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701. 

𝐋𝐞𝐭 𝒙𝟏, 𝒙𝟐, … , 𝒙𝟐𝟎𝟐𝟏 > 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 ∶  ∑ 𝒙𝒌

𝟐𝟎𝟐𝟏

𝒌=𝟏

= 𝟏.𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

∑
𝒙𝒌 + 𝟐𝟎𝟐𝟏

𝒙𝒌
𝟐 + 𝟏

𝟐𝟎𝟐𝟏

𝒌=𝟏

≤ 𝟐𝟎𝟐𝟏𝟐  

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑼𝒔𝒊𝒏𝒈 𝑻𝒂𝒏𝒈𝒆𝒏𝒕 𝑳𝒊𝒏𝒆 𝑴𝒆𝒕𝒉𝒐𝒅 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 (∗). 

𝑺𝒊𝒏𝒄𝒆 𝒕𝒉𝒆𝒓𝒆 𝒊𝒔 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒉𝒆𝒏 𝒙𝒌 =
𝟏

𝟐𝟎𝟐𝟏
, 𝒌

= 𝟏, 𝟐𝟎𝟐𝟏,𝒘𝒆 𝒄𝒐𝒏𝒔𝒊𝒅𝒆𝒓 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒍𝒊𝒏𝒆 𝒕𝒐 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 

𝒇(𝒙) =
𝒙 + 𝟐𝟎𝟐𝟏

𝒙𝟐 + 𝟏
 𝒂𝒕 𝒙 =

𝟏

𝟐𝟎𝟐𝟏
,𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒚 = −

𝟐𝟎𝟐𝟏𝟐

𝟐𝟎𝟐𝟏𝟐 + 𝟏
. 𝒙 + 𝟐𝟎𝟐𝟏.

𝟐𝟎𝟐𝟏𝟐 + 𝟐

𝟐𝟎𝟐𝟏𝟐 + 𝟏
 

→ 𝑳𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶  𝒇(𝒙) =
𝒙 + 𝟐𝟎𝟐𝟏

𝒙𝟐 + 𝟏
≤ −

𝟐𝟎𝟐𝟏𝟐

𝟐𝟎𝟐𝟏𝟐 + 𝟏
. 𝒙 + 𝟐𝟎𝟐𝟏.

𝟐𝟎𝟐𝟏𝟐 + 𝟐

𝟐𝟎𝟐𝟏𝟐 + 𝟏
, ∀𝒙

∈ (𝟎, 𝟏) 

↔ −𝟐𝟎𝟐𝟏𝟐𝒙𝟑 + 𝟐𝟎𝟐𝟏(𝟐𝟎𝟐𝟏𝟐 + 𝟐)𝒙𝟐 − (𝟐. 𝟐𝟎𝟐𝟏𝟐 + 𝟏)𝒙 + 𝟐𝟎𝟐𝟏 ≥ 𝟎

↔ (𝟐𝟎𝟐𝟏𝒙 − 𝟏)𝟐(𝟐𝟎𝟐𝟏 − 𝒙) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒙 ∈ (𝟎, 𝟏)  →  
𝒙𝒌 + 𝟐𝟎𝟐𝟏

𝒙𝒌𝟐 + 𝟏

≤ −
𝟐𝟎𝟐𝟏𝟐

𝟐𝟎𝟐𝟏𝟐 + 𝟏
. 𝒙𝒌 + 𝟐𝟎𝟐𝟏.

𝟐𝟎𝟐𝟏𝟐 + 𝟐

𝟐𝟎𝟐𝟏𝟐 + 𝟏
, ∀𝒌 = 𝟏, 𝟐𝟎𝟐𝟏. 

→ ∑
𝒙𝒌 + 𝟐𝟎𝟐𝟏

𝒙𝒌𝟐 + 𝟏

𝟐𝟎𝟐𝟏

𝒌=𝟏

≤ 𝟐𝟎𝟐𝟏 ∑ (−
𝟐𝟎𝟐𝟏

𝟐𝟎𝟐𝟏𝟐 + 𝟏
. 𝒙𝒌 +

𝟐𝟎𝟐𝟏𝟐 + 𝟐

𝟐𝟎𝟐𝟏𝟐 + 𝟏
)

𝟐𝟎𝟐𝟏

𝒌=𝟏

= 𝟐𝟎𝟐𝟏(−
𝟐𝟎𝟐𝟏

𝟐𝟎𝟐𝟏𝟐 + 𝟏
+ 𝟐𝟎𝟐𝟏.

𝟐𝟎𝟐𝟏𝟐 + 𝟐

𝟐𝟎𝟐𝟏𝟐 + 𝟏
) = 𝟐𝟎𝟐𝟏𝟐. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒙𝒌 + 𝟐𝟎𝟐𝟏

𝒙𝒌𝟐 + 𝟏

𝟐𝟎𝟐𝟏

𝒌=𝟏

≤ 𝟐𝟎𝟐𝟏𝟐. 
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702. If 𝒂, 𝒃 ≥ 𝟎 then: 

 𝟖(𝒂𝟓 + 𝒃𝟓) ≥ 𝟓(𝒂𝟐 − 𝒃𝟐)(𝒂𝟑 − 𝒃𝟑) + √𝟖√𝒂𝟐 + 𝒃𝟐
 𝟓

  

 Proposed by Asmat Qatea-Afghanistan 

Solution 1 by Ravi Prakash-New Delhi-India 

Put 𝒂 = 𝒓𝐜𝐨𝐬 𝜽 , 𝒃 = 𝒓 𝐬𝐢𝐧𝜽 , 𝒓 ≥ 𝟎, 𝟎 ≤ 𝜽 ≤
𝝅

𝟐
 

The inequality becomes 

𝟖(𝐜𝐨𝐬𝟓 𝜽 + 𝐬𝐢𝐧𝟓 𝜽) ≥ 𝟓(𝐜𝐨𝐬𝟐 𝜽 − 𝐬𝐢𝐧𝟐 𝜽)(𝐜𝐨𝐬𝟑 𝜽 − 𝐬𝐢𝐧𝟑 𝜽) + √𝟖 

𝟑(𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧 𝜽) + 𝟓𝐬𝐢𝐧𝟐 𝜽𝐜𝐨𝐬𝟐 𝜽 (𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬 𝜽) ≥ √𝟖 

(𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧𝜽)(𝟑 + 𝟐𝐜𝐨𝐬𝟐 𝜽 𝐬𝐢𝐧𝟐 𝜽 − 𝟑𝐬𝐢𝐧 𝜽𝐜𝐨𝐬 𝜽) ≥ √𝟖 

Let 𝒇(𝜽) = (𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧𝜽) (𝟑 −
𝟑

𝟐
𝐬𝐢𝐧𝟐𝜽 +

𝟏

𝟐
𝐬𝐢𝐧𝟐 𝟐𝜽) , 𝟎 ≤ 𝜽 ≤

𝝅

𝟐
 

𝒇′(𝜽) = (𝐜𝐨𝐬𝜽 − 𝐬𝐢𝐧𝜽) (𝟑−
𝟑

𝟐
𝐬𝐢𝐧𝟐𝜽 +

𝟏

𝟐
𝐬𝐢𝐧𝟐 𝟐𝜽) + (𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧𝜽)(−𝟑 𝐜𝐨𝐬𝟐𝜽 + 𝟐𝐬𝐢𝐧𝟐𝜽 + 𝐜𝐨𝐬𝟐𝜽) = 

= (𝐜𝐨𝐬𝜽 − 𝐬𝐢𝐧𝜽) (𝟑 −
𝟑

𝟐
𝐬𝐢𝐧𝟐𝜽 +

𝟏

𝟐
𝐬𝐢𝐧𝟐 𝟐𝜽− 𝟑(𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧𝜽)𝟐 + 𝟐𝐬𝐢𝐧𝟐𝜽 (𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧𝜽)𝟐) = 

= (𝐜𝐨𝐬𝜽 − 𝐬𝐢𝐧𝜽) (𝟑 −
𝟑

𝟐
𝐬𝐢𝐧𝟐𝜽 +

𝟏

𝟐
𝐬𝐢𝐧𝟐 𝟐𝜽 − 𝟑(𝟏 + 𝐬𝐢𝐧𝟐𝜽) + 𝟐𝐬𝐢𝐧𝟐𝜽 + 𝟐𝐬𝐢𝐧𝟐 𝟐𝜽) = 

= (𝐜𝐨𝐬𝜽 − 𝐬𝐢𝐧 𝜽) (
𝟓

𝟐
𝐬𝐢𝐧𝟐 𝟐𝜽 −

𝟓

𝟐
𝐬𝐢𝐧 𝟐𝜽) = 

=
𝟓

𝟐
𝐬𝐢𝐧𝟐𝜽 (𝐬𝐢𝐧𝜽 − 𝐜𝐨𝐬𝜽)(𝟏 − 𝐬𝐢𝐧 𝟐𝜽) 

For 𝟎 < 𝜽 < 𝝅, 𝐬𝐢𝐧 𝟐𝜽 > 𝟎, 𝟏 − 𝐬𝐢𝐧𝟐𝜽 ≥ 𝟎 ⇒ 𝒇′(𝜽) = 𝟎 ⇒ 𝜽 =
𝝅

𝟒
 

𝒇′(𝜽) = {
> 𝟎;𝟎 < 𝜽 <

𝝅

𝟒

< 𝟎;
𝝅

𝟒
< 𝜽 <

𝝅

𝟐

 

Thus, 𝒇′(𝜽) is minimum when 𝜽 =
𝝅

𝟒
⇒ 𝒇(𝜽) ≥ 𝒇(

𝝅

𝟒
) 

𝒇(𝜽) ≥ √𝟐(𝟑 −
𝟑

𝟐
+
𝟏

𝟐
) = √𝟖 
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 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟖(𝒂𝟓 + 𝒃𝟓) ≥⏞
(∗)

𝟓(𝒂𝟐 − 𝒃𝟐)(𝒂𝟑 − 𝒃𝟑) + √𝟖√𝒂𝟐 + 𝒃𝟐
 𝟓

 

𝑰𝒇 𝒃 = 𝟎 →  (∗) ↔ 𝟑𝒂𝟓 ≥ √𝟖𝒂𝟓 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 (∴ 𝟑 ≥ √𝟖) 

𝑰𝒇 𝒃 > 𝟎, 𝒍𝒆𝒕 𝒙 =
𝒂

𝒃
 → (∗) ↔  𝟖(𝒙𝟓 + 𝟏) − 𝟓(𝒙𝟐 − 𝟏)(𝒙𝟑 − 𝟏) ≥ √𝟖√𝒙𝟐 + 𝟏

 𝟓

 

↔ 𝟑𝒙𝟓 + 𝟓𝒙𝟑 + 𝟓𝒙𝟐 + 𝟑 ≥ √𝟖√𝒙𝟐 + 𝟏
𝟓

↔ (𝟑𝒙𝟓 + 𝟓𝒙𝟑 + 𝟓𝒙𝟐 + 𝟑)
𝟐
≥ 𝟖(𝒙𝟐 + 𝟏)𝟓 

↔ 𝒙𝟏𝟎 − 𝟏𝟎𝒙𝟖 + 𝟑𝟎𝒙𝟕 − 𝟓𝟓𝒙𝟔 + 𝟔𝟖𝒙𝟓 − 𝟓𝟓𝒙𝟒 + 𝟑𝟎𝒙𝟑 − 𝟏𝟎𝒙𝟐 + 𝟏 ≥ 𝟎 

↔ (𝒙 − 𝟏)𝟒(𝒙𝟔 + 𝟒𝒙𝟓 + 𝟏𝟎𝒙𝟑 + 𝟒𝒙 + 𝟏) ≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝟖(𝒂𝟓 + 𝒃𝟓) ≥ 𝟓(𝒂𝟐 − 𝒃𝟐)(𝒂𝟑 − 𝒃𝟑) + √𝟖√𝒂𝟐 + 𝒃𝟐
 𝟓

 

703. If 𝒂, 𝒃, 𝒄 ∈ (𝟎,
𝝅

𝟐
).Prove that: 

 (∑ √𝐬𝐢𝐧𝒂
𝟑

)
𝟔

+ 𝟐𝟕(∑ √𝐜𝐨𝐬𝟐 𝒂
𝟑

)
𝟑

≤ 𝟕𝟐𝟗   

 Proposed by Pavlos Trifon-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∑ √𝐬𝐢𝐧𝒂
𝟑

)
𝟔

+ 𝟐𝟕(∑√𝐜𝐨𝐬𝟐 𝒂
𝟑

)
𝟑

 ≤⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 (∑𝟏)
𝟓

(∑√𝐬𝐢𝐧𝒂
𝟑  𝟔 

)

+ 𝟐𝟕 (∑𝟏)
𝟐

(∑√𝐜𝐨𝐬𝟐 𝒂
𝟑  𝟑 

) = 

= 𝟐𝟒𝟑(∑𝐬𝐢𝐧𝟐 𝒂 +∑𝐜𝐨𝐬𝟐 𝒂) = 𝟐𝟒𝟑 [∑(𝐬𝐢𝐧𝟐 𝒂 + 𝐜𝐨𝐬𝟐 𝒂)] = 𝟐𝟒𝟑∑𝟏 = 𝟕𝟐𝟗. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, (∑ √𝐬𝐢𝐧 𝒂
𝟑

)
𝟔

+ 𝟐𝟕(∑√𝐜𝐨𝐬𝟐 𝒂
𝟑

)
𝟑

≤ 𝟕𝟐𝟗. 

Solution 2 by proposer 

By Power mean inequality: 

√
√𝐬𝐢𝐧𝟐 𝒂
𝟑

+ √𝐬𝐢𝐧𝟐 𝒃
𝟑

+ √𝐬𝐢𝐧𝟐 𝒄
𝟑

𝟑
≥
√𝐬𝐢𝐧𝒂
𝟑

+ √𝐬𝐢𝐧𝒃
𝟑

+ √𝐬𝐢𝐧 𝒄
𝟑

𝟑
 

(√𝐬𝐢𝐧𝟐 𝒂
𝟑

+ √𝐬𝐢𝐧𝟐 𝒃
𝟑

+ √𝐬𝐢𝐧𝟐 𝒄
𝟑

)
𝟑

≥
(√𝐬𝐢𝐧𝒂
𝟑

+ √𝐬𝐢𝐧𝒃
𝟑

+ √𝐬𝐢𝐧 𝒄
𝟑

)
𝟔

𝟐𝟕
; (𝟏) 
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Equality holds for √𝐬𝐢𝐧 𝒂
𝟑

= √𝐬𝐢𝐧𝒃
𝟑

= √𝐬𝐢𝐧 𝒄
𝟑

; (𝒂, 𝒃, 𝒄 ∈ (𝟎,
𝝅

𝟐
)) ⇒ 𝒂 = 𝒃 = 𝒄. 

By Minkowski: 

(√𝐬𝐢𝐧𝟐 𝒂
𝟑

+ √𝐬𝐢𝐧𝟐 𝒃
𝟑

+ √𝐬𝐢𝐧𝟐 𝒄
𝟑

)
𝟑

+ (√𝐜𝐨𝐬𝟐 𝒂
𝟑

+ √𝐜𝐨𝐬𝟐 𝒃
𝟑

+ √𝐜𝐨𝐬𝟐 𝒄
𝟑

)
𝟑

≤ 

≤ (∑√𝐬𝐢𝐧𝟐 𝒂 + 𝐜𝐨𝐬𝟐 𝒂
𝟑

𝒄𝒚𝒄

)

𝟑

= 𝟐𝟕; (𝟐)  

Equality holds for (
𝐬𝐢𝐧𝒂

𝐬𝐢𝐧𝒃
=
𝐜𝐨𝐬 𝒂

𝐜𝐨𝐬 𝒃
)&(

𝐬𝐢𝐧𝒂

𝐬𝐢𝐧 𝒄
=
𝐜𝐨𝐬 𝒂

𝐜𝐨𝐬 𝒄
) ⇔ 𝐬𝐢𝐧(𝒂 − 𝒃) = 𝐬𝐢𝐧(𝒂 − 𝒄) ; 

(∵ 𝒂 − 𝒃, 𝒂 − 𝒄 ∈ (−
𝝅

𝟐
,
𝝅

𝟐
) ⇔ 𝒂 = 𝒃 = 𝒄. 

(𝟏)&(𝟐) ⇒
(√𝐬𝐢𝐧𝒂
𝟑

+ √𝐬𝐢𝐧𝒃
𝟑

+ √𝐬𝐢𝐧 𝒄
𝟑

)
𝟔

𝟐𝟕
+ (√𝐜𝐨𝐬𝟐 𝒂

𝟑
+ √𝐜𝐨𝐬𝟐 𝒃

𝟑
+ √𝐜𝐨𝐬𝟐 𝒄

𝟑
)
𝟑

≤ 𝟐𝟕 

Therefore, 

(∑ √𝐬𝐢𝐧 𝒂
𝟑

)
𝟔

+ 𝟐𝟕(∑√𝐜𝐨𝐬𝟐 𝒂
𝟑

)
𝟑

≤ 𝟕𝟐𝟗   

Equality holds for 𝒂 = 𝒄. 

704. Let 𝒂, 𝒃, 𝒄 > 0.Prove that:  

: 𝒎𝒊𝒏 {𝟐 (∑
𝒂

𝒃
) (∑𝒂) , 𝟑(∑

𝒂𝟐

𝒃
+∑𝒂)} ≥ 𝟔√𝟑∑𝒂𝟐   

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒂

𝒃
=∑

𝒂𝟐

𝒂𝒃
 ≥⏞
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 
(∑ 𝒂)𝟐

∑𝒂𝒃
 ≥⏞
?

 
𝟑√𝟑∑𝒂𝟐

∑𝒂
 ↔  (∑𝒂)

𝟔

≥ 𝟐𝟕(∑𝒂𝒃)
𝟐

(∑𝒂𝟐) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  (∑𝒂)
𝟐

=∑𝒂𝟐 + 𝟐∑𝒂𝒃 ≥⏞
𝑨𝑴−𝑮𝑴

 𝟑√(∑𝒂𝒃)
𝟐

(∑𝒂𝟐)
𝟑

 →  (∑𝒂)
𝟔

≥ 𝟐𝟕(∑𝒂𝒃)
𝟐

(∑𝒂𝟐) 

→ ∑
𝒂

𝒃
≥
𝟑√𝟑∑𝒂𝟐

∑𝒂
 →  𝟐 (∑

𝒂

𝒃
) (∑𝒂) ≥ 𝟔√𝟑∑𝒂𝟐   (𝟏) 
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𝑵𝒐𝒘, 𝒍𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆 ∶  ∑
𝒂𝟐

𝒃
≥
𝟑∑𝒂𝟐

∑𝒂
 ↔∑(

𝒂𝟐

𝒃
− 𝟐𝒂 + 𝒃) ≥

𝟑∑𝒂𝟐

∑𝒂
−∑𝒂

↔∑
(𝒂 − 𝒃)𝟐

𝒃
≥∑

(𝒂 − 𝒃)𝟐

𝒂 + 𝒃 + 𝒄
 

↔ ∑
(𝒂 + 𝒄)(𝒂 − 𝒃)𝟐

𝒃(𝒂 + 𝒃 + 𝒄)
≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 →  ∑

𝒂𝟐

𝒃
+∑𝒂

≥
𝟑∑𝒂𝟐

∑𝒂
+∑𝒂 ≥⏞

𝑨𝑴−𝑮𝑴

 𝟐√
𝟑∑𝒂𝟐

∑𝒂
.∑𝒂 = 𝟐√𝟑∑𝒂𝟐 

→  𝟑(∑
𝒂𝟐

𝒃
+∑𝒂) ≥ 𝟔√𝟑∑𝒂𝟐   (𝟐) 

(𝟏), (𝟐)  →  𝒎𝒊𝒏{𝟐 (∑
𝒂

𝒃
) (∑𝒂) , 𝟑(∑

𝒂𝟐

𝒃
+∑𝒂)} ≥ 𝟔√𝟑∑𝒂𝟐. 

705. 

𝑳𝒆𝒕 𝒂, 𝒃 > 0, 𝐴 =
∑
𝒂𝟐

𝒃

√𝟑∑𝒂
𝟑

𝒂𝒃𝒄

𝟒

. √∑𝒂𝟐
 𝒂𝒏𝒅 𝑩 =

𝟑𝒂𝒃𝒄

∑𝒂𝟑
. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝑨 ≥ 𝑩 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆 ∶  ∑
𝒂𝟐

𝒃
 ≥⏞
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 
(𝒂 + 𝒃 + 𝒄)𝟐

𝒃 + 𝒄 + 𝒂
=∑𝒂 → 𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆

∶  (∑𝒂𝟑) (∑𝒂) ≥ 𝟑𝒂𝒃𝒄√
𝟑∑𝒂𝟑

𝒂𝒃𝒄

𝟒

. √∑𝒂𝟐 

↔ (∑𝒂𝟑)
𝟑

(∑𝒂)
𝟒

≥ 𝟑𝟓(𝒂𝒃𝒄)𝟑 (∑𝒂𝟐)
𝟐

 

𝑾𝒆 𝒉𝒂𝒗𝒆

∶  (∑𝒂𝟑) (∑𝒂) ≥⏞
𝑪𝑩𝑺

 (∑𝒂𝟐)
𝟐

 𝒂𝒏𝒅 (∑𝒂𝟑)
𝟐

(∑𝒂)
𝟑

 ≥⏞
𝑨𝒎−𝑮𝑴

(𝟑𝒂𝒃𝒄)𝟐(𝟑√𝒂𝒃𝒄
𝟑

)
𝟑

= 𝟑𝟓(𝒂𝒃𝒄)𝟑 
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→ (∑𝒂𝟑)
𝟑

(∑𝒂)
𝟒

≥ 𝟑𝟓(𝒂𝒃𝒄)𝟑 (∑𝒂𝟐)
𝟐

   →   𝑨 ≥ 𝑩. 

706. If 𝒂, 𝒃, 𝒄 ∈ ]𝟎,
√𝟑

𝟑
].Prove that: 

 
𝒂𝟒

𝟑𝟎,𝟓𝟔𝟐𝟓(𝒃+𝒄)
𝟒
− 𝟏

+
𝒃𝟒

𝟑(𝒄
𝟐+𝒄𝒂+𝒂𝟐)𝟐 − 𝟏

≥⏞
(∗)
𝟏

𝟔
+

𝒄𝟒

𝟏 − 𝟏𝟗𝟔𝟖𝟑𝒂
𝟐𝒃𝟐
  

Proposed by Pavlos Trifon-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗)  ↔  
𝒂𝟒

𝟑
𝟗(𝒃+𝒄)𝟒

𝟏𝟔 − 𝟏

+
𝒃𝟒

𝟑(𝒄
𝟐+𝒄𝒂+𝒂𝟐)

𝟐

− 𝟏
+

𝒄𝟒

𝟑𝟗𝒂
𝟐𝒃𝟐 − 𝟏

≥
𝟏

𝟔
 

𝑺𝒊𝒏𝒄𝒆 𝒂, 𝒃, 𝒄 ∈ ]𝟎,
√𝟑

𝟑
]  →  𝟎 <

𝟗(𝒃 + 𝒄)𝟒

𝟏𝟔
≤
𝟗

𝟏𝟔
(𝟐.
√𝟑

𝟑
)

𝟒

= 𝟏, 𝟎 < (𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐)𝟐

≤ (𝟑.
𝟏

𝟑
)
𝟐

= 𝟏, 𝟎 < 𝟗𝒂𝟐𝒃𝟐 ≤ 𝟏 

→ 𝟑
𝟗(𝒃+𝒄)𝟒

𝟏𝟔 − 𝟏

= (𝟏 + 𝟐)
𝟗(𝒃+𝒄)𝟒

𝟏𝟔 − 𝟏 ≤⏞
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊

𝟏 + 𝟐.
𝟗(𝒃 + 𝒄)𝟒

𝟏𝟔

− 𝟏 ≤⏞
𝑷𝒐𝒘𝒆𝒓 𝑴𝒆𝒂𝒏

𝟗(𝒃𝟒 + 𝒄𝟒)  (𝟏) 

𝟑(𝒄
𝟐+𝒄𝒂+𝒂𝟐)

𝟐

− 𝟏 = (𝟏 + 𝟐)(𝒄
𝟐+𝒄𝒂+𝒂𝟐)

𝟐

− 𝟏 ≤⏞
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊

𝟏 + 𝟐(𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐)𝟐 − 𝟏 

≤⏞
𝑨𝑴−𝑮𝑴

𝟐(𝒄𝟐 +
𝒄𝟐 + 𝒂𝟐

𝟐
+ 𝒂𝟐)

𝟐

= 

=
𝟗

𝟐
(𝒄𝟐 + 𝒂𝟐)𝟐  ≤⏞

𝑪𝑩𝑺

 𝟗(𝒄𝟒 + 𝒂𝟒)  →  𝟑(𝒄
𝟐+𝒄𝒂+𝒂𝟐)

𝟐

− 𝟏 ≤ 𝟗(𝒄𝟒 + 𝒂𝟒) (𝟐) 

𝟑𝟗𝒂
𝟐𝒃𝟐 − 𝟏 = (𝟏 + 𝟐)𝟗𝒂

𝟐𝒃𝟐 − 𝟏 ≤⏞
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊

𝟏 + 𝟐. 𝟗𝒂𝟐𝒃𝟐 − 𝟏 ≤⏞
𝑨𝑴−𝑮𝑴

𝟗(𝒂𝟒 + 𝒃𝟒) (𝟑) 
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(𝟏), (𝟐), (𝟑)  →  
𝒂𝟒

𝟑
𝟗(𝒃+𝒄)𝟒

𝟏𝟔 − 𝟏

+
𝒃𝟒

𝟑(𝒄
𝟐+𝒄𝒂+𝒂𝟐)

𝟐

− 𝟏
+

𝒄𝟒

𝟑𝟗𝒂
𝟐𝒃𝟐 − 𝟏

≥
𝟏

𝟗
(

𝒂𝟒

𝒃𝟒 + 𝒄𝟒
+

𝒃𝟒

𝒄𝟒 + 𝒂𝟒
+

𝒄𝟒

𝒂𝟒 + 𝒃𝟒
) ≥⏞
𝑵𝒆𝒔𝒃𝒊𝒕𝒕𝟏

𝟗
.
𝟑

𝟐
=
𝟏

𝟔
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   

𝒂𝟒

𝟑𝟎,𝟓𝟔𝟐𝟓(𝒃+𝒄)
𝟒
− 𝟏

+
𝒃𝟒

𝟑(𝒄
𝟐+𝒄𝒂+𝒂𝟐)

𝟐

− 𝟏
≥
𝟏

𝟔
+

𝒄𝟒

𝟏 − 𝟏𝟗𝟔𝟖𝟑𝒂
𝟐𝒃𝟐
. 

Solution 2 by proposer 

Lemma. For all 𝒙, 𝒚, 𝒛 > 𝟎, 𝟐(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)𝟐 ≤ 𝟗(𝒙𝟒 + 𝒚𝟒) 

Proof. 𝟐(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)𝟐 ≤ 𝟗(𝒙𝟒 + 𝒚𝟒) ⇔ 

𝟐(𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒 + 𝟐𝒙𝟑𝒚 + 𝟐𝒙𝒚𝟑 + 𝟐𝒙𝟐𝒚𝟐) ≤ 𝟗𝒙𝟒 + 𝟗𝒚𝟒 ⇔ 

𝟒𝒙𝟑𝒚 + 𝟒𝒙𝒚𝟑 ≤ 𝟕𝒙𝟒 + 𝟕𝒚𝟒 ⇔ 𝟑(𝒙𝟐 − 𝒚𝟐)𝟐 + 𝟒 (𝒙𝟒 + 𝒚𝟒 − 𝒙𝒚(𝒙𝟐 + 𝒚𝟐)) ≥ 𝟎 

Equality holds for 𝒙 = 𝒚. 

So, 𝒂, 𝒃 ∈ (𝟎,
√𝟑

𝟑
] ⇒ 𝒂𝟐, 𝒂𝒃, 𝒃𝟐 ≤

𝟏

𝟑
⇒ 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 ≤ 𝟏 ⇒ 𝟎 < (𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)𝟐 ≤ 𝟏 

From Bernoulli, we have: 

𝟑(𝒂
𝟐+𝒂𝒃+𝒃𝟐)

𝟐

= (𝟏 + 𝟐)(𝒂
𝟐+𝒂𝒃+𝒃𝟐)

𝟐

≤ 𝟏 + 𝟐(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)𝟐 ≤
𝑳𝒆𝒎𝒎𝒂

𝟏 + 𝟗(𝒂𝟒 + 𝒃𝟒) ⇒ 

𝟗𝒄𝟒

𝟑(𝒂
𝟐+𝒂𝒃+𝒃𝟐)

𝟐

− 𝟏
≥

𝒄𝟒

𝒂𝟒 + 𝒃𝟒
 

Equality holds for 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 = 𝟏; (𝒂, 𝒃 ∈ (𝟎,
√𝟑

𝟑
]) ⇔ 𝒂 = 𝒃 = 𝒄 =

√𝟑

𝟑
 

Now, 

𝟗∑
𝒄𝟒

𝟑(𝒂
𝟐+𝒂𝒃+𝒃𝟐)

𝟐

− 𝟏𝒄𝒚𝒄

≥∑
𝒄𝟒

𝒂𝟒 + 𝒃𝟒
𝒄𝒚𝒄

≥
𝑵𝒆𝒔𝒃𝒊𝒕 𝟑

𝟐
⇔∑

𝒄𝟒

𝟑(𝒂
𝟐+𝒂𝒃+𝒃𝟐)

𝟐

− 𝟏𝒄𝒚𝒄

≥
𝟏

𝟔
; (𝟏) 

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 ≥
𝑨𝑮𝑴

𝟑 ⋅ √𝒂𝟑𝒃𝟑
𝟑

= 𝟑𝒂𝒃 ⇒
𝒄𝟒

𝟑(𝒂
𝟐+𝒂𝒃+𝒃𝟐)

𝟐

− 𝟏
≤

𝒄𝟒

(𝟏𝟗𝟔𝟖𝟑)𝒂
𝟐𝒃𝟐 − 𝟏

; (𝟐) 

Equality holds for 𝒂𝟐 = 𝒂𝒃 = 𝒃𝟐 ⇔ 𝒂 = 𝒃. 

And 
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𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐 ≥
𝟑(𝒃 + 𝒄)𝟐

𝟒
⇒

𝒂𝟒

𝟑(𝒃
𝟐+𝒃𝒄+𝒄𝟐)

𝟐

− 𝟏
≤

𝒂𝟒

𝟑𝟎.𝟓𝟔𝟐𝟓(𝒃+𝒄)
𝟒
− 𝟏

; (𝟑) 

Equality holds for 𝒃 = 𝒄. 

From (1),(2) and (3) it follows that: 

𝒂𝟒

𝟑𝟎,𝟓𝟔𝟐𝟓(𝒃+𝒄)
𝟒
− 𝟏

+
𝒃𝟒

𝟑(𝒄
𝟐+𝒄𝒂+𝒂𝟐)

𝟐

− 𝟏
≥
𝟏

𝟔
+

𝒄𝟒

𝟏 − 𝟏𝟗𝟔𝟖𝟑𝒂
𝟐𝒃𝟐

 

Equality holds for 𝒂 = 𝒃 = 𝒄 =
√𝟑

𝟑
, 𝒂 = 𝒃, 𝒃 = 𝒄 ⇔ 𝒂 = 𝒃 = 𝒄 =

√𝟑

𝟑
 

707. If 𝒂, 𝒃 > 𝟎 and 𝒂 ≠ 𝒃 then: 

𝒂𝟐 + 𝟏𝟎𝒂𝒃 + 𝒃𝟐

𝟔𝒂𝒃
≥
𝒂 + 𝒃

𝒂 − 𝒃
𝐥𝐨𝐠 (

𝒂

𝒃
) 

Proposed by Asmat Qatea-Afghanistan 

Solution 1 by Ravi Prakash-New Delhi-India 

𝒂

𝒃
+
𝒃

𝒂
+ 𝟏𝟎 ≥ 𝟔(

𝒂
𝒃 + 𝟏

𝒂
𝒃 − 𝟏

) 𝐥𝐨𝐠 (
𝒂

𝒃
) ; (𝟏) 

Assume that > 𝒃, otherwise we work to 
𝒂

𝒃
. 

Let 𝒇(𝒕) = (𝒕 − 𝟏)(𝒕𝟐 + 𝟏𝟎𝒕 + 𝟏) − 𝟔𝒕(𝒕 + 𝟏) 𝐥𝐨𝐠 𝒕 ; 𝒕 ≥ 𝟏 

𝒇(𝒕) = 𝒕𝟑 + 𝟗𝒕𝟐 − 𝟗𝒕 − 𝟏 − 𝟔(𝒕𝟐 + 𝒕) 𝐥𝐨𝐠 𝒕 

𝒇′(𝒕) = 𝟑𝒕𝟐 + 𝟏𝟐𝒕 − 𝟏𝟓 − 𝟔(𝟐𝒕 + 𝟏) 𝐥𝐨𝐠 𝒕 

𝒇′′(𝒕) = 𝟔(𝒕 −
𝟏

𝒕
) − 𝟏𝟐 𝐥𝐨𝐠 𝒕 

𝒇′′′(𝒕) = 𝟔 (𝟏 −
𝟏

𝒕
)
𝟐

> 𝟎, ∀𝒕 > 𝟏 ⇒ 𝒇′′ ↗  𝐢𝐧 [𝟏,∞) ⇒ 𝒇′′(𝒕) ≥ 𝒇′′(𝟏) = 𝟎, ∀𝒕 > 𝟏 

⇒ 𝒇′ ↗ 𝐨𝐧 [𝟏,∞) ⇒ 𝒇′(𝒕) > 𝒇′(𝟏), ∀𝒕 > 𝟏 

⇒ 𝒇 ↗ 𝐨𝐧 [𝟏,∞) ⇒ 𝒇(𝒕) > 𝒇(𝟏), ∀𝒕 > 𝟏. 

Thus, 

𝒕 +
𝟏

𝒕
+ 𝟏𝟎 >

𝒕 + 𝟏

𝒕 − 𝟏
𝐥𝐨𝐠 𝒕 ; ∀𝒕 > 𝟏 

Put 𝒕 =
𝒂

𝒃
 to obtain (1) 
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 Solution 2 by Kamel Gandouli Rezgui-Tunisia 

𝒂𝟐 + 𝟏𝟎𝒂𝒃 + 𝒃𝟐

𝟔𝒂𝒃
≥
𝒂 + 𝒃

𝒂 − 𝒃
𝐥𝐨𝐠 (

𝒂

𝒃
) ; (∗) 

Put 𝒙 =
𝒂

𝒃
 then (∗) ⇒

𝒙𝟐+𝟏𝟎𝒙+𝟏

𝟔𝒙
≥
𝒙+𝟏

𝒙−𝟏
𝐥𝐨𝐠 𝒙 , 𝒙 > 𝟎 

𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏

𝟔𝒙(𝒙 + 𝟏)
≥
? 𝐥𝐨𝐠 𝒙

𝒙 − 𝟏
; 𝒙 > 𝟎 

(I) For 𝒙 > 𝟏 ⇒ 𝒙 +
𝟏

𝒙
≥ 𝟐 +

𝟏

𝒙𝟐
≥
𝟐

𝒙
⇒ 

𝒖(𝒙) = 𝒙 − 𝟐 𝐥𝐨𝐠 𝒙 ; 𝒖(𝒙) ↗, 𝒖(𝒙) ≥ 𝟎 and 𝒂 > 𝟎 ⇒ 

𝒗(𝒙) = 𝟑𝒙𝟐 + 𝟏𝟐𝒙 − 𝟏𝟓 − (𝟏𝟐𝒙 + 𝟔) 𝐥𝐨𝐠𝒙 , 𝒗(𝒙) ↗, 𝒙 ≥ 𝟏, 𝒗(𝒙) ≥ 𝟎 

𝟑𝒙𝟐 + 𝟏𝟖𝒙 − 𝟗 ≥ (𝟏𝟐𝒙 + 𝟔) 𝐥𝐨𝐠 𝒙 + 𝟔𝒙 + 𝟔 

𝒘(𝒙) = 𝒙𝟑 + 𝟗𝒙𝟐 − 𝟗𝒙 − 𝟏 − (𝟔𝒙𝟐 + 𝟔𝒙) 𝐥𝐨𝐠𝒙 ;𝒘(𝒙) ↗,𝒘(𝒙) ≥ 𝟎, 𝒙 ≥ 𝟏 

𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏

𝟔𝒙(𝒙 + 𝟏)
≥
𝐥𝐨𝐠 𝒙

𝒙 − 𝟏
 𝐭𝐫𝐮𝐞. 

(II) For 𝟎 < 𝒙 < 𝟏; 𝒙 +
𝟏

𝒙
≥ 𝟐 ⇒ 

 𝒖(𝒙) = 𝒙 − 𝟐 𝐥𝐨𝐠 𝒙 ; 𝒖(𝒙) ↗, 𝒖(𝒙) ≤ 𝟎 and 𝒂 > 𝟎 ⇒ 

𝒗(𝒙) = 𝟑𝒙𝟐 + 𝟏𝟐𝒙 − 𝟏𝟓 − (𝟏𝟐𝒙 + 𝟔) 𝐥𝐨𝐠 𝒙 , 𝒗(𝒙) ↗, 𝟎 < 𝒙 < 𝟏, 𝒗(𝒙) ≤ 𝟎 

𝟑𝒙𝟐 + 𝟏𝟖𝒙 − 𝟗 ≥ (𝟏𝟐𝒙 + 𝟔) 𝐥𝐨𝐠 𝒙 + 𝟔𝒙 + 𝟔 

𝒘(𝒙) = 𝒙𝟑 + 𝟗𝒙𝟐 − 𝟗𝒙 − 𝟏 − (𝟔𝒙𝟐 + 𝟔𝒙) 𝐥𝐨𝐠 𝒙 ;𝒘(𝒙) ↗,𝒘(𝒙) ≥ 𝟎, 𝟎 < 𝒙 < 𝟏 

𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏

𝟔𝒙(𝒙 + 𝟏)
≥
𝐥𝐨𝐠𝒙

𝒙 − 𝟏
, 𝒙 > 𝟎 𝐭𝐫𝐮𝐞. 

Solution 3 by Marian Dincă-Romania 

𝒂𝟐 + 𝟏𝟎𝒂𝒃 + 𝒃𝟐

𝟔𝒂𝒃
≥
𝒂 + 𝒃

𝒂 − 𝒃
𝐥𝐨𝐠 (

𝒂

𝒃
) ; (∗) 

𝑭(𝒂, 𝒃) =
𝒂𝟐 + 𝟏𝟎𝒂𝒃 + 𝒃𝟐

𝟔𝒂𝒃
−
𝒂 + 𝒃

𝒂 − 𝒃
𝐥𝐨𝐠 (

𝒂

𝒃
) 

𝑭(𝒂, 𝒃) = 𝑭(𝒃, 𝒂). 𝐋𝐞𝐭
𝒂

𝒃
= 𝒙 ≥ 𝟏 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐢𝐬 𝐬𝐢𝐦𝐦𝐞𝐭𝐫𝐢𝐜. 

𝒇(𝒙) =
𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏

𝟔𝒙
−
𝒙 + 𝟏

𝒙 − 𝟏
𝐥𝐨𝐠 𝒙 
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𝒈(𝒙) =
𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏

𝟔𝒙
⋅
𝒙 − 𝟏

𝒙 + 𝟏
− 𝐥𝐨𝐠𝒙 =

𝟏

𝟔
(𝒙 + 𝟏𝟎 +

𝟏

𝒙
) (𝟏 −

𝟐

𝒙 + 𝟏
) − 𝐥𝐨𝐠𝒙 

𝒈′(𝒙) =
𝟏

𝟔
[(𝟏 −

𝟏

𝒙𝟐
) (𝟏 −

𝟐

𝒙 + 𝟏
) + (𝒙 + 𝟏𝟎 +

𝟏

𝒙
) ⋅

𝟐

(𝒙 + 𝟏)𝟐
] −
𝟏

𝒙
= 

=
𝟏

𝟔
[
(𝒙𝟐 − 𝟏)(𝒙 − 𝟏)

𝒙𝟐(𝒙 + 𝟏)
+
𝟐(𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏)

𝒙(𝒙 + 𝟏)𝟐
] −
𝟏

𝒙
= 

=
(𝒙𝟐 − 𝟏)𝟐 + (𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏)𝟐𝒙

𝟔𝒙𝟐(𝒙 + 𝟏)𝟐
−
𝟏

𝒙
= 

=
𝒙𝟒 − 𝟒𝒙𝟑 + 𝟔𝒙𝟐 − 𝟒𝒙+ 𝟏

𝟔𝒙𝟐(𝒙 + 𝟏)𝟐
=

(𝒙 − 𝟏)𝟒

𝟔𝒙𝟐(𝒙 + 𝟏)𝟐
≥ 𝟎 

𝒈(𝒙) ≥ 𝒈(𝟏) = 𝟎 

𝒈(𝒙) ≥ 𝟎 ⇔ 𝒇(𝒙) ≥ 𝟎 

𝒇(𝒙) =
𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏

𝟔𝒙
−
𝒙 + 𝟏

𝒙 − 𝟏
𝐥𝐨𝐠 𝒙 =

𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏

𝟔𝒙
− (𝒙 + 𝟏) ⋅

𝐥𝐨𝐠 𝒙 − 𝐥𝐨𝐠𝟏

𝒙 − 𝟏
 

𝐥𝐢𝐦
𝒙→𝟏

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟏

𝒙𝟐 + 𝟏𝟎𝒙 + 𝟏

𝟔𝒙
− 𝐥𝐢𝐦
𝒙→𝟏
(𝒙 + 𝟏) ⋅ 𝐥𝐢𝐦

𝒙→𝟏

𝐥𝐨𝐠𝒙 − 𝐥𝐨𝐠𝟏

𝒙 − 𝟏
= 

= 𝟐 − 𝟐 𝐥𝐢𝐦
𝒙→𝟏

(
𝟏

𝒙
) = 𝟎 

Equality holds for 𝒙 = 𝟏 ⇔ 𝒂 = 𝒃. 

708. Let 𝒂, 𝒃, 𝒄, 𝒅, 𝒙, 𝒚, 𝒛, 𝒕 > 𝟎.Prove that: 

( ∑ 𝒂

𝒂,𝒃,𝒄,𝒅

)( ∑ 𝒙

𝒙,𝒚,𝒛,𝒕

) ≤  𝟐√( ∑ 𝒂𝟐

𝒂,𝒃,𝒄,𝒅

)( ∑ 𝒙𝟐

𝒙,𝒚,𝒛,𝒕

) + 𝟐(𝒂𝒕 + 𝒃𝒙 + 𝒄𝒚 + 𝒅𝒛)   

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

( ∑ 𝒂

𝒂,𝒃,𝒄,𝒅

)( ∑ 𝒙

𝒙,𝒚,𝒛,𝒕

) ≤  𝟐√( ∑ 𝒂𝟐

𝒂,𝒃,𝒄,𝒅

)( ∑ 𝒙𝟐

𝒙,𝒚,𝒛,𝒕

) + 𝟐(𝒂𝒕 + 𝒃𝒙 + 𝒄𝒚 + 𝒅𝒛); (∗) 

𝑳𝒆𝒕 𝒖 = √
𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒕𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐
, 𝒑 =

𝒙

𝒖
, 𝒒 =

𝒚

𝒖
, 𝒓 =

𝒛

𝒖
 𝒂𝒏𝒅 𝒔 =

𝒕

𝒖
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑ 𝒑𝟐

𝒑,𝒒,𝒓,𝒔

=
𝟏

𝒖𝟐
∑ 𝒙𝟐

𝒙,𝒚,𝒛,𝒕

= ∑ 𝒂𝟐

𝒂,𝒃,𝒄,𝒅

 

→ (∗) ↔ ( ∑ 𝒂

𝒂,𝒃,𝒄,𝒅

)( ∑ 𝒑

𝒑,𝒒,𝒓,𝒔

) ≤ 𝟐( ∑ 𝒂𝟐

𝒂,𝒃,𝒄,𝒅

) + 𝟐(𝒂𝒔 + 𝒃𝒑 + 𝒄𝒒 + 𝒅𝒓)

= (𝒂 + 𝒔)𝟐 + (𝒃 + 𝒑)𝟐 + (𝒄 + 𝒒)𝟐 + (𝒅 + 𝒓)𝟐 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 (𝒂 + 𝒔)𝟐 + (𝒃 + 𝒑)𝟐 + (𝒄 + 𝒒)𝟐

+ (𝒅 + 𝒓)𝟐 ≥⏞
𝑪𝑩𝑺

 
𝟏

𝟒
[(𝒂 + 𝒔) + (𝒃 + 𝒑) + (𝒄 + 𝒒) + (𝒅 + 𝒓)]𝟐 = 

=
𝟏

𝟒
[( ∑ 𝒂

𝒂,𝒃,𝒄,𝒅

) + ( ∑ 𝒑

𝒑,𝒒,𝒓,𝒔

)]

𝟐

 ≥⏞
𝑨𝑴−𝑮𝑴

 ( ∑ 𝒂

𝒂,𝒃,𝒄,𝒅

)( ∑ 𝒑

𝒑,𝒒,𝒓,𝒔

)  → (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

 ( ∑ 𝒂

𝒂,𝒃,𝒄,𝒅

)( ∑ 𝒙

𝒙,𝒚,𝒛,𝒕

) ≤ 𝟐√( ∑ 𝒂𝟐

𝒂,𝒃,𝒄,𝒅

)( ∑ 𝒙𝟐

𝒙,𝒚,𝒛,𝒕

) + 𝟐(𝒂𝒕 + 𝒃𝒙 + 𝒄𝒚 + 𝒅𝒛). 

709. If 𝒙, 𝒚 ∈ 𝑹∗ with 𝒙𝟐(𝟏 − 𝒙𝒚) + 𝒚𝟐(𝟏 + 𝒙𝒚) = 𝟎, then 

find 𝒎𝒊𝒏 (√𝒙𝟐 + 𝒚𝟐)   

Proposed by Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒙𝟐(𝟏 − 𝒙𝒚) + 𝒚𝟐(𝟏 + 𝒙𝒚) =⏞
(∗)

𝟎 

𝑳𝒆𝒕 𝒙 = 𝒂𝒚 →  (∗) ↔ 𝒂𝟐(𝟏 − 𝒂𝒚𝟐) + 𝟏 + 𝒂𝒚𝟐 = 𝟎 ↔  𝒚𝟐 =
𝒂𝟐 + 𝟏

𝒂𝟑 − 𝒂
> 0 →  𝒂𝟑 − 𝒂 > 0

↔ 𝑎 ∈ (−𝟏, 𝟎) ∪ (𝟏,∞) 

→ √𝒙𝟐 + 𝒚𝟐 = √𝒚𝟐(𝒂𝟐 + 𝟏) = √
(𝒂𝟐 + 𝟏)𝟐

𝒂𝟑 − 𝒂
=
𝒂𝟐 + 𝟏

√𝒂𝟑 − 𝒂
= 𝒇(𝒂), 𝒂 ∈ (−𝟏, 𝟎) ∪ (𝟏,∞) 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇′(𝒂) =

𝟐𝒂√𝒂𝟑 − 𝒂 −
(𝒂𝟐 + 𝟏)(𝟑𝒂𝟐 − 𝟏)

𝟐√𝒂𝟑 − 𝒂
𝒂𝟑 − 𝒂

=
𝒂𝟒 − 𝟔𝒂𝟐 + 𝟏

𝟐√𝒂𝟑 − 𝒂
 𝟑

=
(𝒂𝟐 − (√𝟐 − 𝟏)

𝟐
) (𝒂𝟐 − (√𝟐 + 𝟏)

𝟐
)

𝟐√𝒂𝟑 − 𝒂
 𝟑 = 

=
(𝒂 − (√𝟐 − 𝟏)) (𝒂 + (√𝟐 − 𝟏)) (𝒂 − (√𝟐 + 𝟏)) (𝒂 + (√𝟐 + 𝟏))

𝟐√𝒂𝟑 − 𝒂
 𝟑  

→ 𝒇 𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 ]−𝟏, −(√𝟐 − 𝟏)] 𝒂𝒏𝒅 ]𝟏, √𝟐

+ 𝟏], 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 [−(√𝟐 − 𝟏), 𝟎[ 𝒂𝒏𝒅 [√𝟐 + 𝟏,∞[ 

→ 𝐦𝐢𝐧
𝒂∈(−𝟏,𝟎)∪(𝟏,∞)

𝒇(𝒂) = 𝒎𝒊𝒏{𝒇(−√𝟐 + 𝟏), 𝒇(√𝟐 + 𝟏)} = 𝒎𝒊𝒏{𝟐, 𝟐} = 𝟐. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇 𝒂 = −√𝟐 + 𝟏 → 𝒚𝟐 = 𝟐 + √𝟐  ↔ 𝒚 = ±√𝟐+ √𝟐 𝒂𝒏𝒅 𝒙

= ±(√𝟐 − 𝟏)√𝟐 + √𝟐 = ±√𝟐− √𝟐 

𝑶𝒓 𝒊𝒇 𝒂 = √𝟐+ 𝟏 →  𝒚𝟐 = 𝟐 − √𝟐  ↔ 𝒚 = ±√𝟐 − √𝟐 𝒂𝒏𝒅 

 𝒙 = ±(√𝟐 + 𝟏)√𝟐 − √𝟐 = ±√𝟐 + √𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒎𝒊𝒏 (√𝒙𝟐 + 𝒚𝟐) = 𝟐. 

710. If 𝒙, 𝒚 > 0, 𝒙𝟐 + 𝟐𝒚𝟐 = 𝟑 then: 

(
𝒙 + 𝒚

√𝒚𝟐 + 𝟑
+

𝒚

√𝒙𝟐 + 𝟑
)

𝟐

≤
𝟑(𝒙 + 𝟐𝒚)

𝟒𝒚√𝒙
 

Proposed by Daniel Sitaru-Romania 

Solution by Hikmat Mammadov-Azerbaijan 

𝒙𝟐 + 𝟐𝒚𝟐 = 𝟑, 𝟎 < 𝑥 < √𝟑, 𝟎 < 𝑦 <
√𝟑

𝟐
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{
𝒙𝟐 + 𝟑 ≥ 𝟐𝒙 + 𝟐
𝒚𝟐 + 𝟑 ≥ 𝟐𝒚 + 𝟐

⇒

{
 

 
𝟏

𝒙𝟐 + 𝟑
≤

𝟏

𝟐𝒙 + 𝟐
𝟏

𝒚𝟐 + 𝟑
≤

𝟏

𝟐𝒚 + 𝟐

⇒

{
 
 

 
 𝒚𝟐

𝒙𝟐 + 𝟑
≤

𝒚𝟐

𝟐𝒙 + 𝟐
(𝒙 + 𝒚)𝟐

𝒚𝟐 + 𝟑
≤
(𝒙 + 𝒚)𝟐

𝟐𝒚 + 𝟐

 

{
 
 

 
 

𝒚

√𝒙𝟐 + 𝟑
≤

𝒚

√𝟐𝒙 + 𝟐
𝒙 + 𝒚

√𝒚𝟐 + 𝟑
≤

𝒚

√𝟐𝒙 + 𝟐

⇒
𝒙 + 𝒚

√𝒚𝟐 + 𝟑
+

𝒚

√𝒙𝟐 + 𝟑
≤

𝒙 + 𝒚

√𝟐𝒚 + 𝟐
+

𝒚

√𝟐𝒙 + 𝟐
 

(
𝒙 + 𝒚

√𝒚𝟐 + 𝟑
+

𝒚

√𝒙𝟐 + 𝟑
)

𝟐

≤ (
𝒙 + 𝒚

√𝟐𝒚 + 𝟐
+

𝒚

√𝟐𝒙 + 𝟐
)

𝟐

 

(
𝒙 + 𝒚

√𝒚𝟐 + 𝟑
+

𝒚

√𝒙𝟐 + 𝟑
)

𝟐

≤
𝟑

𝟒
[−√

√𝒙

𝒚
+
𝟐

√𝒙
+ (√

√𝒙

𝒚
+
𝟐

√𝒙
−
𝟐𝒙 + 𝟐𝒚

√𝟔𝒚 + 𝟔
−

𝟐𝒚

√𝟔𝒙 + 𝟔
)]

𝟐

 

𝑻 = √
√𝒙

𝒚
+
𝟐

√𝒙
−
𝟐𝒙 + 𝟐𝒚

√𝟔𝒚 + 𝟔
−

𝟐𝒚

√𝟔𝒙 + 𝟔
;𝟎 < 𝑥 < √𝟑 ⇒

𝟏

√𝒙
∈ (𝟎,∞) ⇒ 𝑻 ∈ [𝟎,∞) 

⇒ (
𝒙+ 𝒚

√𝒚𝟐 + 𝟑
+

𝒚

√𝒙𝟐 + 𝟑
)

𝟐

≤
𝟑

𝟒
[−√

√𝒙

𝒚
+
𝟐

√𝒙
]

𝟐

 

Therefore, 

(
𝒙 + 𝒚

√𝒚𝟐 + 𝟑
+

𝒚

√𝒙𝟐 + 𝟑
)

𝟐

≤
𝟑(𝒙 + 𝟐𝒚)

𝟒𝒚√𝒙
 

Equality holds for 𝒙 = 𝒚 = 𝟏. 

711. If 𝟎 ≤ 𝒂 ≤ 𝒃 then: 

𝒂𝒃(𝟒 + (𝒂 + 𝒃)𝟐) 𝐭𝐚𝐧−𝟏(√𝒂𝒃) ≤ (𝟏 + 𝒂𝒃)(𝒂 + 𝒃)𝟐 𝐭𝐚𝐧−𝟏 (
𝒂 + 𝒃

𝟐
) 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Kamel Gandouli Rezgui-Tunisia 

(𝒂 + 𝒃)𝟐(𝟏 + 𝒂𝒃) − 𝒂𝒃(𝟒 + (𝒂 + 𝒃)𝟐) = 

= (𝒂 + 𝒃)𝟐(𝟏 + 𝒂𝒃 − 𝒂𝒃) − 𝟒𝒂𝒃 = (𝒂 + 𝒃)𝟐 − 𝟒𝒂𝒃 = (𝒂 − 𝒃)𝟐 ≥ 𝟎 

⇒ (𝒂 + 𝒃)𝟐(𝟏 + 𝒂𝒃) ≥ 𝒂𝒃(𝟒 + (𝒂 + 𝒃)𝟐) ≥ 𝟎 
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𝒂 + 𝒃

𝟐
≥ √𝒂𝒃

𝐭𝐚𝐧−𝟏 𝒙 = 𝒖(𝒙) ↗ 𝐢𝐧 (𝟎,∞)
} ⇒ 𝐭𝐚𝐧−𝟏 (

𝒂 + 𝒃

𝟐
) ≥ 𝐭𝐚𝐧−𝟏(√𝒂𝒃) ≥ 𝟎 

Hence, 

𝒂𝒃(𝟒 + (𝒂 + 𝒃)𝟐) 𝐭𝐚𝐧−𝟏(√𝒂𝒃) ≤ (𝟏 + 𝒂𝒃)(𝒂 + 𝒃)𝟐 𝐭𝐚𝐧−𝟏 (
𝒂 + 𝒃

𝟐
) , ∀𝒂, 𝒃 ≥ 𝟎. 

Solution 2 by Surjeet Singhania-India 

𝐋𝐞𝐭: 𝒇(𝒙) =
𝒙𝟐

𝟏 + 𝒙𝟐
𝐭𝐚𝐧−𝟏 𝒙 , 𝒙 ≥ 𝟎 

𝒇′(𝒙) =
𝒙𝟐

(𝟏 + 𝒙𝟐)𝟐
+

𝟐𝒙

(𝟏 + 𝒙𝟐)𝟐
𝐭𝐚𝐧−𝟏 𝒙 > 0, ∀𝑥 > 0 ⇒ 𝑓 ↗ 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞

𝒂 + 𝒃

𝟐
≥ √𝒂𝒃 ⇒ 

𝒇(
𝒂 + 𝒃

𝟐
) ≥ 𝒇(√𝒂𝒃) ⇒

(𝒂 + 𝒃)𝟐

𝟒 (𝟏 +
(𝒂 + 𝒃)𝟐

𝟒 )
𝐭𝐚𝐧−𝟏 (

𝒂 + 𝒃

𝟐
) ≥

𝒂𝒃

𝟏 + 𝒂𝒃
𝐭𝐚𝐧−𝟏(√𝒂𝒃) 

Hence, 

𝒂𝒃(𝟒 + (𝒂 + 𝒃)𝟐) 𝐭𝐚𝐧−𝟏(√𝒂𝒃) ≤ (𝟏 + 𝒂𝒃)(𝒂 + 𝒃)𝟐 𝐭𝐚𝐧−𝟏 (
𝒂 + 𝒃

𝟐
) , ∀𝒂, 𝒃 ≥ 𝟎. 

 Solution 3 by Soumitra Mandal-Chandar Nagore-India 

𝐋𝐞𝐭: 𝒇(𝒙) =
𝒙𝟐

𝟏 + 𝒙𝟐
𝐭𝐚𝐧−𝟏 𝒙 , 𝒙 ≥ 𝟎 

𝒇′(𝒙) =
𝟏

𝟏 + 𝒙𝟐
−

𝟏

(𝟏 + 𝒙𝟐)𝟐
+

𝟐𝒙

(𝟏 + 𝒙𝟐)𝟐
𝐭𝐚𝐧−𝟏 𝒙 =

𝒙𝟐 + 𝟐𝒙 ⋅ 𝐭𝐚𝐧−𝟏 𝒙

(𝟏 + 𝒙𝟐)𝟐
> 0,∀𝑥 > 0 

⇒ 𝒇 ↗ 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞
𝒂 + 𝒃

𝟐
≥ √𝒂𝒃 ⇒ 

𝒇(
𝒂 + 𝒃

𝟐
) ≥ 𝒇(√𝒂𝒃) ⇒

(
𝒂+ 𝒃
𝟐 )

𝟐

𝟏 + (
𝒂 + 𝒃
𝟐 )

𝟐 𝐭𝐚𝐧
−𝟏 (

𝒂 + 𝒃

𝟐
) ≥

𝒂𝒃

𝟏 + 𝒂𝒃
𝐭𝐚𝐧−𝟏(√𝒂𝒃) 

Hence, 

𝒂𝒃(𝟒 + (𝒂 + 𝒃)𝟐) 𝐭𝐚𝐧−𝟏(√𝒂𝒃) ≤ (𝟏 + 𝒂𝒃)(𝒂 + 𝒃)𝟐 𝐭𝐚𝐧−𝟏 (
𝒂 + 𝒃

𝟐
) , ∀𝒂, 𝒃 ≥ 𝟎. 

 

712. If 𝒂, 𝒃 > 0 and 𝒂 ≠ 𝒃 then: 

(
𝒃

𝒂
)

𝒃+𝒂
𝒃−𝒂

≥ 𝒆
𝟖𝒂𝒃−𝒂𝟐−𝒃𝟐

𝟑𝒂𝒃  

Proposed by Asmat Qatea-Afghanistan 
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Solution 1 by Ravi Prakash-New Delhi-India 

Assume that  𝒃 > 𝑎 and put 
𝒃

𝒂
= 𝒕 so that  

𝒕
𝒕+𝟏
𝒕−𝟏 ≥ 𝒆

𝟖
𝟑
−
𝟏
𝟑𝒕
−
𝒕
𝟑 ⇔

𝒕+ 𝟏

𝒕 − 𝟏
𝐥𝐨𝐠 𝒕 ≥

𝟖

𝟑
−
𝟏

𝟑𝒕
−
𝒕

𝟑
⇔ 𝟑(𝒕 + 𝟏) 𝐥𝐨𝐠 𝒕 ≥ (𝟖 −

𝟏

𝒕
− 𝒕) (𝒕 − 𝟏) 

Let: 𝒇(𝒕) = 𝟑(𝒕 + 𝟏) 𝐥𝐨𝐠 𝒕 − 𝟖𝒕 + 𝟖 + 𝟏 + 𝒕𝟐 −
𝟏

𝒕
− 𝒕 = 

= 𝟑(𝒕 + 𝟏) 𝐥𝐨𝐠 𝒕 − 𝟗𝒕 + 𝟗 + 𝒕𝟐 −
𝟏

𝒕
; 𝒕 ≥ 𝟏 

𝒇′(𝒕) = −
𝟑

𝒕𝟐
+
𝟑

𝒕
+ 𝟐 −

𝟐

𝒕𝟑
=
𝟑

𝒕𝟐
(𝒕 − 𝟏) +

𝟐

𝒕𝟑
(𝒕𝟑 − 𝟏) > 0, ∀𝑡 > 1 

⇒ 𝒇′′(𝒕) > 0, ∀𝑡 > 1 ⇒ 𝒇′(𝒕) > 𝒇′(𝟏), ∀𝒕 > 1 ⇒ 𝒇′(𝒕) > 0, ∀𝑡 > 1 

⇒ 𝒇−increases on [𝟏,∞) 

Hence, 
𝒕+𝟏

𝒕−𝟏
𝐥𝐨𝐠 𝒕 ≥

𝟖

𝟑
−
𝟏

𝟑𝒕
−
𝒕

𝟑
⇔ 𝒕

𝒕+𝟏

𝒕−𝟏 ≥ 𝒆
𝟖

𝟑
−
𝟏

𝟑𝒕
−
𝒕

𝟑 and therefore, 

(
𝒃

𝒂
)

𝒃+𝒂
𝒃−𝒂

≥ 𝒆
𝟖𝒂𝒃−𝒂𝟐−𝒃𝟐

𝟑𝒂𝒃  

 Solution 2 by Adrian Popa-Romania 

Assume that 𝒂 > 𝑏 ⇒
𝒂

𝒃
∈ (𝟎, 𝟏) and then  

(
𝒃

𝒂
)

𝒃+𝒂
𝒃−𝒂

≥ 𝒆
𝟖𝒂𝒃−𝒂𝟐−𝒃𝟐

𝟑𝒂𝒃 ⇔ (
𝒃

𝒂
)

𝒃
𝒂
+𝟏

𝒃
𝒂
−𝟏 ≥ 𝒆

𝟖
𝟑
−
𝟏
𝟑
(
𝒃
𝒂
+
𝒂
𝒃
) ⇔

𝟖

𝟑
−
𝟏

𝟑
(
𝒃

𝒂
+
𝒂

𝒃
) ≤
𝑨𝑮𝑴 𝟖

𝟑
−
𝟐

𝟑
= 𝟐 

Let: 
𝒃

𝒂
= 𝒙 then we must to prove: 𝒙

𝒙+𝟏

𝒙−𝟏 ≥ 𝒆𝟐, ∀𝒙 > 0 ⇔
𝒙+𝟏

𝒙−𝟏
𝐥𝐨𝐠 𝒙 ≥ 𝟐; (𝟏) 

We known that: 
𝟐𝒙

𝟐+𝒙
≤ 𝐥𝐨𝐠(𝟏 + 𝒙) , ∀𝒙 > 0; (2). 

