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1 RMM-LIMITS AND SUMS INVOLVING BETA FUNCTION 

 

LIMITS AND SUMS INVOLVING BETA FUNCTION 

By Florică Anastase, Adrian Popa-Romania 

 

Abstract: In this paper is presented a collection of special limits and sums involving beta 

function with detalied solutions. 

App. 1)  If 𝒎, 𝒏, 𝒑 ∈ ℕ and 𝒑 ≤ 𝒏 then holds: 

(𝒎
𝟎

)

(𝒏+𝒎
𝒑

)
+

(𝒎
𝟏

)

( 𝒎
𝒑+𝟏

)
+ ⋯ +

(𝒎
𝒎

)

( 𝒎
𝒑+𝒎

)
=

𝒏 + 𝒎 + 𝟏

𝒏 + 𝟏
⋅

𝟏

(𝒏
𝒏

)
 

Solution. We have: 

∑
(𝑚

𝑘
)

(𝑛+𝑚
𝑝+𝑘

)

𝑚

𝑘=0

= (𝑛 + 𝑚 + 1) ∑ (
𝑚

𝑘
)

(𝑝 + 𝑘)! (𝑛 + 𝑚 − 𝑝 − 𝑘)!

(𝑛 + 𝑚 + 1)!

𝑚

𝑘=0

= 

(𝑛 + 𝑚 + 1) ∑ (
𝑚

𝑘
) 𝐵(𝑝 + 𝑘 + 1, 𝑛 + 𝑚 − 𝑝 − 𝑘 + 1)

𝑚

𝑘=0

= 

= (𝑛 + 𝑚 + 1) ∫ [∑ (
𝑚

𝑘
) 𝑡𝑝+𝑘(1 − 𝑡)𝑛+𝑚−𝑝−𝑘

𝑚

𝑘=0

] 𝑑𝑡
1

0

= 

= (𝑛 + 𝑚 + 1) ∫ [𝑡𝑝(1 − 𝑡)𝑛+𝑚−𝑝 ∑ (
𝑚

𝑘
)

𝑚

𝑘=0

(
𝑡

1 − 𝑡
)

𝑘

]
1

0

𝑑𝑡 = 

= (𝑛 + 𝑚 + 1) ∫ 𝑡𝑝(1 − 𝑡)𝑛+𝑚−𝑝 (1 +
𝑡

1 − 𝑡
)

𝑚

𝑑𝑡
1

0

= 

= (𝑛 + 𝑚 + 1) ∫ 𝑡𝑝(1 − 𝑡)𝑛−𝑝
1

0

𝑑𝑡 = (𝑛 + 𝑚 + 1)𝐵(𝑝 + 1, 𝑛 − 𝑝 + 1) = 

=
(𝑛 + 𝑚 + 1)

(𝑛 + 1) (𝑛
𝑝

)
 

App. 2) Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝜶 ⋅ ∑ ∑
(𝒎

𝒌
)

(𝒏+𝒎
𝒏+𝒎

)

𝒎

𝒌=𝟎

𝒏

𝒎=𝟏

; 𝜶 ∈ ℝ 
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Solution. In Application 1), if we take 𝑝 = 𝑛, we get: 

∑
(𝑚

𝑘
)

(𝑛+𝑚
𝑛+𝑚

)

𝑚

𝑘=0

=
𝑛 + 𝑚 + 1

𝑛 + 1
; (1) 

∑ ∑
(𝑚

𝑘
)

(𝑛+𝑚
𝑛+𝑚

)

𝑚

𝑘=0

𝑛

𝑚=1

= ∑ (1 +
𝑚

𝑛 + 1
)

𝑛

𝑚=1

=
3𝑛

2
 

Therefore, 

Ω = lim
𝑛→∞

1

𝑛𝛼
⋅ ∑ ∑

(𝑚
𝑘

)

(𝑛+𝑚
𝑛+𝑚

)

