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LIMITS AND SUMS INVOLVING BETA FUNCTION

By Florica Anastase, Adrian Popa-Romania

Abstract: In this paper is presented a collection of special limits and sums involving beta

function with detalied solutions.

App.1) If m,n,p € N and p < n then holds:
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Solution. We have:

S (r o m w+k)(n+m—p—k)!
;(Z€?)=(n+m+1);(k) tm+ Dl =
( DS (™ BG4k + ntm—p— k4 1) =
n+m+ ;(k) p+k+Ln+m—p—k+
:(n+m+1)-];1[;(7:)1:1,4.1((1_t)n+m—p—k dt =
=(n+m+1)J:[tp(1—t)”*m—pZ(z)(%)k]dt:

1 t m
=n+m+ 1)f tP(1 — )ntm-p (1 +ﬁ) dt =
. _

1
=(n+m+1)f tPA—-t)"Pdt=(n+m+1)B(p+1,n—p+1) =
0

_(n+m+1)
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App. 2) Find:
193
0t 35 Doacs
m=1k=0 \ntm
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Solution. In Application 1), if we take p = n, we get:

S ™ _n+m+1

(n+m - n+1 ) (1)
k=0 \n+m
n o m m) n
( 3n
k) _ _
Z (mmy) (1+n+1) 2
m=1k=0 \n+m m=1
Therefore,
n m
Q—limi-zz (r'? =1 i-3—71—5-limnl‘o‘—{o’ifa>1
" n-ond (™) T nown® 2 2 noo oo ifa <1
m=1k=0 \n+m
App. 3) Find:
-1
m np (pn)
Q = lim lim n”-z$
m—co Nn—oo (p+1)n
p=0 k=0\ p+k
Solution. In Application 1), if we take m = pn, we get:
i () _@+Dn+1 1
+n\ n+1 n
k=°( p+k ) (p)
S (
( +1)n+1 nP
; p. A AN wrimrl n = |
r{l—g}on Z ((p+1)n) B, +1 (n) (p+ 1)
k=0\ p+k P

Therefore,

m P (e - = 1
— | i p. k = li -_— Y = -
Q ,,lll_r,r(}o Al_r,lgo z n z ((p+1)n) r}ll—r}go zo (p + 1)! e—1
14

App. 4) Find:
n n @
n 2k
_ . . n—k _ .
0=tk 3 (0[S« ) e
k=1 i=1
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Solution.

n-1
(k+1)k=kn+2(’,‘).kn—i+1
i=1 t

n-1
n
k=1=>2"=1"+2(.)+1
La\i
i=1
n-1

k=2=3"=2"4 (?)2"“'+1

i

1l
[

n-—1
n .
k=n=>(n+1)“=n“+2(i)n"‘l+1
i=1

By adding, we get:

n-1

(n+1)”=n+1+;2(7;)+;(Z_l)zn—i+...+(’;)nn-z _
A1) R A1) S KRS D

:n+1+Z(’;)[iin—k] _

i=

n

n

=n+1
n+ +(1) )

n n

i=1

in—Z

Hence,

Zz: (:) [Z in_k] =(n+D"-(+1)

k=1

and then

S(0l2)-Sok

+(n+1)=mn+1D"

Therefore,

a
n n
1 n 2k 1
= lim —- . in—k - — Tim . ne _ ,a
Q_rlll—g}on”“ {Z ((k) [Zl + n)} ,!Ll_{?onna (n+1) e".

k=1 i=1
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App. 5) Find:

k
Z iz\/ﬂ,k € N* — fixed.

Solution.

(Z)= . (p+i@m-p)
() pt=pt (n+k)!

p+k

_(+D@P+2)..(p+k)
T (n+D(+2) .. (n+ k)’

Hence,

vp €{0,1,2,...,n}

n

1 n
p=o n+k “ it D +2) .t k)-;(p+ Dp+2)..p+k =

_1-2-3-...-k+2-3-4-...-(k+1)+3-4-5-...-(k+2)+---+(n+1)(n+2)...(n+k)
n+1)(n+2)..(n+k)

(n+1)(n+2)...(n+k+1)

_ 1 _n+k+1
T+ +2)..(n+k)  k+1
So,
O
k= alen Z(n+k)_k+1
p=0\p+k
Hence,
Q= lim Q,_; - Z\/——llm—z\/_
n—oo n-oon
Lleta, = ?zli\/fandbn=n,wehave:%="i/m.

