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INEQUALITIES FOR RECURRENT SEQUENCES  

By Florică Anastase-Romania 

 

Abstract: In this paper are presented few applications for inequalities with recurrent 

sequences of real numbers. 

 

Ap.1) Let (��)��� be sequences of real numbers strictly positive such that 

�� = �and ���� + ������� ≤ ��. Find ���
�→�

��. 

Solution. We have: 

���� + 2������ ≤ �� ⇔ 2���� + 4������ ≤ 2�� ⇔ 

2���� + 6������ ≤ 2�� + 2������ ⇔ 2����(1 + 3��) ≤ 2��(1 + ����) ⇔ 

2����

1 + ����
≤

2��

1 + 3��
⇔

2����

1 + ����
≤

���

����

1 +
���

����

. 

Let �� =
2��

1 + ��
, (�� = 1) ⇒ �� = 1, then:  

�� > 0; ∀� ∈ ℕ and ���� ≤
��

1 + ��
 

����

��
≤

1

1 + ��
< 1 ⇒ (��)��� ↘ and from �� > 0; ∀� ∈ ℕ ⇒ ∃� ∈ ℝ 

lim
�→�

�� = � and how ���� ≤
��

1 + ��
, we get: � ≤

�

1 + �
⇔ �� ≤ 0 but � > 0, then: 

�� =
2��

1 + ��
⇔ �� + ���� = 2�� ⇒ ��(�� − 2) = −�� ⇒ �� =

��

2 − ��
 

lim
�→�

�� = 0 and hence, lim
�→�

�� = lim
��→�

��

2 − ��
= 0 

Ap.2) Let (��)��� be sequences of real numbers strictly positive such 

that �� = � − �, � ∈ [�, �] and (� + �)���� + �(� − ��) + ������ ≤ ��
�.  

Find ���
�→�

��
�. 
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Solution. We have: 

(1 + �)���� + �(1 − ��) + ������ ≤ ��
� ⇔ 

� + ���� ≤ ��� − ����� + ��
� − ������ ⇔ 

� + ���� ≤ (� + ��)(�� − ����) ⇔ 

� + ���� ≤ (� + ��)(� + �� − � − ����) ⇔ 

(� + ����)(1 + � + ��) ≤ (1 + ��)� ⇔ � + ���� ≤
(� + ��)�

� + 1 + ��
 

Let �� = � + ��, then ���� ≤
��

�

1 + ��
; �� = 1 and �� > 0; ∀� ∈ ℕ 

����

��
≤

��

1 + ��
< 1, then (��)�∈ℕ ↘. Thus, ∃� ∈ ℝ�, � = lim

�→�
�� and from 

���� ≤
��

�

1 + ��
, we get: � ≤

��

1 + �
⇔ � ≤ 0, but � > 0, then � = 0. 

So, we have: 

lim
�→�

��
� = lim

�→�
(�� − �)� = lim

�→�
(−�)� = 0; � ∈ [0,1] 

Ap.3) Let (��)��� be sequences of real numbers strictly positive such that 

��
� − ����� ≤ ���� − (� + �)� ≤ �����, � > �. ���� ���

�→�
��. 

Solution. We have: 

��
� − 2���� ≤ 2��� − (� + 1)� ⇔ 2���� ≥ ��

� − 2��� + (� + 1)� ⇔ 

2���� ≥ ��
� − 2��� + �� + 2� + 1 ⇔ 2���� ≥ (�� − �)� + � + 1 > 0. 

Therefore, �� > 0; ∀� ∈ ℕ; (1) 

Now, we have: 

2���� − 2�� ≥ ��
� − 2��� + (� + 1)� − 2�� ⇔ 

2(���� − ��) ≥ (�� − � − 1)� > 0 ⇒ (��)��� ↗; (2) 

From (1) and (2) it follows that (��)��� is convergent, then ∃� ∈ ℝ� such that lim
�→�

�� = � 

and from ��
� − 2���� ≤ 2��� − (� + 1)� ≤ 2����, we get �� − 2� ≤ 2� ⇔ 

�� − 4� ≤ 0 ⇔ � ∈ [0,4]. 
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Ap.4) Let (��)��� be sequence of real numbers such that �� = � and 

���� ≥ ��; ∀� ∈ ℕ. 

