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701.

2021

Let x4, x3, ..., X2921 > 0 such that : z xr = 1.Prove that :
k=1

2021

Xy + 2021 ,

Z 5 i = 2021
Xk +1

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Using Tangent Line Method to prove (x).

1

Since there is equality when x;, = 2021’ k

= 1,2021,we consider the equation of tangent line to the function

Gy SXH2ORL A sy 20212 + 2001 20212 + 2
fx) = =g 7 ®x=ggpWhichisy=—gme 1% 20212 + 1
x+ 2021 20212 20212 + 2

021

» Let'sprovethat: f(x) = =5 5~ = g0z + 1 * T 20 02z 1 1 ¥

€(0,1)
o —2021%2x3 +2021(20212% + 2)x? — (2.2021%2 + 1)x + 2021 >0
- (2021x — 1)2(2021—-x) >0

Which is t lxe(0,1) — Hkt2021
% ————————————————————
ichis true for all x , 241
L __zo21® +2021. 202042 o oo7
=T20212 41 %k 20212 +1° ¢ ™ '
2021
Z 2021 < 2091 Z 2021 L 2021742
4 20212+ 1% T 20212 + 1
20212 + 2

=2021 <— > =20212,

— < 1+2021. - ———
20212+1+ 20212 +1

2021

x, +2021 )

Therefore, z —— 51 = 2021~
Xk +1
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702.If a,b > 0 then:

5
8(a® + b%) > 5(a® — b?)(a® — b3) + V8 a2 + b2
Proposed by Asmat Qatea-Afghanistan

Solution 1 by Ravi Prakash-New Delhi-India

Puta=rcos@,b=rsin0,r>00<26 Sg
The inequality becomes
8(cos® @ + sin® @) > 5(cos? @ — sin? 8)(cos® O — sin® 0) + V8
3(cos 0 + sin 0) + 5sinZ @ cos? O (sin O + cos 0) > /8
(cos 0 + sin0)(3 + 2 cos? O sin%? @ — 3sin O cos B) > V8
Let f(@) = (cos O + sin ) (3 - gsinZB + %sin2 20),0 <0< g

3 1
f'(8) = (cos6 —sin0) (3 - Esin 20 + Esin2 26) + (cos O + sin0)(—3 cos 26 + 2sin 20 + cos 20) =

3 1
= (cos @ — sin 6) (3 — Esin 20 + Esin2 20 — 3(cos 0 + sin 0)? + 2 sin 260 (cos 0 + sin 0)2) =

. 3 . 1 . . . .
=(cosO—SInB)(3—§s1n29+Esm220—3(1+sm20)+251n29+25m220):
. 5 . 5 .
= (cos O — sin 9) (Esm2 20 — 5 sin 20) =

5
= Esin 20 (sin@ — cos 0)(1 — sin 20)
For0 <6 <m,sin26 >0,1-5sin20>20=f(0)=0=6 =

T
>0,0<0<—

' 4
f'(e) = L
<0-<0<=

4 2

Thus, f'(0) is minimum when 0 = ;—r =>fO) =f (g)

f(B)zx/E(s—%+%)=\/§

RMM-INEQUALITIES MARATHON 701-800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Q) s
8(a® + b%) = 5(a? — b?)(a® — b3) + V8ya? + b?

If b=0 - (x) o 3a® > V8a® which is true (- 3 > V8)
a 5
If b > 0,letx=E S(x) e 8(x5+1)-50% -1 -1) >V8/x2+1
5
©3x5+5x3 +5x2 +3 > V8/x2+1 o (3x°+5x% +5x% + 3)2 > 8(x% + 1)°

o x1% — 10x® + 30x7 — 55x° + 68x> — 55x* + 30x3 —10x2 +1 >0
o (x —1)*(x® + 4x5 + 10x3 + 4x + 1) = 0 which is true.

5
Therefore, 8(a’ + b%) > 5(a? — b?)(a® — b®) + V8ya? + b2

703.If a,b,c € (0, g).Prove that:

(z Vsin a)6 + 27 (z \/ cos? a)3 <729

Proposed by Pavlos Trifon-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
(O wma) 27 (Y Veosra) = (Y) (Y vema’)
+27 (1) (Y ¥eosta’) =
=243() sin*a+ ) cos?a) =243 ) (sin*a+cos?a)| =243 ) 1=729,
Therefore, (Z fo +27 (z mf < 729.

Solution 2 by proposer

By Power mean inequality:

\/sx'/sinz a+ sinZ b + VsinZ ¢ - Vsina + Vsinb + /sinc
3 - 3

3 (¥/sina + ¥sinb + ¥sinc)’

(i/sin2 a + i/sin2 b + i/sin? c) > ; (1)
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Equality holds for Vsina = /sinb = L{/sinc; (a, b,ce (O, g)) >a=b=c

By Minkowski:

3 3
(i/sin2 a+ i/sin2 b + i/sin2 c) + (i/cos2 a-+ i/cos2 b+ i/cos2 c) <

3
< (Z i/sin2 a + cos? a) =27;(2)

cyc

sina _ cosa) (sina _ cosa) o sin(a _ b) _ sin(a _ C) .
inb  cosh sinc  cosc !

Equality holds for (

(a—b,a—- ce(—gg)@a—b—c.

(Vsina + Vsinb + \/smc)
27

1)&(2) > (\/q:os2 a+ \/cos2 b+ \/cos c) <27

Therefore,
(Z mf +27 (Z Y cos? a)3 <729

Equality holds for a = c.
704. Let a, b, c > 0.Prove that:

:min{z(z%) (Za),3<2%2+2a>}zem

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Bergstrom
yeoye e GO (S0 2 20(Y an) (D)
AM GM

wenave: (Y a) =Y ar+2) ab S 3]zab)2(zaz)ﬁ(za)6

5 Zb_s ;3“2 z%)(Za)26 BZaZ 1)
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a? SZa a? 3Ya*
_— > —
b_Za <—>E<b 2a+b>_ Sa Ea

(a— b)2 (a — b)?
Z a+b+c

Now, let's prove :

(a+co)a- b)z > 0 whichist E +E
-_ —_—
blatbto) = which is true

L WA ARy T e
3<Z%Z+Za>26 3) a2 ()
@@ - minf2 (Y5 (Ya)3 (Y 5+ el 26 fsY e

aZ

ZT 3abc
Leta,b > 0A = and B = 3.ProvethatAzB

4 D
3azbccﬁ VXa ’

Proposed by Nguyen Van Canh-BenTre-Vietnam

705.

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2 Bergstrom

Si E S ( b C)Z E It t
-
ince : b = b c a S sufflces 0 prove

:( >3abc4’ 2@ /

H(Zas) (Da) = #aber (3 a?)

We have
: (Z a3> (Z a) > (Z az)z and (Z a3)2 (Z a)3 m> (3abc)? (BW)
= 35(abc)?
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@) Ola) z35@ber (Y at) - azs

706.1f a,b,c € ]0, \?].Prove that:

a* b* ® 1 ct

30,5625(b+c)4 -1 + 3(c2+ca+a2)2 -1 2 6 1— 19683a2b2
Proposed by Pavlos Trifon-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

) a* N b* N c* - 1
% > —_
9(b+c)4 _1 3(c2+ca+a2) 1 392 _ 1~ 6
4
9 b+c)* 9 V3
Sincea,b,c € |0 l ( ) SE<2'?> =1,0 < (c? + ca + a?)?

S<3.§> =1,0 <9a’b?> <1

9(b+c)*

- 3 -1

9(b1-2c)4 Berr::)ulli 9(b + C)4

=(1+2 -1 < 1+2.
1+2) o * 16

Power Mean
-1 < 9(b* +c¢*) (1)

Bernoulli

g(*+eara®)’ _ 1 = (14 2)(@reard®)’ 1 2 142(c? +ca+a?)? -1

_ 2
AM.-«-.GM 2 cz + a? 2
< 2(c“+ > +a =

9 CE\S 2
=5 (c?+a?)? 2 9(c* +a*) - 3] —1<9(c* +a) (2)

Bernoulli AM-GM
-1 < 1+2.9a’b*-1 < 9(a*+b*) (3)

39a2b2 1= (1 + 2)9a2b2
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a* b* c*

39(b1'|;')4 _1 3(c2+ca+az)2 -1 + 39a*p? _ 1

> + +
9 <b4 +ct ct+at a*+ b4>

(1), (2),3) -

> —.o=
9 2

1
6

Therefore,
a* b* 1 ct

+ =>—+ :
30,5625(b+c)* _ 1 3(c2+c¢zt+¢12)2 1 6 1—196832°h*

Solution 2 by proposer
Lemma. Forallx,y,z > 0, 2(x? + xy + y%)? < 9(x* + y*)
Proof. 2(x? + xy + y?*)2 < 9(x* + y}) &
2(x* + 22y + y* + 2x3y + 2xy3 + 2x2y?) <t + 9yt &
4x3y +4xy? <7x*+ 7y* © 3(x? —y?)? + 4 (x4 + y* — xy(x? + yz)) >0

Equality holds for x = y.

So,a,b € (O\/s—g] = a?, ab, b> S%:az +ab+b*<1=0<(@a*+ab+b*)?*<1
From Bernoulli, we have:

3(atrabent)’ — (1 4 2)(@+abtp)’ < 1 4 2(a2 4 ab+b2)? S 1+9(at +bY) =

9c* ct

>
3(a2+ab+b2)2 -1 ~ a* + bt

Equality holds for a? + ab + b? = 1; (a,b € (O?D Sa=b=c= ?
Now,
ct c*  Neshit 3 ct 1
9; @ 1 > ;m > Ze ; T == (1)

AGM ct 4
a’?+ab+b* > 3-ya3b3 =3ab=>

C
<
3(a?+ab+b2)’ _ 1~ (19683)7*P* — 1

;(2)

Equality holds for a? = ab = b*> & a = b.

And
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b% + bc + c? 23(b+c)2 = at < a* . (3)
4 3(b2+bc+62)2 1 30.5625(b+c)* _ 1’
Equality holds for b = c.
From (1),(2) and (3) it follows that:
a* b* 1 ct
305625040 _ 1 | 3(c+cata?)’ _ q =6 " 11068377
ki 3

Equalityholdsfora=b=c=?,a=b,b=c=>a=b=c= 3

707.1f a,b > 0 and a # b then:

a’+10ab+b* a+b og(a)

> 1 —
6ab a—>b b
Proposed by Asmat Qatea-Afghanistan

Solution 1 by Ravi Prakash-New Delhi-India

b 511

a b a

— — > — -

+ +10—6<a 1>log(l),(1)

b
Assume that > b, otherwise we work to %.
Let f(t) = (t—1(*+10t+1)—6t(t+1)logt;t>1
fO=t3+9t> —9t—1—-6(t* +t)logt
f/(t) =3t*+12t—15-6(2t + 1) logt

f'@ = 6(t—%) —12logt
2
F71(6) = 6(1 —%) S0,vE>1> f' 7 in[1,0) = f/(6) > f'(1) = 0,ve > 1
= f' 7on[1,0) = f'(t) > f'(1),vt>1
= f70on[1,0)= f(t) > f(1),vt > 1.
Thus,

1 t+1
t+—+10 > logt; vt > 1
t t—1

Putt = %to obtain (1)
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Solution 2 by Kamel Gandouli Rezgui-Tunisia

a2+10ab+b2>a+bl (a)
.«
6ab Za—po8lp)i (%)

2
x“+10x+1 x+1
= x—_llogx,x >0

a
Putx = . then (x) = -

x2+10x+1 ? logx
= ;X
6x(x+1) x—1

>0

(1) Forx>1=>x+122+1223:>
X X X

u(x) =x—2logx;ulx) /,u(x) >0anda >0 =
v(x) =3x2+12x - 15— (12x+ 6)logx,v(x) 7, x> 1,v(x) > 0
3x2+18x—-9> (12x + 6)logx + 6x + 6
wx)=x34+9x*-9x—1—(6x* + 6x)logx;w(x) 7/, w(x)>0,x>1

x2+10x+1>logx .
6x(x+1) —x-—1

rue.

(For0 <x< 1;x+§22 =
u(x) =x—-2logx;u(x) Zu(x) <0anda>0=
v(x) =3x2+12x - 15— (12x + 6)logx,v(x) 7,0 <x < 1,v(x) <0
3x2+18x—9>(12x+ 6)logx + 6x + 6
wx) =x3+9x?-9x—1— (6x*+6x)logx;w(x) /,w(x)>0,0<x<1

x2+10x+1 _ logx

> , x>0t .
6x(x+1) =x-1" rae

Solution 3 by Marian Dinca-Romania

a’+10ab+b*> a+b

> =508 (5)
— . *
6ab = a=poelp)i ()
F( b)_a2+10ab+b2 a+bl (a)
0= 6ab a—b 8\p
a
F(a,b)zF(b,a).LetzzxZ 1 because is simmetric.
()_x2+10x+1 x+1l
fx) = 6x x—1 8%
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1 —1( +10+1)(1 2) 1
08X =g\* x x+1) °8*

=t 2) gy e esr0+d) 2] -

22 +10x+1 x—-1
6x x+1

glx) =

1 -Dx-1) 2(x*+10x+1)] 1
6| x2(x+1) x(x +1)2 X
-1+ (P +10x+1D)2x 1
B 6x2(x +1)2 x
_x4—4x3+6x2—4x+1_ (x —1)* >0
- 6x2(x+ 1)2 C6x(x+1)2 7
gx)=g(1)=0
gx)=0e f(x)=0
x2+10x+1 x+1 x2+10x+1 logx —log1
fex) = 6x _x—llng_ 6x ~x+1: x—1
. Coxt+10x+1 . logx—1log1
i 10 = i ™ e 1)y B

1
= 2—21im(—> =0
x-1 \X
Equality holdsforx =1 © a = b.

708.Leta,b,c,d, x,y,z,t > 0.Prove that:

(2 a) Zx < 2 (Z a2> zxz + 2(at + bx + cy + dz)

a,b,cd x,y,z,t ab,cd x,y,zZt

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(s )(z ) . (3 )(z xz>+z<at+bx+cy+dz);(*)

a,b,c,d x,y,zZ,t a,b,c,d x,y,z,t

VA t
—ands =—
u u

Let x2+y2+2z2+¢t? x y
etu = ) = -, :—,’r:
Z+p2++az’? w1y
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1
We have : Z p2=ﬁz x% = Z a?

pqrs x,y,z,t a,b,cd
—>(*)<—><Z a) Zp SZ(Z a2)+2(as+bp+cq+dr)
ab,c,d p.qr.s ab,cd

=(@a+s)?+b+p)?+(c+q?*+(d+r1)?
We have :

(a+s)?+(b+p)?+ (c+q)?
C,-lisl
+(d+1)? > Z[(a+s)+(b+p)+(c+q)+(d+r)]2=

2 AM-GM
(Z a>+ Zp > (Z a) Zp — (%) is true.
a,b,c,d p.qr.s a,b,c,d p.qr.s

Therefore,

(5 )(z x>§2 (5 )(z xz>+z<at+bx+cy+dz>.

ab,cd x,y,Z,t ab,cd x,y,z,t

AN

709. If x, y € R* with x2(1 — xy) + y?(1 + xy) = 0, then

find min (\/x2 + yz)
Proposed by Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

)
XA —-xy)+y*’(1+xy) =0

a’+1 5
a>0 > a’—-—a>0

Letx=ay > () o a’(l-ay)+1+ay’? =0 o y? = ——

oa€(—1,0)U(1,0)

2
> \/xz +y? = \/yZ(aZ +1) = (Cz;-l;t)z = \7(13%2 = f(a), ac(—1,0)U(1,)
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2 2
5 (a*+1)(3a”*-1)
2ava® —a a3 —a _a*—6a’+1

We have : f'(a) =

a*—a ai—a’
(e2-(2-1) (- (v2+1)") _
ad—a’
(a-(V2-1)(a+(V2-1))(a-(V2+1))(a+ (V2 +1))
) WE—a’

> f is decreasing on|-1,—(vV2 — 1)] and |1,V2
+ 1], increasing on [-(V2 —1),0[ and [V2 + 1,00]
-  mi f(@) = min{f(—vV2 +1),f(vV2 + 1)} = min{2,2} = 2.

n
ae(-1,0)u(1,)

Equalityifa=—V2+1- y2=2++2 <—>y=i4’2+\/§andx

=+(vV2-1) /2+\/E=J_r,/2—x/§
Orifa=v2+1 - y2=2-+2 <—>y=i/2—\/§and

x=+(V2+ 1)J2—x/2= iJZ+x/E
Therefore, min (\/xz + yz) = 2.

710.1f x,y > 0,x% + 2y% = 3 then:

<x+y N y >2<3(x+2y)
JyE+3 Vx2+3) T 4ayVx

Proposed by Daniel Sitaru-Romania

Solution by Hikmat Mammadov-Azerbaijan

V3
x2+2y2=3,0<x<\/§,0<y<7

14 RMM-INEQUALITIES MARATHON 701-800
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1 1 y .Y

{x2+322x+2:{x2+3 2x+2:4 x2+37 2x+2

y2 43> 2y+2 1 < (J~c+y)2<(x+y)2

i3 mez (yres S zyie

2 2

=

(Y y

| <

4\/x2+3 \/2x+2 x+y y . x+y LY
| Xty Y T Sres Vxti3d yzyr2 VZxiz
\Wy2+3 v2x+2

2
X+ x+
() (vt
Jy*+3 Va2 +3 J2y+2 V2x+2

<x+y y )2 3| Wx 2 VX 2 2x+2y 2y
+ <—|-|=+—=+| | =+—=- -
Jy2+3 Vaz+3) T4l ¥ Vx Yy Vvx Jey+6 Vex+6

2

x 2 2x+2 2 1
T = £+__ Y _ Y ;0<x<\/§=>—e(0,°°):>TE[0:OO)
y VJx Jey+6 V6x+6 Vx
2
+ 3 2
:><x Y + Y ) <—|- £ -
\/y2+3 vxz +3 4 \/_

Therefore,

( x+y y >2 3(x+2y)
+ e
Jy2+3 VaZ+3 4y+\/x

Equality holds forx =y = 1.

711.1f 0 < a < b then:

a+b)
2

Proposed by Daniel Sitaru-Romania

ab(4 + (a + b)?)tan"'(Vab) < (1 + ab)(a + b)? tan™! (

Solution 1 by Kamel Gandouli Rezgui-Tunisia
(a+ b)%(1+ ab) — ab(4 + (a + b)?) =
=(a+b)’ (1 +ab—ab) —4ab = (a+ b)> —4ab=(a—b)>* >0
= (a+ b)*’(1+ab) > ab(4+ (a+b)?>) =0

15 RMM-INEQUALITIES MARATHON 701-800
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a+b
\/ a+b
g = Vab } = tan™! (T) > tan"!(Vab) > 0

tan 1x = u(x) 7 in (0, )

Hence,

ab(4 + (a + b)?) tan"'(Vab) < (1 + ab)(a + b)? tan™! (a;—b),‘v’a, b= 0.

Solution 2 by Surjeet Singhania-India

2

Let: f(x) = ——tan"1x,x > 0
2 e.fx—l_|_x2 an_ ' x,x >
x 2x a+b
I — -1 . >
f'(x) d+ 202 +(1+x2)2tan x>0,Vx > 0= f 7 and since > >+Vab >
a+b (a + b)? a+b ab
> -1 > -1
f( 2 )‘f('ab): ( (a+b)2>t“ln ( 2 )_1+abtan (Vab)
41+—jf—
Hence,
a+b
ab(4 + (a + b)?) tan"'(Vab) < (1 + ab)(a + b)? tan™! (T),Va,b > 0.
Solution 3 by Soumitra Mandal-Chandar Nagore-india
X2
. _ -1 >
Let: f(x) 1+x2tan x, x>0
() = 1 1 N 2x tan-1 _x2+2x-tan‘1x>0v -0
fiix S 1+x2 (1+x2)2 0 (1+x2)2 an -x= (1 + x2)? VX
a+b
= f » and since 2 >Vvab =
tb GOl by ab
a 5 a a
f(—) > f(Vab) = 2—tan‘1< ) > tan~!(Vab)
2 a+ b2 2 1+ab
1+(%5°)

Hence,

ab(4 + (a + b)) tan~'(vVab) < (1 + ab)(a + b)? tan! (tl;—b),‘v’a, b > 0.

