ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
ABOUT RECURRENCE RELATIONSHIPS FOR REAL NUMBER SEQUENCES-(IV)

Dedicated to Mr. Daniel Sitaru, “HAPPY BIRTHDAY”
By Marian Ursdrescu and Floricd Anastase-Romania

Abstract: in this paper are presented few special techniques for recurrent limits.

Ap.1) Find:

1= V1+aZ V142 V1 + A2
Q, =lim

neN
x—0 x2 ’

Solution. Let be f,(x) = V1+ x2,k € 2,n,n €N, then

G0 2
x =
A+ )t
1-Vi+aZ-V1+x2-..-V1+a2
Q, = lim > =
x—0 X
1=z fi(x) 1 -1IIk ka(x))’
= lim > = lim
x—0 X x—>0

. (k=2 f ()’ fre (%) 1
- _}clir(l) 2x B _E}c—m [Hf"( ) Z( X fk(x)>] -

Ap.2) Find:

. 1—cosx-cos2x-..-cosnx .
Q, = lim 5 ,mne€N
X—00 X

Solution. Forn = 1, we have:

2
1—cosx 2 sin” % 1 sin% 1
Q; = lim = lim = _lim = 5

x—0 x2 x>0 Xx2 2 x—0

Now, we have:

(1 —cosnx)cosx-cos2x - ..-cos(n—1)x
Q, —Q = lim -
n—1 X0 x2
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. o NX )
i 1 — cosnx " 2sin” == n? Sin —- n?
=lim———— = lim——= =
x-0 x2 x—0  Xx2 2 x-0 nx 2

2
n
Hence, Q, — Q,_41 = 5 Therefore,

( Q Q. = 22

32

QA —Q, = —

i3 2=
L-Qn — Oy = 7

By adding, we get:

22+3%+--+n* nn+1)Q2n+1)

.Qn = Ql + 2 12
WEe’'ll prove using the mathematical induction.
Py, - L1231
T 12 T2
— — 2
We consider P(n — 1):Q,,_; = % to be true. Thus, from Q, — Q,,_; = n?
ta = q +n2_(n—1)n(2n—1)+n2_n(2n2+3n+1)_
WEBEL B = 1 T 12 2 - 12 -
_nn+1)@2n+1)
B 12
Therefore,
_nn+1)2n+1)
no 12
Ap.3) Find:
. nlx"—sinx-sin2x-..-sinnx .
Q, =lim ,neN

Solution. For n = 1 we have:

a I x—sinx 1
= lim———=-—
17 x50 «3 6
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- nx-sinx-..-sin(n—1)x —sinx - sin2x - ...- sinnx
Q, —n, 4= }Cl_r)r(l) ) =
~ sinx sin2x sin(n—1)x . nx—sinnx
= lim . St Adim ————— =
x>0 X X X x-0 X
— (- Dl n—mncosnx _ i nsinnx n?
R L
nZ
Hence, 1, = n,_4 + n! s
Let P(n): @, = "2 (n + 1))
Py, = 13721
YT 360 6
Suppose that P(n): Q(n—1) = W’ then
n—-1DC@n-1Dn! n?n! nln nlnn+1)2n+1)
= +— = —1)(2n—1) +6n] =
n="n 36 c 3¢ [~ D@n—1) +6n] 36
Ap.4) Find:
. nlx"—tanx-tan2x - .. tannx .
Q, =lim ,mMmeN

Solution. Let us denote:

i) = 2 lim £ = 1 = im [ [ ey = 1
k=1

kx '
n tankx n tankx
Q =limn'x"-1_ 2 kx = —n!-lim 71 kx _1=
n x—0 ' xn+2 ) x-0 xz
iy EE M= S — 1 og [Ty fie (1)
"x-0 log [Ti-, fir (%) x?
n n
_ log[Tk=1 fi(x) . log fi. (x) k?
But: lim > = lim — = — , where
x=0 X x—0 X 3
k=1 k=1
L logfi®) _ log(1+fil) —D fi@ -1 tanke—kx _
0 %2 aoo fre(x) =1 a2z AN ks B
TR tankx —kx k b
TR 3 3
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y tanx —x 1
im———=—
x-0 x3 3

