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801. Prove that:
3n 27‘[_\/13 (1 ( 5 )+TC)+1
COSlS COS13_ 3 cos 3arccos i3 3 6
Proposed by Vasile Mircea Popa-Romania

Solution by Pham Duc Nam-Vietnam

3 2w V13 (1

5 14 1
cosl—3 - cosl—3 = Tcos §arccos (_ﬁ) + E) + E

- 3w 2 1 _ V13 (1 ( 5 ) 4 n)
cos 13 — cos 13 6- 3 cos 3 arccos Wk 3
e > arccos (-5 7-2) 573)
* =m = arccos| ———) = w — arccos
2v13 2v13 2v13
:\/13 (1 ( 5 )_l_n) V13 (1( ( 5 ))_I_n)
——cos|=arccos| ———|+—=| =——cos|=| T — arccos —
3 3 2v13 3 3 2v13 3
V13 ( 1 ( 5 ) N Zn) V13 (1 ( 5 ) Zn)
=——cos|——arccos — ) =——cos|=arccos -—
3 3 2/13 3 3 213 3

= This expression has exactly form of roots of cubic equation which can be shown

in tri tric form: 2 ’_p 1 3q |-3) _2mk (k=0,1,2)
n 1gonome 1C Iorm: 3 coSs 3arccos Zp P 3
V13 (1 ( 5 ) Zn) 9 [-p 1 3qg -3 2w k=1)
* cos arccos — | = —COS| —arccos| — |— | —— =
3 2/13 3 3 3 2p | p

(V13 _, P 13
3 3 p=—75
:>4 = 12
5 3q |-3 g=- 65
\zvi3 2pp 216
V13 (1 ( 5 )+1t) t of tion: £3 13t 65 0
o, Vi 1 2 \,r _13. 6o
3 cos 3(IT'CCOS Zx/ﬁ 3 is onerooto equation: 12 216

& 216t% — 234t — 65 = 0 = Allroots are: t;,

V13 1 5 2kt
= ——cos|—arccos —— ) (k=0,1,2)andt, < t; < t
3 (2 _13) )« Jand t; < £ < tq

3 3
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* f(t) =216t3 — 234t — 65 = f'(t) =648t2 —234=> f(H) =0 = t

\/1—3’f<_\/1—3>f<v1—3> 0o r

6 6 6
v13 v13
6 6

=+

= 0 has exactly one root (¢ )lies in <— ) and f(t) is strictly decreasing in

v13 V13
(‘T'T)
3 2m 1
* Replace: t = Cos T3 —COSTo—¢
= 216 (c()sg—n - COSZ_TI_1)3 _ 234(C0S3—n— COSZ_TI'_ 1) —65=0
13 13 6 13 13 6

3r 2 1 3
= c0s— — cos— — — is alsoonerootof 216t> — 234t — 65

13 13 6
_o 1 . be sh 7 4 1 5w 12w
= 0,soall roots can be s ownas.cos13 cos13 6,cos13 cos 13

1 ( 7t 4 1)<( 3 21 1)

~g and cos_—cos_ o~ cos o —Cos_ o~ ¢

< ( 51 127 1)
COS— o —Cos— o~

V13 V13

—, T) f(¢) is strictly decreasing, f(t)
V13 Vi3 3T _ o5 2T 1

* As we show above, in <—

= 0 has exactly one root (¢;)lies in <—

=ftp=f <\/E cos (1 arccos( > ) - 2—”)> if and only:

3 3 2v13/ 3
3m 2r 1 /13 1 5 2
COSE — COSE - E = TCOS (5 arccos (ﬁ) - ?)
V13 1 5 T 3 27
= TCOS (5 arccos (—Tﬁ) + 5) = COSE — COSE
V13 1 5 m, 1
= 3 cos (5 arccos (_—Zx/ﬁ) + §) + 3

802.
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In AABC, O —Toricelli’s point,&<xA = 60°. Prove that:
a’? = m? + n? + p?
Proposed by Binh Luc-Vietnam
Solution by Jose Ferreira Queiroz-Olinda-Brazil
a’ =n? +p?—2np - cos120°=n? + p? + np
b? = m? + p? — 2mp - cos 120° = m? + p? + mp

cZ=m?+n?-2mn-cos120° =m? + n? + mn

Then:
a? + b% + ¢? = 2m? + 2n® + 2p* + mn + np + pm; (1)
a? = b? + ¢? — 2bc - cos 60°
a’ = b2+c2—2bc-%
b? + ¢ = a® + bc; (2)
Now,

1 V3
[0BC] = ENP -sin 120° = 3 P

[0AC] = \f}—gmp

[0AB] = \f}—§mn

1
[0AB] + [0BC] + [0CA] = [ABC] = Ebc -sin120°

5 | RMM-GEOMETRY MARATHON 801-900
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V3 V3

— (mn +np + pm) = —bc

4 4

bc = mn + np + pm; 3)
Using (1), (2) and (3), we get:

2a? + bc = 2m? + 2n? + 2p? + bc

Therefore: a? = m? + n? + p?

803. In AABC the following relationship holds:

b+c—a
\/Sz+r2+4Rr22 2Rr - —

a
cyc

Proposed by Mihaly Bencze, Neculai Stanciu-Romania
Solution by Tapas Das-India

b+c—a 2s — 2a S — a CBS
Z\/ZRr-T=Z\/2Rr- p =\/4Rr-z / p <

cyc cyc cyc

1 1

1
< 4Rr-\/(s—a+s—b+s—c)(—+—+—)=
a b ¢

ab + bc + ca s(ab + bc + ca
= +V4Rr - [(3s —25s) (—) = +4Rr - ( ) =
abc 4Rrs

=+ab + bc + ca = Vs2 + r2 + 4Rr. Equality holds for:a = b = c.
804. In AABC, G —centroid, A = 0,BC =a,AB=AC=0Db

e )~ ) s a0 =)
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Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer

let GGy | AC, GG, | AB.1s AGy = AG, = 3.
[ADGE] _ (2)2 ( a )2_
3b/

. (D

[ABC]

1 1 b
[ADGE] = EsinA (AE - AG{ + AD - AG,) = ESinA -§(AE + AD)
(Gakopoulos' th)

1
[ABC] = Esin A - b?

[ADGE] _ AE + AD (1) 4b* — a?
[ABC]  3b 9b?
4b? — a?

AD + AE = ——; 2
= + 3b (2)

=

2

a 4 1
Is: AMZ = bz —I;AGZ = aAMZ =4 AGZ = 6(4’)2 - az)

7 RMM-GEOMETRY MARATHON 801-900
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b @1
Is: AE-AG,+ AD - AG, = §(AD + AE) = 5(4192 - a?)
AG? = AE - AG, + AD - AG, = ADGE —cyclic (Gakopoulos'th.), so
DGE = 180° — 0.
805. In AABC, A —center of circle. Prove:

1 1 1 1
AP AB AQ AC

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Rajarshi Chakraborty-india

AD, = AD,;AD, || DD,; AD, || DD4,so: AD,DD, is a rhombus, then:

«D,AD = <DAD AB _ BD (1)
= > — = —
1 27 Ac  DC’
AP BD CQ

Now, by Ceva's theorem: ﬁ-ﬁ-az 1, (2)

AP AB CQ __ cQ PB

PB AC QA AC-QA AP -AB

AC—QA AB-AP 1 1 1 1
= e —
AC-QA  AP-AB ~ AQ AC AP AB

806. L, ] —tangential points, PQ || BC. Prove:
[BDJP] = [DJEJ] = [LCQE] = a = 3(c — b)

8 | RMM-GEOMETRY MARATHON 801-900
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= oo et om0 m ) e m e i N

C
B D |

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Jose Ferreira Queiroz-Olinda-Brazil

B D L. H
AP =x,AQ=y,LC=s—c¢,BL=s—b
AM =AN=s5s—-a,JQ=QM=s—a-—Yy
JP=PN=s—a—x,AH, = h,,AH = h,

xzf(s—a)

ha b C S
AAPQ~AABC=>-2=—=-Sh,=h, +2r = B
hy y x _
y=—-(s—a)
s
c (s—a)(s—o0)

P=PN=s—a-x=s—a——(s—a)=
J saxsax(sa) p

(s—a)(s—b)
S

]Q=QM=s—a—y=s—a—g(s—a)=

a(s—a)

PQ=JP+]jQ =

9 RMM-GEOMETRY MARATHON 801-900
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AEQ-ALC =2 =T _LC oy Ly _s—cb
Q~ ﬁ;—h—l—ﬁﬁ Q— b = b ;(S—a)
_(s—a)(s—0)
EQ = -
[LCQE] = [ALC] — [AEQ] = %(S COh, - % (s — a)s(s 9,
(LcQel =~ (s _CZEZS—a)
Aapj~-aagp = S —fa _BD _ b, P €
A T R

1
s—a

c.(s—a)(s—c)_c

BD =- =SGs—a)(s—0)->
X S S c

In AABD and AAPJ: BD = LC and JP = ED then: [BDJP] = [LCQE].
Now, [DLEJ] = [DBC] — [APQ] — [BDJP] — [LCQE] =
.F(s —c)(2s—a) B

=S—C

1 1
=Eaha+5PQ'h1—2

SZ
_p 1@ oy 0@
2 s S
1 ah, 2F(s —c)(2s—a) _
:F—E-T-(ha—Zr)_ = _
:p_f(s_a)_I_ar(s—a)_ZF(s—c)z(zs_a):
S s

F
=S—2(b+c)(c—b)

F(s—c)(2s—a) _F

{DLEJ] = [BDJP] & = S—Z(b +c)(c—b) &

SZ
s—c=c—b
at+b-—c
=C —
2

s a=3(c—>b)

b

807. Prove that:

d?(d? — ac)

= (2d)? — (a + c)?
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Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Jose Ferreira Queiroz-Olinda-Brazil

<ABD = <DBC = 0; <A0D = xDOC = 26
Using Gakopoulos’ Lemmas NCCQ;:
BA -sin@ + BC - sin @
sin 260

d a-sin@ +c-sin0 0 a+c
= = =
sin 20 cos 2d

AC?> = a? + ¢* — 2ac - cos 20 = R?> + R?> — 2R? - cos 40
2R%*(1 — cos 40) = a? + ¢* — 2ac - cos 20
2R%*(8cos? 0 —8cos*0) = (a+ c)? — 4ac - cos? 0

ABCD — cyclic & BD =

(a+¢)? (a+o)* (a+c)?
2 _ _ 2 _ .
16R Ad? lod? (a+c)* —4ac Az
(a +c)?
16R? I1 — | = 4d* - 4ac
Therefore,
R d*(d? — ac)

T @d)?Z-(a+o)?
808. Let ABC be a heptagonal triangle, I —incenter of ABC. Prove that:

11 RMM-GEOMETRY MARATHON 801-900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 1

ctic=71 ABtAI=BC, AC+CI=AB

A

B

a

O

Proposed by Juan Jose Isach Mayo-Valencia-Spain
Solution by Jose Ferreira Queiroz-Olinda-Brazil
AABC is heptagonal, then:
b(a + ¢) = ac, b? = a? —ac, c¢? = b% + ab, a’ =c? + bc
AAIC~AABC:

¢l b Al 2

bc b
—>=>Cl=—and Al = —
c a b a a

1 1 1 1 1 a 1 a+c
0 =+ = —=

1 a
AacTICT b e b e ™ ¢ bbb
a
1+1_a_1
AC IC b2 Al
b?> ac+b*? ac+a?-ac
(1D AB+Al=c+—_ = = =a

a a
AB + Al =a =BC

bc a+c c
(Irr) AC+CI=b+—=b- =b-—=c
a a b

AC+CI=c=AB
809.

1 1
If a= z B = z —,w — Brocard’'s angle in AABC then :
m, +m, —m, m,
cyc cyc
12 |

RMM-GEOMETRY MARATHON 801-900
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1 o | 2(m, + my) —m, 2(my, + m,) — my

sin w B\.2(m,+m.)—m, 2(m, + my) —m,

Proposed by Bogdan Fustei-Romania
Solutions 1,2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution1 :

Ja?b? + b%c% + c2a® _ b
Lemma: Inany AABC we have : oF = - +

c
E (*)

Proof : () & Zbc\/azb2 + b2%c?% + c%a?
> (b% + cz)\/Z(azb2 + b%c? + c2a?) — (a* + b* + ¢%)

squaring
~

S 4b*c*(a’b? + b%c? + c*a?)
> (2b%c? + b* + c*)[2(a?b? + b2c? + c?a?) — (a* + b* + ¢*)|
o 0> —a*(b? + c2)” +2(b* + c*)(a?b? + c2a?) — (b* + c*)°
= —[a?(b? + ¢?) - (b* + ¢*)]*
Which is true and the proof of the lemma is done.

Now, m,, m,,m,.— can be the sides of a triangle thena' = ,/m,, b’ = ,/my,c' =, /m,—

1
can also be the sides of a triangle with area F' = Z\/Z Z mym, — Z mg2.

3
Thenm,,m,,m, — can be the sides of atriangle witharea S = - F’,

(and analogs) and

z(mb + mc) -—m,
m, = )

9 2,2 9
Zmbzzmcfz =EZI) c =E2mbmc.

cyc cyc cyc

. . mbl mcl 1/Zmblzmcl2
Using the lemma in Am_ m, m_ we get : + <
mgy My 28

13 RMM-GEOMETRY MARATHON 801-900
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2(my, +my) —m, 2(mg, + m,) —my - 2,y mym,
or <
2(mg+m;) —my 2(my + my) —m, J2Ymym,— Yy m,?

(1)

a X(mg + my —m)(m, + m, —my) mymym, _
B [Img + my —m,) X mym,

Now we have :

AM— GM

_2Ymym,—Ym,t momym Ym,

(4'FAmambmc)2 | Z MpMe

ZZmbmc Zmaz zrnbzrncZ _
Zmbmc . (3F)Z B

9
_szbmc_zmaz T(,szcz_ZZmbmc—Zmaz 1
- Ymym, " 9Fz Y mym, "4sin? w

(2)

From (1) and (2) we get :

al [2(mg,+my) —m, 2(mg,+m.) —my 1 .
i + < — , as desired.
B\ .|2(m, + m,) —m, 2(mg + my) —m, sin w

Solution 2 :

8
) 2F 3Fm 2F,, ]
We have : sinw = = = = Sin w,,,

\/Z b%c? %Z my2m,2 \/Z mpyZm?

where F,, and w,, are the area and the Brocard's angle of Am,m,m..

So the desired inequality can be rewritten as follows :

1 o | Z(ma+mb)—mc+ 2(mg + m,) — my,
sinw,, _|B\.[2(m,+m,)—m, 2(mg + my) —m,

So it suffices to prove that :

1 a' \/2(a+b)—c \/2(a+c)—b

> = , VAABC, wh :
sin w B'\.[2(a+c)—b 2(a+b)—c> where
'_Z 1 4R+r d Z ab+bc+ca
=l avb_c 2r 4B = 4RF
cyc cyc

Since va,Vb,\c — can be the sides of a triangle with area

14 RMM-GEOMETRY MARATHON 801-900
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J2Y bc - Y a? _Jr(4R+71)
4 B 2 ’

F' =
thenm g, m 5 m ; — can be the sides of atriangle with area :

S—3F’—3 r(4R+71) 4 B Z(b+c)—a( 4 logs)
=.F= 3 and m; = 2 and analogs).

Using the lemma proved in the first solution in Am ;m zm , we get :

My M \/me/_zmx/_z

m; m\/— 28
2(a+b)—c 2(a+c)-b \/162\/_ ‘/_ ab + bc + ca
2(a+c)-b 2(a+b)—c 23 r(4R+r r(4R+ 1)

h a | [2(a+b)—c 2(a+c)—b - 2R(4R +71) ab+ bc+ca
Therefore, [7 2(a+c)—b+ 2(a+b)—c)  Jab+bc+ca | r(4R+71)

2R \/abc(a +b+c) MEM [a2p2 + p2¢2 + cta’? 1 )
= |— S , as desired.
r 2F 2F " sinw

810. In AABC holds:

A 9R 3R? — 412
1441r% < z:(b2 + ¢?) csc > < ( - )

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Tereshm

A AT A
We have : Z(b2+cz) csc Z4Rma csc < 4R\/Zma2.z csc25=

cyc cyc

15 | RMM-GEOMETRY MARATHON 801-900
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_ar \/3(52 — 12 —4Rr) s + 12 — 8Rr “TE" 4R js (4R? + 2r2)(4R% — 4Rr + 412)
= > _ -

r2 r 2

_4R.2./(2R* +1%).3(R? — Rr +1?) “Mé‘”” 4R[(2R? +7%) + 3(R* —Rr +1%)] _

r r

_ 4R(5R*—3Rr +4r?) 9R(3R*—4r?)— R(R — 2r)(7R + 267) E’£<£" 9R(3R? — 41?)

r T r
AL b+ ¥ 4(a+b +c)?
Now we have : z:(b2 +cz)csci > z( 21 > /E 5 ) 2
cyc cyc 2 sini 2 (sini + sinf + sinf)
]ergen 2 452 Mitrngic 8.27r2 ,
s — = 5 = 144172,
3Slng >

So the proof is completed. Equality holds if f AABC is equilateral.

811. In AABC the following relationship holds:

z JaZa+2b—c) > 3J2R(h, + hy + h,)
cyc
Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given inequality can be rewritten as follows :

Z\/a(2a+2b—c) > 3Vab + bc + ca.

cyc

Using Ravi's substitution:a=y+zb=z+x,c=x+7y, x,¥,Z>0. We have :

z\/a(2a+2b—c) =Z\/(y+z)(x+y+4z) =Z:\/(y+22)2+,/xy+yz+zx2 >

cyc cyc cyc

Minkowski

S \/[Z(y+ Zz)]2 + (Z\/m)z = \/9Z(z+x)(x+y) = 3Vab + bc + ca.

So the proof is completed. Equality holds if f AABC is equilateral.

812. In AABC the following relationship holds:

16 RMM-GEOMETRY MARATHON 801-900
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Za\/ﬁ 23\/ab(%+ %) < 54+/3-R3
cyc cyc

Proposed by Daniel Sitaru-Romania
Solution 1 by Alex Szoros-Romania

Mx,y=>0: x3+y3>xy(x+y).
Let:x = Yaandy = Vb then:a + b > Vab(3a + Vb)

ZW(%+VE)SZ(a+b)=ZZa=4Si &)

cyc cyc cyc

b+cy 1
Zamgza< > ):EZ(ab+ac)=ZabSZaZS9RZ; (2)
cyc cyc cyc cye cye

3v3
Buts < TR (Mitrinovic) = 4s < 6V3 - R; 3)

From (1),(2) and (3):

(Z ax/ﬁ) <z Vab(3a + %)) < 4s-9R? < 6V3R-9R? = 543 - R®

cyc cyc

Solution 2 by Tapas Das-India

AM-GM

Vab(Ya + Vb) = (Va2b + Yab?) =Va-a-b+Va b b <

at+a+b a+b+b 3(a+b)
< + = =
3 3 3
Zi/ab(%+%) SZ(a+b) =4s

cyc cyc

1
Za\/E:ZVab-aCSEZ(ab+aC)=ab+bc+ca

cyc cyc cyc

(Z ax/ﬁ) (Z W(% + %)) < 4s(ab + bc + ca) <

cyc cyc

+b

< < —- .
- 3 3 —3 4 2

a+b+c)? 4s%2-4s 4 27R? 33
( ) -4 -4 R = 54/3-R3

17 | RMM-GEOMETRY MARATHON 801-900
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813. In AABC the following relationship holds:

Al R?
2R < 2 : - : <—
sinA(sinB +sinC) ~ r

cyc

Proposed by Ertan Yildirim-lzmir-Turkiye
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A A
r 4chos§ bccosi (b + c)w,

Al = — = " = p = o (and analogs)
sin
2
Z Al B Z (b+c)w, (2R)? 3 2R? z w,
sinA (sinB + sinC) 2s ‘alb+c) s a’
cyc cyc cyc

Now,we know that: h, <w, < ./s(s—a) (and analogs), then :

Al AMHGM _4R*r
— = 4R%*r > 4R%*r Z 2R.
Z sin A (sin B + sin C) Z - bc  2Rr
cyc cyc cyc cyc
Ad'z Al _2Rzzzwa_R2 h<RZZ( -
et /. sinA(sinB +sinC) s a  strlWete=Sga2p STV
cyc cyc cyc cyc

So the proof is completed. Equality holds if f AABC is equilateral.

814. In AABC the following relationship holds:

a3 b3 ¢ R3 b® 3 ad
T atat 328t sts+tg
c r b
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality can be rewritten as follows :

R3 (a® - b%)(a® - c%)(b® - )
= 82 a3b3c3 W

18 RMM-GEOMETRY MARATHON 801-900
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WLOG,we may assume that c = min{a, b, c}.