712.If a,b > 0 and a # b then:

b+a

b\b-a 8ab—a?—b?
(—) >e 3ab
a

Proposed by Asmat Qatea-Afghanistan
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Solution 1 by Ravi Prakash-New Delhi-India

Assume that b > a and putg = t so that

t%> g‘sl‘% t+11 t>8 1t 3(t+1)1 t>(8 ! t)(t 1)
t— t3eo——-logt>z2-——-—= < —-—— = -
=¢€ t—18°=37 373 ogt= t

Let: f(£) = 3(t+ 1) logt -8t +8+ 1 +¢2 - —t =
1
=3(t+ 1)logt—9t+9+t2—?;t21

3 3 2 3 2
"BD=—-S+-+2—-===@C-1D+=(t>-1)>0vt>1
fO=-G+7+2-5=5E-D+5E -1

>f')>0ve>1=> () >f(),vt>1=f'(t) >0,vt > 1
= f —increases on [1, )
8 1 t+1 8 1 ¢t

t+1 t+1 8 1 ¢t
Hence, :logt > 3 % 3 ti-1 > e3 3t 3 and therefore,

b+a

b\b-a 8ab—a%—b?
(—) >e 3ab
a

Solution 2 by Adrian Popa-Romania

Assumethata > b = % € (0,1) and then

b
b+a E"’l

b\b-a  8ab-a’-b: (b\b_, 8 1bay 8 16b a)amM8 2
(—) >e 3ab (:)(—)E" >e3 3a'b (:)___(_+_) < ——==2
a a 3 3\a b 3 3

x+1
Let: g = x then we must to prove: xx-1 > e?,Vx > 0 & glogx >2;(1)
We known that: % <log(1+x),vx > 0;(2).

Casel)If x > 1:>§> 1 = b > aand from (2) pitx - x — 1 we get

2(x—1)<l x+1l >x+1 2(x—1) 5
—_— :> . o
x+1 = 108X x—10gx_x—1 x+1

Case2)If x < 1:>s< 1= b <aandx — 1 > 0then we must to prove:

In
y

x+1 1 1\1 4
xx—12e2.Lety:—:>y>1:>(—)y >e? >
x y
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y+1
y»-1 > e? true by case 1)

Therefore,

b+a

b\b-a 8ab—a%—b?
(—) >e 3ab
a

Solution 3 by Soumitra Mandal-Chandar Nagore-india
b x+1 8 x 1
WLOG, let us assume b > a and let x = ;,f(x) = ;logx —3t3ts vx > 1

x+1 2logx x*—1-2xlogx x?>-1
= Vx> 1

fe) = x(x+1)  3x2  x(x-1)2 + 3x2 T T

Let: p(x) = x* —1—2xlogx;Vx>1,¢'(x) =2x—2—2logx =
=2(x—1-logx);Vx > 1

2(x—1
@' (x) = % >0;Vx > 1> ¢'(x) increasing ¢'(x) > ¢'(1) =0

= @(x) increasing = ¢(x) = (1) =0

K o-2xlogx o oa® s oves1
xx—1nz - 0Ty =TS
. . .ox+1 8 1 1
f'(x) = 0= f —increasing = f(x) > f(1) = lim logx——+=+==
-1, x—1 3 3 3

0
xlogx + logx (1) 1
_ i Flogx tlogx (0 lim(1+;+logx)—1=0

x-1y x—1 x-14

+1 8
3

Thus,

b\b_, g_l(g +g) b\b-a 8ab—a*-b?*
(—)E >e3 3\a'b) = (—) >e 3ab
a

713. Prove that: Vn € N7,

(D)

n+1

n

1

T,where {.(s) = z g
k=1

Proposed by Amrit Awasthi-India
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

G HT
We have : (x) HZ\/_<n\[1?

We know that : vx,y > 0,Vx + [y </2(x +y) (CBS)
x=ke[l,nlandy=n—-k+1 - \/l;+\/n—k+1s\/2(n+1),\7’k€ [1,n]

n+1

n n n
1 1
- ZWzEZ(«/E+«/n—k+1) SEZ‘/Z("+1) =n
k=1 k=1 k=1
Th 1 ( 1) < n+1
erefore, n'(" 5) = >
714. Prove that: Vn € N7,

2n
H, +In(H,) = In(2) + In(n), H, nZ——

Proposed by Amrit Awasthi-India

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1 4
We know that : Vx,y > 0,—+—>—— (CBS)
x y x+y

1 1
x=ke[l,n]andy =n— k+1_>E o k+1_ 1

e i) 21
"_zk_ k' n- k+1 “2Lin+t1 n+ti

S In(H,) = In (nz—rl) = In(2) + In(n) — In(n + 1) (1)

vk € [1,n]

=
—
-l%
\)
T
3
Il
[
Sl
v
1=

Also,we have : Vk > 1'E =

=Ilnn+1) (2)
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- (1) +(2) » H, +In(H,) = In(2) + In(n)
2n

Therefore, vn € N*, H, + In(H,)) = In(2) + In(n), H, > T

Solution 2 by Alex Szoros-Romania
1) CBS

1 1
1+2+3+- +n)(1+ + =+ > nl,vn>1

2 3
n(n+1)H>2 H>2n vn>1
— : [

2 A TS
2n
H,>——>1logH, >log2 +logn —log(n+ 1)
n+1
log(n+ 1) +logH, >1log2 +logn; (1)

vk € N f: [k k + 1] » R f(x) = logx = 3¢ € (k, k + 1) such that:
fk+1)—f(k)=(k+1—-k)f'(c)

log(k +1) —1 k—le( 1 1)
°8 08 k+1'k

n
1 1
log(k + 1) — logk < 7;Vk > 1= Z(log(k+ 1) —logk) < ZE;(Z)
k=1 =

From (1),(2) it follows that H,, + log(H,,) = log2 + logn
715. Forall x € [—-1,1], |ax|V1 — x2 < 1 prove that:

| |<x2+1+ 4
U= T"er1

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Kamel Gandouli Rezgui-Tunisia

1 2x% —1
Let: f(x) = ———=,x€ (-1, 1), f'(x) = ——
|x|V1 — x?2 x2(1 — xZ)%
in_f(x) 1 2f + 1 €e(-1,1)
min f(x) = ——==2forx=+—,x € (—1,
x€[-1,1] 1 1 1 T2
NG
lax| V1 —x2<1=>x= | | <1=|a|<2
2l vz
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L B PNV . e S
=
4 x2+1 = @7 al=" x2+1

Solution 2 by Ravi Prakash-New Delhi-India

T
lax|y1—x2 <1= |a|lx|]y1—x2 < 1.Put: x=sinf,0 € [_E'E =

|al|sin 20| < 2;(1)
Itis clearly true for @ € {—g Og} For0 < |08]| < g (1) gives

lal <

= |2 2
|sin 20| 12 csc(20)]

|a| must be less than the value of |2 csc(20)|, which is 2 for 8 = %-
AGM 1 ) 4
IaISZ < Z(x +1)+xz—+1,\7’x>0
716. Let x € [—1, 1] such that |ax + b|V1 — x? < 1. Prove that:

la] < x* —2x+3
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Ravi Prakash-New Delhi-India

For x € [—1,1] such that |ax + b|V1 — x? < 1; (1) put x = 0 so that |b| < 1.
If b = 0, then |ax|V1 — x2 < 1.Suppose 0 < |b| < 1.

1 a 1 a b
fa>2b>0thenforx=—:Lhsqy = (F+b) £=5+2>1

V2 V2 2 V2
1 a 1 a b
Ifa > 2,b< 0 then for x = _\/_7'th(1) = |—\/—7+b| .\/_E_E_ﬁ> 1.
Ifa<-2,b>0weuse x = —iandifas -2,b < 0weusex=itoshowthat:
VZ V2
Lhs > 1

at2andaz2=>-2<a<2elal<2<(x-1%?+2or|al<x*-2x+3
717.leta,b,c € R,n = 1,n € N such that:

|ax®™ + bx + c|[V1 —x2 < 1,v|x| < 1.
Prove that: |b + c| < 3™

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Ravi Prakash-New Delhi-India

lax®™ + bx + c|[y1 —x2 < 1,V|x| < Lputx=0=|c| <1

1 .1
—Zto obtain —

andputxzi\/_ 7

a b
—_ i <
2n+ﬁ+c|_1and
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1 a b
EF—E+C|S1
IbI=i|(i+i+c>—(i—£+c)|sii+£+c|+ ! <2
V2I\2n /2 2" 2 V212" 2 ﬁ%—%+c|

“|b+c|<|bl+lc|<3=>|b+c|<3"

718. Prove that:

T 1
log (7) > cose > log (E)
Proposed by Olimjon Jalilov-Uzbekistan

Solution 1 by Adrian Popa-Romania

1
cose > log(;) < cose>logl—logm < cose > —logm

e<m

14 —
—<e<1t}=> 1<cose<0

2

cose >cosmw = -1

1
logm >loge=1= —logm < _1}:> cose > —logm = cose >log<;)

cose > —1lo n;lo (E)tacos(n'—e)<lo (Z)c)lo (Z)<lo e=1o
g g8\7 8\ 8\ ge=
cos(m — e) < 1, which is true.

Solution 2 by Hikmat Mammadov-Azerbaijan

57 V3
n>e>?:>—1<cose<—7

1
m>e=>m ! <:>log(;)<—1

3< 1<1r
:>_ —
T=957
3 3 1 V3
1>—>=e<e2>—>e 2
2 e
1t>3>2> _\/2_§ n> _\/2_5 I (n)> V3
777757 ¢ 77 ¢ 08 2
So, we get:
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1 V3 T
log(;) <-1<cose< —7< log(;)

= log (%) < cose <log (g) < log (g) > cose > log (%)

n

x y Zn "
719.If x,y,z,t > 0O such that T + 1 T T + o

n

= 3 and n > 0 then

XY 4+ VxmZ? + X 4yt + Ly 4+ V2 < 24 (xyzt)"
Proposed by Marin Chirciu-Romania

Solution by Amrit Awasthi-India

Substitute: xin = in b? in = ¢? i = d?. Therefore,
1+x L1+ a2 1+ a2
cyc cyc CyC cyc

Now, applylng Bergstrom’s we get

L= Z (a+ b+ c+ d)?
T+a2 t+ 2Tt Erde

cyc

4+a*+b*+c*+d*=>(a+b+c+d?=>
4 >2(ab + ac + ad + bc + bd + cd) =
1 4 1 4 1 4 1 4 1 N 1 N
- \/xnyn Vxmtzn o A/xnn \/y"z" \/y"t" \znn
2\/(xyzt)" > [xmy™ + x"z" + VA" + | [ynzt + [y 4V zhn
720.1f0 <x <y <e < z < tthen:

e* +eY + e’ + el > e¥tV e 4 3. Yferttre
Proposed by Daniel Sitaru-Romania
Solution by Kamel Gandouli Rezgui-Tunisia
e* +e’—e° é exty-e
Let f(x) =e*+e¥ —e® —e*Y ¢then f'(x) = e* — e**V€

x+y—e<xbecausee>y=f'(x)=>0= f /.
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lim f(x) =e” —e® —e¥™°
x—-04

letg(y)=e”—e®—yY Ctheng'(y)=e’—e"¢<0=>g\=>1-— eie <gly)<e
=>g(y) = Obecausel—eie> 0=f(x)=g(y) = 1—eie> 0
>e*+e¥—ef >tV
ex+e3’+ez+et=ex+ey—ee+ez+et+ee2ex+3"e+3-W2
> etye 4 3. iferttre
721. Given a, x, Y,z € R such that
xy+yz+zx—z—2a*=x+y+z—2a=0.
Prove that: |axyz| < /3.
Proposed by Dang Le Gia Khanh-An Giang-Vietnam
Solution 1 by Kamel Gandouli Rezgui-Tunisia
x+y+z=2a>x*+y*+2z*+2(xy +yz+ zx) = 4a?
= x? +y% + 2% + 2(z + 2a?) = 4a?
>x2+y2+22=-2|z|,z<0

= |x|2 + |y|? + |z|? = 2|z| = |x]|? + |y|? = 2|z| — |z|® = |z|(2 — |z])and |z| < 2

1
= 2|x||y]l <1z|(2 — |z]) < 1because Vx> 0,x(2 —x) < 1= |x||y| < 2

12a] =[x+ y + z| < |x| + |y] + |z| < V3J/(x]? + [y[2 + |z]?) <
<+3y2|z| < V6,]z|
V6
= 2|al <V6./|z] = |al < 7\/E =3

1
= laxyz| = |xllyllzllal <5-2-V3 =3

Solution 2 by Jamal Issah-Ghana
xy+yz+zx—z—2a>=0>xy+yz+zx=2z+2a%* (1)
x+y+z—-2a=0>x+y=2a-2z(2)
From (1) xy + (x + y)z = z + 2a?
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xy+ (2a—-2)z=2z+ 2a?

xy+2az—-z"=z+2a*=>z*+2a*>+z—-2az—xy=0
22+ (1-2a)z+2a*—xy=>(1-2a)? —4Q2a*—-xy)=0
= 4a’ +4a—1 = 4xy
Hence, back to the initial question,
ZZ2+(1-2a)z+2a’? —xy=0=4z>+4(1-2a)z+8a* —4xy =0
=4z +4(1-2a)z+8a®> -4a*—-4a+1=0
=>4z +4(1-2a)z+4a* —4a+1=0
=>4z +4(1-2a)z+ (2a—1)* =0
Let (1 — 2),(2a — 1) = 1. So that the equation conformsto 4z2 +4z+1 =0
When2a-1=1=>a=1
2a—1=—(1—2a)=>a=1=>4zz—4z+1=0=>z=%
But: 4a® + 4a — 1 = 4xy,sincea = 1 =>xy=£.

= |axyz| = |0.875|. Hence, |axyz| < /3.

N | =

>axyz=1 -%-
722. Llet a, B € R and af # 0. Exists a function f(x) = |ax + B|V1 — x2
such that

If(x)| <1,vxe[-1,1]?
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Ravi Prakash-New Delhi-India
Putx = sin0,—§ <6 SE::» lax + b|V1 —x2 < 1,vx € [-1,1]
lasin® + b|cos® <1 = |asinBcosO +bcosBO| <1;(1)
cosO >0,v0 € [—gg and |a| < 2.

1 . T
Let: f(0) = EstO +cos0,0 € [_E'E

f'(@) =cos20 —sinf = (1 +sin0)(2sind — 1)
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'(8) = 0 = si 9—1oe[ rr
f = sinf@ = —, 2’2

f(-3)=0=7(3)
@)= V3 V3 _3V3

Thus, |—x+1 1—-x2(<1
3\/5( )

43 .
So,wemaytakea =b = T\/— other values are possible.

723. Let a, b, ¢ € Rsuch that |ax® + bx + ¢| < 1,Vx € [0, 1]. Prove that:
max{|a|, |b|,|2a + b|,8|c|} < 8
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Ravi Prakash-New Delhi-India

Puth{—l,O,%,l}toobtain lel<1,la+b+c|<1lla—-b+cl<1

|4a+ b+c|<1:>|c|<1

2lb|=|(a+b+c)—(a—b+c)|<|la+b++c|+|la—b+c|<1+1=2
= |b|<1.Also,|la+2b+4c|<4>-4<a+2b+4c<4
—4<-4c<4>-8<a+2b<8=|a+2b| <8
Now, we show that |a| < 8
—-1<a+b+c<1=>-4<4a+4b+4c<4=>-4<-a—-2b—-4c<4
= —8 < 3a + 2b < 8. Adding with —8 < —a — 2b < 8, we get
—16 < 2a <16 > |a| < 8.Thus,
max{|al, |b|,|2a + b|,8|c|} < 8

724.If e < a < b then:
4_a+3b . (a + 3b)3a+b < 43a+b . (3a + b)a+3b

Proposed by Daniel Sitaru-Romania
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Solution 1 by Florentin Visescu-Romania

Let f: (0,0) > R, f(x) = loix, then f'(x) = - logx ,Vx € (0,00)
fx)=0=>x=e.
x 0 e 00
)| ++++++0———————————
o 1 N
e

On (0, e), f —increasing and (e, «), f —decreasing
x = e maxim point and f(x) < %,Vx € (0, )

log x
x

<— ,Vx € (0,00)

log x
g =0

llm f(x) = llm
x—0 + x—0 +

< <b:>a+3b>3a+b> R (a+3b)< (3a+b)
esa= 4 et A ey A

a+ 3b 3a+b
log( 7} ) log( 4 ) a+3b 3a+b
2T3b = 3a+h (:)(3a+b)log( )S(a+3b)log< 2 )
4 4
3a+b a+3b
(a :31’) < (30': b) o 4_a+3b . (a + 3b)3a+b < 43a+b . (3(1 + b)a+3b
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
log(x 1 —log(x
Let f(x) = g ),x > e. We have : f'(x) = x—zg() <0,vx=>e
- f —decreasing on [e, o[
a+3b 3a+b
N -a+3b>3a+b> log( 4 )<log( 4 )
mee: —y =" =°¢7 a+3b ~ 3a+b
4 4
a+3b 3a+b
o (3a+b)log( )S(a+3b)log( )

3a+b a+3b
o (a :31)) < (361: b) o 4_a+3b. (a + 3b)3a+b < 43a+b. (3(1 + b)a+3b

27 RMM-INEQUALITIES MARATHON 701-800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Therefore, 49+3b (q 4 3p)3atb < 43a+b (3q + p)at3b,

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
Fore<a<bwegivea+3b=x,b+3a=yx>y=4e, hence
4a+3b . (a + 3b)3a+b < 43a+b (3a + b)a+3b
© 4% -xY <47 -y*andsincex >y >4ewegivex = ky k> 1.
Hence, 4* - x? < 47 - y* © 49 (ky)? < 47y &
4% ky <4y o 4% 1. | < k-1
41 k<(4e)fleok<e 141 >1k>1.

725. Let a, b, c € R such that (*) : |ax2 + bx + c| <1V|x| <1

Prove that : |cx* + bx + a| < 2,V|x| < 1.
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
x=0in(x)>|c|<lL,x=1in(x)>|la+b+c|<1landx=-1in (%)
»>la-b+c|l <1.

1 1
we have : |cx* + bx + a| =|c(x2—1)+z(a+b+c)(x+ 1)+E(a—b+c)(1—x)

[x]=1

A
- 1 1 ~
< |c|.|x2—1|+E|a+b+c|.|x+1|+E|a—b+c|.|1—x| < 1.(1-x%
1 1
+E.1.(x+1)+z.1.(1—x)—
=2—-x2<2Vx| <1

Therefore, |cx2 + bx + a| <2, Vx| <1.

726. Let a,b,c € R such that : |ax2 + bx + c|V1 —x2<1,V|x| <1

Provethat: |la+b+c| <3
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

1
Let f(x) =ax*+bx+c Vx| <1 - |[f(x)] < ,
f(x) f(x) >
RMM-INEQUALITIES MARATHON 701-800

Vx| < 1.
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Wehave:f(0)=c,f<§>=§a+?b+c,f< \/§>=§a—§b+c

s SY(9)-1(5)

<2and ‘f(—?)‘

- (D)oo () oo

Also,we have : |f(0)| <1, ‘f (?)

<2

- la+b+c|=

(D) g)_2f<o>)+§(f(§)_f<_§> o)-
I (9 () 2523

+2 ﬁ‘f(—?ﬂ S1FO)

3

2++3 2-+3 1
< . 2+—-.1=3.
S—5—2+——5—.2+3.1=3

Therefore, la+b+c| <3.

727.
n

k
a,b,c>0,a+b+c=32a) :H<1+W),nEN,n21
k=1

Prove that:

1 1 1
aQ(a) + bQ(b) + cQ(c) < eZa + e2b + e2c

Proposed by Daniel Sitaru-Romania

Solution by Kamel Gandouli Rezgui-Tunisia

nz+n
Q()_ﬁ(1+ k>A2M 1i(1+ k>n_ a7 1+n2+nn_
= an?) ~— \n an? N n n 2an3 |

k=1

nlog< +nzj> nlog<1+ >
3 3
=e 2an”) Leta, = e 2an®) 2 and a, >0 =
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2
nlog<1+n +?> 1
2an < eZa

n2+n>
3 -
2an’ /) < lim e

n—-oo

n log<1+
e

1 1 1
Q(a) < eza. Analogous, Q(b) < ez2b and Q(c) < ez.
fa<b<c= Q)= Q) =2

aQ(a) + bAb) + () = %”” (2@ +2B) + 0(0)

Therefore,

1 1 1
aQ(a) + bQ(b) + cQ(c) < eza + e2b + e2c

728.