Case 1) If 𝒙 > 1 ⇒
𝒃

𝒂
> 1 ⇒ 𝑏 > 𝑎 and from (2) pit 𝒙 → 𝒙 − 𝟏 we get 

𝟐(𝒙 − 𝟏)

𝒙 + 𝟏
≤ 𝐥𝐨𝐠 𝒙 ⇒

𝒙 + 𝟏

𝒙 − 𝟏
𝐥𝐨𝐠 𝒙 ≥

𝒙 + 𝟏

𝒙 − 𝟏
⋅
𝟐(𝒙 − 𝟏)

𝒙 + 𝟏
= 𝟐 

Case 2) If 𝒙 < 1 ⇒
𝒃

𝒂
< 1 ⇒ 𝑏 < 𝑎 and 𝒙 − 𝟏 > 0 then we must to prove: 

𝒙
𝒙+𝟏

𝒙−𝟏 ≥ 𝒆𝟐. Let 𝒚 =
𝟏

𝒙
⇒ 𝒚 > 1 ⇒ (

𝟏

𝒚
)

𝟏
𝒚
+𝟏

𝟏
𝒚
−𝟏
≥ 𝒆𝟐 ⇒ 
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𝒚
𝒚+𝟏
𝒚−𝟏 ≥ 𝒆𝟐 𝐭𝐫𝐮𝐞 𝐛𝐲 𝐜𝐚𝐬𝐞 𝟏) 

Therefore, 

(
𝒃

𝒂
)

𝒃+𝒂
𝒃−𝒂

≥ 𝒆
𝟖𝒂𝒃−𝒂𝟐−𝒃𝟐

𝟑𝒂𝒃  

 Solution 3 by Soumitra Mandal-Chandar Nagore-India 

WLOG, let us assume 𝒃 ≥ 𝒂 and let 𝒙 =
𝒃

𝒂
, 𝒇(𝒙) =

𝒙+𝟏

𝒙−𝟏
𝐥𝐨𝐠 𝒙 −

𝟖

𝟑
+
𝒙

𝟑
+

𝟏

𝟑𝒙
; ∀𝒙 ≥ 𝟏 

𝒇′(𝒙) =
𝒙 + 𝟏

𝒙(𝒙 + 𝟏)
−
𝟐 𝐥𝐨𝐠 𝒙

𝟑𝒙𝟐
=
𝒙𝟐 − 𝟏 − 𝟐𝒙 𝐥𝐨𝐠 𝒙

𝒙(𝒙 − 𝟏)𝟐
+
𝒙𝟐 − 𝟏

𝟑𝒙𝟐
; ∀𝒙 ≥ 𝟏 

Let: 𝝋(𝒙) = 𝒙𝟐 − 𝟏 − 𝟐𝒙 𝐥𝐨𝐠 𝒙 ; ∀𝒙 ≥ 𝟏,𝝋′(𝒙) = 𝟐𝒙 − 𝟐 − 𝟐 𝐥𝐨𝐠𝒙 = 

= 𝟐(𝒙 − 𝟏 − 𝐥𝐨𝐠𝒙); ∀𝒙 ≥ 𝟏 

𝝋′′(𝒙) =
𝟐(𝒙 − 𝟏)

𝒙
≥ 𝟎; ∀𝒙 ≥ 𝟏 ⇒ 𝝋′(𝒙) 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝝋′(𝒙) ≥ 𝝋′(𝟏) = 𝟎 

⇒ 𝝋(𝒙) 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 ⇒ 𝝋(𝒙) ≥ 𝝋(𝟏) = 𝟎 

𝒙𝟐 − 𝟏 − 𝟐𝒙 𝐥𝐨𝐠 𝒙

𝒙(𝒙 − 𝟏)𝟐
≥ 𝟎 𝐚𝐧𝐝

𝒙𝟐 − 𝟏

𝟑𝒙𝟐
≥ 𝟎;∀𝒙 ≥ 𝟏 

𝒇′(𝒙) ≥ 𝟎 ⇒ 𝒇 − 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 ⇒ 𝒇(𝒙) ≥ 𝒇(𝟏) = 𝐥𝐢𝐦
𝒙→𝟏+

𝒙 + 𝟏

𝒙 − 𝟏
𝐥𝐨𝐠 𝒙 −

𝟖

𝟑
+
𝟏

𝟑
+
𝟏

𝟑
= 

= 𝐥𝐢𝐦
𝒙→𝟏+

𝒙 𝐥𝐨𝐠𝒙 + 𝐥𝐨𝐠𝒙

𝒙 − 𝟏
− 𝟐 =

(
𝟎
𝟎
)

𝐥𝐢𝐦
𝒙→𝟏+

(𝟏 +
𝟏

𝒙
+ 𝐥𝐨𝐠𝒙) − 𝟏 = 𝟎 

𝐓𝐡𝐮𝐬,
𝒙 + 𝟏

𝒙 − 𝟏
𝐥𝐨𝐠 𝒙 ≥

𝟖

𝟑
−
𝟏

𝟑
(𝒙 +

𝟏

𝒙
)  𝐚𝐧𝐝 𝐭𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 

(
𝒃

𝒂
)

𝒃
𝒂
+𝟏

𝒃
𝒂
−𝟏 ≥ 𝒆

𝟖
𝟑
−
𝟏
𝟑
(
𝒃
𝒂
+
𝒂
𝒃
) ⇒ (

𝒃

𝒂
)

𝒃+𝒂
𝒃−𝒂

≥ 𝒆
𝟖𝒂𝒃−𝒂𝟐−𝒃𝟐

𝟑𝒂𝒃  

 

713. Prove that: ∀𝒏 ∈ 𝑵∗, 

𝟏

𝒏
. 𝜻𝒏 (−

𝟏

𝟐
) ≤ √

𝒏 + 𝟏

𝟐
,𝒘𝒉𝒆𝒓𝒆 𝜻𝒏(𝒔) = ∑

𝟏

𝒌𝒔

𝒏

𝒌=𝟏

   

Proposed by Amrit Awasthi-India 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟏

𝒏
. 𝜻𝒏 (−

𝟏

𝟐
) ≤⏞
(∗)

√
𝒏+ 𝟏

𝟐
 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ (∗) ↔∑√𝒌

𝒏

𝒌=𝟏

≤ 𝒏√
𝒏+ 𝟏

𝟐
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  ∀𝒙, 𝒚 ≥ 𝟎,√𝒙 + √𝒚 ≤ √𝟐(𝒙 + 𝒚) (𝑪𝑩𝑺) 

𝒙 = 𝒌 ∈ [𝟏, 𝒏] 𝒂𝒏𝒅 𝒚 = 𝒏 − 𝒌 + 𝟏 →  √𝒌 + √𝒏 − 𝒌+ 𝟏 ≤ √𝟐(𝒏 + 𝟏), ∀𝒌 ∈ [𝟏, 𝒏] 

→ ∑√𝒌

𝒏

𝒌=𝟏

=
𝟏

𝟐
∑(√𝒌 + √𝒏 − 𝒌 + 𝟏)

𝒏

𝒌=𝟏

≤
𝟏

𝟐
∑√𝟐(𝒏 + 𝟏)

𝒏

𝒌=𝟏

= 𝐧√
𝐧 + 𝟏

𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,
𝟏

𝒏
. 𝜻𝒏 (−

𝟏

𝟐
) ≤ √

𝒏+ 𝟏

𝟐
. 

714. Prove that: ∀𝒏 ∈ 𝑵∗,  

𝑯𝒏 + 𝒍𝒏(𝑯𝒏) ≥ 𝒍𝒏(𝟐) + 𝒍𝒏(𝒏),   𝑯𝒏 ≥
𝟐𝒏

𝒏 + 𝟏
 

     Proposed by Amrit Awasthi-India 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  ∀𝒙, 𝒚 ≥ 𝟎,
𝟏

𝒙
+
𝟏

𝒚
≥

𝟒

𝒙 + 𝒚
 (𝑪𝑩𝑺) 

𝒙 = 𝒌 ∈ [𝟏, 𝒏] 𝒂𝒏𝒅 𝒚 = 𝒏 − 𝒌 + 𝟏 →  
𝟏

𝒌
+

𝟏

𝒏 − 𝒌 + 𝟏
≥

𝟒

𝒏 + 𝟏
, ∀𝒌 ∈ [𝟏, 𝒏] 

→ 𝑯𝒏 =
𝟏

𝟐
∑(

𝟏

𝒌
+

𝟏

𝒏 − 𝒌+ 𝟏
)

𝒏

𝒌=𝟏

≥
𝟏

𝟐
∑

𝟒

𝒏+ 𝟏

𝒏

𝒌=𝟏

=
𝟐𝒏

𝒏 + 𝟏
 

→  𝒍𝒏(𝑯𝒏) ≥ 𝒍𝒏(
𝟐𝒏

𝒏 + 𝟏
) = 𝒍𝒏(𝟐) + 𝒍𝒏(𝒏) − 𝒍𝒏(𝒏 + 𝟏) (𝟏) 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∀𝒌 ≥ 𝟏,
𝟏

𝒌
≥ ∫

𝒅𝒕

𝒕

𝒌+𝟏

𝒌

  →   𝑯𝒏 = ∑
𝟏

𝒌

𝒏

𝒌=𝟏

≥ ∑∫
𝒅𝒕

𝒕

𝒌+𝟏

𝒌

𝒏

𝒌=𝟏

= ∫
𝒅𝒕

𝒕

𝒏+𝟏

𝟏

= 𝒍𝒏(𝒏 + 𝟏) (𝟐) 
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→ (𝟏) + (𝟐)  →  𝑯𝒏 + 𝒍𝒏(𝑯𝒏) ≥ 𝒍𝒏(𝟐) + 𝒍𝒏(𝒏) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∀𝒏 ∈ 𝑵∗, 𝑯𝒏 + 𝒍𝒏(𝑯𝒏) ≥ 𝒍𝒏(𝟐) + 𝒍𝒏(𝒏),   𝑯𝒏 ≥
𝟐𝒏

𝒏 + 𝟏
. 

Solution 2 by Alex Szoros-Romania 

(𝟏 + 𝟐 + 𝟑 +⋯+ 𝒏) (𝟏 +
𝟏

𝟐
+
𝟏

𝟑
+⋯+

𝟏

𝒏
) ≥
𝑪𝑩𝑺

𝒏𝟏, ∀𝒏 ≥ 𝟏 

𝒏(𝒏 + 𝟏)

𝟐
⋅ 𝑯𝒏 ≥ 𝒏

𝟐 ⇒ 𝑯𝒏 ≥
𝟐𝒏

𝒏 + 𝟏
; ∀𝒏 ≥ 𝟏 

𝑯𝒏 ≥
𝟐𝒏

𝒏 + 𝟏
⇒ 𝐥𝐨𝐠𝑯𝒏 ≥ 𝐥𝐨𝐠𝟐 + 𝐥𝐨𝐠𝒏 − 𝐥𝐨𝐠(𝒏 + 𝟏) 

𝐥𝐨𝐠(𝒏 + 𝟏) + 𝐥𝐨𝐠𝑯𝒏 ≥ 𝐥𝐨𝐠 𝟐 + 𝐥𝐨𝐠 𝒏 ; (𝟏) 

∀𝒌 ∈ ℕ∗; 𝒇: [𝒌, 𝒌 + 𝟏] → ℝ, 𝒇(𝒙) = 𝐥𝐨𝐠𝒙
𝑴𝑽𝑻
⇒  ∃𝒄 ∈ (𝒌, 𝒌 + 𝟏) 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭: 

𝒇(𝒌 + 𝟏) − 𝒇(𝒌) = (𝒌 + 𝟏 − 𝒌)𝒇′(𝒄) 

𝐥𝐨𝐠(𝒌 + 𝟏) − 𝐥𝐨𝐠 𝒌 =
𝟏

𝒄
∈ (

𝟏

𝒌 + 𝟏
,
𝟏

𝒌
) ⇒ 

𝐥𝐨𝐠(𝒌 + 𝟏) − 𝐥𝐨𝐠 𝒌 <
𝟏

𝒌
;∀𝒌 ≥ 𝟏 ⇒∑(𝐥𝐨𝐠(𝒌 + 𝟏) − 𝐥𝐨𝐠 𝒌)

𝒏

𝒌=𝟏

≤∑
𝟏

𝒌

𝒏

𝒌=𝟏

; (𝟐) 

From (1),(2) it follows that 𝑯𝒏 + 𝐥𝐨𝐠(𝑯𝒏) ≥ 𝐥𝐨𝐠 𝟐 + 𝐥𝐨𝐠 𝒏 

715. For all 𝒙 ∈ [−𝟏, 𝟏], |𝒂𝒙|√𝟏 − 𝒙𝟐 ≤ 𝟏 prove that: 

|𝒂| ≤
𝒙𝟐 + 𝟏

𝟒
+

𝟒

𝒙𝟐 + 𝟏
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Kamel Gandouli Rezgui-Tunisia 

𝐋𝐞𝐭: 𝒇(𝒙) =
𝟏

|𝒙|√𝟏 − 𝒙𝟐
, 𝒙 ∈ (−𝟏, 𝟏), 𝒇′(𝒙) =

𝟐𝒙𝟐 − 𝟏

𝒙𝟐(𝟏 − 𝒙𝟐)
𝟑
𝟐

 

𝐦𝐢𝐧
𝒙∈[−𝟏,𝟏]

𝒇(𝒙) =
𝟏

𝟏

√𝟐
√𝟏 −

𝟏
𝟐

= 𝟐 𝐟𝐨𝐫 𝒙 = ±
𝟏

√𝟐
, 𝒙 ∈ (−𝟏, 𝟏) 

|𝒂𝒙|√𝟏 − 𝒙𝟐 ≤ 𝟏 ⇒ 𝒙 =
𝟏

√𝟐
⇒ |

𝒂

√𝟐
| ⋅
𝟏

√𝟐
≤ 𝟏 ⇒ |𝒂| ≤ 𝟐 



 
www.ssmrmh.ro 

21 RMM-INEQUALITIES MARATHON 701-800 

 

𝒙𝟐 + 𝟏

𝟒
+

𝟒

𝒙𝟐 + 𝟏
≥
𝑨𝑮𝑴

𝟐, ∀𝒙 ∈ ℝ ⇒ |𝒂| ≤
𝒙𝟐 + 𝟏

𝟒
+

𝟒

𝒙𝟐 + 𝟏
 

 Solution 2 by Ravi Prakash-New Delhi-India 

|𝒂𝒙|√𝟏 − 𝒙𝟐 ≤ 𝟏 ⇒ |𝒂||𝒙|√𝟏 − 𝒙𝟐 ≤ 𝟏.𝐏𝐮𝐭:  𝒙 = 𝐬𝐢𝐧 𝜽 , 𝜽 ∈ [−
𝝅

𝟐
,
𝝅

𝟐
] ⇒ 

|𝒂||𝐬𝐢𝐧𝟐𝜽| ≤ 𝟐; (𝟏) 

It is clearly true for 𝜽 ∈ {−
𝝅

𝟐
, 𝟎,

𝝅

𝟐
}. For 𝟎 < |𝜽| <

𝝅

𝟐
, (𝟏) gives 

|𝒂| ≤
𝟐

|𝐬𝐢𝐧 𝟐𝜽|
= |𝟐 𝐜𝐬𝐜(𝟐𝜽)| 

|𝒂| must be less than the value of |𝟐 𝐜𝐬𝐜(𝟐𝜽)|, which is 2 for 𝜽 =
𝝅

𝟒
. 

∵ |𝒂| ≤ 𝟐 ≤
𝑨𝑮𝑴 𝟏

𝟒
(𝒙𝟐 + 𝟏) +

𝟒

𝒙𝟐 + 𝟏
 , ∀𝒙 > 0 

716. Let 𝒙 ∈ [−𝟏, 𝟏] such that |𝒂𝒙 + 𝒃|√𝟏 − 𝒙𝟐 ≤ 𝟏. Prove that: 

|𝒂| ≤ 𝒙𝟐 − 𝟐𝒙 + 𝟑 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Ravi Prakash-New Delhi-India 

For 𝒙 ∈ [−𝟏, 𝟏] such that |𝒂𝒙 + 𝒃|√𝟏 − 𝒙𝟐 ≤ 𝟏; (𝟏) put 𝒙 = 𝟎 so that |𝒃| ≤ 𝟏. 

If 𝒃 = 𝟎, then |𝒂𝒙|√𝟏 − 𝒙𝟐 ≤ 𝟏. Suppose 𝟎 < |𝒃| ≤ 𝟏. 

If 𝒂 ≥ 𝟐, 𝒃 > 𝟎 then for 𝒙 =
𝟏

√𝟐
: 𝑳𝒉𝒔(𝟏) = (

𝒂

√𝟐
+ 𝒃) ⋅

𝟏

√𝟐
=
𝒂

𝟐
+

𝒃

√𝟐
> 𝟏. 

If 𝒂 ≥ 𝟐, 𝒃 < 𝟎 then for 𝒙 = −
𝟏

√𝟐
: 𝑳𝒉𝒔(𝟏) = |−

𝒂

√𝟐
+ 𝒃| ⋅

𝟏

√𝟐
=
𝒂

𝟐
−

𝒃

√𝟐
> 𝟏. 

If 𝒂 ≤ −𝟐, 𝒃 > 𝟎 we use 𝒙 = −
𝟏

√𝟐
 and if 𝒂 ≤ −𝟐, 𝒃 < 𝟎 we use 𝒙 =

𝟏

√𝟐
 to show that: 

𝑳𝒉𝒔 > 𝟏 
𝒂 ≰ 𝟐  and 𝒂 ≱ 𝟐 ⇒ −𝟐 < 𝒂 < 𝟐 ⇔ |𝒂| < 𝟐 ≤ (𝒙 − 𝟏)𝟐 + 𝟐 or |𝒂| ≤ 𝒙𝟐 − 𝟐𝒙 + 𝟑 

717. Let 𝒂, 𝒃, 𝒄 ∈ ℝ,𝒏 ≥ 𝟏, 𝒏 ∈ ℕ such that: 

|𝒂𝒙𝟐𝒏 + 𝒃𝒙 + 𝒄|√𝟏 − 𝒙𝟐 ≤ 𝟏, ∀|𝒙| ≤ 𝟏.  

Prove that: |𝒃 + 𝒄| ≤ 𝟑𝒏 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Ravi Prakash-New Delhi-India 

|𝒂𝒙𝟐𝒏 + 𝒃𝒙 + 𝒄|√𝟏 − 𝒙𝟐 ≤ 𝟏, ∀|𝒙| ≤ 𝟏, 𝐩𝐮𝐭 𝒙 = 𝟎 ⇒ |𝒄| ≤ 𝟏  

and put 𝒙 = ±
𝟏

√𝟐
 to obtain 

𝟏

√𝟐
|
𝒂

𝟐𝒏
+

𝒃

√𝟐
+ 𝒄| ≤ 𝟏 and  
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𝟏

√𝟐
|
𝒂

𝟐𝒏
−
𝒃

√𝟐
+ 𝒄| ≤ 𝟏 

|𝒃| =
𝟏

√𝟐
|(
𝒂

𝟐𝒏
+
𝒃

√𝟐
+ 𝒄) − (

𝒂

𝟐𝒏
−
𝒃

√𝟐
+ 𝒄)| ≤

𝟏

√𝟐
|
𝒂

𝟐𝒏
+
𝒃

√𝟐
+ 𝒄| +

𝟏

√𝟐 |
𝒂
𝟐𝒏 −

𝒃

√𝟐
+ 𝒄|

≤ 𝟐 

∵ |𝒃 + 𝒄| ≤ |𝒃| + |𝒄| ≤ 𝟑 ⇒ |𝒃 + 𝒄| ≤ 𝟑𝒏 

718. Prove that: 

𝐥𝐨𝐠 (
𝝅

𝟕
) > 𝐜𝐨𝐬 𝒆 > 𝐥𝐨𝐠 (

𝟏

𝝅
) 

Proposed by Olimjon Jalilov-Uzbekistan 

Solution 1 by Adrian Popa-Romania 

𝐜𝐨𝐬 𝒆 > 𝐥𝐨𝐠 (
𝟏

𝝅
) ⇔ 𝐜𝐨𝐬 𝒆 > 𝐥𝐨𝐠𝟏 − 𝐥𝐨𝐠𝝅 ⇔ 𝐜𝐨𝐬 𝒆 > − 𝐥𝐨𝐠𝝅 

𝒆 < 𝝅
𝝅

𝟐
< 𝒆 < 𝝅} ⇒ −𝟏 < 𝐜𝐨𝐬 𝒆 < 𝟎 

𝐜𝐨𝐬 𝒆 > 𝐜𝐨𝐬𝝅 = −𝟏
𝐥𝐨𝐠𝝅 > 𝐥𝐨𝐠 𝒆 = 𝟏 ⇒ −𝐥𝐨𝐠𝝅 < −𝟏

} ⇒ 𝐜𝐨𝐬 𝒆 > − 𝐥𝐨𝐠𝝅 ⇒ 𝐜𝐨𝐬 𝒆 > 𝐥𝐨𝐠 (
𝟏

𝝅
) 

𝐜𝐨𝐬 𝒆 > − 𝐥𝐨𝐠𝝅 >
?
𝐥𝐨𝐠 (

𝝅

𝟕
) ⇔ 𝐜𝐨𝐬(𝝅 − 𝒆) < 𝐥𝐨𝐠 (

𝟕

𝝅
) ⇔ 𝐥𝐨𝐠 (

𝟕

𝝅
) < 𝐥𝐨𝐠 𝒆 = 𝟏 ⇔ 

𝐜𝐨𝐬(𝝅 − 𝒆) < 𝟏, which is true. 

Solution 2 by Hikmat Mammadov-Azerbaijan 

𝝅 > 𝒆 >
𝟓𝝅

𝟔
⇒ −𝟏 < 𝐜𝐨𝐬 𝒆 < −

√𝟑

𝟐
 

𝝅 > 𝒆 ⇒ 𝝅−𝟏 <⇒ 𝐥𝐨𝐠 (
𝟏

𝝅
) < −𝟏 

𝟑 < 𝝅 ⇒
𝟏

𝟕
<
𝝅

𝟕
 

𝟏 >
√𝟑

𝟐
⇒ 𝒆 < 𝒆

√𝟑
𝟐 ⇒

𝟏

𝒆
> 𝒆−

√𝟑
𝟐  

𝝅

𝟕
>
𝟑

𝟕
>
𝟐

𝟓
> 𝒆−

√𝟑
𝟐 ⇒

𝝅

𝟕
> 𝒆−

√𝟑
𝟐 ⇒ 𝐥𝐨𝐠 (

𝝅

𝟕
) > −

√𝟑

𝟐
 

So, we get: 
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𝐥𝐨𝐠 (
𝟏

𝝅
) < −𝟏 < 𝐜𝐨𝐬 𝒆 < −

√𝟑

𝟐
< 𝐥𝐨𝐠 (

𝝅

𝟕
) 

⇒ 𝐥𝐨𝐠 (
𝟏

𝝅
) < 𝐜𝐨𝐬 𝒆 < 𝐥𝐨𝐠 (

𝝅

𝟕
) ⇔ 𝐥𝐨𝐠 (

𝝅

𝟕
) > 𝐜𝐨𝐬 𝒆 > 𝐥𝐨𝐠 (

𝟏

𝝅
) 

719. If 𝒙, 𝒚, 𝒛, 𝒕 > 0 such that 
𝒙𝒏

𝟏+𝒙𝒏
+

𝒚𝒏

𝟏+𝒚𝒏
+

𝒛𝒏

𝟏+𝒛𝒏
+

𝒕𝒏

𝟏+𝒕𝒏
= 𝟑 and 𝒏 > 0 then 

√𝒙𝒏𝒚𝒏 + √𝒙𝒏𝒛𝒏 + √𝒙𝒏𝒕𝒏 + √𝒚𝒏𝒛𝒏 +√𝒚𝒏𝒕𝒏 + √𝒛𝒏𝒕𝒏 ≤ 𝟐√(𝒙𝒚𝒛𝒕)𝒏 

Proposed by Marin Chirciu-Romania 

Solution by Amrit Awasthi-India 

Substitute: 
𝟏

𝒙𝒏
= 𝒂𝟐,

𝟏

𝒚𝒏
= 𝒃𝟐,

𝟏

𝒛𝒏
= 𝒄𝟐,

𝟏

𝒕𝒏
= 𝒅𝟐. Therefore, 

∑
𝒙𝒏

𝟏 + 𝒙𝒏
𝒄𝒚𝒄

=∑
𝟏

𝟏 + 𝒂𝟐
𝒄𝒚𝒄

=∑(𝟏 −
𝒂𝟐

𝟏 + 𝒂𝟐
)

𝒄𝒚𝒄

= 𝟑 ⇒∑
𝒂𝟐

𝟏 + 𝒂𝟐
𝒄𝒚𝒄

= 𝟏 

Now, applying Bergstrom’s we get 

𝟏 =∑
𝒂𝟐

𝟏 + 𝒂𝟐
𝒄𝒚𝒄

≥
(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐

𝟒 + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐
⇒ 

𝟒 + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 ≥ (𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐 ⇒ 

𝟒 ≥ 𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅) ⇒ 

𝟐 ≥
𝟏

√𝒙𝒏𝒚𝒏
+

𝟏

√𝒙𝒏𝒛𝒏
+

𝟏

√𝒙𝒏𝒕𝒏
+

𝟏

√𝒚𝒏𝒛𝒏
+

𝟏

√𝒚𝒏𝒕𝒏
+

𝟏

√𝒛𝒏𝒕𝒏
⇒ 

𝟐√(𝒙𝒚𝒛𝒕)𝒏 ≥ √𝒙𝒏𝒚𝒏 + √𝒙𝒏𝒛𝒏 + √𝒙𝒏𝒕𝒏 +√𝒚𝒏𝒛𝒏 +√𝒚𝒏𝒕𝒏 + √𝒛𝒏𝒕𝒏 

720. If 𝟎 < 𝒙 ≤ 𝒚 ≤ 𝒆 ≤ 𝒛 ≤ 𝒕 then: 

𝒆𝒙 + 𝒆𝒚 + 𝒆𝒛 + 𝒆𝒕 ≥ 𝒆𝒙+𝒚−𝒆 + 𝟑 ⋅ √𝒆𝒛+𝒕+𝒆
𝟑

 

Proposed by Daniel Sitaru-Romania 

Solution by Kamel Gandouli Rezgui-Tunisia 

𝒆𝒙 + 𝒆𝒚 − 𝒆𝒆 ≥
?
𝒆𝒙+𝒚−𝒆 

Let 𝒇(𝒙) = 𝒆𝒙 + 𝒆𝒚 − 𝒆𝒆 − 𝒆𝒙+𝒚−𝒆 then 𝒇′(𝒙) = 𝒆𝒙 − 𝒆𝒙+𝒚−𝒆 

𝒙 + 𝒚 − 𝒆 ≤ 𝒙 because 𝒆 ≥ 𝒚 ⇒ 𝒇′(𝒙) ≥ 𝟎 ⇒ 𝒇 ↗. 
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𝐥𝐢𝐦
𝒙→𝟎+

𝒇(𝒙) = 𝒆𝒚 − 𝒆𝒆 − 𝒆𝒚−𝒆 

Let 𝒈(𝒚) = 𝒆𝒚 − 𝒆𝒆 − 𝒚𝒚−𝒆 then 𝒈′(𝒚) = 𝒆𝒚 − 𝒆𝒚−𝒆 ≤ 𝟎 ⇒ 𝒈 ↘⇒ 𝟏 −
𝟏

𝒆𝒆
≤ 𝒈(𝒚) ≤ 𝒆𝒆 

⇒ 𝒈(𝒚) ≥ 𝟎 because 𝟏 −
𝟏

𝒆𝒆
> 0 ⇒ 𝑓(𝒙) ≥ 𝒈(𝒚) ≥ 𝟏 −

𝟏

𝒆𝒆
> 0 

⇒ 𝒆𝒙 + 𝒆𝒚 − 𝒆𝒆 ≥ 𝒆𝒙+𝒚−𝒆 

𝒆𝒙 + 𝒆𝒚 + 𝒆𝒛 + 𝒆𝒕 = 𝒆𝒙 + 𝒆𝒚 − 𝒆𝒆 + 𝒆𝒛 + 𝒆𝒕 + 𝒆𝒆 ≥ 𝒆𝒙+𝒚−𝒆 + 𝟑 ⋅ √𝒆𝒛𝒆𝒕𝒆𝒆
𝟑

≥ 

≥ 𝒆𝒙+𝒚−𝒆 + 𝟑 ⋅ √𝒆𝒛+𝒕+𝒆
𝟑

 

721. Given 𝒂, 𝒙, 𝒚, 𝒛 ∈ ℝ such that  

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 − 𝒛 − 𝟐𝒂𝟐 = 𝒙 + 𝒚 + 𝒛 − 𝟐𝒂 = 𝟎. 

Prove that: |𝒂𝒙𝒚𝒛| < √𝟑. 

Proposed by Dang Le Gia Khanh-An Giang-Vietnam 

Solution 1 by Kamel Gandouli Rezgui-Tunisia 

𝒙 + 𝒚 + 𝒛 = 𝟐𝒂 ⇒ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 𝟒𝒂𝟐 

⇒ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐(𝒛 + 𝟐𝒂𝟐) = 𝟒𝒂𝟐 

⇒ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = −𝟐|𝒛|, 𝒛 ≤ 𝟎 

⇒ |𝒙|𝟐 + |𝒚|𝟐 + |𝒛|𝟐 = 𝟐|𝒛| ⇒ |𝒙|𝟐 + |𝒚|𝟐 = 𝟐|𝒛| − |𝒛|𝟐 = |𝒛|(𝟐 − |𝒛|)𝐚𝐧𝐝 |𝒛| ≤ 𝟐 

⇒ 𝟐|𝒙||𝒚| ≤ |𝒛|(𝟐 − |𝒛|) ≤ 𝟏 𝐛𝐞𝐜𝐚𝐮𝐬𝐞  ∀𝒙 ≥ 𝟎, 𝒙(𝟐 − 𝒙) ≤ 𝟏 ⇒ |𝒙||𝒚| ≤
𝟏

𝟐
 

|𝟐𝒂| = |𝒙 + 𝒚 + 𝒛| ≤ |𝒙| + |𝒚| + |𝒛| ≤ √𝟑√(|𝒙|𝟐 + |𝒚|𝟐 + |𝒛|𝟐) ≤ 

≤ √𝟑√𝟐|𝒛| ≤ √𝟔√|𝒛| 

⇒ 𝟐|𝒂| ≤ √𝟔√|𝒛| ⇒ |𝒂| ≤
√𝟔

𝟐
√𝟐 = √𝟑 

⇒ |𝒂𝒙𝒚𝒛| = |𝒙||𝒚||𝒛||𝒂| ≤
𝟏

𝟐
⋅ 𝟐 ⋅ √𝟑 = √𝟑 

Solution 2 by Jamal Issah-Ghana 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 − 𝒛 − 𝟐𝒂𝟐 = 𝟎 ⇒ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝒛 + 𝟐𝒂𝟐; (𝟏) 

𝒙 + 𝒚 + 𝒛 − 𝟐𝒂 = 𝟎 ⇒ 𝒙 + 𝒚 = 𝟐𝒂 − 𝒛; (𝟐) 

From (1) 𝒙𝒚 + (𝒙 + 𝒚)𝒛 = 𝒛 + 𝟐𝒂𝟐 
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𝒙𝒚 + (𝟐𝒂 − 𝒛)𝒛 = 𝒛 + 𝟐𝒂𝟐 

𝒙𝒚 + 𝟐𝒂𝒛 − 𝒛𝟐 = 𝒛 + 𝟐𝒂𝟐 ⇒ 𝒛𝟐 + 𝟐𝒂𝟐 + 𝒛 − 𝟐𝒂𝒛 − 𝒙𝒚 = 𝟎 

𝒛𝟐 + (𝟏 − 𝟐𝒂)𝒛 + 𝟐𝒂𝟐 − 𝒙𝒚 ⇒ (𝟏 − 𝟐𝒂)𝟐 − 𝟒(𝟐𝒂𝟐 − 𝒙𝒚) = 𝟎 

⇒ 𝟒𝒂𝟐 + 𝟒𝒂 − 𝟏 = 𝟒𝒙𝒚 

Hence, back to the initial question, 

𝒛𝟐 + (𝟏 − 𝟐𝒂)𝒛 + 𝟐𝒂𝟐 − 𝒙𝒚 = 𝟎 ⇒ 𝟒𝒛𝟐 + 𝟒(𝟏 − 𝟐𝒂)𝒛 + 𝟖𝒂𝟐 − 𝟒𝒙𝒚 = 𝟎 

⇒ 𝟒𝒛𝟐 + 𝟒(𝟏 − 𝟐𝒂)𝒛 + 𝟖𝒂𝟐 − 𝟒𝒂𝟐 − 𝟒𝒂 + 𝟏 = 𝟎 

⇒ 𝟒𝒛𝟐 + 𝟒(𝟏 − 𝟐𝒂)𝒛 + 𝟒𝒂𝟐 − 𝟒𝒂 + 𝟏 = 𝟎 

⇒ 𝟒𝒛𝟐 + 𝟒(𝟏 − 𝟐𝒂)𝒛 + (𝟐𝒂 − 𝟏)𝟐 = 𝟎 

Let (𝟏 − 𝟐), (𝟐𝒂 − 𝟏) = 𝟏. So that the equation conforms to 𝟒𝒛𝟐 ± 𝟒𝒛 ± 𝟏 = 𝟎 

When 𝟐𝒂 − 𝟏 = 𝟏 ⇒ 𝒂 = 𝟏 

𝟐𝒂 − 𝟏 = −(𝟏 − 𝟐𝒂) ⇒ 𝒂 = 𝟏 ⇒ 𝟒𝒛𝟐 − 𝟒𝒛 + 𝟏 = 𝟎 ⇒ 𝒛 =
𝟏

𝟐
 

But: 𝟒𝒂𝟐 + 𝟒𝒂 − 𝟏 = 𝟒𝒙𝒚, since 𝒂 = 𝟏 ⇒ 𝒙𝒚 =
𝟕

𝟒
. 

⇒ 𝒂𝒙𝒚𝒛 = 𝟏 ⋅
𝟕

𝟒
⋅
𝟏

𝟐
⇒ |𝒂𝒙𝒚𝒛| = |𝟎. 𝟖𝟕𝟓|. Hence, |𝒂𝒙𝒚𝒛| < √𝟑. 

722. Let 𝜶, 𝜷 ∈ ℝ and 𝜶𝜷 ≠ 𝟎. Exists a function 𝒇(𝒙) = |𝜶𝒙 + 𝜷|√𝟏 − 𝒙𝟐 

such that 

|𝒇(𝒙)| ≤ 𝟏, ∀𝒙 ∈ [−𝟏, 𝟏]? 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Ravi Prakash-New Delhi-India 

Put 𝒙 = 𝐬𝐢𝐧𝜽 , −
𝝅

𝟐
≤ 𝜽 ≤

𝝅

𝟐
⇒ |𝒂𝒙 + 𝒃|√𝟏 − 𝒙𝟐 ≤ 𝟏,∀𝒙 ∈ [−𝟏, 𝟏] 

|𝒂 𝐬𝐢𝐧𝜽 + 𝒃| 𝐜𝐨𝐬 𝜽 ≤ 𝟏 ⇒ |𝒂 𝐬𝐢𝐧 𝜽𝐜𝐨𝐬𝜽 + 𝒃 𝐜𝐨𝐬𝜽| ≤ 𝟏; (𝟏) 

∵ 𝐜𝐨𝐬 𝜽 ≥ 𝟎,∀𝜽 ∈ [−
𝝅

𝟐
,
𝝅

𝟐
]  𝐚𝐧𝐝 |𝒂| ≤ 𝟐. 

𝐋𝐞𝐭: 𝒇(𝜽) =
𝟏

𝟐
𝐬𝐢𝐧𝟐𝜽 + 𝐜𝐨𝐬𝜽 , 𝜽 ∈ [−

𝝅

𝟐
,
𝝅

𝟐
] 

𝒇′(𝜽) = 𝐜𝐨𝐬 𝟐𝜽 − 𝐬𝐢𝐧 𝜽 = (𝟏 + 𝐬𝐢𝐧 𝜽)(𝟐𝐬𝐢𝐧 𝜽 − 𝟏) 
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𝒇′(𝜽) = 𝟎 ⇒ 𝐬𝐢𝐧𝜽 =
𝟏

𝟐
, 𝜽 ∈ [−

𝝅

𝟐
,
𝝅

𝟐
] 

𝒇 (−
𝝅

𝟐
) = 𝟎 = 𝒇 (

𝝅

𝟐
) 

𝒇 (
𝝅

𝟔
) =

𝟏

𝟐
⋅
√𝟑

𝟐
+
√𝟑

𝟐
=
𝟑√𝟑

𝟒
 

𝐓𝐡𝐮𝐬, |
𝟒

𝟑√𝟑
(𝒙 + 𝟏)√𝟏 − 𝒙𝟐| ≤ 𝟏 

So, we may take 𝒂 = 𝒃 =
𝟒√𝟑

𝟗
 other values are possible. 

723. Let 𝒂, 𝒃, 𝒄 ∈ ℝ such that |𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄| ≤ 𝟏, ∀𝒙 ∈ [𝟎, 𝟏]. Prove that: 

𝐦𝐚𝐱{|𝒂|, |𝒃|, |𝟐𝒂 + 𝒃|, 𝟖|𝒄|} ≤ 𝟖 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Ravi Prakash-New Delhi-India 

Put 𝒙 ∈ {−𝟏, 𝟎,
𝟏

𝟐
, 𝟏} to obtain |𝒄| ≤ 𝟏, |𝒂 + 𝒃 + 𝒄| ≤ 𝟏, |𝒂 − 𝒃 + 𝒄| ≤ 𝟏 

|
𝟏

𝟒
𝒂 +

𝟏

𝟐
𝒃 + 𝒄| ≤ 𝟏 ⇒ |𝒄| ≤ 𝟏 

𝟐|𝒃| = |(𝒂 + 𝒃 + 𝒄) − (𝒂 − 𝒃 + 𝒄)| ≤ |𝒂 + 𝒃 ++𝒄| + |𝒂 − 𝒃 + 𝒄| ≤ 𝟏 + 𝟏 = 𝟐 

⇒ |𝒃| ≤ 𝟏. Also, |𝒂 + 𝟐𝒃 + 𝟒𝒄| ≤ 𝟒 ⇒ −𝟒 ≤ 𝒂 + 𝟐𝒃 + 𝟒𝒄 ≤ 𝟒 

−𝟒 ≤ −𝟒𝒄 ≤ 𝟒 ⇒ −𝟖 ≤ 𝒂 + 𝟐𝒃 ≤ 𝟖 ⇒ |𝒂 + 𝟐𝒃| ≤ 𝟖 

Now, we show that |𝒂| ≤ 𝟖 

−𝟏 ≤ 𝒂 + 𝒃 + 𝒄 ≤ 𝟏 ⇒ −𝟒 ≤ 𝟒𝒂 + 𝟒𝒃 + 𝟒𝒄 ≤ 𝟒 ⇒ −𝟒 ≤ −𝒂 − 𝟐𝒃 − 𝟒𝒄 ≤ 𝟒 

⇒ −𝟖 ≤ 𝟑𝒂 + 𝟐𝒃 ≤ 𝟖. Adding with −𝟖 ≤ −𝒂 − 𝟐𝒃 ≤ 𝟖, we get 

−𝟏𝟔 ≤ 𝟐𝒂 ≤ 𝟏𝟔 ⇒ |𝒂| ≤ 𝟖. Thus, 

𝐦𝐚𝐱{|𝒂|, |𝒃|, |𝟐𝒂 + 𝒃|, 𝟖|𝒄|} ≤ 𝟖 

 

724. If 𝒆 < 𝑎 ≤ 𝑏 then: 

𝟒𝒂+𝟑𝒃 ⋅ (𝒂 + 𝟑𝒃)𝟑𝒂+𝒃 ≤ 𝟒𝟑𝒂+𝒃 ⋅ (𝟑𝒂 + 𝒃)𝒂+𝟑𝒃 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by Florentin Vișescu-Romania 

Let 𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) =
𝐥𝐨𝐠 𝒙

𝒙
, then 𝒇′(𝒙) =

𝟏−𝐥𝐨𝐠 𝒙

𝒙𝟐
, ∀𝒙 ∈ (𝟎,∞) 

𝒇′(𝒙) = 𝟎 ⇒ 𝒙 = 𝒆. 

𝒙 𝟎                         𝒆                                              ∞ 

𝒇′(𝒙) ++ ++ ++ 𝟎 −− −− −− −− −−− 

𝒇(𝒙) 
↗                

𝟏

𝒆
                      ↘                

On (𝟎, 𝒆), 𝒇 −increasing and (𝒆,∞), 𝒇 −decreasing 

𝒙 = 𝒆 maxim point and 𝒇(𝒙) ≤
𝟏

𝒆
, ∀𝒙 ∈ (𝟎,∞) 

𝐥𝐨𝐠𝒙

𝒙
≤
𝟏

𝒆
, ∀𝒙 ∈ (𝟎,∞) 

𝐥𝐢𝐦
𝒙→𝟎+

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟎+

𝐥𝐨𝐠 𝒙

𝒙
= 𝟎 

𝒆 < 𝑎 ≤ 𝑏 ⇒
𝒂 + 𝟑𝒃

𝟒
>
𝟑𝒂 + 𝒃

𝟒
> 𝑒 ⇒ 𝑓 (

𝒂+ 𝟑𝒃

𝟒
) ≤ 𝒇 (

𝟑𝒂+ 𝒃

𝟒
) 

𝐥𝐨𝐠 (
𝒂 + 𝟑𝒃
𝟒 )

𝒂 + 𝟑𝒃
𝟒

≥
𝐥𝐨𝐠 (

𝟑𝒂 + 𝒃
𝟒 )

𝟑𝒂 + 𝒃
𝟒

⇔ (𝟑𝒂+ 𝒃) 𝐥𝐨𝐠 (
𝒂 + 𝟑𝒃 

𝟒
) ≤ (𝒂 + 𝟑𝒃) 𝐥𝐨𝐠 (

𝟑𝒂 + 𝒃

𝟒
) 

(
𝒂 + 𝟑𝒃

𝟒
)
𝟑𝒂+𝒃

≤ (
𝟑𝒂 + 𝒃

𝟒
)
𝒂+𝟑𝒃

⇔ 𝟒𝒂+𝟑𝒃 ⋅ (𝒂 + 𝟑𝒃)𝟑𝒂+𝒃 ≤ 𝟒𝟑𝒂+𝒃 ⋅ (𝟑𝒂 + 𝒃)𝒂+𝟑𝒃 

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒇(𝒙) =
𝐥𝐨𝐠(𝒙)

𝒙
, 𝒙 ≥ 𝒆.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒇′(𝒙) =

𝟏 − 𝐥𝐨𝐠(𝒙)

𝒙𝟐
≤ 𝟎,∀𝒙 ≥ 𝒆  

→   𝒇 − 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 [𝒆,∞[ 

𝑺𝒊𝒏𝒄𝒆 ∶  
𝒂 + 𝟑𝒃

𝟒
≥
𝟑𝒂 + 𝒃

𝟒
≥ 𝒆  →   

𝐥𝐨𝐠 (
𝒂 + 𝟑𝒃
𝟒 )

𝒂 + 𝟑𝒃
𝟒

≤
𝐥𝐨𝐠 (

𝟑𝒂+ 𝒃
𝟒 )

𝟑𝒂 + 𝒃
𝟒

  

↔   (𝟑𝒂 + 𝒃) 𝐥𝐨𝐠 (
𝒂 + 𝟑𝒃

𝟒
) ≤ (𝒂 + 𝟑𝒃) 𝐥𝐨𝐠 (

𝟑𝒂 + 𝒃

𝟒
) 

↔ (
𝒂 + 𝟑𝒃

𝟒
)
𝟑𝒂+𝒃

≤ (
𝟑𝒂 + 𝒃

𝟒
)
𝒂+𝟑𝒃

 ↔   𝟒𝒂+𝟑𝒃. (𝒂 + 𝟑𝒃)𝟑𝒂+𝒃 ≤ 𝟒𝟑𝒂+𝒃. (𝟑𝒂 + 𝒃)𝒂+𝟑𝒃  
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𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 𝟒𝒂+𝟑𝒃. (𝒂 + 𝟑𝒃)𝟑𝒂+𝒃 ≤ 𝟒𝟑𝒂+𝒃. (𝟑𝒂 + 𝒃)𝒂+𝟑𝒃. 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒆 < 𝑎 ≤ 𝑏 we give 𝒂 + 𝟑𝒃 = 𝒙, 𝒃 + 𝟑𝒂 = 𝒚, 𝒙 ≥ 𝒚 ≥ 𝟒𝒆, hence 

𝟒𝒂+𝟑𝒃 ⋅ (𝒂 + 𝟑𝒃)𝟑𝒂+𝒃 ≤ 𝟒𝟑𝒂+𝒃 ⋅ (𝟑𝒂 + 𝒃)𝒂+𝟑𝒃 

⇔ 𝟒𝒙 ⋅ 𝒙𝒚 ≤ 𝟒𝒚 ⋅ 𝒚𝒙 and since 𝒙 ≥ 𝒚 ≥ 𝟒𝒆 we give 𝒙 = 𝒌𝒚, 𝒌 ≥ 𝟏. 

Hence, 𝟒𝒙 ⋅ 𝒙𝒚 ≤ 𝟒𝒚 ⋅ 𝒚𝒙 ⇔ 𝟒𝒌𝒚(𝒌𝒚)𝒚 ≤ 𝟒𝒚𝒚𝒌𝒚 ⇔ 

𝟒𝒌 ⋅ 𝒌𝒚 ≤ 𝟒 ⋅ 𝒚𝒌 ⇔ 𝟒𝒌−𝟏 ⋅ 𝒌 ≤ 𝒚𝒌−𝟏 

𝟒𝒌−𝟏 ⋅ 𝒌 ≤ (𝟒𝒆)𝒌−𝟏 ⇔ 𝒌 ≤ 𝒆𝒌−𝟏, 𝟒𝒌−𝟏 ≥ 𝟏, 𝒌 ≥ 𝟏. 

725. 𝑳𝒆𝒕 𝒂, 𝒃, 𝒄 ∈ 𝑹 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 (∗) ∶  |𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄| ≤ 𝟏, ∀|𝒙| ≤ 𝟏. 

𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶  |𝒄𝒙𝟐 + 𝒃𝒙 + 𝒂| ≤ 𝟐, ∀|𝒙| ≤ 𝟏. 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒙 = 𝟎 𝒊𝒏 (∗) → |𝒄| ≤ 𝟏, 𝒙 = 𝟏 𝒊𝒏 (∗) → |𝒂 + 𝒃 + 𝒄| ≤ 𝟏 𝒂𝒏𝒅 𝒙 = −𝟏 𝒊𝒏 (∗)

→ |𝒂 − 𝒃 + 𝒄| ≤ 𝟏. 

𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  |𝒄𝒙𝟐 + 𝒃𝒙 + 𝒂| = |𝒄(𝒙𝟐 − 𝟏) +
𝟏

𝟐
(𝒂 + 𝒃 + 𝒄)(𝒙 + 𝟏) +

𝟏

𝟐
(𝒂 − 𝒃 + 𝒄)(𝟏 − 𝒙)| 

≤⏞
∆

 |𝒄|. |𝒙𝟐 − 𝟏| +
𝟏

𝟐
|𝒂 + 𝒃 + 𝒄|. |𝒙 + 𝟏| +

𝟏

𝟐
|𝒂 − 𝒃 + 𝒄|. |𝟏 − 𝒙| ≤⏞

|𝒙|≤𝟏

𝟏. (𝟏 − 𝒙𝟐)

+
𝟏

𝟐
. 𝟏. (𝒙 + 𝟏) +

𝟏

𝟐
. 𝟏. (𝟏 − 𝒙) = 

= 𝟐 − 𝒙𝟐 ≤ 𝟐,∀|𝒙| ≤ 𝟏. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝒄𝒙𝟐 + 𝒃𝒙 + 𝒂| ≤ 𝟐, ∀|𝒙| ≤ 𝟏. 

726. 𝑳𝒆𝒕 𝒂, 𝒃, 𝒄 ∈ 𝑹 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ |𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄|√𝟏 − 𝒙𝟐 ≤ 𝟏, ∀|𝒙| ≤ 𝟏. 

𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶  |𝒂 + 𝒃 + 𝒄| ≤ 𝟑     

  Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄, ∀|𝒙| ≤ 𝟏 →   |𝒇(𝒙)| ≤
𝟏

√𝟏 − 𝒙𝟐
, ∀|𝒙| < 1. 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇(𝟎) = 𝒄, 𝒇 (
√𝟑

𝟐
) =

𝟑

𝟒
𝒂 +

√𝟑

𝟐
𝒃 + 𝒄, 𝒇 (−

√𝟑

𝟐
) =

𝟑

𝟒
𝒂 −

√𝟑

𝟐
𝒃 + 𝒄 

→  𝒂 =
𝟐

𝟑
[𝒇 (

√𝟑

𝟐
) + 𝒇(−

√𝟑

𝟐
) − 𝟐𝒇(𝟎)]  𝒂𝒏𝒅 𝒃 =

√𝟑

𝟑
[𝒇(

√𝟑

𝟐
) − 𝒇 (−

√𝟑

𝟐
)] 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  |𝒇(𝟎)| ≤ 𝟏, |𝒇 (
√𝟑

𝟐
)| ≤ 𝟐 𝒂𝒏𝒅 |𝒇 (−

√𝟑

𝟐
)| ≤ 𝟐 

→ |𝒂 + 𝒃 + 𝒄| = 

|
𝟐

𝟑
(𝒇(

√𝟑

𝟐
) + 𝒇(−

√𝟑

𝟐
) − 𝟐𝒇(𝟎)) +

√𝟑

𝟑
(𝒇 (

√𝟑

𝟐
) − 𝒇 (−

√𝟑

𝟐
)) + 𝒇(𝟎)| = 

= |
𝟐 + √𝟑

𝟑
𝒇(
√𝟑

𝟐
) +

𝟐 − √𝟑

𝟑
𝒇 (−

√𝟑

𝟐
) −

𝟏

𝟑
𝒇(𝟎)| ≤⏞

∆

 
𝟐 + √𝟑

𝟑
. |𝒇 (

√𝟑

𝟐
)|

+
𝟐 − √𝟑

𝟑
. |𝒇 (−

√𝟑

𝟐
)| +

𝟏

𝟑
|𝒇(𝟎)| 

≤
𝟐 + √𝟑

𝟑
. 𝟐 +

𝟐 − √𝟑

𝟑
. 𝟐 +

𝟏

𝟑
. 𝟏 = 𝟑. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝒂 + 𝒃 + 𝒄| ≤ 𝟑. 

727.  

𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 3,𝛀(𝒂) =∏(𝟏+
𝒌

𝒂𝒏𝟐
)

𝒏

𝒌=𝟏

, 𝒏 ∈ ℕ, 𝒏 ≥ 𝟏 

Prove that: 

𝒂𝛀(𝒂) + 𝒃𝛀(𝒃) + 𝒄𝛀(𝒄) ≤ 𝒆
𝟏
𝟐𝒂 + 𝒆

𝟏
𝟐𝒃 + 𝒆

𝟏
𝟐𝒄 

Proposed by Daniel Sitaru-Romania 

Solution by Kamel Gandouli Rezgui-Tunisia 

𝛀(𝒂) =∏(𝟏+
𝒌

𝒂𝒏𝟐
)

𝒏

𝒌=𝟏

≤
𝑨𝑮𝑴

(
𝟏

𝒏
∑(𝟏+

𝒌

𝒂𝒏𝟐
)

𝒏

𝒌=𝟏

)

𝒏

= (
𝒏+

𝒏𝟐 + 𝒏
𝟐𝒂𝒏𝟐

𝒏
) = (𝟏+

𝒏𝟐 + 𝒏

𝟐𝒂𝒏𝟑
)

𝒏

= 

= 𝒆
𝒏 𝐥𝐨𝐠(𝟏+

𝒏𝟐+𝒏

𝟐𝒂𝒏𝟑
)
. 𝐋𝐞𝐭 𝒂𝒏 = 𝒆

𝒏 𝐥𝐨𝐠(𝟏+
𝒏𝟐+𝒏

𝟐𝒂𝒏𝟑
)
↗ 𝐚𝐧𝐝  𝒂𝒏 ≥ 𝟎 ⇒ 
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𝒆
𝒏 𝐥𝐨𝐠(𝟏+

𝒏𝟐+𝒏

𝟐𝒂𝒏𝟑
)
≤ 𝐥𝐢𝐦
𝒏→∞

𝒆
𝒏 𝐥𝐨𝐠(𝟏+

𝒏𝟐+𝒏

𝟐𝒂𝒏𝟑
)
≤ 𝒆

𝟏
𝟐𝒂 

𝛀(𝒂) ≤ 𝒆
𝟏

𝟐𝒂. Analogous, 𝛀(𝒃) ≤ 𝒆
𝟏

𝟐𝒃  and 𝛀(𝒄) ≤ 𝒆
𝟏

𝟐𝒄. 

If 𝒂 ≤ 𝒃 ≤ 𝒄 ⇒ 𝛀(𝒂) ≥ 𝛀(𝒃) ≥ 𝛀(𝒄) 

𝒂𝛀(𝒂) + 𝒃𝛀(𝒃) + 𝒄𝛀(𝒄) ≤
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝒂 + 𝒃 + 𝒄

𝟑
(𝛀(𝒂) + 𝛀(𝒃) + 𝛀(𝒄)) 

Therefore, 

𝒂𝛀(𝒂) + 𝒃𝛀(𝒃) + 𝒄𝛀(𝒄) ≤ 𝒆
𝟏
𝟐𝒂 + 𝒆

𝟏
𝟐𝒃 + 𝒆

𝟏
𝟐𝒄 

728. 

𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ∈ ℝ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 |𝒙𝟑 ⋅ ∫ (𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄)
𝟏

𝟎

𝒅𝒙| √𝟏 − 𝒙𝟐 ≤ 𝟏,∀𝒙 ≤ 𝟏. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: |𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄| ≤ 𝟒𝟖. 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Ravi Prakash-New Delhi-India 

|𝒙𝟑 ⋅ ∫ (𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄)
𝟏

𝟎

𝒅𝒙|√𝟏 − 𝒙𝟐 ≤ 𝟏,∀𝒙 ≤ 𝟏 

⇒ |𝒙𝟑 (
𝒂

𝟑
+
𝒃

𝟐
+ 𝒄)|√𝟏 − 𝒙𝟐 < −1,∀𝑥 ∈ [−𝟏, 𝟏]; (𝟏) 

It holds for 𝒙 ∈ {−𝟏, 𝟎, 𝟏} 

For 𝟎 < |𝒙| < 1, put 𝒙 = 𝐬𝐢𝐧 𝜽 , 𝟎 < |𝜽| <
𝝅

𝟐
, (1) becomes 

|𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄||𝐬𝐢𝐧𝟑 𝜽| 𝐜𝐨𝐬𝜽 ≤ 𝟔 for 𝟎 < |𝜽| <
𝝅

𝟐
. 

|𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄| 𝐬𝐢𝐧𝟑 𝜽 𝐜𝐨𝐬𝜽 ≤ 𝟔 for 𝟎 < 𝜃 <
𝝅

𝟐
 

Let 𝒇(𝜽) = 𝐬𝐢𝐧𝟑 𝜽𝐜𝐨𝐬 𝜽 , 𝟎 < 𝜃 ≤
𝝅

𝟐
 then 

𝒇′(𝜽) = 𝟑 𝐬𝐢𝐧𝟐 𝜽𝐜𝐨𝐬𝟐 𝜽 − 𝐬𝐢𝐧𝟒 𝜽 = 𝐬𝐢𝐧𝟐 𝜽 (𝟑 𝐜𝐨𝐬𝟐 𝜽 − 𝟏 + 𝐜𝐨𝐬𝟐 𝜽) = 

= 𝐬𝐢𝐧𝟐 𝜽 (𝟐 𝐜𝐨𝐬 𝜽 + 𝟏)(𝟐 𝐜𝐨𝐬𝜽 − 𝟏) 
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𝒇′(𝜽) 𝐢𝐬 

{
 
 

 
 > 0, 𝐢𝐟 𝜽 ∈ (𝟎,

𝝅

𝟑
)

𝟎, 𝐢𝐟 𝜽 =
𝝅

𝟑

< 0, 𝐢𝐟 𝜽 ∈ (
𝝅

𝟑
,
𝝅

𝟐
)

 

As 𝐦𝐚𝐱(|𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄| 𝐬𝐢𝐧𝟑 𝜽 𝐜𝐨𝐬𝜽) ≤ 𝟔 

|𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄| ⋅
𝟑√𝟑

𝟏𝟔
≤ 𝟔 ⇒ |𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄| ≤

𝟑𝟐

√𝟑
≤ 𝟒𝟖. 

Solution 2 by Kamel Gandouli Rezgui-Tunisia 

|𝒙𝟑 ⋅ ∫ (𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄)
𝟏

𝟎

𝒅𝒙|√𝟏 − 𝒙𝟐 ≤ 𝟏,∀𝒙 ≤ 𝟏 

⇒ |𝒙𝟑 (
𝒂

𝟑
+
𝒃

𝟐
+ 𝒄)| √𝟏 − 𝒙𝟐 < −1,∀𝑥 ∈ [−𝟏, 𝟏] 

⇒ |𝒙𝟑 ⋅
𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄

𝟔
|√𝟏 − 𝒙𝟐 ≤ 𝟏,∀𝒙 ∈ [−𝟏, 𝟏] 

⇒ |𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄| ≤
𝟔

|𝒙𝟑|√𝟏 − 𝒙𝟐
; ∀𝒙 ∈ [−𝟏, 𝟏]; (𝟏) 

𝐋𝐞𝐭  𝒇(𝒙) = 𝒙𝟔(𝟏 − 𝒙𝟐) −
𝟏

𝟔𝟒
= 𝒙𝟔 − 𝒙𝟖 −

𝟏

𝟔𝟒
; |𝒙| ≤ 𝟏 

𝒇′(𝒙) = 𝟔𝒙𝟓 − 𝟖𝒙𝟕 = 𝒙𝟓(𝟔 − 𝟖𝒙𝟐) 

𝒇′(𝒙) = 𝟎 ⇒ 𝒙 ∈ {−
√𝟑

𝟐
, 𝟎,
√𝟑

𝟐
} 

In [𝟎,
√𝟑

𝟐
] is continue, decreasing and 𝒇(𝟎) < 0, 𝑓 (

√𝟑

𝟐
) > 0 ⇒ ∃𝛼 ∈ [𝟎,

√𝟑

𝟐
] such that  

𝒇(𝜶) = 𝟎 ⇒ 𝜶𝟔(𝟏 − 𝜶𝟐) =
𝟏

𝟔𝟒
⇒ 𝜶𝟑√𝟏 − 𝜶𝟐 =

𝟏

𝟖
; (𝟐) 

From (1),(2) it follows that |𝟐𝒂 + 𝟑𝒃 + 𝟔𝒄| ≤ 𝟒𝟖. 

729. 

𝐋𝐞𝐭 𝒂, 𝒃 ∈ ℝ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 |∫ (𝒂𝒕 + 𝒃)
𝒙

−𝟏

𝒅𝒕| √𝟏 − 𝒙𝟐 ≤ 𝟏, ∀|𝒙| ≤ 𝟏. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: |𝒃| ≤
𝟑

𝟐
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Kamel Gandouli Rezgui-Tunisia 

|∫ (𝒂𝒕 + 𝒃)
𝒙

−𝟏

𝒅𝒕|√𝟏 − 𝒙𝟐 ≤ 𝟏, ∀|𝒙| ≤ 𝟏 
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⇒ |[𝒂
𝒕𝟐

𝟐
+ 𝒃𝒕]

−𝟏

𝒙

| √𝟏 − 𝒙𝟐 ≤ 𝟏,∀|𝒙| ≤ 𝟏 

|
𝒂

𝟐
𝒙𝟐 + 𝒃𝒙 −

𝒂

𝟐
+ 𝒃|√𝟏 − 𝒙𝟐 ≤ 𝟏, ∀|𝒙| ≤ 𝟏 

𝒙 = 𝟎 ⇒ |𝒃 −
𝒂

𝟐
| ≤ 𝟏 ⇒ |

𝒂

𝟐
− 𝒃| ≤ 𝟏; (𝟏) 

𝒙 =
𝟒

𝟓
⇒ |
𝟏𝟔

𝟓𝟎
𝒂 +

𝟒

𝟓
𝒃 −

𝒂

𝟐
+ 𝒃| ⋅

𝟑

𝟓
≤ 𝟏 

⇒ |−
𝟗

𝟓𝟎
𝒂 +

𝟗

𝟓
𝒃| ≤

𝟓

𝟑
⇒ |−

𝒂

𝟐
+ 𝟓𝒃| ≤

𝟓

𝟑
⋅
𝟐𝟓

𝟗
=
𝟏𝟐𝟓

𝟐𝟕
; (𝟐) 

From (1),(2) we get: |𝟒𝒃| ≤
𝟏𝟐𝟓

𝟐𝟕
+ 𝟏 =

𝟏𝟓𝟐

𝟐𝟕
 

So, |𝒃| ≤
𝟏𝟓𝟐

𝟏𝟎𝟖
=
𝟑𝟖

𝟐𝟕
≤
𝟑

𝟐
 

730. If 𝒂, 𝒃, 𝒙, 𝒚 > 0 then: 

𝟑𝟐𝒂𝒃(𝒂𝒙 + 𝒃𝒚)𝟒 ≤ (𝒂 + 𝒃)𝟒(𝟖𝒂𝟐𝒙𝟒 + 𝒂𝒃(𝒙 + 𝒚)𝟒 + 𝟖𝒃𝟐𝒚𝟒) 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(𝒂 + 𝒃)𝟒(𝟖𝒂𝟐𝒙𝟒 + 𝒂𝒃(𝒙 + 𝒚)𝟒 + 𝟖𝒃𝟐𝒚𝟒) ≥
𝑨𝑮𝑴

 

≥ (𝒂 + 𝒃)𝟒 (𝟖𝒂𝟐𝒙𝟒 + 𝒂𝒃(𝟐√𝒙𝒚)
𝟒
+ 𝟖𝒃𝟐𝒚𝟒) = 

= 𝟖(𝒂 + 𝒃)𝟐(𝒂𝟐 + 𝟐𝒂𝒃 + 𝒃𝟐)(𝒂𝟐𝒙𝟒 + 𝟐𝒂𝒃𝒙𝟐𝒚𝟐 + 𝒃𝟐𝒚𝟒) ≥
𝑪𝑩𝑺

 

≥ 𝟖(𝒂 + 𝒃)𝟐(𝒂𝟐𝒙𝟐 + 𝟐𝒂𝒃𝒙𝒚 + 𝒃𝟐𝒚𝟐)𝟐 ≥
𝑨𝑮𝑴

 

≥ 𝟖 ⋅ 𝟒𝒂𝒃(𝒂𝒙 + 𝒃𝒚)𝟒 = 𝟑𝟐𝒂𝒃(𝒂𝒙 + 𝒃𝒚)𝟒 

Therefore, 

𝟑𝟐𝒂𝒃(𝒂𝒙 + 𝒃𝒚)𝟒 ≤ (𝒂 + 𝒃)𝟒(𝟖𝒂𝟐𝒙𝟒 + 𝒂𝒃(𝒙 + 𝒚)𝟒 + 𝟖𝒃𝟐𝒚𝟒) 

Equality holds for 𝒂 = 𝒃. 

Solution 2 by Kunihiko Chikaya-Tokyo-Japan 

𝐋𝐞𝐭: 𝒇(𝒕) =
𝟖𝒂𝟐 + 𝒂𝒃(𝟏 + 𝒕)𝟒 + 𝟖𝒃𝟐𝒕𝟒

(𝒂 + 𝒃𝒕)𝟒
; (𝒕 =

𝒙

𝒚
> 0) 
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𝒇′(𝒕) =
(𝟒𝒂𝒃(𝟏 + 𝒕)𝟑 + 𝟑𝟐𝒃𝟐𝒕𝟑)(𝒂 + 𝒃𝒕)𝟒 − (𝟖𝒂𝟐 + 𝒂𝒃(𝟏 + 𝒕)𝟒 + 𝟖𝒃𝟐𝒕𝟒) ⋅ 𝟒(𝒂 + 𝒃𝒕)𝟑

(𝒂 + 𝒃𝒕)𝟖
 

= 𝟒𝒃 ⋅
(𝒂 + 𝒃𝒕)(𝒂(𝟏 + 𝒕)𝟑 + 𝟖𝒃𝒕𝟑) − (𝟖𝒂𝟐 + 𝒂𝒃(𝟏 + 𝒕)𝟒 + 𝟖𝒃𝟐𝒕𝟒)

(𝒂 + 𝒃𝒕)𝟓
= 

=
𝟒𝒂𝒃(𝒕 − 𝟏) ((𝒂 + 𝟕𝒃)𝒕𝟑 + 𝟑(𝒂− 𝒃)𝒕𝟐 + 𝟑(𝒂 − 𝒃)𝒕 − (𝟕𝒂+ 𝒃))

(𝒂 + 𝒃𝒕)𝟓
= 

=
𝟒𝒂𝒃((𝒂 + 𝟕𝒃)𝒕𝟐 + 𝟒(𝒂 + 𝒃)𝒕 + 𝟕𝒂 + 𝒃)

(𝒂 + 𝒃𝒕)𝟓
⋅ (𝒕 − 𝟏) 

Since 𝒂, 𝒃 > 0, for 𝒕 > 0, the sign of 𝒇′(𝒕) coincides with 𝒕 − 𝟏, thus 𝒇(𝒕) has a local 

minimum at 𝒕 = 𝟏, which is also the minimum value. Therefore, 

(𝒂 + 𝒃)𝟐 ≥ 𝟒𝒂𝒃, here by obtain 

𝒇(𝒕) ≥ 𝒇(𝟏) =
𝟖(𝒂 + 𝒃)𝟐

(𝒂 + 𝒃)𝟒
≥

𝟑𝟐𝒂𝒃

(𝒂 + 𝒃)𝟒
. 

