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2101. Find:

0 fl log x p
= x
o Vx2+1

Proposed by Ghulam Shah Naseri-Afghanistan
Solution 1 by Bamidele OIuwatosin-Nigeria

1 logx (Zn) (—1)"f1 2 og x dx =
\/sz \n/) 4 ), rlogxax =
2n ( 1)n Zn+1 x2"+1 1
_Z( ) 4 [2n+1logx_(2n+1)2]0_
[ee) [e/e) 1
z (Zn) (—1)n z r (n + 7) r(2n+ 1)rn+1) D
= — _ = - —1)" =
2 1
~ n 4-"(2", + 1) = r (7) r(zn + 2)
o 1
z n )n . (_1)n
_ § r(n+1)
n=0 2
Tarw o
"= @) pochammer'srepresentation

o N @) @ 11133
Paebexy)=) S G e 1)

2'2'2'2'2°
Solution 2 by Rana Ranino-Setif-Algerie

X =
0 vaxZz+1

log(1+\/—) log(1+\/i)
= f log(1 — e %t)dt — f
0 0

1 log x i log(1+\/i)
Q= 5 dx” Sthtf log(sinht)dt=f —
0 0 2e
log(1+\/i)

logZdt+f tdt =
0

log(1+ﬁ) 1— e—Zt
log < > dt =

1 log(1+\/i)
= Elogz(l ++2) —log(1++v2)log2 + f log(1 — e 2t) dt

0

K
log(1+v2) y=e~t
K= f [log(1 —e™®) +log(1 +et)]dt =
0

_ f Vet <10g(1 —y)_ log(1+ y)> o
1

y y
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o . [, gt 1 1
K =[Liy(y) + Li,(—)}* ' = [Ele(y )]1 = EL12(3 - 2V2) - 7 Liz(1)

Therefore,
1 logx 1 . 1 2
fo mdx = Ele(B —2V2)+ Elog2(1 ++2) —log(1+v2)log2 — 5
2102. Prove that:
7 3
P <§> 4 (g) =mlog(2) —2v2log(1++2),

where Y (x) is the digamma function
Proposed by Vasile Mircea Popa-Romania

Solution by Pham Duc Nam-Vietnam
x Use: identity by Gauss(1813)'gcd(a q) =1,1<a<gq,then:

1p(a) —log(2q) t( >+ZZ 2mak ( ”k) d(7,8)
—|= 0 - —co cos og|sin—|, gc
q g\zq q q 9 q 9
=1,gcd(3,8) =1
7 T 7 S 14wk nk
> 1[1(—) =—-y- log(16)——cot( )+ZZ cos log (sin—)
8 2 8
3 rk
P (§> = —y—log(16) — —cot ( ) +2 Z cos—log (sm ?>
N-u(l)
= i - —
Yilg) ¥ ;
I t(7n>+rr t(3n>+22 141rkl ( . nk)
= -5 cot{ 5 cot(— cos——log (sin—
. k=1
9 61'rkl . mk
- cos—o—log (sm 3 )
k=1
=3 (cot(5) -t (7))
=5 lcot(3 cot (g
. 71'rl ] 1'[+ 71'rl . 1'[+ Zlnl . 3m
cos—~logsing + cos—-logsin + cos— —logsin—
=0
N (7)1 /13 31'rl /13 31'rl
cos(7m) logsin 5 ~cos—, ogsin g 05 ogsm4

—_—
=0

91'[ 3m T
—cos— logsm? —cos(3m) logsin 2)

=0
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- (o (7)o ()

/[ /4 /4 Y[ /4
+2 (COST logsin§ + cos——logsin— — cos—logsin—

4 8 4 8
91'rl ] 31'[)
cos 2 ogsin 8
T T 2 X X X
*Known:coszzsinzz7,cos(x)=cos (Z.E):ZCOSZ (E)—l:cos(i)
V2
N 1+ cos(x) . m_m n>0 T 1"‘7
=%+ | ——— —<—-= — = — =
> ,since 33 cos 3 cos8 3
_N2++2
2
4 1 , 2-+2 . 3m (1‘[ 31'[) (3 7 It
= — = — — = - = —_—— ) = — — = R
sm8 cos 8 3 ,sin 8 cos > "8 cos8,cos 1 cos 1
_ T 21w 3m T
—cos4,co.<:'3 2 —cos'74 = cos4
T T T T
* cot (?> —cot (?> =tan (g) + cot (g) =
1 4 4
= :—:2\/2

sin%cos% (\/2 —\/Z) (\/2 +\/Z) V2
7 3
~(5)-v(5)

:g.zﬁ
4o \/il 2-2 \/il 2+\/i+ Zz 2-+2 \/il 2++/2
2 %97 2 %97 2 %9 2 97
242 2++/2 2-+2
=mlog(2) +2(V2log —V2log =mlog(2) +2V2log
2 2 2++/2
2++2 6+ 42

=nlog(2) —2v2log

=mlog(2) — 22 log

22 2

=nlog(2) — 2\/5109( ’3 + 2\/5) =mnlog(2) — 2\/5109( (1+ \/E)Z)
=|mlog(2) — 2v2log(1 +2)

2103. Show that 1++/5 + v/ 5 + 2+/5 is the zero of the quartic equation:
x* — 4x3 — 14x? — 4x + 1 = 0, and also the following relation holds:

8+m+ﬁ+ﬁ<1_ 8 )=1+@+Mg
\/36—4\/3—4 30 + 615 4+y10 - 25 + V15 +V3

Proposed by Naren Bhandari-Bajura-Nepal
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Solution by Pham Duc Nam-Vietnam

* Solve: x* — 4x3

X

X

—14x?* — 4x +1 = 0,x = 0 is not satisfied, devide both sides by x>
4 1 1 1
@x2—4x—14——+—2=0@(x2+—2+2)—4(x+—)—16=0
X x x x

1,2 1
(:)(x+—) —4(x+—)—16=0
X X

1
+;=2—2\/§<:>x2—x(2—2\/§)+1=0<:>

1
+;=2+2\/§<:>x2—x(2+2\/§)+1=0<:>

x=1-+5-_5-2V5

x=1-V5+ [5-2V5

x=1+V5- |5+2V5

x=1+V5+ /5+2\/§

= 1+/5 + f5 + 2v/5 is the zero of the quartic equation: x* — 4x% — 14x% — 4x+1 =

</10 2\/_+\/_+\/_) —28+4x/_+2/150 30x/_+2f30 65

= 28+4\/§+2\/§\/30—6\/§+2\/30—6\/§
=28+4V5+ (30— 6V5(2V5 +2) = 28+4\/§+2\/(30 - 6V5)(V5+ 1)2

=28+4V5+4 /6(5+\/§)=4<7+\/§+ /6(5+\/§))

2
:<2j7+x/§+ ’6(5+\/§)>
=8+ /10—2\/§+\/E+\/§=8+2\]7+\/§+ /6(5+\/§)

:>8+\/10—2\/§+\/E+\/§<1 8 )
4+10 _ 2V5 + V15 +13

\/36—4J§—4\/30+6\/§

4+j7+x/§+ /6(5+\/§) —2+j7+\/§+ /6(5+\/§)
j9—\/§— /6(5+\/§) 2+j7+\/§+ /6(5+\/§)
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<4+J7+x/§+ /6(5+\/§)><—2+J7+\/§+ /6(5+x/§)>

s ) s )
(ﬁ—s+j@)]n«§+jm+m
(o5 )3+ 5+ s+
[+ fsr )5+ o )
e ey
[l Joor @) (155 s ) e g
- - fs-@)(-si5- s rafos-@)
:(Jm:‘*)(ml):1+V§+sz§+2>2(s+v§>

80 + 32+/5
:1+\/§+T\/—

45+ 25
=1++V5+ v 2 \/_: 1++/5+ /5+2\/§

2104. Solve for real numbers:

) T, (3 gxsinx
x“+ |=T (—)f dx = 3x
0

2

2 4 Jcosx

Proposed by Daniel Sitaru-Romania
Solution 1 by Amin Hajiyev-Azerbaijan

T T T
Zxsinx n V3 2

I= dx 18P [—Zx\/cos x]Z + Zf vecosxdx = Zf vecosxdx =
o Vcosx 0 0 0
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- zf; sin®z"! x cos? 4! x dx = B(}_ﬁ) T (%) r(%) _Var (%)
0

2@ @)
24 T —3xea+ d = 3x
vr (3)r (3) var (1-g)r(1+3)
xZ + \/_n'n =3xex*-3x+2=0=(x-1D)Kx-2)=0< xe{1,2}.
2V2

Solution 2 by Ankush Kumar Parcha-India

x2+\/§l“2(§) %xSinxdx—Sx' (1)
2 4/ )y \Jcosx ’

T
fxsinx IBp

T
2
= [ Zx\/cosx]2+2f vJcos x dx

Jo \/cosx
: R 2n-1 _ r(m)rm)
We know: B(m,n) Zfo sin X cOS xdx T(m+n) ,R(m) >0,R(n) >0.

zr(%);(%) W |
2r(y)  r(g)
, m 3\ ) Wn
x +\/§-W:(%)F(Z)—3x:>x +\/§ m;z—3x@
3+/9-8

x’+2=3xox=———=x€{1,2}

I =

(4) Put the value of I in equation (1), we get:

Solution 3 by Adrian Popa-Romania

T T T

2 xsinx L z 2 =
= dx =i [—Zx\/cosx]Z + Zf vecosxdx = Zf vcos xdx cosa=t

o Vcosx 0 0 0

3 1
zfl Vit =u22f1 Yu du 1 -1(1 )__d B<3 1) F(Z)F(E)

= = = u = R T

0 Vl—tz 1 u Z\/— 0

r@

T /3\ (Zxsinx 3 T _,(3 I‘(%)I‘(%) _
x2+\/;l‘ Z(Z)fo mdx—Bx@xz+\/;l‘ Z(Z)W—Sx—o

4
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2 —3r+ E.L%)ZO
s r@rE

V2 V2 V2m
(o3 =r )= Q)2 1)
x2—3x+£:-ﬁ—1.r%.=0@x2—3x+2=0@xe{1,2}.

2105. Find:

[ logi(x)
= fo X% +2x +2
Proposed by Kaushik Mahanta-India
Solution by Pham Duc Nam-Vietnam

log*(z)
Let: f(z) = P ——— ,and use the contour (C) as shown
f(z) has 2 order 1 poles: z; = —1 + i,z, = —1 — i inside the contour, by residue theorem

= if(z) dz = Zniz Res(f(2), z12)

i i N
Res(f(2),20) = lim 22170 4(2):_1(zog(z)+3ﬂ)

z>-1+iz2 + 27+ 2 2

2 4
 (z+1+10) i (log(2) 5im\*
Res(f(2),z;) = z_{l_T{l_imlog‘l(z) = 2 > + e

9 | RMM-CALCULUS MARATHON 2101-2200
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= Z Res(f(z2), z, 2) _ _<log(2) N 5;11) B E<log2(2) N 3:-[)

49 3 17
=—m3log(2) - —1'[ log3(2) —i (4 ? log?(2) — Rrr“)

32
= ff(z) dz = Zniz ReS(f(Z), Z1,2)

49 3 17
— = _= 3(9) _ 200y _ ' 4
2m<321‘r log(2) nlog 2) l( ? log?(2) T ))
3 17 49
_2.3 2(9) _ 54§ 4 _ . 2 3
5T log?(2) g " 1(1611 log(2) 41‘[ log (2))

. f log*(z)
C

z2+2z+2

log*(2) log*(2) log*(x)
f R Y Z"'f 2—dz+f ——
vrZ +2z+2 v Z +2z+ 2 ve X +2x+ 2
f (log(x) + 2mi)* i
v, XE+2x+2
1094(2) 1094(2) . .
R—>°°f zz+2z+2 Z_lr_,of Zz+22+2d —ObyMLlnequahty
li f log*(z) f log*(x) (log(x) + 2m-)4d
7 RO czz+Zz+2 ve X2 +2x+2 dx — L, x2+2x+2 x

B f°°241'r log*(x) — 16m* A+ f —8mlog?(x) + 32m3 log(x)
o x2+2x+2 x lo x2+2x+2
3 17 49
©om 31log?(2) — —1'[5 +i (1—11 log(2) — —1'[ log3(2))
B f 241'[ log?(x) — 161'[
o x2+2x+2
. _f” —8mlog3(x) + 32m3 log(x)
l 0 x2+2x+2

+o0 3 +oo
(ﬂn log(2) - —n *log*(2)) = 8 f _10g"(®) 3o f log(x)
0

dx ;taking imaginary part to get:

16 x2+2x+2 0o XZ+2x+2

= log3(x) 1
=-8 fo mdx + 32113.511[09(2) = —8nl + 4n*log(2)
15 _, 1 5, 3
I_—ﬁn log(2) —zm*log*(2) 15 2 l0g(2) + 1 r10g%(2)
-i= “8n ~128™ 09\ T 3pmlog

1 15
= |— 2 + 2
321'rlog(2) (log 2) 2 )

10 | RMM-CALCULUS MARATHON 2101-2200
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> log(x
0o X“+2x+2
=3" log(2) ,can be easily evaluated by using same method with : f(z)
__log*(2)
2 +2z+2

2106. Find:

. foo sin (721 (x% + x)) N

- Sinh(mx)

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Pham Duc Nam-Vietnam

s Imiz)
: - |
R +i - 1 i C R+1
- AL/ $
i i I
| 2 4 2
L] ey 1Y L .
-R __I_ R Re(z)
1 0
_ 00 sin(n(2x2+x)) _ oo ei"(z"z“‘)
2=2 f—‘” sinh(2mx) dx =23 f—‘” sinh(2mx)
im(2x%+x) eimt(2(x+)?+x+i)  pim(2x%+x) pim(i(4x+1)-2)
1.Let: = +1i) = =
et: f(x) sinh(2mx) fle+1) sinh(2mx) sinh(2mx)
ein(2x2+x) e—4mx-m
— — —4nx—m
sinh(2mx) f(x)e
eim(2x%+x) f(x) — flx+i)
= _ +)=(1- —4nXx—T
fO) = flx+1) ( € )sinh(an) 1— e 4mx—m
ein(2x2+x)
= ———— notethat.e™*™ =1
sinh(erx)’no ethat.e
f(x) fx+i) _ fx) fax+i)  em®)
1 — e—4mx-m - 1 — e 4mx-m - 1 — e—4mx-m - 1 — e~ 4n(x+))-m - sinh(Zn’x)
ein(222+z) 1 ein(222+z)
= Let: = . d — +))=—— (1
et:g(2) sinh(2mz) 1 — e 4mz—m and g(z) - g(z +1) sinh(erz)( )

11 RMM-CALCULUS MARATHON 2101-2200
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i i1
=571 inside the contour

2.Use the contour as shown, g(z) has two poles z = 2Z=5

= fcg(z) dz = 2miRes (g(z),z = i = = 1)

27274
i n
i z-3 o, 1 ie
Res( z= _) =1i eim(22%+z) —
* 9(2)z 2 Zl:r%'l sinh(2rz) € 1—e4mz-m  2g(1—e ™)
i 1 m\ _Sm
i 1 1 . 2 Z_E+Z CSCh(i)e 8
Res( , :___): li - in(2z +Z). —
* 9(2).2 2 4 Z_f%'n_l%sinh(an) € 1 — e 4mz-m 41
5mi
ie—% csch (g) e 8
= dz = 2mi +
fcg(z) z m 2n(1 —e™™) 4
e_% csch (E) cos 1 T T
= -2z — 2 8 ——1icsch (—) sin—
2n(1 — e ™) 41 2 2 8

R

3. fcg(z) dz = f_i g(x)dx + fl::ﬂg(z)dz + fRRHg(z)dz +f

—R+i

9(z)dz — miRes (g(z), z

. o1 1
=0,z=l,z=l——,z:——)

R+i R 4 4
* lim g(2)dz =lim f g(z)dz = 0 by ML inequality
R—ee Jp Roee ) _pii
—R+i —R+i
* f g@)dzlet.z=x+i= g(2)dz =
R+i R+i

R R —R+i R
— f gx+i)dx=> f g(x)dx +f g9(2)dz = f g(x)dx
-R -R R+i -R

j«R ein(ZxZ +x)

g Sinh(2mx)

R

R
- f_R g(x+i)dx = f_R(g(x) —glx+i))dx = dx(by (1))

R ein(2x2+x) 1 1
— dx= dz + 'Res( Z2=0,z=i,z=i——, =——)
f_Rsinh(an) x fcg(z) zZ+ i g9(2),z z=iz=i-,.2 2
z ) 2 1 1
Res =0) = lim————— . ei™(27%+7) =
*Res(g(2).2=0) pt sinh(2mz) € 1—e 4z 27(1—e ™)
* Res(g(z) zZ= ,_) = llmL ein(212+z) 1 _ e’ T
’ z-i sinh(2wz)’ ‘1—e iz 27(1 —e ™)
1 m ™
1 1 o, z+3z csch (7) e 8
Res( , :——): li EE—— ln(Zz +Z). - _
i 9(2).z 4 Zi’_’t}l sinh(2mz) € 1—e4mzm 4w
A | T\ _m
1 1 o, z—i+g csch(f)e 8
Res( , :'—_): li EE—— th(Zz +Z). - _
i 9(2).z=1 4 Z_ff%sinh(an) € 1— e 4mz-m 41

12 | RMM-CALCULUS MARATHON 2101-2200
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] ) o1 1y 1+e™ csch(%)e_%
:>mRes(g(z),z=0,z=l,z=l——,z———)—m e o

4 4
( 1+e ™ csch (g) cos %)

2n(1l — e ™) 2

= — % csch (g) sing + mi

=-27 — ——icsch 2 sin—

= ——dx =
_gSinh(2mx) x 2n(1 — e ™) 41 2 8

1 (n) T ( 1+e ™ _ csch (g) cos g)

= h(= i i
CSC sin 1’ 21‘[(1—8_”) 2

fR ein(2x2+x) e_% csch (g) cos% 1 (n) T

2 2 8

e 2 1 713 T 1 m\ | T
=— 1 +Ecsch (E) cos§ —Ecsch (E) smg
¢ ( 1+e™™ 1 ny . . mw 1 T T
+l(m—icsch(i)smg—Ecsch(i)cos§)

T

ez 1 (4 3
= + g csch (E) V2 cos (?)
 1+e 1 713 . (3m
Tt (2(1 "oy 2S¢k (E) V2sin (?))

ein(2x2+x)
——d
sinh(2mwx) x

1+e™ 1 T . [3m
=20 2" (5)V2sin ()

>0N0=2 (_2 (11-!-_ee‘_””) _ %csch (g) V2 sin (%T)) = i 1_ Z:: —csch (g) V2 sin (3?11)
2107. Prove that:

Let: R — oo and taking the imaginary part = J f

’_fl - L dx = —2((2) + log?(2))
= N og — X = 3 4 og

Proposed by Abdul Mukhtar-Nigeria
Solution by Pham Duc Nam-Vietnam

I fl ~  log————dx,let:t=t dx=(1+ tan? w)du =2 =4
1+ 22 og = x, le anu x an“u)du = -——; u
s
1
= I=f tanulogsinudu
101 1 0 1 (log(1—u)
4 og(l—u
— 2 2. —
__Zfo coszulog(l—cos u)d(cos u)—Zfl ”

13 | RMM-CALCULUS MARATHON 2101-2200
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_ 1ilf1 ket gy = 1”1(1 1)
VAT S VA AT
k=1 2

1vl 1w 1 1 1 1
= _Z;E“LZI;W:_Z«ZHZ“Z @
By : Dilogarithm identity: Li, (z) + Li, (1 — z) = {(2) — log(2z) log(1 — z) ,set: z =
1, 1 1 1
> Liz (3) =5 (6@ - 1og? (5)) = 3 6@ - 1og?(2)

1= —%((2) +%(<(2) —log?(2)) = —%(6(2) +log*(2))

2108. For any complex number n, R(n) > %, prove:

© , , 5 1 1
f (Lx[(e_x Xy 4 =% "‘xy)e_xy](y))e_"y dy=m (\/4n — + T 9>

where L,[f](y) is Laplace transform.

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Rana Ranino-Setif-Algerie

0= [ (clle o + e e ) eway =
= fm fm(e‘xz‘“y + e"‘z"‘y)e‘"y2 dxdy =
—o00 Y0

[ee] [ee]
= f e"‘zf (e‘"y2‘3"y + e‘"yz‘xy)dydx =
0 —00

2 2 2 2
o0 o 3x 9x o o 3x X
2 —n[ Ytor) % .2 —n[ Ytor) ——
:f e* f e (2n) dydx+ | e™* e (2m) dydx =
0 —0 0 — 00
3x — X
t:y+ﬁ t_y+ﬁ

:f e_xz(l_%) dxf et dt+f e_xz(l_%) dxf e dt =
0 —o00 0 —00

_ zg | e—xZ@—ﬁ)dx): E LA .
0 0 2\]1—% 2\]1—%

Therefore,

14 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

f_ (Lx[(e—x -Xy 4 g=X +xy)e_xy](y))e_"y dy = 1'[(\/411 — + Van = 9)

2109. Find:

[

4
Q= f log(1 + sin 2x) log(1 — sin 2x) log(cos 2x) dx
0

Proposed by Bui Hong Suc-Vietnam
Solution by Ahmed Mohammed-Germany

4
Q= f log(1 + sin 2x) log(1 — sin 2x) log(cos 2x) dx =
0

1 d
<letsin(2x) =y=>x==sin"ly;dx= 4 >
2 2,/1 — y2

1 fllog(l +y)log(1 - y)log(1 — y?)
th iy
+ log(1 — y?) = log(1 + y) +log(1 — y)
_ 1<fllog(1 ~Nlog?(+y) fllOg(l +y)log*(1-y)
™ i T ey
fl log(l - y) logz (1 + y) dy y=—x a:nd y=x
-1 J1—1y2
_ (" log(1 —y)log?(1+y) log(1 —y)log?(1+y)
_f_l J1—y2 dy+fo J1—y? i @)
1 _ 2
(2) in (1) :>Q=1f log(1— y)log"(1 + y) =%; (3)

4)_4 V1 —y*dy

Let J(a.b) = f (- )b+ ) E dy; (sn (a + %) >0.% (b + %) . o)
-1

a3
= lim [El‘& (m Ut ””)]

1
Y=1+x ®  x"2 1 1
b) = 2a*b ———d =2“+bB( += b+—) h
J(a,b) , @+ x a+z,b+>) where
B(p,q) — is the beta function.

I=limg, [limb_>0< 0? <Z“”’f(“+§)f(”+§)>>]; ). But: > <2““’f(a+%)F(b+%)>:

dadb? r(a+b+1) dad b2 r(a+b+1)

dy =

dy> ; (1)
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— 2a+bB(a+%,b+;>[ 1,}(0)(“+b+1)+1[}(0) (a+ )(l[)(o)(a+b+1)2

R A
— 29© (a + )111“’) (b + )1,,(0)(“ +b+1)

—yp® (b + )¢<°)(a+ b+1)+3YpyD(a+b+1)Pp@(a+b+1)

P o (10 (3 v w30 o
—¢<°>(a+ )¢<1>(a+b+1) Pp@(a+b+1)

—2¢<°>(b+ )¢<1>(a+b+1) 3log?2yp©@(a+b +1)
+3log2(1[)(°)(a+b+1)) —21og2¢<°>(a+ )¢<°>(a+b+1)
—4log21[)(°)(b+ )¢<°>(a+b+1)

1
+2log 2 hp(® (a + )¢<°) (b + 2) 3log2ypD(a+b+1)
1 1 1,)°
+log? 2 p© (a + E) + 2log? 2 yp© (b + E) +log2 | yp© (b + E)
1
+log 2 yp@® (b + E) + log3 2]

2
1 1
I=vy3m+mlog® 2+ 3ylog? 2 + 3my? log 2 + 3my?y® (E) +3my <‘I’(0) (E)> *

3

2
s (90 () + (w0 () w20+ sm o )

1
+ 3mlog 2 Y@ (E) +

2
3mlog 2 <1[)(°) (%))

YO (3) =~ + 210g2); Y@ = -2((3)
I=2n{(3)—mlog32;(5)

B)in(3)=>0=n <¥—%l g32>
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M (z) is the nt" derivative of the digamma function
Yy —is the Euler —

¢C) -

Mascheroni constant.

is the Riemannn zeta function

2110. Find:

Q= nlog<2+ )log(Z——)

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan
d d d

d
dxldx 1dx2dx 6
logx>—>—-—->—

_) —_—
x xZ  x3 x*

1 1 1
logx:(x—l)—i(x—1)2+§(x—1)3—Z(x—1)4:>x>1

1 1
logx<x—landlogx<x—l—z(x—1)Z+—(x—1)3

o (2+ Diog 2 - 1)< (12) (1- 21 ) o

1 \3
055
n+1 2 3 n+1

n+1

1 1 I | 3
:n: <nzl_i(n21) +§(L) >:

n+1

_, 1. m 1( n )3<1+a<ea)

- <
2 n+1 3\n+1

1 n 1/ n \3 _n(n+3)
<e 2 +§( ) = e 6(1+n)?

2111. Find:

Proposed by Daniel Sitaru-Romania
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Solution by Hikmat Mammadov-Azerbaijan

n-1 n—-1 n-1 n—-1 .
kTt 1 ik ik 1 I n—1 2imk
1_[8111( ) 1_[ (en —e n):(——) e_lﬁzk=1k1_[(1—e n ):
n 2i 2i
k=1 k=
__1"1 z("l) _Zirllcn:_]_nl _Zi:ltk
= e e = o 1 e
=1
n-1 ik
LT
"—1=(z-1)A+z+z2%2+ .-+ z" 1)—(z—1)1_[(z—en)
k=1
. 1 n 2imk n-1 n-1 . kit n
lz'f}z—1_"_n(1_e")_ Sm( ) S'"(T)_zn-l
k=1 k=1 k=1
sin(mz)

Euler's reflection formula:z + 7 > =T(2)r(1-=z)

n_ll () =" 1oezmy - L a = Llog(zn)
Hog (n) = ——log(2m) — S logn = & = - log(2m).

