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INEQUALITIES FOR RECURRENT SEQUENCES

By Florica Anastase-Romania

Abstract: In this paper are presented few applications for inequalities with recurrent

sequences of real numbers.

Ap.1) Let (a,), >0 be sequences of real numbers strictly positive such that

a, =1land a, . + 2a,,1a, < a,.Find lima,,.

n—>oo
Solution. We have:
An+1 T 2Qp410n < Ay © 2041 + 4apya, < 20, ©

20,41 + 60,410, < 2a, + 20,410, © 2a,.,(1+ 3a,) < 2a,(1+a,4,) ©

2an
20n41 2ay 20541 1+an
< & <—
1+ay4;  1+3a, 1+ayy; 1422
1+an
Let I ( 1) 1,th
etx, =—,(ap = 1) = x5 = 1, then:
" 14a, 0
> 0;Vn € Nand x,,, < —2
X :vn and x <
n n+1 1 + Xy,

Xn+1

Xn 1+x,

<1= (X )nso Yand fromx, >0;Vn e N=>3lER

X [
lim x, =landhow x,,,; < ——,we get: | < —— & [? < 0 but! > 0, then:
n—co " [t Xn & 1+1
2 + 2 ( 2) Xn
X, = S x,+apx, =2a, > a,(x, —2)=—x,>a, =
n 1 + an n n+*n n n n n n 2 _xn
. . . x?’l
lim x,, = 0 and hence, lim a,, = lim =0
n—-oo n—-oo xn—>02 _ xn

Ap.2) Let (a,),=0 be sequences of real numbers strictly positive such
thatag=1-a,a € [0,1]and (1 + a)a,.; + a(1 —a,) + a,;,a, < a>.

Find lima;,.

n—>0oo
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Solution. We have:

1+ a)apy, +a(l —ay) + appq1a, < a2 &
a+apyq < aa, —adpyq + a3 — appia, ©
a+api = (a + an)(an - an+1) And

atay<(a+a))a+a,—a—ay;) &

@+ ) (Lt at an) < (14 @)% © @+ ap <0t

a+a a+a,) < a atap g <——

n+1 n n n+1 a+1+an
x2

Letx, = a + a, thenx,,; < ———;x, = landx, > 0;vn €N
1+x,

X X
Ml < 1, then (x,)pen N Thus, 3l € R,, 1 = lim x, and from

Xn 1 Xn n—-oo

2 l2

, tl <
wege 1+1

x
x"+1S1+x
n

< [1<0,butl>0,thenl=0.

So, we have:

lim ajy = lim (x, — a)" = lim (—a)" = 0;a € [0,1]
n—oo n—oo

n—-oo

Ap.3) Let (a,,),;>o be sequences of real numbers strictly positive such that

a: —2a,,, <22a,— (1+1)? <2a,,,,42>0.Find lim a,,.

n—oo
Solution. We have:

a —2a,.1 <21a,—(1+1)? ©2a,,,=0d%—2a,+(1+1)? o

20y, = a2 —2Ma, + > +20+1 e 2a,4, = (a,—D?+1+1>0.

Therefore, a,, > 0; Vn € N; (1)
Now, we have:
2041 — 2a, = a2 —21a, + (A + 1)? — 2a,, ©
2(An41— an) 2 (A =1 = 1)* > 0= (ap)nso 75 (2)

From (1) and (2) it follows that (a,),s¢ is convergent, then 31 € R, such that lima,, = [

n—-oo
and from a2 — 2a,41 < 2Aa, — (A + 1)? < 2a,,,, wegetl? -21<2]l &

2—4l<0e€[04]
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Ap.4) Let (x,,) =1 be sequence of real numbers such that x, = 1 and

Xni1 = X, VN € N
n

Xk-1 1
Then:Z(l— o ) <m,vVn € N, vimm > 2.
k

= "V

Solution. We have:

Xjo— 1 X — Xp—
(1_k1)_ X T Xg—1

Ve %

"i/_ ‘/_<\/? / “Xp_q + +\/xk-x,§"_‘12+\/xk1><

r ) T (S =) )

1
=m — ;Vk € N*
(m\/xk—l %)

Therefore,

- Xe\ 1 1 1 1 1
Z(l_ >.m sz m _m =m m__m/ =

Ap.5) Let (a,,),,=0 be sequences of real numbers strictly positive such that

a;=1and (n+1)(a, — a,,;1) = a,41 + a,a,,1. Find: lima,,.

n—-oo
Solution.

