚૟ −
࣊
ૡ ૛܏ܗܔ − ൬−

࣊
૝ ૛܏ܗܔ +

૚
૛ࡳ൰ =

࣊૛

૚૟ +
࣊
ૡ ܏ܗܔ ૛ −

૚
૛ࡳ		 

 

2196. Find a closed form: 

ષ = න න ࢞ ⋅ ࢞ܛܗ܋ ⋅ ࢟ܖܑܛ ⋅ ା࢟࢞ࢋ
࣊

૙
࢟ࢊ࢞ࢊ

࣊

૙
 

Proposed by Arnab Debnath-India 
Solution 1 by Le Thu-Vietnam 

ષ = න ࢞ܛܗ܋࢞ ࢞ࢋ
࣊

૙
න࢞ࢊ ܖܑܛ ࢟ ࢟ࢋ

࣊

૙
࢟ࢊ = ࡵ ⋅  ࡷ

ࡵ =
ࢊ
ণනࢾࢊ ࢞ࢊ࢞(ࢾ࢏૚ା)ࢋ

࣊

૙
ቤ
ୀ૚ࢾ

=
ࢊ
ণࢾࢊ ቈ

(ࢾ࢏૚ା)࣊ࢋ − ૚
૚ + ࢾ࢏ ቉ቤ

ୀ૚ࢾ
= 

= ণ 〈
ࢊ
ࢾࢊ ቈ

(ࢾ࢏૚ା)࣊ࢋ − ૚
૚ + ࢾ࢏ ቉ቤ

ୀ૚ࢾ

〉 = ণ ൬
૚ + ࣊ࢋ

૛ −
૚ + ࢏
૛ ൰࣊࣊ࢋ = −

࣊ࢋ࣊

૛  
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ࡷ = ণන ࢟(ା૚࢏)ࢋ
࣊

૙
࢟ࢊ = ণ ቈ

(ା૚࢏)࣊ࢋ − ૚
࢏ + ૚ ቉ =

૚
√૛

ণ൬ࢋ࣊ࢋ
૜࣊࢏
૝ − ିࢋ

࣊࢏
૝ ൰ = 

=
૚
√૛

⋅
࣊ࢋ + ૚
√૛

=
࣊ࢋ + ૚
૛  

ષ,ࢋࢉ࢔ࢋࡴ = ࡵ ⋅ ࡷ = −
࣊
૝ ࢋ

࣊ࢋ)࣊ + ૚)		 