2112. Find:

B 1 -1 xz lOQZ(x)
1= || | Gy

Proposed by Naren Bhandari-Bajura-Nepal
Solution by Pham Duc Nam-Vietnam

_ [*x*log*(x) _ (*x*log*(x) log(1 + x?)
*"fo C) xf(, (1+x2y)dy‘fo -2 x

_ (tlog*(x) log(x* + 1) i

‘L 1T-» *

_ *log*(t) ! 1 2x *log*(t)
IBP = 1= (( R dt)log(1+x2)>‘ _fo x2+1< — dt)dx

Use: ' l(olgj(;)) dt = f log?(t) Zt" dt

_Zf tklogz(t)dt—z(k_'_l)g Z = =2(3)
=1

= I = Z((S) log(Z)
1 2x2 logz(xu)

f f (o +1)(1 - xu)
= xu), after partial fraction decomposition:

du dx(t
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1 1 2 2 2
1=2{(3)log(2) -2 f f < logi) ___GwlogGaw) ___ log () )dudx
0 J0

w+1)AQ-xu) @+1DE2+1) (W2+1)(x%+1)
=2{(3) log(2) — 2(] K—L) )
log”(xu
*L= f f G+ DGz +
(' (*log*(x) + log*(u) + 2 log(x) log(u)
_f f @2 +1)(2 +1)

_ log?(x) 1 log(u) 2
Zf f @+ ”(f(zn)d")

dudx, by symmetry = L

Llog?(x) T )
f(2+1)d f(2+1) ZE+Z(G)
=Ty 2G? | - Used integral identity of G: —G = M u

32 gr ty s 2+1)

1 2 k 3 3
( used [ (22D D Z( 1)kf ZkzogZ(x)dx—zZ(Z(k =2 = ’1'—6>

(xu) log? (xu)
K= ff(u2+1)(x2+1)d dx

log*(x) + log*(w) + 2 log(x) log(w)
f f (w2 +1)(x% +1)

axulog?(x) Yulog(u) 2
_Zf f (u2+1)(x2+1)dudx+2< (2+1)du>

= txlog®(x) n2\’ B log(Z) 3 2\2

=2 (@109
11'4 ( Ue df ulog(u)du

1152 (u? +1)
. ( 1)k+1 T2
= Z( 1)kf 2k+1 log(u) du= 4 W 4—8)

( Usedf xlogz(x)

dudx, by symmetry = K

Z+1) 1)
k 2k+1 2 (—1)* 5
_Z( 1) f *1log®(x) a!x—4 (k+1)3 = (1 22)7(3) __((3)
log2 (xu) _ logz ©®

u 2
= ((log(u) —Elog(u2 + 1)) %dt)
0

1 (log(u) - %log(u2 + 1)) log?(u)
B fo 1-u)

du
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11og® 1
[Mlog w1,

2(t)
(2)f (1- s (1—uw)
—5(3)109(2)+—
11093(u)
W1 ( usea — [ 1080,
4
Zf u"log3(u)du=62ﬁ=6((4)—% :5>
- "
_ I o0
1152 32 26)

x= I =2¢(3)log(2) — 2 <—((3) log(Z) + 1;—5 + > I—-—¢(3)1log(2)
4
—((3) log(2) - 2880 +4G% -1
—((3) log(2) — 5796’;4 +262

=>1=

2113. Prove the integral relation

[

2(14 +1og?2 + 101log 2 + 2v2 log(577 — 408v2))

_\/x_y)dydx:

2
= ? —
Proposed by Srinivasa Raghava-AIRMC-India
Solution by Rana Ranino-Setif-Algerie
X +
1 1L — VX x-xZy->y2 1 — vy)2 x—y=
:f f Z( 2 \/_y)dydx = 4[ f Li2<(x y) )dxdy 2=
0 Jo \/ﬁ 0 Jo
_ 2
(x-1) )] dx

L o ) )
(x - 1)2>dx=

1

1
uh SﬁfﬁLiz(xz)dx— 16fﬁxLi2(x2)dx
0 0
B

1 X2 1 x2
—4_[ Li, | — dx—4f xLi, | = dx+4f xLi,
0 0 2
x=1-x

1 X2 1 X2 .
= 8_[0 Li, <7> dx — 8_[0 xLi, <7> dx
A

1 1
[xLiz(xz)]f +2 fﬁlog(l —x%)dx =
0

RMM-CALCULUS MARATHON 2101-2200
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1 1 \/‘
=—VLi, | — —x2) = —
\/ELLZ( >+2[xlog(1 x ) 2x log(1+x>]

1 (2
—<i—4log 2 - 16log2 — 32 — 32v2 log(v2 — ))

82
Li () 1 7 1 1, 1 1
- 2 1,(Xx IBP [X X 2
B*= "f 2 =[—L' = —-Z(1-x)log(1 - ]:—L' (—)——+—1 2
. 2 2 L) -5 —51-0)log(1 -x)| =71, (5)-7+7log
B= (" t4logz-2—4
“16\3 %
Q=8V24-16B =
21T 2 2
ZT—4log22—1610g2 32 — 32v2log(V2 - 1)———4logz+21og22+4—
11.'2
:?—2(14+log22+1010g2+2x/§10g((x/§—1) )
Therefore,
. (x+y
1 r1Li, — /Xy 2
ff ( 2 )dydx:——z(14+1og22+101og2+2x/§10g(577—408x/§))
0 Jo Xy 3

2114.1f0 < a < b,n € N* then:

Jab X
f t?2(t3 —a®)" 1dt < —— (b3 + 3b%a + 2a’b — 7a®)"
a 24n

Proposed by Daniel Sitaru-Romania
Solution by Tapas Das-India

b3 +3b%a + 2a’b — 7a® = (a + b)3 —

+b
g >+Vab

Vab (vab)*
f tZ(t3 3)n 1 dt o f (u _ aZ)n—l du =

a 3

1 (Vab)® _ 1 [ra+b\° n_
- salte= e =l o] = (75 ] -
= o l(a+ b)Y~ 8aT < o2 [(a+ b)? — 8a°" =
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1 1
= i [(a+ b)3 —8a?]" = 2in (b3 + 3b%2a+ 2a*b — 7a®)"

2115. Find:

-1 -1
1 1 K

X
_rllL“c?oF f f2x+3dx
0 0
Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

k+1

1 1
X
<x< k+1 < xk 3x +2 > <
0sx<1-x""<xi3x+2>0->—75< x+2_)f3x+2 _f3x+2
0 0

Kk+1 1 !

0<x<1-xkl<xk2x+3>0- _)fx <f
- T -0 2x+3 2x+ 3 2x+3 — ) 2x+ 3

0 0

1
xk 3xk+1 4+ 24k . 1
k=f3x+2dx—>1k+1S1k, 3Ik+1+21k:dex—f.de:m
0 0 0
1 1
xk 2xk+1 4 3xk . 1
]k:fmdx_)]k+1 <Ju 2]k+1+3]k:dex:fx dx:m
0 0 0
levn = e 3ly + 21 = 377
1 2 1 2
hywn=g kg7 skl <k k27—
3(k+1) 3% 3(k+1) 3 3k+1) 3 5(k+ 1)
1 1 31 1 < 1 31 51 < 1
= —— - _ — — - — S

1 1 1
< <— - <], <— - <], <—
h=ggrp > k<sk s+ =5k s+ sk

25k? < I < 25(k +1)?

g 1)(2n +1) i e <(n +1)(n+2)(2n+3) 1)
k=1

6
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ys MO+ DEn+1) 3 n_132": ——— <(n+ Dn+2)2n+3) 1 >

6n3 " n3

6n3 n3

_< - 1
3 —rll'l'.?omzlk I3

ﬂ_25
3

Solution 2 by Hikmat Mammadov-Azerbaijan

1 1 4 1 1th fl xkdfl xkd>
3x+rz-5 M3 5 e | 332 ) 2x+ 3% Z 250+ 1)2

fl xk dx = 1, x f . 2 dx =
0 3x+27 T k) 3x+ 2T Tk o kJ, ¥ Gx+2z™ "

B f xk Iy < 1
5k k), Bx+2)2 ™ 5k
k

Similarl flx dx<Lovker
lmlary, 02x+3 x_5k

1 xk 1 xk 1
H —~ _dx- dx <
ence. L3x+z o f(,2x+3 ¥ = 25K2

1 n
Therefore, lim —32 25k%? < Q < lim —z 25(k + 1)?

n-oo N n—-oo n3

llmi 2—n(n+ 1)(2n+1)<ﬂ<llmni —( 1+(n+1)(n+2)2n+ 3))

n—mon
1 /(1 xk Lo yk 1 95
QZL%FZ(L 3x+zdx> <f0 2x+3dx> ~3
k=1

2116. Find:

Q=1 1i 1+1+1+ +1
_nL“c?on!k ( 10 21 " k!)

Proposed by Daniel Sitaru-Romania
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Solution 1 by Bamidele Oluwatosin-Lagos-Nigeria

n-1

1 1 1 1\
a=lmaZ (tr vt =
1/1 1 1 1 1 1 1 1 1 1
= lim — —+(—+—)+(—+—+—)+ +(—+—+—+---+—) =
noeni\1 1 1) \17 11" 2 1 11 2 (n—1)!
I 1(n+n—1+n—2+ . 1 )_
Taneni\1 1 TR CEE A

k-1
_L‘l‘énl< Z(k 1 (k—1)!>:
= lim — <("+1)Z(k 1)1 Z(k 1! Z(k 1)‘)
1
= lim <(" 1)Z(k D (= 1)l>

n

—mm(" 1)Z(k 1)! (r'wwn(n 2)')<"*°°,Z%>

0

Solution 2 by Ravi Prakash-New Delhi-India

n-1 n-1

1 1 1
AsAn:Z(1+E+E+---+E)< e=(n-1e
k=1
1

on—-1_ 1 1\
As lim =, e_rl#"-}o((n—nl_ﬁ)e_

1
By sandwich theorem,lim —A, = 0.

n—mon
Solution 3 by Le Thu-Vietnam

n-1 n-1 n-1 k
1 1 1\ 1
Z(“F“LE“L'”“LE)‘Z“ZZE
k=1 k=1 k=1m=1
n—-1
1
k=1
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n-1 k 1 n-1 n-1
i = z Z—~n(e—1)—e—(e—1)n
k=1m=1 k=1m=1
n+(e—1)n

Hence,Q = llm——ellm——e-O =0
n—oo n! n-o n!
2117. Prove that:

1+ 2x 1r+4

I:L(x+1)2\/\/—x+1 2=z T g

Proposed by Ankush Kumar Parcha-India
Solution 1 by Pham Duc Nam-Vietnam

Let 1-t ¢ 1—x dt 2 d dx dt
* . = = = =3 = — = e —
eIyt 1+x a+12 7 x+1)2 2

1-t 2(1-1¢)
1f1 \/m“*\/—ut e f \/_+\/2(1—t)dx
0 2Jo JV2-J2(1 -0

VZ - J2(1— t)) (Ji +J2(1 - t)) x

B (ﬁ+m)2 1t (ﬁh/ﬂ)z 1 M1+Vi—t
_zfo 2-2(1-0) dx_Efo (VZD)’ dx_Efo

= (1 1= 0t

1
_ <\/f + % (Vevi—t+ arcsin(\/f)))
0

1t (\/f+,/2(1— t))2
"2, j(

_1+1T_ w+4
= i

Solution 2 by Yen Tung Chung-Taichung-Taiwan

m+md | (m+m)

f(1+x)Z VI+x— x_f (1 +x)2 1+x—2x

f\/mhﬂ/’ S f vz
dx

0 1—x

dx —
i v TR C OO

dx = ()
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Let: =Y i and
ety = x_(1+y2)2 y an
-2z d
,x @+

” V2
(1+1 )y((1+y2)z)d fo i > (zzzfl)dz:
1+ y?

(@=L

(“TJ z
o0 2\
fdy.f(z nzz_1+“_f(i;izﬁ!“:

=102 ([ e [ g gde) =
S |

Lol 7 1f°° 1
— —_— = (%%
22 +2l, 2), Ze22= )

z
{uzz dv_—(z2+2)2dz
du =dz 1 1

V=372

I | 1> 1 N |
=1+ _ —— _ =1+ — _ =
() =1 ﬁ(fo g LC zfo ZZ+2dz> 1 zfo L

1 z
— _ -1
- 2n (\/E)
Solution 3 by Bui Hong Suc-Vietnam

0

VIi+x+ \/ﬁd t1
f(1+@Z\E¢E VZx x‘f(x+n2

1+ cos 2t 4 cos?t
f 1—¢ cosZtsttdt— f ZtcosZtsmtcostdt—

—Zf cosZt(l+cosZt)dt—2f (cos 2t + cos? 2t) dt =
0

™

= sttIf; + Zf
0

2118. For —1 < a < O prove that:

4
cos? 2tdt = 1+f (1+ cos4t)dt = 1+Z
0
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ﬂ_f“’ x® A — 1 wh™? N hl=2 T
~ )y Groa+bpE2) Y T 1 p2 25in’2 2cos’0  sinma

Proposed by Amin Hajiyev-Azerbaijan
Solution by Bui Hong Suc-Vietnam

Q_fm x° dx = 1 f‘” 1 b%x . b? A =
), A +x)(1+ b2x?) 1 p2 0 "\Trx 1+b2x2 1+b22) T

1 ©o x@ [e9) xa+1 [e9) x@
= d —bzf d +b2f dx; =
1+b2{f0 1+x " o 1+ b%x? o o 1+b%x? o

a a-1
b‘“fm (b%x%)zd(b%*x?) bl‘“fm (b%x%) 2 d(b?*x?) _
0 0

=1+pz)Bl@arl-a-— 1+b22 2 1+ bZaZ

a a 1+a 1—a
1 [ra+aorca) b T(1+3)r(-3) pe T(EEH)N(EEY)]
1+ b2 r(1) 2 r(1) 2 r(1)

1 —m bt m +b1‘“ T B
~ 1+b?|sinma 2 sin% 2 . nm(l-a)f

1 - b* =m pl-a T
= 2 ) + —ma : Ta
1+b?|sinma 2 gpnZi® 2 (os >

2119. Prove that:

1 1+x 1+V1— x2 1
ﬂ:f log( )log dx = = (166G — %)
(] 1-x 2

1—+V1— x2
Proposed by Ose Favour-Nigeria
Solution 1 by Pham Duc Nam-Vietnam

u:log<1+—1_x2> {du:— 2 dx
* 1-vV1i-x2/ V1 - x? >0
1+ x 1+x
dvzlog(l_x> v=2109(1—x)+(x+1)log(1_x>
1-V1—2x2 1-x//|

=0

12[og(1—x)+(x+1)log(}_|__x)

+zf X
0 xV1 — x2

dx
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1

121og(1 —x 1(x+1)log (73—

= [2legl-n) )dx+f G x)dx = 41 + 2K(¥)
o xv1-—x2 0 xV1 — x2

llog(1 —x %lo 1— cos(t
] = de, let:x = cos(t)  dx = —sin(t)dt=>1 = f 9( - (®)
0o xv1-—x2 o cos(t)sin(t)

- fo zlog (;—s(ct';s(t)) dt, define: 1(a) = f zlogl —acos®) ,\ _

0 cos(t)
= 1(1),1(0) = 0
- a) = <log(1 acos(t))) dt = fi 1 dt
0

cos(t) acos(t) —1

2 (a+1) tan; 2
= tanh™ 1| ——*~
az -1 az -1
a

sin(t) dt

2
= tanh™! (
az—-1

a+1 )
vaz -1

(1]

I(a) 2 tanh-t +1)d z(t h—l(a+1))2+c1t 0=0
= I(a) = an a= an dleta=0>
va%z -1 a -1 vaz -1
=C nz:c—nz:l()— (t h~ (a+1 ))2+n2
= 3 =3 a an —— 3
Leta—1=1=li Z(t h—l(a+1))2+”2 v, E__3T
. e = —_— = —— _ ——
et.a Lim an —— 3 > 3 3
1(x+1)log (i_x) 1—¢ 2
*K=f dx,let:x=—=>dx=——dt=>K
xV1 — x2 1+t (1 +1)?
Le+1)log(t) dt 5 1 log(t) f 1log(t) (2k gy
0o Vt(t—1) (1+1t)? \/—(1—t2) k=0
=1
——ZZfl ttZkZdt—Bz
0g(®) (4k+1)2 4 6 )
1 ) 1 11'2
= —1[11 (—) ,use:special value: 4 (Z) =m*+8G=>K= > +4G
3m? w? 3m? w?
sFrom(*) > Q=4-"")+2(—+46|=n2->—+86=-——+86G
8 2 2 2
1
=|=(16G — n?
! (166 - n%)

Solution 2 by Rana Ranino-Setif-Algerie
Q—fll <1+x)l <1+\/—7x2>d _ zz fl <1_\/_7xz>d _
~ )y OB\ )T 2n -1 1+vi-22)

1BP 1 1-v1—x? 1 1 ,2n-1
S ol () S
Lin(2n-1) 1+V1-x2)], &n@n-1)J, V1 -2

28 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

- 1 1T xn 1 1T xm 1 (1 g
= dxzzz f dx—Z—f dx
;n(Zn—l)fo xV1l—x n:12n_1 0o xV1—x Limnly xV1—x

=2A—-B
1—+/x
log( > 1—x T
1 1 1-X
1+ \/; lOg (1 + x) x=cos 2t 4
A:—f —dx=—2f ——==dx = —8[ log(tant)dt = 8G
0o Vxvl-—x o V1-—x2 0 8
Tlog(1 — x 1 logx 1 logx
po [1OBD ( en e
0o xW1l-—x 0(1—x)\/_ 0o 1—x

2

—45[12"1 d—4z 1 .=
= Ox ogxdx = 1(2n+1)2_ 5
n=1 n=

1+x 1+vV1—x2 1 )
Therefore, f log(1 x)log 1 i dx:E(16G—n')

Solution 3 by Ankush Kumar Parcha-India

1 1+x 1++vV1—x2 siny=x
QZ[ log( x)log dx =

1- — V1 — %2
_f 1 ( —smy) (1—c0sy>d
B cosylog 1+siny 1+cosy Y
Q [z 1- tan% y([1- tanz% tand=x
—= f log — Yy log (tan—) — dy =
4+ Jo 1+tans 2 1+tanzi

Q—fll (1—x>l 1-—x?\ dx 1—;}3’2[1 Y oyl (1—y>d
8 J, Bli+x) B \1wa2)1+22 T %) (@+y2)2 %8V 8 14y) Y

16 o (1+y2)?2 1+y

_ ['ylogylog(1—y) = ('ylogylog+y) .,
= . (1 + yZ)Z y 0 (1 + yZ)Z Y,
1 1
_ (‘ylogylog(1-y) _ (*ylogylog(1+y)
Letl, = | 1+ y2)? dy and I, = . (1 + y2)2

, :_105-.’.3'105;(1—y)1+1f1 1 (log(1-y) logy)
1 2(1+ y?) 0 2), 1+y? y 1-y y
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.o y ="
' f(1+y2)2dy 2(1+y2)+c

'log(1—1y) 1ylof.f.(l—y) 1+y 1
le—fo—y dy — 0—1+y2 ——f logy 1+y 5+ 1= y)dy—

=I1W ff(1+y2)(1 ay)

1[(* logy lylogy 'logy
—= + +
ZUO 1+y2dy 01+y2dy fol—ydy

dyda —

2

Letd= fo fo A +y5)(1-ay)

dyda
2, = —z—f y"‘ldy+A——Z(—1)"f y*"logydy —
— N Jy 2 0
n=1 n=
1 [oe]
—EZ(—l)"f yz"“logydy——2f y*logydy
n=0
[oe] 1 [oe] [oe]
A z 1(}’") 1 (_1)n+1 . (_1)n+1 z 1
1= n\n 2 (2n + 1)2 (2n +2)2 (n+1)2
n=0 n-0 n=0

n=1 0
o [emtogrxdr = S ™ s w1
.fox og-xax WTI m #

+A-

B had 1 1 (_1)n+1
2’1—‘;F+A‘E ‘G+Zn:0(n+1)2_;(n+1)2]
D" _ _
vy FPTE

21, = 4@+ A~ -6 - c(z)—ﬂ] @

o Jo @+y)A —ay) yea= 0 01""1Z 1-ay 1+y? yea=
1 dyda 1l dyda
=), |, avaa o, A dady
0 Jo A+a®)1—ay) Jy Jy (1+a?)(1+y?) (1+a2)(1+y2)

oa = flfl dyda +f1f1 dyda f f dyda
B 0o Jo (1+a2)(1_ay) 0 Jo 1—ay 0o Jo (1+a2)(1_ay)

30 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
flfl dyda flfl aydyda
0o Jo @+ar)(+y?2) J J, @+a>)(@+y?)

— ant fyn ! log(1 + a?) !
2a=) () B
n=1 0

1 log(1+y?)

1.1
— tan y| tan
B 0

2
0 0
m?* log?2 G w? log?2
=1~ "1 9% 16
_ ("ylogylog(1+y)
IZ_ 2\2 dy_
0 (1+y?)
log ylog(1 + y)|' 1f1 1_[logy , log(1+y)]
2(1+ y?) 2}, 1+y2|1+y Y

. y ___ 1
'f(1+y2)2“y‘ 2@ +y5) ¢

[t togy log(1+y)
_f (1+y2)(1+y)dy+f01y(1+y2) Y=

1
fl()g(1+y)[ 1+y] y Zf l0gy[1+y 1+y]dy_

1log(1+y) y?
-5 ff(1+y2)(1+ay)dyd“+
1 Jogx 1l 110
f g ogy dy+f 8Y 4
1+y 1+y 0o 1+Yy

2
y
LetB=f f dyda
o Jo Ay +apn®

© (-1)" (1 ) 1 © 1
2I, = z f " 1dy—B+EZ(—1)"f y*logydy —
n=1 n 0 n=0 0

1w 1 1w 1
—EZ(—l)"f y2"+1logydy+52(—1)"f y"logydy
n=0 0 n=0 0

had (—1)n+1 1 (—1)"+1 had (—1)"+1 had (—1)n+1
21, = E —B+—|)) ——— - —— _—+ ) — _
2 2 (2n+1)2 (2n +2)2 (n+1)2

n=0 n=0 n=0 n=0

o (-D)™n!
-.-fox log xdxzm,n>—l,m¢—l
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21, =n(2) - B+~ [G——n(Z) n(2)| = —((2) B—— 3)
&
(2n+1)2 —ﬂ(Z) =G

ff(1+y2)(21+“J’) yda_ff1+a2[1+ay 1+ay]dyda_

:fo fo (1+£?1a+ay)_fo f (1+ciy)?f+y2)+f f (1”2‘)‘{1”2)@“
e fol fol (1+ “dzj)lzlla“L ay) f f dyd“ f f a1+ y?)lzlla+ ay)

1 dyda
_fo fo A+ a1 +yD) ff(1+a2)(1+y2)"yd“

= 11 log(1 + a?)|" log(1 + y?)|"
2B = Z(—l)"f f (ay)*dyda — tan‘1y|(1)tan‘1a|(1) _ log( 5 )| los( > )
n=0 070 0 0
n? log?2 n?  log?2
= -+ -+
=) gt 2 B=557 3

Put the value of B in equation (3),we get:

w* G log?2

I, = 48 4 16

Put the values of I, and I, in the equation (1),we get:

Q G mw? log’?2 m?* G log?2
6 1 h=37967"16 871 16
Theref fll (1+x)l <1+\/1—x2>d 1(166 2)
erejore, 0 (0] _— X = — — 1T
0 B\1- B\i-vi-x 2
2120. Find:
n+1 l n L -1
Q=i z<1 1)k z<1+1)k+1 [+] — GIF
p— [ . J— x| —
ot k k |
k=2 k=1

Proposed by Daniel Sitaru-Romania
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Solution by Hikmat Mammadov-Azerbaijan

1 1 1 1
1 k _log( 1) loga>1 a>0 E(l 1—1> _k(kl )e_“zl—a 1 k
1—-—) =ek k > k= -1 > 1——— k>2
( k) =e = e e = k(k—l)’ =
n+1 1 n+1
Z(l 1)k> z( 1 1) teles_copic (1 1 )_ 1+ 1 > 1
LUK T L1 T n+1) " n+1 "
n+1 E n+1 n+1
Z(l——) 21—n:> Z(l——) =n—-1nezZn=>1
1
1\ k+1 Bernoulli 1
+ — + —
(1+3) K+ 1)
n 1 n
z(1+1)k+1< +z(1_ 1 )Teleﬁ'opicn_kl_ 1 <n+1
k " kK k+1) n+1 "

n

XN R AR R B

k=1

n-—1
Therefore, Q = lim - =1.
2122. Prove that:
f -1 d _1r<1+ 1r+ 31r+ 51r>
s DG T T 2T T S T %

Proposed by Amin Hajiyev-Azerbaijan

Solution by Rana Ranino-Setif-Algerie

14
x* -1
Long division gives:—; =x2 +x10+ 8+ x6 +xt + 22+ 1
x —_—

= x +
0 x4 +1 0o X

33 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 13 3 11 5 9
1 (@¢ia 1+ t1a 1d 1 (®tid +t141d 1 c’°tﬁ‘1+tﬁ‘1d
=— | ———Mdt+—| ————dt+— | —————dt
14), ~ 1+¢ 14), — 1+¢ 14), — 1+t
]_J“D dt
+_
7)y 1+t2
ta 1_|_ -a
f ——dt=2B(a,1—a) =2mcsca
. 1+t
o x4 -1 w1 14 3 5T
Therefore,fo o~ D + 1) dx = 7(2 + cscﬁ + cscﬁ csc ﬁ)

2123. Find:

111
ﬂ=ffflog2(x+y+z)dxdydz
000

Proposed by Asmat Qatea-Afghanistan
Solution by Togrul Ehmedov-Azerbaijan

Let x+y+z=t
1 1x+y+1 X+y+1 1 1
= f f f log?(t) dtdy dx f log2(t) dt‘ - f ylog?(x +y + 1) dy
0 0 x+y X+y 0 0

ylogZ(x +y) dy] dx

+
o—_

1] x+2 1 1

f [ f log?(t) dt — f ylog?(x+y+1)dy + f ylog?(x +y) dy‘ dx
0 |x¥1 0 0

1

of

x+2
1 x+2 [BP x+2 1 1
Q =f f log?(t) dtdx _ [x f log?(t) dt‘ —fxlogz(x+z)dx+fxl0g2(X+1) dx
0 x¥1 B 0o 0 0

11 11
log2(t) dtdx—ffylogz(x+y+1)dydx+ffylog2(x+y) dy dx
00 00

x+1

x+1
3 1
fl g2 (t) dt—fxlogz(x+2) dx+fxlog2(x+ 1) dx
2 0
9

log (3)- —log(3) 41log?(2) + 121og(2) + z
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11
Q, foylogz(x+y+1)dxdy
00

1

1 y+2 y+2 1
2 IBP y? 2 10 51 2
=|y log?(t) dtdy _ > log*(t) dt —5 |V log“(y + 2) dy
0 y+1 B y+1 0 0
1
1
+§fy2 log?(y + 1) dy
0
1

3 1
1

fl g2 (t) dt——fy log?(y +2)dy + = fyz log?(y + 1) dy

2 0

3lo

g(3) + logZ(Z) — —log(Z) _ _3

11
Q; =ffy10g2(X+y) dx dy
00
1

y+1 ) y+1 1
IBP 1
yf log?(t) dtdy _ [y? f log?(t) dt‘ - Ef y?log?(y + 1) dy
y y 0 0

o—_

1
1
+> f y?log?(y) dy
0
1 1(
:Eflogz(t) dt——fy log?(y + 1) dy + = fyz log?(y) dy
1 0
2 17

10
= logZ(Z) - —log(Z) ~3e

44 85
Q=0,-Q,+Q3 = Elog2(3) - ?log(3) —4log?(2) + ?log(z) +18

2124. Find:

1 01
= f f Li,(x — y) dxdy
0 Jo

Proposed by Togrul Ehmedov-Azerbaijan
Solution 1 by by Asmat Qatea-Afghanistan

101 21 (1t
:f f Liz(x—y)dxdyZZ—Zf f (x —y)edxdy =
0 Jo k=)o Jo
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C 1+ (—1)k 1 _
Z(m (k+1)(k+2)> 4 LK@k + Dk +1)

k=1
k

(0]

1 1 6 3\ 1w 2 1
1035 it
4 4 2k+1 k 4_2k+1 k+1

3w/ 1
= — 44 — ____i
24 4 1<k 1
o 3 1 4 7
" 24 4("’(1) ‘I’( )>+Z<‘I’(2)_‘p(i)>:ﬁ+l°g4_1

+
2

T 7
Therefore,ﬂ=f fLiZ(x—y)dxdy=—+log4——
0 Jo

?Flhﬂ

24 4
Solution 2 by Rana Ranino-Setif-Algerie

x—y=t

1 01 1 ,x
= f f Li,(x —y)dxdy = f f Li,(t) dtdx
0 Jo 0 Jx-1

x
Bp [x f Liy(6) dt]
x-1
1
x->1-x

1
:f (1—x)LiZ(x)dx+f xLiy(x — 1) dx * 2
0

0

x=1

- f Ly () — Liy(x — 1)] dx =
x=0 0

1 1
= f (1 — X)Liy (x) dx + f (1 - x)Liy(~x) dx =
0 0

IBP

1 1 1
- f (1 — 2)[Liy (x) + Liy(—x)] dx = = f (1 — x)Li,(x?) dx &
0 2 0

1 1 1 1 1 1
== [(x - —xZ) Liz(xz)] + f log(1 — x?) dx — —f xlog(1 — x?)dx =
2 2 o, 2,

2

= 121_4 +[(1 +x)log(1 + x) — (1 — x) log(1 — x) — 2x]3

? 1
+ = [(1—x2)log(1—x2)+x]0——4+Zlog2 2+Z

36 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2

1 -1 oA 7
Therefore, Q = f f Li,(x — y)dxdy = — +log4 — —
o Jo 24 4

Solution 3 by Amin Hajiyev-Azerbaijan

1,1 xey=t (1 x-1
= f f Li,(x —y)dxdy = —f f Li,(t) dtdx =
0 Jo 0 Jx
= I tn dxdt — z f xn+1 x—1 n+1 dx —_
z ano fx—l £ nZ(n + 1) ( ( ) )

—1mt 1 1 0
= + t"+1 dt =
an(n+1)(n+2) Z:nz(n+1)f_1
n=1 n=1

- 1 - 1 - (-1)"
(an(n+1)_Zn2(n+2)>_;nz(n+1)(n+2)
1 - 1 1w 1
Zn_ nZ nn+1) 2 _2+5;n(n+2):
2 5