Euler

If b=a=c wehave: LHS S 0> RHS 4).
Now,we assume thata = b = c. We have :

Bandi ?
a3 b3 3 R3Bdila g3z p3 3 4 ¢34 > 3

C
ﬁ+c_3+_+_ > ﬁ+c—3+$+(z+z) 28+$+—+—

= 1+c3 b _ ¢ + ag+b3+c3 3 +3(a+c 2)>0
a3 a3 b3 b3 ¢ ad c a -

— b3\ (B3 - 3 3 3 — )2
(a b3)(b c)+< IC) c >+3(c a) >

a3b3

a3

Which is true by AM — GM < b3

3 3
+—323> anda=>b = c.
a

So the proof is done. Equality holds if f AABC is equilateral.
815. In any A ABC holds:

a* b* ¢* R* b2 2 ad
F+_+_+_ 16+$+b—3+—
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
b ¢ a R

Lemma : Inany AABC we have : _+B+ES_+1'

Proof : We assume that c = min{a,b,c}. If a > b > c we have :

Bandila

p b ¢ a (a—-b)(b—c) b ¢ a

—F1 = o=t ot >—+—+—

r a b c ab a b c
If b > a > cwe have :

Bandila §, ¢ b a (b—a)a- c) b ¢ a

—+1 3 -ty +1——+—+— —4+—+—

r b b c ca a b c

So the proof of the lemma is complete.
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T L e [ R
ow, b3 a b a b b ¢ a -
Lemma iAM—GM R 3 R4 R R3 RZ R
< 16+<—+1> —3.3.3+3=3+—4—(——2) —3+—2———5 <
T r r r r r
Euler R4 AM-— GM a b4 c4 R4
< 3+— S F+_+_+ , as desired.

Equality holds if f AABC is equilateral.

816. In AABC the following relationship holds:

z sk + (sp+s)t - 91813

SpSc B 1
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

z st + (sp +50)* @ 28xy(x*+y%) z Sa + 8spSc(si + s7)

=
SpSc SpSc
cyc cyc

Bergstrom Z
z +82(sb+sc > Ceyesa). i) +16Zsa
SpSc chc SpSc

cyc cyc

2
S RIDREDOREOVTEpYN

cyc cyc cyc cyc

- 17(9 )2 = 459r? Bergstrom 459r° _ 918r°
=3 VYT = R R

2
equality iff A ABC is equilateral

(QED),

Solution 2 by Tapas Das-India

ZSZH (sp+5.)* _Z Sa N
SpSc B SpSc

cyc cyc cyc

(Sb + Sc)4 Holder
D 2
5,8

- (sq+sp+s)* N (254 + 25, + 25.)* (;)
T 32(sy Syt SpSc + 5cS,)  3%2(sgsp + SpSe +5:84)
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(sq +sp+5s)t 16(sa+sb+sc)4_£(s FPECIS
_9.(sa+s?,:+sc)2 9.(sa+s:,;,+sc)2_3 a’ bTe =

17 17 17
= ? (ha + hb + hc)z = ? (91‘)2 = ? . 811"2 = 4591"2

We need to prove:

91812
45912 >

< R > 2r (Euler).

(1) e x+y+2)?=>3(xy+yz+zx)
817. In AABC the following relationship holds:

I? 2
85,5,5, < (5) (ho + hy) (hy + he) (he + hy)

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

1
mZmim? = a(sz +2¢%? —a?)(2c? + 2a? — b?)(2a? + 2b? — ¢?)

@1
= a{—élz a®+6 (Z a*b? + Z a2b4> + 3a2b2c2}

cyc cyc cyc

3
Now,z a® = (Z a2> — 3(a?+b?)(b? + c?)(c? + a?)

cyc cyc

(o] foover 5o {50)

cyc cyc cyc

3
= (Z a2> + 3a®b3%c% -3 (Z a? b2> (Z a2>
cyc cyc cyc

et (5e soove o) (5]

cyc cyc cyc cyc
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Also,z a*b? + Z a’b* = Z a’b? (Z a’ — c2>

cyc cyc cyc cyc

@ (Z a? b2> (Z a2> —3aZb%c? - (1),(2), (3) = m2mZm?

cyc cyc

3

1
=1 —4 Zaz —12a?b?c? + 12 Z:azb2 Zaz +6 z:azb2 Z
cyc cyc cyc cyc cyc

— 18a?b?c? + 3a?b?c?

Solution 2 by Tapas Das-India

R 2
(35) (ha+ h) g + R + ) =

:(ZR) (2F)3(1 1)(1+1>(1+1> ( >( ). (a+b)(b+c)(c+a):

a b/\b c¢c/\c a a?b?c?
_(R)Z 8F? (a+b+c)(ab+bc+ca)—abc_
—\2r (4Rrs)? B
8r3s3 R\? _
= m : (a) [ZS( +re+ 4R7') - 4R1"S] =
rs R\? rs [R\?
=Rz (§> -25(s?+ 1% +2Rr) = R (ﬁ) -s(s* + 1%+ 2Rr)
52
SaSpSc S MaMpMe < ——, 8s,5,5. < 4Rs?
We need to show:
8 Rs” rsz( + +2R)(R>2 8 Rs” rsz( + 1+ 2Rr) - R”
C— 8 — —
> < R? st+r \3; > < R? s? + 1?2 ")z

16Rr < s2 + 1% + 2Rr © s? +r? > 14Rr
14Rr < 16Rr — 512 + r?(Gerretsen) < 2Rr > 4r?
R > 2r (Euler)
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Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

bc.2m, bey/(2b% + 2¢Z — a2)(a? + b% + c2) AMéGM

b* +c? (b% + c2)Va? + b? + c? -

bc[(2b? + 2¢? — a?) + (a? + b? + ¢?)]

<
2(b% + c*)Va? + b* + c?

AMéQM bc.3(b?% + ¢%).V/3 B 3v3bc
= 2(b +c*)(a+b+c) 4s

Sq =

(and analogs)

(3V3) (abc)? _ 81v3.(4Rsr)?

Then: 8s,s,s. < 8. (45)3 = 853
162\/§R2T2 Mitr’l:éwvic

< 54R%*r (1)
R\? R\% (2sr)3
Now we have : (Z) H(h” +he) = (E) (4Rsr)2 H(b +0)
cyc cyc
= > 25(s? 712+ 2Rr) >
8r

Gerr:étsen S2(18R1" _ 4-1‘2) Cosnitaf:Turtoiu 27Rr 9R — 2r Etger 27Rr
- 4r - 2 2 B 2
€))
= 54R%*r > 85,55,

So the proof is done. Equality holds if f AABC is equilateral.

818. In AABC the following relationship holds:

Z:‘ra—ha>(a—b)2+(b—c)2+(c—a)2
re+hg 2(a? + b?% + ¢?)

cyc
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

F 2F 1 2
ra—ha_S_a—j_s_a—a_3a—Zs_2a—(b+c)
rq+h, _F 2F 1 2 2s—a  b+c
% s—ata s—ata

SR e = D)= -
ro+h, b+c b+c b+c B
cyc cyc cyc cyc
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2

a 2(a+ b +c)?
=ZZ ~3> —3=
ab + ac 2(ab + bc + ca)

cyc
(a+ b+ c)?—3(ab + bc + ca)
- ab + bc + ca -
_2a2+2b2+2c2—2ab—2bc—2ca>(a—b)2+(b—c)2+(c—a)2
ab + bc + ca - 2(a? + b? + c?)

Equality holds fora = b = c.

819. In AABC the following relationship holds :
5

1602(%)2 —272(1—2?'4) > 53

cyc cyc

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A B C
Letx:=;, y:=;, z:=; and p=x+y+z=1 q:=xy+yz+zx, r:=xyz.

We have :

An2
Z (—) = Z x%2 =1 — 2q and using the following identity :
cyc T cyc

W+ +wd=u+v+w)’ -5@+v)@+w)(w+uw)(u? +v?+w? +uv +vw+wu),

= (3 —sz)s _ 51_[[2 — 2(x+y)].(2(1 — 2x)2 +Z(1_2x)(1_2y)) _
=1- 5'8"”(42"2 +4z3’2—2) =1-40r(2 - 4q) = 1 - 80r(1 - 2q).

So the inequality becomes :

160(1 —2q) — 27[1 — 80r(1 — 2q)] > 53
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1-4q+27r(1—29) >0 or 9 4q-1 ([ _p_1
or q T q or r_3(1 Zq) q_3_3

The inequality is true for 4q < 1.

W =

Schur q

If 4q > 1we have: 9r > 4pq—-p3=4q—-1 >

3(1—-2q)
So the proof is completed. Equality holds if f AABC is equilateral.

820. If w is Brocard's angle in AABC then

m, my 1 1 mym,
cosA+—cosB+—cosC < — - + >
h, h, 2\sinw h,

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
b
2O
sin w c

Lemma : Inany AABC we have :

2F
Proof : Since sinw = and 4F
va?b? + b2c? + c2a?

= J2(a%b? + b2c? + c2a?) — (a* + b* + c*),

then: (x) © 2bcya?b? + b2c? + c2a?
> (b? + c¥)/2(a2b? + b2c% + c2a?) — (a* + b* + c*)

squaring
~

S 4b%*c*(a’b? + b%*c? + c*a?)
> (2b%c? + b* + cH)[2(a?b? + b%c? + c?a?) — (a* + b* + ¢*)]

e 0> —a*(b? + c?)? + 2(b* + cY)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b? + c?) — (b* + ¢*)]?

Which is true and the proof of the lemma is complete.
my m 1YY mbzm 2 \/1621’202

In Am,;m,m_we get : — + <
m., m, sin w,, ~ sinw’
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. . m, my 1 my m. mym,
So it suffices toprove: cosA+-—cosB+-—cosC< | —+— 5
h, h, 2\m, m, h,
A=n—(B+C)
m m
S —(cosBcosC—sinBsinC)+—ccosB+—bcosC

hq hq

=9\, 2
2 m, my ha

2 2
1 m m m,m 1 m m

o= ’—CcosB+ ’—bcosC— ’ bzc += ’—csinB— ’—bsinC> > 0.
2\ |my m, h, 2\ Imy m,

Which is true and the proof is completed.

- 1 <mb m, N m,,mc>

821. In AABC, G —centroid, % = p the following relationship holds:

PG
GQ

3p—1

Cc

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution 1 by Miguel Angel Perez Garcia Ortega-Mexico

Let P(1 — p; p; 0) barycentric coordinates of AABC, then:
PG=px+(p—-1y+(1-2p)z=0
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2p-1 14
=PGNCA=(2p—1;0;p) = ;0;
Q=PGNCA=(2p—1,0;p) (3p-1'°'3p-1)

G=P+3p-1)Q

Hence:

PG

— =3p-—-1
Go_ P

Solution 2 by Jose Ferreira Queiroz-Olinda-Brazil

Using Gakopoulos’ Lemmas, we have:

() AB L AC_ . _AC_ . 1
AP 49 729" ° "
PG BM AP AC

2) ol

E— ( —1)(:)2—3 -1
o P\""p)/ TG~ "
822. In AABC the following relationship holds:
n+1
(cscg + csc 7)
z 7=12;n €N

A ’ B C
cyc el el
<CSC 2 + |cSsc 2 CSC 2)

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

B CAM;GMl( B+ C)
csczcsc2 < chc2 csc2

A N B Cc < A N 1 ( B N C)
csc > csc > csc2 < csc >t3 csc > csc2
Analogous:

B+ C A< B+1( C+ A) d
csc2 csczcscz_cscz > cscZ csc2 an
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C N B 4 A < C 1 ( A N B)
CSsC 2 CSC 2 CSC—- = CsC 2 2 CSC 2 CSC 2
Z A 4 B Cc <2 A 1)
CSC 2 CSC 2 CSC 2 |= CSC 2’
cyc cyc

Now,

n+1 n+1

Z (cscg + csc%) R“i‘"‘ 2n+l (Z cscg) (;)

n — n —
cye <csc%+ cscgcsc% Z(csc%+ /csc%csc%)

] ensen

A x—>csc is convex

2n+1 (Z csc
= =2 Z csc

2mn (Z CSC cyc

823.If x € R then in AABC holds:

3 n—6
= csce =

2
(1—x)cosA+(1+£)x< 1+x_
R/ — 2
Proposed by Bogdan Fustei-Romania
Solution 1 by Tapas Das-India

r
1+§=cosA+cosB+cosC

Case 1: If x > 0, we need to show:

2

T x
(1—x)cosA+(1+E)xsl+?

2
x
(1—-x)cosA+ (cosA+cosB+cosC)x<1 +7

2
x
cosA+ (cosB+cosC)x<1 +?

B+C B-C x2
cosA+ 2cos cos x<1+—
2 2
1—2sin? >+ 2sinAcos B¢ <1+x2

sin > smzcos > x < >
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2_2A+2_A B-C <x2
sin” > sinj cos——-x <
) X B—-C . o X
x —4-smEcos > - X + 4 sin EZO; (1)

a > 0; (coefficient of x?);

A—(4' A B_Cf 4.4 sin2a 16'2A(1 2

= Sll’l2 COS 2 sin 2 = sin 2 COS
A .B-C

= —16 sin? 5 sin?

< 0= (1) is true.

Similarly, if we take x < 0, then from (1), we get the similar result.

2

(1—x)cosA+(1+£)x<1+x—-xE]R
R - 2’

Solution 2 by Ravi Prakash-New Delhi-India

r
1+§=cosA+cosB+cosC

x% —2x(cosB + cos C) +2(1 — cos A) > 0; (1D
B+C ,B-C A

— in2__ —
2 cos 2 4 sin 2

B-C A _B-C
5 1) = —4 sin? — cos? <1.

2 2
Thus, (1) its true.
824. In AABC the following relationship holds:

Now, (cos B + cos C)? < 4 cos?

= 4 sin? > (cos2

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

my,+m m m,\ CBS 1 \ mazys(s-a)
T () T () ()
m, mg, m, mg

cyc cyc cyc cyc
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3 1 Leibniz 4R + r Doucet
<2 —Zaz Z— <" [3.9Rr2. <
4 s(s—a) sir
cyc cyc
’ 3(4R + 1)
3r(4R + r)r 3R

r

<3R-

Hence, we have:

CBS m;
m, + m, m, + m,
cyc cyc
a AM;HM § my, +m, _
my, + m, m,+m, ~— 4 m,
cyc cyc cyc

Z( mc) 3 3R 9R
"4 m, 4 r  4r

cyc

m, my m,

Let: =X =y, =z
m, +m, m,+m, m, +m,
2
m, Z AM GM GMHM
- * 3¢/ =9.3/xy
(Z my, + mc> ( \/_> [ X}’Z]
cyc cyc
> 9 3 _o 3 - 27 >27_91‘
T 1 17 'y _mg Sy m, =3R°R
x'y ' z m, + mg m,+m;, r

825. Let ABC be a triangle with its inradius r and circumradius R.

2

Prove that : cos cos cos R

3
A+B B+C C+A> V3\ 3|2r
4 4 4 =

Proposed by Kunihiko Chikaya-Tokyo-Japan
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Lemma :

x z
If x+y+z=mthenwe have : 4cosicos§cosi =sinx +siny +sinz.
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Proof : We have : LHS = 2 2y, %) cos = 2(sin + cos ) cos; =
roof : We have : = 2| cos > cos > cosz— st cos > cosZ—
X — V4 X—y+z X—y—12Z
=sinz + 2 cos ycos—=sinz+cos Y + cos Y =
2 2 2 2
=sinz + siny + sinx = RHS.
F _A+B m C _B+C _C+A .
orx = > =3 Z,y— > , Z= > ,we get :
A+B B+C C+A_1( A B c)‘””;’"ss A B ¢
cos 2 cos 2 cos 7 "1 cos2 cos2 cos2 Z 2 coszcoszcosz.
A B C s e, .
Also we have : cosz cosicosi = iR and s > 3V3r (Mitrinovic's inequality)

3
h A+B B+C C+A_3%3V3r_(V3\ sf2r
erefore, Cos ) Cos ) Cos 4 — 2 4R = 2 R

Equality holds if f AABC is equilateral.

826. In AABC the following relationship holds:

2

z a*+6 z ab | + 4az ab(a? + b?) > 11664r*

cyc cyc cyc

Proposed by Daniel Sitaru-Romania
Solution 1 by Tapas Das-India

(a+b+c)?=a?+b*+c*+2(ab+ bc+ ca)
2

2
(a+b+c)*= Zaz +4 Zab +4Za2-2ab=

cyc cyc cyc cyc

2

=Za4+4 Zab +2[Za2b2+ZZa2bc+4Zab(a2+b2) =

cyc cyc cyc cyc cyc
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=za4+4<zab>z+z<zab>z+4zab<a2+bz>=

cyc cyc cyc cyc
=(a+b+c)*=(2s)*=16(s*)?>16(27r%*)? = 11664r*

Solution 2 by Tapas Das-India
2
AGM 4 4
Z a*+6 Z ab | + 42 ab(a? + b?) > 3(abc)3 + 54(abc)3 + 42 ab -2ab =
cyc cyc cyc cyc

4 4 AM—GM 4 4 4
= 2(abc)3 + 54(abc)3 + 82 a’b?> > 57(abc)3 + 24(abc)3 = 81(abc)3 >

cyc

LN
Wl

4 3
> 81(4R - F)3 > 81(8r2 - 3v3r)® = 81 (23 .32 r3) =
=81-2%.32.1r* = 11664r*

827. In AABC the following relationship holds :

m m
zma\/Saz + 8mym, — b? — ¢? > SFZ /—b+ /—C

m my
cyc cyc

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that : w, = h,,

Vbe.\J(a+b+c)(—a+b+c 2F
with: w, = \/( b+3:( )and ha=7.

b c
Then: ayb?+ 2bc + c2 — a? zn(ﬁh&) 1)

m,,my, m. — can be the sides of a triangle with area F,,.

Applying (1) in Am,mym.,we have :
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’m ’m
mgymy? + 2mym, + m2 —my? > 2Fm< Fb-}_ m—;) with :
(4

B 2b% + 2¢% — a?
a 4

’m ,m
Then : mg/5a? + 8mym, — b? — ¢? > 3F< 24 —c> (and analogs)
m, m,
,m ,m
Therefore, z mg/5a% + 8mym, — b? — ¢ > SFZ ( 24 —c>
m, m,
cyc cyc

828. In AABC the following relationship holds:

1 <z 1 _ R
2 = B—C = 613
3r e W% COSZT 6r

m,?

(and analogs) and F,, = T

Proposed by Marin Chirciu-Romania
Solution 1 by Tapas Das-India
A-B a+b  C 4bcs(s — a)

> = ¢ sinzandwaz b + 02

, ,B—C 4bcs(s—a) (b+c)? A
w; cos” —— = b1 o2 o sin” 5 =

__4bcs(s—a) (s—b)(s— c) _4s(s— a)(s—b)(s—c) B
B a? ' bc - a? B

Ccos

4s-sr?  4s*r?
= = (and analogs)

a? a?
1 1 1 Gerretsen
Z = z = -2(s?+r*—4Rr) <
B—C 2,2 Z a 2,2 =
T w2 cos? > 4s<r T 4s°r
4R> +4Rr +3r> —r? —4Rr _ 4R*+2r*  2R*+71?
2r2(16Rr — 512) ~ 2r2(16Rr — 51%) 12(16Rr — 512)

Now, we need to show:

2R? + r?

< & (2R?* +r?)6r < R(16Rr — 51%) &
r2(16Rr — 51r%) ~ 61? ( +17)6r < R( =517
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4R?*r —5Rr? — 613 > 0 © (R — 2r)(4R + 31) > 0 which is true from

R = 2r (Euler).

1 _ 1 )
Z B—C_4s2rzza

oyc W2 cos? —5— cye

We need to show:

1 1 1 1
Zazz—@—ZaZZ—c}SZaZZ‘lsz
452

45272 3r2
cyc cyc

cyc

3(a2+b*+cA)>(a+b+c)’=(@—-b?+b-c)+(c—a)=>0

Solution 2 by Ertan Yildirim-Turkiye

B—C h
(1D cos =2
2 w,
2) Z a? < 9R?(Leibniz)
cyc
1 1
3 Z — ==
(3) hor
cyc
4) 27Rr < 2s?
z 1 Lemma 1 Z Z
B-C 2 2
cyc W¢21 cos? 2 cyc Wa h cyc ha

Since:3(x? +y? +y) > (x+y+ z)2

2
Y=\ 2a) w2t
3 — > — -
hZ h, hZ ~ r2
cyc cyc cyc

Z 1 Leanalz 1 _ Z 1 _ 4R2 _
B—C 2 Y 2

W%l cos? 2 cyc Wtzl . % cyc ha cyc (bC)

a

4R? Z ,  AR? Z )

= . = — =

(abc)? 4 T 16s?r2R? a
cyc cyc

cyc

1 9 Lemma 4 1 9R?