Solution 2 by Adrian Popa-Romania 

ષ = න ࢞ܛܗ܋࢞ ࢞ࢋ
࣊

૙
න࢞ࢊ ࢟ܖܑܛ ࢟ࢋ

࣊

૙
࢟ࢊ = ૚ࡵ ⋅  ૛ࡵ

૚ࡵ = න ࢟ࢋ ܖܑܛ ࢟ࢊ࢟
࣊

૙
ࡼ࡮ࡵ= ࢟ࢋ− ܛܗ܋ ࢟|૙࣊ + න ࢟ࢋ ܛܗ܋ ࢟

࣊

૙
࢟ࢊ = 

= ࣊ࢋ + ૚ + න ࢟ࢋ ܛܗ܋ ࢟
࣊

૙
࢟ࢊ ࡼ࡮ࡵ= ࣊ࢋ + ૚ + ࢟ࢋ ܖܑܛ ࢟|૙࣊ − ૚ࡵ ⇒ ૚ࡵ =

࣊ࢋ + ૚
૛  

૛ࡵ = න ࢞ࢋ࢞ ܛܗ܋ ࢞
࣊

૙
࢞ࢊ = বන ࢞࢏ࢋ࢞ࢋ࢞

࣊

૙
࢞ࢊ = বන (ା૚࢏)࢞ࢋ࢞

࣊

૙
࢞ࢊ  ࡼ࡮ࡵ=

= ব൭
(ା૚࢏)࢞ࢋ࢞

࢏ + ૚ ቤ
૙

࣊

−
૚

࢏ + ૚න (ା૚࢏)࢞ࢋ
࣊

૙
൱࢞ࢊ = ব൭

(ା૚࢏)࣊ࢋ࣊

+࢏ ૚ −
(ା૚࢏)࢞ࢋ

࢏) + ૚)૛ቤ
૙

࣊

൱ = 

= বቆ
(ା૚࢏)࣊ࢋ࣊

࢏ + ૚ −
(ା૚࢏)࣊ࢋ

+࢏) ૚)૛ +
૚

࢏) + ૚)૛ቇ = 

= বቌ
࣊ܛܗ܋)࣊ࢋ࣊ + ࢏ (࣊ܖܑܛ

√૛ቀ࣊ܛܗ܋૝ + ࢏ ܖܑܛ ࣊૝ቁ
−
࣊ܛܗ܋)࣊ࢋ + ࢏ ܖܑܛ ࣊)

૛ ቀܛܗ܋ ࣊૛ + ࢏ ૛ቁ࣊ܖܑܛ
+

ܛܗ܋ ૙ + ࢏ ܖܑܛ ૙

૛ ቀ࣊ܛܗ܋૛ + ࢏ ૛ቁ࣊ܖܑܛ
ቍ = 

=
࣊ࢋ࣊

√૛
ܛܗ܋

૜࣊
૝ −

࣊ࢋ

૛ ܛܗ܋
࣊
૛ +

૚
૛ ܛܗ܋

ቀ−
࣊
૛
ቁ = −

࣊ࢋ࣊

૛  

ષ = −
࣊
૝ ࢋ

࣊ࢋ)࣊ + ૚)				 

Solution 3 by Ankush Kumar Parcha-India 

ષ = න න ࢞ܛܗ܋࢞ ܖܑܛ ࢟ ା࢟࢞ࢋ
࣊

૙
࢟ࢊ࢞ࢊ

࣊

૙
=

ࢊ
ቆනࢇࢊ ࢞ࢋ(࢞ࢇ)ܖܑܛ

࣊

૙
ቇ࢞ࢊ

ୀ૚ࢇ
ቆන ܖܑܛ ࢟ ࢟ࢋ

࣊

૙
 ቇ࢟ࢊ

∵ න࢞ࢇࢋ(࢞࢈)ܖܑܛ ࢞ࢊ =
࢞ࢇࢋ

૛ࢇ + ૛࢈
ࢇ) −(࢞࢈)ܖܑܛ ((࢞࢈)ܛܗ܋࢈ +  ࡯
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ષ =
ࢊ
ࢇࢊ ቈ