𝑚

𝑘=0

𝑛

𝑚=1

= lim
𝑛→∞

1

𝑛𝛼
⋅

3𝑛

2
=

3

2
⋅ lim

𝑛→∞
𝑛1−𝛼 = {

0, if 𝛼 > 1
∞, if 𝛼 < 1

 

App. 3) Find: 

𝛀 = 𝐥𝐢𝐦
𝒎→∞

𝐥𝐢𝐦
𝒏→∞

∑ (𝒏𝒑 ⋅ ∑
(𝒑𝒏

𝒌
)

((𝒑+𝟏)𝒏
𝒑+𝒌

)

𝒏𝒑

𝒌=𝟎

)

−𝟏
𝒎

𝒑=𝟎

 

Solution. In Application 1), if we take 𝑚 = 𝑝𝑛, we get: 

∑
(𝑝𝑛

𝑘
)

((𝑝+1)𝑛
𝑝+𝑘

)

𝑚

𝑘=0

=
(𝑝 + 1)𝑛 + 1

𝑛 + 1
⋅

1

(𝑛
𝑝

)
 

lim
𝑛→∞

𝑛𝑝 ⋅ ∑
(𝑝𝑛

𝑘
)

((𝑝+1)𝑛
𝑝+𝑘

)

𝑛𝑝

𝑘=0

= lim
𝑛→∞

(𝑝 + 1)𝑛 + 1

𝑛 + 1
⋅

𝑛𝑝

(𝑛
𝑝

)
= (𝑝 + 1)! 

Therefore, 

Ω = lim
𝑚→∞

lim
𝑛→∞

∑ (𝑛𝑝 ⋅ ∑
(𝑝𝑛

𝑘
)

((𝑝+1)𝑛
𝑝+𝑘

)

𝑛𝑝

𝑘=0

)

−1
𝑚

𝑝=0

= lim
𝑚→∞

∑
1

(𝑝 + 1)!

𝑚

𝑝=0

= 𝑒 − 1 

App. 4) Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝒏𝜶 ⋅ {∑ ((
𝒏

𝒌
) ⋅ [∑ 𝒊𝒏−𝒌

𝒏

𝒊=𝟏

] +
𝟐𝒌

𝒏
)

𝒏

𝒌=𝟏

 }

𝜶

; 𝜶 ∈ ℝ 
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Solution. 

(𝑘 + 1)𝑘 = 𝑘𝑛 + ∑ (
𝑛

𝑖
) ⋅ 𝑘𝑛−𝑖

𝑛−1

𝑖=1

+ 1 

𝑘 = 1 ⇒ 2𝑛 = 1𝑛 + ∑ (
𝑛

𝑖
)

𝑛−1

𝑖=1

+ 1 

𝑘 = 2 ⇒ 3𝑛 = 2𝑛 + ∑ (
𝑛

𝑖
) 2𝑛−𝑖

𝑛−1

𝑖=1

+ 1 

… … … … … … … … … … … … … … … … 

𝑘 = 𝑛 ⇒ (𝑛 + 1)𝑛 = 𝑛𝑛 + ∑ (
𝑛

𝑖
) 𝑛𝑛−𝑖

𝑛−1

𝑖=1

+ 1 

By adding, we get: 

(𝑛 + 1)𝑛 = 𝑛 + 1 + ∑ (
𝑛

𝑖
)

𝑛−1

𝑘=1

+ ∑ (
𝑛

𝑖
) 2𝑛−𝑖

𝑛−1

𝑖=1

+ ⋯ + (
𝑛

𝑖
) 𝑛𝑛−𝑖 = 

= 𝑛 + 1 + (
𝑛

1
) [∑ 𝑖𝑛−1

𝑛

𝑖=1

] + (
𝑛

2
) [∑ 𝑖𝑛−2

𝑛

𝑖=1

] + (
𝑛

3
) [∑ 𝑖𝑛−3

𝑛

𝑖=1

] + ⋯ + (
𝑛

𝑛 − 1
) [∑ 𝑖

𝑛

𝑖=1

] = 

= 𝑛 + 1 + ∑ (
𝑛

𝑘
) [∑ 𝑖𝑛−𝑘

𝑛

𝑖=1

]

