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A FEW LOGARITHMIC INEQUALITIES

By Florica Anastase-Romania and Mohamed Amine Ben Ajiba-Morocco

Abstract: In this paper are presented a few logarithmic inequalities.

Application 1. If [a, b] C R, then prove that:

bZ _ xZ y2 _ a2 y y b X
=) .= <
2x " 2y +log l(a) (x) N

Solution 1.

(b—a+y—x)(a®+ b?)
ab

;Vx,y € [a, b]

If [a, b] € R, x;, € [a,b],k = 1,n, then

(Z xk> (Z > (a:;l:)z n?,vn € N; (Schweitzer)

1

Forn = 2 and x; = x,x, = y we have:

bZ
(x+y)< y>_(a:b) ;Vx,y € [a,b] ©

X b
I G A .
2+y+x_ - ;Vx,y € [a, b]; ()

Integrating (*) w.r.t. x from a to y, we have:

y x Y (a + b)?
f (2+—+X)dxsj (atb) dx ©
a y X ab

a

2 _ 42 2
2(y—a)+y a +y(logy—loga)s%-(y—a)<:)
2 _ 2 b)2
Lo (2) <0 )[(“ ) z];wza; (1)

Now, integrating (*) w.r.t. y from x to b, we have:
b Xy b(a+ b)?
j <2+—+—>dysj dy
X y X X ab
b?% — x? (a + b)?
2x ~  ab
b\* (a + b)2
+log<;) <(b—x)|———-2|;Vx < b;(2)

By adding (1) and (2) we obtain
b? — x? 2 -qg? b\* b—a+y—x)(a?+ b?
+y +log( ) +10g( ) ( yab)( )

2x 2y
b? —x? y?—a? bxyy)<(b—a+y—x)(a + b?)
x*aY/) — ab

x + 2y +log(

2(b —x) + x(logh —logx) +
b? — x?
2x

(b—x)

;Vx,y € [a,b] &

;Vx,y € [a, b]
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Solution 2.
1\ t?-—
Letf(t)=(t—1)(t+?)— > —logt,t >0
We have :
1 1 1 (t-12%(t+1)
'"=t+-+(t—-1 (1——>—t——= > 0,vt > 0.
fO=t+o+-D(1-5 : =

Then f is increasing on (0, )
Since f(1) = 0wehave: f(t) =0,vt>1 and f(t) <0,vt e (0,1]

s 221 (0] 1)) )20 2
—_ - —_ ) == — —_ —_ — — —_
mnee x f X X x b 2x2 08 x)

bz X log(b>x <(b-x <§+%) 1)

a y\ a?—y? a ><f(:_\y
And : —<1—>f<> (__1>(y a)— 277 —log(;)so S

Y- Zya + log (g)y <(y—a) (% + g) (2)

Now, let g(t) =t +%,t >1. Wehave: g'(t) =1 —tiz =>0,vt =1 then
g isincreasing on [1, o)

since 2 max[1 7= 1 then5(Z) 2 0(7) ane (b)> @
lncea max =2 1, en: g . =249 X and g g a

)

x'a
b x b a a?+b? a b a a+b
Or: o+2<242- 3)and 242 <2422 (4)
x b~ a b ab y a a b

From (1), (2), (3) and (4) we obtain:
a? + b?

b?> —x* y?—a? b\* /y\Y a? + b2
— i < _ _ )
2x ¥ 2y +log ((x) (a) > (b—x)- ab +(y—a) b
Therefore,
pP—x? y -a? b*y¥\ _(b—a+y—x)(a®+b?)
< .
2x + 2y + log (xxa:)I) - ab va;y € [a, b]

Observation. Putting y = x in
(a + b)?