Let us denote x,, = nz’([\/ﬁ])!,n e N*—M; M = {k? + 2k|k € N*}

Because foralln € N, 3k € N* suchthat k? <n < k? + 2k

FP<n+l<k+D'=>k<vVn<k+1landk <+vVn+1<k+ 1which means that
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[vn] = [Vn+ 1] = k. Hence,
[ = 1im YR ID
hnolo\/_— hm ([Vn])r = ll_l;lolo D) =

Therefore,

Q= lim Q,_, Z \/_— llm— zl\/_C =1
n—-oo ’l’l—)OO
i=1
App. 6) Let (a,,),,>1 be a sequence of real numbers such that a,, < n;vn > 1

n—-1

tay .
and z cosT = 0;Vn = 2.Find:

Q = lim (1 i (2")>azn+1

n—-oo
&G
Solution. Is true that a; = 1. For cos% + COSTZ =0,wegeta, = 2.

Suppose that a, = k; Vk = 1,n — 1 and from hypothesis, we get:

nan
cos

k=1

.. T
Let be the number z = cos — + i sin —.
n+1 n+1

Z—Z"+1_1+Z
1—2z 1-z

_— (1+z> 1+2z R( ) Zn:
. = = = — =1
Z:z 1—2z 1—2z el—z 4

mwa mn .
Hence, cosn—+’; =cos—— and from a,, < n, it follows that a, = n;vn > 2.

z+2z2 423+ 42" =

2n 2n+1

1 (Zn
Q=lim{3 QD ") (1)
@ < 2n\ (2K)! (4n — 2K)!
” _,Zo(‘f; B (4"+1);(_1)k(k) GnrDl
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2n Zn 1
= (4n+1) Y (-1 ( . )f X2K(1 — x)*1=2k gy =
k=0 0

2n

1 n 2n —x2 \"
=(4n+1)f0[(1—x) ;(Zk)<m>]dx=

=(4n+1)f (1—x)4"<1—ﬁ> dx =
0

1 an+1
= (4 1 1—2x)*"dx = ; (2
Gt [ (- 20mar =30 @)
From (1) and (2), it follows that:
. (1 4n + 1)2”+1 _ (1 N dn+1 )2"“ B
T ane\2 2n+1 e\ 22+ 1)

-1

1 2(2n+1) 1
= am [(1_2(2n+1)) l Ve
App. 7) For m,n € N find:

i(Z( v &) 1

Solution.

Let S, Z( 1)" (Zn) ,we have:

4n\ k! 2n — k)!
Sn=(n+1) ;(_1)k (2k> 2n+ 1)!

= @2n+1) i(—nk (;Z) flxku — x)2nk gy =

—(2n+1)f

( k(1 — x)?"~ "] dx =

_2n+1

f [(m + D)™+ (VT - i3) "] dx
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Because V1 — x + ivx = cos (tan‘1 /ﬁ) + i sin (tan‘1 /i) we get:

-1 | X _
T 4 tan =t
X =
1—x

1
S, =(@2n+ 1)] cos <4n ~tan~?!
0

=Q@n+1) chos(élnt) sin(2t) dt =
0

2n+1 (1t
- f [sin(4n + 2)t — sin(4n — 2)¢] dt =
0
_2n+1( 2 2 )_ 1
2 n+2 4n-2) 2n—-1’

Z<Z( Dk(Zn)) i —2(271—1):—(@_"1):_"12

App. 8) Find:

Solution. We have:

(n—D!'(n—1)!
= an(zn) Z nZ. (2“)'2271 n- (Zn)' Z - 1(2'71;L! 1':

nlnl n=1

Fz(r:l)rgz(r?)) zz n Bl ”)_Zthn 1dtf T =
:%flflzt”-x”(l—x)"dtdx=%f1flz(tx(1—x))ndtdx=

dtdx 1(log(l—x+x%)
ff 1—tx(1—2x) _Efo x(1—x) =

1/ (*log(1 — x + x2 Hog(1 —x +x2)  \ y=1-
=——<f og(1—x x)dx+f og(1 —x x)dx>y1x
0 0

2 X 1—x
1/ (*log(1 — x + x? Hog(1 — y + y?
:__U 8( )dx+f gdl-y y)dy):
2\J, X 0 y
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fi log(1 — x + x?)
= - dx
0

x
3
Llog (= og(1 + x° 114
0 x 0 x 0 X

[’} 1
(_1)nx3n

3n_1dx - le(_l) = - 3n2

- Liz(_l) =

n=1 0

2

18

_%Z Dn—le( 1)—%L12( 1) — Liy(— 1)——§le( D=
App. 9) Find:

- 1

Q, = o~

2,7

Solution. We have:

=1 n!-nl S n(n—1!nmn—1)!
QzZ(Zn) Z(Zn)!zHZ 2n(2n—- 1!

n=0 \n
12 I'2(n) 1w
ST 1S -
+ .20 T(2n) +5 2, mBmn)
n=

SN
=1+—an x™ (1 —x)™ 1dx—1+——z:t"f x" (1 —x)" tdx
2 . 20t
n=1
SPELY
20t )y T—tx(1—0)

61-[1 dx
=1+-—=

t=1

=1+ tfl dx
C 20t )y T—te+ta?|

tt=1

1

1

_1+61f1 dx _1+61 4t can-1 -3

B o2)y | 1)2+4—t 24—t 0 s
2 at liq ?Ot—l
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N T S
B ot la—¢ " 2 |a—¢ -
t=1

14(4—t)+4t

4(4—t)+4t 2 at
(4_02 11 4t 4t 2 -t

1+ tan™" - + . z
a 24—t J4a—t 14+ L

— 4—t

2

4-t

t=1

16 16
- L1 2 V3 2m\/3
tan™ —=+—=-—5—=

2 +
ZJE V3 V3 2 27
3

=1+

App. 10) For n € N, n —even number, find:

3n-1
-k 1.k
U G

3n
k=1 (k)
Solution.
D S DRk RS (DRI B k)L ke kL
Q, = T = —Gnr Gl =
k=1 k k=1 k!(3n—k)! k=1
3n—-1 3n—-1
(—Dk - kT(k+1)-TGn—k +1) (D' kT(k+DIGn—k+1) _
Z rGn+1) Z LGn+2) -
3n+1
3n—-1

—@3n+1) Z (—1)* 1. kB(k+1;3n—k+1) =

=GBn+1) Z( 1)k- 1kf th(1 — )3 kdt =

3n—-1

—(3n+1)—z f th(1 — )3kt

u=-1

3n—-1

k 1:k-1
—(3n+1)—<uf0t(1 )3“2(1 t)“ )

u=—1
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a 1 (u_t)3n—1 _ 1
=Gn+D——uftﬂ—ﬂ“*~i%F———dt -
1-t u=—1
_ Gn+ 1)iflu3"t3"(1 —t) —ut(1—t)3" B
B ou J, tlu+1)—1 —t

1™ 131 —t) -t —t)¥)(t(u+ 1) — 1) — w331 (1 — t) —ut?(1 — t)3"
(tu+1)—1)2

=@+ | dt |,
0

"= @3n+ 1)f [-3nt3"(1—t) + t(1 — t)*" = 3™ (1 —t) + t*(1 — t)*"]dt =
0

=Bn+1)[-3nB(Bn+1;2)+B(2;3n+1) —B(Bn+2;2)+ B(3;3n+1)] =

(3n)! GBn)!  Gr+D! 26w
"'(3n+2)!+(3n+2)!+(3n+3)!+(3n+3)!>_

B —-9n?+9n+4
~ (Bn+2)(3n+3)

=Bn+1) (—3
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