𝑛

𝑘=1

 

Hence, 

∑ (
𝑛

𝑘
) [∑ 𝑖𝑛−𝑘

𝑛

𝑖=1

]

𝑛

𝑘=1

= (𝑛 + 1)𝑛 − (𝑛 + 1) 

and then 

∑ ((
𝑛

𝑘
) ⋅ [∑ 𝑖𝑛−𝑘

𝑛

𝑖=1

] +
2𝑘

𝑛
)

𝑛

𝑘=1

= ∑ (
𝑛

𝑘
) [∑ 𝑖𝑛−𝑘

𝑛

𝑖=1

]

𝑛

𝑘=1

+ (𝑛 + 1) = (𝑛 + 1)𝑛 

Therefore, 

Ω = lim
𝑛→∞

1

𝑛𝑛𝛼
⋅ {∑ ((

𝑛

𝑘
) ⋅ [∑ 𝑖𝑛−𝑘

𝑛

𝑖=1

] +
2𝑘

𝑛
)

𝑛

𝑘=1

 }

𝛼

= lim
𝑛→∞

1

𝑛𝑛𝛼
⋅ (𝑛 + 1)𝑛𝛼 = 𝑒𝛼. 
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App. 5) Find: 

𝛀 = 𝐥𝐢𝐦
𝒌→∞

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
⋅ ∑

(𝒏
𝒑

)

(𝒏+𝒌
𝒑+𝒌

)

𝒏

𝒑=𝟎

⋅ ∑ √𝒊!
𝒊𝟐

𝒌

𝒊=𝟏

, 𝒌 ∈ ℕ∗ − 𝐟𝐢𝐱𝐞𝐝.  

Solution. 

(𝑛
𝑝

)

(𝑛+𝑘
𝑝+𝑘

)
=

𝑛!

𝑝! (𝑛 − 𝑝)!
⋅

(𝑝 + 𝑘)! (𝑛 − 𝑝)!

(𝑛 + 𝑘)!
= 

=
(𝑝 + 1)(𝑝 + 2) … (𝑝 + 𝑘)

(𝑛 + 1)(𝑛 + 2) … (𝑛 + 𝑘)
; ∀𝑝 ∈ {0,1,2, … , 𝑛} 

Hence, 

∑
(𝑛

𝑝
)

(𝑛+𝑘
𝑝+𝑘

)

𝑛

𝑝=0

=
1

(𝑛 + 1)(𝑛 + 2) … (𝑛 + 𝑘)
⋅ ∑(𝑝 + 1)(𝑝 + 2) … (𝑝 + 𝑘)

𝑛

𝑘=1

= 

=
1 ⋅ 2 ⋅ 3 ⋅ … ⋅ 𝑘 + 2 ⋅ 3 ⋅ 4 ⋅ … ⋅ (𝑘 + 1) + 3 ⋅ 4 ⋅ 5 ⋅ … ⋅ (𝑘 + 2) + ⋯ + (𝑛 + 1)(𝑛 + 2) … (𝑛 + 𝑘)

(𝑛 + 1)(𝑛 + 2) … (𝑛 + 𝑘)
 

=

(𝑛+1)(𝑛+2)…(𝑛+𝑘+1)

𝑘+1

(𝑛 + 1)(𝑛 + 2) … (𝑛 + 𝑘)
=

𝑛 + 𝑘 + 1

𝑘 + 1
 

So,  

Ω𝑘 = lim
𝑛→∞

1

𝑛
⋅ ∑

(𝑛
𝑝

)

(𝑛+𝑘
𝑝+𝑘

)

𝑛

𝑝=0

=
1

𝑘 + 1
 

Hence, 

Ω = lim
𝑛→∞

Ω𝑛−1 ⋅ ∑ √𝑖!
𝑖2

𝑛

𝑖=1

= lim
𝑛→∞

1

𝑛
⋅ ∑ √𝑖

𝑖2
𝑛

𝑖=1

 

Let 𝑎𝑛 = ∑ √𝑖
𝑖2

𝑛
𝑖=1  and 𝑏𝑛 = 𝑛, we have: 

𝑎𝑛−𝑎𝑛−1

𝑏𝑛−𝑏𝑛−1
= √𝑛!