1 ) Lemma 2 OR
. < . < - - .
45272 Z a T 4822 - 2-27Rr -1r?

cyc
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829. Prove that:

1 1
|AE?| (— — —) =8 R, r — radies

Proposed by Murat Oz-Turkiye

Solution by Soumava Chakraborty-Kolkata-India

\ \

APAD = m(4PAD) + m(4PDA) + u = 180°

©)
>2x+2x+u=180°(+PA=PD=r)>u = 180°—4x
DP ||EQ = m(4EQA) =u ~ via AEQA,u + m + x = 180°

via (*) ok

(%)
= 180°—-4x+m+x=180°>m = 3x
Cosine law = AD? = PA? + PD? — 2PA.PD. cosu

via (*)

=r2+4r2-2r%cosu = 2r?-2r?cos(180°— 4x)
(***)
= 2r%(1 + cos4x) = 4r?cos?2x = AD = 2r.cos2x
AE AD

Now, Sinel A ADE = — = —
ow,Stne taw on sin(90° + 2x) sin(90° — m)

via (+),(++x) AE 2r.cos2x AE (-) 2 cos? 2x
= = = — =

cos2x  cos3x r cos3x
Asai . l A AE EQ via(») AE R
ain, sine law on 5 — = — > — =—
8 Q sinu  sinx sin(180° — 4x) sinx
AE (=) sindx
R  sinx

. AE AQ via(),(+x) AE R+ 2r
Also, sine law on A AEQ > —— = — = - = —
sinu  sinm sin4x sin3x

R + 2r (m) sin3x

AE sindx
N (), (o) 2r N R cos3x 4 sinx
oW, (¢),(e0) > — —_— = -
w AE AE cos22x sindx
R+ 2r (mm) cos3x.sindx + sinx. cos? 2x

AE sin4x.cos? 2x
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sm3x cos3x.sin4x + sinx. cos? 2x

N -
~(m),(mm) indx sin4x.cos? 2x

= cos? 2x.(sin3x — sinx) = cos3x.sin4x
= 2 cos?2x.cos2x.sinx = 4cos3x.cos2x.sinx. cosx
= 2 cos?2x = 4cos3x.cosx (~ 180° —4x > 0 = x < 45° = cos2x = 0)
= 1 + cos4x = 2(cos4dx + cos2x) = cosdx + 2cos2x—1=0
-1++5 »V5-1

= cos?2x + cos2x—1 =0 = cos2x = — = c0S2x = >

V5+1 , 0V5+1
= Cos"“x = 4

T
( 0<2x< > cos2x > 0) ~2cos?x =

2 4 E
AE? via () (2 cos? 2x) via (:),(++) 2 _(14-6V5).4

27 cos?x(4cos2x—3)2 5 5v5 - 11
r cos? x (4 cos? x <\/_4+1>(\/§_2)2 V5

_(14-6V5)(5v5 -11)(5V5+11) _ = = +154— 150

5v5—11 ,
AE ()
Z 4V5+ 4
AE? via (+») /sindx\? (), (+) 6 — 2\/—
—va— ( . ) =16coszx.c0522xvm 4(V5+1).
R sinx

AE (u)

= 4V5 -4 - (i) - (11)=>|AE2|(——1) 45 + 4 — 4\/—+4 8 (ans)

830.

Prove that:

BC
B Ve

Proposed by Murat Oz-Turkiye
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Solution by Soumava Chakraborty-Kolkata-India

Sine I AACD b m (+) bsina
= = = =
e tawon sin(90° — 2a) sina m cos2a
X b 2m
and sine law on A ABC =

= = 1
sin(90°+ a) sina cos(90°— 2a) -~

(=+) bcos2a
and (1) >m =

bsi b ) 2sina
sina cos2a
(*), (%) = =

= — = cos?2a = 2sin’a =1 - cos2a
cos2a 2sina

) () V5 — 1
= cos“2a+ cos2a—1=0= cos2a =

2
(+90°—3a>0>0<2a<60°
BC bcosa b BC (eorr)
X = X Kk Kk
Now —— = X _ _sina_ | .. _ f 1 DL Gexr
YACTb b Sin(90°t @) _ sing Tem (D | =3¢ = cota
_ ., V5-1 ., 3-45 ) 4
Via (xxx),1 — 2sin“a = = sin“a = =>1+cot“a=

3-5
, 4 2(VE+1)(6+2v5) 2(v5+1)° (@+ 1)3
= cot“a= —1= = =
3-5 (6 — 2v5)(6 +2V5) 16 2
via(****) C 2 C
=" () =9 =g @

831.

Let ABC be a triangle with ~ ABC = 20° and 2 ACB = 10°; |AB| = aq,

IBC| = a? + 2a.Prove that : |AC| =3

Proposed by Murat Oz-Turkiye
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Solution by Soumava Chakraborty-Kolkata-India
Sine ! aapco T t2a__a X L)
= = -
e tawon sin150°  sin10°  sin20°
d sine law on A ADC = m =m_a—>(2)
an sin150°  sin10°
a’ +2a _ m a’ +2a m

Sine law on ADBC = - e = $in20°  2sin20°c0s20°  sin20°
) a*+2a d(1) = sin10 G 1

>m=—— =3 o= ———

m 2c0s20° an s 2(a+2)

a’+2a a’ +2a
2 =20a+2)\ 5cos20°
(*)l (**)l ( ) = COSZOO (a + ) <2C0$200 a)

a+2 a+2 .
=>2<T—c0520°)=1=>2(T—1+Zsm 10°)=1

via(+x)  ra+ 2 1 (a+2)3-2(a+2)?%*+1 1
= 2( -1+ )= ==
2 2(a+2)? 2(a+2)2 2

=>@+2)2-3@@+2)?+1=0

(***

3 () 2 a+2 o) @+ 1
=>a°> = 3 -—3a“andalso,?2 (T — c0520°) =1>= cos20° = >
a? via (xx),(x5x%) ((l + 1)2
2 _ _ 2 o = 2 2 _
Now, (1) = x SinZ 10° (1 - cos? 20°) 4a*(a+2) (1 m )

= —a*(a*+ 6a3 +9a%? — 4a —12) = —a*(a(a® — 4) + 6a® + 9a — 12)
via (***)

= —a*(a(-1-3a?) + 6a®+9a%? —12) = —a*(3a® — a + 9a® — 12)

via (***)

—a?(9-9a*>—a+9a®>—-12) = a®’(3 + a) = a® + 3a?

via (***)

= "3 =x=AC=+3(QED)
832. Let ABC be a triangle with 2 ABC = 60° and 2 ACB = 50°;

|AB| = a? — 2, |BC| = a.Prove that : |AC| = /3.

Proposed by Murat Oz-Turkiye
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Solution by Soumava Chakraborty-Kolkata-India
2

Sine I pABCo L —2__ ¢ X (1) and
= = = -
e tawon sin50° _sin70°  sin60° an
a at+2—-a (a+1)2-a)
ia A AD — - 2
via AADC, Gh70° T “sin10° < sin10° sine0s ~ &)
a’?-2 a+2-a a? -2  sin50° (a?-2)+(a+2—-a?)

=>a<2>=

1),(2) > — = - = = — =

(1), (2) sin50° sin10° a+2—a? sin10° (a?2-2)-(a+2-a?
sin50° + sin10° 2sin30°cos20° 1 ®2at—a—4

=— - = - = = tan20° = ——
sin50° — sin10° 2c0s30°sin20° +/3tan20° V3a

2 2
2a’ —a—4 2a° —a—4
= tan? 20° = ( ) = a’sec?20°—a? = ( )

3a? 3
4(a*—a®-3a%+2a+4)

= a’sec?20° =

3
a?  4(a*-a®-3a®+2a+4)
sin2270°_ . s 3,
X 4(a*—a’—3a°“+2a+4 (+%)
- — = ( )=>x2=a4—a3—3a2+2a+4
sin2 60° 3
Nabier’ ] ¢ A-—C a-c tB ¢ 70° —50°
= = —_ _
aplel(' szana)ogy an— 25 c°ts 2an >
a—(a?-2 =Da+2—a
=—————2cot30° > tan10° = ———— .3
a+(a2—2)co an al+a-2
2v3(a+2-a?)
2tan10°  2a% — a — 4 via(+») 2 ta—2 2a’—a-14
Now, () = = = = =
1 —tan? 10° V3a 1_3(a+2—a) \V3a
(a? +a—2)?

> 6a(a+2—a?)(a®+a-2)
—(Zaz—a—4)((a2+a—2)2—3(a+2—a2)2):0

O]
=>|(a®-3a—1)(a®—-6a%>+8) =0
If a® — 6a* + 8 = 0,then : a?(a—2) = 4(a? — 2) > 0 = a > 2, a contradiction

D)
2a’-6a?+8%0-()2a*-3a—-1=0=|a® =3a+1
i ()
cat—a®—3a’+2a+4 = a*—-3a-1-3a®+2a+4=a*—-a—3a’+3
ia ()
=a(a®-1)-3a2+3 = a(3a)-3a?+3=3
via (xx)

= x2=3>x=AC=+3(QED)
833.If in AABC holds :

4-1_[(612 +ab + b?) =3 z ab(a + b)
cyc cyc
then the triangle is an isoscele one.
Proposed by Daniel Sitaru-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
4-1_[(612 +ab + b?*) =3 (Z ab(a + b)) (%)

cyc cyc
We have : 4(a®? + ab + b?»)(¢? + ca + a?) =
= [(a? + ab + b?) + (¢? + ca + a®)]? — [(a® + ab + b?) — (¢? + ca + a?)]? =
=[(2a?+ab+ca+2bc)+(b—-0c)*)*—-[(a+b+c)(b—-0)]* =

= (2a%? + ab + ca + 2bc)? + 2(2a? + ab + ca + 2bc)(b — ¢)* + (b — ¢)*
—(a+b+c):(b—--c)?

Then: 4(a?+ ab + b?)(c?> + ca+ a?) = (2a%? + ab + ca + 2bc)? + 3a?(b — ¢)>.
Alsowe have : 4(b%? +bc+ ¢?) =3(b+ ¢)?> + (b — ¢)2.
Multipying these two identities we get :
4LHS ., = [(2a* 4+ ab + ca + 2bc)* + 3a*(b — ©)*][3(b + ¢©)* + (b — ©)*] =

CBS
> [V3(2a? + ab + ca + 2bc)(b + ¢) +V3a(b - C)Z]Z =

2
=3 (2 Z ab(a + b)) = 4RHS .,

cyc
Then: LHS, = RHS.,, withequality when :

2a% + ab + ca + 2bc
V3(b +¢)

(b—¢c)2=0 or =v3a © b=cor 2(a-b)a—c)=0

© a=b or b=c or c=a. Thenthetriangle ABC is an isoscele one.

Solution 2 by Soumava Chakraborty-Kolkata-India

2
RHS = 3 (Z ab(2s — c)) = 3(2s(s? + 4Rr + r?) — 12Rrs)’

cyc

W
~ RHS = 3.4s2(s? — 2Rr + r2)’
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()
H(a —b)? = Z a*b? + Z a’b* + 2abc Z a’b + Z ab?

cyc cyc cyc cyc cyc
-2 Z a’b® — 2abcz a® — 6a®b?c?
cyc cyc

= Z a*b? + Z a’b* + 2abc Z a’b + Z ab?

cyc cyc cyc cyc

*)
© n(a —b)?2+2 Z a’b® + Zabcz a® + 6a’b?c?

cyc cyc cyc

Now, LHS = 4 1—[(a2 + ab + b?)

cyc

= zja“b2 +Za2b4+2abc z:a2b+z:ab2

cyc cyc cyc cyc

+4 z a3b3 + abcz a3 + 3a?b?c?

cyc cyc

ia (+) (2)
M) H(a —b)?2+3 z a’b® + 3abcz a3 +9a%b%c? | = LHS
cyc cyc cyc

~(1),2)=> H(a —b)?2+3 z a’b?® + 3abcz a® + 9a?b?c?
cyc cyc cyc
=3s%(s? — 2Rr+12)’ = H(a —b)?
cyc

=3 (52(52 — 2Rr + rz)2 - ((s2 +4Rr + rz)3 — 3.4Rrs.2s(s? + 2Rr + rz))
— 8Rrs?(s? — 6Rr — 3r%) — 48R%r?s? )

0
= ﬂ(a —b)? =— 3r2(s* — s2(4R? + 20Rr — 2r2) + r(4R + 1))

cyc

Again, via (s), n(a — b)?

cye
=Z a’b? Zaz —c? +2abcz ab(2s —¢)
cye cye oye
-2 ((s2 +4Rr +12)’ — 3.4Rrs.2s(s? + 2Rr + rz)) — 16Rrs?(s? — 6Rr — 3r?)
—6a%b?c? = 2(s? — 4Rr — 12) ((s? + 4Rr + r?)” — 16Rrs? ) — 240R?r?s?
+16Rrs?(s? + 4Rr +1%) — 2 ((sZ + 4Rr + r2)3 —3.4Rrs.2s(s? + 2Rr + r2)>
— 16Rrs?(s? — 6Rr — 3r?)
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3 (i)
= ZH(a —b)? =—3r%(s* — s2(4R? + 20Rr — 2r2) + r(4R +r)3)

cyc

- (@), (i) = H(a _b)?= %H(a b2 H(a _b)2=0

cyc cyc cyc

= |(a —b)(b-c)(c—a) = 0| = 3 possibilities arise :
a—-b=0b—-c=0c—a=0
= at least one among (a —b), (b — ¢),(c — a) = 0 = A ABC is isoscele (QED)

834.If 0 < x < 1thenin AABC holds :

X

2\ 2 x
o1 [ ana — (\/bn, — Jen,) _ (an,)2

< - <.
4/ benyn, (bny)2 + (cn,)2

2

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

s(b — ¢)?

(any)? = a? <s(s —a)+ ) =s(s—a)[a* — (b—c)?| +s*(b—c)? =

=4s(s—a)(s—b)(s—c) + s*(b— ¢)? = 4s*r* + s*(b — ¢)? = s?(4r? + (b — ¢)?).

Then: an, = s\/4r% + (b — ¢)? (and analogs)

Now, (Jan,+ 1/bn,,)2 >ang, +bny =s (\/(Zr)2 +(b-0)?+/2r%*+(c— a)z) >

Minkﬂz:wski
S sy@r+2rm2+[(b-c) + (c—a)l? =sy16r%+ (a— b)? > s\/4r% + (a — b)?
= cn,.

Then \/an, +./bn, > [cn. (and analogs)
= /ang,/bny, [cn. can be the sides of triangle.

a’— (b—c)? z a*
So it suffices to prove: 2*°1 2be < ot VAABC.
2 2 x X
a“ — (b —c)~\?2 (s—b)(s—1c)\2 A
. x-1 — 2x-1 — 2Xx—1 ginx _ —
We have : 2 < Abe ) 2 < be 2*" " sin >
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X
Mollweide acos T
x—1 (

= Zx—l
b+c

X
) < @bx+ch2(b+c>.
b+c b* + ¢* 2

which is true by Jensen's inequality using the concave functiont — t*, (x € (0, 1)).
So the proof is completed.
835. 414, ... A,, - convex polygon and n > 3,a,a, ...a, — sides

and a; + a; + -+ a, = 2p.Prove that :

A3 A3 A3 a3 a3 as (n—2)m.p
2~ x x.a Tt oA 2 2 2 2 Tt z| 2
A] + A3 A3+ A5 A; +A7/)\aj+a; a;+aj a; + aj 2

Proposed by Radu Diaconu-Romania
Solution by Soumava Chakraborty-Kolkata-India

A A(A5+A3-A3) . ALA} ac_ AAY
Az = = = = A1 =2 =~z = 1~ = =
A3 . A A3 A3 A3

2
= ——1—>A,; — — and analo S22ttt
TAZ+ARC 12 g R A A+ A Az + A2

> A, AZ+A Z\+ +A, A_z ZA Z _ (- 2)“
= 2 ) 2 2 2

i=1

A3 A3 A3 “ (n—2)1t
= = + ) e~ + .- = = > 5
R AR RY AR R
a a; a, AG a; az a
Similarly, > A1 ——+a, ——F @y — —
Y %+a2 a3 + a3 a? + a? o2 T2 )
aj 5 I
a; : > () e () =
ZZ ' ‘a2 +a} ai+a: a? + a? P

A} z A \( 4 | d a3
~.x txxa "t iaz 2 2t 3 Pt 2
A7 +A3; A3+ A3 Af +Aj/\aj+a; aj;+az a; +aj
>(n—2)1t.p

, with equality iff A{A, ... A, is a regular convex polygon (QED)

836.
In AABC the following relationship holds :

a3 N b3 N c? _ 3V3R
12a? — 8ab + 3b%* 12b%? —8bc + 3c¢%? 12¢>2—-8ca+3a*?~ 7
Proposed by Daniel Sitaru-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a3 5a+2b

L i : =
emma: If a,b>0then : 4 7 gab+3b2 = 49

a3 5a+2b

<
12a? — 8ab +3b%2 ~ 49
& (5a+ 2b)(12a% —8ab + 3b%) —49a® > 0

Proof : We have :

& 11a® — 16a’b —ab? +6b* >0 © (a—b)*(11a+6b) >0

which is true for all a,b > 0.

h i . a3 - 5a+2b (and logs)
enwehave : 7o ——15 < — 5 and analogs
h z a3 - 5a+2b a+b+c 2s Mitrgovic 3vV3R
erefore, ) 12a?—8ab+3b2 - 49 7 7 = 7
cyc cyc

Equality holds if f AABC is equilateral.

837. On the sides of the triangle ABC the squares BDEC, ACFG,ABLK are
drawn outside the triangle. Let O be the centroid of the square ABLK. Prove
that: 0G* + OE? = OF? + 0D?

L
1R D
- p’
s e
2%
ol ol _-- B
! A - -
\
\ / I
\
\ G 2
. A
\ \
\
% B
A \ C
v
\
\
A
5\
~ \
b
<
\
w M
A\
NN
3y
G F

Proposed by Mehmet Sahin, Alican Gullu-Ankara-Turkiye
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Solution by Hikmat Mammadov-Azerbaijan
R —radius of circumcircle of AABC

c
0A=0B=—
V2

AC=AG=b,BD =BC=a
AF = b\V2,BE = aV2

0(;2—(i>2+b2—2 £ bcos(A+E+E)
-z 2 2"

c? T
2 2 : _
06 =—+b +\/2bcs1n(A+4)

2
c
0G? = > + b? + bc(sin A + cos A)

062 =S 1 b2 4 pe( L b
=2 “\2r 2bc

abc 3b% — a?
_I_
2R 2

0G* =c% +

OE? = (i>2 + (\/Ea)z — 2cacos (B + 24 E)

vz 44
c? ] c? abc
OE? = —+ 2a? + 2casinB = OE? = — + 2a%? + —
2 2 R
3 abc
0G* = OF? =z<a2+b2+cz+—R )

Similarly,

3 abc
OD? + OE* =z<a2+b2 +c? 5 )

Therefore,
0G? + OE? = OF?* + OD*
838.
In any A ABC holds:
4+/3S < 3Vabce. {/a?b%c? — (a — b)2(b — ¢)2(c — a)? < a? + b? + 2
Proposed by Alp Eren Koken-Turkiye
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Solution 1 by Soumava Chakraborty-Kolkata-India

H(a —b)? = Z a*b? + Z a’b* + 2abc Z a’b + Z ab?

cyc cyc cyc cyc cyc
-2 z a3b3 — Zabcz a® — 6a’b?c?
cyc cyc
= Z a’b? Zaz —c? +2abcz ab(2s —¢)
cyc cyc cyc

~2 ((52 +4Rr +12)’ — 3.4Rrs. 2s(s? + 2Rr + rz))
—16Rrs?(s% — 6Rr — 3r%) — 6a%b%c?
= 2(s? — 4Rr — 12) ((s? + 4Rr + 1?)” — 16Rrs? ) — 240R*r?s?
+16Rrs?(s? + 4Rr + %) — 2 ((s2 + 4Rr + r2)3 — 3.4Rrs.2s(s? + 2Rr + rz))
—16Rrs?(s? — 6Rr — 3r?)

= (a—b)%(b - c)%(c — a)? ©_ 4r%(s* — s?(4R? + 20Rr — 2r?) + r(4R + 1)?)

via (*)
Now, 4V3S < 3Vabc. Y/a?b2c2 — (a —b)2(b— ¢)2(c — a)? < 45.33.56
< 3°.16R?S?. (16R?r?s? + 4r%(s* — s?(4R? + 20Rr — 2r%) + r(4R +1)%))

Mitrinovic

®
& 64S%.s? < 27R%*(s* — s?(20Rr — 2r?) + r(4R+ r)3) and =~ 27R? >  4s?
. in order to prove (i), it suffices to prove :

s* —s2(20Rr — 2r?) + r(4R + r)3 > 16r?s?