J1—x2<1,vVx<1.

Prove that: |2a + 3b + 6c| < 48.

1
Leta, b, c € R such that |x3 - f (ax? + bx + ¢) dx
0

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution 1 by Ravi Prakash-New Delhi-India

J1—-x2<1vx<1

a b
N |x3 (§+§+ c>|,/1 —x% < —1,vx € [-1,1]; (1)

It holds for x € {—1,0,1}

1
x3-f (ax* + bx + ¢) dx
0

For0 < |x| < 1,putx =sinf,0 < |0]| < g, (1) becomes
|2a + 3b + 6¢||sin® 8| cos @ < 6 for 0 < |9] < g
|2a +3b + 6c|sin® 6 cos 0 < 6for0 <6 <7
Let £(6) = sin® O cos 6,0 < 0 < then

f'(8) = 3sin? O cos? @ — sin* @ = sin? 8 (3 cos?0 — 1 + cos?0) =
=sin?0(2cos0 +1)(2cosO — 1)
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|f> 0,if 6 € (o,g)

£(0) is { 0,if 6 =§

| T
k< O,Ife € (E,E)
As max(|2a + 3b + 6c¢|sin® 0 cos0) < 6

|2a + 3b + 6c¢]| —3\/§<6 |2 +3b+6|<32<48
. = — .
a c 16 = a Ccl = \/.?j_
Solution 2 by Kamel Gandouli Rezgui-Tunisia
vi—x2<1,vx<1
a b
x3 (—+—+ c>|\/1 —x2 < —1,Vx € [-1,1]

3 2
2a+ 3b + 6¢
x3 -T|\/1—x2 <1vxe[-1,1]

1
x3-f (ax? + bx + ¢) dx
0

=

=

= |2a+ 3b + 6¢| < ;Vx € [-1,1]; (1)

6
|x3[V1 — x?

Let f(x) =x6(1—x2)—$=x6—x8—$;|x| <1
f'(x) = 6x° — 8x7 = x5(6 — 8x?%)
f(x)=0=>x¢€ {—?0?}

In [0,?] is continue, decreasing and f(0) < 0, f (\/2—5) >0=13q € [0, ?] such that

fla) =0>= a1 —a?) =$:>a3\/1—a2=%;(2)

From (1),(2) it follows that |2a + 3b + 6¢| < 48.
729.

Vv1—x2<1,V|x| <1.

Leta,b € R such that

jx(at+b) dt
-1

3
Prove that: |b| < 2

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Kamel Gandouli Rezgui-Tunisia

Ji—x2<1Vv|x|<1

fx(at + b) dt
-1
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£ *
la—+ btl Ji—-x2<1Vvix|<1
-1

=
2

|gx2+bx—;+b|\/1—x2 <1vx|<1

x=0=>|b—E|S1=»|E—b|S1;(1)

3
x= —=>|—a+5b——+b| E
=>| O g+ b| > | +5b| > 25 125-(2)
50 39 27’
From (1),(2) we get: |4b| < E+ 1=212

27
38 3
< -

152
|b| — 108 27

730.1f a, b, x,y > 0 then:
32ab(ax + by)* < (a + b)*(8a?x* + ab(x + y)* + 8b%*y*)
Proposed by Daniel Sitaru-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

AGM
(a + b)*(8a*x* + ab(x + y)* + 8b*y*) >

> (a+ b)* (8a2x4 + ab(Z\/x_y)4 + 8b2y4) =

cBS
= 8(a + b)*(a® + 2ab + b*)(a*x* + 2abx*y* + b*y*) >

AGM
> 8(a + b)?(a’x? + 2abxy + b*y?)? >

> 8- 4ab(ax + by)* = 32ab(ax + by)*
Therefore,
32ab(ax + by)* < (a + b)*(8a?x* + ab(x + y)* + 8b%y*)
Equality holds for a = b.
Solution 2 by Kunihiko Chikaya-Tokyo-Japan

8a? + ab(1 + t)* + 8b?*t* (t x )

Let: f(t) = @t bo?
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(4ab(1 + t)? + 32b%t®)(a + bt)* — (8a® + ab(1 + t)* + 8b%t*) - 4(a + bt)3
(a + bt)8

(a + bt)(a(1 + t)3 + 8bt3) — (8a% + ab(1 + t)* + 8b%t*)
4b - _
(a + bt)5

f'@®=

4ab(t—1) ((a +7b)t3 + 3(a—b)t? + 3(a—b)t — (7a + b))
- (a + bt)s

4ab ((a +7b)t>? + 4(a+ b)t + 7a + b)

B (a + bt)5 AUREY

Since a, b > 0, for t > 0, the sign of f'(t) coincides with t — 1, thus f(t) has a local

minimum at t = 1, which is also the minimum value. Therefore,
(a + b)? > 4ab, here by obtain

8(a + b)? - 32ab
(a+b)* ~ (a+ b)*

Equality holdsifandonlyif t =1 < a = b.

f®=fQ1)=

731.Leta,B,v,8 € Rsuch that : |ax3 + Bx* + yx + 6| < 1,v|x| < 1.
Prove that: a) |3c1cx2 + 20x + y| <9 Vx|l <1
b) [6x3 +yx? + Bx+a| <4,V|x| < 1.
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
a) Firstly,let's prove the lemma : |a + b| + |a — b| = 2.max{|al, |b|},Va,b € R
WLOG we may assume that:a>b>0- |la+ b|+|a—b|=(a+b)+ (a—b)
= 2a = 2|a| = 2.max{|a|, |b|}.
- Va,b € R,|a + b| + |a — b| = 2.max{|al, |b|}.
Now,let f(x) =ax3 +Bx*+yx+6x€[-1,1] - |[f(X)|<1,vVxe[-1,1]
1
wemwmfu)=a+p+y+&ﬂ—ﬂ=—a+ﬁ—y+&fG)

_a B vy 5_ a B vy
_8+4+2+&f(2 - 8+4 z+6
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o 3p-ron-ar()ear (P s ren () -s(-3)
=l @)-ar () - s] o= or () s (D)o s
> [3ax?+2Bx+y|=
o3l -rev-2r (o ar(-)
22w s 10— ()-r(-3)
ral8r(z) =97 (-3)-rv+ o] -

=|(2x -G+ 310 - (2 - - 3) 10 - (47 =34 5)1 ()

AL

J PR x| fl+ |2 S| 01+ 2 7 3)
. ()
: |(2x2—%>+§ | |(2x ~o) 5[ -3) r gl (e -3) - 3
Lemma 11 4 I ' 1 1 4
< 2.max{|2x2—g|,§|x|}+2.max{|4x - | IxI} 2 2(2—g)+2<4—§)
) 9Therefore, |3ax? +2Bx +y| <9, Vx| < 1.
b) Wehave: |6x° +yx* + Bx+ a| =
=[5l (g) + 47 (-3) -y - se-m]
+5l3rG) o (-3) -+ re]
Ao srco-l (3
o s (]
|% X3 — x4+ 4x + DF(1) —%(x3 _x? —4x + 4)f(-1)

A}

S oaeenen )i sar ()

1 1
g|—x3 —x% +4x + 4| [f(D| +E|x3 —x? —4x +4|.|f(-D| +
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1
7(3)

<1
If(ﬂl 1

2 1
— a3 — 2 _ __ a3 42
+3|x 2x x+2|.|f( 2)| < 6| X —x% +4x+ 4|+

2
+§|—x3 —2x% +x+2|.

1 2 2
+€|x3—x2—4x+4|+§|—x3—2x2+x+2|+§|x3—2x2—x+2|=

=%|(x+ ICEFD] +%|(1—x)(4—x2)| +§|(x+2)(1—x2)| +§|(z — )1 - x?)|

|x|<1

1 2 2
= g(x+1)(4—x2)+g(1—x)(4—x2)+§(x+2)(1—xZ)+§(2—x)(1—x2)
1 2
=—.2.(4 — x?2 —.4.(1—x?
e ( x)+3 (1—x%)
Therefore, |6x% + yx? + Bx+ a| <4 —-3x% <4,v|x| < 1.

732. Leta,B,v,0 € Rand affyd # 0.

Exists a function f(x) = ax® + Bx* + yx + & such that
@) < 1,v|x| <17
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

_ 1 2 1
Let's prove that the function f(x) = §x3 + Exz t3x-3
x € [—1,1] satisfies the given problem.

2 1\> 5

Wehave: f'(x) =x*+x+-= <x+—> +—>0,vx €[—-1,1]
3 2 12

- f —increasing on[—1,1].
- mmin {f(0} = f(-1) = -1 and max {f()}=f(1)=1 -

If()| < 1,v|x| < 1.
, . 1 1 2 1
Therefore,there exists a function f(x) = §x3 + Exz + §x ~

x € [-1,1] such that |f(x)| < 1,V|x| < 1.
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733.1f A1A; ... A,(n = 3) is convexe polygon with a;, k = 1, n the sides’
lengths and s the semi-primeter, m € [1, ), S,(m) = Y}_; a}', then prove
that:

K S,(m) — ay’ - 2™n(n—1)

(s—a)™ ~ (m-2)m

k=1

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Soumitra Mandal-Chandar Nagore-india

1 S a’1"+a'2"+---+af_1 a1+a2+"‘+an_1 m
S =— a, = 2( )
ZkZ_l n—1 n—1

x — x™ is convexe function for all m > 2, then

at* +ay' + -+ ap > (Zs - an)"‘ s

n-—1 n-—1

S, (m) —a™ - 1 (Zs — an)m

s—a,)™ @m—-1)"1\s—a,

n n n m
S.(m) — a}! - 1 Z (Zs — ak>"’ - 1 1 Z 2s—a,\
L (s—a)™ ~ (-1t s—a,) ~ (n—1)m1 pm-1 B

s—a
= k=1 k

B 1 1 Z 1 N m Berg;trom
O N Lis—ay " -

- 1 1 n’s N m_
“(n—1)m1 nm-1\ns —2s n=

1 1 <n2 )"’ 2mn(n—1)
+n| =————

T m-1Dm 1 pmi\n—2 (n—2)m

734. Let a, b, c € R such that : |ax2 + bx + c| <1,vx €][0,1].
Prove that : max{|a|, |b|,|2a + b|, 8|c|} < 8.

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let f(x) =ax®>+bx +c - |f(x)|<1,vx € [0,1].

a b
=—+—+4+cand f(1)=a+b+c

We have : f(0) =c,f(%) =23

»a=2 (f(l) - ZfG) +f(0)>,b =—f(1) +4f (%) —3f(0) and c = f(0).

|f(x)|=1,vx€e[0,1]

2(iri+2fr(3)|+ @) 2 2a

1 A
lal = 2 |f(1) -2f(3) +f(0)| 2
+2.1+1) =8.
|f(x)|=1,vx€[0,1]

Fl+alr(G)|+3iF@1 2 1441

N} &

bl =|-r(1) + 47 (3) - 370)|

+3.1=8.
|f(x)|=1,vx€e[0,1]

20+ bl =35 ~ a1 () + F@)| 2 311 +alf ()| + @1 2

<31+4.1+1=8.

If(0)|=1
Also, 8|c| =8]f(0)] < 8.1=8.

Therefore, max{|a|,|b|,|2a + b|, 8|c|} < 8.

A
e
<

735. Let a, b € R such that |ax3 -+ bx| <1,vxe[-1,1]
Prove that: |a| < 4, |b| < 3.
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Kamel Gandouli Rezgui-Tunisia

lax® + bx| < 1,vx € [-1,1] > |ax? + b| < I_:cl;vx €[-1,1]

Forx=1=|a+b|<1=>|-a—-b| <1;(1)
Forx=%z>|§+b|£2:>|a+4b|£8;(2)

From (1),(2) we get: |3b] <9 = |b| < 3.
la| = |la+b—b| <|a+ b|+ |b| < 4.
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Solution 2 by Ravi Prakash-New Delhi-India

Let f(x) = ax3 + bx, then |f(x)| < 1,Vx € [-1,1]
1 b

r(3)=5+7/®

f(1) =a+b;(2)

From (1),(2), we get:

S
3b = 8f(3) - f() = a= §<f<1> »y (%))

= lal <5 [ifi+ 27 (5)|| = 4anasivl <8|f (5)| + 1rei] = 9
=|b| < 3.
736. Let a, b, c € R such that:
lax® + bx + c[yy1 —x%? < 1,vx € [-1,1].

Prove that: |a| < 4.

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1
Let f(x) =ax®* + bx + ¢c,x € [-1,1] - |f(x)| < _1_x2,‘v’xe (-1,1)
- |f(0)] <1, |f<\/7§> <2and ‘f(—?)‘ <2

With:f(O)=c,f<\/—§>=%a+\/7§b+candf<—\/2—§>=%a—\/z—§b+c

-2 2or(-) -0

) V3
- |la| < 5( ‘f<7>‘ + ‘f<—7>| + 2|f(0)] > s§(2 +2+21)=4.

Therefore, lal < 4.
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Solution 2 by Adrian Popa-Romania

x €[-1,1],letx =sint,t € [0,2m]
|asin2 t+bsint + c| -|cost| < 1,Vt € [0,2m]

ft=0=|c/|<1=>-1<c<1

fe="x %"+?+c|-§§1:|3a+2\/§b+4c|SB;(l)
|ft=4?n=> %—?b+c|-%s1:|3a—2\/§b+4c|38;(2)

:>{—8S3a+2\/§b+4cg8=>—16S6a+8cs16

—8<3a—-2V3b+4c<8
fc<1=>-16<6a+8=>—-4<aadifc=—-1= a < 4.Thus, |a| = 4.

737.Let a, b € R such that |ax + b|V1 — x2 < 1,V|x| < 1.Prove that:
la + b| < 2.
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let f(x) =ax+b,x € [-1,1] - |f(x)| Sﬁ,‘v’xe(—l,l)
- ‘f(i?) <v2 (1)
With:f(?)zga+bandf<—\/2—i>=—\/2—Ea+b

a2 mer-H{ D)
V241 (V2\ VZ2-1 VZ\| AVZ+1| (V2
(7)) EE Y (E)
V2 -1 V2
2 |f(‘7>|ﬁ
DVz+1 V2
2

-1
> N2+ > N2 =2. Therefore,|a+ b| < 2.

2

b| =
—>Ia+I‘ >
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738.
Let f(x) = ax*™ + bx + c¢,(a,b,c € R,n € N*), f(0), f(1), f(—-1) € [-1,1].

2n—-1
Prove that : |f(x)| < 5— =+ 1,vix| <1

V4t n

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have: f(0)=c,f(1)=a+b+candf(-1)=a—-b+c

=2 (fD) + f(-1) ~ 2.f©), b = 5 (F(1) ~ f(~1)) and c = £(0).

2
= 1FG1 =[5 (FD + F-1) = 2 FO)x2 + 5 (F) — F~D)x + F(0)] =
= |G+ DF) 5 x(1 - P DF(-1) + (1 - FO)] <

lx|. |x?1 + 1|. |F (D) +%Ix|. |1 — 21 |f (=D + |1 — x2|.|f(0)] <

A} >
N| =

1 1
|x]. (x> 1 +1).1+ Elxl. 1-x*1DH.1+01-xM).1

IN}
-

N |

2n—1

?
— _ Znﬂz
x| +1 —x"" <55 TR

2n-1 Lo
+ x*" > |x| which is true from AM — GM :

+1

H D
2n—-1 (—471. nzn
2n—1 1 1 AM - GM
e T A S et e t A 2
""V4n n2n ""V4n n2n "V4an n2n
2n—1 times

2n-1

2n 1
- 2n —
S (W

2n—1
Therefore, lf(x)| < W +1,V|x| < 1.

739.fneN*—{1},a€e R,,b,c,d,m,p € R}, x;, ER:, k=1,n,

_ \n m —\n p p .
Xnm = Xk=1Xkr» Xnp = Lk=1X), suchthatc- X, > d- max x, then prove:
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n

z a.X,m+b.x;™ - n(an +b) X, .,
cXpp—dx? — (en—d) "X,,

k=1

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
WLOG,we may assume that: x;, > x, = =2x, > a.X,,, +b.x™

>a.X,;mt+bxy">>2aX,,+b.x,m

1 1 1

And : > >0 >
€ Xpp—d.xP €. Xy —d.xyP € Xpp —d.x,?P

— From Chebyshev's inequality, we have :

n n 1 CBS
E (a.Xnm + b.x,{")]( E > S
’ — P
] Lic Xpp — d. xg

n? _n(an+ b)X,,,
Z(C-Xn,p —d. xkp) B (Cn - d)Xn,p .

n

Z a.X,mtbx™
€. Xpnp —d.xi P

1
>
n

k=1

1
> o (an + b)X,, ;.

= a. Xpm +b.x,™  n(an+b) X,
&ic Xpp—d.x ? — (en—d) "X,

Therefore,

740. Let x, y, € [1,§[such that :

Vsin1® x + sin1®y + 3/cos1®x + cos®y = V2 and

3
\/_
x>+ (2+3y) * < 3y + 1.Find xand y.
Proposed by Pavlos Trifon-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(6] 3~ (2
~ VX
Ysint® x +sin10y + {/cos0x + cos®y = 2 and x? + (2 + i/;) = 3y + 1.

. . slas+b5Za+b
By Power Mean inequality,we know that : 2 = 2 ,Va,b = 0,

with equality iff a = b.
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. ® . .
— 32 2 sin1® x + sin10y + }/cos1® x + cos10y

_33 5\/(sin2 x)% + (sin? y)5 N i[(cos2 x)° + (cos? y)5

2 2 -

() ) ) 2 2
oSS sin“ x + sin cos“ x + cos
2§/E< > Y 4 > y)

sin? x + cos? x) + (sin? y + cos?
i/i.( ) ’ (sin*y y) _7

With equality if f sin? x = sin? y and cos?x = cos’y o x=1y.

3
- (2) & 3x+12x2+(2+%/i)ﬁ

Bernoullix =1

i1+ (1430 2 w1+ V(1Y) =

AM-GM
=(x2+§/§+§/§)+1 S 33/x2.i/ﬁ%/§+1=3x+1.

With equality iff x2 = Y22 =3x o x=1.
Therefore, x=y=1.
Solution 2 by proposer

5/ . . 5
1/sin1® x + sin1®y + 3/cos10 x + cos10y =

Minkovski

= 3/ (sin? x)5 + (sin2 y)5 + i/(cos2 x)5 + (cos?2y)s >

> i/(sin2 x + cosZ x)5 + (sin? y + cos2y)5 = 2
Equality holds for

sin?x cos?x

sinZ y = coszy;x'y S (Og) e sin(x—y)=0,Vx,y € (og) o x=y.

So,3/sint0 x + sin1®y + /cos®x + cos0y =2 o x = y.

3 3
Forx=yandx2+(2+§/§)ﬁs 3y+1:>x2+(2+§/§)ﬁ§ 3x+1;(1)

2 AGM

But? + ¥+ (V5 2" 3 2fx V3 - (V3) = 3V = 3x >
2+ Vx+ (Yx) 23x = (1+¥7)Vx = 3x — 2% (2)

42 RMM-INEQUALITIES MARATHON 701-800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Equality holds for x* = (W)Z ox=1.

3 3/x Bernoulli (2)
(z+§/§)ﬁ=(1+(1+§/§)) > 1+(1+¥x0)¥x=1+3x—-x2>
3
x2+(2+?{/§)ﬁ > 1+ 3x;(3)
Equality holdsforYx =1 & x = 1.
From (1) and (3) it follows that

3
x2+(2+§/§)ﬁ=3x+1:>x=1=>x=y=1.

|lax+b|
1+x2

741. Let a, b € R such that <1,vx e R

Prove that: |a| < 2, |b| < 1.
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Ravi Prakash-New Delhi-India
lax+ Bl _ 4 vx e [-1,1]
1+22 =0 ’
For x = 0,so that |b| < 1.

b
at-
For x + 0,wehave:qs 1o

x|+
|||x|

1 b 1
—(le+—>£a+;£ x| + —

| x| |x|
Putx ={-1,1} > {:§ i Zt Z i § and adding, we get:

—4<2a<4>=|al <2
Therefore, |a| < 2 and |b| < 1.
Solution 2 by Hikmat Mammadov-Azerbaijan
Forx=0= |b| <1;(1)
Forx=1=|a+b| <2;(2)
Forx=—-1=|a—b| <2;(3)

(1):>|b|—|a'0+b|<1:>|b|<1:>|b|<1
T oaz+1 1~ -
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From (2) and (3), we get:

2af |la+b+a—-b| |la+bl+|la—b 2+2
|a|=|—= < < —25al <2
a 2 2 2

Therefore, |a| < 2 and |b| < 1.

