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1101. If a,b,c = 0 suchthata+b+c=1and 0 < A < 1then
1 N 1 N 1 - 3A+7
a2+ bZ+1 c2+2 (1+2)2
Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
10 <ai<ithen: 1 >/1+3—2a
fo<ais MEPTI A1+4)?%°

We will prove that :

1 A+3-2a
: > 2> (a? —
We have o R C ) A+21*=(@+2)A1+3-2a)

©2a3-A+3)a?+22a+1-2>0 © (a—1)?[2a+ (1 - 2)]

Which is true because: a, 1—1>0

Then : 1 >A+3—2a( d logs)
en: 732 A+ 2 and analogs

1 1 1 3,1+9—2(a+b+c)_ 34+ 7
(1+2)2 EE

Therefore, P +A+b2 +A+c2 ke

Equality holds iff A=1and (a = 1,b = ¢ = 0) and permutation

1102. If a,b,c > 0, then

zb+c Zm—uammmzc(“ b)*

cyc

cyc
Proposed by Neculai Stanciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
AMZ_GM b + c_ (b +c )

We have : vaéc—zm S Z

cyc cyc

cyc

Sk D S-S

Z(a b)(Va - \/_) Z c(a — b)?
Vab ~ Vabc 2\/_(\/_+\/_)

cyc
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AMéGM 1 c(a — b)? - 1
N \/abccyc (c+a)+ (c+b)  4(a+ b+ c)Vabc

Z c(a — b)?, asdesired.
cyc

Equality holds iff a=b = c.
Solution 2 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=y,a+b=z=>x+y—-z=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y
= x,y,z form sides
of a triangle with semiperimeter, circumradius and inradius

Q)
=s,R,r(say)yieldingZZa:zx:25=> Za =s|=>a=s—xb

cyc cyc cyc

(e
=s—y,c=s—z>=|abc = r’s

Via aforementioned substitutions,z ab = Z(s —x)(s —y) = 4Rr + r?

cyc cyc
= z ab ) 4Rr + r?
cyc
b+c 1 z
— c(a —b)?
o va 4(a+b+c).Vabc T
a2 (G o
= b + ¢)vbc
abc (( ) )
cyc
S o)
- a a—c | |- 6abc
4(a+b + c).Vabc T T
- 4
GZH Dcyc @ b+0 ( 2bc )
4(a+b + c).Vabc o b+c

1
_4(a+b+c).\/m' (Za)(Zab)—‘)abc

cyc cyc

3 8(2.:},c a) (chc ab) — (chc a) (chc ab) + 9abc
= 4(Zeye ) Vabe

2 © 7(ZCYC a)(zcyc ab) + 9abc CBS
> R and Z\/m < Ve. Z(b +0)

b+c 1 Z ( b)
— cla —
o va 4(a+b+c).Vabc o

Z‘/m(? 122(1

cyc cyc

cyc cyc
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b+c

- Z
va 4(a+b+c).Vabc
cyc cyc
7 a ab) + 9abc
> Z J2(b + ¢), it suffices to prove : (chc )(chc ) > (12 Z a
4(Ycyca).Vabe T

cyc

c(a —b)?

. (), () = in order to prove :

2
. b) + 9ab i (4, (+0),(o+0)
( (chca)(chca ) + 9abc) > 12 E avm PN (7s(4Rr+r2)+9rZs)Z

16abc(2cyc a)2 e

®
> 192r?%s.s3 © 12s% < 49R? + 56Rr + 1612
Gerretsen ? ?
Now,12s> <  48R? + 48Rr + 36r? < 49R? + 56Rr + 16r?> © R? + 8Rr — 20r2 > 0

Euler

?
< (R-2r)(R+10r)=>0->true~ R > 2r>= (i)istrue
b+c 1 z
— c(a—b)zzzw/z(b+c)=>\7’a,b,c
va 4(a+b+c).Vabc T

cyc cyc

>0,Zb\/+ac—2m

cyc cyc

1
>
4(a+ b + c).Vabc

1103.If a,b,c > 0 then :

z c(a —b)?,equality iff a = b = c (QED)
cyc

~
N
~—

IN}

P Sy S S ——
a+2b+ 2c b+ 2c+ 2a c+2a+2b V5

Proposed by Vasile Mircea Popa-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Weh - a B 2a AMéGM 2a _ a
ehave: \Ja+2b+2c'_2\/a(a+2b+2c) ~ a+(a+2b+2c) a+b+c

Equality holds for a = a + 2b + 2c which is not possible - b,c > 0.

a a
Then : /a+2b+Zc>a+b+c (and analogs)
Th a N b 4 c >a+b—|—c_1
erefore, Na+2b + 2c b+2c+2a \}c+2a+2b a+b+c

WLOG,we assume thata + b + ¢ = 3 and ¢ = max{a, b, c}. We have :
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b<a+b+c_3
a, > =3

The inequality (2) becomes : f(a) + f(b) + f(c) < —, where

\/_
@)= |2, x€(0,3)
fx) = Pt X ,3).
We have : f'(x) > dfx) = ——S 2 e (0,5)
e have: f'(x) =——————=an xX)=——<0, x =)
Vx(6 — x)3 Vx3(6 — x)5 2
3
Then f is concave on (0, E) and by Jensen's inequality we have :
a+b 3—-c 3
f(a)+f(b)§2f(—)=2f(—) 20<ab<o
2 2 2
So it ices t -2(3 >+()< s, [ 3
o it suffices toprove: 2f f(c N 91c 6—c=~ 5

ML B-0c 9 (4B-9 ¢ \_2(63+54c—17c)
< (9+c)(6—c)_§_< 9+c +6—c>_ 5(9+¢)(6 —¢)

Squaring
~

S 4B-0c)cx25(9+c)(6——c) <(63+54c—17c*)?

. 5 ) ) 27\* 300
& 7c* - 68c® +262c* —348c+ 14720 & (c—1) 7(c—7) +——| =0

Which is true and the proof of (2) is complete. Equality holds iff a=b = c.
1104. Let a,b,c > 0 : a® + b? + ¢ = 1. Prove that :

at—a? b*—b% c* - c?
< ab + bc + ca.

+ +
bc—1 <ca—-—1 ab-1
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :
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a* — a? 3 a’(b? + ¢?) AM,éGM a?(b? + ¢?) 3
bc—1 a?2+b2+c2—bc ~ 2aVBZ+c2—be

_ab+ c)(b? + c? CSS a(b + ¢)(b? + ¢?) _catab
2+ +c3) ~ 27+ c?) z

Similarly we have :

b4—b2<ab+bc dc4—c2<bc+ca
ca—1 "~ 2 an ab—1 "~ 2

Summing up these inequalities yields the desired inequality.

Equality holds iff (a,b,c)
V3 V3 V3 (V2 V2
(?'?'?)'(7'7'

0) or (1,0,0) and permutations.

1105. Leta,b,c > 0:ab + bc + ca = 1. Prove that :

a’(14+bc) b*(1+ca) c*(1+ ab)
b2 + c? ¢ + a? a? + b?
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

>(a—b)%?+ (b—c)? + (c — a)?

a?(1+ bc) bc,f.o a?[a(b + c) + 2bc] abf;o at.a
b2 + 2 - (b + c)? - b+c
AM-GM

2
=a<a +(b+c))—a(b+c) S a.2a— a(b + c).

b+c

2
: a (1+bc)>

Then ——i;zf;—gi——._

2a* — a(b + ¢) (and analogs)

Therefore,

2
ab(zl—:Csz)ZZ[Zaz —ab+c)]=(@-b)?+b-0c)?+(c—a)

cyc cyc

Equality holds if f (a,b,c) = (1,1,0) and permutation.
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1106. If x,y,z>0and 0 < 1 < % then :

X (i.) 3
2. :
VAY3 +

xyz + Az8  V21+1
cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

pz AM-GM P\ 3
Let p=x+y+z=3 q=xy+tyztzx<—p=3 r=xyz = (5

=1.
3

By Holder's inequality we have :

cyc

cyc

Also we have : Z:x(y3 + z3) = p*q — 2q* — pr = —2q* + 9q — 3r.

Then : (LHS.,)’ > 81 ">“( 3 )3
en: ™/ =A(-2q2+9q-3r)+3r = \322+1

© 322+1)=>A(-2¢g*+9qg-3r)+3ro3(1-1r)+41(12¢*-99+3r+6) >0 (1)
r<1
If 29> —9q +3r + 6 > 0then: LHS,

s
If 2q> —9q +3r+6 < O then: LHS., =

al=

1
3(1—r)+ﬁ(2q2—9q+3r+6)=

_ 2¢%-9q-72r+81 9“’;’:3" 29> -9q-24q+81 _ (3-q)(27-2q) '3’
B 25 - 25 B

= 0.

25
So the proof is complete. Equality holds iff x =y = z.

1107. Let a,b,c > 0:a+ b+ c+ 2 = abc. Prove that :

v1+ab+ac 1+ bc+ ba \/1+ca+cb>
a+1 b+1

c+1
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

RMM-CYCLIC INEQUALITIES MARATHON 1101-1200
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

(a+b+c)Vi+ab+a =\/[(—a+b+c)2+4a(b+c)][1+a(b+c)]2

CBS
S (~a+b+0)+2ab+c)=(—a+b+c)a+1)+ala+b+c)

vi+ab+ac —-a+b+c a

Then : > d l
en a+1 “a+b+c +a+1 (and analogs)
Th Z\/1+ab+ac>z(—a+b+c+ 1 )_1+3 Z 1 _
erefore, a+1 - a+b+c a+1/ a+1
cyc cyc cyc

2(a+b+c)+ (ab+bc+ca)+3  cbe=atbietz

_ [ata)

“abc+(a+b+c)+(ab+bc+ca)+1 - 4-1=3

Equality holdsiffa=b =c

2.
1108. If a,b,c = 0 : ab + bc + ca > 0 then :

a N b N c - 1
4a2 +bc 4b%2+4+ca 4ct+ab a+b+cC

When does equality holds?

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

s GM_HM — 2a.(b+c)
\/(4a2 + bc)[a(b+ c) + bc] = 2aJa(b+c)+bc = 2a.m + bc =

a

_ (b+c)(4a® + bc) + abc abcz0 (p 4 ¢)(4a? + bc)
B a+b+c a+b+c

V3

b+c

1
Then : >
v4a?2+bc (a+ b+ c)Vvab + bc+ ca

(and analogs)

Th Z ‘ > alb + o)” =
erefore, 4a?2 +bc ~ Li(a+ b +c)2(ab + bc + ca)
cyc

cyc

9 RMM-CYCLIC INEQUALITIES MARATHON 1101-1200
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abc =0

_(a+b+c)(ab+bc+ca)+3abc &
~ (a+b+c)2(ab+ bc +ca) = a+b+c

, as desired.

Equality holds iff a = b # 0 and c = 0 and permutation.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given inequality is successively equivalent to :

(a+b+c). Z a(4b? + ca)(4c? + ab) > (4a® + bc)(4b? + ca)(4c? + ab)
cyc

expanding

S 4 Z a*b? + Zlabcz a’b > 8§:(bc)3 + 3abcz a3 + 17(abc)?

sym sym cyc cyc

& 4(a—b)*(b — ¢)*(c — a)? + 13abc Z a’b + 5abcz a3 + 7(abc)? > 0.
sym cyc
Which is true.
~(a=b)%b-c)*(c—a) = z a*b? + Zabcz a’b -2 z:(bc)3 - Zabcz a® — 6(abc)?.
sym sym cyc cyc

Equality holds iff a = b # 0 and ¢ = 0 and permutation.

1109. Leta,b,c > 0:ab + bc + ca = 1. Prove that :

1 — a? 1 — b2 1—c?
+ + >1
a2 ++vVbc b?2++ca c2++ab

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

ab+bc+ca=1 CE‘S
a’? + b* + c? 2 JI(-a? + b2 + c2)? + 4a2(b% + ¢2)][bc + a(b + ¢)] =

vab+bc+ca = \/a(b+c)
-

> (—a? + b? + c2)Vbc + 2a/a(b + ¢)(b? + c?) >

2a%(b + ¢)Vb? + c2 -
vab+bc+ca

> (—a? + b? + c?)Vbc +

10 RMM-CYCLIC INEQUALITIES MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

b+c =y b2 +c2
~

> (—a? + b% + c®)Vbc + 2a%(b? + c?)
= (—a? + b? + ¢?)(a? + Vbc) + a*(a? + b? + ?).

h 1 —a? >—aZ+b2+c2 (and logs)
en: > . (and analogs
a? ++bc a? + b?% + ¢? 9
1 — a? —a? + b% + ¢?

2 =
a? +bc a’ + b* + ¢?
cyc

Therefore, Z

cyc
Equality holds iff a=b = 1,c = 0 and permutation.

1110. If a,b,c > 0 then :
Y m(GH) <G
"o )™M T b
cyc cyc

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We know that :

0<In(1+x) <x, Vx=0withequality whenx = 0.

Then we have :

Zln(cta>ln(czb> =Zln(1+%)ln(1+%) <z%.%=zg

cyc cyc cyc cyc

2022 2021
a~ 2022 Holder a AM-GM sla b c a a
Z (_) < 3-2021 z bt g g-2021 (g |Z Z Z Z_\NZ2
b - ' b - ' b ca "Lub b
cyc cyc cyc cyc

- zl (c+a>l (c+b)<z(a)2022
erefore, n p n b b .

cyc cyc

11 RMM-CYCLIC INEQUALITIES MARATHON 1101-1200
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1111. Leta,b,c = 0. Prove that :

15(a? + b% + ¢?)
a+b+c

—2(a+b+c)>281(a’ + b5 + ¢5) + 3Vabc

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AM-GM
Since: 3Yabc < a+b+c it suffices to prove :

15(a? + b? + ¢?)

5
— > 5 5 5
P 3(a+b+c)_2\/81(a + b5 +¢5) (%)

WLOG,we may assume thata+b+c = 1.

q
(q € [0,1]) and abc = .

Let ab + bc + ca = 3

Using the following identity :
a*+b>+c>=(a+b+c)—5[(a+b+c)ab+ bc+ ca) —abc][(a+ b+ c)?— (ab + bc + ca)],

5q*+5q% -1 N 5(q* + 2)r

weget: a’>+b%+c° =
9 9 3

Then: (x) © 1+5q% > {9(5¢*+5¢% — 1) + 135(¢? + 2)r

S, 5¢2)° —9(5q* + 5q> —1) 2 —4q% + 41q* + 250¢° + 625¢° + 625¢°
r= 135(q2 + 2) - 27(q% + 2) '

By Vo Quoc Ba Can's inequality we have :

1-¢?*(1+2¢
r<
27

,So0 it suffices to prove :
1-q)?*(1+2¢)(g*+2)<2-4q*+41q* + 250q° + 625q° + 625q*°

e q?(1-2q)% +39¢* + q*(1 — @)% + 249¢° + 6254¢° + 625¢"° > 0.

Which is true and the proof is complete. Equality holds iffq=0 < a=b =c.

12 RMM-CYCLIC INEQUALITIES MARATHON 1101-1200
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1112. Prove that :

a+b+2c+ b+c+2a+ c+a+2b>3 (k + 1)abc — 2
c+2 a-+ 2 b+2 kabc — 2

holds for a,b,c = 0,ab + bc + ca = 1 and k = 6V/3 — 9.

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

(a+b+c)a+b+2c)

1 1 a b
(b+c)(c+a) _(a+b+c)(b+c+c+a)_2+b+c+c+a_

a b AM;GM
- (a(b+c) +b_+c) +(b(c+a) +c+—a) tcla+b) S

> 2a+2b+c(a+b)=(a+b)(c+2)

+b+2 +b)(b + +
Then : ? cZ(a )b +e)(cta) (1).
c+ 2 a+b+c

(a+b)(b+ c)(c+a) - (k+1)abc —2
a+b+c ~  kabc -2

Now let's prove that :

AM—GM 3 3
Letp:=a+b+c, q=ab+bc+ca=1, r:=abc < (2)

-r k+1)r—2 r
(2)@pqp 2( ) o1-——>1-

>2. ~.2- )
o —2 _— 2_’W(:>p+kr_2 2—kr>0

If p = 2 the inequality is obvious. Assume now thatp < 2.

4pq—p° _4p-p°

9 9
4p - p? +(2—p)(p—@)[§2\/§_3)p+\/§] > 2,

prkrzp+k—(g—=2

By Schur's inequality we have : r > ,then :

13 RMM-CYCLIC INEQUALITIES MARATHON 1101-1200
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a+b+ 2c
because2 >p>./3q=V3. (1)&2) > —————

c+2

(k+1)abc—2( 4 logs)

abe — 2 and analogs

h a+b+Zc+ b+c+2a+ c+a+2b>3 (k+ 1)abc — 2
erefore, c+2 a+?2 b+2 — kabc —2

Equality holds if f (a,b,c) = (1,1,0) and permutation.

1113. Leta,b,c > 0: ab + bc + ca = 1. Prove that :

c+2 N a+2 N b+ 2 -3 a+b+c
a+b+ 2c b+c+2a c+a+2b~ |(a+b)(b+c)(c+ a)

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We will prove that if a,b,c > 0,ab+ bc+ca=1:

c+2 < a+b+c
a+b+2c” (a+b)(b+c)(c+a)

()

(x) & (c+2)(a+b)<(a+b+c)(b-1|— +c-ll-a)

o (c+2)(a+b) <2+ + b + b
¢ a b+ c+a b+c c+a

@2a+2b<a[(b+0)+—]+b[(c+a)+—]

Which is true by AM —GM. .. (b+c)+

(c+a)+ ! > 2
b+c'c a c+a

c+2 a+b+c

Th < d l
en, a+b+2c” (a+b)(b+c)c+a) (and analogs)

- c+2 N a+2 N b+2 <3 at+b+c
erefore, a+b+2c b+c+2a c+a+2b~  [(a+b)(b+c)(c+a)

Equality holds iff (a,b,c) = (1,1,0) and permutation.

14 | RMM-CYCLIC INEQUALITIES MARATHON 1101-1200
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1114. Leta,b,c = 0 : ab + bc + ca > 0. Prove that :

a(b + ¢) b(c +a) cla+b) 4vab+ bc+ ca
— >
b2 + 2 cz + a? a? + b? a+b+c

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Vivek Kumar-india

b? + c2 c2 + a? a? + b2 — a+b+c

\/a(b+c) \/b(c+a) \/c(a+b)>4\/ab+bc+ca=)

(:)Z ZN/a(b+c)(a+b+c) -

2vVb? + c*\ab + bc + ca

cyc

z 2Ja(b+c)(a+b +c) AM§GM 2\/a(b+c)-2\alb+c) _

cycz\/bz +c2Jab+tbc+ca &e b? +c2 +ab + bc + ca
4a(b + c) 4a(b + c)

= > =
(b+c)+a(b+c)—bc™ (b+c)2+a(b+c)
cyc cyc

Z 4a 4(a+ b+ )
= = 4-
a+b+c a+b+c

cyc

Equality holds iff (a = 0,b = ¢ > 0) and permutation.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

a(b+ c) GMZSHM 2a(b + c) B 2a(b+c)(a+b+c) B
\‘ b +c2 7 g+ b+l +cE (a+b+0)2/b2+c2
_2al(ab + bc + ca) + (b* + ¢%) + bc] AM_GM;& b¢20 2a.2./(ab + bc + ca)(b? + c2)

(a+ b+ c)%/b? + c? B (a+ b+ c)*/b? +c?

Then : a(b+c)>4a\/ab+bc+ca
en: b2+c¢2 ~ (a+b+c)?
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L. b(c+a) 4bvab+ bc+ ca cla+b) 4cVab+ bc+ca
Similarly we have : Z 1 a2 > :

>
(a+ b+ c)? az+b%2 — (a+b+c)?
Adding these inequalities yields the desired inequality.
Equality holds if f (a = 0,b = ¢ > 0) and permutation.

1115.If x,y,z > 0,x + y + z = 3 then:

1 1 1 9
+ + <
x+y y+z z+x 2(xy+yz+ zx)

Proposed by Dorina Goiceanu, Simona Dascalu — Romania
Solution by Hikmat Mammadov-Azerbaijan

x;y;z>0andx+y+z=3
1 1 1 9
+ + <
x+y y+x z+4+x" 2(xy+yz+zx)

The inequality is equivalent with

xy+yz+zx xy+yz+zx xy-+yz+zx
yry +yy +yy <6

LHS =
x+y y+z z+x
Xy+yz+zx  xy +z(x+y)_ xy
x+y  x+y x+y x+y
x+y 4

x+y . y+z  zZ+x 3 9
<=2 777, 7 = =2
So, LHS < 7 + " + 7 +x+y+z 3+2 5

So, LHS <>
Equalty o x=y=2z=1
1116.Ina,b,c > Osuchthata+ b+ ¢c =1 and A > 4 then
A(ab + bc + ca)? < ab + bc + ca + 3(A — 3)abc

Proposed by Marin Chirciu-Romania
Solution 1 by Vivek Kumar-india

lLetA=6,a=

N | =

,b=%,c=%suchthata+b+c= 1and A = 4 then
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LHS = A(ab + bc + )2—6(1 1+1 1+1 1)2
SAADThET )T =015°373'6 76 2
1 1  1\2 11,2 6x121 121
o(ieaard) oG S -
6 18 12 36 1296 216
RHS = ab + bc + ca + 3(A — 3) abc

1 1 1 11 1_11+9_20_
6 18 12 236 36 36 36
121

But 2L~ 5o [HS > RHS = 121 > 120
216 9

5
9

Solution 2 by Soumava Chakraborty-Kolkata-India

1=a+b+c
Al(ab+bc+ca)’<ab+bc+ca+3(A—3)abc &

(3] (o)) ool
- (Z ab) (Z a?+2) ab> +3- 3)abc<z a> o

cyc cyc cyc cyc

ool o) e one()
~a-3 (zab> _mc(za) S<zab><zaz_zab>

cyc cyc cyc cyc cyc

. (z ab>2 )

_gabc<z ) 2 (z b (z ooy ab>

cyc cyc cyc cyc

2
<Zab> —3abc<2a> >0 >andA—-4<0

cyc cyc

TS \ 2
- (z ab) i 3abc<z ) Jaomueoro (Z ab> i mc(g )

- (z ab>2 _mc(z )

cyc cyc

cyc cyc cyc cyc
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=~ in order to prove (x),
2

()
it suffices to prove : Z ab Z a? — Z ab | > Z ab | —3abc Z a

cyc cyc cyc cyc cyc
Assigningb+c=x,ct+a=ya+b=z=>x+y—-z2=2c>0y+z—x=2a>0
andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y=xYy,zformsides of a
triangle with semiperimeter, circumradius and inradius = s, R, r (say) yielding

©)] (D)
22a=2x=25=> Za:s sa=s—x,b=s—yc=s—z>|abc = r’s

cyc cyc cyc
Via aforementioned substitutions,z ab = Z(s —x)(s—y) = 4Rr +r?
cyc cyc
(...) 2 2
= Zab = 4Rr + r“|and Za
cyc cyc
2
ia(e),(eee)
= Za —ZZabvm= s? — 2(4Rr + r?)

cyc cyc

> Y a2 L7 52 gRr =202 5. (4),(+0), (o00), (s000) = (+2)

cyc
& (4Rr +r?) (s2 — 8Rr — 2r% — (4Rr + rz)) > (4Rr +12)” — 3r2s?