(ii)
& s* — s?(20Rr + 14r?) + r(4R+1)° > 0

Gerretsen

and ~ LHSof (ii) >  s?(16Rr — 5r?) — s?(20Rr + 14r?) + r(4R + )3

- in order to prove (ii), it sufficess to prove :
(iii)
r(4R +1)° > s%(4Rr + 19r?) & (4R + 191)s?* < (4R+71)?
Gerretsen ?
Now,LHS of (iii) < (4R+ 19r)(4R?+ 4Rr +3r?) < (4R +1)3
? ?
& 12R% — 11R?*r — 19Rr? — 141r° > 0 & (R — 2r)(12R? + 13Rr + 7r%) > 0

Euler
> true * R > 2r = (iii) = (ii) = (i) is true
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~|4v3s < 3¥Vabc. i/azbzc2 —(a—b)2(b -c)2(c —a)?

Also, 3¥Vabc. 6i/azbzc2 —(a—b)2(b-0)%(c — a)? < 3Vabc. 6\/ a’b2¢?

3 AG , 2 2
=3Va?b%¢c2 < a*+b*+c¢

~|3¥abc. % a?b%c2 — (a — b)2(b — ©)2(c — a)? < a? + b? + 2

So,in any A ABC,4V3S < 3¥Vabc. i/azbzc2 —(a—-b)2(b —-c)2(c—a)?
< a? + b? + ¢?, with equalities iff A ABC is equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(iD) ()
43S < 3¥Vabci/a2b?c? — (a — b)2(b — ©)2(c — a)? < a® + b? + c?

We have :

AM—GM
a?+b*+c* S 33azbrc? = 3Vabci/a?bzc?

> 3Vabci/a?b%c? — (a — b)2(b — ¢)%(c — a)2.

a+b+c

Now,let: a==x+y, b=y+2z c=z+x, x,,2>0, s= >

r=23/xyz.

Wehave: S=.s(s—a)(s—b)(s—c) =+/xyz(x+y+2z)= \/F (1)

Also, a?b?*c? — ﬂ(a —b)? = (abc - n(a - b)) (abc + n(a - b)> =

cyc cyc cyc

_ (]_[(x -] - y)) (ﬂ(x +n+] - y)>

=x+y+z and

cyc cyc cyc cyc
=2 Zx2y+xyz .2 ny2+xyz :
cyc cyc
1 AM_GM
And since : Z x’y = Z 3 (x*y+ x?y + z%x) = Z /x5yzz2 = rZs,
cyc cyc cyc

2
then we have : a?b?*c? — n(a —b)?> (2(51.2 n r3)) 2)

cyc
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AM-GM 2
8(x+y+z)(:y+yz+zx) S %.33 X2y = 85;

Also, abc = H(x +y) = 3)

cyc

From (1),(2) and (3),to prove the left side inequality it suffices to prove :

3|8s12 6 2 2
4,/3sr3<3 3 (Zrz(s+r)) ©16sr<3(s+1r)? © (s—-3r@Bs—-r =0

Which is true by AM — GM inequality .. s > 3r. So the proof is done.

Al

839. © =
CD
=7
AB
Proposed by Murat Oz-Turkiye
Solution 1 by Ravi Prakash-New Delhi-India

A

=]

T

b |

B C

Let CD = q;BD = p; BC = a; AD = p,then:
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— asin® and g — A
p=asin andq=acos;
p(ADB)=m— A
AB? = p? + p? — 2p? cos(m — A)

A
AB? = 2p?(1 + cos A) = 4p? cos? >

A
AB = 2pcos—
2
A
CD acosy; g 1
AB 5 oA 20 ,gn4
2p cos5 Zsm2
Solution 2 by Tapas Das-India
A
2
p q
5 A
2 gU:_E x
2
B C

Let:AD = BD = x.
Now, [ABC] = [ADB] + [BDC] + [ADC]; (1)

F ABDC t: si 4 —BD in2 X BC
: == = 5= = =
rom ,we get:sin 2~ BC sin 2 = BC )
sin
2
1 1 X
[ABC] ==AB -BC =—-AB-——; (2)
2 2 . A
sin

1 41 1 o
[ADB] + [BDC] + [ADC] = 5 AB - x - sinZ + 7 BD - DC + 5 AD - DC - sin (E+A) =

—1AB i A+1 DC+1 DC A=
_2 .x.sulz z.x. Z.x. - COS =
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1 A
= Ex(AB . sin5+ DC+ DC - cosA)
From (1) and (2) we have:
1 AB * 1 AB - si 4 D D A
E‘ -ﬁ—ix( -smE+ C+ DC-cos )
sins
2
AB A
Y =AB -sin—-+ DC+ DC-cosA
. 2
sin
2
1—sin2% ( ) cD 1—sin2% 1
AB - —==DC(1+4+ cosA), —= =
sin4 AB 1+ cosA Zsiné
2 2
Solution 3 by Ertan Yildirim-Turkiye
A
oy e
1
tan o D
T
1
e
&
B tana oot o i

In AABC: tan(2 )_BC_tana+cota
n tan(2a =15 " > .
2m m+

Let:t =m,thent 2 = =
et:tana = m,thentan(2a) 1= m? >

2m _m2+1
1-m?2 2m

m*+4m?+4=5=(m?+2) =5=>m?=5-2

>4am?=1-m*=>m*+4m? =1

tan2a =5—2

InADHC:x* =1+ cot?a=1+ =3++5

1
V5 -2
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V5 +1 _6+2V5 3+45

— 2

p=—7 =9 4 2
x> 3+v5 ¢* x ¢ CD
—_— = = - = — = —
4 4 2 2 2 AB

840. ABC is a triangle with ZBAC > 90° and 2ABC = 15°.
The circumcenter of A ABC is O and AO intersects BC at D.
If |OD|? + |0C||DC| = |0C|?, then, what is the value of 2BCA ?

Proposed by Alp Eren Koken-Turkiye
Solution 1 by Soumava Chakraborty-Kolkata-India

Angle at center is 2 times angle at circumference
180° — 30° — 2x

~ 2A0C = 30°and £AOB = 2x = 20CD = 2 =75°—x
d vi inel AOCD bc oD R
and via sine law on ,— = — =
sin30° sin(75°—x) sin(180° - (75° — x + 30°))
() R (+») Rsin(75° — x)
C=——— dopb = ———
2sin(75° + x) an sin(75° + x)
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Now, [0D? + [ociipg| = jog2 ™" 3V R SNOS ~D) R
= = =
ow sin(75° + x) . 2sin(75° + x)
2 sin?(75° — x) + sin(75° + x) 3
2 sin2(75° + x) B
= 1 — cos(150° — 2x) + sin(75° + x) = 1 — cos(150° + 2x)
= sin(75° + x) = cos(150° — 2x) — cos(150° + 2x) = 2sin150°.sin2x = sin2x
75°+3x  75°—x

RZ

= sin(75°+ x) — sin2x = 0 = 2 cos > .sin =0

. . 75°—«x 75°+ 3x

= 2 possibilities : sin > =0, cos———=

dv—78e X ap o nqgy e (T3 o0 < x < 909)
and - — > < 2 < 2 an 2 < 2 < 5 <x

. 75°—x 75°+ 3x

-~ 2 possibilities are : > = 0; > =90°

75° 4+ 3x

> =90°(~75°—x > 0) = x = m(zBCA) = 35° (ans)

Solution 2 by Murat Oz-Turkiye

a’+ (a+ b)c = (a+ b)? > u(ACB) = x =?
a? + ac + bc = a* + b? + 2ab

a+b 2a+b 2a+b_sin(90°—x)

b c an c sin 15°
b _ c
sinx sin75° a sin x .
S —————  _=25sin75°
a c b sin(75° — x) sin

sin(75° — x) ~ sin 30°
a+b a 1 2a+b 2sin75°sin(75° — x) 1 cos x
= = = =

b b c sin x ~ sin15°
sin x cos x = 2 sin 15°cos 15°sin(75° — x) + sin 15°sin x
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sin 2x = sin(75° — x) + 2sin 15°sin x

1
sin2x = cos(15 + x) + 2 (_E) [cos(x + 15°) — cos(x — 15°)]
sin2x = cos(x — 15°) = x = 75° or x = 35°
p(BAC) > 90°,then x = 35°

841. In acute AABC holds :

j(n-z)(n-§)+j(n-ﬁ)(n-a)+J(n-t)(n-z)<1 , , 10mR?
4B BC ca z,/ s

Proposed by Radu Diaconu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

~ - — 3
We know that : sinAsinBsinC = Rz and sinx <x, Vx € (0, E]

2R* 1 1

Then we have : = >
S sindAsinBsinC ABC

So it suffices to prove that :

—~ ~\ ~ ~ ~\ r~ —~ ~ —~ —~ —~ ~ —~ ~\3
\/(B+CA)£C+A)+\/(C+A2(AA+B)+\/(A+BA)£B+C)Sl\/9+5(A-|;£?A+C) a3
4B BC cA 2 ABC

Letp=A+B+C, q:=A4B+BC+ (A r:=ABC.

CBS
LHS(;) = (Z(§+6)(E+ﬁ)><2%>:\/m=

cyc

4p3 + 4pq S [ap3 + (3 +91r) 1 5p3
_ [ApitApg ST AP O 1, 5P = RHS ;).
4r 4r 2 r

842. In AABC the following relationship holds:

cos3 5 r2
> 2 - (3)
B B € 3 A B € R
€¥€ €S + [C0S5 COS5 +  [COS5 COSH COS5
Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India

B B C 3 A B CAM;GM
cosz+ coszcosz+ coszcoszcos2 <

B C A B C
B cosi+cosi cosf+c057+cosf 11 B 5 c 1 A
< — = — — 4 — — 4+ — —
_cosz+ > + 3 6COSZ+6COSZ+BCOS2

A

3
cos” 5

Z B B C

3
cye COSi+ \[COSfCOSi+ \/COS%COS%COS%

3A
COS 2 Holder
>
Z 11 c 1 A —
cyc 6 COS 6COS§+§COSE

3 2

(Z cos %4) B (2 cos %4) AM;GM

11 5 1 A . -
3[(6 +6+3)2c°57 3-3

- <3x/§r)§ B <3\/§r - r2>§ - 3vV3r3 | 3 (r)2
“\4rR ) \ 4R-r2 | ~ 2|
1R (3)

843. Let Al I, 1. —be the excentral triangle of acute AABC, P, Q, R —the
midpoints of arcs BC, CA, AB and p —inradii of APQR. Prove that:

3v3
4[PQR] = [I 1], p= TR

Proposed by Mehmet Sahin-Ankara-Turkiye

Solution by Marian Dinca-Romania
arc(PQ)=A+B

arc(QR) =B+ C
arc(RP) =C+ A
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[PQR] = 2R sin (A ;’ B) sin (A er C) sin (B '2|' c)

Lemma.
The triangle formed by the feet of the heights of a sharp triangle ABC denote by DEF, will
have side lengths equal to a cos A, b cos B, c cos C.

Back to the triangle ABC is formed by the feet of the heights of the triangle I ,1,1..

According to Lemma:

J— B+C
BC =a=1I,1.cos(I,1,1.) = I,1, cos( )

_ _ _ /B+C B+C
a=2RsmA=2Rsm(B+C)=4Rsm( > )cos( )

2
. (B+C B+C B+C
4Rsm( 2 )cos( 2 >=Iblccos( 2

Similarly:

B+C)

)=>Iblc=4Rsin< 2

A+B)

. (A+C .
I, 1. = 4R sm( ) and I I, = 4R sm(

It follows that the radius of the circle circumscribed by the triangle I,1,1. is equal to 2R

and
A+B A+C B+C
[IaIbIc]=2(2R)Zsin( 5 )sin( 5 )sin( 5 )=
=8stin(A+B>sin<A+C)sin<B+C)
2 2 2
For the AABC:
. . . C
r=4RsmEsmEsmE
For the APQR:

. (A+B\ . /A+C\ . (B+C
p=4Rsm( > )sm( 2 )sm( 2 )S
A+B B+C C+B

<arsin?| &~ 2 ! =4Rsin3(%)=4R-¥=32—\/§R

Where we use Jensen’s inequality for the concave function
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f(x) =log(sinx);x € (0,m)

844. ABCD — tetrahedron, G — centroid of ABCD, AP = pAB,
AQ = qAC,AR =1rAD, AS = sAG.Prove that:

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Rajarshi Chakraborty-india
¢ d+b+¢
Since P,Q,R and S are in the same plane,we have:

[(pb —rd) x (q¢ —rd)]- (S —rd) = 0

[pa(b x €) —rq(d x ¢) — pr(b x d)], (S — rd) = 0; 1)
Now,(BxE)-fzs-—(bXC)'d;(Zl)XE" -§=s-—(dxc)'b:—s-—c><d).b
3 3 3
(Bxa,).g,zs'(bxsd)-c:_S.(dxgb)-c
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So (1) can be written as:

bx¢)-d ¢xd)-b dxDb)-¢ - -,
pqs rqs prs 1 1 1 _
3 T3t 3 —pqr=>(p+q+r) s=3

845. If x,y,z > 0 then in AABC holds:

x2a3 N y2b3 N -
y+2)?2 (z+x)? (x+y)?

Proposed by D.M. Bdtinetu-Giurgiu, Florica Anastase-Romania

Solution by Tapas Das-India
2 2
A e) )
" >

X
T

z%c3
67rF

x
»2q3 . y2b? . 22 (y+z
y+2)?2 (z+x? (x+y)? a

X 2 Y 32 zZ_ 5\? o 2
>(y+za tzral +x+yc) Ts"”:fas(Z\EF) _12F* 6F 'rs

a+b+c 2s 2s s = 6rF
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846. OABC — tetrahedron,OA = 6,0B = 0C = 12,

0D-10AAE—1ABBF—ZBC
3T 27T 3
XBOC = <C0A = ¥A0OB = 0 = 60°,plane(D,E,F) = (P),

(P)NOC=K,(P)Nn OB =L,(P) N AC = M.Volume(OKLM) =V =?

Proposed by Thanasis Gkopoulos-Farsala-Greece
Solution by proposer
Plagiogonal system 3D:

OA = 0x;0B =0y;0C =0z
0(0,0,0),A4(6,0,0),D(2,0,0),B(0,12,0),E(3,6,0),€(0,0,12),F(0,4,8)

1111
(P):; (2) g 2=0:>6x—y+22—12=0; (1)
2 008
0C:{x=0,y=0};(2)
(1),(2) = K(0,0,6)
OB:{x=0,z=0}; (3)
(1),(3) = L(0,-12,0)
AC:{x_6= z-0 :>zx+z=1z,y=0}; 4)
0-6 12-0
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(1),(4) > M(6,0,24)

Is OK? = 36 = OL? = 144,0M? = 6> + 24* + 6 - 24 = 756
KL?> =12% + 6* +12 -6 = 252

LM? = 6% +122+24>+6-12+12-24+ 624 = 1260
KM? = 6% +18% + 6-18 = 468

0 1 1 1 1
1 0 36 144 756
288 -V2 =|A,whereA=[1 36 0 252 468
1 144 252 0 1260
1 756 468 1260 O
6-12-12 1
174 < 7 722

847.1f m,n,p,x,y,z > 0 then in AABC holds:

m+n)z+x) . +mbG+z) = O+pa+y)
Py mz nx

ca>16V3-F

Proposed by D.M.Batinetu-Giurgiu, Florica Anastase-Romania
Solution by Tapas Das-India

(m+n)(2+x).ab+(p+m)(y+2).bc+(n+p)(x+y).caAM;GM

Py mz nx
2vmn - 2+/zx 2./pm-2./yz 2. /np-2./x AM-GM
>——-ab + p Y -bc+#-ca >
Py mz nx

1
2vmn - 2+/zx 2, /pm-2/yz 2,/np-2x 3
23[—\/_-ab- P 4 ~bc - P y-cal =
Py mz nx
1
mnp - xyz % 4F\*]3
=3[8-8-—-(abc)2] 24-3(—) =16V3-F
mnp - xyz V3
3

 (abc)? > (%)

848. OABC — tetrahedron, KB = KC,LC = LA, MA = MB,
OP = kOK,0Q = qOL,0OR = rOM, plane(P,Q,R) = (m),
(m)NO0A=D,(mr)NOB=E,(m)Nn0OC=F
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4
Volume(0ABC) = V,, Volume(ODEF) = V.Find: 7" =7

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Rajarshi Chakraborty-india

—

Vo=gla-(Bxd) Vv=g[d-(éxP)lé=ubd=odf =1

i G Vo L
V—E-Aua[a-(bXC)]: V = o ()

» . — - a) + B —
Since D,R and E are collinear (6d — pb) X | r > ub|=0

T i) +ut(GxE) =on@xh) St roensi(l i1
ai(axb)+ui(a><b)—au(axb), > r—0‘u=>2(ﬂ+a)—r, (1)
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Similarl 1(1+1)—1- )
lmlary,2 a7 _p’
1,1 1 1
2G5 @
From (1),(2) and (3):

11 1 1 1 1
—t+=t-==+=—+—; (4

Vo 1 11 1, 1 1,1 1 1
URPLONE Y S T [Ty
V. Awoc \r p q/\r p q

849. ABCDPQRS — parallelipiped,

1
AP =8,AB = 12,AD = 24, AM = §AD

1 2
BL = EBQ' AK = §AB, <PAD = 604 = 60°,<BAD = 0, = 45°,

4<BAP = 03 = 30°. Volume(RKLM) =V =?

R

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer
Plagiogonal 3D system: AB = Ax,AP = Ay, AD = Az

A(0,0,0),B(12,0,0),K(8,0,0),D(0,0,24),M(0,0,8),Q(12,8,0),L(12,4,0),R(12,8,24)
Transformation: A(0,0,0) —» A(0,0,0)
L(12,4,0) - L(12 + 2V3,2,0)
K(8,0,0) » K(8,0,0)

M(0,0,8) - M<4«/Z8 — 46,8 /\/5— 2)

R(12,8,24) > R <12 + 43 + 12+/2,28 — 126,24 /\/6— 2)

8 0 0 1
12 +2V3 2 0 1
1
V ==|A|, where A = _
g Al where 42 g_4/6 BV6-2 1
12 +4V/3 +12V2 28-12V6
24 [V6—-2 1
y - 160VV6 -2
=—a

850. OABC —tetrahedron, <BOC = <C0OA = <4A0B = 0 = 60°
OA =4a,0B =4b,0C =4c,0P=p-04,0Q =q-0B,0OR=1r-0C
Find Areappgry = § =?

L

Proposed by Thanasis Gakopoulos-Farsala-Greece

B
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Solution by proposer
Plagiogonal system: 0A = Ox;0B = 0y; 0C = 0z

0(0,0,0),A(4a,0,0),B(0,4b,0),€(0,0,4c)
P(4pa,0,0),Q(0,4bq,0),R(0,0,4rc)

F@ = (—4pa,4qb, 0),PR = (—4pa,0,4rc)
|FQ1Z = 16p2%a? + 16q*b* — 16pqab
|ﬁf|2 = 16p2a? + 161%c? — 16prac

1s4s* = |PQ| - |PR| — (PG - RC)

S = 4,/3(a?b?p?q? + b2c2q?r? + c2a?r?p?) — 2(ab?cp?qr + ab*cpq®r + abc?pqr?)

S = 4ab 3(1+1+1)2(1+1+1)
= dabcpqr a?p? ' b*q? ' c%r? abpq  bcqr carp

5= 04Q - ORJ3 (0;2 + 01Q2 + 0;2) —2 (OP?OQ + OQ%OR + OR?OP)
851. OABC —tetrahedron,G —centroid of OABC,
XBOC = <C0A = <A0B =0 =60°
OA = 4a,0B = 4b,0C = 4¢c,0P = p0A,0Q = qOB,0R =710C

Find: Volumegpgry = V =?

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer

Plagiogonal 3D system: 0A = Ox;0B = 0y; 0C = 0z
O(OI OI 0)' A(4a' 0' 0)) B(OJ 4b) O)) C(OI 0) 4C)l G(al bl C)
P(4pa,0,0),Q(0,4qb,0),R(0,0,4rc)

_ 1 V3
Transformation: A, = 4pa; A, = 0; A3 = 0;B; = 4qb - E;BZ =4qb - —

2
C,=4 1'C =4 iCq = 4 ve
1=41C5;Cy = 4rc.——;C3 = 4rc- -
b ¢ V3 V3 V6
D, = —4+—D,=b — iD= —
1 a+2+3, 2 b 2 +C 6, 3 3
1 A, A, A,
1 1 B, B, B;
V—EIAI,whereA— 1 ¢ C C .Thus
1 D, D, D,
42 1 1
V=Tabcpqr|—+—+;—4

Note:IsV = %[PQR] -h; h = d(0,(PQR))

1,11,
h=v2: 1 1 1 1 1 1
\/3 (azp2 + b2q2 + c2r2> —2 (abpq Theqr T carp)
V= ﬁOP O -0R- | A OB oc 4-|
48 Q op OQ OR

852. In AABC the following relationship holds:

J162Rr(s? + 9r2) < 4s5% < 17R? + 18Rr + 412

Proposed by Radu Diaconu-Romania
Solution by Tapas Das-India

27Rr 27Rr
st > — = 162Rr(s* +9r%) =12 - (s% 4+ 91?) < 125%(s? + 971%)

V162Rr(s? + 9r2) < 5,/12(s% + 9r2)

We need to show:

$/12(s%2 4+ 912) < 952 & /12(s2 + 912) < 45 = 12(s% + 9r2) < 1652
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& 4s? > 108r? which is true since s* > 27r*?(Mitrinovic)

Now, 4s* < 4(4R? + 4Rr + 31?); (Gerretsen)
4(4R*> + 4Rr +3r*) <17R*+ 18Rr + 4r* &
(R+4r)(R - 2r) = 0 which is true from R > 2(Euler).
853. DABC —tetrahedron, G —centroid of DABC,

pIane(P, Q, R) = (n),G € (1r)

_ PA , QB | RC _
Prove + D0 + =40 + oD + 1.