2 2
yr—a \Y
— < — R — . > .
% +log(a) <(y a)l . Zl,vy_a, (D

we get:

x? —a? (a + b)?
2(x—a) + + x(logx —loga) ST(x—a);(Z)

By adding (1) and (2) it follows the proposed problem by Daniel Culea:

a? + b?
ab

(x + y)z(g— %) | og [(ﬁ)y . (2)"] < (x+y-2a)
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Application 2. If a, b € (1, o) then:

3ab
: <a + b)za b% + 2ab\’" Y o <b>2(“+b)
(0] N < —a (0] —
8\ 2a a? + 2ab &\a
Proof. In Kurliancik’s inequality
n n
i
< ZZa- a; >0
1 1 | R ad ]
imi, T, Tty =
we take a; = x;a, = y; a3z = z, then
2x 3xyz
x + 4 + 4 <2(x+y+2)
x+y xy+yz+zx
2y 3yz

y z
<2(1+2+-)
x+y x(y+2z)+yz X X

z Z 2 z 3yz z z
[ane [ 2 [ o2 —av<a[ (1424 ax
y y Xty y X(y+2)+yz y X X

z+ zy+z)+yz z z
z—y+2ylog (_y) + 3yzlog [ul <2(z—y)+2ylog (;) + 2zlog (;)

2y y(y+2)+yz

<z+y>2y z? + 2yz vz < o <Z)23’ (z>22
2y y:+2yz ZTyToe y y

and for y = a, z = b it follows the desired inequality.

Application3.Ifa; > 1,i =1,n+ 1,n € N then prove:

+1
z loga, (azaz .- ayyq) = "

cyc
Solution.
AM-GM
n _ noQ
logg, (azaz - .- apyq) = (loga1 a +logg, az + -+ logg, An1) =
=n"-log,, a;logg, as - ...-log,, aniq
AM—GM
~~
z logg,(azasz - ...- apyq1) = nnz loga, azloge, az - ... loga, ans1 2
cyc cyc
ey .. — pn+1
>n"n \'/loga1 a;loga, ay - ..." l0gq, Any1l0g,, ., an =n"

Application 4. If a4, a,, ...,a,, > 0,n € N,n > 1 then:

Z 1081 4+a,0,(1 + a; ) (1 + a;"®) = 2n
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Solution.

Bernoulli

1+a =1+ +aq-D"% = 1+a?>
(1+a%) (1 + a.+aj) >(1+a)(1+a?) =1 +aa)?=

Am—-Gm

Z l091+a1az(1 + a1+a2)(1 + 1+a3) = 2 z 1091 +a,a,(1 + azas) >

cyc cyc

> Zn"\/nloglmlaz(l + ayas) = 2n

cyc

Application 5. If 0 < a < b < m then:

9 (i) 2 (1+05) 09 (soniem)

Daniel Sitaru

Solution.
log (ﬂ) > (1 + \/7> log( sinb )
sina sm(\/_)
© log <ﬂ> —log (—Smb > > \/Elog <—Smb >
sina sin(Vab) b sin(Vab)

o] (sin\/ab>>\/ﬁl < sinb )
0 - = |3 to
I\ sina b7 sin(vab)

© Vblog(sinVab) — Vblog(sina) > Valog(sinb) —Valog(sinvab)
& (Va +Vb)log(sinvab) > Valog(sinb) + Vblog(sina)

< log (sin\/@) =

Va log(sinb) + L
\/_+\/Eogsm N

We have

log(sina); (1)

logt—concave
log(sina) <

log(sinb) +

Va
Va ++b Va + x/_
\/_
sinb +

< log ( Va
T \Wa+vb Va++vb
< log (sin <M>> = log (sin(\/ﬁ)) ;(2)

<

> sint—concave (0,T)

va++b

From (1),(2) it follows that:
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l (sinb) (1 N \/’)l ( sinb )
(0] e (0]
g sina g sm(\/_)
Application6.Ifa; > 1,i=1,n+1,n €N then:

2n"

n .
z logal (a2a3 e n+1) logala a3 %*1 al > T

Solution.

