FAMOUS INEQUALITIES REDESIGNED IN THE TRIANGLE
WITH SIDES SUM BY SIDES
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ABSTRACT. In this paper it is considered an initial triangle with sides a, b, c.

We take the triangle with side ' = b+c¢;b’ = c+a;c¢’ = a+ b and we find the
form of a few famous inequalities in triangle obtained in this new triangle.

Notations:
a,b,c,s, R, r, F - sides, semiperimeter, circumradii, inradii and area of the initial
triangle.
a',b,c,s'" R r', F' - sides, semiperimeter, circumradii, inradii and area of the new
triangle.

T, Th, Te - €xradii in the initial triangle
), 7y, 7 - exradii in the new triangle
ha, hy, he - altitudes in the new triangle
R, hi, k. - altitudes in the new triangle
A, B, C - angles in the initial triangle
A’ B’,C’ - angles in the new triangle
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1. MITRINOVIC’S INEQUALITY
In AA'B’C’ the following relationship holds:

3V3r <s < %R’
Redesigned:
s >3V3r' e a+b+c>3V3 - VoRr
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2. IONESCU-WEITZENBOCK’S INEQUALITY
In AA'B’'C’ the following relationship holds:
(a/)2 4 (bl)2 4 (C/)Q Z 4\/§F/
Redesigned: In AABC holds:
(b+e)2+(c+a)?+ (a+b)?>4V3-\/(a+b+c)abe

(b4+¢)* + (c+a)® + (a+b)? > 4y/3abc(a+b+c)
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3. ZETEL’S INEQUALITY
In AA’B’'C’ the following relationship holds:

Rl -hj - bl >27(r")3
Redesigned: In AABC holds:
8(a+ b+ c)aber/(a + b+ c)abc
(a+b)(b+c)(c+a)
(a+ b+ c)aber/(a + b+ c)abe < 27RrvV2Rr
(a+b)(b+c)(c+ a) - 4
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4. SANTALO’S INEQUALITY
In AA’B’'C’ the following relationship holds:

(mg)? + (my)* + (m)? = 3V3F'
Redesigned: In AABC holds:
Z(m;)Q = %(a +b+c)? + Z((f + 0 + ¢?)

cyc
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(a+b+c)? +a* +b* +c* > 4y/3abc(a+ b+ c)

5. GORDON’S INEQUALITY
In AA'B’'C’ the following relationship holds:

b +vcd +cdad > 4v/3F'
Redesigned: In AABC holds:
(a+d)(a+c)+(b+c)b+a)+ (c+a)(c+b) >4v/3abc(a+ b+ c)

6. GOLDNER’S INEQUALITY - I
In AA'B’C’ the following relationship holds:

(a/)4 + (bl)4 + (C/)4 > 16(F/)2
Redesigned: In AABC holds:
(a+b)* + (b+c)* + (c+a)* > 16abc(a + b+ c)

7. GOLDNER’S INEQUALITY - II
In AA'B’C’ the following relationship holds:
(@)2(0)? + (1)2()? + (¢)2(a')? > 16(F")?
Redesigned: In AABC holds:
(a4+b)2(b+c)* + (b+c)*(c+a)* + (c+a)*(a+b)* > 16abc(a + b+ c)

8. BANDILA’S INEQUALITY
In AA'B’'C’ the following relationship holds:
o VbV JdJdod R
max( Gt ) S

Redesigned: In AABC holds:
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a+b)(b+c)(cta
O aab)b+)cta)  (a+b)b+)(cta)

<
- vV2Rr 16sRr 16RF



FAMOUS INEQUALITIES REDESIGNED IN THE TRIANGLE WITH SIDES SUM BY SIDES 5
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9. LEIBNIZ’S INEQUALITY
In AA'B’C’ the following relationship holds:

(a/)2 + (b/)z + (C/)2 S 9(R/)2
Redesigned: In AABC holds:

(a+ b2+ (b4 +(cta)?< 9((a+b)8(sb\}i—%c+a))2 _
9a+b)20b+c)(c+a)®  9(a+Db)*(b+c)(c+a)?
128s2Rr N 128RF's
@+ B2+ (0402 + (cta)? < 9(a +b) 1(2b8—];;?s (c+a)

10. EULER’S INEQUALITY
In AA'B’C’ the following relationship holds:

R >2r
Redesigned: In AABC holds:

8sV2Rr
(a+b)(b+c)(c+a) > 32sRr
(a+b)(b+c)(c+a) > 32RF

11. STEINIG’S INEQUALITY
In AA'B’C’ the following relationship holds:
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12. LEUENBERGER’S INEQUALITY
In AA’B’'C’ the following relationship holds:

I R S
(R/)Q —av b cda — 4(,},./)2
Redesigned: In AABC holds:
12852 Rr < 1 + 1 " 1 < 1
(a+b)2(b+c)(c+a)®? ~ (a+b)2(a+c)?2 (b+c)2(b+a)? (c+a)?(c+b)? ~ 4-2Rr
128 RF's < 1 n 1 n 1 < 1
(a+b)2(b+c)?(c+a)® = (a+b)2(a+¢)® (b+e)?2(b+a)® (c+a)*(c+b)? ~ 8Rr
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13. KLAMKIN’S INEQUALITY -1
In AA’B’'C’ the following relationship holds:

o a'b'c o
< — <
4(T> _a/+b/+cl—(R)