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
Plagiogonal 3D system: DA = Dx; DB = Dy; DC = Dz

5(0,0,0).G (DA DB DC)
44’ 4
y DA DB DC
I A Py = T Ty
(”)DP+DQ+DR ™ =55 Do DR
DP+PA DQ+QB DR+RC PA QB RC
+ + =4>—+—+——=
DP DQ DR PD QD RD

854. In AABC the following relationship holds:
a*m, + b*my, + c*m, > 54Rr*

Proposed by Marin Chirciu-Romania
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Solution 1 by Marian Ursdrescu-Romania

a’ Bergstrom ((l + b+ C)Z
Sy
«=2 1 % 11 1
cyc ¥ 'm, m, " m, " m,

We must show that:

452 2s?
> 54Rr? & > 27Rr?%; (1)
1 1 1 1 1 1
m, m, m, m, my m,

But 2s? > 27Rr (Cosnita — Turtoiu); (2)

From (1) and (2),we must show:

1 1 1 1 1
>—o —+ —+— < - true because
L+L+i r m, my mg r
mg, my mg

>h, d1+1+1 1+1+1
an m, m, mc_h h, h,/

Solution 2 by Tapas Das-India

S am,= Y ath =Y a2 2rY o= as

cyc cyc cyc cyc
Now,we need to prove:
4Fs > 54Rr? < 4rs? > 27Rr © 2(16Rr — 51%) > 27Rr(Gerretsen)
32Rr —107? > 27Rr © 5Rr — 10r? > 0 & 5r(R — 2r) = O true from
R = 2r (Euler).
855. In AABC the following relationship holds:

10813

z\/_+\/_(wa+mbmc)+2h2_ R

cyc cyc

Proposed by Florica Anastase, Mihai Ghenoiu-Romania
Solution by Tapas Das-India

Because:s, = h,,w, = h,,m, > h,, we have:

— _(w +mym,) > Y (h2+h h,) >
; + ’ CZYC' v ’
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AM- GMZ\/—_F\/— 2. /h2hh. _Zzhm
_ (/) (Pt o+ )"
—zm;\/— \/——ZW 2(Vhg +hy +Rh,)

AM GM
= Vhohoh (Jhe + by +\h) 3\ hahyhe - hohyh, =

27r3  27r3 5413
Y (hahyh)? = 33/ (27r3)2 = 27r2 =

v
I

R R
2
(hg + hy + h)?  (971)?
Zh§=h§+h§,+h§z = 3 > 3 = 27r?
cyc
B 27r3 2713 3 5413
r — R R
2
Therefore,
10813

W2 + mym,) + Z hZ >

;r+r 5

856. Find A > 0 so that the double inequality holds in any AABC:

R> b+c -
AL

cyc A ° COSE

R

Proposed by Alex Szoros-Romania
Solution by Tapas Das-India

Ry

cyc A * COSZ

>2r; (1)

Since it is true for any AABC, for an equilateral triangle,we have:

T
a=b=candA=B=C=§,R=2r

2a
Now, from (1), Z = Zr(:)z —Zr(:)

cye A cos > cyc A cos 2
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6a 27 e ] = 3a 3a 12
= r = p =
Acosi rcos';l 4cos 30

We know that:s* > 27r? and for an equilateral triangle: s* = 27r?

s =3V3r

So,itis suffices to prove that the result is true for A = 12.

b+c

We need to prove:R > >2

N

cyc 12 cos

Z b+c 2bc bc AM>GM 1 33 (abc)? -
12 cosA s 12w, 6 wa -6 ’wawbwc -
1 3 4-RF 4-RF 1 3 16R2F2 13(16(2r)2r2s? _
2 2 rs? B

On the other hand, we have:

< I
Y <
cyc 12 cos 5 2 cyc 12w, i cyc Wo 6 cyc ha

abc 1 abc 3 12Rrs
~ "6 Z.2F 6 2F 12rs

cyc
From (1),(2)and (3),we have 1 = 12.
857. In AABC the following relationship holds:

Z b+c 2bc 1 bc 1 bc

=R; (3)

a* + bin 4 ¢tn A% 4 pAn 4 C4 (rdn Pt 4 rin - [2ts(4R + 1)]"
a’n 4+ p2n 4 c2n A2n 4 B2n 4 (C2n rczln + rIZJn + T%n - 33n

Proposed by Radu Diaconu-Romania
Solution by Tapas Das-India
(aZn + bZn + cZn)Z
3

a™+b*" + ¢t a® + b +c™ 1 (a+b+0)* (a+b+o)*"
2" + b2+ ¢2n = 3 =3 T gzl - 32n

a‘n + pin + cin = (aZn)Z + (bZn)Z + (CZn)Z >

a*m + pin 4 cin (a+b+c)?* (a+b+o)™ (25\"
aZn + b7 1 o = 32n N 3n N (?)
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Similarly,

A+ bin+C  (A+B+O" w"
AZn + BZn + CZn = 3n = 3n

rin 4 it 4+ rin - (ro+r, +7r)"  (4R+1)"
rint4 it rn 3n 3n

Therefore,

a*® + bin 4 ¢in A% 4 pAn 4 C4 T+t i
. . >
a2n + bZn + cZn AZn + BZn + CZn rtzln + rlzjn + T%n =

> (?)n . (g)" . (4R3+ r)" _ [Zns(il:n+ "

858. Given four squares. Prove that:

[ABCD] + [CEFG] = [BHEI] + [DHGK]
I

B

G F

Proposed by Binh Luc-Vietnam
Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil

Let GF =a;GH = ¢c; HE = b;AD =d
InAGEH: 2a* = b* + ¢® — 2bc - cos @ ,where 8 = u(GHE); (1)
In AHBD: 2d? = b? + ¢* — 2bc - cos(mr — 0)
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2d? = b* + ¢?> + 2bccos 0; (2)

From (1) and (2):2a? + 2d? = 2b? + 2¢?
a’+d* =b*+ ¢
Therefore, [ABCD] + [CEFG] = [BHEI]| + [DHGK]

Solution 2 by Hikmat Mammadov-Azerbaijan

T
2 _ 2 2 _ =
BE“=a“+b Zabcos(n > 0)

BE? = a*? + b?> — 2absin0 = (\/ic)z; (i)
Replace 8 with — 8,we get: BD?> = a*? + b* + 2absin 0 = (\/fd)z; (i)
From (i) and (ii), it follows:
2(a? + b?) = 2¢? +2d? = a®> + b? = ¢* + d?
It can also be proved that the blue square and the green square

always touch each other as shown.

sin (a + E) = acosb

4/ +Va?+ b%—2absin®
sin (ﬁ _|_E) _ asin @

4/ Va%+ b% —2absin®

(\/fa)z =c? + d? + 2cd sin(a + B) ; (to prove)

/4 /1
2 _ 2 2 _ - d
2a“=c“+d chcos(a+4+ﬁ+4)

b% — a?sin? 0 = \/(a? sin? 0 + b2)? — 4a?b? sin? 0

b* + a*sin* @ = \/(a? sin? 0 + b2)2 — 2a%b? sin? 0 ; (true)

859.
1 1 1 n?
> 4.

n@) Tuay T Ty T m—3a ™t

A A, ... A,, — convex polygon,

3(u3(4,) +p3(A
Provethatzz s 1)2”(2)S(n—1)n

cyc

Proposed by Radu Diaconu-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x,y > 0. By AM — GM inequality,we have :

3’x3+ 3 s+t
x+y) Zy :2\/< Zy) Xz —xy+7y?%) <

2[/x+y\%  (x+y\?
S§[< y) +< y) +(x2—xy+y2)]:x2+y2.

2 2
3 ’x3 +y3  x*+y? 2x
Then: 4 < Y =x+y-— y' vx,y > 0.
2 x+y x+y
3(u3(Aq) + u3(Az) < 2u(A,)u(Az) )
Therefore, z < z A) + u(d,) — ——el ) o
f \/ 2 p(Aq) + pu(Az) 1A + p(4y)
cyc cyc
1 s n?
=zzu(A1)—zZ— 2 2tn—2)m—2. _
1 1 Yere (2 * 2)
e Y u(dy) " p(Az) e\u(4,) " u(4,)

2

n
=2n-2)m— Z.T
2'(n—3)1t

= (n—-1)m, asdesired.

860. A4, ... A,, —convexe polygon n > 3, a4, a,, ..., a, —sides,

a, +a; + -+ a, = 2p. Prove that:

A1A2 aa, < 2p(n — 2)7'[
10A1 + AZ 10(11 + a, o 121
cyc cyc

Proposed by Radu Diaconu-Romania
Solution 1 by Tapas Das-India
1214,4, — (104, + A,)(104, + A,) =
= 1214,A; — (1004, 4, + 1043 + 1043 + A;4,) <0
Since:

1004, A4, + 1042 + 104% + A;A, > 10044, + A;A; + 204,4, > 121444,
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A4, 104, + 44

104, + 4, 121
A4, <210A2 +A4; 11(A; + A, + -+ A,) _

(and analogs)

1-A4,+A4;, 121 121
cyc cyc
1 1 m (n-2)m
=— (A +4,++A4)=—|2(n-2) =| =——
S+ A+ A) = S 2(-2) o =
Similarl a,a, <210a2+a1 _11(a;+a, ++a,)
Hmitarty, 10a, +a, 121 121 =
cyc cyc
1 1
=H(a1 +(l2 +---+an) =E'2p
A1A2 a1a2 Zp(‘n - 2)1‘[
Th , — <
erefore 104, + 4, 10a, + a, 121
cyc cyc

Solution 2 by Marian Dinca-Romania

aa, _ 1 1 _ 10a2 + aq

= <
10a; +a, 10, 1~ 1 112
a, + aq (10 + 1) 10(12 + aq

10+1

1
use weighted Jensen'sinequality for convex function f(x) = % >0

10 1 10(12 + a1
=10 > (10+1 (—)
o, +a = 10f(@) + flan) = (10 + DF (S
we obtain:
10a, + 1 - 1<

alaz Z az a1 Z Z
17 < — ‘11 -
10a, + a; 112 112 U =11 L,

cyc cyc k=1 k=1

Similarly,

n n

A1A2 10A2 + A1 1 1 Tl'(n - 2)

< =— .11 E Ay=—) Ay =———
104, + A, Z 112 112 k k

cyc cyc k=1 k=1

861. A14; ... A, —convex polygon, p € N,p = 3,a4, ay, ..., a, —sides,

a; +a; +--+a, =2s,mnk>0,m+n = k* Prove that:
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Z 4/na‘{ + ma; Z i/nA‘{ +mA; | = 2k*s(p — 2)m

cyc cyc

Proposed by Radu Diaconu-Romania
Solution by Tapas Das-India

3 4 4 4 Holder
(m+n)*- [naj+ma; = na,+ma,
4 naq + ma,
/na‘{ +ma; > ———; (m+n=k*

(m+n)2

na; + ma
4/na‘{+ma‘2‘2%
Z na; + ma; Zﬁ(m+n)(a1+a2+---+ap)=F-k -2s =k-2s; (1)

cyc
E nA7 + mA Zﬁ(m+n)(A1+A2+---+Ap)=F-k(p—Z)n

cyc
=k(p—2)m; (2)
From (1) and (2), it follows:

(Z 4fna‘{ + ma‘2‘> <Z 4/nA‘{ + mA%) >k-2s-k(p—2)mr=2k*s(p-2)m

cyc cyc

862. In AABC holds :

2<71+7t+§+7t+f'+7t<27
w2 A3+ w3 B3+ w3 C3+m3 T Tm?

Proposed by Radu Diaconu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let f(x) X+m 1
e X) = = ,
/ x3+md  x%—mx+ m?

x € (0,m).

T —2Xx —6x(mT — x)

(x2 — mx + m2)? and f'(x) = =0

Wehave : f'(x) = (X2 —mx+m2)3~
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So f is concave on (0, ) and by Jensen's inequality, we have :

A+m A+B+C T 27
zm_f(“‘)+f(3)+f(€)<3f<—>—3f(§)=7_nz_

cyc

. L A+m L Al - 2%) A(m? —A%)\"

ow,we have : EA = E E
A3 + 3 n? " m2(A3 +md) n? nz 2
cyc cyc cyc

h 2<Zi+1t+21+1t+71+1t<27
erefore, — < = = = < :
f w2 A3+ m3 A3+ m3 A3 4 m3 T Tm?

863. AB = mAR,AC = nAS, PR = PB, QS = QC

RF  PE BD _
=x+ 1,— = z,m,n,z — integers.Find: (m,n,z) =?

Fs~ "EQ VYT 'DC

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
BR
AP _AR+—5" AR AB—-AR AR+AB 1+m

AB__AB _AB ' 24B 2AB m
. AQ 1+n
Similarly, ac- 2n
RF _BD AR AC zn
TS=DC A5 As =X = (Gakopoulos Lemma); (1)
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PE_BD AP AC _ 1+m 2n n m+1
EQ DC B AQ Y% zm z4n Y m m¥1”
x n+1 X n+1 n+1

—= = = >x= ,m>n; (2
y m+1 x+1 m+1 m-n @

n+1 n m n+1
=z —zZ=—"
m-—-n m n m—n

Ism,n, zinteger, m > 1,n > 1, then:
(mn,z)=(4273)(82,2),(093,2)
Ifm=nthenx=2z,y=2(y=x+1).

864. If X € Int(AABC),XA' = XB' = XC' = R, R —circumradii, XA' 1 BC,

From (1) and (2):

XB' L CA,XC' L AB,a’,b’,c', 1,11, —sides and excenters in AA'B'C’,

then:
A B C
[I,1,1.] =2R? (cosE + €0s - + cos E)

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Hikmat Mammadov-Azerbaijan

m—A

a’ = BC = 2R sin

T
=2RsinA’ A = 7" = sinA4’ = cos—

2

Similarly,B' = —— — = sin B’ = cos—
mmi Y, 2 2 S1 C S2
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C T C inC’ C
= = —_
> —3 = sin cos >
) A B’ C' 2 e Ay o .
[ I 1.] =8R €OS —-COS —-COS —, [T I,1.]=2R*(sinA’ + sin B’ + sin C')
A B C
Therefore, [I1,1,1.] = 2R? (cosE + cos> + cos E)

865.
In acute AABC,N — first Nagel's point, G — first Gergonne's point,

I — incenter, 2 — centroid. Prove that: NG > I

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

. 5 s2 —16Rr + 512 ) 16Rs*(R+ 1)
We have : 10° = 9 and NG =W

— 16Rr,

See : Gergonne's point and outstanding distances — www. ssmrmh.ro.

s on2_ (16Rs*(R+T) s> — 16Rr + 517
Then: NG®-10?=|———————16Rr |- =

(4R +1)? 9 N

_ (128R* + 136Rr —r?)s> 128Rr + 512 -
- 9(4R +1)? 9 -

Gerﬁ;f“"’ (128R* + 136Rr —r*)(16Rr —5r) 128Rr +5r% _
- 9(4R +1)? 9 B

_ 48Rr?(R—2r) BT

S 0. Hence, NG > I0.
@R+ 1)? ence

Equality holds if f AABC is equilateral.

866. In AABC,P € (B(C),Q € (CA),R € (AB),
3(AR + AQ) = 3(BP + BR) = 3(CQ + CP) = AB + BC + CA.
Prove that : PR + RQ + QP > 3V3r

Proposed by Daniel Sitaru-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2s
Let 2s := AB + BC + CA. We have : AR+AQ=BP+BR=CQ+CP=?.

By the Law of Cosines in ABPR,we have :

PR = \/BP2 + BR? — 2BP.BR.cosB = \/(BP + BR)? —2BP.BR.(1 + cosB) =

2s 2 B AM;‘GM 2s 2 B
= (;) —2BP.BR.2 cosZE > <?) — (BP + BR)Z-COSZE =

_Zs 1 2B_Zs B PR>2S B( d ! )
=3 —cosz—351n2 = 3sm2 and analogs

Th PR+RQ+QP> z AAM;MZ 31_[' 4 z"’/r
en: - sin— = S. SIN- =48 |/—~=
S 2 tye 2 4R
3 2 Mitrinovic & Cosnita—Turtoiu 3
= /r. Skzs = ’—r.3\/§;27Rr = 3V3r, asdesired.

Equality holds iff P,Q, R are the midpoints of the sides of equilateral AABC.

867. In any acute A ABC holds:

544/3 g Z
13n A? + A + m?

cyc cyc

12
2\/A2+1IA+112 <?

Proposed by Radu Diaconu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

cyc

(Z—)(ZW )3 ¢—> o

cyc cyc cyc

1 1 1
Holder <1§ +13 + 15) ? 54-\/_ ? 13
> — — @Z\/A2+nA+n2<—
(chc VAZ + A + 1t2) e & 2 2V3
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ABC<— Z\/A2+TIA+TIZ Z\/ + mA + 12

cyc cyc

3 A Jensen
:\/E.z - < 3Vm. n+——
2 3
cyc
/ , 3x L —9 \
| - fx) = n+7 VxE(O,E)isconcaveasf”(x)=—3<0|
\ 3x\2 /

16(1‘[+7)
? 131 37?169 — — 13w
<—&9-< —(:162<169—>true sz2+nA+n2<ﬁ

243 212

cyc

(Z VA? + 1A + 2 54\/_

cyc

E:A2+1IA+TI2

cy

= (%) is true = (

2

i
Also,- 0 < AB,C<— . z— Z\/A2+T[A+1I2
A? + WA + m?

cyc

1 3n 3V7 ?
<) = z —+— + 12 =—2.—<—<:>3\/—<8<:>63<64
T T 2 T
cyc cyc

- true = Z— Z\/A2+T[A+T[2 <— . in any acute A ABC,
A2 + A + n?

cyc

z\/AZ + mA + n? <— (QED)

cyc

54+/3 - z
13w A? + mA + m?

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
1 T
Let f(x) = ———, x€ (0,—).

x2 + mx + w2’

2x+m 6x(x + m)

d f'(x) = >0
(x2 + mx + m2)?2 and f"(x) (x2 + mx + m2)3

We have : f'(x) = —

/4
So f is convex on (OE) and by Jensen's inequality,we have :

1 A+B+C T 27
;m_f(l‘l)+f(3)+f(c)>3f<—>—3f(§):13”2-

And,
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—~ 2 —~ 2 -~
Zmzz\/:;(/l-l-n’) 4+(A—Tl') >Z\/§(A+Tl')=\/§(ﬂ'+3ﬂ')=2\/§n.

