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ABSTRACT. In this presented an elementary proof for Karamata’s inequality
(case n = 3;n = 4) and a few amazing applications.

Theorem 1 (Karamata)
Let be a1, as,as,b1,b2,b3,a, 8 € R such that:
1. 6>a1>a3>a3>a;8>by >by >b3>a
2. a1 > biya1 +ax > by + by
3. a1 +as+az =0by +by+ b3
If f: (o, 8) = R; f convex function then:

flar) + f(az) + f(az) > f(b1) + f(ba) + f(b3)

Proof.
Denote:

f(b1) = flar)

Clef(ahbl): ;b1 # ay

bl — a

co = Ag(as, by) = Mﬂh # ap
2 — a2

cs = Ag(as, bs) = 7f(bz) — flas) 1bs # as
3 — a3

f convex function. If 1 < z < x5 then:
7f(x)*f($1) f(@)*f(f)f
Af(mlax)* T — 1 < T — oy *Af(xaxQ)

Ay is simmetric in z, y:
Ap(z,y) = Aply, x)
Ay is increasing in first argument:
z1 < x9 = Ap(z1,2) < Af(xe, )
1 —ca =Ag(ar,b1) — Ag(az, ba) =
=Ag(ar,b1) — Ap(az,b1) + Ar(az,b1) — Ag(ag, be) =
= Af(a1,b1) — Af((lQ,bl) + Af(bl,ag) — Af(bg,ag) >0
because Af(a1,b1) — Ag(az,b1) >0 (a1 > ag)
and Ay(by,az2) — Af(bg,az2) >0 (by > bo)
Denote:
Ap=0;41 = a1, A2 = a1 + az, A3 = a1 +az + as
By =0;B1 =b1,B2 = b1 + b2, B3 = b1 + by + b3
Let’s observe that:
Ay > By, Ay > By, A3 = Bs
1



2 DANIEL SITARU - ROMANIA

fla1) + f(az) + fas) — f(b1) — f(ba) — f(b3) =
flaz) — f(b2) flaz) — f(b3)

ag—bg a3—b3

=M~(a1—b1)+

(ag—b
al—bl (a2 2)+

(a3 —b3) =

=ci(a1 —b1) +ca(ag — ba) +c3(ag — bs) =
=c1(A1 — Ao — B1 + By) + c2(A2 — Ay — Bo + By) + c3(A3 — Ay — B3 + Ba) =
= c1(A1—B1)—c1(Ao—Bo)+ca(As—Ba)—ca(A1—By)+c3(A3—B3) —c3(A2—Ba) =
=(c1 —c2)(A1 — By) + (c2 — ¢3)(A2 — Ba) + (c3 — ¢2) (A3 — B3) >0
because ¢; — ¢co,co — c3,03 — ¢ > 0 and

Ay —B1 >20;4; — By >0, A3 — B3 =0

flar) + f(az) + flaz) — f(b1) — f(b2) — f(b3) > 0
flar) + f(az) + f(as) > f(b1) + f(b2) + f(b3)

Corollary 1
Ifo<e<b<a,f:(0,00) = R;f convex function then:

f(2a) + f(20) + f(2¢) = fla+b) + f(b+ )+ flc+a)
Proof.
2a > a+b;2a+2b> (a+b)+ (b+c);
2a+2b+2c=(a+b)+ (b+c)+ (c+a)
are obvious. By Theorem 1:
f(2a) + f(2b) + f(2¢) > fla+b)+ f(b+c¢)+ f(c+a)
|

Corollary 2
If f:(0,00) = R; f convex function then in AABC with sides a, b, ¢ the following
relationship holds:

f(2a) + f(2b) + f(2¢) = f(25 —a) + f(25 = b) + f(2s — ¢)
Proof.
2s=a+b+c=>a+b=2s—c;b+c=2s—a;c+a=2s—>

We apply corollary 1.
Application 1:
If a,b,c > 0 then:

1 1 1 1 1 1

— >
2a+2b+2c_a+b+b+c+c+a
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Proof.

i f(x) = ;71;

8

Let be f: (0,00) = R; f(z) =

2
f'(x) = s > 0 fconvex function. WLOG: a > b > ¢

By corollary 1:
f(2a) + f(2b) + f(2¢) = fla+b) + f(b+c) + f(c+ a)
.t 1
2 26 20 "a+b b+c cHa
Equality holds for a = b = c.

Application 2:
If0<e<b<a<xthen:

cot(2a) 4 cot(2b) + cot(2¢) > cot(a + b) + cot(b+ ¢) + cot(c + a)

Proof.
Let be f: (0,7) = R; f(z) = cotz
-1 2
fix) = = 5 N (x) = 000451‘ > 0f convex function
sin” x sin® x

By corollary 1:
f(2a) + f(2b) + f(2¢) > f(a+b)+ f(b+c)+ f(c+a)
cot(2a) + cot(2b) + cot(2¢) > cot(a + b) + cot(b+ ¢) + cot(c + a)
Equality holds for a = b = c.