742. Let a, b, ¢ € Rsuch that |ax* + bx? + ¢| < 1,V|x| < 1. Prove that:
max{|4a + 2b|,,|2b|, |16c|} < 16.
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Ravi Prakash-New Delhi-India

Let f(x) =ax* +bx*+¢,f(0)=c,f(1)=a+b+c

1\ a b
f(ﬁ)—1+§+c
a+b=f(1)-f(0)
a+2b=4f(%>_4f(0)=> la+2b| < 4f(1)+4f(1) =8

= [2a + 4b| < 16. Also, b = 4f (5) — f(1) — 3£(0)
=>|bl=4+1+3=8=|2b| < 16.
Also, @ = 4f(717) —2f(0)—2f(1) > |a|<4+2+2=8=|2al <16
Thus,

max{|4a + 2b|,,|2b|, |16c|} < 16.
743. If x € R then:

e® ** 4+ e® X > 2coshx-eseh*
Proposed by Daniel Sitaru-Romania

Solution by Kamel Gandouli Rezgui-Tunisia

1 1 1
letf(y) =’ —yery>1=-<1=>e <e>ye <ey

1 1
>e¥—yeYy>e¥—ey >0,becausey >1=>Vy >1:e¥ > yey

1
coshx > 1,Vx € R = e“h* > cosh x - ecoshx; Vx € R
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1
2e°°shx > 2 cosh x - ecoshx = 2 cosh x eseh*

e *+x e *—x AGM -x4 -x_ —X X
e +e 22\/83 x.ege*-x = 2./ge ¥ te* —

= 24/ e2coshx = 2gcoshx > 9 cogh x - esech*
744. If x = 0 then:
e* N e” - 2
VYi+e* Y1+e* Y1+sechx

Proposed by Daniel Sitaru-Romania

Solution by Kamel Gandouli Rezgui-Tunisia

e* N e ™™ AgM ) ex e* 2
Vi+e* Y1+e* Mre* 1+e* 3[x =
ez+e 2

X _X X _X
x=20=>e2+e2>22>e24+e2-121
x X
(e2+e 2—1)(e"+e"‘)2(ex+e‘x)22

X X
> (ez+eZ)(e"+e )z e"+eT +2

x _x x _x
ex+e_xSe2+e 2=>1+sechx<ez+e 2=
2 2
= 3
3 x x V1+sechx
ez+e 2

e* e * 2
Therefore 3 +3 >3
Vite™*  Y1+e* V1+sech x

745. If in ABCDEF — convexe hexagon,AB = BC,CD = DE and

EF = FA,AACE is a right triangle, then find the minimum value of
BC DE FA
=85 DatFC
Proposed by Dang Le Gia Khanh-Vietnam
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Solution 1 by proposer

- -‘1"'\..H —— JI
ol .,." e 1 .
B N
1 .-'r x,__ LY
\ T ™
!
\ i
— B
! r !
1 § __'_,_o—' ._.-'
i = e
LV S
= A
( e SO 7’
. y,
— F.

Apply the Ptolemy’s inequality to the quadrilateral ABCE, we have:
AB - CE + BC - AE = AC - BE

AB = BC > BC(CE + AE) ZAC-BE@EZL
BE ~ CE+EA
Similarly, we have:
% - CE E - EA
DA~ EA+ AC’'FC — AC+ CE
Hence,
BC DE FA AC CE EA

—t—t—>
BE DA FC-CE+EA EA+AC AC+CE
Let AC = ¢,CE = a,EA = b, LACE = a, LAEC = B((-)a + B = 90°)

Thus, we get:
:E+E+E: ? 4 b +-C ;(a,b,c > 0and a? = b? + ¢?)
BE DA FC b+c c+a a+b
1 b [ 1 : ,
2=3 C+Ca * ab:sina+sinﬁ+silsll;jl—1 1-S|—“slif1a:
ata atl 145
1 . . 1 1
:sina+sinﬁ+(sma+smﬂ+1) sina+1+sinﬁ+1 —2=
By CBS
1 4(sina +sinp + 1)

= — - : - 2
sina + sinf sina +sinf + 2
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Lett = sina + sinfB = sina + cosa = \/Esin(a+§)

1 4-(t+ 1)
t+2

1 4
f(t) =——+m

f'(t) = 0 & t = 2 (eliminated).

t | B

f(1)
\ /(B)

Therefore,

51<t<V2=>0>

-2=f(®)

5v2 —
Q> lmgf(t) =f(vV2) = 3

_(BC_I_DE_I_FA) 5vV2 —4
MM \BE " DA " FC 2

Solution 2 by Hikmat Mammadov-Azerbaijan

B

Let AE = ¢,CE = b,AC = a,BC = \/a? + p%,BE = ,/a? + (2b + p)?
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BE _./a? + (2b + p)? \[1+(2b+p)

=20 =

BC Jaip? /1+

b 1+ (2z + x)?

x:g’zz—:ﬂz\/ (Z x)

a a V1 + x?
dQ 2(2z + x) 2xy/1+ (22 +x)% _
dx _21 2)/1 2
2\[1+(Zz+x)2\/1+x2 (1 +25V1 +x

5>A+x2)R2z+x)=x[1+Rz+x)?]=>x*+2z-1=0

b
=.z2+ —1=1,forz=E=1=>

Y1+ (@2+1)2
e =T = Vs

1 1
= similarly, [ ] )
[BE min max \/g y DA min \/g

with b = a,c = V2a

FC=c+r FC c+r 1_*_;

1"2
:{FA=W:W_FA_W_ 1+ (%)

yad+y
r:> w/1+y dw —,/(1+yz)_m:
c 1+y dy (1+ y)?
>yP+y=1+y’=>y=1.
1
wmin_ﬁ
BC DE FA) 5vV2 — 4

“‘“‘(ﬁ+m FC 2

746.1f x,y,a,b > 0 then:

2x%  4y? 4(x +y)? x 2y \?
Jab a+b>(\/—+\/—) +m(\/ﬁ_a+b)

Proposed by Daniel Sitaru-Romania
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Solution 1 by George Florin Serban-Romania

x_ .. 2t? Lr 4(t + 1)? s 4t N 4\/ab
y Vab a+b_(\/6+\/5)2 Vab a+b (a+b)?
t2 +4-t+4-_ 4-/ab - 4(t +1)2
Vab a+b (a+ b)? _(\/C_l+\/l_))2
(a+ b)?t? + (4t + 4)(a + b)Vab — 4ab A+ 1)2
Vab(a + b)? " (Va++vb)*

(Va +Vb)’[(a + b)2t + (4t + 4)(a + b)Vab — 4ab] > 4(t + 1)>Vab(a + b)?
[(a + b)® — 2Vab(a? + b? + 2ab)|t?> — [4Vab(a + b)? — 8ab(a + b)|t +
+4ab(a + b —2vVab) >0
(a+b)*(a+b—2Vab)t® — 4ab(a + b)(a + b — 2Vab)t + 4ab(va —Vb) >0
(Va - Vb) [(a + )22 — 4Vab(a + b)t + 4ab] > 0
(Va—-vb)’[(a + b)t — 2vab]" > 0
f(Vva—vb) =0=>a=b

if[(a+ b)t — 2Vab] = 0= (a+b)t=2ﬁ=>§=i"f
Equality holds fora = b orz = Za\/f.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
<2x2 N 4y? > 4(x + y)?
Vab a+b (Va+ \/3)2
2 2
2 ++b ++Vb
= 5. (Va+b) -2 |x*+2 M—1 y* — 4xy
(Va +Vb) Vab a+b
2 (a +b P 4v/ab 2)
= . X —4xy .y
(Va+vb)' \Vab a+h
_ 2(a+ b)Vab <x2 4xy N 4y? > B
“(a+vB)y \@b Vab(a+b) (@+b?)”
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2 CBS
G a2 ()
= Vab <\/__ B a23b>
Therefore,

2x2  4y? 4(x + y)? x 2y \?
vJab a+b>(\/—+\/—) m(\/ﬁ_a+b)

Solution 3 by Ravi Prakash-New Delhi-India

LetA = ﬂb ,G =+ab,x = Gty,y = At,. The inequality becomes:

2(Gt,)? N 4(At,)? - 4(Gt, + At,)? (Gt1 2At2)

G 24 = 24+26G G 24
2(Gt, + At,)?
2(Ge2 + At%) — G(t; — t,)? = 15 C
2(G?*t3 + A%t% — 2t,t
2(Gt2 + A2) — G(£ + & — 2t4t,) > (¢4 i c 1t2)

(A+ 6)[6t? + 24— G)t2] + 2(A + G)Gtyt, — 2G*t% — 2A%t% — AGAL t, > 0
GA-G)t:+G6(A-G)t5+26(G— At t, >0
G(A—G)(t; — t;)*> > 0,whichistrueas G > 0and A > G.
747.If a,b,c > 1 and d < 0, then:

3
= 2d

Proposed by Pavlos Trifon-Greece

d d d
( 10gazbc a ) + ( 10gbzca b ) + ( 10gczab ¢ )

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

d(:-\)3

(logazbca) + (logbzcab) + (logc abc) - 4d

Let x =loga,y =logb,z=1logc,t=—-d - x,y,z,t >0

9 v o) Hams) *F
¥) & |——— _ _ — o
2x+y+z 2y+z+x 2z+x+y/ — 47
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2 t
X

cyc

Z(2x+y+z>t AM,;GM 5 1—[<2x+y+2)t
X - X

cyc cyc

t

_3 i/[(x+y) + (x+2][(y+2)+ v+ 0][(z+x) + (z+ y)]
' xyz

t t
Cesaro 5 18(x + +2)(z+x) Cesaro 8.8xyz
> 3.\] (x+ 3 +2)( ) > 3. 4 =3.4' - (x)is true.
xXyz xXyz

3
F.

Therefore, (log,z,. @ )d + (log,2,, b )d + (log,z2,, € )d =

Solution 2 by proposer
Lemma. If x,y,z > 0, then

Yy
—S_
2x+y+z 4

cyc

1 Bergstrom (1 +1+ 1)2
Proof.Z— >
2x+y+z 2x+y+z2)+(x+2y+z2)+(x+y+22)
cyc
9
=— (1
4(x+y+2z) 1)

Equality holds for x = y = z.

X 3 X 3
Sy L ayen) o i
2x+y+z 4 2x+y+z 4

cyc cyc

1 9
Z > o)
2x+y+z 4x+y+2)

cyc
loga loghb logc
log(a?bc) + log(ab?c) + log(abc?) -
_ loga N logb N logc
2loga +logb+logc loga+2logb+logc loga+logh+ 2logc

Now,log,2,.a +log,:. b +10g,, 2 ¢c=

Letx =loga,y =1loghb,z =logc;x,y,z > 0, then we have:
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X Lemma 3 2
- 0 < -
Z 2x+y+z -~ 4’ (2)
cyc

Equality holdsforx =y =z < a=b =c.For1 > 0 > d, we get:

1
d d d\d
((logazbc a) + (IOgach b) + (IOgach c) ) < log,z2,.a+1og,,2. b +1log,,2c

3 3

1
d d d\d
PEN ((logazbc a) + (logabzc b) + (logabc2 C) )d <

N

3

& (108,25, @)" + (108 g2, )" + (10802 €)' 2 o
Equality holds fora = b = c.
748.Leta € R,n € N,n > 2. Prove that:
—1+ad)"<Ra)"+1-a>)"< 1+ a®>)"
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Ravi Prakash-New Delhi-India
Puta = tanB,—g <0< g,weget:
2a \" [(1-a2\" 2tan6 \" [1-—tan%6\"
‘(1 )t <1 T a2> - |(m) " (m) =
< |(sin20)™ + (cos20)"| < |sin 20|™ + |cos 20| < sin?0 + cos’0 =1,n>1
|sin 20|, |cos 20| <1
Hence, |(2a)" + (1 — a62)"| < (1 + a®)™.

Therefore,

-1+a)"<Ra)"+ (1 -a®>)"< (1 + a®)"

749.Let 0 < a < b < c;x = 0. Prove that:

(x—=b)(x—c) (x—c)(x —a) (x—a)(x—b)
s e R i s vy g S |y

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution by Ravi Prakash-New Delhi-India

(x —b)(x —¢) x-okx—-a) (x—a)(x—b)
Let:f () =@ e a0 X000 ¢ c-aC_b
f(x) —is a quadratic polynomial. Also,
f@)=0;f(b) =0;f(c)=0=>f(x)=0=>

pE-D&-0 ,a-ok-a) ,x-a)x-b)_
(a b)(a - c) (b—c)(b—-a) (c—a)(c—b) ~
Also, (x —1)?2 > 0 = x%? > 2x — 1. Thus,
(x —b)(x —c) x-o)x—-a) (x —a)(x—b)
T D@0 P h-ob-o  c-at-n > *"1
750. For x > 0, prove that:

2

2

2021 X
< “(x — —
logz20 x < 2021 kZo (1082020 k + K (x—k)

(x —k)* +

31 k3(x k)>

Proposed by Nguyen Van Canh-BenTre-Vietnam

Z'k2

Solution by Adrian Popa-Romania

2021

1 1
2
logzozoxﬁmk0(1082020k+E(x—k) 2'k2(x k)* + 3'k3(x k))
log x 1 & log k 1
< “(x—k) - A
log2021_2021k_0(log2021+k(x k) ZIkZ(x k)* + 3|k3(x k))

;o 2021 (X _ 4 (X_4 25 (*%_4)
1og2021;l°g(£)sz<k1! G 2!) * (k3! )

k=1
Let f(y) = logy and using Taylor expansion, we get:

f(y)_f() f(y)( 12y f (y)

-1+
f( )—1 =1
N=3 =

1
f(y)——y— (1) =-
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2
flll(y) —_ _s,f,”(l) — 1
y
Hence,

y-1! y-1* 2(y-1)3
" 21 T3

Lety = %, then we get:

2021 2021 E—l 5_12 9 E_13
Zl°g(£)<z<k1! _(kZ!) + (k3! )>;(1)

k=1 k=1

logy <

Butlog 2020 > loge = 1, thus,

2021 2021

1
log 2020 kZl log (%) < Z log( )@

k=1
From (1) and (2) it follows that:
2021

1 1 1 2
1082020 X < 2021 kzo (1082020 k + E(x —k) - K2 (x — k)* + 3'k3 (x — k)? )

751.Leta, b,c,d € Rand f(x) = x* + ax® + bx* + cx +d > 0,
(), f'"(x),f"(x) =0,Vvx € R. Prove that:
f(x) = f(xg) + (4x3 + 3axj + 2bxy + ¢)(x — x¢) +
+(6x5 + 3axg + b)(x — x9)% + (4x + @)xo(x — x9)3; Vx, X9 € R, x = x¢
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Soumitra Mandal-Chandar Nagore-india

Taylor’s Expansion:
f(x) = f(x —x0 + x0)) = f(xo) =
(x—x ) (x—x )3

= f(x0) + (x — x0)f' (%) + —=——f" (xp) + ———f""(x0) + O((x — x9)*)
£ o)+ (e = x)f (o) + 2 g %f’”( o) =
2
= f(xo) + (x — x0)(4x3 + 3ax3 + 2bxy + ¢) + 12x5 + 6ax + 2b (x —x9)% +

2!
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24x, + 6a

30 (x — x0)3 = f(x) + (433 + 3ax? + 2bxy + ¢)(x — x¢) +
+(6x3 + 3axg + b)(x — x)? + (4x + a)xo(x — x)3

752. Find all m € R such that:
max{e‘m"2 + emxz} <2:;vx € [-1,1]
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Amrit Awasthi-India
xe[-1,1]=>y=x%2€[0,1]
Using AM-GM Inequality, we get:
S=e ™ £ e >2.\Je™. . em =2
But it’s given that max{S} < 2, hence we must have
e™ =e™ o -—-my=mym=0.

Solution 2 by Hikmat Mammadov-Azerbaijan

Let e’ = §: e~ — % VS >0

By AM-GM, we have: § + % = 2. Equality holds for § = 1.

vxe[-1,1,VyeR = ems > 0, so, emx’ | gmmx’ _ g +§ > 2

1 1
=>2SS+§S2:>S=§=1:>e"”‘2=1:>mx2=0:>m=0.

753. If the minimum value of

fx,y) =22 +y2 —10x — 10y + 50 + /y2 — 4y + 20

++/x2 — 14x + 74
Is m and occurs at x = a,y = B, then find m + 4a + 3.
Proposed by Rajeev Rastogi-India

Solution by Hikmat Mammadov-Azerbaijan

f(x,y) = Jx2 +y2 —10x — 10y + 50 + \/y2 — 4y + 20 + \/x% — 14x + 74

Vx%2 +y2 —10x — 10y + 50 = y/ (x — 5)% + (5 — y)?
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VY% —4y +20 = /4% + (y — 2)?

Jx2 —14x+ 74 = /(7 — x)? + 52

Now, using Minkowski’s inequality,

vaZz+ b2+ +d2+\[e2+f2>[(a+c+e)?+ (b+d+f)?

fx,y) =\/x2+y2—10x—10y+ 50+\/y2—4y+20+\/x2—14x+74=
=Jx-5)2+(G -y +/22+(y-2)2+/(T-x)?2 +52 >

>/(x—5+4+7-x)2+5B-y+y—2+5)2=+62+82=+100 = 10.

Hence, m = 10 occurs when

13
x—5 4 7-x 6 |XT ¢ {40(:13
= = = — D =
5—-y y-—-2 5 8 22 3p =22
y=—3 =

Som+4a+3f=10+13+22 =45
754. Let a < B < y. Prove that:
o B2 y?
ja—Blla—vl  B-alf—vl Ty—aly-pl
2) laB(a— B) + 1BY(y — Bl + lyaly - )| = (@ - BB - V(¥ — )|

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

1) > cos(a? + B2 +y?)

Solution 1 by Soumava Chakraborty-Kolkata-India
a—-B<0=>|la—-B|l=B—aand |[B—a|=B—a,anda—-y< 0= |a—y]|
=y—aand|y—oa|=y—a,andB-y< 0= [ -]
=y—Band|y—-Bl=y-B
. (XZ BZ YZ
“Ta—Blla—vyl "B ollB—v " Ty —ally— Bl
2
_ a N BZ N YZ
B-y-a) B-aoy-B F-ay-B)
_Cy-P Y- +y (o)
B-0)y-By—-a)

1+1
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Y -B Y-+ B-)-(B-a)y-By - 1
B B-ay-Py—a
_ 282(y — @) B 2p°
B (B—a)(v—B)(v—a)+1 S B-w(y- B)+1
>1[vB-a,y—B>0=>(B—a)(y—p)>0]
> cos(o?® + B2 +vy?)

aZ BZ YZ
+ + >cos(a®>+B*+y>)Va<B<
la—Blla—vl T B=allp=v T Ty = ally = B] Bo+y B<vy

Now,a < B <y = |4 cases are possible :| () 0 <a<B <y, (iDa<0<p

<y, (flil)a<B<0<y(ivVa<B<y<o0
Now, |aB(a—B)| + [By(y — B)I + lyaly — o)
= |ap(a—B) + By(y — B)| + lyaly — o)
= lapla—B)+By(y—B)+yvaly—a)| (~|x+yl =[x +ylVxy€C)

Sla-B)B -V -
& lapla—B) + By(y — B) + yaly — @2 S |(a— B)(B - v)(y - 0)?

& (aBla—B) + By(y — B) + yaly — ®)° S (a - B)2(B — v)2(y — 0)?

?