𝑛2

. 

Let us denote 𝑥𝑛 = √([√𝑛])!
𝑛2

, 𝑛 ∈ ℕ∗ − 𝑀; 𝑀 = {𝑘2 + 2𝑘|𝑘 ∈ ℕ∗} 

Because for all 𝑛 ∈ ℕ, ∃𝑘 ∈ ℕ∗ such that 𝑘2 ≤ 𝑛 < 𝑘2 + 2𝑘 

𝑘2 < 𝑛 + 1 < (𝑘 + 1)1 ⇒ 𝑘 ≤ √𝑛 < 𝑘 + 1 and 𝑘 < √𝑛 + 1 < 𝑘 + 1 which means that 
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[√𝑛] = [√𝑛 + 1] = 𝑘. Hence, 

lim
𝑛→∞

√𝑥𝑛
𝑛 = lim

𝑛→∞
√([√𝑛])!
𝑛

= lim
𝑛→∞

([√𝑛 + 1])!

([√𝑛])!
= 1 

Therefore,  

Ω = lim
𝑛→∞

Ω𝑛−1 ⋅ ∑ √𝑖!
𝑖2

𝑛

𝑖=1

= lim
𝑛→∞

1

𝑛
⋅ ∑ √𝑖

𝑖2
𝑛

𝑖=1

=
𝐶−𝑆

1 

App. 6) Let (𝒂𝒏)𝒏≥𝟏 be a sequence of real numbers such that 𝒂𝒏 ≤ 𝒏; ∀𝒏 ≥ 𝟏  

 𝐚𝐧𝐝 ∑ 𝐜𝐨𝐬
𝝅𝒂𝒌

𝒏

𝒏−𝟏

𝒌=𝟏

= 𝟎; ∀𝒏 ≥ 𝟐. 𝐅𝐢𝐧𝐝: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟐
⋅ ∑

(𝟐𝒏
𝒌

)

(𝟒𝒏
𝟐𝒌

)

𝟐𝒏

𝒌=𝟎

)

𝒂𝟐𝒏+𝟏

 

Solution. Is true that 𝑎1 = 1. For cos
𝜋𝑎1

3
+ cos

𝜋𝑎2

3
= 0, we get 𝑎2 = 2. 

Suppose that 𝑎𝑘 = 𝑘; ∀𝑘 = 1, 𝑛 − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and from hypothesis, we get: 

cos
𝜋𝑎𝑛

𝑛 + 1
= − ∑ cos

𝜋𝑘

𝑛 + 1

𝑛−1

𝑘=1

 

Let be the number 𝑧 = cos
𝜋

𝑛+1
+ 𝑖 sin

𝜋

𝑛+1
. 

𝑧 + 𝑧2 + 𝑧3 + ⋯ + 𝑧𝑛 =
𝑧 − 𝑧𝑛+1

1 − 𝑧
=

1 + 𝑧

1 − 𝑧
 

𝑧 ⋅ 𝑧̅ = 1 ⇒ (
1 + 𝑧

1 − 𝑧
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
= −

1 + 𝑧

1 − 𝑧
⇒ 𝑅𝑒 (

1 + 𝑧

1 − 𝑧
) = 0 ⇒ ∑ cos

𝜋𝑘

𝑛 + 1

𝑛

𝑘=1

= 0 

Hence, cos
𝜋𝑎𝑘

𝑛+1
= cos

𝜋𝑛

𝑛+1
 and from 𝑎𝑛 ≤ 𝑛, it follows that 𝑎𝑛 = 𝑛; ∀𝑛 ≥ 2. 

Ω = lim
𝑛→∞

(
1

2
⋅ ∑(−1)𝑘

(2𝑛
𝑘

)

(4𝑛
2𝑘

)

2𝑛

𝑘=0

)

2𝑛+1

; (1) 

𝑆𝑛 = ∑
(2𝑛

𝑘
)

(4𝑛
2𝑘

)

2𝑛

𝑘=0

= (4𝑛 + 1) ∑(−1)𝑘 (
2𝑛

𝑘
)

(2𝑘)! (4𝑛 − 2𝑘)!