Redesigned in AABC:
4.opr < @D (cta)  (a+b)*(b+ ) (cta)
Ta+b+btct+cta T 128s2Rr
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14. KLAMKIN’S INEQUALITY - II
In AA'B’C’ the following relationship holds:

9R’
2

o' <7l +ry+rl <

Redesigned in AABC:
OVaRr < (ab + bc + ca)V2Rr < 9a+b)(b+c)(c+a)

s2+7r2+2Rr ~ 16sv2Rr
ab+bc+ ca < 9a+b)(b+c)(c+a)
T $2+r2+2Rr — 32RF

15. BOKOV’S INEQUALITY
In AA'B’'C’ the following relationship holds:

(ra)* + (1) + (re)* = ()

Redesigned: In AABC holds:
(F/)Q (F/)2 (F/)2

2
(5/ _ a/)2 + (5/ _ b/)z + (s/ _ C/)z = (a +b+ C)

1 1 1
(a—i—b—&—c)abc(?—l-bfz-&-cj) > (a+b+c)?
1 1 1
abc(?—i—b—z—i—?) >a+b+c
bc ca ab
—+—+—2>a+b+c
a b c

16. JANIC’S INEQUALITY
In AA'B’'C’ the following relationship holds:
\2 4 2 /\2
WP WP P,
pTc Tela TaTp
Redesigned: In AABC holds:
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s —b g —¢ s —c s —a s —a s —b




FAMOUS INEQUALITIES REDESIGNED IN THE TRIANGLE WITH SIDES SUM BY SIDES 7

(b+c)? (c+a)? (a +0)?
(a+b+c)abe (a+b+c)abe (a+b+c)abe —
be ca ab

(bto? , (cta)?  (a+th)?
a b c

>4(a+b+c)

17. TRIGONOMETRIC INEQUALITY -1
In AA'B’'C’ the following relationship holds:

s'n£+s‘ E/Jrs' g<§
in - in - in—- <3
Redesigned: In AABC holds:
be n ca n ab < 3
(a+b)(a+c) (b+c)b+a) (c+a)(c+b) — 2

18. TRIGONOMETRIC INEQUALITY - II
In AA’B’'C’ the following relationship holds:

A B’ 3v3
N N R < -
cos 5 + cos 5 4+ cos 2 S
Redesigned: In AABC holds:

(a+b+c)a (a+b+c)db (a+b4+c)e _ 3V3
\/(a+b)(a+c) +\/(b+a)(b+c) +\/(c+a)(c+b) = 2

\/ (a+b)(a+c) \/ b+a (b+c¢) \/ c+a)( c+b a+b+c

19. TRIGONOMETRIC INEQUALITY - III
In AA'B’'C’ the following relationship holds:
. A/ ) B/ ) B/ ) Cl ) C/ ) A/
Sln — Sin — —+ Sin — SIn — —+ Sl — SIn —
2 2 2 2 2 2

Redesigned: In AABC holds:

be ca N ca ab ab be <§
(a+b)(a+c) (b+c)(b+a) b+c)b+a) (c+a) c+b (c+a)(c+b) (a+blatc) — 4
aer

/ / / 3
(a+c)( bJrc b+c b+ )(e+ a) c+a chb a+b Z

(a+b) ( )(b+c) (b+¢) (b+a)(c+a) (c+a) (+b)(c+a)_4\/w

20. TRIGONOMETRIC INEQUALITY - IV
In AA'B’'C’ the following relationship holds:
A B’ B’ c’ ¢ A
2

cos?cos—+cos—cos—+cos?co

<
2 2 2 -
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Redesigned: In AABC holds:
\/(a—i—b—l—c)a \/ (a+b+c)b +\/ (a+b+c)b \/ (a+b+c)c n
(a+Db)(a+c) (b+c)(b+a) (b+a)b+c)\ (c+a)(c+D)

(a+b+c)e (a+b+c)a <g
(c+a)(c+b) (a+b)(a+c) 4

aer\/ (c+a)( chb bJrc\/ aer Y(a+c) c+a\/ b+c bJra _4a+b+

21. TRIGONOMETRIC INEQUALITY - V
In AA'B’'C’ the following relationship holds:

A B’ o
2/ A 2( b 2/
sec (2)+sec (2)+sec (2)24
Redesigned: In AABC holds:
(a+b)(a+c) (b+a)b+c) (c+a)(c+Db) >4
ala+b+c) bla+b+c) cla+b+c)

(+2)0+ Do+ D050+ 2000

22. TRIGONOMETRIC INEQUALITY - VI
In AA’B’'C’ the following relationship holds:

A’ B’ c’
24 2( b 2( Y
cse (2)+csc (2)+Csc (2)212
Redesigned: In AABC holds:
(a+b)(a+c) N (b+c)b+a) n (c+a)(c+b) > 12
be ca ab
ala+b)(a+c)+bb+c)(b+a)+c(c+ a)(c+b) > 12abc
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