© (R+1)s? > r(4R +r)?
Gerretsen

? ?
Now,(R+1)s? > (R+r)(16Rr—5r%) >r(4R+r)? © 3r(R—2r) >0
- true, via Euler > (**%) = (*¥*) = (*) is true

-'.Va,b,c>0|a+b+c:1andls4,

1
A(ab + bc + ca)? < ab + bec + ca + 3(A — 3)abc, equality iffa=b =c = 3 (QED)

1117.Find all x,y,z € (OE] such that:

1 1
4+ -1
1+ sinx + siny + sinz ( . X x\4
cyc smi + cos E)

Proposed by Daniel Sitaru — Romania

Solution 1 by Florentin Visescu-Romania

The equality is equivalent with

1 1 1 1
=1
1+sinx+siny+sinz+ (1 + sin x)? + (1 + siny)? +(1+sinz)2

1
(1+t)2

We consider the function f: (0;1] - R, f(t) =
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f@®= —uf—t)g;f"(t) =—%_> 0= fconvex>

(1+0)*
t, +t, +1t5
£t + F(t) + £(£) 2 3f (L2122
Let be t; = sinx,t, = siny, t; = sin z. Then:
1 1 1 1
A 2 + - 2 + . 2 2 3 . . . 2
(1+sinx)?2 (1+siny)? (1+sinz) (1+smx+smy+5m2)
3
or1—_1__23_1..2
1+sin x+siny+sinz (1+smx+513w)

we denote sinx + siny +sinz =s

1 1 >3 1 S - 27
- =
1+s ( )2 1+s (3+5s)?

S
1+§

©95+6s2+53>274+27s© s3+652—-185—-27=>0
& (5s—3)(s2+95s+9)>0
Buts? +95s+9>0.Thens—3>0os>3 osinx+siny+sinz>3>

1[4
sinx=siny=sinz=1:>x=y=z=f

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

T
Since x,y,z € (O’E] we have: 0 <sinx,siny,sinz < 1.

Then: 1

1 1
= . — + E L=
1+Slnx+Slny+San X X
cyc (sm7+ cos 2)

1 1 1 1
= > — =1
1+sinx+siny+sinz+2(1+sinx)2 _1+1+1+1+Z(1+1)2
cyc

cyc

/1
Equality holds iff sinx =siny=sinz=1 © x=y=2z= 7
Solution 3 by Hikmat Mammadov-Azerbaijan

4 2
(sing + cosg) = (sinzg +2 singcosg + cos? %) =1 +sinx)? <4 (1)

And the similar
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1<1+sinx+siny+sinz<4 (2) -Vx;y;z€ (0,%]

1 1 1 1
So, LHS ZZ+Z+Z+Z_ 1
With equality iff in (1) and (2) we have equality, i.e., x =y =z = g
1118. If x,y,z>0:x+y+z=3and A > 7 then:

1 N 1 . 1 _ 3
X2+ y 4+ z2+17 1+2

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 —2x+A+3

L : Ifx€ > = S
emma: If x€(0,3)andA > 7 then FE I e c Ry

()

Wehave: (x) © (—2x+4+3)(x>+2) > (1 + 1)?
& -2x34+(A+3)x?-2x+1-120 (x-1)?2(A1-1-2x)>0
Which is true because A—1—-2x>7—-1-23=0.

1 —2x+21+3

: <
Then P e C ) (and analogs)
Th 1 + 1 + 1 <—2.3+3(l+3)_ 3
erefore, x2+24 yr+1a z2+1° (14 2)2 142

Equality holds iff x=y=z=1.
1119. Prove that if x,y,z > 0 then:

x? +y? + z2 N 27x N 27y N 27z 13
xy+yz+zx 4(7x+y+z) 4x+7y+z) 4x+y+7z) 4

Proposed by Titu Zvonaru, Neculai Stanciu — Romania
Solution 1 by Vivek Kumar-india

x2+y?+2z2 27 x y z
=—+—( + + )
xy+yz+zx 4 \7x+y+z x+7y+z x+y+7z
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X2 +yt+ 2 27( x? y? z? )

=4 + +
xy+yz+zx 4 \7x>+xy+zx xy+7y*+yz zx+yz+ 72>

Cg5x2+y2+zz+27 (x+y+2)>

T xy+tyz+zx 4 7(x2+y*+2%)+2(xy+yz+ zx)
X2+ y*+z22 27(x* +y? + 2% + 2xy + 2yz + 22x)
Cxy+yz+zx 4(7(x2 +y? +22) + 2(xy + yz + zx))

Let x2 + y%? + z?> = a,xy + yz + zx = b then a > b and it remains to prove that

a+27(a+2b) - 13
b 4(7a+2b) 4

< 4a(7a+ 2b) +27b(a + 2b) = 13b(7a + 2b)
& 28a? + 8ab + 27ab + 54b%* > 91ab + 26b* < 28a? —56ab + 27b%* > 0

& 28(a — b)? > 0 which is true

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
27x N 3x(7x +y + z) AM;M 9x
4(7x+y+z) 4x+y+2? — 2x+y+z)
Then : 27x - 9x 3x(7x+y+z)( i l0gs)
en-4(7x+y+z)—2(x+y+z) 4(x+y+2)? and analogs
x2+y2+z72 9(x+y+z) 21(x*+y*+2%)+6(xy+yz+zx
Thus, LHS > Y (x+y+2) 21( y )+6(xy+y ):
xy+yz+zx 2(x+y+2z) 4(x+y +2)?
_xX*+y*+z2 9 3+9(x2+y2+z2)
Cxy+yz+zx 2 \4 2(x+y+2)?
_13 (1 xaPryraz 9G4yt 2l
4 \2 xy+yz+zx 2(x+y+2)?% )
13 x2+yz+z2 1 2 9
T 1 Ayte (1+2)? 9 13
-4 2 (x2+y2+2z2)+2(xy+yz+zx) (x+y+22) 4°

Equality holds iff x =y = z.
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Solution 3 by Sakthi Vel-India

X2+ y*+z22>xy+yz+zx

.x2+y2+zz+27 x Xy tyztezx 27 x
Cxy+yz+zx 4 Li7x+y+z xy+yz+zx 4 Li7x+y+z

Assume:z >y >x,~72+y+x>7y+x+z>7x+y+z

27
21+T
21 —Z Z ryed 3
* [ 7x+y+z 3
>1+27 ( +y+ )( + + ! )
- 4 rTy 7x+y+z x+7y+z x+y+7z

(1+1+1)? 9 9 13

9
>1 4= ~— T 7 >
R AR AR o P A AR AR e

Equality holds iff x =y = z.
1120. Let a, b, c,d > 0 such that abcd = 1. Prove that:

3 a 3 b 3 Cc 3 d 4
— -+ + + =3
b+ 2022 c+ 2022 d+ 2022 a+ 2022 2023

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Vivek Kumar-india

We have

3 a } HOLDER ;/ 1 1 1 1\*
Z b + 2022 (Z(b * 2022)) = (“‘* +bt+ct+ d4)

1 1 1\ 4
a4+b4+c4+d4)

(Z\)b+2022> “a+btctd+tax2022
1 1 1\ 4
a4+b4+c4+d4)

:>leb+2022— a+btctd+ax2022

Hence, it is enough to show that
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11 1 1\ 11 1 1\t
(a4+b4+c4+d4) 4 (a4+b4+c4+d4) 64
> >
a+b+tctd+4x2022-32023 a+b+c+d+4x2022- 2023

Now, we have

1 132 11 1 1,2 11
a+b+c+d=(az+bz) —2azbz+(cz+dz) _2czd?
1132 1 1,2 11 11
= <a2 + b2> + (cZ + d2> -2 (aZbZ + chZ)
aM=6mM (1 121 132 1 1 12 1 12
< (a2+b2> +<c2+d2> —4(abcd)4=(a2+b2) +(c2+d2) -4
101 1 12 1 111
=<a2+b2+c2+d2) —z(az+bz)(cz+dz)—4
aM—GM (111 132 1 101 1 12
< (a2+b2+c2+d2> —8(abcd)4—4=(a2+b2+c2+d2) -12
1 1y 2 11 1 1\ 2 11
=<(az+bz) — 24 + (¢t + i) —2czdz>—12

1 1\2 1 132 11 11 :
= (a4+b4> +(c4+d4> —2(a4b4+c4d4) —-12

aM-M ([ 1 1% 1 1y 1\*
< (a4+b4> +(c4+d4> —4(abcd)8 ) —12
T I B I I
= (a4+b4> +(c4+d4) —4] —12
111 132 1111 ?
= (a4+b4+c4+d4> —2(a4+b4><c4+d4)—4 —12
MM ([ 1 1 1 1\2 1’
< <a4+b4+c4+d4> —8(abcd)8 — 4| —12
2

11 1 132
= (a4+b4+c4+d4> -12) —12

11 1 1\ 11 1 132
=(a4+b4+c4+d4> —24(a4+b4+c4+d4) + 144 — 12
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amM—6m (1 11 14 1
< <a4 + b4+ c4 + d4> —24 x 16(abcd)8 + 132

101 1 ¢ 11 1 1t
=(a4+b4+c4+d4) —24x16+132=(a4+b4+c4+d4) — 252
1 4

1 1 1
So,a+b+c+ds(a2+b1+c1+d1) — 252

11 1 1\t 11 1 n?

(a4+b4+c4+d4> (a4+b4+c4+d4)

a+b+c+d+4x%x2022" 1 1 1 1\4
(a4+b4+c4+d4) — 252 + 4 x 2022

11 1 1yt 11 1 14
(a4+b4+c4+d4> (a4+b4+c4+d4)

a+b+c+d+4x2022~ /1 1 1 1\*
(a4+b4+c4+d4) + 4 x 1959

1 1 1
— > =
4 x 1959 - 4 x 1959 4 x 1959
1+ 1 1 1 1\ 4 1+ 114 1+ 256
(az + bt +ci+ dz) (4(abcd)ﬁ)
64 64

~ 64 +1959 2023
1121.If a,b > 0 and A4 > 0 then

272
(a+b+/1)3>T(a2+ab+b2)

Proposed by Marin Chirciu-Romania
Solution 1 by Marian Dinca-Romania

a’? + ab + b? < (a + b)?

271 271 /a+b\%: 27
2 2 < 2, = A=<
(a? +ab+b) =5 < (a+b)? = (2) 25 <
a+b a+b 3
2 + 2 + 4 27 (a+b+l)3
< 3 -7=#<(a+b+,1)3

Solution 2 by Vivek Kumar-India

274
(a+b+/1)3—T(a2+ab+b2)
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272
=(a+b+A)?%*@+b+ 1) ——((a+ b)? — ab)

AM—-G

27 274
> 4A(a+ b)(a+ b+ A) ——(a b)? +—ab

27 272
=4A(a + b)?> + 42*(a + b) ——(a+b)2 +Tab

272 272
- (4A—T> (a+b)* +42%(a+b) + =5~ ab

54 2741
=?(a+b)2 +42%2(a + b) +Tab >0

Solution 3 by Tapas Das-India

8(a+b+2)3=QRa+2b+22)3=[(a+b)+ (a+b)+22)3
> (3)3(a+ b)?-22 (AM-GM) = 544(a? + 2ab + b?) > 54A(a® + ab + b?)

541 272 272
~(a+b+21)3 >T(a2 + ab + b?) =T(a2 + ab + b?) >T(a2 +ab + b?)

1122. If x4, x5, ..., X, > A > 0 then:

4 4 4

x
e —— S 2
o2 T T oz 2 16m

Proposed by Marin Chirciu-Romania

Solution 1 by Vivek Kumar-india
letx; —A=y1,x—A=Y,,...,. X, —A=y,suchthaty{,y,,..,y, > 0as
X1,X2, ., Xp > A > 0 then,
+ Dt + )t 1+ + )t
(71 ) + (¥, ) +~-+(y" 1 ) +()’n )

LHS =
y3 ¥3 yi y;
am-6M (4y,2)%  (4y,2)> 4y, _1A)?*  (4y,A1)?
3 (yl)_+(y€) L (y 1)_+(y2)
}’2 Y3 YA yi
=16/12<y1+&+ +y +y">
}’2 3’3 YA 3’1

1

AM-GM z 2 2\n 1
> 1m%n6%5“ ,wazg = 16n42 - (1)n = 16n4?
2

y: " oyE o y?
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Solution 2 by Tapas Das-India

X1,X2, ) Xp > A

X = =D +A22 =D (AM-GM)
..X] =16(x; —2)%- 2% (analog)
v 4 4
LI S S
(xz — )2 (xs — A)? (x1 —2)?
16 —2%.2%2 16 —?%. A% 16 — 2. A%
> (x1 ) N (xz ) I (xn )
(xz — )2 (xs — A)? (x1 —2)?
1
(X, —D? (2 —D* (x, — D"
(xz —A)?% (x3—2A)2% 7 (x,—2)2
(AM = M)

=161% -n-(1) = 164*n

>16A%-n

1123.If a, b, c > 0 then:
(3ab)¢ - (3bc)* - (3ca)? < (a? + b? + ¢?)atb+e

Proposed by Daniel Sitaru — Romania
Solution 1 by Michael Sterghiou-Greece

(Bab)‘ - (3bc)* - (3ca)? < (a® + b% + ¢»)**thte (1)

Generalized

c-(3ab) +a- (3bc) + b - (3ca) = (a+b+c)- “""/LHS of (1)

< (aZ + b2 + CZ)a+b+c or

9abc )a+b+c

So it suffices that (
a+b+c

2 1
(a? +b*+c*)(a+b+c)>9rtrueasa®? + b* +c* > 3r3;a+ b + ¢ > 3r3.
Equality fora = b = c.
Solution 2 by Ruxandra Daniela Tonilad-Romania

Bergstrom 2 AM—GM
a+b+c 3
We have a? + b? + ¢2 > % >  3Va?b?*c?

So it is enough to prove that:

3 atbtc Z(a+b+c)
(3 a2b2c2) > (3ab)¢ - (3bc)? - 3ca)? = (abc)3 > (ab)® - (bc)® - (ca)®
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abc a+b+c abc a+b+c a+b+c
(abc) (abc) o a® bbb - c¢ > (abc) 3

a+b+c — a b c
a®-b®-c
(abc) 3

Let f: (0,+) - R, f(x) = xlog x with f'(x) = logx + 1,

f'(x) > i > 0,Vx > 0 = f convex function. Then

3 - 3
a+b+c a+b+c aloga+blogh+ clogc
3 183 = 3

a+ b+ ¢\ Jensen f(a) + f(b) + f(c)
(=) =

a+b+c

LW) < log(aa . pb . cc)

o
3log 3

a+b+c

atbrc gpm-gm a+b+c\, 3
SWCATAR)

3log(Vabc) 3 < 3

a+b+c a+b+c
= log(abc) 3 <log(a®-b®-c°) ® a®- b’ - ¢ > (abc) 3

Therefore,
(3ab)¢ - (3bc)® - (3ca)? < (a? + b? + ¢?)**h*+¢ va, b,c > 0
Solution 3 by Tapas Das-India
(3ab)° - (3bc)® - (3ca)P = 3atb+c . gb+c. pe+a. ca+th
Now we consider 3 positive numbers a, b, ¢ with associated weight (b + ¢), (c + a), (a +

b) respectively, then

(b+c)a+ (c+a)b+ (a+ b)c
(b+c)+(c+a)+(a+b)

2(a+b+c)
[ab+c . peta . ca+b] < l

2(a+b+c) (a+b+c) (a+b+c)

(ab + bc + ca)?
~ |3(ab + bc + ca)

(ab + bc + ca) _ [Cab + bc + ca)?
a+b+c | (a+b+0c)?

B [ab + bc + ca]“+b+c - (a? + b? + c2)atb+e
B 3

= 3a+b+c . ab+c . pcta. Ca+b < ((12 + b2 + CZ)a+b+c

- 3a+b+c

Note: ab + bc + ca < a? + b?> + ¢?;(a+ b + ¢)? > 3(ab + bc + ca)

Equality whena = b = c.
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Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

(3ab)c(3bc)a(3ca)b — 3a+b+cab+c . peta. Ca+b

< 3(@at+b+o) (a(b +c)+blc+a)+cla+ b)>2a+b+c

2(a+ b +c)

2(a+b+c)

S (aZ + bz + CZ)(a+b+c)

_ gatbic (ab + bc + ca)

a+b+c

ab+bc+ca)?
3 ( )

2 2 2
(@tbio)? <a*+b“+c

Iff

3 (ab+bc+ca)
(a+b+c)2 —

Iff

Iff 3(ab + bc + ca) < (a + b + ¢)? ok
Therefore it is true.
Solution 5 by Hikmat Mammadov-Azerbaijan
ab;c>0
(3ab)¢ - (3bc)® - (3ca)? < (a? + b? + c?)atb+c

log(-) is concave

b
log(3ab) + ﬁlog(%a)

e — -
a+b+c a+b+c +b

<1 (¢) - (3ab) + (a) - (3bc) + (b) - (3ca) _1 9abc
_og< a+b+c >_Oga+b+c

log(3bc) + a

1
a+tb+c  9abc AM-GM 9 (a + b+ c>3

- <
=2 LHS < a+b+c ~— a+b+c 3

Cauchy-Schwarz {

1
=§(a+b+c)2 < §(1Z+12+12)(a2+b2+c2)=a2+b2+c2
= (3ab)¢(3bc)?(3ca)? < (a? + b? + c?)*th*¢ With equality iff a = b = c.

1124.If a,b,c > 0,a + b + ¢ = 3 then:

a+\/r\/2+ b+m+ c+ /a+x/3s3 /1+x/§

Proposed by Daniel Sitaru — Romania
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dSolution 1 by Tapas Das-India

Ja+ /b+\/E+\/b+ /C+\/E+ /c+ /a+\/5s
a+b+c+<\/b+\/5+\[c+\/c_l+ /a+\/l3>f

=@[3+<jb+«z+jc+¢a+m)]

(va+b+c=3) (1)

Now, Vb + ¢ ++c+Vva+Va+vb <

<+3

N =

S‘/E[(a+b+c)+(\/E+\/E+\/3)]%=\/§[3+(\/E+\/E+\/3)]%
1

sﬁ[3+v§(a+b+c)%]7sﬁ[uﬁ-m%sme)%:@-ﬁ-ﬁ:sﬁ

From (1)

ja+ /b+\/_+\/b+ /c+\/_+ ’c+ a+\/_<\/_[3+3\/_]%

=3 \/_(1+\/_)2—3 1++2

Note:

x'1"+x§"+~--+xw<<x1+x2+---+xn)"’
n N n

when m was between 0 and 1.

Solution 2 by Vivek Kumar-india

\/a+\/m2+\/b+m+ /c+ /a+\/3s
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=J3(a+b+c)+3<Jb+ﬁ+Jc+ﬁ+ /a+\/5>
=j9+3<\[b+\/5+\[c+\/6+ /a+\/l3>

AM-GM

< j9+3J3(b+ﬁ+c+ﬁ+a+ﬁ)

=\j9+3\/3(a+b+c)+3(\/c_l+\/l;+\/5)

AM-GM
< j9+3\[9+3,/3(a+b+c)= /9+3\/9+9=3 /1+«/§

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Forx > 0 we give f(x) =Vx = f'(x) = %x_% = f'(x) = (%) (—%) x_; = _ixg

= f"(x) < 0forx > 0 = f(x) is concave function

x+y)

= f -+ <27(52) =2 (5

Hencefora,b,c > 0and a + b + ¢ = 3, we will get

\/a+\/m2+\/b+m+ ’c+ fa+\/3s

<3\/a+b+c+\/b+\/f+\/c+\/5+\/a+\/5
= 3

3\/a+b+C+\/E+\/F+\/E
3

3

:3j3+\/b+\/5+\/§+\/5+\/a+\/5£3\/1+
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a+b+c
3|14 ( 5 )
1+ =

-
w

<3

J 3V2 +va+ Vb ++c
=3 |1+ 3

33

[

|

|

|

i

|

| 3 |1+X2

' 3 32

=3\]1+—3 =3 |1+~ =3 142

Therefore it is to be true.

1125.Ifa,b,c,A > 0,a + b + ¢ = 3 then:
2 2 2
a b c 1
+ + >3 (1 — —\/i)
a+ Ab%2 b+ Ac? ¢+ Aa? 2
Proposed by Marin Chirciu — Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a? Aap? AM_EM Aab?
P — = —_ > e ————
Wehave: iz = a+a? = * Ve
Vi AMZGM 2 ab +b
=a——.VabVb = a-—. .
2 2 2
Similarl have - b? - VA bc+c p c? - VA ca+a
imilarly we have : —— 5> ;g and g2 —
Adding these inequalities we get :
a? b? c? V4 (ab + bc +ca) + 3
+ + >3 ——. >
a+ Ab?2 b+ Ac? ¢+ Aa? 2 2
a+b+c)?
AT s i
- 2 2 B 2 )

Equality holdsiffa=b=c=A=1.
Solution 2 by Tapas Das-India

We need to show
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a? N b? N c? > 3(1 VA
a+Ab? b+ Ac? ¢+ Aa? — 2
a? b2 c? 3V2
or o T T a2 = 3 - 2
a? b? c? 3V4

or +C+12_(a+b+c)——

a+Ab2  b+Ac?