(4𝑛 + 1)!

2𝑛

𝑘=0

= 
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= (4𝑛 + 1) ∑(−1)𝑘 (
2𝑛

𝑘
) ∫ 𝑥2𝑘(1 − 𝑥)4𝑛−2𝑘

1

0

𝑑𝑥

2𝑛

𝑘=0

= 

= (4𝑛 + 1) ∫ [(1 − 𝑥)4𝑛 ∑ (
2𝑛

2𝑘
) (

−𝑥2

(1 − 𝑥)2
)

𝑘2𝑛

𝑘=0

]
1

0

𝑑𝑥 = 

= (4𝑛 + 1) ∫ (1 − 𝑥)4𝑛 (1 −
𝑥2

(1 − 𝑥)2
)

2𝑛1

0

𝑑𝑥 = 

= (4𝑛 + 1) ∫ (1 − 2𝑥)2𝑛
1

0

𝑑𝑥 =
4𝑛 + 1

2𝑛 + 1
; (2) 

From (1) and (2), it follows that: 

Ω = lim
𝑛→∞

(
1

2
⋅

4𝑛 + 1

2𝑛 + 1
)

2𝑛+1

= lim
𝑛→∞

(1 +
4𝑛 + 1

2(2𝑛 + 1)
− 1)

2𝑛+1

= 

= lim
𝑛→∞

[(1 −
1

2(2𝑛 + 1)
)

−2(2𝑛+1)

]

−1

2

=
1

√𝑒
 

App. 7) For 𝒎, 𝒏 ∈ ℕ find: 

𝛀𝒎 = ∑ (∑(−𝟏)𝒌
(𝟒𝒏

𝟐𝒌
)

(𝟐𝒏
𝒌

)

𝟐𝒏

𝒌=𝟎

)

−𝟏𝒎

𝒏=𝟏

 

Solution. 

Let 𝑆𝑛 = ∑(−1)𝑘
(4𝑛

2𝑘
)

(2𝑛
𝑘

)

2𝑛

𝑘=0

, we have: 

𝑆𝑛 = (2𝑛 + 1) ∑(−1)𝑘 (
4𝑛

2𝑘
)

𝑘! (2𝑛 − 𝑘)!

(2𝑛 + 1)!

2𝑛

𝑘=0

= (2𝑛 + 1) ∑(−1)𝑘 (
4𝑛

2𝑘
) ∫ 𝑥𝑘(1 − 𝑥)2𝑛−𝑘

1

0

𝑑𝑥

2𝑛

𝑘=0

= 

= (2𝑛 + 1) ∫ [∑ (
4𝑛

2𝑘
) (−1)𝑘(1 − 𝑥)2𝑛−𝑘

2𝑛

𝑘=0

] 𝑑𝑥
1

0

= 

=
2𝑛 + 1

2
∫ [(√1 − 𝑥 + 𝑖√𝑥)

4𝑛
+ (√1 − 𝑥 − 𝑖√𝑥)

4𝑛
] 𝑑𝑥

1

0
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Because √1 − 𝑥 ± 𝑖√𝑥 = cos (tan−1 √
𝑥

1−𝑥
) ± 𝑖 sin (tan−1 √

𝑥

1−𝑥
), we get: 

𝑆𝑛 = (2𝑛 + 1) ∫ cos (4𝑛 ⋅ tan−1 √
𝑥

1 − 𝑥
) 𝑑𝑥

1

0

=
tan−1 √

𝑥

1−𝑥
=𝑡

 

= (2𝑛 + 1) ∫ cos(4𝑛𝑡) sin(2𝑡)

𝜋

2

0

𝑑𝑡 = 

=
2𝑛 + 1

2
∫ [sin(4𝑛 + 2)𝑡 − sin(4𝑛 − 2)𝑡]