© 4(—a?Biy + 2a?B%y? — o?BY? + aBty — aB?y? — aB?y® + aByH 20

& —aBy(B? +¥2 — 2BY) + aBy (B* +v* — By(B +1)) S0

o —a?By(B— )% + apyB+ V(B - 1?50 = apy(B - 2@ +y- ) S0

2

S apyB+y-—a) =0
@
B—a>0
Now, for case (i),apy = 0andB+y—a S y>0=>apy(B+y—a)=0

= () is true and for case (iii),af > 0 andy > 0 = afy

B—a>0
>0andf+y—a S y=0
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> apfy(B+y—a) =0 = (%) is true

= |for cases (i) and (ijii), laB(a — B)| + [By(y — B)| + lyay — o) = [(« = B)(B — V) (y — @)]|

and we shall now focus on

cases (ii) and (iv) and treat them separately

@ < 0 < B <y and then, |aB(a - B)| = aB(a—B), |By(y - B)I
= By(y — B), lyaly — )| = —ya(y — a) and [(a — B)(B — v)(y — )|

:(a—

BB-Vy-o

~lapla— B+ 1By(y — B + lyaly — )| = [(a = B)(B —v)(¥ — )]
S apla—-p)+pyy—B) —yaly—a) = (a—B)P-y)(y — )
© 2af(a—B) = 0 - true

vap<0anda—B<0=af(a—p) = 0= |lapla—B)| + IBy(y — B)| + lyaly — «)|

> |(a—

BB-V(-a)l

a < B <y < 0andthen,|ap(a—B)| = —ap(a—B), [By(y — B)I
= By(y — B), lyaly — o)| = ya(y — a) and |(a — B)(B — y)(y — )|

:(a—

BB-V)(¥—a

~lapla— B+ By(y — B + lyaly —a)| = [(a—B)(B-y)(¥ — )|
o —apla—B)+pyy-P) +yaly—a) = (a—B)B-y)(y—a)
S 2ay(y — a) = 0 - true

vay>0andy—a>0=ay(y—a)> 0= [ap(a—B)| +By(y — B)| + lyaly — )]

> |(a—

BB -—v)(y— )

combining,|for cases (ii) and (iv), |ap(a — B)| + IBy(y — B)| + lya(y — )| = [(a = B)(B — Y)Y — a)||

~ combining all 4 cases,

[lap(a— B+ By — Bl + lyay — o) = (@ —B)B- V¥ -0 Va<p<y]

Solution 2 by Ravi Prakash-New Delhi-India

aZ BZ y2

Dl Blla—v1 T B—alp—7l " r—ally -l >

aZ BZ y2

Fla—por-o @-BE-v B-nr-o|
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-+ -—a)+yi(a—p)|
(a-B)B-V)(¥-a) B
a*(B-y)—aB*-v)+ByB-v)| _
(a—B)B-V)(¥—-a) B
_|B=n(@-B)e-7V)
(a—BB-VNF¥—a
laB(a— |+ 1Byy — Bl + lyaly — a)l -
[(a—B)B—7v)¥ —a)l -
JlaBla—p) —Byy —B) +tyvaly — )| _
- (@ - BB -7y - a)l B
_|aBla—B) + (a—B)y* —y(@* - B*)|
B (@ - BB -7y - a)l B

_Nla=-BB-Ny-al _ 1
@-BB-Ny-al

Therefore,
lap(a— P+ 1Byy — Bl + lyaly —a)| = [(a— BYB - v)¥ — a)]
755.Let a, b, ¢ > 0 and ab + bc + ca = 3¢? then prove:
1<a4+b4—2c4> <a3+b3—2c3 <3<a2+b2—2c2>
a*+b*+ct )7 a3 +b3+c3 7\ a?+ b?+ c?

=|-1] = 1 = cos(a® + B + y?)

2)

3
Proposed by Choy Fai Lam-Hong Kong

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 <a4 + b* — Zc4> a3+ b3 —-2¢3® (az + b?% — 2c2>

= < <
3\at+b*+ct) = ad+b3+c3 T "\ a?+b%*+c?

2
AéM ((c+a)+ (c+ Db
3c2=ab=bc+ca=4c®=(c+a)(ic+b) < <( )+ )) N

2
a+b+2c a+b
ZcST@cs ; (1)

Power Mean&(1) a+b 2 a+b 2
a? + b? — 2¢? > Z( > ) —Z( > ) =0

Similarly, we have: a® + b3 — 2¢3® > 0 and a* + b* — 2¢* > 0.
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Also, by Chebyshev’s inequality, we have:

3(@a®+b3+C® =@ +b*+c*)(a+b+c)
It’s suffices to prove that:
a3+ b3 —-2c3 <(a®>+b*-2c®)(a+b+c);(2)
(2) @ ab(a + b) + c(a®? + b?) — 2c(ca+ bc) > 0 &
ab(a + b) + c(a + b)? — 2abc — 2c(ca+ bc) > 0
(a+ b)(ab + bc + ca) —2c(ab+ bc+ca) >0 (a+ b —2c)(ab+ bc+ca) >0

Which is true from (1), then (*) is true.

Chebyshev's
Similarly, since 3(a* + b* + ¢*) > C+b3+c®(a+b+c)

It’s suffices to prove that: a* + b* + ¢* < (a+ b + ¢)(a® + b3 — 2¢?)
< ab(a? + b?) + c(a® + b3) > 2(a + b)c3; (3)
From (2) we have 2(a + b)c? < ab(a + b) + c(a? + b?)

® a+b
2(a+ b)c® > (ab(a+ b) + c(a? + bz))( > ) =
a+ b)? a + b)(a? + b?) CBS & Chebyshev
_p @t b’ (atb) ) cBs ch

2 € 2 =
< ab(a® + b?) + c(a® + b%) =>(3) is true, then (*x) is true.
Therefore,
1<a4+b4—204><a3+b3—2c3 <3<a2+b2—2c2>
a*+b*+ct )7 ad+b3+c® T "\ a?+b%+c?

3

Solution 2 by Soumava Chakraborty-Kolkata-India

a+b+.(a+b)?+12ab
6

_a+b+./(a+b)2+12ab (._a+b—\/(a+b)2+12ab

ab+bc+ca=3c?2=23c —cla+b)—ab=0=>c=

3 3 <Obutc>0>

()

4ab < (a+b)?
~ ~
>a+b>2c

= a+b+.(a+b)2+3(a+b)? a+b

6 2
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1 <a4 +b* — 2c4> a3 +b3-2¢3

Now,§ a*+b*+ct ) a3+b3+c3
_(a*+1b*—2c¢*)(a® + b3 + ) - 3(a® + b3 — 2¢3)(a* + b* + ¢c*) <0

3(a* +b* + ct) (a3 +b3 +¢3)

(1)
& 3(a® +b% —2¢%)(a* + b* + ¢*) — (a* + b* — 2¢*)(a® + b® + ¢3) o

= 8¢3 < (a+b)3 via ()

S +b)3

Now, a3 + b3 — 2¢3 > (a + b)(a? + b? —ab)—%
+b)?
=(a+b)<a2+b2—ab—¥>

_(a+ b)(4a® + 4b? — 4ab — a* — b? — 2ab)
- 4

_3(a+b)(a- b)?
- 4

>0=2>a’+b3-2c3>0

Chebyshev
~LHSof (1) = 3(a3+b3-

2¢9) (a®+b®+c3)(a+b+0)
3
— (a*+b* —2c*)(a® + b3 + c3)

= (a®+b% +c?) ((a3 +b3-2c3)(a+b+c)— (a*+b* - 2c4))
= (a®+b% +c?) (ab(a2 +b%) +c(a®+b%)—2c3(a+ b))

2
a?+p? z@

S (a® + b3 + c?) (ab.

via (*)

(atbla+th) +c(a®+b3)—2c3(a+ b)) S (a®+1b3

2

+¢3) <ab.w + c(a +b)(a? +b% —ab) — 2c3(a + b))

< 4c¢2 < (a+b)? via (»)
c(a+b)(a® + b3 + c3)(ab + a® + b? — ab — 2¢?) > c(a+b)(a® +b?

(a + b)?
B T)

+c3)<ab+a2+b2—ab

c(a+b)(a® + b3 + c)(2a% + 2b? — a® — b2 — 2ab) c(a+b)(a® +b* + c*)(a — b)?
2 - 2
1 a4+b4—2c4> a3 +b3—-2¢3

> 0= (1)istrue = -
(1)is true 3<a4+b4+c4

a3 +b3+c3 <0
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1<a4+b4—2c4>(~?a3+b3—2c3

= <
3\ a*+b* +c* a3 +b3 +¢3

a? 4+ b? — 2c2> a3 +b3-2¢3

Again, 3 -
g <a2+b2+c2 a3 +b3 +¢3

_3(a®+b?-2c%)(a® +b% + c3) — (a® + b3 — 2¢3)(a® + b% + %) -
(a2 +b% + c2)(a3 + b3 +c3) -
(2)
& 3(a? +b% —2c2)(a® + b3 + c3) — (a3 + b3 - 2¢3)(a? + b% + ¢2) = 0 and
(a+b)?
% (a+b)?
-

a?+b? >

 a? + b?% — 2¢? S 2¢2

via (*)

_(a+b—2c)(a+b+2c) S

2

Chebyshev

S 24b%+c?)(a+b+
~LHSof (2) = 3(a2 +b2— ZCZ) (a c )(a )

3

— (a® +b® —2¢%)(a? + b2 + ¢?)
= (a? + b% + c?) ((aZ +b%—-2c?)(a+b+c)—(a®+b3 - 2c3))

ab = 3c¢2 — c(a+b)
(a? + b% + c?) (ab(a+b) + c(a? + b?) —2c2(a+b)) = (a? + b?

+¢2) ((3c2 —cla+ b)) (a+b) +c(a? +b?) — 2c*(a + b))

c(a? +b% + c?)(c(a+b) — (a+b)? + a’® + b?)
via ()
= c(a®+b% + c)(c(a+b) —2ab) = 2c(a?+ b2 + c2)(c* — ab)
= 2c(a? + b? + c?)(c(a + b) — 2¢?)
via (%)
(vab+cla+b)=3c2=>c2—ab=cla+b)—2c2) = 2c(a+b?+c?)(c(2c) — 2¢2)
<a2 +b?% — 2c2> a®+b3-2¢3
=0>3

a? + bZ + c2 =0

a3 +b3+cd T

Y
A

ad +b3 230 <a2 + b2 — 2c2>

(), (o0) 1/a*+b*—2c* a3 +b3-2¢3
S (e o) 5 —
ad+b3+c3 ~ a? + bZ + c2 ’ 3

<
at+b*+c* /) ad+b3+c3

<az+b2—2c2
<3(———

a? + b2 + c2 ) (QED)
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756.1f a, b € R, such that a? + b? = 2 then:

3—ab > (a+b)Vab + (a—b)% > 2ab
Proposed by Dang Le Gia Khanh-Vietnam
Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand
3 —ab > (a + b)Vab + (a — b)?
3—ab > (a+b)+a*+b%*—-2ab
1+ab > (a+ b)Vab

1
——++Vab>a+ btruefroma+ b < 2 and

Vab
(a + b)Vab + (a — b)? = 2ab
(a + b)Vab + a® — 2ab + b* > 2ab
(a + b)Vab + 2 > 4ab

1 1 2
(3+3)Vab+_- =4
b a ab
va Vb 2
—+—=+—2>4
Vb Ya @ ab
, 2 JVa Vb
Because:ab <1 :>E > 2'ﬁ+\/_a = 2.
Solution 2 by Soumava Chakraborty-Kolkata-India
3—ab > (a+b)Vab+ (a—b)? © 3(2) —2ab > 2(a + b)Vab + 2(a? + b? — 2ab)
& 3(a? + b?) —2ab > 2(a + b)Vab + 2(a? + b? — 2ab)
& a? +b? + 2ab = 2(a + b)Vab © (a+b)? > 2(a+b)Vab © a+b > 2Vab
(r:)
- true via AM — GM . 3 — ab > (a + b)Vab + (a — b)?
¢ 2ab
(a +b)Vab + (a—b)? > (a+b)a—_|_b+(a—b)2 = 2ab + (a —b)? > 2ab
(:f)
v (a—b)2=>0 - (a+b)Vab+ (a—b)? = 2ab

« (¥),(*x) > 3 —ab = (a + b)Vab + (a — b)? > 2ab (QED)

63 RMM-INEQUALITIES MARATHON 701-800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 3 by Hikmat Mammadov-Azerbaijan

a=+2cosa
ca,b>0
b=+2sina

(a+ b)Vab + (a — b)? =
=+/2(cosa + sina)V2sina cosa + 2(cos a — sina)? =
= (cosa +sina) - 2Vsinacosa + 2 —4sinacosa <

a’ + b?% = Z.Note{

< (sina+ cosa)(sina+cosa) +2 —4sinacosa =

=1+ 2sinacosa+2 —4sinacosa =3 —2sinacosa = 2ab
(a+ b)Vab + (a—b)? =
= v2(cos a + sin @)V2 sina cos a + 2(cos a — sina)? =
= (cosa + sina) - 2Vsinacosa + 2 — 4sinacos a >

> 4sinacosa+ 2 —4sinacosa = 2ab
Therefore,
3—ab > (a+ b)Vab + (a— b)? > 2ab
757.

Vv1—x2<1,V|x| < 1.

Leta,b € R such that

X
X. f(at + b)dt
-1

Prove that : |a| < 16
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let f(x) = x. f(at + b)dt = x [;t2 + bt]i1 = g(x3 —x)+b(x? +x),x € [-1,1]
-1

We have : f <ﬁ> V2 1+v2 ﬁ)

7 =—?.a+ 2 .bandf<—7

V2 1-+/2
?.a+

.b,with ‘f(i\/z—i)‘ <v2
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2)

- a=2(2+\/E).f<—g)+2(2—\/f).f<72

VZ \/_>

—’|a|=‘2(2+\/f)-f<—72>+2(2—\/§).f<72 éz(uﬁ)‘f(_g)‘

+2(2 -+2) ‘f(?)‘ <

< 2(2++v2).v2+2(2-+2).V2=8V2<16. Therefore, |a|l<16.
758. Let minf{|x|, |y|} = 1. Prove that:

x? + y?
2
Proposed by Nguyen Van Canh-BenTre-Vietnam

Va2 —1+y2—1< |xy| <

Solution 1 by Ravi Prakash-New Delhi-India
min{|x|,[yl}=1=[x|>1,[y| > 1.

Putx =secOandy=sec¢;0<0,¢p <m,0,¢ ;tg,then

sin 6 N sin ¢ _ 4 sin(6 + ¢)
lcos@|  |cosp| ~|cosBl||cosP|

\/x2—1+\/y2 —1=[tan 0| + |[tan ¢| =

< <|x
|cos 6]|cos ¢| Ixyl

Also, from (|x| — [y)?2 > 0= x% +y% — 2|xy| > 0 = |xy| < %(x2 + y?)

Thus, for |x|, |y| = 1, we have:

x% + y?
2
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

\/x2—1+\/y2—1£|xyls

x% + y?
2

Va2 —1+/y2—1<|xy| <

e x2—1+ y2—1<1
(xy)? (xy)? ~
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- 1 1 N 1 1 <1
y: (xy)? [x2 (xy)?2 ™

1 1 1 1
e ?(“?)* ﬁ(l‘ﬁ)“

1 /1 1 1 /1 1
‘:’E'(?“_F)J’E'(F“_?)Sl

1 1 1 1 1 2

E(1+1+x2+y2_x2_y2)=§=1

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

@® (2)

P x2+ z
\/x2—1+\/y2—1slxy|< Y

2
Mo x-1D+@*-1)+2/x2-1)(H% - 1) < x2y?

ox-1D?*-1)-2Jx2-1D@*-1)+1>0

2
o (\/(x2 -1)(?-1) - 1) > 0 which is true — (1) is true.

AM—-GM
xz + yz ~

> >  J(xy)2=|xy| - (2)istrue.

2

+ y?

2

x
Therefore, Va2 -1+ Jy2—1<|xy| <

759. f:1 € R, — R, f —decreasing, convexe. Prove that:

of (") < f(Vab) + 2

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2ab HM=GM GM<AM a+b f—decreasing

2 Vab <2 > 3

Since

1(f5) < r0aB) <1 (555) @

By Cauchy — Schwarz's inequality, we have :
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/a2+b2+\/_<\/(1+1)<a2;b2+ab>=a+b 2)

> f(\/_)+2f< “’)
(2)

+f(azbb) (:zlf(\/_)+f<’az+bz> S Z.Zf\ > /_
f—decreasing

S () < o s )2 () @

Jensen /m + a? ; bz\
>

a? + b? 2ab
gy 252 ) (225

e £5) 225

() var () = or (%

760.1f a,b,c > 0and 2a + b + ¢ = 2 then
(a+bD)*+b+)*+(c+a)*+8a>7

Proposed by Marin Chirciu-Romania

LI

b) (Proved)

1

~
~

3)

V3

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder inequality,we have :

[(@+b) +(c+a)]* 2*

(a+b)*+ (c+a)*> A7 17 _ﬁzz

- It's suffices to provethat : 2 + (b + c)* + 8a > 7 ()
Ne2-2a)*+8a—-5>0 o 16a* — 64a>® +96a®> —56a+11 >0
o (2a-1)?%4a*-12a+11)>0
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1
o (2a—1)%[(2a - 3)% + 2] = 0 which is true,with equality if a = 3 anda+ b

1
=c+a - a=b=c=E.

Therefore, (a+b)*+Mb+c)*+(c+a)*+8a=>7.
Solution 2 by George Florin Serban-Romania
2a+b+c=2=>4a+2b+2c=4
2a+2b+2c=4-2a

Holder (a4+ b+ b+ c+c+ a)*
(@+b)*+ b+ +(c+a)t > ( "

33

_(2a+2b+ 2¢)* _(4- 2a)* _ (2a- 4)4

N 27 27 27
2a — 4)* (%)
(a+b)4+(b+c)4+(c+a)4+8a2¥+8a27

27
(¥) © (2a—4)* +216a > 189 © (2a — 1)?(4a? — 28a + 67) > 0, which is true from

(2a—1)? > 0 and 4a? — 28a + 67 > 0; Va > 0.
Equality holdsifandonlyifa = b = c = %
761. Let a, B,y € R such that |ax® + Bx* + yx| < 1,V|x| < 1. Prove that:

a) lalB|IB—vI+IBBly —al+ |yPla—Bl = la—BlIB—vIly —alla+ B + vl
b) 3a+2B+7y| <9

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a)la-BlI—vlly—alla+B+yl=a-BPB-V)¥-a)a+p+y)l

= |<Zaﬁz —Zazﬁ)(aﬂ+ﬁ+)’)| =
(T St vanr3e)- (S S sam el
= |—Za3(ﬁ —Y)| é z|a|3lﬂ—)’|-

68 RMM-INEQUALITIES MARATHON 701-800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
lal?IB — vyl + IBPly — al + lyI*la — Bl

= la—BlIB—vlly —alla+ B+l
b) Let f(x) = ax3 + Bx®> + yx,x € [-1,1] -

Therefore,

- |f(x)] < 1,v|x| <1.
We have: f(1) =a+B+y,f(-1) = —a+p - yandf() S+ g g
- “=f(1)_§f(_1)_§f(§)»ﬂ=§f(1)+5f(—1) and

1 1 8 1
y=—3fO-2fD+=1(3)
- |3a+ 2B +y|

- (re-3ren-3r(3)) 2 (5rw + 3ren)
1 1 8 /1
#(-grw-gren3r () -

7 1 16 /1
=[ra -<ren -2 (3)

A If(x)|<1V|x|<1
e
<

S+ 1+ |7 (5)

HN|

71+ 1+161—9
2 6 3 7

Therefore, [Ba+2B+y| <09.

762.Let a, b, ¢, d € R such that |ax® + bx* + cx + d| < 1,V|x| < 1.Prove
that:

|3a + b| < 18.

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let f(x) =ax3+bx* +cx+d,xe[-1,1] - |f(x)|<1,vxe[-1,1]

Wehave:f(l)=a+b+c+d,f(—1)=—a+b—c+d,f<1)
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Soa =§[f(1) —f(-1) - 2f (%) + Zf(—%)] and b

_ g[f(l) +f-D - f (%) -7(- %)]

~3atb =5 f -3 D=1 (3)+ 5 (~5)

8 4 14 1y 10 (1
- |3a+b| = |§f(1)_§f(_1)_?f(f)+?f(_i)
25 @5l (-3l
31\2/|" 3 271
lf(x)l_léxq " S+t 1 1 1 1 _ 12 <18 Therefore

|3a + b| < 18.
763.Let1 < a < B <y,x € R. Prove that:

o |(x — B)(x —p)I N |(x — a)(x — B . (x—x =PI sin(a? + B* +y%)
la—B)(a-p)| - -B 1B-a)B-v)I~ a?>+p?+y?