[va+ b+ c=3]

a? b? c? -3v2
or (a+lb2 N a) + (b+/1c2 N b) + (c+/1a2 N C) =

Aab? | Abc® | Aa’c _ 3VA

or

a+Ab? | b+ic? | c+ia® — 2
Now,
Aab? Abc? Aa’c Aab? Abc? Aa’*c
atAbZ bt A et AaZ = 2ya bvd | 2vbvic  zvevia
(AM-GM)

AM GM /A ab+b+bc+c+ca+a
2 2 2 2

<\/I<a+b+c+ab+bc+ca)

-2 2 2

B E (- (L) sy ) - G-

Solution 3 by Sakthi Vel-India

a? a Vb VA
— >
a + Ab? AbZ — -
a

=—{f_+I?+ﬁﬁ)

b? ﬁ<b+c2> c? \/I<c+a2>
— _>bh- > ¢

2 bZ CZ

P Ty P P e

a? + b?% + c? +a+b+cl

a+b+c——l >
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a+ b+ c)?
VA % +a+b+c 3+3 ,1 < ﬁ)
>3 -—— =3 — —[ —>3(1——
2 2 2
Solution 4 by Soumava Chakraborty-Kolkata-India
Z a? 3 Z a(a + Ab? — Ab?) 3 z z Aab?
a+AbZ a+avz LT La+an?
cyc cyc cyc cyc
- Aab? A-G Aab? A
B X SR P R O
cyc a cyc 2b. \/E cyc
A CBS A - A
=3—§Z\/ab.\/l;2 3—%. Zab. Za‘”b;c 33—%. SZab
cyc cyc cyc cyc

2
23—\/2—1. (Za) “+b+=°=33—3';/7‘ 3(1—1\/_) (QED)

cyc
1126.Ifa,b,c,d > 0,a+ b + c + d = 1 then:
2 -1 (1
z a“cd cot™(b) = 4abcd cot (Z)
cyc

Proposed by Daniel Sitaru — Romania
Solution 1 by Tapas Das-India

Z a’cd cot™1(b) =
= a’cd cot™1(b) + b*dacot=1(c) + c?*ab cot=1(d) + d?bc cot 1(a)
= abcd [% cot=1(b) + gcot‘l(c) + gcot‘l(d) + gcot‘l(a)] (1)
Let f(x) = cot™1x,x >0

=~ cot~! x is a decreasing function

~f(x) =
Again,
Let f(t) = cot™1(t),t >0, ~ f'(t) = — >0

fll( ) —

1+t2’

)2

=~ f is convex; using Jensen’s inequality
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a b c d
Bf(b) +Zf(C) +Ef(d) + Ef(a) >

a b ¢ d b-%+c-2+d %+ag
_(—+—+— —)f < a
b ¢ d a a,b,c. d
b ¢ d ' a
_(a b ¢ d a+b+c+d
Gretata) a b c d
b ¢ d ' a

[ca+b+c+d=1]

=4 cot™1 1 > 4 cot™1 (1)
ponge) >l

Since cot~! x is decreasing function and % + g + 2 + g > 4 (AM-GM)

a b c d /1
) +2£(0) + = f(@) + = f(a) 2 4cot™ ()

= %cot‘l(b) + g cot™1(c) + %cot‘l(d) + gcot‘l(a) >4cot™? (i) (2)
Now, from (1)

a

b

zmwaumﬁi(mmyn)

c

Z a’cd cot~1(b) = abcd 7

b d
cot=1(b) + Ecot‘1 c+—cotld+ Ecot‘l(a)]

Solution 2 by Hikmat Mammadov-Azerbaijan

abcd>0anda+b+c+d=1

1
Z a’cd cot™1(b) > 4abcd cot™?! (Z)
cyc

d (1 ) cot 1x 1

—(=cot™1 — <0
dx\x %t ¥ x2 x(x2+1)

X

_ 2cot™1x 2(2x2+1)

d? (1 _
Forx>0:>—2(—cot 1x) S 2
dx= \x x x2(x2+1)

>0
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1 _ . . .
Then _cot 1(x) over (0, 1) is a decreasing, convex function

Convexity implies that for nonnegative

).1,).2,).3,).4 and 2.1 +A‘Z +2.3 +A4 =1 WE’Ve,

Al tla+2 ! t1b+21 1 tlc+2 ! t71d >
1aC0 a Zbco 3CC0 C 4dC0 =
- 1
_/11a+)12b+).3c+).4d
If A1,4;,45,44 € (0,1) we've equalityiffa = b = c = d.
Set11=d,12=a,13=b,l4=c

Cot_l(lla + Azb + /13(,‘ + A4d)

d 1 1 1 b 1 c 1
> —cot™'a+—-—cot™ " b+—cot™c+—-cot™'d
a b c d

1
>
~“ad+ ba+chb+dc

cot 1(ad + ba + cb + dc)
Because i cot~1(x) is decreasing
Then RHS > %q:ot‘1 7 and 7 = max
ad + ba + cb + dc subjecttoa,b,c,d >0anda+b+c+d=1

2

AM-6M ra+b+c+d
ad+ba+cb+dc=(a+c)(b+d) < (f)

A

Thusgcot‘1 a+ %cot‘1 b+ gcot‘1 c+ gcot‘1 d

= geor™ () = 4cor (]
= co 4 =4C0 1

Sol

| =

4abcd cot™! (%) < bcd? cot™la + a’cd cot™1 b + ab?>ccot 1 c + abc? cot 1 d
Equalityiffa =b = c = i
1127.If x,y,z > 0,x* + y? + z> > 3,then :
B+y3+z23>xy+yz+zx

Proposed by Marin Chirciu-Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

2 2

cyc cyc cyc cyc

(*)
:sz 3+2 ) xy
cyc cyc
xy+yz+zx£3

Chebyshev 1 x2+y%+z2 23 1
Now,x3 +y3+2z3 > 3 Zx sz > 3 Zx .3

cyc cyc cyc

via (¢) ? ?
> 3+22xy22xy@t2—2t—3s0 t=ny
cyc cyc cyc

ot-3)(t+1)<0ot<3oxy+yz+zx <3 - true
~x3+y3+z3>xy+yz+zx

xy+yz+zx >3
Chebyshev 1 1
Again, x3 +y3+2z3 > 3 Zx sz >3 Zx ny
cyc cyc cyc cyc
via (¢) 1 xy+yz+zx >3 1
= 3 3+22xy. ny = §.v3+6. ny =ny
cyc cyc cyc cyc

~x3 +y3+23>xy+yz+ zx - combining cases 1 and 2,
34+y3+z3>xy+yz+zxVay z> 0| x%+y?+z2 >3 (QED)

Solution 2 by Michael Sterghiou-Greece

Zx3 Zny; (D

cyc cyc
Let:(p,q,7r) = Zx,ny,l_[x ,then Zx2=p2—2q23; (2)
cyc cyc cyc cyc

From Jensen’s inequality for the function f(t) = t3, we have:
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Deye X° = i 3- (?) = q or from (2) the stronger:

(V2q + 3)3 >9q < (2q+3)3-81qg%* = 0or
(q — 3)%(8q + 3) = 0, which is true. Equality holds forx =y = z = 1.
1128. Let a,b,c > 0 : ab + bc + ca = 1. Prove that :

abc abc

1
ab+1+ bc + 1

_|_

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality we have :

LHS < (3] 3 bz 1 < |3(3 b 3 =31 3abc
- s ab+1/= e b+bctrca+t3) 4

cyc

3abc<a+b+c
4 ~ 2

So it suffices toprove: 1-— or 2p+3r =>4,

where:p=a+b+c, r=abc andletq = ab + bc + ca = 1.

If p = 2 the inequality is obvious. Assume now thatp < 2.

Schur 3 2
S ip - 2 - +2p—6
Then: 2p+3r > 2p+ pgp _a4l p)(p3 P-6)_

4.
Which is true because 2 > p > ./3q = V/3. So the proof is completed.
Equality holds if f (a,b,c) = (1,1,0) and permutation.

1129.If a,b,c > 0 then :

ab_l_bc ca 4a4+b4+4 b4+c4+4 ct + at
c a b — 2 2 2

Proposed by Tran Quoc Thinh-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

+|a* + b*
? <+ a?—ab+ b?% (1)

Lemma : If a,b > 0 then : > <

Proof : We have (1) © 2(a? —ab+ b*)? —(a*+b*) >0 © (a—b)* >0,
which is true and the proof of the lemma is complete.

From the lemma, it suffices to prove :

ca
— +-—>+a? —ab +b? +/b? —bc+ % ++/c% —ca+ a?.

—+ >
c a b

ab bc

1 1 1 ] ,
zZ= pL the inequality becomes :

Lt =, - 7
etx=_, y=y,
x2+y% + 2% > zy/x2 —xy + y2 + x\/y? — yz + 2% + y\/ 2% — zx + x?

By CBS inequality we have :

Y wyr=yarais () x) (D a0 -y + )

cyc

e xy(x*+y?) +yz(y? + z%) + zx(z®* + x?) < x* + y* + 2t + xyz(x + y + 2),

x* +y? + 7%

N}~

which is the fourth degree Schur's inequality.
So the proof is completed. Equality holds iff a= b = c.
1130. Let a,b,c > 0: ab + bc+ca=1.Setp =a+ b + c. Prove that :

2p+1
p* +1

\/(Za + bc)(2b + ca)(2c+ab) <p
Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality we have :
RMM-CYCLIC INEQUALITIES MARATHON 1101-1200
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b b 14
2b+ca<|——+b(c+a)|+ca= +1= :
c+a c+a c+a
Similarly we have: 2c+ ab < L.
a+b
p p

Then: \/(2b + ca)(2c + ab) <

J(c+a)(a+b) =\/az+1

2a+bc 2p+1 2a+1—-a(p—a) 2p+1
< or <
a?+1 "~ p?+1 a?+1 p?+1

So it suffices to prove :

or 2p+1)(a®+1)—(p*+1)(a®+2a+1—ap)=0
or (p—2)(p—a)lap—1)=0 or (p—2)(b+c)(a*—bc)=0(1)
WLOG we can assume that a = min{a, b, c} or a = max{a, b, c}, so :
If p = 2 we can choose a = max{a, b, c} then (1) is true,
similarly if p < 2 we can choose a = min{a, b, c}. So the proof is completed.

Equality holds if f (a,b,c) = (1,1,0) and permutation.

1131.Leta, b,c > 0 : ab + bc + ca = 1. Prove that:

a b c 2
/ - +/ >
b— bc + c c—ca+a a—ab+b a+b+c—-1

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

a a a
\Jb—bC+C:\/b+c—1+a(b+c)z\/(b+c)(1+a+b+c)—[(b+c)2+1]2

AM;‘GM a
> =
- \/(b+c)(1+a+b+c)—2(b+c)
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AM-GM
a r“-\G 2a

=\/a(b+c)(a+b+c—1) = (a+b+c)Va+b+c—1

Similarly we have :

b 2b c
= and /—
c—ca+a (a+b+c)Wa+b+c—-1 a—ab+b

2c
>
" (a+b+c)Va+b+c—-1

Adding these inequalities yields the desired result.
Equality holds iff (a, b, c) = (1,1, 0) and their permutation.

Solution 2 by Michael Sterghiou-Greece

a b c 2
+ + > ; (1)
b—bc+c c—ca+a a—ab+b Ja+b+c—-1

let (p,q,7) = (Ta,Yab,[[a),q=1>p*>=3q=>p=V3,r=0

a 2
(1):>Z\/ab+ac—r2\/p—1

cyc

which by Jensesn’s inequality for funtion t — %; t > 0 with weights a, b, c becomes the

stronger :

1 ?q

p.\/Zab+ac—r2\/p—1; (2)
p

% — A 4
But ), a(b + ¢) = pq — 3r = p — 3r and by squarin (2).p_3r_pr > il

f)=p*p-1)-4@p—-3r—pr)=0; (3)

f(r) N.Assume p € [\/§, 2] then by 3rd Schur’s inquality

dpq—p> 4p-p*
r> - _
9 9

ro
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and f(r) = f(ry) = = %(p —-2)(5p?>—-11p—6) = 0as
>0

5p2—11p-6=Gp—-1)(p-2)—-8<0
Now,if p > 2thenf(r) > f(0)=(p-2)(p*+p+2)=0

Equality holds forp = 2andr = 0 or (a,b,c) = (1,1,0).

1132. Prove that the following inequality :

x2+2x—4>z a? >yz+2y—7
x - Zua++Vbc  y—3
cyc

holds for all a,b,c =0, ab + bc + ca =1,

wherex =a+b + candy = Vab +Vbc + Vca.

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly,we will prove that x+y > 3:

AM—GM
ab + bc + ca ala+b+c)
We have: 2 < a++Vbc) = — =+ 2'Vbc.
a++vbc +( ) a ++hbc
Then : 1<f a ++Vbc (and analogs) (1)
~ 2 a++bc g
Th 3<xz a4 + X 3 Z vhe + Cgs
us, 3<— y==|3- y <
ZCyca+\/E 2 cyca+\/ﬁ
x 2 x
S—<3— Y >+yS—(3—1)+y=x+y.
2 y2 - VabCchc\/a 2
Hence, x+y =3 (2)
Now we have :
Z a? (,132 2(1-vbe) \/_) _, _2VabcYyNa_ oy -1
a +Vbc X x
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y:—-1_ y*+2y-7
3—-y  y-3

(2)andy =1
~
> 2 —

Also we have :

e ) R N

cyc cyc cyc

@ 2@-x)-2 x?+2x-4
< x-— = .

X X

So the proof is done. Equality holds iff (a,b,c) = (1,1,0) and their permutation.
1
1133.If a,b,c > 0,ab + bc+ca=1and 1 25 then :

1 9
<
A+a?2+b%2 " 34+2

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x .= a?+ b%>+ c% > ab+ bc + ca = 1.

2
We h z 1 _21 1 a?+b* \ 3 1 Ya?+b? -
enave: Joavar+b: LA\ A+a2+b?) 21 Al AtaE+b2

cyc cyc cyc

2
5 3 1 (chc\/ a? + bz) 3 2x+ Zchc\/(aZ + b2)(a? + c?) -
=1 12 31+2x A A3+ 2x) =
5 3 2x+2Y(a®+bc) 3 4x+2 1 2B4-1) _
= 2 231+ 2x) “2 282+2x) A 1B21+2x)

x21&3421 1 2(32-1) 9
< -+ = .
A A(BA+2) 34+2

V3
Equality holdsa=b =c = 3
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1134.If a,b,c > 0 and n € N* then:

2n-3
n

Z a? >3 1 z
b+o2-8\3 L%
cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Tran Quoc Anh-Vietnam

WLOG, we can suppose: a > b > ¢ > 0 = a? > b? > ¢?
aZn bZn cZn
= =
(b+c¢)®  (c+a)  (a+b)3

Forn=1:

a? Chebyshev g2 4 p2 4 2 1
> _— —_— =
z:(b+c)3 - 3 Z(b+c)3

cyc cyc

a’ + b* + c? 14 CBS;Radon /q + b + c\° 81
e (3 p e
3 (b + )3 3 8(a+b+c)3

cyc

-1 2:1-3
9 3(1 3(1
:8(a+b+c):§<§za> =§<§-Za>

cyc cyc

Thus inequality true with n = 1, suppose the inequality true to n, it mean:

2n-3
a*" - 3(1 Z
—_— = —_— a
(b+c¢)® —8\3
cyc cyc
We will prove that is true with n + 1. In fact:
2(n+1)

a a?"  Chebyshev g2 4 p2 4 2 a?"
2: _ E ac — > . E = | =
(b + C)3 (b + C)3 - 3 (b + C)3 =
cyc

cyc cyc

2n-3 2n-1
CBSmath.ind. /\q + b + C 2 3/1 3/1
S R A B
3 8\3 8\3

cyc cyc
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Therefore the inequality is true with n + 1, thus is true with al positive

integer.QED.
1135. Let a,b,c = 0 : ab + bc + ca = 1. Prove that :

a b c 1
+ + >
4a2 + a’bc + bc  4b%+ b%’ca+ca 4c:t+clab+ab a+b+c

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
CBS

J4a? + a?bc + be = J[4a? + bc(a? + 1)][a(b + ¢) + bc] S

>2aa(b+c)+ bcya?+1>
GM_HM 2a.(b+c¢) bc(a?+1) atbroy <1

4a’(b+c) bc(a®?+1) -

. + > +
aa+(b+c) Vaz +1 a+b+c a
b+c+1

- 4a’(b+c) bc(a®>+1) B (4a? + a’bc + bc)(b + ¢)

“a+b+c a B a+b+c
b+c+1
Th 1 - b+ c (and ’ )
en : > and analogs
V4a% + a’bc+bc atb+tc g
h a a(b + c)?
erefore, 4a? + a’bc + bc — (a+ b+ c)?
cyc cyc
_(a+b+c)(ab+bc+ca)+3abc> “bf>fo ab + bc + ca
B (a+ b+ c)? - = a+b+c
=————, asdesired.
a+b+c

Equality holds if f (a,b,c) = (1,1,0) and permutation.
1136. Let x; > 0 and [[i~;x; = 1,n € N,n > 1. Prove that:

n n
l_l(xl2 —x;+1) +Zx§°22 >n+1
i=1 1

i=

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution by Tapas Das-India

5 5 AM—-GM 3
xp—x;+1=xi+1—x; = 2 |x;ij-1—x;=2x;—x; =X;

n
n(x?—x,-+1)2x1-xz-...-xn=1
i=1

n
2022 MM nl 2022 . 2022 2022 n 2022
in > n [x3022. x2022. . x2022 — '\ [(x; - Xpc .t Xy) =n

i=
n n
Therefore, n(xlz —x; + 1) + z x2022 >4
=1 i=1

1137. Prove that if x,y,z > 0 and xyz = 1 then :

yz zx 3

+ =2 <=
J1+y2z22 V1 +22x2  \J1+x2y2 " V2

Proposed by Nikos Ntorvas-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Since y*z?.z*x*.x*>y* = 1 then 3a, b, c > 0 such that :
b c

a

2,2 _ 2.2 _ 2.2 _
=—,x°y* =—

c a

The given i lity b -/a+b+/c<3(1)
eglvenlnequaly ecomes : a+b b+C c+a_\/§

By CBS inequality we have :

a 4(a+ b + c)(ab + bc + ca)
LHS 1) < \/(Z(a + C)) (Z (a+b)(a+ c)) - \/ (a+b)(b+c)(c+a) -

4abc Cesaro 3
= |4+ S |a+s=—
(a+b)(b+c)(c+a) V2

-

N

So the proof is done. Equality holds iff x=y =2z = 1.
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1138.If a,b,c > 0,abc = 1 and n € N*, then :

(3a — 2b)?" - 3
2a+3b 5

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

y Ga-zh (3a—2b)?" 5 (13 — 2b|m)? Berestrom (3|3 — 2b|")’
2a+ 3b 2a+ 3b - Yeye(2a + 3b)
cyc cyc

1 n?
Chebyshev (n—1) times (F (chcl 3a — Zbl) )
>

> (* neN)
2Yyc@+3Ygca

S (% |chc(3a - 2b)|n)2

52cyca
Triangle inequality Triangle inequality
( lx| + |yl + |zl > lx +yl + |z| >

> |x+y+ﬂ>
3 (% Zeye a)n) (chc a). 32n =7 (Zeye a)Zn ' AZG (chc a). 32n 7 (3.Va )Zn '

5 chc a 5 chc a 5 chc a
32n 1

_3a 32"2°Z(3a_2b)2n > Va,b,c>0|abc=1andne N,
_5 5 s 2a + 3b 5 a,bp,C apc = 1andan

cyc
with equality iff a =b = ¢ =1 (QED)
1139.Ifa,b,c > 0,a+ b + c = 3 and 4 > O then:

1 1 1 s o
—+—2+—2+/1(a +b*“+c*)=23(A1+1)
b= ¢

Proposed by Marin Chirciu-Romania
Solution 1 by Tapas Das-India

AM-6M a+ b + ¢
a+b+c-3v bc < T—
D
a’?+b*+c*=(a+b+c)*>—2(ab+ bc+ca) >
2(a+b +c)? 2

=32--.32=3;
3 3

>(a+b+c)? -
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1
(1)<:)ab+bc+caS§(a+b+c)2

1 1 1 >3 1 (AM;GM)3 be < 1
—+ﬁ+c—2_ W = ;(abc<1)
Therefore,

1 1 1
toat +/1(a +b*+c?)=3(1+1)

Solution 2 by Ravi Prakash-New Delhi-India

a’? + b? + c? a+b+c\’?
2( ) = a’+b*+ ¢ > 3; (1

3 3
1
Also, _(_ E ) a+b+c =1
S LT TE [(1 1+1)] > 1; 2)
a b c b2 2 3 b c¢/I — 7

From (1) and (2), we get:
1 1
e

1140.Ifa,b,c>%,a+b+c=3andl>0,then:

1
+c—2+,1(a2+b2+c2)2 3(1+1)

1 3
>
Aa2 +A+1 22+1

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

1 1 201 -a) 1 1 22(1-a)

> — — >
Aa2+l+1_21+1+(21+1)2@la2+l+1 22 +1 (2A+1)2 —
2 +1—-2a’?-2-1 2A(1-a)

C AT DA +A+D) A+ 12>
A1-a)(1+a) 22 (1—a)

A+ DO +A+1D) A+ 12>
A(l—a)( 1+a 2 )>0 A(1—a) 22a(1—-a)—-(1—a)

(=4 . - =
22 +1 \Aa2+2+1 22+1

A(1-a)*(2ha—-1) >0t > 1 = 2\ 1>0andA >0
R il _
AT T D@ T 2 rue - a> o~ a an

. >0
22 +1 2A+1D@Qa?+A+1)
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1 1 Z)L(l —-a)

>
Aa2+l+1—21+1 (2A+1)2

via cyclic summation

3
1-
= Zxa2+x+1—21+1 (2)L+1)2 Z( a)

cyc

B 3 N 2A 3_2‘1 a+b+c=3 3
T 2A+1 (2A+ 1) T 2A+1

cyc
1 o 3 abest a+b 3and >0,
AZtAt1o2atl ez gpatbrce=san

cyc
equality iff a =b =c =1 (QED)

and analogs

1141. Prove that :

1+a\/E+1+b\/ﬁ+1+cVab>1+ 4
a++vbc b++eca c++Vab a+b+c

holds for alla,b,c = 0,ab + bc+ca=1

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality we have :

a+b+c=\/[(—a+b+c)2+4a(b+c)][bc+a(b+c)]
> (—a+ b + c)Vbc + 2a(b + ©).