1

0

𝑑𝑡 = 

=
2𝑛 + 1

2
(

2

4𝑛 + 2
−

2

4𝑛 − 2
) = −

1

2𝑛 − 1
; 

∑ (∑(−1)𝑘
(4𝑛

2𝑘
)

(2𝑛
𝑘

)

2𝑛

𝑘=0

)

−1𝑚

𝑛=1

= − ∑(2𝑛 − 1)

𝑚

𝑛=1

= − (
2𝑚(𝑚 + 1)

2
− 𝑚) = −𝑚2 

App. 8) Find: 

𝛀𝐧 = ∑
𝟏

𝒏𝟐(𝟐𝒏
𝒏

)

∞

𝒏=𝟏

 

Solution. We have: 

Ω = ∑
1

𝑛2(2𝑛
𝑛

)

∞

𝑛=1

= ∑
1

𝑛2 ⋅
(2𝑛)!

𝑛!⋅𝑛!

∞

𝑛=1

= ∑
𝑛! ⋅ 𝑛!

𝑛 ⋅ 𝑛 ⋅ (2𝑛)!

∞

𝑛=1

= ∑
(𝑛 − 1)! (𝑛 − 1)!

(2𝑛)!

∞

𝑛=1

= 

= ∑
Γ(𝑛) ⋅ Γ(𝑛)

2𝑛 ⋅ Γ(2𝑛)

∞

𝑛=1

=
1

2
∑

1

𝑛
𝐵(𝑛, 𝑛)

∞

𝑛=1

=
1

2
∑ ∫ 𝑡𝑛−1𝑑𝑡

1

0

∫ 𝑥𝑛−1(1 − 𝑥)𝑛−1
1

0

𝑑𝑥

∞

𝑛=1

= 

=
1

2
∫ ∫ ∑ 𝑡𝑛 ⋅ 𝑥𝑛(1 − 𝑥)𝑛

∞

𝑛=0

𝑑𝑡𝑑𝑥
1

0

1

0

=
1

2
∫ ∫ ∑(𝑡𝑥(1 − 𝑥))

𝑛
𝑑𝑡𝑑𝑥

∞

𝑛=0

1

0

1

0

= 

=
1

2
∫ ∫

𝑑𝑡𝑑𝑥

1 − 𝑡𝑥(1 − 𝑥)

1

0

1

0

= −
1

2
∫

log(1 − 𝑥 + 𝑥2)

𝑥(1 − 𝑥)
𝑑𝑥

1

0

= 

= −
1

2
(∫

log(1 − 𝑥 + 𝑥2)

𝑥
𝑑𝑥

1

0

+ ∫
log(1 − 𝑥 + 𝑥2)

1 − 𝑥
𝑑𝑥

1

0

) =
𝑦=1−𝑥

 

= −
1

2
(∫

log(1 − 𝑥 + 𝑥2)

𝑥
𝑑𝑥

1

0

+ ∫
log(1 − 𝑦 + 𝑦2)

𝑦
𝑑𝑦

1

0

) = 
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= − ∫
log(1 − 𝑥 + 𝑥2)

𝑥
𝑑𝑥

1

0

= 

= − ∫
log (

1+𝑥3

1+𝑥
)

𝑥
𝑑𝑥

1

0

= − ∫
log(1 + 𝑥3)

𝑥
𝑑𝑥

1

0

+ ∫ log
1 + 𝑥

𝑥
𝑑𝑥

1

0

= 

= − ∑
(−1)𝑛

𝑛
∫ 𝑥3𝑛−1𝑑𝑥

1

0

∞

𝑛=1

− 𝐿𝑖2(−1) = − ∑
(−1)𝑛𝑥3𝑛

3𝑛2

∞

𝑛=1

|

0

1

− 𝐿𝑖2(−1) = 

=
1

3
∑

(−1)𝑛

𝑛2

∞

𝑛=1

− 𝐿𝑖2(−1) =
1

3
𝐿𝑖2(−1) − 𝐿𝑖2(−1) = −

2

3
𝐿𝑖2(−1) =

𝜋2

18
 

App. 9) Find: 

𝛀𝐧 = ∑
𝟏

(𝟐𝒏
𝒏

)

∞

𝒏=𝟎

 

Solution. We have: 

Ω = ∑
1

(2𝑛
𝑛

)

∞

𝑛=0

= ∑
𝑛! ⋅ 𝑛!