2 2

cyc cyc cyc

543
Then : Z— z\/A2+Tl'A+1TZ 2V3m=—-—.
A% + A + m? 13w

cyc cyc

Now,we have : z\/712+1t71+1t2<z /(Z+Tl’ 2:Z(ﬁ+n)=n+3n=4n.

cyc cyc cyc

i, Y <y
na, P — = .
A2 + A + m? w2 m?

cyc cyc

12
Then : zﬁ Z\/A2+1TA+1TZ <—41t——.
5 A“+nmA+n

cyc

868. In AABC the following relationship holds :

2+at) > 12F+\/2—§.Z(a— b)?

cyc cyc

Proposed by D.M.Batinetu-Giurgiu,Florica Anastase-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have: (2+a*)(2+b*)=(a*+1)(1+b*) + (a*+b*)+3 >
2 2
CBS az 2 N (az + bZ) _ 3 (aZ + bZ)

+1]
2

CrliS 2
+1|(2+¢*) = 3(a®?+b*+c%) =

Then : 1_[(2+a4)>3( * 2)

cyc

cyc cyc cyc

2Gordon 2
=<\/§Zab+?.2(a—b)2> S (\/5.4\/§F+?.Z(a—b)z> -
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2

V3
= 12F + - Z(a —b)? | . Sothe proof is completed.

cyc
Equality holdsiffa=b =c = 1.
869. In any acute A ABC,

T Kn+1 §n+1 Cn+1
<
2

™1 /p? 4+ r2 + 4Rr\"
< = — et =< . vneN-{0}
Bn+cn Cn_|_An An+Bn 2n+2 Zl'p

Proposed by Radu Diaconu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

An+1 gnt1 Cn+1  repeated Chebyshev A.An
BrrCn  Cht A" AM4BR = )
(0

n n A <X 4nd analogs n
. A 2 g -
= 2“‘1.ZA.< K) < z“—l.z A|—2 =21 ZA
1'[ —

‘lI
cyc

cyc L cyc

§n+1 §n+1 Cn+1 O) 2n
= — 4+ — — + = — < M.—
Br+Cr Cr+A" A"+ B® 2

. “n+1 pZ + rZ + 4Rr Gordon 1.[H+1 ? 2n

Agam,2n+2 < 2rp > > oar (2\/_) 2n+2 zn (\/—) > m—

™3 ™3
< > > > 2 - true - Tz2.720699>2andn21
vneN {0}11““ p2+r2+4an> 20
son 22" 2rp ™2
via(x) Ant+1 gn+1 Cn+1
= — + = — + = —
B»+Cr Ch+A™ A"+ B®
An+1 B+l ¢n+1 ot pZ + r2 + 4Rr n
= |= —t—t=—=< 5 vneN - {0}
Br+(Cr Ch4+ A An 4 Bn 20t 2rp
e A A" » Bn
Now, WLOG we may assume A > B > C and then :

— >
Bn+(Cn~ Cn+An

? SN 3 ?
© A" B +C"(A"-B") >0 (A" -B")(A"+B"+C") =0
Kn En pn C‘n
- true via assumption .. = ~— = =——— and similarly, =——— > =
n+Cr ChM+ AP n+ A" At 4+ BM
80
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Kn ﬁn Cn Kn+1 §n+1 (’:‘n+1
== — == — = = — = —+ = — + = =
B»+Cr Cr+A™ A"4+B Br4Cr CM4+ A" AT+ BT
A" . B" . Cn
=A +B —

Chebyshev 1 _ An Nesbitt Tt 3 T
> = A == = 3555
3 Bn + Cn 32 2

cyc

Kn+1 §n+1 Cn+1
= —+ ———+=——--VneN-{0}|and - in any acute A ABC,
B +C" (C"+A" An+B®

An+1 pnt+1 Cn+1 o+l (pz +r2 +4Rl‘>n

L
2

<= — + = — + = =— < .
Br+(Cr Cr+Am An+Br 2042 2rp

Vv n € N — {0}, with equality iff A ABC is equilateral (QED)
Solution 2 by Tapas Das-India

In AABC, sin 4 < A.

T T T
In acute triangle A < E'B < E'C < 7

g e @™ +(g)"“ ) ™

Br+ChCn+ AT A BTT BT (M (M AN AT4 BT
1771 1 1 1 1 1 !l 1,1 1 1
<gmalmte)@rm) @) =mm s et e) <
ntl ( 1 N 1 N 1 ) _ ™! Y(sinAsin B)"
sin®A  sin®B  sin®C/ 2n+2 (X sin A)»
a1 (s + 12 + 4Rr 2R%\" B a1l (s2 + 12 + 4Rr\"
4R? Rs |  2n+2 2rs

Using Chebyshev's and Nesbitt's inequalities:
An+1 Bn+1 Cn+1 A" B" cn

I N T TN TRl T, sy T T T

1 A" w3 7

2_ ZA ~3'27 2

3 B" + Cc" 32 2
cyc cyc

870. In AABC the following relationship holds:

1 1
2 2

1 R
1+s_2 Znanb Zmamb S;

cyc cyc

<

<

2n+1 ’

<

2n+2 ’

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

1
2
R
2 mams | <3

cyc

N[ =

1
(*) 1+ S—2<z nanb>

cyc

s(b —c)? 2 s[a? — (b - ¢)?] B

We have: n,> =s(s—a) + s? "
s.4(s—b)(s—c¢) 4s.s1? )
=s% — " :sz—a(s_a):sz—Zraha (i)

AM—GM 0 A
Also, 2r,(ng+hy) < 71.2+n2+2rmh, E r,% +5% =52 (tan2 > 1) =

s? s.bc 1, a R
= 1= =—.2Rh,. = ng+h, < or n, < (—— 1) h, (and analogs)
2 s—a r r
cos?
Then : z <(R 1)2 Zh h —(R 1)2 25T ()
en: n,n, < r . allp = r "R
cyc cyc
Panaitopol 2 2 2 2
N z = tha th_(R) Zhh _(R) 2s°r Rs @)
ow Mallty = 2r " 2r  \2r/ e~ \2r) "R ~ 2r
cyc cyc cyc

Th LHS (1)5(2) 1+ 1 (R 1)2 28 Rs? =1+ 1 (R 1) 2 _ R
erefore, = = Z |\5 R 2y = Z\7 s ==

So the proof is complete. Equality holds if f AABC is equilateral.
871.1f M € Int(AABC),d, = d(M, BC),d, = d(M, CA),d, = d(M, AB) and

9da 9p 9. —Gergonne’s cevians, then holds:

Proposed by D.M. Bdtinetu-Giurgiu, Florica Anastase-Romania
Solution by Tapas Das-India

Let MD = d, MF = d,, ME =d,, [ABC] = [AMB] + [BMC] + [CMA]
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1 1 1
=—a'da+2b'db+EC'dc

[ABC] >

1
F=E(a-da+b-db+c-dc)

2F=a-d,+b-d,+c-d; (1)
Now, 9a = ha gy = hy,ge = he, thus
h h 2F 2F 2F
Ja 1 Ib Fey ey 2b e S S0 L2 o
. d, " d, ad,  bd,  cd,

d
) 1+1+1)2

9
> 2F - =2F - —=9
- ad, + bd, + cd, 2F

872. In any A ABC holds:

1 1 9r(a? + b? + c?
(2(a3+b3+c3)+6> Z > | = ((n+3)R )
cyc (1 -I-\/K)

Proposed by Radu Diaconu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

Euler 813 3 3 8r3
1 > = =2(@+b +c)+9>Za +Za +W

cyc cyc

2 2 3
A-G 3 8r3 2 2r(Ty a?) ?
> 3. <Za3> ORE 2 R & 27 Za3 >9 Zaz

cyc cyc cyc
1 1

3 3 1 '
& V3. (Z a3> >3, (Z az> - (ZT“> 2 <ZTa>

cyc cyc
N | (*) 2r(a? + b? + c?)
— true via Power — Mean meqallty 2(@®+b3+c3)+=

9 = R
13 Radon 27
Again,z 7 = z 7 = 5
cyc (1 + \/K) cyc (1 + \/K) (3 + chc \/i)
cgs 27 _ 27 Cgs 9

(o fra] B (R
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1 (+%) 9

o (1+\/K)2 = 2(m+3)

1 - 9r(a? + b? + c2)
o =
cyc (1 + \/K) (m+3)R

o ($)e(x%) = (2(a3 +b3+c3)+ %) (QED)

Solution 2 by Tapas Das-India

aB+b3+c3 a+b+c\’ (a+b+c)3
2( ) s>al+b3+ct>————
3 1 2 1 ?
2B +b+c3) 4= =2 3,
(@ +b +c)+9 9(a+b+c) ty

1 1 1 AM-6M
=§(a+b+c)3+§(a+b+c)3+§ >

3 @bt tarbr et @bt = s(at b+ (1)
= 9a C 9(1 C 9—9(1 C —3(1 c)-,

Now,we need to show:
1 r
g(a+ b+ c)? 2E(a2 + b?% + ¢?), R(a+ b + ¢)? > 6r(a? + b? + ¢?)

R - 4s% > 6r(a? + b? + ¢?), 4R - s* > 6r(s> —r?> — 4Rr)
2Rs? > 6r(s®? —r?> — 4Rr)
By Gerretsen's inequality: 2R(16Rr — 512) > 6r(4R? + 4Rr + 3r* — 1% — 4Rr)
16R?> — 12R*r — 5Rr* — 613 >0
(R—2r)(4R + 3r) = 0 true from R = 2r (Euler).

1 r
So, 2(a3+b3+c3)+6 —(a2+b2+c2)- (2)

2(a3 +b3+c3)+;_3(a+b+c)2> (a+b+c)2> (a + b?% +¢?)
(1+vA)’ <1+ DA +4)

(1+ \/_)2 <2(1+ A) (and analogs)

z(1+\/_) ZZ(1+A) 221+A

cyc cyc
2
and f"(x) = ——= > 0.

1
Let f(x) = - then f'(x) = 1+x)7°

(1 +x)?
Using Jensen'sinequality,we get:

£ + 5B + 50 = 37 (215

1 1
1+a 1+B " 1+c—3f( )
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Y
11a=°"7 1w
cycl+A 1_|_§

1 1 9
Now, Z(1+ﬁ)22;2(1+A)22(n+3);

cyc

(3)

Hence,

(3 S 3(3) i)

>r ) 9 _ Or ZZ
“R\L% | ' 7+3 m+3)RL"®

cyc cyc
873.1f x,y,z € |0,7), then in A ABC,
a’.e* b2.eY a’. e’
- — + - — + - -
2 +siny +sinz 2 + sinz + sinx 2 + sinx + siny

Proposed by D.M.Batinetu-Giurgiu, Florica Anastase-Romania
Solution by Soumava Chakraborty-Kolkata-India

> 2v/3.F

T
e*>1+x>1+sinxVxe [OE) and analogs

o
= LHS > a?.—— + b2 B + c2. L4
B+y Y+a a+

(a=1+sinx,p=1+siny,y=1+sinzand a,B,y =1 > 0)

Oppenheim o B B Y Y
> 4F, ) . )
B+yy+a y+aa+B a+B B+y

a B \2 4Ycycafla+p) 2
®4;(B+v'v+a> 23 @ pBI Nt

?
<:>4Za2[3+42a[32 >3 ZaZB+ZaBZ+2aBy
cyc cyc cyc cyc
? ?
@ZaZB+ZaBZ > 6aBy@Za(B—y)2 > 0 - true
cyc cyc cyc
|
~ifxyz€|o, E),then in A ABC,

a?.e* b2. ey a?. et

?
> 2V3.F

> 2V3.F,

: — + - — + - — =
2 +siny +sinz 2 + sinz + sinx 2 + sinx + siny
with equality iff x =y =z = 0 (QED)
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874. Let Al 1,1, —be the excentral triangle of AABC and M, L, K the

midpoints of Al,, BI,, CI.. Prove that:
[ABC]| = 4[MLK], AB+ BC+ CA < 2(ML + LK + KM)

Proposed by Mehmet Sahin, Alican Gullu-Turkiye
Solution by Hikmat Mammadov-Azerbaijan

M — midpoint of Aa; L — midpoint of Bb, K — midpoint of Cc
Ac bccosA 2RsinBcosA

“sinB _ sinB sin B
Similarly, BH = 2RcosB and CH = 2R cosC

AH + Ha
HM=AH—T=

BH — Hb
HL=BH-————— =
2
CH — Hc
HK = CH - ————=

2A,c = HM - HLsinC + HL - HKsinA + HK - HM sin B =

= 4R? <z cos A cos B cos? C) = 4R? ncosA . Zsin 24 =

=2RcosA

(AH — Ha) = R(cos A — cos B cos C)
(BH — Hb) = R(cosB — cos Ccos A)

(CH—-Hc) = R(cosC — cos Acos B)

N[ N N =

cyc cyc cyc

RZ
= 4R? l_lsinAcosA = 71_[sin2A

cyc cyc

2Ayixk = HM -HLsinC + HL - HKsinA + HK - HM sin B
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2
FAMLK = Z(cosA —cosBcosC)(cosB—cosCcosA)sinC =

cyc

1 1
= ncosA . ZtanA — EZ sin 24 — ZZ(COS 2A + cos2B) sin2C +

cyc cyc cyc cyc

1
+El_[cosA-Zsin2A =

cyc cyc

1 1 1
= ncosA-ZtanA—Ez sinZA—ZZ sin2(A + B) +5HcosA-Zsin2A =

cyc cyc cyc cyc cyc cyc

1 1 1
= ncosA-l_[tanA—Ez Sin2A+ZZ sin2A+ZHcosA-Zsin2A =

cyc cyc cyc cyc cyc cyc

=sinAsinBsinC — sinAsin BsinC + 2 cos A cos B cos C sin Asin Bsin C =

2

1 R
= Zsin 2Asin 2B sin 2C, AMLK = ?sin 2Asin 2B sin2C

Therefore, Agpe = 4D yik-
b c
sinA _sinB _sinC
sin2A +sin2B + sin2C = 4sin Asin B sin C

Note:

tanA+tanB +tanC = tan Atan B tan C
Ca=bcosC=2RcosBcosC
Cb =acosAcosC
(ab)? = (2Rcos Bcos C)?> + (2RcosAcosC)? +2-2RcosBcosC - 2Rcos AcosC - cos C

(ab)?
4R?

= ZCOSZA +21_[cosA —cos%C |cos?C

cyc cyc

= B—ZSin2A+21_[cosA—cos2C cos? C = sin? Ccos? C

cyc cyc
ab = Rsin2C
ab+bc+ca=stin2A=4R1_[sinA

cyc cyc

KL? = R*(cos B — cos C cos A)?> + R*(cos C — cos Acos B)? +

87 RMM-GEOMETRY MARATHON 801-900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
+2R?(cos B — cos C cos A)(cos C — cos Acos B) cos A

KL?
BT (cos B — cos Ccos A)? + (cos C — cos Acos B)? +

+2(cosB — cosCcosA)(cosC —cosAcosB)cosA =
= sin? A (cos? B + cos?> C — 2 cos Acos BcosC) =
= sin? A (3 —sin? A — sin? B — sin? C — 2 cos A cos B cos C — cos? A) =
=sin? A (1 — cos? 4)

KL? 4 .
?=sm A= KL =Rsin“A

KL + LM + KM = R(sin? A + sin? B + sin? C)
2(KL + LM + KM) = 2R(sin? A + sin? B + sin? C) >
2
> 2R - 3(sin Asin B sin €)3 > 6R sin Asin B sin C > 4R sin A sin B sin C
Therefore, 2(KL+ LM + KM) > ab + bc + ca
875.1f m,n > 0 then in AABC holds:
a3 b3 c? 4+/3
+ + > -F

ma+nvbc mb+nvca mc+nvab m+n

Proposed by D.M. Bdtinetu-Giurgiu, Florica Anastase-Romania
Solution 1 by Tapas Das-India

a3 b3 c3 Holder
+ +
ma + nvbc mb+nvca mc+ nvab
(a+b+c) AM-GM

23[m(a+b+c)+n(\/ﬁ+\/m+\/a)] =

3
> (a+b+c) _

3[m(a+b+c)+n(a;b+bgc+cga)]

_ (a+b+c)3 _(a+b+c)? am-cm
" 3m4+n)a+b+c) 3(m+n)
1
32[(ab6)2]%> 3 [(AF\*PP 3 4F 43
3(m+n) _m+n[(\/_§>l V3

-F

" m+n 3 m+n
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Solution 2 by Adrian Popa-Romania

a3 b3 c3 Holder
ma+n\/E+mb+n\/c_a+mc+n\/(E
(a+b+c)3 AM—GM
3[m(a+ b +c) + n(~ab +Vbc +Vea)]
(a+b+c)3

>
3[m(a+b+c)+n(a;b+bgc+c-|2_a)]

(a+ b+ c)? (a+b+c)2(>’) 43
3(m+n)(a+b+c) 3(m+n) m+n
(a+ b+ c)? =a?+ b? +c? +2ab + 2bc + 2ca >

.Fe (a+b+c)? >4 -3V3F

> ab + bc + ca+ 2ab + 2bc + 2ca = 3(ab + bc + ca) > 3 - 4/3F true.

1 1 1y Bergstrom (1+1+1)2
'.'ab+bc+ca=abc(—+—+—) > abc- ——— =
a b c a+b+c
_2abe D ARF _4p.o BMe™upo. B _4r 3 _4v3F
25 25 2s - 5. 3\/_R V3

876. In AABC the following relationship holds:

27213+3712§ 2712—371+4+§ 810(r)2
A+B B
cyc cyc
Proposed by Radu Diaconu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A% — 3A+4+B (a- 2) +A+B A+B
Wehavezz Z Z B =

cyc cyc cyc

=

723+3712§>7Z a3 ”6£>£’" 7(A+B+¢)° _ 71?45
~A+B 3.2(A+B+C) 6 ~ 4
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Fulr 810 (2r\? 810 12
(R) - (E)'

743 + 3A%B A2 -34+4+B 45 18
Then : Z — Z — >—— > —.
A+ B AB 4 =« At T

cyc cyc

Solution 2 by Tapas Das-India

Z7A3+3AZB_ZAZ(7A+SB) Chebyshev 1 z (74 +3B) >
A+B A+B - 34Z.A+B
cyc cyc cyc cyc
Chebyshevl 1 A4B - B) Nesbitt 1 3 1 A
> > qr.—. =
= 3@+ +C)ZA+BZ( +3B) = w510
cyc cyc cyc
_51t >45
, 3 4
A’ —-34A+4+B 1
— 2 2 2 _
Z 4B _ABC[(A C+B“A+(C°B)—2(AB+ BC+CA)+4(A+ B+ ()]
AM-GM

cyc
=

——[C(4* +4) + B(C>* + 4) + A(B?> + 4) — 2(AB + BC + CA)]
4(AC + BC + CA) —2(AB + BC + CA) 2(AB +BC+CA)

ABC ABC
1 1 ) 2(1+1+1)2_18

A+B+C m
743 + 34%B ZAZ 3A+4+B>45 18
A+ B AB T4 m
cyc
We need to show:
45 18>810() R > 2r (Euler)
— (=4 .
4 w°~ m \R = aributer
877. In AABC the following relationship holds:

ABC

cyc

1 , 27
FZ(W“ +wpw,) < >
cyc

Proposed by Ertan Yildirim-lzmir-Turkiye

Solution by Daniel Sitaru-Romania
AM GM
2 b+c

w, bc/s(s — a o Js(s—a) = /s(s —a)
EZ(WEI +wyw,) = %(Z w2 + Zwbwc> <

cyc cyc cyc

< %(2 (sG=a) + Y VsG-B 3G - c)) .

cyc cyc
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AM—-GM
Rlz (Zs(s— a) + SZ‘/(S_ b)(s — c)) 2

cyc cyc

S%(sZ(s—a) +szs_172$> =

cyc cyc

1 3 b N zZs—b—c _
=Rz s(3s—a— c)+s > =

cyc

1 3 25) + Za+b+c—b—c _
=Rz s(3s—2s)+s > =

cyc

2
1 N Za _ 1(2+ 2)_ZSZMITR%VOV’C2 33 " 27
=@\t 27t ts = = w3 =72

cyc

Equality holds fora = b = c.
878. In AABC the following relationship holds :

a? . b? . c? +R2 A 1 (b+c)2+(c+a)2+(a+b)2
(b+c¢)? (c+a)® (a+ b)? 16 a? b? c? '
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2

(b + ¢)? 2s 5 1 1
Wehave:z 5 :Z(——l) =4s Z—Z—4sz—+3s
a a a a

cyc cyc cyc cyc
Steinig & CBS
teinig & CB 32 Gerretsen 4 p2 1 ARy + 312
S 4st—-4s———+3 < - —15.
4r a+b+c r

(b+c)2+(c+a)2+(a+b)2S4<R2 R )

Then : —+——3.
a? b2 c2 r2 r

2 .,
CBS 1 Nesbitt 1

Also,we h Z s> ) = (3)2—3
SOWERAVES L b+or T ocb¥c) = 3\2) "%

So it suffices to prove that :

3+R2>4+1 R2+R 3 (R 1)(3R+5)>0
— [ — JE— —_—— C} —_——
4 rz- 4\r2 r 2r 2r 2/ 7
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which is true and the proof is done. Equality holds if f AABC is equilateral.