20+ f 20 +y
b)ax-loga+ p-logp +vy-logy = -lo 3
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

@) |(x = B)(x—p)I N |(x —a)(x — B)
[(a-=B)(a—p)| [y—a)y—p)l

|(x — @) (x — p)| é

N u—mu—w+u—mu—m
|B-—a)(B-V) ~ |[(a—B)a-y) F-a)iy—pB)
+@—mu—w

B-a)(B-v)

_-px-y) x-ax-p) x-a)lx-y)
Lt O == pa-n r-0e-p B-0E-n*k
f(x) is a quadratic polynomial with f(a) = f(B) = f(y) =1 - f(x) =1,Vx € R.
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. |(x — B)(x—p)I +|(x—a)(x—lf)|+ |(x —a)(x —p)I
[(a-=B)a-p)| |- -B| |B-a)B-p)l

sint S;t,VtZO sin(az + ﬂz + YZ)

a? + B? +y?

=1

1
b) Let g(x) = x.Inx,x > 1.We have: g'(x) =Inx+ 1and g"(x) = p >0

— g — convex on [1,00]

Jensen

- a+p+y
- alna+p.np+y.lny=gla)+gB)+gly) = 3g (T)
a+p+ a+p+
= 3. B y.ln Fry =
3 3
a<h<y 2a0+y B> o+ B . 2a+y
S Qa+p)In > .In :
3 3 3
20+ 20 +y
Therefore,a.lna+ B.Inp +y.lny > 3 An 3

764. For 1 < a < b prove that:
a9ab\/5 b9b2\/588b2\/5a12a2\/5 < q2ebVa b9a2\/538a2\/5 b12b2\/5

Proposed by Nikos Ntorvas-Greece
Solution by proposer

We consider the real function f(x) = v/x - log x, x € (0, ), which is concave on [1, +o0)
as a continuous function on [1, +0) with a strictly negative second derivative Vx €
(1, +00)
—logx
4V/x5

From Hermite-Hadamrd inequality for concave function, we have thatfor 1 < a < b it

fll (x) —

<O vx>1

holds the inequality:

b
(f(@) + f(B))(b — a) < 2 f FO0) dx ©

(log(a‘/a) + log (b‘m)) (b—a)<?2 [2\/;(3 log x — Z)r e
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(log(aﬁ) + log (b‘/z)) (b—a) < g[\/ﬁ(B logx — log(ez))]z &

b
(log(aﬁ) + log (b‘/z)) (9b —9a) < 4 [\/F(B logx — log(ez))] =3
a
log(a®V) + log (b"b\/’;) —log(a®>) — log (b"“‘/y) <
< 4y b3(3logb —log e?) — 4y/a3(3loga — loge?) &
log (a9b\/6b9b\/1_138 b3 alZ\/E) < log (a9a\/I;b9a\/EeB\/§b12\/ﬁ)
The real function f(x) = log x is strictly increasing on (0, ©), hence
abVapobVb o8\b3 j12va3 - ;9avh p9ava o8y a3 p121b3
The real function h(x) = xVab js strictly increasing on (0, ©), therefore,
a29bVb pob*Va o8b*Vb g12a*Vb . ,9abVap9a®Vb g8a*Vb p12b*Va
765.1fa,b,c,d >0,a+ b+ c+d+ e =1,then

a N b N c N d N 3 <1
2a+1 3b+1 12c+1 18d+1 36e+1 " 2

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution 1 by Nguyen Van Canh-BenTre-Vietnam
Let f(x) = x:—l (x>0)

1
B T i A eV
a N b N c N d 4 e
2a+1 3b+1 12c+1 18d+1 36e+1

<0,vx>0

1 1 1 1 1

273712718736 1.1 1 1 1
2 3 12 18 " 36

_4 (a+b+c+d+e>_ (1) = 1 1

=1 1 =fW=11=7

- . a+b+c+d+e=1
Equality if and only if & {Za —3p = 12¢ = 18d = 36e <
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1,111 1
a=20=3122"18'°" 36

Solution 2 by Michael Sterghiou-Greece

a N b N c N d N 3 < 1
2a+1 3b+1 12c+1 18d+1 36e+1_2()
N 1 N 1 N 1 N 1 <1
1 1 1 1 2
245 343 12+ 1847 36+

1 AGM 2
> (and analogs)

We can write as: % ‘a= %\/Za (and analogs). So, we obtain:

p—\

1) e

Nb—\

1
;(2)

2 (52 + 3 V3B + o VIZe + 1o VIBd + 336 < 5

We have:

1 1 1 1 1
— — —_ —_ —_ <
2\/2a+3\/3b+12v126+18\/18d+36 36e <

1 1 1 1 1 %-2a+%-3b+112 12c+118 18c
(2+3+E+E+E> 1 =1 = (2) true.
Equalltyholdsfora—l bzl,c=i,d=i,e=i.

2 3 12 18 36

Solution 3 by Sergey Primazon-Russia

a N b N c N d 4 3
2a+1 3b+1 12c+1 18d+1 36e+1

< 1(1+1>+b 1(1+1)+ 1(1 +1) 1(
=2 7\2 2\3p ¢ 2\12¢ 4
1(1 +1>
4\36e
11 1 1 1y 1 1 1
=—(a+b+c+d)+( +—+—+—)

2 3 12 18 36
766.Leta; € (1,),i=1,n,ne€N,a; + a, + -+ a,

#1) e

A
= ne*, then

\/loga'll2 +logay® + - +logai™ + -+ \/logafll +loga,? + -+ loga,"! < 9n?

Proposed by Florica Anastase-Romania
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Solution 1 by Adrian Popa-Romania

S = \/loga'll2 +logay® + - +logai" + - + \[logafll +loga;? + -+ loga,"*

=J(az+az++a,)loga; ++/(a, +a, ++a,_y)loga, =

CBS
= \/(ne4 —ay)loga, + \/(ne4 —ay)loga, + -+ \/(ne4 —a,)loga, <

</ (n%e* — ne*) -log(a,a, ...a,) ; (1)

a; +a; + -+ a, A6m ne*

> Yaqa,..a,>—=>"aa,..a, >
n 142 n n 142 n

aa, ..a, < e**; (2)

From (1) and (2), it follows that:

e<3

S< \/ne“(n —1) -loge*" = \/4n2e4(n -1) <

©)
<J4n?-3*(n-1) < In? o 2Vn—1<n? < (n—-2)% > 0 true.
Solution 2 by proposer

\/loga‘;Z +logai® + - +logay" + -+ \/loga,‘? +loga® + -+ loga®™-! =

CBS
=(az+az ++a,)loga, + - +/(a; +a, +-+a,_y)loga, <

CBS
< J@+taz+-+a)++(@ +ay+-+a,,)-

=J(n-1)S, - /loglaa; - ...-a,) <

+a; + -+ a,\"
S\/(n—l)Sn-\/log(a1 i a) =

n

=/(n-1S, - /n-log(i—") =J(n—Dne* V4n =2ne? - Vn—-1<

n-1+1
< 2ne? -Tznze2 < 9n?
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767.For n > 1, prove that:

X
tan™! (eﬁ) x o
— L teT>—
n 2n

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Adrian Popa-Romania

tan_l(e%) + e_g, then

Let be f(x) =

X
, 1 1 x1 1 x 1 em 1
f(x):r—l Zx-en'-———en':— —Zx__x =

1+em Tm T n(l+er erw
2x 2x
1 em —n—nen 2x n 2x
=—— o =0>em = ;e >0 VxeR= f'(x)=0en<1
T 1-n
nen(1+en>

Fn>1=f(x)<0\;VxeER=
X
. ] tan‘l(e?r) x -
fG) > lim f(x) = lim | ————=+e= | =

If f(x) > % thenn > 1,Vx € R.
Solution 2 by Ravi Prakash-New Delhi-India

X
tan‘l(en) P
——Zten>-— (1

n ter Zn()
x n w
(1)<:>tan‘1(e5)+—x>—
= 2
er
Letf(x)ztan‘1x+g—§,‘v’x>0; (2)

1 n (A1-nx2-n
f(x) = 27 2T 52 2

1+x% x x2(1+ x2)

We have:

li1(1)1 f(x) =+oo,lim f(x) =0= f(x) >0;Vx >0
X— + X—00

<0;Vx>0= f Non (0, )
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Replacing x by ei in (2), we get (1).
768.1f x,y > 0,a,b,c,d € Nya > b = c = d then:

1
xa+b+c+d + ya+b+c+d > 5 (xa + ya) (xb + yb)(xc + yC)(xd + yd)

Proposed by Hikmat Mammadov-Azerbaijan

Solution by Ravi Prakash-New Delhi-India

Letx; =x%x; =xP, x5 =x x5 =xLy; =y y, =yl y3 =y, y, = y*

a>b>c>d=x1=>xy=>x3=>x4andy; =y, = y3 = y,. Inequality becomes:

4 4 4
o[ T+ )= Jowt 0 =
1 i=1 i=1

i=

4 4

8 (1_[ xX; + 1_[)’i> = X1X2X3Xg + X1X2X3Y4 + X1X2Y3X4 + X1X2Y3Y4 +
i=1 i=1
TX1Y2X3X4 + X1Y2X3Y4 T X1Y2Y3X4 + X1Y2Y3Y4 T Y1X2X3X4 + Y1X2Y3Y4 +
1Y1Y2X3X4 + Y1Y2X3Y4 + Y1Y2Y3Xs + Y1Y2Y3 ©
E =x1%2(x3 — ¥3) (x4 — ¥4) + x1203(x2 — ¥2) (X4 — ¥4) + 2124 (x2 — y2)(x3 —¥3) 2 0
Fx>y=>x*>y,xl >y x>y 2% > y% >
(x1 —y1)(x; — y,) = 0 (and analogs). Similarly for x < y.
Thus, E > 0.

769. Let a, b, ¢ € R such that: ||a|x® + |b|x? + |c|| < 7%; V|x| < 1.

Prove that: 3|a| + 2|b| < 90
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Adrian Popa-Romania

Let f(x) = mx3 + nx? + t, where |a| = m,|b| = n,|c| = t;m,n,p > 0

f)=m+n+t If(1)| < m? —m?2 < f(1) < m?
{ )=t ﬁ{lf(ONSnZ:{—nzg(o)s,rz

fCD=-m+n+t \|f(-1)| <n? -n? < f(—1) < n?
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S F() + f(=1) = 2n + 2(0) = n = LD FSCD = 2/(0)

2
m = (1) - n- oy = LRSED
3lal +2|b| = 3m + 2n = JAS _f(;l) “HO _ gp2 <90
770. For n > 1 prove that:
\/n(\/n2+4+n) ) \/n(\/n2+4—n)\|
i \/E + sin \/E /
sin (en) x
+e m>
n n

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Ravi Prakash-New Delhi-India

e B [ Jn(mT 7 -m)
sin-1 (e%) . V2 + sin \ 7z /

n n

. . Jn(Vn2+4—n) 1
& sin~1 (eﬁ) +ne > sin™1! 7 + ﬁ\/n\/ n2+4+n

AseE>0;VxeR,LHSisdefinedfor0<eEs1@§so@xso.

1

— cin-1 n < l —
let f(©) =sin't+-,0<t<1= f'(t) i

—-Z,0<t<1
t

4
n n
f’(t)=O<:>t4=n2(1—t2)<:>t4+n2t2=n2@<t2+7> :n2+T

2
tzzg\/ 2+4—n—:>t=\/%\/n(\/n2+4—n),0<t<1

2
Also, f'(t) > 0,tg <t <1land f'(t) < 0,0 <t <ty Thus,

We have:
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n V2n 1
R =—\/H \/n2+4+n

fo \[n(\/n2+4—n) V2

\[n(\/n2+4—n) 1\[ _
NG +ﬁ nVyn?+4+n,te(0,1]

X
To obtain the inequality, put t = er, x < 0.

n
= sin"1t+ T > sin~1!
771.

n
If ay, by, € (1,0); k = 1,7 such that Z(ak + by) = 4n,then :
k=1

n
Z Jn(log?a, + log?b;) + (n? + 1) logay - log b, < n(n + 1).
k=1

Proposed by Florica Anastase-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

n+1Dx+y)

Let's prove that : \/n(x2 +y2)+ (n2+1xy < > ,Vx,

y>0

n+1)(x+y)
2

< (n+ 1)?[(x* + y?) + 2xy]

o 4n(x? + y?) + 4(n? + Dxy

\/n(xz +y2)+ 2+ 1Dxy <

& 0<(m-1)2%(x—y)?whichistrue - vx,y > 0,/n(x2 +y2) + (n? + Dxy
<m+na+w
- 2
For x =loga;, >0,y =logb, > 0,

We have : \Jn(log?a, + log?b,) + (n? + 1) log a;. .1og b,

n+ 1)(loga;, +1logh
S( )(log ay, g k),szl,
2
We know that : logx <x—1,vx>0

n

- Jn(log?a, + log?b,) + (n? + 1) log a, .log b,

< (n+ 1)(ak+bk—2)
— z )

Vk=1,n
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n
n+1
- Z Jn(log?ay + log?b,) + (n? + 1) log a, .log b, < TE(ak + b, —2)

% d4n-2n)=nn+1)

Therefore, Z Jn(log?a, + log?b,) + (n? + 1) loga, .log b, < n(n + 1).
k=1

Solution 2 by proposer
n(log? a, + log? by) + (n* + 1) loga, - log b, =
= (n-loga; +logb,)(loga; + n-logb,)

Hence,

n

Z Jn(log? a; + log? b,) + (n? + 1) logay, - logb,, =
k=1

M

61
Z J(@-loga, +logh,)(loga, +n-logh,) <

i n-loga; +logh,) + (loga; + n-logh;)
> =
k=1

1 n log t<t— 1n_|_1
—-Z(logak+logbk) < Z(ak 1+b,—1) =
k=1

n+1 [x
== Z(ak+bk)—2n =n(n+1)
k=1

772.if x,y,z,t > 0 then
xyzt(x +y +z + t)? < 2(xy + zt)(xz + yt) (xt + yz)
Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
xyzt(x+y+z+t)? < 2(xy + zt)(xz + yt) (xt + yz); (*)
RHS () = 2(x*yz + xy*t + xz*t + yzt*)(xt + yz)

= 2xyzt(x? + y* + 2% + t?) + 2(x%y%z® + x*y?t? + x?z%t? + y?z%t?)
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> (x) oxyzt(x+y+z+t)?

< 2xyzt(x? + y* + 2% + t?) + 2(x?y?z% + x2y*t? + x?Z%t* + y*Zz*t?)
o 2xyzt(xy + xz + xt + yz + yt + zt)

< xyzt(x? + y? + z% + t?) + 2(x?y?z% + x2y*t? + x2Z%*t* + y*z*t?)

o xyzt[(x — y)? + (z — )?] + x22%(y — t)? + x*t%(y — 2)? + y*z%(x — t)?

+ y2t?(x — z)? > 0 which is true.
Therefore, xyzt(x+y+ z+ t)?

< 2(xy + zt)(xz + yt)(xt + yz) with equality iffx=y =z = t.

Solution 2 by Soumava Chakraborty-Kolkata-India
2(xy + zt)(xz + yt) (xt + yz) —xyzt(x + y+z + t)2 > 0

expanding and re—arraging
~

S 2(x%y?z? + x2y%t? + x?22%t% + y?z%t?)
g3
+ xyzt(x? + y? + 2% + t2) > 2xyzt(xy + xz + xt + yz + yt + zt)
We shall use a? + b? + c?
> ab + bc + ca in case of each of the following inequalities :
x%y?z? + x?y?t? + x%z%t? > xyz.xyt + xyt. xzt + xzt. xyz
()
= x2y2z2 + x2y2t? + x222t% 3 xyzt(xy + xt + x2)
2t2 + y222t% > xyz. xyt + xyt. yzt + yzt. xyz

(%)
= x2y2z2 + x2y2t2 + y2z2t2 > xyzt(xy + yt + yz)

x2y2z2 + x2y

x%y?z? + x%z%t? + y?z%t? > xyz. xzt + xzt.yzt + yzt. xyz
(%)
~
= x2y22% + x%22t% + y?22t? > xyzt(xz + zt + yz)
x2y2t? + x?2z%t? + y?z%t? > xyt. xzt + xzt. yzt + yzt. xyt
(%)
~
= x2y2t? + x%22t% + y?z22t? > xyzt(xt+ zt + yt)
o (1) + (6%) 4 (rxx) + (rxxx) = 3(x2y?z2 + x%y?t? + x22%t% + y?z%t?)
> 2xyzt(xy + xz + xt + yz + yt + zt)
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(2)
= 2(x%y%z? + x%y?t? + x%z%t? + y?z%t?) > §xyzt(xy + xz + xt + yz + yt + zt)
O] (e°)
Similarly, x? + y? + z%2 > xy + yz + zx, x> + y?> + t? > xy + yt + xt, x% + z?
(...) (....)
+t2 > xz+zt+xt,y? +z2+t2 > yz+zt+yt
-~ (o) + (oo) + (ooo) + (oooo) = 3xyzt(x2 + y2 + ZZ + tZ)
> 2xyzt(xy + xz + xt + yz + yt + zt)
(n)

= xyzt(x? + y? + z% + t2) > §xyzt(xy + xz + xt + yz + yt + zt)

~(m) + () = 2(x%y?z? + x%y?t? + x%z%t% + y2z2t?) + xyzt(x? + y? + z% + t2)

4 2
> (§+§>xyzt(xy+xz + xt +yz + yt + zt)

= 2xyzt(xy + xz + xt + yz + yt + zt)
= (i) is true = xyzt(x + y + z + t)? < 2(xy + zt)(xz + yt)(xt + yz) (QED)
773.1f a, b, ¢ > 0 such that 3a? + b? = 16c? then

3+1>2
a b ¢

Proposed by Marin Chirciu-Romania

Solution 1 by Adrian Popa-Romania

342 4 b? — z N a? N a® N b? Berg;""m (3a + b)?
a 11171 = 4

2>(3a+b)2 3a+b 3a+baam 4

= 2 =>4c > = 2c > 2 = 3

16¢

3 1 3 1 2
:>c(—+—> >2=>—+-=>—
a b
Solution 2 by Ravi Prakash-New Delhi-India

2
V3a b\2

3a? + b? =16c¢%,a,b,c >0 & | — +(—) =1
4c 4c

\/§a_ b . . T _ 4c _ .
Put-—=cos@,-=sinf;0 <0 <;=>a=—cosh,b=4csind
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We wish to show:

3 1 2 3V3
> _ .
a+b_c cos @ sm0_8'(1)
_3\/_ 1
Let f(0) = i
V3sin8) — cos3 60
f(9)=( - 2) >
sin- 0 cos- 0

f'(9)=0=>tan0=\/§or9=%_
Also, f'(8) < 0if 0 <6 <—and f'() > 0if = < @ <. Thus,

f(B)Zf(%) for0<0<§(:>

3V3 1 33 1 _,
cos® sind~ y3 1
2 2

Hence, (8) is true.
Solution 3 by Hikmat Mammadov-Azerbaijan
AGM 4
16c2 =3a2+b*=a’+a’+a’+b* > 4-3ah?

