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1. Introduction 

     The purpose of this work is to offer applications which can use all of the teaching 

methods of mathematics: i.e., inductive, deductive, heuristic or discovery, analytic, 

synthetic, problem solving and other methods. 

     In this paper we generalize formulas based on various patterns of geometric inequalities 

and we give new elementary proofs for some old triangle inequalities, and also present 

additional proofs for new inequalities in triangles. 

2. New result 

We consider two triangles ��� and ��� with the length of sides �, �, � and �, �, � 

respectively, and areas � and �, respectively. 

Proposition 1. (New inequality)  

If � is a permutation of the set {�, �, �} and �, �, � > 0, then: 
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Remarks: 

If � = � = �, then the inequality (1) becomes: 

� ⋅ �(�) + � ⋅ �(�) + � ⋅ �(�) ≥ 4√3��;    (2) 

If � is the identity permutation, then inequality (2) becomes: 

�� + �� + �� ≥ 4√3��;      (3), i.e. one of the Tsintsifas’ inequality. 

If Δ��� ≡ Δ���, then inequality (3) becomes: 

�� + �� + �� ≥ 4�√3;    (4),i.e. Ionescu-Weitzenbock’s inequality. 

If �(�) = �, �(�) = �, �(�) = �, then inequality (2) becomes: 

�� + �� + �� ≥ 4√3��;      (5) 

If Δ��� ≡ Δ���, then inequality (5) becomes: 

�� + �� + �� ≥ 4�√3;    (6), i.e. Gordon’s inequality. 

If � is the identity permutation, then (1) becomes: 

� + �

�
�� +

� + �

�
�� +

� + �

�
�� ≥ 8√3��;    (7) 

If Δ��� ≡ Δ���, then (7) becomes: 

���

�
�� +

���

�
�� +

���

�
�� ≥ 8�√3;     (8) , i.e. Bătinețu-Giurgiu’s inequality. 

In the next, we consider the triangles ������ and ������ with the lengths of sides ��, ��, �� 

and ��, ��, �� respectively, the semiperimeters ��, �� respectively and the areas �� and ��, 

respectively. 

Proposition 2. (New inequality)  
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Proof. As in Proposition 1. We use AM-GM inequality and Carlitz’s inequality in triangles and 

we obtain 
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If Δ������ ≡ Δ������, then from Proposition 2, we have �� + �� + �� ≥ 2√27
�

⋅ ���, so in 

either triangle we have the following inequality: 

� + � + � ≥ 2√27
�

⋅ √�;  (9) ⇔ 2� ≥ 2√27
�

⋅ √� ⇔ � ≥ √27
�

⋅ √�� ⇔ 

√� ≥ √27
�

⋅ √� ⇔ � ≥ �√27 ⇔ � ≥ 3�√3; (����������) 

Proposition 3. (Old inequality). 

���� + ���� + ���� ≥ 4√3 ⋅ ����� (�����������) 

New proof. From Bergstrom’s inequality and Proposition 2. We deduce that 
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Remarks: 

If Δ������ ≡ Δ������ ≡ Δ���, then in Proposition 3, we obtain the inequality 

�� + �� + �� ≥ 4�√3;  (10)(������� − �����������) 

If Δ������ ≡ Δ��� and Δ������ ≡ Δ���, then in Proposition 3, we deduce that 

�� + �� + �� ≥ 4�√3; (11)  (��������) 

Proposition 4. (New inequality). 

���� + ���� + ���� ≥ 2��� ⋅ 3
���

� ⋅ �
���

� , ∀� ≥ 0 

Proof. By Radon’s inequality we obtain that: 
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Remarks: 

If � = 1, then we obtain again the Ionescu-Weitzenbock’s inequality. 

If � = 3, then we obtain �� + �� + �� ≥ 16��; (12) (���������) 

Proposition 5. (New inequality). 
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Proof. If Δ������ ≡ Δ��� and Δ������ ≡ Δ���, then from Proposition 2, we obtain  

√�� + √�� + √�� ≥ 2√27
�

⋅ √�, so from Radon’s inequality, we deduce that 

�√���
���

+ �√���
���

+ �√���
���

≥
����� �∑ √���

���

3�
≥ 

≥
�2 ⋅ √27

�
⋅ √��

���

3�
= 2����√3

�
�

���
⋅ �
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Remarks: 

If � = 1, then we obtain again the inequality of Gordon. 

If � = 3, then we obtain an other inequality of Gordon, i.e. 

���� + ���� + ���� ≥ 16�� (4.12 from [1]) 
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