(—a+ b + c)Vbc + 2a(b + ¢) (a+b+c)(a+\/_)

: >
Then: 1= a+b+c a+b+c
(—a+b+c)(a+\/bc)
1+ aVbe ( S +a |+ avbc
Hence, >
a+ Vbc a ++bc

_—a+b+c+ 1+ +vbc
a+b+c "a + Vbe

>—a+b+c (—a+b+c )_—a+b+c+2a(b+c)
~a+b+c a+b+c

T a+b+c a+b+c
1+ avbc —a+b+c 2alb+c 4
Therefore, Z + ( ) =14+ —-
a + Vbc a+b+c a+b+c a+b+c
cyc
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Equality holds if f (a,b,c) = (1,1,0) and permutation.

1142. Let a,b,c > 0 : ab + bc + ca + 2abc = 1. Prove that :

1 1+1+ 1(1 1 1) -5 va+1
ab bc a b cycx/abc+\/b+c+abc

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By the AM — GM inequality,we have :

b TeTabe < (b+c+abc)a (a+ 1)Vabc ab+bc+ca

+ 2vVabc.
(a + 1)Vabc a (a + 1)Vabc
Then :
2Va+1 (2\/b+c+abc—2\/abc)\/a+1 ab + bc + ca
Vabc +Vb + ¢ + abc b+c (b+c)\/(a+1)abc
Vva+1 ab + bc + ca
Thus, ZZ Z
cyc\/abc+\/b+c+abc

< (b + c)y/(a+1)abc

:z</ a e ><

i\ @+ be (b+c)/(a+Da

AMZ M ’ a b 1 1
= ;( (a+1)bc 2 (a+1)a> S\/Za+1 be " \/waZE'

Since ab + bc + ca + 2abc = 1 then we have :

> ! o ana Y% -1
a+1 - a+1
va+1 1 1 1 1/1 1 1
Therefore, ZZ — —( )
Vabc+Vb+c+abc Jab bc ca’ J2\a b
Equality holdsiffa=b =c=
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1143.If a,b,c > 0,a+ b+ c=3 and A > 2 then :

24+ 1)a® - b3 . 22+ 1)b3 -3 . 22+ 13 - a? “a
ab+ (22—1)a? bc+ 2A—1)b%? ca+ (22—1)c? ~

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

22+ 1)a® - b3 - 2(a—Db)

ab+ (22— 1)a? — at A @)

Lemma: If a,b > 0 then

Proof: (1) & A[(2A+1)a® - b%] < [ab + (24 — 1)a?|[(A + 2)a — 2b]
© 2(A-1)a® - BA—4)a’b—2ab?> + Ab®* >0 = (a—b)?[2(A—1)a+ 1b] =0

Which is true and the proof of the lemma is done.Using the lemma,we have :

2(21+1)a3—b3<z +2(a—b) Catbic—3
ab+ (24~ 1a? = Ly a 2 )" ° €=

cyc

Equality holds iffa=b =c=1.

1144. For all a,b,c > 0, such that abc = 1,
15 + 12(a* + b* + c*)(a? + b% + ¢2) > 11(a® + b® + ¢®) + 30(a® + b3 + ¢3)

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is successively equivalent to :

15(abc)? + 12(a* + b* + ¢*)(a? + b? + ¢?) = 11(a® + b® + ¢%) + 30abc(a® + b3 + ¢?)

e Z a+12 Z:(a“b2 + a?b*) + 15(abc)? = 30abc(a® + b3 + ¢?)

cyc cyc
1
e EZ((P + b® — a*b? — a®b*) + 152:(04a2 + c*b? — 2abc.c?)
cyc cyc

5
- EZ(a“cz + b*c?* — 2(abc)?) = 0

cyc
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1
< EZ(“Z + b?)(a* - bz)z + 152 c*(a — b)? —;Z c*(a? - bz)Z >0
cyc

cyc cyc

a? + b?)(a + b)? 5
=N Z <( z( ) +15¢* — Ecz(a + b)2> (a — b)? > 0, which is true because :

cyc

a®? + b?)(a + b)? CBS (a + b)* AM_GM
( ;( ) +15c* 2( ) +15¢* > V15c%(a+ b)?

5
>3 c?(a + b)? (and analogs)

So the proof is done. Equality holds iffa=b =c=1.
Solution 2 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z>x+y—-z=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa=Zx=25=>2a=s

cyc cyc cyc
>a=s—xb=s—-yc=s—-z

2
Via aforementioned substitutions, z a? = z al —2 z ab

cyc cyc cyc

(O]
=s? —ZZ(s—x)(s—y) =s% — 2(4Rr +r?) :Zaz = s2 _ 8Rr — 2r2 and

cyc cyc
3

Z a® = z a | —3(ab + bc)(bc + ca)(ca + ab) = s3> — 3r%s.4Rrs

cyc cyc
2
(ii)
= Z ad = s(s? — 12Rr) and Z a’b? = Z ab | —2abc Z a

cyc

cyc cyc cyc

= (4Rr + rz)z —2r2s.s = Z azp? L (4Rr + rZ)2 — 2r%s?
cyc
v abc =1+ 15+ 12(a* + b* + c*)(a? + b? + ¢2)
> 11(a® + b® + c®) + 30(a® + b3 + c?)

& 15a%b?c? + 12 Z a? Z a*

cyc cyc
> 11| 3a?b?c? + Zaz Za“—Zasz + 30abc Za3
cyc cyc cyc

cyc
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=N Zaz Za“ +11 Zaz Zazb2 > 18a%b?c? + 30abc Za3

cyc cyc cyc cyc cyc

=N Z a? Z a* + Zz a’b? | + 92 a?b? | > 18a?b?c? + 30abc Z a3

cyc cyc cyc cyc cyc
3

=N Zaz +9 Zaz Zazb2 > 18a?b?c? + 30abc Za3

cyc cyc cyc cyc
i (.G
e (s> — 8Rr — Zrz)3 +9(s? — 8Rr — 2r?) ((4Rr + rz)2 - ZI‘ZSZ)
> 18r*s? + 30r?s%(s? — 12Rr)
& s% — (24Rr + 54r?)s* + r2s%(336R? + 672Rr + 39r?)

Q)
—r3(1664R® + 1248R*r + 312Rr? + 26r3) > 0 and
Gerretsen

(52 — 16Rr + 5r2)3 > 0 . in order toprove (x),

it suffices to prove : LHS of (x) > (s — 16Rr + 5r2)3
& (24Rr — 69r%)s* — r?s?(432R% — 1152Rr + 36r?)
(+)
+r3(2432R3% — 5088R’r + 888Rr? — 151r%) > 0

2 Gerretsen

24R — 69r > 0 and ~ (24Rr — 69r?)(s? — 16Rr + 5r2)° > 0
-~ in order toprove (x), it suffices to prove :
LHS of (++) > (24Rr — 69r2)(s? — 16Rr + 5r2)"
& (336R — 6241)(R — 2r)s? — 594r2s?
(%)
—r(3712R® — 16416R*r + 10752Rr? — 1574r%) > 0

Gerretsen

Now,LHS of (xxx) >  (336R— 624r)(R— 2r)(16Rr — 5r?)
?
—594r%(4R? + 4Rr + 3r?) — r(3712R% — 16416R?*r + 10752Rr? — 1574r3) > 0
? R
& 1664t3 — 8376t% + 13320t — 6448 > 0 (t = ;)

208t ? 69
s (t—2) (T — 11) (24t—69) + 2465 | > 0 > true ~ t > 22 = (%x%)

= (*x) is true (strict inequality)

24R — 69r < 0 and then, (xx)
& (69r? — 24Rr)s* + r?s?(432R? — 1152Rr + 36r?)
©
—r3(2432R3 — 5088R?r + 888Rr? — 151r%) < 0

Now, Rouche = s> — (m—n) >0ands? - (m+n) <0,
where m = 2R%? + 10Rr — r?2 and n = 2(R — 2r).«/R2 — 2Rr
(s2 —(m+ n)) (sZ —(m— n)) <0
= s*—s?2(2m) + m? —n? <0 = s* — s?(4R? + 20Rr — 2r?) + r4R +1)3 < 0
= (69r? — 24Rr)s* — s?(4R? + 20Rr — 2r?)(69r? — 24Rr)
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+r(69r2 — 24Rr)(4R +1)3 <0 - in order toprove (), it suffices to prove :
LHS of (+) < (69r% — 24Rr)s* — s2(4R? + 20Rr — 2r?)(69r% — 24Rr)
+r(69r? — 24Rr)(4R +r)3
& (96R3 — 228R?r — 276Rr? + 102r3)s?
+r?(2432R% — 5088R’r + 888Rr? — 151r3) — r(24R — 69r) (4R + )3 (2) 0

. , 69 R
Let f(t) = 961> — 228t — 276t + 102 V t € [z,ﬁ] (t = ;) ; then :

16t2 +8t—23\ 1179 1179
- < - <0
4 4 4

f(t) = (24t - 69)<

Euler
( 24t—69 < 0and 16t>+8t—23 > 16(4)+8(2)-23>0

16t + 8t — 23
= (24t —69) 2 <0
~ 96R3 — 228R?%r — 276Rr? + 102r3 < 0 for 24R — 69r < 0
= LHS of (++) = — (—(96R® — 228R%r — 276Rr? + 102r%)) s2
+r2(2432R3% — 5088R?r + 888Rr? — 151r%) — r(24R — 69r)(4R + )3
Rouche
> — (—(96R® — 228R?r — 276Rr? + 102r%) ) (2R? + 10Rr — r? + 2(R — 2r)./R% — 2Rr)

?
+r2(2432R3% — 5088R?r + 888Rr? — 151r%) — r(24R — 69r)(4R + 1)° > 0
& (R—2r)(48R* — 162R%r + 368R%*r? — 362Rr> + 23r*)

> (R — 2r).y/R? — 2Rr. (—(48R® — 114R?r — 138Rr? + 51r%) )
& (R—2r) ((R - 2r)(15R? + 33R%(R — 2r) + 236Rr? + 110r°) + 243r*)

> (R — 2r)./R? — 2Rr.(—(48R® — 114R%r — 138Rr? + 51r%)
“R-2rz=0 2
=" ((R—2r)(15R® + 33R*(R — 2r) + 236Rr? + 110r3) + 243r*)
> (R? — 2Rr) (48R3 — 114R?r — 138Rr? + 51r3)” &
39936t° — 190848t> + 320224t* — 244976t3 + 117219t2 — 11450t + 529 > 0

& (t—2) ((t—2)(39936t* — 31104t3 + 36064t> + 23696t + 67747) + 164754)

Euler
+59049 >0 > true =t > 2 = (eo) > (o) > (**) is true

.. combining cases 1 and 2, (+*) is true for all triangles
= (%) is true for all triangles, equality iff concerned triangle is equilateral
=15+ 12(a* + b* + ¢*)(a? + b? + ¢?) = 11(a® + b® + c®) + 30(a® + b3 + ¢3)
Vahb,c>0 | abc = 1, equality iffa =b = c =1 (QED)
1145.If a, b > 0 then:
4

a+b
16 ab—T+

a? + b?

5 + (a + b)* < 16a*b? + 4(a? + b?)?

Proposed by Daniel Sitaru-Romania
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Solution by Tapas Das-India

a? + b? cBs a? + b? 2(a? + b2 + 2ab
\/cE+/ > S\/Z(ab+ > >=\[( 5 ) _

=y(a+b)2=a+b;, (1)

4
a+b a? + b? a+ bt 1
16<\/a - + ’ > ) +(a+b)4S16(a+b—T) +(a+b)4(=)

4
= 16-%+(u+b}4=2(a+b)4.

We need to prove:
2(a + b)* < 16a?b? + 4(a? + b®)? © (a+ b)* + 8a%b? + 2(a? + b?)? &
a* + 4a®b + 6a?b? + 4ab® + b* < 8a?b? + 2(a* + b*) + 4a?b?* &
a* + b* — 4a3b + 6a?b? — 4ab?® > 0 © (a — b)* > 0 true.
1146. Let a,b,c > 0: (a+ b)(b + ¢)(c + a) = 8. Prove that :

2v2(Vab + Vbc + Vea) = abVa+ b + beVb + ¢ + cave + a + 3vV2abc

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

Zx/ﬁ—bcx/b+c:\/bc(b+c)(\/(a+b)(c+a)—\/ﬁ) =

Jbeb+c).ala+b+c)E ala+b+c)/belb+c)
@ibr@+vbe  Jlar b+ dlcta bl a/be(d +)

Similarly we have :

2V2ab —abVa+b > c\/ab(a + b) and 2vV2ca — ca\c + a = by/ca(c + a).

Adding these inequalities,we have :

AM-GM

ZﬁZM—Zab a+b22aw/bc(b+c) S 3V(abc)4.(a+b)(b+c)(c+a)=

cyc cyc cyc
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?
= 3v2.3/(abc)? S 3v2abc © abc < 1 which is true because :

Cefé"” (a+b)(b+c)ct+a)
— 8 -

abc

So the proof is done. Equality holdsiffa=b =c=1.

1147. If x,y > 0,x+y=2,A>0,k>n > 0, then:

A(x® +y?)—n (; y)+k<xl2 ;2)22(A—n+k)

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2=x+yA£GZ.\/x_y=>\/x_ys1=>(\/x—y—1)(\/ﬁ+1)so

()
> xy<1=x?y? < xy

1 1 x*+y?viemx?+y? 1 1 (x LY
T L A 54— — ( ) 0

--~*s0k(x_§+y_12_(g+g))Zoﬁk(x_;yiz)zk(g%)
k(g +37) -0+ k-w(+3)
A;(k—n)<2. f—>( k—n=>0) - k(l y—12>—n<f ¥)>2(k n)

y
A x+y=2 (%)
Again A(x* +y) 2 S (x+y)? (+120) = 21:A(*+y?) = 24

<

1 1
ACOERCID) :»k(;+y—2> —n(§+¥>+l(x2 +y?) =2(k—n)+ 21

Xy 1 1)
2 2y _ — - - > —
= Alx* +y*) n(y+x>+k(x2+y2 >2(A—n+Kk)

Vx,y>0|x+y=224>0Kk=>nz=0(QED)
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1148.If a,b,c > 0 and A = 0 then:

b+c - b+c
Vaz+24 4&+bc+1
cyc cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

3
b+c b c bz c2
I TR ER o E
cyc a?+2 cyc \/CZ +4 ‘/bz +4 cyc (bc? + Ab)2 (b%c + Ac)2

; 3 3
wotger (b +0)2 _ b+ b+c

- cyc [(bc? + Ab) + (b%c + Ac)]% oye [(b + ¢)(bc + A)]% - e Vbc+ 2

Equality holds iff a=b =c.

Solution 2 by Hikmat Mammadov-Azerbaijan
For a convex function g,y 2, pq + pu, = 1:

n1g(x) + 19(y) = g(pix + pyy)

1
g(x) = —— is convex function, then:
Vx
b 1 c 1 1

. . >
btc Va+a bic \/b2+A_J

c
b+c

bLJrc(c2 +A)+ (b%2 + 2)

_ vb+c 1
Jbe(b+c)+A(b+c) Vbc+2
Thus,
b c b+c
+ 2
Ve2+2a Vb2+24 Vbc+4
c a a+c
+ 2
Va2 +212 Ve2+214 Yac+2
a b a+b
+ =
Vb2 +4 Va’+1 +Vab+2
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b+c b+c

By addin :Z >
Y g CYC\/a2+/1 cyc\/bc+/1

1149.1fa,b,c,d > 0,a? + b? + c¢? + d* = 4 then:

Z\/a2+b+c+2022S180

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Tapas Das-India

a? + b? + ¢2 + d? eM-am (a+b+c+d)2
> —_— | <&

4 4
a+b+c+d
> (2

2
2 ) 16> (a+b+c+d)?=4>a+b+c+d)

CBS
Z\/a2+b+c+2022 < |4 Za2+22a+4-2022 <

cyc cyc cyc

S\/4(4-+2-4-+8088) =2v8100=2-90 =180

Solution 2 by Tran Quoc Anh-Vietnam

1
(a? + b+ ¢+ 2022)2 Radon
z\/a2+b+c+2022=z - <

cyc cyc 12
1

1 2
a’+2Ya+8088)2
S(Z 2 ) =2 4+Zza+8088

1

4 2

cyc

Alternatively:

CBS
4=./4@+b2+c2+d?) > J(a+b+c+d?2=a+b+c+d
Thus:

2
1
2<4+22a+8088> <2(4+2-4+8088)z2 =180

cyc

Therefore,
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Z‘/“Z T b+c+2022 <180

cyc

Equality holdsfora=b=c=d = 1.
1150. If a, b, ¢, A > 0 such that a? + b% + c¢* = A, then:

z:(/l—b0)2>l1
b+c o

cyc

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
We know that: ab + bc + ca < a? + b? + ¢?,then

ab+bc+ca<ai
(a@a+b)?+b+c)’+(c+a)?=2(a?+b?>+c?) +2(ab+bc+ca) <
< 2(a® + b* + c?) + 2(a? + b* + ¢®) = 4(a® + b + ¢?) = 44; (D)

b2+c2)2 (31—“2+b2+b2+c2+cz+a2)2

(4= be)* am_cm Z (’1 T2 - 2 -
(b+c)?2 — (b+c)? — b+o)+(c+a)?+(a+b)? —
cyc cyc
2
(SA —(a% + b? + cz)) (31 — )2
> > =1
a? + b% + b% + ¢2 + c¢%2 + a? + 2(ab + bc + ca) 42

1151. Let a,b,c > 0:a+ b+ c = ab + bc + ca. Prove that :

a+b N b+ c N c+a <a+b+c+1
4b+c+a 4c+a+b 4a+b+c 4

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AM-HM
We have: 4b+ (c+a) > 4b+

4ca 4(ab + bc + ca)
c+a c+a '
a+b (a+b)(a+c)

Then : < d l
en 4b+c+a ™ 4(ab + bc + ca) (and analogs)

Therefore,
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a+b - (a+b)(a+rc) _(a+b+c)2+(ab+bc+ca)_a+b+c+1

4b+c+a_cyc4(ab+bc+ca)_ 4(ab + bc + ca) 4

cyc
So the proof is done. Equality holdsiffa=b =c=1.
1152. Let a,b,c = 0,ab + bc + ca = 1. Prove that :

bc+1 N ca+1 N ab + 1 -5
a? + 3avbc + 2bc  b%? + 3b\ca+ 2ca c¢?+ 3cVab +2ab

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
AM-GM
-~ "b+c (b+c 2bc 2bc
3Vvbc =Vbc+ 2Vbe < ( + )=b+c+ :
2 2 b+c b+c
Th bc+1 - bc+1 bc+1
en: = =
a? +3avbc + 2bc 2 2bc 2bc_
a +a(b+c+b+c)+2bc (a+b+c)(a+b+c)
B (bc+1)(b+c) _ b+c
" (a+b+c)ab+2bc+ca) a+b+c
Theref z bc+1 >z b+c
erefore, > ) —— =2,
cyca2+3ax/ﬁ+2bc Siatbtc
) , V3
Equality holds iffa=b =c = 3
1153. Let a,b,c > 0 : ab + bc + ca = 1. Prove that :
1 1 1 a+b+c
+ + =>2
V4a? + a’bc+ bc  4b? + ab%c+ca 4c? + abc? + ab (a+b)(b+c)(c+a)

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

1 B b+c “b+5>351 b+c B
4a? + a’bc+bc  (b+c)(4a?+bc) +(ab+ca).abc =~  (b+c)(4a?+ bc) + abc
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AM—GM b+c

[a+ (b+c)]?.a+ (a+ b+ c)bc

b+c

=4a(b+c).a+(a+b+c)bc
b+c

“@a+b+tola+rb)ato)

1 b+c
Then : > . (and analogs)

Vaa? + a?bc+bc J(a+b+c)(a+b)(b+c)(c+a)

Therefore,

Z 1 >z b+c _ a+b+c
Jaa? + a?bc+bc “\J(@a+b+c)a+b)b+c)(c+a) (a+b)(b+c)(c+a)

cyc cyc

Equality holds if f (a,b,c) = (1,1,0) and permutation.

1154.1f a, b, c > 0, a®? + b? + c¢? = 3 then:

Va2 + 2bc+ 1021 + Vb2 + 2ca + 1021 + 3/ c? + 2ab + 1021 < 12

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Ravi Prakash-New Delhi-India

2bc < b*+c? = a?+2bc+1021 < a?+b?+c?+ 1021 = 1024 =210

= 3a% +2bc + 1021 < /210 = 4

Similarly for the other two terms:

Jaz +2bc+1021+ Vb2 +2ca+1021+ 32 +2ab+1021 <4 +4+4 =12
Equality holds fora=b = c.
Solution 2 by Tapas Das-India
a’ +b%+c* =3,ab + bc+ca < a? + b? + ¢
=>ab+bc+ca<3

Yaz +2bc + 1021 + Y b% + 2ca + 1021 + V¢ + 2ab + 1021 <

5\/a2+b2+c2+2(ab+bc+ca)+3-1021
<3 3 <

=3.31024=3-22=12

5\/3+2-3+3063
<3 3
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Equality holds fora=b = c.