Cebdsev

-
n
Zlogal(a2a3 e Angn) 1094,0303.a2,, I Z

cyc

1
> E(Z loggl(a2a3 et an+1)) z logala%ag_._._arzl*1 a, (D
CZc

cyc

AM—-GM
~

n
logg, (azas - .- apyq) = (loga1 a, +log,, az + -+ logg, an+1) >

n. . .
=n"-logg, a;log,, az - .- logg, Ansq
AM~GM

Z logg, (azaz - .- apyq) = nnz loge, azlog,, as - ... logg, Ay =

cyc cyc

>n"n- n\/loga1 ay10gq, @y * ... 10gq, Ani110g,,,, Ay =™ (2)

Z , Z Ina, _
Oga1a a3 . an*l lnal + 2(lna2 + lna3 + -+ lnan+1 B

cyc cyc
3 Z In*a, .
-~ Luin?a, + 2(Inaylnas + - + na,na, 1) —
cyc
(Ina; + lnay + -+ + Ina, 11)? 2

> > -
In?a; + In%a, + -+ + In?a,,, + 4(lna,lna, + lnaylna; + --- + lna, 1lna;) — 3

In?a, + In2ay + -+ + In%a,,, = Ina,lna, + Inaylna; + - + lna,lna,,; (3)
From (1,2,3) we get the problem.

Application 7. If x; > 1,Vi = 1,n;, n € N,n > 3 then prove:

logx, logx; logx, logt/x,xs5 ... x,

log?(x%x;) log?(x3x3x3) log?(x3x3 .. x%2_ix,) ~ logxy-log(x1x2x3 ... Xy)

Solution.
a, as a, + as
+ =
a;(a; +a;)  (a;+az)(a; +a; +az) aj(a; +a; +as)

5 RMM-A FEW LOGARITHMIC INEQUALITIES




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

WLOG suppose:
a a a
2 + 3 4ot n
a,(a; +az)  (a; +az)(a; +a; +as) (a; +ax+-+an_1)(ag +a, +-+ay,)
_ a2+a3+"‘+an =
- al(al + az + + an)
a, as

a

+ + ot =

a,(a; +az)  (a; +az)(a; +a, +aa3) (a; +ax+-+an_1)(a; +a, +-+ay,)
n+1

+ =
(a; +a; +-+ay)(a; +a; + -+ anyq)
a2+a3+“'+an

— An+1 —
al(al + az + + an) (al + az + + an)(a]_ + az + + an+1)
_(aptaz+-ta)?+ta(aytag++ay) tan(aytag++a,) +agany
B (a;+a,+-+ay)a(ay +a, + -+ apq) B
_ a2+a3+“'+an+1
al(al + az + :'l" + anz.l)
2 1 .
From (x + y)* = 4xy = o = iy Ve have:
a, - 4a,
a;(a, + az) — (2a; + ay)?
as - 4a,
(ay +ay)(ay +a, +a3) — (2a; + 2a, + a3)?
an 4a,
>
(g +a; +-+ap_1)(a;+a, +--+a,) ~ (2a; +2a, + -+ 2a,-1 + a,)?
Adding up relationships, we have:

4a, 4a, 4a,

+ + ot <
(2a; + a,)?  (2ay + 2a, + az)? (2a, + 2a, + -+ 2a,_1 + a,)?
a a
< 2 + 3 + ..
ai(a; +a;)  (ar+azx)(a; + az; + as)
a, a,+as+--+a,
+ = =
(ay+a++ay_)(a+a,+-+a,) ala+a;+-+a,)
a as an

+ +ot
(2ay + a,)?  (2a, + 2a, + a3)? (2a; + 2a, + -+ 2a,,_1 + a,)?
az +a3 +"'+an

<
T 4a.(ay +a; + -+ ay)