࢞ࢋ

૚ + ૛ࢇ
−(࢞ࢇ)ܖܑܛ) ฬ((࢞࢈)ܛܗ܋ࢇ

૙

࣊

቉
ୀ૚ࢇ

൭
࢟ࢋ

૛
ܖܑܛ) ࢟ − ൱อ(࢟ܛܗ܋

૙

࣊

= 

=
ࢊ
ࢇࢊ ൤

࣊ࢋ

૚ + ૛ࢇ ܖܑܛ
(࣊ࢇ) −

࣊ࢋࢇ

૚ + ૛ࢇ ܛܗ܋
(࣊ࢇ) +

ࢇ
૚ + ୀ૚ࢇ૛൨ࢇ

൬
࣊ࢋ

૛ +
૚
૛൰ = 

= ൬
૚ + ࣊ࢋ

૛
൰ ቈ
−૛࣊ࢋ)ࢇ (࣊ࢇ)ܖܑܛ − ࢇ࣊ࢋ (࣊ࢇ)ܖܑܛ + (ࢇ

(૚ + ૛)૛ࢇ +
૚ + ࣊ࢋ࣊ −(࣊ࢇ)ܛܗ܋ −(࣊ࢇ)ܛܗ܋)࣊ࢋ (࣊ࢇ)ܖܑܛ࣊ࢇ

૚ + ૛ࢇ
቉
ୀ૚ࢇ

= 

=
૚ + ࣊ࢋ

૛ ቆ−
૛(૚ + (࣊ࢋ

૝ +
૚ − ࣊ࢋ࣊ + ࣊ࢋ

૛ ቇ = 

=
(૚ + (࣊ࢋ

૛ ⋅
૚ − ࣊ࢋ࣊ + ࣊ࢋ − ૚ − ࣊ࢋ

૛  

ષ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ = −
࣊ࢋ࣊

૝
(૚ +  		(࣊ࢋ

2197. Prove that: 

ࢹ = න ቆࢍ࢕࢒
૛࢔࢏࢙ ࢟

૝ − ඥ૚૟ − ૛࢔࢏࢙ ࢟
ቇ࢙࢔࢏ ࢟ࢊ࢟ = ࢍ࢕࢒

⎝

⎛
૞૙ට૞૜
૜

⎠

⎞− ૚
࣊
૛

૙
 

Proposed by Naren Bhandari-Bajura-Nepal 
Solution by Pham Duc Nam-Vietnam 

ࢹ = න ቆࢍ࢕࢒
૛࢔࢏࢙ ࢟

૝ −ඥ૚૟ − ૛࢔࢏࢙ ࢟
ቇ࢙࢟ࢊ࢟࢔࢏ =

࣊
૛

૙

− න ቌࢍ࢕࢒
૛࢔࢏࢙ ࢟ ቀ૝ + ඥ૚૟ − ૛࢔࢏࢙ ࢟ቁ

૛࢔࢏࢙ ࢟
ቍ(࢙࢟࢕ࢉ)ࢊ =

࣊
૛

૙

− න ࢍ࢕࢒ ቀ૝ + ඥ૚૟ − ૛࢔࢏࢙ ࢟ቁ(࢙࢟࢕ࢉ)ࢊ
࣊
૛

૙
 

࢞ = ࢙࢟࢕ࢉ ⇒ ࢹ = න ቀ૝ࢍ࢕࢒ + ඥ૚૞ + ࢞૛ቁ ࢞ࢊ
૚

૙
, ቊݑ = ቀ૝ࢍ࢕࢒ + ඥ૚૞ + ࢞૛ቁ
ݒ݀ = ݔ݀

⇒ ቐ
ݑ݀ =

࢞
√૚૞ + ࢞૛൫૝ + √૚૞ + ࢞૛൯

࢞ࢊ

ݒ = ݔ
 

⇒ ࢹ = ࢞ ࢍ࢕࢒ ቀ૝ + ඥ૚૞ + ࢞૛ቁቚ
૙

૚
− න

࢞૛

࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛
࢞ࢊ

૚

૙

= (ૡ)ࢍ࢕࢒ −න
࢞૛

࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛
࢞ࢊ

૚

૙
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∗ න
࢞૛

࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛
࢞ࢊ

૚

૙
= න

࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛ − ൫૚૞ + ૝√૚૞ + ࢞૛൯
࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛

࢞ࢊ
૚

૙

= න ቆ૚ −
൫૚૞ + ૝√૚૞ + ࢞૛൯

࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛
ቇ࢞ࢊ

૚

૙
= ૚ −න

૚૞ + ૝√૚૞ + ࢞૛

࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛
࢞ࢊ

૚

૙
 

= ૚ − න ൬
૝

√࢞૛ + ૚૞
−

૚
࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛

൰࢞ࢊ = ૚ − ૝࢙ିࢎ࢔࢏૚
࢞

√૚૞
ฬ
૙

૚૚

૙

+ න
૚

࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛
࢞ࢊ

૚

૙

= ૚ − ૛ ൬ࢍ࢕࢒
૞
૜൰ + න

૚
࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛

࢞ࢊ
૚

૙
 

∗ න
૚

࢞૛ + ૚૞ + ૝√૚૞ + ࢞૛
࢞ࢊ

૚

૙
,ඥ૚૞ + ࢞૛ = ࢞ + ࢚ ⇒ ૚૞ + ࢞૛ = ࢞૛ + ૛࢚࢞ + ࢚૛ ⇒ ࢞

=
૚૞ − ࢚૛

૛࢚ ⇒ ࢞ࢊ = −
૚૞ + ࢚૛

૛࢚૛  ࢚ࢊ

⇒ න
૚

࢞૛ + ૚૞ + ૝√૚૞+ ࢞૛
࢞ࢊ

૚

૙
= න

૚

൬૚૞ − ࢚૛
૛࢚ + ࢚൰

૛
+ ૝ ൬૚૞ − ࢚૛

૛࢚ + ࢚൰
.
૚૞ + ࢚૛

૛࢚૛ ࢚ࢊ
√૚૞

૜

= න
૛

(࢚+ ૜)(࢚+ ૞)࢚ࢊ =
√૚૞

૜
൫૜૛ࢍ࢕࢒ − ૡ√૚૞൯ − −൫ૡ√૚૞ࢍ࢕࢒ ૜૙൯

= ࢍ࢕࢒
૝√૚૞
૚૞  

⇒ ࢹ = (ૡ)ࢍ࢕࢒ − ૚ + ૛ ࢍ࢕࢒ ൬
૞
૜൰ − ࢍ࢕࢒

૝√૚૞
૚૞ = ࢍ࢕࢒

ૡ.૛૞ૢ
૝√૚૞
૚૞

− ૚ = ࢍ࢕࢒
૞૙√૚૞
ૢ − ૚

= ࢍ࢕࢒
૞૙√૞
૜√૜

− ૚ = ࢍ࢕࢒

⎝

⎛
૞૙ට૞૜
૜

⎠

⎞ − ૚(ࡰ.ࡱ.ࡽ) 

2198. Find a closed form: 

ࡵ = න
૛(૚ࢍ࢕࢒ + ࢞) ૚)ࢍ࢕࢒ + ࢞૛)

૚ + ࢞
࢞ࢊ

૚

૙
 

Proposed by Naren Bhandari-Bajura-Nepal 
 
Solution by Pham Duc Nam-Vietnam 
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∗ ࡵ = න
૛(૚ࢍ࢕࢒ + ࢞) ൫૚ࢍ࢕࢒ + ࢞૛൯

૚+ ࢞
࢞ࢊ

૚

૙

= න ૛(૚ࢍ࢕࢒ + ࢞) ൫૚ࢍ࢕࢒
૚

૙

+ ࢞૛)ࢍ࢕࢒)ࢊ(૚ + ࢞)) , ቊ
ݑ = ൫૚ࢍ࢕࢒ + ࢞૛൯
ݒ݀ = ૛(૚ࢍ࢕࢒ + ૚)ࢍ࢕࢒)ࢊ(࢞ + ࢞))

⇒ ൞
ݑ݀ =

૛࢞
૚ + ࢞૛

ݒ =
૚
૜
૜(૚ࢍ࢕࢒ + ࢞)

 

⇒ ࡵ =
૚
૜
૜(૚ࢍ࢕࢒ + ࢞) ൫૚ࢍ࢕࢒ + ࢞૛൯ฬ

૙

૚

−
૛
૜
න

࢞ ૜(૚ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

࢞ࢊ =
૚

૙

૚
૜
−૝(૛)ࢍ࢕࢒

૛
૜
 ࡶ

∗ ࡶ = න
࢞ ૜(૚ࢍ࢕࢒ + ࢞)