Solution 3 by Max Wong-Hong Kong

Jaz +2bc + 1021 + b% + 2ca + 1021 + Y ¢2 + 2ab + 1021 =

=3/1024 — (b — )% + /1024 — (c — a)? + /1024 — (a — b)? < 3 - V1024 = 12
Equalty holds fora=Db = c.

Solution 4 by Tran Quoc Anh-Vietnam

1
5 (a? + 2bc + 1021)5 Radon
ZJa2+2bc+1021=Z - <

cyc cyc 15
1

1 5
Ca?+2Yab+3063)5 1
< n 815 3+22ab+3063
375

cyc
Alternatively:
2(ab+bc+ca) <2(a’+b*+c*) =6
1
5
1 1 1
= 815 (3 + ZZ ab + 3063) <815(3+ 6 +3063)5 =12
cyc

Therefore,

Zi/az +2bc + 1021 < 12

cyc
Equality holds fora=b = c.
1155. Let a,b,c > 0 : ab + bc + ca = 1. Prove that :
a+b+c - j (2a + bc)(2b + ca)(2c + ab)
2 |(2a++bc)(2b +Vca)(2¢c + Vab)

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(%) :

a+b+c> (2a + bc)(2b + ca)(2c + ab)
2 [(2a++Vbc)(2b +Vea)(2c + Vab)
Letp=a+b+c. Ifp =2 wehave:
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RHS bes1 (‘m,g'mawgs) (2a + bc)(2b + ca)(2¢ + ab)
) (2a + bc)(2b + ca)(2c + ab)

Assume now thatp < 2. We have :

AM—-GM
2a+ bc < (

= +a(b+c)>+bc=—a +1=-F

b+c b+c b+c
GM-HM
- 2bc 2(ab + bc + ca 2
and 2a++Vvbc = 2a-+ = ( )= :
b+c b+c b+c
<2
2a+bc p p\3 = p
Then: —— < — (and analogs) = RHS.., < |[(= < —=LHS,.
2atvhe -2 ¢ 9s) 0= |G =3 )

So the proof is done. Equality holds iff (a,b,c) = (1,1,0) and permutation.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:=a+b+c.

AM-GM
m a a P
We have: 2a+bc < <—+a(b+c)>+bc=—+1:

b+c b+c b+c

Similarly we have : 2b+ ca < Ld .

c+a
1 - (b+c)(c+a)
(2a + bc)(2b + ca) — p?

1 (b+c)(c+a)
= ; (2a + bc)(2b + ca) = ; p?

2p + (ab + bc + ca) p? + (ab + bc + ca)
o >
(2a+ bc)(2b + ca)(2c + ab) — p?
p’2p+1) D
p*+1

GM—HM 2bc  2(ab + bc + ca) 2
Now we have : 2a+Vbc > 2a+ = = .
b+c g+c b+c

Then :

(ana analogs)

Then: (2a+ bc)(2b + ca)(2c + ab) <

Similarly we have : 2b++/ca = c
1 - (b+c)(c+a)
(2a +Vbc)(2b +ca) ~ 4

1 (b+c)(c+a)
” ;(Zawm(zbwaf; N

2p + (Vab + Vbc + Vca) _ P’ +(ab+bc+ca)

= (2a + V<) (2b + vea)(2c + vab) 7
Then :

+a

Then : (and analogs)
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4[2p + (Vab +Vbc ++ca)] 42p+1)
(2a+ VBe)(2b + vea) (2¢ + vab) = H2P (‘;ZHC ca)l o
From (1) and (2) we have :
(2a + bc)(2b + ca)(2c + ab) <B_a+b+c
(2a + Vbc)(2b +vea)(2c+vab) 2 2

Equality holds if f (a,b,c) = (1,1,0) and permutation.

(2)

1156. If a,b,c > 0 and iSASz then :

Z a(b + ¢) _ 6
a?+A(b+c¢c)? 41+1

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

xy _ 4(81—1)x+ (5—41)y
x2+ Ay?2 ~ (4A+1)2(x+y)

Lemma: If x,y > 0then: (1D

Proof: (1) & (x* +4y*)[4(81— Dx+ (5—40)y]— 41+ 1)?*(x+y)xy =0

& 4(81— x> —4(422 + 31— 1)x%y + (1642 — 124 — 1)xy* + A(5—40)y>* = 0

1 5
o 2x—-y)?[(8A— 1)x + A(5 —44)y] > 0, which is true. ( i <A< Z)

Letx=aandy = b+ c, we have:

a(b + c) - 481—1)a+ (5—-42)(b+c)
a?+A(b+c)2 ™~ (42+1)2(a+ b +c)

(and analogs)

a(b+c) 481—1)a+ (5—-42)(b+c)

Therefore, ;a2+/1(b+c)2S; @i+ D% atb+o
_4(8,1—1)(a+b+c)+(5—4/1).2(a+b+c)_ 6
B 42+ 1D%(a+b+0) 4241

So the proof is completed. Equality holds iff a=b = c.
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1157. Let a,b,c > 0 : abc = 1. Prove that :

4 1> a b c
@+ DB +Dc+D) 2@+ 12 T +12 cr1?

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lt o—— 1 o—— 1 o—— 1
X =ar1 Y Thr1r T v

The problem becomes to prove :

1 1
4xyz+ 5= (x—x2)+(y—y*)+(z—2%) or x2+y2+zz+4xyz+12x+y+z (1)

1—x

1
We have : a = - 1= (and analogs) then from the given condition,

1-x)(1- 1-z
we have : ( )(xyzy)( )=1 or 2xyz=1—(x+y+2z)+ (xy+yz+zx)

9
Then (1) x2+y2+zz+2(xy+yz+zx)+123(x+y+z)

2 9 3\?
o (x+y+2) —3(x+y+z)+120 o (x+y+z—2) >0,

which is true and the proof is done.

1158.If a,b,c,A > 0 then :

(a+b)? (b+0)? (c+a)?
a’+bc b%2+ca c:+ab

Proposed by Marin Chirciu, Octavian Stroe-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a b c
(ﬂ+1)(z+z+a)23(ﬂ—1)+

By CBS inequality,we have :

(a + b)? - a’? b?

b
m s ? E =1+ E (and analogs)
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a b c a b c
Then : RHSSS(A—1)+3+<—+—+—)=/1.3+(—+—+—>g
b ¢ a b ¢ a

AM-GM

P, a b c a b c a b c
< /1.(—+—+—)+<—+—+—)=(/1+1)(—+—+—)=LH5-
b ¢ a b ¢ a b ¢ a

So the proof is done. Equality holds iffa=b = c.

1159.If a,b,c > 0 and A = 0 then :

1 3(a+b+c)
> >
a3 + Aabc — (A + 1)(a?b? + b%c? + c%a?)
cyc
Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1 1
Let x := pL y = B’ zZ:= - The problem becomes to prove :

2 3(xy + yz + zx)

x
Zyz +2x2 ~ A+ 1) (X2 +y? +22)

cyc

By Bergstrom's inequality,we have :

Z x? - (x+y+2)? 3(xy +yz + zx)
yz+Ax? T (xy+yz+zx)+ Ax?2 +y2+22)  (A+D(x2 4+ y? +22)

cyc
because: (x+y+2z)%>3(xy+yz+zx) and xy + yz + zx < x2 + y* + 72
So the proof is done. Equality holds iff x=y=z © a=b=c.

Solution 2 by Tapas Das-India

1 1 1 1\°
Z;:z a? G+5*2) _
3 bc — bc ca ab
C}’Ca +4abe cyc Cl+/‘l-7 (a+b+c)+)l(7+T+T)
- @*5+c) _ abe(g+5+¢) _
(a+b+c)+)l.b2c2+(:2a2 +a?b?  abc(a+ b+ c) + A(b%c2 + c2a? + a2b?)

abc
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(ab + bc + ca)?
abc >
ab -ac+ ab - bc + bc - ca + A(a?b? + b%c? + c2a?) —

(ab + bc + ca)?
> abc _
~ (a?2b? + b%c? + c%a?) + A(a%b? + b%c? + c2a?)

(ab + bc + ca)?

_ abc - 3(ab-bc+bc-ca+ca-ab)
(A4 D(a?b? + b%c? + c2a?) T (A + 1)(a?b? + b%c? + c2a?)abc
3(a+b+c)

~ A+ 1)(a?b? + b2¢? + 2a?)

Solution 3 by Soumitra Mandal-Chandar Nagore-india

1 1
P I T e T
_— = = >
a3 + Aabc a? + Abc bc
cyc cyc cyc a + A a

1 1 1\2 1 1 1\2 1
>(a+5+z) _abe(g+p+y) Babc2gp
- bc  abcYa+ 1Y a?b?~ (A+1)Ya?b?

Za+12—a

B 3(a+ b +c)
(A4 1)Y a?b?

Equality holds fora=b = c.
1160. Let a,b,c > 0. Prove that :

b c a 1
>
Zat+b)2ato) @bto2bta)  2cta)2c+b)-a+tbtec

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

a 1 x
> E > 1 =
Z(a+2c‘)(b+20)_a+b+c® (x+Zz)(y+2Z)—1,(x+J’+Z 1)
cyc cye

(x +y+ 2)?
Sx(x+20(y +22) > -

Z x(xy+2xz+2yz+4z%)>1

cyc
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3+ y3+23+x%z+ 2%y + y*x = 2(x*y + y?z + z*x) which is true, because:

x3 + xy? > 2x%y,y3 + z%y > 2y%z,23 + zx? > 2z%x
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder's inequality,we have :

z b > (chc b)3 _ (chc a)3 _
e (2a+b)2a+c) ~ [Xycb2a+ b)|[Zeycb(2a+ )] (Zeye a)z. 3%y be
a+b+c OTrIC’

= > S 1 B
3(ab + bc + ca) - a+b+c’ as desired

Equality holds iff a=b =c.

Solution 3 by Tran Quoc Anh-Vietnam

b cgs z 4b 42 b Ragon
£ (2a+b)(2a+c) T (4a+b+c) Si4ab + bc+b

- 4(a+ b +c)? _ L
“(Qa+5)ab)?’ D)

Alternatively:

Leta+b+c=p>0andab+ bc+ ca=q>0,thenp? > 3q
4p* — (p* +3q9)* =3(P* -3q)(P* +q) =20
3
24p 221
(P2 +39)2 " p
4(a+ b +c)? - 1 _
Qa?2+5Yab)? " a+b+c’

From (1) and (2) we have:

4p* > (p? +3q)% =

(2)

b 1
>
Z(2a+b)(2a+c)_a+b+c
cyc

1161.If x,y,z > 0,xyz = 1 then:

log3)

zx\log(3)
)

+ (2% + x%) (7

xy)l"g(g) > 6

(y* + 2%) (%) @2 +yD) (=

Proposed by Daniel Sitaru-Romania
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Solution 1 by Ravi Prakash-New Delhi-India

teta= 02+ (2" 1t (20 1 gy (2

+ 2xy

yz)“’g(%)

> 2yz (7

zx\10g(3)
)

+ 2zx (—
y

x log(%)
)=

1 1
>2-3-(x?y%*z% - E)3 = 6E3, where
y z x
yzyloe(3) 1zx log(3) xylog(5) _ _—210g(Y). ~210g(%) -210g(%)
E = (7) (7> (7) =-x (z)y (x)z Y, xyz = 1
Hence,
logE = —2[(logy —logz)logx + (logz — log x) logy + (logx — logy) log z]
=—-2-0=0,thenE =1and A > 6.

Solution 2 by Hikmat Mammadov-Azerbaijan

wo 02+ (2™ s e (2 e ()02

yz log(}) zx\log(3) xy ‘°g(§) AM-GM
> 2yz (7) + 2zx (;) + 2xy (?) >

1
>6-° =
\/x1+2 log@)y1+2 log(;)zl‘l'2 log(g)

3
=6 |exp —(Z(logx+210gxlogy—210gxlogz)> =

cyc

=6-/exp(—log(xyz)) > 6

Therefore,
og(2 og(Z os(*
? +z%) (};)l ) + (2% + x%) (%)l = + (a2 +y?) (xz—y)l ) > 6
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1162. If x,y,z> 0,x+y+z =3 and n € N, then :

2 x"(x +y) >
Li(y+zx) 2

Proposed by Marin Chirciu-Romania
Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

Forx,y,z>0,x +y + z = 3,we give:a* = x,b? = y,c* = z,then:

x"(x+y)  x"+y*+2z" x+y
P P
(y +Vzx) 3 (v + Vzx)

cyc cyc

<x+y )2 <Z xX+y >2
_Z y+.yz - y++zx 23
B x+y T 20x) T2

cyc

2
x+y x+y
’ff@ywa) 29@Zy+\/a 3

33] (a2 + b2) (b + c2)(c? + a?)

>3

(a? + bc)(b? + ca)(c? + ab)
(a? + b?)(b? + c?)(c? + a?) = (a? + bc) (b? + ca)(c? + ab)
a*b? + b*c? + c*a? + c*a? + c*b? + b*a? + 2a?b*c? >
ab? + b3c3 + c3a3 + a*bc + b*ca + c*ab + 2a*b*c?
a*b? + b*c? + c*a? + c*a? + c¢*b? + b*a? > 2(a*bc + b*ca + c*ab) true.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :
Z "(x+y) m Z x"(x +y) Ziz
£ (y +vzx) G+ +x) Liy+z
Hélder if n = 2 or Nesbitt if n=1

n
>

(x+y+2)" 3
32 2(x+y+z) 2

So the proof is done. Equality holds iff x=y =z = 1.
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1163. Let a,b,c > 0 : abc = 1. Prove that :

a b c 3
/ + + >
b+c cta a+b Va3 +p3+c3-1

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
LHSZ H6£>:ier (1 +1+ 1)3 AMr;GM 27 -
- chc bC(b + C) h chc(bs + C3) + 3abc -3
AM—GM 27 9
= = RHS?.

B zzcyca3+2cyca3_3=as+b3+c3—1
So the proof is done. Equality holds iffa=b =c=1.
1164. Let a,b,c > 0,ab + bc + ca > 0 then :

(1+— )2+(1+ ° )2+(1+ - )2>1+4(“2+b2+cz)
b+c c+a a+b/ — ab + bc+ca ’

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Due to homogenity,we may assume that : ab + bc + ca = 1.

2 abc 2
We have: ——— = a“ + > a“, then:
b+c b+c

)2‘1+ 2a_, o’ >1+2a®+ .
B b+c (b+c)?~ T Tbhrc

3 \ AM—GM

e
) > 2a?+ bc+ 2a% = bc + 4a?.
b+c

=2a2+bc+<a(b+c)+

Therefore,
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Z (1 +%)2 > Z(bc+ 4a?) =1+4(a® + b* +c?) =1 +46(3) ++bbc :cca).

cyc cyc

Equality holds if f (a = b and c = 0) and permutation.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c = 0,ab + bc + ca > 0,we get:

Z(HL)ZMH at+ b+t
b+c/ — ab + bc + ca

cyc

3+z( z > a+b2+c
b+c ab + bc + ca

cyc cyc

2 1 a 2 abc 2

82ab+2 Za +abcz— + -(a +—)24Za
a+b b+c b+c

cyc cyc cyc

cyc cyc

2y ab+zabey ——+ Y Ly AP,
a4 WL arb b+c (b+c)? ™~ @
cyc cyc cyc

cyc cyc

ZZaZ ZZZaZ true.

cyc cyc

1165.I1f m,n,x,y,z > 0 then:

t+1

X t+1 m+n+1
P (st ) ag(mini
my + nz m+n

cyc

Proposed by D.M. Bdtinetu-Giurgiu, Florica Anastase-Romania
Solution by Tapas Das-India

t+1
X t+1 Radon 1
() 2 -
my + nz my +nz
cyc

cyc

t+1
1 x? 1 (x +y + z)? t+
=—|3+ Z— >—(3+ >
3t mxy + nxz 3t (m+n)(xy + yz + zx)

cyc
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(o 3(xy +yz+2zx) \ 1 (3+ 3 )”1 B
— 3t (m +n)(xy + yz + zx) -3t m+n B
_3t+1(m+n+ 1)”1 1 (m+n+1)t+1

h m+n 3t m+n

1166.If a,b,c > 0 such that: a + b + ¢ — abc = 5 then:
(a® +1)(b%2+1)(c2+1)>25

Proposed by Marin Chirciu-Romania
Solution 1 by Ravi Prakash-New Delhi-India

a+b+c—abc=5
(@+1)B*+1)(c*+1)=|a+il*> |[b+il* |c+il*=
=[(a+i)b+ic+i)?*=

= |i3+i%(a+ b +c) +i(ab + bc + ca) + abc| =

= |(abc—(@a+b+¢))+i(ab+bc+ca—1)| =
=(a+b+c—abc)®*+ (ab+ bc+ ca—1)* >5%2 =25

Equality holds for ab + bc + ca = 1.
Solution 2 by Soumava Chakraborty-Kolkata-India

(a?+1)(b?2+1)(c*+1)>25=(a+b+c—abc)?

2
& a’b?c? +Z:a2 +Za2b2 +1> (Z a) + a?b?c? —2abc2a

cyc cyc cyc cyc

2
@Za2+<2ab> —2acha+122a2+22ab—2abc2a

cyc cyc cyc cyc cyc cyc

2 2
@(Zab) —22ab+120@<2ab—1> > 0 - true

cyc cyc cyc

»(a®+1)(b?+1)(c2+1)=25Vab,c€R|a+b+c—abc=5(QED)

1167. Let a,b,c € [0,1] : ab + bc + ca = 1. Prove that :
1 N 1 N 1

va?+1 vVb2+1 Vez+1

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

>1++V2
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

/4 /4
Sinceab + bc +ca =1then3ix,y,z € [O,E),x+y+z =3 such that :

a=tanx, b=tany, c=tanz.
The problem becomes to prove : cosx +cosy+ cosz > 1+ V2.

/4 /4
Sincea,b,c € [0,1] then we have : x,y,z € [OZ] Let f(t) = cost,t € [OZ]

T

/4
f is concave on [OZ] and the sequence (ZZ 0) majorizes the sequence (x,y,z),

then by Karamata inequality,we have :

T 74
COSX + COSy+ COSZ > cosZ+cosZ+coso =1+2.

So the proof is done. Equality holds iff (a,b,c) = (1,1,0) and permutations.

1168. For all a,b,c > 0 such that : ab + bc + ca > 0,

a(b+c) b(a+c) c(b+a)> N 16abc
a2+bc b?2+ac c2+ba (a+b)(b+c)(c+a)

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

Exactly one among a,b,c = 0 and WLOG we may assume

bc bc b caA-G
a=0andthen:LHS=—2+—=E+B > 2>1=RHS = LHS > RHS

b2 ¢
alb+c) bla+c) c(b+a)
[Case 2]a,b,c > 0 and then : Z+bc " bZrac < +ba

_a+0) b(a + c) c(b+a)+1 3
" a?+bc b2 + ac c2 +ba
_ab+ac+a2+bc ab+bc+b%?+ac bc+ca+c?+ab

a? + bc + bZ + ac T c2 + ba
_(a+b)(a+c)+(b+a)(b+c)+(c+b)(c+a) 3

a? + bc b2 + ac cZ + ba

1
= (@+b)(b+(c+a) ) @+bOb+0
cyc

Berg;tmm 9(a+b)(b+c)(c+a) _9(x+2y) 3
Yy @%b + Yy a?c + Yoy bZe + Yy be? T 2x
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x—Za2b+Zab2 and y = abc ;1+ 16abc
- y= = T la+b)®+olc+a)

cyc cyc
9(x + 2y) ? 16abc 4(x + 2y) + 16y
o —> =
2x (a+b)(b+c)(c+a) x+2y
& 9(x + 2y)? = 2x(4x + 24y) © x2 —12xy + 36y2 > 0 = (x — 6y)2 > 0

— true .. LHS > RHS .. combining both cases,
alb+c) b(a+c) c(b+a) 16abc

>
a? + bc + b2 + ac + c2+ba — +(a+b)(b+c)(c+a)
Vab,c=>0 |ab+bc+ca > 0, with equality iff a = b = ¢ (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality can be rewritten as follows :

(a+ b)(a+c) - 16abc B a(b +c)
a:+bc (a+b)(b+c)(c+a) T (a+b)(a+c)

cyc

(a* + bc) + a(b +¢) - 2(a? + bc).a(b + ¢)

By AM — HM i lity,we have : = '
y inequality,we have 2 (a2 + bc) + a(b +c)

_ (a+ b)(a+c) - 4a(b + c)
' a2+bc (a+b)a+c)

Then (and analogs)

Th Z:(a+b)(a+c)>4 a(b+c) desired
erefore, @+bc Larharo Wl

cyc

Equality holds iff a=b =c.