Equality holds if and only if 𝒕 = 𝟏 ⇔ 𝒂 = 𝒃. 

731. 𝐋𝐞𝐭 𝜶, 𝜷, 𝜸, 𝜹 ∈ 𝑹 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 ∶ |𝜶𝒙𝟑 + 𝜷𝒙𝟐 + 𝜸𝒙 + 𝜹| ≤ 𝟏, ∀|𝒙| ≤ 𝟏. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶     𝒂) |𝟑𝜶𝒙𝟐 + 𝟐𝜷𝒙 + 𝜸| ≤ 𝟗, ∀|𝒙| ≤ 𝟏 

𝒃)  |𝜹𝒙𝟑 + 𝜸𝒙𝟐 + 𝜷𝒙 + 𝜶| ≤ 𝟒, ∀|𝒙| ≤ 𝟏.      

   Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒂) 𝑭𝒊𝒓𝒔𝒕𝒍𝒚, 𝒍𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 ∶  |𝒂 + 𝒃| + |𝒂 − 𝒃| = 𝟐.𝒎𝒂𝒙{|𝒂|, |𝒃|}, ∀𝒂, 𝒃 ∈ 𝑹 

𝑾𝑳𝑶𝑮 𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 ∶ 𝒂 ≥ 𝒃 ≥ 𝟎 → |𝒂 + 𝒃| + |𝒂 − 𝒃| = (𝒂 + 𝒃) + (𝒂 − 𝒃)

= 𝟐𝒂 = 𝟐|𝒂| = 𝟐.𝒎𝒂𝒙{|𝒂|, |𝒃|}. 

→ ∀𝒂, 𝒃 ∈ 𝑹, |𝒂 + 𝒃| + |𝒂 − 𝒃| = 𝟐.𝒎𝒂𝒙{|𝒂|, |𝒃|}. 

𝑵𝒐𝒘, 𝒍𝒆𝒕 𝒇(𝒙) = 𝜶𝒙𝟑 +𝜷𝒙𝟐 + 𝜸𝒙 + 𝜹, 𝒙 ∈ [−𝟏, 𝟏]   →   |𝒇(𝒙)| ≤ 𝟏, ∀𝒙 ∈ [−𝟏, 𝟏] 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇(𝟏) = 𝜶 + 𝜷 + 𝜸 + 𝜹, 𝒇(−𝟏) = −𝜶 + 𝜷 − 𝜸 + 𝜹, 𝒇 (
𝟏

𝟐
)

=
𝜶

𝟖
+
𝜷

𝟒
+
𝜸

𝟐
+ 𝜹, 𝒇 (−

𝟏

𝟐
) = −

𝜶

𝟖
+
𝜷

𝟒
−
𝜸

𝟐
+ 𝜹 
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→  𝜶 =
𝟐

𝟑
[𝒇(𝟏) − 𝒇(−𝟏) − 𝟐𝒇 (

𝟏

𝟐
) + 𝟐𝒇(−

𝟏

𝟐
)] , 𝜷 =

𝟐

𝟑
[𝒇(𝟏) + 𝒇(−𝟏) − 𝒇(

𝟏

𝟐
) − 𝒇 (−

𝟏

𝟐
)] 

𝜸 =
𝟏

𝟔
[𝟖𝒇 (

𝟏

𝟐
) − 𝟖𝒇 (−

𝟏

𝟐
) − 𝒇(𝟏) + 𝒇(−𝟏)] , 𝜹 =

𝟏

𝟔
[𝟒𝒇(

𝟏

𝟐
) + 𝟒𝒇(−

𝟏

𝟐
) − 𝒇(𝟏) − 𝒇(−𝟏)] 

→ |𝟑𝜶𝒙𝟐 + 𝟐𝜷𝒙+ 𝜸| = 

= |𝟑.
𝟐

𝟑
[𝒇(𝟏) − 𝒇(−𝟏) − 𝟐𝒇(

𝟏

𝟐
) + 𝟐𝒇 (−

𝟏

𝟐
)] 𝒙𝟐

+ 𝟐.
𝟐

𝟑
[𝒇(𝟏) + 𝒇(−𝟏) − 𝒇 (

𝟏

𝟐
) − 𝒇 (−

𝟏

𝟐
)] 𝒙

+
𝟏

𝟔
[𝟖𝒇(

𝟏

𝟐
) − 𝟖𝒇 (−

𝟏

𝟐
) − 𝒇(𝟏) + 𝒇(−𝟏)]| = 

= |(𝟐𝒙𝟐 −
𝟏

𝟔
+
𝟒

𝟑
𝒙) 𝒇(𝟏) − (𝟐𝒙𝟐 −

𝟏

𝟔
−
𝟒

𝟑
𝒙)𝒇(−𝟏) − (𝟒𝒙𝟐 −

𝟒

𝟑
+
𝟒

𝟑
𝒙)𝒇(

𝟏

𝟐
)

+ (𝟒𝒙𝟐 −
𝟒

𝟑
−
𝟒

𝟑
𝒙)𝒇 (−

𝟏

𝟐
)| ≤ 

≤⏞
∆

 |𝟐𝒙𝟐 −
𝟏

𝟔
+
𝟒

𝟑
𝒙| . |𝒇(𝟏)| + |𝟐𝒙𝟐 −

𝟏

𝟔
−
𝟒

𝟑
𝒙| . |𝒇(−𝟏)| + |𝟒𝒙𝟐 −

𝟒

𝟑
+
𝟒

𝟑
𝒙| . |𝒇 (

𝟏

𝟐
)|

+ |𝟒𝒙𝟐 −
𝟒

𝟑
−
𝟒

𝟑
𝒙| . |𝒇 (−

𝟏

𝟐
)| ≤ 

≤⏞
|𝒇(𝒙)|≤𝟏

 |(𝟐𝒙𝟐 −
𝟏

𝟔
) +

𝟒

𝟑
𝒙| + |(𝟐𝒙𝟐 −

𝟏

𝟔
) −

𝟒

𝟑
𝒙| + |(𝟒𝒙𝟐 −

𝟒

𝟑
) +

𝟒

𝟑
𝒙| + |(𝟒𝒙𝟐 −

𝟒

𝟑
) −

𝟒

𝟑
𝒙| 

≤⏞
𝑳𝒆𝒎𝒎𝒂

𝟐.𝒎𝒂𝒙 {|𝟐𝒙𝟐 −
𝟏

𝟔
| ,
𝟒

𝟑
|𝒙|} + 𝟐.𝒎𝒂𝒙 {|𝟒𝒙𝟐 −

𝟒

𝟑
| ,
𝟒

𝟑
|𝒙|} ≤⏞

|𝒙|≤𝟏

𝟐(𝟐 −
𝟏

𝟔
) + 𝟐(𝟒 −

𝟒

𝟑
)

= 𝟗 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝟑𝜶𝒙𝟐 + 𝟐𝜷𝒙 + 𝜸| ≤ 𝟗,∀|𝒙| ≤ 𝟏. 

𝒃)    𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  |𝜹𝒙𝟑 + 𝜸𝒙𝟐 + 𝜷𝒙+ 𝜶| = 

= |
𝟏

𝟔
[𝟒𝒇 (

𝟏

𝟐
) + 𝟒𝒇(−

𝟏

𝟐
) − 𝒇(𝟏) − 𝒇(−𝟏)] 𝒙𝟑

+
𝟏

𝟔
[𝟖𝒇(

𝟏

𝟐
) − 𝟖𝒇 (−

𝟏

𝟐
) − 𝒇(𝟏) + 𝒇(−𝟏)] 𝒙𝟐

+
𝟐

𝟑
[𝒇(𝟏) + 𝒇(−𝟏) − 𝒇(

𝟏

𝟐
) − 𝒇(−

𝟏

𝟐
)] 𝒙

+
𝟐

𝟑
[𝒇(𝟏) − 𝒇(−𝟏) − 𝟐𝒇(

𝟏

𝟐
) + 𝟐𝒇(−

𝟏

𝟐
)]| = 

= |
𝟏

𝟔
(−𝒙𝟑 − 𝒙𝟐 + 𝟒𝒙 + 𝟒)𝒇(𝟏) −

𝟏

𝟔
(𝒙𝟑 − 𝒙𝟐 − 𝟒𝒙 + 𝟒)𝒇(−𝟏)

−
𝟐

𝟑
(−𝒙𝟑 − 𝟐𝒙𝟐 + 𝒙 + 𝟐)𝒇 (

𝟏

𝟐
) +

𝟐

𝟑
(𝒙𝟑 − 𝟐𝒙𝟐 − 𝒙 + 𝟐)𝒇 (−

𝟏

𝟐
)|  ≤⏞

∆

  

 
𝟏

𝟔
|−𝒙𝟑 − 𝒙𝟐 + 𝟒𝒙 + 𝟒|. |𝒇(𝟏)| +

𝟏

𝟔
|𝒙𝟑 − 𝒙𝟐 − 𝟒𝒙 + 𝟒|. |𝒇(−𝟏)| + 
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+
𝟐

𝟑
|−𝒙𝟑 − 𝟐𝒙𝟐 + 𝒙 + 𝟐|. |𝒇 (

𝟏

𝟐
)|

+
𝟐

𝟑
|𝒙𝟑 − 𝟐𝒙𝟐 − 𝒙 + 𝟐|. |𝒇 (−

𝟏

𝟐
)|  ≤⏞

|𝒇(𝒙)|≤𝟏

 
𝟏

𝟔
|−𝒙𝟑 − 𝒙𝟐 + 𝟒𝒙 + 𝟒| + 

+
𝟏

𝟔
|𝒙𝟑 − 𝒙𝟐 − 𝟒𝒙+ 𝟒| +

𝟐

𝟑
|−𝒙𝟑 − 𝟐𝒙𝟐 + 𝒙 + 𝟐| +

𝟐

𝟑
|𝒙𝟑 − 𝟐𝒙𝟐 − 𝒙 + 𝟐| = 

=
𝟏

𝟔
|(𝒙 + 𝟏)(𝟒 − 𝒙𝟐)| +

𝟏

𝟔
|(𝟏 − 𝒙)(𝟒 − 𝒙𝟐)| +

𝟐

𝟑
|(𝒙 + 𝟐)(𝟏 − 𝒙𝟐)| +

𝟐

𝟑
|(𝟐 − 𝒙)(𝟏 − 𝒙𝟐)| 

=⏞
|𝒙|≤𝟏

 
𝟏

𝟔
(𝒙 + 𝟏)(𝟒 − 𝒙𝟐) +

𝟏

𝟔
(𝟏 − 𝒙)(𝟒 − 𝒙𝟐) +

𝟐

𝟑
(𝒙 + 𝟐)(𝟏 − 𝒙𝟐) +

𝟐

𝟑
(𝟐 − 𝒙)(𝟏 − 𝒙𝟐)

=
𝟏

𝟔
. 𝟐. (𝟒 − 𝒙𝟐) +

𝟐

𝟑
. 𝟒. (𝟏 − 𝒙𝟐) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝜹𝒙𝟑 + 𝜸𝒙𝟐 + 𝜷𝒙 + 𝜶| ≤ 𝟒 − 𝟑𝒙𝟐 ≤ 𝟒, ∀|𝒙| ≤ 𝟏. 

732. 𝐋𝐞𝐭 𝜶, 𝜷, 𝜸, 𝜹 ∈ 𝑹 𝐚𝐧𝐝 𝜶𝜷𝜸𝜹 ≠ 𝟎. 

𝐄𝐱𝐢𝐬𝐭𝐬 𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝒇(𝒙) = 𝜶𝒙𝟑 + 𝜷𝒙𝟐 + 𝜸𝒙 + 𝜹 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭  

|𝒇(𝒙)| ≤ 𝟏, ∀|𝒙| ≤ 𝟏? 

    Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇(𝒙) =
𝟏

𝟑
𝒙𝟑 +

𝟏

𝟐
𝒙𝟐 +

𝟐

𝟑
𝒙 −

𝟏

𝟐
, 

 𝒙 ∈ [−𝟏, 𝟏] 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒔 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒑𝒓𝒐𝒃𝒍𝒆𝒎. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒇′(𝒙) = 𝒙𝟐 + 𝒙 +
𝟐

𝟑
= (𝒙 +

𝟏

𝟐
)
𝟐

+
𝟓

𝟏𝟐
> 0,∀𝑥 ∈ [−𝟏, 𝟏]  

→   𝒇 − 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 [−𝟏, 𝟏]. 

→ 𝐦𝐢𝐧
𝒙∈[−𝟏,𝟏]

{𝒇(𝒙)} = 𝒇(−𝟏) = −𝟏  𝒂𝒏𝒅 𝐦𝐚𝐱
𝒙∈[−𝟏,𝟏]

{𝒇(𝒙)} = 𝒇(𝟏) = 𝟏  →  

 |𝒇(𝒙)| ≤ 𝟏, ∀|𝒙| ≤ 𝟏. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒕𝒉𝒆𝒓𝒆 𝒆𝒙𝒊𝒔𝒕𝒔 𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇(𝒙) =
𝟏

𝟑
𝒙𝟑 +

𝟏

𝟐
𝒙𝟐 +

𝟐

𝟑
𝒙 −

𝟏

𝟐
, 

 𝒙 ∈ [−𝟏, 𝟏] 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 |𝒇(𝒙)| ≤ 𝟏, ∀|𝒙| ≤ 𝟏. 
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733. If 𝑨𝟏𝑨𝟐…𝑨𝒏(𝒏 ≥ 𝟑) is convexe polygon with 𝒂𝒌, 𝒌 = 𝟏, 𝒏̅̅ ̅̅ ̅ the sides’ 

lengths and 𝒔 the semi-primeter, 𝒎 ∈ [𝟏,∞), 𝑺𝒏(𝒎) = ∑ 𝒂𝒌
𝒎𝒏

𝒌=𝟏 , then prove 

that: 

∑
𝑺𝒏(𝒎) − 𝒂𝒌

𝒎

(𝒔 − 𝒂𝒌)
𝒎

𝒏

𝒌=𝟏

≥
𝟐𝒎𝒏(𝒏 − 𝟏)

(𝒏 − 𝟐)𝒎
 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution by Soumitra Mandal-Chandar Nagore-India 

𝒔 =
𝟏

𝟐
∑𝒂𝒌

𝒏

𝒌=𝟏

⇒
𝒂𝟏
𝒎 + 𝒂𝟐

𝒎 +⋯+ 𝒂𝒏−𝟏
𝒎

𝒏 − 𝟏
≥ (
𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏−𝟏

𝒏 − 𝟏
)
𝒎

 

𝒙 → 𝒙𝒎 is convexe function for all 𝒎 ≥ 𝟐, then 

𝒂𝟏
𝒎 + 𝒂𝟐

𝒎 +⋯+ 𝒂𝒏−𝟏
𝒎

𝒏 − 𝟏
≥ (
𝟐𝒔 − 𝒂𝒏
𝒏 − 𝟏

)
𝒎

⇒ 

𝑺𝒏(𝒎) − 𝒂𝒏
𝒎

(𝒔 − 𝒂𝒏)
𝒎
≥

𝟏

(𝒏 − 𝟏)𝒎−𝟏
(
𝟐𝒔 − 𝒂𝒏
𝒔 − 𝒂𝒏

)
𝒎

 

∑
𝑺𝒏(𝒎) − 𝒂𝒌

𝒎

(𝒔 − 𝒂𝒌)𝒎

𝒏

𝒌=𝟏

≥
𝟏

(𝒏 − 𝟏)𝒎−𝟏
∑(

𝟐𝒔 − 𝒂𝒌
𝒔 − 𝒂𝒌

)
𝒎𝒏

𝒌=𝟏

≥
𝟏

(𝒏 − 𝟏)𝒎−𝟏
⋅
𝟏

𝒏𝒎−𝟏
⋅ (∑

𝟐𝒔 − 𝒂𝒌
𝒔 − 𝒂𝒌

𝒏

𝒌=𝟏

)

𝒎

= 

=
𝟏

(𝒏 − 𝟏)𝒎−𝟏
⋅
𝟏

𝒏𝒎−𝟏
⋅ (𝒔 ⋅ ∑

𝟏

𝒔 − 𝒂𝒌
+ 𝒏

𝒏

𝒌=𝟏

)

𝒎

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≥
𝟏

(𝒏 − 𝟏)𝒎−𝟏
⋅
𝟏

𝒏𝒎−𝟏
(
𝒏𝟐𝒔

𝒏𝒔 − 𝟐𝒔
+ 𝒏)

𝒎

= 

=
𝟏

(𝒏 − 𝟏)𝒎−𝟏
⋅
𝟏

𝒏𝒎−𝟏
(
𝒏𝟐

𝒏 − 𝟐
+ 𝒏)

𝒎

=
𝟐𝒎𝒏(𝒏 − 𝟏)

(𝒏 − 𝟐)𝒎
 

 

734. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ∈ 𝑹 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 ∶  |𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄| ≤ 𝟏, ∀𝒙 ∈ [𝟎, 𝟏]. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶  𝒎𝒂𝒙{|𝒂|, |𝒃|, |𝟐𝒂 + 𝒃|, 𝟖|𝒄|} ≤ 𝟖. 

    Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 →  |𝒇(𝒙)| ≤ 𝟏, ∀𝒙 ∈ [𝟎, 𝟏]. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇(𝟎) = 𝒄, 𝒇 (
𝟏

𝟐
) =

𝒂

𝟒
+
𝒃

𝟐
+ 𝒄 𝒂𝒏𝒅 𝒇(𝟏) = 𝒂 + 𝒃 + 𝒄 

→ 𝒂 = 𝟐(𝒇(𝟏) − 𝟐𝒇(
𝟏

𝟐
) + 𝒇(𝟎)) , 𝒃 = −𝒇(𝟏) + 𝟒𝒇 (

𝟏

𝟐
) − 𝟑𝒇(𝟎) 𝒂𝒏𝒅 𝒄 = 𝒇(𝟎). 

|𝒂| = 𝟐 |𝒇(𝟏) − 𝟐𝒇 (
𝟏

𝟐
) + 𝒇(𝟎)| ≤⏞

∆

 𝟐 (|𝒇(𝟏)| + 𝟐 |𝒇 (
𝟏

𝟐
)| + |𝒇(𝟎)|) ≤⏞

|𝒇(𝒙)|≤𝟏,∀𝒙∈[𝟎,𝟏]

𝟐(𝟏

+ 𝟐. 𝟏 + 𝟏) = 𝟖. 

|𝒃| = |−𝒇(𝟏) + 𝟒𝒇(
𝟏

𝟐
) − 𝟑𝒇(𝟎)| ≤⏞

∆

 |𝒇(𝟏)| + 𝟒 |𝒇 (
𝟏

𝟐
)| + 𝟑|𝒇(𝟎)| ≤⏞

|𝒇(𝒙)|≤𝟏,∀𝒙∈[𝟎,𝟏]

𝟏 + 𝟒. 𝟏

+ 𝟑. 𝟏 = 𝟖. 

|𝟐𝒂 + 𝒃| = |𝟑𝒇(𝟏) − 𝟒𝒇 (
𝟏

𝟐
) + 𝒇(𝟎)| ≤⏞

∆

 𝟑|𝒇(𝟏)| + 𝟒 |𝒇 (
𝟏

𝟐
)| + |𝒇(𝟎)| ≤⏞

|𝒇(𝒙)|≤𝟏,∀𝒙∈[𝟎,𝟏]

 

≤ 𝟑. 𝟏 + 𝟒. 𝟏 + 𝟏 = 𝟖. 

𝑨𝒍𝒔𝒐, 𝟖|𝒄| = 𝟖|𝒇(𝟎)| ≤⏞
|𝒇(𝟎)|≤𝟏

 𝟖. 𝟏 = 𝟖. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒎𝒂𝒙{|𝒂|, |𝒃|, |𝟐𝒂 + 𝒃|, 𝟖|𝒄|} ≤ 𝟖. 

 

735. Let 𝒂, 𝒃 ∈ ℝ such that |𝒂𝒙𝟑 + 𝒃𝒙| ≤ 𝟏, ∀𝒙 ∈ [−𝟏, 𝟏] 

Prove that: |𝒂| ≤ 𝟒, |𝒃| ≤ 𝟑. 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Kamel Gandouli Rezgui-Tunisia 

|𝒂𝒙𝟑 + 𝒃𝒙| ≤ 𝟏, ∀𝒙 ∈ [−𝟏, 𝟏] ⇒ |𝒂𝒙𝟐 + 𝒃| ≤
𝟏

|𝒙|
; ∀𝒙 ∈ [−𝟏, 𝟏] 

For 𝒙 = 𝟏 ⇒ |𝒂 + 𝒃| ≤ 𝟏 ⇒ |−𝒂 − 𝒃| ≤ 𝟏; (𝟏) 

For 𝒙 =
𝟏

𝟐
⇒ |

𝒂

𝟒
+ 𝒃| ≤ 𝟐 ⇒ |𝒂 + 𝟒𝒃| ≤ 𝟖; (𝟐) 

From (1),(2) we get: |𝟑𝒃| ≤ 𝟗 ⇒ |𝒃| ≤ 𝟑. 

|𝒂| = |𝒂 + 𝒃 − 𝒃| ≤ |𝒂 + 𝒃| + |𝒃| ≤ 𝟒. 
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Solution 2 by Ravi Prakash-New Delhi-India 

Let 𝒇(𝒙) = 𝒂𝒙𝟑 + 𝒃𝒙, then |𝒇(𝒙)| ≤ 𝟏, ∀𝒙 ∈ [−𝟏, 𝟏] 

𝒇(
𝟏

𝟐
) =

𝒂

𝟖
+
𝒃

𝟐
; (𝟏) 

𝒇(𝟏) = 𝒂 + 𝒃; (𝟐) 

From (1),(2), we get: 

𝟑

𝟒
𝒂 = 𝒇(𝟏) − 𝟐𝒇 (

𝟏

𝟐
) 

𝟑𝒃 = 𝟖𝒇(
𝟏

𝟐
) − 𝒇(𝟏) ⇒ 𝒂 =

𝟒

𝟑
(𝒇(𝟏) − 𝟐𝒇(

𝟏

𝟐
)) 

⇒ |𝒂| ≤
𝟒

𝟑
[|𝒇(𝟏)| + 𝟐 |𝒇 (

𝟏

𝟐
)|] = 𝟒 𝐚𝐧𝐝 𝟑|𝒃| ≤ 𝟖 [|𝒇 (

𝟏

𝟐
)| + |𝒇(𝟏)|] = 𝟗 

⇒|𝒃| ≤ 𝟑.  

736. Let 𝒂, 𝒃, 𝒄 ∈ 𝑹 such that: 

 |𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄|√𝟏 − 𝒙𝟐 ≤ 𝟏, ∀𝒙 ∈ [−𝟏, 𝟏]. 

Prove that : |𝒂| ≤ 𝟒.         

    Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄, 𝒙 ∈ [−𝟏, 𝟏]  →  |𝒇(𝒙)| ≤
𝟏

√𝟏 − 𝒙𝟐
, ∀𝒙 ∈ (−𝟏, 𝟏) 

→ |𝒇(𝟎)| ≤ 𝟏, |𝒇 (
√𝟑

𝟐
)| ≤ 𝟐 𝒂𝒏𝒅 |𝒇 (−

√𝟑

𝟐
)| ≤ 𝟐 

𝑾𝒊𝒕𝒉 ∶ 𝒇(𝟎) = 𝒄, 𝒇 (
√𝟑

𝟐
) =

𝟑

𝟒
𝒂 +

√𝟑

𝟐
𝒃 + 𝒄 𝒂𝒏𝒅 𝒇 (−

√𝟑

𝟐
) =

𝟑

𝟒
𝒂 −

√𝟑

𝟐
𝒃 + 𝒄 

→ 𝒂 =
𝟐

𝟑
[𝒇 (

√𝟑

𝟐
) + 𝒇(−

√𝟑

𝟐
) − 𝟐𝒇(𝟎)] 

→ |𝒂| ≤⏞
∆

 
𝟐

𝟑
( |𝒇 (

√𝟑

𝟐
)| + |𝒇 (−

√𝟑

𝟐
)| + 𝟐|𝒇(𝟎)| ) ≤

𝟐

𝟑
(𝟐 + 𝟐 + 𝟐. 𝟏) = 𝟒. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝒂| ≤ 𝟒. 
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Solution 2 by Adrian Popa-Romania 

𝒙 ∈ [−𝟏, 𝟏], 𝐥𝐞𝐭 𝒙 = 𝐬𝐢𝐧 𝒕 , 𝒕 ∈ [𝟎, 𝟐𝝅] 

|𝒂 𝐬𝐢𝐧𝟐 𝒕 + 𝒃 𝐬𝐢𝐧 𝒕 + 𝒄| ⋅ |𝐜𝐨𝐬 𝒕| ≤ 𝟏, ∀𝒕 ∈ [𝟎, 𝟐𝝅] 

If 𝒕 = 𝟎 ⇒ |𝒄| ≤ 𝟏 ⇒ −𝟏 ≤ 𝒄 ≤ 𝟏 

If 𝒕 =
𝝅

𝟑
⇒ |

𝟑𝒂

𝟒
+
√𝟑𝒃

𝟐
+ 𝒄| ⋅

𝟏

𝟐
≤ 𝟏 ⇒ |𝟑𝒂 + 𝟐√𝟑𝒃 + 𝟒𝒄| ≤ 𝟖; (𝟏) 

If 𝒕 =
𝟒𝝅

𝟑
⇒ |

𝟑𝒂

𝟒
−
√𝟑

𝟐
𝒃 + 𝒄| ⋅

𝟏

𝟐
≤ 𝟏 ⇒ |𝟑𝒂− 𝟐√𝟑𝒃 + 𝟒𝒄| ≤ 𝟖; (𝟐) 

⇒ {−𝟖 ≤ 𝟑𝒂 + 𝟐√𝟑𝒃 + 𝟒𝒄 ≤ 𝟖

−𝟖 ≤ 𝟑𝒂 − 𝟐√𝟑𝒃 + 𝟒𝒄 ≤ 𝟖
⇒ −𝟏𝟔 ≤ 𝟔𝒂 + 𝟖𝒄 ≤ 𝟏𝟔 

If 𝒄 ≤ 𝟏 ⇒ −𝟏𝟔 < 6𝒂 + 𝟖 ⇒ −𝟒 < 𝑎 ad if 𝒄 = −𝟏 ⇒ 𝒂 ≤ 𝟒.Thus, |𝒂| = 𝟒. 

737. Let 𝒂, 𝒃 ∈ 𝑹 such that |𝒂𝒙 + 𝒃|√𝟏 − 𝒙𝟐 ≤ 𝟏,∀|𝒙| ≤ 𝟏.Prove that: 

 |𝒂 + 𝒃| ≤ 𝟐. 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒂𝒙 + 𝒃, 𝒙 ∈ [−𝟏, 𝟏]  →  |𝒇(𝒙)| ≤
𝟏

√𝟏 − 𝒙𝟐
, ∀𝒙 ∈ (−𝟏, 𝟏)  

→ |𝒇 (±
√𝟐

𝟐
)| ≤ √𝟐  (𝟏) 

𝑾𝒊𝒕𝒉 ∶ 𝒇 (
√𝟐

𝟐
) =

√𝟐

𝟐
𝒂 + 𝒃 𝒂𝒏𝒅 𝒇(−

√𝟐

𝟐
) = −

√𝟐

𝟐
𝒂 + 𝒃  

→  𝒂 =
√𝟐

𝟐
(𝒇(

√𝟐

𝟐
) − 𝒇(−

√𝟐

𝟐
))  𝒂𝒏𝒅 𝒃 =

𝟏

𝟐
(𝒇 (

√𝟐

𝟐
) + 𝒇(−

√𝟐

𝟐
)) 

→ |𝒂 + 𝒃| = |
√𝟐 + 𝟏

𝟐
𝒇 (
√𝟐

𝟐
) −

√𝟐 − 𝟏

𝟐
𝒇 (−

√𝟐

𝟐
)| ≤⏞

∆

 
√𝟐 + 𝟏

𝟐
|𝒇(

√𝟐

𝟐
)|

+
√𝟐 − 𝟏

𝟐
|𝒇 (−

√𝟐

𝟐
)| ≤ 

≤⏞
(𝟏)

 
√𝟐 + 𝟏

𝟐
.√𝟐 +

√𝟐 − 𝟏

𝟐
. √𝟐 = 𝟐.     𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝒂 + 𝒃| ≤ 𝟐. 
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738. 

𝐋𝐞𝐭 𝒇(𝒙) = 𝒂𝒙𝟐𝒏 + 𝒃𝒙 + 𝒄, (𝒂, 𝒃, 𝒄 ∈ 𝑹, 𝒏 ∈ 𝑵∗), 𝒇(𝟎), 𝒇(𝟏), 𝒇(−𝟏) ∈ [−𝟏, 𝟏]. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶   |𝒇(𝒙)| ≤
𝟐𝒏 − 𝟏

√𝟒𝒏. 𝒏𝟐𝒏
𝟐𝒏−𝟏 + 𝟏,∀|𝒙| ≤ 𝟏  

   Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒇(𝟎) = 𝒄, 𝒇(𝟏) = 𝒂 + 𝒃 + 𝒄 𝒂𝒏𝒅 𝒇(−𝟏) = 𝒂 − 𝒃 + 𝒄 

→ 𝒂 =
𝟏

𝟐
(𝒇(𝟏) + 𝒇(−𝟏) − 𝟐. 𝒇(𝟎)), 𝒃 =

𝟏

𝟐
(𝒇(𝟏) − 𝒇(−𝟏)) 𝒂𝒏𝒅 𝒄 = 𝒇(𝟎). 

→ |𝒇(𝒙)| = |
𝟏

𝟐
(𝒇(𝟏) + 𝒇(−𝟏) − 𝟐. 𝒇(𝟎))𝒙𝟐𝒏 +

𝟏

𝟐
(𝒇(𝟏) − 𝒇(−𝟏))𝒙 + 𝒇(𝟎)| = 

= |
𝟏

𝟐
𝒙(𝒙𝟐𝒏−𝟏 + 𝟏)𝒇(𝟏) −

𝟏

𝟐
𝒙(𝟏 − 𝒙𝟐𝒏−𝟏)𝒇(−𝟏) + (𝟏 − 𝒙𝟐𝒏)𝒇(𝟎)|  ≤ 

≤⏞
∆

 
𝟏

𝟐
|𝒙|. |𝒙𝟐𝒏−𝟏 + 𝟏|. |𝒇(𝟏)| +

𝟏

𝟐
|𝒙|. |𝟏 − 𝒙𝟐𝒏−𝟏|. |𝒇(−𝟏)| + |𝟏 − 𝒙𝟐𝒏|. |𝒇(𝟎)| ≤ 

≤⏞
|𝒙|≤𝟏

 
𝟏

𝟐
|𝒙|. (𝒙𝟐𝒏−𝟏 + 𝟏). 𝟏 +

𝟏

𝟐
|𝒙|. (𝟏 − 𝒙𝟐𝒏−𝟏). 𝟏 + (𝟏 − 𝒙𝟐𝒏). 𝟏

= |𝒙| + 𝟏 − 𝒙𝟐𝒏≤⏞
? 𝟐𝒏 − 𝟏

√𝟒𝒏. 𝒏𝟐𝒏
𝟐𝒏−𝟏 + 𝟏 

↔ 
𝟐𝒏 − 𝟏

√𝟒𝒏. 𝒏𝟐𝒏
𝟐𝒏−𝟏 + 𝒙𝟐𝒏 ≥ |𝒙| 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑨𝑴 − 𝑮𝑴 ∶ 

𝟐𝒏 − 𝟏

√𝟒𝒏. 𝒏𝟐𝒏
𝟐𝒏−𝟏 + 𝒙𝟐𝒏 =

𝟏

√𝟒𝒏. 𝒏𝟐𝒏
𝟐𝒏−𝟏 +⋯+

𝟏

√𝟒𝒏. 𝒏𝟐𝒏
𝟐𝒏−𝟏

⏟                    
𝟐𝒏−𝟏 𝒕𝒊𝒎𝒆𝒔

+ |𝒙|𝟐𝒏  ≥⏞
𝑨𝑴−𝑮𝑴

 

≥  𝟐𝒏. √(
𝟏

√𝟒𝒏. 𝒏𝟐𝒏
𝟐𝒏−𝟏 )

𝟐𝒏−𝟏

. |𝒙|𝟐𝒏
𝟐𝒏

= |𝒙| 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, |𝒇(𝒙)| ≤
𝟐𝒏 − 𝟏

√𝟒𝒏. 𝒏𝟐𝒏
𝟐𝒏−𝟏 + 𝟏, ∀|𝒙| ≤ 𝟏. 

739. If 𝒏 ∈ ℕ∗ − {𝟏}, 𝒂 ∈ ℝ+, 𝒃, 𝒄, 𝒅,𝒎, 𝒑 ∈ ℝ+
∗ , 𝒙𝒌 ∈ ℝ+

∗ , 𝒌 = 𝟏, 𝒏̅̅ ̅̅ ̅,  

𝑿𝒏,𝒎 = ∑ 𝒙𝒌
𝒎𝒏

𝒌=𝟏 , 𝑿𝒏,𝒑 = ∑ 𝒙𝒌
𝒑𝒏

𝒌=𝟏  such that 𝒄 ⋅ 𝑿𝒏,𝒑 > 𝑑 ⋅ 𝐦𝐚𝐱
𝟏≤𝐤≤𝐧

𝒙𝒌
𝒑

 then prove: 
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∑
𝒂.𝑿𝒏,𝒎 + 𝒃. 𝒙𝒌

𝒎

𝒄. 𝑿𝒏,𝒑 − 𝒅. 𝒙𝒌
𝒑

𝒏

𝒌=𝟏

≥
𝒏(𝒂𝒏 + 𝒃)

(𝒄𝒏 − 𝒅)
.
𝑿𝒏,𝒎
𝑿𝒏,𝒑

 

Proposed by  D.M. Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝑳𝑶𝑮,𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 ∶  𝒙𝟏 ≥ 𝒙𝟐 ≥ ⋯ ≥ 𝒙𝒏  →  𝒂.𝑿𝒏,𝒎 + 𝒃. 𝒙𝟏
𝒎

≥ 𝒂.𝑿𝒏,𝒎 + 𝒃. 𝒙𝟐
𝒎 ≥ ⋯ ≥ 𝒂.𝑿𝒏,𝒎 + 𝒃. 𝒙𝒏

𝒎 

𝑨𝒏𝒅 ∶  
𝟏

𝒄.𝑿𝒏,𝒑 − 𝒅. 𝒙𝟏𝒑
≥

𝟏

𝒄. 𝑿𝒏,𝒑 − 𝒅. 𝒙𝟐𝒑
≥ ⋯ ≥

𝟏

𝒄. 𝑿𝒏,𝒑 − 𝒅. 𝒙𝒏𝒑
 

→  𝑭𝒓𝒐𝒎 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑
𝒂.𝑿𝒏,𝒎 + 𝒃. 𝒙𝒌

𝒎

𝒄. 𝑿𝒏,𝒑 − 𝒅. 𝒙𝒌𝒑

𝒏

𝒌=𝟏

≥
𝟏

𝒏
[∑(𝒂.𝑿𝒏,𝒎 + 𝒃. 𝒙𝒌

𝒎)

𝒏

𝒌=𝟏

] (∑
𝟏

𝒄. 𝑿𝒏,𝒑 − 𝒅. 𝒙𝒌𝒑

𝒏

𝒌=𝟏

) ≥⏞
𝑪𝑩𝑺

 

≥ 
𝟏

𝒏
. (𝒂𝒏 + 𝒃)𝑿𝒏,𝒎.

𝒏𝟐

∑(𝒄.𝑿𝒏,𝒑 − 𝒅. 𝒙𝒌𝒑)
=
𝒏(𝒂𝒏 + 𝒃)𝑿𝒏,𝒎
(𝒄𝒏 − 𝒅)𝑿𝒏,𝒑

.       

 𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
𝒂. 𝑿𝒏,𝒎 + 𝒃. 𝒙𝒌

𝒎

𝒄. 𝑿𝒏,𝒑 − 𝒅. 𝒙𝒌𝒑

𝒏

𝒌=𝟏

≥
𝒏(𝒂𝒏 + 𝒃)

(𝒄𝒏 − 𝒅)
.
𝑿𝒏,𝒎
𝑿𝒏,𝒑

 

740. 𝐋𝐞𝐭 𝒙, 𝒚, ∈ [𝟏,
𝝅

𝟐
[ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 ∶ 

√𝐬𝐢𝐧𝟏𝟎 𝒙 + 𝐬𝐢𝐧𝟏𝟎 𝒚
𝟓

+ √𝐜𝐨𝐬𝟏𝟎 𝒙 + 𝐜𝐨𝐬𝟏𝟎 𝒚
𝟓

=  √𝟐
𝟓
 𝐚𝐧𝐝  

𝒙𝟐 + (𝟐 + √𝒚
𝟑 )

√𝒙
𝟑

≤  𝟑𝒚 + 𝟏. 𝐅𝐢𝐧𝐝 𝒙 𝐚𝐧𝐝 𝒚. 

Proposed by Pavlos Trifon-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

√𝐬𝐢𝐧𝟏𝟎 𝒙 + 𝐬𝐢𝐧𝟏𝟎 𝒚
𝟓

+ √𝐜𝐨𝐬𝟏𝟎 𝒙 + 𝐜𝐨𝐬𝟏𝟎 𝒚
𝟓

 =⏞
(𝟏)

 √𝟐
𝟓
 𝒂𝒏𝒅 𝒙𝟐 + (𝟐 + √𝒚

𝟑 )
√𝒙
𝟑

 ≤⏞
(𝟐)

 𝟑𝒚 + 𝟏. 

𝑩𝒚 𝑷𝒐𝒘𝒆𝒓 𝑴𝒆𝒂𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  √
𝒂𝟓 + 𝒃𝟓

𝟐

𝟓

≥⏞
(∗)
𝒂 + 𝒃

𝟐
,∀𝒂, 𝒃 ≥ 𝟎,  

𝒘𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇𝒇 𝒂 = 𝒃. 
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→ √𝟐
𝟓
=⏞
(𝟏)

√𝐬𝐢𝐧𝟏𝟎 𝒙 + 𝐬𝐢𝐧𝟏𝟎 𝒚
𝟓

+ √𝐜𝐨𝐬𝟏𝟎 𝒙 + 𝐜𝐨𝐬𝟏𝟎 𝒚
𝟓

= √𝟐
𝟓
(√
(𝐬𝐢𝐧𝟐 𝒙)𝟓 + (𝐬𝐢𝐧𝟐 𝒚)𝟓

𝟐

𝟓

+ √
(𝐜𝐨𝐬𝟐 𝒙)𝟓 + (𝐜𝐨𝐬𝟐 𝒚)𝟓

𝟐

𝟓

) ≥ 

≥⏞
(∗)

 √𝟐
𝟓
(
𝐬𝐢𝐧𝟐 𝒙 + 𝐬𝐢𝐧𝟐 𝒚

𝟐
+
𝐜𝐨𝐬𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒚

𝟐
) = 

√𝟐
𝟓
.
(𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙) + (𝐬𝐢𝐧𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒚)

𝟐
= √𝟐

𝟓
. 

𝑾𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇𝒇 𝐬𝐢𝐧𝟐 𝒙 = 𝐬𝐢𝐧𝟐 𝒚  𝒂𝒏𝒅 𝐜𝐨𝐬𝟐 𝒙 = 𝐜𝐨𝐬𝟐 𝒚  ↔  𝒙 = 𝒚. 

→ (𝟐)  ↔  𝟑𝒙 + 𝟏 ≥ 𝒙𝟐 + (𝟐 + √𝒙
𝟑 )

√𝒙
𝟑

= 𝒙𝟐 + [𝟏 + (𝟏 + √𝒙
𝟑 )]

√𝒙
𝟑

  ≥⏞
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊,𝒙 ≥ 𝟏

 𝒙𝟐 + 𝟏 + √𝒙
𝟑 (𝟏 + √𝒙

𝟑 ) = 

= (𝒙𝟐 + √𝒙𝟐
𝟑

+ √𝒙
𝟑 ) + 𝟏 ≥⏞

𝑨𝑴−𝑮𝑴

 𝟑√𝒙𝟐. √𝒙𝟐
𝟑

. √𝒙
𝟑

𝟑

+ 𝟏 = 𝟑𝒙 + 𝟏. 

𝑾𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇𝒇 𝒙𝟐 = √𝒙𝟐
𝟑

= √𝒙
𝟑   ↔  𝒙 = 𝟏. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒙 = 𝒚 = 𝟏. 

Solution 2 by proposer 

√𝐬𝐢𝐧𝟏𝟎 𝒙 + 𝐬𝐢𝐧𝟏𝟎 𝒚
𝟓

+ √𝐜𝐨𝐬𝟏𝟎 𝒙 + 𝐜𝐨𝐬𝟏𝟎 𝒚
𝟓

= 

= √(𝐬𝐢𝐧𝟐 𝒙)𝟓 + (𝐬𝐢𝐧𝟐 𝒚)𝟓
𝟓

+ √(𝐜𝐨𝐬𝟐 𝒙)𝟓 + (𝐜𝐨𝐬𝟐 𝒚)𝟓
𝟓

≥
𝑴𝒊𝒏𝒌𝒐𝒗𝒔𝒌𝒊

 

≥ √(𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)𝟓 + (𝐬𝐢𝐧𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒚)𝟓
𝟓

= √𝟐
𝟓

 

Equality holds for 

𝐬𝐢𝐧𝟐 𝒙

𝐬𝐢𝐧𝟐 𝒚
=
𝐜𝐨𝐬𝟐 𝒙

𝐜𝐨𝐬𝟐 𝒚
; 𝒙, 𝒚 ∈ (𝟎,

𝝅

𝟐
) ⇔ 𝐬𝐢𝐧(𝒙 − 𝒚) = 𝟎, ∀𝒙, 𝒚 ∈ (𝟎,

𝝅

𝟐
) ⇔ 𝒙 = 𝒚. 

𝐒𝐨, √𝐬𝐢𝐧𝟏𝟎 𝒙 + 𝐬𝐢𝐧𝟏𝟎 𝒚
𝟓

+ √𝐜𝐨𝐬𝟏𝟎 𝒙 + 𝐜𝐨𝐬𝟏𝟎 𝒚
𝟓

= √𝟐
𝟓
⇔ 𝒙 = 𝒚. 

For 𝒙 = 𝒚 and 𝒙𝟐 + (𝟐 + √𝒚
𝟑 )

√𝒙
𝟑

≤  𝟑𝒚 + 𝟏 ⇒ 𝒙𝟐 + (𝟐 + √𝒙
𝟑 )

√𝒙
𝟑

≤  𝟑𝒙 + 𝟏; (𝟏) 

𝐁𝐮𝐭: 𝒙𝟐 + √𝒙
𝟑 + (√𝒙

𝟑 )
𝟐
≥
𝑨𝑮𝑴

𝟑 ⋅ √𝒙𝟐 ⋅ √𝒙
𝟑 ⋅ (√𝒙

𝟑 )
𝟐𝟑

= 𝟑√𝒙𝟑
𝟑

= 𝟑𝒙 ⇒ 

𝒙𝟐 + √𝒙
𝟑 + (√𝒙

𝟑 )
𝟐
≥ 𝟑𝒙 ⇒ (𝟏 + √𝒙

𝟑 )√𝒙
𝟑 ≥ 𝟑𝒙 − 𝒙𝟐; (𝟐) 
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Equality holds for 𝒙𝟐 = (√𝒙
𝟑 )

𝟐
⇔ 𝒙 = 𝟏. 

(𝟐 + √𝒙
𝟑 )

√𝒙
𝟑

= (𝟏+ (𝟏 + √𝒙
𝟑 ))

√𝒙
𝟑

≥
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊

𝟏 + (𝟏 + √𝒙
𝟑 )√𝒙

𝟑 ≥
(𝟐)

𝟏 + 𝟑𝒙 − 𝒙𝟐 ⇒ 

𝒙𝟐 + (𝟐 + √𝒙
𝟑 )

√𝒙
𝟑

≥ 𝟏 + 𝟑𝒙; (𝟑) 

Equality holds for √𝒙
𝟑 = 𝟏 ⇔ 𝒙 = 𝟏. 

From (1) and (3) it follows that 

𝒙𝟐 + (𝟐 + √𝒙
𝟑 )

√𝒙
𝟑

= 𝟑𝒙 + 𝟏 ⇒ 𝒙 = 𝟏 ⇒ 𝒙 = 𝒚 = 𝟏. 

741. 𝐋𝐞𝐭 𝒂, 𝒃 ∈ ℝ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭  
|𝒂𝒙+𝒃|

𝟏+𝒙𝟐
≤ 𝟏, ∀𝒙 ∈ ℝ. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: |𝒂| ≤ 𝟐, |𝒃| ≤ 𝟏. 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Ravi Prakash-New Delhi-India 

|𝒂𝒙 + 𝒃|

𝟏 + 𝒙𝟐
≤ 𝟏, ∀𝒙 ∈ [−𝟏, 𝟏] 

For 𝒙 = 𝟎, so that |𝒃| ≤ 𝟏. 

For 𝒙 ≠ 𝟎, we have: 
|𝒂+

𝒃

𝒙
|

|𝒙|+
𝟏

|𝒙|

≤ 𝟏 ⇔ 

−(|𝒙| +
𝟏

|𝒙|
) ≤ 𝒂 +

𝒃

𝒙
≤ |𝒙| +

𝟏

|𝒙|
 

Put 𝒙 = {−𝟏, 𝟏} ⇒ {
−𝟐 ≤ 𝒂 + 𝒃 ≤ 𝟐
−𝟐 ≤ 𝒂 − 𝒃 ≤ 𝟐

 and adding, we get: 

−𝟒 ≤ 𝟐𝒂 ≤ 𝟒 ⇒ |𝒂| ≤ 𝟐. 

Therefore, |𝒂| ≤ 𝟐 and |𝒃| ≤ 𝟏. 

 Solution 2 by Hikmat Mammadov-Azerbaijan 

For 𝒙 = 𝟎 ⇒ |𝒃| ≤ 𝟏; (𝟏) 

For 𝒙 = 𝟏 ⇒ |𝒂 + 𝒃| ≤ 𝟐; (𝟐) 

For 𝒙 = −𝟏 ⇒ |𝒂 − 𝒃| ≤ 𝟐; (𝟑) 

(𝟏) ⇒ |𝒃| =
|𝒂 ⋅ 𝟎 + 𝒃|

𝒂𝟐 + 𝟏
≤ 𝟏 ⇒

|𝒃|

𝟏
≤ 𝟏 ⇒ |𝒃| ≤ 𝟏 
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From (2) and (3), we get: 

|𝒂| = |
𝟐𝒂

𝒂
| =

|𝒂 + 𝒃 + 𝒂 − 𝒃|

𝟐
≤
|𝒂 + 𝒃| + |𝒂 − 𝒃|

𝟐
≤
𝟐 + 𝟐

𝟐
= 𝟐 ⇒ |𝒂| ≤ 𝟐. 

Therefore, |𝒂| ≤ 𝟐 and |𝒃| ≤ 𝟏. 

742. Let 𝒂, 𝒃, 𝒄 ∈ ℝ such that |𝒂𝒙𝟒 + 𝒃𝒙𝟐 + 𝒄| ≤ 𝟏, ∀|𝒙| ≤ 𝟏. Prove that: 

𝐦𝐚𝐱{|𝟒𝒂 + 𝟐𝒃|, , |𝟐𝒃|, |𝟏𝟔𝒄|} ≤ 𝟏𝟔. 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Ravi Prakash-New Delhi-India 

Let 𝒇(𝒙) = 𝒂𝒙𝟒 + 𝒃𝒙𝟐 + 𝒄, 𝒇(𝟎) = 𝒄, 𝒇(𝟏) = 𝒂 + 𝒃 + 𝒄 

𝒇(
𝟏

√𝟐
) =

𝒂

𝟒
+
𝒃

𝟐
+ 𝒄 

{

𝒂 + 𝒃 = 𝒇(𝟏) − 𝒇(𝟎)

𝒂 + 𝟐𝒃 = 𝟒𝒇 (
𝟏

√𝟐
) − 𝟒𝒇(𝟎)

⇒ |𝒂 + 𝟐𝒃| ≤ 𝟒𝒇(𝟏) + 𝟒𝒇(𝟏) = 𝟖 

⇒ |𝟐𝒂 + 𝟒𝒃| ≤ 𝟏𝟔. Also, 𝒃 = 𝟒𝒇 (
𝟏

𝟐
) − 𝒇(𝟏) − 𝟑𝒇(𝟎) 

⇒ |𝒃| = 𝟒 + 𝟏 + 𝟑 = 𝟖 ⇒ |𝟐𝒃| ≤ 𝟏𝟔. 

Also, 𝒂 = 𝟒𝒇(
𝟏

√𝟐
) − 𝟐𝒇(𝟎) − 𝟐𝒇(𝟏) ⇒ |𝒂| ≤ 𝟒 + 𝟐 + 𝟐 = 𝟖 ⇒ |𝟐𝒂| ≤ 𝟏𝟔 

Thus,  

𝐦𝐚𝐱{|𝟒𝒂 + 𝟐𝒃|, , |𝟐𝒃|, |𝟏𝟔𝒄|} ≤ 𝟏𝟔. 

743. If 𝒙 ∈ ℝ then: 

𝒆𝒆
−𝒙+𝒙 + 𝒆𝒆

−𝒙−𝒙 ≥ 𝟐 𝐜𝐨𝐬𝐡 𝒙 ⋅ 𝒆𝐬𝐞𝐜𝐡𝒙 

Proposed by Daniel Sitaru-Romania 

Solution by Kamel Gandouli Rezgui-Tunisia 

Let 𝒇(𝒚) = 𝒆𝒚 − 𝒚𝒆
𝟏

𝒚, 𝒚 ≥ 𝟏 ⇒
𝟏

𝒚
≤ 𝟏 ⇒ 𝒆

𝟏

𝒚 ≤ 𝒆 ⇒ 𝒚𝒆
𝟏

𝒚 ≤ 𝒆𝒚 

⇒ 𝒆𝒚 − 𝒚𝒆
𝟏
𝒚 ≥ 𝒆𝒚 − 𝒆𝒚 ≥ 𝟎, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒚 ≥ 𝟏 ⇒ ∀𝒚 ≥ 𝟏: 𝒆𝒚 ≥ 𝒚𝒆

𝟏
𝒚 

𝐜𝐨𝐬𝐡𝒙 ≥ 𝟏, ∀𝒙 ∈ ℝ ⇒ 𝒆𝐜𝐨𝐬𝐡 𝒙 ≥ 𝐜𝐨𝐬𝐡𝒙 ⋅ 𝒆
𝟏

𝐜𝐨𝐬𝐡 𝒙; ∀𝒙 ∈ ℝ 
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𝟐𝒆𝐜𝐨𝐬𝐡 𝒙 ≥ 𝟐𝐜𝐨𝐬𝐡𝒙 ⋅ 𝒆
𝟏

𝐜𝐨𝐬𝐡 𝒙 = 𝟐𝐜𝐨𝐬𝐡𝒙 𝒆𝐬𝐞𝐜𝐡 𝒙 

𝒆𝒆
−𝒙+𝒙 + 𝒆𝒆

−𝒙−𝒙 ≥
𝑨𝑮𝑴

𝟐√𝒆𝒆
−𝒙+𝒙 ⋅ 𝒆𝒆

−𝒙−𝒙 = 𝟐√𝒆𝒆
−𝒙+𝒆𝒙 = 

= 𝟐√𝒆𝟐𝐜𝐨𝐬𝐡 𝒙 = 𝟐𝒆𝐜𝐨𝐬𝐡 𝒙 ≥ 𝟐 𝐜𝐨𝐬𝐡𝒙 ⋅ 𝒆𝐬𝐞𝐜𝐡 𝒙 

744. If 𝒙 ≥ 𝟎 then: 

𝒆𝒙

√𝟏 + 𝒆−𝒙
𝟑

+
𝒆−𝒙

√𝟏 + 𝒆𝒙
𝟑

≥
𝟐

√𝟏 + 𝐬𝐞𝐜𝐡 𝒙
𝟑  

Proposed by Daniel Sitaru-Romania 

Solution by Kamel Gandouli Rezgui-Tunisia 

𝒆𝒙

√𝟏 + 𝒆−𝒙
𝟑 +

𝒆−𝒙

√𝟏 + 𝒆𝒙
𝟑 ≥

𝑨𝑮𝑴
𝟐√

𝒆𝒙

√𝟏 + 𝒆−𝒙
𝟑 ⋅

𝒆−𝒙

√𝟏 + 𝒆𝒙
𝟑 =

𝟐

√𝒆
𝒙
𝟐 + 𝒆−

𝒙
𝟐

𝟑
 

𝒙 ≥ 𝟎 ⇒ 𝒆
𝒙
𝟐 + 𝒆−

𝒙
𝟐 ≥ 𝟐 ⇒ 𝒆

𝒙
𝟐 + 𝒆−

𝒙
𝟐 − 𝟏 ≥ 𝟏 

(𝒆
𝒙
𝟐 + 𝒆−

𝒙
𝟐 − 𝟏) (𝒆𝒙 + 𝒆−𝒙) ≥ (𝒆𝒙 + 𝒆−𝒙) ≥ 𝟐 

⇒ (𝒆
𝒙
𝟐 + 𝒆−

𝒙
𝟐) (𝒆𝒙 + 𝒆−𝒙) ≥ 𝒆𝒙 + 𝒆−𝒙 + 𝟐 

𝟏 +
𝟐

𝒆𝒙 + 𝒆−𝒙
≤ 𝒆

𝒙
𝟐 + 𝒆−

𝒙
𝟐 ⇒ 𝟏 + 𝐬𝐞𝐜𝐡𝒙 ≤ 𝒆

𝒙
𝟐 + 𝒆−

𝒙
𝟐 ⇒ 

𝟐

√𝒆
𝒙
𝟐 + 𝒆−

𝒙
𝟐

𝟑
≥

𝟐

√𝟏 + 𝐬𝐞𝐜𝐡𝒙
𝟑  

Therefore   
𝒆𝒙

√𝟏+𝒆−𝒙
𝟑 +

𝒆−𝒙

√𝟏+𝒆𝒙
𝟑 ≥

𝟐

√𝟏+𝐬𝐞𝐜𝐡 𝒙
𝟑  

 

745. If in 𝑨𝑩𝑪𝑫𝑬𝑭 − 𝒄𝒐𝒏𝒗𝒆𝒙𝒆 𝒉𝒆𝒙𝒂𝒈𝒐𝒏,𝑨𝑩 = 𝑩𝑪, 𝑪𝑫 = 𝑫𝑬 and 

 𝑬𝑭 = 𝑭𝑨,𝚫𝑨𝑪𝑬 is a right triangle, then find the minimum value of  

𝛀 =
𝑩𝑪

𝑩𝑬
+
𝑫𝑬

𝑫𝑨
+
𝑭𝑨

𝑭𝑪
 

Proposed by Dang Le Gia Khanh-Vietnam 
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Solution 1 by proposer 

 

Apply the Ptolemy’s inequality to the quadrilateral 𝑨𝑩𝑪𝑬, we have: 

𝑨𝑩 ⋅ 𝑪𝑬 + 𝑩𝑪 ⋅ 𝑨𝑬 ≥ 𝑨𝑪 ⋅ 𝑩𝑬 

𝑨𝑩 = 𝑩𝑪 ⇒ 𝑩𝑪(𝑪𝑬 + 𝑨𝑬) ≥ 𝑨𝑪 ⋅ 𝑩𝑬 ⇔
𝑩𝑪

𝑩𝑬
≥

𝑨𝑪

𝑪𝑬 + 𝑬𝑨
 

Similarly, we have: 

𝑫𝑬

𝑫𝑨
≥

𝑪𝑬

𝑬𝑨 + 𝑨𝑪
,
𝑭𝑨

𝑭𝑪
≥

𝑬𝑨

𝑨𝑪 + 𝑪𝑬
 

Hence, 

𝑩𝑪

𝑩𝑬
+
𝑫𝑬

𝑫𝑨
+
𝑭𝑨

𝑭𝑪
≥

𝑨𝑪

𝑪𝑬 + 𝑬𝑨
+

𝑪𝑬

𝑬𝑨 + 𝑨𝑪
+

𝑬𝑨

𝑨𝑪 + 𝑪𝑬
 

Let 𝑨𝑪 = 𝒄, 𝑪𝑬 = 𝒂,𝑬𝑨 = 𝒃,∠𝑨𝑪𝑬 = 𝜶,∠𝑨𝑬𝑪 = 𝜷((∵)𝜶+ 𝜷 = 𝟗𝟎∘) 

Thus, we get: 

𝛀 =
𝑩𝑪

𝑩𝑬
+
𝑫𝑬

𝑫𝑨
+
𝑭𝑨

𝑭𝑪
=

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
; (𝒂, 𝒃, 𝒄 > 0 𝐚𝐧𝐝 𝒂𝟐 = 𝒃𝟐 + 𝒄𝟐) 

𝛀 =
𝟏

𝒃
𝒂 +

𝒄
𝒂

+

𝒃
𝒂

𝒄
𝒂 + 𝟏

+

𝒄
𝒂

𝟏 +
𝒃
𝒂

=
𝟏

𝐬𝐢𝐧 𝜶 + 𝐬𝐢𝐧𝜷
+

𝐬𝐢𝐧𝜶

𝐬𝐢𝐧𝜷 + 𝟏
+

𝐬𝐢𝐧 𝜷

𝟏 + 𝐬𝐢𝐧 𝜶
= 

=
𝟏

𝐬𝐢𝐧 𝜶 + 𝐬𝐢𝐧𝜷
+ (𝐬𝐢𝐧𝜶 + 𝐬𝐢𝐧𝜷 + 𝟏)(

𝟏

𝐬𝐢𝐧𝜶 + 𝟏
+

𝟏

𝐬𝐢𝐧 𝜷 + 𝟏⏟              
𝑩𝒚 𝑪𝑩𝑺

)− 𝟐 ≥ 

≥
𝟏

𝐬𝐢𝐧 𝜶 + 𝐬𝐢𝐧𝜷
+
𝟒(𝐬𝐢𝐧𝜶 + 𝐬𝐢𝐧𝜷 + 𝟏)

𝐬𝐢𝐧𝜶 + 𝐬𝐢𝐧𝜷 + 𝟐
− 𝟐 
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Let 𝒕 = 𝐬𝐢𝐧𝜶 + 𝐬𝐢𝐧𝜷 = 𝐬𝐢𝐧𝜶 + 𝐜𝐨𝐬 𝜶 = √𝟐𝐬𝐢𝐧 (𝜶 +
𝝅

𝟒
) 

⇒ 𝟏 < 𝑡 ≤ √𝟐 ⇒ 𝛀 ≥
𝟏

𝒕
+
𝟒(𝒕 + 𝟏)

𝒕 + 𝟐
− 𝟐 = 𝒇(𝒕) 

𝒇′(𝒕) = −
𝟏

𝒕𝟐
+

𝟒

(𝒕 + 𝟐)𝟐
;  

𝒇′(𝒕) = 𝟎 ⇔ 𝒕 = 𝟐 (eliminated). 

 

Therefore, 

𝛀 ≥ 𝐦𝐢𝐧
(𝟏;√𝟐]

𝒇(𝒕) = 𝒇(√𝟐) =
𝟓√𝟐− 𝟒

𝟐
 

𝐦𝐢𝐧 (
𝑩𝑪

𝑩𝑬
+
𝑫𝑬

𝑫𝑨
+
𝑭𝑨

𝑭𝑪
) =

𝟓√𝟐 − 𝟒

𝟐
 

Solution 2 by Hikmat Mammadov-Azerbaijan 

 

Let 𝑨𝑬 = 𝒄, 𝑪𝑬 = 𝒃, 𝑨𝑪 = 𝒂,𝑩𝑪 = √𝒂𝟐 + 𝒑𝟐, 𝑩𝑬 = √𝒂𝟐 + (𝟐𝒃 + 𝒑)𝟐 



 
www.ssmrmh.ro 

48 RMM-INEQUALITIES MARATHON 701-800 

 

⇒ 𝛀 =
𝑩𝑬

𝑩𝑪
=
√𝒂𝟐 + (𝟐𝒃 + 𝒑)𝟐

√𝒂𝟐 + 𝒑𝟐
=
√𝟏+ (

𝟐𝒃
𝒂 +

𝒑
𝒂)
𝟐

√𝟏+ (
𝒑
𝒂)
𝟐

 

𝒙 =
𝒑

𝒂
, 𝒛 =

𝒃

𝒂
⇒ 𝛀 =

√𝟏 + (𝟐𝒛 + 𝒙)𝟐

√𝟏+ 𝒙𝟐
 

𝒅𝛀

𝒅𝒙
=

𝟐(𝟐𝒛 + 𝒙)

𝟐√𝟏+ (𝟐𝒛 + 𝒙)𝟐√𝟏 + 𝒙𝟐
−
𝟐𝒙√𝟏 + (𝟐𝒛 + 𝒙)𝟐

𝟐(𝟏 + 𝒙𝟐)√𝟏 + 𝒙𝟐
= 𝟎 

⇒ (𝟏 + 𝒙𝟐)(𝟐𝒛 + 𝒙) = 𝒙[𝟏 + (𝟐𝒛 + 𝒙)𝟐] ⇒ 𝒙𝟐 + 𝟐𝒛 − 𝟏 = 𝟎 

𝒙 = √𝒛𝟐 + 𝟏 − 𝟏 = 𝟏, 𝐟𝐨𝐫 𝒛 =
𝒃

𝒂
= 𝟏 ⇒ 

𝛀𝒎𝒂𝒙 =
√𝟏 + (𝟐 + 𝟏)𝟐

√𝟏 + 𝟏
= √𝟓 

[
𝑩𝑪

𝑩𝑬
]
𝒎𝒊𝒏

=
𝟏

𝛀𝒎𝒂𝒙
=
𝟏

√𝟓
, 𝐬𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲, [

𝑫𝑬

𝑫𝑨
]
𝒎𝒊𝒏

=
𝟏

√𝟓
,𝐰𝐢𝐭𝐡 𝒃 = 𝒂, 𝒄 = √𝟐𝒂 

⇒ {𝑭𝑨 = √𝒄
𝟐 + 𝒓𝟐

𝑭𝑪 = 𝒄 + 𝒓
⇒ 𝝎 =

𝑭𝑨

𝑭𝑪
=
√𝒄𝟐 + 𝒓𝟐

𝒄 + 𝒓
=
√𝟏+ (

𝒓
𝒄)
𝟐

𝟏 +
𝒓
𝒄

 

⇒ 𝒚 =
𝒓

𝒄
⇒ 𝝎 =

√𝟏 + 𝒚𝟐

𝟏 + 𝒚
⇒
𝒅𝝎

𝒅𝒚
=

𝒚(𝟏 + 𝒚)

√𝟏 + 𝒚𝟐
− √𝟏 + 𝒚𝟐

(𝟏 + 𝒚)𝟐
= 𝟎 

⇒ 𝒚𝟐 + 𝒚 = 𝟏 + 𝒚𝟐 ⇒ 𝒚 = 𝟏. 