૚ + ࢞૛
,࢞ࢊ ࢞:࢚ࢋ࢒ →

૚
૚ + ࢞

⇒ ࡶ
૚

૙

= න
(࢞ − ૚) (࢞)૜ࢍ࢕࢒
࢞(૛࢞૛ − ૛࢞+ ૚)࢞ࢊ

૚

૚
૛

= න
(࢞ − ૚) (࢞)૜ࢍ࢕࢒
࢞((૚ − ࢞)૛ + ࢞૛)࢞ࢊ = න ૜(࢞)൬ࢍ࢕࢒

૛࢞ − ૚
(૚ − ࢞)૛ + ࢞૛

−
૚
࢞
൰࢞ࢊ

૚

૚
૛

૚

૚
૛

 

Use:
૛࢞ − ૚

(૚− ࢞)૛ + ࢞૛
= −ব ൬

૚ + ࢏
૚ − (૚+ ࢞(࢏

൰⇒ ࡶ

= න ૜(࢞)൬−বࢍ࢕࢒ ൬
૚ + ࢏

૚ − (૚+ ࢞(࢏
൰−

૚
࢞
൰࢞ࢊ

૚

૚
૛

=
૚
૝
−૝(૛)ࢍ࢕࢒ বන (࢞)૜ࢍ࢕࢒

૚ + ࢏
૚ − (૚+ ࢞(࢏

࢞ࢊ
૚

૚
૛

=
૚
૝
−૝(૛)ࢍ࢕࢒ বන (࢞)૜ࢍ࢕࢒

૚ + ࢏
૚ − (૚+ ࢞(࢏

࢞ࢊ
૚

૙
+বන (࢞)૜ࢍ࢕࢒

૚ + ࢏
૚ − (૚+ ࢞(࢏

࢞ࢊ
૚
૛

૙
 

=
૚
૝
૝(૛)ࢍ࢕࢒ + ૟ব࢏ࡸ૝(૚ + (࢏ + বන (࢞)૜ࢍ࢕࢒

૚ + ࢏
૚ − (૚ + ࢞(࢏

࢞ࢊ
૚
૛

૙

 ࢞ୀ
࢞
૛
 

ሱ⎯⎯⎯⎯ሮ

=
૚
૝
૝(૛)ࢍ࢕࢒ + ૟ব࢏ࡸ૝(૚+ (࢏

+ বන
૚
૛

−(࢞)ࢍ࢕࢒) ૜((૛)ࢍ࢕࢒
૚+ ࢏

૚ − ૚ + ࢏
૛ ࢞

࢞ࢊ
૚

૙
.Expand	out	and	integrate	yields: 

ࡶ =
૚
૝
૝(૛)ࢍ࢕࢒ + ૟ব࢏ࡸ૝(૚ + −(࢏ ૟ব࢏ࡸ૝ ൬

૚ + ࢏
૛

൰ − ૟ ૜࢏ࡸব(૛)ࢍ࢕࢒ ൬
૚ + ࢏
૛

൰

− ૜ ૛࢏ࡸ૛(૛)বࢍ࢕࢒ ൬
૚ + ࢏
૛

൰ −
૚
૛
૝(૛)ࢍ࢕࢒

= ૟বቆ࢏ࡸ૝(૚+ (࢏ − ૝࢏ࡸ ൬
૚ + ࢏
૛

൰ቇ − ૟ ૜࢏ࡸব(૛)ࢍ࢕࢒ ൬
૚+ ࢏
૛

൰

− ૜ ૛࢏ࡸ૛(૛)বࢍ࢕࢒ ൬
૚ + ࢏
૛

൰ −
૚
૝
 ૝(૛)ࢍ࢕࢒
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∗ Use:ব࢏ࡸ૜ ൬
૚ + ࢏
૛