= 4c¢% >+ a3b = a®b < 16¢*

3 1 2
a b a3 16c4 c
1 2
Hence - ; = =

> 2. Prove that:

RIS

2
774.let ke Zt, 0<a<pB < §6,—+—+—23,—+
¢ as<B=y a B v B
ak + Bk +yk — sk <2k 41

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by proposer

Using Holder’s Inequality, we have:

O G e ) e ()02

B
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& (O]t 2 G 22k () 4 () 22
Then, we have:

8k + 2k +1 = (y*k - p¥) (§>k +(p*-al) (@)k * (g)k> el <(%)k " <%)k i (§>k>

> (y* - B%).1 + (B* — ak).2 + ak.3 = ak + B* + y;

Thus,

ak + gk +yk -k <2k +1

a=1
Proved. Equality if only if { =2 .

y=62>2
775.
a+b
Leta>b>c>0andt = T.Prove that:
1 1 1 2 1

+ + > +
V4a? + bc V4bZ+ca V4c:+ab V4t2 +tc Vact+t2
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

MM @+ b\? 1 1
SRS

We have:ab < =
Vac2 +ab ~ Vac? + t2

(1)

Also,we have

1 1 AM - GM 2 2 2

: + 2 =
V4a? + bc  V4b? + ca V(4a? + bc)(4b% + ca) VAt2 +tc

a+ b\* a+ b\* a+ b\>
<—>(4t2+tc)22(4a2+bc)(4b2+ca)<—>16( 5 )+8c< 5 )—I—cZ( > )

> 16a?b? + 4c(a® + b3?) + abc?
< 4[(a+ b)* — 16a?b?] — 4c[4(a® + b?®) — (a + b)3] + c*[(a + b)? —4ab] = 0
o 4(a? + b?> + 6ab)(a— b)? —12c(a+ b)(a—b)* + c2(a—b)> >0
o [4(a? + b?) +12a(b—c) + 12b(a—c) + c*](a—b)? =0
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1
Which is true because : c = min{a,b,c} - +
V4a? + bc  V4b? + ca
2
> —— (2)
V4t2 + tc

1 1 2 1
+ + > +
Vaa? + bc V4ab%2+ca Vac +ab VAt2+tc Vac: +t?

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

D+ @) -

We k b AM;M <a+b>2 02 1 - 1
e have : a < =t > >
2 Vacz + ab  Vac? + t2
It's suffices t 1,1 5 2
- It's suffices to prove : S o
P Vaa? + bc V4b%2 +ca VAt + tc
1 1 4
+ >
V4a? +bc V4b%>+ca [4(a+b)? +2(a+b)c
1 2
H —
V4b?2 +ca [4(a+ b)? + 2(a + b)c
2 1

2 —
Ja(a+b)?2 +2(a+b)c V4a?+bc

o J4(a+ b)? +2(a+ b)c — 2V4b? + ca - 2V4a? + bc —\/4(a + b)2 + 2(a + b)c
Vab? + ca B Vaa? + bc
[4(a+ b)? + 2(a + b)c] — 4(4b? + ca)
(_) V4b? + ca (\/4(a+ b)2 + 2(a + b)c + 2V4b? + ca)

- 4(4a? + bc) — [4(a + b)? + 2(a + b)c]
"~ V4aZ ¥+ bc (2\/4a2 +bc ++/4(a+b)?2 +2(a+ b)c)

o (a—b)(2a+ 6b—c)
V4b? + ca <J4(a+ b)2 + 2(a + b)c + 2V4b? + ca)

- (a—b)(6a+2b—c)
" V4aZ ¥ bc (2\/4a2 +bc ++/4(a+b)?2 +2(a+ b)c)
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2a+ 6b —c

Vab? + ca.\/4(a + b)? + 2(a + b)c + 8b% + 2ca
6a+2b—-c )
— >0
8a2 + 2bc + V4a? + bc. /4(a + b)? + 2(a + b)c

© (a—b)<

o (a—Db) [(Za +6b —¢) (8(12 + 2bc + /4a? + bc. Ja(a+b)? +2(a+ b)c)

—(6a+2b—rc) (\/4b2 +ca.\/4(a+ b)? + 2(a + b)c + 8b* + an)]
=0

o (a—-Db) [(a — b)(16a? + 64ab + 16b> — 20bc — 20ca + 2¢?)

+ \/4(a +b)2+2(a+ b)c [(Za + 6b — ¢)\/4a? + bc
— (6a+ 2b— c)\J/ab? + ca” >0

Since : 16a? + 64ab + 16b? — 20bc — 20ca + 2¢?
= 16a? + 16b? + 2¢? + 24ab + 20a(b —c) + 20b(a—c) > 0

- It's suffices to prove: (2a+ 6b — c)\/m —(6a +2b — c)\/m >0
< (2a+ 6b — ¢)*(4a* + bc) > (6a + 2b — ¢)?*(4b? + ca)
< (4a? + 36b% + c? + 24ab — 12bc — 4ca)(4a? + bc)
> (36a? + 4b? + c? + 24ab — 4bc — 12ca)(4b? + ca)
< 16(a* — b*) +96(a®b — ab?®) — 68(a’*bc — ab?*c) — 52(a®c — b3c) — (ac® — bc?)
+16(c*a? — b*c*) >0
< (a—-b)(16a3 + 16b3 + 112a?b + 112ab? — 120abc — 52ca? — 52b%*c — ¢3
+16c*a + 16bc?) > 0
< (a—b)[16a® + 16b3 + 60ab(a+ b — 2¢) + 52a*(b — ¢) + 52b%*(a — ¢)
+c%(a—c¢) + 15c%*a + 16bc?] > 0
Which is true froma >b > c — (1) is true. Therefore,

1 1 1 2 1
+ + > +
vV4aZz + bc Vab? +ca +VAc:+ab VAt +tc VAac? + t2
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776.

u
1+ 3u

If a,b,c > 0,u > 0, such that : min{a?, b?, ¢?} > Z a? ,then prove that :

cyc

1+ 3u)2%22u<2a2><22>+ SZaZ.
cyc cyc cyc ,’ cyc

Proposed by Marius Dragan, Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG we may assume that c = min{a,b,c} > (1 + 3u).c? > u(a? + b? + c?)
AM-GM

o 1+2u).c?>u(@®+b?) = 2uab
Since max{a,b,c} € {a,b} » ab > max{a,b,c}.c » (1 + 2u)c = 2u.max{a, b, c}

1+2u
o .min{a, b,c} > u.max{a,b, c}
1+ 2u 1+2u u
Therefore,Vx,y € {a, b, c}, > X =uyor 2y > " (D

cyc cyc cyc cyc

Zu<za+z“;>+ B

cyc cyc cyc

o (1+2u)<2%2—2a> 2u<za?2—2a>+< ’32a2—2a>
cyc cyc cyc cyc cyc cyc

(a — b)? (c—a)?* 3@®+b*+ c*)—(a+b+c)?
-1+2
(a+ u)z >uz c +J3(a2+b2+ c2)+(a+b+c)

—
— M2 _ M2 _ M2
o (1+2u)z(b c) 2uz(b bC) N Yieyc(b —¢)

cyc cyc
¢ 2
cyc cyc Schca +chca
1+2u u
HZ( - _B> 32a2+2a —1|(b—c)?*=0
cyc cyc

Now,we have : (1+3u)2%22 u(Z a2> (Z%) + SZaZ o (1+2u)2%2
«/ cye

cyc
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1+2u u
From (1),we have : ¢ > 5 (And analogs), also,we have : |3 2 a?

> Z a (Cauchy — Schwarz Inequality)

cyc

Therefore,it suffices to prove : Z

cyc

o Zl(1+2u)(a+b+c)

%.22}:—1‘@—@2 >0

cyc

—1l(b—c)220
C

cyc

abuz=0

1+2uw)(a+b+c) S 1.

o

c =1 (And analogs)
a? 1
Therefore, 1+ 3u)27 >u Zaz Z— + BZaz
cyc cyc cyc a cyc

n
Letne N, a4,a,,...,a,>1and S = 2 a;.
i=1

Which is true because :

|

777.

n
Prove that : (ns"1)S—m°, H(ai +n— 1)@ Dh-1+a;-5) > 9
i=1

Proposed by Pavlos Trifon-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

n
(%) : (nS"_l)(s_")z.l_[(ai +n— 1)@ Dw-1+a;-5) > 1
i=1

n n
Letbi=ai—120,Vi=1,—nandT=Zbi=Z(ai—1)=5—n.
i=1 i=1

- (x) & n(b,- + n)beT-b) < [n(T +n)*1]T° &
i=1

87 RMM-INEQUALITIES MARATHON 701-800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

n b ) bl(T—bl)
1_[ [nbi.(r—bi)_ <_l n 1)
i=1

TZ

T n—-1
n" (— + 1) o
n

<

i=1

b; T .
Wehave: —+1<—+1b.(T-b)20Vi=1n - (_l+1)

=1
bi(T-b) T2—(by?+-+by,”)

m+Y) @

noooeBs (& N\ 72 >, T2
Also,Zbi S Zbi =——>T2—Zb,- <T2_—
=1 " " i=1 n

i=1

IA
—
.
S|~

+

p—
S~

Il

n—-1 "l
=T.T2 < (n—-1).T?%(2)

) b;
Since : n,; +1 >1,and from (1) and (2),we get :

, (T (n-1).T2 nz1 , /T (n-1).T?2
LHS ., <n®mDT* (_ 41 < nT°(—+1 = RHS,,,
(+%) n n (+%)

- (*%) is true.

n
Therefore,  (nS"™1)¢-m7 l_l(a,- +n— 1)@ DE-1+ai=$) > 1,
i=1

with equality iff b;=T,Vi=1,n & b;=0,Vi=1n o a;=1,Vi=1norn
=1.
Solution 2 by proposer
f(x) =logx 7 [1, ) by Vornicu-Schur, for (a,b,c) = (S,a; +n—1,n) >
$-a;—n+1)-(S—n)-logS+(@a;—1)- (n—1+a;—-S5) logla; +n—1) +
+(n—-5)-(1—-ay) -logn=0
§E-ar-n+ -0 . (g, 4+ q — 1)@-DE-1+a1-5) . n(n-)(A-a1) > 1; (1)
Equality holdsforS = a; +n—1=n
f(x) =logx 7 [1, ) by Vornicu-Schur, for (a,b,c) = (S,a, +n—1,n) >
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$—-a,—n+1)-(S—n)-logS+(a,—1)- (n—1+a,—-S5) -logla, +n—1) +

+(n—-5)-(1—-a,) -logn=0
§G-an+)(S-n) . (g, 4 n — 1)@ DO-14a-5) . y(=5)(1-a2) > 1; (2)
Equality holdsforS =a, +n—1=n
f(x) = logx 7 [1, ) by Vornicu-Schur, for (a,b,c) = (S,a, + n—1,n) >
$S$—-a,—-n+1)-(S—n)-logS+(a,—1) - n—1+a,—-S) logla, +n—1) +
+(n—-5)-(1—-a,) logn=>0
§G-an-nt)(S-1) . (q 4 q — 1)@~ D@-1+an=5) . n(-5)1-an) > 1; (n)
Equality holdsforS = a, +n—1=n
By multiplying (1),(2),...,(n), it follows

n
(nsn—l)(S—n)Zl 1_[((11 +n— 1)(ai—1)(n—1+a,-—S) >1
i=1

Equality holds fora; = a, = - =a, = 1.
778.Let a, b, ¢, d € Rsuch that |ax* + bx® + cx? + dx| < 2,V|x| < 1.
Prove that:

|4a + 3b + 2c + d| < 32
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Lazaros Zachariadis-Thessaloniki-Greece

f(x) = ax* + bx3 + cx? +dx; |x| < 1and |[f(x)| < 2

1 a b ¢ d
A:f(—i>_R—§+Z—E(:>16A:a—2b+4c—8d;(1)

B=f(1>=i+9+£+§®16B=a+2b+4c+8d;(2)
2 16 8 4 2
C=f(-1)=a—-b+c—-d;(3)
D=f(1)=a+b+c+d
(1)-(2)=16A—-16B=-4b—-16d < 4A—-4B=—-b —4d

D
(3)—(4):>C—D=—Zb—2d<:)E—E=—b—d
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sa-4-S42- sqca=-_24:25,.8 0
2 2 3 3 6 6
So,
cC D 4 4 Cc D 2 2 4 4
E—E=—b+3A—§B—g+6@36—§D—§A+33_—b

3b=-2C+2D+4A—- 4B
1)+ (2)=>16A+16B=2a+8c <= 84+8B =a + 4c

cC D
(3)+(4)=>C+D=2a+2c@§+5=a+c;(*)

8 8 C D

cC D
:8A+8B—E—E—3C@§A+§B—g—g—c

e 16, 16 C D
€=73 3 373

32 2 2

() >20+2D=dat2a+2p _%c_2p
%) = — —B—-—-C—--D&
at3 3 3“7 3

o B0 B 32, 32
a=3473 3 3

So,|4a+3b+ 2c+d| =
|A( 32 12 16 4) (32 12 16 4) (8 6 1 1)

- 3737373 3 3+3+3+ 3 3 3 6

+D(8+6 1 1>| | 2 B C 25D<
3 3 3 6 2 6 -
<8 2+24 2+ 2 2 =32
-3 3 2 6 B

Therefore,
[4a + 3b + 2c+d| < 32
779.1f a,b,c,d, e > 0 then:
ad bd d? ed
c + + 37‘t+ 77T+ 97‘[25d
bcot? 55 20 ccot’5o  ecot’5n  acot?so

Proposed by Daniel Sitaru-Romania

Solution 1 by George Titakis-Greece
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ad bd d? ed
+ >
o

20 c cot ﬁ e cot ﬁ acot ﬁ

5 ad bd d? ed

2 T 2 3T 2 T 2 I
beot® 55 ccot?55 ecot? 55 acot?y

5d

3
20

Im _
20

b4 7T
Because: cot? % cot? = cot? > cot? 1

This is true, due to the trigonometric identity:

cot(a + b) (cota + cotb) = cota - cotbh — 1; (1)

Ifa= % and b = Z—:, then the left part of (1) is zero, due to cotg = 0. So, from the right

part we have that cot — cot = = 1;(2)
20 20

With the same way, if a = % and b = 3.
20 20

t71t t3n—1-(3)
t20' 207 "7

From (2) and (3) it is obvious that: cot? = cot? 2Z cot? 2= cot? 2X = 1
20 20 20 20

By AM-GM inequality we have that:

ad bd d? ed
+ + + o >
T

c+bc0t2£ 237 @ In 2 28
20 ccot’55  ecot’sn  acot’so

5 ad bd d? ed

co 20 ccot 20 e cot 20 a cot 20

5d

Solution 2 by Samar Das-India

ad bd d? ed

c+ 7+
b cot? 5o~ 23T 2 IT 2 2T
co 20 ccot 20 e cot 20 a cot 20

5 ad bd d? ed

> |c . . .

- T 3n 7t Ot
Sl 2 2 2
20 ccot 20 e cot 20 a cot 20

b cot?
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N ad N bd d? N ed
c = >
b cot? 20 Ccot? ;—g e cot? ;—g a cot? g—g

5 ad bd d? ed
>5- |c

beot? 231 2 7T 2 I
cot*20 ccot®55 ecot’5hH acot® 5y

ad bd d? ed
+ + 5
T

20 c cot ﬁ e cot ﬁ acot ﬁ

5 (4 3n 71T o
> 2 = 22" 2" 277,
_Sd\[cot 20cot 20cot 20cot 20,(1)

T 3 7T o (4 3n 10T — 3w 10r— 7w _

tanﬁtan%tanﬁtanﬁztanﬁtanﬁtan 20 tan 20 -

T 3 (n 31t> tan (n n) T 3n 3n

/4
= tanﬁtan%tan 27 20)= tanﬁtanﬁcotﬁcot% =1;(2)

From (1) and (2) we have:

ad bd d? ed
+ + + > 5d
Ot

b cot2 - 2 3m 2 /T 2 2T
co 20 ccot 20 e cot 20 a cot 20

2 20

c+

780.

Leta,b > 0,c = 0.Prove that :

1 N 1 - 2(a+b) 2(a+b)
b2+ bc+c? c2+ca+a?  ab(a+b)+ bec(b+c)+calc+a) a3+ b3+ c3 + 3abc

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1 @ 2(a+ b) @ 2(a+ b)
+ > >
b2+ bc+c*? c2+ca+a?  ab(a+b)+bc(b+c)+calc+a) a3+ b3+ c3+ 3abc
a+b
(1) A4 2 2
b%2 + bc+c? ab(a+ b)+ bc(b+c)+calc+a)
a+b 1

> i
“ab(a+b) + bc(b+c)+calc+a) c?%+ca+ a?
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a’b + ca® — abc — b3
U d
(b% + bc + c¢?)[ab(a + b) + bc(b + ¢) + ca(c + a)]
- abc + a® — b%*c — ab?
(¢ +ca+ a?)[ab(a+ b) + bec(b + ¢) + cal(c + a)]
(a— b)(ab + b%> + ca) (a— b)(bc + a? + ab)
b2 + bc + c? - c2 + ca+ a?
o (a— b)[(ab + b? + ca)(c? + ca + a?)
— (bc+ a? + ab)(b* + bc +c?)] >0
o (a—b)(a®b+ c2a+ca® —-b3c—bc® —ab?®) >0

o (a—b)%(a’b + ab? + c3 + ca? + abc + b%*c) > 0

Which is true.
(2) & a® + b3+ 2 + 3abc
> ab(a + b) + bc(b + ¢) + ca(c + a) which is Schur's inequality.

Therefore,
1 1 2(a+b)
b2 + bc + c? +c2 + ca + a? 2ab(a+b)+bc(b+c)+ca(c+a)
2(a+ b)

> :
— a3+ b3+ c3+3abc
781. Let I be a convex subsetin R, f : I - R* concave function, x;, y; € I,

vi=1,n,f(0) > 0,p > 1, then:

r 1
(2 flx; + )’i)p> = (2 f(xi)p>p + (2 f(yi)p>p-
i=1 i=1 i=1

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

=

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since : f(x;),f(y;) = 0,Vi = 1,n,then from Minkowski's inequality,we have :
1 1

1
n 5 n 5 n E
(Zf(xi)r’) +<Zf(yi>v) 2<z[f(xi)+f(yi)]”) (D
i=1 i=1

i=1
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Yi Xi

.0+
X+ Yi X+ Yi

Also,we have : x; = xi+ oy, Vi

= 1,n,then from Jensen's inequality,we have :

i i
f(0) +
xi+yif X+ Yi

xl+ f() l+yi

fx) =2 S+ y),vi=1,n

Similarly,we have : f(y;) = S+ y),Vi=1,n

Summing up these inequalltles, we obtain : f(x;) + f(y;)
f(0)=0 L
2f0)+fO+y) = flx+y)vi=1n (2)

1 1 1
n ) n P n P

From (1) and (2),we get : (Z flx; + y,-)”) < <z f(xi)p> + <Z f(J’i)p> .
o1 i=1 i=1

782.Let 0 < x,y,z < 1. Find the maximum value of the expression:
Q=x-y@y-2z-x)x+y+2z)
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by proposer
Without loss of generality, assume that x = max{x,y,z} > x>y >z orx>z>y.
Casel: x>y=>z—->Q<0.
Case2: x>2z>2y—-> 0<x-2 0<z-y,0<x-y<1
Thus,
Q== -2z-0&x+y+2)<(z-y)x-2)(x+y+2)
©4Q<2z-MI[V3+1)(x-2)][(V3-1)(x +y + 2)]
Other, by AM-GM Inequality we have:
2z-I[(V3+1)x-2][(V3-1)x+y+2)] <

17[2(2 y)+(\/_+1)(x—z)+(\/_—1)(x+y+z)]
:E[z\/ﬁx—(s—ﬁ)ﬂ ;

But:
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0<2V3x+V3y-3y=2V3x—(3-V3)y <2V3

Therefore,

4 <8\/§
0=

<2\/§
"=

x—y=1
Equality if and only if : {Z(Z—y) =(V3+1)x-2)=(V3-1)(x+y+2)
x=1,y=0
x=1
y=0
At 1
z=—
3

783.For 0 < a < b < c prove that:

b+ln£ (b+g+%—2)(c—%—g+2)
R =)

Proposed by Pavlos Trifon-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a b c b c 1
Letx=2—-————,y=In—,z=—+—-—2.Weknowthat: If a > 0,then:1——
b c a a b a

< In(a) < a — 1.Equality holds iff a = 1.
a<b<c b a<b<c

—>x=(1—%)+(1—g> < lna+ln%=lna y 2 (g—1)+(5—1)=z

a<b<c
~
-0 < x<y<z

b+y ((b+2z)(c+x)
a+y (c+2z)(a+x)

We need to prove : o (c+z2)(b+y)(a+x)

<(c+x)(b+2z)(a+y)
oln(c+z)+Inb+y)+In(a+x)<ln(c+x)+In(b+2)+In(a+y) (1)
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Now,we consider the function f : (0,) - R defined by f(t)