11'213
12 8 12 8

=|

(1)« (-1)m (-1)n (-1)n
IZ:; n12 _Zn(ni-l) Zz : ZZn(ni-Z)_
2

_®  i+2log2—Lt=2l0gz =2
~ 24 082—g=°%847 74738

2

1 s 7
Therefore, Q = f f Li,(x —y)dxdy = — +log4 — —
. 24 4

Solution 4 by Le Thu-Vietnam

1l zZ=x— 1 1-y 1 1-y
:fo foLiz(x—J’)dxdy :yfo f_y Liz(Z)dzdy:fo 1U_y Liz(z)dz]dy:
=y N 2 o oy 2y y—n:1 0z n:1n(n+1)_
1-y y=1 0
( J’f_y Liy(z)dz » = f_lLiz(z) dz)
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[ee) 1 n
<f Li,(z)dz = z f xtdx = %)

1
=n(2) + f log(w + 1) dw = (1 — 2172)(2) + [(w + 1) log(w + 1) — w]4Z3 =
0

2

= i 2lep2-1
~ T2 ~°8

<... z (_:l:)n = — log(w + 1))
< f yLi,(y) dy 2

( y2Li; ()|

f ylog(1-1y) dy)

2 2 12

_ Li(1) n_2>

0

1 d
< fo ylog(1 —y)dy = E[B(Z'a + 1)]|a=0>

=B(2.a+ Dlpola+1) ~ B+ Do =5 (~3) =~

Summing all of them,we obtain:

2

0=—74™ 4 2log2
~ T4 24 “'°8

2125. Prove that:
N (—1)k+l -1 Yer
S = Z =log—
i (k%Z + 3k + 2)(4k?%2 + 8k + 3) 4

Proposed by Ankush Kumar Parcha-India
Solution by Pham Duc Nam-Vietnam

_1)k+1 _q — [2:kiseven
(-1 =10 kis odd
0y Z 1
=8 =
2nZ2+3n+1)(16n%2+16n+ 3)

let:k =2n

Z (Zn +1 3(4n+ 1) 4n4+ 3 3(n1+ 1))

n=0
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Z (2n+1 4n+3> Z(_3(4:+ 1)+3(n1+ 1))

n=0 n=

Z (Zn +1 4n+ 3) 42 (4n +2 4n1+ 3) - <.f (x4n+1 4"+2)dx)

n=0

2
4n+1l _ ,4n+2 — xX—x
—4_[ Z(x n+ "+)dx f _x4dx

1 U o
=4 (— log?(x*+1) — = log(x +1)+ Earctan(x)>| =3 log(2)

HZO( 3(4n+1) 3(n1+1)> 32( in+1 4n+4 32-[ (x4n+3_x4n)dx
fz(x""”—x"")dx_‘f —xidx

1

4 1 /13
=—(-=log?(x2+1)—= +1)— = )| =———
3 ( 1 log?(x? +1) 2 log(x 1) 2 arctan(x) A log(2)

T T Vi3 i/'_
=S=o - log(2) — " log(2) = 3 log(4) = log—

2126. Prove that:

5.3
2 2y Y

-1 [(x+2)!]|
Q = lim 2 = e
x-0 (x —1)!'sinx

Proposed by Mohammad Hamed Nasery-Afghanistan
Solution by Bui Hong Suc-Vietnam

(x+1)—
r(e+1 1\/1, I‘(xz-l-3)+1]

Q =lim = lim

x~0 (x —1)!sinx  x-0 x(x — 1)1 si; x
1 1
p(T&x+3)  )|Fen-1 p(FGx+3) , L\[fGFD-1
. 2 . 2
= lim sin x = lim sin x =
x>0 x(x —1)! x>0 x!=
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1 I’(x + 3)
I'(x+3) r(x+1)-1 log [F (—2 + 1)] L'H
=lim|T T_l_l = exp1 lim =

x—0 x—0 F(x + 1) -1

A )

2
I(x +3)
= exp { [r( F,Z(x+1)+1)]
e a(F&+3)
:eXp{p(x+1)rzx;3+1)%[F<F x2+3 +1>]¢E@+1§

- exp 1 r,<r(x+3)+1> Mx+3)| _
r'x+1r (—I‘(x2+ D, 1) 2 2

= exp ! r’ <I‘(3) + 1>I"(3) =
r'()r (@+ 1) 2 2

2

B re re). (.. TG
= exp {r'(1)r(2) 2 } = exp {r 2) zr'(1)} =

r2)p)re)y)) r2){1-yir(3) {% -7}
2r(yp) P —2y

_ 1-y)3B-2y)) _ (y—-1)(3-2y)
= exp “2y = exp 2y

2127. Find:
1 1
Q= f f Li,(x — y)? dxdy
0 Jo

Proposed by Togrul Ehmedov-Azerbaijan
Solution 1 by Amin Hajiyev-Azerbaijan

1,1 x—y=t (1 (% 21 1 x
Q= f f Li;(x — y)>dxdy = f f Li(t?) dt = z —Zf f t? dtdx =
0 Jo 0 Jx-1 n=Jo Jx-1

n=1
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> 1
— z nz(zr]; " 1)[ (x2n+1 _ (x _ 1)Zn+1)dx —

1 1. 1-x=u
_zn2(2n+1)(2n+2) ZnZ(2n+1)f(1_x)Z dx =

(00 (00

= 2ZnZ(zn+11)(zn+z) = Zznz(zL 1)_2;n2(2r11+2) B
_ZZnZ Zn(2n+1) an 2;n(2:+2)=

1 —
Z (n+1)(2n+3) Z n+1)2n+4)

(0]

2

6

nO(n+1)(n+ z("+1)(n+2)

TL'Z

=2 4<¢ (5)- ¢(1)> +P(2) - p(1) =
2 2

T T
Z?—4(2—210g2—y+y)+12?—7+810g2

Solution 2 by Ankush Kumar Parcha-India

1 1 had 1 (1t ® 7k
=f fLiz(x—y)dedy=z—zf f (x — y)* dxdy; | - Lin(z)ZZ—n
o Jo k:1k 0 Jo k:1k
_ © 2 1 1(1_y)2k+1 1 - y2k+1 B
Q‘ZZ?[L 2k + 1 dy_f(_l) Tk

2k+1 1

N1ty
_Zﬁ'zfo 2dk+ 1" Zk2(2k+1)(k+1)
X 1 1

kZ k2(2k+ 1) z k(k+1)(2k + 1)

ZRL 2Z:k(2k+1) ZR(k+1)1(2k+1)

k=1
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We know:
> xn+1
=oX — —Xx)— —x) — -1
Zn(n +1)2n+1) 3x — xlog(1 — x) — log(1 — x) — 4vx tanh™*(Vx)
n=
ﬂ—il a1+ 2,1 1, ]
Lk 2 3 4 5

- Lif}[Bx —xlog(1 —x) —log(1 — x) — 4V/x tanh~(V/x)]

had -1 k+1
z ( ,3 =log2

k=1

2
Q :?_4(1 —log2) —3 +4log2
lin}[Bx — xlog(1 —x) —log(1 — x) — 4Vxtanh~1(Vx)| = 3 — 4log 2
x—
2

101
s
Therefore:ﬂ=f fLiz(x—y)zdxdy=z+810g2—7.
0 Jo

Solution 3 by Rana Ranino-Setif-Algerie

IBP

1 01 xey=t (1 (%
Q= f f Li;(x —y)*dxdy = f f Li,(t?) dtdx =
0 Jo 0 Jx-1

= [x fx :Liz(tz) dt]x_

=0

1
_ f Ly (2 — Liy((r — 1)D)]dx =
0

1
x->1-x

= fl(l —x)Liy(x*)dx + f xLi,((x —1)?)dx " =
0 0

1 1
- f @ - 2L, (P)dx "Z 2 - 22))Liy ()|} + 2 f (2 — x) log(1 — x2) dx =
0 0

2 1 1 2
=?+4f log(l—xz)dx—Zf xlog(1 — x?)dx "=
0 0

2 1 1
=?+3flog(1—x)dx+4flog(1+x)dx=
0 0

2 1 2 2
=—+3flogxdx+4flogxde——3+810g2—4
6 0 1 6

Therefore,
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101 T
:f fLiz(x—y)zdxdy=—+810g2—7.
0 Jo 6

2128. Prove the integral relation:

I e [t

dy = 24log

2c0$()+\/_ (W—l)(v\/f+2+1)

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Ngulmun George Baite-India

Q:f" Csc(g 4) \/chC()

Zcos()+\/_ _fo (1+cot(%))(2cos()+\/_)

(4
Sincesin A + cos A = V2 cos (Z — A)

_2\/7f \/_cos %_:u

)(2cosx+\/7)
i

T
z —du du
=2 =2

7 \]cosu(Zcos(%—u)+\/Z) 7\]cosu(ﬁ(sinu+cosu)+\/§)_

™

T
3 (4 du 3 (2 secudu y=sinh x
= 24 = 24 =
T Jeosu(sinu + cosu+ 1) -TVtanu +secu + 1
2§ . dx
= 24

; (where a = arcsinh 1 = log(1 + 2
_qV1+sinhx + coshx ( ( )

as sinh x + cosh x = e*

Q= zzf dx
_aV1l+e*

Now f ex_u f du u+l:s f ds \/§_=p 2 f dp _
Ver+1 wu+1 (s —1Vs 2

p:P-1
=-2 arctanh(\/e" + 1) +C,CeR

Q= 2%(—2 arctanh(m))ﬁa =
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3 ’
=24 [—2 arctanh( elog(1+V2) 4 1> + arctanh <\/e"°g(1+ﬁ) + 1>] =
3 1
=2%7|-2 arctauh( 2+ \/Z) + 2 arctanh 1+ =
1++/2

= 2% [—2 arctanh <\/ﬁi> + 2arctanh (\/iTﬁ)] -

3|l (LHVVZY | (1V2 V2|
- [l°g<1—ﬁ> lg(l—ﬁ)]_
3 (1+\/ﬁ)(1—\/2+\/§) _ (\/_+1)(\/\/§+ 1)
CTos \@z-1)(WVzr2+1)

3

(1-W2)(Vz+vz+1))

Therefore,

fﬂj se(3+f) ((Wﬂ)( ﬁ+z—1)>

2 cos (g) +v2

2129.1f:0 < a < b <~ then find:

b3 + cos(4x)

2@ = | T @

a
Proposed by Daniel Sitaru-Romania
Solution by Pham Duc Nam-Vietnam
3 +cos(4x) -3 —cos(4x)\ _
12 cos(4x) _< 1 — cos(4x) >

1 — cos(4x) 4 _ 4
- <1 —cos(4x) 1- cos(4x)> - (1 11— cos(4x))

and: 1 — cos(4x) = 2 sin*(2x) =

3 +cos(4x) _ 2 _ 2
1 - cos(4x) _(  sin? (Zx)) ~ sin?2(2x) 1
_ ("3+cos(4x) , (P 2
=) = | 1m0l = | (g 1)

b 1 b
_ fa sy 1 - fa dx
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= (—cot(2x) — x)|2 = —cot(2b) — b + cot(2a) + a
sin(2b — 2a) g
sin(2a) sin(2b)
2130.If:5 <a < b, then find:

o b)_fb . 4x — 4x3 p
a,b) = aarcan pramrw a5

b

Proposed by Daniel Sitaru-Romania
Solution by Pham Duc Nam-Vietnam

B 4x — 4x3 4
" u = arctan m ﬁ{du:x2+1

dv = dx v=x
= Q(a, b)
B 4x—4x3 \|°
= xarctan m

a

b x B 4b — 4b3
—4-fa x2+1dx—barctan m

4a — 4a3 b
m>—2'09(’f2 1),

B 4b — 4b3 4a — 4a? at+1
=|barctan b _ebi+1 —aarctan P —— + 210gm

—aarctan <

2131. Prove that:

1 70(3) 2log2
2,0 (X - _ _ 4
fo x“P (2+1)dx— 202 3 log(4*) +1

Proposed by Amin Hajiyev-Azerbaijan

Solution by Rana Ranino-Setif-Algerie
1

1 1
o= x2p@Z+1)ax 2| x2 1) dx =
1 foxlll) (2+ ) x foxlp(x+ ) dx
— — 1 —
= 8f2x21[)(x) dx + 8f2x dx =1+ [8x? log(I’(x))F - 16f2xlog(1’(x)) dx =
0 0 ) 0 0

2
=1+logm— 16f xlog(r'(x)) dx
0
Using Kummer's formula:
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log(F(x)) (1 — x) (y+log2)+(1—x)logm — %log(sin(n’x))

logn
+—z 5 sin(2nmx)
miy n

1 1
2 1 2
Q=1+logm— 16(y+log2)f x(i—x>dx— 16logn’f x(1—x)dx
: 16 l 3 0
ogn (2
+ 8[ xlog(sin(mx)) dx — — f: f xsin(2nmx) dx
0

T

8 (2
—1+log1‘t——————logn’+?f xlog(sinx) dx
1
z ognf xsin(nx) dx
fxlog(smx)dx——long xdx — z fxcos(an)dx
0

cos(nm) — 1
=——log2——z ( )

__T z+1§ - ”21 2+ 11— 2-9(3) =
g %8473 1(2n—1)3_ g %8473 @)=
n=

2
=lc(3)—”—log2

fnx sin(nx) dx = [
0

sin(nx) — nx cos(nx)|" ( 1)"
2

= -+ —_—— - —_—-— = +
Q=1+logrm 3 3 3logrt >

y log2 4 7¢(3) _z( 1)"logn_

=1——————logn’+

C (-Drlogn . d o (D)™t
z nz _lsl—{lzlaz ns =n'(2)
n=1 n=0

2 n’y m?
= - +— +—+ —
sins 1 ? logA(( §zlogn' 121 6log2 )
14 0g 14
+ - +— + =+
3 3 3logrt > 4logA 3logrt 3 3log2
Therefore,

y 4log2 1 7((3) (1)"logn
nzz

46 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 x 77(3) 2log2
2.1(0) (X — _ _ 4
fo x*yP (2+1)dx 2mg? 3 log(4*) +1

2132. Prove the below closed form:

23: fl arcsin® x = (% + 2m + 4) log(4™) — (9 + 14)(3)
B 16

Where {(3) is the Apery’s constant

Proposed by Ankush Kumar Parcha-India
Solution by Amin Hajiyev-Azerbaijan

arCSln x
Q= zf arcsmx th tkCOttdt_f (t+t2 t3)C0ttdt

Ql—f tcottdt = flog(smt)dt—long dt+z fcos(Znt)dt—
0

sin(nn n'
=—log2 z ( ) g2

N[Y

Q, :f t*> cottdt =—2f tlog(sint) dt
0 0

T

e} T

2 12
=Zlog2f tdt+22—f t cos(2nt) dt

0 nzln 0

2 1 T o1 (2
= Tlog 2+ z — [t sin(2nt)]2 — z —Zf sin(2nt) dt =
= n nzln 0

2

B cos(nn’) 1 S 1w (-1 1 B
——logZ Zz —3——log2—EZ 3 —E((B)—
n=

4

n—1

2 1 m’ 7
=-log?2 —5((3) —54(3) = log2 - £(3)

T T

2 3
Q; = f t3costdt = —3 f t?log(sint) dt =
0 0
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T e} T
2 1 (2
=310g2f tzdt+32—f t? cos(2nt) dt =
0 nzln 0
I 3w T 1 (2
= — + — 2 6j 2z _ Z—f i =
3 log2 2Z:[t sin(2nt)]; -3 ), tsin(2nt) dt
n=1 n=1
w3 3w 1 T o3 9
= —_— + — J— Z:_ -
8logZ ZZn3 [t cos(2nt)]; 8logZ 16((3)
n=
Q=Q,+09,+Q —nl 2+nzl 2 7 (3)+n31 2 om 3
=3 2 375 og ) og 8( 8 og 16(( )
2133. Find:
r
4 SInXx —COS X
I= - dx
o 1+sinxcosx

Proposed by Ajetunmobi Abdulgoyyum-Nigeria
Solution by Pham Duc Nam-Vietnam

T

1 1
I1= —Zf - d(sinx + cos x)
0o 2+2sinxcosx

1
= -2
fo 1+1+2sinxcosx

L]

d(sinx + cos x)

T

B o 1+ (sinx + cosx)? sinx + cosx) = arctan(sinx + cosx)|;
1-+2

= —2 arctan(V2) + 2 arctan(1) = 2 arctan
(V2) (1) T

=2 arctan(Z\/Z - 3)
2134. Find without any software:

I_f log x
~ ) log?x+ (2 —2ex)log x + 2e2x2 — 2ex + 1

Proposed by Daniel Sitaru-Romania
Solution by Pham Duc Nam-Vietnam
xlog? x+ (2 — 2ex)log x + 2e*x* — 2ex+ 1

=log*x+e*x>*+1+2logx—2ex—2exlogx

= (log x — ex + 1)? + e*x?
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log x log x

= log?x + (2 —2ex) log x + 2e2x2 — 2ex+ 1 - (log x — ex + 1)2 + e%x2

log x
(log x —ex +1)?

2
ex
1+(logx—ex+ 1)

d( ex )_e(IOQx—ex+1)—ex(%—e)

“dx logx—ex+1 (logx —ex +1)2
_elogx—e*x+e—e+e’x elog x
B (log x — ex + 1)? " (log x — ex + 1)2
log x
N log x _ (logx—ex+1)2
log?x + (2 — 2ex) log x + 2e2x%2 — 2ex+1 L+ ex 2
(logx—ex+1)

elogx d ex
ax( )

_ 1 (logx—ex+1)> 1 logx—ex+1
e ex 2" ¢ ex 2
1+(logx—ex+1) 1+(logx—ex+1)
ex
_fl d(logx—ex+1) 1 ex
=>I1=|—-. > =—arctan
e ex e logx—ex+1
1+(logx—ex+1
2135. Find:
= log3(x) 3 = log*(x)
0 lb = __l b , ’b>0
@b =] Gratrn 229 )fo ra)x+b) 2

Proposed by Togrul Ehmedov-Azerbaijan
Solution 1 by Pham Duc Nam-Vietnam

* Only converge < a,b > 0,assumea # b

= log*(x
*Evaluating:f 9°(x) dx
o (x

Use: Key — hole contour with branch cut on real positve axis,counter
— clockwise direction (a,b < R,R - o0, £ > 0)

log3(z
9°(2) ),f(z)has two poles(order 1):z=—a,z = —b

Let: f(Z) = m
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log*(2)

mdz = Zniz Res(f(z),z = —a,z = —b)
c

B (z+a)log®(z) . (z+b)log?(z)
_2’"<z’i N G+a)z+b) % (z+a)(z+b)>
(.. (log(a) +im)®* = (log(b) + ln)3>
=2mi| lim + lim
z-—a b—a z--b a—b

(log(a) + 111')3 — (log(b) + in)®

a ((log(a) + m)Z + (log(a) + im)(log(b) + im) + (log(b) + im)?)
b b—a

=2mlog

2wl
= 1; jib i (logz(a) + log?(b) + log(a) log(b) — 3m* +i(3m log(ab)))

6’ log(ab) log%

2w log%
5 + i P (log?*(ab) — log(a) log(b) — 3m?)

log%(Z)
L G+ra)z+b) "
log3(z) log3(z)
@GP Groen®
log?(x) (log(x) — 2mi)3
GraGE+) T, Gra@+b)
log? log?
f G +O‘f’) ((Zzl pydz=tim | = s +O‘f’) ((Zzl 5yl =0 by ML inequality
Yr
= lim log3(z) B log3(x) _f (log(x) — 2mi)3
Eef GraG+b) ), GraG+ b ) GraG+b)
< 12m? log(x)
o Gra)x+b) "
(”8m® —6n logz(x) 12n? log(x)
" ’fo f (

lim

R—oo

(x+a)(x+b) x+a)(x+b)
r 8m3 4 = 6mlog?(x)
+l<0 (x +a)(x+ b) o o (x+a)(x+Db) x>
21'L'logg

(logz(ab) log(a)log(b) — 3m?)

871'3 logb f 6n'log (x) = log*(x)
(

Taking imaginary part =

P TeTE A L (x+a)(x+b)d
2rlog b 8n3 log B
b—a (log?(ab) — log(a) log(b) — 3m?) + —

—6bm
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= —S(al— ) lOgg(lOgZ(ab) —log(a)log(b)) +ﬁnz log%

loga
~ 3@ b)(logz(ab)—log(a)log(b)+”2)

61?2 log(ab) log b f 1272 log(x)
(x + a)(x + b)

Taking real part =

= log(x) B log(ab) log % b
s Gra)x+b) T 2(a-b)
o log®(x)
* Evaluating: fo G+ a)(x+Db) dx
Use:Key — hole contour with branch cut on real positve axis, counter
— clockwise direction (a,b < R,R — o0, £ > 0)
Let: f(2) = —29 @) __ ¢ has two poles(order 1):2 = —a,z = —b
et f(z) = (z+a)(z+b)’f z)has two poles(orderl).z = —a,z =
log*(2) . _ _
Cmdl = 211'12 ReS(f(Z),Z = —a,zZ= —b)
(z+a)log*(z) = (z+b)log*(z)
=2mi| lim + lim
z— a(z+a)(z+b) z--b (z + a)(z+ b)
(.. (log(a) +im)* (log(b)+ im)*
=2mi| lim + lim
z--a b—a z--b a—>b
(log(a) + ur)4 (log(b) + im)*

=2m
((log(a) + im)% + (log(b) + ln)z)((IOQ(a) +im)? — (log(b) + im)?)

b—a
2mi
== (log“(a) —log*(b) + 6m? log?(b) — 6m? log?(a)

+ 1(411' log®(a) — 4 log(a) — 4 log®(b) + 47 log(b)))

=2m

= 21_.“ <(log b log(ab)) (log?(a) + log?(b) — 6m*)

b

+ i <4n’ logg(logZ (ab) — log(a) log(b) — n2)>>

2

= <4n’ log (logz(ab) —log(a)log(b) — 11'2)>

2_ - (logzlog(ab)) (log?(a) + log?(b) — 6m?)

o1
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log*(2)
" z+a)z+b)"’
_ log*(z) Ayt log*(2)
) GraE+n) T ] Gra@+rb) ™’
log*(x) (log(x) + 2mi)*
G+ ) ra)x+b)
. 1094(2) log“(z) ] _
Ilel_r)zf (z+ Dz +Db) dz —lrll{)zf (z+a)(z+b)d =0 by ML inequality
log*(z) B log*(x) (log(x) + 2mi)*
TR G a0 T, GraG+b) ‘L G+ a)(x+b)
B 24m? log? (x) —16n*
‘fo GraGrh @
. if” —8mlog3(x) + 32m3 log(x)
0 (x+a)(x+b)

Taking imaginary part
2m (logglog(ab)) (log?(a) + log?(b) — 6m?*)
b—a b

a
3 = log®*(x) 5 log(ab) log 3
= GraGrn T Ty
f” log*(x)
=
(x +a)(x +b)

=

dx

a
2 log(ab) log +-
b= i (log b log(ab)) (log?*(a) + log?(b) — 6m?) + 1673 WI’

—-8m

= ﬁ (log%log(ab)) (log?(a) + log?(b)) + %
= ﬁ (log b log(ab)) (log?(a) + log?(b) + 2m?)
*= 0(a, b)
= ﬁ (log - log(ab)) (log?(a) + log®(b) + 2m?)
a

log(ab) log%

3 lo 09y
- Elog(ab). 3@ b)
- ﬁ (lOgElog(ab)) (log*(a) + log?*(b) + 2m?)

1
" 2(a-b)

(log®(ab) — log(a) log(b) + m?)

(log % log(ab)) (log?(ab) — log(a) log(b) + m?)
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= e 1 5 (logblog(ab))( log?(a) + = log (b) + % — log?(ab)

L 10g2l0g3(ab)| if-a=b
1 —a) ogb og®(ab)|,if -a =

+ log(a) log(b) — 11'2) =

21log3(a)
a

= 02(a,b) =|—-

Solution 2 by proposer
log (ab)
y

log3(x)
f (y+a)(y+b) dy

@)= G n ™

Y

_ log(y)
10g3(ab)f m 310g2(ab)f mdy

0g2(y) log3(y)
+3 log(ab)f b+ a)(y + b) f (y+a)(y+ b)

—310g2(ab)f o log(y)

d
Q,(a,b) = 10g3(ab)f G+ A +a)(y+b) y
0

) a)(y +b)

o
+3 log(ab)f (y+0—dy —Q4(a,b)
0

logz(ab) f 5 log(y)

— 1 [ dy
2 (a,b) =5 log*(ab) [ Grag+n Y

) a)(y+b) 2
3 log”(y)
' E‘°g(ab)of Gra Y

< 2
Q(a,b) = Q,(a,b) — Elog(ab)f #&X_)Fb)dx

_ log(y)
B _log (ab)f (y+ a)(y+ b) Zlog (ab)f (y+a)y+b) dy

_ 1log3(ab)log (a)
T4 a-b

,a#zb>0

dy _ log(a) —log (b)
) (y+a)(y+b) a—b

log(y) _ 1log?(a) — log?(b)
J (y+a)(y +b) =2 a—b

Note:
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1 [ dy log(y)
ﬂ(a,b) = Elog3(ab)0f m Zlog (ab)f m y
3
= 410g3(a>f Gy~ 610E%G )f (lyof(:;z =B a0
0

2136. Prove the below closed form:

m? + 33m/3 + log(21%4) + 1og(38%1) — 378
24

101
f f Li,(x — y)?> dxdy =
0 Jo

where Li;(z) is the polylogarithm (Alfred Jonquiere’s function).