Application 3:
In AABC with sides a, b, ¢ the following relationship holds:

2 a b
e * (72@ + 7221) + 752(,’) >— € + € + ec

Proof.
Let be f: (0,00) = R; f(z) =e™®
(@) =—e"% f"(x) = e " > 0f convex function
By corollary 2:
f(2a) + f(20) + f(2¢) > f(2s —a) + f(2s —b) + f(2s — ¢)
020 4 o= | % s o~(25-0) | —(2s—b) | —(25—0)

1 1 1 e + el 4 e
et Tt a2 T
111

2 b
()2 e

Equality holds for a = b = c.
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Theorem 2 (Karamata)
Let be a1, a9, a3, aq,b1,ba, b3, by, a, 5 € R such that:
Lp>a1>a2>a3>a4>08>b1>2b>b3>bs>a
2. a1 2 bisa1+az > by +b;a1 +az+az > by + b2+ b
3. a1 +ax+azs+as=>b +by+b3+by
If f:(a,8) = R; f convex function then:
flax) + f(az2) + f(as) + f(aa) = f(br) + f(b2) + f(b3) + f(ba)
Corollary 3
Ifo<d<c<b<a;f:(0,00) = Rf convex function then:
f(4a) + f(4b) + f(4e) + f(4d) > f(2a+ b+ )+ f(2b+ c+ d)+
+fQ2c+d+a)+ f(2d+a+D)
Proof.
da>2a+b+c;da+4b> (2a+b+c)+ (2b+ ¢+ d);
da+4b+4c> (2a+b+c)+ (2b+c+d) + (2c+d + a);
da+4b+4c+4d=(2a+b+c)+ (2b+c+d)+ (2c+d+a)+ (2d+a+b)

are obvious. By Theorem 2:

f(4a) + f(4b) + f(4c) + f(4d) > f(2a + b+ c)+

+f2b+c+d)+ f(2c+d+a)+ f(2d+a+D)

with: a1 = 4a; a9 = 4b;a3 = 4c;a4 = 4d
by =2a+b+c;bp =2b+c+d;bz3 =2c+d+ a;
by=2d+a+b
(Il

Corollary 4
If f:(0,00) — R;f convex function then in any convex quadrilateral with sides
a, b, ¢, d the following relationship holds:

f(4a) + f(4b) + f(4c) + f(4d) > f(2s +a —d)+

+f2s+b—a)+ f(2s+c—b)+ f(2s+d—¢)
a+b+c+d L
s = ———— - semiperimeter

Proof.
WLOG: d < ¢ < b < a and by corollary 3
f(4a) + f(4b) + f(4e) + f(4d) = f(2a+ b+ o)+
+f(2b+c+d)+ f(2c+d+a)+ f(2d+a+D) =
=fla+b+c+d+a—d)+ fla+b+c+d+b—a)+
+fla+b+c+d+c—-b)+ fla+b+c+d+d—c)=
=f2s+a—-d)+ f(2s+b—a)+ f(2s+c—b)+ f(2s+d—¢)

Application 4:
If a,b,¢c,d > 0 then:
1 1 1 1 1 1 1 1

4 —>
4a+4b+4c+4d_2a+b+c+2b+c+d+2c+d+a+2d+a+b
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Proof.

1 -1
Let be f: (0,00) = R; f(z) = 5;f’(x) = ?;
' (x) = % > 0; f convex function
By corollary 3:
f(4a) + f(4b) + f(4e) + f(4d) = f(2a+ b+ c)+

+f@2b+c+d)+ f(2c+d+a)+ f(2d+a+ D)
i+i+i+i> ! + L + ! + !
4da  4b  4c 4d T 2a+b+c 2b+c+d 2c+d4+a 2d+a+b
Equality holds for a = b =c=d. O

Application 5:
In any convex quadrilateral with sides a, b, ¢, d the following relationship holds:

+ > —+ S+ =

25( 1 1 1 1 ) ed e et e
e+ —F+—F0+—1)>
g4da " b T gdc T g4d

er ' eb e | ed

Proof.
Let be f: (0,00) = R; f(z) = e *; f'(x) = -7

f'(x) = e ® > 0; f convex function
By corollary 4:
f(4a) + f(4b) + f(4c) + f(4d) = f(2s +a — d)+
+f(2s+b—a)+ f(2s+c—b)+ f(2s+d—¢)
g a4 b 4 —de | —dd 5 —(2sta—d)
pe(@5b=a) | = (2steb) | —(2s+d—c)

1 1 1 1 edfa + 6afb +eb7c + ecfd
+ + 0 >

oha T gab T gae T gad = e2s
2df 1 1 1 1 >ed e et e
mtmtmtm) et teta

Equality holds for a = b=c=d. O
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