����: � �� −
����

��
�

�

���

⋅
�

���
�

< �, ∀� ∈ ℕ∗, ∀� ≥ �. 

Solution. We have: 

�1 −
����

��
� ⋅

1

���
�

=
�� − ����

�� ⋅ ���
�

= 

=
���

� − �����
�

�� ⋅ ���
�

⋅ � ���
����

+ ���
��� ⋅ ����

�
+ ⋯ + ��� ⋅ ����

����
+ �����

����
� ≤ 

≤
� ���

� − �����
� � ⋅ � ���

����

�� ⋅ ���
�

=
�� ���

� − �����
� �

���
� ⋅ ���

�
≤

�� ���
� − �����

� �

���
� ⋅ �����

�
= 

= � �
1

�����
�

−
1

���
�

� ; ∀� ∈ ℕ∗ 

Therefore, 

� �1 −
����

��
�

�

���

⋅
1

���
�

≤ � ⋅ � �
1

�����
�

−
1

���
�

�

�

���

= � �
1

���
�

−
1

���
�

� = 

= � �1 −
1

���
�

� < � 

Ap.5) Let (��)��� be sequences of real numbers strictly positive such that  

�� = � and (� + �)(�� − ����) ≥ ���� + ������. Find: ���
�→�

��. 

Solution.  

(� + 1)(�� − ����) ≥ ���� + ������ ⇔ 

(� + 1) ⋅
�� − ����

������
≥

1 + ��

��
⇔ 

(� + 1) �
1

����
−

1

��
� ≥ 1 +

1

��
⇔ 

Let �� =
�

��
, then �� = 1 and (� + 1)(���� − ��) ≥ 1 + ��; ∀� ∈ ℕ∗ 
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���� − �� ≥
1

� + 1
+

��

� + 1
>

1

� + 1
> 0; ∀� ∈ ℕ∗ ⇒ (��)��� ↗. So,  

�(���� − ��)

�

���

> �
1

� + 1

�

���

; ∀� ∈ ℕ∗ 

Therefore, 

���� − �� >
1

2
+

1

3
+ ⋯ +

1

� + 1
⇔ ���� > �� +

1

2
+

1

3
+ ⋯ +

1

� + 1
; ∀� ≥ 1 ⇔ 

���� > �
1

�

�

���

⇒ lim
�→�

�� = +∞ ⇒ lim
�→�

�� = 0. 

Ap.6) Let (��)��� be sequence of real numbers strictly positive such that  

����
� < � ⋅ �� − �, ∀� ∈ ℕ. Find ���

�→�
��. 

Solution. We have: 

����
� < 3 ⋅ �� − 2, ∀� ∈ ℕ ⇔ 3�� ≥ ����

� + 2 ≥ 3 ⋅ �1 ⋅ 1 ⋅ ����
��

= 3 ⋅ ����, ∀� ∈ ℕ 

(��)��� ↗ and �� ≥ 0, ∀� ∈ ℕ, then ∃� ∈ ℝ such that lim
�→�

�� = �. 

Hence, we have: �� < 3� − 2 ⇔ �� − 3� + 2 < 0 ⇔ 

(� − 1)(�� + � − 2) < 0 ⇔ (� − 1)�(� + 2) < 0 ⇔ � = 1. 

Ap.7) Let (��)��� be sequence of real numbers strictly positive such that 

(� + �)���� + �� + � ≤ ����� + ��. Find ���
�→�

��. 

Solution. 

(� + 2)���� + 2� + 4 ≤ ����� + �� 

�� + 4� + 4 + (� + 2)���� ≤ �� + � + ����� + � + �� 

(� + 2)� + (� + 2)���� ≤ �(� + 1) + ����� + � + �� 

(� + 2)(� + 2 + ����) ≤ �(� + 1 + ����) + � + �� 

Let �� = � + ��, then (� + 2)���� ≤ � ⋅ ���� + ��, ∀� ∈ ℕ. 

(� + 2)���� + ���� ≤ (� + 1)���� + ��, ∀� ∈ ℕ. 

Denoting �� = (� + 1)���� + ��, ∀� ∈ ℕ, then ���� ≤ ��, ∀� ∈ ℕ or (��)��� ↘. 