Proposed by Ankush Kumar Parcha-India
Solution by Izumi Ainsworth-Tokyo-Japan

LI gll.?:'] = E
-2 -1.5 -1 = 0.5

Liyix) 1,25
Li(ﬂ.}ﬂ 0.5
G -1

Lislx)

1 ,1 had 1 (1t
QZ[ fLiZ(x—y)dedyZZ—Zf f (x —y)3"dxdy =
0 Jo n®Jo Jo
n=1
hod 1 1(1 — y)3n+1 1(_.\3n+1
:Z—zfﬂdy—f et ) =
n“\J, 3n+1 o 3n+1

n=1

_ i 1 1 N (=1)°\ 1 PF.D.
C Ln2@Bn+1)\3n+2 3n+2) 2 1nZ(6n+ 1)(6n + 2)
n=

n=1
i( 1 18 9 9)
+ — —— )=
4n? 6n+1 4(3n+1) 4n

n=1
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g () 3y
—< @) 2reld)-

o (or-e-o(l) 23+ 0(0)

n? 9y V3mr 3 3 V3mr 3
ﬁ_7—3<—y—7—ilog3—210g2> 4< Y_T_Elog3>

_ m? +33mV3 + log(21%*) + 1og(3%') — 378
B 24

P(x) — Digamma function

Y — Euler — Mascheroni

> (2o = reween

n=1
w(x+1)+¢(x)+§
() ————log3 2log2
1 V3mr 3
v(3)=-r-"5 ~3loe3

2137. Find:

4
x
2= d
fx‘* log*(4) + 4(x3log3(4) + 3x%2 log?(4) + 6xlog(4) + 6 + 6.4%) *

Proposed by Daniel Sitaru-Romania
Solution by Pham Duc Nam-Vietnam

x*log*(4) + 4(x3log3(4) + 3x% log?(4) + 6xlog(4) + 6 + 6.4%)

= x*log*(4) + 4x3 log3(4) + 12x? log*(4) + 24x log(4) + 24 + 24.4*

= x*log*(4) + 4(x* log®(4) + 3x% log?(4) + 6x log(4) + 6 + 6.4%)
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1 log(4) (x* log*(4) + 4x% log®(4) + 12x% log?(4) + 24x log(4) + 24 + 24.4%) — (4x% log*(4) + 12x2 log®(4) + 24x log?(4) + 24 log(4
- log5(4) x*log*(4) + 4x3 log3(4) + 12x2 log?(4) + 24xlog(4) + 24 + 24. 4~

1 (Al-x3 log*(4) + 12x? log® (4) + 24x log?(4) + 24 log(4) + 24. 4—"(log(4-)))
" log*(4) h log5(4) (x*log*(4) + 4x3 log3(4) + 12x% log?(4) + 24x log(4) + 24 + 24.4%)

0= f 1 4 d(x*log*(4) + 4x3 log®(4) + 12x log?(4) + 24xlog(4) + 24 + 24.4%)
=8= log*(4) - log5(4) (x*log*(4) +4x3log3(4) + 12x2log?(4) + 24xlog(4) + 24 + 24.4%)

. x log(x*log*(4) + 4x3 log®(4) + 12x% log?(4) + 24x log(4) + 24 + 24.4%) .
" log*(4) log5(4)

_xlog(4) — log(x* log*(4) + 4x% log®(4) + 12x* log*(4) + 24x log(4) + 24 + 24.4%) .
- log®(4)

2138. Find without any software:

dx(n € N,n > 2)

a(n) = J Vsinx — Ycosx

2
('Vsinx + Vcos x) n('Vsinx + Vcos x)
Proposed by Serlea Kabay-Liberia

Solution by Pham Duc Nam-Vietnam

L Q) = f Vsinx — Ycosx dx

('Vsin x + Ycos x)zn ('Vsin x + 3cos x)

_ f Vtanx — 1 dx
cos?(x) ("\/tanx + 1)2"("\/ tanx + 1)
f n\/ tanx — 1 u=tanx
= o d(tan x) ———
("\/tanx + 1) ("\/tanx + 1)
Yu-1
0 = d
) f (Yu+ 1) (Yu+1) “

56 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

_ f (s )7 (3 -1) du

((var+ 1)2")Z
f('rﬂ) " (2% - (f+1>)
(W + 1)’ )
_ quu%_l('\‘/_+ 1)t - (s n™
((v+1)™)’
:fu.diu('\‘/ﬁ+1) —(wu)z"%(u)du
(™)
(Yu+1)" d (w) - “du(rv_“Ll) _ L
=] (G + 1™ ) fd(('vaﬂ)“)
:_%+C,let:u= tanx
(Vu+1)
-0 = — tanx —_—,
("\/tanx + 1)

2139. Find:

I:f f flog(xy+yz+xz)dxdydz
0 Jo Jo

Proposed by Asmat Qatea-Afghanistan
Solution by Pham Duc Nam-Vietnam

alog(a) N (a+ b)log(a+ b)
b b

1
* f log(a+ bx)dx = —1
0

1
= f f f log(xy + (x + y)z) dxdydz, integrating with respect to z yields:
0 J0 Y0

11 xylog(x xy+x+y)log(xy +x+
1sz<—1— ylog(xy)  (xy y)log(xy y))dxdy
x+y x+y

Lxylog(xy) 1t
=-1- ff —— " dxd +fflo(x +x+vy)dxd
pry y*| ) legtxy y) dxdy
xylog(xy + x +
+ffyg(y y)dxdy
x+y
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*f f xylogley) \ .\ ‘ff x*ylog(x?y) . xdy = ZU flxzylog(x Y), dy)
0 J0

x+y x(1+y)
1 l
—2<f —dyf 2x? log(x)dx+f0 xzdxfo yyng(ly)dy)
1 (n? 10 2
=2<—§(1 log(2)) += <1112 1))2—?+—log(2)+%

1,1
* f f log(xy + x+ y)dxdy = f f log(x + (x +1)y)dxdy
0 Jo 0 Jo
_ fl <_1 x log(x) . (2x+1)log(2x + 1)) dx
0

x+1 x+1
m?  (1(2x+1)log2x+1
N )log(2x )dx
127 ), x+1
2 1 Llog(2x+ 1) 2
= ——+ =+ — _— = _—
17 Zf log(2x+1)dx fo G 1) dx =31log(3) —2 1
1 2
f log(2x+1)d(log(2x+2))—>3[og(3) Z_E
llog(2x+ 2)
—( 2x+1)1 2x+2 + 2 _—
(tog(2x+ Diog@x+2)lj+2 | 2T
2 llog(1 +2x+1)
= -2 + +
3109(3) ~ 2~ 1>~ 210g(3) log(2) fo (2 + 1)

2
T
=31log(3) —2— 72 log(3) log(2) — Liy(—1 — 2x)|}
w? ?
=3log(3) -2 - 2 2log(3)log(2) — Li,(-3) — 12
2

= 310g(3) — 2 — 210g(3) log(2) — Liy(—3) — ’%

=31og(3) +%logz(3) —2-21og(3)log(2) + Li, (_ %)
<Li2(z) + Li, G) __T_ 10922(_2))

6
flflxyw.q(xy+x+y)
*
x+y

xylog(xy + x +y)
x+y

dxdy

dxdy, polar coordinate system gives: f f
0o Jo

f fcostp r? sing@cos @

(5ing + cos @) log (r2 sing cos @ + r(sin + cos (p)) rdrde
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1

T
=2f4 sin@cos ¢ d(pfcastprz

2 .
, Sing + cosg log (r sing@cos @

0

+r(sing

T
1 sing@cos@

IBP r3 ,
+ cos (p)) dr Zf ?log (rz sing@cos @

o Sing +cosgo

1 1
cos ¢ fcostprz (2rsing cos @ + sin @ + cos @)

+ ] +
r(sing COS‘P))) . 3(rsingcos ¢ +sing + cos @)

_ Zf% sin@cos @

1
l 1+2¢t
o Sin@ +cos¢ (p<3 cos3 @ og( an )

1 < (sing + cos )3

1. .
3 sin® ¢ cos® ¢ log (cos p (sin@ cos @) + sin@ + cos (p)

(sing + cos @)? sing + cos @ 2

cos@sin?@cos?p 2singcos@cos’e 3cos3@

(sin @ + cos )3 )
Sin g cosi @ log(sin @ + cos @)
_Zfz singplog(1+ 2 tan @) 2sin¢@ N 1 sing + cos ¢
" Jo \Bcoszp(sing+cosp) 9cos?(sing+cosp) 6coste 3singcos?e

(sin @ + cos @)? 2sin@ + cos @
+ = log—; d
3 sin? @ cos? ¢ sing + cos @

_Zf% log(1 +2tan ) 2 N 1 1+ cote
" Jo \Bcoszp(1+cotp) 9cos2p(1+cotp) 6cosip 3coste

(1+cotgp)? 2tang+1
+ log do
3cos ¢ tanp+ 1
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t=tan ¢ Zfltlog(l'FZt) ¢ 4[1
0 (1+1) 9Jo

t 1!
—dt+—f dt
0

3 t+1 3
2 1t+1dt
3, t
2 (Y@+1)2  2t+1 2 (! log(1+ 2t)
+= l dt==| (log(1+2t) ——————)dt
3[0 2 %9 3[0 og( )~ —a+p
4 1
+_ —_——
9log(Z) 5
2 (! 1 log(1+2t) 2log(1+2t log(1+t
—§f <1+__ g(tz ) g(t )_zog(1+zt)+%
0

2log(1+t
+#+ log(1 +t)) dt

2

= g(glog(B) —1-21log(3)log(2) — Li»(-3) — ’11_2) + g log(2) _%

2 2t+1)1 2t+1
- §<t + log(t) — 2log (t) + ( ) ¢:g( ) + 2Li,(—2t)

(t+1)log(t+1)
t

—t(log(1+2t)—-1) — % log(1 +2t) +log (t) —

1
~ 2Lip(—8) + (¢ + 1) log(t + 1) ¢

(1]

2 4 2 w4 1
= _———— ——Li(— _— 4 — ——
log(3) 373 log(3)log(2) 3 Li,(—3) TR log(2) 9

2 log(3 w?

— 5(1 +31log(3) +2Li,(—2) — log(3) +1 — gz( ) —2log(2)+ "3

+2[og(2)—2+1—1)

2 4 2 w4 1
=log(3) — 373 log(3)log(2) — §Li2(—3) ——+—=log(2) - o

18 9
2 ) 3log(3) =?
3<2L12( 2) 5 3
4 2 w2 4 4 1
= —§le(—2) —§le(—3) - ? —§ —5109(3) lOg(Z) +§log(2) - 6
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2

10 4 s 1 1
*I=—-1+ 5 9 log(2) — T 3log(3) + Elog2(3) —-2-2log(3)log(2) + Li, (— 5)

4 2 b4 2 1
—§L12( 2) - —le(—3)—?—5—5109(3)109(2)+ log(Z)——

2

1 8 5 2 T
= + — 2 +Li,|—— ]| ———— —_— —_ = _—
3log(3) +5 log (3) +Li, ( 3) 3 ~3l09(3)log(4) le( 2) — 3L (=3) - 75

n.Z

6
1 w2
* Li,(—z) — Li,(1—2z) + ELiz(l -z%) = ST log(z) log(1 + z) = Liy(-2)

2 1 .
= —? — log(Z) 109(3) - ELlZ(_B)

4 2 2  m?
:>—§L12( 2)——L12( 3)_E_?
4( m? 1 2 w2
——§<—?—log(2)log(3)——le( 3)>—§L12( 3)_E_?
2m? 2 2m? 2
= 25+ 2 10g(3) log(4) +3 Lin(-3) — o~ ~Lip(~3) == log(3) log(4)

=>I1=3log(3) + Elogz(B) + Li, (— %) — 8 — E log(3) log(4) + 3 log(3) log(4)

=1(31log(3) +%logz(3) + Li, (— %) - g —log(3) log(4)

2140. Find:

n—oeoo

n

| (ﬁﬁﬁﬁ)
Q=lim

Proposed by Daniel Sitaru-Romania
Solution by Pham Duc Nam-Vietnam

?:'

NZYAYE . N = ]_[(2")2" - ]_[(2)% 1

Lot s Zn:k 2+3+4+ L
* = —_ — — — R s _
T L2k 27278 16 2n
1 1 2 3 n
>-S=—+—-+—+:-+ =
2”748 16 2.2"
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1 1 1 2 1 1 n
S——S=—4+—"4+—+—+ —
2 2 4 8 16 2n 2.2n
15 1 n G—2 2 n
-S=1——- >=2 - — - —
2 2n 2.2n 2n  2n
n 2 n
. (V2¥aV8 .. V2 (2%
=>0N=Ilim = lim
n—oo n n—oee n

n—oeo

2 n
: _ 2 n . [2% /4
Slnce:n—>00:>llm(Z————)=2:>Q.=llm :llm(—)ZO

2141. Find:
dx

1
Q= f
Vet —2x2+1
Proposed by Ghulam Shah Naseri-Afghanistan
Solution by Bui Hong Suc-Vietnam

Q= f md" = f (1 - x?) 3dx = % f (1 - 223 ()7 d(x2) =

_1B (1 1)
T 27*\3'2

(

2142. Prove that:

fl dp _arccosa
o M+ap)y1-p2 Vi—a?

Proposed by Amin Hajiyev-Azerbaijan
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Solution 1 by Bamidele Oluwatosin-Nigeria

1—¢2

- f (1- a)t21+ (1+a)

1 COS X=

fl ag B—cosxfz p
= —dx
o (1+ap) /1_Ig2 o 1+tacosx
Vli—a«a 1—
M-a [1-a / a
T+a"" f1+a Zarctan<\/1+a 1 2T+a _

arctan

ﬂ T V1i-a? Vi-a? 1— _} . -
a
1 . V1 —a? 1
= arctan = arccos a
V1 — a? a 1—a?
Solution 2 by Ravi Prakash-New Delhi-India

B 1 dp ] B 1
Fora—O,fom—[arcsmﬁ]o—E—m

For0 < |a| < 1,put f = cos 0 ,then

arccosa (- a=0)

fl dp B 6  tany=t fl 2dt B
o A+ap)J1—p2 Jop 1+acosé 014 a(11+—t§Z)
dt

_Zfl dt _, B
Tt 1+e+a(1-¢2) T, A+a)+(A-a)tz
1

2 ¢ 1-«a ¢ 1-a
- arctan arc an -
Ja+a)(1-a) 1+a V 1+a
0
2 (1 ) 1
- —arccosa | — arccos «
V1 — a2 \2 V1 — a?
Solution 3 by Ankush Kumar Parcha-India
dx x=siny f% cosydy _
o (1+ asiny),/1—sin?y

_ (' dp _ si
_fo (1+aﬂ),/1—[22_ o M+ax)V1—x2

z 1+ tanz% tané=x fl dx B
y o 1+x%2+2ax

[t
o 1tasiny J, 1+tan2%+2atan7

dx 2 x+a !

1
=2f = arctan —| =
0 (x+a)+(Vi—aZ) Vi-a? V1-a?ly
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1+a

e aretan 7 - aretan L
= ———|arctan ———— arctan ——| =
1— a? 1—a? 1—a?

1-a

2 1—a?
arctan

= marctan <\/Td(1 o+ o+ a)) \/_7

2 1-«a
1 1+« 1 1-«a
= arctan = arccos a
2 a 2

= arctan——3_—_ =
1— a? 1— a 1-a
1+a

2143. Find the closed form:

111
Ofofof% iix —ln(ﬁ+\/y+ )ln< &)dxdydz

Proposed by Hikmat Mammadov-Azerbaijan

Solution by Togrul Ehmedov-Azerbaijan

1
1-vV1-22 1 — cost
z=sint
T T
2 4
= _zfcost In <tg (—)) dt = 4fc052tln(tgt) dt=—4 (_Z) =m
0 0
T
! 1 H 1 d
+smt t
= — + .y +
I, fﬁln(ﬁ y+1) dy] Zfln cost coszt
0 y=tg2t 0
=2(In(1+v2)-v2+1)
. _fll (1+X>d 2fln(t)d m?
37 Jx M1—x/¥¥ B 1-t2° 4
0 1I-x_, 0
1+x
11 11 1 1+vVi=2
+x +
:fff; T x —ln(ﬁ+ [y + )ln( ﬁ>dxdydz—lllzlg
000

:70"(1 +v2) -V2+1)
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2144. Find:

p+sinp
n
P i1
Q=1lim| lim Z 1+ arcsin—p— n
n

p—ow | noo
i=1

Proposed by Floricd Anastase-Romania
Solution by Ruxandra Daniela Tonild-Romania

p+sinp
n
p ir-1
Q = lim (lim (Z \/1 + arcsin———— n))
p—o \ nooo npP
i=1
p+sinp
- 14 l'p—l
= lim | lim Z 1+arcsin——1
p—oo | nooo — np
i=

( //1+msm o
| J )(J

“m_)\\\
k klg< "1+ arcsin W

p+sinp

n i1
. 11. log| 1 + arcsin—- P P il ~ ir-1
= 1m/| —11m . =
poo | pn-o N 1 P 1 np
i=1 arcsmW np
n, ,_q\Ptsinp +sin i
. 1 . 1 i\P 1 . 1 1 o p p . 1 p+sinp
= lim | —lim — — =lim|—| xP" dx = lim (— =0
p—o© pn—mon. 4 n p—>0 p 0 p—>© p
i=

2145.1f A>1,f : [0,1] - [0, 4] is continuous and convex function such that

f(0) = 0,then: A° f f(x)dx < f f(x)dx < 2(A+ 1) f 1+ f(x)

Proposed by Floricd Anastase-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

t=2Ax

wenae: [0’ (=1 G
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Let g(x) = f(x) — Af (;) xelo,1]

f' is increasing and 1> 1

X ~
We have: g'(x) = f'(x)— f' (i) > 0, then g isincreasing on[0,1]

= g(x) = g(0)=0, vxe[0,1] & f(x) Zlf(;), vx € [0, 1]

1
Then : fo 1f(x)dx > fo 1,1f (;) dx = 22 fo *f(0)dx.

N . . AA+1)
ow,wehave: 0<f(x) <A Vxe[0,1], then: f(x) <A< T+ ) vx € [0,1].
Then : f f(x)dx<,1(,1+1)f 1+f(x)
Therefore, lzf f(x)dx<f f(x)dx < 24+ 1)f T +f(x)

2146. Find:

n+1
1 YTl 1 3 -1 1
@ = lim Zta“ <k2+k+1> Vi Zta“ <k2+k+1>

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

n+1
1 1
1 -1
_rllL“?o<° Zta“ (k2+k+1) v Zta“ (k2+k+1)>
. 1 n+1
T 37 _3 -1 n
_rlll—>n-}o (n+1 \/ﬁ);tan (k2+k+1)+n2+3n+3

z tan~! (kz T k+ 1) z tan™! <(k";11k)+ f) ;(tan‘l(k +1) —tan1k) =

n
=tan"!(n+1)—tan"11 =tan™? (m)
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3
n n+1
Then we get: Q = lim ((3\/n +1—3Yn)tan! ( )
n-oo

+
n+2) nz+3n+3

Note that:((n+1) —n) = (Yn+1-3n) (i/(n+ 1)2+nn+1)+ W)
(n+1)—n B 1
Y+ 12+ Yam+ D) +¥n2 Y+ )2+ n@m+1) + Vn2

( tan‘l(n—:_lz) N In+1 >=0

(1 - ¥m) =

Therefore, Q = lim

n—-oo

Y+ 12+ nn+1)+Ynz2 n*+3n+3

2147.

o 1.\ 2n
= arctani z arctan (m)
n=2

Solve for real numbers:

2arctanx + 2arcc0tx — 21+Q

Proposed by Daniel Sitaru-Romania
Solution 1 by Adrian Popa-Romania

(00

- 1.\ 2n _ 2n _
= arctani zz arctan (m) = z arctan (—n4 g 2) =
n

n=1

i <(n2+n+1)—(n2—n+1)>
= arctan =
n=1

1+M2-n+1)nN%*+n+1)

= Z:(arctan(nZ +n+1)—arctan(n®? —n+1)) =

n=1
n

T

= lim <z (arctan(k? + k + 1) — arctan(k? — k + 1))) = n

" k=1
n
garetanx 4. pf-aretanx — 5 of L garetanx y 22 _ 5 % _
Zarctanx

™

22 11
Let 23rctanx — ¢ ¢ > O,thent+T—2'ZZ =0
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2

n n n
(t - 24) =0=t=2% Hence, 2?2 * — 27 thenx = 1.

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo

xX—y
w arctanx — arctany = arctan
1+xy
0 = arct LN . 2n \_ 1 . 2n _
- arciany zarcan(n4+n2+2)_zarcan(n4+n2+2)_
n=2 n=1

i <(n2+n+1)—(n2—n+1)>
= arctan =
n=1

1+M2-n+1)nN2+n+1)

= Z:(arctan(nZ +n+1)—arctan(n? —n+1)) =

n=1

n
11
= lim (Z (arctan(k? + k + 1) — arctan(k? — k + 1))) =2
n—-oo
k=1

T T
arctan x arccotx — ol+7 arctanx arccotx — 9 ., 971
2 +2 =24, 2 +2 =224

(Zarctanx _ farccot x) lOg 2

Let f(X) — garctanx 4 farccotx _ 9. 2%’ f’(x) —

x2+1
ff(x)=0>x=1
s
x (_E’ n) 0,1) (1, 00)
f'(x) 7 N 7
f(x)

T T
f(0_)=1-2"2+272 = —2.22 < 0 has no solution.
1}1>1(1)1(f(x)) = f(1) = 0.Hence,x = 1.

Solution 3 by Togrul Enmedov-Azerbaijan

(0]

o 1.\ 2n 2n _
= arctani Z arctan (m) = z arctan (n4 +n2 + 2) -
n=

n=1

68 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

i <(n2+n+1)—(n2—n+1)>
= arctan =
n=1

1+M2-n+1)n2+n+1)

= Z:(arctan(nZ +n+1)—arctan(n? —n+1)) =

n=1

n
11
= lim <z (arctan(k? + k + 1) — arctan(k? — k + 1))) =2
n—-oo
k=1

Zarctanx + ZaI‘CCOtX > 2\/2arctanx . Zarccotx > 2 ’2% > 21"'%
Only solutionis x = 1.

Solution 4 by Hikmat Mammadov-Azerbaijan

(0]

0 = arct 1.\ . 2n _ . 2n _
- arcany Z arctan (m) - z arcan (m) -
n=2

n=1

i <(n2+n+1)—(n2—n+1)>
= arctan =
n=1

1+M2-n+1)n2+n+1)

= Z:(arctan(nZ +n+1)—arctan(n®? —n+1)) =

n=1

n
11
= lim <z (arctan(k? + k + 1) — arctan(k? — k + 1))) =2

n-oo
k=1

T

garctanx 4 garccotx — 21+.Q & arctanx 4 garccotx — 21+1

arctan x E+all‘ctam;\c — 1+E
2 + 22 =217

1+Z z
(Zarctanx)Z — 2-tggarctanx 4 27 — )
2

T Y4
(Zarctanx _ 21) =0 < arctanx = Z >x=1.

2148. If: secg < a < b, then find :

X

T T
— arctan (x sec7 — tan —) dx

b
Q(a,b) = f arctan
a 7

S€C7 —xtan7

Proposed by Daniel Sitaru-Romania
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Solution by Pham Duc Nam-Vietnam

. X T T T
*Since.—Fg——7 > 0,xsec; — tan- > 0O where:sec- < x
sec=— xtan= 7 7 7
7 7
T X T T T
<csco,and—7z—7 < 0,xsec; —tan- <Owhere x > csc
sec7—xtan7 7 7 7
X T T
= arctan—zF——x — arctan (x sec; —tan 7)
sec=— xtan=
7 7
X T T
— I 1 (xsec7— tan7)
sec7—xtan7 T
= arctan 27

1+ (%) (x sec% - tang)

5807 - xtan7

T T
where:sec; <x< csc;

t X t ( i t T[)
arctan——— - — arctan | x sec—= — tan—
brd
sec= — xtan= 7 7
7 7
X T T
sec7—xtan7 61T
= arctan — 1 = —— where
X T T 7
sec= — xtans
7 7
- T
X > csc—
7

n(b ) wh ™ _ < p< 15
5 a):where sec < a < csc
6m b4

= 02(a,b) = 7(a—b):where csc7<a <b

T m 11 /11
mese — 7(a + 6b): where secy <a< csc <b

2149.Find without any software:

2 + cos(x)
Proposed by Surjeet Singhania-India

Zm sin(x
I= J (log(s + 4 cos(x)) + arctan (x) )dx
0

Solution by Pham Duc Nam-Vietnam

xJ = + 4 + A =J+
og CoSs\x X arctan ( ) X ]
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1 .
* K = fznarctansm—(x)dx = fznarctan Esm(x) dx, use:arctanLn(x)
0 2 + cos(x) 0 1+ icos(x) 1+ rcos(x)
2 (—1Ykyk o5
_Z( 1) rksm(kx) (Il < D
2m &, (—1)k (1)ksin(kx)
=>K= —f Zk dx
0 =
= @) 2 = (0 (3) 2stmri
_ Ug) _ - 2 sin®*(nk)
—Z T fo sin(kx) dx = Z T . T =0
k=1 k=1
27 _ _ —4sin(x)
1= | log(s +acos(o) dx i 71096+ 4cos) {j“_—x 5+ 4cos() =)
21 .
_ o x sin(x)
= xlog(5 + 4 cos(x))|§ +4_f0 5+ 4cos(0)
B m xsin(x)
=2mlog(9) + 4]0 S+ 2c05()
r xsin(x)
4_[, 5+ 4 cos(x)
- 2m x(=2)(1) sin(x) p _ ab sin(x)
%)y 22+ (W2 -2(=2)(D) cos(x) T "¢ a2 + b2 — 2ab cos(x)
= 4 k
=) () sinGico) (lal <1bD
k=1

oo

oo k k
4[2” xsin(x) zfzn Z( 1) in(kx) d 22( 1) fzn in(kx) d
= _— = — —_— = — —_—
. 5+4COS(x) X X 2 SIn\kKx X 4 2 . XSIn\kKx X

Z (_ _) <sm(21‘rk) 2n co;(erk))

2w

sin(2nk) = 0Vk e ZT > 4f

0o 5+4 cos(x)

x sin(x) Z (_ _) cos(:nk)

- k
1 1 1
= 4.11-2 (— —) .—(cos(2mk) = 1Vk € Z') = 4mLi, (— —)
& 2/ 'k 2

71 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 3
* Li1(z) = —log(1 — z) = 4mLi, (— E) = —4mlog (E)

3
>I1=K=2nrlog(9) —4rlog (E)

2150. Prove that:

i H, 4rn 2=m 3+ A (2T
=5 ovE )
LiC3, 9V3 9v3 3v3 “\3
Proposed by Fao Ler-Iraq
Solution by Pham Duc Nam-Vietnam

Z nl n'H,
cgn B (2n)!

n=0

oo

F(n+1)F(n)nH ~ > 1 ) N
Z r2n+1) ;B(n"'l’n)an _;fo x"(1 —x)" nH,dx

n=1

i 1- - f n(x(1-x))"Hy dx = flﬂ N n(x(1 _0)H,

=1

Z XH, = log(l Z (x(l B x)) H, log(l —x(1- x))

Z 1-x(1-x)
s Z n(x(1 - x))n—1(1 C2x)H, = — (1 Zx)g;g_(?; +—1x);- 1)-
n=1

o x(1- x)(log(x> —x+1)—1)
B (x2—x+1)2

1) = Z n(x(l - x))"Hn
n=1

1 dx no (‘x(log(x*—x+1)—-1)
:>f0 —1_x;n(x(1—x)) H"__fo o7 _x+ D)2 dx

:f x dx_flxlog(xz—x+1)

0o (x2—x+1)2 o Z—x+1)2
1

x—2 2V3 2x—-1| 1 211'\/_

arctan

* —_——dx = + [ER— _
fo(xz—x+1)2 3x2—-x+1) 9 V3 |, 37727

flxlog(xz—x+1) _ u=log(x2x—x+1)
) 0o (*-x+1)? x

dx

dv 2—(x2 X+ 1)? dx

2x—1
xZ—x+1
= x—2 243 2x—1

= + tan ———
v 3(x2_x+1) 9 arctan \/§

du=
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Ixlog(x* —x+1
=’f 92( ) 4
o 2—x+1)2
1
= log(x® —x+1 x-2  2V3 2x—1
= log(x*— x )3(x2—x+1) g arctan— )

=0
fl 2x—1 x—2 +2\/§ . 2x—1 p
Oxz—x+1 3(x2—x+1) 9 arctan V3 x

1 sz‘ 2\/_ 2x—1 2x—1 1 2nv3 2m/3

t d
3 T R Y R T Y

2 i)

: . . . (P m? . 2mmp _ 2mm
Use : identity of trigamma function: ¢ (—) =——Zmp\ T 2q Z sin Cl,
4/ 2sn2(7E) ) q q
q
= p® (1)—Zi+6sm2—nCl ( ) ASY (2 —ﬁ+6sin4—nCl (Z—TE)
3/ 3 3 ? K 3 %\3

=00 (5) w0 )= o () = [ G
1 2m/§ 2m/3

2 T
~3 27 o7 l0g3) -5 6\/_“2( 3)

o R N
o f x(log(x —x+1)- 1)d +2n\/§_1+2n\/§ 2mV3 43 (Zn)

Ve _ log(3) +—2c1, (2&
(2 —x+1)2 27 3 27 o7 10gB3)+—5-ChL(3

log(3)

1
3

4m/_ zm/_ 4\/_ 4T Zn 4 2m

) 2V3 2x—1 2x—1
* NOTE: Evaluating: — 5 arctan

d
0 X2 —x+1 V3 .

2x—1
73 duzi 2\/§f1 2x—1 2x—1
0

u = arctan

2 _ _ 2 -
2% — 1 = 2(x2—x+1) = 9 arctan dx

xz —x+1 /3
= = 2 _x+1
dv 2 dx v log(x X )

23 . 2x —
= ——arctan

9 V3

=0

dx

1fllog(x2—x+1)
3Jo

1 1
l 2 — +1| +
0g(¥* —x )0 Z—x+1)
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ool 73

Tlog(x®? —x+1 1
*f g( )dx=f dx,let:x——=£tan(p:>dx
o (@—x+1) 0 12 3 2 2
(x-32) +%
V3
=—" 4
2 cos? ¢ ¢
T lo _3__ L
1log(x2—x+1) 6 9 4COS2(p \/§ 4 (6 3
[t soao= & [Py
o (@?—-x+1) 3 2cos? ¢ V3Jo 4cos? ¢
4 cos? ¢
21 8 (6
=——1o (3)——f log(2cosp)d
33 T T B, TR
T
2w 6
log(3) - f (10g(2) + log(cos @) dg
3\/_ 0
—1)* cos(2k
Use:log(COS(p)Z—Z( ) k( (p) (2):>——f log(2 cos @) de

_ 8 5w (—_1)" cos(2ke)
Gh 2w

oo

_ BN (D (6 D sin'y’ (1 sin'y:
__32 - focos(Zk(p)d(P Z Zk \/_Z—

59 0)-9) 3 @) )
szl 2x—1 2x-1 ., fllog(x _x+1)dx

1arctan 7 dx—§ GZ—x+1)
_1(2m 2o (Do (2
- 3(3\/‘“’9(3) <‘I’1 (3) v (3)
2\/_ 3m 1 2
27 093 57 ("’“) (5)-¥® (5))
c sin(k@)
* Clausen function: Cl,(0) = ) ———
, kzl -

2151. Prove that:

dxdy =

ffmarctan<>
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1rl <\/a+2+1>+1r\/_ . < Va > nz\/_
= —log| —— | + —Vaarctan ——a
2 & va+1 2 va+ 2 8

Proposed by Asmat Qatea-Afghanistan
Solution by Rana Ranino-Setif-Algerie

dxdy =

ffmarctan()

arctan ( ) + arctan (%)] dxdy

0= [ ] il
a+x2+y?