(2𝑛)!

∞

𝑛=0

= 1 + ∑
𝑛(𝑛 − 1)! ⋅ 𝑛(𝑛 − 1)!

2𝑛(2𝑛 − 1)!

∞

𝑛=1

= 

= 1 + ∑
𝑛2 ⋅ Γ2(𝑛)

2𝑛 ⋅ Γ(2𝑛)

∞

𝑛=1

= 1 +
1

2
∑ 𝑛𝐵(𝑛, 𝑛)

∞

𝑛=1

= 

= 1 +
1

2
∑ 𝑛 ∫ 𝑥𝑛−1(1 − 𝑥)𝑛−1𝑑𝑥

1

0

∞

𝑛=1

= 1 +
1

2

𝜕

𝜕𝑡
∑ 𝑡𝑛 ∫ 𝑥𝑛−1(1 − 𝑥)𝑛−1𝑑𝑥

1

0

∞

𝑛=1

|

𝑡=1

= 

= 1 +
1

2

𝜕

𝜕𝑡
∫ 𝑡 ∑(𝑡𝑥(1 − 𝑥))

𝑛−1
𝑑𝑥

∞

𝑛=1

1

0

|

𝑡=1

= 1 +
1

2

𝜕

𝜕𝑡
∫

𝑡

1 − 𝑡𝑥(1 − 𝑥)
𝑑𝑥

1

0

|
𝑡=1

= 

= 1 +
1

2

𝜕

𝜕𝑡
𝑡 ∫

𝑑𝑥

1 − 𝑡𝑥 + 𝑡𝑥2

1

0

|
𝑡=1

= 1 +
𝜕

𝜕𝑡

1

2
∫

𝑑𝑥

𝑥2 − 𝑥 +
1

𝑡

1

0

|

𝑡=1

= 

= 1 +
𝜕

𝜕𝑡

1

2
∫

𝑑𝑥

(𝑥 −
1

2
)

2

+
4−𝑡

4𝑡

1

0

|

𝑡=1

= 1 +
𝜕

𝜕𝑡

1

2
√

4𝑡

4 − 𝑡
⋅ tan−1

𝑥 −
1

2

√
4−𝑡

4𝑡

||

0

1

|
|

𝑡=1

= 
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= 1 +
𝜕

𝜕𝑡
√

4𝑡

4 − 𝑡
⋅ tan−1

1

2
√

4𝑡

4 − 𝑡
|

𝑡=1

= 

1 +

4(4−𝑡)+4𝑡

(4−𝑡)2

2√
4𝑡

4−𝑡

tan−1
1

2
√

4𝑡

4 − 𝑡
+ √

4𝑡

4 − 𝑡
⋅

1

2

4(4−𝑡)+4𝑡

2√
4𝑡

4−𝑡

1 +
𝑡

4−𝑡

|
|

𝑡=1

= 

= 1 +

16

9

2√
4

3

tan−1
1

√3
+

2

√3
⋅

16

4
√3
4

3

= 7 +
2𝜋√3

27
 

App. 10) For 𝒏 ∈ ℕ, 𝒏 −even number, find: 

𝛀𝒏 = ∑
(−𝟏)𝒌−𝟏 ⋅ 𝒌

(𝟑𝒏
𝒌

)

𝟑𝒏−𝟏

𝒌=𝟏

 

Solution. 

Ω𝑛 = ∑
(−1)𝑘−1 ⋅ 𝑘

(3𝑛
𝑘

)

3𝑛−1

𝑘=1

= ∑
(−1)𝑘−1 ⋅ 𝑘

(3𝑛)!

𝑘!(3𝑛−𝑘)!