For: a; = logxy; a, = logx,; ...; a, = logx, we get:
logx, logxs logx, log?/x,x5 ... xp,
2 (2 + 2(v2+2 ot 2(v2+2 1 =
log?(xix,) log?(xix5x3) log?(xfx5 ...xp_1x,) — logxy - log(x1x,%5 ... Xp)

Application 8. For x,y,z > 2 prove:

2 2 2\ 3
log((3+x) 3 J;y) (3 +2) ) Sz(x2+8)sin§

cyc
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Solution.
Ifx >2,then= <> tan” > > 2,
X 2 X X X
LT 1ot _ 1 x? LT3 M
0S4 — = = ~ SIn— ———
X 1+tan2Z 1+(E)2 1+(§)2 x2+9 X x2+49
X X X
log(1+1¢t) < vt = 0; (2)

8 + x? log(9 + x?) 1

= <
V9 + x2 8+ x? V9 + x?
From (1), (2), (3) it follows that:

log(9 + x2) 1 1 s
827 <m_§sm (E)log(9+x2)< (x +8)sm;

log<(3 -;x)) —(x +8)sm;

Therefore,

2 2 2\ 3
108((3+x) B+yy@3+2) ) SZ(x2+8)sing

t=x%2+8;(2) =log(9+x?) < 1 (3)

8

cyc

Application 9. If a, b,c > 1, then:

2 10Gass(1+ b)) (1 + ¢+1) > 6(a+ b)P(b + ©)%(c + a@)*~°

cyc

+1 (1+a_1)a+1 Zaz
Solution. From Bernoulli’s inequality, we have: < b?*1 = (1 + b — 1)?*1 > p?
CC+1 — (1 +c— 1)C+1 > C2
(14 a® (1 + b)) = (1 + a®)(1 + b?) = (a + b)?
A+ b2+ ) > (1 +b2)(1 +¢?) = (b +¢)?
A+c™DHA+a**) > 1+ +a?) = (c+ a)?

Z 10gap(1+ b2 (A +cH1) 2 Z l0ga+p(b +c)? =

cyc cyc
Am—-Gm
= ZZ loggsp(b+c) = 6-° nloga+b(b +c)=6 (i)
cyc cyc

LxXyYzE > xfy*z2¥ Vx,y,z>1 e (z—x)nx+ (x —y)iny+ (y —2)Inz <0
Chebyshev!s
If1<x<y<z-o(nx<lmy<nzz—x=>2x-Yy) =

(z—x)Inx + (x — y)lny < %(z —y)In(xy) = (z - y)ln\/x_y
S>z-x)nx+&x—-y)ny+ (y—2)lnz < (z - y)ln\/x_y + (y —2)lnz =
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Jxy

X
= — — <0 .
(z—-y)n S 0

From:x=b+c,y=c+az=a+b-(a+h)2(b+c)*(c+a)’ <1 (ii)
From(i), (ii) it follows that:

D 10ga sy (1 + P (1 + ¢4 2 6(a+ b)Y (b + )% (c + @)~

cyc

Application 10. Let a; € (1,),i = 1,n,n € N,a, + a, + -+ + a,, = ne*, then:

\/loga'll2 +logay® + - +logaj" + -+ \/logafll +loga,? + -+ loga,"! < 9n?

Solution.

n

CBS
=J(a, +az+-+a)loga; +++(a; +a, ++an_,) loga, <

ZIogakz

k=1

\/log afz + lOg a;l3 + -4+ log afn + .o 4 \/log a?ll + lOg a?lz + ot lOg aan_1 —

CBS
< J@taz+-ta)++(ag+ay+ o+ an_q)-

al +a2 + "‘+an)n _
o =

= \/(n -1S, - \/log(alaz Ct Q) < \/(n -1)S, - \/log(

=J(n-1)S,- n-log(%)=w/(n—1)ne4-m=2nez- n—1<

< 2ne? n—Tl-l—l = n?e? < 9n?
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