_n'ff dxdy
4)o Jo Ja+x2+y?

Polar coordinates gives:

sec 0

”Ff _r dde+”f%fcsce7r drde ”ﬁfw " drde
— r — Tr = — r
4y Jo a+r? 4% 0 a+r? 2 Jo Jo a+r?

T T
T(Z sec T (% m2\Ja
=—f [\/a+r2] dBZ—f a+sec20do - Va

2 Jo 0 2 Jo

8

tan 8=va+it a—+1)sec?
I:fva+sec20de an ; me ( ) b

1+ (1+a)tanZ @

sec @

=@+ do

1+ asin? ¢

cos @ cos @ acos @
= (a +
I=(a 1)f (1 —sin? ¢)(1 + asin? @) do = f —sinZ ¢ 1+ asin? (p) de

f JaTsectodo = [log(1+sm )+\/_arctan(\/_sm(p)] > )

cos @

1 1 1 a+1
sin (tan‘1 ( )) = and cos (tan‘1 ( )) =
Va+1 va+2 Va+1 a+?2

T

4 1+va+2 a
f Ja+sec20do = log<—> +\/Earctan< Va >
0 \/m a+ 2

Therefore,
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ffmarctan()

dxdy =

n'l <\/a+ +1>+n'\/_ . < Va > 11'2\/_
=—10 —_— —yaarctan ——\a
2 8\ Var1 ) 2 Ja+z) 8

2152. Let the sequences (a,,),>1, (b;)n>1 such that:

n
1 m?
Z — and lim Puis _ = b € R}.Find: Q = lim (e? — e“"> - by

2 n—oo nb n—oo
Proposed by Shivam Sharma-New Delhi-India
Solution 1 by Surjeet Singhania-India
Let's define a function f: R, > R, f(x) = log(T'(x + 1)),
whereT is gamma function. Also, it can be written in the form:

f(x) =logx + log(l‘(x)).

1
Now dif ferentiate in twice f"(x) = — s f'(x—1).

2
14
We can show that f(0) = 3 (Using series expansion) take sum

4 L nz
from1ton,weget:f'(n) = s Zﬁ =~

log(2mx
Also, for Large x,f(x)~¥ +xlogx —x
1
Again differentiate it twice we get f”(x)~ a7

H 2 1 1 . 2 1
- — S — =1.
ence, - —ay~—— o 5= limn{-——a,

2

Tl'z 3
lim <e7 - e““> Vb, = lim e 9 <e?_“" - 1> by =

n—-oo n—-oo

2
71'_2 ] e6 "m_1 2 n bn c-D'A
=e6lim|———|-n|l—=—a,| [ =
n>ow |\ 1T 6 nn
a’n

6
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2 byan® b’
=e 6 lim =

nowb,(n+1)71 e

Solution 2 by Khaled Abd Imouti-Damascus-Syria

Tl'z Tl'z
<e6(1 —e™ 6 ",/bn> B

1 n

TL'Z
Q = lim <e? - e““> -y bn = lim

n—oo n—oo

2153. Find:

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Shivam Sharma-New Delhi-India

1 1 1\*
0= tim (n2(3) - #)), # =2~ gz g5+ 0((3) )i
Using (1),we get:
. 1 1
Q= limn? [§3) —¢@) + 5+ | =5

Solution 2 by Daniel Sitaru-Romania

10 1 1
HORH I I (OB VAt S (IR VI Y
Q = lim =lim =
n—oo ;1_ n—-o 1 __il_
n? (n+1)2 n?
-1 1
I (n+1)3 . n+1 _ .. —n? _1
= lm T, T T I S T DD 2
n2(n+ 1)2 n2

Solution 3 by Hikmat Mammadov-Azerbaijan

Z %(113_ G +11)3> - 2(n—1|— 1)3

j=n+1
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1 1 1
¢3)- Z:@ Z i3 2(n+1) f1x3 X mr1? 2 mr1)

*° 1 1 1 1

Z K n+1) fmx dx = (+1)3+E'(n+1)Z
1 1

E'(n+1)Z E'(n+1)3 ka_ 2 (n+1)Z (n+1)3

(00

Q=
2

Solution 4 by Toubal Fethi-Algeria

- 1 1
(103 )
nl—>n-}on <((x) nx) x—1
n=1
Let x = 3,thenwe get:

_ 1) 1
lim n® (“3)—2;) =3

n=1
11 xyarcsinx
1:f f TSTY  dxd
o Jo (b—y?)(a—=x?)

o )1 b . a—1+1 . 4(a—1)l b
4 °g b—lo'g a —teg a °g b—1

Proposed by Amin Hajiyev-Azerbaijan

2154. Prove that:

Solution by Pham Duc Nam-Vietnam

[ = f f xarcsmxd K
* = =
b—y? "), a-x? x=J

1

fl—y d L 10g(b - 3?) L10g(b— 1)
x J = :—— = —— —_ = — = —
1 1 b
+—1log(b) = =log =log |——
2 2 b—1 b—1
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1

xarcsmx u= arc;inx du = N
K= f Ca—x% dv = ~dx = 1 > K
x v= —Elog(a—xz)

1 1 2
1 log(a—x
L1 logla—x*)

0o 2Jy V1-—=x2

1
=— Earcsinx log(a — x?)

T 1 (tlog(a — x?)
=——logla-1)+=-| ——dx
49 2, Vi—=
llog(a — x?)

* —
o V1-—x2

fz log(a — sin? )

7
cospde :f log(a — sin? @) de
J1—sin? ¢ 0
_fil ( 1+cos2(p>d
=), ogla—3 > )

_n'l 2a—1+1f"l (1+
—2%9 7 72), "9

llog(a — x?) 4
——— " dx

dx let:x =singp >dx=cosqpd :>f
¢ M NN,

! d
— 1c0s<p) 17

/4 2a—1 1 (7
=—log +—f log(1+kcose)de - (kz
2 2 2/,

2a—1)
T

T
x (k) = f log(1+ kcos@)de = I'(k) = f cos e do
0

o 1+ kcose

A do t=ta"§ T 2 (7 dt

"k kJ, 1+kcosg "k k), A-KE2+(1+k)
T 2 tVi—k|

arctan

Tk kW1-RK2 Vi+tk|,

[

z 1(k)
tee————
k kJvV1-—k2

f(l 1 )dk k=sinu
=1 —_—
k  kv1-—k?

1 1
an( - — )cosudu
sinu  gsinuv1—sin2u

cosu—1 u
= n'f (—) du =2mnlog (cosi) + C =2mlog (cos

arcsink
- —)+C,let:k=0
sinu

Vi—-k+VJ1+k
2

arcsink
= C=0>=I(k) =2mlog (COST) =2mlog
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N 1log(a—x2)d _7, Za—l+ ] Vi—k++V1+k
o Vi-x 29T T 2
1 1
_ 2a -1 \jl‘m“L\]l“Lm
=mnlog +mlog >

2a—1 V2a—-2++2a (Va—1++a)
=mnlog . =mnlog
2 2vV2a-—-1 2

a—1
\/E< 2 +1> Ja .1
=mnlog > anog7+n’log T+1 =>K

T T a w a—1
=——log(a—1)+Elog£+—log< = +1>

4 2 2
_n'l a—1
—Zog a
_n'l a +1rl a—1+1 _n'l a—1+1 n'l 4(a—1)
~2%9%4a-—1 " 29 |"a —2%9\ |"a 1°%9 ¢
J— b nl a—1+1 nl 4(a—1)
=I=JjK=log |g—7\ 79| |5 2°9 4

=" 21 b, a-1 . 1)-y b 10g¥ 2"V 0.ED)
=2 %9 [y =109\ |4 °9 =199 4 QE

2155. Find:

+1 +1rl a n'l ( 1)+11'l a—1+1
40947409\ 299 |7 a

“xlog(1+ x
0 x>+1

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Le Thu-Vietnam

Q_f°°xlog(1+x)d _f‘”fl x? dvdx =
e P ) Gy T
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x dxd 1
ff A+ynE@+ 1)~ ff @ —x+ D+ Dx+y)
x2 (y+2)x+y-—-1 . y 1
A+y0G+1) 302 +y+ D@2 —x+1) P -1DA+yz) 30 -y(x+1)
On the other hand, we have:

dxdy

arctan (

_x d —11 (x*—x+1)+ =

&

_211'\/§
9

1
+5 lim log(B* - B +1)

2arctan (Zx — 1) B
V3 4

*© 1
———dx =
fo x2—x+1 V3 343

0

=—liml ( )
1m 10 1+ﬁ
yB g Yy

® 1 log(1+ xy)|”
f dx =
0o 1+yx y

0
1
f dx =log(x+1)|y = Il;im log(B + 1)
0 —00

x+1
Summing all of them, one can obtain:
1 2\/_11' y logy
+
(x3+1)(x+y) 9 yr+y+1 y -1
arctan (723’_ 1) '
1 1 log3 mvV3
f%dy=—log(y2+y+1)— V3 e L
o Y2+y+1 2 V3 2 18
0
fl logy f y3 1logy _1 (1)
0 y3—1 h dy =35¥1(3
1
° Q_2\/§1‘t log3 w3 +‘I’1 (g)_n’logB 11'2+‘I’1 (g)
ence =79 {72 " 18 9  3v3 27 9
Solution 2 by Ankush Kumar Parcha-India
Q= f xlog1+x) “y*log(1+y)dy (® y*logy dy
T B+l y@+y) ¥ )y yA+ )y
1+x)log(1+x “ log x
m:f( )Zg( )x—figdx
o (+x)(x2—x+1) o 1+x

flf"" x dxd f"" logxd B
0o Jo (@2 —x+1)(1+ ax) rea o 1+x3 =
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-[f : axda~ [ 1 E5dx: (1)
o Jo 2=—x+1D(x+a) raa o 1+x3 x

Ltbl—flfm 1 dxdy and I —fmlogxd
ethelh=| | GZxrDGra W amdl=| 7 7gdx

| _flfm 1 dxd _flfm 1 ( 1 a+1—x>d 4
Y7 Jo G2—x+1)(x+a) xaa= 0 Jo A?+a+1\x+a x?2—-x+1 xaa
f dx 2 _I(Zax+b

= t e —
ax? +bx+c +4ac— b? an V4ac — b?

f dx = log(ax? + bx+c)
ax?+bx+c x_Za oglax ree

)+Cand

I —fl L |iimlogCe+ @) — toga+ 2412, _l(zx—1)°°
1= 0a2+a+1xLTo og(x+a) —loga 73 an

log(x2 —x+1)|° 1 L2 =1\
— ——tan~ ( ) da
2 o V3 V3 /l,

| fl 1 [l' : ( x+a ) : +411'(a+1) Zn]d
=| ———|limlog|———)—loga - a=
1 0 a2+a+1 X— 00 g 1/x2_x_|_1 g 3\/§ 3\/§

211'\/§f1 2a+1 fl (1-a)loga
= da —
0 o (1

9 al+a+1 —a)(a2+a+1) a
lim 1 ( xta ) 0
v limlog | ——) =
s 05 vVxZ —x+1
log(a? +a+1)|" < (1 -
I, =2mV3 &( 9 ) —2fx3"logxdx+2x3"+1logxdx
0 n-00 n=0
“flml nxdx = (1" #-1n>-1
: Ox og"x x—(m+1)n+1,m n
2mV3 1w 1 1w 1
I, = 5 log3+§z:ﬁ—6 j:
n=0 (n =+ §) n=0 (n + §)
_2mV3

1 N1 2
1 o _1. w2
g l083+35Y (3) o¥ (3)

- 1
1I)(m)(l —z) = (-1)™*1m! z m
n=0
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1 2
D (=) + =
v (3) i (z)]
3
/3 412

2 1
_Tv3 _Amm 2 a1
g 1089 -5 +g¥ (3)

3

V3 1 1, 1
h=g-log9+ 5 (3) -5

d
PV —2) = —ypV(2) - m cot(mz)
_ “ logx _ 1 logx “ logx _
Iz—fo 1_|_dex—f0 1_|_dex+f1 —1+x3dx—

1
2, =
:fl Y 4 +f1y—ylog(y)ﬂ:
0 0

1+x3 1_|_y3 yZ

i( 1),1f1 3n]og x dx — Z( 1)"f

1

1 n+1 o -1 n+1
3n+1 logydy - Z ( ) 5 az )
4= (n +§)

("+3)

Putting the values of I, and I, in the equation (1), we get:
2mV3 4m? 2 ? 1

_am (1) 3 _r L W ( )
g 108357 tg¥ [ log3 — 57 9"’

®xlog(1+ x) V3 ?
= —__ o 7 = —_ 3+
@ fo B+l T g 1083757 9"’ ()

20 =

2156. Prove that:

[ J J J cos(x+y—z)log xlog*ylog*z
xy

dxdydz

2y +mw+410g2)% [y +m+4log2)*+ 2y —m+4log2)*
128\/_(}' g2)*[2y g2)*+Q2y- g2)*]

Proposed by Amin Hajiyev-Azerbaijan
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Solution by Pham Duc Nam-Vietnam

=~ (“cos(x+z—y)log*xlog*ylog*z
*Bysymmetry::I:-fofofo ( y)\/%z g yo9 dxdydz
_f‘”f‘”f‘”cos(y+z—x)logleogzylogzz
o Jo Jo

JXyz

ar f” f” f” (cos(x +y —z) + cos(x +z—y) + cos(y + z— x)) log? xlog® y log® z
= =
0o J0 Yo

dxdydz

dxdydz
\Xyz
f“"f“"f“"(3cosxcosycosz+ sinxsinycosz+sinxsinzcosy+sinysinzcosx)logleogzylogzzd dvd
= xdydz
o Jo Jo Jxyz

By symmetry: = 31
B J‘”J‘” “(3cosxcosycosz+3sinxsinycosz)log?xlog*ylog®z
o Jo Jo

dxdydz =1
Jxyz
_J‘”J“” “(cosxcosycosz+sinxsinycosz)log*xlog®ylog®z
o Jo Jo

Jxyz
< ~cosxlog®x \° ~sinxlog?x\’ [ (“cosxlog®x
= f —dx + f — f dx
0 Vx 0 Vx 0 Vx

_<f°°cosxlogzxdx) <f°°cosxlogzxdx)2+<f°°sinxlogzx)2 )
o v o VX o VX

* Let: Q(k) = fw

(1]

dxdydz

~cosxlog®x % (=

k — 715 k

x“cosxdx = dx = lim 5 x*cosxdx
0 vx k-»-%ak 0

(k) =R f Cemitxkdx = rk+1)R(i™*1)
0

nk
= —-I(k+1)sin - taking 2nd derivative and taking the limit to get:

f‘”cosxlogzxd i 9> f‘” i 4
—— <= “dx=lim— | x¥cosxdx
1 k k
= lim |-T'(k+1)| -4mcos—yP(x + 1) —4sin—yPp*(x + 1)
k—>—% 4 2 2

+ sin%k (nz —4yD(x + 1)))

_1\/ﬁ ) (1) 2
“az\" 22
cosxlog?x

Use identity: () = 212f°° d—l\/ﬁ( 2(—y - 2log 2))°
sel entltY-ll’(E)—_Y_ og :OTX—Z 5 (m—2(-y —2log

1w 1w
= ’— +2y + 2= ’— + 1+ 2
a2 (m+2y+4log?2) a2 y+m+4log?2)

84 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
f‘”sinxlog X, i 9> f‘” K sinxd
—ax = iim — x sinxax
0 Vx ke 16k2
2 oo

= lim —3 | —e “*xkdx= limlm [—I"(k + 1)3(i"“1)]
kﬁ—i

= lim
k—>——

k k
——I"(k + 1)( 4cos71[12(x +1)+ 4nsin71[1(x +1)

1 [m . (1) 2
“az\m 22

1 2 1 [m
=— |[= + -y — = — |— — — 2
1 /Z(n 2(-y —2log2)) 1 /Z(n 2y —4log?2)
1
=— |= — T+ 2

2 /Z(Zy n+4log2)

* Combine these results to(x) = I
1 @ T T
== —(2y+1'r +4log2)* [—(2y+1‘r +4log2)* +—(2y—1'r +4logZ)4]

\/_
YD

QRy+n+4log2)*[Qy+m+4log2)*+ 2y —nm+ 4log2)*](Q.E.D)

+ cos%k (nz — 4D (x + 1)))

(2y+ m+41log2)*’ [Qy+m+4log2)*+ 2y —m+ 4log2)*]

mn
T 128v2
2157. Prove that:

3

5 b4
1 cosx —sinx T
I:Zf log" Y dx == (4 + 5n2

- 9 cosx + sinx 32( ")

Proposed by Ankush Kumar Parcha-India
Solution by Pham Duc Nam-Vietnam

i , COS X — smx cosx —smx
I = log? log x=]J+K
4 cos x + sinx smx cosx +smx
)
(k =1,3,5
Vs

= J-Z f(x)dx

f (x)dx

T
n

f f(x)dx, let: x——xforthef1rst=>f fx)dx = - ff(x)dx+f fx)dx = )
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T
cosx —sinx
cosx +sinx

T T .
xJ]=2| log dx=2| log tan(x+Z)dx
0 0
T

2
= f logZ tan xdx,let: tan x = e%
0

(T ufe® du =2 < ulev 4
:]_f eZu+1 u= Le—2u+1 u
f Z( 1)k —(Zk+1)udu

" (-1)k -
_zz( 1)kf0 uZe-Ck+ugy, 42(2k+1)3 4B(3) = 32—?

cosx —sinx
* K = Zf log*
0

——————dx = Zf log4tan(x+z)dx
cosx +sinx 0 4

2
:f log4 tan xdx,let: tan x = e%

()}

K= < ute' du =2 < ute 4
= _L”ezu_kl u= L e—2u+1 L

— Zf u4- Z(_l)ke—(2k+1)udu

2 k=0
— ZZ(_l)kf ute—Ck+Dugy,

_1)k 5 5
—482(( D° _ 48p(s) =48 2" ="

2k +1)5 1536 32
m 5m° wl
=—— +— =—(4+5m2)(0.E.
=1 3t 32 32(4 57%)(Q.E.D)

= (=1 1n 1
ﬂ:z = 64G + 8w+
(2n —1)3 128" ™+ )

where G is Catalan’s constant.

Proposed by Mohammad Hamed Nasery-Afghanistan
Solution by Amin Hajiyev-Azerbaijan

e EDT R O DM+ 1)
Q_;(Zn—1)3 _; (2n+1)3
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(-D™? ¢ (D) o (1)n
_ + _
T Li(2n+1)3 (2n+ 1)3 2n+1)3
=0 n=0 n=0

I S G VA & S G DL O G O

L5 N (—=1)™n
4L2m+1 2L,n+1)? 4L 0En+ 1)
n=

L (2n+1)7

(00

1 d X
f(x):m:Z(—l) x ,af(x):—m:zn(—l) x

n=0

1
Q= Z( 1)"f Z"dx—— 178 Z( 1)"[ x*"log? xdx =
_1[1 1 d G 5m3 xlogxd IBP
1), 1+ 227128 ), @22 T

11'2 G 5m3 1 x 1 1 logx
-1 2 ; -1 . l
16 2 128 2 (ta 1 +x2)log ] fo ta x

0
fl log x IBP
— — dx =

o 1+x2

T G 5 w— (—1)" Ttan 1x

X =

T G 57 wW w— (-1 fl 5
= 4+ -~ n dx
16 2 128 32 0(2n+1)2 0
n=

Tt G > (=1)n G 11 11'3
Q=— ——~4 4 -_Z LG =
16 2 128 4 (2n+ 1)2 2 16 128
n=

G n n

—_—t — 4 —
2 16 128
- (-D" Ttan 1x
G — Catalan's constant, G = z = f dx
— (2n+1)2 0 x
( 1)n 11'3

B@3) = (2n 17 32 Dirichlet's beta function

(3) = ftan‘lxl 4 _
B@3) = - ogxdx =

87|
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2159. Prove that:

Z(2n+1)3(C )2 -G + — ((3)

Proposed by Amin Hajiyev-Azerbaijan
Solution by Pham Duc Nam- Vietnam
41y 2n
n’cy,’

1 hnd 4n+1,2n+2

re-indexn=n+1-=

* From: arcsin?(x) = > z

arcsin®(x) = —_—
=22, mrnregy,
crH = (2n + 2)! _ (2n+2)(2n+1)(2n)!
M2 (n+1)I2n+2-n-1) (m+1)!(n+1)!
_(2n+2)2n+1)2n)! (2n+2)2n+1)
B (n +1)2n!n! B (n+1)2 n
4n+1,2n+2 hind 4N x2n+2
2(x) = =2
= arcsin®(x) = 2 z (n+1)? 2n+2)2n+1) cn 2n+2)(2n+1)Ch,
n=0 (n + 1)2 2n n=0

arcsin(x) _ = gny2n+l

F —xZ (2n +1)C%,

arcsm(x) “arcsin(x) = gyl
S = =S A
(2n+ l)C 0

1— x2 V1 — x2? ] (2n +1)%C3,
f arcsm(x) dx let © >t in(x) = dt dx
¥ | ——dx, let:x = sin(t) = t = arcsin(x) = dt =
0o xV1—x2 1—x2
u arcsin(x) arcsin(u) t
> | —dx= f ———dt
fo xV1 — x2 0 sin(t)
(1) farcsin(u) t it hnd 4_nu2n+1 ot
= & ——dt = ———— et
. sin(o) s 2n+172Cy,’ etu
n=
T

n

2
— = . . . ] Zn+1 —
sin(¢) and use Wallis integral: f sin (p)do @nr DL -

2 ¢t 4n sm((p)Z"+1 B . (2)4n
= fo de fo sin(0) ° f Z @n+02C5, 0T L@n 03CE?
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Poe o (uSto o (du=de T
* d(pf_idt, _ t =) t:>fd(pf - dt
fo o sin(t) {dv_sin(t) {v—log (tani) 0 o sin(t)
T @
z t z ‘P t t
:f d(p(tlog(tani)) —f d(p logsini—logcosi)dt
0
cos(kx 1 kcos kx
f(plogtan(zpd(p+f d(pf( ( ) z( ) ( )>
=1
T
z sin(gk) ( 1)ksm((pk)
= —n6+2¢)+ [do Z o =
0

k=1 k=1

© 02Tk = o o o Tk
:_nG+_((3)+22sm i _z( 1)*2 sin i
k3 k3
k=1 k=1
7 = 1—cosn7k = (—1)k(1—cosn7k)
=G+ @) o) e
k=1 k=1
cosn—k = (1—cos22Lk)
= -G +— ((3)+Zz —Zz T
k:
- OS— - cos(mk)
= G+ ((3)+ ((3) zz —

= -G+~ ((3) 2(——((3)> —<——((3)>

=-—nG+ E((3)(Q.E. D)
2160. Prove that:
- (—D"logn  w?
Q= 2—2: E[Zlogz +y—12logA + log ]
where y is Euler — Mascheroni constant and A4 is Glaisher — Kinkelin constant.

Proposed by Mohammad Hamed Nasery-Afghanistan
Solution by Toubal Fethi-Algeria

(- 1)"logn log(Zn) logn
z (Zn)Z - nz
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_log2 — 1 1w logn log2 m* 1 c logn

2 nz 2 n 2 6 2 n2
n=1 n=1

n=1

_m?log2 1 - logn
12 2L n?

21 A2\ 6
Using the Glaisher product: 1_[ kk* = < >
=1

2meY
? Al? S logk n’log2n m?y
k2 | = —1] = 2 — —
‘°g<1_[" ) 6 <21re7>' )z~ 2m log4 6 6
k=1
n’log2 m’log2 m?logm m?y
= — + + +
12 " legdr— 12 12

2
T
QZE[ZlogZ +vy —12log A + log ]

2161. 2, = 7,222, +/1—x3 = 1,n > 1. Find:
Q=1im(2"-x,)

n—>oo

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

. 1—cosa . a
Let x, = sina,then:2x2 , +cosa =1= x,,1 = Tzsmi
1 = (3 (3
xl—z—sm()xz—sm12 sm24
] T _ Sin(§2 ) T
xnzsm(§-2 "):Tag asn— o
T
Therefore, Q=1im(Q2"-x,) = 3
n—-oo

2162. Find a closed form:

T
0=) > = (5)
n=0 k=0
Proposed by Daniel Sitaru, Ramona Ndlbaru-Romania
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Solution by Hikmat Mammadov-Azerbaijan

RPN EYE)

Q=
n=0 k=0 k=0 n=k k=0
_ 1 1 _ em
1, 17 (-D@-1)
1 e 1 b4

2163. Find without any software:

0512 flengd f‘*xlogxd f6 xlogx p
B 1 4+xt * , 64+ x4 * 3 324 +x* *

Proposed by Daniel Sitaru-Romania
Solution 1 by Hikmat Mammadov-Azerbaijan

a4y4+4-a4a T a2 " yt+4 y+ a’

fz“ xlogx J’igfz aylog(ay) gy = 1 Zylogyd logaf y
a x4+4a4 ¥ 1 Yy

‘*_1t 1y 1t 1
1—4311 4311 2

fz y_ uz_yzlf4 1 1 u
oy +a™ T 2w T g

2 _2 1 4 2 4 4

ylogy  u=y 1f logu 1f logu 1f logu u=y
= - = — + — R =

fly4+4dy 4), w+a™ %) wra™ 1), wra™

2

_1f2 logud +1leog4—logvd _1l 2 tan-1”] =
Ta), w+a®™ Ty, T s VT 08NN 5 T
—11 2t -1
=zlog2tan™! 3

2a xlogx loga 1\ log2 .4
—_— —1 — —1_ _1 _—— =
fa PRy dx = Py (tan 2 —tan ) + p (tan 2 4)

_log(2a?) 4, ™ _log(2a?) .1
=g (n2-3) == —an g
B log2 log8 log18 L2 L1
Q=512" 2 16 36 (tan §) —a(tan §) log2log8log18
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Solution 2 by Ravi Prakash-New Delhi-India

ab ab
b xlogx y=22 b —-log(==) _,p
Fm'a,b>lletl(a,b):f 8 _x y (y)

4 2hK2 4KH4 2
ax+ab a%_FaZbZ y

_ f b y[log(ab) — log y]

: azb? + y*
210 = [ 2108 g 1 1B s (2]
a
=3 %o () —n ()] =g e () -0 ()] =
= [ Q) G- ()] =305 (2o ()5
=L (37
Q=512-1(1,2) - 1(2,4) - 1(3,6) = 52132 : 1o§z : l°§8 : 105818 (tan12 - g)g =

3

2 T
— oo -19 _ =
= 3log 2log18 (tan 2 4)

Solution 3 by Ankush Kumar Parcha-India

-1(Y
_ [ xlogx | x*=y1 ( logy _dogy vy 1 ftan (E)
LetA—faZ+x4dx = 4fa2+y2dy_ 1q AN (a) 1a y dy
*tan~1t
w Tiy(x) :f dt
0 t

4A = loffytan‘l (g) - %Tiz (g) =

xlog x log x x2 1 x2
f—gdxz & tan‘1<;>——Tiz<;>+C; (1)

a? + x* 2a 4a

a?