Because �� > 0, ∀� ∈ ℕ, then (��)��� is convergent. 
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�� = (� + 1)���� + ��, ∀� ∈ ℕ ⇔ ���� +
��

� + 1
=

��

� + 1
, ∀� ∈ ℕ 

lim
�→�

��

� + 1
= 0. So, 0 < ���� <

��

� + 1
, then (��)��� is convergent. 

Therefore, lim
�→�

�� = lim
�→�

(� + ��) = +∞. 

Ap.8) Let (��)��� be sequence of real numbers strictly positive. Prove that if  

���
�→�

���� ⋅ ��

����
�

= �, � ≥ �, ���� ���
�→�

���
�(���)

≥ �. 

Solution. We have: 

�� = log� ���
�(���)

� =
log ��

�(� + 1)
 

lim
�→�

�� = lim
�→�

log ���� − log ��

2� + 1
=

1

2
⋅ lim

�→�

log �
����

��
�

� + 1
= 

= lim
�→�

log �
����

����
� − log �

����

��
�

2�
=

1

2
⋅ lim

�→�
log �

���� ⋅ ��

����
� =

1

2
log � = log √� 

Therefore, lim�→� ���
�(���)

= ���� √� = √� ≥ 1. 

Ap.9) Let (��)��� be an solution of the equation ��(�) = �, where  

��: (�, ∞) → ℝ, ��(�) = �� + ��� � , ∀� ∈ ℕ∗. Prove that: 

�� − ��
� < � −

��

�
−

� − �

���
⋅ ��

�  

Solution. 

��(�) = �� + log � , ∀� ∈ ℕ∗, then ��
�(�) = ����� +

1

�
> 0, ∀� > 0 

�� −strictly increasing, hence �� is an injective function. 

��(0 + 0) = −∞, lim
�→�

��(�) = +∞, 

 �� −continuous function, then ��(0, ∞)� ⊂ ℝ, so �� −is an surjection. Hence, the 

equation��(�) = 0 has an only solution ��(0,1), ∀� ∈ ℕ∗. 

�1 − ��
� < 1 −

��

�
−

� − 1

2��
⋅ ��

� ⇔ 
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1

�
⋅ log(1 − ��) < log �1 −

��

�
−

(� − 1)��
�

2��
� 

�� ∈ (0,1) ⇒ 1 −
��

�
−

(� − 1)��
�

2��
> 0 

Let be the function �: [0,1] → ℝ,  

�(�) = log �1 −
�

�
−

(� − 1)��

2��
� −

log(1 − �)

�
 

��(�) =
− �

�

�
+

(���)�

�� �

1 −
�

�
−

(���)��

���

+
1

�(1 − �)
=

(���)��

�
�1 −

�

��
�

�(1 − �) �1 −
�

�
−

(���)��

��� �
> 0 

So, � −is an increasing function on [0,1] and �(0) = 0, then �(�) > 0, ∀� ∈ (0,1]. 

Ap.10) Let (��)��� be sequence of real numbers such that 

�

�
(��� − ����) ≤ ���� ≤

�

�
(��� − ����), ∀� ≥ �. ���� ���

�→�
��. 

Solution. 

1

8
(6�� − ����) ≤ ���� ≤

1

6
(5�� − ����), ∀� ≥ 1 ⇒ 

1

8
(6�� − ����) ≤

1

6
(5�� − ����), ∀� ≥ 1 ⇔ 2�� ≥ ����; (1), ∀� ≥ 1 

1

8
(6�� − ����) ≤ ����, ∀� ≥ 1 ⇒ −

1

8
(2�� + ����) ≤ ���� − ��; (2) 

���� ≤
1

6
(5�� − ����), ∀� ≥ 1 ⇒ ���� − �� ≤ −

1

6
(�� + ����); (3) 

Hence, 

−
1

8
(2�� + ����) ≤ ���� − �� ≤ −

1

6
(�� + ����), ∀� ≥ 1; (4) 

Case I) ∃� ∈ ℕ such that �� ≥ 1, from (1), it follows that 2�� ≥ �� ≥ 0, ∀� ≥ � and from 

(4), it follows ���� − �� ≤ −
�

�
(�� + ����), ∀� ≥ �, then (��)��� is convergent to 0. 

Case 2) ∀� ∈ ℕ, �� ≥ 0 and from (1) and (2): 

���� − �� ≥ −
�

�
(2�� + ����) ≥ 0, then (��)��� is convergent to 0. 
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