1169. Leta,b,c = 0,ab + bc + ca > 0. Prove that:

1 2 1
= +
22a2+bc a’+b%2+c2 ab+ bc+ca

cyc

Proposed by Phan Ngoc Chau-Vietnam
Solution by Nguyen Thuong-Vietnam

1 B (b + ¢)? - 4(Y a)?
Z 2a% + bc s (b+ c)2(2a%2 + bc) — X a?)Xa) + 6(3 ab)?2 —9abc) a

cyc

We have:
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(a® + b? + c¢*)(ab + bc + ca) + 3abc(a+ b +¢) > 2(ab + bc + ca)? &

ab(a—b)?> +bc(b—c)*+ca(c—a)? >0
(a? + b? + c¢*)(ab + bc + ca) + 6(ab + bc + ca)? —9abc(a+ b +¢) <
< 4(a? + b?> + ¢?)(ab + bc + ca)

Z 1 - (a+ b+ c)? 3 2 N 1
2a2+bc ™ (a2 + b2 +c2)(ab+bc+ca) a?+b?2+c2 ab+bc+ca

cyc

Equality holds fora=b = cor (a,b,c) = (0,t,t),t > 0.
1170. If a, b, c > 0 then:

a 1
>
Z b(6(a3 + b3) + 10ab(a + b) + ac(19a + 30b)) — (a+ b +¢)3
cyc

Proposed by Zaza Mzhavanadze-Georgia

Solution by proposer
a

; b(6(a® + b3) + 10ab(a + b) + ac(19a + 30b))

a2 Bergstrom
= >
Z ab(6(a3 + b3) + 10ab(a + b) + ac(19a + 30b)) o

cyc

(a+ b + ¢)? 1
= = =
Y. ab(6(a3 + b3) + 10ab(a + b) + ac(19a + 30b)) ~ (a+b +c)3

(a+b+c) > Z ab (6(a3 + b3) + 10ab(a + b) + ac(19a + 30b)) &

cyc

Z a® + SZ(a“b + ab*) + 10 Z:(a3b2 + a?b3) + ZOZ a’bc + 302 a’b*c >

cyc cyc cyc cyc cyc

> 6Z(a4b + ab*) + 102 a’b? + 192 abc + BOZazbzc

cyc cyc cyc cyc

a® + b> + c5 + abc(a? + b? + ¢?) > Z(a“b + ab*)
cyc
Z a3(a — b)(a — ¢) = 0 which is true by Schur’s inequality for n = 3.

cyc

Equality holds fora=b = c.
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1171.1f a,b,c > 0 then:

Leyc@)(Leyc @
> hrer e

2 chcbc

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-india

We knowif x,y,z>0andp=x+y+z,q=xy+yz+zxandr = xyz
then p* — 5p%q + 4q* + 6rp > 0; (1)

Yiie® ava =2 rve) (2 )2 (D) 2

cyc cyc cyc cyc cyc
3bc
2) at+2) gooz| ) el ) e
C}’C cyc cyc cyc
2
) 3bc
2 Za -2 Zab —Zacha +Zzb
cyc cyc cyc cyc
3
= Za Za —32a-2ab+3abc S
cyc cyc cyc cyc

2[(A% —2B)? — 2(B* — 2AC)] + AC = A(A3 — 3AB + 30)

,whereA=a+b+c,B=ab+ bc+ caand C = abc

cyc
© A* — 5A%B + 4B? + 6AC = 0 which is true from (1).

3 3
Therefore, Z b‘:- - > (2;)2(55 )
cyc

Equality holds fora=b = c.
Solution 2 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,ct+ta=ya+b=z=>x+y—z=2c>0,
yt+z—x=2a>0andz+x-y=2b>0=>x+y>zy+z>x2+x>Yy
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa=Zx=Zs:Za&—)s

cyc cyc cyc
Sa=s—x,b=s—-yc=s—-1z

Via such substitutions,z ab = Z(s —x)(s—y) = 4Rr +r?

cyc cyc
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(CD)]
= Z ab = 4Rr + r?

cyc
3

Also,z a’ = Z a| —3(a+b)b+c)c+a)=-s3—-3xyz=-s3—12Rrs

cyc cyc
:z = s — 12Rrs

cyc
3 _x3 —3sx(s—x)

z a3 3 (s—x)3_zs 3
b+c X B X

cyc cyc cyc
s3(s? + 4Rr + r?) ) 5
= ARrs —2(s?—4Rr—r )—3sZ(s—x)
cyc
2(c2 4R 2
_S(S +Rr+r) 2(s? — 4Rr —r?) — 3s(3s — 2s)

4
2(5 + 4Rr +r?) — 8Rr(s? — 4Rr — r?) — 12Rrs?

4Rr
z a® s*—s?(16Rr—r?)+ 8Rr?(4R+r)
= =
b+c

4Rr
cyc
> (chc a) (chc a3) via (‘),(__“),(“‘) SZ(SZ - IZRI')
- 2% cycbe 2(4Rr +r?)
s* —s?(16Rr —r?) + 8Rr?(4R +r) _ s?(s* — 12Rr)
< 4Rr = 2(4Rr + r?)

()
& (2R+1)s* —rs?(40R? + 12Rr —r?) + 8Rr’(4R+1)? > 0
2 Gerretsen

and = (2R + r)(s? — 16Rr + 5r?) 0,
. in order to prove (*), it suffices to prove :
(ZR +r)s* — rs?(40R? + 12Rr — r?) + 8Rr?(4R + r)?

> (2R+r1)(s? — 16Rr + 5r2)2
2
& (24R? — 9r?)s? > r(384R3 — 128R%*r — 118Rr? + 25r3)

rretsen

Now, LHS of (**) (24R? — 9r?)(16Rr — 5r?)

? ?
> r(384R3 — 128R?*r — 118Rr? + 25r%) & 2r(4R? — 13Rr + 10r?) > 0
? Euler
S 2r(4(R—2r) +3r)(R—2r) >0 > true * R > 2r = (xx) = (*) is true

Yeye @)Ly a@®
T e

2 ycbe

V a,b,c > 0,with equality iff a = b = c (QED)

cyc
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Ca)(Xa?)
: E >
For a,b,c > 0,we get: btc> 2yab =

cyc
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(Xa®)? Ca)(Xa?)
Y.(a3b + ab3) = 2Yab 2 (Z a3> (Z ab) = (2 a) (2 ab + ab3>

cyc cyc cyc cyc

Z(a“b + ab*) > Z:(a3b2 + a?b3®) ,which is true because:
cyc cyc
a*b + ab* = ab(a3 + b3) > ab(a?b + ab?) = a3b? + a*b3 (and analogs)
Solution 4 by Daoudi Abdessattar-Tunisia

».q.7) = Za Xab,[]a)

3 3
; bc: c= (Z;)Z(E; o 2q(3a® + q¥a®) = (pq - r)pXa® &

2qya® = (p*q — 2q* - rp)%g: e 2qYa® = (p*’q —2q* —rp)p
pYa® = (Ta®)?; ()
© 6pr +2qp° - 6pq® = p*q — 2q°p — rp?
© qp® — 4pq* + rp® + 6qr = 0; (p* = 3q)
& q(p3 — 4pq + 9r) > 0 true by Schur's inequality p3 + 9r > 4pq

1172.If x,y,z, A > 0 then:

Y e

y+Adz —x

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Rin Huynh-Vietnam

z x B Z x2(A+1) AM;GM
Ay+2dz—x A+Dx(Ay+2z—x)

cyc cyc

xVvaA+1 2xVvaA+1 2

>y ——— "~ N =2 - __Z /141
Ax+y+2z) Ax+y+2z) 2

cyc 2 cyc

Equality holds for x =y = z.

Solution 2 by Marian Dinca-Romania

x x? x
Z Ay+lz—x_2\/x(/1y+lz—x)_z A-GA+D0)QA+Dx

cyc cyc cyc
A+1
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T T x
A+1 Z\/(A (A+1)x)(l+1)x Z(A (,1+1)x)+(,1+1)x

cyc

2 2VvA+1
=\/A+1-—Zx=

A

cyc

1173. Let a,b,c = 0,ab + bc + ca # 0. Prove that :

a N b N c _ 1 N 1 N 1
bc+a? ca+b? ab+c: a+b b+c c+a

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a b c 1 1 1

OF + + < + +
9 bc+a?2 ca+b? ab+c2 a+b b+c c+a

We have : (x) © z a(a+ bl))ib++ac2) (c+a) < Z(b +c)(c+a)

cyc cyc

2 2
= alb+0 <1 ‘;(b :;3) Yb+ok+a) & b(cb++acz) < (be+a?)

cyc cyc cyc cyc

a*(b+c)? a’(b +¢)3 Cgsz 2(h 4 )( b N c )_
bc+a?  Zub(c? + a?) + c(a? + b?) ~ a vz az+p2) "

cyc cyc cyc

AM—-GM
:z bZC(c+a)+a2c(b+c) :Z Cz+abc(a+b) o Z Cz+c(a+b)
a? + b? a? + b? a? + b? 2

cyc cyc cyc

= Z(bc + a?).

cyc

So the proof is done. Equality holds iff a=b = c.

Solution 2 by Nguyen Truong-Vietnam
a a a a a

a2+bC:(1+%)(a2+bC) (1_|_ )(a2+bc) (a+c)z+(a+b)z

Similart b - b N b d c < c N c
imiiarty, b2 +ca (b + C)Z (a+ b)z an cz2+ab™ (a+ c)z (C + b)Z

79 | RMM-CYCLIC INEQUALITIES MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
By adding above inequalities,we get the desired result.

Equality holds fora=b =c > 0.
1174.If a,b,c > 0,a®> + b* + c* =3 and 2 < A < 4 then :

1 1 1 3
+ + <
A—vab A—+Vbc A—+Vca A1-1

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma :

ifxelo, 2] then: -2 <x4+“_5(1)
Fxe(0, |5 |then: - < -1z

Proof: (1) & (x*+41-5)A1—-x)—4(A-1)2>0

& x5 +ax*—(4A1-5)x+31-4>0

& (x-1?%B1-4-x3+@-2)x*+(22-3)x] 20,

3
3
which is true because : /1>2and3/1—4>3.2—4=2>\/; > x3.

AM-GM 2 2
’a +b ,3
Now,since Vab 2 > < 2 then :

1 Le"é"’“ (ab)®? +41-5
A—+ab ~ 4(1—1)?

1 b)2+41-5 ab)? +3(4A-5
Therefore, Z < (ab) _ Zeyc(ab)” +3( ) -
T A—+ab T 4(1—-1)2 4(1—-1)2

(and analogs)

<%(a2+b2+cz)2+12/1—15_3+12,1_15_ 3

< 2(A-1)7° = 2 -1 =11 as desired.

Equality holds iffa=b =c = 1.
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1175. For all positive real numbers a, b, c such that :

a+ b+ c=ab+ bc + caprove:
1 1 1 3
+ + > —
(a+b)b (b+c)c (c+a)a  23abc

Proposed by Nguyen Thuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 n 1 n 1 > 3 a+b+c = ab+bc+ca
(=4
(a+b)b (b+c) (c+a)a 2.3abce

>
(ab + bc + ca) <(a +b)b + (b+ c)c * (c+ a)a) ~ 2.Vabc
1

1 1
Now, 2(ab + bc + ca) ((a+b)b + bt c)c+ (c+a)a)

(g5 23t

cyc cyc
= b-|- b-|- b C+\/i+\/i + a+\/71+\/71
“\a C C b a a C b b
A;GS 3bb+3\/ﬁ+3\/ﬁ
- ac b'a chb
3|p3 3/c¢3 3|ad 3
=3 abc T Jabc | abe —3\/abc(a+b+c)

1 1

1 3
>
= (ab+bc + ca) ((a +b)b + (b +¢)c + (c+ a)a) ~ 2. 3abc
= (x) is true ; QED, equality iffa=b=c=1

(a+b+c)

(a+b+c)

1176. Let a,b,c > 0 : a®> + b? + ¢ = 3abc. Prove that :
a N b N c 1
a?+b+c a+b:+c a+b+c*™

Proposed by Nguyen Thuong-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AM-GM 2 2 2\ 3
a+ b~ +c
We have : a®+ b? + c? = 3abc < 3\/<#> = a?+b*+c*>3 (1)
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CBS

2 Nal+b+o) Yeye@+2 Y ycbe L
vonan: Y E S adib. :
¢ have Cyca2+b+c (a+ b +c)? (a+ b+ c)?

& a+b+c<a?+b?+c? whichistrue because :
AM—GM

P R A Y

cyc cyc cyc cyc

IN3E

Equality holds if f (a,b,c) = (1,1,1).

1177. For all a,b, c = 0 such that :

4 — 3abc

ab+bc+ca =1, <
a+b+c

Proposed by Tran Quoc Thinh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

We observe that either exactly one among a,b,c = 0ora,b,c >0
For the first scenario, WLOG we may assume a = 0 .. bc = 1 (b,c > 0)

4 — 3abc 4 A-G 4 pc=1 . . 4 — 3abc
and = < = 2 . |in the firstcase, —— <

a+b+c b+c 2vVbc a+b+c

with equality for (a,b,c) = (0,1,1) or (1,0,1) or (1,1,0)
We now shift our focusto : a,b,c > 0
Assigningb+c=x,c+a=y,a+b=z=>x+y—-z=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,Z2+x>y

= x,y,Z form sidesof a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa:Zx:25:2a=s—> (1)

cyc cyc cyc
>a=s—x,b=s—yc=s-z

Via such substitutions,z ab = Z(s —x)(s—y)=4Rr +r? - (2)

cyc cyc
andabc=(s—x)(s—y)(s—y) =r’s > (3)

4 — 3abc 4 —3abc—2).a
——2<0s& <0
a+b+c a+b+c

1= ab+bc+ca 2 Z 3abc - Z b
= > a
Eacyc ab

cyc cyc

s 2 Za Zab + 3abc = 4 Zab . Zab

cyc cyc

ia (1),(2),(3)
e 2s(4Rr + r?) + 3r?%s > 4(4Rr + r?).\/4Rr + r2

Now,

cyc cyc

82 RMM-CYCLIC INEQUALITIES MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
< s(8R + 5r) > 4(4R +r).\/4Rr + r?
O]
& s%(8R+ 5r) > 16(4Rr + r2)(4R+1)? > 0

erretsen

G ?
Now,LHSof (x) >  (8R+ 5r)(16Rr — 5r%) > 16(4Rr + r?)(4R + r)?
? ?

& 192R% — 192Rr — 141r2 > 0 & (R — 2r)(192R + 192r) + 243r2 > 0

R Euler 9 ( ) ( I ) 4 — 3abc 2 b 0
- true > 2r> is true (strict inequali W|———<2Vab,c>
* 1 ty at+b+c
4 — 3abc

~ combining both cases,m <2Vab,c=0 | ab+bc+ca=1,
with equality for (a,b,c) = (0,1,1) or (1,0,1) or (1,1,0) (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letq:=ab+bc+ca=1, p=a+b+c>.3qg=+V3 and r:= abc.

4 —3r

The problem becomes to prove : <2 or 2p+3r=4.

If p = 2 the inequality is obvious true.

We assume now thatV3 < p < 2.

By Schur's inequality,we have : 9r > 4pq — p3 = 4p — p3.

4p — p? 2 - 24+2p-6
Then:2p+3r22p+%=4+( p)(p3 d )24.
So the proof is done. Equality holds iff (a,b,c) = (1,1,0) and permutation.

1178. Let a,b,c > 0 : a® + b? + ¢?> = 3. Prove that :

8
a’b + b%*c + c?a + 2abc + 3 Zg(ab+bc+ca)

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality can be rewritten as follows :

8
(a+b+c)(ab+ bc+ca) +3 Zg(ab+bc+ca)+(ab2+bc2+ca2+abc).
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4
Lemma: If a,b,c > 0then: ab?+ bc? + ca? + abc Sﬁ(a+b+c)3.

Proof : WLOG we assume that b = mid{a, b, c}.

1
We have : ab? + bc? + ca? + abc = —a(a—b)(b —¢) + E.Zb(a +c¢)? <

AMZGM 4 <2b+ (a+¢)+ (a+c)

3
4

< gt = — 3 1 .

0+2 3 > 2,7(a+b+(:) , as desired

So it suffices to prove that :

8 4
(a+b+c)(ab+bc+ca)+3Zg(ab+bc+ca)+ﬁ(a+b+c)3.

Letp:=a+ b+ cand q:=ab + bc + ca. We have : 3 = a*? + b? + ¢* = p* — 2q.

p? -3 p>’—-3 4

_ a3
2 T3P

8 4 8
So we need to prove : pq+32§q+—p3 or p. +32§.

27

19 s 2, 3 +7>0 ( 3)2(19 +7)>0 hichist
or 54p 3p 2p =>0or (p 54p 9) = , Which s true.

So the proof is done. Equality holds iffa=b =c=1.

1179. Let a,b,c,d > 0 such that : a? + b* + ¢? + d? =
abcd. Prove that :

a N b N c N d
a3 +2bcd b3 +2cda c3+2dab d3 + abc

Proposed by Tran Quoc Thinh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

1
S_
3

- 3 -
a AMH-\GM a avbcd AMﬁGM ab + ac + ad

- £ = <
a3 + 2bcd 3%/a3(bcd)? 3abcd 3.3abcd

AMéGM (a® + b?) + (@ + ¢?) + (a? + d?) _ 3a? + b + %2 + d?
- 2.9abcd B 18abcd

(and analogs)
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h Z a <23a2+b2+cz+d2_6(a2+b2+cz+d2)_1
erefore, a3 + 2bcd ~ 18abcd B 18abcd 3

cyc cyc

Equality holdsiffa=b=c=d = 2.
1180.If a,b,c >0:a+ b+ c+ 1 = 4abc then :

(b+c)\/_+(c+a)\/_+(a+b)\/—> +1+1+l l+l
b ab bc

Proposed by Nguyen Thuong-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

AM-GM
at+b+c+1=adbc 2 ab+c)? o (b+c+1)(a(b+c)—(1+a))20

1+a_(a+1)? "™ 2(a+1)

1+a
Then : b+czT = 4abc>a+1+

a o Va
a+1
~ 2abc
(a+1D)b+c) 1 1 1 1 1 1
> =TT T T T
Therefore, Z(b+c)\/a— 2abc a' b c+ab+bc+ca'

cyc cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

A-G 2
4abc=a+b+c+1 > a+1+2vbc=4a(vbec) —2Vbc— (a+1)
2—,/4+16a(a+1) 2+.,4+16a(a+1)

> 0 .. either Vbc < p orvbc > ey
1-2a+1 1+2a+1 -1
:either\/ﬁs¥ orx/ﬁ_%:either\/_<7

a a
a+1
and - vVbe >0 - \/_>—:\/_\/_\/_>

(b+c)(a+1)
rﬁ“’“w—z—m

\/_Z(b +c)(a+1) = \/_Z(ab +ca+b+c)

or\/_>a+1
=+a>
:>z (b+c)\/_

cyc

and analogs
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Z+Zb>++1+1 LR Z+Zb
2\/ a a ab bc ca abc a a

cyc cyc cyc

A-G

<:>abc>\/ <:)abc>1—>true 4abc—a+b+c+1 > 4.%Vabc
1 1 1 1 1
=abc=1- (b+cVa+(c+a)b +(a+b)\/_> ettt oet @

Vab,c>0 | a +b + c+ 1 = 4abc,with equality iff a = b = c occurring
iff 3a + 1 = 4a3 = iff (a— 1)(2a + 1)? = 0 = equality iff a = b = c = 1 (QED)

1181. If x,y,z> 0,x + y +z = 9 then :
b y z 1

+ + > -
3x+yz 3y+zx 3z+xy 2
Proposed by Tuan Kiet-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

/yz ’zx /xy
Leta = 7,b= 7,c= =z We have: ab+ bc+ ca =9 and,

1 N 1 4 1 >1
3+a2 3+b2 3+c22

the problem becomes to prove :

We have . — L =1(1 a®? \ 1 a? 3
enave: a2 3 3+a2) 3 ab+bc+ca+3a®

1 a? 51 1 a? N a? B
3 ala+b+c)+ (2a%+ bo) 3 4\ala+b+c) 2a%+bc)

V3 Ua

1 a 1(1 bc ) _ 5 a N bc (and I )
T3 4(atb+c 8\ 2a2+bc) 24 a(atb+c)  8(2a®+be) neanatogs
h z 1 >z(5 a N bc )_5 1+1 (bc)? -
N 372~ L.\24 4(a+b+c) 82aZ+bo) 8 4 8Z.2aZbc+ (bo)? =

cyc cyc cyc
3 1 (Zeyebc)” 3,11
~ 8 8'Y,(2a’bc+ (bc)?) 8 8 2

So the proof is done. Equality holds iff x =y =z = 3.
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1182. For all positive real numbers x,y, zZ such that :
xXx+y+z=1prove that
1 N 1 N 1 _ 9
(x+yz)? (y+zx)? (z+=xy)?> ™ 16xyz

Proposed by Nguyen Thuong-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

1 4 1 4 1 x+y+z=1 z 1
(x+yz2)? (y+zx)? (@z+xy)? £ (1-y—z+yz)?

_ (1- x)Z x+y+z=1 chc(y + Z)Z
SLA DA pPaA-F Gyt R
8
(x+y)(y+z)(z+x) 2 §(2cycx)(2cycx)’) 2 chc xz +2 chc xy

<

8
9 (chc x) (chc xY) (x + Y) (Y +2z)(z+ x)
x+y+z=1 2 Y eyc X2 + 2 cyc XY 2.9

Syt @) 1677

=N <ny> x+y)(y+2z)(z+x) é 2xyz<2§1x2 +szy>

cyc cyc cyc

- (Z xy> <2xyz +) ayCr+ y)> > 2xyz (2 Yarizy xy>

cyc cyc cyc cyc

o (Z xy) (Z xy(x + y)) > 2xyz (2 Yy xy>

cyc cyc () cyc cyc

Now, (Z xy) (Z xy(x + y))

cyc cyc

=(xy+yz+ zx)(xy(x +y)+yz(y+z)+zx(z + x))
= Z xX2y?(x +y) + Z(xy. yz.(y +z)) + Z(xy. zx.(z + x))

cyc cyc cyc

= Z x3(y? +z%) + xyzZ(yZ +yz) + xyzz:(x2 + zx)

cyc cyc cyc

A-G
> Zx3.2yz+xyz<22x2 + szy>

cyc cyc cyc
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=2xysz2+xyz 22x2+22xy = 2XyZ Zx +ny

cyc cyc cyc cyc cyc

1
(x + yz)? + (y+ zx)2 (z + xy)2 16xyz

= (%) is true -

Vx,y,z>0|x+y+z= 1,equalityiffx=y=z=§ (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is successively equivalent to :

1 1 1 9
Gt +2F [+ +0F  [t0G@+)E -~ 16xyz(x+y + 2)

16xyz(x+y + 2)[(x + y)? + (¥ + 2)% + (z + 0)?] < 9(x + ¥)%(y + 2)%(z + x)°.
Using Ravi's substitution, 3IAABC suchthat: a=x+y, b=y+2z, c=z+x.

a+b+c

Let F,R be the area,circumradius of AABC and s = >

=x+y+ez
By Heron's formula,we have : F*> = s(s —a)(s — b)(s — ¢) = xyz(x + y + 2).
So the given inequality is equivalent to :
16F%(a? + b* + ¢?) < 9(abc)? = 9(4RF)? & a? + b? + ¢ < 9R?,
which is Leibniz's inequality.