2 _logxt (% 1T' x2\1?
T \2) e 2\ 2]

Z xlogx ] )
Let A, = f Tx‘*dx and using equation (1), we get:
1

92 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

. /1 T
w Tiy(x) — Ti, (;) = Elogx

4 _fleogx _logZt P R
1= 2T T A 16 B

* xlogx ] )
Let A, = f mdx and using equation (1), we get:
2

A = logxt Nt 1T' x? 4_
2776 @™ () 732" 2(8 -

2log?2 1 log 2 (1 17, /1 .
= - — -1 ) 4 g
16 A0 2~ g tan (2) 32 [T'Z (2) T'Z(Z)]
4+ xlogx 2tan"12 —tan™! (%) -
Az—fz 82+x4dx_ 16 logz—alogz

_ (% xlogx ] ) _
Let A; = L de and using equation (1), we get:

A = logxt e 1T' x? 6_
37 36 ™ \18) 72" 2\18 -

_log6 log3 (1 17.. /1 . _
=36 a2 =g tan™t (5) + 75 |1 (3) - @) =

_log6 . log3 .1 14
=36 tan 2——36 tan (E)——144log2

Q = 512 * A1A2A3 =

_ 1
= 512 <10g2t -1 1, 2) 2tan”’2 - tan 1(7)1 2-2 jog2 <l°g6
= 4 an 16 Og Og 64 Og

-1
16 36 tan—" 2

log3t _1<1) n'l 2)
36 0 \2) 122 %8

2164. Prove that:

Llog(1 — x3)

(4 21
I = ——dx =——=1 3) —vV3Cl (—)
L x2+x+1 X 2\/§ 09( ) \/_ 2 3

Proposed by Fao Ler-Iraq
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Solution by Pham Duc Nam-Vietnam

liog(1 — x3 llog(1— liog(x? +x+1
I:f‘q(—)dx_fM x+f g( )d_x:]+K
0 0 0

x2+x+1 x2+x+1 x2+x+1

1\2 . 3
N = > 3
K:fllog(x +x+ 1) f Og<(x+2) +4)dx:f’; log(—‘”os2 t) V3
0o X+x+1 0 12 3 n 3 ‘2cos?t
(x+2) +Z 6 4 cos?t

V3
LS X+—=—rtant
2 2

Wiy

T
3 T 4 (3
=— - +
log (4 o t) dt 33 log(3) ﬁ_f% (log(2) + logcos(t)) dt

™ 4 o (-1)k (3
=——1log(3) +— cos(2kt) dt
5k

3v3
om 2 — . sin@ sin%k
_ﬁlog(3)+ﬁ;(—1) P
__" o (1
_3\/_109( )+ V3 12\/‘<¢1 (3) Lo (3)

:Wlog(B) (‘l’(l)() ‘I’(l)(%))

2
R

q—1
) o (P w? 2mpm 2mm
Use the trigamma identity: (—) wp + 2q Z sin Cl, ( )
q/  2sin2—- q q

m=1
SECRASG

=K 10g(3) — — . 6v3Cl (2”) T 1og(3) - —cl (2”)
:—0 _— —)=—10 R — —_
3v3 0 18 2\3) "33 T T 33
3 1
log(s—(x+5
llog(1—x) 1"9(2 (x 2)) 2 (3 (3 V3 1
*]:f 2—dx=f 5 dx=—f log| =— —tant |dt - x +—
o X F+x+1 0 (x+1) 3 V3 /Jr 2 2 2
2) T2
_ﬁt t
= 2 an
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2 (3 V3 cos (t + %)
=— 1 ——|dt
ﬁf% °9 cost

s s
w

o3 log(3) + %f; log (cos (t + g)) dt — %f; log(cost) dt
&) %f; log (cos (t + g)) dt

2 (2 _ 2 (7 <o (-1)*cos(2kt)
_ﬁf;—’ log(cost)dt—ﬁé (—;f—log@))

oo _ k 3
:_%109(2)—%;( ,:) LZCOS(Zkt)dt

3

- @ 1 — (—1)"sin—2§n
= log@)+ =) — 3
3 T BL T R

3V3

.2 .
sin—4— sin—-

) m LS nk nk
~ (3 — __T _ _1\k 3 3
@ﬁf% log(cost)dt 3\/glog(z) ﬁ;( 1) ( % 2 )

2km
3 T

- - 1 == (-1)ksin
=>]—6—\/,§log(3)—mlog(2)+ﬁkzl 2 +3\/§log(2)

1 d sin—znk sinn—k
+ _Z(_l)k 3 _ 3
\/§k—1 k2 k2

1 oo 2sianrk sinnk
T 3 3

=——1I1og(3) +— E —1)k -

63 93) \/§k=1( ) ( k2 k2 )

_ 6_:;5 log(3) + %% <¢(1> (g) _p® (%)) - % log(3) — %(6\/5 cl, (Z?n))
T

2 2w
=3 log(3) — ﬁClz (?)

T 2 2w T 1 2w
>I=]J+K= 6_\/5109(3) —ECIZ (?) +mlog(3) —ﬁClz (?)
T 2w
=27 log(3) —V3Cl, (?) (Q.E.D)
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2165. Prove that:

1 x T log2(2) 2 1 T 1 3
I= ——1 +1)dx=——+-=log(3)) - —+—— —Li ( )
Jon—x+1°g(x )dx =—=log(3) Z 18 53¢ () 42y

Proposed by Fao Ler-Iraq
Solution by Pham Duc Nam-Vietnam

1 1 1 1

x Xx—=+
*I=f ——log(x+1)dx = f—z 2log(x+1)dx
0o X2 —x+1 0o X2 —x+

1 X—3 11 1 1
:f —log(x+1)dx+—f ———log(x+1)dx=]+-K
0o X2 —x+1 2)p x2—x+1 2

1 1 1log (x - % + %) x—%:?tant
*K:j;) mlog(x+1)dx:f dx

1\2 3 K
0
(x-2) +2
V3 3
_-fglog< tant +~ fgl t t+_3 .
= 3 Zcoszt \/_ °g antTa
6 4cos’t

2 (& ﬁcos(t—%)
= — l —— = |dt
ﬁf_% °g cost

= % log(3) + %f; [log (cos (t - g)) —log(cos t)] dt

oo

B 2 (5[ (=1
—mlog(B)"'ﬁf_%[_kZl K COSZk t—— Z

cos(Z kt)|dt

3

= 3\/§log(3) + %Z (_l:)k f%z (cos(Zkt) — cos (Zkt — %k»

6

T 1 — (—1)k 2sin%k sin@
- log@+ LY _
3V3 V3L k k k
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——fl—l log(x+1)d ——1fll +1)d(log(x? —x+1))

* = =

J | 1 log(x x Oog(x )d(log(x* — x

1 1 1 ('log(x* —x+1)
—_ 2— - 5
=5 log(x + 1)log(x? —x + 1)|0 Zfo x+1 d

X

B 1fllog(x2—x+1)d
T2, x+1

X

1 (llog(x®+1 111 +1
:—_f g(—)dx+_f Md
2Jo x+1 2Jo

1 (tlog(x®+1 log?(2
x:__f g( ) 4 4 109° (@)
x+1 2 )y x+1 4

1-t
® f Hogl+ 1) ) Thwe
0

x+1
_ IIBIog(t+1)d
)y t+1
Llog(6t* + 2 1 llog(3t? +1
+f log(6t* +2) )dt:——logz(2)+f log(3t7+1) )dt
0 t+1 2 0 t+1

Yog(kt?> +1 t?
Feymann's technique: I(k) = f %dt,l(o) =0=I'(k) =
0

1
fo GrDukE+ DY

_fl( t—1 N 1 )dt
T\ k)2 +k+1 (k+Dt+k+1

1
= m [log(kt? + 1) + 2k log(t + 1) — 2k arctan(t\/ﬁ)]|0

log(k +1 log(2 arctanvk
= ]f((k . 1)) " k‘z_ ( 1) _ NP JIntegrating both sides with respects to k:

1) = f[log(k+1) (1 1 )+log(2) arctan@]

2 k k+1) k+1 k(k+1)

1
= —ELiz(—k) -1 log?(k + 1) + log(2) log(k + 1) — arctan*Vk + C,k = 0

>C=0
Putk=3= Llwdt - _%Liz(_B) +1log?(2) _%2 = Llw
= —%Liz(—B) +%logz(2) —%2 =]
= _%<—%Li2(—3) +%logz(2) - %2) + log:(Z) = %Liz(_” +111_i23
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Z log*(3 1
By dilogarithm's identity: Li,(—3) = — r_ L() —Li, ( )

- (5 e (S)ea() 1)

ot logz(3)+l (1)1 (4)+L' (4)
-3 2 °9\73)09\3) " 23

_ log*(3) 1 4\ mw* m? ,( 4 (3 _ 5 /3
= =%+ tog(~3) g (5) - 5~ ~tog?(~3) - Lia 3) = -2 1og*(@) - Lix (3)

2 2

=] = %(—2 log?(2) — Li, G)) + :”__M_luz (E)

18 18 2 4 4

1 w* log’(2) 1 /3\ 1( = 1
*:>I:]+EK:__—__L12(Z)+E<3\/_ 0g(3) - \/—612(3)>
log?>(2) m? 1

18 2 4
1
- oo 5O e @) 0

2166. Find:

Tx+ log(x
fff( y—2)°Y g(yz)dxdydz
(x+y+2z)3—24xyz
Proposed by Asmat Qatea-Afghanistan
Solution by Pham Duc Nam-Vietnam

11 (x+v—2)3%loalxvz)
* By symmetry:ﬂ=f f f (x+y - 2)"ylog(xyz) dxdydz
0

(x+y+2z)3—24xyz

:flflfl(x+z—y)3i/m

(x+y+2z)3—24xyz

Zflflfl(”y_x)gw

(x+y+2z)3—24xyz

dxdydz

dxdydz

dxdydz

(MM +y =22+ (x+z2-y) + (z+y — x)°]1log(xyz)
=30= ff Ge+y+2)° - 24xyz

*From: a3+ b3 =(a+b)?—-3abla+b)=>(x+y—2)3+(x+z-1y)3

=8x3—-6x(x+y—-z)(x+z—y)
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>@x+y-zP+@x+z-y)P+(@+y—x)°

=8x3-6x(x+y—-2z)(x+z—y)+(z+y—x)3

=(x+y+z)P-6x(z+y-x)(x+y+z)-6x(x+y—2)(x+z—y)
=(x+y+z)-6xlz+y-x)(x+y+z)+(x+y—-2)(x +z-y)]

=(x+y+z)3—-6x(4yz) = (x+y+2z)>3—24xyz

1,1 01 111t
=30 = f f f flog(xyz) dxdydz = 2 = §f f f Ylog(xyz) dxdydz
0o Jo Jo 0o Jo Jo

* Use the integral transformation by Rana Ranino:

1,01 01 11
f f f f(xyz)dxdydz = —f f(x) log?(x) dx,then:
0 Jo Jo 2 )
1,1 .1 171 7
f f f log(xyz) dxdydz = Ef log3(x)dx let.tx = et = dx = —e~tdt
0o Jo Jo 0

111 1 (=7 1 /10
:>f f f,/log(xyz)dxddeZ——f t3e‘tdt=——1’(—)
0o Jo Jo 2 )y 2 \3
g 110
¥ 7% (?)
2167. Prove that:

oo

I= f arctan? (%) dx = %(nz log 4 — 9((3))
0

Proposed by Ankush Kumar Parcha-India
Solution 1 by Pham Duc Nam-Vietnam

4

T
1 2
*tan(p=;:>I=f si(rplz(p
0 T T
L3 2 2
=>1=—¢* cot(p|(2) +4f @3cotpde = 4_[ (p3d(logsin(p),{
0 0
=0
N {du = 3(p2.d(p
v =logsing
T

T

2 u=¢* du = 4¢@3de
do = *d(— cot { {
¢ fo " d(-cot ) dvzci(—cot(p):> v=—cote

u=¢3
dv = d(logsin @)

s oo
T 2 2 cos(2k
> 1= 4¢3 logsin(p|g - 12_[ ¢*logsingpde = 12_[ @? (Z (k ¢) +log 2>d<p
- 0 0 k=1

oo s
L 12
= 4¢3 log 2|(2) +12 Z Ef ¢ coske)de
k=1 "0
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_ loa 4+ 12 i 1 ((m?k? - 2) sin(mk) N 7t cos(mk) 1'[3 l 4430 Z cos(rrk)
— 309 8k3 412 °g

1k
=—log4+3nz( ) =

w3 9 4
=~ log4— 3nZ((3) = T log4---3(3) =7 (m?10g 4 - 9(3)) (Q.E. D)

11,'3
- log4- 3m(1-2173)¢(3)

Solution 2 by Amin Hajiyev-Azerbaijan
. . dt 1 1
=t —= =
arctanx dx 1+x* 1+tan?t -

z 1 z 4 LA
2 2

QZf t*(1+ tan?t) - 5 :f ﬁdt:f ———dt =
0 tan“t J, cos-ttan“t o Sin“t

T T

4 2 z
:—t4cott|§+4f t3cottdt=4-f t3 cottdt = (¥)
0 0

— cos(2mx
log(sinx) = —log2 — z %

Tl.'

(*) = 4log(sint) t3|Z - 12f t’log(sint) dt =

Y Y

2 1 7
= —12f t?log(sint) dt = 12 long t?dt +12 Z—f t? cos(2nt) dt =
0

sm(Znt)
=121log2- —+ 122 —122 f tsin(2nt) dt =
0
n
3 1 cos(Znt) 2
710g2 +12 62 f cos(2nt) dt =

_ — )" sin(nm)
—710g2+3nz 3 +32 s

n=1

3
=T Jog2+3m(1-213)¢(3) = (211' log2 — 97¢(3))

n(3)
2168. Prove that:
* x exp(m cos(mx)) sin(m sin(mx /(4
fo b (xz ?,_)nz ( () dx = E(exp(n exp(—m?) — 1))
Proposed by Mohammad Hamed Nasery-Afghanistan
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Solution by Bui Hong Suc-Vietnam
® x exp(m cos(mx)) sin(m sin(mx))
o= [ e
0

x% + m?

© 4@ COS (mtx) (ein' sin(mx) _ e —im sin(mx) )

1 d
= — X =
2i ), x% + m?
1 © yel cos(n’x)ein' sin(mx) © el cos(n’x)e—in' sin(mx)
=— dx — dx ;=
2i fo x% + m? fo x?% + m?
x->—-x
1 © yel cos(n’x)ein' sin(mx) —®© y ol cos(n’x)ein' sin(mx)
=— dx — dx; =
Zi{fo x% + m? fo x? + m? }
1 r*® xe™ cos(n’x)ein' sin(mTx) 1 (@ xenei"" 1 Zen'e"”
=— dx = — ———dx = —-2miRez
2i)_,, x2 + m? 2i)_, x% +m? 2i z% + 2
2169. Find:

Q= fow o ((e_g + e‘zx) sin (x)) dx

de ™
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Santiago Alvarez-Quito-Ecuador
A e R A (G T
= -7 < f:’ a:_x <((e—x)% + (e—x)2> (e—x)i) dx)

= —g( f:’(e_x)% a:—x (e~%)i + (e~%)! aj—x (e—x)% + (e7)2 a:_x (e*)i

+ (e7¥)! % (e_x)zdx)

- 3 ( | " i(e ey + —(e:)l (e™) 2 + i(e ™) (e ™) + z(e—x)ie—xdx)
0

1.
o 1, (e7™)z*
= -7 (f ife™®) 2"+ (e 2) + i(e~¥)1ti + Z(ex)1+idx)
0
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1
oo - —7+i)x
= _g<f ie_(_%”)x + e (22 + ie—(1+i)x + Ze(1+i)xdx>
0

Y S S S S
- 1. —1+20 1+iQ 1+
2 l

i 1 1 . i , 2
:4(_%_1(E+’)+—1—4(1+2’)+—1—1(’_1)+—1—1(’_1)>

2170. Prove that:

1
1 7 2mlog2 8m 8log2 4G
log(1 + x%))2dx = Zlog?2 — 3 — — ——2 "+ — + + =
fo(’“’g( x7))"dx = zlog 27 3 9 9 3

where G i1s Catalan’s constant

Proposed by Amin Hajiyev-Azerbaijan
Solution by Ankush Kumar Parcha-India

1 =t i IBP
Q= f (xlog(1 + x%))%dx = f tan? ylog?(cos? y)sec’ ydy =
0 0

™

Q [log?(cos i 17 sin
i [ytan3 y] + Ef tan3y - 4 log(cos? y)dy =

0 0 cosy
T
logZ2 2 (2 tany=x logZ2 1 (1x*log(1+ x?)
12 3 fo tan? ylog(cosy) dy 12 3f0 1+ 22 dx; (1)

Lx*log(1 + x?) Ixt—1+1
LetA=f —dx,thenA=f ————log(1+x?)dx =
0 1+ x? o 1+x?

fl (x* 1" +1)
0

Tlog(1 + x?
T+ 22 log(1+x2)dx+f M

2
o 1+x

T
fI log(1 + tan?y)

o 1l+tan?y sec’ydy

1 1
= f x*log(1+ x?) dx — f log(1 + x?) dx +
0 0
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+ log(cosx) = —log2 — z( 1)"°:S(an)

T(x?2—-1)(x*+1) 1 4
[_log(l + xZ)] Y |:f x2 +1 dx + L mdx] -
1 n ® . \n
A e N N e &
n=1

logZ 211 M - D" mmy
3 3 §—1+4]—[log2—2+5]+Elog2+z 2 sm(T)—

_log2 21 2 LT o2 + 2 T log 2 + 2(1)2"“_ 2n+Dm
=73 3|34 '°8 2 7084 1)z 5" 2

log2+4 4 log2 + 2 + g2 - z -
3 9 6 U8 Zn+1)2

1 m m 4
Z(——1+2)log2————+ +2-G

3 6 2 9

G

L Gnr 1y FOE

Therefore,
! 1 7 2mlog2 8m 8log2 4G
2Y)2 a0 — o on 4G
fo(xlog(1+x))dx 3logZ 327 3 +9+ 5 +3
2171.

X y+xz +zy _ a -
Y= fff G+ y+2° dxdydz—alog(a)—g.Fmd.a

Proposed by Amin Hajiyev-Azerbaijan

Solution 1 by Pham Duc Nam-Vietnam
x? dz

1,1 1
e y _ 2 -
* By symmetry: ¥ = 3_[ f f Gry+2? dxdydz = 3_[ f x ydxdyfo x+y+2)°

) dxdy

_3-[ f xydxdy< 2(x+y+z)2 ) ff (x+y)2 (x+yl+1)2

————dxdy = 31 3
f f (x+y)2 f f (x+y+1)2 ey =3 _E]
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x| = ——dax = ——dax = =
0o Jo (x+y)? Y 0 Jo (x+y)? Y 0 Jo (

1f dfl Y 4 1f1(21 2log(x +1) +x)d
== xax == xX“iogx —x~ilog\x X X
2o o (x+y) Y 2Jo g g

IBP l 2
= —_ — = =
3 3°%9

dxdy =1
+y) Y

—+109?
101 2y y
= ———dxd x*d f —
*] LL(x+y+1)2 X y f X (x+y+1)2 y
1 x+1
:f xzdx< +log(x+y+1)| )
0 x+y+1 0

1 2
= f <x2 log(x +2)—x*log(x+1) — )dx
0

x+2
IBP 2 V4
3
3 3 3.1 1\ 3/(2 Va 1 i/— 3
I=-1->]=>(5+1 —)—— +log—|=—= —l
=I=51-3] 2(3 °935 2<3 093) f 2 gi/—i/—

_3, 3 — al a 3
=5log;-3=a og(a)—g:a—z
Solution 2 by Ankush Kumar Parcha-India

lp_ 1 1 1 ny ddd 3 1 1 de 1 dZ B
‘3f f f Gty +2)° "“‘3f f ””f Gry+z)?

ff(x+y)2 dxdy = zf f Gy =

3 1! 1 3 1 1 d
S| [ e n]a-d e |2s) [ 2]
2 ) X+y/, Jox+ty 2 ) x+y+1/, Jox+y+1

=3[ #*[log1+0 -10gx -1 1] a

=5 | x*|log X ogx ———|dx
3

——f [log(x+2) log(x+1)——]dx

3[ (1 1x2 —1+1
=— f leog(1+x)dx—f leogxdx—f ————dx| -
21Jo 0 0

x+1

3[ 1 x 1 1x2-4+4
_2 2 x _ 2 N i
ZUO x (log(1+2)+log2)dx fox log(1 + x) dx fo dx]—

x+2

w|N|w

X
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3 had (_1)n+1 1 n+2 -1 1 1
= — P —_ -1 4+ — —
[z fo N ) fo (x 1 1+x)dx
n+1 1 had -1 n+1 (1
i Z( )n "+de+log2f xzdx_Z( ) f "2 dx
n-2 0 0 e T 0
1 4
—f (x—2+—)dx]=
0 x+2

[ z( 1)n+1__ ( 1)n+1 11 lgzl

n+3 18

n—1

[ z( 1)n+1 1 (_1)n+1 lOgZ 1 had (_1)n+1 1 had (_1)n+1 3
- = + +

— + - — —
n-20  3/.2"(n+3) 3 3 n 3 n+3 2
n=1 n=1 n=1
+ 41 (2) =
og3)|=
_3n logZ] (2) 1l 2+4]_
213 log(3) —3glog2+¢|=
3

_1(3)1_1()a_3
—Zogz 2—aoga—3:>a—2

2172. Find without any software:

Y

Q= f;sin (x—%)\/(l + sinx)(1 + cos x) dx

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

™

Q= fjsin (x—g)\/(1+sinx)(1+cosx)dx =

4
—f (sin x — cos x)V1 + sin x + cos x + sinx cos x dx =

-1 (%
(cos x — sin x)V1 + sin x + cos x + sin x cos x dx

"zl

Letu=sinx+cosx=>u®=1+2sinxcosx
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uz -1
2

sinxcosx =

-1 (V2 -1, 1
Q=— 1+u+ f Juz+2u+1du=
V21

-1 (V2 1,1
_ﬁfl (u+1)du—z(i—\/§)
2173. Prove that:

1
0= f sin(mx)

V[
(10w 22 * = 3092

Proposed by Surjeet Singhania-India
Solution by Pham Duc Nam-Vietnam

_ ! sin(mx) 1 sin(mx)
= fo x*(1—x)17%(x — 2)2 dx = f x*(1—x)1-*(x + 1)2 f f) dx

b
=f fla+b—x)dx

1
) 1
— inx ,—xlog(x) ,xlog(1-x) d
Sfoe © ¢ Ao+
1 . 1-x 1 1—x —x
— x(ln+10g7) — _dxletu=1 = el = N
Sfoe x A DG+ 17 xletu = log— e ~ x
= dx=-—% 4
=i T Ty
— X — X
lim log —= == lim log— ==~ = 0
_ 7 (im+uw)
_3L°ee o ' 1 1 e+ 2
(1_e“+1)(e"+1+1)
® o1, (e +1)3 et R (e* + 1)

_ —i—(im+u) — —i—(im+u)

B Sf_wee o “et(e* + 2)2 (e* + 1)2 du Sf eett (en +2)2 u
co+iTT (ez i 1)

lettz=im+u=dz=du= Q= Sf ee“"+1—2dz

cotitr ( Z—iT _|_2)

cotim 1— e?
N g LI
oot (2 - ez)Z
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z

=[-R+im,R+in]U[R+im R — im] U[R — im,—R — im]
U[-R—im,—R+im] ~ R > oo
f(z)has one pole,order 2: z = log(2) inside C

z
Let: f(z) = e1-¢? ,and counter-clockwise direction rectangular contour with sides: C

1 d 1—e
= f f(2)dz = 2wiRes(f(z),10g(2)) = 2mwi —~ 2D z_}110g iz ((z —log(2)? eT-¢* “or m)

= omi (_ log4(2)> _ mlozg(Z)

—R+im

f(2)dz + f

R-in

R+im —R—-im

f@dz + f f(D)dz

—R+im

*fcf(z)dzz f_lj:;f(z)dz+f

R+im

R+inm —R-im

By:estimation lemma = llm f(2)dz = llm f f(z)dz=0

R-im R+im
R-im R+im R-im

= if(z)dz = f_R_i”f(Z)dz +L+in f(z)dz = f f(2)dz — fj:;f(z)dz

—R-im

R+im R+im
= —f f(Z)dz—f f(2)dz
R+im R+im
fevim cotim <Hm 7z 1-—e* log(2
= —Zf f(2)dz = —lemf f(2)dz = -2lim el-e’ ———dz = —in 9@2)
R+im cotit Roeo J_oyin (2 —e?) 2

(Tt 2z 1-—e” . _log(2)
= lim el-¢é? ~pdz=im
N (2 —e?) 4

co+iT z 1-— z l 2
>0= Sf el- el—e)dz=3<in 0g( )):glog(Z)

cot+im (2 —e?)? 4

2174.
T
If0<a<b< e then find:

b (1 + tan? x)?

cos’x — 3sin%x

dx

2(a,b) = f

a

Proposed by Daniel Sitaru-Romania
Solution by Pham Duc Nam-Vietnam

(1 + tan? x)2 B b (1 + tan? x)2

= ——d(t
cos2x(1 -3 tan?x) . (1-3tan?x) (tanx)

2a,b) = f:
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b
_ tan®x 7tanx 8 \/_—3tanx
9 9 9\/_ \/_+3tanx
tan®b 7tanb 8 V3 —-3tanb tan®a 7tana
= - - log + +
9 9 93 V3 +3tanb 9 9

N 8 ! V3 —3tana
o
9\/§ g\/§+3tana

_tana tan3b+7tana 7tanb 8 \/_ 3tana 8 \/_ 3tanb
9 9 9 9 9\/_ \/_+3tana 9\/_ \/_+3tanb
2175. Find:

]wrr ylog x dxdyd
= X Z
0 J1 1 (x+y)2(A+y*)(1+z%) Y
Proposed by Probal Chakraborty-India

Solution by Pham Duc Nam-Vietnam

fwf fw ylogx dxdyd
= xdydz
0o J1 J1 (x+y)2(A+y*)(1+22) Y
_f‘”f‘” ylogx ded f‘” 1 d
"L Gepraen P ae ™
ylogx
ff(x+y)2(1+y2)dxdy

y logx
d d
zfl 1+y2 V) Grypr™

= log(x) _dx
= logx = og;x du—7 = logx
N e i - R
x+y Xty
logl)|” = 1 =1 1
[ [ e
x+y |, Jp x(x+y) 1 \xy  xy+y
=0
log(x) log(x+y)|” 1[ x |°° log(y+1)
= - =—log =
y y |, ¥y Tx+yl y
T (T vy logly+1) nf‘”log(y+1) 1 du
== . dy==| —=_dylety=-—=dy=——
z 2_[1 1+y2 y Y=2 1 1+y? yrety =u=% u?
1
0 nfllOQ( )du nfllog(ﬁ"'l)d nfl loglu+1) log(u) i
= = — —_— = _— = — —_
2), o wt+1 T2\ Twrvr T wrer)™

() 2

n( (llog(u+1) Llog(u)
_n([losr D, [logw,,
2\, u-+1 o U-+1

108 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1log(u+1)d let 1-v du = 2 d
*fo—u2+1 wlet:u=_-"—= u———(1_|_v)2 v

fllog(u+1)
= | —————du

0o u*+1

2
_fllo‘q(v+1) 2 d
~ ), 202 +1) @+vz?
(v+1)?

_(Ylog2—loglv+1) (llog2- log(u+1)
_fo v2+1 v—fo uz+1 du

Ylog(u+1) log2 -
2 1 = = 1_
=2 fo w1 9 fo 7+ 1 = log(2) arctan(w)ly = log(2)

Llog(u+1) T
> | Py au=glos
Llog(u 1 =
*f Z‘q( )du=f log(u)duZ(—l)"uz"
o Uu-+1 0 e

= i (-1 foluzn log(u) du =
n=0

="
4 (2n +1)2

3 Llog(u+1) Llog(u) _nm
:’““Uo PO D - [ o au) =7 (51092 +6)
2176. Find:

—B(2) = —G - G is Catalan's constant

x2—x+1 1
Proposed by Vasile Mircea Popa-Romania
Solution by Pham Duc Nam-Vietnam

f \/7[09 ~ 1 log(t)

tz_ 0o VE(E2 —t+1)

f Vx log(x) .
1

1
Letx—?:>dx———

_ d f ta(t + 1) dt = d fl ta+1 dt +f1 ta dt
B daa__%0 B3+1 dal,-1\J, 3 +1 o B3+1
- Z( 1)11-[ t3n+a+1 dt+Z( 1)11-[ t3n+a dt
da a___
oyt o (= 1)"
B daa___ 3n+a+2 03n+a+1
n=

B 9n=0(2n+ 1)2 0(6n+ 1)2

n=
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R

- Where : G is Catalan's constant, 1(?(z) is Trigamma function.