൰ =
૜૞
૟૝

−(૜)ࣀ
૞࣊૛

૚ૢ૛
(૛)ࢍ࢕࢒ +

૚
૝ૡ

૜(૛)ࢍ࢕࢒ ,ব࢏ࡸ૛ ൬
૚ + ࢏
૛

൰

=
૞࣊૛

ૢ૟
−
૚
ૡ
૛(૛)ࢍ࢕࢒ ,বቆ࢏ࡸ૝(૚+ −(࢏ ૝࢏ࡸ ൬

૚ + ࢏
૛

൰ቇ

= −
૞
ૡ
૝࢏ࡸ ൬

૚
૛
൰+

૛૙ૢ࣊૝

૜૙ૠ૛૙
+
ૠ࣊૛

૛૞૟
−૛(૛)ࢍ࢕࢒

૜
૚૛ૡ

 ૝(૛)ࢍ࢕࢒

⇒ ࡶ = ૟ቆ−
૞
ૡ
૝࢏ࡸ ൬

૚
૛
൰+

૛૙ૢ࣊૝

૜૙ૠ૛૙
+
ૠ࣊૛

૛૞૟
−૛(૛)ࢍ࢕࢒

૜
૚૛ૡ

૝(૛)ቇࢍ࢕࢒

− ૟ ቆ(૛)ࢍ࢕࢒
૜૞
૟૝

(૜)ࣀ −
૞࣊૛

૚ૢ૛
(૛)ࢍ࢕࢒ +

૚
૝ૡ

૜(૛)ቇࢍ࢕࢒

− ૜ ૛(૛)ቆࢍ࢕࢒
૞࣊૛

ૢ૟
−
૚
ૡ
૛(૛)ቇࢍ࢕࢒ −

૚
૝
 ૝(૛)ࢍ࢕࢒

= −
૚૞
૝
૝࢏ࡸ ൬

૚
૛
൰ +

૛૙ૢ࣊૝

૞૚૛૙
+
૛૚࣊૛

૚૛ૡ
−૛(૛)ࢍ࢕࢒

ૢ
૟૝

૝(૛)ࢍ࢕࢒ −
૚૙૞
૜૛

(૛)ࢍ࢕࢒  (૜)ࣀ

⇒ ࡵ =
૚
૜
−૝(૛)ࢍ࢕࢒

૛
૜
ࡶ

=
૚
૜
૝(૛)ࢍ࢕࢒

−
૛
૜
൭−

૚૞
૝
૝࢏ࡸ ൬

૚
૛
൰+

૛૙ૢ࣊૝

૞૚૛૙
+
૛૚࣊૛

૚૛ૡ
−૛(૛)ࢍ࢕࢒

ૢ
૟૝

−૝(૛)ࢍ࢕࢒
૚૙૞
૜૛

(૛)ࢍ࢕࢒ ൱(૜)ࣀ

=
૞
૛
૝࢏ࡸ ൬

૚
૛
൰+

૜૞
૚૟

(૛)ࢍ࢕࢒ −(૜)ࣀ
ૠ࣊૛

૟૝
૛(૛)ࢍ࢕࢒ +

૝૚
ૢ૟

−૝(૛)ࢍ࢕࢒
૛૙ૢ࣊૝

ૠ૟ૡ૙
 

=
૞
૛
૝࢏ࡸ ൬

૚
૛
൰ −

૜૞
૚૟

(૜)ࣀ ൬ࢍ࢕࢒
૚
૛
൰ −

ૠ࣊૛

૟૝
૛(૛)ࢍ࢕࢒ +

૝૚
ૢ૟

−૝(૛)ࢍ࢕࢒
૛૙ૢ࣊૝

ૠ૟ૡ૙
 (ࡰ.ࡱ.ࡽ)

 

2199. If ࢌ ∈ ,૛([૙࡯ ૚]),ࢌ(૙) = ᇱ(૙)ࢌ = ૙ then: 

න (࢞)૛ࢌ
૚

૙
࢞ࢊ + ૛න ൫ࢌᇱ(࢞)൯

૛
૚

૙
࢞ࢊ + න ൫ࢌᇱᇱ(࢞)൯

૛
૚

૙
࢞ࢊ ≥ ૛(૚)ࢌ + ൫ࢌᇱ(૚)൯

૛
 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Adrian Popa-Romania 

න (࢞)૛ࢌ
૚

૙
࢞ࢊ + ૛න ൫ࢌᇱ(࢞)൯

૛૚

૙
࢞ࢊ + න ൫ࢌᇱᇱ(࢞)൯

૛૚

૙
࢞ࢊ = 

= න ൬ቀࢌ૛(࢞) + ൫ࢌᇱ(࢞)൯૛ቁ + ቀ൫ࢌᇱ(࢞)൯૛ + ൫ࢌᇱᇱ(࢞)൯૛ቁ൰࢞ࢊ
૚

૙
≥
ࡹࡳ࡭

 