𝝎𝒎𝒊𝒏 =
𝟏

√𝟐
 

𝐦𝐢𝐧 (
𝑩𝑪

𝑩𝑬
+
𝑫𝑬

𝑫𝑨
+
𝑭𝑨

𝑭𝑪
) =

𝟓√𝟐 − 𝟒

𝟐
 

746. If 𝒙, 𝒚, 𝒂, 𝒃 > 0 then: 

𝟐𝒙𝟐

√𝒂𝒃
+
𝟒𝒚𝟐

𝒂 + 𝒃
≥
𝟒(𝒙 + 𝒚)𝟐

(√𝒂 + √𝒃)
𝟐 + √𝒂𝒃(

𝒙

√𝒂𝒃
−
𝟐𝒚

𝒂 + 𝒃
)
𝟐

 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by George Florin Șerban-Romania 

𝒙

𝒚
= 𝒕 ⇒

𝟐𝒕𝟐

√𝒂𝒃
+

𝟒

𝒂 + 𝒃
≥
𝟒(𝒕 + 𝟏)𝟐

(√𝒂 + √𝒃)
𝟐 +

𝒕𝟐

√𝒂𝒃
−

𝟒𝒕

𝒂 + 𝒃
+
𝟒√𝒂𝒃

(𝒂 + 𝒃)𝟐
 

𝒕𝟐

√𝒂𝒃
+
𝟒𝒕 + 𝟒

𝒂 + 𝒃
−
𝟒√𝒂𝒃

(𝒂 + 𝒃)𝟐
≥
𝟒(𝒕 + 𝟏)𝟐

(√𝒂 + √𝒃)
𝟐 

(𝒂 + 𝒃)𝟐𝒕𝟐 + (𝟒𝒕 + 𝟒)(𝒂 + 𝒃)√𝒂𝒃 − 𝟒𝒂𝒃

√𝒂𝒃(𝒂 + 𝒃)𝟐
≥
𝟒(𝒕 + 𝟏)𝟐

(√𝒂 + √𝒃)
𝟐 

(√𝒂 + √𝒃)
𝟐
[(𝒂 + 𝒃)𝟐𝒕𝟐 + (𝟒𝒕 + 𝟒)(𝒂 + 𝒃)√𝒂𝒃 − 𝟒𝒂𝒃] ≥ 𝟒(𝒕 + 𝟏)𝟐√𝒂𝒃(𝒂 + 𝒃)𝟐 

[(𝒂 + 𝒃)𝟑 − 𝟐√𝒂𝒃(𝒂𝟐 + 𝒃𝟐 + 𝟐𝒂𝒃)]𝒕𝟐 − [𝟒√𝒂𝒃(𝒂 + 𝒃)𝟐 − 𝟖𝒂𝒃(𝒂 + 𝒃)]𝒕 + 

+𝟒𝒂𝒃(𝒂 + 𝒃 − 𝟐√𝒂𝒃) ≥ 𝟎 

(𝒂 + 𝒃)𝟐(𝒂 + 𝒃 − 𝟐√𝒂𝒃)𝒕𝟐 − 𝟒√𝒂𝒃(𝒂 + 𝒃)(𝒂 + 𝒃 − 𝟐√𝒂𝒃)𝒕 + 𝟒𝒂𝒃(√𝒂 − √𝒃)
𝟐
≥ 𝟎 

(√𝒂 − √𝒃)
𝟐
[(𝒂 + 𝒃)𝟐𝒕𝟐 − 𝟒√𝒂𝒃(𝒂 + 𝒃)𝒕 + 𝟒𝒂𝒃] ≥ 𝟎 

(√𝒂 − √𝒃)
𝟐
[(𝒂 + 𝒃)𝒕 − 𝟐√𝒂𝒃]

𝟐
≥ 𝟎 

If (√𝒂 − √𝒃)
𝟐
= 𝟎 ⇒ 𝒂 = 𝒃 

If [(𝒂 + 𝒃)𝒕 − 𝟐√𝒂𝒃]
𝟐
= 𝟎 ⇒ (𝒂 + 𝒃)𝒕 = 𝟐√𝒂𝒃 ⇒

𝒙

𝒚
=
𝟐√𝒂𝒃

𝒂+𝒃
 

Equality holds for 𝒂 = 𝒃 or 
𝒙

𝒚
=
𝟐√𝒂𝒃

𝒂+𝒃
. 

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(
𝟐𝒙𝟐

√𝒂𝒃
+
𝟒𝒚𝟐

𝒂 + 𝒃
) −

𝟒(𝒙 + 𝒚)𝟐

(√𝒂 + √𝒃)
𝟐

=
𝟐

(√𝒂 + √𝒃)
𝟐 . [(

(√𝒂 + √𝒃)
𝟐

√𝒂𝒃
− 𝟐)𝒙𝟐 + 𝟐(

(√𝒂 + √𝒃)
𝟐

𝒂 + 𝒃
− 𝟏)𝒚𝟐 − 𝟒𝒙𝒚] 

=
𝟐

(√𝒂 + √𝒃)
𝟐 . (
𝒂 + 𝒃

√𝒂𝒃
. 𝒙𝟐 − 𝟒𝒙𝒚 +

𝟒√𝒂𝒃

𝒂 + 𝒃
. 𝒚𝟐)

=
𝟐(𝒂 + 𝒃)√𝒂𝒃

(√𝒂 + √𝒃)
𝟐 . (

𝒙𝟐

𝒂𝒃
−

𝟒𝒙𝒚

√𝒂𝒃(𝒂 + 𝒃)
+

𝟒𝒚𝟐

(𝒂 + 𝒃)𝟐
) = 
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=
𝟐(𝒂 + 𝒃)

(√𝒂 + √𝒃)
𝟐 . √𝒂𝒃(

𝒙

√𝒂𝒃
−
𝟐𝒚

𝒂 + 𝒃
)
𝟐

  ≥⏞
𝑪𝑩𝑺

 𝟏. √𝒂𝒃 (
𝒙

√𝒂𝒃
−
𝟐𝒚

𝒂 + 𝒃
)
𝟐

= √𝒂𝒃 (
𝒙

√𝒂𝒃
−
𝟐𝒚

𝒂 + 𝒃
)
𝟐

. 

Therefore, 

𝟐𝒙𝟐

√𝒂𝒃
+
𝟒𝒚𝟐

𝒂 + 𝒃
≥
𝟒(𝒙 + 𝒚)𝟐

(√𝒂 + √𝒃)
𝟐 + √𝒂𝒃 (

𝒙

√𝒂𝒃
−
𝟐𝒚

𝒂 + 𝒃
)
𝟐

. 

 Solution 3 by Ravi Prakash-New Delhi-India 

Let 𝑨 =
𝒂+𝒃

𝟐
, 𝑮 = √𝒂𝒃, 𝒙 = 𝑮𝒕𝟏, 𝒚 = 𝑨𝒕𝟐. The inequality becomes: 

𝟐(𝑮𝒕𝟏)
𝟐

𝑮
+
𝟒(𝑨𝒕𝟐)

𝟐

𝟐𝑨
≥
𝟒(𝑮𝒕𝟏 + 𝑨𝒕𝟐)

𝟐

𝟐𝑨 + 𝟐𝑮
+ 𝑮(

𝑮𝒕𝟏
𝑮
−
𝟐𝑨𝒕𝟐
𝟐𝑨

)
𝟐

 

𝟐(𝑮𝒕𝟏
𝟐 + 𝑨𝒕𝟐

𝟐) − 𝑮(𝒕𝟏 − 𝒕𝟐)
𝟐 ≥

𝟐(𝑮𝒕𝟏 + 𝑨𝒕𝟐)
𝟐

𝑨 + 𝑮
 

𝟐(𝑮𝒕𝟏
𝟐 + 𝑨𝒕𝟐

𝟐) − 𝑮(𝒕𝟏
𝟐 + 𝒕𝟐

𝟐 − 𝟐𝒕𝟏𝒕𝟐) ≥
𝟐(𝑮𝟐𝒕𝟏

𝟐 + 𝑨𝟐𝒕𝟐
𝟐 − 𝟐𝒕𝟏𝒕𝟐)

𝑨 + 𝑮
 

(𝑨 + 𝑮)[𝑮𝒕𝟏
𝟐 + (𝟐𝑨 − 𝑮)𝒕𝟐

𝟐] + 𝟐(𝑨 + 𝑮)𝑮𝒕𝟏𝒕𝟐 − 𝟐𝑮
𝟐𝒕𝟏
𝟐 − 𝟐𝑨𝟐𝒕𝟐

𝟐 − 𝟒𝑮𝑨𝒕𝟏𝒕𝟐 ≥ 𝟎 

𝑮(𝑨− 𝑮)𝒕𝟏
𝟐 + 𝑮(𝑨− 𝑮)𝒕𝟐

𝟐 + 𝟐𝑮(𝑮 − 𝑨)𝒕𝟏𝒕𝟐 ≥ 𝟎 

𝑮(𝑨 − 𝑮)(𝒕𝟏 − 𝒕𝟐)
𝟐 ≥ 𝟎, which is true as 𝑮 > 0 and 𝑨 ≥ 𝑮. 

747. If 𝒂, 𝒃, 𝒄 > 1 and 𝒅 < 0, then: 

 ( 𝐥𝐨𝐠𝒂𝟐𝒃𝒄 𝒂 )
𝒅
+ ( 𝐥𝐨𝐠𝒃𝟐𝒄𝒂 𝒃 )

𝒅
+ ( 𝐥𝐨𝐠𝒄𝟐𝒂𝒃 𝒄 )

𝒅
≥ 
𝟑

𝟒𝒅
 

Proposed by Pavlos Trifon-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

( 𝐥𝐨𝐠𝒂𝟐𝒃𝒄 𝒂 )
𝒅
+ ( 𝐥𝐨𝐠𝒃𝟐𝒄𝒂 𝒃 )

𝒅
+ ( 𝐥𝐨𝐠𝒄𝟐𝒂𝒃 𝒄 )

𝒅
 ≥⏞
(∗)

 
𝟑

𝟒𝒅
 

𝑳𝒆𝒕 𝒙 = 𝐥𝐨𝐠𝒂 , 𝒚 = 𝐥𝐨𝐠 𝒃 , 𝒛 = 𝐥𝐨𝐠 𝒄 , 𝒕 = −𝒅 →  𝒙, 𝒚, 𝒛, 𝒕 > 0 

(∗)  ↔  (
𝒙

𝟐𝒙 + 𝒚 + 𝒛
)
−𝒕

+ (
𝒚

𝟐𝒚 + 𝒛 + 𝒙
)
−𝒕

+ (
𝒛

𝟐𝒛 + 𝒙 + 𝒚
)
−𝒕

≥
𝟑

𝟒−𝒕
 ↔ 
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 ∑(
𝟐𝒙 + 𝒚 + 𝒛

𝒙
)
𝒕

𝒄𝒚𝒄

≥ 𝟑. 𝟒𝒕 

∑(
𝟐𝒙 + 𝒚 + 𝒛

𝒙
)
𝒕

𝒄𝒚𝒄

 ≥⏞
𝑨𝑴−𝑮𝑴

 𝟑√∏(
𝟐𝒙+ 𝒚 + 𝒛

𝒙
)
𝒕

𝒄𝒚𝒄

𝟑

= 𝟑. √
[(𝒙 + 𝒚) + (𝒙 + 𝒛)][(𝒚 + 𝒛) + (𝒚 + 𝒙)][(𝒛 + 𝒙) + (𝒛 + 𝒚)]

𝒙𝒚𝒛

𝟑

 𝒕

≥ 

≥⏞
𝑪𝒆𝒔𝒂𝒓𝒐

 𝟑. √
𝟖(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)

𝒙𝒚𝒛

𝟑

 𝒕

 ≥⏞
𝑪𝒆𝒔𝒂𝒓𝒐

 𝟑. √
𝟖. 𝟖𝒙𝒚𝒛

𝒙𝒚𝒛

𝟑

 𝒕

= 𝟑.𝟒𝒕  →  (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ( 𝐥𝐨𝐠𝒂𝟐𝒃𝒄 𝒂 )
𝒅
+ ( 𝐥𝐨𝐠𝒃𝟐𝒄𝒂 𝒃 )

𝒅
+ ( 𝐥𝐨𝐠𝒄𝟐𝒂𝒃 𝒄 )

𝒅
≥
𝟑

𝟒𝒅
. 

Solution 2 by proposer 

Lemma. If 𝒙, 𝒚, 𝒛 > 0, then  

∑
𝒙

𝟐𝒙 + 𝒚 + 𝒛
𝒄𝒚𝒄

≤
𝟑

𝟒
 

𝐏𝐫𝐨𝐨𝐟.∑
𝟏

𝟐𝒙 + 𝒚 + 𝒛
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝟏 + 𝟏 + 𝟏)𝟐

(𝟐𝒙 + 𝒚 + 𝒛) + (𝒙 + 𝟐𝒚 + 𝒛) + (𝒙 + 𝒚 + 𝟐𝒛)

=
𝟗

𝟒(𝒙 + 𝒚 + 𝒛)
; (𝟏) 

Equality holds for 𝒙 = 𝒚 = 𝒛. 

∑
𝒙

𝟐𝒙 + 𝒚 + 𝒛
𝒄𝒚𝒄

≤
𝟑

𝟒
⇔∑(𝟏−

𝒙

𝟐𝒙 + 𝒚 + 𝒛
)

𝒄𝒚𝒄

≥ 𝟑 −
𝟑

𝟒
⇔ 

∑
𝟏

𝟐𝒙 + 𝒚 + 𝒛
𝒄𝒚𝒄

≥
𝟗

𝟒(𝒙 + 𝒚 + 𝒛)
⇔ (𝟏) 

𝐍𝐨𝐰, 𝐥𝐨𝐠𝒂𝟐𝒃𝒄 𝒂 + 𝐥𝐨𝐠𝒂𝒃𝟐𝒄 𝒃 + 𝐥𝐨𝐠𝒂𝒃𝒄𝟐 𝒄 =
𝐥𝐨𝐠 𝒂

𝐥𝐨𝐠(𝒂𝟐𝒃𝒄)
+

𝐥𝐨𝐠𝒃

𝐥𝐨𝐠(𝒂𝒃𝟐𝒄)
+

𝐥𝐨𝐠 𝒄

𝐥𝐨𝐠(𝒂𝒃𝒄𝟐)
= 

=
𝐥𝐨𝐠𝒂

𝟐 𝐥𝐨𝐠𝒂 + 𝐥𝐨𝐠 𝒃 + 𝐥𝐨𝐠 𝒄
+

𝐥𝐨𝐠 𝒃

𝐥𝐨𝐠 𝒂 + 𝟐 𝐥𝐨𝐠𝒃 + 𝐥𝐨𝐠 𝒄
+

𝐥𝐨𝐠 𝒄

𝐥𝐨𝐠𝒂 + 𝐥𝐨𝐠𝒃 + 𝟐 𝐥𝐨𝐠 𝒄
 

Let 𝒙 = 𝐥𝐨𝐠 𝒂 , 𝒚 = 𝐥𝐨𝐠𝒃 , 𝒛 = 𝐥𝐨𝐠 𝒄 ; 𝒙, 𝒚, 𝒛 > 0, then we have: 
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∑
𝒙

𝟐𝒙 + 𝒚 + 𝒛
𝒄𝒚𝒄

≤
𝑳𝒆𝒎𝒎𝒂 𝟑

𝟒
; (𝟐) 

Equality holds for 𝒙 = 𝒚 = 𝒛 ⇔ 𝒂 = 𝒃 = 𝒄. For 𝟏 > 0 > 𝑑, we get: 

(
(𝐥𝐨𝐠𝒂𝟐𝒃𝒄 𝒂)

𝒅
+ (𝐥𝐨𝐠𝒂𝒃𝟐𝒄 𝒃)

𝒅
+ (𝐥𝐨𝐠𝒂𝒃𝒄𝟐 𝒄)

𝒅

𝟑
)

𝟏
𝒅

≤
𝐥𝐨𝐠𝒂𝟐𝒃𝒄 𝒂 + 𝐥𝐨𝐠𝒂𝒃𝟐𝒄 𝒃 + 𝐥𝐨𝐠𝒂𝒃𝒄𝟐 𝒄

𝟑
 

⇔ (
(𝐥𝐨𝐠𝒂𝟐𝒃𝒄 𝒂)

𝒅
+ (𝐥𝐨𝐠𝒂𝒃𝟐𝒄 𝒃)

𝒅
+ (𝐥𝐨𝐠𝒂𝒃𝒄𝟐 𝒄)

𝒅

𝟑
)

𝟏
𝒅

≤
𝟏

𝟒
 

⇔ (𝐥𝐨𝐠𝒂𝟐𝒃𝒄 𝒂)
𝒅
+ (𝐥𝐨𝐠𝒂𝒃𝟐𝒄 𝒃)

𝒅
+ (𝐥𝐨𝐠𝒂𝒃𝒄𝟐 𝒄)

𝒅
≥
𝟑

𝟒𝒅
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

748. Let 𝒂 ∈ ℝ, 𝒏 ∈ ℕ,𝒏 ≥ 𝟐. Prove that: 

−(𝟏 + 𝒂𝟐)𝒏 ≤ (𝟐𝒂)𝒏 + (𝟏 − 𝒂𝟐)𝒏 ≤ (𝟏 + 𝒂𝟐)𝒏 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Ravi Prakash-New Delhi-India 

Put 𝒂 = 𝐭𝐚𝐧 𝜽 ,−
𝝅

𝟐
< 𝜃 <

𝝅

𝟐
, we get: 

|(
𝟐𝒂

𝟏 + 𝒂𝟐
)
𝒏

+ (
𝟏− 𝒂𝟐

𝟏 + 𝒂𝟐
)

𝒏

| = |(
𝟐 𝐭𝐚𝐧 𝜽

𝟏 + 𝐭𝐚𝐧𝟐 𝜽
)
𝒏

+ (
𝟏− 𝐭𝐚𝐧𝟐 𝜽

𝟏 + 𝐭𝐚𝐧𝟐 𝜽
)

𝒏

| ≤ 

≤ |(𝐬𝐢𝐧𝟐𝜽)𝒏 + (𝐜𝐨𝐬𝟐𝜽)𝒏| ≤ |𝐬𝐢𝐧𝟐𝜽|𝒏 + |𝐜𝐨𝐬 𝟐𝜽|𝒏 ≤ 𝐬𝐢𝐧𝟐 𝜽 + 𝐜𝐨𝐬𝟐 𝜽 = 𝟏,𝒏 ≥ 𝟏 

|𝐬𝐢𝐧 𝟐𝜽|, |𝐜𝐨𝐬 𝟐𝜽| ≤ 𝟏 

Hence, |(𝟐𝒂)𝒏 + (𝟏 − 𝒂𝟔𝟐 )𝒏| ≤ (𝟏 + 𝒂𝟐)𝒏. 

Therefore, 

−(𝟏 + 𝒂𝟐)𝒏 ≤ (𝟐𝒂)𝒏 + (𝟏 − 𝒂𝟐)𝒏 ≤ (𝟏 + 𝒂𝟐)𝒏 

 

749. Let 𝟎 < 𝑎 < 𝑏 < 𝑐; 𝑥 ≥ 0. Prove that: 

𝒂𝟐
(𝒙 − 𝒃)(𝒙 − 𝒄)

(𝒂 − 𝒃)(𝒂 − 𝒄)
+ 𝒃𝟐

(𝒙 − 𝒄)(𝒙 − 𝒂)

(𝒃 − 𝒄)(𝒃 − 𝒂)
+ 𝒄𝟐

(𝒙 − 𝒂)(𝒙 − 𝒃)

(𝒄 − 𝒂)(𝒄 − 𝒃)
≥ 𝟐𝒙 − 𝟏 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution by Ravi Prakash-New Delhi-India 

𝐋𝐞𝐭: 𝒇(𝒙) = 𝒂𝟐
(𝒙 − 𝒃)(𝒙 − 𝒄)

(𝒂 − 𝒃)(𝒂 − 𝒄)
+ 𝒃𝟐

(𝒙 − 𝒄)(𝒙 − 𝒂)

(𝒃 − 𝒄)(𝒃 − 𝒂)
+ 𝒄𝟐

(𝒙 − 𝒂)(𝒙 − 𝒃)

(𝒄 − 𝒂)(𝒄 − 𝒃)
− 𝒙𝟐 

𝒇(𝒙) −is a quadratic polynomial. Also, 

𝒇(𝒂) = 𝟎; 𝒇(𝒃) = 𝟎; 𝒇(𝒄) = 𝟎 ⇒ 𝒇(𝒙) ≡ 𝟎 ⇒ 

𝒂𝟐
(𝒙 − 𝒃)(𝒙 − 𝒄)

(𝒂 − 𝒃)(𝒂 − 𝒄)
+ 𝒃𝟐

(𝒙 − 𝒄)(𝒙 − 𝒂)

(𝒃 − 𝒄)(𝒃 − 𝒂)
+ 𝒄𝟐

(𝒙 − 𝒂)(𝒙 − 𝒃)

(𝒄 − 𝒂)(𝒄 − 𝒃)
≡ 𝒙𝟐 

Also, (𝒙 − 𝟏)𝟐 ≥ 𝟎 ⇒ 𝒙𝟐 ≥ 𝟐𝒙 − 𝟏. Thus, 

𝒂𝟐
(𝒙 − 𝒃)(𝒙 − 𝒄)

(𝒂 − 𝒃)(𝒂 − 𝒄)
+ 𝒃𝟐

(𝒙 − 𝒄)(𝒙 − 𝒂)

(𝒃 − 𝒄)(𝒃 − 𝒂)
+ 𝒄𝟐

(𝒙 − 𝒂)(𝒙 − 𝒃)

(𝒄 − 𝒂)(𝒄 − 𝒃)
≥ 𝟐𝒙 − 𝟏 

750. For 𝒙 > 0, prove that: 

𝐥𝐨𝐠𝟐𝟎𝟐𝟎 𝒙 ≤
𝟏

𝟐𝟎𝟐𝟏
∑ (𝐥𝐨𝐠𝟐𝟎𝟐𝟎 𝒌 +

𝟏

𝒌
(𝒙 − 𝒌) −

𝟏

𝟐!𝒌𝟐
(𝒙 − 𝒌)𝟐 +

𝟐

𝟑!𝒌𝟑
(𝒙 − 𝒌)𝟑)

𝟐𝟎𝟐𝟏

𝒌=𝟎

 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Adrian Popa-Romania 

𝐥𝐨𝐠𝟐𝟎𝟐𝟎 𝒙 ≤
𝟏

𝟐𝟎𝟐𝟏
∑ (𝐥𝐨𝐠𝟐𝟎𝟐𝟎 𝒌 +

𝟏

𝒌
(𝒙 − 𝒌) −

𝟏

𝟐!𝒌𝟐
(𝒙 − 𝒌)𝟐 +

𝟐

𝟑!𝒌𝟑
(𝒙 − 𝒌)𝟑)

𝟐𝟎𝟐𝟏

𝒌=𝟎

 

𝐥𝐨𝐠 𝒙

𝐥𝐨𝐠𝟐𝟎𝟐𝟏
≤

𝟏

𝟐𝟎𝟐𝟏
∑ (

𝐥𝐨𝐠 𝒌

𝐥𝐨𝐠 𝟐𝟎𝟐𝟏
+
𝟏

𝒌
(𝒙 − 𝒌) −

𝟏

𝟐!𝒌𝟐
(𝒙 − 𝒌)𝟐 +

𝟐

𝟑!𝒌𝟑
(𝒙 − 𝒌)𝟑)

𝟐𝟎𝟐𝟏

𝒌=𝟎

 

𝟏

𝐥𝐨𝐠 𝟐𝟎𝟐𝟏
∑ 𝐥𝐨𝐠 (

𝒙

𝒌
)

𝟐𝟎𝟐𝟏

𝒌=𝟏

≤ ∑ (

𝒙
𝒌 − 𝟏

𝟏!
−
(
𝒙
𝒌 − 𝟏)

𝟐

𝟐!
+
𝟐(
𝒙
𝒌 − 𝟏)

𝟑

𝟑!
)

𝟐𝟎𝟐𝟏

𝒌=𝟏

 

Let 𝒇(𝒚) = 𝐥𝐨𝐠𝒚 and using Taylor expansion, we get: 

𝒇(𝒚) =
𝒇′(𝟏)

𝟏!
(𝒚 − 𝟏) +

𝒇′′(𝒚)

𝟐!
(𝒚 − 𝟏)𝟐 +

𝒇′′′(𝒚)

𝟑!
(𝒚 − 𝟏)𝟑 +⋯ 

𝒇′(𝒚) =
𝟏

𝒚
, 𝒇′(𝟏) = 𝟏 

𝒇′′(𝒚) = −
𝟏

𝒚𝟐
, 𝒇′′(𝟏) = −𝟏 
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𝒇′′′(𝒚) =
𝟐

𝒚𝟑
, 𝒇′′′(𝟏) = 𝟏 

Hence,  

𝐥𝐨𝐠 𝒚 <
(𝒚 − 𝟏)!

𝟏!
−
(𝒚 − 𝟏)𝟐

𝟐!
+
𝟐(𝒚 − 𝟏)𝟑

𝟑!
 

Let 𝒚 =
𝒙

𝒌
, then we get: 

∑ 𝐥𝐨𝐠(
𝒙

𝒌
)

𝟐𝟎𝟐𝟏

𝒌=𝟏

< ∑ (

𝒙
𝒌
− 𝟏

𝟏!
−
(
𝒙
𝒌
− 𝟏)

𝟐

𝟐!
+
𝟐(
𝒙
𝒌
− 𝟏)

𝟑

𝟑!
)

𝟐𝟎𝟐𝟏

𝒌=𝟏

; (𝟏) 

But 𝐥𝐨𝐠 𝟐𝟎𝟐𝟎 > 𝐥𝐨𝐠 𝒆 = 𝟏, thus, 

𝟏

𝐥𝐨𝐠 𝟐𝟎𝟐𝟎
∑ 𝐥𝐨𝐠 (

𝒙

𝒌
)

𝟐𝟎𝟐𝟏

𝒌=𝟏

< ∑ 𝐥𝐨𝐠(
𝒙

𝒌
)

𝟐𝟎𝟐𝟏

𝒌=𝟏

; (𝟐) 

From (1) and (2) it follows that: 

𝐥𝐨𝐠𝟐𝟎𝟐𝟎 𝒙 ≤
𝟏

𝟐𝟎𝟐𝟏
∑ (𝐥𝐨𝐠𝟐𝟎𝟐𝟎 𝒌 +

𝟏

𝒌
(𝒙 − 𝒌) −

𝟏

𝟐!𝒌𝟐
(𝒙 − 𝒌)𝟐 +

𝟐

𝟑!𝒌𝟑
(𝒙 − 𝒌)𝟑)

𝟐𝟎𝟐𝟏

𝒌=𝟎

 

751. Let 𝒂, 𝒃, 𝒄, 𝒅 ∈ ℝ and 𝒇(𝒙) = 𝒙𝟒 + 𝒂𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅 ≥ 𝟎, 

𝒇′(𝒙), 𝒇′′(𝒙), 𝒇′′′(𝒙) ≥ 𝟎, ∀𝒙 ∈ ℝ.  Prove that: 

𝒇(𝒙) ≥ 𝒇(𝒙𝟎) + (𝟒𝒙𝟎
𝟑 + 𝟑𝒂𝒙𝟎

𝟐 + 𝟐𝒃𝒙𝟎 + 𝒄)(𝒙 − 𝒙𝟎) + 

+(𝟔𝒙𝟎
𝟐 + 𝟑𝒂𝒙𝟎 + 𝒃)(𝒙 − 𝒙𝟎)

𝟐 + (𝟒𝒙 + 𝒂)𝒙𝟎(𝒙 − 𝒙𝟎)
𝟑; ∀𝒙, 𝒙𝟎 ∈ ℝ, 𝒙 ≥ 𝒙𝟎 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Soumitra Mandal-Chandar Nagore-India 

Taylor’s Expansion: 

𝒇(𝒙) = 𝒇(𝒙 − 𝒙𝟎 + 𝒙𝟎)) = 𝒇(𝒙𝟎) = 

= 𝒇(𝒙𝟎) + (𝒙 − 𝒙𝟎)𝒇
′(𝒙𝟎) +

(𝒙 − 𝒙𝟎)
𝟐

𝟐!
𝒇′′(𝒙𝟎) +

(𝒙 − 𝒙𝟎)
𝟑

𝟑!
𝒇′′′(𝒙𝟎) + 𝑶((𝒙 − 𝒙𝟎)

𝟒) 

𝒇(𝒙) ≥ 𝒇(𝒙𝟎) + (𝒙 − 𝒙𝟎)𝒇
′(𝒙𝟎) +

(𝒙 − 𝒙𝟎)
𝟐

𝟐!
𝒇′′(𝒙𝟎) +

(𝒙 − 𝒙𝟎)
𝟑

𝟑!
𝒇′′′(𝒙𝟎) = 

= 𝒇(𝒙𝟎) + (𝒙 − 𝒙𝟎)(𝟒𝒙𝟎
𝟑 + 𝟑𝒂𝒙𝟎

𝟐 + 𝟐𝒃𝒙𝟎 + 𝒄) +
𝟏𝟐𝒙𝟎

𝟐 + 𝟔𝒂𝒙𝟎 + 𝟐𝒃

𝟐!
(𝒙 − 𝒙𝟎)

𝟐 + 
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+
𝟐𝟒𝒙𝟎 + 𝟔𝒂

𝟑!
(𝒙 − 𝒙𝟎)

𝟑 = 𝒇(𝒙𝟎) + (𝟒𝒙𝟎
𝟑 + 𝟑𝒂𝒙𝟎

𝟐 + 𝟐𝒃𝒙𝟎 + 𝒄)(𝒙 − 𝒙𝟎) + 

+(𝟔𝒙𝟎
𝟐 + 𝟑𝒂𝒙𝟎 + 𝒃)(𝒙 − 𝒙𝟎)

𝟐 + (𝟒𝒙 + 𝒂)𝒙𝟎(𝒙 − 𝒙𝟎)
𝟑 

752. Find all 𝒎 ∈ ℝ such that: 

𝐦𝐚𝐱{𝒆−𝒎𝒙
𝟐
+ 𝒆𝒎𝒙

𝟐
} ≤ 𝟐; ∀𝒙 ∈ [−𝟏, 𝟏] 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Amrit Awasthi-India 

𝒙 ∈ [−𝟏, 𝟏] ⇒ 𝒚 = 𝒙𝟐 ∈ [𝟎, 𝟏] 

Using AM-GM Inequality, we get: 

𝑺 = 𝒆−𝒎𝒚 + 𝒆𝒎𝒚 ≥ 𝟐 ⋅ √𝒆−𝒎𝒚 ⋅ 𝒆𝒎𝒚 = 𝟐 

But it’s given that 𝐦𝐚𝐱{𝑺} ≤ 𝟐, hence we must have 

𝒆−𝒎𝒚 = 𝒆𝒎𝒚 ⇔ −𝒎𝒚 = 𝒎𝒚 ⇔ 𝒎 = 𝟎. 

Solution 2 by Hikmat Mammadov-Azerbaijan 

Let 𝒆𝒎𝒙
𝟐
= 𝑺; 𝒆−𝒎𝒙

𝟐
=
𝟏

𝑺
; ∀𝑺 > 0 

By AM-GM, we have: 𝑺 +
𝟏

𝑺
≥ 𝟐. Equality holds for 𝑺 = 𝟏. 

∀𝒙 ∈ [−𝟏, 𝟏], ∀𝒚 ∈ ℝ ⇒ 𝒆𝒎𝒙
𝟐
> 0, so, 𝒆𝒎𝒙

𝟐
+ 𝒆−𝒎𝒙

𝟐
= 𝑺 +

𝟏

𝑺
≥ 𝟐 

⇒ 𝟐 ≤ 𝑺 +
𝟏

𝑺
≤ 𝟐 ⇒ 𝑺 =

𝟏

𝑺
= 𝟏 ⇒ 𝒆𝒎𝒙

𝟐
= 𝟏 ⇒ 𝒎𝒙𝟐 = 𝟎 ⇒ 𝒎 = 𝟎. 

753. If the minimum value of 

𝒇(𝒙, 𝒚) = √𝒙𝟐 + 𝒚𝟐 − 𝟏𝟎𝒙 − 𝟏𝟎𝒚 + 𝟓𝟎 + √𝒚𝟐 − 𝟒𝒚 + 𝟐𝟎

+ √𝒙𝟐 − 𝟏𝟒𝒙 + 𝟕𝟒 

Is 𝒎 and occurs at 𝒙 = 𝜶, 𝒚 = 𝜷, then find 𝒎+ 𝟒𝜶 + 𝟑𝜷. 

Proposed by Rajeev Rastogi-India 

Solution by Hikmat Mammadov-Azerbaijan 

𝒇(𝒙, 𝒚) = √𝒙𝟐 + 𝒚𝟐 − 𝟏𝟎𝒙 − 𝟏𝟎𝒚 + 𝟓𝟎+ √𝒚𝟐 − 𝟒𝒚 + 𝟐𝟎 + √𝒙𝟐 − 𝟏𝟒𝒙 + 𝟕𝟒 

√𝒙𝟐 + 𝒚𝟐 − 𝟏𝟎𝒙 − 𝟏𝟎𝒚 + 𝟓𝟎 = √(𝒙 − 𝟓)𝟐 + (𝟓 − 𝒚)𝟐 
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√𝒚𝟐 − 𝟒𝒚 + 𝟐𝟎 = √𝟒𝟐 + (𝒚 − 𝟐)𝟐 

√𝒙𝟐 − 𝟏𝟒𝒙 + 𝟕𝟒 = √(𝟕 − 𝒙)𝟐 + 𝟓𝟐 

Now, using Minkowski’s inequality,  

√𝒂𝟐 + 𝒃𝟐 + √𝒄𝟐 + 𝒅𝟐 +√𝒆𝟐 + 𝒇𝟐 ≥ √(𝒂 + 𝒄 + 𝒆)𝟐 + (𝒃 + 𝒅 + 𝒇)𝟐 

𝒇(𝒙, 𝒚) = √𝒙𝟐 + 𝒚𝟐 − 𝟏𝟎𝒙 − 𝟏𝟎𝒚 + 𝟓𝟎 +√𝒚𝟐 − 𝟒𝒚 + 𝟐𝟎+ √𝒙𝟐 − 𝟏𝟒𝒙 + 𝟕𝟒 = 

= √(𝒙 − 𝟓)𝟐 + (𝟓 − 𝒚)𝟐 + √𝟒𝟐 + (𝒚 − 𝟐)𝟐 +√(𝟕 − 𝒙)𝟐 + 𝟓𝟐 ≥ 

≥ √(𝒙 − 𝟓 + 𝟒 + 𝟕 − 𝒙)𝟐 + (𝟓 − 𝒚 + 𝒚 − 𝟐 + 𝟓)𝟐 = √𝟔𝟐 + 𝟖𝟐 = √𝟏𝟎𝟎 = 𝟏𝟎. 

Hence, 𝒎 = 𝟏𝟎 occurs when 

𝒙 − 𝟓

𝟓 − 𝒚
=

𝟒

𝒚 − 𝟐
=
𝟕 − 𝒙

𝟓
=
𝟔

𝟖
⇒ {

𝒙 =
𝟏𝟑

𝟒
= 𝜶

𝒚 =
𝟐𝟐

𝟑
= 𝜷

⇒ {
𝟒𝜶 = 𝟏𝟑
𝟑𝜷 = 𝟐𝟐

 

So, 𝒎+ 𝟒𝜶+ 𝟑𝜷 = 𝟏𝟎 + 𝟏𝟑 + 𝟐𝟐 = 𝟒𝟓 

754. Let 𝜶 < 𝜷 < 𝜸. Prove that: 

𝟏) 
𝜶𝟐

|𝜶 − 𝜷||𝜶 − 𝜸|
+

𝜷𝟐

|𝜷 − 𝜶||𝜷 − 𝜸|
+

𝜸𝟐

|𝜸 − 𝜶||𝜸 − 𝜷|
≥ 𝐜𝐨𝐬(𝜶𝟐 + 𝜷𝟐 + 𝜸𝟐) 

𝟐) |𝜶𝜷(𝜶 − 𝜷)| + |𝜷𝜸(𝜸 − 𝜷)| + |𝜸𝜶(𝜸 − 𝜶)| ≥ |(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)| 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝛂 − 𝛃 < 𝟎 ⇒ |𝛂 − 𝛃| = 𝛃 − 𝛂 𝒂𝐧𝐝 |𝛃 − 𝛂| = 𝛃 − 𝛂,𝒂𝐧𝐝 𝛂 − 𝛄 < 𝟎 ⇒ |𝛂 − 𝛄|

= 𝛄 − 𝛂 𝒂𝐧𝐝 |𝛄 − 𝛂| = 𝛄 − 𝛂,𝒂𝐧𝐝 𝛃 − 𝛄 < 𝟎 ⇒ |𝛃 − 𝛄|

= 𝛄 − 𝛃 𝒂𝐧𝐝 |𝛄 − 𝛃| = 𝛄 − 𝛃 

∴
𝛂𝟐

|𝛂 − 𝛃||𝛂 − 𝛄|
+

𝛃𝟐

|𝛃 − 𝛂||𝛃 − 𝛄|
+

𝛄𝟐

|𝛄 − 𝛂||𝛄 − 𝛃|

=
𝛂𝟐

(𝛃 − 𝛂)(𝛄 − 𝛂)
+

𝛃𝟐

(𝛃 − 𝛂)(𝛄 − 𝛃)
+

𝛄𝟐

(𝛄 − 𝛂)(𝛄 − 𝛃)

=
𝛂𝟐(𝛄 − 𝛃) + 𝛃𝟐(𝛄 − 𝛂) + 𝛄𝟐(𝛃 − 𝛂)

(𝛃 − 𝛂)(𝛄 − 𝛃)(𝛄 − 𝛂)
− 𝟏 + 𝟏 
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=
𝛂𝟐(𝛄 − 𝛃) + 𝛃𝟐(𝛄 − 𝛂) + 𝛄𝟐(𝛃 − 𝛂) − (𝛃 − 𝛂)(𝛄 − 𝛃)(𝛄 − 𝛂)

(𝛃 − 𝛂)(𝛄 − 𝛃)(𝛄 − 𝛂)
+ 𝟏

=
𝟐𝛃𝟐(𝛄 − 𝛂)

(𝛃 − 𝛂)(𝛄 − 𝛃)(𝛄 − 𝛂)
+ 𝟏 =

𝟐𝛃𝟐

(𝛃 − 𝛂)(𝛄 − 𝛃)
+ 𝟏

≥ 𝟏 [∵ 𝛃 − 𝛂, 𝛄 − 𝛃 > 𝟎 ⇒ (𝛃 − 𝛂)(𝛄 − 𝛃) > 𝟎] 

≥ 𝐜𝐨𝐬(𝛂𝟐 + 𝛃𝟐 + 𝛄𝟐)

⇒
𝛂𝟐

|𝛂 − 𝛃||𝛂 − 𝛄|
+

𝛃𝟐

|𝛃 − 𝛂||𝛃 − 𝛄|
+

𝛄𝟐

|𝛄 − 𝛂||𝛄 − 𝛃|
≥ 𝐜𝐨𝐬(𝛂𝟐 + 𝛃𝟐 + 𝛄𝟐) ∀ 𝛂 < 𝛃 < 𝛄  

𝐍𝐨𝐰,𝛂 < 𝛃 < 𝛄 ⇒ 𝟒 𝐜𝒂𝐬𝐞𝐬 𝒂𝐫𝐞 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞 ∶ (𝐢) 𝟎 ≤ 𝛂 < 𝛃 < 𝛄, (𝐢𝐢) 𝛂 < 𝟎 ≤ 𝛃

< 𝛄, (𝐢𝐢𝐢) 𝛂 < 𝛃 < 𝟎 ≤ 𝛄, (𝐢𝐯) 𝛂 < 𝛃 < 𝛄 < 𝟎 

𝐍𝐨𝐰, |𝛂𝛃(𝛂 − 𝛃)| + |𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)|

≥ |𝛂𝛃(𝛂 − 𝛃) + 𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)|

≥ |𝛂𝛃(𝛂 − 𝛃) + 𝛃𝛄(𝛄 − 𝛃) + 𝛄𝛂(𝛄 − 𝛂)| (∵ |𝒙 + 𝐲| ≥ |𝒙 + 𝐲| ∀ 𝒙, 𝐲 ∈ ℂ) 

≥⏞
?

|(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)|

⇔ |𝛂𝛃(𝛂 − 𝛃) + 𝛃𝛄(𝛄 − 𝛃) + 𝛄𝛂(𝛄 − 𝛂)|𝟐≥⏞
?

|(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)|𝟐

⇔ (𝛂𝛃(𝛂 − 𝛃) + 𝛃𝛄(𝛄 − 𝛃) + 𝛄𝛂(𝛄 − 𝛂))
𝟐
≥⏞
?

(𝛂 − 𝛃)𝟐(𝛃 − 𝛄)𝟐(𝛄 − 𝛂)𝟐 

⇔ 𝟒(−𝛂𝟐𝛃𝟑𝛄 + 𝟐𝛂𝟐𝛃𝟐𝛄𝟐 − 𝛂𝟐𝛃𝛄𝟑 + 𝛂𝛃𝟒𝛄 − 𝛂𝛃𝟑𝛄𝟐 − 𝛂𝛃𝟐𝛄𝟑 + 𝛂𝛃𝛄𝟒)≥⏞
?

𝟎

⇔ −𝛂𝟐𝛃𝛄(𝛃𝟐 + 𝛄𝟐 − 𝟐𝛃𝛄) + 𝛂𝛃𝛄(𝛃𝟑 + 𝛄𝟑 − 𝛃𝛄(𝛃 + 𝛄))≥⏞
?

𝟎 

⇔ −𝛂𝟐𝛃𝛄(𝛃 − 𝛄)𝟐 + 𝛂𝛃𝛄(𝛃 + 𝛄)(𝛃 − 𝛄)𝟐≥⏞
?

𝟎 ⇔ 𝛂𝛃𝛄(𝛃 − 𝛄)𝟐(𝛃 + 𝛄 − 𝛂)≥⏞
?

𝟎

⇔ 𝛂𝛃𝛄(𝛃 + 𝛄 − 𝛂) ≥⏞
?

⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐟𝐨𝐫 𝐜𝒂𝐬𝐞 (𝐢), 𝛂𝛃𝛄 ≥ 𝟎 𝒂𝐧𝐝 𝛃 + 𝛄 − 𝛂 >⏞
𝛃 − 𝛂 > 𝟎 

𝛄 >  𝟎 ⇒ 𝛂𝛃𝛄(𝛃 + 𝛄 − 𝛂) ≥ 𝟎

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐟𝐨𝐫 𝐜𝒂𝐬𝐞 (𝐢𝐢𝐢), 𝛂𝛃 > 𝟎 𝒂𝐧𝐝 𝛄 ≥ 𝟎 ⇒ 𝛂𝛃𝛄

≥ 𝟎 𝒂𝐧𝐝 𝛃 + 𝛄 − 𝛂 >⏞
𝛃 − 𝛂 > 𝟎 

𝛄 ≥ 𝟎 
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⇒ 𝛂𝛃𝛄(𝛃 + 𝛄 − 𝛂) ≥ 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞

∴ 𝐟𝐨𝐫 𝐜𝒂𝐬𝐞𝐬 (𝐢) 𝒂𝐧𝐝 (𝐢𝐢𝐢), |𝛂𝛃(𝛂 − 𝛃)| + |𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)| ≥ |(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)|  

 𝒂𝐧𝐝 𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧   

𝐜𝒂𝐬𝐞𝐬 (𝐢𝐢) 𝒂𝐧𝐝 (𝐢𝐯) 𝒂𝐧𝐝 𝐭𝐫𝐞𝒂𝐭 𝐭𝐡𝐞𝐦 𝐬𝐞𝐩𝒂𝐫𝒂𝐭𝐞𝐥𝐲  

𝐂𝒂𝐬𝐞 (𝐢𝐢)  𝛂 < 𝟎 ≤ 𝛃 < 𝛄 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, |𝛂𝛃(𝛂 − 𝛃)| = 𝛂𝛃(𝛂 − 𝛃), |𝛃𝛄(𝛄 − 𝛃)|

= 𝛃𝛄(𝛄 − 𝛃), |𝛄𝛂(𝛄 − 𝛂)| = −𝛄𝛂(𝛄 − 𝛂) 𝒂𝐧𝐝 |(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)|

= (𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂) 

∴ |𝛂𝛃(𝛂 − 𝛃)| + |𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)| ≥ |(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)|

⇔ 𝛂𝛃(𝛂 − 𝛃) + 𝛃𝛄(𝛄 − 𝛃) − 𝛄𝛂(𝛄 − 𝛂) ≥ (𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)

⇔ 𝟐𝛂𝛃(𝛂 − 𝛃) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝛂𝛃 ≤ 𝟎 𝒂𝐧𝐝 𝛂 − 𝛃 < 𝟎 ⇒ 𝛂𝛃(𝛂 − 𝛃) ≥ 𝟎 ⇒ |𝛂𝛃(𝛂 − 𝛃)| + |𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)|

≥ |(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)| 

𝐂𝒂𝐬𝐞 (𝐢𝐯)  𝛂 < 𝛃 < 𝛄 < 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, |𝛂𝛃(𝛂 − 𝛃)| = −𝛂𝛃(𝛂 − 𝛃), |𝛃𝛄(𝛄 − 𝛃)|

= 𝛃𝛄(𝛄 − 𝛃), |𝛄𝛂(𝛄 − 𝛂)| = 𝛄𝛂(𝛄 − 𝛂) 𝒂𝐧𝐝 |(𝛂 − 𝛃)(𝛃− 𝛄)(𝛄 − 𝛂)|

= (𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂) 

∴ |𝛂𝛃(𝛂 − 𝛃)| + |𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)| ≥ |(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)|

⇔ −𝛂𝛃(𝛂 − 𝛃) + 𝛃𝛄(𝛄 − 𝛃) + 𝛄𝛂(𝛄 − 𝛂) ≥ (𝛂 − 𝛃)(𝛃− 𝛄)(𝛄 − 𝛂)

⇔ 𝟐𝛂𝛄(𝛄 − 𝛂) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝛂𝛄 > 𝟎 𝒂𝐧𝐝 𝛄 − 𝛂 > 𝟎 ⇒ 𝛂𝛄(𝛄 − 𝛂) > 𝟎 ⇒ |𝛂𝛃(𝛂 − 𝛃)| + |𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)|

> |(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)| 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠, 𝐟𝐨𝐫 𝐜𝒂𝐬𝐞𝐬 (𝐢𝐢) 𝒂𝐧𝐝 (𝐢𝐯), |𝛂𝛃(𝛂 − 𝛃)| + |𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)| ≥ |(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)|  

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝟒 𝐜𝒂𝐬𝐞𝐬, |𝛂𝛃(𝛂− 𝛃)| + |𝛃𝛄(𝛄 − 𝛃)| + |𝛄𝛂(𝛄 − 𝛂)| ≥ |(𝛂 − 𝛃)(𝛃 − 𝛄)(𝛄 − 𝛂)| ∀ 𝛂 < 𝛃 < 𝛄  (𝐐𝐄𝐃) 

Solution 2 by Ravi Prakash-New Delhi-India 

𝟏) 
𝜶𝟐

|𝜶 − 𝜷||𝜶 − 𝜸|
+

𝜷𝟐

|𝜷 − 𝜶||𝜷 − 𝜸|
+

𝜸𝟐

|𝜸 − 𝜶||𝜸 − 𝜷|
≥ 

≥ |
𝜶𝟐

(𝜶 − 𝜷)(𝜸 − 𝜶)
+

𝜷𝟐

(𝜶 − 𝜷)(𝜷 − 𝜸)
+

𝜸𝟐

(𝜷 − 𝜸)(𝜸 − 𝜶)
| = 
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= |
𝜶𝟐(𝜷 − 𝜸) + 𝜷𝟐(𝜸 − 𝜶) + 𝜸𝟐(𝜶 − 𝜷)

(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)
| = 

= |
𝜶𝟐(𝜷 − 𝜸) − 𝜶(𝜷𝟐 − 𝜸𝟐) + 𝜷𝜸(𝜷 − 𝜸)

(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)
| = 

= |
(𝜷 − 𝜸)(𝜶 − 𝜷)(𝜶 − 𝜸)

(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)
| = |−𝟏| = 𝟏 ≥ 𝐜𝐨𝐬(𝜶𝟐 +𝜷𝟐 + 𝜸𝟐) 

𝟐)
|𝜶𝜷(𝜶 − 𝜷)| + |𝜷𝜸(𝜸 − 𝜷)| + |𝜸𝜶(𝜸 − 𝜶)|

|(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)|
≥ 

≥
|𝜶𝜷(𝜶 − 𝜷) − 𝜷𝜸(𝜸 − 𝜷) + 𝜸𝜶(𝜸 − 𝜶)|

|(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)|
= 

=
|𝜶𝜷(𝜶 − 𝜷) + (𝜶 − 𝜷)𝜸𝟐 − 𝜸(𝜶𝟐 − 𝜷𝟐)|

|(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)|
= 

=
|(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)|

|(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)|
= 𝟏 

Therefore, 

|𝜶𝜷(𝜶 − 𝜷)| + |𝜷𝜸(𝜸 − 𝜷)| + |𝜸𝜶(𝜸 − 𝜶)| ≥ |(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)| 

755. Let 𝒂, 𝒃, 𝒄 > 𝟎 and 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑𝒄𝟐 then prove: 

𝟏

𝟑
(
𝒂𝟒 + 𝒃𝟒 − 𝟐𝒄𝟒

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒
) ≤

𝒂𝟑 + 𝒃𝟑 − 𝟐𝒄𝟑

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑
≤ 𝟑(

𝒂𝟐 + 𝒃𝟐 − 𝟐𝒄𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
) 

Proposed by Choy Fai Lam-Hong Kong 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟏

𝟑
(
𝒂𝟒 + 𝒃𝟒 − 𝟐𝒄𝟒

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒
) ≤
(∗∗) 𝒂𝟑 + 𝒃𝟑 − 𝟐𝒄𝟑

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑
≤
(∗)

𝟑(
𝒂𝟐 + 𝒃𝟐 − 𝟐𝒄𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
) 

𝟑𝒄𝟐 = 𝒂𝒃 = 𝒃𝒄 + 𝒄𝒂 ⇔ 𝟒𝒄𝟐 = (𝒄 + 𝒂)(𝒄 + 𝒃) ≤
𝑨𝑮𝑴

(
(𝒄 + 𝒂) + (𝒄 + 𝒃)

𝟐
)

𝟐

⇔ 

𝟐𝒄 ≤
𝒂 + 𝒃 + 𝟐𝒄

𝟐
⇔ 𝒄 ≤

𝒂 + 𝒃

𝟐
; (𝟏) 

𝒂𝟐 + 𝒃𝟐 − 𝟐𝒄𝟐 ≥
𝑷𝒐𝒘𝒆𝒓 𝑴𝒆𝒂𝒏&(𝟏)

𝟐(
𝒂 + 𝒃

𝟐
)
𝟐

− 𝟐(
𝒂 + 𝒃

𝟐
)
𝟐

= 𝟎 

Similarly, we have: 𝒂𝟑 + 𝒃𝟑 − 𝟐𝒄𝟑 ≥ 𝟎 and 𝒂𝟒 + 𝒃𝟒 − 𝟐𝒄𝟒 ≥ 𝟎. 
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Also, by Chebyshev’s inequality, we have: 

𝟑(𝒂𝟑 + 𝒃𝟑 + 𝑪𝟑) ≥ (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂 + 𝒃 + 𝒄) 

It’s suffices to prove that: 

𝒂𝟑 + 𝒃𝟑 − 𝟐𝒄𝟑 ≤ (𝒂𝟐 + 𝒃𝟐 − 𝟐𝒄𝟐)(𝒂 + 𝒃 + 𝒄); (𝟐) 

(𝟐) ⇔ 𝒂𝒃(𝒂 + 𝒃) + 𝒄(𝒂𝟐 + 𝒃𝟐) − 𝟐𝒄(𝒄𝒂 + 𝒃𝒄) ≥ 𝟎 ⇔ 

𝒂𝒃(𝒂 + 𝒃) + 𝒄(𝒂 + 𝒃)𝟐 − 𝟐𝒂𝒃𝒄 − 𝟐𝒄(𝒄𝒂 + 𝒃𝒄) ≥ 𝟎 

(𝒂 + 𝒃)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟐𝒄(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟎 ⇔ (𝒂 + 𝒃 − 𝟐𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟎 

Which is true from (1), then (∗) is true. 

Similarly, since 𝟑(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) ≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗′𝒔

(𝟑+ 𝒃𝟑 + 𝒄𝟑)(𝒂 + 𝒃 + 𝒄) 

It’s suffices to prove that: 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≤ (𝒂 + 𝒃 + 𝒄)(𝒂𝟑 + 𝒃𝟑 − 𝟐𝒄𝟑) 

⇔ 𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒄(𝒂𝟑 + 𝒃𝟑) ≥ 𝟐(𝒂 + 𝒃)𝒄𝟑; (𝟑) 

From (2) we have 𝟐(𝒂 + 𝒃)𝒄𝟐 ≤ 𝒂𝒃(𝒂 + 𝒃) + 𝒄(𝒂𝟐 + 𝒃𝟐) 

𝟐(𝒂 + 𝒃)𝒄𝟑 ≥
(𝟏)

(𝒂𝒃(𝒂 + 𝒃) + 𝒄(𝒂𝟐 + 𝒃𝟐)) (
𝒂 + 𝒃

𝟐
) = 

= 𝒂𝒃 ⋅
(𝒂 + 𝒃)𝟐

𝟐
+ 𝒄 ⋅

(𝒂 + 𝒃)(𝒂𝟐 + 𝒃𝟐)

𝟐
≤

𝑪𝑩𝑺 & 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 

≤ 𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒄(𝒂𝟑 + 𝒃𝟑) ⇒(3) is true, then (∗∗) is true. 

Therefore, 

𝟏

𝟑
(
𝒂𝟒 + 𝒃𝟒 − 𝟐𝒄𝟒

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒
) ≤

𝒂𝟑 + 𝒃𝟑 − 𝟐𝒄𝟑

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑
≤ 𝟑(

𝒂𝟐 + 𝒃𝟐 − 𝟐𝒄𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝒂𝐛+ 𝐛𝐜 + 𝒄𝒂 = 𝟑𝐜𝟐 ⇒ 𝟑𝐜𝟐 − 𝐜(𝒂 + 𝐛) − 𝒂𝐛 = 𝟎 ⇒ 𝐜 =
𝒂 + 𝐛 ±√(𝒂 + 𝐛)𝟐 + 𝟏𝟐𝒂𝐛

𝟔

=
𝒂 + 𝐛 +√(𝒂 + 𝐛)𝟐 + 𝟏𝟐𝒂𝐛

𝟔
 (∵

𝒂 + 𝐛 −√(𝒂 + 𝐛)𝟐 + 𝟏𝟐𝒂𝐛

𝟔
< 𝟎 𝐛𝐮𝐭 𝐜 > 𝟎) 

≤⏞
𝟒𝒂𝐛 ≤ (𝒂+𝐛)𝟐

𝒂 + 𝐛 + √(𝒂 + 𝐛)𝟐 + 𝟑(𝒂 + 𝐛)𝟐

𝟔
=
𝒂 + 𝐛

𝟐
⇒ 𝒂 + 𝐛 ≥⏞

(∗)

𝟐𝐜 
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𝐍𝐨𝐰,
𝟏

𝟑
(
𝒂𝟒 + 𝐛𝟒 − 𝟐𝐜𝟒

𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒
) −

𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

=
(𝒂𝟒 + 𝐛𝟒 − 𝟐𝐜𝟒)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) − 𝟑(𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑)(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

𝟑(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)
≤ 𝟎 

⇔ 𝟑(𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑)(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒) − (𝒂𝟒 + 𝐛𝟒 − 𝟐𝐜𝟒)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) ≥⏞
(𝟏)

𝟎 

𝐍𝐨𝐰, 𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑 ≥⏞
∵ 𝟖𝐜𝟑 ≤ (𝒂+𝐛)𝟑 𝐯𝐢𝒂 (∗)

(𝒂 + 𝐛)(𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛) −
(𝒂 + 𝐛)𝟑

𝟒

= (𝒂 + 𝐛) (𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛−
(𝒂 + 𝐛)𝟐

𝟒
)

=
(𝒂 + 𝐛)(𝟒𝒂𝟐 + 𝟒𝐛𝟐 − 𝟒𝒂𝐛− 𝒂𝟐 − 𝐛𝟐 − 𝟐𝒂𝐛)

𝟒
 

=
𝟑(𝒂 + 𝐛)(𝒂 − 𝐛)𝟐

𝟒
≥ 𝟎 ⇒ 𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑 ≥ 𝟎

∴ 𝐋𝐇𝐒 𝐨𝐟 (𝟏) ≥⏞
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

𝟑(𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑)
(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)(𝒂 + 𝐛 + 𝐜)

𝟑

− (𝒂𝟒 + 𝐛𝟒 − 𝟐𝐜𝟒)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) 

= (𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) ((𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑)(𝒂+ 𝐛 + 𝐜) − (𝒂𝟒 + 𝐛𝟒 − 𝟐𝐜𝟒))

= (𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) (𝒂𝐛(𝒂𝟐 + 𝐛𝟐) + 𝐜(𝒂𝟑 + 𝐛𝟑) − 𝟐𝐜𝟑(𝒂 + 𝐛)) 

≥⏞

𝒂𝟐+𝐛𝟐 ≥ 
(𝒂+𝐛)𝟐

𝟐

(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) (𝒂𝐛.
(𝒂 + 𝐛)(𝒂 + 𝐛)

𝟐
+ 𝐜(𝒂𝟑 + 𝐛𝟑) − 𝟐𝐜𝟑(𝒂 + 𝐛)) ≥⏞

𝐯𝐢𝒂 (∗)

(𝒂𝟑 + 𝐛𝟑

+ 𝐜𝟑) (𝒂𝐛.
(𝒂 + 𝐛)(𝟐𝐜)

𝟐
+ 𝐜(𝒂 + 𝐛)(𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛) − 𝟐𝐜𝟑(𝒂 + 𝐛)) 

= 𝐜(𝒂 + 𝐛)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)(𝒂𝐛 + 𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛− 𝟐𝐜𝟐) ≥⏞
∵ 𝟒𝐜𝟐 ≤ (𝒂+𝐛)𝟐 𝐯𝐢𝒂 (∗)

𝐜(𝒂 + 𝐛)(𝒂𝟑 + 𝐛𝟑

+ 𝐜𝟑) (𝒂𝐛 + 𝒂𝟐 + 𝐛𝟐 − 𝒂𝐛−
(𝒂 + 𝐛)𝟐

𝟐
) 

=
𝐜(𝒂 + 𝐛)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝒂𝟐 − 𝐛𝟐 − 𝟐𝒂𝐛)

𝟐
=
𝐜(𝒂 + 𝐛)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)(𝒂 − 𝐛)𝟐

𝟐

≥ 𝟎 ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝟏

𝟑
(
𝒂𝟒 + 𝐛𝟒 − 𝟐𝐜𝟒

𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒
) −

𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑
≤ 𝟎 
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⇒
𝟏

𝟑
(
𝒂𝟒 + 𝐛𝟒 − 𝟐𝐜𝟒

𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒
) ≤⏞
(⦁)
𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑
 

𝐀𝐠𝒂𝐢𝐧, 𝟑 (
𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
) −

𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

=
𝟑(𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) − (𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑)(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)
≥ 𝟎 

⇔ 𝟑(𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐)(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) − (𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑)(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) ≥⏞
(𝟐)

𝟎 𝒂𝐧𝐝

∵ 𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐 ≥⏞

𝒂𝟐+𝐛𝟐 ≥ 
(𝒂+𝐛)𝟐

𝟐

 
(𝒂 + 𝐛)𝟐

𝟐
− 𝟐𝐜𝟐

=
(𝒂 + 𝐛 − 𝟐𝐜)(𝒂 + 𝐛 + 𝟐𝐜)

𝟐
≥⏞

𝐯𝐢𝒂 (∗)

𝟎 

∴ 𝐋𝐇𝐒 𝐨𝐟 (𝟐) ≥⏞
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

𝟑(𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐)
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝒂 + 𝐛 + 𝐜)

𝟑

− (𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑)(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

= (𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) ((𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐)(𝒂+ 𝐛 + 𝐜) − (𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑)) 

= (𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) (𝒂𝐛(𝒂 + 𝐛) + 𝐜(𝒂𝟐 + 𝐛𝟐) − 𝟐𝐜𝟐(𝒂 + 𝐛)) =⏞
𝒂𝐛 = 𝟑𝐜𝟐 − 𝐜(𝒂+𝐛)

(𝒂𝟐 + 𝐛𝟐

+ 𝐜𝟐) ((𝟑𝐜𝟐 − 𝐜(𝒂 + 𝐛)) (𝒂 + 𝐛) + 𝐜(𝒂𝟐 + 𝐛𝟐) − 𝟐𝐜𝟐(𝒂+ 𝐛)) 

= 𝐜(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝐜(𝒂 + 𝐛) − (𝒂 + 𝐛)𝟐 + 𝒂𝟐 + 𝐛𝟐)

= 𝐜(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝐜(𝒂 + 𝐛) − 𝟐𝒂𝐛) ≥⏞
𝐯𝐢𝒂 (∗)

𝟐𝐜(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 − 𝒂𝐛)

= 𝟐𝐜(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝐜(𝒂 + 𝐛) − 𝟐𝐜𝟐) 

(∵ 𝒂𝐛+ 𝐜(𝒂 + 𝐛) = 𝟑𝐜𝟐 ⇒ 𝐜𝟐 − 𝒂𝐛 = 𝐜(𝒂 + 𝐛) − 𝟐𝐜𝟐) ≥⏞
𝐯𝐢𝒂 (∗)

𝟐𝐜(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)(𝐜(𝟐𝐜) − 𝟐𝐜𝟐)

= 𝟎 ⇒ 𝟑(
𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
) −

𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑
≥ 𝟎 

⇒
𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑
≤⏞
(⦁⦁)

𝟑(
𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
) ∴ (⦁), (⦁⦁) ⇒

𝟏

𝟑
(
𝒂𝟒 + 𝐛𝟒 − 𝟐𝐜𝟒

𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒
) ≤

𝒂𝟑 + 𝐛𝟑 − 𝟐𝐜𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

≤ 𝟑(
𝒂𝟐 + 𝐛𝟐 − 𝟐𝐜𝟐

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
) (𝐐𝐄𝐃) 
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756. If 𝒂, 𝒃 ∈ ℝ+ such that 𝒂𝟐 + 𝒃𝟐 = 𝟐 then: 

𝟑 − 𝒂𝒃 ≥ (𝒂 + 𝒃)√𝒂𝒃 + (𝒂 − 𝒃)𝟐 ≥ 𝟐𝒂𝒃 

Proposed by Dang Le Gia Khanh-Vietnam 

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟑 − 𝒂𝒃 ≥ (𝒂 + 𝒃)√𝒂𝒃 + (𝒂 − 𝒃)𝟐 

𝟑 − 𝒂𝒃 ≥ (𝒂 + 𝒃) + 𝒂𝟐 + 𝒃𝟐 − 𝟐𝒂𝒃 

𝟏 + 𝒂𝒃 ≥ (𝒂 + 𝒃)√𝒂𝒃 

𝟏

√𝒂𝒃
+ √𝒂𝒃 ≥ 𝒂 + 𝒃 𝐭𝐫𝐮𝐞 𝐟𝐫𝐨𝐦 𝒂 + 𝒃 ≤ 𝟐 𝐚𝐧𝐝  

(𝒂 + 𝒃)√𝒂𝒃 + (𝒂 − 𝒃)𝟐 ≥ 𝟐𝒂𝒃 

(𝒂 + 𝒃)√𝒂𝒃 + 𝒂𝟐 − 𝟐𝒂𝒃 + 𝒃𝟐 ≥ 𝟐𝒂𝒃 

(𝒂 + 𝒃)√𝒂𝒃 + 𝟐 ≥ 𝟒𝒂𝒃 

(
𝟏

𝒃
+
𝟏

𝒂
)√𝒂𝒃 +

𝟐

𝒂𝒃
≥ 𝟒 

√𝒂

√𝒃
+
√𝒃

√𝒂
+
𝟐

𝒂𝒃
≥ 𝟒 

Because: 𝒂𝒃 ≤ 𝟏 ⇒
𝟐

𝒂𝒃
≥ 𝟐,

√𝒂

√𝒃
+
√𝒃

√𝒂
≥ 𝟐. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝟑 − 𝒂𝐛 ≥ (𝒂 + 𝐛)√𝒂𝐛 + (𝒂 − 𝐛)𝟐 ⇔ 𝟑(𝟐) − 𝟐𝒂𝐛 ≥ 𝟐(𝒂 + 𝐛)√𝒂𝐛 + 𝟐(𝒂𝟐 + 𝐛𝟐 − 𝟐𝒂𝐛)

⇔ 𝟑(𝒂𝟐 + 𝐛𝟐) − 𝟐𝒂𝐛 ≥ 𝟐(𝒂 + 𝐛)√𝒂𝐛 + 𝟐(𝒂𝟐 + 𝐛𝟐 − 𝟐𝒂𝐛) 

⇔ 𝒂𝟐 + 𝐛𝟐 + 𝟐𝒂𝐛 ≥ 𝟐(𝒂 + 𝐛)√𝒂𝐛 ⇔ (𝒂 + 𝐛)𝟐 ≥ 𝟐(𝒂 + 𝐛)√𝒂𝐛 ⇔ 𝒂 + 𝐛 ≥ 𝟐√𝒂𝐛

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐀𝐌 − 𝐆𝐌 ∴ 𝟑 − 𝒂𝐛 ≥⏞
(∗)

(𝒂 + 𝐛)√𝒂𝐛 + (𝒂 − 𝐛)𝟐 

(𝒂 + 𝐛)√𝒂𝐛 + (𝒂 − 𝐛)𝟐 ≥⏞
𝐆−𝐇

(𝒂 + 𝐛)
𝟐𝒂𝐛

𝒂 + 𝐛
+ (𝒂 − 𝐛)𝟐 = 𝟐𝒂𝐛 + (𝒂 − 𝐛)𝟐 ≥ 𝟐𝒂𝐛

∵ (𝒂 − 𝐛)𝟐 ≥ 𝟎 ∴ (𝒂 + 𝐛)√𝒂𝐛 + (𝒂 − 𝐛)𝟐 ≥⏞
(∗∗)

𝟐𝒂𝐛 

∴ (∗), (∗∗) ⇒ 𝟑 − 𝒂𝐛 ≥ (𝒂 + 𝐛)√𝒂𝐛 + (𝒂 − 𝐛)𝟐 ≥ 𝟐𝒂𝐛 (𝐐𝐄𝐃) 
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Solution 3 by Hikmat Mammadov-Azerbaijan 

𝒂𝟐 + 𝒃𝟐 = 𝟐. Note {
𝒂 = √𝟐𝐜𝐨𝐬 𝜶

𝒃 = √𝟐𝐬𝐢𝐧𝜶
;𝒂, 𝒃 > 𝟎 

(𝒂 + 𝒃)√𝒂𝒃 + (𝒂 − 𝒃)𝟐 = 

= √𝟐(𝐜𝐨𝐬𝜶 + 𝐬𝐢𝐧𝜶)√𝟐 𝐬𝐢𝐧𝜶 𝐜𝐨𝐬𝜶 + 𝟐(𝐜𝐨𝐬𝜶 − 𝐬𝐢𝐧𝜶)𝟐 = 

= (𝐜𝐨𝐬 𝜶 + 𝐬𝐢𝐧𝜶) ⋅ 𝟐√𝐬𝐢𝐧𝜶 𝐜𝐨𝐬𝜶 + 𝟐 − 𝟒𝐬𝐢𝐧𝜶 𝐜𝐨𝐬 𝜶 ≤ 

≤ (𝐬𝐢𝐧𝜶 + 𝐜𝐨𝐬𝜶)(𝐬𝐢𝐧𝜶 + 𝐜𝐨𝐬𝜶) + 𝟐 − 𝟒𝐬𝐢𝐧𝜶 𝐜𝐨𝐬 𝜶 = 

= 𝟏 + 𝟐𝐬𝐢𝐧 𝜶𝐜𝐨𝐬 𝜶 + 𝟐 − 𝟒𝐬𝐢𝐧𝜶 𝐜𝐨𝐬𝜶 = 𝟑 − 𝟐𝐬𝐢𝐧𝜶 𝐜𝐨𝐬𝜶 = 𝟐𝒂𝒃 

(𝒂 + 𝒃)√𝒂𝒃 + (𝒂 − 𝒃)𝟐 = 

= √𝟐(𝐜𝐨𝐬𝜶 + 𝐬𝐢𝐧𝜶)√𝟐 𝐬𝐢𝐧𝜶 𝐜𝐨𝐬𝜶 + 𝟐(𝐜𝐨𝐬𝜶 − 𝐬𝐢𝐧𝜶)𝟐 = 

= (𝐜𝐨𝐬 𝜶 + 𝐬𝐢𝐧𝜶) ⋅ 𝟐√𝐬𝐢𝐧𝜶 𝐜𝐨𝐬𝜶 + 𝟐 − 𝟒𝐬𝐢𝐧𝜶 𝐜𝐨𝐬 𝜶 ≥ 

≥ 𝟒𝐬𝐢𝐧𝜶 𝐜𝐨𝐬 𝜶 + 𝟐 − 𝟒 𝐬𝐢𝐧𝜶 𝐜𝐨𝐬𝜶 = 𝟐𝒂𝒃 

Therefore, 

𝟑 − 𝒂𝒃 ≥ (𝒂 + 𝒃)√𝒂𝒃 + (𝒂 − 𝒃)𝟐 ≥ 𝟐𝒂𝒃 

757. 