2177. Find a closed form:
0 fllogx(log\ﬂ—xz)(1+log\/1—x2)d
= X
0

X
Proposed by Abdul Mukhtar-Nigeria

Solution by Pham Duc Nam-Vietnam

logxlog V1 —x2 (1 +log V1 — x2)
*ﬂ:f dx
0

X

llog xlogV1 — x? llog xlog? V1 — x2
:f p dx+f dx
0 0

X

1 (1o l 1—x? 1 (11 log?(1 — x? 1 1
:_f gxlog( x)dx+_f og xlog*( x)dx:_1+_]
2 ) x 4/, x 2 4
llog xlog(1 — x? llog x
*sz gxlog( )dx:f g dx( ) z f n-11og(x) dx
0 x o X
=—Z (~am2)= Z -
4n? 4/L.n3
llogxlog*(1 — x?) a 0?2 Txa(1 — x2)b
*’—f x ax = M 3aan?|, fo—x dx
K] aZ 1 1 a-2
— AN _ +2\b 2
~ M aaan?|, zfo ((x) ( x))d(x)
a 02 1 a a 02 1 a
_ 2y5-1 ,2)b+1-1 2 2291 Zp(%
~ M aan?|, zfo (G271 =yt d ) = tim 5250 ) 78z b +1)
1. a o2 a
=zlimaa dadb?|, (E"”l)
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r(g)ri+1)
r(g+p+1)

1 t B t
2\ 360/ 720

1 {3)\ 1 [ ((3) t
=a=gl ] <4> Z( 720> 8 2880

L
T 247 9adb?|

;taking derivative and taking limita - 0 = J

2178. Find a closed form:

(Y log*(1+x)
"fo A+ 01+
Proposed by Naren Bhandari-Bajura-Nepal
Solution by Pham Duc Nam-Vietnam

= 1 log*(1 +x) f(l—x)logz(1+x) fllogz(1+x)d
, Grnar)™ 1+ 2 2), T xr1 ¥
og?(1 + log*(1+ 1 ('log*(1 +

:_f 0g*( 2x)dx_fxO.q( %) 4 +_f 0g"(1+x)
2\J)y 1+x 0 1+ x? 2), x+1

1 1
=_(M-N)+-P
2¢ )*+3

log?(1+x 1 1 1 n
*P=f de :f log*(1+ x)d(log(x + 1)) =—log3(x+1)| =|=1log3(2)
o x+1 . 3 o I3

Ixlog*(1+x) 1t
N= | =), g D diogat + 1))’{

2log(1 +
{du = —g( *) dx
=

u=1log*(1+x)
dv =d(log(x* +1))

1+x
v=1log(x*+1)

llog(1 +x)log(x® +1) 4
1+x x

1
=N = E(logz(l +x)log(x* + 1)|1 - Zf
0

= %(1093(2) -2 f: log(1+ ?iﬂf(x + 1) )
_ %[093(2) B f: log(1+ );)io;cq(xz +1) dx = %1093(2) N
DN, = follog(l +J;):_o;cq(x2 * 1)dx,let:x = % =>dx = —ﬁdt = Ny
pog(1+ 15 Dwoa (150 +1)
2 e e
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1 (log(1 +t)log(t* +1
:2<_El g1+ 0)log(t* +1)
0

1+t
log(2) (tlog(t? +1 Hog?(t+1 log?(2
. .q()f g( )dHf og*t+1) og()f
t+1 o t+1 r+1
3 log(Z)f1 log(t+1) dt
t+1
1 log(2) (tlog(t?> +1 1 1 3
=2<—EN1 + 9 )f gt(+ T )dt+—log3(2)+—log3(2)——log3(2)) =N,
log(2) (Ylog(t* +1 log(2
= 9 )f 9( )dt+ log3(2)——log3(2) 9 )Nz
t+1
llog(t? +1) 1 log(kt2 1) ,
@GN, —J(; Tdt, let.Nz(k)—J;) Tdtﬁl\lz(k)
tz
= dt
fo (t+1)(kt2+1)
1 fl( 1t 1 ) _log(2) log(k+1)
T k+1)y \t+1 kt2+1 kt2+1)  k+1  2k(k+1)
arctanVvk

 Vk(k+1)
_ 1/log(2) log(k+1) arctanvk
=Nz _f <k+1 T ok 1) \/E(k+1))

1
= (log(Z) loglk+1)— % log?(k+1) — 1Liz(—k) — arctanz(\/l;))|
0

1 n? 3 w*
— 2(9) _ —1nn2 r T 200y T
log?(2) log 2)+ 22 16 4 g“(2)
log(2 1 log(2 ?
= Ny = log* (D) + 22 )Nz = 3100°@+ 222 (2 10g°@) - _)
11 log(Z)
—_ — 3 2 = — 3 —
24l 2) 9 N 2 log 2)-N,
1 11 log(2) log(Z)
— ZTo0a3(2) — ~=1oa3(2) + 2 — 3
log (2) >4 log>(2) 96 " g°2) + Y-
! 1092(1 . N loy(x) log(l +x)
*M = f ST d —SL13(1+1)—§+L T+ 2 dx

1'[3 3

fl log(1 —x) log(1 + x)
o 1+ x2
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OM-M, -M,
fl log*?(1 + x)d fl log(1 —x)log(1+ x)
= —_——dx —
0 0

1+ x2 1 + x2
Hlog(x) log(1 + x) (}Ii)
—J;) 1+ 22 dx —lo g(Z)f TldeGlog(Z)(**)
1—x
1logz(x) w3 =
@f 1+x2 R—)M_ZMZ
_m
16
fllogz(l—x)
— ———dx
o 1+x2
w3 ilog?(1—x w3 Lilog?(x w3 i
=——sf ilog"1-x), _ sf g_—(_)dx=—+zsu3(_ )
16 0 1-—ix 16 o 1—-i+ix 16 i—1
LY T S 3”1 2(2)
16 i3 D-ca™ og

3 3
= 23Li;(1 +1i) - Rlogz(z) - a113(***)

3

M — M, = 3Lis(1 + i) — —
1= i3 l 32

@ From(x), (x%), (xxx) > < M — M, —M; =Glog(2) >M

3
M —2M, = 23Liz(1+1i) — —logZ(Z) - an3

3 7
- - 2 3
= |43Li; (1 + l)——1 log?(2) ——m® —2Glog(2)

1 1(M N)+1P
> =— — _
2 2

1 3 7 1
= — i +i)—— 2 ——m3 - - 3
> <43L13(1 i) T log?*(2) oa” 2Glog(2) 24 log3(2)

log(2) 2) 1 3
PR — + —
96 " log3(2)
7 log(2)
— +0) 2 0a2(2) - L3 _ _ g 309y t09\e)
= 23Li;(1 +1i) log 2) 128” Glog(2) l 0g3(2) 192
+— 1093(2)
7 log(2)
= + —_— 2 R — _|_ - 3 2
= 23Li;(1 +1i) log 2) 128” Glog(2) log (2) - oz
7 log(2 7 3
= 7 10g?@) - 9@ 2 1002y — L mi - —logZ(Z) + 23Li5(1 + i)

192 128
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1+
@ Known:3Li;(1+ i) + JLis ( > )

3
3+ ——1log*(2) (~ 1911.12155.pdf (arxiv.org)) = 23Liz(1 + i)

~ 128" " 32
—2 (%;ﬁ +2—’;logz(2)) — 23Lis (1 ; i)
1= 4—781093(2) - %nz —Glog(2) - %113 - 2—’211092(2) +2 (3781:3 +2—Zlogz(2)>
- zsug(l; i)
= 4—781093(2) + :33—1211092(2) - %Zzlog(z) + ZT”; - Glog(2)
_ 23 <Li3(1; ‘)) (Q.E.D)
2179.1f 0 <a < b < 1,f € €1([0,1]) then :
fb(f(x))xdx + b? - a” <b-a+ fbxf(x)dx
" "

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x € [a, b]. Since f(x) = 0 then by Bernoulli’s inequality, we have:
(F@) =1+ - D) <1+x(f(x) - 1),
(f)) +x<1+xf(x), vxelabl

Integrating both sides on [a, b], we have:

f:((f(x))x + x)dx < f:(l + xf(x))dx,

This is equivalent to:

b x bZ _ aZ b
f (f(x)) dx + 2 <b-a+ f xf(x)dx, as desired.

a

2180.If 0 <a < b <1, f € €1([0,1]) then :
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b "(x 1
f (f(x))f( ddx + f(b) —f(a)<b—a+ E(fz(b) — fz(a))

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x € [a, b]. Since f(x), f'(x) € [0, 1], then by Bernoulli’s inequality, we have:
F@)Y @ =1+ @ -0Y P <1+ FEE - 1),

then: (F() @ +f(x) <1+ @)f&), vx e [a bl

Integrating both sides on [a, b], we have:

b o) b
f <(f(x)) +f’(x)> dx < f (1 + f(x)f(x))dx,

This is equivalent to:
b 7' 1
[ G@) Pax+ 1) - @) < b - a+5(720) - (@)

2181. Prove that:

- _m(2k+1)
e 22 1 1
S = Z(—l)k arcsin ( ) = Earccot\/_—
— _m(2k+1 2 -1
k=0 1+e V2

Proposed by Toubal Fethi-Algeria
Solution by Pham Duc Nam-Vietnam

_m(2k+1)

_mk+D\?  w(k+1) e 2v2 _m(2k+1)
* Note that: <e 2v2 ) =e V2 = arcsin—————— = arctan <e 2v2 )
_m(2k+1)
1+e V2
- _m(2k+1)
2v2
= Z(—l)k arcsin d
pr _m(2k+1)
1+e V2
= _m(2k+1) i _m \2k+1
= Z (-D*arctan <e 22 ) = Z (-Dk*arctan <<e 2ﬁ> )
k=0 k=0
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1 1-v1-—
Apply: Z (-1* arctan(q?*+1) = 2 arcsinlh/—l_m
-m

k=0
i
—— ] =1 — A(iv8) where A(7)is modular function.
73 (i8) @

And: A*(r) = A(i\/F),where 2*(r) gives the value of the elliptic modulus k,..
2
Known value: 1*(8) = (\/E+ 1- /2\/5+ 2) = /l(i\/g) = A(iv8) = (ﬁ+ 1- /zﬁ+ 2)
4
:>m=1—(\/§+1— /2\/2+2)

L 1= fio1e(Eei-VaZez) g 1-(VEe1-V2Eel)

>85= Zarcsin = —arcsin

1+\/1—1+(x/§+1—\/m)4 * 1+(\/§+1—\/ x/§+2)2

1 , 11 ,
= Zarcsin 2(\/2 - 1) = E.Earcsin 2(\/2 - 1)
1 , ,
*Let:yziarcsin Z(ﬁ—l):sinZyZ Z(ﬁ—l):sinZZy—Z(\/_—l)

V2 -1
-T2

oo

\where: m is Inverse Elliptic Nome Q[q]

s
In this case:q = e 2v2 = m:A(

4

=>1+cot’?2y= = cot’2y =

1
2(\/_—1) 2(\/_ 1

)
=>cot2y= ’\/_ = coty — oty \/Z 1):>coty— <\/2\/§ 2+\/2\/§+2)
‘/\/_+1:>y——arcsm /2(\/_ )= arccot ’ 1—arccot\/\/_1_
2-1

1
V2 —

=>5= Earccot

[y

2182. Prove that:
X
z (Zk)_l HZk = coshx (logx —+ Y — Chl(x)) + Shl(x) sinh x
k=1 ’

Proposed by Fao Ler-Iraq
Solution by Bui Hong Suc Vietnam

8= Z(Zk)' Z(Zk)'f e
it 1 (xt)2k
:ZU (xztk)' tit f(zk)' t—1 >:

k=1
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—fl dt (xt)2k fl dt i x2k _
— — . |_ — . |_
o t—1 i (2k)! o t—1 k:1(2k).

1 dt
:f (cosh(xt) —1 —coshx+1) =
s t—1

Tcosh(xt) —coshx ,-1-¢ (*coshx(1—v)— coshx
= f de "2 f dv =
0 0

t—1 -V

fl cosh x — cosh x cosh vx + sinh x sinh vx
_ =
0 v

11 — cosh vx ) Lsinh vx
=coshxf —dv+smhxf dv
0 0
We know that:
] *sinh t Lsinh tx
Shi(x) = f dt = f
o t 0
11— coshtx

*cosht—1
Chi(x) = y+logx+f _

dt=y+logx—f
0 t

0 t

fl 1 — coshtx
0

" dt =logx +y — Chi(x)
Hence,

2, x2k
z (2k)! Hy;, = coshx (logx + y — Chi(x)) + Shi(x) sinh x
k=1 )

2183. Find a closed form:

- 1
Q= Z(—l)k cos‘1< >
& \/1 + e-m(2k+1)

Proposed by Toubal Fethi-Algeria
Solution by Ahmed Mohammed-Berlin-Germany

Q= i(_l)k arctan (exp (—(Zk + 1) . g)) =

k=0

— i arctan (exp (—(4.k +1)- g)) - ki arctan (exp (—(4k +3) g)) =

k=0 =0
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i< |[<1 - (ie“g)4k+1> <1 + (—ie-§)4k+3>]|

=0 |l<1 + (ie'g)4k+1> <1 - (—ie_%)4k+3>J|

4k+1 \ 4k+3

0 , I o , -
exp (%Q) = 1_[ = (le Z§4k+1 : 1_[ i (_l_e_;)4k+3 =
(ieFiewn) (e Tie™)

T, = ' _3m
(—le Z;e_Z") (—ie 2 ;e—Z")
(o)
[e/e)

T _3_71' 2 T
(o), (o) \ [ (eer)
co co _ g co
) z ' 3 - z
2 (—ie Z;e‘Z") (—ie‘T; e-Zﬂ) 2 (—le Z;e‘")
[ee] 0 [ee]

_r _im _r
But, (ie Z;e‘") =e 8 (—ie Z;—e‘") ,then:

(0]

Q= i.lo (e_%) = i(—E) - where
—2%8 —2\"8) " 16’

(a;q), — gives the q — Pochhammer symbol.

i — is the imaginary unit.
2184. leta,b > 0,a # b and (x,,),~1 Sequence of real numbers strictly

positive such that lim =+ = ¢ > 0. Find:

n—oo Nxy
Q(a,b,c) = lim(Ya - Vb) - V/x,
n—o>0oo

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
Solution by Toubal Fethi-Algeria

8(a b = lim (Ve = V5) -3/ = ““‘(Wq - %1_1)%:

n—-oo 1 4 n
n n
s N o ay o Ax,
—}ll_{lolo(loga—logb)- - —log(E)-rllglolo =
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= tog () lim |72 tog () tim 355
1
=tog () tim (3t ()" ) = eton ) tm 1 -535) =

= glog (g)

2185. Find:

ﬂ:lim<n— (e —1)n )

n—o k:1n +(e— 1)k

Proposed by Daniel Sitaru, Nedelcu Elena-Romania
Solution by Hikmat Mammadov-Azerbaijan

Sl o S
=Y - Y — -
La\m+1 m+1+n+£ m+1 m+1+%

X S AR B

Elog(1+n+g)—m_log(1+g)+

Q=i y'_(e=Dn — i log| 1+—1
= n+(e—1k| nos("" ™08 1+_1
k=1 e—1

) (e —1)?n?
—lim
n-w2(e—1+n)(e—1+en)

N
~—
[y
+
el
—
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n
n 1—log (1 + . )
Q = lim <n — ﬂ) = lim e—1 L’Hti)ital

—00 — —00 1

n k:1n+(e 1k n 1

— 1 n? _ 1 _(e—1)2

_nl—>n0}>(1+ n )2+ (1+ n )_ 1 1 e
e—1 n e—1 (e—1)?2 e-—-1
I (e — 1)*n? _(e—1)?
nl—>n-302(e—1+n)(e—1+en)_ 2e

- 0ol C (e—Dn \_(e—1)?
erefore, _nl_glo n k_1n+(e—1)k iy

2186. Prove that for n € N:
*(arctanx — arccot(x))*™™ 2~ (2n+2) p2n+1

. (1 + x2)2 X T 1

I =

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Pham Duc Nam-Vietnam

2n

dx

1= =
* . (1 + x2)2 x (1 + x2)2

2n
oo (arctanx - (% —arctan x)) oo (2 arctanx — %)Zn
= dx =
fo (1 +x2)? x fo (1 + x2)2
mT\2n
; (2-3)

AT 2]
o (1+tan?t)?

1
oo 2 oo — —
(arctanx — arccot(x))*" f (arctanx arctan (x))
0

dx

letx =tant=>dx =1+ tan’t)dt=>1 = 1+ tan®’t)dt

T

- n-Zn
= >—=2Z _dt=2%" 2()lt—=) dt
_[0 1+tan?t Lcos()( 4)
T

Let'uzt—E:duZdt:IZZZ"fIcosZ(u+E)uZ"du
' 4 L) 4

T
4

= 22n-1 f n(l —sin(2u))u*"du
3
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n T
2n+1 |3 vy )
—o2n-1_~ | _92n-1 , n
2n+1| x 2 f_%sm(Zu)u du
21TZ"+1 %
— 22n-1 _22n-1 ; 2n
=2 <(2n " 1)24n+2> 2 flsm(Zu)u du
2
r2n+l %
— 9—-2n-2 __22n-1 . 2n
=2 T 1 2 f_%sm(Zu)u du
1TZ"+1 2—(Zn+2)n.2n+1 =
e -2n-2 f— . . 2n _
=2 o 1= 1 " f_%sm(Zu)u du = 0 because f(u)
= sin(2u) u?" is odd function(n € N)
2187. Find:
! 1
Q= lim ([nx] . |x— [x+—]|)dx,[*]—GIF
n-o J, 2

Proposed by Daniel Sitaru, lleana Duma-Romania
Solution by Hikmat Mammadov-Azerbaijan

¥= fol ([nx] ' |x B [x + %”) dx = fo%[nx](x) dx + f%l[nx](l —x)dx =

27l m+1 n-1 m+1
noEen f " m(x) dx + 2f " m(1l—x)dx =
— Jm 4 Jm
m=0 n m:f n
%_1 n-1
m m
-3 e 8 (1 amen)
m=0 m:%
1 1mn n 1 1/n n 1 1 n/3n
=—-(z-1)z(n-1 “(z-1) o+ (2-=—=)=(=-1)-
n? 6(2 ) (- D+ z(z ) 2 \n an) 2(2 )
1 1 n( 1)(7n 1)_n—l
nz'6 2" 2 ~ 78
n-3
2 mtl 1 n+1 1
_ 2 — 2 -
ll'nédd f " m(x)dx+f ( )xdx+f " (—)(1—x)dx+
m n-1 1 2
m=0 n n
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n-1 n+1

+ z fme(l —x)dx ==

n+l "

2

n=1
8

1 1
andQ = lim ([nx] . |x — [x + E”) dx =+
0

n
Therefore, W =

8 n-oo
2188. Find:
. ! 1 (! 1
0 = limn? f = dx — lim = dx
n—ee 0 x2+2xcosﬁ+1 n-—ee J, x2+2xcosﬁ+1

Proposed by Max Wong-Hong Kong
Solution by Pham Duc Nam-Vietnam

1 1 1 1 T

* ] = T dx = 3z n_d(x+cos—)

2 n , n

0 x*+2xcos, +1 0 (x+cosﬁ) _|_smzH
"
1 x + cos, 1 T T
= n.arctan = n.arctan (cot—) — arctan (cot—)
sin— sin— sin— . sin— n
n n |, n n
1 ¢ (t T ) T
= arctan({tan— ) = —
. T , T
sin— 2V 2nsin—
n n
1 b4
. 1 . (3 1 . n
= lim T dx =lim =—=lim =—
n=Jo x2 + 2x cos +1 n—ee Znsini 2noe sinﬁ 2
T
L (3 1 (3 t=2
*= ) = limn — 75 =—limn T 1]|—
n-ee Znsini 2 2 noe nsinﬁ

_n'zl_ 1( t 1)_ Zl' ( 1 1)
=2 S0t e \sint ~2 St \tsint 2
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2 . (t —sin t) T t—sint t ) Maclaurin series
=—1

2
m =—Iim .
2 -0t \ tZ sint 2 -0+ ( t3 sint

t3 \ 3
m* /t_<t_€+0(ts)> E o™ im §+0E) ¢

=—IUIim . = .
2 t-0%t t3 sint 2 t->0* t3 sint

2

1 =
26 12

2189. Prove that:

Llog3(1+ x) log(1 — x?)
I :f dx
0 X
72 52 105¢(3)
— 3 _ 5 7
=1¢ $B) +——1og*(2) — log>(2) 3

99 . /1 . /1
+ T((5) —301log(2)Li, (E) — 30Lis (E)
Proposed by Naren Bhandari-Bajura-Nepal

Solution by Pham Duc Nam-Vietnam

log?(2)

Tlog*(1 + x 1log3(1 +x)log(1 — x
I:f g*( )dx+f g°( ) log( )dx:]+K
0 X 0 X
Tlog*(1 + x 1-t dt
*]=f de,let:xZ—:de——z
0 t t
log*(t) 1 1 11og*(t) 110g*(t)
= ——=] 1 4t(—+—)dt==f dt+f dt
=J f% t— t2 f% 0g*(t) t 1-t % t % 1-t

1 L (tlog*(t 1
=glog"(0], + || P de=glog@) 1,
2 2
1l 4 t 1
1= [ 2L Par = toghv) dltog(1 - 1)

2 2

Log3(t) log(1 —t)
t

=—log(1-1t) log4(t)|i — 4_[1
2 1
2

=—1log°(2) -4 Z —fl t" 1log3(t) dt
n=1n 2

=—1095(2)—4i%< 6 _6 +6109(2)+31092(2)+logs(2)>
n=1

2t nt 2np3 2np2 2nn
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o 1
7 — 12 logz(Z)Z T
n=1

< > 1 <
— 5
=—1log>(2) — 242 W_F 242 5 24[09(2)2 -
n=1 n=1 n=1
5 1
~4l0g'@) ) s
n=1
=—1log>(2) — 242 @ +244(5) — 24 1log(2) Z (7) -1210g%*(2) Z (7)
ns nt n3
n=1 n n=1 n=1
(-] 1
—41og3(2) Z (7)
nZ
n=1
. /1 /1 /1
= —log5(2) — 24Lis (E) +24(5) — 241log(2) Li, (E) —1210g*(2)Lis (E)
1
—41og3(2)Li, (E)

2

1, n? 1 1, 7 1 n?
. i Lir (=)= — —— 2 2= == + — 3 —_—
Use : particular value of:Li, (2) 123 log?(2) Lis (2) 8 2(3) A log>(2) P log(2)

= J1 = —log®(2) — 24Lis (%) +244(5) — 241log(2) Liy (%)

n n

o

2 2
—1210g2(2) <§ @3) + % log(2) - 111—2109(2)) —410g3(2) ('1’—2 — % logz(Z))

= —1log®(2) — 24Lis (%) +24(5) — 241log(2)Li, (%) - 22—11092(2) {(3)—21og5(2)
2
+n? log3(2) — %1093(2) +21og>(2)
2
= _log®(2) — 24Lis (%) +24¢(5) — 2410g(2) Li, (%) - 22—11092(2) 7(3) + 2%1093(2)
1
=] = 51095(2) +J1

=_ g log5(2) — 24Lis (%) +244(5) — 24log(2) Li, (%) - % l0g2(2) ¢{(3)
2

21
+Tlog3(2)

llog3(1+ x) log(1 — x 1 1
*K:f g i 9 )dx,byalgebraicidentity:xy3:g(x+y)4_§(x_y)4_x3y
0
1—x
1 (tlog*(1—x* 1 (llog* 00%(1 — ) loa(1 + x
=>K=—f L)dx——f de_f g°(A-x)log(1+x)
%0 * 8Jo x 0 x
1 1
:gKl—ng—K3
Tlog*(1 — 2 2
@K1=f g(x )dx T K, =128(5)
0
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1—x
tlog* (7=
DK, :f (1 x)

1—x
1log™
dx,we have the general case: f M
0 x 0 x

dx

1-—x
= (2 -2")(—1)"n! {(n + 1) easy to prove by set: t = 1

+x
93
=K, = 7((5)
l1og3(1 — x)log(1 + x)
@D K; = f
0 x
(-Dkk! Hﬁk“) fl logk(x) 1 —x
>—T = .
n2n o 1—x n2"
- (—1)kk! Hflk“) Llog*(x) 1 — X"
= Z =f Z dx
n2n o 1—x n2an
n=1 n=1

Z (—1)kk! Hflk“) fl logk(x)log(2 — x) d fl logk(1 — x) log(1 + x) d
= - = —
n2n 0 1-x x 0 X x

dx

1 lo k x) (1 —xm
dx, from: (—1)*k! H&+D :f g (1)(x )
0 _

dx

=>K3

n=1
-

(4)
= -6 Z Hn
n2n
n=1

@ Use : result from Cornel Ioan Valean: Z
n=1

HY
n2n

/1 /1N 27 7* 7
= is (5) - toa@ Lia (5) +558(8) + 5 4(3) — 1 Log*@)3(3)
T 1 5
+ 36 log3(2) — 30 log®(2)

7w

1 1\ 27 7 2
= K3 =—6 <—Li5 (E) —log(2)Liy (E) + ﬁ((5) + g((3) - Elogz(z) {3) + % log3(2)

1
~30 1095(2))

K 1K 1K K
= = — —_— —
g1 gz 73

1 1\ 21x? 21 2
= 6Lig (E) —6log(2)Li, (E) + 4:: 33) - S 10g*(2)¢(3) +%log3(2)

1 3
— Z10a5(2) + >
z log (2) yid (5)
+x Combine these results:

4 1 1\, 21 2m?
I=]J+K= —Elogs(z) — 24Lis (E) +244(5) — 2410og(2) Liy (E) - 71092(2)((3) + %1093(2) — 6 Lig (

21m? 21 : 1 :
+ 22 8(3) - S 10g*(2)4(3) + ¢ Log*(2) — £ log™(2) + 4(5)
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= —30Lig (%) - 30[og(2)Li4( ) (5) + —((3) —log5(2) +5—tog3(2)

- 1058( (3)1092(2) (Q.E.D)

2190. Solve for real numbers:

X xZ earctan X

2| ——dx=1
o V1+x?
Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

x xZ earctan x

2| ——=dx=1; (»)
o V1+x2
X y2 parctanx —t Ytan?vseclvyeY Y sin?
2 —dxx:a“yzf yeee y dy:Zf Y evay =
o V1+ x2 0 secy o cosdy
y siny d(cosy) 1 1
= i y y — | = i Y =
Zfo sinye’ 3 dy f sinye < cos? y fo sinye d(coszy)
smy YcosyeY +sinye”
- =
cos y cos?y

sin y Y e
= 5 f dy f ey
cos y o COSYy

siny Yy e e 17 (Y e
~ Cos? ey_f dy - [ ] _f dy | =
y o COSY cosyl, J, cosy
__ siny (224

= 5 e’ — +1
cos?y cosy ~ cosy

= (x—1)y1+x2edretanx + 1 =15 x=1.
d
Note:a((x —1)4/1 + x2e?rctanx 1) =

= 1+ xZedrctanx 4 (x — 1) - X parctanx (x— 1)\/(1 + x2)earctanx _

(tany 1)+1= (x—1)1/1+xzearctanx+1

1 + x2 1+ x?
2 _
= /1_|_xZearctanx+ X 1 earctanx —
V1 + x?

earctan x ZxZ earctan x

=(1+x2+x2-1) =
V1 + x2 V1 + x2
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2191. Prove that:

1109(1 _x3) T 21T
B e P TORRECACS

Proposed by Fao Ler-Iraq
Solution 1 by Pham Duc Nam-Vietnam

dx=]J+K

liog(1 — x3 llog(1—x liog(x2 +x+1
I:f f( —)dx=f —Z‘q( )dx+f g(z )
0 X +x+1 0 X +x+1 0 X +x+1

1\* . 3
log< x+z +—) T 3
*K:f1log(x2+x+ 1)dx—f1 ( 2) 4 dx:f3 log(—4-cos2 t) V3
0 0

x2+x+1 - 2 3 - 3 ‘3 cosZt
(x+7) *1 6 4 cos?t
+ - = —
x+5=—-tant
2 3 3 4 L
3 T 3
~ ! (—>dt:_l 3——fl 2) +1 t)) dt
V3lx T \acos? 35093 -7 %(og( ) +logcos(t))
4 = (-1)k (3
L - 3
= log(3 "'—Z f cos(2kt) dt
3v3 0963) Bl &k Ix (2kt)
=1 6
2 - Sinznk sinnk
Vi3 _ -
=—log(3 +—Z —1)k 3 ~—_3
3\/§ g( ) \/§k=1( ) ( k2 k2
.4 2 1 2 1
=——1log(3)+—=.—— (1)(_>_ (1)(_>)
373 093 ﬁuﬁ("’ 3) ¥ (3

3

33 log(3) + 1_18 <1I’(1) (g) —yp® (%))

T . . 2mprm cl 2mTm
P q Z sin p 2 ( p )
q =

00 )90 ) o5 (2

n 1 21 1 1

Use the trigamma identity: (V) (s) =

> K
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1
log(1 —x)
*]—fo —x2+x+1dx—f0

3 (eod)

(x+1) L3 dx_x/_f

\/gt t|dt- +1
> tan xS

2 4
V3
= 7tant
\/'_
\/_f log(%ﬁ) de
= 6—1\;5109(3) +%L3log (cos (t + g)) dt ——f log(cost) dt
6

@%f; log (cos (t + g)) dt

2z 2 (7{ < (-1)kcos(2kt)
_ﬁf;—’ log(cost)dt—ﬁﬁ% (—;f—log@))

R 2« (-1 (2
= —m[og(Z) _ﬁ; K % cos(2kt) dt
oo 2km
T 1 (—1)"sinT
= —3—\/§log(2) +E;T
@if lo (cost)dt———lo (2)——2( 1)k inik—sm%k
7 e 109 g = =
- - 1 — (—1)"smT T
:>]—6—\/,§log(3)—mlog(2)+ﬁkzl 2 +3\/§log(2)
1 — . sin? sin%k
_ = . 2 sin gk 1'gk
=log3) + T;H) 2 %

128 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

- o0 @+ Lt (10 ) -9 5)) = Tptoa - 5o (37)
= 675 log(3) - % cly (2?”)
2n

/13 2 /13 1 2
= I:]+K:Wlog(3) —TCIZ (?) +mlog(3) _ECIZ (?)

log(3) — \/_Clz( )(QED)

\/_
Solution 2 by Le Thu-Vietnam
T(1-x)log(1- x3) TA-x)log(1 —x3) | 3o
Q= o (X3 +x+1)(1 - x) fo 1—x3 dx =
O o) -2
= 3im, 55w+ 1) frutw s D=0+ w)}

o) o) -

-0 ) Bllr ) B ) (-
:%( \/_) (2y—2y—-3log3) +— < 6\/_Clz( 3 ))

= ﬁlogB —V3cl, (2?”)
“Po(1 —2z) — Yo(z) = mcot(mz)

3

v P,(1—2) +¢4(2) =

sin2(mrz)
m-—1
—Z
14 2nnr nm
wo(a)__y 10g(2m)_icot( )+2 z cos log(sin—)
n=1
1 3.4 (1) T 3log3
r=1m=3, P e
°\3)" 7253 "z 7

129 | RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

. P 2mm
Due to (Lewin, 1991): ¢, (—) + 2q z sm cl, ( )
2 smZ q

1 2, 2w .
Forp =1,q = 3,we have: {, (5) = §1r +3V3Cl, (?) as desired.