≥ න ൫૛ࢌ(࢞)ࢌᇱ(࢞) + ૛ࢌᇱ(࢞)ࢌᇱᇱ(࢞)൯࢞ࢊ
૚

૙
= 
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= ૛න (࢞)ᇱࢌ(࢞)ࢌ
૚

૙
࢞ࢊ + ૛න (࢞)ᇱᇱࢌ(࢞)ᇱࢌ

૚

૙
࢞ࢊ = 

= ૛ ⋅
(࢞)૛ࢌ
૛ ቤ

૙

૚

+ ૛ ⋅
൫ࢌᇱ(࢞)൯

૛

૛
อ
૙

૚

= −૛(૚)ࢌ ૛(૙)ࢌ + ൫ࢌᇱ(૚)൯
૛
− ૛(ᇱ(૙)ࢌ) = 

= −૛(૚)ࢌ ൫ࢌᇱ(૚)൯
૛
		 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

න ቀࢌ૛(࢞) + ൫ࢌᇱ(࢞)൯
૛ቁ

૚

૙
࢞ࢊ ≥ ૛න (࢞)ᇱࢌ(࢞)ࢌ

૚

૙
࢞ࢊ = ૛ ⋅

૚
૛ ࢌ

૛(࢞)ฬ
૙

૚

= −૛(૚)ࢌ  ૛(૙)ࢌ

൫ࢌᇱ(࢞)൯
૛

+ ൫ࢌᇱᇱ(࢞)൯
૛
≥ ૛ට൫ࢌᇱ(࢞)൯

૛
൫ࢌᇱᇱ(࢞)൯

૛
= ૛ࢌᇱ(࢞)ࢌᇱᇱ(࢞) 