(n+ D(an — ans1) = apy1 + panyg ©

an_an+1>1+an

n+1)- >
anan+1 an
1 1 1
(n+1)< ——)21+—<=
Ap+1 n an

Let x,, = ai, thenx; =land (n+ 1) (xp41 —x,) =1+ x,; VR EN*
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1 Xn

n+1+n+1> +1

Xne1 — Xp = > 0;Vn € N* = (x,)ps1 7. S0,

—:Vk € N*
Z(xk+1 Xg) > k 1

Therefore,

1 1 1 1
Xpi1 — x1>2+3+ +?®xn+1>x1+2+3+ +?Vn>1®

n

1
Xpi1 > E: lim x,, = +o0 = lim a, = 0.

n—-oo n—-oo

Ap.6) Let (x,,),>1 be sequence of real numbers strictly positive such that

x3.1<3-x,—2,vn € N.Find limx,,.

n—oo

Solution. We have:

x3,,<3x,—2,VneENe3x, >x3,,+2>3- /1-1-x,31+1=3-xn+1,VnEN

(Xp)ns1 7 and x, = 0,Vn € N, then 3] € R such that limx,, = L.

n—-oo

Hence, we have: x3 <3x —2 e x3-3x+2< 0o
x—-1Dx*+x-2)<0e(x—-1)?(x+2)<0ox=1.
Ap.7) Let (a,,),>1 be sequence of real numbers strictly positive such that

(n+2)a,.; +2n+ 4 < na,,q + a,.Find lima,,

n—oo
Solution.
n+2)ayy +2n+4<na,.;+a,
n2+4n+4+ n+2)ag, <n®+n+nap, +n+a,
M+2)?2+(Mm+2ay, <nn+1)+na, +n+a,
m+2)n+2+ay) <nn+1+a,)+n+a,
Let x, = n+ ay, then (N + 2)x,405 < N - Xpypq + xp, VN EN.
M+ 2)xp40 + xp41 < (M + Dxpyq + x5,V EN.
Denoting b, = (n + 1)xp4q + x,, VN € N, then by 1 < b, Vn € Nor ()21 M

Because b, > 0,Vn € N, then (b,,),,>1 is convergent.
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xn n
n+1 n+1’

b, =M+ Dxpeq +x,VNEN S X0 + —— vn €N

b,,
Ylll—l;rC}On 1= =0.50,0 < xp41 < —— m—— ,then (x,)n,s1 is convergent.

Therefore, lima, = lim (n + x,,) = +oo.
n—-oo n—->oo

Ap.8) Let (a,,),,>1 be sequence of real numbers strictly positive. Prove that if

. Qupip- A . 1
lim % = 2,4 > 1,then lim ""*/a, > 1.

Solution. We have:

1
log(n(nﬂi/_) Og an

n(n +1)
an
n-ow " pooo 2n+1 2 e n4+1
n+2\ _ An+1
— lim 08 (Gr2) ~ o8 (°52) L imo (M) — Zlog A = log Vi
n—-co 2n 2 n-ow & An+1 8 8

Therefore, lim,,_o, """ /a, = e1°8V4 = V7 > 1.
Ap.9) Let (x,,) =1 be an solution of the equation f,,(x) = 0, where

fn:(0,0) 5 R, fo(x) =x"+1logx,vn € N*. Prove that:

Solution.

1
fu(x) = x™ +logx,vn € N* then f, (x) = nx™! +; >0,Vx >0

fn —strictly increasing, hence f;, is an injective function.

fn(04+0) = —oo, ;i_r)‘glofn(x) = +00,

fn —continuous function, then f((O, 00)) C R, so f,, —is an surjection. Hence, the

equationf,, (x) = 0 has an only solution x,,(0,1),Vn € N*.
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1 x, (m—1x2
;' IOg(l —Xn) < 10g<1 —?—T

Xn (Tl— l)xrzl
Xp € (01) =1~ =0 > 0
Let be the function g: [0,1] - R,
x (n—1)x? log(1 — x
g(x):10g<1_;_( ) )_ g(1—x)

2n? n

(1, (n-Dx (n—1)x2 1
g,(x) _ - (r;-l; (nn_zl)x)z 1 _ n (1 Zn)

x_-1Dx2 " n(1l-x) _ _x_ (n-Dx?
T n 2n? ( ) n(l x)(l n )

2n2

So, g —is an increasing function on [0,1] and g(0) = 0, then g(x) > 0,Vx € (0,1].

Ap.10) Let (a,,),>1 be sequence of real numbers such that

>0

1
3 (6a,—a,_1) <a,;1 < g (5a,, —a,,_1),vYn > 1.Find rlll_)rg a,.
Solution.

1 1
§(6an —ap_1) < apyq < 8(5% —ap_1),Vn=>1=

1 1

§(6an —ap_q) < E(San —ay_1),Vn=>1e 2a, > a,_4;(1),vyn>1
1 1

§(6an - an—l) < an+1,Vn =1= _§ (Zan + an—l) < An+1 — QAn; (2)

1 1
Ani1 < g(San - an_l),Vn =21= (pt1 — an = _g (an + an—l); (3)

Hence,

22yt 0y0) S s~y S (G + @), Y 2 1 ()
Case I) 3m € N such that a,,, = 1, from (1), it follows that 2a,, = a,, = 0, Vn = m and from
(4), it follows ap4q —a, < — % (a, + an_1),¥n = m, then (a,),»1 is convergent to 0.
Case2)Vn € N,a,, = 0 and from (1) and (2):

Ani1 — Ap = —%(Zan + a,_1) = 0, then (a,),>1 is convergent to 0.
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