Laurent series around b = 0:

B(a,b) = 7 + 1> [633(a) + 12y¥o(a) — 691 (a) + 72 + 67?]

nle
Pole) = —— + — (Laurent series around £ = 0)

dxdydz
f f f 6 —xy 6 — xy2z3
Proposed by Ankush Kumar Parcha-India
Solution by Pham Duc Nam-Vietnam

0= fff dxdydz fld fld fl dx
" "
6 —xy?z3 ), ZO yo6—xyzz3
3
1 1 log(l—%)
——f dzf dy
0 0

2192. Find a closed form:

yZZ3
1 1 ka Zz3k3
= [a Y T
k=1
> e 5) ) = o oy * - 55
= = B
6k \2k—1)\3k—2 6k\2(B3k—2) 2k 2k-—1
k=1 k=1
R ETHCE .
* — — == - - —_—=— — X =—
6k 2k 2295 k 0gil—x) let.x=1
k=1 k=1
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1 NG 1 1 2V6 1
42 tanh™1 (—)
6k 2k—1 (\/—)2k+1 2k+1 3 V6

oo

9w 1 336
Ez_k Z 21 3k +1
k=1

k=0

@i a1 . $3k+1 —ft 1 o £3k+1
g 3k+1 Jy1-27 T L3k+1
k=0 k=0

1 2x+1
= g(log(xZ +x+1)—2log(1 —x) + 23 arctan )
=, 3k+1 1
Z+t+ —t)+ )
kT 1 6(log(t t+1)—2log(1—-1t) 2\/_arctan
k=0
1 2t+1\ mV/3
=— Z+t+1) - —t)+ )—
6(log(t t+1)—2log(1—t)+ 2V3arctan 73 18
P T 11 36w 1 1
et. :3_:>_z_k' —2 3k+1°
V6 2 o] 6" 3k —2 4 o % 3k+1
3%11(1+1+1) 21 (1 1)
= —| lo — —2lo -
4+ |6\ 9\ V6 AT
2
_+1
V6 /3
+ —_—
2V3 arctan 73 ) 18
3 2+36] 3VY6 m/3
= —+ —— )+ — _
3e [log 1) 2log (1 ) 2\3arctan e 7 18
1 1 2+36
lo + =+ 1) 21lo (1 )+2\/_arctan
4\/—[ g 336 6 IV "6 V3¥6
3
4/33/36
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2+36

3 1 1 1
Q=4m[log(m+%+1)—2109(1—% W
- Hoo(§)- 2o ()

2193. Prove that:

_ % sinx _2m 29 +1 _ _
I'= fo Sind x + cos5xdx 5 |29-1 (Where ¢ is golden ratio)

Proposed by Togrul Ehmedov-Baku-Azerbaijan
Solution 1 by Pham Duc Nam-Vietnam

T

T
2 sinx 2 CcoS X 2 sinx +cosx
x| = ﬁdx: ﬁdx:ZI: ﬁdx
o Sin°>x +cos>x o Sin°x +cos’x o Sin°x + cos>x

) + 2+/3 arctan

T
2 sinx +cosx 1

[ — ’
= X = . X
0 %(sinx+cosx)(—4sin2x+cos4x+7) o (—4sin2x+cos4x+7)

T
—8-[? 1 d
%), Casinzx+1-2sin22x+7)""

T T

3 1 3 1
=4 dx=>1=2 d
fo (—sin22x—-2sin2x+4) x fo (—sin22x—-2sin2x+4) x

1 1

T
_ 1[7( 1
V5Jo \sin2x++V/5+1 sin2x+1-+/5
T

V5

z 1 1™ 1 t=tans e
S S SRR ¥ S ML S S—
0o Sin2x+u 2)y sinx+u o ut-+2t+u

U-K)

)ax =

arctan tu+1 -
Vuz -1 /[ 1 ’ 1
= = — arcian
uz—-1 2Vu?2 -1 Ju?-1 uz -1
0
u=V5+1 T 1 1 T T
= — arctan = —
2J5+2vV5 5+2v5 J5+2v5 2/5+2v5 10V5+2V5
_ 21
5v5 + 2v/5
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« f 1 4 T 1 , 1 v=1-V§
* = —_——ax = — — arcian
o Sin2x+v 2Vv2 -1 Vw2 -1 vz -1
T 1 1 T
= - - arctan =- -
2V5-2V5 V5-2V5 5-2v5 2V5-2v5 10V5-2v5
_ 4
5v5—2v5

1
>1=—

(]—K)=i< 27 . 41 ) 21T< 1
V5 V5\5/5+2v5 5V5-2y5 V5V5+ 25 \/_\/5 2\5

_2m _2m 5+2\/_ 2w 2 +1
/ (Q E.D)
<\/25+1o\/— V25— 10\/_ 5 \}Z‘P

Solution 2 by Ankush Kumar Parcha-India

T

2 sin x Xo5=Xx (2 coS X

Q= — z dx = z — dx =
o Sin° x +cos>x o €OS®>x +sin’x
T

3 f? sectx tanx=y (°(1+y?)(1+y?)
0

andx+1°7% o (1+y5)(1+y?) Y=

“1+y%  p=x1 xs's !
[ e[
o 1+y 5/ 1+x 5 1+x

4
= € /A
Lm T in _] f 1+x x ~ sin(nm)’

5 2 2 1 1
EQ:\/S_\/§+\/5+\/§: \/g_l + \/§+1 =
s(5) [0
1+¢ __ e
(p\/_ \/ 5> Jo2ze -1

(3+\/_)(1+\/_) s 2( .

: lc.a Z: +
2(p—1 20-1 2p-1 G Terl)

—
+
@

N———

+
—
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Q_f% sin x d _2m 2¢+1
~ J, sin5x + cosSx *~5 20 -1

2194. Find a closed form:

3 5
Lyi(1 — x)%
= [ T dx

0 (7_x)

Proposed by Le Thu-Vietnam
Solution by Fao Ler-Iraq

3 5 3 5 0
1x3(1—x)2 1 (1x3(1 - x)% 1 (13 5 k-1
—( ) dx:—f ( ) dx = — xZ(l—x)ZZR(—) dx =
0

— ), @22 9 (1-2y 49 J, L\
2 kT (k+r(3)
727’([ Xh(1 - x)4dx__27kﬂ( ) 7L7* F(kL%FB)4 -

it ) Y (++5) =ria () Y e (45 -
" 112 ()<Z7k(k+1)' (k+ ) 7k (k + 2)! ( )>:
~ 112 ()<Z7k 1k (k__) 7k-2k] (k__)>

27
2
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(-5 e -r -l
(5 1( 1)

et (- (10 )+ (e ) 55

s )r(a-3) (- (12 o7 (o-onle-3) i) -

s a(r(a3) 7)o [so-mo-3) )

1
(226

2195. Find:

oo

_ arctan(x)
2= fo DD

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Pham Duc Nam-Vietnam

T

2 t
*x=tant:>dx=(1+tan2t)dt:>.(2=f dt
o tant(tant+1)

% t 2 t
[P [ aemie
o tant o tant+1
T
2

_ t (2 Lo (u=t du = dt
« I = i T dt= fo td(logsin t),{dv = d(logsint) = {v = logsint
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T
L 2 mlog(2
= I =tlogsint|2 —f logsintdt 2#
D ——— —— 0
-0
% ¢ u=t du =dt
*]:f —+1dt’{dv— dt :{ _t+log(sint+cost)
o tant “tant+1 VT2 2
n T
t lo int + t)||2 2(t 1 int + t
I L g(sint + cost) _f t, og(sint + cost) Qs
2 2 . h\2 2

T
:—Z—%f log(\/_sm( +Z))dt

:n—z—L‘q(z)—lfozlog(sin(t+g))dt

> cos (Zk (e+ %))

n* mlog(2) 1 z
=T _ += [*( 1og(2 +Z dt
16 8 zfo 09(2) k
k=1
oo T
_n2+nlog(2) 121]7 n2+nlog(2)
16 8 2Lk 16 8

1w 1,  3nk nk\ m? nlog(2) G
+—Z (s1n——stn—)=—
4 k2 8 2

4 2 2) 16
_mlog(2) (n* LT log(2) G\ G n? 31'[ log(2)
2 16 8 2)72 16" 8

Solution 2 by Ankush Kumar Parcha-India

Q= f"" (1+x—x)arctanx f""arctanx ®  arctanx x=tany
T, x@ 0@+ T x@ 0T ), @0 +a2)
T T

z z cos
:f yd—f—.y Y —dy; (1)
o tany o Siny +cosy
- y) siny
7 2— —
= [y log(sin y)]; f log(siny) dy — f siny + Cosydy
L T . n .
2 . (2 siny 2 ysiny
= _ R Bl AR MY [ et AR R
fo log(siny) dy Zfo siny+cosydy fo siny+cosydy’ (2)

™

T
~ 7 _ m(Z tany COSJ’— smy)
20 = Zfo log(siny) dy 2 fo 1+ tan v tany dy — f siny + cosy
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— cos(2nx
~log(sinx) = —log2 — z %

20 =21 Zf%d +z§ 1f% (2ny)d ”ﬁ(1 1 )d
=2log2 | dy 7 | cos@nydy =35 | T tany) ¥
n:

- r
— <[y log(siny) + cosy]Z — leog(sin y + cosy) dy)
0

20 = 2log2 - "‘22 sm(Zny) T 1f ( 1 N 1 x )d N
- <08 2), Uvx " 1+22 1+22)™

+f: log (\/isin (§+y)) dy; (- sin(nm) = 0,n € 7)

2Q=mlog2 T
=mlog 2 |2

1 1
—3 (llm log(1+x) — llm log(1+ x) + 5~ lir llm log(1 + x?)

X— 00
T

+ L imi (1+ ))]+1Fl 2d +Fl ( (”+ ))d

5 lim log X 2Oog y Oogsm4 y))dy

nm 1/m 1+x log2 &
20 =mlog2 — - ———(E+llmlog( ))]+ L

212 2 x>0 V1 + x2 2 2
flogydy z f cos —+2ny)dy
[ 1 ]
20 = wlog 2 |” !im1 *(z+1) |+ Tlog2 — Flog 2
T8 2 2.0 %% T 4 0873708
XF'F].

n=1 0
0 . nm 0 . nm
20 311-1 ) T 1w 1< sin (T)cos(nn') 1 sm(T)
= loo2?2 — — . — — — + — __N& 7
4 84734772 n? 2 2
n=1 n=1
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3 2 1w (-1)(=1)2"1 1« (=1)"
20=""log2 — —— = =) — 7
4 8 2 (2n + 1)2 24, (2n+1)?
= n=
- (—1)m
2) = A
n=0
20 ="10s2 ”Z+G
— 3 %87 g
9_fm arctan x dx _311'l 5 11'2+G
), xA+x)(1+x2) " 8 8% 716 2

Solution 3 by Amin Hajiyev-Azerbaijan

9_fm arctanxdx  arctanx=t f? t dt =
B o x(1+x)(1+x2%) B o tant(tant+ 1) B

T T
2t 2 t
B L | —
o tant o tant+1
T

T T
2t 2 T 7
Q= fo ant = fo tcottdt'™ [tlog(sin t)]> - fo log(sint) dt =

% % = 1 % (4
= —f log(sint) dt = long dt + z —f cos(2nt)dt = —log2
0 0 ny 2

T
o=t
27 ), tant+1
1 tant=x 1 1—x 1 dx
—dt = dx = | ———dx +—
1+tant f(1+x)(1+x2) x fZ(xZ+1) x 2f1+x

_1f dx 1f X d+1l (x+1) =
—2)+1 2) 1T 208 -

IBP:v=f

—[1 t 1l (Z+1)+1l
= |5 arctanx — - log(x 5logx

]tan t=x

1
v=g (t +log(sint + cost))

T
t2 t 12
Q, = > + E10g(sin t+cost)| — Ef (t + log(sint + cost))dt =
0 0
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2 n? 1z . n
= flog(smt+cost)dt—E_Ef log(\/ism(x+z))dx—

+o=t

T
f logde—%f log(sm(x+Z))dxx§

16 4
3
T g2 L Tnl (sint) dt =
R—g og _Ef;r oglsin =

Fourier series

n?
=1 8log2+—log2f dt+zz f cos(2nt) dt =

3

m l 2+31 2 l 2+ [sin(2nt)],*
E—g 0og Tog —§ og 42— sin(2n T,_— =

%) . nm
Sln sin (T)
~ 16 sl°g 2+ 42 nz
n—1

) e

:n—2+—log2+ (2+0 3 0+£+0 2+ )—
16 8 4 32 52 72

m? 1

_E_EG §log2

3n
Qzﬂl—ﬂzz7log2—ﬁ 2

Solution 4 by Yen Tung Chung-Taichung-Taiwan
z t

Q= f‘” arctanxdx  t=arctanx ff dt
o x(1+x)(1+x2) o tant (1 +tant)

T T
2t 2 t
:f —dt—f L
o tant o 1+tant
T roe2— (%t Flog2 - 16) = 3 log2 T e wh
— 298 16 8 8773 7 0847 T g Where

2
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™

z T
2 Z cost n 5
i —_— = PO - = 2 _ . —
@ fo ant ™t fo t-Sing 4t = tlog(sint)ly fo log(sint) dt

Y
Z . _ 14 T
——fo log(smt)dt——(—ilogZ)—ElogZ
7t 7  tcost 1Et[(t't)(t't)]
2 2 cos 2t[(cost +sint) + (cost — sin
@ | [Pt 1) _ "
o 1+tant o Cost+sint 2 ) cost +sint

12 1z
= Ef tdt+if td(log(cost + sint)] =
0

0
T T
1 tZ 2 1 s 2
=31z *3 [tlog(cost + sint)]Z — f log(cost + sint) dt | =
0 0

2

T T
w1 2 w 1 (2 T
= — 4 — — + qj = — _— =
1e¥3 (0 fo log(cost + sint) dt) 16~ 32 f log <v2cos (t 4)> dt

0

T W a2 %1( £) dt =
—E—gog —fo 0glCcos =
— T Tiog2 (-3 z+1a)—”z+”1 2-Lg
~16 8 °8 2 %8720 167 8'%8° 73

2196. Find a closed form:
T T
Q= f f x-cosx-siny-e*Y dxdy
0 Jo

Proposed by Arnab Debnath-India
Solution 1 by Le Thu-Vietnam

™

T
QZf xcosxe"dxf sinyeYdy=1-K
0 0

d T ] d en’(1+i5) -1
I= _sf e(1+16)xdx =5 —] _
5™ ), L as| 1+is ||,
. d em(1+i8) _ 1 _o(lte” 1+i _\  me"
BT EEET; 5:1)_"( 2 2 e”)__ 2
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(i+1) "(”'1) 3in in
— X i+1)y d 4_ _ 4_)
Jf e y = 3 i+ 1 ] e

_1 e+1_e+1
V2 V2 2

14
Hence,Q=1-K = —Ze"(e" +1)

Solution 2 by Adrian Popa-Romania
T T
Q= f xcosxe"dxf sinyeYdy =1, -1,
0 0

T T
I, = f e’sinydy B ey cosy|§ +f e’cosydy =
0 0

e™+1
2

T
IBP .
=e"+1+f eYcosydy = e"+1+eVsiny|f -1, =>1; =
0

T T T
I, = f xe*cosxdx = in xe*e* dx = in xe* @D gy 2
0 0 0

xeX(it+1) n 1 T re™(i+1) ex(i+1) n
=R _ x(i+1) d =R _ —
i+1 i+1foe x i+1  (i+1)?
0 0
n.en'(i+1) en'(i+1) 1
= — + —_
< i+1 (i+1)2 (i+1)2>

me™(cosm +isinm) e™(cosm +isinm) cos0 +isin0

\/i(cos%+ isin%) - 2 (cos%+ isin%) N 2 (cos%+ isin%)

=——C0S—/— ——COoS_+_—-cos|—— 2

me” 3 e” T 1 ( n') _ me"
V2 4 2 2 2 2/
/4
Q= —Ze"(e" +1)
Solution 3 by Ankush Kumar Parcha-India
T T d T T
:f fxcosxsinye”ydxdy:—(f sin(ax)e"dx) <f sinyeydy>
0o o da\J, -1 Vo
a=1

ax

e
. 3 ax —_ _ i —
: f sin(bx) e** dx = P (asin(bx) — b cos(bx)) + C
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a=L_(sin(ax) oo | (L )
_da 1+a2 sinlax acos X . . 2 Slny Cosy

™

0

_d e’ in(ar) ae™ (am) + a e"+1_
= da|[Te @ oinem 5 geos@n) + | (F45) =
_ (1+e™\ [-2a(e" sin(am) — e™ sin(am) + a) . 1 + me™ cos(am) — e™(cos(am) — am sin(arm) _
_< 2 ) (1 + a?)? 1+a? —t

_1+e” 2(1+e")+1—n'e"+e" _
2 4 2 B
_(1+e™) 1-me™+e"—1—¢"

2 2

me™
Therefore, Q = — e (1+e™)

2197. Prove that:

5
z sin’y /50 §\
ﬂ—f log -1
0 4 —

= sinydy = logy ——
16—sin2y> yey g\ 3

Proposed by Naren Bhandari-Bajura-Nepal
Solution by Pham Duc Nam-Vietnam

0 f;l < sin?y > v d
= og sinydy =
4—.,/16 —sin?y

7 sin?y (4 +,/16 — sin? y)
—f log
0

sin’y

) d(cosy) =

3

_ f *log (4 + 16 —siny) d(cos y)
0
1109(4+\/W)dx1{u = log (4+/15+2)

x=cosy:>!2=f
0 dv =dx

X
du = dx
:>{ V15 + x2(4 + V15 + x2)

v=X

1 2

1 X
— 2 —
>0 xlog(4+m)|o fox2+15+4md"

1 xZ

dx
0 X2+ 15+ 4V15 + x?

= log(8) -
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fl x? fx2+15+4-\/15+x2 (15+4-\/15+x2)
ox2+15+4\/15+x2 xZ + 15 + 4V15 + x2
f(l (15+4\/ 5+ x2) >d 4 fl 15 + 4V15 + x2 p
= — X
0 xZ + 15+ 4V15 + x2 0o X2+ 15+ 4vV15 + x2
1[1(4 1 )d 1— asinht 2|
=1- - x=1—4sinh ™ —
0 Wx2+15 x2+15+4V15+ x? Vv15l,
1
1
+ dx
fox2+15+4\/15+xZ
5 1 1
=1-2lo (—)+f dx
93 0 X2+ 15 +4vV15 + x2
1
1
* dx J15+x2=x+t=>15+x2 =x?+2xt+t>? = x
fox2+15+4\/15+xZ
15 —¢? 15+tZ
= =>dx =—
2t

:>f1 1 f 1 15+t2dt
0 x2+15+4\/15+x2 15—tZ 2 15 — ¢2 2t
+t +4 T"‘t

V15
- f B log(3z — 8V15) — log(8V15 — 30)
3

o VTS
~ %975 s
5 44/15 8.9 50vV1
:>ﬂ—log(8)—1+Zlog(§)—log 15 log4\/_ 1=1log 5
505 50\/§
0 3
log———-1=1 —— | —1(Q.E.D
9373 9| — (Q.E.D)

2198. Find a closed form:
Log?*(1 + x) log(1 + x?)
I :f dx
0 1+x

Proposed by Naren Bhandari-Bajura-Nepal

Solution by Pham Duc Nam-Vietnam
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1lo0g?(1 + x) log(1 + x2

*’:f g’ +x)log(1+x?)
0 1+x

1
:f log*(1+x)log(1
0

2x

=log(1+ x? du = 2
+x2)d(log(1+x)),{u _og(z <) = 11+x

dv=1log*(1+x)d(log(1 + x)) v :§log3(1+x)

1 ! 1 2
=>I=§log3(1+x)log(1+x2)| - dx =§log4(2)—§]

Zflxlog3(1 + x)
0 1+ x2

xlog3(1 +x)
* ] = f 1+x — T2
1 (x-1)log?(x)
% x(2x2-2x+1)
1 (x-1)1log3(x) 1 2x —1 1
T h @™ f% log®(x) ((1 s P o)
Use:L =-R (L) =]
(1-x)%+x2 1-(1+i)x

= é ' log3(x) (—§R (1_1(1;:1),() B ;) dx

1
————dx,let: —_—
x, le x—>1+x J

1, toy 1+i
= Z lOg (2) - in% lOg (x)mdx
1 1 1+i 1+i
==log*(2) - f 10g3(x)—— dx + f log3(x) ———— d
4og() ERO og (x)1 (1+l) x+R og (x)1 A+ Dx X
X
1 1+ *=3
=—log*(2) + i (1+1iQ)+ 3 2
4log (2)+6RLi,(1+1i) inO log (x)l_ (1+i)xdx

1
=2 log*(2) + 6RLi,(1+ i)

11 , 1+i ] ]
+R f 2 (log(x) —log(2)) —Fi dx Expand out and integrate yields:
0 X

1, _ _ T+ 1+
]ZZlog (2)+6§RL14(1+1)—6§RL14( 3 )—6log(2)§RLl3( 3 )
+i 1
_ 1y a4
> ) 5 log (2)

= 6R <Li4(1 + i) — Liy (1;— l)) —6log(2) RLis (1; i)

1
—31log?(2)RLi, (

+i 1
) —11094(2)

1
-3 logz(Z)iRLiz( >
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Use: RLi (1”) (@), (2)+ ~10g*(2) RLi (1”)
« Use: RLiz (— 193 199 og i2(—
52

=—- 1logZ(Z) R <Ll4(1 + i) — Liy (1 M l))

96 2
5 . (1) 2097*  7m?
4

8 4

2

- 2 o 4
30720 " 25609 ) 128109 2)

—6 5L' (1) 2097t 711 2(2) I 4(2)
=J=6\~gLi(3)* 30720 " 256'%9 128 %9

—6109(2)< {3) - 1:;2109(2)+—log3(2))

—31log*(2) <9_62 - = logz(Z)) —=log*(2)

15 1\ 2097* 2111'
:——Li4(—>+
4 2) " 5120 T 128

1==1 42——

= 309() 3/

log?(2) ~ 2 10g"(2) — 51 Log(2) {(3)

~Liogt2
= gLi4 (%) + i—i log(2)I(3) — 76—112 log?(2) + % log*(2) - 2706981:)4
= ;LL, (%) - i—i((3) log (%) - 76—112 log?(2) + %1094(2) - 2706981:)4 (Q.E.D)

2199. If f € €%([0, 1)), £(0) = f'(0) = 0 then:

1 1 1
f F2(x) dx + 2 f (F()) dx + f (F" () dx = f21) + (£ (1))’
0 0 0

Proposed by Daniel Sitaru-Romania
Solution 1 by Adrian Popa-Romania

fle(X) dx + 2 fl(f’(x))z dx + fl( ”(x))z dy =
0 0 .
= fol ((fZ(x) + (f’(x))z) + ((f’(x))z . (f”(x))z)) £ 'S

1
> f (2FGF () + 2F (OF"(x))dx =
0

145 RMM-CALCULUS MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 1
=2 fef@dr+2 [ £ G dx=
0 0

1

el L W)
B

0

= £2(1) - F2(0) + (F (1)) — (F(0))% =

0
=) - (F)°
Solution 2 by Khaled Abd Imouti-Damascus-Syria

1
. =f2(1) - f4(0)

1 1
[ (P@+(r@))axzz [ for@ar=25 7@
0 0

(P + () = 2 (P (P ()’ = 27 O @)

1
0

1 1
[+ @))ax=2 [ F@r@a=2-5(r@)°
0 0

= (F)’ - (F(®)
1 1 1
f f2(x)dx + Zf (f’(x))Z dx+f (f”(x))Z dx =
0 0 0
1
= [ ((P@+(w))+ (@) + (rw)*))ax 2
0
> f2(1) - £2(0) + (' (D))" = (F (0))% = F2(1) - (f' (1))’
2200. If f € ¢3([0,1]), f(0) = f'(0) = f"(0) = 0 then:
1 1 1 1
f (F(0))* dx + f (F(0) dx + f (F'(0) dx + f (") dx >
0 0 0 0

> (F() + (F @)

Proposed by Daniel Sitaru-Romania
Solution by Khaled Abd Imouti-Damascus-Syria

(F@) - F @) 20e (F@®) = 2f@f @) + (F()) =0
(F))* + (F )" = 2f() - f(x)
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1 1 2 1
f (F2(x)) dx + f (F(0) dx > 2 f F(x) - f' () dx =
0 0 0
=320 @), = 1)’ - (r)’ @
Similarly, (f”(x))Z + (f’”(x))Z >2f"(x) - f"(x)
1
=) - ()@

1 1
f (f!l(x))z dx + f (fnr(x))z dx > 2. %(fn(x))z
0 0

By adding (1) and (2),we get:

1 1 1 1
f (Fx))" dx + f (F ()" dx + f ()" dx+ f (" ()" dx
0 0 0 0

> (F(D) = (F()* + (F (D) + (£ (D)°
But f(0) = f'(0) = 0, therefore,

1 1 1 1
f (Fx))" dx + f (F ()" dx + f ()" dx+ f (" ()" dx
0 0 0 0

> (F ()" + (F' ()
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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