1
So the proof is done. Equality holdsif x=y=z = 3

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

1 N 1 1 9
(x+yz)?2 (y+ zx)2 (z + xy)2 16xyz
1 1

1
GHix+2? O+l +2?2 G+l +y)? - 16xyz’
= Toxy (x+y)(y+Z)(Z+x)(x+y)(y+Z)(Z+x)

2(x? + y? +z +xy+yz+zx)s
xy+yz+zx)(x+y+2z)
(x+ )Y +D)(z+2) - -

x+y+z=1

x+y)?2+(y+2)?2+(@z+x)?<

<
~ 16xyz

88 RMM-CYCLIC INEQUALITIES MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

4-(x2+y2+z2+xy+yz+zx)<<y+y+y+y+ + )(xy+yz+zx);(xy2=1)
2 yz?  zx? 2z z%x
202 +y2 +22) < 24 X4 2 y+y +
z x y z X y
2(x3yz + y3zx + z3xy) < x%y3 + y?z3 + x%y? + y32% + z3x? true because:

x2y3 + z%y3 = y3(x? + z%) = 2y3zx and analogs.

Solution 4 by Michael Sterghiou-Greece

< (1)
(x+yz)? ~ 16xyz’
cyc
1 1
Let (p.q.7) = Cx. Sy [0, p=1q9<3, 1< (2)
1 1 1 y+z

x+yz x(x+y+z)+yz (x+y)x+2z) [lx+y)
Xa+y)® 9 20-q@ _ 9
[x+y)2 ~ 16r or (gq—1)2 ~ 16r
f(r) = —9q* — 14qr — 9r% + 32r < 0; (3)

(2
ff(r)y=2(16—-7q—9r) > 0> f(r) 7
So, f(r)is maximal when r is maximum.

q=(2-3y)yr=y*(1-2y)
From (3),we get f(r) = —4(1 — 3y)?y*(1 + y)? < 0.We are done!

So, (1) >

1 1
Equality holds fory = §,z =3 and x = 3
1183.If a,b,c = 0 such that : a + b + ¢ = 3 then
a b C 3

+ + > —
1+3b2 1+3c2 1+3a2 4

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have + % — 3ab? AMéGM 3ab> 3avb AMéGM 3(a + ab)
B T T T N e 8
Then : a - 5a—3ab (and ] )
en: > —g and analogs
h Z a >25a—3ab_5.3 3 b>15 (a+b+c)2 15 9 3
erefore, ) 143p2 > 8 8 8L "8 8 8 8 4
cyc cyc cyc

Equality holds if f (a,b,c) = (1,1,1).
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Solution 2 by Soumava Chakraborty-Kolkata-India

a N b 4 C >3_a+b+c@z( 1 1>>0
1+3b2 1+3c2 1+3a2-4 4 cyca 1+3b2 4)<

1 - b? 1-b2\®
42 <1+3b2> O@Z (1+3b2>_0
1 — b? ?1_b 1+b 1)? (1-b)(1-2b—-3b?) 2

> e (2 D) s
13z 2z <@ b)<1+3b2 2)=°° 2(1 + 3b2) =
(1-b)2(1+3b) ?

Now

>0->true~b=>0

2(1 + 3b2)
1 — b? - 1-b d logs (+ @ > 0 etc)
a{ T 3p2 _a( 5 )an analogs (- a = 0 etc
z 1 — b? z 1-b _lz z b
> 1+ 3b2 a( 2 )_2 a-322.°
cyc cyc cyc

2
3 9
_ZZa——<z ) atbie= 35—3—0:(*)1strue

cyc cyc

Vabc>0|a+b+c—3

c
"1+3b2 1+3c2 1+3a2- 1
with equalltylffa—b—c=1(QED)

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

3 3
H)Ifa=b=0c=3,——=—-=3>—
) Ifa =132 1 4
2) Ifa=0,b+c=3 b +<s 3
VIfa=0btec=3"35%12%
3
Iffb+c+3c321(1+302)
Iff 4(b + ¢) + 12¢® > 3 + 9¢?
9 +12¢3 > 9¢?
3+ 4c® > 3¢
2+1+c2+c2+2c® >3c2whichis true.
3) Ifabc>0— 4 b +—°
JIfabec>0 =t 1132 T 11322
>a+b+c< 1 4 1 4 1 >>3
=73 1+3a2 1+3b%2 1+3c¢2)" 4
1 s 1 .\ 1 3
a(%+3a) b(%+3b) c(%+3c)_4
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111
a? b? c?

1 .1 _t1
E;§'+ 3 z;z'+ 3 E;Z-F 3
1 1 1)°
(a tpt E)
1 1 1

2 +'z;z +'z;g'+ 9

41+1+1+2(1+1+1) >3(1+1+1+9)
a?  b? 2 ab bc ca/)— \a?2 b?%? 2

3
2_
4

Equality holds fora=b =c = 1.
1184. Let a,b,c > 0 : ab + bc + ca = 1. Prove that :

6az—a+bc_|_6b2—b+ca_|_6c2—c+ab<3(a+b+c)2
2a + bc 2b + ca 2c+ab 2 '

Proposed by Nguyen Thuong-Vietnam,

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z6a2—a+bc<3( L bto?
2a + bc _Za ¢

cyc

4a® + bc
< o2 2, 2 Z :
2a+ be <a?+b>+c2+V3+ ) (a+b)(a+c) true because
cyc cyc
4a2+bc< 244
2a+bc_a

4a% + bc < 2a® + a’bc + 2a + bc

4a* < 2a? +2a + a’*bc;a’bc > 0

4b% + ca 5 5 5 5
— < b* +1, 4b* + ca < 2b° + b“ca + 2b + ca
2b + ca

4c¢% + ab

————<c?+1, 4c? +ab <2c®+c*ab+2c+ab
2c+ab
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4c* <2c¢ + 2c+ c%ab

Solution 2 by Sanonog Huayrerai-Nakon Pathom-Thailand

<
2

Wehave : — =23 2avbe ~ Z2a + be

6a’—a+bc 1/ 4a*+ bc AMZGM 1 /' 2a3 + 2a + bc 1) =
2a + bc 2 -

1/ (2a+bc)(a*+1) —a’bc
==(3.
2a + bc
_3a®+2

1
5 —1> E[3(a2+1)—1]
2

(and analogs)

h Z6a2—a+bc<23a2+2_3(a2+b2+c2+2)_3(a+b+c)2
erefore, 2a + be 2 2 = 2 '

cyc cyc

Equality holds iff (a,b,c) = (1,1,0) and permutation.

1185. If a, b, c > 0 then:

z a’ + b® 1 1 1 + 1
a’b%(a3 +b3) - b2

cyc

Proposed by Zaza Mzavanadze-Georgia
Solution 1 by Tapas Das-India

a® + b® 1(1+1>_ a’ + b® a’+b?
a’b%(a3 + b3) 2\a? b2/ a?b%(a3 +b3) 2a’b?
B 2(a’ + b%) — (a? + b*)(a® + b®) _a’—a’h® - adb? +b°

2a2b?(a3 + b3) ~ 2a%b?%(ad + b3)
a’(a® - b*) —b*(a® - b*) (a+b)(a-b)(a—b)(a®+ab+ bz)
2a%b2(a3 + b3) 2a%b?%(a3 + b3)
@+ b° > 1 (l + l) (and analogs)
a2b%(a3 + b3) — 2\a? b2
Therefore,

2 a® + b’ ,1.1. 1
a’b?(a3 + b3) ~ a?  b%* c?

cyc
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1
By Chebyshev's inequality,we have : a® + b°> > > (a3 + b3)(a? + b?)

Then : a’ + b° >a2+b2_1(1+1)
en a?b?(a3 + b3) = 2a2b?  2\a? b%)
Similarly, we have :
b5 + ¢° >1(1+1) cS+a’ 1(1+1)
b%2c2(b3 +¢3) — 2\b%? ¢? an cza?(c3 +a3) —2\cz2  a?/)

Adding these inequalities yields the desired result.
Equality holds iffa=b = c.

Solution 3 by Daoudi Abdessatar-Tunisia

/as + bS5 i
1 1 \ Power Means
(@*m) =

a2+b2

5 b5
;“2”2(;”3> 22( Ja2+b2> < Ja3+b3>3
2

1 1 1 1
=30 (@tm) =D
cyc cyc
1186.Let a,b,c = O such that a + b + ¢ = 3. Prove that:
1 1 1 3

>
36+ba(a+b)+36+bc(b+c)+36+ca(c+a)_38

Proposed by Tran Quoc Thinh-Vietnam
Solution 1 by Samir Zaakouni-Morocco

1 1 1
5= 36+ba(a+b)+36+bc(b+c)+36+ca(c+a)
S>i<:> ¢ + 4 + b >i
— 38 36c+abc(a+b) 36a+abc(b+c) 36b+ abc(c+a) 38
a+b+c

3 >Vabc=>0<abc<1

36¢c+ abc(a+b) <a+ b+ 36¢c
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36 + abc(a+ b) <35c+ 3

c c
36 + abc(a + b) 35¢c+ 3
a a b b
> and
36a + abc(b+c) — 35a+ 3 36b + abc(c + a) 35b+3
s>—2 b ¢
~—35a+3 35b+3 35¢c+3

b

a c
Let: f(a,b,c) —35a+3+35b+3+356+3,a+b+C—3,(a,b,c) € R*.

in f(ab,c) = a N b N c
min f(a,b,¢) = 32 3+ 35573 T35¢+ 3
a+b+c=3(ab,c) ER*

a b c
L@bed) =35 13" 35p+3 "35c13 H@tb+e-3)
(dL(a,b,c, 1) 3 3
da " ’©@sar3z 27091 =Gsazaz W
dL(a,b,c, 1) 3 3
<T=O®m—ﬂ=0@l=m;(2)
dL(a,b,c, ) 3 3
dic " '®@scr3r AT =Graap®
dL(a,b,c, 1)
L T=0®3=a+b+c; (*)
3 _ 3
{ (35b3+ 3)2 (35a3+ 3)2 R {i; f Z ma—b=c

\G5c+3)2 (35a+3)2
3—-3a=0=>a=b=c=1.

{(b)}_1+1 1 3
in flab ) =z5+35+ 38 38

3
Th S>——
erefore,S > 38

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letx =ab(a+b),y=bc(b+c),z=calc+a), p=a+b+c=3,q
=ab + bc + ca,r = abc.
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1 3

We have : (x) © 236+x2§ @382(36+y)(36+y)231_[(36+x)

cyc cyc cyc

& 7776 = 3xyz + 1152(x +y + z) + 70(xy + yz + zx), with:

xyz = (abc)? n(b +c¢)=r’(pq—1r)=1*(3q—-71), x+y+z=pq—3r
cyc

=3(q—r1)

xy+yz+zx = abcz a(a+b)a+c)=r(p®-2pq+3r)=3r(9—-2q+7).
cyc
So the given inequality is equivalent to :

fr)=r3—(70 +3q)r? + (522 + 140q)r + 2592 — 11529 >0 (1)

We have :

f'(r) =3r% + 140q + [522 — 2(70 + 3q)7] 0,then f is increasing.

9
If q Sz,we have :

r<1

9 -
f(r) =73 +140qr + [522 — (70 + 3q)r]r + 1152 (Z - q) > 0.

9
If 2 < q <3, by fourthdegree Schur's inequality, we have :

5p?’q —p*—4q* —4q*+45q-81
r= =

op 18 , then:

—4q* + 45q — 81
= p (ST -

_ (3-q)(49 — 9)[16q* + 3¢*(1953 — 80q) + 243(1125 — 182¢)]

183 =0

33
Equality holds iff (a,b,c) = (1,1,1) or (E'E'O) and permutation.
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1187.If a,b > 0 and n € N then:

2a3 " 2b3 "
bVb* + 3a* ava* + 3b*
Proposed by Marin Chirciu-Romania
Solution by Rin Huynh-Vietnam

2a3 n 2p3 Power Means;CBS 1 2a3 2b3 "
(wm) * <a @+ 3b4> = 7 <bm T ey 3b4>
_ 2( 2a3 N 2b3 ) 2(a® + b?)?

bVb* +3a* aVa*+3b*)  abVb* + 3a* + abm

- 2(a* + 2a?b? + b*) - 4,/2a2b?(a* + b*) _

B ab\/Z(b4 + 3a* +a* + 3b%) ab\/m

Equality holds for a = b.

1188.1f0 < a4, ay, ...,a,,a; + a; +---+ a,, = 3,n € N then:

Ynag + 1+ 3na; + 1+ +3fna, + 1 <n'V4

Proposed by Sebastian llinca-Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-india

n

x - /x is a concave function and z a; = 3(given)
=1

- 3 31 « 33n+n
Z na; 1<n —Z(na +1)—n za,+n m
i=1 i=1

equalityata; =a, =--=a, =

:nw

S|lw

Solution 2 by Tapas Das-India

CBS

Yna; +1+3na; +1+ -+ 3Yna, +1 <

ni/(nal +1)+ (na; +1) + -+ (na, + 1)

n

=nifla;+a, ++a,) +1=n¥3+1=nV2
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X7+ttt xgtxp o+ x\™
gt Zn nS(l Zn n) ,when0 <m < 1.

1189.If a,b,c > 0,ab + bc + ca = 3 and 4 = 0 then:

bc N ca N ab - 3
1+Aa?2 14+ Ab%2 14+ 2Ac2 2+1

Proposed by Marin Chirciu-Romania

Solution by Tran Quoc Anh-Vietnam
We have:

(ab + bc + ca)? > 3abc(a+ b +c) =3 =>abc(a+ b +c); (1)

Alternatively:
Z ab Z (ab)? Ragon (ab + bc + bc)? (;)
14+Ac2 ZLuab+2Aabc? =~ ab+bc+ca+Aabc(a+b+c) ™
cyc cyc
32 3

> =
“ 3432 1+2
Equality holdsiffa=b =c = 1.
1190. Given a,b,c > 0 : abc = 1. Prove that :

1 1 1 (a+b)(2—ab)+(b+c)(2—bc)+ (c+a)(2—ca)
- + >
a+b b+c c+a 4

Proposed by Nguyen Thuong-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality can be rewritten as follows :

1 c’(a+b) 1 a’(b+c) 1 b%*(c+ a)
+ + + +
a+b 4 b+c 4 ct+a 4

>2a+b+a

1 cZ(a+b
+ ( )Zc.

By AM —GM i lit h :
y inequality,we have : ——— 2

Adding this inequality with similar ones yields the desired result.
Equality holds iffa=b =c = 1.

Solution 2 by Michael Sterghiou-Greece

1 1
ZHbZZZ(aer)(z—ab); D

cyc cyc
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Let (p,q,7v) = Qa,Yab,[[a),r =1,p,q = 3,then (1) reduces to:

(a+b)b+c) 1
2 a]'[(a+b) < 21[4(2a)—2(a2b+ab2)] or

p2+q>4p—pq+3
pq—1"—" 4

Yab(a+b) =pq—3r=pq—3;[[(a+b) =pgq—r=pq—1or
f@)=4(p*+q)- (pa-1)Ap-pq+3)=20; (2)
f'(@=2p*(q—2)-4p+4=2[p(p(q—2)—2)+2]=0asp >3 and
q—2 > 1,hence f — increasing function.
Assume p = 3t%,t > 1 thenas q*> > 3pr = 3p = 9t?> or q > 3t and
f(@ = f@Bt) == (- 1[(t—1(27t* + 54¢% + 45t> + 24t + 19) + 18] = 0. Done!
Equality holds fort=1,p,q=3,a=b=c=1.
1191.If x,y,z > 0,x + y + z = 1, then:

X y z 27
2 + 2 + 2 Stg
Xyz+x-+2 xyz+y-+2 xyz+z-+2 58

Proposed by Tuan Kiet-Vietnam
Solution by Michael Stergiou-Greece
ad + 4 + z < —;
xyz+x*+2 xyz+y*+2 xyz+2z>+2~ 58’
1

Let (p,q,1) = G Zxy [I0):p =19 <1r<_.

(1)

ny(x+y)=pq—3r=q—3r,

cyc

szyz =q% - 2pr =q* - 2r

cyc
sz =1-2q

cyc

Zx(r2+y2+2)(r+zz+2)=-~-=2(qr+q—r2—r+2)=A

cyc

n(r+x2+2)=---=q2r+2q2—2qr2—8qr—8q+r3+6r2+12r+12=B

cyc
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14 d to show: 4 < >7
e need to show: 5 < .
Let f(q,1) = —27q*r — 54q* + 54qr? + 332qr + 332q — 27r3 — 278r% — 440r
—-92<0
df
Butd—q = —54qr — 108q + 54r% + 332r + 332 > 0 as the term + 332
. . 1+9r
out weigths all negative terms, hence f 7 and f(q) < f( m )

1+9r

as by Schur's 3" inequality q <
1
This leads t01_6 (1 -27r)(251r%2 — 105r — 198) < 0.We are done!

_ 1 1 1
Equality holds forr = E,q =3 andx=y=2z= 3

1192.

If a,b,c > 0 such that : a®°b® + b>c® + c>a® + a°b°c® = 4, then :

Va®+2+3b5+2+3c5+2>3V3
Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given condition can be rewritten as follows :

1 N 1 N 1
a>+2 b5+2 c5+2

1.

By Holder's inequality,we have :

3
(Z Va5 + 2) (Z a51+ 2) >(1+1+1D*=81

cyc cyc

Therefore, \as+2+ b5 +2+ c5+2> 381 =333

Equality holds iffa=b =c = 1.
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Solution 2 by Soumava Chakraborty-Kolkata-India

a® = x,b> =y, c® = z (say) = a’b® + b>c® + c°a® + a’b°c®> = 4

A-G
:ny+xyz:4:>4—xyz=2xy > 33/x2y2z2
cyc cyc
S>a3+3a2-4<0(a=3xyz)>(a-D(@+2)?<0=>a=3xyz<1
()
>xyz<1=>4—-—xyz=>4-1> xy =3

cyc

2
(%)
Zx 23ny29:>2x > 3

cyc cyc cyc

Now,i/a5+2+3\/b5+2+3\/c5+2zz3x/x+2

cyc

AéGS‘i/(x+2)(y+2)(z+2) = 39\/2ny+4Zx+8+xyz

cyc cyc

Seye Xy = 4-2yz via (+),(++)
"o 39\/8—xyz+42x+8 > 3316 -1+4(3)=333=333

cyc

s +2+3Yb5+2+Yc5+22>3V3
Va,b,c>0]|a’h®+ b5c® + c5a’® + a’b®c® =4, =" iffa=b = c = 1 (QED)

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0,a°h% + b>c® + ca® + (abc)® = 4, we have

Vas+2+3¥b5+2+3c5+223V3,  3¥Y (@ +2)B5+2)(5+2) =13
(a®+2)(b5 +2)(c® +2) >33

2a°b® + 2b5¢® + 2c%a® + 4a® + 4b® + 4c® + (abc)® + 8
> 33 which is true, because
a®b® + b>c® + c®a® + (abc)® = 4; (abc)® <1
4(a® + b® + ¢®) = 12 © a®b® + b3c® + c°a® > 3
(ab)® + (bc)® + (ca)’ + (abc)® = 10

15
4y (abo)’’ <4 o (abc)? <1 abc <1
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(ab)’ + (bc)® + (ca)® > 3 < 3(ab)® + (bc)® + (ca)’ =9

(@ +b5+c5)° >9=a5+b%+¢5>3.
1193.If a,b,c > 0, 2abc + 3(ab + bc + ca) = 27 then :

9
Vab + Vbc + caSE

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given condition can be written in the following equivalent way :

?,_|_3_|_3_2 a_l_b_l_c_1
a+3 b+3 c+3 " a+3"b+3 T c+3

By CBS inequality,we have :

-y _ (Va+vb+ve)’
" Zia+3~ a+b+c+9

cyc

2
e at+b+c+9=(Ha+Vb+e).

Therefore, Vab +Vbc +ca < g. Equality holds fora=b =c = %

1194.If a,b,c > 0 such that ab + bc + ca = 3, then :

a N b N c >3(abc—2)
(b+c)? (c+a)? (a+b)2 = 3abc-7

Proposed by Nguyen Thuong-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

a b C 3

a
(b+c)2+(c+a)2+(a+b)2:czyc:(ab+ac)2

Ragon (chc a)3 ; E B 3(abc - 1) o 4(chc a)

T (2%geab)” 4 16 (Zeye ab)

3
b+b =3 4 a ? 15
IR @M+3abc2— zab . Zab
9 3.V3 o

cyc

3
?
5 = 15 — 3abc
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3 2 3

?
| 4 Za + 27abc %675 Zab
cyc () cyc

Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,
y+z—x=2a>0andz+x-y=2b>0=>x+y>zy+z>x,2+x>y
= x,y,z form sides of atriangle with semiperimeter, circumradius and inradius

= s,R,r(say)yieldingZZa=Zx=Zs:»Zaz s— (1)

cyc cyc cyc
>a=s—x,b=s—-yc=s—-1z

Via such substitutions, Z ab = Z(s —x)(s—y) =4Rr+r? - (2)

cyc cyc

andabc = (s —x)(s—y)(s—y) =r?s > (3)

(+%)
Via (1), (2),(3), (*) & s?(4s% 4+ 27r%?)? > 675r3(4R+r)? and

Gerretsen Euler 5Rr 27Rr
+s? > 16Rr—5r? > 16Rr———= and

2 2
Gerretsen
v (4s?+27r?)2 >  (4(16Rr — 5r?) + 27r?)?
. in order to prove (xx), it suffices to prove :

27Rr
5 (4(16Rr — 5r?) + 27r?)?2 > 675r3(4R + r)3

& 896R3 — 1504R?r — 551Rr2 — 50r3 >0
< (R — 2r)(896R? + 288Rr + 25r2) > 0

Euler

- true * R > 2r = (#x) = (%) is true
a b C 3 3(abc—1) ? 3(abc—2)
+ + > — >
(b+c)2 (c+a)? (a+b)2 4 16 3abc —7
Sl tol t-2 1
4”16 3t—7- €
43t-7)-(t-1)Bt—-7)—-16(t—-2) » —-3(t—-1)2 2
= > 00— +-=>0
16(3t—7) 16(3t—7)

A=G
—>true'-'3=2ab > 33 a2b2c2:>i/§S1:>tS1

cyc

3t<3<7=23t—7<0 _g(t_1)2>0

= = 3t— 55— 7

= 16(3t—7) —
a b c 3(abc —2)

>
(b+c)2+(c+a)2+(a+b)2 ~ 3abc—-7
Va,b,c>O|ab+bc+ca=3,”=” iffa=b=c=1(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1 1
Letxza, y=4 2=7 and p=x+y+2z, q=xy+yz+zx, r =xyz
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From the given condition,we have : p = 3r.