3𝑛−1

𝑘=1

= ∑
(−1)𝑘−1(3𝑛 − 𝑘)! ⋅ 𝑘 ⋅ 𝑘!

(3𝑛)!

3𝑛−1

𝑘=1

= 

= ∑
(−1)𝑘−1 ⋅ 𝑘Γ(𝑘 + 1) ⋅ Γ(3𝑛 − 𝑘 + 1)

Γ(3𝑛 + 1)

3𝑛−1

𝑘=1

= ∑
(−1)𝑘−1 ⋅ 𝑘Γ(𝑘 + 1)Γ(3𝑛 − 𝑘 + 1)

Γ(3𝑛+2)

3𝑛+1

3𝑛−1

𝑘=1

= 

= (3𝑛 + 1) ∑ (−1)𝑘−1 ⋅ 𝑘𝐵(𝑘 + 1; 3𝑛 − 𝑘 + 1)

3𝑛−1

𝑘=1

= 

= (3𝑛 + 1) ∑ (−1)𝑘−1𝑘 ∫ 𝑡𝑘(1 − 𝑡)3𝑛−𝑘𝑑𝑡
1

0

3𝑛−1

𝑘=1

= 

= (3𝑛 + 1)
𝜕

𝜕𝑢
∑ 𝑢𝑘 ∫ 𝑡𝑘(1 − 𝑡)3𝑛−𝑘𝑑𝑡

1

0

3𝑛−1

𝑘=1

|

𝑢=−1

= 

= (3𝑛 + 1)
𝜕

𝜕𝑢
(𝑢 ∫ 𝑡(1 − 𝑡)3𝑛−1 ∑

𝑢𝑘−1𝑡𝑘−1

(1 − 𝑡)𝑘−1
𝑑𝑡

3𝑛−1

𝑘=1

1

0

)|

𝑢=−1

= 
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= (3𝑛 + 1)
𝜕

𝜕𝑢
(𝑢 ∫ 𝑡(1 − 𝑡)3𝑛−1 ⋅

(
𝑢𝑡

1−𝑡
)

3𝑛−1

− 1

𝑢𝑡

1−𝑡
− 1

𝑑𝑡
1

0

)|

𝑢=−1

= 

= (3𝑛 + 1)
𝜕

𝜕𝑢
∫

𝑢3𝑛𝑡3𝑛(1 − 𝑡) − 𝑢𝑡(1 − 𝑡)3𝑛

𝑡(𝑢 + 1) − 1
𝑑𝑡

1

0

|
𝑢=−1

= 

= (3𝑛 + 1) ∫
(3𝑛𝑢3𝑛−1𝑡3𝑛(1 − 𝑡) − 𝑡(1 − 𝑡)3𝑛)(𝑡(𝑢 + 1) − 1) − 𝑢3𝑛𝑡3𝑛+1(1 − 𝑡) − 𝑢𝑡2(1 − 𝑡)3𝑛

(𝑡(𝑢 + 1) − 1)2
𝑑𝑡

1

0

│𝑢=−1 

=
𝑢=−1

(3𝑛 + 1) ∫ [−3𝑛𝑡3𝑛(1 − 𝑡) + 𝑡(1 − 𝑡)3𝑛 − 𝑡3𝑛+1(1 − 𝑡) + 𝑡2(1 − 𝑡)3𝑛]𝑑𝑡
1

0

= 

= (3𝑛 + 1)[−3𝑛𝐵(3𝑛 + 1; 2) + 𝐵(2; 3𝑛 + 1) − 𝐵(3𝑛 + 2; 2) + 𝐵(3; 3𝑛 + 1)] = 

= (3𝑛 + 1) (−3𝑛 ⋅
(3𝑛)!

(3𝑛 + 2)!
+

(3𝑛)!

(3𝑛 + 2)!
+

(3𝑛 + 1)!

(3𝑛 + 3)!
+

2(3𝑛)!

(3𝑛 + 3)!
) = 

=
−9𝑛2 + 9𝑛 + 4

(3𝑛 + 2)(3𝑛 + 3)
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