A SIMPLE PROOF FOR CALLEBAUT’S INEQUALITY
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ABSTRACT. In this paper is presented a simple proof for Callebaut’s inequality
and a few applications.

CALLEBAUT’S INEQUALITY (n = 2)
If ay,a9,b1,b2 > 0;0 <z <y <1 then:
(aras +bibo)? < (a1 P01 + al ™y ) (a1 " "bi T + ad " by TT) <
< (@ Y ) <
(1) < (af + a3)(b7 + b3)

Proof.
The inequality:

(@FB7 o B (@l B 4 ad ) <

1+y;1—y Ity l—yy  1-y;lt+y 1-y;1+y
(2) < (a; by +ay by ) (a1 b H+ay by TY)
can be written:
212 212 1+z3l—2x 1—x3142x 14z3l1—x 1—x31+x
aib] +azbs +a; b ay by T Fay by Tay T Th T <
272 2;2 T4y, l—y 1—y;1 14y;l—y 1—y;1
§a1b1+a2b2+a1+ybl ya2 yb2+y+a2+yb2 ya1 yb1+y
14z3l—x 1—x114x 14z3l—2 1—x114x
a; by ay by T Fay by TayT Th T <
1+y;1—y 1—y;l4y 14y;l—y 1—y;l4y
<a;"by Vay by +as by Ta; Yy
By dividing with aia2b1bs we obtain:
rpr , —I]—T rp—x —XLT
arbyay b7 4+ a3by Tal by <

< aibyYay by + azby Yay by
(a1b2>$+<a2b1 )x < (a1b2>y+<a2b1 )Z/
a2b1 a1b2 a2b1 a1b2

a1bs

aghy

Denote:

Remains to prove:
p'+p " <pY+p?
Let be f:[0,00) = R; f(z) =p® +p*
f(z) =logp- (p* —p")
If p>1;logp >0and by x > 0;z > —x

pPPEp t=pt—p F>0= f(2) >0
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If pe (0,1);logp <0 and by x > 0;2 > —=x
PP TSt —p T <0= fi(z) 20
f increasing on [0,00) = f(z) < f(y) which is equivalent with (2).
We take in (2): =0
(a1a2 + bibs)(aras + biby) <
@ < G ) el )
We take in (3): y =«
(araz +b1b2)* < (ay™"b ™" + ay by ™) (a7 T a4y "by ™)
We take in (2): y =1
(@) (ar™bh "+ ag Ty ) (a0 A+ ay by ) < (af + ad) (7 + 03)

By (2);(3);(4) it is obtained (1).
CALLEBAUT’S INEQUALITY (n = 3)
If a1,a2,a3,b1,b2,b3 > 0;0 < x <y <1 then:

(a1by + azbs + agbs)? <
( 1+wb1—a: 1+zb1—x 1+wb1—z)( l—wb1+a: l—wbl-‘rw é—wbllg-i-z) S

<
< (a1+yb1 y—i—a%ﬂ’bé L 3+yb1 y)( 1-— yblﬂ’—i—al yb1+y lfybé+y) <

(5) < (af + a3 + a3) (b} + b3 + b3)

GENERAL CALLEBAUT’S INEQUALITY
Ifa; >0;b; >0;5€1,n;0 <z <y<1 then:

<zn: aibi>2ﬁ <Z a}“‘bg—w) (Zn:a *b“”‘)
=1 =1 =1

3 7 2 i=1
COI‘OHary ].

If ai,as,by,by > 0 then:

(araz + bibe)? < (a1v/a1by + azv/asha)(b1v/aiby + bay/azhs) <

< (ai + a3) (b7 + b3)
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Proof.
We take z =y = 1 in (1)

Corollary 2
If ai, ag, bl, b2 > 0 then

(araz + bibo)” < ({adb? + {/asbd)({fa2bd + fadbd) < (a3 + a3)(03 + 83)

Proof.
We take 2 =y = % in (1)
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Corollary 3
If ai, az, bl, b2 > 0 then:

(araz + bibo)? < ({atbd + /adb?)({/adbt + {fa3pd) <

< (a1v/arby + agv/agha)(b1v/a1by + bav/ashs) <
< (af + a3) (b} + b3)

Proof.
We take = 53y = 1 in (1).
O
Corollary 4
If ai,asz,as, bl, b2, b3 > 0 then:
(a1b1 + asbs + agbs)?
< (a1 \/a1b1 + a2\/a2bz + a3\/a3b3)(bl \/a1b1 + bz\/azbz + b3\/a3bs) <
< (a2 + a2 +a3)(b? + b3 +b3)
Proof.
We take z = 1 in (5).
O
Corollary 5
If a1, a9, as, by, b, b3 > 0 then:
(a1b1 + asbs + agbs)? <
\/ 4b2 + \/a4b§ + 3 a§b2 \/ 2b4 + \/a2b4 + \/a2b4
< (a? + a2 + a2)(b? + b3 +b3)
Proof.
We take z = £ in (5).
O
Corollary 6
If ai,as,as, by, ba,bg > 0 then:
(a1by + asbs + agbs)® <
\/ 4b2 + \/a4b§ + 3 a§b2 \/ 2b4 + \/a2b4 + \/a2b4
< (a1 \/a1b1 + ag\/asby + azv/azbs) (b1 v/arby + bav/asbs + bz azbs) <
< (a? + a3 + a3) (b3 + b3 + b3)
Proof.
We take z = £;y = 3 in (5).
O
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