𝐋𝐞𝐭 𝒂, 𝒃 ∈ 𝑹 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 |𝒙. ∫(𝒂𝒕 + 𝒃)𝒅𝒕

𝒙

−𝟏

| √𝟏 − 𝒙𝟐 ≤ 𝟏, ∀|𝒙| ≤ 𝟏. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶  |𝒂| ≤ 𝟏𝟔  

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒙. ∫(𝒂𝒕 + 𝒃)𝒅𝒕

𝒙

−𝟏

= 𝒙 [
𝒂

𝟐
𝒕𝟐 + 𝒃𝒕]

−𝟏

𝒙

=
𝒂

𝟐
(𝒙𝟑 − 𝒙) + 𝒃(𝒙𝟐 + 𝒙), 𝒙 ∈ [−𝟏, 𝟏] 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇(
√𝟐

𝟐
) = −

√𝟐

𝟖
. 𝒂 +

𝟏 + √𝟐

𝟐
. 𝒃 𝒂𝒏𝒅 𝒇(−

√𝟐

𝟐
)

=
√𝟐

𝟖
. 𝒂 +

𝟏 − √𝟐

𝟐
. 𝒃, 𝒘𝒊𝒕𝒉 |𝒇 (±

√𝟐

𝟐
)| ≤ √𝟐 
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→  𝒂 = 𝟐(𝟐 + √𝟐). 𝒇 (−
√𝟐

𝟐
) + 𝟐(𝟐 − √𝟐). 𝒇 (

√𝟐

𝟐
) 

→ |𝒂| = |𝟐(𝟐 + √𝟐). 𝒇 (−
√𝟐

𝟐
) + 𝟐(𝟐 − √𝟐). 𝒇 (

√𝟐

𝟐
)| ≤⏞

∆

 𝟐(𝟐 + √𝟐) |𝒇 (−
√𝟐

𝟐
)|

+ 𝟐(𝟐 − √𝟐) |𝒇 (
√𝟐

𝟐
)| ≤ 

≤  𝟐(𝟐 + √𝟐). √𝟐 + 𝟐(𝟐 − √𝟐). √𝟐 = 𝟖√𝟐 ≤ 𝟏𝟔.     𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝒂| ≤ 𝟏𝟔. 

758. Let 𝒎𝒊𝒏{|𝒙|, |𝒚|} ≥ 𝟏. Prove that:  

√𝒙𝟐 − 𝟏 + √𝒚𝟐 − 𝟏 ≤ |𝒙𝒚| ≤
𝒙𝟐 + 𝒚𝟐

𝟐
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Ravi Prakash-New Delhi-India 

𝒎𝒊𝒏{|𝒙|, |𝒚|} ≥ 𝟏 ⇒ |𝒙| ≥ 𝟏, |𝒚| ≥ 𝟏.  

Put 𝒙 = 𝐬𝐞𝐜𝜽 and 𝒚 = 𝐬𝐞𝐜𝝓 ;𝟎 ≤ 𝜽,𝝓 ≤ 𝝅,𝜽,𝝓 ≠
𝝅

𝟐
, then 

√𝒙𝟐 − 𝟏 +√𝒚𝟐 − 𝟏 = |𝐭𝐚𝐧 𝜽| + |𝐭𝐚𝐧𝝓| =
𝐬𝐢𝐧𝜽

|𝐜𝐨𝐬𝜽|
+
𝐬𝐢𝐧𝝓

|𝐜𝐨𝐬𝝓|
= ±

𝐬𝐢𝐧(𝜽 + 𝝓)

|𝐜𝐨𝐬𝜽||𝐜𝐨𝐬𝝓|
≤ 

≤
𝟏

|𝐜𝐨𝐬𝜽||𝐜𝐨𝐬𝝓|
≤ |𝒙𝒚| 

Also, from (|𝒙| − |𝒚|)𝟐 ≥ 𝟎 ⇒ 𝒙𝟐 + 𝒚𝟐 − 𝟐|𝒙𝒚| ≥ 𝟎 ⇒ |𝒙𝒚| ≤
𝟏

𝟐
(𝒙𝟐 + 𝒚𝟐) 

Thus, for |𝒙|, |𝒚| ≥ 𝟏, we have: 

√𝒙𝟐 − 𝟏 + √𝒚𝟐 − 𝟏 ≤ |𝒙𝒚| ≤
𝒙𝟐 + 𝒚𝟐

𝟐
 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

√𝒙𝟐 − 𝟏 + √𝒚𝟐 − 𝟏 ≤ |𝒙𝒚| ≤
𝒙𝟐 + 𝒚𝟐

𝟐
 

⇔ √
𝒙𝟐 − 𝟏

(𝒙𝒚)𝟐
+ √

𝒚𝟐 − 𝟏

(𝒙𝒚)𝟐
≤ 𝟏 
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⇔ √
𝟏

𝒚𝟐
−

𝟏

(𝒙𝒚)𝟐
+ √

𝟏

𝒙𝟐
−

𝟏

(𝒙𝒚)𝟐
≤ 𝟏 

⇔ √
𝟏

𝒚𝟐
(𝟏 −

𝟏

𝒙𝟐
) + √

𝟏

𝒙𝟐
(𝟏 −

𝟏

𝒚𝟐
) ≤ 𝟏 

⇔
𝟏

𝟐
⋅ (
𝟏

𝒚𝟐
+ 𝟏 −

𝟏

𝒙𝟐
) +

𝟏

𝟐
⋅ (
𝟏

𝒙𝟐
+ 𝟏 −

𝟏

𝒚𝟐
) ≤ 𝟏 

𝟏

𝟐
(𝟏 + 𝟏 +

𝟏

𝒙𝟐
+
𝟏

𝒚𝟐
−
𝟏

𝒙𝟐
−
𝟏

𝒚𝟐
) =

𝟐

𝟐
= 𝟏 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

√𝒙𝟐 − 𝟏 + √𝒚𝟐 − 𝟏 ≤⏞
(𝟏)

 |𝒙𝒚| ≤⏞
(𝟐)

 
𝒙𝟐 + 𝒚𝟐

𝟐
 

(𝟏) ↔ (𝒙𝟐 − 𝟏) + (𝒚𝟐 − 𝟏) + 𝟐√(𝒙𝟐 − 𝟏)(𝒚𝟐 − 𝟏) ≤ 𝒙𝟐𝒚𝟐

↔ (𝒙𝟐 − 𝟏)(𝒚𝟐 − 𝟏) − 𝟐√(𝒙𝟐 − 𝟏)(𝒚𝟐 − 𝟏) + 𝟏 ≥ 𝟎 

↔ (√(𝒙𝟐 − 𝟏)(𝒚𝟐 − 𝟏) − 𝟏)
𝟐

≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 →  (𝟏) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝒙𝟐 + 𝒚𝟐

𝟐
 ≥⏞
𝑨𝑴−𝑮𝑴

 √(𝒙𝒚)𝟐 = |𝒙𝒚|  →  (𝟐) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, √𝒙𝟐 − 𝟏 + √𝒚𝟐 − 𝟏 ≤ |𝒙𝒚| ≤
𝒙𝟐 + 𝒚𝟐

𝟐
. 

759. 𝒇: 𝑰 ∈ ℝ+ → ℝ, 𝒇 −decreasing, convexe. Prove that: 

𝟔𝒇 (
𝒂 + 𝒃

𝟐
) ≤ 𝒇(√𝒂𝒃) + 𝟐𝒇(√

𝒂𝟐 + 𝒃𝟐

𝟐
) + 𝟑𝒇 (

𝟐𝒂𝒃

𝒂 + 𝒃
) , ∀𝒂, 𝒃 ∈ 𝑰  

  Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆 
𝟐𝒂𝒃

𝒂 + 𝒃
≤⏞

𝑯𝑴≤𝑮𝑴

√𝒂𝒃 ≤⏞
𝑮𝑴≤𝑨𝑴

 
𝒂 + 𝒃

𝟐
  →⏞
𝒇−𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈

 

 𝒇 (
𝒂 + 𝒃

𝟐
) ≤ 𝒇(√𝒂𝒃) ≤ 𝒇(

𝟐𝒂𝒃

𝒂 + 𝒃
)  (𝟏) 

𝑩𝒚 𝑪𝒂𝒖𝒄𝒉𝒚 − 𝑺𝒄𝒉𝒘𝒂𝒓𝒛′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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 √
𝒂𝟐 + 𝒃𝟐

𝟐
+ √𝒂𝒃 ≤ √(𝟏 + 𝟏) (

𝒂𝟐 + 𝒃𝟐

𝟐
+ 𝒂𝒃) = 𝒂 + 𝒃  (𝟐) 

→  𝒇(√𝒂𝒃) + 𝟐𝒇(√
𝒂𝟐 + 𝒃𝟐

𝟐
)

+ 𝒇 (
𝟐𝒂𝒃

𝒂 + 𝒃
) ≥⏞
(𝟏)

 𝟐 [𝒇(√𝒂𝒃)+ 𝒇(√
𝒂𝟐 + 𝒃𝟐

𝟐
)] ≥⏞

𝑱𝒆𝒏𝒔𝒆𝒏

 𝟐. 𝟐𝒇

(

 
√𝒂𝒃+√

𝒂𝟐 + 𝒃𝟐

𝟐
𝟐

)

 ≥ 

≥⏞

(𝟐)
𝒇−𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈

 𝟒𝒇 (
𝒂 + 𝒃

𝟐
)   →  𝒇(√𝒂𝒃) + 𝟐𝒇(√

𝒂𝟐 + 𝒃𝟐

𝟐
) + 𝒇(

𝟐𝒂𝒃

𝒂 + 𝒃
) ≥ 𝟒𝒇(

𝒂 + 𝒃

𝟐
)  (𝟑) 

→ 𝒇(√𝒂𝒃) + 𝟐𝒇(√
𝒂𝟐 + 𝒃𝟐

𝟐
) + 𝟑𝒇 (

𝟐𝒂𝒃

𝒂 + 𝒃
)

= [𝒇(√𝒂𝒃) + 𝟐𝒇(√
𝒂𝟐 + 𝒃𝟐

𝟐
) + 𝒇 (

𝟐𝒂𝒃

𝒂+ 𝒃
)] + 𝟐𝒇(

𝟐𝒂𝒃

𝒂 + 𝒃
) ≥ 

≥⏞
(𝟏),(𝟑)

 𝟒𝒇 (
𝒂 + 𝒃

𝟐
) + 𝟐𝒇(

𝒂 + 𝒃

𝟐
) = 𝟔𝒇(

𝒂 + 𝒃

𝟐
)   (𝑷𝒓𝒐𝒗𝒆𝒅) 

760. If 𝒂, 𝒃, 𝒄 > 0 and 𝟐𝒂 + 𝒃 + 𝒄 = 𝟐 then  

 (𝒂 + 𝒃)𝟒 + (𝒃 + 𝒄)𝟒 + (𝒄 + 𝒂)𝟒 + 𝟖𝒂 ≥ 𝟕  

 Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑯ӧ𝒍𝒅𝒆𝒓 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

(𝒂 + 𝒃)𝟒 + (𝒄 + 𝒂)𝟒 ≥
[(𝒂 + 𝒃) + (𝒄 + 𝒂)]𝟒

(𝟏 + 𝟏)𝟑
=
𝟐𝟒

𝟐𝟑
= 𝟐 

→  𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 𝟐 + (𝒃 + 𝒄)𝟒 + 𝟖𝒂 ≥ 𝟕 (∗) 

(∗) ↔ (𝟐 − 𝟐𝒂)𝟒 + 𝟖𝒂 − 𝟓 ≥ 𝟎 ↔ 𝟏𝟔𝒂𝟒 − 𝟔𝟒𝒂𝟑 + 𝟗𝟔𝒂𝟐 − 𝟓𝟔𝒂 + 𝟏𝟏 ≥ 𝟎

↔ (𝟐𝒂 − 𝟏)𝟐(𝟒𝒂𝟐 − 𝟏𝟐𝒂 + 𝟏𝟏) ≥ 𝟎 
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↔ (𝟐𝒂− 𝟏)𝟐[(𝟐𝒂 − 𝟑)𝟐 + 𝟐] ≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆,𝒘𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇 𝒂 =
𝟏

𝟐
 𝒂𝒏𝒅 𝒂 + 𝒃

= 𝒄 + 𝒂 →  𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, (𝒂 + 𝒃)𝟒 + (𝒃 + 𝒄)𝟒 + (𝒄 + 𝒂)𝟒 + 𝟖𝒂 ≥ 𝟕. 

Solution 2 by George Florin Şerban-Romania 

𝟐𝒂 + 𝒃 + 𝒄 = 𝟐 ⇒ 𝟒𝒂 + 𝟐𝒃 + 𝟐𝒄 = 𝟒 

𝟐𝒂 + 𝟐𝒃 + 𝟐𝒄 = 𝟒 − 𝟐𝒂 

(𝒂 + 𝒃)𝟒 + (𝒃 + 𝒄)𝟒 + (𝒄 + 𝒂)𝟒 ≥
𝑯𝒐𝒍𝒅𝒆𝒓 (𝒂 + 𝒃 + 𝒃 + 𝒄 + 𝒄 + 𝒂)𝟒

𝟑𝟑
= 

=
(𝟐𝒂+ 𝟐𝒃 + 𝟐𝒄)𝟒

𝟐𝟕
=
(𝟒 − 𝟐𝒂)𝟒

𝟐𝟕
=
(𝟐𝒂 − 𝟒)𝟒

𝟐𝟕
 

(𝒂 + 𝒃)𝟒 + (𝒃 + 𝒄)𝟒 + (𝒄 + 𝒂)𝟒 + 𝟖𝒂 ≥
(𝟐𝒂 − 𝟒)𝟒

𝟐𝟕
+ 𝟖𝒂 ≥

(∗)

𝟕 

(∗) ⇔ (𝟐𝒂 − 𝟒)𝟒 + 𝟐𝟏𝟔𝒂 ≥ 𝟏𝟖𝟗 ⇔ (𝟐𝒂 − 𝟏)𝟐(𝟒𝒂𝟐 − 𝟐𝟖𝒂 + 𝟔𝟕) ≥ 𝟎, which is true from 

(𝟐𝒂 − 𝟏)𝟐 ≥ 𝟎 and 𝟒𝒂𝟐 − 𝟐𝟖𝒂 + 𝟔𝟕 > 0;∀𝑎 > 0. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
. 

761. Let 𝜶, 𝜷, 𝜸 ∈ 𝑹 such that |𝜶𝒙𝟑 + 𝜷𝒙𝟐 + 𝜸𝒙| ≤ 𝟏, ∀|𝒙| ≤ 𝟏. Prove that: 

𝒂) |𝜶|𝟑|𝜷 − 𝜸| + |𝜷|𝟑|𝜸 − 𝜶| + |𝜸|𝟑|𝜶 − 𝜷| ≥ |𝜶 − 𝜷||𝜷 − 𝜸||𝜸 − 𝜶||𝜶 + 𝜷 + 𝜸| 

𝒃) |𝟑𝜶 + 𝟐𝜷 + 𝜸| ≤ 𝟗                                                                                        

   Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒂) |𝜶 − 𝜷||𝜷 − 𝜸||𝜸 − 𝜶||𝜶 + 𝜷 + 𝜸| = |(𝜶 − 𝜷)(𝜷 − 𝜸)(𝜸 − 𝜶)(𝜶+ 𝜷 + 𝜸)|

= |(∑𝜶𝜷𝟐 −∑𝜶𝟐𝜷) (𝜶 + 𝜷 + 𝜸)| = 

= |(∑𝜶𝟐𝜷𝟐 +∑𝜶𝜷𝟑 + 𝜶𝜷𝜸∑𝜶)− (∑𝜶𝟑𝜷 +∑𝜶𝟐𝜷𝟐 + 𝜶𝜷𝜸∑𝜶)|

= |−∑𝜶𝟑(𝜷 − 𝜸)| ≤⏞
∆

 ∑|𝜶|𝟑|𝜷 − 𝜸|. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝜶|𝟑|𝜷 − 𝜸| + |𝜷|𝟑|𝜸 − 𝜶| + |𝜸|𝟑|𝜶 − 𝜷|

≥ |𝜶 − 𝜷||𝜷 − 𝜸||𝜸 − 𝜶||𝜶 + 𝜷 + 𝜸|. 

𝒃) 𝑳𝒆𝒕 𝒇(𝒙) = 𝜶𝒙𝟑 + 𝜷𝒙𝟐 + 𝜸𝒙, 𝒙 ∈ [−𝟏, 𝟏]  →  |𝒇(𝒙)| ≤ 𝟏, ∀|𝒙| ≤ 𝟏. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇(𝟏) = 𝜶 + 𝜷 + 𝜸, 𝒇(−𝟏) = −𝜶 + 𝜷 − 𝜸 𝒂𝒏𝒅 𝒇 (
𝟏

𝟐
) =

𝜶

𝟖
+
𝜷

𝟒
+
𝜸

𝟐
 

→  𝜶 = 𝒇(𝟏) −
𝟏

𝟑
𝒇(−𝟏) −

𝟖

𝟑
𝒇(
𝟏

𝟐
) ,𝜷 =

𝟏

𝟐
𝒇(𝟏) +

𝟏

𝟐
𝒇(−𝟏) 𝒂𝒏𝒅 

 𝜸 = −
𝟏

𝟐
𝒇(𝟏) −

𝟏

𝟔
𝒇(−𝟏) +

𝟖

𝟑
𝒇(
𝟏

𝟐
) 

→ |𝟑𝜶 + 𝟐𝜷 + 𝜸|

= |𝟑 (𝒇(𝟏) −
𝟏

𝟑
𝒇(−𝟏) −

𝟖

𝟑
𝒇(
𝟏

𝟐
)) + 𝟐(

𝟏

𝟐
𝒇(𝟏) +

𝟏

𝟐
𝒇(−𝟏))

+ (−
𝟏

𝟐
𝒇(𝟏) −

𝟏

𝟔
𝒇(−𝟏) +

𝟖

𝟑
𝒇 (
𝟏

𝟐
))| = 

= |
𝟕

𝟐
𝒇(𝟏) −

𝟏

𝟔
𝒇(−𝟏) −

𝟏𝟔

𝟑
𝒇 (
𝟏

𝟐
)| ≤⏞

∆

 
𝟕

𝟐
|𝒇(𝟏)| +

𝟏

𝟔
|𝒇(−𝟏)| +

𝟏𝟔

𝟑
|𝒇 (
𝟏

𝟐
)| ≤⏞

|𝒇(𝒙)| ≤ 𝟏,∀|𝒙|≤𝟏

 

 
𝟕

𝟐
. 𝟏 +

𝟏

𝟔
. 𝟏 +

𝟏𝟔

𝟑
. 𝟏 = 𝟗. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, |𝟑𝜶 + 𝟐𝜷+ 𝜸| ≤ 𝟗. 

762. Let 𝒂, 𝒃, 𝒄, 𝒅 ∈ 𝑹 such that |𝒂𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅| ≤ 𝟏, ∀|𝒙| ≤ 𝟏.Prove 

that:  

|𝟑𝒂 + 𝒃| ≤ 𝟏𝟖.   

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒂𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅, 𝒙 ∈ [−𝟏, 𝟏]   →   |𝒇(𝒙)| ≤ 𝟏, ∀𝒙 ∈ [−𝟏, 𝟏]. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇(𝟏) = 𝒂 + 𝒃 + 𝒄 + 𝒅, 𝒇(−𝟏) = −𝒂 + 𝒃 − 𝒄 + 𝒅, 𝒇 (
𝟏

𝟐
)

=
𝒂

𝟖
+
𝒃

𝟒
+
𝒄

𝟐
+ 𝒅, 𝒇 (−

𝟏

𝟐
) = −

𝒂

𝟖
+
𝒃

𝟒
−
𝒄

𝟐
+ 𝒅 
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→  𝒂 =
𝟐

𝟑
[𝒇(𝟏) − 𝒇(−𝟏) − 𝟐𝒇 (

𝟏

𝟐
) + 𝟐𝒇(−

𝟏

𝟐
)]  𝒂𝒏𝒅 𝒃

=
𝟐

𝟑
[𝒇(𝟏) + 𝒇(−𝟏) − 𝒇(

𝟏

𝟐
) − 𝒇(−

𝟏

𝟐
)]. 

→ 𝟑𝒂 + 𝒃 =
𝟖

𝟑
𝒇(𝟏) −

𝟒

𝟑
𝒇(−𝟏) −

𝟏𝟒

𝟑
𝒇 (
𝟏

𝟐
) +

𝟏𝟎

𝟑
𝒇(−

𝟏

𝟐
) 

→ |𝟑𝒂 + 𝒃| = |
𝟖

𝟑
𝒇(𝟏) −

𝟒

𝟑
𝒇(−𝟏) −

𝟏𝟒

𝟑
𝒇 (
𝟏

𝟐
) +

𝟏𝟎

𝟑
𝒇(−

𝟏

𝟐
)| ≤⏞

∆

 
𝟖

𝟑
|𝒇(𝟏)| +

𝟒

𝟑
|𝒇(−𝟏)|

+
𝟏𝟒

𝟑
|𝒇 (
𝟏

𝟐
)| +

𝟏𝟎

𝟑
|𝒇 (−

𝟏

𝟐
)| ≤ 

≤⏞
|𝒇(𝒙)|≤𝟏,∀𝒙∈[−𝟏,𝟏]

 
𝟖

𝟑
. 𝟏 +

𝟒

𝟑
. 𝟏 +

𝟏𝟒

𝟑
. 𝟏 +

𝟏𝟎

𝟑
. 𝟏 = 𝟏𝟐 ≤ 𝟏𝟖.   𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,

|𝟑𝒂 + 𝒃| ≤ 𝟏𝟖. 

763. Let 𝟏 < 𝛼 < 𝛽 < 𝛾, 𝑥 ∈ ℝ. Prove that: 

𝒂) 
|(𝒙 − 𝜷)(𝒙 − 𝜸)|

|(𝜶 − 𝜷)(𝜶 − 𝜸)|
+
|(𝒙 − 𝜶)(𝒙 − 𝜷)|

|(𝜸 − 𝜶)(𝜸 − 𝜷)|
+
|(𝒙 − 𝜶)(𝒙 − 𝜸)|

|(𝜷 − 𝜶)(𝜷 − 𝜸)|
≥
𝐬𝐢𝐧(𝜶𝟐 + 𝜷𝟐 + 𝜸𝟐)

𝜶𝟐 +𝜷𝟐 + 𝜸𝟐
 

𝒃) 𝜶 ⋅ 𝐥𝐨𝐠𝜶 + 𝜷 ⋅ 𝐥𝐨𝐠𝜷 + 𝜸 ⋅ 𝐥𝐨𝐠 𝜸 ≥
𝟐𝜶 + 𝜷

𝟑
⋅ 𝐥𝐨𝐠

𝟐𝜶 + 𝜸

𝟑
.     

  Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒂) 
|(𝒙 − 𝜷)(𝒙 − 𝜸)|

|(𝜶 − 𝜷)(𝜶 − 𝜸)|
+
|(𝒙 − 𝜶)(𝒙 − 𝜷)|

|(𝜸 − 𝜶)(𝜸 − 𝜷)|

+
|(𝒙 − 𝜶)(𝒙 − 𝜸)|

|(𝜷 − 𝜶)(𝜷 − 𝜸)|
 ≥⏞
∆

 |
(𝒙 − 𝜷)(𝒙 − 𝜸)

(𝜶 − 𝜷)(𝜶 − 𝜸)
+
(𝒙 − 𝜶)(𝒙 − 𝜷)

(𝜸 − 𝜶)(𝜸 − 𝜷)

+
(𝒙 − 𝜶)(𝒙 − 𝜸)

(𝜷 − 𝜶)(𝜷 − 𝜸)
| 

𝑳𝒆𝒕 𝒇(𝒙) =
(𝒙 − 𝜷)(𝒙 − 𝜸)

(𝜶 − 𝜷)(𝜶 − 𝜸)
+
(𝒙 − 𝜶)(𝒙 − 𝜷)

(𝜸 − 𝜶)(𝜸 − 𝜷)
+
(𝒙 − 𝜶)(𝒙 − 𝜸)

(𝜷 − 𝜶)(𝜷 − 𝜸)
, 𝒙 ∈ 𝑹. 

𝒇(𝒙) 𝒊𝒔 𝒂 𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒘𝒊𝒕𝒉 𝒇(𝜶) = 𝒇(𝜷) = 𝒇(𝜸) = 𝟏 → 𝒇(𝒙) = 𝟏, ∀𝒙 ∈ 𝑹. 
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→ 
|(𝒙 − 𝜷)(𝒙 − 𝜸)|

|(𝜶 − 𝜷)(𝜶 − 𝜸)|
+
|(𝒙 − 𝜶)(𝒙 − 𝜷)|

|(𝜸 − 𝜶)(𝜸 − 𝜷)|
+
|(𝒙 − 𝜶)(𝒙 − 𝜸)|

|(𝜷 − 𝜶)(𝜷 − 𝜸)|

≥ 𝟏 ≥⏞
𝐬𝐢𝐧 𝒕 ≤ 𝒕,∀𝒕≥𝟎

 
𝐬𝐢𝐧(𝜶𝟐 +𝜷𝟐 + 𝜸𝟐)

𝜶𝟐 +𝜷𝟐 + 𝜸𝟐
. 

𝒃) 𝑳𝒆𝒕 𝒈(𝒙) = 𝒙. 𝒍𝒏𝒙, 𝒙 ≥ 𝟏.𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒈′(𝒙) = 𝒍𝒏𝒙 + 𝟏 𝒂𝒏𝒅 𝒈′′(𝒙) =
𝟏

𝒙
> 0 

→ 𝑔 − 𝑐𝑜𝑛𝑣𝑒𝑥 𝑜𝑛 [𝟏,∞[ 

→  𝜶. 𝒍𝒏𝜶 + 𝜷. 𝒍𝒏𝜷 + 𝜸. 𝒍𝒏𝜸 = 𝒈(𝜶) + 𝒈(𝜷) + 𝒈(𝜸) ≥⏞
𝑱𝒆𝒏𝒔𝒆𝒏

 𝟑𝒈 (
𝜶 + 𝜷 + 𝜸

𝟑
)

= 𝟑.
𝜶 + 𝜷 + 𝜸

𝟑
. 𝒍𝒏
𝜶 + 𝜷 + 𝜸

𝟑
≥ 

≥⏞
𝜶<𝛽<𝛾

 (𝟐𝜶 + 𝜷)𝒍𝒏
𝟐𝜶 + 𝜸

𝟑
 ≥⏞
𝜶,𝜷,𝜸>1

 
𝟐𝜶 + 𝜷

𝟑
. 𝒍𝒏
𝟐𝜶 + 𝜸

𝟑
.   

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,𝜶. 𝒍𝒏𝜶 + 𝜷. 𝒍𝒏𝜷 + 𝜸. 𝒍𝒏𝜸 ≥
𝟐𝜶 + 𝜷

𝟑
. 𝒍𝒏
𝟐𝜶 + 𝜸

𝟑
. 

764. For 𝟏 < 𝑎 < 𝑏 prove that: 

𝒂𝟗𝒂𝒃√𝒃𝒃𝟗𝒃
𝟐√𝒂𝒆𝟖𝒃

𝟐√𝒃𝒂𝟏𝟐𝒂
𝟐√𝒃 < 𝒂𝟗𝒂𝒃√𝒂𝒃𝟗𝒂

𝟐√𝒃𝒆𝟖𝒂
𝟐√𝒃𝒃𝟏𝟐𝒃

𝟐√𝒂 

Proposed by Nikos Ntorvas-Greece 

Solution by proposer 

We consider the real function 𝒇(𝒙) = √𝒙 ⋅ 𝐥𝐨𝐠 𝒙 , 𝒙 ∈ (𝟎,∞), which is concave on [𝟏,+∞) 

as a continuous function on [𝟏,+∞) with a strictly negative second derivative ∀𝒙 ∈

(𝟏,+∞) 

𝒇′′(𝒙) =
− 𝐥𝐨𝐠𝒙

𝟒√𝒙𝟓
< 0;∀𝑥 > 1 

From Hermite-Hadamrd inequality for concave function, we have that for 𝟏 < 𝑎 < 𝑏 it 

holds the inequality: 

(𝒇(𝒂) + 𝒇(𝒃))(𝒃 − 𝒂) < 2∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 ⇔ 

(𝐥𝐨𝐠(𝒂√𝒂) + 𝐥𝐨𝐠 (𝒃√𝒃)) (𝒃 − 𝒂) < 2 [
𝟐

𝟗
√𝒙𝟑(𝟑 𝐥𝐨𝐠 𝒙 − 𝟐)]

𝒂

𝒃

⇔ 
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(𝐥𝐨𝐠(𝒂√𝒂) + 𝐥𝐨𝐠 (𝒃√𝒃)) (𝒃 − 𝒂) <
𝟒

𝟗
[√𝒙𝟑(𝟑 𝐥𝐨𝐠 𝒙 − 𝐥𝐨𝐠(𝒆𝟐))]

𝒂

𝒃

⇔ 

(𝐥𝐨𝐠(𝒂√𝒂) + 𝐥𝐨𝐠 (𝒃√𝒃)) (𝟗𝒃 − 𝟗𝒂) < 4 [√𝒙𝟑(𝟑 𝐥𝐨𝐠 𝒙 − 𝐥𝐨𝐠(𝒆𝟐))]
𝒂

𝒃

⇔ 

𝐥𝐨𝐠(𝒂𝟗𝒃√𝒂) + 𝐥𝐨𝐠 (𝒃𝟗𝒃√𝒃) − 𝐥𝐨𝐠(𝒂𝟗𝒂√𝒂) − 𝐥𝐨𝐠 (𝒃𝟗𝒂√𝒃) < 

< 4√𝒃𝟑(𝟑 𝐥𝐨𝐠 𝒃 − 𝐥𝐨𝐠 𝒆𝟐) − 𝟒√𝒂𝟑(𝟑 𝐥𝐨𝐠𝒂 − 𝐥𝐨𝐠𝒆𝟐) ⇔ 

𝐥𝐨𝐠 (𝒂𝟗𝒃√𝒂𝒃𝟗𝒃√𝒃𝒆𝟖√𝒃
𝟑
𝒂𝟏𝟐√𝒂

𝟑
) < 𝐥𝐨𝐠 (𝒂𝟗𝒂√𝒃𝒃𝟗𝒂√𝒂𝒆𝟖√𝒂

𝟑
𝒃𝟏𝟐√𝒃

𝟑
) 

The real function 𝒇(𝒙) = 𝐥𝐨𝐠 𝒙 is strictly increasing on (𝟎,∞), hence 

𝒂𝟗𝒃√𝒂𝒃𝟗𝒃√𝒃𝒆𝟖√𝒃
𝟑
𝒂𝟏𝟐√𝒂

𝟑
< 𝒂𝟗𝒂√𝒃𝒃𝟗𝒂√𝒂𝒆𝟖√𝒂

𝟑
𝒃𝟏𝟐√𝒃

𝟑
 

The real function 𝒉(𝒙) = 𝒙√𝒂𝒃 is strictly increasing on (𝟎,∞), therefore, 

𝒂𝟗𝒂𝒃√𝒃𝒃𝟗𝒃
𝟐√𝒂𝒆𝟖𝒃

𝟐√𝒃𝒂𝟏𝟐𝒂
𝟐√𝒃 < 𝒂𝟗𝒂𝒃√𝒂𝒃𝟗𝒂

𝟐√𝒃𝒆𝟖𝒂
𝟐√𝒃𝒃𝟏𝟐𝒃

𝟐√𝒂 

765. If 𝒂, 𝒃, 𝒄, 𝒅 > 𝟎, 𝒂 + 𝒃 + 𝒄 + 𝒅 + 𝒆 = 𝟏, then 

𝒂

𝟐𝒂 + 𝟏
+

𝒃

𝟑𝒃 + 𝟏
+

𝒄

𝟏𝟐𝒄 + 𝟏
+

𝒅

𝟏𝟖𝒅 + 𝟏
+

𝟑

𝟑𝟔𝒆 + 𝟏
≤
𝟏

𝟐
 

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan 

Solution 1 by Nguyen Van Canh-BenTre-Vietnam 

Let  𝒇(𝒙) =
𝒙

𝒙+𝟏
, (𝒙 > 𝟎) 

→ 𝒇′(𝒙) =
𝟏

(𝒙 + 𝟏)𝟐
 → 𝒇′′(𝒙) = −

𝟐

(𝒙 + 𝟏)𝟑
< 𝟎,∀𝒙 > 𝟎 

𝒂

𝟐𝒂 + 𝟏
+

𝒃

𝟑𝒃 + 𝟏
+

𝒄

𝟏𝟐𝒄 + 𝟏
+

𝒅

𝟏𝟖𝒅 + 𝟏
+

𝒆

𝟑𝟔𝒆 + 𝟏
 

=
𝟏

𝟐
𝒇(𝟐𝒂) +

𝟏

𝟑
𝒇(𝟑𝒃) +

𝟏

𝟏𝟐
𝒇(𝟏𝟐𝒄) +

𝟏

𝟏𝟖
𝒇(𝟏𝟖𝒅) +

𝟏

𝟑𝟔
𝒇(𝟑𝟔𝒄) 

≤⏞
𝐉𝐞𝐧𝐬𝐞𝐧

(
𝟏

𝟐
+
𝟏

𝟑
+
𝟏

𝟏𝟐
+
𝟏

𝟏𝟖
+
𝟏

𝟑𝟔
)𝒇(

𝟏
𝟐 . 𝟐𝒂 +

𝟏
𝟑 . 𝟑𝒃 +

𝟏
𝟏𝟐 . 𝟏𝟐𝒄 +

𝟏
𝟏𝟖 . 𝟏𝟖𝒅 +

𝟏
𝟑𝟔 . 𝟑𝟔𝒆

𝟏
𝟐 +

𝟏
𝟑 +

𝟏
𝟏𝟐 +

𝟏
𝟏𝟖 +

𝟏
𝟑𝟔

) 

= 𝟏𝒇(
𝒂 + 𝒃 + 𝒄 + 𝒅 + 𝒆

𝟏
) = 𝒇(𝟏) =

𝟏

𝟏 + 𝟏
=
𝟏

𝟐
. 

Equality if and only if ↔ {
𝒂 + 𝒃 + 𝒄 + 𝒅 + 𝒆 = 𝟏

𝟐𝒂 = 𝟑𝒃 = 𝟏𝟐𝒄 = 𝟏𝟖𝒅 = 𝟑𝟔𝒆
↔ 
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𝒂 =
𝟏

𝟐
, 𝒃 =

𝟏

𝟑
, 𝒄 =

𝟏

𝟏𝟐
,𝒅 =

𝟏

𝟏𝟖
, 𝒆 =

𝟏

𝟑𝟔
 

Solution 2 by Michael Sterghiou-Greece 

𝒂

𝟐𝒂 + 𝟏
+

𝒃

𝟑𝒃 + 𝟏
+

𝒄

𝟏𝟐𝒄 + 𝟏
+

𝒅

𝟏𝟖𝒅 + 𝟏
+

𝟑

𝟑𝟔𝒆 + 𝟏
≤
𝟏

𝟐
; (𝟏) 

(𝟏) ⇔
𝟏

𝟐 +
𝟏
𝒂

+
𝟏

𝟑 +
𝟏
𝒃

+
𝟏

𝟏𝟐 +
𝟏
𝒄

+
𝟏

𝟏𝟖 +
𝟏
𝒅

+
𝟏

𝟑𝟔 +
𝟏
𝒆

≤
𝟏

𝟐
 

√
𝟏

𝟐
⋅ 𝒂 ≤

𝑨𝑮𝑴 𝟐

𝟐 +
𝟏
𝒂

;√
𝟏

𝟑
⋅ 𝒃 ≤

𝟐

𝟑 +
𝟏
𝒃

, (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

We can write as: √
𝟏

𝟐
⋅ 𝒂 =

𝟏

𝟐
√𝟐𝒂 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔). So, we obtain: 

𝟏

𝟐
(
𝟏

𝟐
√𝟐𝒂 +

𝟏

𝟑
√𝟑𝒃 +

𝟏

𝟏𝟐
√𝟏𝟐𝒄 +

𝟏

𝟏𝟖
√𝟏𝟖𝒅 +

𝟏

𝟑𝟔
√𝟑𝟔𝒆) ≤

𝟏

𝟐
; (𝟐) 

We have: 

𝟏

𝟐
√𝟐𝒂 +

𝟏

𝟑
√𝟑𝒃 +

𝟏

𝟏𝟐
√𝟏𝟐𝒄 +

𝟏

𝟏𝟖
√𝟏𝟖𝒅+

𝟏

𝟑𝟔
√𝟑𝟔𝒆 ≤ 

≤ (
𝟏

𝟐
+
𝟏

𝟑
+
𝟏

𝟏𝟐
+
𝟏

𝟏𝟖
+
𝟏

𝟑𝟔
)√
𝟏
𝟐 ⋅ 𝟐𝒂 +

𝟏
𝟑 ⋅ 𝟑𝒃 +

𝟏
𝟏𝟐 ⋅ 𝟏𝟐𝒄 +

𝟏
𝟏𝟖 ⋅ 𝟏𝟖𝒄

𝟏
= 𝟏 ⇒ (𝟐) 𝐭𝐫𝐮𝐞. 

Equality holds for 𝒂 =
𝟏

𝟐
, 𝒃 =

𝟏

𝟑
, 𝒄 =

𝟏

𝟏𝟐
, 𝒅 =

𝟏

𝟏𝟖
, 𝒆 =

𝟏

𝟑𝟔
. 

 Solution 3 by Sergey Primazon-Russia 

𝒂

𝟐𝒂 + 𝟏
+

𝒃

𝟑𝒃 + 𝟏
+

𝒄

𝟏𝟐𝒄 + 𝟏
+

𝒅

𝟏𝟖𝒅 + 𝟏
+

𝟑

𝟑𝟔𝒆 + 𝟏
≤ 

≤ 𝒂 ⋅
𝟏

𝟒
(
𝟏

𝟐𝒂
+ 𝟏) + 𝒃 ⋅

𝟏

𝟒
(
𝟏

𝟑𝒃
+ 𝟏) + 𝒄 ⋅

𝟏

𝟒
(
𝟏

𝟏𝟐𝒄
+ 𝟏) + 𝒅 ⋅

𝟏

𝟒
(
𝟏

𝟏𝟖𝒅
+ 𝟏) + 𝒆

⋅
𝟏

𝟒
(
𝟏

𝟑𝟔𝒆
+ 𝟏) = 

=
𝟏

𝟒
(𝒂 + 𝒃 + 𝒄 + 𝒅) + (

𝟏

𝟐
+
𝟏

𝟑
+
𝟏

𝟏𝟐
+
𝟏

𝟏𝟖
+
𝟏

𝟑𝟔
) =

𝟏

𝟒
+
𝟏

𝟒
=
𝟏

𝟐
 

766. Let 𝒂𝒊 ∈ (𝟏,∞), 𝒊 = 𝟏, 𝒏̅̅ ̅̅ ̅, 𝒏 ∈ ℕ, 𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏 = 𝒏𝒆
𝟒, then: 

√𝐥𝐨𝐠𝒂𝟏
𝒂𝟐 + 𝐥𝐨𝐠𝒂𝟏

𝒂𝟑 +⋯+ 𝐥𝐨𝐠𝒂𝟏
𝒂𝒏 +⋯+ √𝐥𝐨𝐠𝒂𝒏

𝒂𝟏 + 𝐥𝐨𝐠𝒂𝒏
𝒂𝟐 +⋯+ 𝐥𝐨𝐠𝒂𝒏

𝒂𝒏−𝟏 ≤ 𝟗𝒏𝟐 

Proposed by Florică Anastase-Romania 
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Solution 1 by Adrian Popa-Romania 

𝑺 = √𝐥𝐨𝐠𝒂𝟏
𝒂𝟐 + 𝐥𝐨𝐠 𝒂𝟏

𝒂𝟑 +⋯+ 𝐥𝐨𝐠𝒂𝟏
𝒂𝒏 +⋯+√𝐥𝐨𝐠𝒂𝒏

𝒂𝟏 + 𝐥𝐨𝐠 𝒂𝒏
𝒂𝟐 +⋯+ 𝐥𝐨𝐠𝒂𝒏

𝒂𝒏−𝟏

= 

= √(𝒂𝟐 + 𝒂𝟑 +⋯+ 𝒂𝒏) 𝐥𝐨𝐠 𝒂𝟏 +⋯+ √(𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏−𝟏) 𝐥𝐨𝐠 𝒂𝒏 = 

= √(𝒏𝒆𝟒 − 𝒂𝟏) 𝐥𝐨𝐠𝒂𝟏 +√(𝒏𝒆𝟒 − 𝒂𝟐) 𝐥𝐨𝐠 𝒂𝟐 +⋯+√(𝒏𝒆𝟒 − 𝒂𝒏) 𝐥𝐨𝐠 𝒂𝒏 ≤
𝑪𝑩𝑺

 

≤ √(𝒏𝟐𝒆𝟒 − 𝒏𝒆𝟒) ⋅ 𝐥𝐨𝐠(𝒂𝟏𝒂𝟐…𝒂𝒏) ; (𝟏) 

𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏
𝒏

≥
𝑨𝑮𝑴

√𝒂𝟏𝒂𝟐…𝒂𝒏
𝒏 ⇒

𝒏𝒆𝟒

𝒏
≥ √𝒂𝟏𝒂𝟐…𝒂𝒏

𝒏 ⇒ 

𝒂𝟏𝒂𝟐…𝒂𝒏 ≤ 𝒆
𝟒𝒏; (𝟐) 

From (1) and (2), it follows that: 

𝑺 < √𝒏𝒆𝟒(𝒏 − 𝟏) ⋅ 𝐥𝐨𝐠 𝒆𝟒𝒏 = √𝟒𝒏𝟐𝒆𝟒(𝒏 − 𝟏) <
𝒆<𝟑

 

< √𝟒𝒏𝟐 ⋅ 𝟑𝟒(𝒏 − 𝟏) <
(?)

𝟗𝒏𝟐 ⇔ 𝟐√𝒏− 𝟏 ≤ 𝒏𝟐 ⇔ (𝒏 − 𝟐)𝟐 ≥ 𝟎 𝐭𝐫𝐮𝐞. 

 Solution 2 by proposer 

√𝐥𝐨𝐠𝒂𝟏
𝒂𝟐 + 𝐥𝐨𝐠𝒂𝟏

𝒂𝟑 +⋯+ 𝐥𝐨𝐠 𝒂𝟏
𝒂𝒏 +⋯+ √𝐥𝐨𝐠𝒂𝒏

𝒂𝟏 + 𝐥𝐨𝐠𝒂𝒏
𝒂𝟐 +⋯+ 𝐥𝐨𝐠 𝒂𝒏

𝒂𝒏−𝟏 = 

= √(𝒂𝟐 + 𝒂𝟑 +⋯+ 𝒂𝒏) 𝐥𝐨𝐠 𝒂𝟏 +⋯+√(𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏−𝟏) 𝐥𝐨𝐠𝒂𝒏 ≤
𝑪𝑩𝑺

 

≤
𝑪𝑩𝑺

√(𝒂𝟐 + 𝒂𝟑 +⋯+ 𝒂𝒏) +⋯+ (𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏−𝟏) ⋅ √∑ 𝐥𝐨𝐠 𝒂𝒌

𝒏

𝒌=𝟏

= 

= √(𝒏 − 𝟏)𝑺𝒏 ⋅ √𝐥𝐨𝐠(𝒂𝟏𝒂𝟐 ⋅ … ⋅ 𝒂𝒏) ≤ 

≤ √(𝒏 − 𝟏)𝑺𝒏 ⋅ √𝐥𝐨𝐠 (
𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏

𝒏
)
𝒏

= 

= √(𝒏 − 𝟏)𝑺𝒏 ⋅ √𝒏 ⋅ 𝐥𝐨𝐠 (
𝑺𝒏
𝒏
) = √(𝒏 − 𝟏)𝒏𝒆𝟒 ⋅ √𝟒𝒏 = 𝟐𝒏𝒆𝟐 ⋅ √𝒏 − 𝟏 ≤ 

≤ 𝟐𝒏𝒆𝟐 ⋅
𝒏 − 𝟏 + 𝟏

𝟐
= 𝒏𝟐𝒆𝟐 < 𝟗𝒏𝟐 
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767. For 𝒏 > 1, prove that: 

𝐭𝐚𝐧−𝟏 (𝒆
𝒙
𝝅)

𝒏
+ 𝒆−

𝒙
𝝅 >

𝝅

𝟐𝒏
 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution 1 by Adrian Popa-Romania 

Let be 𝒇(𝒙) =
𝐭𝐚𝐧−𝟏(𝒆

𝒙
𝝅)

𝒏
+ 𝒆−

𝒙

𝝅, then 

𝒇′(𝒙) =
𝟏

𝒏
⋅

𝟏

𝟏 + 𝒆
𝟐𝒙
𝝅

⋅ 𝒆
𝒙
𝝅 ⋅
𝟏

𝝅
−
𝟏

𝝅
𝒆−
𝒙
𝝅 =

𝟏

𝝅
(

𝒆
𝒙
𝝅

𝒏(𝟏 + 𝒆
𝟐𝒙
𝝅

−
𝟏

𝒆
𝒙
𝝅

) = 

=
𝟏

𝝅
⋅
𝒆
𝟐𝒙
𝝅 − 𝒏− 𝒏𝒆

𝟐𝒙
𝝅

𝒏𝒆
𝒙
𝝅 (𝟏 + 𝒆

𝟐𝒙
𝝅 )

= 𝟎 ⇒ 𝒆
𝟐𝒙
𝝅 =

𝒏

𝟏 − 𝒏
; 𝒆
𝟐𝒙
𝝅 > 0,∀𝑥 ∈ ℝ ⇒ 𝒇′(𝒙) = 𝟎 ⇔ 𝒏 < 1 

If 𝒏 > 1 ⇒ 𝒇′(𝒙) < 0 ↘;∀𝑥 ∈ ℝ ⇒ 

𝒇(𝒙) > 𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→∞

(
𝐭𝐚𝐧−𝟏 (𝒆

𝒙
𝝅)

𝒏
+ 𝒆−

𝒙
𝝅) =

𝝅

𝟐𝒏
 

If 𝒇(𝒙) >
𝝅

𝟐𝒏
, then 𝒏 > 1,∀𝑥 ∈ ℝ. 

Solution 2 by Ravi Prakash-New Delhi-India 

𝐭𝐚𝐧−𝟏 (𝒆
𝒙
𝝅)

𝒏
+ 𝒆−

𝒙
𝝅 >

𝝅

𝟐𝒏
; (𝟏) 

(𝟏) ⇔ 𝐭𝐚𝐧−𝟏 (𝒆
𝒙
𝝅) +

𝒏

𝒆
𝒙
𝝅

>
𝝅

𝟐
 

Let 𝒇(𝒙) = 𝐭𝐚𝐧−𝟏 𝒙 +
𝒏

𝒙
−
𝝅

𝟐
, ∀𝒙 > 0;  (𝟐) 

𝒇′(𝒙) =
𝟏

𝟏 + 𝒙𝟐
−
𝒏

𝒙𝟐
=
(𝟏 − 𝒏)𝒙𝟐 − 𝒏

𝒙𝟐(𝟏 + 𝒙𝟐)
< 0;∀𝑥 > 0 ⇒ 𝑓 ↘ 𝐨𝐧 (𝟎,∞) 

We have: 

𝐥𝐢𝐦
𝒙→𝟎+

𝒇(𝒙) = +∞ , 𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) = 𝟎 ⇒ 𝒇(𝒙) > 0;∀𝑥 > 0 
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Replacing 𝒙 by 𝒆
𝒙

𝝅 in (2), we get (1). 

768. If 𝒙, 𝒚 > 0, 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℕ, 𝒂 ≥ 𝒃 ≥ 𝒄 ≥ 𝒅 then: 

𝒙𝒂+𝒃+𝒄+𝒅 + 𝒚𝒂+𝒃+𝒄+𝒅 ≥
𝟏

𝟖
(𝒙𝒂 + 𝒚𝒂)(𝒙𝒃 + 𝒚𝒃)(𝒙𝒄 + 𝒚𝒄)(𝒙𝒅 + 𝒚𝒅) 

Proposed by Hikmat Mammadov-Azerbaijan 

Solution by Ravi Prakash-New Delhi-India 

Let 𝒙𝟏 = 𝒙
𝒂, 𝒙𝟐 = 𝒙

𝒃, 𝒙𝟑 = 𝒙
𝒄, 𝒙𝟑 = 𝒙

𝒅, 𝒚𝟏 = 𝒚
𝒂, 𝒚𝟐 = 𝒚

𝒃, 𝒚𝟑 = 𝒚
𝒄, 𝒚𝟒 = 𝒚

𝒅 

𝒂 ≥ 𝒃 ≥ 𝒄 ≥ 𝒅 ⇒ 𝒙𝟏 ≥ 𝒙𝟐 ≥ 𝒙𝟑 ≥ 𝒙𝟒 and 𝒚𝟏 ≥ 𝒚𝟐 ≥ 𝒚𝟑 ≥ 𝒚𝟒. Inequality becomes: 

𝟖 (∏𝒙𝒊

𝟒

𝒊=𝟏

+∏𝒚𝒊

𝟒

𝒊=𝟏

) ≥∏(𝒙𝒊 + 𝒚𝒊)

𝟒

𝒊=𝟏

⇔ 

𝟖(∏𝒙𝒊

𝟒

𝒊=𝟏

+∏𝒚𝒊

𝟒

𝒊=𝟏

) ≥ 𝒙𝟏𝒙𝟐𝒙𝟑𝒙𝟒 + 𝒙𝟏𝒙𝟐𝒙𝟑𝒚𝟒 + 𝒙𝟏𝒙𝟐𝒚𝟑𝒙𝟒 + 𝒙𝟏𝒙𝟐𝒚𝟑𝒚𝟒 + 

+𝒙𝟏𝒚𝟐𝒙𝟑𝒙𝟒 + 𝒙𝟏𝒚𝟐𝒙𝟑𝒚𝟒 + 𝒙𝟏𝒚𝟐𝒚𝟑𝒙𝟒 + 𝒙𝟏𝒚𝟐𝒚𝟑𝒚𝟒 + 𝒚𝟏𝒙𝟐𝒙𝟑𝒙𝟒 + 𝒚𝟏𝒙𝟐𝒚𝟑𝒚𝟒 + 

+𝒚𝟏𝒚𝟐𝒙𝟑𝒙𝟒 + 𝒚𝟏𝒚𝟐𝒙𝟑𝒚𝟒 + 𝒚𝟏𝒚𝟐𝒚𝟑𝒙𝟒 + 𝒚𝟏𝒚𝟐𝒚𝟑 ⇔ 

𝑬 = 𝒙𝟏𝒙𝟐(𝒙𝟑 − 𝒚𝟑)(𝒙𝟒 − 𝒚𝟒) + 𝒙𝟏𝒙𝟑(𝒙𝟐 − 𝒚𝟐)(𝒙𝟒 − 𝒚𝟒) + 𝒙𝟏𝒙𝟒(𝒙𝟐 − 𝒚𝟐)(𝒙𝟑 − 𝒚𝟑) ≥ 𝟎 

If 𝒙 ≥ 𝒚 ⇒ 𝒙𝒂 ≥ 𝒚𝒂, 𝒙𝒃 ≥ 𝒚𝒃, 𝒙𝒄 ≥ 𝒚𝒄, 𝒙𝒅 ≥ 𝒚𝒅 ⇒ 

(𝒙𝟏 − 𝒚𝟏)(𝒙𝟐 − 𝒚𝟐) ≥ 𝟎 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔). Similarly for 𝒙 < 𝑦. 

Thus, 𝑬 ≥ 𝟎. 

769. Let 𝒂, 𝒃, 𝒄 ∈ ℝ such that: ||𝒂|𝒙𝟑 + |𝒃|𝒙𝟐 + |𝒄|| ≤ 𝝅𝟐; ∀|𝒙| ≤ 𝟏. 

Prove that: 𝟑|𝒂| + 𝟐|𝒃| < 𝟗𝟎 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Adrian Popa-Romania 

Let 𝒇(𝒙) = 𝒎𝒙𝟑 + 𝒏𝒙𝟐 + 𝒕, where |𝒂| = 𝒎, |𝒃| = 𝒏, |𝒄| = 𝒕;𝒎, 𝒏, 𝒑 > 0 

{

𝒇(𝟏) = 𝒎+ 𝒏+ 𝒕

𝒇(𝟎) = 𝒕

𝒇(−𝟏) = −𝒎 +𝒏 + 𝒕

⇒ {

|𝒇(𝟏)| ≤ 𝝅𝟐

|𝒇(𝟎)| ≤ 𝝅𝟐

|𝒇(−𝟏)| ≤ 𝝅𝟐
⇒ {

−𝝅𝟐 ≤ 𝒇(𝟏) ≤ 𝝅𝟐

−𝝅𝟐 ≤ 𝒇(𝟎) ≤ 𝝅𝟐

−𝝅𝟐 ≤ 𝒇(−𝟏) ≤ 𝝅𝟐
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⇒ 𝒇(𝟏) + 𝒇(−𝟏) = 𝟐𝒏 + 𝟐𝒇(𝟎) ⇒ 𝒏 =
𝒇(𝟏) + 𝒇(−𝟏) − 𝟐𝒇(𝟎)

𝟐
 

𝒎 = 𝒇(𝟏) − 𝒏 − 𝒇(𝟎) =
𝒇(𝟏) − 𝒇(−𝟏)

𝟐
 

𝟑|𝒂| + 𝟐|𝒃| = 𝟑𝒎 + 𝟐𝒏 =
𝟓𝒇(𝟏) − 𝒇(−𝟏) − 𝟒𝒇(𝟎)

𝟐
≤ 𝟓𝝅𝟐 < 90 

770. For 𝒏 > 1 prove that: 

𝐬𝐢𝐧−𝟏 (𝒆
𝒙
𝝅)

𝒏
+ 𝒆−

𝒙
𝝅 ≥

√𝒏(√𝒏𝟐 + 𝟒+ 𝒏)

√𝟐
+ 𝐬𝐢𝐧−𝟏

(

 
√𝒏(√𝒏𝟐 + 𝟒− 𝒏)

√𝟐
)

 

𝒏
 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Ravi Prakash-New Delhi-India 

𝐬𝐢𝐧−𝟏 (𝒆
𝒙
𝝅)

𝒏
+ 𝒆−

𝒙
𝝅 ≥

√𝒏(√𝒏𝟐 + 𝟒 + 𝒏)

√𝟐
+ 𝐬𝐢𝐧−𝟏

(

 
√𝒏(√𝒏𝟐 + 𝟒 − 𝒏)

√𝟐
)

 

𝒏
 

⇔ 𝐬𝐢𝐧−𝟏 (𝒆
𝒙
𝝅) + 𝒏𝒆−

𝒙
𝝅 ≥ 𝐬𝐢𝐧−𝟏

√𝒏(√𝒏𝟐 + 𝟒 − 𝒏)

√𝟐
+
𝟏

√𝟐
√𝒏√𝒏𝟐 + 𝟒 + 𝒏 

As 𝒆
𝒙

𝝅 > 0; ∀𝑥 ∈ ℝ, LHS is defined for 𝟎 < 𝒆
𝒙

𝝅 ≤ 𝟏 ⇔
𝒙

𝝅
≤ 𝟎 ⇔ 𝒙 ≤ 𝟎. 

Let 𝒇(𝒕) = 𝐬𝐢𝐧−𝟏 𝒕 +
𝒏

𝒕
, 𝟎 < 𝑡 ≤ 1 ⇒ 𝒇′(𝒕) =

𝟏

√𝟏−𝒕𝟐
−
𝒏

𝒕𝟐
, 𝟎 < 𝑡 < 1 

𝒇′(𝒕) = 𝟎 ⇔ 𝒕𝟒 = 𝒏𝟐(𝟏 − 𝒕𝟐) ⇔ 𝒕𝟒 + 𝒏𝟐𝒕𝟐 = 𝒏𝟐 ⇔ (𝒕𝟐 +
𝒏𝟐

𝟐
)

𝟐

= 𝒏𝟐 +
𝒏𝟒

𝟒
 

𝒕𝟐 =
𝒏

𝟐
√𝒏𝟐 + 𝟒 −

𝒏𝟐

𝟐
⇒ 𝒕 =

𝟏

√𝟐
√𝒏(√𝒏𝟐 + 𝟒 − 𝒏) , 𝟎 < 𝑡 < 1 

Also, 𝒇′(𝒕) > 0, 𝒕𝟎 < 𝑡 < 1 and 𝒇′(𝒕) < 0, 0 < 𝑡 < 𝒕𝟎. Thus, 

𝒇(𝒕) ≥ 𝒇(𝒕𝟎), ∀𝒕 ∈ (𝟎, 𝟏] 

We have: 
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𝒏

𝒕𝟎
=

√𝟐𝒏

√𝒏(√𝒏𝟐 + 𝟒 − 𝒏)

=
𝟏

√𝟐
⋅ √𝒏 ⋅ √√𝒏𝟐 + 𝟒 + 𝒏 

⇒ 𝐬𝐢𝐧−𝟏 𝒕 +
𝒏

𝒕
≥ 𝐬𝐢𝐧−𝟏

√𝒏(√𝒏𝟐 + 𝟒 − 𝒏)

√𝟐
+
𝟏

√𝟐
√𝒏√𝒏𝟐 + 𝟒 + 𝒏, 𝒕 ∈ (𝟎, 𝟏] 

To obtain the inequality, put 𝒕 = 𝒆
𝒙

𝝅, 𝒙 ≤ 𝟎. 

771. 

𝐈𝐟 𝒂𝒌, 𝒃𝒌 ∈ (𝟏,∞); 𝒌 = 𝟏,𝒏 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 ∑(𝒂𝒌 + 𝒃𝒌)

𝒏

𝒌=𝟏

= 𝟒𝒏, 𝐭𝐡𝐞𝐧 ∶  

∑√𝒏(𝒍𝒐𝒈𝟐𝒂𝒌 + 𝒍𝒐𝒈
𝟐𝒃𝒌) + (𝒏

𝟐 + 𝟏) 𝐥𝐨𝐠𝒂𝒌 ⋅ 𝐥𝐨𝐠 𝒃𝒌

𝒏

𝒌=𝟏

≤ 𝒏(𝒏 + 𝟏).  