Solution 2 by Tapas Das-India

(b + ¢)? 2(b% + c?) a’? b?
Z a? SZ a? =Zz<ﬁ+?>=

cyc cyc cyc

_ZZ (a_l_b>2 2a b
B b a b a
cyc

4+1z(b+c)2<4+1 6R2 12 _13+3 R?
16 a2 - 16\ 12 T4 8 r2

cyc

won S e (St =30 -3

cyc cyc

Bandila R 2 R?
< 2|3 (—) —6|= 6—2 —-12
Tr r

We need to show:
Z >13 3R2 3+R2>13+3 R?
—_— — —_— —_— _._@
(b+c): ™ 4 12 4 2 4 8 r?
cyc

5 RZ_10 R? s
_._>—<:>r—224<:>R > 4r* © R = 2r (Euler)

8 2 4
Therefore,
Z a? S 94 1 Z:(b+c)2
(b+c)2 ™~ 16 a?
cyc cyc

879. In any A ABC the following relationship holds:

Proposed by Daniel Sitaru-Romania
Solution 1 by Tapas Das-India

1 1 2 1 2\ _5
Let f(x) = x3,x > 0,then f'(x) =§x 3and f'" (x) =§-<—§)x 3<0

f — is concave function,use Jensen’'sinequality:
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af(a+ 2b) + bf(b + 2c) + cf(c + 2a)
a(a+2b) + b(b + 2¢) + c¢(c + 2a)
<(a+b+ c)f( )

a+b+c
a-\/a+2b+b-3\/b+2c+c-3\/c+2as2sf<

—Zsf(a+b+c)—2s

a+ Zb 3|b+ ZC 3|c + Za Mltrmovlc 3\/§R
w‘ 2

Solution 2 by Soumava Chakraborty-KoIkata -India

3,a+2b 3b+2c 3’c+2a 3a+2b
cyc

a+2b
A—G + 2 a’+2 ab 2 a 4s 4s
E T

(a+ b + c)? 3
a+b+c |

< . —
- 3 6s 3 6s 3  6s 3
cyc

Mitrinovic

=2s < 3V3R

3la+2b 3lb+ 2c 3lc+ 2a
a +b +c < 3V3R,
2s 2s 2s

with equality iff A ABC is equilateral (QED)
880. In AABC the following relationship holds:

4 A 4 B
csc—-+ [csCc—+
2 2

Solution by Tapas Das-India

Z cscg - ;\/(s — bl;((:s -c) Cés (; ab) (; (s — a)l(s — b)) -

s—a+s—b+s—c

s—a)(s—b)(s—c)

4 4R
csc—<3- [—
2 r

Proposed by Marin Chirciu-Romania

=\/(s2 + 1%+ 4Rr) -

S Gerretsen

J(sz + 712+ 4Rr) J(4R2 +4Rr +3r2 +1r2 + 4Rr)
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Euler R R? R 1 9R2 3R
< 4R2+4R-E+3-T+4R~— ——=—

2) r? r2 r

" A B C
4 A 4 B 4 C cBS csc7+ csc7+ csco 43R 4R
Now, [csc=+ [csc—+ [csc= < 3- <3 |—=3: |—
2 2 2 3 3r r

881.If x,y,z > 0 then in AABC holds:

xZ a3 y2 b3 ZZ c3

G+22  Z+02 (x+y)?

> 18V3r3

Proposed by D.M. Bdtinetu-Giurgiu, Florica Anastase-Romania
Solution by Tapas Das-India

2
X 22 y 2 ( Y4 2)
xa3 N y2b3 N z%c3 =(y+za) +(z+xb2) N x+y° -
y+2)?2 (z+x)2 (x+y)? a b c -

X 2 Yy 2 zZ_ 5\? L 2
. (y_l_za +z+xb +x+yc ) Tsmt>51fas (2\/§F) B 12F2 _6F2
- a+b+c - 2s 25 s

61252 Mitrinovic
= =6r’s > 612 -3V3r=18V3r3

S
882. Given four equilateral triangles. Prove that: 2(BC + DE) > FG

Proposed by Luc Binh-Vietnam
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Solution 1 by Rajarshi Chakraborty-India

We use Ptolemy'sinequality for quadrilaterals.

In quadrilateral AEGC,AE - GC + AC - GE > AG - EC; (i)
Now AEGC is equilateral,so EC = GC = EG; (ii)
From (i) and (ii),we get AE + AC = AG; (a)

In quadrilateral DFBA,DF - AB + FB - DA > DB - FA; (iii)
Now ADFB is quadrilateral,so DF = FB = DB; (iv)
From (iii) and (iv),we get AB + AD > FA; (b)

(a) + (b) > AE+ AC + AB + AD > AG + FA = FG; (c)
So,AE = AD = ED and AB = BC = CA.

Thus, from (c) we get 2(BC + ED) > FG.

Solution 2 by Hikmat Mammadov-Azerbaijan

Let BC = a, DE = band BD = c.

c2=a2+b2—2abcos(n—0—§)

c? = a? + b? + ab(cos 6 — V3 sin Q)

. w
sin(<ABD) _sin (9 + §)
AD B BD

. b . T
= sin(xABD) = Zsin (0 + §)

i3
AF? = a? + ¢* — 2accos ({ABD + §) = a? + ¢® — ac(cos(«ABD) — V3 sin(<ABD))

i3
= a? + c% — ac - cos(ZABD) + V/3ab - sin (0 + 5) =

a? + c¢% — b? T
=a2+cz—ac-—+\/§ab-sin(9+—)=
ac 3
_az+b2+c2
B 2

a? + b% + a? + b? + ab(cos @ —/3sin@) /3
= 2 ( )+7ab(sin0+\/§cose)

+\/§ab-sin(0+§):

AF? = a? + b? + 2ab cos 0 = AF = \/a? + b2 + 2ab cos 0
Replace (0) with (—0) we get

AG = /a2 + b2 + 2abcos 0, i.e.AF = AG
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It can also be shown that F, A, G are collinear

FG = AF + AG = 2\/a2 + b% + 2abcos 0 < 2\/a2 + b% + 2ab = 2(a + b)
i.e.2(BC + DE) > FG
883. In any A ABC holds

r2 _ 2(2a? — (b—¢)?)(2b? — (c — a)®)(2c? — (a — b)?)
RZ ~ (a+b)2(b + ¢)?(c + a)?

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
a? — (b — ¢)? = 4rr, and analogs
= (2a? — (b —-¢)?)(2b% — (c —a)?)(2c? — (a — b)?)
= (a? + 4rr,)(b? + 4rr,)(c? + 4rr,)
= a’b?c? + 64r3.r 1. + 4rz b%c?r, + 16r? Z a’ryr,

cyc cyc

2.2
= 16R%*r?s? + 64r*s? + 4rzsz —+ 16rzsz a’(s — a)
cyc cyc
Bergstrom Z
>  16R?r?s? + 64r*s? + 4r?s.o——— ( cye @ ) + 16r2s SZ Z
chc(

cyc cyc
= 16R?r%s? + 64r*s? + 4r?(s? + 4Rr + r?)?
+1612s? (z(s2 — 4Rr —r2) — 2(s? — 6Rr — 3r2))
? (a +b)2(b + ¢)?(c + a)?r? Zl'zsz(s2 + 2Rr + r?)?
2R2 RZ
& R? (8R2s2 +32r2s% + 2(s2 + 4Rr + r?)? + 16s2(2Rr + 2r2))

?
> s2(s? + 2Rr + r?)?
& s® — (2R? — 4Rr — 2r?)s* — (8R* + 48R3r + 64R?r? — 4Rr3 — r*)s?

?
—2R?r?(4R +r)? <0

Q)
Gerretsen

Now,LHSof (*) < (2R?+ 8Rr + 5r?)s*
Gerretsen
—(8R* + 48R3r + 64R?*r? — 4Rr3 — r*)s? — 2R’r?(4R+r)? <
((ZR2 + 8Rr + 5r2)(4R? + 4Rr + 3r%) — (8R* + 48R3r + 64R?*r? — 4Rr3 — r4)) s?
) ?
—2R?’r?(4R +1)? < 0 © (4R® + 3R?r — 24Rr? — 8r®)s? + Rr(4R+1)? > 0
(**)
4R3 + 3R%r — 24Rr? — 8r3 > 0 and then : LHS of (**) > R?r(4R + r)?
> 0 = (xx) is true (strict inequality)
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[Case 2]4R3 + 3R?r — 24Rr? — 8r® < 0 and then :

LHS of (++) — (—(4R3 + 3R%r — 24Rr? — 8r3)) s + RZr(4R + r)?
Gerretsen ?
) ﬁse - (—(4R3 + 3R?r — 24Rr? — 8r3)(4R? + 4Rr + 3r2)) +R?’r(4R+1)2 >0

? R
o 8t° + 22t —32t3 - 59t2 - 52t—-12>0 ( =;)

Euler

<=>(t—2)(8t4+38t3+44t2+29t+6)>0—>true t > 2

= (xx) is true and combining cases 1,2, (xx) = () is true for all triangles
(a+b)?(b + c)?(c + a)?r?

= (2a? — (b—0)®»)(2b% - (c— a)®)(2¢* — (a—b)?) = T
] r2 22a?-(b-0c)?)(2b% - (c—a)?>)(2c? — (a—b)?)
= in anyAABC,ES @+ b)2(b + O2(c + a)? )

equality iff A ABC is equilateral (QED)

884.1f m,n>0,x,y,z> 0and AABC,AA{B1C{ has areas F, F, then:
+ + =+ -m-n m n
=X ampy + 22 ey + 2 ; Z. eman > 21 (43) TN (VF) " (JFy)

Proposed by D.M. Bdtinetu-Giurgiu, Florica Anastase-Romania
Solution by Tapas Das-India

x+ +z zZ+x AM—-GM
Y a"‘b’f+yT-bmc'1‘+ -c™al =

VA

\/_ AM-GM
_T 1 X cat y ma‘:rll =
4F %% 4F %%
= 63/ (abc)™ - {/(abyc,)™ = 6(\@) <\/§1)
_ E% ﬂ%_ 1+m+n , ___\ " 7 (‘{/_)
—6(@> (@> =2 3)"(3)" IR S

- 2o (43)' ) ()"

885.
New Euler's inequality refinements in AABC, w — Brocard's angle
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m, m, m r

h, hb hc}

a bb cc a
R>2rmax{ }

Zr.max{ +—— -, —+—

sin w b b’ a

m, m, m, m, m, m,
>T. max{—+— —t——+ —
my m, mg m, m, m,

m, m, m r
R>2rmax{ = c}>

h, hb h, sinw

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

m R
By Panaitopol's inequality,we have : h_a < 2 (and analogs)
a

Then: R >2r. max{ﬁ ™Mb ﬁ} (1)
h, hy,’

C

WLOG,we may assumethat: a> b > c. We have :

(ma 2 my a?(2b? + 2¢* — a®) — b*(2¢* + 2a* — b*)
ha> (h,,) h 16F? a

(a —b?)(2¢-a —bz)
16F2

Similarly,we have : (mb)z (mc)z Aed o).,
imuiarty,we nave : hb hc = 16F2 =2 U.

Th {ma my mc} my
en: max h hb hc hb.

?

2my, S 1 by/2c? + 2a? — b? - Ja2b? + b%c? + c2a?
&
h, ~— sinw 2F - 2F

Now we have :

squaring

S a?b® +b*c? - c2a’? - b* >0 o (a? - b?)(b? - c?) = 0, whichis true.

m, m, m 2m
Then : 2r. max{ a b C} L

. > 2
h, hb h, hb sinw @
1 A b c JaZb? + b2c% + c2a?  b? + ¢?
Now,we have : — >—+—- >
sinw ~ ¢ b 2F bc

& 2bcyazb? + b2c? + c2a? > (b? + c?)y/2(a2b? + b2c? + c2a?) — (a* + b* + c*)
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squaring

S 4b*c*(a’b? + b*c? + cta?)
> (2b%c? + b* + ¢*)[2(a?b? + b?c? + c?a?) — (a* + b* + ¢*)]

& 0= —a*(b®+ cz)2 +2(b* + c*)(a?b? + c2a?) — (b* + c“)z
= —[a2(b? + ¢®) - (b* + V)],

L 1 b ¢ .
whichis true > —— >—+ — (and analogs) (i)
sinw ¢ b

Then :

a bb cc
- 2r.max{—+—,—+— — } 3)
sinw b ac b’ a

mg,, my, m, — can be the sides of a triangle. Applying (i) in Am,m,m.,we have :

\[1_96 (a%b? + b%c? + c2a?) 1

my me _ 1 Jmg2m,? + my?m 2 + m.2m,? B
m, m, sinw, 2F,, h 3F " sinw’
2
m, my,m, m,m, m
Then: — >rmax{—+—b —b+—c,—c+—a} 4)
sinw m, m, m,. m, m, mg
Therefore,
1 2 3 _
® mambmc() 3) a bb cc aAMGM
R>2rmax{ }_ = r.max —+—,—+—,—+—} > 2r
h, hb h, sinw b ac ba c
1 2 4 _
() ma mb mc (/-'-\) r (/-'-\) m, m,; m, m. m,. m, AMr*-\GM
R S 2r.max zrmaxy—+—,—+—,—+— = 2r.
h hb hc ~ sinw m, m, m, my,m, m,

886. In AABC the following relationship holds :

m + p(A) u(B) p(C) pA)
s Zn u(B) = oM (u(A) 'u(B)’u(C)>

Proposed by Radu Diaconu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

m+p(d) p(4) + u(B)\ u(A) + u(B)
e u(B) ‘Z<” 7 — u(B) ) ST L@ 2
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AM-GM
- 3 u(4) + u(B)
> 3+3ch MGETIO)

=3+3=6>4.

u(B) u(0) M(A)> - u(B) N 71(); +M(A)
p(A) ' u(B) u(€)) — (A pB) puC)

Now,since : 3max<

so it suffices to prove :

mipd) _ NRB) Z uA) + p(B) _ @
“u® = “ L@ w©+r@) = Lu@

2u(B) u(A) + u(B) u(B)[u(C) + u(A)] + u(0)[u(A) + u(B)]
@6<) ( w@ T ao+ u(A)> z PO + p@)] /

cyc

AM-GM
which is true because : RHS 2 z ZJﬂ(B)”(C:([Z)( [C;‘t) (-IC_')H-I(—I‘L)Q,EII;](A) * 1B =

cyc

_ p(B)u(0)[n(A) + uB)] MM [ eB)©uA) +uB)]

} ZZJ O MG R I | § WO ETe)) R
887. In AABC,I — incenter,w — Brocard's angle,n, —
Nagel's cevian, g, — Gergonne cevian. Prove that :

1
> wq + w,, where:
sin w
m,w n
eye (AI + #) 5R— 7+ Yoy ;’;‘Z a
wq = , Wy =
! —3r + chc(ma + ha) 2 2 chc ha

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

r r.4R cos% bc cos% r.(b+ c)w,
Weh : Al = = = = .
e have sini p p ah.

Al w, 2 bc.s(s—a) a B \/Zabcs.\/a(—a +b+c) AMéGM V8Rs2r.(b + ¢) _|R
50, h, b+c "2F 2F(b +¢) - 4sr(b+c)  J2r
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b+
Then : Z<Al+mawa) =Zﬂ r( C)+ (—r+h +m,) =
h, h, a Cyc

cyc cyc
R
= ’ﬂ —3r+z(ma+ha) = wp < / (1)
cyc
NOW Z Nyga AM""‘GMZnaZ + gaz
2h,
cyc cyc

(S(s -a)+ M) n (s(s —a)- (s —a)(b— c)z)

_ z a -
- T =

cyc

_ b —c)?
=za[25(5 ai;( C)]=%Za(s—a)+—za(b—c)z

cyc cyc cyc

_2r(4R+7) N 25 Y.cycbc —9abc

1 R
=4R+r+—.ZZRha—9R=—5R+r+—2ha.
2r r

2r 4F
cyc cyc
aga
Then: 5R—1r+ —>h, > w; < (2)
cyc cyc
Therefore,

1 Va?b? + b2 + c?a? - Jabcla+b+c) , |R (1)3(2) N
sinw 2F - 2sr =Ly, = ®1Te:

888.In AABC,1,,I,, I, —excenters. Prove that:

72Rr < Z(I,,IC)2 < 36R?

cyc

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

A A A
BC =a =1I,I.cos (90° - E) =11, sinE, a=2RsinA = 1,1, sinE

VA A LA A
2R-ZsmEcosE=1blcsmE, IbIC=4RcosE
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B C
Similarly: 1,1, = 4R sinE and 1,1, = 4R sinE

I,1.)? = 16R? 24 _ jer2 (24 ) Y 162 (2 + X)) = 36R2 (1

cyc cyc

A 16R?’(4R +r
Z(I,,IC)2 = 16R? Z cos? 5= (ZR ) =8R(4R + 1)

cyc cyc
We need to prove:
8R(4R+1r)=>72Rr 4R+ 1r > 9r & R > 2r (Euler)
Hence,Z(IbIc)Z > 72Rr; (2)

cyc
From (1) and (2), it follows: 72Rr < Z(IbIC)Z < 36R?
cyc

889. In any A ABC holds:

a2+b2_|_b2+c2_|_c2+a2 N R >1+b2+C2 +c2+a2+a2+b2

bz +c¢Z2 c2+a? a%?+b%? 2r a?+b%2 b2+c%2 c%+a?

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a2+b2+b2+c2+c2+a2+R>1+b2+c2+c2+a2+a2+b2
bZz+c¢%2 c2+a? a?+b? 2r- a’+b2 b2+c?2 c2+a?
a’?+b?+c2—-c?2 b*+c2+a*-a* c2+a*+b% 2—-b%?2 R

+ + +

bZ + c2 c2 +a? a’ + b2 2r

- +b2+c2+a2—a2+c2+a2+b2—b2+a2+b2+c2—c2
- a’ + b2 bZ + ¢2 cZ +a?

2 a? b2 R—2r

1 C
2
=4 a - - - +
Z z:b2+c2 b2+c¢2 c2+a? a?+b? 2r

cyc cyc

1 a? b2 c2
(50)(Sorta) -
bZz+c¢%2| a?+b%?2 bZ+c2 c2+a?
cyc cyc
bz—cz_I_cz—az_l_az—bz_l_R—Zr>0
=
b2+c¢2 cZ2+a? a?+b? 2r
bz+c2—2c2_I_cz+az—2az_I_az+b2—2b2+R—2r>0
b2 + ¢2 cz + a? a? + b? 2r

=4
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3+R—2r> 2¢? N 2a? N 2b?

=

2r ~b%Z+c?2 c2+4+a? a%?+b?
R —2r 2b? 2¢? 2a?

< 3+

+ + +
2r b2+c¢2 c2+a? a?+b?

o (_2¢ N 2b? N 2a? N 2¢? N 2b? N 2a?
—\b%Z+c% b?+c? c? + a? c2+a2 a’ +b? ' a? +b?

R 2r
2 Z 2+b2—

cyc

Bergstrom R — 2r  2(4s?%) ? R—2r? 2s?

Now, LHS of = =3 >3-
ow of () 2r * 2 Y cyc a* 2r s?2 — 4Rr —r?
R —2r ? s2 —12Rr — 3r?
N > & (R—4r)s? > (R—8r)(4Rr + r?)
2r s2 — 4Rr — r?

(**)
& (R—2r)s? —2rs? > (R—8r)(4Rr +r?)
Gerretsen

Now,LHSof (*) > (R -—2r)(16Rr — 5r?) — 2r(4R? + 4Rr + 3r?)
>(R-8r)(4Rr+r?) @ 2RZ—7Rr+6r2>0< (R-2r)(2R—3r) >0

Euler
—>true “ R > 2r = (xx) > (x) is true .. in any A ABC,
a2+b2+b2+cz+ c? + a? R 1_I_b2+c2 +c2+a2+a2+b2
b2+ c¢2  c% + a? a2+b2 a?+b%z bZ+cz c2+a?’
with equality iff A ABC is equilateral (QED)

890. SABC — tetrahedron, O — center of circumsphere,
IBSC = 2<CSA = 0 = 60°
SP =5SQ = SR,plane(P,Q,R) = (m),0 € (i), Volume(SPQR) =V
Prove: SA+SB + SC = 4-372 - V.

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer
From 01.05.2022, we have:

SA(i+_1+_1)+sg(‘_1+i+‘_1)+sc(_1+_1+i) 4
SP ' SQ ' SR SP ' SQ 'SR SP ' SQ ' SR
SP=SQ=SR=d=SA+SB+SC=4d
d3 1 6 3 6 3
?ﬁ:d V72 -3V =>SA+SB+SC=4-372-3V.

891. Prove that:

3 T 3 31'l'+3 5n_3 5+33§/7
/sm14 sm14 sml4— 213

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Pham Duc Nam-Vietnam

Let: _ 3 _
et:x = /sm14,y sm14 VZ = sm

. m _ 3m _ 5m m 41 21T 2sin1—7200s1—72cos‘i—2tcos%
*smﬁsmﬁsmﬁ = smﬁcosﬁcosﬁ = 2cos1—72
sinz—ncosz—ncos4—n sm4ncos4” sins—n cosl 1
_ 14 14 14 _ 14 14 _ 14 _ 14 _ *
Zcos% 4cos1—n;l 8cosl—72 8cosl—72 8
3 T 3n 51t_ 1 , 1
= Xyz = — smﬁsmﬁsmﬁ —E:>(xyz) =12
T 3n 5m T T T 3n 5t
*smﬁ— smﬁ+ smﬁ =85= Scosﬁ = cosﬁ(smﬁ—smﬁ+ smﬁ)
1 T 1 b4 3 1 T 3 1
=Esm7—i(sm7+cosﬁ) Z(COSE-FCOSE):)S:E
=>x3+y3+z3=%
. m . 5m  3m  5m _ m | 3m
*smﬁsmﬁ—smEsmﬁ—smﬁsmﬁ
1 21 3w 4in T 21 T
=E(cos7—cos7+cos7—cos7+cos7—cos7)
1 21 3w 4in T
=E(Zcos7—cos7+cos7—2ws7)
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1 , T 3T (4 U , (4
=E(4cos 7—2—4cos —+3cos—+ 8cos*=—8cos —+1—2(:057)

7 7 7 7
1 T (4 /(4 Vs
=E(Scos47—4cos37—4cos27+cos;—1)
1 T (4 (4 Vi
=E(cos7(800s37—4cos27—4cos7+ 1) - 1)

/s
Known:Minimal polynomial which root is cos (7) is: 8x3 —4x? —4x +1

3T , T 14
= 8 cos 7—4cos ——4cos7+1:0

7
b4 51 3w 5 T 3w 1
= —_— _— —_— _— —_— _———
szn145m14 sm14sm14 sm14sm14 >
1
= (xy)* + (y2)* + (x2)® = -3

xx3+y3+28=(x+y)3+22-3xy(x+y)
=x+y+2)((x+y)?—z(x+y) +2?) - 3xy(x+y) > x> +y3 + 23 — 3xyz
=(x+}’+Z)((x+y+Z)2—3(xy+yz+xz))

©2==s(s>—-3p)where:s=x+y+zp=xy+xz+yz

* Replace:x = xy,y = yz,z = xz = (xy)3 + (yz)? + (xz)3 — 3x%y?2?

