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STOLARSKY’S THEOREM
Let be:

P(a,b,c) = 2p(a® + b + ) + q(a®b + b*c + c*a + ab® + bc? + ca®) + 6rabe

where p,q,7 € R and a, b, ¢ are sides in a triangle.

P(1,1,1) >0
If: ¢ P(1,1,0) >0  then P(a,b,c) >0
P(2,1,1) >0
Proof.
Lemma
Let be:
P(x,y,z) = AZ 3+ B Z(mzy + xy?) + Cayz
cyc cyc
A, B,C eR;
P(1,1,1) > 0
If: ¢ P(1,1,0) >0  then P(z,y,2) > 0,(V)z,y,2 >0
P(1,0,0) >0

Proof of lemma:
p=3A+6B+C=P(1,1,0) >0
Let be: ¢ 2¢=2A+2B=P(1,1,0) >0
r=A=P(1,0,0) >0
A=r=2q=2r+2B=B=q—r
P=3r+6(g—r)+C=C=p—06q+3r
Pla.y,2) = a* + (= 1) S (2% + ay?) + (p — 6q + 3r)ayz

cyc cyc

Case . B>0=qg—r>0=q>r

P(z,y,z)=r (Z 3 — 3xyz> +3rzyz+

cyc

+(g— 1) Y@y + ay? — 6ayz) + 6(q — rayz + (p— 6q + 3r)eyz

cyc

P(z,y,z)=r (Z 3 — 3xyz> +(g—1) Z(mzy + zy?) — 6xy2)+

cyc cyc

+xyz(3r 4+ 6 — 6r +p — 6g + 3r)
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P(x,y,z) =7 (Z z° — 3xyz> (g—1) <Z(m2y + xy?) — 6xyz> +pryz >

cyc cyc

AM-GM
> 139239328 — 3wyz) + (¢ — r)(6 /22y - y22 - 222 - xy? - y2? - 222 — bxyz)+
+pryz =
=r(3zyz — 3zyz) + (¢ — r)(6zyz — 6xyz) + pryz = pryz > 0
Case I B<0=qg—r<0=¢qg<r
P(z,y,z —’/‘ZI +(qg—r Z(x2y+xy2) + (p—6q + 3r)ryz =

cyc cyc

=q (Z 3 — 3a:yz> —q Z 3+ 3qryz+

cyc cyc

+r (Z 3 — Zny - Z:cgf + 3xyz> +

cyc cyc cyc
+q Z(xzy + 2y?) + pryz — 6qryz
cyc
SCHUR

=q (Z z — 3xyz> +(r —q) <Z 2 — ZIQy - Z xy? + 3:17yz> +pryz >

cyc cyc

AM-GM
>q (Z z3 — 33:yz> +pryz >

cye
q(3/ x3y323 — 3zyz) + pryz > pryz > 0
Proof of main result.
P(1,1,1)=6p+6g+6r>0=p+q+r>0
P(1,1,0) =4p+2¢ >0
P(2,1,1) =20p+14¢+ 12r > 0
Let x,y,z > 0 such that
a=y+z;b=z+z;c=c+y
P(a,b,c)=P(y+z,z2+z,x+y) =
= 2p2(y+z)3+q+Z(y+z)2(z+m)+

cye cye
+g) (y+2)(z+2)? +6r(x+y)+ (y+2)(z+2) =Qz,y,2)
cye
Q(1,1,1)=2p-3-84¢-3-224+¢-3-2° +6r-8=
=6(p+4q+4q+8r) =
=6(8p+8¢+8r)=48(p+qg+r) >0

Q(1,1,0) =2p8+1+1)+qd+2+1)+qd+2+1)+6r-2=
=2p-10+4 14q + 12r =
=20p+14g+12r >0
Q(1,0,0) =4p+2¢ >0
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By lemma:
Qz,y,2) =2 0;(V)z,y,2 >0
P<a7bac) = Q(.’IJ,y,Z) Z 0
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