 Proposed by  Florică Anastase-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶  √𝒏(𝒙𝟐 + 𝒚𝟐) + (𝒏𝟐 + 𝟏)𝒙𝒚 ≤
(𝒏 + 𝟏)(𝒙 + 𝒚)

𝟐
, ∀𝒙, 𝒚 > 𝟎 

√𝒏(𝒙𝟐 + 𝒚𝟐) + (𝒏𝟐 + 𝟏)𝒙𝒚 ≤
(𝒏 + 𝟏)(𝒙 + 𝒚)

𝟐
 ↔ 𝟒𝒏(𝒙𝟐 + 𝒚𝟐) + 𝟒(𝒏𝟐 + 𝟏)𝒙𝒚

≤ (𝒏 + 𝟏)𝟐[(𝒙𝟐 + 𝒚𝟐) + 𝟐𝒙𝒚] 

↔ 𝟎 ≤ (𝒏 − 𝟏)𝟐(𝒙 − 𝒚)𝟐 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆  →  ∀𝒙, 𝒚 > 𝟎,√𝒏(𝒙𝟐 + 𝒚𝟐) + (𝒏𝟐 + 𝟏)𝒙𝒚

≤
(𝒏 + 𝟏)(𝒙 + 𝒚)

𝟐
 

𝑭𝒐𝒓 𝒙 = 𝐥𝐨𝐠𝒂𝒌 > 𝟎, 𝒚 = 𝐥𝐨𝐠𝒃𝒌 > 𝟎, 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  √𝒏(𝒍𝒐𝒈𝟐𝒂𝒌 + 𝒍𝒐𝒈𝟐𝒃𝒌) + (𝒏𝟐 + 𝟏) 𝐥𝐨𝐠 𝒂𝒌 . 𝐥𝐨𝐠 𝒃𝒌

≤
(𝒏 + 𝟏)(𝐥𝐨𝐠𝒂𝒌 + 𝐥𝐨𝐠 𝒃𝒌)

𝟐
, ∀𝒌 = 𝟏,𝒏 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  𝐥𝐨𝐠 𝒙 ≤ 𝒙 − 𝟏,∀𝒙 > 𝟎 

→  √𝒏(𝒍𝒐𝒈𝟐𝒂𝒌 + 𝒍𝒐𝒈
𝟐𝒃𝒌) + (𝒏

𝟐 + 𝟏) 𝐥𝐨𝐠𝒂𝒌 . 𝐥𝐨𝐠 𝒃𝒌

≤
(𝒏 + 𝟏)(𝒂𝒌 + 𝒃𝒌 − 𝟐)

𝟐
, ∀𝒌 = 𝟏, 𝒏 
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→ ∑√𝒏(𝒍𝒐𝒈𝟐𝒂𝒌 + 𝒍𝒐𝒈𝟐𝒃𝒌) + (𝒏𝟐 + 𝟏) 𝐥𝐨𝐠 𝒂𝒌 . 𝐥𝐨𝐠𝒃𝒌

𝒏

𝒌=𝟏

≤
𝒏+ 𝟏

𝟐
∑(𝒂𝒌 + 𝒃𝒌 − 𝟐)

𝒏

𝒌=𝟏

=
𝒏 + 𝟏

𝟐
. (𝟒𝒏 − 𝟐𝒏) = 𝒏(𝒏 + 𝟏) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑√𝒏(𝒍𝒐𝒈𝟐𝒂𝒌 + 𝒍𝒐𝒈𝟐𝒃𝒌) + (𝒏𝟐 + 𝟏) 𝐥𝐨𝐠 𝒂𝒌 . 𝐥𝐨𝐠𝒃𝒌

𝒏

𝒌=𝟏

≤ 𝒏(𝒏 + 𝟏). 

Solution 2 by proposer 

𝒏(𝐥𝐨𝐠𝟐 𝒂𝒌 + 𝐥𝐨𝐠
𝟐 𝒃𝒌) + (𝒏

𝟐 + 𝟏) 𝐥𝐨𝐠𝒂𝒌 ⋅ 𝐥𝐨𝐠𝒃𝒌 = 

= (𝒏 ⋅ 𝐥𝐨𝐠 𝒂𝒌 + 𝐥𝐨𝐠𝒃𝒌)(𝐥𝐨𝐠𝒂𝒌 + 𝒏 ⋅ 𝐥𝐨𝐠 𝒃𝒌) 

Hence, 

∑√𝒏(𝐥𝐨𝐠𝟐 𝒂𝒌 + 𝐥𝐨𝐠𝟐 𝒃𝒌) + (𝒏𝟐 + 𝟏) 𝐥𝐨𝐠𝒂𝒌 ⋅ 𝐥𝐨𝐠𝒃𝒌

𝒏

𝒌=𝟏

= 

=∑√(𝒏 ⋅ 𝐥𝐨𝐠𝒂𝒌 + 𝐥𝐨𝐠𝒃𝒌)(𝐥𝐨𝐠𝒂𝒌 + 𝒏 ⋅ 𝐥𝐨𝐠𝒃𝒌)

𝒏

𝒌=𝟏

≤
𝑨𝑮𝑴

 

≤∑
(𝒏 ⋅ 𝐥𝐨𝐠𝒂𝒌 + 𝐥𝐨𝐠𝒃𝒌) + (𝐥𝐨𝐠𝒂𝒌 + 𝒏 ⋅ 𝐥𝐨𝐠 𝒃𝒌)

𝟐

𝒏

𝒌=𝟏

= 

=
𝒏+ 𝟏

𝟐
⋅∑(𝐥𝐨𝐠 𝒂𝒌 + 𝐥𝐨𝐠 𝒃𝒌)

𝒏

𝒌=𝟏

≤
𝐥𝐨𝐠 𝒕≤𝒕−𝟏 𝒏 + 𝟏

𝟐
⋅∑(𝒂𝒌 − 𝟏 + 𝒃𝒌 − 𝟏)

𝒏

𝒌=𝟏

= 

=
𝒏 + 𝟏

𝟐
⋅ [∑(𝒂𝒌 + 𝒃𝒌

𝒏

𝒌=𝟏

) − 𝟐𝒏] = 𝒏(𝒏 + 𝟏) 

772. If 𝒙, 𝒚, 𝒛, 𝒕 > 𝟎 then 

𝒙𝒚𝒛𝒕(𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 ≤ 𝟐(𝒙𝒚 + 𝒛𝒕)(𝒙𝒛 + 𝒚𝒕)(𝒙𝒕 + 𝒚𝒛)          

Proposed by Daniel Sitaru-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒙𝒚𝒛𝒕(𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 ≤ 𝟐(𝒙𝒚 + 𝒛𝒕)(𝒙𝒛 + 𝒚𝒕)(𝒙𝒕 + 𝒚𝒛); (∗) 

𝑹𝑯𝑺(∗) = 𝟐(𝒙
𝟐𝒚𝒛 + 𝒙𝒚𝟐𝒕 + 𝒙𝒛𝟐𝒕 + 𝒚𝒛𝒕𝟐)(𝒙𝒕 + 𝒚𝒛)

= 𝟐𝒙𝒚𝒛𝒕(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒕𝟐) + 𝟐(𝒙𝟐𝒚𝟐𝒛𝟐 + 𝒙𝟐𝒚𝟐𝒕𝟐 + 𝒙𝟐𝒛𝟐𝒕𝟐 + 𝒚𝟐𝒛𝟐𝒕𝟐) 
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→ (∗) ↔ 𝒙𝒚𝒛𝒕(𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐

≤ 𝟐𝒙𝒚𝒛𝒕(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒕𝟐) + 𝟐(𝒙𝟐𝒚𝟐𝒛𝟐 + 𝒙𝟐𝒚𝟐𝒕𝟐 + 𝒙𝟐𝒛𝟐𝒕𝟐 + 𝒚𝟐𝒛𝟐𝒕𝟐) 

↔ 𝟐𝒙𝒚𝒛𝒕(𝒙𝒚 + 𝒙𝒛 + 𝒙𝒕 + 𝒚𝒛 + 𝒚𝒕 + 𝒛𝒕)

≤ 𝒙𝒚𝒛𝒕(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒕𝟐) + 𝟐(𝒙𝟐𝒚𝟐𝒛𝟐 + 𝒙𝟐𝒚𝟐𝒕𝟐 + 𝒙𝟐𝒛𝟐𝒕𝟐 + 𝒚𝟐𝒛𝟐𝒕𝟐) 

↔ 𝒙𝒚𝒛𝒕[(𝒙 − 𝒚)𝟐 + (𝒛 − 𝒕)𝟐] + 𝒙𝟐𝒛𝟐(𝒚 − 𝒕)𝟐 + 𝒙𝟐𝒕𝟐(𝒚 − 𝒛)𝟐 + 𝒚𝟐𝒛𝟐(𝒙 − 𝒕)𝟐

+ 𝒚𝟐𝒕𝟐(𝒙 − 𝒛)𝟐 ≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒙𝒚𝒛𝒕(𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐

≤ 𝟐(𝒙𝒚 + 𝒛𝒕)(𝒙𝒛 + 𝒚𝒕)(𝒙𝒕 + 𝒚𝒛) 𝒘𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇𝒇 𝒙 = 𝒚 = 𝒛 = 𝒕. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝟐(𝒙𝐲 + 𝐳𝐭)(𝒙𝐳 + 𝐲𝐭)(𝒙𝐭 + 𝐲𝐳) − 𝒙𝐲𝐳𝐭(𝒙 + 𝐲 + 𝐳 + 𝐭)𝟐 ≥ 𝟎 

⇔⏞
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐠𝐢𝐧𝐠

𝟐(𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐)

+ 𝒙𝐲𝐳𝐭(𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝐭𝟐) ≥⏞
(𝐢)

𝟐𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝒙𝐳 + 𝒙𝐭 + 𝐲𝐳 + 𝐲𝐭 + 𝐳𝐭) 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐮𝐬𝐞 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 𝐢𝐧 𝐜𝒂𝐬𝐞 𝐨𝐟 𝐞𝒂𝐜𝐡 𝐨𝐟 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐢𝐞𝐬 ∶ 

𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 ≥ 𝒙𝐲𝐳. 𝒙𝐲𝐭 + 𝒙𝐲𝐭. 𝒙𝐳𝐭 + 𝒙𝐳𝐭. 𝒙𝐲𝐳

⇒ 𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 ≥⏞
(∗)

𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝒙𝐭 + 𝒙𝐳) 

𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐 ≥ 𝒙𝐲𝐳. 𝒙𝐲𝐭 + 𝒙𝐲𝐭. 𝐲𝐳𝐭 + 𝐲𝐳𝐭. 𝒙𝐲𝐳

⇒ 𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐 ≥⏞
(∗∗)

𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝐲𝐭 + 𝐲𝐳) 

𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐 ≥ 𝒙𝐲𝐳. 𝒙𝐳𝐭 + 𝒙𝐳𝐭. 𝐲𝐳𝐭 + 𝐲𝐳𝐭. 𝒙𝐲𝐳

⇒ 𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐 ≥⏞
(∗∗∗)

𝒙𝐲𝐳𝐭(𝒙𝐳 + 𝐳𝐭 + 𝐲𝐳) 

𝒙𝟐𝐲𝟐𝐭𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐 ≥ 𝒙𝐲𝐭. 𝒙𝐳𝐭 + 𝒙𝐳𝐭. 𝐲𝐳𝐭 + 𝐲𝐳𝐭. 𝒙𝐲𝐭

⇒ 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐 ≥⏞
(∗∗∗∗)

𝒙𝐲𝐳𝐭(𝒙𝐭 + 𝐳𝐭 + 𝐲𝐭) 

∴ (∗) + (∗∗) + (∗∗∗) + (∗∗∗∗) ⇒ 𝟑(𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐)

≥ 𝟐𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝒙𝐳 + 𝒙𝐭 + 𝐲𝐳 + 𝐲𝐭 + 𝐳𝐭) 
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⇒ 𝟐(𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐) ≥⏞
(𝐦)
𝟒

𝟑
𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝒙𝐳 + 𝒙𝐭 + 𝐲𝐳 + 𝐲𝐭 + 𝐳𝐭) 

𝐒𝐢𝐦𝐢𝐥𝒂𝐫𝐥𝐲, 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 ≥⏞
(⦁)

𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙, 𝒙𝟐 + 𝐲𝟐 + 𝐭𝟐 ≥⏞
(⦁⦁)

𝒙𝐲 + 𝐲𝐭 + 𝒙𝐭, 𝒙𝟐 + 𝐳𝟐

+ 𝐭𝟐 ≥⏞
(⦁⦁⦁)

𝒙𝐳 + 𝐳𝐭 + 𝒙𝐭, 𝐲𝟐 + 𝐳𝟐 + 𝐭𝟐 ≥⏞
(⦁⦁⦁⦁)

𝐲𝐳 + 𝐳𝐭 + 𝐲𝐭 

∴ (⦁) + (⦁⦁) + (⦁⦁⦁) + (⦁⦁⦁⦁) ⇒ 𝟑𝒙𝐲𝐳𝐭(𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝐭𝟐)

≥ 𝟐𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝒙𝐳 + 𝒙𝐭 + 𝐲𝐳 + 𝐲𝐭 + 𝐳𝐭)

⇒ 𝒙𝐲𝐳𝐭(𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝐭𝟐) ≥⏞
(𝐧)
𝟐

𝟑
𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝒙𝐳 + 𝒙𝐭 + 𝐲𝐳 + 𝐲𝐭 + 𝐳𝐭) 

∴ (𝐦) + (𝐧) ⇒ 𝟐(𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝟐𝐲𝟐𝐭𝟐 + 𝒙𝟐𝐳𝟐𝐭𝟐 + 𝐲𝟐𝐳𝟐𝐭𝟐) + 𝒙𝐲𝐳𝐭(𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝐭𝟐)

≥ (
𝟒

𝟑
+
𝟐

𝟑
)𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝒙𝐳 + 𝒙𝐭 + 𝐲𝐳 + 𝐲𝐭 + 𝐳𝐭)

= 𝟐𝒙𝐲𝐳𝐭(𝒙𝐲 + 𝒙𝐳 + 𝒙𝐭 + 𝐲𝐳 + 𝐲𝐭 + 𝐳𝐭) 

⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝒙𝐲𝐳𝐭(𝒙 + 𝐲 + 𝐳 + 𝐭)𝟐 ≤ 𝟐(𝒙𝐲 + 𝐳𝐭)(𝒙𝐳 + 𝐲𝐭)(𝒙𝐭 + 𝐲𝐳) (𝐐𝐄𝐃) 

773. If 𝒂, 𝒃, 𝒄 > 𝟎 such that 𝟑𝒂𝟐 + 𝒃𝟐 = 𝟏𝟔𝒄𝟐 then 

𝟑

𝒂
+
𝟏

𝒃
≥
𝟐

𝒄
 

Proposed by Marin Chirciu-Romania 

Solution 1 by Adrian Popa-Romania 

𝟑𝒂𝟐 + 𝒃𝟐 =
𝒂𝟐

𝟏
+
𝒂𝟐

𝟏
+
𝒂𝟐

𝟏
+
𝒃𝟐

𝟏
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝟑𝒂 + 𝒃)𝟐

𝟒
⇒ 

𝟏𝟔𝒄𝟐 ≥
(𝟑𝒂 + 𝒃)𝟐

𝟒
⇒ 𝟒𝒄 ≥

𝟑𝒂 + 𝒃

𝟐
⇒ 𝟐𝒄 ≥

𝟑𝒂 + 𝒃

𝟒
≥
𝑨𝑯𝑴 𝟒

𝟑
𝒂
+
𝟏
𝒃

 

⇒ 𝒄(
𝟑

𝒂
+
𝟏

𝒃
) ≥ 𝟐 ⇒

𝟑

𝒂
+
𝟏

𝒃
≥
𝟐

𝒄
 

Solution 2 by Ravi Prakash-New Delhi-India 

𝟑𝒂𝟐 + 𝒃𝟐 = 𝟏𝟔𝒄𝟐; 𝒂, 𝒃, 𝒄 > 𝟎 ⇔ (
√𝟑𝒂

𝟒𝒄
)

𝟐

+ (
𝒃

𝟒𝒄
)
𝟐

= 𝟏 

Put 
√𝟑𝒂

𝟒𝒄
= 𝐜𝐨𝐬𝜽 ,

𝒃

𝟒𝒄
= 𝐬𝐢𝐧 𝜽 ; 𝟎 < 𝜽 <

𝝅

𝟐
⇒ 𝒂 =

𝟒𝒄

√𝟑
𝐜𝐨𝐬𝜽 , 𝒃 = 𝟒𝒄 𝐬𝐢𝐧𝜽 
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We wish to show: 

𝟑

𝒂
+
𝟏

𝒃
≥
𝟐

𝒄
⇒
𝟑√𝟑

𝐜𝐨𝐬𝜽
+

𝟏

𝐬𝐢𝐧𝜽
≥ 𝟖; (𝟏) 

Let 𝒇(𝜽) =
𝟑√𝟑

𝐜𝐨𝐬 𝜽
+

𝟏

𝐬𝐢𝐧𝜽
; 𝟎 < 𝜽 <

𝝅

𝟐
 

𝒇′(𝜽) =
(√𝟑 𝐬𝐢𝐧𝜽)

𝟑
− 𝐜𝐨𝐬𝟑 𝜽

𝐬𝐢𝐧𝟐 𝜽𝐜𝐨𝐬𝟐 𝜽
 

𝒇′(𝜽) = 𝟎 ⇔ 𝐭𝐚𝐧𝜽 = √𝟑 or 𝜽 =
𝝅

𝟔
.  

Also, 𝒇′(𝜽) < 𝟎 if 𝟎 < 𝜽 <
𝝅

𝟔
 and 𝒇′(𝜽) > 𝟎 if 

𝝅

𝟔
< 𝜽 <

𝝅

𝟐
. Thus, 

𝒇(𝜽) ≥ 𝒇 (
𝝅

𝟔
)  for 𝟎 < 𝜽 <

𝝅

𝟐
⇔ 

𝟑√𝟑

𝐜𝐨𝐬𝜽
+

𝟏

𝐬𝐢𝐧𝜽
≥
𝟑√𝟑

√𝟑
𝟐

+
𝟏

𝟏
𝟐

= 𝟖 

 Hence, (8) is true. 

Solution 3 by Hikmat Mammadov-Azerbaijan 

𝟏𝟔𝒄𝟐 = 𝟑𝒂𝟐 + 𝒃𝟐 = 𝒂𝟐 + 𝒂𝟐 + 𝒂𝟐 + 𝒃𝟐 ≥
𝑨𝑮𝑴

𝟒 ⋅ √𝒂𝟔𝒃𝟐
𝟒

 

⇒ 𝟒𝒄𝟐 ≥ √𝒂𝟑𝒃 ⇒ 𝒂𝟑𝒃 ≤ 𝟏𝟔𝒄𝟒 

𝟑

𝒂
+
𝟏

𝒃
≥ 𝟒 ⋅ √

𝟏

𝒂𝟑𝒃

𝟒

≥ 𝟒 ⋅ √
𝟏

𝟏𝟔𝒄𝟒

𝟒

=
𝟐

𝒄
 

Hence, 
𝟑

𝒂
+
𝟏

𝒃
≥
𝟐

𝒄
. 

774. Let  𝒌 ∈ ℤ+,   𝟎 < 𝜶 ≤ 𝜷 ≤ 𝜸 ≤ 𝜹,
𝟏

𝜶
+
𝟐

𝜷
+
𝜹

𝜸
≥ 𝟑,

𝟐

𝜷
+
𝜹

𝜸
≥ 𝟐. Prove that: 

𝜶𝒌 + 𝜷𝒌 + 𝜸𝒌 − 𝜹𝒌 ≤ 𝟐𝒌 + 𝟏 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by proposer 

Using Holder’s Inequality, we have: 

 [(
𝟏

𝜶
)
𝒌

+ (
𝟐

𝜷
)
𝒌

+ (
𝜹

𝜸
)
𝒌

] 𝟑𝒌−𝟏 ≥ (
𝟏

𝜶
+
𝟐

𝜷
+
𝜹

𝜸
)
𝒌

≥ 𝟑𝒌;→ (
𝟏

𝜶
)
𝒌

+ (
𝟐

𝜷
)
𝒌

+ (
𝜹

𝜸
)
𝒌

≥ 𝟑; 
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 [(
𝟐

𝜷
)
𝒌

+ (
𝜹

𝜸
)
𝒌

] 𝟐𝒌−𝟏 ≥ (
𝟐

𝜷
+
𝜹

𝜸
)
𝒌

≥ 𝟐𝒌; → (
𝟐

𝜷
)
𝒌

+ (
𝜹

𝜸
)
𝒌

≥ 𝟐; 

Then, we have: 

𝜹𝒌 + 𝟐𝒌 + 𝟏 = (𝜸𝒌 −𝜷𝒌) (
𝜹

𝜸
)
𝒌

+ (𝜷𝒌 − 𝜶𝒌) ((
𝟐

𝜷
)
𝒌

+ (
𝜹

𝜸
)
𝒌

) + 𝜶𝒌 ((
𝟏

𝜶
)
𝒌

+ (
𝟐

𝜷
)
𝒌

+ (
𝜹

𝜸
)
𝒌

)

≥ (𝜸𝒌 − 𝜷𝒌). 𝟏 + (𝜷𝒌 − 𝜶𝒌). 𝟐 + 𝜶𝒌. 𝟑 = 𝜶𝒌 +𝜷𝒌 + 𝜸𝒌; 

Thus, 

𝜶𝒌 + 𝜷𝒌 + 𝜸𝒌 − 𝜹𝒌 ≤ 𝟐𝒌 + 𝟏 

Proved. Equality if only if   {
𝜶 = 𝟏
𝜷 = 𝟐

𝜸 = 𝜹 ≥ 𝟐
. 

775. 

𝐋𝐞𝐭 𝒂 ≥ 𝒃 ≥ 𝒄 > 𝟎 𝐚𝐧𝐝 𝒕 =
𝒂 + 𝒃

𝟐
. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭:  

𝟏

√𝟒𝒂𝟐 + 𝒃𝒄
+

𝟏

√𝟒𝒃𝟐 + 𝒄𝒂
+

𝟏

√𝟒𝒄𝟐 + 𝒂𝒃
≥

𝟐

√𝟒𝒕𝟐 + 𝒕𝒄
+

𝟏

√𝟒𝒄𝟐 + 𝒕𝟐
  

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒂𝒃 ≤⏞
𝑨𝑴−𝑮𝑴

 (
𝒂 + 𝒃

𝟐
)
𝟐

= 𝒕𝟐  →  
𝟏

√𝟒𝒄𝟐 + 𝒂𝒃
≥

𝟏

√𝟒𝒄𝟐 + 𝒕𝟐
 (𝟏) 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆

∶  
𝟏

√𝟒𝒂𝟐 + 𝒃𝒄
+

𝟏

√𝟒𝒃𝟐 + 𝒄𝒂
 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟐

√(𝟒𝒂𝟐 + 𝒃𝒄)(𝟒𝒃𝟐 + 𝒄𝒂)
𝟒

 ≥⏞
?

 
𝟐

√𝟒𝒕𝟐 + 𝒕𝒄
 

↔ (𝟒𝒕𝟐 + 𝒕𝒄)𝟐 ≥ (𝟒𝒂𝟐 + 𝒃𝒄)(𝟒𝒃𝟐 + 𝒄𝒂)  ↔  𝟏𝟔 (
𝒂 + 𝒃

𝟐
)
𝟒

+ 𝟖𝒄(
𝒂 + 𝒃

𝟐
)
𝟑

+ 𝒄𝟐 (
𝒂 + 𝒃

𝟐
)
𝟐

≥ 𝟏𝟔𝒂𝟐𝒃𝟐 + 𝟒𝒄(𝒂𝟑 + 𝒃𝟑) + 𝒂𝒃𝒄𝟐 

↔  𝟒[(𝒂 + 𝒃)𝟒 − 𝟏𝟔𝒂𝟐𝒃𝟐] − 𝟒𝒄[𝟒(𝒂𝟑 + 𝒃𝟑) − (𝒂 + 𝒃)𝟑] + 𝒄𝟐[(𝒂 + 𝒃)𝟐 − 𝟒𝒂𝒃] ≥ 𝟎 

↔ 𝟒(𝒂𝟐 + 𝒃𝟐 + 𝟔𝒂𝒃)(𝒂 − 𝒃)𝟐 − 𝟏𝟐𝒄(𝒂 + 𝒃)(𝒂 − 𝒃)𝟐 + 𝒄𝟐(𝒂 − 𝒃)𝟐 ≥ 𝟎

↔ [𝟒(𝒂𝟐 + 𝒃𝟐) + 𝟏𝟐𝒂(𝒃 − 𝒄) + 𝟏𝟐𝒃(𝒂 − 𝒄) + 𝒄𝟐](𝒂 − 𝒃)𝟐 ≥ 𝟎 
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𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 ∶ 𝒄 = 𝒎𝒊𝒏{𝒂, 𝒃, 𝒄}  →  
𝟏

√𝟒𝒂𝟐 + 𝒃𝒄
+

𝟏

√𝟒𝒃𝟐 + 𝒄𝒂

≥
𝟐

√𝟒𝒕𝟐 + 𝒕𝒄
  (𝟐) 

(𝟏) + (𝟐)  →  
𝟏

√𝟒𝒂𝟐 + 𝒃𝒄
+

𝟏

√𝟒𝒃𝟐 + 𝒄𝒂
+

𝟏

√𝟒𝒄𝟐 + 𝒂𝒃
≥

𝟐

√𝟒𝒕𝟐 + 𝒕𝒄
+

𝟏

√𝟒𝒄𝟐 + 𝒕𝟐
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒂𝒃 ≤⏞
𝑨𝑴−𝑮𝑴

 (
𝒂 + 𝒃

𝟐
)
𝟐

= 𝒕𝟐  →  
𝟏

√𝟒𝒄𝟐 + 𝒂𝒃
≥

𝟏

√𝟒𝒄𝟐 + 𝒕𝟐
 

→ 𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  
𝟏

√𝟒𝒂𝟐 + 𝒃𝒄
+

𝟏

√𝟒𝒃𝟐 + 𝒄𝒂
≥⏞
(𝟏)

𝟐

√𝟒𝒕𝟐 + 𝒕𝒄
↔ 

𝟏

√𝟒𝒂𝟐 + 𝒃𝒄
+

𝟏

√𝟒𝒃𝟐 + 𝒄𝒂
≥

𝟒

√𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄
 

↔
𝟏

√𝟒𝒃𝟐 + 𝒄𝒂
−

𝟐

√𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂+ 𝒃)𝒄

≥
𝟐

√𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄
−

𝟏

√𝟒𝒂𝟐 + 𝒃𝒄
 

↔ 
√𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄 − 𝟐√𝟒𝒃𝟐 + 𝒄𝒂

√𝟒𝒃𝟐 + 𝒄𝒂
≥
𝟐√𝟒𝒂𝟐 + 𝒃𝒄 − √𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂+ 𝒃)𝒄

√𝟒𝒂𝟐 + 𝒃𝒄
 

↔ 
[𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄] − 𝟒(𝟒𝒃𝟐 + 𝒄𝒂)

√𝟒𝒃𝟐 + 𝒄𝒂 (√𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄 + 𝟐√𝟒𝒃𝟐 + 𝒄𝒂)

≥
𝟒(𝟒𝒂𝟐 + 𝒃𝒄) − [𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄]

√𝟒𝒂𝟐 + 𝒃𝒄 (𝟐√𝟒𝒂𝟐 + 𝒃𝒄 + √𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂+ 𝒃)𝒄)
 

↔ 
(𝒂 − 𝒃)(𝟐𝒂 + 𝟔𝒃 − 𝒄)

√𝟒𝒃𝟐 + 𝒄𝒂 (√𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄 + 𝟐√𝟒𝒃𝟐 + 𝒄𝒂)

≥
(𝒂 − 𝒃)(𝟔𝒂 + 𝟐𝒃 − 𝒄)

√𝟒𝒂𝟐 + 𝒃𝒄 (𝟐√𝟒𝒂𝟐 + 𝒃𝒄 + √𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂+ 𝒃)𝒄)
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↔ (𝒂 − 𝒃) (
𝟐𝒂 + 𝟔𝒃 − 𝒄

√𝟒𝒃𝟐 + 𝒄𝒂. √𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄 + 𝟖𝒃𝟐 + 𝟐𝒄𝒂

−
𝟔𝒂 + 𝟐𝒃 − 𝒄

𝟖𝒂𝟐 + 𝟐𝒃𝒄 + √𝟒𝒂𝟐 + 𝒃𝒄. √𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄
) ≥ 𝟎 

↔ (𝒂 − 𝒃) [(𝟐𝒂 + 𝟔𝒃 − 𝒄) (𝟖𝒂𝟐 + 𝟐𝒃𝒄 + √𝟒𝒂𝟐 + 𝒃𝒄. √𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄)

− (𝟔𝒂 + 𝟐𝒃 − 𝒄) (√𝟒𝒃𝟐 + 𝒄𝒂.√𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄 + 𝟖𝒃𝟐 + 𝟐𝒄𝒂)]

≥ 𝟎 

↔ (𝒂 − 𝒃) [(𝒂 − 𝒃)(𝟏𝟔𝒂𝟐 + 𝟔𝟒𝒂𝒃 + 𝟏𝟔𝒃𝟐 − 𝟐𝟎𝒃𝒄 − 𝟐𝟎𝒄𝒂 + 𝟐𝒄𝟐)

+ √𝟒(𝒂 + 𝒃)𝟐 + 𝟐(𝒂 + 𝒃)𝒄 [(𝟐𝒂 + 𝟔𝒃 − 𝒄)√𝟒𝒂𝟐 + 𝒃𝒄

− (𝟔𝒂 + 𝟐𝒃 − 𝒄)√𝟒𝒃𝟐 + 𝒄𝒂]] ≥ 𝟎 

𝑺𝒊𝒏𝒄𝒆 ∶  𝟏𝟔𝒂𝟐 + 𝟔𝟒𝒂𝒃 + 𝟏𝟔𝒃𝟐 − 𝟐𝟎𝒃𝒄 − 𝟐𝟎𝒄𝒂 + 𝟐𝒄𝟐

= 𝟏𝟔𝒂𝟐 + 𝟏𝟔𝒃𝟐 + 𝟐𝒄𝟐 + 𝟐𝟒𝒂𝒃 + 𝟐𝟎𝒂(𝒃 − 𝒄) + 𝟐𝟎𝒃(𝒂 − 𝒄) > 𝟎   

→  𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  (𝟐𝒂 + 𝟔𝒃 − 𝒄)√𝟒𝒂𝟐 + 𝒃𝒄 − (𝟔𝒂 + 𝟐𝒃 − 𝒄)√𝟒𝒃𝟐 + 𝒄𝒂 ≥ 𝟎 

↔ (𝟐𝒂 + 𝟔𝒃 − 𝒄)𝟐(𝟒𝒂𝟐 + 𝒃𝒄) ≥ (𝟔𝒂 + 𝟐𝒃 − 𝒄)𝟐(𝟒𝒃𝟐 + 𝒄𝒂) 

↔ (𝟒𝒂𝟐 + 𝟑𝟔𝒃𝟐 + 𝒄𝟐 + 𝟐𝟒𝒂𝒃 − 𝟏𝟐𝒃𝒄 − 𝟒𝒄𝒂)(𝟒𝒂𝟐 + 𝒃𝒄)

≥ (𝟑𝟔𝒂𝟐 + 𝟒𝒃𝟐 + 𝒄𝟐 + 𝟐𝟒𝒂𝒃 − 𝟒𝒃𝒄 − 𝟏𝟐𝒄𝒂)(𝟒𝒃𝟐 + 𝒄𝒂) 

↔ 𝟏𝟔(𝒂𝟒 − 𝒃𝟒) + 𝟗𝟔(𝒂𝟑𝒃 − 𝒂𝒃𝟑) − 𝟔𝟖(𝒂𝟐𝒃𝒄 − 𝒂𝒃𝟐𝒄) − 𝟓𝟐(𝒂𝟑𝒄 − 𝒃𝟑𝒄) − (𝒂𝒄𝟑 − 𝒃𝒄𝟑)

+ 𝟏𝟔(𝒄𝟐𝒂𝟐 − 𝒃𝟐𝒄𝟐) ≥ 𝟎 

↔ (𝒂 − 𝒃)(𝟏𝟔𝒂𝟑 + 𝟏𝟔𝒃𝟑 + 𝟏𝟏𝟐𝒂𝟐𝒃 + 𝟏𝟏𝟐𝒂𝒃𝟐 − 𝟏𝟐𝟎𝒂𝒃𝒄 − 𝟓𝟐𝒄𝒂𝟐 − 𝟓𝟐𝒃𝟐𝒄 − 𝒄𝟑

+ 𝟏𝟔𝒄𝟐𝒂 + 𝟏𝟔𝒃𝒄𝟐) ≥ 𝟎 

↔ (𝒂 − 𝒃)[𝟏𝟔𝒂𝟑 + 𝟏𝟔𝒃𝟑 + 𝟔𝟎𝒂𝒃(𝒂 + 𝒃 − 𝟐𝒄) + 𝟓𝟐𝒂𝟐(𝒃 − 𝒄) + 𝟓𝟐𝒃𝟐(𝒂 − 𝒄)

+ 𝒄𝟐(𝒂 − 𝒄) + 𝟏𝟓𝒄𝟐𝒂 + 𝟏𝟔𝒃𝒄𝟐] ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝒂 ≥ 𝒃 ≥ 𝒄 → (𝟏) 𝒊𝒔 𝒕𝒓𝒖𝒆.  𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,

𝟏

√𝟒𝒂𝟐 + 𝒃𝒄
+

𝟏

√𝟒𝒃𝟐 + 𝒄𝒂
+

𝟏

√𝟒𝒄𝟐 + 𝒂𝒃
≥

𝟐

√𝟒𝒕𝟐 + 𝒕𝒄
+

𝟏

√𝟒𝒄𝟐 + 𝒕𝟐
. 
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776. 

𝐈𝐟 𝒂, 𝒃, 𝒄 > 𝟎, 𝒖 ≥ 𝟎, 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 ∶ 𝒎𝒊𝒏{𝒂𝟐, 𝒃𝟐, 𝒄𝟐} ≥
𝒖

𝟏 + 𝟑𝒖
∑𝒂𝟐

𝒄𝒚𝒄

, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

(𝟏 + 𝟑𝒖)∑
𝒂𝟐

𝒃
𝒄𝒚𝒄

≥ 𝒖(∑𝒂𝟐

𝒄𝒚𝒄

)(∑
𝟏

𝒂
𝒄𝒚𝒄

) + √𝟑∑𝒂𝟐

𝒄𝒚𝒄

.  

  Proposed by Marius Drăgan, Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝑳𝑶𝑮 𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒄 = 𝒎𝒊𝒏{𝒂, 𝒃, 𝒄} → (𝟏 + 𝟑𝒖). 𝒄𝟐 ≥ 𝒖(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)  

↔  (𝟏 + 𝟐𝒖). 𝒄𝟐 ≥ 𝒖(𝒂𝟐 + 𝒃𝟐) ≥⏞
𝑨𝑴−𝑮𝑴

𝟐𝒖.𝒂𝒃 
𝑺𝒊𝒏𝒄𝒆 𝒎𝒂𝒙{𝒂, 𝒃, 𝒄} ∈ {𝒂, 𝒃}  →  𝒂𝒃 ≥ 𝒎𝒂𝒙{𝒂, 𝒃, 𝒄}. 𝒄 →  (𝟏 + 𝟐𝒖)𝒄 ≥ 𝟐𝒖.𝒎𝒂𝒙{𝒂, 𝒃, 𝒄}  

↔  
𝟏 + 𝟐𝒖

𝟐
.𝒎𝒊𝒏{𝒂, 𝒃, 𝒄} ≥ 𝒖.𝒎𝒂𝒙{𝒂, 𝒃, 𝒄} 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∀𝒙, 𝒚 ∈ {𝒂, 𝒃, 𝒄} ,
𝟏 + 𝟐𝒖

𝟐
. 𝒙 ≥ 𝒖. 𝒚 𝒐𝒓 

𝟏 + 𝟐𝒖

𝟐𝒚
≥
𝒖

𝒙
 (𝟏) 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ (𝟏 + 𝟑𝒖)∑
𝒂𝟐

𝒃
𝒄𝒚𝒄

≥ 𝒖(∑𝒂𝟐

𝒄𝒚𝒄

)(∑
𝟏

𝒂
𝒄𝒚𝒄

) +√𝟑∑𝒂𝟐

𝒄𝒚𝒄

↔ (𝟏 + 𝟐𝒖)∑
𝒂𝟐

𝒃
𝒄𝒚𝒄

≥ 𝒖(∑𝒂

𝒄𝒚𝒄

+∑
𝒂𝟐

𝒄
𝒄𝒚𝒄

) + √𝟑∑𝒂𝟐

𝒄𝒚𝒄

  

↔ (𝟏 + 𝟐𝒖) (∑
𝒂𝟐

𝒃
𝒄𝒚𝒄

−∑𝒂

𝒄𝒚𝒄

) ≥ 𝒖(∑
𝒂𝟐

𝒄
𝒄𝒚𝒄

−∑𝒂

𝒄𝒚𝒄

) + (√𝟑∑𝒂𝟐

𝒄𝒚𝒄

−∑𝒂

𝒄𝒚𝒄

) 

↔ (𝟏 + 𝟐𝒖)∑
(𝒂 − 𝒃)𝟐

𝒃
𝒄𝒚𝒄

≥ 𝒖∑
(𝒄 − 𝒂)𝟐

𝒄
𝒄𝒚𝒄

+
𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂 + 𝒃 + 𝒄)𝟐

√𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + (𝒂 + 𝒃 + 𝒄)
 

↔ (𝟏 + 𝟐𝒖)∑
(𝒃 − 𝒄)𝟐

𝒄
𝒄𝒚𝒄

≥ 𝒖∑
(𝒃 − 𝒄)𝟐

𝒃
𝒄𝒚𝒄

+
∑ (𝒃 − 𝒄)𝟐𝒄𝒚𝒄

√𝟑∑ 𝒂𝟐𝒄𝒚𝒄 +∑ 𝒂𝒄𝒚𝒄

↔∑[(
𝟏 + 𝟐𝒖

𝒄
−
𝒖

𝒃
)(√𝟑∑𝒂𝟐

𝒄𝒚𝒄

+∑𝒂

𝒄𝒚𝒄

) − 𝟏] (𝒃 − 𝒄)𝟐

𝒄𝒚𝒄

≥ 𝟎 
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𝑭𝒓𝒐𝒎 (𝟏),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶
𝟏 + 𝟐𝒖

𝟐𝒄
≥
𝒖

𝒃
 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔), 𝒂𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  √𝟑∑𝒂𝟐

𝒄𝒚𝒄

≥∑𝒂

𝒄𝒚𝒄

 (𝑪𝒂𝒖𝒄𝒉𝒚 − 𝑺𝒄𝒉𝒘𝒂𝒓𝒛 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  ∑[
(𝟏 + 𝟐𝒖)

𝟐𝒄
. 𝟐∑𝒂

𝒄𝒚𝒄

− 𝟏] (𝒃 − 𝒄)𝟐

𝒄𝒚𝒄

≥ 𝟎 

↔  ∑[
(𝟏 + 𝟐𝒖)(𝒂 + 𝒃 + 𝒄)

𝒄
− 𝟏] (𝒃 − 𝒄)𝟐

𝒄𝒚𝒄

≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 ∶  
(𝟏 + 𝟐𝒖)(𝒂 + 𝒃 + 𝒄)

𝒄
 ≥⏞
𝒂,𝒃,𝒖 ≥ 𝟎

 
𝟏. 𝒄

𝒄
= 𝟏 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, (𝟏 + 𝟑𝒖)∑
𝒂𝟐

𝒃
𝒄𝒚𝒄

≥ 𝒖(∑𝒂𝟐

𝒄𝒚𝒄

)(∑
𝟏

𝒂
𝒄𝒚𝒄

) +√𝟑∑𝒂𝟐

𝒄𝒚𝒄

 

777. 

𝐋𝐞𝐭 𝒏 ∈ 𝑵∗, 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 ≥ 𝟏 𝐚𝐧𝐝 𝑺 =∑𝒂𝒊

𝒏

𝒊=𝟏

. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶  (𝒏𝑺𝒏−𝟏)(𝑺−𝒏)
𝟐
.∏(𝒂𝒊 + 𝒏 − 𝟏)

(𝒂𝒊−𝟏)(𝒏−𝟏+𝒂𝒊−𝑺)

𝒏

𝒊=𝟏

≥ 𝟏. 

Proposed by Pavlos Trifon-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗) ∶  (𝒏𝑺𝒏−𝟏)(𝑺−𝒏)
𝟐
.∏(𝒂𝒊 + 𝒏 − 𝟏)

(𝒂𝒊−𝟏)(𝒏−𝟏+𝒂𝒊−𝑺)

𝒏

𝒊=𝟏

≥ 𝟏. 

𝑳𝒆𝒕 𝒃𝒊 = 𝒂𝒊 − 𝟏 ≥ 𝟎, ∀ 𝒊 = 𝟏, 𝒏 𝒂𝒏𝒅 𝑻 = ∑𝒃𝒊

𝒏

𝒊=𝟏

=∑(𝒂𝒊 − 𝟏)

𝒏

𝒊=𝟏

= 𝑺 − 𝒏. 

→ (∗) ↔∏(𝒃𝒊 + 𝒏)
𝒃𝒊 .(𝑻−𝒃𝒊)

𝒏

𝒊=𝟏

≤ [𝒏(𝑻 + 𝒏)𝒏−𝟏]𝑻
 𝟐
↔ 
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∏[𝒏𝒃𝒊 .(𝑻−𝒃𝒊). (
𝒃𝒊
𝒏
+ 𝟏)

𝒃𝒊 .(𝑻−𝒃𝒊)

]

𝒏

𝒊=𝟏

≤ [𝒏𝒏 (
𝑻

𝒏
+ 𝟏)

𝒏−𝟏

]

𝑻 𝟐

↔ 

↔ 𝒏𝑻
𝟐−(𝒃𝟏

𝟐+⋯+𝒃𝒏
𝟐).∏(

𝒃𝒊
𝒏
+ 𝟏)

𝒃𝒊 .(𝑻−𝒃𝒊)
𝒏

𝒊=𝟏

≤ 𝒏𝒏.𝑻
 𝟐
(
𝑻

𝒏
+ 𝟏)

(𝒏−𝟏).𝑻 𝟐

 (∗∗) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒃𝒊
𝒏
+ 𝟏 ≤

𝑻

𝒏
+ 𝟏,𝒃𝒊. (𝑻 − 𝒃𝒊) ≥ 𝟎, ∀ 𝒊 = 𝟏, 𝒏  →  ∏(

𝒃𝒊
𝒏
+ 𝟏)

𝒃𝒊 .(𝑻−𝒃𝒊)
𝒏

𝒊=𝟏

≤∏(
𝑻

𝒏
+ 𝟏)

𝒃𝒊.(𝑻−𝒃𝒊)
𝒏

𝒊=𝟏

= (
𝑻

𝒏
+ 𝟏)

𝑻𝟐−(𝒃𝟏
𝟐+⋯+𝒃𝒏

𝟐)

 (𝟏) 

𝑨𝒍𝒔𝒐,∑𝒃𝒊
𝟐

𝒏

𝒊=𝟏

 ≥⏞
𝑪𝑩𝑺

 
𝟏

𝒏
(∑𝒃𝒊

𝒏

𝒊=𝟏

)

𝟐

=
𝑻𝟐

𝒏
 →  𝑻𝟐 −∑𝒃𝒊

𝟐

𝒏

𝒊=𝟏

≤ 𝑻𝟐 −
𝑻𝟐

𝒏

=
𝒏 − 𝟏

𝒏
. 𝑻𝟐  ≤⏞

𝒏≥𝟏

(𝒏 − 𝟏). 𝑻 𝟐(𝟐) 

𝑺𝒊𝒏𝒄𝒆 ∶ 𝒏,
𝒃𝒊
𝒏
+ 𝟏 ≥ 𝟏, 𝒂𝒏𝒅 𝒇𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐),𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝑳𝑯𝑺(∗∗) ≤ 𝒏
(𝒏−𝟏).𝑻 𝟐 . (

𝑻

𝒏
+ 𝟏)

(𝒏−𝟏).𝑻 𝟐

 ≤⏞
𝒏≥𝟏

 𝒏𝒏.𝑻
 𝟐
(
𝑻

𝒏
+ 𝟏)

(𝒏−𝟏).𝑻 𝟐

= 𝑹𝑯𝑺(∗∗)  

→  (∗∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, (𝒏𝑺𝒏−𝟏)(𝑺−𝒏)
𝟐
.∏(𝒂𝒊 + 𝒏− 𝟏)

(𝒂𝒊−𝟏)(𝒏−𝟏+𝒂𝒊−𝑺)

𝒏

𝒊=𝟏

≥ 𝟏,  

𝒘𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒇𝒇 𝒃𝒊 = 𝑻,∀ 𝒊 = 𝟏,𝒏  ↔  𝒃𝒊 = 𝟎,∀ 𝒊 = 𝟏,𝒏  ↔  𝒂𝒊 = 𝟏,∀ 𝒊 = 𝟏, 𝒏 𝒐𝒓 𝒏

= 𝟏. 

Solution 2 by proposer 

𝒇(𝒙) = 𝐥𝐨𝐠𝒙 ↗ [𝟏,∞) by Vornicu-Schur, for (𝒂, 𝒃, 𝒄) = (𝑺, 𝒂𝟏 + 𝒏 − 𝟏, 𝒏) ⇒ 

(𝑺 − 𝒂𝟏 − 𝒏 + 𝟏) ⋅ (𝑺 − 𝒏) ⋅ 𝐥𝐨𝐠 𝑺 + (𝒂𝟏 − 𝟏) ⋅ (𝒏 − 𝟏 + 𝒂𝟏 − 𝑺) ⋅ 𝐥𝐨𝐠(𝒂𝟏 + 𝒏− 𝟏) + 

+(𝒏 − 𝑺) ⋅ (𝟏 − 𝒂𝟏) ⋅ 𝐥𝐨𝐠 𝒏 ≥ 𝟎 

𝑺(𝑺−𝒂𝟏−𝒏+𝟏)(𝑺−𝒏) ⋅ (𝒂𝟏 + 𝒏 − 𝟏)
(𝒂𝟏−𝟏)(𝒏−𝟏+𝒂𝟏−𝑺) ⋅ 𝒏(𝒏−𝑺)(𝟏−𝒂𝟏) ≥ 𝟏; (𝟏) 

Equality holds for 𝑺 = 𝒂𝟏 + 𝒏− 𝟏 = 𝒏 

𝒇(𝒙) = 𝐥𝐨𝐠𝒙 ↗ [𝟏,∞) by Vornicu-Schur, for (𝒂, 𝒃, 𝒄) = (𝑺, 𝒂𝟐 + 𝒏 − 𝟏, 𝒏) ⇒ 
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(𝑺 − 𝒂𝟐 − 𝒏 + 𝟏) ⋅ (𝑺 − 𝒏) ⋅ 𝐥𝐨𝐠 𝑺 + (𝒂𝟐 − 𝟏) ⋅ (𝒏 − 𝟏 + 𝒂𝟐 − 𝑺) ⋅ 𝐥𝐨𝐠(𝒂𝟐 + 𝒏− 𝟏) + 

+(𝒏 − 𝑺) ⋅ (𝟏 − 𝒂𝟐) ⋅ 𝐥𝐨𝐠 𝒏 ≥ 𝟎 

𝑺(𝑺−𝒂𝟐−𝒏+𝟏)(𝑺−𝒏) ⋅ (𝒂𝟐 + 𝒏 − 𝟏)
(𝒂𝟐−𝟏)(𝒏−𝟏+𝒂𝟐−𝑺) ⋅ 𝒏(𝒏−𝑺)(𝟏−𝒂𝟐) ≥ 𝟏; (𝟐) 

Equality holds for 𝑺 = 𝒂𝟐 + 𝒏− 𝟏 = 𝒏 

𝒇(𝒙) = 𝐥𝐨𝐠𝒙 ↗ [𝟏,∞) by Vornicu-Schur, for (𝒂, 𝒃, 𝒄) = (𝑺, 𝒂𝒏 + 𝒏 − 𝟏,𝒏) ⇒ 

(𝑺 − 𝒂𝒏 − 𝒏+ 𝟏) ⋅ (𝑺 − 𝒏) ⋅ 𝐥𝐨𝐠𝑺 + (𝒂𝒏 − 𝟏) ⋅ (𝒏 − 𝟏 + 𝒂𝒏 − 𝑺) ⋅ 𝐥𝐨𝐠(𝒂𝒏 + 𝒏 − 𝟏) + 

+(𝒏 − 𝑺) ⋅ (𝟏 − 𝒂𝒏) ⋅ 𝐥𝐨𝐠𝒏 ≥ 𝟎 

𝑺(𝑺−𝒂𝒏−𝒏+𝟏)(𝑺−𝒏) ⋅ (𝒂𝒏 + 𝒏 − 𝟏)
(𝒂𝒏−𝟏)(𝒏−𝟏+𝒂𝒏−𝑺) ⋅ 𝒏(𝒏−𝑺)(𝟏−𝒂𝒏) ≥ 𝟏; (𝒏) 

Equality holds for 𝑺 = 𝒂𝒏 + 𝒏− 𝟏 = 𝒏 

By multiplying (1),(2),…,(n), it follows  

(𝒏𝑺𝒏−𝟏)(𝑺−𝒏)
𝟐
.∏(𝒂𝒊 + 𝒏− 𝟏)

(𝒂𝒊−𝟏)(𝒏−𝟏+𝒂𝒊−𝑺)

𝒏

𝒊=𝟏

≥ 𝟏 

Equality holds for 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏 = 𝟏. 

778. Let 𝒂, 𝒃, 𝒄, 𝒅 ∈ ℝ such that |𝒂𝒙𝟒 + 𝒃𝒙𝟑 + 𝒄𝒙𝟐 + 𝒅𝒙| ≤ 𝟐, ∀|𝒙| ≤ 𝟏. 

Prove that: 

|𝟒𝒂 + 𝟑𝒃 + 𝟐𝒄 + 𝒅| ≤ 𝟑𝟐 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Lazaros Zachariadis-Thessaloniki-Greece 

𝒇(𝒙) = 𝒂𝒙𝟒 + 𝒃𝒙𝟑 + 𝒄𝒙𝟐 + 𝒅𝒙; |𝒙| ≤ 𝟏 and |𝒇(𝒙)| ≤ 𝟐 

𝑨 = 𝒇(−
𝟏

𝟐
) =

𝒂

𝟏𝟔
−
𝒃

𝟖
+
𝒄

𝟒
−
𝒅

𝟐
⇔ 𝟏𝟔𝑨 = 𝒂 − 𝟐𝒃 + 𝟒𝒄 − 𝟖𝒅; (𝟏) 

𝑩 = 𝒇(
𝟏

𝟐
) =

𝒂

𝟏𝟔
+
𝒃

𝟖
+
𝒄

𝟒
+
𝒅

𝟐
⇔ 𝟏𝟔𝑩 = 𝒂 + 𝟐𝒃 + 𝟒𝒄 + 𝟖𝒅; (𝟐) 

𝑪 = 𝒇(−𝟏) = 𝒂 − 𝒃 + 𝒄 − 𝒅; (𝟑) 

𝑫 = 𝒇(𝟏) = 𝒂 + 𝒃 + 𝒄 + 𝒅 

(𝟏) − (𝟐) ⇒ 𝟏𝟔𝑨 − 𝟏𝟔𝑩 = −𝟒𝒃 − 𝟏𝟔𝒅 ⇔ 𝟒𝑨 − 𝟒𝑩 = −𝒃 − 𝟒𝒅 

(𝟑) − (𝟒) ⇒ 𝑪 −𝑫 = −𝟐𝒃 − 𝟐𝒅 ⇔
𝑪

𝟐
−
𝑫

𝟐
= −𝒃 − 𝒅 
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𝟒𝑨 − 𝟒𝑩 −
𝑪

𝟐
+
𝑫

𝟐
= −𝟑𝒅 ⇔ 𝒅 = −

𝟒

𝟑
𝑨 +

𝟒

𝟑
𝑩 +

𝑪

𝟔
−
𝑫

𝟔
 

So, 

𝑪

𝟐
−
𝑫

𝟐
= −𝒃 +

𝟒

𝟑
𝑨 −

𝟒

𝟑
𝑩 −

𝑪

𝟔
+
𝑫

𝟔
⇔
𝟐

𝟑
𝑪 −

𝟐

𝟑
𝑫 −

𝟒

𝟑
𝑨 +

𝟒

𝟑
𝑩 = −𝒃 

𝟑𝒃 = −𝟐𝑪 + 𝟐𝑫 + 𝟒𝑨 − 𝟒𝑩 

(𝟏) + (𝟐) ⇒ 𝟏𝟔𝑨 + 𝟏𝟔𝑩 = 𝟐𝒂 + 𝟖𝒄 ⇔ 𝟖𝑨 + 𝟖𝑩 = 𝒂 + 𝟒𝒄 

(𝟑) + (𝟒) ⇒ 𝑪 +𝑫 = 𝟐𝒂 + 𝟐𝒄 ⇔
𝑪

𝟐
+
𝑫

𝟐
= 𝒂 + 𝒄; (∗) 

⇒ 𝟖𝑨 + 𝟖𝑩 −
𝑪

𝟐
−
𝑫

𝟐
= 𝟑𝒄 ⇔

𝟖

𝟑
𝑨 +

𝟖

𝟑
𝑩 −

𝑪

𝟔
−
𝑫

𝟔
= 𝒄 

𝟐𝒄 =
𝟏𝟔

𝟑
𝑨 +

𝟏𝟔

𝟑
𝑩 −

𝑪

𝟑
−
𝑫

𝟑
 

(∗) ⇒ 𝟐𝑪 + 𝟐𝑫 = 𝟒𝒂 +
𝟑𝟐

𝟑
𝑨 +

𝟑𝟐

𝟑
𝑩 −

𝟐

𝟑
𝑪 −

𝟐

𝟑
𝑫 ⇔ 

𝟒𝒂 =
𝟖

𝟑
𝑪 +

𝟖

𝟑
𝑫 −

𝟑𝟐

𝟑
𝑨 −

𝟑𝟐

𝟑
𝑩 

So, |𝟒𝒂 + 𝟑𝒃 + 𝟐𝒄 + 𝒅| = 

= |𝑨 (−
𝟑𝟐

𝟑
+
𝟏𝟐

𝟑
+
𝟏𝟔

𝟑
−
𝟒

𝟑
) + 𝑩(−

𝟑𝟐

𝟑
−
𝟏𝟐

𝟑
+
𝟏𝟔

𝟑
+
𝟒

𝟑
) + 𝑪 (

𝟖

𝟑
−
𝟔

𝟑
−
𝟏

𝟑
+
𝟏

𝟔
)

+ 𝑫(
𝟖

𝟑
+
𝟔

𝟑
−
𝟏

𝟑
−
𝟏

𝟔
)| = |−

𝟖

𝟑
𝑨 −

𝟐𝟒

𝟑
𝑩 +

𝑪

𝟐
−
𝟐𝟓

𝟔
𝑫| ≤ 

≤
𝟖

𝟑
⋅ 𝟐 +

𝟐𝟒

𝟑
⋅ 𝟐 +

𝟏

𝟐
⋅ 𝟐 +

𝟐𝟓

𝟔
⋅ 𝟐 = 𝟑𝟐 

Therefore,  

|𝟒𝒂 + 𝟑𝒃 + 𝟐𝒄 + 𝒅| ≤ 𝟑𝟐 

779. If 𝒂, 𝒃, 𝒄, 𝒅, 𝒆 > 0 then: 

𝒄 +
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

+
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

+
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

+
𝒆𝒅

𝒂 𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

≥ 𝟓𝒅 

Proposed by Daniel Sitaru-Romania 

Solution 1 by  George Titakis-Greece 
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𝒄 +
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

+
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

+
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

+
𝒆𝒅

𝒂𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

≥ 

≥ 𝟓 ⋅ √𝒄 ⋅
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

⋅
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

⋅
𝒅𝟐

𝒆𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

⋅
𝒆𝒅

𝒂𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

𝟓
= 𝟓𝒅 

Because: 𝐜𝐨𝐭𝟐
𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟑𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟕𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟗𝝅

𝟐𝟎
= 𝟏 

This is true, due to the trigonometric identity: 

𝐜𝐨𝐭(𝒂 + 𝒃) (𝐜𝐨𝐭𝒂 + 𝐜𝐨𝐭𝒃) = 𝐜𝐨𝐭𝒂 ⋅ 𝐜𝐨𝐭 𝒃 − 𝟏; (𝟏) 

If 𝒂 =
𝝅

𝟐𝟎
 and 𝒃 =

𝟗𝝅

𝟐𝟎
, then the left part of (1) is zero, due to 𝐜𝐨𝐭

𝝅

𝟐
= 𝟎. So, from the right 

part we have that 𝐜𝐨𝐭
𝝅

𝟐𝟎
𝐜𝐨𝐭

𝟗𝝅

𝟐𝟎
= 𝟏; (𝟐) 

With the same way, if 𝒂 =
𝟕𝝅

𝟐𝟎
 and 𝒃 =

𝟑𝝅

𝟐𝟎
: 

𝐜𝐨𝐭
𝟕𝝅

𝟐𝟎
𝐜𝐨𝐭
𝟑𝝅

𝟐𝟎
= 𝟏; (𝟑) 

From (2) and (3) it is obvious that: 𝐜𝐨𝐭𝟐
𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟑𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟕𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟗𝝅

𝟐𝟎
= 𝟏 

By AM-GM inequality we have that: 

𝒄 +
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

+
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

+
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

+
𝒆𝒅

𝒂𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

≥ 

≥ 𝟓 ⋅ √𝒄 ⋅
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

⋅
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

⋅
𝒅𝟐

𝒆𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

⋅
𝒆𝒅

𝒂𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

𝟓
= 𝟓𝒅 

Solution 2 by Samar Das-India 

𝒄 +
𝒂𝒅

𝒃𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

+
𝒃𝒅

𝒄𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

+
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

+
𝒆𝒅

𝒂 𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

𝟓

≥ √𝒄 ⋅
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

⋅
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

⋅
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

⋅
𝒆𝒅

𝒂 𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

𝟓
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𝒄 +
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

+
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

+
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

+
𝒆𝒅

𝒂𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

≥ 

≥ 𝟓 ⋅ √𝒄 ⋅
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

⋅
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

⋅
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

⋅
𝒆𝒅

𝒂 𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

𝟓
 

𝒄 +
𝒂𝒅

𝒃𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

+
𝒃𝒅

𝒄𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

+
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

+
𝒆𝒅

𝒂 𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

≥ 𝟓𝒅√𝐜𝐨𝐭𝟐
𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟑𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟕𝝅

𝟐𝟎
𝐜𝐨𝐭𝟐

𝟗𝝅

𝟐𝟎

𝟓

; (𝟏) 

𝐭𝐚𝐧
𝝅

𝟐𝟎
𝐭𝐚𝐧

𝟑𝝅

𝟐𝟎
𝐭𝐚𝐧

𝟕𝝅

𝟐𝟎
𝐭𝐚𝐧

𝟗𝝅

𝟐𝟎
= 𝐭𝐚𝐧

𝝅

𝟐𝟎
𝐭𝐚𝐧

𝟑𝝅

𝟐𝟎
𝐭𝐚𝐧

𝟏𝟎𝝅 − 𝟑𝝅

𝟐𝟎
𝐭𝐚𝐧

𝟏𝟎𝝅 − 𝝅

𝟐𝟎
= 

= 𝐭𝐚𝐧
𝝅

𝟐𝟎
𝐭𝐚𝐧

𝟑𝝅

𝟐𝟎
𝐭𝐚𝐧 (

𝝅

𝟐
−
𝟑𝝅

𝟐𝟎
) 𝐭𝐚𝐧 (

𝝅

𝟐
−
𝝅

𝟐𝟎
) = 𝐭𝐚𝐧

𝝅

𝟐𝟎
𝐭𝐚𝐧

𝟑𝝅

𝟐𝟎
𝐜𝐨𝐭
𝟑𝝅

𝟐𝟎
𝐜𝐨𝐭

𝝅

𝟐𝟎
= 𝟏; (𝟐) 

From (1) and (2) we have: 

𝒄 +
𝒂𝒅

𝒃 𝐜𝐨𝐭𝟐
𝝅
𝟐𝟎

+
𝒃𝒅

𝒄 𝐜𝐨𝐭𝟐
𝟑𝝅
𝟐𝟎

+
𝒅𝟐

𝒆 𝐜𝐨𝐭𝟐
𝟕𝝅
𝟐𝟎

+
𝒆𝒅

𝒂𝐜𝐨𝐭𝟐
𝟗𝝅
𝟐𝟎

≥ 𝟓𝒅 

780. 

𝐋𝐞𝐭 𝒂, 𝒃 > 0, 𝑐 ≥ 0. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

𝟏

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
+

𝟏

𝒄𝟐 + 𝒄𝒂+ 𝒂𝟐
≥

𝟐(𝒂 + 𝒃)

𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)
≥

𝟐(𝒂+ 𝒃)

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝟑𝒂𝒃𝒄
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟏

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
+

𝟏

𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐
≥⏞
(𝟏)

𝟐(𝒂 + 𝒃)

𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)
≥⏞
(𝟐)

𝟐(𝒂+ 𝒃)

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝟑𝒂𝒃𝒄
 

(𝟏) ↔  
𝟏

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
−

𝒂 + 𝒃

𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)

≥
𝒂 + 𝒃

𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)
−

𝟏

𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐
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↔ 
𝒂𝟐𝒃 + 𝒄𝒂𝟐 − 𝒂𝒃𝒄 − 𝒃𝟑

(𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐)[𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)]

≥
𝒂𝒃𝒄 + 𝒂𝟑 − 𝒃𝟐𝒄 − 𝒂𝒃𝟐

(𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐)[𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)]
 

↔ 
(𝒂 − 𝒃)(𝒂𝒃 + 𝒃𝟐 + 𝒄𝒂)

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
≥
(𝒂 − 𝒃)(𝒃𝒄 + 𝒂𝟐 + 𝒂𝒃)

𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐

↔ (𝒂 − 𝒃)[(𝒂𝒃 + 𝒃𝟐 + 𝒄𝒂)(𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐)

− (𝒃𝒄 + 𝒂𝟐 + 𝒂𝒃)(𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐)] ≥ 𝟎 

↔ (𝒂 − 𝒃)(𝒂𝟑𝒃 + 𝒄𝟑𝒂 + 𝒄𝒂𝟑 − 𝒃𝟑𝒄 − 𝒃𝒄𝟑 − 𝒂𝒃𝟑) ≥ 𝟎 

↔  (𝒂 − 𝒃)𝟐(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒄𝟑 + 𝒄𝒂𝟐 + 𝒂𝒃𝒄 + 𝒃𝟐𝒄) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

(𝟐) ↔ 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝟑𝒂𝒃𝒄

≥ 𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂) 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝑺𝒄𝒉𝒖𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

  
𝟏

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
+

𝟏

𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐
≥

𝟐(𝒂 + 𝒃)

𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)

≥
𝟐(𝒂 + 𝒃)

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝟑𝒂𝒃𝒄
. 

781. Let 𝑰 be a convex subset in ℝ+, 𝒇 ∶ 𝑰 → 𝑹
+ concave function, 𝒙𝒊, 𝒚𝒊 ∈ 𝑰, 

 ∀𝒊 = 𝟏, 𝒏, 𝒇(𝟎) ≥ 𝟎, 𝒑 ≥ 𝟏, then: 

(∑𝒇(𝒙𝒊 + 𝒚𝒊)
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

≤ (∑𝒇(𝒙𝒊)
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

+ (∑𝒇(𝒚𝒊)
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

.     

  Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆 ∶  𝒇(𝒙𝒊), 𝒇(𝒚𝒊) ≥ 𝟎, ∀𝒊 = 𝟏, 𝒏, 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎 𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊
′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(∑𝒇(𝒙𝒊)
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

+ (∑𝒇(𝒚𝒊)
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

≥ (∑[𝒇(𝒙𝒊) + 𝒇(𝒚𝒊)]
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

  (𝟏) 



 
www.ssmrmh.ro 

94 RMM-INEQUALITIES MARATHON 701-800 

 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒙𝒊 =
𝒚𝒊

𝒙𝒊 + 𝒚𝒊
. 𝟎 +

𝒙𝒊
𝒙𝒊 + 𝒚𝒊

. (𝒙𝒊 + 𝒚𝒊), ∀𝒊

= 𝟏,𝒏, 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒇(𝒙𝒊) ≥
𝒚𝒊

𝒙𝒊 + 𝒚𝒊
. 𝒇(𝟎) +

𝒙𝒊
𝒙𝒊 + 𝒚𝒊

. 𝒇(𝒙𝒊 + 𝒚𝒊), ∀𝒊 = 𝟏, 𝒏 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒇(𝒚𝒊) ≥
𝒙𝒊

𝒙𝒊 + 𝒚𝒊
. 𝒇(𝟎) +

𝒚𝒊
𝒙𝒊 + 𝒚𝒊

. 𝒇(𝒙𝒊 + 𝒚𝒊), ∀𝒊 = 𝟏, 𝒏 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔,𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏 ∶  𝒇(𝒙𝒊) + 𝒇(𝒚𝒊)

≥ 𝒇(𝟎) + 𝒇(𝒙𝒊 + 𝒚𝒊) ≥⏞
𝒇(𝟎) ≥ 𝟎

 𝒇(𝒙𝒊 + 𝒚𝒊), ∀𝒊 = 𝟏,𝒏  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐),𝒘𝒆 𝒈𝒆𝒕 ∶ (∑𝒇(𝒙𝒊 + 𝒚𝒊)
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

≤ (∑𝒇(𝒙𝒊)
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

+ (∑𝒇(𝒚𝒊)
𝒑

𝒏

𝒊=𝟏

)

𝟏
𝒑

. 

782. Let 𝟎 ≤ 𝒙, 𝒚, 𝒛 ≤ 𝟏. Find the maximum value of the expression: 

𝑸 = (𝒙 − 𝒚)(𝒚 − 𝒛)(𝒛 − 𝒙)(𝒙 + 𝒚 + 𝒛) 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by proposer 

Without loss of generality, assume that  𝒙 = 𝐦𝐚𝐱 {𝒙, 𝒚, 𝒛} → 𝒙 ≥ 𝒚 ≥ 𝒛  or 𝒙 ≥ 𝒛 ≥ 𝒚. 

Case 1:   𝒙 ≥ 𝒚 ≥ 𝒛 → 𝑸 ≤ 𝟎. 

Case 2:   𝒙 ≥ 𝒛 ≥ 𝒚 →  𝟎 ≤ 𝒙 − 𝒛, 𝟎 ≤ 𝒛 − 𝒚, 𝟎 ≤  𝒙 − 𝒚 ≤ 𝟏 

Thus, 

𝑸 = (𝒙 − 𝒚)(𝒚 − 𝒛)(𝒛 − 𝒙)(𝒙 + 𝒚 + 𝒛) ≤ (𝒛 − 𝒚)(𝒙 − 𝒛)(𝒙 + 𝒚 + 𝒛) 

↔ 𝟒𝑸 ≤ [𝟐(𝒛 − 𝒚)][(√𝟑 + 𝟏)(𝒙 − 𝒛)][(√𝟑 − 𝟏)(𝒙 + 𝒚 + 𝒛)] 

Other, by AM-GM Inequality we have: 

[𝟐(𝒛 − 𝒚)][(√𝟑 + 𝟏)(𝒙 − 𝒛)][(√𝟑 − 𝟏)(𝒙 + 𝒚 + 𝒛)] ≤ 

≤
𝟏

𝟐𝟕
[𝟐(𝒛 − 𝒚) + (√𝟑 + 𝟏)(𝒙 − 𝒛) + (√𝟑 − 𝟏)(𝒙 + 𝒚 + 𝒛)]

𝟑

=
𝟏

𝟐𝟕
[𝟐√𝟑𝒙 − (𝟑 − √𝟑)𝒚]

𝟑
; 

But: 
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𝟎 ≤ 𝟐√𝟑𝒙 + √𝟑𝒚 − 𝟑𝒚 = 𝟐√𝟑𝒙 − (𝟑 − √𝟑)𝒚 ≤ 𝟐√𝟑 

Therefore, 

𝟒𝑸 ≤
𝟖√𝟑

𝟗
 

→ 𝑸 ≤
𝟐√𝟑

𝟗
 

Equality if and only if : {

𝒙 − 𝒚 = 𝟏

𝟐(𝒛 − 𝒚) = (√𝟑 + 𝟏)(𝒙 − 𝒛) = (√𝟑 − 𝟏)(𝒙 + 𝒚 + 𝒛)

𝒙 = 𝟏, 𝒚 = 𝟎

 

⇔ {

𝒙 = 𝟏
𝒚 = 𝟎

𝒛 =
𝟏

√𝟑

 

783. For 𝟎 < 𝒂 < 𝒃 < 𝒄 prove that: 

 
𝒃 + 𝒍𝒏

𝒄
𝒂

𝒂 + 𝒍𝒏
𝒄
𝒂

<
(𝒃 +

𝒃
𝒂
+
𝒄
𝒃
− 𝟐) (𝒄 −

𝒂
𝒃
−
𝒃
𝒄
+ 𝟐)

(𝒄 +
𝒃
𝒂
+
𝒄
𝒃
− 𝟐) (𝒂 −

𝒂
𝒃
−
𝒃
𝒄
+ 𝟐)

.   

   Proposed by Pavlos Trifon-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒙 = 𝟐 −
𝒂

𝒃
−
𝒃

𝒄
, 𝒚 = 𝒍𝒏

𝒄

𝒂
, 𝒛 =

𝒃

𝒂
+
𝒄

𝒃
− 𝟐.𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  𝑰𝒇 𝜶 > 𝟎, 𝒕𝒉𝒆𝒏 ∶ 𝟏 −

𝟏

𝜶

≤ 𝒍𝒏(𝜶) ≤ 𝜶− 𝟏.𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝜶 = 𝟏. 

→  𝒙 = (𝟏 −
𝒂

𝒃
) + (𝟏 −

𝒃

𝒄
) <⏞
𝒂<𝒃<𝒄

 𝒍𝒏
𝒃

𝒂
+ 𝒍𝒏

𝒄

𝒃
= 𝒍𝒏

𝒄

𝒂
= 𝒚 <⏞

𝒂<𝒃<𝒄

 (
𝒃

𝒂
− 𝟏) + (

𝒄

𝒃
− 𝟏) = 𝒛 

→  𝟎 <⏞
𝒂<𝒃<𝒄

𝒙 < 𝒚 < 𝒛 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  
𝒃 + 𝒚

𝒂 + 𝒚
<
(𝒃 + 𝒛)(𝒄 + 𝒙)

(𝒄 + 𝒛)(𝒂 + 𝒙)
 ↔  (𝒄 + 𝒛)(𝒃 + 𝒚)(𝒂 + 𝒙)

< (𝒄 + 𝒙)(𝒃 + 𝒛)(𝒂 + 𝒚) 

↔ 𝒍𝒏(𝒄 + 𝒛) + 𝒍𝒏(𝒃 + 𝒚) + 𝒍𝒏(𝒂 + 𝒙) < 𝒍𝒏(𝒄 + 𝒙) + 𝒍𝒏(𝒃 + 𝒛) + 𝒍𝒏(𝒂 + 𝒚)  (𝟏) 
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𝑵𝒐𝒘,𝒘𝒆 𝒄𝒐𝒏𝒔𝒊𝒅𝒆𝒓 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇 ∶  (𝟎,∞) → 𝑹 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒃𝒚 𝒇(𝒕)

= 𝒍𝒏(𝒕),𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒄𝒐𝒏𝒄𝒂𝒗𝒆. 

𝑵𝒆𝒙𝒕 𝒘𝒆 𝒘𝒊𝒍𝒍 𝒂𝒑𝒑𝒍𝒚 𝑲𝒂𝒓𝒂𝒎𝒂𝒕𝒂′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 𝑵𝒂𝒎𝒆𝒍𝒚, 𝒊𝒇 (𝒙𝟏, 𝒙𝟐, 𝒙𝟑) 𝒎𝒂𝒋𝒐𝒓𝒊𝒛𝒆𝒔 (𝒚𝟏, 𝒚𝟐, 𝒚𝟑)  

𝒂𝒏𝒅 𝒇 𝒊𝒔 𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒄𝒐𝒏𝒄𝒂𝒗𝒆, 𝒕𝒉𝒆𝒏 ∶ 

𝒇(𝒙𝟏) + 𝒇(𝒙𝟐) + 𝒇(𝒙𝟑) < 𝒇(𝒚𝟏) + 𝒇(𝒚𝟐) + 𝒇(𝒚𝟑). 𝑺𝒆𝒕𝒕𝒊𝒏𝒈 (𝒙𝟏, 𝒙𝟐, 𝒙𝟑)

= (𝒄 + 𝒛, 𝒃 + 𝒚, 𝒂 + 𝒙) 𝒂𝒏𝒅 

(𝒚𝟏, 𝒚𝟐, 𝒚𝟑) = (𝒎𝒂𝒙(𝒄 + 𝒙, 𝒃 + 𝒛, 𝒂 + 𝒚),𝒎𝒊𝒅(𝒄 + 𝒙, 𝒃 + 𝒛, 𝒂 + 𝒚),𝒎𝒊𝒏(𝒄 + 𝒙, 𝒃 + 𝒛, 𝒂

+ 𝒚)) 

𝑺𝒊𝒏𝒄𝒆 ∶  𝒂 < 𝒃 < 𝒄 𝒂𝒏𝒅 𝒙 < 𝒚 < 𝒛 →  𝒙𝟏 > 𝒙𝟐 > 𝒙𝟑, 𝒚𝟏 > 𝒚𝟐 > 𝒚𝟑, 𝒙𝟏 > 𝒚𝟏, 𝒙𝟏 + 𝒙𝟐

> 𝒚𝟏 + 𝒚𝟐 𝒂𝒏𝒅 𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑 = 𝒚𝟏 + 𝒚𝟐 + 𝒚𝟑 

→ (𝒙𝟏, 𝒙𝟐, 𝒙𝟑) 𝒎𝒂𝒋𝒐𝒓𝒊𝒛𝒆𝒔 (𝒚𝟏, 𝒚𝟐, 𝒚𝟑), 𝒕𝒉𝒆𝒏 𝒃𝒚 𝑲𝒂𝒓𝒂𝒎𝒂𝒕𝒂
′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝒘𝒆 𝒈𝒆𝒕

∶  𝒇(𝒙𝟏) + 𝒇(𝒙𝟐) + 𝒇(𝒙𝟑) < 𝒇(𝒚𝟏) + 𝒇(𝒚𝟐) + 𝒇(𝒚𝟑) 

↔  𝒍𝒏(𝒄 + 𝒛) + 𝒍𝒏(𝒃 + 𝒚) + 𝒍𝒏(𝒂 + 𝒙) < 𝒍𝒏(𝒄 + 𝒙) + 𝒍𝒏(𝒃 + 𝒛) + 𝒍𝒏(𝒂 + 𝒚)  

→   (𝟏) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,
𝒃 + 𝒍𝒏

𝒄
𝒂

𝒂 + 𝒍𝒏
𝒄
𝒂

<
(𝒃 +

𝒃
𝒂 +

𝒄
𝒃 − 𝟐) (𝒄 −

𝒂
𝒃 −

𝒃
𝒄 + 𝟐)

(𝒄 +
𝒃
𝒂 +

𝒄
𝒃 − 𝟐) (𝒂 −

𝒂
𝒃 −

𝒃
𝒄 + 𝟐)

. 

Solution 2 by proposer 

By MVT for 𝒇(𝒙) = 𝐥𝐨𝐠𝒙 , ∃𝒙𝟏 ∈ (𝒂, 𝒃), 𝒙𝟐 ∈ (𝒃, 𝒄) 

𝒇′(𝒙𝟏) =
𝒇(𝒃) − 𝒇(𝒂)

𝒃 − 𝒂
, 𝒇′(𝒙𝟐) =

𝒇(𝒄) − 𝒇(𝒃)

𝒄 − 𝒃
 

𝒂 < 𝒙𝟏 < 𝒃; (𝒇
′ ↘) ⇒ 𝒇′(𝒂) > 𝒇′(𝒙𝟏) > 𝒇

′(𝒃) ⇒ 

(𝒃 − 𝒂)𝒇′(𝒂) > 𝒇(𝒃) − 𝒇(𝒂) > (𝒃 − 𝒂)𝒇′(𝒃) 

𝒃 < 𝒙𝟐 < 𝒄; (𝒇
′ ↘) ⇒ 𝒇′(𝒃) > 𝒇′(𝒙𝟐) > 𝒇

′(𝒄) ⇒ 

(𝒄 − 𝒃)𝒇′(𝒃) > 𝒇(𝒄) − 𝒇(𝒃) > (𝒄 − 𝒃)𝒇′(𝒄) 

Hence, 

(𝒃 − 𝒂)𝒇′(𝒃) + (𝒄 − 𝒃)𝒇′(𝒄) < 𝒇(𝒄) − 𝒇(𝒂) < (𝒃 − 𝒂)𝒇′(𝒂) + (𝒄 − 𝒃)𝒇′(𝒃) 

𝒃 − 𝒂

𝒃
+
𝒄 − 𝒃

𝒄
< 𝐥𝐨𝐠

𝒄

𝒂
<
𝒃 − 𝒂

𝒂
+
𝒄 − 𝒃

𝒃
⇒ −

𝒂

𝒃
−
𝒃

𝒄
+ 𝟐 < 𝐥𝐨𝐠

𝒄

𝒂
<
𝒃

𝒂
+
𝒄

𝒃
− 𝟐 

Now, 
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𝒃 + 𝐥𝐨𝐠
𝒄
𝒂

𝒂 + 𝐥𝐨𝐠
𝒄
𝒂

<
(𝒃 +

𝒃
𝒂 +

𝒄
𝒃 − 𝟐) (𝒄 −

𝒂
𝒃 −

𝒃
𝒄 + 𝟐)

(𝒄 +
𝒃
𝒂 +

𝒄
𝒃 − 𝟐) (𝒂 −

𝒂
𝒃 −

𝒃
𝒄 + 𝟐)

⇔ 

(𝒃 + 𝐥𝐨𝐠
𝒄

𝒂
)(𝒄 +

𝒃

𝒂
+
𝒄

𝒃
− 𝟐)(𝒂 −

𝒂

𝒃
−
𝒃

𝒄
+ 𝟐) ≤ 

≤ (𝒂+ 𝐥𝐨𝐠
𝒄

𝒂
)(𝒃 +

𝒃

𝒂
+
𝒄

𝒃
− 𝟐) (𝒄 −

𝒂

𝒃
−
𝒃

𝒄
+ 𝟐) 

True by rearrangement inequality for 𝒂 < 𝒃 < 𝒄, (−
𝒂

𝒃
−
𝒃

𝒄
+ 𝟐 < 𝐥𝐨𝐠

𝒄

𝒂
<
𝒃

𝒂
+
𝒄

𝒃
− 𝟐) 

784. If 𝒂, 𝒃, 𝒄, 𝒙, 𝒚 > 0 then: 

𝒂√𝒙𝒚 + 𝒃√𝒙𝒚 + 𝒄√𝒙𝒚

𝟏

√𝒂𝒙+𝒚
+

𝟏

√𝒃𝒙+𝒚
+

𝟏

√𝒄𝒙+𝒚

≤
√𝒂𝒙+𝒚 + √𝒃𝒙+𝒚 + √𝒄𝒙+𝒚

𝟏

𝒂√𝒙𝒚
+

𝟏

𝒃√𝒙𝒚
+

𝟏

𝒄√𝒙𝒚

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

Let be the function: 𝒇: (𝟎,∞) → ℝ;𝒇(𝒙) = (𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙)(𝒂−𝒙 + 𝒃−𝒙 + 𝒄−𝒙) 

𝒇(𝒙) = 𝟑 +∑((
𝒂

𝒃
)
𝒙

+ (
𝒃

𝒂
)
𝒙

)

𝒄𝒚𝒄

 

𝒇′(𝒙) = ∑((
𝒂

𝒃
)
𝒙

𝐥𝐨𝐠 (
𝒂

𝒃
) + (

𝒃

𝒂
)
𝒙

𝐥𝐨𝐠 (
𝒃

𝒂
))

𝒄𝒚𝒄

 

𝒇′′(𝒙) =∑((
𝒂

𝒃
)
𝒙

𝐥𝐨𝐠𝟐 (
𝒂

𝒃
) + (

𝒃

𝒂
)
𝒙

𝐥𝐨𝐠𝟐 (
𝒃

𝒂
))

𝒄𝒚𝒄

> 0 

⇒ 𝒇′ −increasing ⇒ 𝐦𝐢𝐧 𝒇′(𝒙) = 𝐥𝐢𝐦
𝒙→𝟎+

𝒇′(𝒙) = 𝟎 ⇒ 𝒇′(𝒙) > 0 ⇒ 𝒇 −increasing 

√𝒙𝒚 ≤
𝒙 + 𝒚

𝟐
⇒ 𝒇(√𝒙𝒚) ≤ 𝒇(

𝒙 + 𝒚

𝟐
) 

(𝒂√𝒙𝒚 + 𝒃√𝒙𝒚 + 𝒄√𝒙𝒚) ( 
𝟏

𝒂√𝒙𝒚
+

𝟏

𝒃√𝒙𝒚
+
𝟏

𝒄√𝒙𝒚
) ≤ 

≤ (√𝒂𝒙+𝒚 + √𝒃𝒙+𝒚 + √𝒄𝒙+𝒚) ( 
𝟏

√𝒂𝒙+𝒚
+

𝟏

√𝒃𝒙+𝒚
+

𝟏

√𝒄𝒙+𝒚
) 

Therefore, 
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𝒂√𝒙𝒚 + 𝒃√𝒙𝒚 + 𝒄√𝒙𝒚

𝟏

√𝒂𝒙+𝒚
+

𝟏

√𝒃𝒙+𝒚
+

𝟏

√𝒄𝒙+𝒚

≤
√𝒂𝒙+𝒚 + √𝒃𝒙+𝒚 + √𝒄𝒙+𝒚

𝟏

𝒂√𝒙𝒚
+

𝟏

𝒃√𝒙𝒚
+

𝟏

𝒄√𝒙𝒚

 

 Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝒂√𝒙𝒚

𝒃√𝒙𝒚
+
𝒃√𝒙𝒚

𝒂√𝒙𝒚
≤
𝒂
𝒙+𝒚
𝟐

𝒃
𝒙+𝒚
𝟐

+
𝒃
𝒙+𝒚
𝟐

𝒂
𝒙+𝒚
𝟐

 

𝒆√𝒙𝒚 +
𝟏

𝒆√𝒙𝒚
≤ 𝒆

𝒙+𝒚
𝟐 +

𝟏

𝒆
𝒙+𝒚
𝟐

; 𝐰𝐡𝐞𝐫𝐞 𝒆 =
𝒂

𝒃
 

𝐈𝐟 𝒆 ≥ 𝟏 ⇒
𝟏

𝒆√𝒙𝒚
−

𝟏

𝒆
𝒙+𝒚
𝟐

≤ 𝒆
𝒙+𝒚
𝟐 − 𝒆√𝒙𝒚 

𝟏

𝒆√𝒙𝒚
(𝟏 −

𝟏

𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚

) ≤ 𝒆√𝒙𝒚 (𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚 − 𝟏) 

𝟏 −
𝟏

𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚

≤ 𝒆𝟐√𝒙𝒚 (𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚 − 𝟏) 

𝟐 ≤
𝟏

𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚

+ 𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚 , 𝒆 ≥ 𝟐 𝐭𝐫𝐮𝐞. 

𝐈𝐟 𝒆 < 1, 𝒆√𝒙𝒚 − 𝒆
𝒙+𝒚
𝟐 ≤

𝟏

𝒆
𝒙+𝒚
𝟐

−
𝟏

𝒆√𝒙𝒚
 

𝒆√𝒙𝒚 (𝟏 − 𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚) ≤

𝟏

𝒆√𝒙𝒚
(

𝟏

𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚

− 𝟏) 

𝟏 − 𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚 ≤

𝟏

𝒆𝟐√𝒙𝒚
(

𝟏

𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚

− 𝟏) 

𝟐 ≤ 𝒆
𝒙+𝒚
𝟐
−√𝒙𝒚 +

𝟏
𝒙 + 𝒚
𝟐 −√𝒙𝒚

 

(
𝒃

𝒄
)
√𝒙𝒚

+ (
𝒄

𝒃
)
√𝒙𝒚

≤ (
𝒃

𝒄
)

𝒙+𝒚
𝟐

+ (
𝒄

𝒃
)

𝒙+𝒚
𝟐
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

Hence, 

𝒂√𝒙𝒚 + 𝒃√𝒙𝒚 + 𝒄√𝒙𝒚

𝟏

√𝒂𝒙+𝒚
+

𝟏

√𝒃𝒙+𝒚
+

𝟏

√𝒄𝒙+𝒚

≤
√𝒂𝒙+𝒚 + √𝒃𝒙+𝒚 + √𝒄𝒙+𝒚

𝟏

𝒂√𝒙𝒚
+

𝟏

𝒃√𝒙𝒚
+

𝟏

𝒄√𝒙𝒚
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 Solution 3 by Samar Das-India 

𝒂√𝒙𝒚 + 𝒃√𝒙𝒚 + 𝒄√𝒙𝒚

𝟏

√𝒂𝒙+𝒚
+

𝟏

√𝒃𝒙+𝒚
+

𝟏

√𝒄𝒙+𝒚

≤
√𝒂𝒙+𝒚 + √𝒃𝒙+𝒚 + √𝒄𝒙+𝒚

𝟏

𝒂√𝒙𝒚
+

𝟏

𝒃√𝒙𝒚
+
𝟏

𝒄√𝒙𝒚

⇔ 

(𝒂√𝒙𝒚 + 𝒃√𝒙𝒚 + 𝒄√𝒙𝒚) ( 
𝟏

𝒂√𝒙𝒚
+

𝟏

𝒃√𝒙𝒚
+
𝟏

𝒄√𝒙𝒚
) ≤ 

≤ (√𝒂𝒙+𝒚 + √𝒃𝒙+𝒚 + √𝒄𝒙+𝒚) ( 
𝟏

√𝒂𝒙+𝒚
+

𝟏

√𝒃𝒙+𝒚
+

𝟏

√𝒄𝒙+𝒚
) ; (𝟏) 

𝟑 +∑(
𝒂

𝒃
)
√𝒙𝒚

𝒄𝒚𝒄

− 𝟑 −∑(
𝒂

𝒃
)

𝒙+𝒚
𝟐

𝒄𝒚𝒄

<
(?)

𝟎 ⇔∑(
𝒂

𝒃
)
√𝒙𝒚

𝒄𝒚𝒄

−∑(
𝒂

𝒃
)

𝒙+𝒚
𝟐

𝒄𝒚𝒄

<
(?)

𝟎 

Since √𝒙𝒚 ≤
𝒙+𝒚

𝟐
, when 𝒂 > 𝑏 ⇒

𝒂

𝒃
> 1 ⇒ (

𝒂

𝒃
)
√𝒙𝒚

≤ (
𝒂

𝒃
)

𝒙+𝒚

𝟐
 

⇒∑(
𝒂

𝒃
)
√𝒙𝒚

𝒄𝒚𝒄

−∑(
𝒂

𝒃
)

𝒙+𝒚
𝟐

𝒄𝒚𝒄

≤ 𝟎 

Equality holds for 𝒂 = 𝒃. Thus, (1) is true. 

Solution 4 by Samar Das-India 

𝒂√𝒙𝒚 + 𝒃√𝒙𝒚 + 𝒄√𝒙𝒚

𝟏

√𝒂𝒙+𝒚
+

𝟏

√𝒃𝒙+𝒚
+

𝟏

√𝒄𝒙+𝒚

≤
√𝒂𝒙+𝒚 + √𝒃𝒙+𝒚 + √𝒄𝒙+𝒚

𝟏

𝒂√𝒙𝒚
+

𝟏

𝒃√𝒙𝒚
+
𝟏

𝒄√𝒙𝒚

⇔ 

(𝒂√𝒙𝒚 + 𝒃√𝒙𝒚 + 𝒄√𝒙𝒚) ( 
𝟏

𝒂√𝒙𝒚
+

𝟏

𝒃√𝒙𝒚
+
𝟏

𝒄√𝒙𝒚
) ≤ 

≤ (√𝒂𝒙+𝒚 + √𝒃𝒙+𝒚 + √𝒄𝒙+𝒚) ( 
𝟏

√𝒂𝒙+𝒚
+

𝟏

√𝒃𝒙+𝒚
+

𝟏

√𝒄𝒙+𝒚
) ; (∗) 

𝐋𝐞𝐭: 
𝒂

𝒃
= 𝒎. 

𝐈𝐟 𝒎 > 1 ⇒ 𝐴 = 𝒎√𝒙𝒚 +
𝟏

𝒎√𝒙𝒚
−𝒎

𝒙+𝒚
𝟐 −

𝟏

𝒎
𝒙+𝒚
𝟐

= 

= (𝒎√𝒙𝒚 −𝒎
𝒙+𝒚
𝟐 ) −

𝒎√𝒙𝒚 −𝒎
𝒙+𝒚
𝟐

𝒎√𝒙𝒚+
𝒙+𝒚
𝟐

; (𝟏) 

𝒎 > 1 ⇒ 𝒎√𝒙𝒚 −𝒎
𝒙+𝒚
𝟐 < 0; (𝟐) 𝐚𝐧𝐝 𝒎√𝒙𝒚+

𝒙+𝒚
𝟐 > 1 
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𝟏

𝒎√𝒙𝒚+
𝒙+𝒚
𝟐

< 1 ⇒ (𝟏 −
𝟏

𝒎√𝒙𝒚+
𝒙+𝒚
𝟐

) > 0; (𝟑) 

From (1),(2) and (3), we get 𝑨 < 0; (𝟒) 

𝐈𝐟 𝒎 < 1 ⇒ 1 −
𝟏

𝒎√𝒙𝒚+
𝒙+𝒚
𝟐

< 0; (𝟓) 

From (5) and (6), we get: 𝑨 < 0; (𝟔) 

Therefore, 

∑((
𝒂

𝒃
)
√𝒙𝒚

+ (
𝒃

𝒂
)
√𝒙𝒚

)

𝒄𝒚𝒄

−∑((
𝒂

𝒃
)

𝒙+𝒚
𝟐
+ (
𝒃

𝒂
)

𝒙+𝒚
𝟐
)

𝒄𝒚𝒄

≤ 𝟎 ⇒ (∗) 𝐭𝐫𝐮𝐞. 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 5 by Soumava Chakraborty-Kolkata-India 

𝒂√𝒙𝐲 + 𝐛√𝒙𝐲 + 𝐜√𝒙𝐲

√𝒂𝒙+𝐲 +√𝐛𝒙+𝐲 +√𝐜𝒙+𝐲
≤

𝟏

√𝒂𝒙+𝐲
+

𝟏

√𝐛𝒙+𝐲
+

𝟏

√𝐜𝒙+𝐲

𝟏

𝒂√𝒙𝐲
+

𝟏

𝐛√𝒙𝐲
+

𝟏

𝐜√𝒙𝐲

⇔ (𝒂√𝒙𝐲 + 𝐛√𝒙𝐲 + 𝐜√𝒙𝐲) (
𝟏

𝒂√𝒙𝐲
+

𝟏

𝐛√𝒙𝐲
+
𝟏

𝐜√𝒙𝐲
)

≤ (√𝒂𝒙+𝐲 +√𝐛𝒙+𝐲 + √𝐜𝒙+𝐲) (
𝟏

√𝒂𝒙+𝐲
+

𝟏

√𝐛𝒙+𝐲
+

𝟏

√𝐜𝒙+𝐲
) 

⇔ 𝟑+∑((
𝒂

𝐛
)
√𝒙𝐲

+ (
𝐛

𝒂
)
√𝒙𝐲

)

𝐜𝐲𝐜

≤ 𝟑+∑((
𝒂

𝐛
)

𝒙+𝐲
𝟐
+ (
𝐛

𝒂
)

𝒙+𝐲
𝟐
)

𝐜𝐲𝐜

⇔∑((
𝒂

𝐛
)
√𝒙𝐲

+ (
𝐛

𝒂
)
√𝒙𝐲

)

𝐜𝐲𝐜

≤⏞
(𝒍)

∑((
𝒂

𝐛
)

𝒙+𝐲
𝟐
+ (
𝐛

𝒂
)

𝒙+𝐲
𝟐
)

𝐜𝐲𝐜

 

𝐂𝒂𝐬𝐞 𝟏  𝒂 ≥ 𝐛 𝒂𝐧𝐝 (
𝒂

𝐛
)

𝒙+𝐲
𝟐
+ (
𝐛

𝒂
)

𝒙+𝐲
𝟐
≥⏞
?

(
𝒂

𝐛
)
√𝒙𝐲

+ (
𝐛

𝒂
)
√𝒙𝐲

⇔ (𝐭
𝒙+𝐲
𝟐 +

𝟏

𝐭
𝒙+𝐲
𝟐

) − (𝐭√𝒙𝐲 +
𝟏

𝐭√𝒙𝐲
) ≥⏞
?

⏟
(∗)

𝟎 (𝐭 =
𝒂

𝐛
) 

𝐋𝐞𝐭 𝐟(𝛉) = 𝐭𝛉 +
𝟏

𝐭𝛉
 ∀ 𝛉 ∈ [√𝒙𝐲,

𝒙 + 𝐲

𝟐
]  𝒂𝐧𝐝 𝒍𝒆𝒕 𝐭𝛉 = 𝐏 𝒂𝐧𝐝 

𝟏

𝐭𝛉
= 𝐐 

𝐍𝐨𝐰, 𝐭𝛉 = 𝐏 ⇒ 𝛉. 𝐥𝐧𝐭 = 𝐥𝐧𝐏 ⇒
𝐝

𝐝𝛉
(𝛉. 𝐥𝐧𝐭) = (

𝐝

𝐝𝐏
𝐥𝐧𝐏) .

𝐝𝐏

𝐝𝛉
⇒ 𝐥𝐧𝐭 =

𝟏

𝐏
(
𝐝

𝐝𝛉
𝐭𝛉) ⇒

𝐝

𝐝𝛉
𝐭𝛉 =⏞
(𝐢)

𝐭𝛉. 𝐥𝐧𝐭 
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𝐀𝐥𝐬𝐨, 𝐭− 𝛉 = 𝐐 ⇒ − 𝛉. 𝐥𝐧𝐭 = 𝐥𝐧𝐐 ⇒
𝐝

𝐝𝛉
(− 𝛉. 𝐥𝐧𝐭) = (

𝐝

𝐝𝐐
𝐥𝐧𝐐) .

𝐝𝐐

𝐝𝛉
⇒ − 𝐥𝐧𝐭 =

𝟏

𝐐
(
𝐝

𝐝𝛉
𝐭− 𝛉)

⇒
𝐝

𝐝𝛉
𝐭− 𝛉 =⏞

(𝐢𝐢)

− 𝐭− 𝛉. 𝐥𝐧𝐭 ∴ (𝐢) + (𝐢𝐢) ⇒ 𝐟′(𝛉) =⏞
(⦁)

(𝐥𝐧𝐭) (𝐭𝛉 −
𝟏

𝐭𝛉
) 

𝐀𝐠𝒂𝐢𝐧, (𝐭
𝒙+𝐲
𝟐 +

𝟏

𝐭
𝒙+𝐲
𝟐

) − (𝐭√𝒙𝐲 +
𝟏

𝐭√𝒙𝐲
) =⏞
𝐯𝐢𝒂 𝐌𝐕𝐓

(
𝒙 + 𝐲

𝟐
− √𝒙𝐲)𝐟′(𝛉)│𝛉 = 𝛏 𝐟𝐨𝐫 𝐬𝐨𝐦𝐞 𝛏

∈ (√𝒙𝐲,
𝒙 + 𝐲

𝟐
) =⏞
𝐯𝐢𝒂 (⦁)

(
𝒙 + 𝐲

𝟐
−√𝒙𝐲) (𝐥𝐧𝐭) (𝐭𝛏 −

𝟏

𝐭𝛏
) 

∴ (𝐭
𝒙+𝐲
𝟐 +

𝟏

𝐭
𝒙+𝐲
𝟐

) − (𝐭√𝒙𝐲 +
𝟏

𝐭√𝒙𝐲
) =⏞
(⦁⦁) (

𝒙 + 𝐲
𝟐 −√𝒙𝐲)(𝐥𝐧𝐭)(𝐭𝛏 + 𝟏)(𝐭𝛏 − 𝟏)

𝐭𝛏
 𝐟𝐨𝐫 𝐬𝐨𝐦𝐞 𝛏

∈ (√𝒙𝐲,
𝒙 + 𝐲

𝟐
) 

∵ 𝛏 > √𝒙𝐲 > 𝟎 𝒂𝐧𝐝 ∵ 𝐥𝐧𝐭 = 𝐥𝐧
𝒂

𝐛
≥⏞

𝒂
𝐛
 ≥ 𝟏

𝐥𝐧𝟏 ⇒ 𝐥𝐧𝐭 ≥⏞
(𝟏)

𝟎 ∴ 𝛏. 𝐥𝐧𝐭 ≥ 𝟎 ⇒ 𝐥𝐧(𝐭𝛏) ≥ 𝟎 ⇒ 𝐭𝛏 ≥ 𝟏

⇒ 𝐭𝛏 − 𝟏 ≥⏞
(𝟐)

𝟎 𝒂𝐧𝐝 ∵
𝒙 + 𝐲

𝟐
−√𝒙𝐲 =

(√𝒙 − √𝐲)
𝟐

𝟐
≥⏞
(𝟑)

𝟎 ∴ (𝟏), (𝟐), (𝟑) ⇒ 

(
𝒙 + 𝐲
𝟐 −√𝒙𝐲)(𝐥𝐧𝐭)(𝐭𝛏 + 𝟏)(𝐭𝛏 − 𝟏)

𝐭𝛏
≥ 𝟎 ⇒⏞

𝐯𝐢𝒂 (⦁⦁)

(𝐭
𝒙+𝐲
𝟐 +

𝟏

𝐭
𝒙+𝐲
𝟐

) − (𝐭√𝒙𝐲 +
𝟏

𝐭√𝒙𝐲
) ≥ 𝟎

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ (
𝒂

𝐛
)

𝒙+𝐲
𝟐
+ (
𝐛

𝒂
)

𝒙+𝐲
𝟐
≥ (
𝒂

𝐛
)
√𝒙𝐲

+ (
𝐛

𝒂
)
√𝒙𝐲

 

𝐂𝒂𝐬𝐞 𝟐  𝒂 < 𝐛 𝒂𝐧𝐝 (
𝒂

𝐛
)

𝒙+𝐲
𝟐
+ (
𝐛

𝒂
)

𝒙+𝐲
𝟐
≥⏞
?

(
𝒂

𝐛
)
√𝒙𝐲

+ (
𝐛

𝒂
)
√𝒙𝐲

⇔ (𝐭
𝒙+𝐲
𝟐 +

𝟏

𝐭
𝒙+𝐲
𝟐

) − (𝐭√𝒙𝐲 +
𝟏

𝐭√𝒙𝐲
)≥⏞
?

𝟎 (𝐭 =
𝒂

𝐛
)

⇔
𝐭√𝒙𝐲(𝐭𝒙+𝐲 + 𝟏) − 𝐭

𝒙+𝐲
𝟐 (𝐭𝒙𝐲 + 𝟏)

𝐭√𝒙𝐲. 𝐭
𝒙+𝐲
𝟐

≥⏞
?

𝟎 ⇔ 𝛃(𝛂𝟐 + 𝟏) − 𝛂(𝛃𝟐 + 𝟏)≥⏞
?

𝟎 

(𝛂 = 𝐭
𝒙+𝐲
𝟐 , 𝛃 = 𝐭√𝒙𝐲) ⇔ 𝛂𝛃(𝛂 − 𝛃) − (𝛂 − 𝛃)≥⏞

?

𝟎 ⇔ (𝛂 − 𝛃)(𝛂𝛃 − 𝟏) ≥⏞
?

⏟
(∗∗)

𝟎 
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𝐍𝐨𝐰,𝛂 ≤ 𝛃 ⇔ 𝐭
𝒙+𝐲
𝟐 ≤ 𝐭√𝒙𝐲 ⇔

𝒙+ 𝐲

𝟐
. 𝐥𝐧𝐭 ≤ √𝒙𝐲. 𝐥𝐧𝐭 ⇔

(√𝒙 −√𝐲)
𝟐

𝟐
. 𝐥𝐧𝐭 ≤ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐥𝐧𝐭

= 𝐥𝐧
𝒂

𝐛
<

𝒂
𝐛
 < 1

𝐥𝐧𝟏 ⇒ 𝐥𝐧𝐭 < 0 𝒂𝐧𝐝 
(√𝒙 − √𝐲)

𝟐

𝟐
≥ 𝟎 ∴ 𝛂 − 𝛃 ≤⏞

(𝐦)

𝟎 

𝐀𝐠𝒂𝐢𝐧, 𝛂𝛃 < 1 ⇔ 𝐭
𝒙+𝐲
𝟐 . 𝐭√𝒙𝐲 < 1 ⇔ 𝐭

𝒙+𝐲
𝟐
 + √𝒙𝐲 < 1 ⇔ (

𝒙 + 𝐲

𝟐
 +  √𝒙𝐲) . 𝐥𝐧𝐭 < 0 ⇔ 𝐥𝐧𝐭 < 0

→ 𝐭𝐫𝐮𝐞 ∵ 𝐥𝐧𝐭 = 𝐥𝐧
𝒂

𝐛
<

𝒂
𝐛
 < 1

𝐥𝐧𝟏 = 𝟎 ∴ 𝛂𝛃 − 𝟏 <⏞
(𝐧)

𝟎 ∴ (𝐦). (𝐧) ⇒ (𝛂 − 𝛃)(𝛂𝛃 − 𝟏)

≥ 𝟎 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ (
𝒂

𝐛
)

𝒙+𝐲
𝟐
+ (
𝐛

𝒂
)

𝒙+𝐲
𝟐
≥ (
𝒂

𝐛
)
√𝒙𝐲

+ (
𝐛

𝒂
)
√𝒙𝐲

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (
𝒂

𝐛
)

𝒙+𝐲
𝟐
+ (
𝐛

𝒂
)

𝒙+𝐲
𝟐
≥ (
𝒂

𝐛
)
√𝒙𝐲

+ (
𝐛

𝒂
)
√𝒙𝐲

 ∀ 𝒂, 𝐛, 𝒙, 𝐲

> 0 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 

⇒⏞
𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩

∑((
𝒂

𝐛
)

𝒙+𝐲
𝟐
+ (
𝐛

𝒂
)

𝒙+𝐲
𝟐
)

𝐜𝐲𝐜

≥∑((
𝒂

𝐛
)
√𝒙𝐲

+ (
𝐛

𝒂
)
√𝒙𝐲

)

𝐜𝐲𝐜

⇒ (𝒍) 𝐢𝐬 𝐭𝐫𝐮𝐞

∴
𝒂√𝒙𝐲 + 𝐛√𝒙𝐲 + 𝐜√𝒙𝐲

√𝒂𝒙+𝐲 + √𝐛𝒙+𝐲 +√𝐜𝒙+𝐲
≤

𝟏

√𝒂𝒙+𝐲
+

𝟏

√𝐛𝒙+𝐲
+

𝟏

√𝐜𝒙+𝐲

𝟏

𝒂√𝒙𝐲
+

𝟏

𝐛√𝒙𝐲
+

𝟏

𝐜√𝒙𝐲

 ∀ 𝒂, 𝐛, 𝐜, 𝒙, 𝐲 > 0 (𝑄𝐸𝐷) 

785. If 𝒙 > 𝟎, 𝒓 = 𝒑𝒒, 𝟏 ≤ 𝒑 ≤ 𝒒 then prove: 

𝟏 + 𝒓𝒙 ≤ (𝟏 + 𝒒𝒙)𝒑 ≤ (𝟏 + 𝒑𝒙)𝒒 ≤ (𝟏 + 𝒙)𝒓 

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan 

Solution 1 by Ravi Prakash-New Delhi-India 

For 𝒙 > 𝟎, 𝒓 = 𝒑𝒒, 𝟏 ≤ 𝒑 ≤ 𝒒 let 𝒇(𝒙) = (𝟏 + 𝒒𝒙)𝒑 − (𝟏 − 𝒑𝒒𝒙); 𝒙 > 𝟎 

𝒇′(𝒙) = 𝒑𝒒(𝟏 + 𝒒𝒙)𝒑−𝟏 − 𝒑𝒒 

As 𝒑 − 𝟏 ≥ 𝟎, (𝟏 + 𝒒𝒙)𝒑−𝟏 ≥ 𝟏 then 𝒇′(𝒙) ≥ 𝟎 ⇒ 𝒇 − is a non-decreasing function on 

[𝟎,∞) ⇒ (𝟏 + 𝒒𝒙)𝒑 − (𝟏 + 𝒓𝒙) ≥ 𝟎 ⇒ 𝟏 + 𝒓𝒙 ≥ (𝟏 + 𝒒𝒙)𝒑; (𝟏) 

Let 𝒈(𝒙) = (𝟏 + 𝒙)
𝟏

𝒙; 𝒙 > 𝟎 ⇒ 𝐥𝐨𝐠𝒈(𝒙) =
𝟏

𝒙
𝐥𝐨𝐠(𝟏 + 𝒙) 
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𝒈′(𝒙)

𝒈(𝒙)
=

𝟏

𝒙(𝟏 + 𝒙)
−
𝟏

𝒙𝟐
𝐥𝐨𝐠(𝟏 + 𝒙) =

𝒙 − (𝒙 + 𝟏) 𝐥𝐨𝐠(𝟏 + 𝒙)

𝒙𝟐(𝟏 + 𝒙)
; 𝒙 > 𝟎 

For 𝒙 ≥ 𝟎, let 𝒉(𝒙) = 𝒙 − (𝟏 + 𝒙) 𝐥𝐨𝐠(𝟏 + 𝒙), then 𝒉′(𝒙) = − 𝐥𝐨𝐠(𝟏 + 𝒙) < 𝟎; ∀𝒙 > 𝟎 

𝒉(𝒙) < 𝒉(𝟎) = 𝟎; ∀𝒙 > 𝟎 ⇒ 𝒈′(𝒙) < 𝟎; ∀𝒙 > 𝟎 ⇒ 𝒈 −is strictly decreasing on (𝟎,∞). 

As 𝟏 ≤ 𝒑 ≤ 𝒒, 𝒑𝒙 ≤ 𝒒𝒙; 𝒙 > 𝟎 ⇒ (𝟏 + 𝒑𝒙)
𝟏

𝒑𝒙 ≥ (𝟏 + 𝒒𝒙)
𝟏

𝒒𝒙 

(𝟏 + 𝒑𝒙)𝒒 ≥ (𝟏 + 𝒒𝒙)𝒑; (𝟐) 

Also, 𝟏 + 𝒑𝒙 ≤ (𝟏 + 𝒙)𝒑 ⇒ (𝟏 + 𝒑𝒙)𝒒 ≤ (𝟏 + 𝒙)𝒑𝒒 or (𝟏 + 𝒑𝒙)𝒒 ≤ (𝟏 + 𝒙)𝒓; (𝟑) 

From (1),(2) and (3) it follows the proposed inequality. 

 Solution 2 by Hikmat Mammadov-Azerbaijan 

By Bernoulli’s inequality: (𝟏 + 𝒙)𝒓 = ((𝟏 + 𝒙)𝒑)𝒒 ≥ (𝟏 + 𝒑𝒙)𝒒 

(𝟏 + 𝒒𝒙)𝒑 ≥ 𝟏 + 𝒑𝒒𝒙 = 𝟏 + 𝒓𝒙 

𝒇(𝒔) =
𝐥𝐨𝐠(𝟏 + 𝒔)

𝒔
⇒ 𝒑𝒙 ≤ 𝒒𝒙 ⇒

𝐥𝐨𝐠(𝟏 + 𝒑𝒙)

𝒑
≤
𝐥𝐨𝐠(𝟏 + 𝒒𝒙)

𝒒
⇒ 

(𝟏 + 𝒑𝒙)𝒒 ≥ (𝟏 + 𝒑𝒙)𝒒 

Hence, 

𝟏 + 𝒓𝒙 ≤ (𝟏 + 𝒒𝒙)𝒑 ≤ (𝟏 + 𝒑𝒙)𝒒 ≤ (𝟏 + 𝒙)𝒓 

786. Let 𝒂, 𝒃 be real numbers such that 𝒂𝟐 + 𝒃𝟐 = 𝟏.  

Prove that for each nonnegative integer 𝒏, 

(𝒂 + 𝒃)𝟐
𝒏+𝟏
+ (𝒂 − 𝒃)𝟐

𝒏+𝟏
+ 𝒏 ≥ (𝒂𝟐 − 𝒃𝟐)𝟐

𝒏
+ (𝒂𝟐 − 𝒃𝟐)𝟐

𝒏−𝟏
+⋯+ (𝒂𝟐 − 𝒃𝟐)𝟐 + 𝟐 

When equality holds? 

Proposed by Kunihiko Chikaya-Tokyo-Japan 

Solution 1 by Ravi Prakash-New Delhi-India 

Let 𝒂 = 𝐜𝐨𝐬 𝜽 , 𝒃 = 𝐬𝐢𝐧𝜽 , 𝟎 ≤ 𝜽 ≤ 𝟐𝝅, then: 

(𝒂 + 𝒃)𝟐
𝒏+𝟏
+ (𝒂 − 𝒃)𝟐

𝒏+𝟏
+ 𝒏 = (𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧 𝜽)𝟐

𝒏+𝟏
+ (𝐜𝐨𝐬𝜽 − 𝐬𝐢𝐧 𝜽)𝟐

𝒏+𝟏
+ 𝒏 = 

= (√𝟐𝐬𝐢𝐧 (𝜽 +
𝝅

𝟒
))
𝟐𝒏+𝟏

+ (√𝟐𝐜𝐨𝐬 (𝜽 +
𝝅

𝟒
))
𝟐𝒏+𝟏

+ 𝒏 = 

= (𝟐𝐬𝐢𝐧𝟐 (𝜽 +
𝝅

𝟒
))
𝟐𝒏

+ (𝟐𝐜𝐨𝐬𝟐 (𝜽 +
𝝅

𝟒
))
𝟐𝒏

+ 𝒏 ≥ 



 
www.ssmrmh.ro 

104 RMM-INEQUALITIES MARATHON 701-800 

 

≥
𝟐

𝟐𝟐
𝒏 [𝟐 𝐬𝐢𝐧𝟐 (𝜽 +

𝝅

𝟒
) + 𝟐𝐜𝐨𝐬𝟐 (𝜽 +

𝝅

𝟒
)]
𝟐𝒏

+ 𝒏 = 𝟐 + 𝒏 

Also, 𝒂𝟐 − 𝒃𝟐 = 𝐜𝐨𝐬 𝟐𝜽 

(𝒂𝟐 − 𝒃𝟐)𝟐
𝒏
+ (𝒂𝟐 − 𝒃𝟐)𝟐

𝒏−𝟏
+⋯+ (𝒂𝟐 − 𝒃𝟐)𝟐 + 𝟐 = 

= (𝐜𝐨𝐬𝟐𝜽)𝟐
𝒏
+ (𝐜𝐨𝐬𝟐𝜽)𝟐

𝒏−𝟏
+⋯+ (𝐜𝐨𝐬𝟐𝜽)𝟐 + 𝒏 ≤ 𝟏 + 𝟏 +⋯+ 𝟏⏟        

𝒏−𝒕𝒊𝒎𝒆𝒔

+ 𝟐 = 𝒏 + 𝟐 

Thus, 𝑳𝑯𝑺 ≥ 𝒏 + 𝟐 ≥ 𝑹𝑯𝑺. Equality holds when 𝐜𝐨𝐬 𝟐𝜽 = ±𝟏 ⇔ 

𝜽 ∈ {𝟎;
𝝅

𝟐
;𝝅;
𝟑𝝅

𝟐
} ⇔ (𝒂, 𝒃) ∈ {(𝟏, 𝟎); (𝟎, 𝟏); (−𝟏, 𝟎); (𝟎,−𝟏)}. 

Solution 2 by Michael Sterghiou-Greece 

(𝒂 + 𝒃)𝟐
𝒏+𝟏
+ (𝒂 − 𝒃)𝟐

𝒏+𝟏
+ 𝒏 ≥ (𝒂𝟐 − 𝒃𝟐)𝟐

𝒏
+ (𝒂𝟐 − 𝒃𝟐)𝟐

𝒏−𝟏
+⋯+ (𝒂𝟐 − 𝒃𝟐)𝟐 + 𝟐; (𝟏) 

Let 𝒙 = (𝒂 + 𝒃)𝟐 > 𝟎;𝒚 = (𝒂 − 𝒃)𝟐 > 𝟎, then 𝒙 + 𝒚 = 𝟐 and (1) it can be written as 

𝒙𝟐
𝒏
+ 𝒚𝟐

𝒏
+ 𝒏 ≥ (𝒙𝒚)𝟐

𝒏−𝟏
+ (𝒙𝒚)𝟐

𝒏−𝟐
+⋯+ (𝒙𝒚)𝟐

𝟎
+ 𝟐; (𝟐) 

By AM-GM: √𝒙𝒚 ≤
𝒙+𝒚

𝟐
= 𝟏 ⇒ 𝒙𝒚 ≤ 𝟏 and all 𝒏 powers of 𝒙𝒚 in RHS of (2) are ≤ 𝟏 so, 

𝑹𝑯𝑺(𝟐) ≤ 𝒏+ 𝟐. 

It is suffices to prove that 𝑳𝑯𝑺(𝟐) ≤ 𝒏 + 𝟐 

𝑳𝑯𝑺(𝟑) = 𝒙
𝟐𝒏 + 𝒚𝟐

𝒏
+ 𝒏 ≥ 𝒏 + 𝟐 ⇔ 𝒙𝟐

𝒏
+ 𝒚𝟐

𝒏
≥ 𝟐 ⇔ 𝒙𝟐

𝒏
+ (𝟐 − 𝒙)𝟐

𝒏
≥ 𝟐. 

Let 𝟐𝒏 = 𝒑 ∈ ℕ;𝒑 ≥ 𝟏, so, −𝟐 + 𝒙𝒑 + (𝟐 − 𝒙)𝒑 = 𝒇(𝒙) 

𝒇′(𝒙) = [𝒙𝒑−𝟏 − (𝟐 − 𝒙)𝒑−𝟏]𝒑 

WLOG, let 𝒙 ≥ 𝟏 then 
𝒇′(𝒙)

𝒑
= [𝒙 − (𝟐 − 𝒙)]𝜽 = 𝟐(𝒙 − 𝟏)𝜽 ≥ 𝟎; (𝜽 ≥ 𝟎). 

So, 𝒇 ↗ and 𝒇(𝒙) ≥ 𝒇(𝟏) = 𝟏𝒑 + (𝟐 − 𝟏)𝒑 − 𝟐 = 𝟎, hence 𝒇(𝒙) ≥ 𝟎 and  

𝑳𝑯𝑺(𝟐) ≥ 𝒏 + 𝟐 ≥ 𝑹𝑯𝑺(𝟐) 

Equality holds for 

(𝒂, 𝒃) ∈ {(𝟏, 𝟎); (𝟎, 𝟏); (−𝟏, 𝟎); (𝟎,−𝟏)} 

787. If 𝒎,𝒏, 𝒑, 𝒒 ∈ ℕ;𝒎, 𝒏, 𝒑, 𝒒 ≥ 𝟐;𝒎𝒒 ≥ 𝒏𝒑 then: 

𝒏(𝒑 − 𝒒)(√𝟐𝒎
𝒏

− 𝟏) ≥ 𝒒(𝒎 − 𝒏)(√𝟐𝒑
𝒒

− 𝟏) 

Proposed by Daniel Sitaru-Romania 
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Solution by Khaled Abd Imouti-Damascus-Syria 

𝒏(𝒑 − 𝒒)(√𝟐𝒎
𝒏

− 𝟏) ≥ 𝒒(𝒎− 𝒏)(√𝟐𝒑
𝒒

− 𝟏) 

𝒏(𝒑 − 𝒒) (𝟐
𝒎
𝒏 − 𝟏) ≥ 𝒒(𝒎− 𝒏) (𝟐

𝒑
𝒒 − 𝟏) 

𝒏𝒒 (
𝒑

𝒒
− 𝟏) (𝟐

𝒎
𝒏 − 𝟏) ≥ 𝒒𝒏 (

𝒎

𝒏
− 𝟏) (𝟐

𝒑
𝒒 − 𝟏) 

(
𝒑

𝒒
− 𝟏) (𝟐

𝒎
𝒏 − 𝟏) ≥ (

𝒎

𝒏
− 𝟏) (𝟐

𝒑
𝒒 − 𝟏) 

Let 
𝒎

𝒏
= 𝒙,

𝒑

𝒒
= 𝒚 and𝒙 > 𝒚 ⇒ (𝒚 − 𝟏)(𝟐𝒙 − 𝟏) ≥ (𝒙 − 𝟏)(𝟐𝒚 − 𝟏) 

𝒚 ⋅ 𝟐𝒙 − 𝒙 ⋅ 𝟐𝒚 ≥ 𝒚 − 𝒙 ⇔
𝟐𝒙

𝒙
−
𝟐𝒚

𝒚
≥
𝟏

𝒙
−
𝟏

𝒚
⇔
𝟐𝒙 − 𝟏

𝒙
≥
𝟐𝒚 − 𝟏

𝒚
; (∗) 

Let be the function 𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) =
𝟐𝒙−𝟏

𝒙
 

𝐥𝐢𝐦
𝒙→𝟎

𝒇(𝒙) = 𝟏; 𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) = +∞  

𝒇′(𝒙) =
𝒙 ⋅ 𝟐𝒙 𝐥𝐨𝐠 𝟐 − 𝟐𝒙 + 𝟏

𝒙𝟐
 

𝒇′′(𝒙) =
(𝐥𝐨𝐠𝟐 𝟐 ⋅ 𝒙𝟐 − 𝟐𝒙𝒍𝒐𝒈𝟐 + 𝟐)𝟐𝒙 + 𝟐

𝒙𝟒
> 𝟎,∆< 𝟎 

𝒇′(𝟎) = 𝐥𝐢𝐦
𝒙→𝟎

𝒇′(𝒙) =
𝐥𝐨𝐠𝟐 𝟐

𝟐
> 𝟎 

So, 𝒇 −increasing function and 𝒙 ≥ 𝒚 ⇒ 𝒇(𝒙) ≥ 𝒇(𝒚) ⇒ (∗) is true. 

Therefore, 

𝒏(𝒑 − 𝒒)(√𝟐𝒎
𝒏

− 𝟏) ≥ 𝒒(𝒎− 𝒏)(√𝟐𝒑
𝒒

− 𝟏) 

 

788. If 𝒇 defined for reals 𝒙 and 𝒚 ∶ 

 𝒇(𝒙, 𝒚) =
𝒙𝒚

𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐
+
𝒙 − 𝒚

𝒙 + 𝒚
, 𝒕𝒉𝒆𝒏: 

𝟏)  𝒇 (√𝒙𝒚,
𝒙 + 𝒚

𝟐
) ≤

𝟏

𝟑
.                  𝟐)    − 𝟏 < 𝒇 (

𝒙 + 𝒚

𝒙 − 𝒚
,
𝒙 − 𝒚

𝒙 + 𝒚
) < 𝟏. 

Proposed by Srinivasa Raghava-AIRMC-India 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟏. 𝑳𝒆𝒕 𝒂 = √𝒙𝒚, 𝒃 =
𝒙 + 𝒚

𝟐
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒂𝒃

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
 ≤⏞
?

 
𝟏

𝟑
  ↔⏞
𝒂𝟐+𝒂𝒃+𝒃𝟐  > 𝟎

 𝟑𝒂𝒃 ≤⏞
?

 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐  

↔ 𝟎 ≤⏞
?

 (𝒂 − 𝒃)𝟐 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

→ 
𝒂𝒃

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
≤
𝟏

𝟑
.𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 𝒐𝒓 𝒙 = 𝒚 > 𝟎. 

𝑺𝒊𝒏𝒄𝒆 𝒙𝒚 ≥ 𝟎 → 𝒙 𝒂𝒏𝒅 𝒚 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏. 

𝑰𝒇 𝒙, 𝒚 ≥ 𝟎 → 𝒃 ≥⏞
𝑨𝑴−𝑮𝑴

𝒂 ≥ 𝟎 →  
𝒂 − 𝒃

𝒂 + 𝒃
≤ 𝟎.   𝑰𝒇 𝒙, 𝒚 ≤ 𝟎 → 𝒂 ≥ 𝟎 ≥ 𝒃 𝒂𝒏𝒅 𝒂 + 𝒃

= −
(√−𝒙 −√−𝒚)

𝟐

𝟐
≤ 𝟎 →  

𝒂 − 𝒃

𝒂 + 𝒃
≤ 𝟎 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒇 (√𝒙𝒚,
𝒙 + 𝒚

𝟐
) = 𝒇(𝒂, 𝒃) =

𝒂𝒃

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
+
𝒂 − 𝒃

𝒂 + 𝒃

≤
𝟏

𝟑
. 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒙 = 𝒚 > 𝟎. 

𝟐. 𝑳𝒆𝒕 𝒛 =
𝒙 + 𝒚

𝒙 − 𝒚
≠ 𝟎.𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇 (

𝒙 + 𝒚

𝒙 − 𝒚
,
𝒙 − 𝒚

𝒙 + 𝒚
) = 𝒇(𝒛,

𝟏

𝒛
) =

𝟏

𝒛𝟐 + 𝟏 +
𝟏
𝒛𝟐

+
𝒛 −

𝟏
𝒛

𝒛 +
𝟏
𝒛

=
𝒛𝟐

𝒛𝟒 + 𝒛𝟐 + 𝟏
+
𝒛𝟐 − 𝟏

𝒛𝟐 + 𝟏
=

𝒛𝟔 + 𝒛𝟒 + 𝒛𝟐 − 𝟏

𝒛𝟔 + 𝟐𝒛𝟒 + 𝟐𝒛𝟐 + 𝟏
 <⏞
?

 𝟏 

↔ 𝒛𝟒 + 𝒛𝟐 + 𝟐 >⏞
?

 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒓𝒆𝒂𝒍 𝒛 →  𝒇 (
𝒙 + 𝒚

𝒙 − 𝒚
,
𝒙 − 𝒚

𝒙 + 𝒚
) < 𝟏. 

𝑨𝒍𝒔𝒐, 𝒇 (
𝒙 + 𝒚

𝒙 − 𝒚
,
𝒙 − 𝒚

𝒙 + 𝒚
) = 𝒇 (𝒛,

𝟏

𝒛
) =

𝒛𝟔 + 𝒛𝟒 + 𝒛𝟐 − 𝟏

𝒛𝟔 + 𝟐𝒛𝟒 + 𝟐𝒛𝟐 + 𝟏
 >⏞
?

− 𝟏 

↔  𝟐𝒛𝟔 + 𝟑𝒛𝟒 + 𝟑𝒛𝟐  >⏞
?

 𝟎,𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒓𝒆𝒂𝒍 𝒛 ≠ 𝟎 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, −𝟏 < 𝒇 (
𝒙 + 𝒚

𝒙 − 𝒚
,
𝒙 − 𝒚

𝒙 + 𝒚
) < 𝟏. 

Solution 2 by Kamel Gandouli Rezgui-Tunisia 

𝒇(𝒙, 𝒚) =
𝒙𝒚

𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐
+
𝒙 − 𝒚

𝒙 + 𝒚
 𝐢𝐟 𝒚 ≥ 𝒙 𝐚𝐧𝐝 𝒙 ≥ 𝟎, 𝒚 ≥ 𝟎. 