න ቀ൫ࢌᇱ(࢞)൯
૛

+ ൫ࢌᇱᇱ(࢞)൯
૛ቁ࢞ࢊ

૚

૙
≥ ૛න (࢞)ᇱᇱࢌ(࢞)ᇱࢌ

૚

૙
࢞ࢊ = ૛ ⋅

૚
૛൫ࢌ

ᇱ(࢞)൯
૛
ฬ
૙

૚

= ൫ࢌᇱ(૚)൯
૛
− ൫ࢌᇱ(૙)൯

૛
	 

න (࢞)૛ࢌ
૚

૙
࢞ࢊ + ૛න ൫ࢌᇱ(࢞)൯

૛
૚

૙
࢞ࢊ + න ൫ࢌᇱᇱ(࢞)൯

૛
૚

૙
࢞ࢊ = 

= න ൬ቀࢌ૛(࢞) + ൫ࢌᇱ(࢞)൯
૛ቁ + ቀ൫ࢌᇱ(࢞)൯

૛
+ ൫ࢌᇱᇱ(࢞)൯

૛ቁ൰࢞ࢊ
૚

૙
≥ 

≥ ૛(૚)ࢌ − ૛(૙)ࢌ + ൫ࢌᇱ(૚)൯
૛
− ૛(ᇱ(૙)ࢌ) = −૛(૚)ࢌ ൫ࢌᇱ(૚)൯

૛
		 

		2200. If ࢌ ∈ (૙)ࢌ,૜([૙,૚])࡯ = ᇱ(૙)ࢌ = ᇱᇱ(૙)ࢌ = ૙ then: 

න ൫ࢌ(࢞)൯
૛

૚

૙
࢞ࢊ + න ൫ࢌᇱ(࢞)൯

૛
૚

૙
࢞ࢊ + න ൫ࢌᇱᇱ(࢞)൯

૛
૚

૙
࢞ࢊ + න ൫ࢌᇱᇱᇱ(࢞)൯

૛
૚

૙
࢞ࢊ ≥

≥ ൫ࢌᇱ(૚)൯
૛

+ ൫ࢌᇱᇱ(૚)൯
૛
 

Proposed by Daniel Sitaru-Romania 
Solution by Khaled Abd Imouti-Damascus-Syria 

 

൫ࢌ(࢞)− ᇱ(࢞)൯ࢌ
૛
≥ ૙ ⇔ ൫ࢌ(࢞)൯

૛
− ૛ࢌ(࢞)ࢌᇱ(࢞) + ൫ࢌᇱ(࢞)൯

૛
≥ ૙ 

൫ࢌ(࢞)൯
૛

+ ൫ࢌᇱ(࢞)൯
૛
≥ ૛ࢌ(࢞) ⋅  (࢞)ᇱࢌ
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න ቀࢌ૛(࢞)ቁ
૚

૙
࢞ࢊ + න ൫ࢌᇱ(࢞)൯

૛
૚

૙
࢞ࢊ ≥ ૛න (࢞)ࢌ ⋅ (࢞)ᇱࢌ

૚

૙
࢞ࢊ = 

=
૚
૛૛൫ࢌ

(࢞)൯
૛ቚ
૙

૚
= ൫ࢌ(૚)൯

૛
− ൫ࢌ(૙)൯

૛
; 		(૚) 

,࢟࢒࢘ࢇ࢒࢏࢓࢏ࡿ ൫ࢌ′′(࢞)൯૛ + ൫ࢌᇱᇱᇱ(࢞)൯૛ ≥ ૛ࢌ′′′(࢞) ⋅  (࢞)ᇱᇱࢌ

න ൫ࢌ′′(࢞)൯
૛૚

૙
࢞ࢊ + න ൫ࢌᇱᇱᇱ(࢞)൯

૛૚

૙
࢞ࢊ ≥ ૛ ⋅

૚
૛൫ࢌ

ᇱᇱ(࢞)൯
૛
ฬ
૙

૚

= ൫ࢌᇱᇱ(૚)൯
૛
− ൫ࢌᇱᇱ(૙)൯

૛
; (૛) 

 :࢚ࢋࢍ	ࢋ࢝,(૛)	ࢊ࢔ࢇ	(૚)	ࢍ࢔࢏ࢊࢊࢇ	࢟࡮

න ൫ࢌ(࢞)൯
૛

૚

૙
࢞ࢊ + න ൫ࢌᇱ(࢞)൯

૛
૚

૙
࢞ࢊ + න ൫ࢌᇱᇱ(࢞)൯

૛
૚

૙
࢞ࢊ + න ൫ࢌᇱᇱᇱ(࢞)൯

૛
૚

૙
࢞ࢊ

≥ ൫ࢌ(૚)൯
૛
− ൫ࢌ(૙)൯

૛
+ ൫ࢌᇱ(૚)൯

૛
+ ൫ࢌᇱᇱ(૚)൯

૛
 

(૙)ࢌ	࢚࢛࡮ = ᇱ(૙)ࢌ = ૙,  ,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎ࢚

න ൫ࢌ(࢞)൯
૛૚

૙
࢞ࢊ + න ൫ࢌᇱ(࢞)൯

૛૚

૙
࢞ࢊ + න ൫ࢌᇱᇱ(࢞)൯

૛૚

૙
࢞ࢊ + න ൫ࢌᇱᇱᇱ(࢞)൯

૛૚

૙
࢞ࢊ

≥ ൫ࢌᇱ(૚)൯
૛

+ ൫ࢌᇱᇱ(૚)൯
૛
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 

 

 