From the well known inequality : q* > 3pr, we have: q > 3r.

The problem b t : z (y2)* _ 3Qxyz—1)
e problem becomes to prove : x(y+2?2°> 7xyz—3

cyc
p2r T g
We have : Z >
T x(y + z)? pq + 3r

3(r —1)2 AM_GM
Gr+ D(7r—3) > 0,whichis true because :3r=p =

33r > r>1.
So the proof is done. Equality holds iffa=b =c=1.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0,ab + bc + ca = 3,we have:

a N b N c - 3(abc —2) -
(b+c¢)? (c+a)? (a+b)?2~ 3abc-7

(6%a) |, () G5 .3

a+b
a b + c ZZ(:)
a b c \2 (a+ b + ¢)? 2
(b+c+c+a+a+b) 53 (Z(ab+b6+ca)) .3
a+b+c _Z(:) a+b+c ~ 4
(a+b+c)* 3

>
62(a+b+c) 4

& (a+ b+ c)® > 33which is true, because 3(ab + bc + ca) = 9
&

(a+b+c)*>3(ab+bc+ca)=9< a+b+c>3true.

Solution 4 by Daoudi Abdessattar-Tunisia

Yab =3,r =abc,p=>a =3
3(r—2) 3r 15

-~ @ 0 e« 4
3(r—2)—-1"~ 16+16
x
Letf(x)zx—

— ~ concave function,then f(x) < f'(-1)(x+ 3) + f(—3)
a a? p
=S i) z
(b + ¢)? 2r + a(b? +c2) — 3p+3r
cyc cyc

16P >3r>15< 16p>+ 3p+3r)3r>45(p+1r) ©
16p? +9pr + 9r? —45p —45r > 0 &

2

103

RMM-CYCLIC INEQUALITIES MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

15p(p — 3) + (p? + 9pr + 9r% — 45r) > 0 true, because p > 3 and
AM—GM

p?+9pr+9r:2 > 45r
1195.If a,b,c > 0 such that :a+b + c < 3,then:
9 (a+b_|_b+c_|_c+a)>6
abc b+c c¢c+a a+b/
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We h . ab a+bAM<HM b za+b 1 1 _lz ( b)(b =
e have : abc. btec < abc. 2 (b+c)_4 ala + +c) =

cyc

cyc cyc

1 1 3abc M M1 1 1 1

_ = 2p 4 = 2 2 2p 4 = 2, = 2p — = 2 4 p2).

4Eab+2§ab+4 = 3 ab+zgab+4éabzéc(a+b)
cyc cyc cyc cyc cyc cyc

a+b b+c c+a)>(a+b+c)3 lzc(a2+b2)_
. -

9
Then : _<b+c+c+a+a+b - 3abc

abc
cyc

AM-GM 3abc Zc Zab
2

_a+bh+c zc(a +b2)
B 2 3abc

3abc

cyc cyc

So the proof is completed. Equality holdsiffa=b =c = 1.

Solution 2 by Soumava Chakraborty-Kolkata-India

Assigningb+c=a,c+a=B,a+b=y=>a+-y=2c>0,
B+y—a=2a>0andy+a—-B=2b>0=>a+B>y,B+ty>ayt+ta>p
= a, 8, yform sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa=Za=25:2a=s—> (1)

cyc

cyc cyc
=>a—s—ab=s—B,c=s—y.'.abc=(s—a)(s—B)(s —-v) =r%s - (2)
35 atbcs 93 @tDHO?

) 9 (a+b+b+c+c+a) = - 3 cyca) Z
“abc \b+c c+a a+b - 3abc B
via (1),2) s3 @ ? s§2 —18r?

-3 6@2 T 3rz

r? CycB(-) r
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3
sz st st ) (chc a)
Now,— =— = =
r2 A2 s(s —a)(s — B)(s —v) abc
4R 4S(XBY Hcyc(b + C)
1+—=1 =1+——F—
and 1+ r + 4s(s — a)(s — B)(s —v) * abc
4R (++) abc + []¢yc(b + ©)
+ — =
r abc
a b +cC A (o) chc(a + b)(b + C)Z
Now,z == Z =) 45 =
B~ Licta Lip Meye(d +©)

cyc

(), (50, (00) > :—2 = (Z %) (1+ 4TR)

cyc

. Coca)” _ (abet Tyl + ) (Zeyela+ b)(b + o)
abc abc [leye(b +©)

o (ﬂ(b " c)> (Z a>3 > <abc + ]cy—c[(b + c)> (;(a +b)(b + c)2>

cyc

(0]
PN z a’b* + z a3b3 > abc (Z a’b |+ 3a%b?c?

cyc cyc cyc

A-G -G
Now,Vu,v,w > 0,v3 +v3+u® > 3viuwd+wd+v3 > 3w?v
A—G
and u? + u® + w® > 3u?wand summing up : z ud > Z uv?
cyc cyc

and choosing u = ab,v = bcand w = ca,

() A-G
Z a®b3 > abc (Z a2b> and z a2b4£3a2b2c2 o () + (%x) = (i) is true

cyc

s2 - a (1 N 4R) @ _ s? ; sZ — 18r?
= — — = —
rz - ZB r ZB_r(4R+r)_ 3r2
cyc cyc
Mitrinovic

?
© (4R-2r)s? > 18r(4R+r)and~s*> > 27r?
(mm)
. in order to prove (mm), it suffices to prove : 3(4R — 2r) > 2(4R+7r)

< 4R = 8r — true via Euler > (mm) = (m) is true
9 <a+b_|_b+c_}_c+a)>6
: —
abc b+c c+a a+b/ ™
Va,b,c>0|a+b+c£3,”=” iff a =b = c (QED)

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c>0,a+ b+ c < 3,then
9 a+b b+c cH+a
=6

— i+ + >
abc b+c c+a a+b
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9 a+b b+c c+a

—— =6+ + + o

abc b+g c+a a+ll;
c a c

9 >6+b+E+E+?+E+E@

abc

18 > 12abc + a’*c + ¢*b + b%*a + a?b + b?*c + c*a &
18(a+ b + )3
= =
18 27
E(a+b+c)3 > 12abc + a*c + ¢*b + b*a + a?b + b?*c + c*a &
2(a+ b +c)® >32abc + a’c + c?b + b*a + a?b + b%*c + c%a) ©
2(a® + b® + c3) + 6(a’c + c?b + b*a + a?b + b%*c + c*a) + 12abc >

> 36abc + 3(a’c + ¢*b + b%*a + a*b + b*c + c?a) &
2(a® + b3 + c3) + 3(a®c + c?b + b*a + a?b + b*c + c*a) > 24abc true.

27>(a+b+c)(a+b+c<3)true.

1196.If a,b,c > 0 such that: a+ b + ¢ = 2,then:

C
+ /c+—22(abc+1)
a+

Proposed by Phan Ngoc Chau-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India
Exactly 1 variable = 0 and WLOG we may assume a = 0 with

a b C
b,c>0;b+ c = 2andthen: /a+ﬁ+ /b-l'ﬁ-" /c+a+1
’b+ﬁ+w/2(2 b) > 2(abc+1) =2

b+1

‘:’b+ﬂ+2(2 b)+2\/2(2 b)(b+L)>4
2b(2 —b)(4 —Db) b b(Z ,b(z b)
2\/ 31 Zb—g_b < 2,2(4—-Db) > 31

b(2 -b
@8(4—b)2%@8(4—&(3—&2b(2—b)@9b2—58b+9620

- trueVb, A=582-36.96 =-92<0

’ a ’ b [ c
a+m+ b+?+ C+?> 2(abc+ 1),

when exactly 1 variable = 0
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Exactly 2 variables = 0 and WLOG we may assume b = ¢ = 0 with
a=2andthen: LHS =v2.2 =2 =2(abc+ 1)

/ +b—1+ /b+—+ /c+—>2(abc+1)

when exactly 2 variables =
a,b,c > 0 and then : LHS2 > RHS?

= / v 2
@Za+zb+1+zz a+b_|_1 1 >4(abc+1)

cyc cyc cyc

Now,—+_"3*& d anal
ow, a+b+—1>—an analogs
2 - —
Z /a+b+1 / > 2. ZJ > Z ab
cyc cyc cyc
) ()8
=z Z \]a+b+1
cyc cyc
Acai a a(b+1—-b) ab AG ab
By 1™ br1  *Tb+1 T Y 2d
a

=a avb and analogs
——av =

Za——Z(\/_\/_)CEZ—E\/Za.\/Zab

cyc cyc cyc cyc

1

a+b+c2 \/7 a
L Fah Fe g

2 L b¥1
cyc cyc cyc

via ()
>2+2_Z Z ab = LHS of (x) >

cyc

4+<——§>. ’ZabA;G4+—i/\/_\/_\/a

cyc

? 23t » ?
>4(abc+1)? & 4+ =>4 + 1)? (t= Vabc) & 16 + 23t > 16(t3 + 1)?

?
S 48t° +96t2 - 69 < 0

(Bt—2) (16t4 32 325, 64—t 4 992 - 1984) 1621 ; 0
@ J— J—
3 9 27 81 81

A_
—>true'.'2=2a > 33\/abc:>3t—2§0andt>0:>(*)iStrue

cyc
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-/+“+b+b+/+c > 2(abc + 1)
N b1 c+1 CTa+1 abc

vVab,c>0 | a+ b+ c= 2. combining all 3 cases,

a /
/a+b—+1+ b+—+ /c+—22(abc+1)‘v’abc>0|a+b+c—2

"="iffla=b=0,c=2}or{b=c=0,a=2}or{c=a=0,b=2}(QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

After squaring,the given inequality is equivalent to :

- _- Z )\ 2
zb+1+zz\/c+ a+b+1) 4(abc)* + 8abc+ 2 (1)
cyc cyc
N z a z< ab ) _5 z 2ab AMéGMZ Z 2ab
ow b+1 ““b+1)” a+3b+c 2/3ab
cyc cyc cyc cyc

_2——2\/_

Then: LHS(;) > 2—?ZM+22\/&:2+<2—?>2M2

cyc cyc cyc

AM—GM V3 ? x = 3abc V3
S 2+ <2 —?>.33\/abc S RHS; S 3 (2 —?>x > 4x% + 8x3.

. . a+b+c 2
By AM — GM inequality,we have : x < —3 —3

2\% (123 3
Then: 4x°+8x3 =4x3(x3+2)< x.4(§) <(§) + 2) <3 (2 - g) X.
So the proof is done. Equality holds iff (a,b,c) = (2,0,0) and permutation.
1197. For all non — negative x,y, z such that :

xy+yz+zx=x+y+z>0,
the following relationship holds :
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x2 + 2+z  |22+x
LA A >3

Z+ xy X +yz y + zx

Proposed by Nguyen Thuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

X,V,Z > 0|xy+yz+zx =x+y+z>0= at most one variable =
Exactly one variable = 0 and WLOG we may assume x =

y2+z
withy,z > 0;yz = y + z and then : LHS—f ’ \/7

A-G 3| |ly2 47> y2+z 2
>1oy— 1+—>0
y y y—1

( rzoaly-1)=yote_2 ) t 1+ 250
vyz=y+z=>z(y—1) = —=——)>truevy—-1+—— >
yz=y y y=S=3TT y )

x2+y  |y*+z |z%+x
+ + >3
z+xy |x+yz y+zix

x% + 2+z  |z2+x
x,y,z>0and\/ y+\/y +\/

z+xy . |x+yz y+zx

A-G 3 [x2+y y2+z 22+x?
> 3 . . =3
Z+xy x+yz'y+zx

e (X2 +y)(y2+2)(z% +x) é (z + xy)(x + yz)(y + zx)

& z:x3y2 + Zx2y3 > szyz + xyzz:x2

cyc cyc cyc cyc

1 = Xy+yztax 5
xty+z x
o Zx3y2+z Zx y? (Ly>+xyz2x2
chc X

cyc cyc cyc cyc

(o) (3o () (2)
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ny)

()= (3

(£2) 3] {3 (3
(3 (3] (272
: ><2><2><z (2

(zx>2_zxy nyz<zx><zx2+zxy>

cyc cyc cyc cyc

- (zxzyz><zxz+zxy> nyz<zx> (zx2+ zxy>

cyc cyc cyc cyc cyc

- x2+y |y*+z [zZ+x
@Exy > XyZ Ex - true .. + + >3
Z+Xxy X +yz y +zx

cyc cyc

s x2+y |y’+z 2?2 4x
~ combining both cases, + + >3

z+xy . |x+yz y+zx
Vx,y,z20|xy+yz+zx=x+y+z>0,"=" iffx=y=z=1(QED)

1198.If a,b,c > O such that: a+ b + c = 1, then:

a
>1
Z \a%(a + 4b) + b2(4b + 6a) + 12abc

cyc

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

a
=>1
Z ‘{/az(a + 4b) + b%(4b + 6a) + 12abc

cyc

>1
Z \ja“ + 4a3b + 3ab3 + 6a2b? + 12a%bc —

cyc
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VEa)® -4

VXa* + 4y (a3b + ab3) + 6a2b? + 12a%bc + ab?c + abc

5
(Z a) > Ya* + 4 (a3b + ab?) + 6a*b? + 12 z a’bc

cyc cyc

+ abc which is true, because

5
(Z a> > Z:(a4 + a3b) + 32(a3b + ab?®) + BZ:azb2 +a3c+ c3b + b%a

cyc cyc cyc cyc
+12 ) a’bc
cyc
5
Za 22a3+32(a2b+ab2)+62a2bc
cyc cyc cyc cyc

5
a) > Z a’+3 Z(azb + ab?) + 6abc

cyc cyc

2

(a+b+c)*=>(@a+b+c)¥ < (a+b+c)*>a+b+ctrue because
a+b+c=1.

Solution 2 by Soumava Chakraborty-Kolkata-India

a
Zyc: f/az (a + 4b) + b2(4b + 6a) + 12abc
5

a4
- Z ‘{/a3(a + 4b) + ab%(4b + 6a) + 12a%bc

cyc

5
Regen Zeyea)*

1
(chc(a3 (a + 4b) + ab?(4b + 6a) + 12a%bc))*
a+b-|;c =1 1

=

(chc a* +43¥,.a’b+4Y . ab3+6Y.,.a’b? + 12abc(2cyc a))
1

(chc a* + 4ab(T oy a% — ¢2) + 6 Xy a?b? + 12abe(Tyc a))
1

Bl

™

((chc at + 23y a?b?) + 4(Xeyc ab)(Xeyc a?) + (4 Yeye @?b? + 8abe(Yeye a)))

111 | RMM-CYCLIC INEQUALITIES MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 1

1
((chc az)z + 4(chc ab) (chc a?) + 4(chc ab)2)4 (ZCYC a® + Z(ZCYC ab))
1 a+b-Lc =1 % (QED)

=

- "l —riffa=b=c

((chc a)Z )Z

1199. If a, b, ¢ > 0 such that a® + b? + ¢2 = 3, then :
C a b 3

>
1+ab+1+bc+1+ca_2

Proposed by Nguyen Thuong-BenTre-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

Exactly 2 variables = 0 and WLOG we may assumeb =c =0

L. B S
"IT+ab 1+bc 1+ca %7 2

Exactly 1 variable = 0 and WLOG we may assume a = 0 and b,c > 0

C a 3
K = — 2 2 2 2= 3
1+ab+1+bc+1+ca ctb \/b +c +2bc>\/b +(; ,/3>2

v a b c
[Case3]ab,c >0 D,

anda >0 -

+ + = ) 3 hed
1+ab 1+bc 1+ca c3 + abc3
cyc
) 2
Berg;tmm (chc az) aZ+b2+c? =3 (chc aZ) ; E a?+b%+c? =3 E Z a2
@+ abe(Tae ) ey @® + 3abe ~ 2 2

cyc

(chc a2)4 ; 3(chc a?)
(chc a3 + 3abc)2 B 4

?
o Z a® + 12 Z a*b? + Z a’b* > 62 aib? + 18abcz a?® + 3a?b?c?

cyc cyc cyc () cyc cyc

A-G
Now, 3 Z a*b? + Z a’b* | = 32:(a4b2 + a’b*) > 62 a’b?

cyc cyc cyc cyc

(i)
~3 Z a*b? + Z a’bt | > 62 a’3b?

cyc cyc cyc

A-G
Also,9 Z a*b? + Z a’b* | = 92((1‘%2 +a*c?) > 182 a*bc

cyc cyc cyc cyc
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(i) A-G
.9 Z a*b? + Z a’b* | > 18abcz a® and Z a® 2 3a?b?c?

cyc cyc cyc cyc (iii)
C N a N b 3
1+ab 1+bc 1+ca 2
C N a N b 3
1+ab 1+bc 1+ca 2
Vabc>0|a?2+b%+c2=3"=" iffa=b=c=1(QED)

v

o (i) + (ii) + (iii) = (%) is true =

v

and hence, combining all cases,

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp=a+b+c, q==a+bc+ca, r:=abc.
From the given condition,we have : p?>—2q =3 (1)
By AM — GM inequality,we have :

(a+b+c)lab+ bc+ ca) =9abc & pq =9r (2)

~
N
~—

CBS  (a+b+c)? 3p? z

a ~
: > =
Then Zl+bc ~ a+b+c+3abc 3p+9r

cyc

3p _
3p +pq

V3

~
(=
N

6p 3 3B-p-1
6+ (P2-3) 2 2(p% +3)

13

3
> 2 because :

CBS

3=y3@+b?+c?) S p=>Jat+b2+c2>1

So the proof is done. Equality holds iffa=b =c=1.

Solution 3 by Khaled Abd Imouti-Damascus-Syria

2 bz G=3 abc

c N a N b c? N a N
1+ab 14+bc 1+ca c+abc a+abc b+ abc
c? a? b?
_c+G3+a+G3+b+G3
x2 ) x% +2xG3 . 2G3
Letbef(x)z— thenf(x)zmandf (X):m>

x+ G3'
So, f — convex function and

0.
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a+b+c\?
CZ N a2 N bZ >3 (T) 3 SZ
c+G a+G3 b+G3~ (a+b+C)+63_s+3G3
3
252>35s+9G3 ©2s2—-35s—-9G3>0
A=9(1+8G3) >0

s, = 3 (1 —J1+ 863) impossible.

4
3 3
=Z(1+\/1+8G3 >E,buts2=(a+b+c)2=3+2(ab+bc+ca)s

2is
2

3
S3+2(a2+b2+c2)=9=>szS9=>xs3ands>5<:>

9 9
(a+b+c)2ZZ@3+2(ab+bc+ca)ZZtrue.

S ¢ + b + + a 3 its t
O'1+ab 1+ ac 1+ bc _lerue

Solution 4 by Daoudi Abdessattar-Tunisia

24p24+c2=3 ¢ 3¢” >0 C(q 31) >0t
a ©= ’1+ab 3c+q_ (1+ab)(3c+q)_ rue.
p?
3

1+ab 23a+q 3(p+q)

cyc

2p2—3p—3q20<:>6+q 3,/3+2q20<=(q—3)220

1200. If a,b, ¢ = 0 such that ab + bc + ca > 0, then :

ab N bc N ca - ab + bc + ca
a? + b2 b2 + c2 cZ+a?2 |a?+b?+c?

Proposed by Nguyen Thuong-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

ab _\/ab+\/m+\/ca
’ 2 2 = 2 2 2~
o a*+b cyc a*+ b*+c /a2+b2+c2

ab + bc + ca + 2vabc (\/_+\/_+\/_) ab + bc + ca
a? + b? + c? a’ + b? + c%

V}
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So the proof is done. Equality holds iff (a = 0,b,c > 0) and permutation.

Solution 2 by Soumava Chakraborty-Kolkata-India

LHS? ab + bc + ca
a? + b2 + ¢2

_( ab ab )+( bc bc )
" \a2+b%2 a?+b?+c? b2 +c2 a?+b?+c?

+( ca ca )"'ZZ ab bc
cZ+a? a?+b2+c2 a? +b2" |b? + c2

cyc
ab(a? + b? + ¢ —a? —b?) bc(a? +b% + c?2 —b% —c?)
(a2 +b2)(a? + b2 + c2) + (b2 + c2)(a? + b? + ¢2)
ca(a? +b? + ¢ — c? — a?)
(b2 + c2)(a? + b2 + ¢2)
Z > 0 (~ a,b,c>0) = LHS? >
a’ + b2

cyc

ab N bc +’ ca - ab+bc+cav b >0|Z b0
=
cyc

"=""iff {fa =0,b,c >0}or{b=0,c,a>0}or{c=0,ab>0}(QED)
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Z ab - ab + bc + ca
a’? +b? "~ | a%? + b? + ¢

cyc

+2.(0+0+0)

ab + bc + ca
a’ +b? + c2

B abc
a?+b?2+c?

a’ + b?

ab(a? + b? + ¢2)
Z >+vab + bc + ca

cyc

Z b+ P - JabTheT
a a2+b2_ a C ca

cyc
2

Z L I
a a2+b2 = a C ca

cyc

Z PP T bt N (per 2% Vs bt bes
a a? + b2 a a? + b2 ¢ b% + ¢2 =4a cTca
cyc

cyc

which is true because a,b,c > 0 and ab + bc + ca > 0.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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