5 3
=xz+yz+xy XZ+yz+xy) —3xyzx+y+z)) S ——=ppP-+=s
( (¢ )2 - 3xy2( ) ®* +39)

4
a3 5
= ——pSs ——
p SPS—3
1 5 s3 1
*2=s(s’=3p) e 3ps=s'-2=p*=—2(s’-2) -7 =-— -7

3
s> 1
= 27p3s% = (s% - 2)3 =3 27(————>s3 =(s% - 2)3 © 4s% +30s%+ 7553 -32=0

(s +5> 189 (3 3\/_)

3 ’3 3 3 5n
?i/———:>s— i/_——:>x+y+z— smﬁ—\/sm—+\/sinﬁ
= /_ 7 ——

2\/— 2

Solution 2 by Hikmat Mammadov-Azerbaijan

LHS =’[cos =+ 37+ leos X
—COS7 COS7 COS7

N .
(e‘7) +1=¢"+1=0
3w 511'
Ifz—e7orz—e 7 orz=e"7

0=z"+1=(z+1)(2°-2°+2z* -2 +22 —z+ 1)

3
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Sincez # —1and z # 0.
z7+1

— 3 2 -2 -3 _
m—OﬁZ —-z¢+z—1-2z +z =0

1,3
(z+;> =z22-2z343@Z+z)=222+2z3=(2z+2z1)2-2
23-z22+z-1+z1-z2%2+z23=2Z+z3)-(Z*+z)+(z+z1H)-1=0
(z+z1)¥-3z+zYH)-(z+z)2+2+(zZ+2zH)-1=0
Letw=z+z 12w} -w?-2w+1=g(w)=0

i = (4
g(w) hase'7 + e 17=2 cos as aroot.

3 b4
Also, 2 cos —- and 2 cos—- are roots.Call these roots: a3, 83,y3
at+p+y
V2
Vieta'sformulas: w3 — w?> —2w+1=0
ad+p3+y3=1
@3B3 + B33 + yPad = —2
adpiydi=—-1=afy=-1
@3 + By® + y3a® = 3(apPyya) + (ap + By + ya)((af + By + ya)? —3apy(a+p +7))
(@B + By +ya)? +3(a+ B +y)(aB + By +ya) = =5
(@+pB+y)? —3(a+[>’+y)l§,aﬁ+[>’y+ya) =4
Galois: 5
Y=a+p+y=>P=aff+Ly+ya
P34+3WPp=-5=>93 3PP =4
(@3 +39P) (Y3 - 3¥P) = —-20
(PP)3 — 9(dW¥)? + 3PP (Y3 — d3) = -20
Also, (Y3 - 30P)(¥3 + 3¥Wd) =9 = P3 — 3 — 60¥
(PP)3 —9(PP)2 +27(PP)+20=0=> (PP +3)3-7=0=> PP = W—3
®3=44+39P=337-5
Therefore,

3[ . @ 3  3m 3  S5m 3 5 3,
/smﬁ—\/smﬁ+\/smﬁ—\/—i+5\/7

892. SABC — tetrahedron, O — center of circumsphere

Goal:

IBSC = <CSA = <ASB =0 = 60°,SP =SQ =SR =d,

plane(P,Q,R) = (), 0 € (). Prove: d>> YSA-SB-SC
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Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
From 04.05.22 we have:

SA+SB+SC=4-Y72 -3V
IsSA+SB+SC>3-3SA-SB-SC
Hence,33SA-SB-SC < 4-372 -3V, then

3| d3
3-VSA-SB-SCs;4-V72-/EVEandthmz

-VSA-SB-SC
893. In AABC the following relationship holds :

1 a >4\/§F
2 A'E A~ r2

cyc a Sin 7 cyc Sin 7

d>

Bl w

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A A
Since: a=4R sinicosi (and analogs), then we have :
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4Rsm';lcos';1
LHS = Z e Z Y —Z : 1 Zcos
0S5

cyc 4Rsm cos2 sm2 cyc smi cyc sin? c cyc
A
1 COSZ COoSs A
Y e IDISCE VR NI o B
cyc COSE Sln22 cyc cyc COS5 cyc cyc S 9 cyc

2

2
. T r r r
cyc sin 7

So the proof is completed. Equality holds if f AABC is equilateral.

894.

AQ 1 MsS Qs
— =—,4PSN =?,— =?,— =?
Qc 2’ SN 'SP

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer
152 + 62 — (3v19) 1

cosB = 2156 2 =20=60

BQ. _A4Q _ BO,

~3
Qz cQ BQz 2 o
QQ; Il BC = BA CA 6 3 > BQ;=q;=4

Plagiogonal system: BC = Bx, BA = By

B(O, 0): M(6' 0)' P(O' Z), N(O, 8)) Q(‘Il» CIZ) = Q(5’4)

4-2 2 -8 -4
=5 5 M A =g =3 =h

=>BQ1=q1=5
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2 -4\ 1 2 4
(12+11)C059+ﬂ.2).1+1=(§+?>'E+§'§+1=0=>PQJ_MN
SQ MC AQ AB AN AQ BC
sP BM'A_C'WJ’NP( AC BM)
SQ 916 -2 1 15\ _SQ _4
PS z'§'z+?( 3 ?) PS_ 9
MS BM QC AP MC PB

SN BC AQ NP+BC NP
MS 6 2 4 9 2 MS 11

SN 1516 156 SN 15
895.

If x,yZz€ER,x+y,y+2zz+x,xy+yz+2zx>0theninAABC holds :

2
n, ny, n, n,n, 1 z 4R
— =\ /= |— =22 - — 24 —-2 Z
Z(y 2| h, /h,, /hc = hh, a2l % T Xy
cyc

cyc cyc cyc

Proposed by Bogdan Fustei-Romania
Solution by Mohamd Amine Ben Ajiba-Tanger-Morocco
We have :

(\/x+y+\/y+z)2=x+2y+z+2\/y2+xy+yz+zx>x+2y+z+2|y|22+x.

Then: \/x+y+,y+z>+z+x (and analogs)

So \/x +y, \/y + z,7Vz + x can be the sides of a triangle A with area S such that :

1652=22m2\/m2—21/x+y4=4zxy = 28= xyt+yz+zx.

cyc cyc cyc

2

— 2 2 _ 2
Now,we have : (Ef =#<s(s—a)+s(ba ©) >= 1 (a (s a)+a(b c) ):

h, 412 s s

_ 1 ((s—a)[a®-(b—c)?] 2 1 (4(s—a)(s—b)(s—c) 2\ _ 4r?+(b—c)? .
= L (Gl | g2) = L (A6 2) 2 0" gy

4r? 42 4r?

n, = |1+ (b - C)Z
h, 4r?

(and analogs)
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2

n, n, b—c\? ¢ — ay2 Minkowski b-c c—a\
(( j’:’> _+_ j12+(7) +]12+(7) = (1+1)2+( 2r Zr) -
(a—b)? (a b)2 n, n, n,
_\/4+T> 1+ - —+ h_b> (and analogs)
N, n, n.
L = P = —_— = e
et a /ha'ﬁ /hb,y /hc =
2
LN L (a+pB—-v)(a—pB+y)>0(and analogs).
hb hc

Now, by Oppenheim'’s inequality in triangle A,we have, for any u,v,w > 0 :

2 2
u.y+z +v.\/z+x2+w. x+y =4SVuv+vw+wu
=2 (xy + yz + zx) (uv + vw + wu).

2
F n, nc n, n,
oru= h, h, I w
ng np .
’ha ’hb ,we have :

uv+vw+wu=2uv:H(a+[>’—y).2(a+ﬁ—y):l_[(a+ﬁ—y).2a=

cyc cyc cyc cyc cyc

YR ()

cyc cyc

nanb s(b —¢)?
_ZZh hy 4F22a <s(s—a)+—a ):

cyc cyc

n,ny 1
e DY I
hoh, 472 + 1F? a(a+ c)(a +c)

cyc cyc cyc

_3 Z n,n, Z abcz 4
hoh, 4r? sin® 2 =

cyc cyc cyc

n,ny 1 4R n,ny
B
a2 ° h,h, 412

hahb
cyc cyc cyc cyc
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Therefore,

2
n, ny, n, ngny 1 Z 4R
— | [—= [— =2 |2 -— 24 —-2 Z .
Z@ 2| h ( /hb fhc> = ( hoh, a2l YT xy
cyc cyc cyc cyc

896. In AABC the following relationship holds :

>
r(4R + 1) R

\/h,fr,f + hy’rp? + hr 2 E(brc N cr,,)
cr, br,

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Letx=s—a, y=s—b, z=s—c. Wehave:

as—a)+b(s—-b)—c(s—c)=@+2)x+(z+x)y—-(x+y)z=
= 2xy > 0 (and analogs)
Then
a(s —a),b(s —b),c(s —c)

can be the sides of a triangle A with area S such that :

16S? = Z a(s—a). n[a(s —a)+b(s—b) —c(s—0)]

cyc cyc

=2r(4R + r)ﬂz(s —a)(s—b) =

cyc

= 2r(4R + 1).8(sr?)? = 16s>r>(4R+r). Then: S = Fr\r(4R +1).

va2b? + b%c2 +c2a2 _b ¢
Lemma : In any AABC,we have : >F > p + A (%)

Proof : (») & Zbc\/azb2 + b%c? + c2a?
> (b? + c¥)\/2(a2b? + b2c% + c2a?) — (a* + b* + c*)

squaring
~

S 4b%*c*(a’b? + b%*c? + c%a?)
> (2b%c? + b* + ¢)[2(a?b? + b?%c? + c?a?) — (a* + b* + c*)]
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& 0> —a*(b? + c?)? + 2(b* + ¢*)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b? + c?) — (b* + ¢*)]?

Which is true and the proof of the lemma is complete. Applying this lemma

intriangle A,we have :

b(s—b) c(s—c) \/chc(b(s - b))z(c(s - c))z B

c(s—c) b(s—-b) 28
(4RF)%(Fr)?
e (a(s - a))2 R[Sy h, 1,2
2FrJr(@R+1) F | T@R+7)"

h,’r? + hy’ry? + hr2 - F (brc crb)

Th ) > (=<
erefore j r(4R + 1) R\cr, br,

d=7

Israfilov Murad

897. e

Proposed by Israfilov Murad-Baku-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India
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n _ b

sin(110°— a)  sin(60° + a)
n (») sin(70° + «)
S—=——
b sin(60°+ a)

Sine [ A BCP n a w__a

= = = =

e tawon sin30°  sin140° "~ 2sin40°

d Sine I A ABC a (x+x) asin50°
= = = =
and»>ine tawon sin50°  sin110° 2sin70°
(es), (48 n sin70° cos20°
S (ke k%% ) &> — = =
’ b 2sin40°sin50° co0s10° — cos90°
N (erxs) cos20°

= b = 20s10° & (k%) (xx%%) = 28in(70° + a)cos10° = 2sin(60° + a)cos20°
= sin(80° + a) + sin(60° + a) = sin(80° + a) + sin(40° + a)
= sin(60° + a) — sin(40° + a) = 0 = 2cos(50° + a)sin10° = 0
= cos(50°+ a) =0 and - 50° < 50°+ a < 160°

~50°+a=90°= (ans)

Sine law on A ACP =

898.

AD @

BC 2

Prove :

Proposed by Murat Oz-Turkiye
Solution 1 by Miguel Angel Perez Ortega Lopez-Mexico

B 2b?% — a?

2
2

a
kSB:SC:?
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BD:b*>x+a(a+b)z=0

AD:2b*y + (2b? —a*)z =0
{D} = BD N AD = (2a(a + b); 2b* — a?; —2b?)
CD: (2b* —a*)x —2a(a+b)y=0

4 AD - CD a(a — 2b)(a? + 2ab + 2b?)
S=S8cot—= =
4 1 1 1 2(2b% — a?)
0 2b? 2b?% — a2
2b%2 —a? —-2a(a+b) 0

0= s? a(a — 2b)(a? + 2ab + 2b?) 2 3
B 2(2b% — a?)

B a?(4b? — a?) _ la(a —2b)(a? + 2ab + ZbZ)l2 3

4 2(2b2 — a?) B
B a3(2b — a)(a* + 2a®b — 2a*b? — 8ab3 — 4b*)
B 2(2b2 — a?)?

& v2(8) -2() -8(®)-4=0=2=p-1+ /3
a3 — 4ab? — 4b3
a+2b

a
AB? b?(a + 2b) T2

CD2~ a3 —4ab? — 4b3 :_(2)3_4(2)2_4:
b b
6+1(f)-() - ()

N 4

CD? = —

A32:6+4(¢—1+J$)—(¢—1+«/$)2—(¢—1+«/$)3:
CDZ 4

_2+3/9+5¢+3¢/p—¢*/p— ¢
1

¥ —¢-1=0=(/p) —(J$) —1=0
ABZZ(x/a)Z:;“_B:\/é
2 2

CD? CDh
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Solution 2 by Soumava Chakraborty-Kolkata-India

a m n
Si l A BCD = = = = BD
e tawon sin(90° + 4x) sin45° sin(45° — 4x) (n )
m (+) 1 n («
> —=——— and — = V2sin(45° — 4x)
a +/2cos4x m
. . m n n (**) sinx
Again, sine law on A ABD = =

= = —
sin(90°—x) sinx m cosx (), ()
sinx

1
= =2 (— cosdx — —sin4x> = sinx = cosx.cos4x — cosx.sindx
cosx V2 V2

= sinx(1 + 4cos2x.cos?x) = cosx. (2cos?2x — 1)
2
= (1 — cos?x) (1 + 4cos?x. (2cos?x — 1)) = cos?x(2(2cos?x — 1)? — 1)?
= (1 — cos?x)(8cos*x — 4cos?x + 1)? = cos?x. (8cos*x — 8cos?x + 1)?
> t(8t2 —8t+1)2— (1 —-t)(8t2 — 4t + 1)? = 0 (t = cos?x)
= 128t> — 256t* + 176t3 — 56t2 +10t—1 =10
= (2t—1)(64t* —96t3 +40t> - 8t+1) =0

4 3 ) (***) 1 45°
=>|64t* —96t° + 40t —8t+1 = 0 ( cos x;t—asx< )

4
3+v5 3445 3— «/_ 3— «/_
Now, 64 t2 — t. + t2 -t
4 16
3-+5 3-+/5 3++5 9-5 —5 3+«/§
=64 t* —t3. + t2. — 3. + t2. — 2t. )
4 16 4 4 64 16
+9—5
256
= 64t* —96t3 + 40t2 -8t + 1
3+\/§ 3++5 3—v5 3-+5
- |64t* — 9613 + 40t% — 8t+1 64 + tZ -t +
4 16 4
(ore), (ee) o [ 12 3+\/_+3+\/— 2 37V5 3B _
Qo kkk Kk ok %k —_ —_ =
’ 4 16 4 16
, .3+V5 3++5 _ 3+V5+ 2(V5+1)
>te—t 1 + 16 =0(-tisreal) >t= 3

3+V5+ /2(\/§+ 1) 45° 45°
=t = ('-'x<

= t = cos?x > cos? )
8 4

cos4dx = 2cos?2x—1=2(2cos?x—1)>?-1=8t2-8t+1

14 + 6V5 + 2V5 + 2 + (6 + 2V5). /z(\/§+1 —24-8/5-8. /2(\/§+1)+8
N 8
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(V5-1). [2(v5+1) 1 9
- 4 :\/_cos4x_(\/§_1)_1/\/§+1

V5 +1
_(V5- IWVE+1VVE+1 3 _Jeveom_ @ AD_ @
25—t 2 vz a z7Bc Nz (P

899. In any A ABC holds:

a3s, b3s. c3s,

bs}  csd

as? —

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

1 1 12
ZaZZZ\/g@

am, o aZm2 (chc az)

2
o (Z a2> —3a?(2b%?+2c?-a®>) >0

cyc

2 2
@<Za2> —3a2<22a2—3a2>20®<2a2> —6a22a2+9a420
cyc

cyc cyc cyc

2
) 1
@<2a2—3a2> >0 (b?+c2—-2a?)?>0->true>am, < —— ) a?

23
cyc cyc
a\3 2
a3sy b3sC c3s, Holder (chcs ) 1 al 2
ow, + Z = = — Z P 2 4
bs3 = cs} asc b 3y v b 73 Sq
cyc cyc Sb cyc
a3(b? + ¢2) »
& z 4ize Z ( ) > 2v3
2abc.am, -
cyc cyc *)
a3(b? + c? a3(b? + c?
Via (+) and analogs, Q = z ( )
£ 2abc.am, Ll Zabc.i.z a?
y y 2\/§ cyc
- a3.2bc 2abc. Y, a*
T2 Z —=2V3.— = —=2V3= (»)ist
V3. 2abC. Soye @ V3 2GDC.3 oy @ V3 = (%) is true
cyc

116 | RMM-GEOMETRY MARATHON 801-900



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
as, b3s. c3s,

~ in any A ABC, >4, =" iff A ABCis equilateral (QED)

bs3 = c¢s}  as?

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
AM—-GM

We have : 4a?+b%+c2m, < (a®+b?+c?)+4m,?=3(b? + c?)

Then : 2bc 3bc AMéGM V3bc (and logs)
e Yy S it
3V3

= $,5pSc < T abc.

ads, b3s, c3s, MM s abc \? 3/ 8 \?
Therefore, 3+ 3+ s = 3 ( ) >3 (—) = 4.
bs,® csp®  as, SaSpSec 3V/3

Equality holds if f AABC is equilateral.

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2 2
a? b? c?

3 3 3 — — —
a’s, b’s. c’s, s, 2 sp2 s.2

We have : =—2 b £

+ +

bs,3  c¢s,3 as,3  ab bc ca =
SaSh SpSe ScSa
2
CBS az + bz +C_2 s, <m
= \s.2 " 5,2 " 5.2 >az_|_b2_|_c2 “Z>~.“a2+b2+c2
~ ab bc ca 5,2 52 s2 T o mg2 my? om

SaSh SpSc ScSa

Nowifa=>b>c = m, <m, <m,then by Chebyshev's inequality,

a? b? c? N 1 1
we have : —— +_—+_ 2_ (a +b +C)< 2t =+ 2)2
m,© m, 3 m,2 m, m,
CBS 2 2 2
1 3 3 a’?+b*+c
S Z(a®+b? + ). 5 5 ( )
3 m, + m, + mc (az + bz + Cz)

a3s, b3s, c3sa>4

Therefore >
fore, bs,? c¢s,®  as.3
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Equality holds if f AABC is equilateral.

900. In AABC the following relationship holds :

pbm,> cmy® am2 9

+ + = —.
b3m, cm, 4

adm,
Proposed Daniel Sitaru-Romania

Solution 1 by Tapas Das-India

m, m
- Holder T
m

2
> Z—( ; 3|2
— >
a’m, my - 3% _a -
a cyc

cyc cyc b
_1(33)" 127 9
—3\2 /) 3 4 4
1 2 4 2 2
ma=i\/2(b + ¢2) — a? (and analogs)
m, 1
» e —zz\/z(a2+b2) bZ—\/_Z >
cyc cyc cch a?
2(b% + ¢%) — a?
Z 1 V3 2b* +2c¢2-a*  3V3
_\/_ 1 a? 2 Li2(a2+br+c?) 2
ezt 2(b?% + ¢2) — a? e

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Y > x? +y% + 2% Vx,y,z>0.

We have : Z Z = >
Xy +yz+ zx
cyc cyc
F mg, my mg ¢
orx =—, =—, zZ=—, weget:
a y b c 9

mea3> ma2_122b2+2c2—a2_1 Zzb2+zzc2 3|
adm, ~ az 4 a? 4 a? a? =
cyc cyc cyc

cyc cyc
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AM-GM

- 9
> Z(Z. 3+2.3—-3)= 7 as desired.

Equality holds if f AABC is equilateral.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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