𝒇(𝒙, 𝒚) ≤
𝒙𝒚

𝒙𝟐 + 𝒙𝒚+ 𝒚𝟐
 𝐛𝐞𝐜𝐚𝐮𝐬𝐞

𝒙 − 𝒚

𝒙 + 𝒚
≤ 𝟎 
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𝒙𝒚

𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐
≤
𝟏

𝟑
 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐛𝐲 𝐀𝐆𝐌: 𝒙𝟐 + 𝒚𝟐 + 𝒙𝒚 ≥ 𝟑𝒙𝒚 

𝐢𝐟 𝒙 ≥ 𝟎 ⇒ 𝒚 ≤ 𝟎 𝐚𝐧𝐝 − 𝒚 ≥ 𝒙 ⇒
𝒙 − 𝒚

𝒙 + 𝒚
≤ 𝟎 𝐚𝐧𝐝 

𝒙𝒚

𝒙𝟐 + 𝒙𝒚+ 𝒚𝟐
≤ 𝟎 ⇒ 𝒇(𝒙, 𝒚) ≤ 𝟎 ≤

𝟏

𝟑
 

𝐢𝐟 𝒙 =
𝟏

𝒚
⇒ 𝒇(𝒙, 𝒚) =

𝟏

(
𝟏
𝒚)
𝟐

+ 𝒚𝟐 + 𝟏

+

𝟏
𝒚 − 𝒚

𝟏
𝒚 + 𝒚

= 

=
𝒚𝟐

𝟏 + 𝒚𝟐 + 𝒚𝟒
+
𝟏 − 𝒚𝟐

𝟏 + 𝒚𝟐
=

𝒚𝟐(𝟏 + 𝒚𝟐)

(𝟏 + 𝒚𝟐𝒚𝟒)(𝟏 + 𝒚𝟐)
+
(𝟏 − 𝒚𝟐)(𝟏 + 𝒚𝟐 + 𝒚𝟒)

(𝟏 + 𝒚𝟐)(𝟏 + 𝒚𝟐 + 𝒚𝟒)
= 

=
𝟏 + 𝒚𝟐 + 𝒚𝟒 − 𝒚𝟔

(𝟏 + 𝒚𝟐)(𝟏 + 𝒚𝟐 + 𝒚𝟒)
=

𝟏

𝟏 + 𝒚𝟐
−

𝒚𝟔

(𝟏 + 𝒚𝟐)(𝟏 + 𝒚𝟐 + 𝒚𝟒)
 

−𝟏 ≤
𝒚𝟔

(𝟏 + 𝒚𝟐)(𝟏 + 𝒚𝟐 + 𝒚𝟒)
≤

𝟏

𝟏 + 𝒚𝟐
−

𝒚𝟔

(𝟏 + 𝒚𝟐)(𝟏 + 𝒚𝟐 + 𝒚𝟒)
≤

𝟏

𝟏 + 𝒚𝟐
≤ 𝟏 

⇒ −𝟏 ≤ 𝒇 (𝒙,
𝟏

𝒙
) ≤ 𝟏 

√𝒙𝒚 ≤
𝒙 + 𝒚

𝟐
; 𝐢𝐟 𝒙, 𝒚 ≥ 𝟎  𝐚𝐧𝐝  𝐢𝐟 𝒙 ≤ 𝟎, 𝒚 ≤ 𝟎: −

𝒙 + 𝒚

𝟐
≥ √𝒙𝒚 𝐛𝐞𝐜𝐚𝐮𝐬𝐞: 

−
𝒙 + 𝒚

𝟐
=
(−𝒙) + (−𝒚)

𝟐
=
|𝒙| + |𝒚|

𝟐
≥ √|𝒙||𝒚| ⇒ 

𝒇(√𝒙𝒚,
𝒙 + 𝒚

𝟐
) ≤

𝟏

𝟑
;∀𝒙, 𝒚 ≥ 𝟎 

Therefore, 

−𝟏 ≤ 𝒇 (
𝒙 + 𝒚

𝒙 − 𝒚
,
𝒙 − 𝒚

𝒙 + 𝒚
) ≤ 𝟏 

789. Let  𝒇(𝒙) = 𝒂𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅  (𝒂, 𝒃, 𝒄, 𝒅 ∈ ℝ)  and 

  𝒇(𝟏) = 𝟎, 𝒇(−𝟏) = −𝟒 

 

 

 

 

 

 

Find all 𝜶 > 𝟎  such that |
𝒇′(𝒙)

𝒇′′(𝒙)
| ≤ 𝜶, ∀𝒙 ∈ [−𝟏, 𝟏] 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution by proposer 

We have: 

{
 
 
 

  
 

𝒇(𝟏) = 𝟎

𝒇(−𝟏) = −𝟒

𝒇′ (
𝟒 − √𝟏𝟑

𝟑
) = 𝟎

𝒇′ (
𝟒 + √𝟏𝟑

𝟑
) = 𝟎

↔

{
 
 
 

 
 
 

𝒂 + 𝒃 + 𝒄 + 𝒅 = 𝟎
−𝒂 + 𝒃 − 𝒄 + 𝒅 = −𝟒

𝟑𝒂(
𝟒 − √𝟏𝟑

𝟑
)

𝟐

+ 𝟐𝒃(
𝟒− √𝟏𝟑

𝟑
) + 𝒄 = 𝟎

𝟑𝒂 (
𝟒 + √𝟏𝟑

𝟑
)

𝟐

+ 𝟐𝒃(
𝟒+ √𝟏𝟑

𝟑
) + 𝒄 = 𝟎

↔ {

𝒂 = 𝟏
𝒃 = −𝟒
𝒄 = 𝟏
𝒅 = 𝟐

 

Therefore, 

𝒇(𝒙) = 𝒙𝟑 − 𝟒𝒙𝟐 + 𝒙 + 𝟐 

→ 𝒇′(𝒙) = 𝟑𝒙𝟐 − 𝟖𝒙 + 𝟏,  𝒇′′(𝒙) = 𝟔𝒙 − 𝟖 

Let us denote:          𝒈(𝒙) =
𝒇′(𝒙)

𝒇′′(𝒙)
=
𝟑𝒙𝟐−𝟖𝒙+𝟏

𝟔𝒙−𝟖
, ∀𝒙 ∈ [−𝟏, 𝟏] 

→ 𝒈′(𝒙) =
𝟗𝒙𝟐 − 𝟐𝟒𝒙 + 𝟐𝟗

𝟐(𝟑𝒙 − 𝟒)𝟐
=
(𝟑𝒙 − 𝟒)𝟐 + 𝟏𝟑

𝟐(𝟑𝒙 − 𝟒)𝟐
> 𝟎, ∀𝒙 ∈ [−𝟏, 𝟏] 

→ 𝒈(𝒙)  ↑ 𝐨𝐧 [−𝟏, 𝟏] → 𝒈(−𝟏) ≤ 𝒈(𝒙) ≤ 𝒈(𝟏) →   −
𝟔

𝟕
≤ 𝒈(𝒙) ≤ 𝟐 

→ |𝒈(𝒙)| ≤ 𝟐, ∀𝒙 ∈ [−𝟏, 𝟏] 

→ 𝜶 ≥ 𝟐 

Hence:  𝜶 ≥ 𝟐  we have: |
𝒇′(𝒙)

𝒇′′(𝒙)
| ≤ 𝜶, ∀𝒙 ∈ [−𝟏, 𝟏] 

790. 𝒂, 𝒃 > 𝟎, 𝒌 ∈ ℕ, 𝒌 ≥ 𝟏, 𝑸 = √
𝒂𝟐+𝒃𝟐

𝟐
, 𝑨 =

𝒂+𝒃

𝟐
, 𝑮 = √𝒂𝒃,𝑯 =

𝟐𝒂𝒃

𝒂+𝒃
 

Prove that: 

𝑸𝟒𝒌−𝟐 ⋅ 𝑯𝒌 ≥ 𝑨𝒌 ⋅ 𝑮𝟒𝒌−𝟐 

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan 

Solution by Ravi Prakash-New Delhi-India 

𝑸

𝑮
= √

𝒂𝟐 + 𝒃𝟐

𝟐𝒂𝒃
⇒ (

𝑸

𝑮
)
𝟒𝒌−𝟐

= (
𝒂𝟐 + 𝒃𝟐

𝟐𝒂𝒃
)

𝟐𝒌−𝟏
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𝑨

𝑯
=
𝒂 + 𝒃

𝟐
⋅
𝒂 + 𝒃

𝟐𝒂𝒃
=
(𝒂 + 𝒃)𝟐

𝟒𝒂𝒃
 

(
𝑨

𝑯
)
𝒌

=
(𝒂+ 𝒃)𝟐𝒌

(𝟒𝒂𝒃)𝒌
 

We must to prove that: 

(
𝒂𝟐 + 𝒃𝟐

𝟐𝒂𝒃
)

𝟐𝒌−𝟏

≥
(𝒂 + 𝒃)𝟐𝒌

(𝟒𝒂𝒃)𝒌
⇔
(𝒂𝟐 + 𝒃𝟐)𝟐𝒌−𝟏

𝟐𝟐𝒌−𝟏(𝒂𝒃)𝟐𝒌−𝟏
≥
(𝒂 + 𝒃)𝟐𝒌

𝟐𝟐𝒌(𝒂𝒃)𝒌
 

𝟐(𝒂𝟐 + 𝒃𝟐)𝟐𝒌−𝟏 ≥ (𝒂𝒃)𝒌−𝟏(𝒂 + 𝒃)𝟐𝒌; (𝟏) 

Put: 𝒂 = 𝒓𝐜𝐨𝐬 𝜽 , 𝒃 = 𝒓 𝐬𝐢𝐧 𝜽 , 𝒓 > 𝟎, 𝟎 < 𝜽 <
𝝅

𝟐
. Now, (1) becomes: 

𝟐𝒓𝟒𝒌−𝟐 ≥ 𝒓𝟐𝒌−𝟐(𝐬𝐢𝐧𝜽 𝐜𝐨𝐬𝜽)𝒌−𝟏 ⋅ 𝒓𝟐𝒌(𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬𝜽)𝟐𝒌  
(𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬 𝜽)𝟐𝒌(𝐬𝐢𝐧𝜽𝐜𝐨𝐬 𝜽)𝒌−𝟏 ≤ 𝟐 ⇔ 

(√𝟐 𝐬𝐢𝐧 (𝜽 +
𝝅

𝟒
))
𝟐𝒌

(
𝟏

𝟐
𝐬𝐢𝐧𝟐𝜽)

𝒌−𝟏

≤ 𝟐 ⇔ 

(𝐬𝐢𝐧 (𝜽 +
𝝅

𝟒
))
𝟐𝒌

⋅
𝟐𝒌

𝟐𝒌−𝟏
(𝐬𝐢𝐧𝟐𝜽)𝒌−𝟏 ≤ 𝟏 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞. 

Equality holds for 𝜽 +
𝝅

𝟒
=
𝝅

𝟐
 and 𝟐𝜽 =

𝝅

𝟐
⇔ 𝜽 =

𝝅

𝟒
⇔ 𝒂 = 𝒃. 

 

791. Let  𝒇(𝒙) = 𝒂𝒙𝟒 + 𝒃𝒙𝟑 + 𝒄𝒙𝟐 + 𝒅𝒙 + 𝒆  (𝒂, 𝒃, 𝒄, 𝒅, 𝒆 ∈ ℝ)  such that: 

𝒇(𝟏) =
𝟑𝟕

𝟏𝟐
, 𝒇(𝟑) = −

𝟗

𝟒
 

 

 

 

 

 

Find all 𝜶 > 𝟎  such that |𝒇(𝒙)| ≤ 𝜶, ∀𝒙 ∈ [−𝟏, 𝟏] 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by proposer 

We have: 

𝒇′(𝒙) = 𝑨(𝒙 + 𝟐)(𝒙 − 𝟏)(𝒙 − 𝟑), (𝑨 > 𝟎) 
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→ 𝒇(𝒙) = ∫𝑨(𝒙 + 𝟐)(𝒙 − 𝟏)(𝒙 − 𝟑)𝒅𝒙 = 𝑨(
𝒙𝟒

𝟒
−
𝟐𝒙𝟑

𝟑
−
𝟓𝒙𝟐

𝟐
+ 𝟔𝒙) + 𝑪; 

Other, 

𝒇(𝟏) =
𝟑𝟕

𝟏𝟐
, 𝒇(𝟑) = −

𝟗

𝟒
 → {

𝟑𝟕

𝟏𝟐
𝑨 + 𝑪 =

𝟑𝟕

𝟏𝟐

−
𝟗

𝟒
𝑨 + 𝑪 = −

𝟗

𝟒

→ 𝑨 = 𝟏,𝑪 = 𝟎; 

→ 𝒇(𝒙) =
𝒙𝟒

𝟒
−
𝟐𝒙𝟑

𝟑
−
𝟓𝒙𝟐

𝟐
+ 𝟔𝒙; 

→ 𝒇(−𝟏) ≤ 𝒇(𝒙) ≤ 𝒇(𝟏), ∀𝒙 ∈ [−𝟏, 𝟏] 

→ −
𝟗𝟏

𝟏𝟐
≤ 𝒇(𝒙) ≤

𝟑𝟕

𝟏𝟐
→   𝟎 ≤ |𝒇(𝒙)| ≤

𝟗𝟏

𝟏𝟐
  , ∀𝒙 ∈ [−𝟏, 𝟏] 

→ 𝜶 ≥
𝟗𝟏

𝟏𝟐
 

Hence, 𝜶 ≥
𝟗𝟏

𝟏𝟐
  we have: |𝒇(𝒙)| ≤ 𝜶, ∀𝒙 ∈ [−𝟏, 𝟏] 

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo 

𝒇(𝒙) = 𝒂𝒙𝟒 + 𝒃𝒙𝟑 + 𝒄𝒙𝟐 + 𝒅𝒙 + 𝒆 
𝒇′(𝒙) = 𝒌(𝒙 + 𝟐)(𝒙 − 𝟏)(𝒙 − 𝟑) = 𝒌(𝒙𝟑 − 𝟐𝒙𝟐 − 𝟓𝒙 + 𝟔) 

𝒇(𝒙) = 𝒌(
𝒙𝟒

𝟒
−
𝟐𝒙𝟑

𝟑
−
𝟓𝒙𝟐

𝟐
+ 𝟔𝒙) + 𝒆 

{
𝒇(𝟏) =

𝟑𝟕

𝟏𝟐

𝒇(𝟑) = −
𝟗

𝟒

⇒ {
𝟑𝟕𝒌 + 𝟏𝟐𝒆 = 𝟑𝟕
𝟗𝒌 − 𝟒𝒆 = 𝟗

⇒ {
𝒌 = 𝟏
𝒆 = 𝟎

 

𝒇(𝒙) =
𝒙𝟒

𝟒
−
𝟐𝒙𝟑

𝟑
−
𝟓𝒙𝟐

𝟐
+ 𝟔𝒙 

For 𝒙 ∈ [−𝟏, 𝟏] ⇒ 𝒇(𝒙) ∈ [𝒇(−𝟏), 𝒇(𝟏)] 

It’s clear that: 𝜶 = 𝐦𝐚𝐱{|𝒇(−𝟏)|, |𝒇(𝟏)|} = 𝐦𝐚𝐱 {|−
𝟗𝟏

𝟏𝟐
| , |

𝟑𝟕

𝟏𝟐
|} 

792. 𝒂, 𝒃 > 𝟎, 𝒌 ∈ ℕ, 𝒌 ≥ 𝟏, 𝑸 = √
𝒂𝟐+𝒃𝟐

𝟐
, 𝑨 =

𝒂+𝒃

𝟐
, 𝑮 = √𝒂𝒃,𝑯 =

𝟐𝒂𝒃

𝒂+𝒃
 

Prove that: 

𝑸𝒌 ⋅ 𝑮𝒌+𝟏 ≥ 𝑨𝒌+𝟏 ⋅ 𝑯𝒌 

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan 
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Solution by Ravi Prakash-New Delhi-India 

𝑸

𝑯
= √

𝒂𝟐 + 𝒃𝟐

𝟐
⋅
𝒂 + 𝒃

𝟐𝒂𝒃
 

(
𝑸

𝑯
)
𝒌

=
𝟏

𝟐
𝟑𝒌
𝟐

(𝒂𝟐 + 𝒃𝟐)
𝒌
𝟐 ⋅
(𝒂 + 𝒃)𝒌

(𝒂𝒃)𝒌
 

(
𝑨

𝑮
)
𝒌+𝟏

= (
𝒂 + 𝒃

𝟐√𝒂𝒃
)
𝒌+𝟏

=
(𝒂 + 𝒃)𝒌+𝟏

𝟐𝒌+𝟏(𝒂𝒃)
𝒌+𝟏
𝟐

 

𝑸𝒌𝑮𝒌+𝟏 ≥ 𝑨𝒌+𝟏𝑯𝒌 ⇔ (
𝑸

𝑯
)
𝒌

≥ (
𝑨

𝑮
)
𝒌+𝟏

⇔
(𝒂𝟐 + 𝒃𝟐)

𝒌
𝟐

𝟐
𝟑𝒌
𝟐

(
𝒂 + 𝒃

𝒂𝒃
)
𝒌

≥
(𝒂 + 𝒃)𝒌+𝟏

𝟐𝒌+𝟏(𝒂𝒃)
𝒌+𝟏
𝟐

 

(𝒂𝟐 + 𝒃𝟐)
𝒌
𝟐 ≥ 𝟐

𝒌
𝟐
−𝟏(𝒂𝒃)

𝒌−𝟏
𝟐 (𝒂 + 𝒃); (𝟏) 

Put: 𝒂 = 𝒓𝐜𝐨𝐬 𝜽 , 𝒃 = 𝒓 𝐬𝐢𝐧 𝜽 , 𝒓 > 𝟎, 𝟎 < 𝜽 <
𝝅

𝟐
 so that (1) becomes: 

𝒓𝒌 ≥ 𝟐
𝒌
𝟐
−𝟏𝒓𝒌−𝟏(𝐜𝐨𝐬𝜽 𝐬𝐢𝐧𝜽)

𝒌−𝟏
𝟐 ⋅ 𝒓(𝐜𝐨𝐬𝜽 + 𝐬𝐢𝐧𝜽) ⇔ 

𝟐
𝒌
𝟐
−𝟏 (

𝟏

𝟐
𝐬𝐢𝐧𝟐𝜽)

𝒌−𝟏
𝟐
⋅ √𝟐 𝐬𝐢𝐧 (𝜽 +

𝝅

𝟒
) ≤ 𝟏 ⇔ 

𝟐
𝒌
𝟐
−𝟏+

𝟏
𝟐

𝟐
𝒌−𝟏
𝟐

(𝐬𝐢𝐧𝟐𝜽)𝒌 𝐬𝐢𝐧 (𝜽 +
𝝅

𝟒
) ≤ 𝟏 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞. 

Equality holds for 𝜽 =
𝝅

𝟒
⇔ 𝒂 = 𝒃. 

 

793. 

𝒏, 𝒌 ≥ 𝟐, 𝑨𝒏 =
𝟏

𝒏
∑𝒂𝒊

𝒏

𝒊=𝟏

, 𝑮𝒏 = √∏𝒂𝒊

𝒏

𝒊=𝟏

𝒏

, 𝒂𝒊 > 0, 𝑖 ∈ 𝟏, 𝒏. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶  

𝑨𝒏 ≥ 𝑮𝒏. √𝟏 + 𝒌 (
𝑨𝒏
𝑮𝒏
− 𝟏)

𝒌

.   

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆 ∶  
𝑨𝒏
𝑮𝒏
− 𝟏 > −1 𝑎𝑛𝑑 0 ≤

𝟏

𝒌
≤ 𝟏, 𝒇𝒓𝒐𝒎 𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆

∶  √𝟏 + 𝒌(
𝑨𝒏
𝑮𝒏
− 𝟏)

𝒌

≤ 𝟏 +
𝟏

𝒌
. 𝒌 (

𝑨𝒏
𝑮𝒏
− 𝟏) =

𝑨𝒏
𝑮𝒏

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑨𝒏 ≥ 𝑮𝒏. √𝟏 + 𝒌(
𝑨𝒏
𝑮𝒏
− 𝟏)

𝒌

. 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 
𝑨𝒏
𝑮𝒏
− 𝟏 = 𝟎 ↔  𝑨𝒏

= 𝑮𝒏  ↔  𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏 . 

Solution 2 by Ravi Prakash-New Delhi-India 

We have: 𝑨𝒏 ≥ 𝑮𝒏 > 0. Now, 𝑨𝒏 ≥ 𝑮𝒏 [𝟏 + 𝒌 (
𝑨𝒏

𝑮𝒏
− 𝟏)]

𝟏

𝒌
⇔ 

(
𝑨𝒏
𝑮𝒏
)
𝒌

≥ 𝟏 + 𝒌(
𝑨𝒏
𝑮𝒏
− 𝟏) ⇔ 𝑨𝒏

𝑲 ≥ 𝑮𝒏
𝒌 + 𝒌𝑮𝒏

𝒌−𝟏(𝑨𝒏 − 𝑮𝒏); (𝟏) 

By the binomial theorem: 

𝑨𝒏
𝒌 = [𝑮𝒏 + (𝑨𝒏 − 𝑮𝒏)]

𝒌 = 𝑮𝒏
𝒌 + (

𝒌

𝟏
)𝑮𝒏

𝒌−𝟏(𝑨𝒏 − 𝑮𝒏) +∑(
𝒌

𝒋
)𝑮𝒏

𝒌−𝒋(𝑨𝒏 − 𝑮𝒏)
𝒋

𝒌

𝒋=𝟐

≥ 

≥ 𝑮𝒏
𝒌 + 𝒌𝑮𝒏

𝒌−𝟏(𝑨𝒏 − 𝑮𝒏) > 0 

Equality holds for 𝑨𝒏 = 𝑮𝒏⇔ 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏. 

 

794. If 𝒂, 𝒃, 𝒄 > 0 such that : 𝟑∑𝒂𝟑 ≥ (∑𝒂𝟐)𝟐. Prove that 

𝒎𝒊𝒏 {∑
𝒂𝟐

𝒃
,∑

𝒃𝟐

𝒂
} ≥∑𝒂𝟐 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶  ∑
𝒂𝟐

𝒃
 ≥⏞
(∗)

 
𝟑 ∑𝒂𝟑

∑𝒂𝟐
, ∀𝒂, 𝒃, 𝒄 > 0 
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(∗) ↔  ∑(
𝒂𝟐

𝒃
− 𝟐𝒂 + 𝒃) ≥

𝟑∑𝒂𝟑

∑𝒂𝟐
−∑𝒂 ↔∑𝒂𝟐 .∑

(𝒂 − 𝒃)𝟐

𝒃

≥ 𝟑∑𝒂𝟑 − (∑𝒂)(∑𝒂𝟐) = 𝟐∑𝒂𝟑 −∑𝒂𝒃(𝒂 + 𝒃) 

↔∑
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒃
. (𝒂 − 𝒃)𝟐 ≥∑(𝒂𝟑 + 𝒃𝟑 − 𝒂𝒃(𝒂 + 𝒃)) =∑(𝒂 + 𝒃)(𝒂 − 𝒃)𝟐  

↔  ∑(
𝒂𝟐 + 𝒄𝟐

𝒃
− 𝒂) (𝒂 − 𝒃)𝟐 ≥ 𝟎 

↔ 𝑺𝒄(𝒂 − 𝒃)
𝟐 + 𝑺𝒂(𝒃 − 𝒄)

𝟐 + 𝑺𝒃(𝒄 − 𝒂)
𝟐 ≥⏞
(∗∗)

𝟎 𝒘𝒉𝒆𝒓𝒆  

 𝑺𝒂 =
𝒃𝟐 + 𝒂𝟐

𝒄
− 𝒃, 𝑺𝒃 =

𝒄𝟐 + 𝒃𝟐

𝒂
− 𝒄, 𝑺𝒄 =

𝒂𝟐 + 𝒄𝟐

𝒃
− 𝒂. 

𝑾𝑳𝑶𝑮,𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 ∶ 𝒃 = 𝒎𝒊𝒅{𝒂, 𝒃, 𝒄}.  𝑰𝒇 𝒂 ≤ 𝒃 ≤ 𝒄 → 

 𝑺𝒃 ≥
𝒄𝒂 + 𝒃𝟐

𝒂
− 𝒄 =

𝒃𝟐

𝒂
≥ 𝟎 𝒂𝒏𝒅 𝑺𝒄 ≥

𝒂𝟐 + 𝒂𝒃

𝒃
− 𝒂 ≥ 𝟎 

→ 𝑳𝑯𝑺(∗∗) ≥⏞
𝑺𝒄≥𝟎

𝑺𝒂(𝒃 − 𝒄)
𝟐 + 𝑺𝒃[(𝒄 − 𝒃) + (𝒃 − 𝒂)]

𝟐

= (𝑺𝒂 + 𝑺𝒃)(𝒃 − 𝒄)
𝟐 + 𝑺𝒃(𝒂 − 𝒃)

𝟐 + 𝟐(𝒄 − 𝒃)(𝒃 − 𝒂)𝑺𝒃 

→ 𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  𝑺𝒂 + 𝑺𝒃 ≥ 𝟎 (∴ (𝒄 − 𝒃)(𝒃 − 𝒂), 𝑺𝒃 ≥ 𝟎) 

𝑺𝒂 + 𝑺𝒃 =
𝒃𝟐 + 𝒂𝟐

𝒄
− 𝒃 +

𝒄𝟐 + 𝒃𝟐

𝒂
− 𝒄 ≥

𝒃𝟐 + 𝒂𝟐

𝒄
− 𝒃 +

𝒄𝒂 + 𝒃𝒂

𝒂
− 𝒄 =

𝒃𝟐 + 𝒂𝟐

𝒄
≥ 𝟎

→ (∗∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑰𝒇 𝒂 ≥ 𝒃 ≥ 𝒄 →  𝑺𝒂 ≥
𝒃𝒄 + 𝒂𝟐

𝒄
− 𝒃 =

𝒂𝟐

𝒄
≥ 𝟎 𝒂𝒏𝒅 𝑺𝒄 ≥

𝒂𝒃 + 𝒄𝟐

𝒃
− 𝒂 ≥ 𝟎, 𝒊𝒇 𝑺𝒃

≥ 𝟎 𝒘𝒆 𝒂𝒓𝒆 𝒅𝒐𝒏𝒆. 

𝑰𝒇 𝑺𝒃 =
𝒄𝟐 + 𝒃𝟐

𝒂
− 𝒄 ≤ 𝟎 → 𝒄 ≥

𝒄𝟐 + 𝒃𝟐

𝒂
 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟐𝒃𝒄

𝒂
→  𝒂 ≥ 𝟐𝒃 𝒂𝒏𝒅

∶ 𝟐[(𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐] ≥⏞
𝑪𝑩𝑺

(𝒂 − 𝒄)𝟐 

→ 𝑳𝑯𝑺(∗∗) ≥⏞
𝑺𝒃≤𝟎

𝑺𝒄(𝒂 − 𝒃)
𝟐 + 𝑺𝒃. 𝟐[(𝒂 − 𝒃)

𝟐 + (𝒃 − 𝒄)𝟐] + 𝑺𝒂(𝒃 − 𝒄)
𝟐

= (𝟐𝑺𝒃 + 𝑺𝒄)(𝒂 − 𝒃)
𝟐 + (𝟐𝑺𝒃 + 𝑺𝒂)(𝒃 − 𝒄)

𝟐 

→ 𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  𝟐𝑺𝒃 + 𝑺𝒄, 𝟐𝑺𝒃 + 𝑺𝒂 ≥ 𝟎 
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𝟐𝑺𝒃 + 𝑺𝒄 = 𝟐(
𝒄𝟐 + 𝒃𝟐

𝒂
− 𝒄) +

𝒂𝟐 + 𝒄𝟐

𝒃
− 𝒂 ≥⏞

𝒂≥𝟐𝒃

− 𝟐𝒄 +
𝟐𝒂𝒃 + 𝒄𝟐

𝒃
− 𝒂

= 𝒂 − 𝟐𝒄 +
𝒄𝟐

𝒃
 ≥⏞
𝒂≥𝟐𝒃

 𝟐(𝒃 − 𝒄) ≥⏞
𝒃≥𝒄

𝟎 

𝟐𝑺𝒃 + 𝑺𝒂 = 𝟐(
𝒄𝟐 + 𝒃𝟐

𝒂
− 𝒄) +

𝒃𝟐 + 𝒂𝟐

𝒄
− 𝒃 ≥⏞

𝒂≥𝟐𝒃 𝒂𝒏𝒅 𝒃≥𝒄

 

−𝟐𝒄 +
𝒃𝒄 + 𝟐𝒂𝒃

𝒄
− 𝒃 ≥⏞

𝒂,𝒃≥𝒄

− 𝟐𝒄 +
𝟐𝒄𝟐

𝒄
= 𝟎 

→ (∗∗) 𝒊𝒔 𝒕𝒓𝒖𝒆 →  (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆 →∑
𝒂𝟐

𝒃
≥
𝟑∑𝒂𝟑

∑𝒂𝟐
. 𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

∑
𝒃𝟐

𝒂
≥
𝟑∑𝒂𝟑

∑𝒂𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒎𝒊𝒏{∑
𝒂𝟐

𝒃
,∑

𝒃𝟐

𝒂
} ≥

𝟑∑𝒂𝟑

∑𝒂𝟐
=∑𝒂𝟐. 

795. Prove that for 𝒎,𝒏 ∈ ℝ+ 

𝒎+ 𝒏− (𝟐 − √𝟐)√𝒎𝒏 ≤ √𝒎𝟐 + 𝒏𝟐 

Proposed by Hikmat Mammadov-Azerbaijan 

Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo 

Let 𝒎 = 𝒂𝟐, 𝒏 = 𝒃𝟐; 𝒂, 𝒃 > 𝟎 ⇒ 𝒂𝟐 + 𝒃𝟐 − (𝟐 − √𝟐)𝒂𝒃 = √𝒂𝟒 + 𝒃𝟒 

(𝟐 − √𝟐)
𝟐
𝒂𝟐𝒃𝟐 + 𝟐𝒂𝟐𝒃𝟐 − 𝟐(𝟐 − √𝟐)𝒂𝟑𝒃 − 𝟐(𝟐 − √𝟐)𝒂𝒃𝟑 ≤ 𝟎 

(𝟔 − 𝟒√𝟐 + 𝟐)𝒂𝟐𝒃𝟐 − 𝟐(𝟐 − √𝟐)𝒂𝟑𝒃 − 𝟐(𝟐 − √𝟐)𝒂𝒃𝟑 ≤ 𝟎 

𝟒(𝟐 − √𝟐)𝒂𝟐𝒃𝟐 − 𝟐(𝟐 − √𝟐)𝒂𝟑𝒃 − 𝟐(𝟐 − √𝟐)𝒂𝒃𝟑 ≤ 𝟎|: [−𝟐(𝟐 − √𝟐)𝒂𝒃] 

⇒ 𝒂𝟐 − 𝟐𝒂𝒃 + 𝒃𝟐 ≥ 𝟎 ⇔ (𝒂 − 𝒃)𝟐 ≥ 𝟎 

Equality holds for 𝒂 = 𝒃. 

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo 

Let 𝒎 = 𝒏𝒕𝟐; 𝒕 > 𝟎.Then 

𝒕𝟐 + 𝟏 − (𝟐 − √𝟐)𝒕 ≤ √𝒕𝟒 + 𝟏 
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(𝟐 − √𝟐)
𝟐
𝒕𝟐 − 𝟐(𝟐 − √𝟐)𝒕𝟑 − 𝟐(𝟐 − √𝟐)𝒕 ≤ 𝟎 

(𝟑 − 𝟐√𝟐)𝒕𝟐 + 𝒕𝟐 − (𝟐 − √𝟐)𝒕𝟑 − (𝟐 − √𝟐)𝒕 ≤ 𝟎 

𝟐𝒕𝟐 − 𝒕𝟑 − 𝒕 ≤ 𝟎 ⇔ 𝒕𝟐 − 𝟐𝒕 + 𝟏 ≥ 𝟎 ⇔ (𝒕 − 𝟏)𝟐 ≥ 𝟎 

Equality holds for 𝒂 = 𝒃. 

796. If  𝜶 is a real number and (
𝒙

𝒚
+
𝒚

𝒛
+
𝒛

𝒙
) (
𝒚

𝒙
+
𝒛

𝒚
+
𝒙

𝒛
) = 𝜶 for any positive 

real numbers 𝒙, 𝒚, 𝒛 

then prove that  (
𝒙

𝒚
+
𝒚

𝒛
+
𝒛

𝒙
)
𝟑
+ (

𝒚

𝒙
+
𝒛

𝒚
+
𝒙

𝒛
)
𝟑
≤
𝜶𝟐+𝟏𝟖𝜶−𝟐𝟕

𝟒
 

Proposed by Marius Drăgan, Neculai Stanciu-Romania 

Solution 1 by Nguyen Van Canh-Ben Tre-Vietnam 

Because: 𝒙, 𝒚, 𝒛 > 𝟎 → (
𝒙

𝒚
+
𝒚

𝒛
+
𝒛

𝒙
) (

𝒚

𝒙
+
𝒛

𝒚
+
𝒙

𝒛
) = 𝜶 > 𝟎 

Let us denote: 𝒂 =
𝒙

𝒚
; 𝒃 =

𝒚

𝒛
; 𝒄 =

𝒛

𝒙
→ 𝒂,𝒃, 𝒄 > 𝟎, 𝒂𝒃𝒄 = 𝟏 

Then, we have: 

(
𝒙

𝒚
+
𝒚

𝒛
+
𝒛

𝒙
)
𝟑

+ (
𝒚

𝒙
+
𝒛

𝒚
+
𝒙

𝒛
)
𝟑

≤
𝜶𝟐 + 𝟏𝟖𝜶 − 𝟐𝟕

𝟒
; 

↔ (
𝒙

𝒚
+
𝒚

𝒛
+
𝒛

𝒙
)
𝟑

+ (
𝒚

𝒙
+
𝒛

𝒚
+
𝒙

𝒛
)
𝟑

≤

((
𝒙
𝒚
+
𝒚
𝒛
+
𝒛
𝒙
)(
𝒚
𝒙
+
𝒛
𝒚
+
𝒙
𝒛
))

𝟐

+ 𝟏𝟖(
𝒙
𝒚
+
𝒚
𝒛
+
𝒛
𝒙
) (
𝒚
𝒙
+
𝒛
𝒚
+
𝒙
𝒛
) − 𝟐𝟕

𝟒
; 

↔ (𝒂 + 𝒃 + 𝒄)𝟑+(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑

≤
((𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂))

𝟐
+ 𝟏𝟖(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟐𝟕

𝟒
; 

↔⏞
𝒂𝒃𝒄=𝟏

𝟒(𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)𝟑+(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑)

≤ ((𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂))
𝟐
+ 𝟏𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

− 𝟐𝟕(𝒂𝒃𝒄)𝟐; 

↔∑𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐) + 𝟐𝒂𝒃𝒄(∑𝒂𝒃(𝒂 + 𝒃)) − 𝟐∑𝒂𝟑𝒃𝟑 − 𝟐𝒂𝒃𝒄∑𝒂𝟑 − 𝟔𝒂𝟐𝒃𝟐𝒄𝟐 ≥ 𝟎; 

↔ (𝒂𝟐 − 𝟐𝒂𝒃 + 𝒃𝟐)(𝒃𝟐 − 𝟐𝒃𝒄 + 𝒄𝟐)(𝒄𝟐 − 𝟐𝒄𝒂 + 𝒂𝟐) ≥ 𝟎; 
↔ (𝒂− 𝒃)𝟐(𝒃 − 𝒄)𝟐(𝒄 − 𝒂)𝟐 ≥ 𝟎; (∴ 𝐭𝐫𝐮𝐞) 

Proved. Equality ↔ 𝒂 = 𝒃 = 𝒄 = 𝟏 ↔ 𝒙 = 𝒚 = 𝒛 ↔ 𝜶 = 𝟗 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐒𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐧𝐠  𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜,𝐰𝐞 𝐬𝐞𝐞 𝒂 + 𝐛 > 𝐜, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝐛
⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬, 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝐰𝐞 𝐬𝐮𝐛𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝐥𝐲 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 𝟐∑𝒙 =∑𝒂 = 𝟐𝐬 ⇒∑𝒙

= 𝐬 ∴ 𝒙 = 𝐬 − 𝒂,𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 𝒂𝐧𝐝 𝐮𝐬𝐢𝐧𝐠 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬, 

∑𝒙𝟑𝐲𝟑 = (∑𝒙𝐲)
𝟑

− 𝟑(𝒙𝐲 + 𝐲𝐳)(𝐲𝐳 + 𝐳𝒙)(𝐳𝒙 + 𝒙𝐲)

= (∑(𝐬 − 𝒂)(𝐬 − 𝐛))
𝟑

− 𝟑(∏(𝐬 − 𝒂))𝒂𝐛𝐜

= (𝟒𝐑𝐫 + 𝐫𝟐)
𝟑
− 𝟏𝟐𝐑𝐫𝟑𝐬𝟐 =⏞

(𝐢)

∑𝒙𝟑𝐲𝟑𝒂𝐧𝐝 

∑𝒙𝟑 = (∑𝒙)
𝟑

− 𝟑(𝒙 + 𝐲)(𝐲 + 𝐳)(𝒙 + 𝐲) = 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 =⏞
(𝐢𝐢)

∑𝒙𝟑 ∴ 𝛂

=
𝟏

𝒙𝟐𝐲𝟐𝐳𝟐
(∑𝒙𝟐𝐲

𝐜𝐲𝐜

)(∑𝒙𝐲𝟐

𝐜𝐲𝐜

) =
𝟏

𝐫𝟒𝐬𝟐
(∑𝒙𝟑𝐲𝟑 + 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 + 𝒙𝐲𝐳∑𝒙𝟑) 

=⏞
𝐯𝐢𝒂 (𝐢) 𝒂𝐧𝐝 (𝐢𝐢) (𝟒𝐑𝐫 + 𝐫𝟐)

𝟑
− 𝟏𝟐𝐑𝐫𝟑𝐬𝟐 + 𝟑𝐫𝟒𝐬𝟐 + 𝐫𝟐𝐬(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬)

𝐫𝟒𝐬𝟐

=
𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐𝐬𝟐
=⏞
(∗)

𝛂  𝒂𝐧𝐝 
𝒙

𝐲
+
𝐲

𝐳
+
𝐳

𝒙
+
𝐲

𝒙
+
𝒙

𝐳
+
𝐳

𝐲

=∑(
𝐲

𝐳
+
𝒙

𝐳
)

𝐜𝐲𝐜

=∑
𝒙𝐲(𝒙 + 𝐲 + 𝐳 − 𝐳)

𝒙𝐲𝐳
 

=
𝟏

𝐫𝟐𝐬
(𝐬∑(𝐬 − 𝒂)(𝐬 − 𝐛) − 𝟑𝐫𝟐𝐬) =

𝟒𝐑 − 𝟐𝐫

𝐫
=⏞
(∗∗)

∑
𝒙

𝐲
𝐜𝐲𝐜

+∑
𝐲

𝒙
𝐜𝐲𝐜

 

𝐍𝐨𝐰,(
𝒙

𝐲
+
𝐲

𝐳
+
𝐳

𝒙
)
𝟑

+ (
𝐲

𝒙
+
𝒙

𝐳
+
𝐳

𝐲
)
𝟑

= (∑
𝒙

𝐲
𝐜𝐲𝐜

+∑
𝐲

𝒙
𝐜𝐲𝐜

)

𝟑

− 𝟑(
𝒙

𝐲
+
𝐲

𝐳
+
𝐳

𝒙
)(
𝐲

𝒙
+
𝒙

𝐳
+
𝐳

𝐲
)(∑

𝒙

𝐲
𝐜𝐲𝐜

+∑
𝐲

𝒙
𝐜𝐲𝐜

) =⏞
𝐯𝐢𝒂 (∗∗) (𝟒𝐑 − 𝟐𝐫)𝟑

𝐫𝟑
− 𝟑𝛂.

𝟒𝐑− 𝟐𝐫

𝐫
 

=⏞
𝐯𝐢𝒂 (∗) (𝟒𝐑 − 𝟐𝐫)𝟑

𝐫𝟑
− 𝟑.

𝟒𝐑 − 𝟐𝐫

𝐫
.
𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐𝐬𝟐

=
𝐬𝟐(𝟒𝐑 − 𝟐𝐫)𝟑 − 𝟑(𝟒𝐑 − 𝟐𝐫)(𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑+ 𝐫)𝟑)

𝐫𝟑𝐬𝟐
=⏞
(⦁)

𝐋𝐇𝐒  𝒂𝐧𝐝 𝐯𝐢𝒂 (∗), 
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𝐑𝐇𝐒 =⏞
(⦁⦁) (

𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐𝐬𝟐
)

𝟐

+ 𝟏𝟖(
𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐𝐬𝟐
) − 𝟐𝟕

𝟒

∴ 𝐯𝐢𝒂 (⦁), (⦁⦁), (
𝒙

𝐲
+
𝐲

𝐳
+
𝐳

𝒙
)
𝟑

+ (
𝐲

𝒙
+
𝒙

𝐳
+
𝐳

𝐲
)
𝟑

≤
𝛂𝟐 + 𝟏𝟖𝛂− 𝟐𝟕

𝟒
 

⇔
(𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑)

𝟐
+ 𝟏𝟖𝐫𝟐𝐬𝟐(𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑) − 𝟐𝟕𝐫𝟒𝐬𝟒

𝟒𝐫𝟒𝐬𝟒

≥
𝐬𝟐(𝟒𝐑 − 𝟐𝐫)𝟑 − 𝟑(𝟒𝐑− 𝟐𝐫)(𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑)

𝐫𝟑𝐬𝟐
 

⇔ (𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑)
𝟐
+ 𝟏𝟖𝐫𝟐𝐬𝟐(𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑+ 𝐫)𝟑)

− 𝟐𝟕𝐫𝟒𝐬𝟒 − 𝟒𝐫𝐬𝟒(𝟒𝐑− 𝟐𝐫)𝟑

+ 𝟏𝟐𝐫𝐬𝟐(𝟒𝐑− 𝟐𝐫)(𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑) ≥ 𝟎 

⇔⏞
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

𝐬𝟖 − 𝟐𝐫𝐬𝟒(𝟒𝐑+ 𝐫)𝟑 + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟔 ≥ 𝟎 ⇔ (𝐬𝟒 − 𝐫(𝟒𝐑+ 𝐫)𝟑)
𝟐
≥ 𝟎

→ 𝐭𝐫𝐮𝐞 ⇒ (
𝒙

𝐲
+
𝐲

𝐳
+
𝐳

𝒙
)
𝟑

+ (
𝐲

𝒙
+
𝒙

𝐳
+
𝐳

𝐲
)
𝟑

≤
𝛂𝟐 + 𝟏𝟖𝛂 − 𝟐𝟕

𝟒
 (𝐐𝐄𝐃) 

 
797. If 𝒂, 𝒃 ≥ 𝟎 then: 

𝟒√𝟑𝒂𝒃 ⋅ 𝒆√𝟐 + 𝟐√𝟐(𝒂 + 𝒃)𝒆√𝟑 ≥ (√𝒂 + √𝒃)
𝟐
(√𝟑𝒆√𝟐 + √𝟐𝒆√𝟑) 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗)  ↔  √𝟐. 𝒆√𝟑 [𝟐(𝒂 + 𝒃) − (√𝒂 + √𝒃)
𝟐
] ≥ √𝟑. 𝒆√𝟐 [(√𝒂 + √𝒃)

𝟐
− 𝟒√𝒂𝒃] 

↔ √𝟐. 𝒆√𝟑(√𝒂 − √𝒃)
𝟐
≥ √𝟑. 𝒆√𝟐(√𝒂 − √𝒃)

𝟐
 ↔  (

𝒆√𝟑

√𝟑
−
𝒆√𝟐

√𝟐
) (√𝒂 − √𝒃)

𝟐
≥ 𝟎  (𝟏) 

𝑳𝒆𝒕 𝒇(𝒙) =
𝒆𝒙

𝒙
, 𝒙 > 1.  

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒇′(𝒙) =
(𝒙 − 𝟏)𝒆𝒙

𝒙𝟐
> 0  

→ 𝒇 𝒊𝒔 𝒔𝒓𝒊𝒄𝒕𝒍𝒚 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (𝟏,∞) →  
𝒆√𝟑

√𝟑
>
𝒆√𝟐

√𝟐
 →  (𝟏) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   

𝟒√𝟑𝒂𝒃. 𝒆√𝟐 + 𝟐√𝟐(𝒂 + 𝒃). 𝒆√𝟑 ≥ (√𝒂 + √𝒃)
𝟐
(√𝟑. 𝒆√𝟐 + √𝟐. 𝒆√𝟑). 

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃. 
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Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam 

Lemma:  If  𝟏 < 𝑦 < 𝑥  then: 

𝒙

𝒆𝒙
<
𝒚

𝒆𝒚
 

Proof: 

Let  𝝋(𝒕) =
𝒕

𝒆𝒕
, ( 𝒕 > 1) → 𝝋′(𝒕) = 𝒆−𝒕(𝟏 − 𝒕) < 0 → 𝜑(𝒕) ↓ (𝟏, +∞) 

→⏞
𝟏<𝑦≤𝑥

𝝋(𝒙) < 𝜑(𝒚) →
𝒙

𝒆𝒙
<
𝒚

𝒆𝒚
 

Now, choosing: 𝒙 = √𝟑 >  𝑦 = √𝟐 →
√𝟑

𝒆√𝟑
<

√𝟐

𝒆√𝟐
→ √𝟑𝒆√𝟐 < √𝟐𝒆√𝟑 

Other, we have:  𝟐√𝒂𝒃 ≤ 𝒂 + 𝒃; 

By Chebyshev’s Inequality we have: 

( 𝟐√𝒂𝒃)(√𝟑𝒆√𝟐) + (𝒂 + 𝒃) (√𝟐𝒆√𝟑) ≥
𝟏

𝟐
( 𝟐√𝒂𝒃 + 𝒂 + 𝒃) (√𝟑𝒆√𝟐 + √𝟐𝒆√𝟑) ; 

↔ 𝟒√𝟑𝒂𝒃. 𝒆√𝟐 + 𝟐√𝟐(𝒂 + 𝒃)𝒆√𝟑 ≥ (√𝒂 + √𝒃)
𝟐
(√𝟑𝒆√𝟐 + √𝟐𝒆√𝟑) 

Proved. 

Solution 3 by Khaled Abd Imouti-Damascus-Syria 

𝟒√𝟑𝒂𝒃 ⋅ 𝒆√𝟐 + 𝟐√𝟐(𝒂 + 𝒃)𝒆√𝟑 ≥ (√𝒂 + √𝒃)
𝟐
(√𝟑𝒆√𝟐 + √𝟐𝒆√𝟑) 

𝟒√𝟑 ⋅ √𝒂𝒃 ⋅ 𝒆√𝟐 + 𝟐√𝟐(𝒂 + 𝒃) ⋅ 𝒆√𝟑 ≥ (𝒂 + 𝒃 + 𝟐√𝒂𝒃) (√𝟑 ⋅ 𝒆√𝟐 + √𝟐 ⋅ 𝒆√𝟑) 

Let 𝑮 = √𝒂𝒃,𝑴 =
𝒂+𝒃

𝟐
, then 

𝟒√𝟑𝑮 ⋅ 𝒆√𝟐 + 𝟒√𝟐 ⋅ √𝟑 ⋅ 𝑴 ⋅ 𝒆√𝟑 ≥ 𝟐(𝑴 + 𝑮)(√𝟔 ⋅
𝒆√𝟐

√𝟐
+ √𝟔 ⋅

𝒆√𝟑

√𝟑
) 

𝟒√𝟔𝑮 ⋅
𝒆√𝟐

√𝟐
+ 𝟒√𝟔𝑴 ⋅

𝒆√𝟑

√𝟑
≥ 𝟐√𝟔(𝑴 + 𝑮)(

𝒆√𝟐

√𝟐
+
𝒆√𝟑

√𝟑
) 

𝟐(𝜶𝑮 + 𝜷𝑴) ≥
?
(𝜶 + 𝜷) (

𝑴

𝑮
+ 𝟏) , 𝒙 =

𝑴

𝑮
≥ 𝟏 

𝟐𝜶 + 𝟐𝜷 ⋅
𝑴

𝑮
≥
?
𝜶 ⋅
𝑴

𝑮
+ 𝜶+ 𝜷 ⋅

𝑴

𝑮
+ 𝜷 
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𝜶+ 𝜷 ⋅
𝑴

𝑮
≥ 𝜶 ⋅

𝑴

𝑮
+ 𝜷 

𝜶− 𝜷 ≥ (𝜶 − 𝜷) ⋅
𝑴

𝑮
⇔ 𝟏 ≤

𝑴

𝑮
 𝐭𝐫𝐮𝐞. 

Now, let 𝒇(𝒙) =
𝒆𝒙

𝒙
, then 𝒇′(𝒙) =

(𝒙−𝟏)𝒆𝒙

𝒙𝟐
 

𝒇′(𝒙) = 𝟎 ⇔ 𝒙 = 𝟏 

𝒙 𝟎               𝟏      √𝟐           √𝟑                          ∞ 

𝒇′(𝒙) − −− − 𝟎 + ++ ++ ++ ++ +++ + 

𝒇(𝒙) 
+∞ ↘↘ 𝒆 ↗↗  

𝒆√𝟐

√𝟐
↗  
𝒆√𝟑

√𝟑
  ↗                     

𝜶 < 𝛽. 

798. If 𝒂, 𝒃, 𝒄, 𝒙, 𝒚 > 0, then  

(∑𝒂) (∑
𝟏

𝒂
) − (𝒙 + 𝒚)∑

𝒂 + 𝒃

𝒙𝒂 + 𝒚𝒃
≥ 𝟑.   

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗) ∶  (∑𝒂)(∑
𝟏

𝒂
) − (𝒙 + 𝒚)∑

𝒂+ 𝒃

𝒙𝒂 + 𝒚𝒃
≥ 𝟑. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  (∑𝒂) (∑
𝟏

𝒂
) =∑(𝟏 +

𝒂

𝒃
+
𝒃

𝒂
) =∑

𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃

𝒂𝒃
 →  (∗)

↔∑(
𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃

𝒂𝒃
−
(𝒙 + 𝒚)(𝒂 + 𝒃)

𝒙𝒂 + 𝒚𝒃
) ≥ 𝟑 

↔ ∑
𝒙𝒂𝟑 + 𝒚𝒃𝟑

𝒂𝒃(𝒙𝒂 + 𝒚𝒃)
≥ 𝟑  (𝟏) 

𝑭𝒓𝒐𝒎 𝑯ӧ𝒍𝒅𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒂𝟑

𝒂𝒃(𝒙𝒂+ 𝒚𝒃)
≥

(𝒂 + 𝒃 + 𝒄)𝟑

(∑𝒂𝒃)[∑(𝒙𝒂 + 𝒚𝒃)]

≥
𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄)

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒙 + 𝒚)(𝒂 + 𝒃 + 𝒄)
=

𝟑

𝒙 + 𝒚
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𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒃𝟑

𝒂𝒃(𝒙𝒂 + 𝒚𝒃)
≥

𝟑

𝒙 + 𝒚
 →  ∑

𝒙𝒂𝟑 + 𝒚𝒃𝟑

𝒂𝒃(𝒙𝒂 + 𝒚𝒃)

≥ 𝒙.
𝟑

𝒙 + 𝒚
+ 𝒚.

𝟑

𝒙 + 𝒚
= 𝟑 →  (𝟏) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   

(∑𝒂) (∑
𝟏

𝒂
) − (𝒙 + 𝒚)∑

𝒂 + 𝒃

𝒙𝒂 + 𝒚𝒃
≥ 𝟑. 

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Aggeliki Papaspyropoulou-Greece 

𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
+ 𝟑 ≥ 𝟑 +

(𝒙 + 𝒚)(𝒂 + 𝒃)

𝒙𝒂 + 𝒚𝒃
+
(𝒙 + 𝒚)(𝒃 + 𝒄)

𝒙𝒃 + 𝒚𝒄
+
(𝒙 + 𝒚)(𝒄 + 𝒂)

𝒙𝒄 + 𝒚𝒂
 

𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄

≥
𝒙𝒂 + 𝒚𝒃

𝒙𝒂 + 𝒚𝒃
+
𝒙𝒃 + 𝒚𝒄

𝒙𝒃 + 𝒚𝒄
+
𝒙𝒄 + 𝒚𝒂

𝒙𝒄 + 𝒚𝒂
+
𝒂𝒚 + 𝒃𝒙

𝒙𝒂 + 𝒚𝒃
+
𝒃𝒚 + 𝒄𝒙

𝒙𝒃 + 𝒚𝒄
+
𝒄𝒚 + 𝒂𝒙

𝒙𝒄 + 𝒚𝒂
 

∑(
𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

≥ 𝟑 +
𝒂𝒚 + 𝒃𝒙

𝒙𝒂 + 𝒚𝒃
+
𝒃𝒚 + 𝒄𝒙

𝒙𝒃 + 𝒚𝒄
+
𝒄𝒚 + 𝒂𝒙

𝒙𝒄 + 𝒚𝒂
 

∑(
𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

−
𝒂𝒚 + 𝒃𝒙

𝒙𝒂 + 𝒚𝒃
−
𝒃𝒚 + 𝒄𝒙

𝒙𝒃 + 𝒚𝒄
−
𝒄𝒚 + 𝒂𝒙

𝒙𝒄 + 𝒚𝒂
≥ 𝟑; (∗) 

𝒂

𝒃
+
𝒃

𝒂
−
𝒂𝒚 + 𝒃𝒙

𝒙𝒂 + 𝒚𝒃
=
𝒂𝟐 + 𝒃𝟐

𝒂𝒃
−
𝒂𝒚 + 𝒃𝒙

𝒙𝒂 + 𝒚𝒃
=
𝒂𝟑𝒙 + 𝒃𝟑𝒚

𝒂𝒃(𝒙𝒂 + 𝒚𝒃)
=

𝒂𝟐𝒙

𝒃(𝒙𝒂 + 𝒚𝒃)
+

𝒃𝟐𝒚

𝒂(𝒙𝒂+ 𝒚𝒃)
 

𝒃

𝒄
+
𝒄

𝒃
−
𝒃𝒚 + 𝒄𝒙

𝒙𝒃 + 𝒚𝒄
=

𝒃𝟐𝒙

𝒄(𝒙𝒃 + 𝒚𝒄)
+

𝒄𝟐𝒚

𝒃(𝒙𝒃 + 𝒚𝒄)
 

𝒄

𝒂
+
𝒂

𝒄
−
𝒃𝒚 + 𝒄𝒙

𝒙𝒃 + 𝒚𝒄
=

𝒄𝟐𝒙

𝒂(𝒙𝒄 + 𝒚𝒂)
+

𝒂𝟐𝒚

𝒄(𝒄𝒙 + 𝒂𝒚)
 

𝑷𝟏 =
𝒂𝟐𝒙

𝒃(𝒙𝒂 + 𝒚𝒃)
+

𝒃𝟐𝒚

𝒄(𝒙𝒃 + 𝒚𝒄)
+

𝒄𝟐𝒙

𝒂(𝒙𝒄 + 𝒚𝒂)
 

𝑷𝟐 =
𝒃𝟐𝒚

𝒂(𝒙𝒂+ 𝒚𝒃)
+

𝒄𝟐𝒚

𝒃(𝒙𝒃 + 𝒚𝒄)
+

𝒂𝟐𝒚

𝒄(𝒙𝒄 + 𝒂𝒚)
 

𝑷𝟏 + 𝑷𝟐 ≥ 𝟑; (∗∗) 

From Holder’s inequality: 
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𝑷𝟏 ⋅ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒙𝒂 + 𝒚𝒃 + 𝒙𝒄 + 𝒚𝒄 + 𝒂𝒚) ≥ (√𝒂𝟑𝒙
𝟑

+ √𝒃𝟑𝒙
𝟑

+ √𝒄𝟑𝒙
𝟑

)
𝟑

 

𝑷𝟏(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄)(𝒙 + 𝒚) ≥ (𝒂 + 𝒃 + 𝒄)𝒙 

𝑷𝟏 ≥
(𝒂 + 𝒃 + 𝒄)𝟐𝒙

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒙 + 𝒚)
; (𝟏) 

𝑷𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒙𝒂 + 𝒚𝒃 + 𝒙𝒃 + 𝒚𝒄 + 𝒂𝒚) ≥ (√𝒂𝟑𝒚
𝟑

+ √𝒃𝟑𝒚
𝟑

+ √𝒄𝟑𝒚
𝟑

)
𝟑

; (𝟐) 

𝑷𝟏 +𝑷𝟐 ≥
(𝒂 + 𝒃 + 𝒄)𝟐(𝒙 + 𝒚)

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒙 + 𝒚)
=
(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟑 

(𝒂 + 𝒃 + 𝒄)𝟑 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 3 by Marian Dincă-Romania 

Let 
𝒙

𝒙+𝒚
= 𝒕,

𝒚

𝒙+𝒚
= 𝟏 − 𝒕. The inequality is equivalent to: 

(𝒂 + 𝒃 + 𝒄) (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) − (

𝒂 + 𝒃

𝒂𝒕 + 𝒃(𝟏 − 𝒕)
+

𝒃 + 𝒄

𝒃𝒕 + 𝒄(𝟏 − 𝒕)
+

𝒄 + 𝒂

𝒄𝒕 + 𝒂(𝟏 − 𝒕)
) ≥ 𝟑, 𝒕

∈ [𝟎, 𝟏] 

𝐋𝐞𝐭 𝒇(𝒕) =
𝒂 + 𝒃

𝒂𝒕 + 𝒃(𝟏 − 𝒕)
+

𝒃 + 𝒄

𝒃𝒕 + 𝒄(𝟏 − 𝒕)
+

𝒄 + 𝒂

𝒄𝒕 + 𝒂(𝟏 − 𝒕)
 

𝒇′(𝒕) = −
(𝒂 + 𝒃)(𝒂 − 𝒃)

(𝒂𝒕 + 𝒃(𝟏 − 𝒕))
𝟐 −

(𝒃 + 𝒄)(𝒃 − 𝒄)

(𝒃𝒕 + 𝒄(𝟏 − 𝒕))
𝟐 −

(𝒄 + 𝒂)(𝒄 − 𝒂)

(𝒄𝒕 + 𝒂(𝟏 − 𝒕))
𝟐 

𝒇′′(𝒕) = 𝟐
(𝒂 + 𝒃)(𝒂 − 𝒃)𝟐

(𝒂𝒕 + 𝒃(𝟏 − 𝒕))
𝟑 + 𝟐

(𝒃 + 𝒄)(𝒃 − 𝒄)𝟐

(𝒃𝒕 + 𝒄(𝟏 − 𝒕))
𝟑 + 𝟐

(𝒄 + 𝒂)(𝒄 − 𝒂)𝟐

(𝒄𝒕 + 𝒂(𝟏 − 𝒕))
𝟑 ≥ 𝟎 

⇒ 𝒇−convex, 𝒇(𝒕) ≤ 𝐦𝐚𝐱{𝒇(𝟎), 𝒇(𝟏)} and – 𝒇(𝒕) is concave, then – 𝒇(𝒕) ≥

𝐦𝐢𝐧{−𝒇(𝟎),−𝒇(𝟏)} 

𝒇(𝟎) =
𝒂 + 𝒃

𝒄
+
𝒃 + 𝒄

𝒄
+
𝒄 + 𝒂

𝒂
 

(𝒂 + 𝒃 + 𝒄) (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) − 𝒇(𝟎) = (𝒂 + 𝒃 + 𝒄) (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) − (

𝒂 + 𝒃

𝒄
+
𝒃 + 𝒄

𝒄
+
𝒄 + 𝒂

𝒂
) = 

= 𝟑 +
𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒂

𝒄
+
𝒄

𝒂
−
𝒂

𝒃
−
𝒃

𝒄
−
𝒄

𝒂
− 𝟑 = 
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=
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
≥ 𝟑 ⋅ √

𝒃

𝒂
⋅
𝒄

𝒃
⋅
𝒂

𝒄

𝟑

= 𝟑 

(𝒂 + 𝒃 + 𝒄) (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) − 𝒇(𝟏) = (𝒂 + 𝒃 + 𝒄) (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) − (

𝒂 + 𝒃

𝒄
+
𝒃 + 𝒄

𝒄
+
𝒄 + 𝒂

𝒂
) = 

=
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
≥ 𝟑 ⋅ √

𝒃

𝒂
⋅
𝒄

𝒃
⋅
𝒂

𝒄

𝟑

= 𝟑 

799. 

𝐋𝐞𝐭 𝒇(𝒙) =
𝟏 − 𝒙

𝟏 + 𝒙𝟐
. 𝐒𝐨𝐥𝐯𝐞 𝐢𝐧 ℝ: 

𝒇 (𝒇(𝒇(𝒙))) ≤ 𝟎 

Solution 1 by Vivek Kumar-India 

𝒇(𝒇(𝒇(𝒙))) = 𝒇 (𝒇(
𝟏 − 𝒙

𝟏+ 𝒙𝟐
)) = 𝒇(

𝟏 −
𝟏 − 𝒙
𝟏 + 𝒙𝟐 

𝟏 − (
𝟏 − 𝒙
𝟏 + 𝒙𝟐

)
𝟐) = 

= 𝒇(

𝒙𝟐 + 𝒙
𝟏 + 𝒙𝟐

(𝟏 + 𝒙𝟐)𝟐 + (𝟏 − 𝒙)𝟐

(𝟏 + 𝒙𝟐)𝟐

) = 𝒇(
(𝒙𝟐 + 𝒙)(𝟏 + 𝒙𝟐)

(𝟏 + 𝒙𝟐)𝟐 + (𝟏 − 𝒙)𝟐
) = 𝒇(

𝒙 + 𝒙𝟐 + 𝒙𝟑 + 𝒙𝟒

𝒙𝟒 + 𝟑𝒙𝟐 − 𝟐𝒙 + 𝟐
) = 

=
𝟏 −

𝒙 + 𝒙𝟐 + 𝒙𝟑 + 𝒙𝟒

𝒙𝟒 + 𝟑𝒙𝟐 − 𝟐𝒙+ 𝟐

𝟏 + (
𝒙 + 𝒙𝟐 + 𝒙𝟑 + 𝒙𝟒

𝒙𝟒 + 𝟑𝒙𝟐 − 𝟐𝒙 + 𝟐
)
𝟐 = 

=
(𝒙𝟒 + 𝟑𝒙𝟐 − 𝟐𝒙 + 𝟐 − 𝒙 − 𝒙𝟐 − 𝒙𝟑 − 𝒙𝟒)(𝒙𝟒 + 𝟑𝒙𝟐 − 𝟐𝒙 + 𝟐)

(𝒙𝟒 + 𝟑𝒙𝟐 − 𝟐𝒙 + 𝟐) + (𝒙 + 𝒙𝟐 + 𝒙𝟑 + 𝒙𝟒)𝟐
 

𝒇 (𝒇(𝒇(𝒙))) ≤ 𝟎 ⇒ (−𝒙𝟑 + 𝟐𝒙𝟐 − 𝟑𝒙 + 𝟐)(𝒙𝟒 + 𝟑𝒙𝟐 − 𝟐𝒙 + 𝟐) ≤ 𝟎 

𝒙𝟑 − 𝟐𝒙𝟐 + 𝟑𝒙 − 𝟐 ≥ 𝟎 ⇔ (𝒙 − 𝟏) ((𝒙 −
𝟏

𝟐
)
𝟐

+
𝟏

𝟒
) ≥ 𝟎 ⇒ 𝒙 ∈ [𝟏,∞) 

Solution 2 by Alex Szoros-Romania 

𝒇(𝒇(𝒇(𝒙))) =
𝟏 − 𝒇(𝒇(𝒙))

𝟏 + (𝒇(𝒇(𝒙))
𝟐 ⇔ 𝟏+ 𝒇𝟐(𝒙) ≤ 𝟏 − 𝒇(𝒙) ⇔ 

𝒇𝟐(𝒙) + 𝒇(𝒙) ≤ 𝟎 ⇔ 𝒇(𝒙)(𝟏 + 𝒇(𝒙)) ≤ 𝟎 
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−𝟏 − 𝒙𝟐 ≤ 𝟏 − 𝒙 ≤ 𝟎 ⇔ {𝒙
𝟐 − 𝒙 + 𝟐 ≥ 𝟎
𝟏 ≤ 𝒙

⇔ 𝒙 ∈ [𝟏,∞) 

Solution 3 by Hikmat Mammadov-Azerbaijan 

𝐋𝐞𝐭 𝒒 = 𝒇(𝒇(𝒙)), 𝒇(𝒙) ≤ 𝟎 ⇒
𝟏 − 𝒒

𝟏 + 𝒒𝟐
≤ 𝟎 ⇒ 𝟏 − 𝒒 ≤ 𝟎 ⇒ 𝒒 ≥ 𝟏. 

𝐋𝐞𝐭 𝒒 = 𝒇(𝒑) ≥ 𝟏 ⇒ 𝟏 − 𝒑 ≥ 𝟏 + 𝒑𝟐 ⇒ 𝒑𝟐 + 𝒑 ≤ 𝟎 ⇒ 𝒑(𝒑 + 𝟏) ≥ 𝟎 

−𝟏 ≤ 𝒑 ≤ 𝟎 ⇒ −𝟏 ≤ 𝒇(𝒙) ≤ 𝟎 ⇔ −𝟏 ≤
𝟏 − 𝒙

𝟏 + 𝒙𝟐
≤ 𝟎 ⇔ −𝟏 − 𝒙𝟐 ≤ 𝟏 − 𝒙 ≤ 𝟎 

𝒙𝟐 − 𝒙 + 𝟐 ≥ 𝟎 ⇔ 𝒙 ∈ [𝟏,∞). 

800. If 𝒏, 𝒑 ∈ ℕ, 𝒏 ≥ 𝟏, 𝒑 ≥ 𝟐, 𝟎 ≤ 𝒂𝒌 ≤ 𝟏, 𝒌 ∈ 𝟏, 𝒏̅̅ ̅̅ ̅ then: 

∏(𝟏 + 𝒂𝒌)

𝒏

𝒌=𝟏

≥ √∏(𝟏 + 𝒑𝒂𝒌)

𝒏

𝒌=𝟏

𝒑

≥ 𝟏 +∑𝒂𝒌

𝒏

𝒌=𝟏

≥ √𝟏+ 𝒑∑𝒂𝒌

𝒏

𝒌=𝟏

𝒑

 

Proposed by Seyran Ibrahimov-Azerbaijan 
Solution by Ravi Prakash-New Delhi-India 

(𝟏 + 𝒂𝒌)
𝒑 ≥ 𝟏 + 𝒑𝒂𝒌; ∀𝟏 ≤ 𝒌 ≤ 𝒏 ⇒∏(𝟏 + 𝒂𝒌)

𝒑

𝒏

𝒌=𝟏

≥∏(𝟏 + 𝒑𝒂𝒌)

𝒏

𝒌=𝟏

 

[∏(𝟏 + 𝒂𝒌)

𝒏

𝒌=𝟏

]

𝒑

≥∏(𝟏 + 𝒑𝒂𝒌)

𝒏

𝒌=𝟏

⇒∏(𝟏+ 𝒂𝒌)

𝒏

𝒌=𝟏

≥ √∏(𝟏 + 𝒑𝒂𝒌)

𝒏

𝒌=𝟏

𝒑

; (𝟏) 

√∏(𝟏 + 𝒑𝒂𝒌)

𝒏

𝒌=𝟏

𝒑

≥∏(𝟏 +
𝒑

𝒑
𝒂𝒌)

𝒏

𝒌=𝟏

=∏(𝟏+ 𝒂𝒌)

𝒏

𝒌=𝟏

= 𝟏 +∑𝒂𝒌

𝒏

𝒌=𝟏

+ 𝒂 ≥
𝒂≥𝟎
𝟏 +∑𝒂𝒌

𝒏

𝒌=𝟏

; (𝟐) 

(𝟏 +∑𝒂𝒌

𝒏

𝒌=𝟏

)

𝒑

≥ 𝟏 + 𝒑∑𝒂𝒌

𝒏

𝒌=𝟏

⇒ 𝟏 +∑𝒂𝒌

𝒏

𝒌=𝟏

≥ √𝟏 + 𝒑∑𝒂𝒌

𝒏

𝒌=𝟏

𝒑

; (𝟑) 

From (1), (2) and (3), we get 

∏(𝟏+ 𝒂𝒌)

𝒏

𝒌=𝟏

≥ √∏(𝟏 + 𝒑𝒂𝒌)

𝒏

𝒌=𝟏

𝒑

≥ 𝟏 +∑𝒂𝒌

𝒏

𝒌=𝟏

≥ √𝟏 + 𝒑∑𝒂𝒌

𝒏

𝒌=𝟏

𝒑
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