Therefore,

- nlx™—tanx-tan2x - .. - tannx nl' 5 nn+1)2n+1)
Q, = lim 2__2" = —n!-

x—0 xnt2 3 18
k=1
Ap.5) Find:
o nlx"—sin"lx-sin"12x- .. -sin"1nx
Q, =1lim ,n € N*
Ap.6) Find:
 nlx"—tanlx-tan"12x- .- tan 1 nx
Q, =1lim ,n € N*
Ap.7) Find:
- nlx"—log(1+x)-log(1+ 2x) - ...-log(1 + nx)
Q, =lim ,n € N*
Solution. Let us denote:
log(1 + kx) ) ) :
fi(x) = ———,thenlim f;,(x) = 1 and lim ka(x) =1
kx x—0 x—0
k=1
nlx™ “Tlog(1 + kx) elo8 =1 fk() _ 1
=L — _ | = -—!.h —
{In alcl—% xn+l 1 l_[ kx " }cl—l}?) X
k=1
o pig M KD — 1 Tog [Ty fu(r) _
=0 log[Tg—1 fie(x) x
n
. log f (x)
= —n!-lim
x—0 X
k=1
log(1 + kx) 1
_logfi(x) ~ log(1+fir(x)—1) fi(x)—1 kx -
But: lim =1 . = lim =
x>0 X x-0 filx) —1 X x—0 X
kel logkx —kx  k
—R T ez 2
Therefore,
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~ nlx™—log(1+x) -log(1 + 2x) - ...- log(1 + nx) ' - k
Q, = ,lcl_r,r(l) AN+l = (—n!) z <— E)
k=1
_ 'n(n +1)
=nl—,
Ap.8) Find:
nax"—(e*—1(e*-1) .- (e™ -1
Q, =lim ( X ) ( ),nEN*
Ap.9) Find:
X X
nltanx-tanz - .- tan_. — xm
.Q.nZLI_I)I(} e ,meN
Ap.10) Find:
1 -—coshx-cosh?2x-...- cosh" nx
Q, =lim 5 ,n € N*
x-0 X
Solution. We have:
n_ cosh®kx —1 eloglli=y coshx _ 1
— xZ = — xZ =
3 eZk=1klogeoshkx _ 1 yn_ oo cosh kx
r_q klogcosh kx x?
. klogcoshkx  klog(1l+coshkx—1) coshkx—-1 k k3
lim ————— = lim . =—. k%2 =—
x=0 x? X0 coshkx — 1 k?x? 2 2
~coshx—1 1
Because: lim————=3
x-0 X 2
Therefore,
- 1—coshx - cosh? 2x - ...~ cosh™ nx n?(n + 1)2
Q, = lim = —
x—0 x? 12
Ap.11) Find:
. nlx™—sinhx - sinh2x - ...- sinhnx
Q, =lim
x—0 xn+2
Ap.12) Find:
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~ coshx-cosh2x-cosh2?x - ...- cosh2™x — ex’
Q, =lim 5 ,neN
x—0 X
Ap.13) Find:
aa, .. -a,x*—trigax-triga,x - ...-triga,,x
anlimlz n ga; ga; gn,aielR*,

i = 1,n, where trig € {sin, tan, sinh, tanh}

Solution. Let us denote trig a;x = f(agx)

trigt t
lim g = lim& = 1. We have:
t-0 t t-0 t
a;x a,x
- n = . . 1 —
}cl—% xN+2 = =10y ...- Ay }CILI(]) = =
f(agx) a,x
elogHﬁ:l akkx -1 lo ﬁ:l%
== —a4a, - ..." a4, lim .
t " x=0 n flagx) x2
log k=1
aipXx
f(akx) f(akX)
log Hﬁ:l ak_x Z;(lzl logak_x
x~0 x? x>0 x2

n
1
flax) —2 a2, f € {sinh, sin}
. - log <1 + agXx 1 fagx) — agx 2 6k=1
= lim . T = n
x-0 P f(agx) 1 (axx) 1
= arx 52 a?, f € {tan,tanh}
k=1
Ap.14) Find:
T n
(—) —cos x-cos12x-..-cos Inx
Q, = lim ,n € N*
n—oo X
Solution. We have:
T -1 n—-1
m _ 3 —cosTinx o =
Q, = Eﬂn_l +9161_r>r(1)f- Hcos n—1Dx=
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s s
s "1 57Y m 7t "1
==Q,_1+(= - lim ==0, 1 +1lim——F———-(= ‘n =
2t (2) y-Lcosy 2 n-1 y-’%sin(%—y) (2)
T T n—1
=§Qn_1+n(§)
Hence,
2\" 2\""' 2n 2\" .
(;) Q,=Qpnq (E) +?. Denote wnz(;) Q,,vn € N¥, then
n-1 n
2n 2
Wn —wn1+—Vn>2Hence2w = wk+—Zk
k=2 k=1 T[k=2

2
=>wn=w1+;(2+3+---+n);(1)

T
: 2 . 277
w; =—-lim&*—=—"1lim =—;(2)
s y_,gcosy s

2 nn+1) "1 nn+1)
W+@=o=s=F—=0=(3) -—5—
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