= In(t),which is strictly concave.
Next we will apply Karamata's inequality. Namely,if (x;, x,, x3) majorizes (y1,y,,yV3)
and f is strictly concave, then :
fxq) + f(x2) + f(x3) < f(y1) + f(y2) + f(y3).Setting (x4, x2, x3)
=(c+zb+ya+x)and
Vu,Y2,¥3) = (max(c +x,b+z,a+y)mid(c+x,b+2z,a+y)min(ct+x,b+za
+))
Since: a<b<candx<y<z - X1 >Xy >X3,Y1>V2 > V3, X1 >YV1,X1+ X3
>y1tyandxs + x;+x3=y1+y>+y3
- (xq1,%3,x3) majorizes (y,,y,,¥3), then by Karamata's inequality, we get
P fQxn) + f(xg) + fx3) < f(ye) + f(y2) + f(y3)
o n(c+z)+In(b+y)+In(a+x) <Iln(c+x)+In(b+2z)+ In(a+y)
- (1) is true.
b+ins (b

+
Therefore, ¢ <
a+ing (c +

+

b c
a' b
b c
a' b

Solution 2 by proposer
By MVT for f(x) = logx,3x, € (a,b),x, € (b,c)

b) — —f(b
po =LOZID oy SO ZTD)

a<x;<b;(f\N)=f'(a)>f(x)>f(b) >
(b—a)f'(a) > f(b) — f(a) > (b —a)f'(b)

b<x,<c(f'N)=f(b)>f(x2)>f'(c)=>
(c—b)f'(b) > f(c) — f(b) > (c — b)f'(c)

Hence,
(b—a)f'(b) + (c = b)f'(c) < f(c) — f(a) < (b—a)f'(a) + (c — b)f'(b)
b—ac—blcb—ac—b ab21cbc2
b + < Oga< + b :>_E_E+ < OgE<E+E—
Now,
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b+log§ (b+g+%—2)(c— -
<
a+logz (c+g+%—2)(a—
c b ¢
(b+log5)(c+a+3—2)(a— -—+
c b ¢ a b
S(a+10gE)(b+E+E_Z)(C_E_E+2)

True by rearrangement inequality fora < b < c, (—% — g +2< logi < §+ % - 2)

784.1f a,b,c,x,y > 0 then:

al + bV + e V@ + VB + eF
1 + 1 + 1 ~ 1 + 1 + 1
vaxty bty AJcxty al®  p o

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

Let be the function: f: (0,) - R; f(x) = (@*+ b* + c*)(a™* + b~ + ¢c™¥)

=3+ 3(() ()

cyc

r =Y () e)+(2) 108(3))

cyc

Fr@=y ((%)xlogz )+ (g)x“’gz (b)> >0

a
cyc

= f' —increasing = min f'(x) = lirgl f(x) =0= f'(x) >0 = f —increasing
X—>04

=Tt ) <1 ()

(aﬁwwﬂﬁ)(l 1 1)

<
i o) S

1 1 1
< x+y xX+y xX+y
< (Vax*y + Vb*+y +/cx+) ( N AN \/cx+y)

Therefore,
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al™ + bV + ¢y - Vaxty + Vb*+Y ++/cxy
1 1 1 - 1 1 1
\/ax+y+\/bx+y+\/cx+y a’* +b\/x_y+c\/x_y

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

x+y x+y

a’/* bJ_ az bz
b @ R P

x+y 1 a
e\/x_y+ ez +—5;;Wheree =
xy =7 b
eZ
1 1 x+
Ife>1=>— y<e2 —e\/_
eﬁ eT
1 1
< 5 )Se\/_y(ez \/x_y—l)
eV ez VW
y
1-—5 <e2xy(e2_\/x_y 1)
ez VY
1 y
2<—5 +ez V¥ e>2true
xy
e 2
x+y 1
Ife<le/™ —e2 < T
eT e‘/ﬁ
eJX_Y(1—exT"‘y)s ! +1 -1
eV \ g7 -y
x+y 1 1
1-ez V< <x+y —1)
ez xy eT_‘/E
+ 1

77

c b c b
Hence,
a\/x_y + b\/x_y + C‘/ﬁ \/ax+y + \/bx+y + \/Cx"'y
1 1 1 =71 1 1

Vo Vo Ve gl pim
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Solution 3 by Samar Das-India

al* + bV 4 Y - Varty + by ++/cxty
1 N 1 N 1 — 1 n 1 n 1
Vaxty  \pxty  Jexty al  pIv

1 1 1
(aﬁ+bﬁ+cﬁ)<a xy+be_y+cﬁ>S

1 1
St ) W

343 (73S (@ T Coa T @Y

cyc cyc cyc cyc

< (Va*+y + Vb*+y + Vcxy) (

xty

Since xysx;ry,whena>b=>%> 1= (%)\/x_ys (%) 2

x+y

YGRSV

cyc cyc

Equality holds for a = b. Thus, (1) is true.

Solution 4 by Samar Das-India

al™ + bV + e \a¥FY 4+ B +/cFFY

T, 1 1 =77 P T S
Vaxty  prty  AJexty a’*y b\/@
(/5 + 00 1 09) (1 )
al*y c Y
< (Va& + VB + Vo) ( + )i
\/ax+y bx+y \/Cx+y
Let 2.
et: 2 =m.
x+y 1
Ifm>1=A4=m/™+ —m 2 Xy =
mv*y mz
x+y
yy mvY —m 2
mV¥tz"

x+y x+y
m>1=>m™ —mz <0;(2)andm'™*z >1
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<1:<1—%>>0;(3)

x+y
m,/xy+—2 m Xy 2

From (1),(2) and (3), we get 4 < 0; (4)

1
Ifm<1=>1-—-5+<0;(5
P

From (5) and (6), we get: 4 < 0; (6)
Therefore,
a® VY a7 (b =
D <(y) +(3) ) -, <(z) +(3) ) <0 () true.
cyc cyc
Equality holds fora = b = c.

Solution 5 by Soumava Chakraborty-Kolkata-India

1 n 1 n 1
a\/x_y + b\/x_y + c\/x_y < Vaxty  AbXtY  AJcxty
Vaxty 4+ bXty + +/cXty - 1 1 1

+ +
al®? bV

@(aJ"_Y+bJ"—Y+cJ"—Y)< .1y 1)
al? bV W

< (Ve + /b=y + o) (

1 1 1
A )
T (@707 ) (@70
cyc cyc
x Jxy (,2 xry =y
-2 (O@")E (O @)
cyc cyc

x+y xty

ozvana ()74 () 267 ()

x+y 1 1) A4 a
otz +— |-t + )20 t=—
( ther> ( e/ & ( b)
x+ty
2

a

1 1
Letf(0) = t° +t_9 vVee [,/xy, ] and let t® = P and o= Q
N t°—P=>elt—lP=>d(elt)—(d1P)dP:It—l(dt"):dtegtelt
ow, t® = Jnt=1n g (8- In) = (o InP | —o = Int = o (- gt =thIn
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Also,t™ 9 =Q=> — Olnt—an=>—( Blnt)—(%an) —Q:—lnt—%(it‘ )
(i) ) 1
> 5t702 =t 0nt . () + (D) = £(0) = (nt) (¢ - )

via MVT
) <xy tﬁ) o (x;y—\/x_y)f’(e)h:zforsomei

x+y ""‘() x+y 1
(Vo5 2 (- Va) o (- 5)
Xty
w2 +—
t

ts

N (;)(xT”—Jx_y)(lnt)(ti+1)(tf—1)
. _< +tJ_>_

& for some §

%zl
~
=

(€))

v &> . /xy>0and - Int=1In In1=>mtZ0-&mt>0=>In(t}) >0=>t5>1

o'l

@ )
>tt-150a \/x_—Mgo-'-(l),(Z),(3)=>
(# - \/E) (Int)(¢* + 1)(tE —-1)

via (e°) Xty 1
~ i 4
& >0 > (tz +tx;ry> ( ﬁy> 0

xty Xty
. a7z (b\ 2 av®m VY
= (%) is true = (B) +(E) Z(B) +(E)
x+y M7
=z 2 aVmy Vxy
Casez]a <band (3)* +(2)* S(5)" +(3)

a
tx;Y_l_ 1 Xy 1 ,J;O (t_a)
)" N R

I L 1) — 7 e+ 1) o
(=4

?

— So0op(a+1)—a(p2+1)20
o (2 +1) —a(p? +1)

( —tT,th\/x_y)@aB(a—B)—(a—B)SO@(O(—B)(O(B—l) 2 0

)
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lnt < Inte ——— ( \/_) .Int < 0 - true = Int
\/_

a§<1 (ﬁ_ﬁ) (2)
2

=lnE < In1l = Int < 0and >0~a—B<0

Xty
Nowa<fetz <t xY(:)

xty xty x+
Againap<lotz . tW<lot? +J"_y<1<:>(Ty+ ,/xy).lnt<0(:>lnt<0

a%<1 (:)
- true = Int = lnB < Iml=0~af-1<0.(m).(n)=(a—p)(ap —1)

>0
X+y
= (xx) is true = (E)XTer + (E)T > (E)\/E + (E)\/x_y
b a ~\b a
a XTer b XTer a\Vxy b Vy
~ combining cases 1 and 2, (B) + (E) > (B) + (—) Vab,xy

> 0 and analogs
summing up

=yt

cyc

> z ((E)Jx_y + (g)w_y> = (1) is true

cyc

1 n 1 n 1
a\/x_y + b\/x—y + C\/x—y Vaxty  bxty  [cxXtY
< Vab,c,x,y>0(QED)
\/ax+y + \/bx+y + \/cx+y 1 + 1 + 1
al®™  pV

785.1f x > 0,r = pq,1 < p < q then prove:
1+rx<(1+qgx)’P<A+px)I<A+x)"
Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
Solution 1 by Ravi Prakash-New Delhi-India
Forx >0,r=pq,1<p<gqletf(x) =(1+qx)’ —(1—pgx);x>0

f'(x) =pq(1+qx)P~' —pq
Asp—12=>0,(1+qx)?"1 > 1then f'(x) > 0 = f —is a non-decreasing function on

[0,0)=>(14+gx)P—(1+rx)=>0=>1+rx=>(1+gx)?; (1)

1
letg(x) =(1+x)5;x>0=logg(x) = %log(l + x)
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g’(x)_ 1 1l 1 _x—(x+1)log(1+x)_

gx)  x(1+x) x? 0g(1+x) = x2(1+x) X

Forx > 0,leth(x) =x— (1+ x)log(1+ x),then h'(x) = —log(1+ x) <0;Vx >0

>0

h(x) < h(0) =0;vx > 0= g'(x) < 0;Vx > 0 = g —is strictly decreasing on (0, ).

AslSqu,pxqu;x>O:»(1+px)vixz (1+qx)$
(1+px)T= (1+qx)P;(2)
Also,1+px<(1+x)P=>1+px)!<(1+x)P0or(1+px)?<(1+x)703)
From (1),(2) and (3) it follows the proposed inequality.
Solution 2 by Hikmat Mammadov-Azerbaijan
By Bernoulli’s inequality: (1 + x)" = ((1 + x)?)1 > (1 + px)1
1+gqx)P=21+pgx=1+rx

log(1+s log(1 + px log(1 + gx
£(s) = g(s ):pxqu=> g(pp)S g(qq):>

1+ px)?=>(1+px)?

Hence,

1+4rx<(A+gx)?<1+px)1<(1+x)

786. Let a, b be real numbers such that a® + b? = 1.
Prove that for each nonnegative integer n,
(@a+b)*""" +(@a-b)*"" +n=(a> - b2 + (a2 —b>)?"" + -+ (a® — b?)? + 2
When equality holds?
Proposed by Kunihiko Chikaya-Tokyo-Japan

Solution 1 by Ravi Prakash-New Delhi-India

Leta=cos0O,b=sinf,0 < 0 < 2m, then:

@+ b +(@-b*" +n=(cos +sin0)?" + (cosd —sin0)?""' +n =

2n+1

_ (\/E sin (0 + %))zn+1 + (\/E cos (0 + %)) tn=

~ (2sin? (6+2)) +(2cos? (0+3))" +n>
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S [Zsin2 (0+g)+2cos2 (0+§)]2 +n=2+n

=

Also, a? — b?> = cos 20
(@ — b»)?" + (a® = b*)?" ' + -+ (a® - b?)? +2 =

= (c0s20)?" + (c0s20)%" ' + -+ (c0s20)?2 +n<1+1+-+1+2=n+2

n—times
Thus, LHS > n + 2 = RHS. Equality holds when cos 20 = +1 &

60, 7;m> o (ab) € ((1,0);(0,1;(~1,0) (0, -1}

Solution 2 by Michael Sterghiou-Greece
(a+b)?"" + (a—b)?"" +n > (a? — b)?" + (a? — b)?" + -+ (a® = b?)? +2; (1)
Letx = (a + b)? > 0;y = (a — b)? > 0, then x + y = 2 and (1) it can be written as
2+t n > )T+ ) T+ o+ (ey)2 + 2;(2)
By AM-GM: \/x_y < x;—y = 1 = xy < 1 and all n powers of xy in RHS of (2) are < 1 so,
RHS 7y < n+2.
It is suffices to prove that LHS ;) < n + 2
LHS3 =x"+y*" +n2n+2ex +y" 2201+ 2-0)¥" > 2.
Let2"=peN;p=>1,s0,—-2+xP + (2 —x)? = f(x)
o) =[xP~1 = (2 -2 p
WLOG, let x > 1 then L2 (") —[x—(2-2]0=2(x—1)0 = 0;(0 = 0).
So, f 7 and f(x) = f(1) =17 + (2 —-1)? — 2 = 0, hence f(x) = 0 and
LHS(zy 2 n+2 = RHS 3
Equality holds for
(a,b) €{(1,0);(0,1); (—1,0); (0,—1)}
787.f m,n,p,q E N;ym,n,p,q = 2, mq = np then:

n(p - q)(V2™m - 1) > q(m —n)(V2P — 1)

Proposed by Daniel Sitaru-Romania
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Solution by Khaled Abd Imouti-Damascus-Syria

np-(V2m —1) = q(m —n)(V27 - 1)

n(p—-q) (2%—1) >q(m—n) (2%—1)
nq(%—l)(z%—l)an(%—l)(zg—l)

(E—1>(Z%—1)2(%—1)(23—1)

q
Let%zx,szyandx>y:> -DR*-1D=2Cx-1)(2Y-1)

2* 2 1 1 2*-1 2V-1
y-2r—x-2zy—-x———=>2———-6 >

X y x y x y

Letbethefunctionf:(O,oo)—>]R{,f(x)=g

; (%)

lim /) = 1 lim f3) = o

x-2*log2 —-2*+1
x2

f(x) =

(log? 2 - x2 — 2xlog2 + 2)2* + 2

o > 0,A< 0

fII (x) —

2
F(0) =lim f/(x) =25 2 > 0

So, f —increasing functionand x > y = f(x) > f(y) = (*) is true.

Therefore,

np-q(V2m —-1) = q(m —-n)(V27 - 1)

788. If f defined for reals x and y :

y) =—>—2— +2" then.
f(x,y T taxy+y: x+y’ en:
x+y 1 x+y x—y)
V <-. — :
1)f( XV )_3 2) 1<f(x—y’x+y <1

Proposed by Srinivasa Raghava-AIRMC-India
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

x+y
1.L = = .
eta=./xyb >
ab :_‘ 1 a?+ab+b% >0 :_‘
Wehave:mS§ 3 3ab < a* + ab + b?

- 0 < (a—b)? which is true.
> b <_—1 Equality holds i =bor >0
Yo . 4 . 19 . — — .
a?+ab+b2 "3 quality holds iff a orx=y

Since xy > 0 — x and y have the same sign.

AM—-GM _
If x,y>0 —->b > aZOﬁmSO. Ifx,y<0 -a=0=banda+b
2
Ol e DNl I
2 a+b
— Xty ab a—>b
Therefore, 1f( A >_f(a'b)_a2+ab+b2+a+b
< §.Equality holds iff x=y > 0.

1
x+ xX+y x— 1 1 zZ—-
2.Letz=—y¢O.Wehave:f( y, y)zf(z,—)z Tt i
=y xX-yx+y 2 2241+ z+
z z

2

z z2 -1 204+ z4+22 -1

= + =
zh+z2+1 22+1 z°+224+222+1

1
R A Xty x—y
<—>z4+zz+2>Owhlchlstrueforallrealz—>f( )<1.

Al (x+y x—y)_ ( 1)_ 2% +z4+ 22 -1 é
so.f x—y'x+y =7 7)) T 1224+ 222 +1

2

& 275+ 32z* + 322 S 0,which is true for all real z # 0
x+y x—y
Therefore, 1< f( ) ) <1
xX—y x+y
Solution 2 by Kamel Gandouli Rezgui-Tunisia

xy X —
+
xX2+xy+y? x+y

fx,y) =

ify>xandx >0,y > 0.

Xy X y
fl,y) < PR because —— " <0
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xy 1 .
Z+xy+y? < 3 because by AGM: x* + y~ + xy = 3xy

[y

if x>0=1y<0and > =>x_y<() d *y <0=fx,y) <0<
if x > y<0an y=x Xty S an Zray iy s fx,y) < =3
1
1 1 y Y
ifx=;:f(x,y)= > +31’ =
1 =+
(y) +yr+1 y+Y
)y +1—y2_ y:(1+y%) (1-yH(A+y*+yY)
1+y?+y* 1+y> A+y>yHA+y?) A+yHA+y*+yH)
1+y%+y*t—y° 1 y®

TA+yDA+yE Yy 14y A+y)A+yE 4y
6 1 6
T@A+yHA+y 4y T 1+y? A4+y)A+yr 4yt T 14+ y2 T

1
(e )<
= fxx

-1

x+y . . xX+y
Jxy < 2 ;if x,y > 0 and 1fo0,ySO:—TZ xy because:

x+y (x)+(y)  |x|+ ]yl
- = = > /x|yl =
2 2 N 1 2
X y)
/ < —: >
f( Xy, > _3,Vx,y_0
Therefore,

x+y x—y)
-1<
1_f(x—y'x+y

789. Let f(x) = ax® + bx* +cx+d (a,b,c,d € R) and
f(1)=0,f(-1) =-4

<1

PRTS S
x 3 3

+ 0 - 0 +
f(x)

Findall @ > 0 such that |%| <a Vxe[-1,1]

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution by proposer

We have:
( f =0 ( a+b+c+d=0
f(-1)=-4 —a+b—-—c+d=-4
2 a
(4—V13 4 -13 4 -13
<f< 3 >=0<_,<3a< 3 +2b 3 +c=0 bc
(4413 4+ 13\ 4+ 13 d
\ 3 3 3
Therefore,
f(x)=x3—4x?*+x+2
S>f(x)=3x2-8x+1, f'(x) =6x—8
. _frx) _ 3x2-8x+1 _
Let us denote: gx) = = g vx € [—1,1]
- 9x2 — 24x + 29 (3x—4)2+13>0 vxe [—11]
- = = —
gx 2(3x — 4)2 2(3x — 4)2 7 ’

- () Ton[-1,1] - g(-1) < gl < g(1) > 2 < g <2

- lgx)| <2, vx € [—1,1]
-a=2

frx)
frr(x)

Hence: a > 2 we have: <a Vxe[-1,1]

2 2
790.a,b>0,keNk21,Q= == A="",6="abH =20

Prove that:

Q4-k—2 . Hk > Ak . G4-k—2

Il
[y

N =

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution by Ravi Prakash-New Delhi-India

Q a? + b? Q\ 2 a? + p2\ 1
G- () :< >

2ab G 2ab
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A a+b a+b (a+b)?
H™- 2 2ab _ 4ab
A\K _ (a+b)**
(E) ~ (4ab)*
We must to prove that:
a?+b2\*  (a+b)*  (a?+ b2l (a+b)
< 2ab ) = “@ab)c © 2%1(qh)?-1 = 22k(gh)F
2(a? + b%)?-1 > (ab)*1(a + b)?¥; (1)
Put:a=rcos0,b=rsin8,r>00<0< g Now, (1) becomes:
2r4-2 > y2k-2(gin @ cos 0)*1 - r2k(sin @ + cos 0)%k

(sin @ + cos 0)?*(sinfBcos O 1 <2 &
k-1

(\/f sin (0 + %))Zk (% sin 20) <2
(sin (9 + %))Zk : ;:1 (sin20)¥~1 < 1 which is true.

Equalityholdsfor0+%=;—rand 20 =12—r<:) 0 =§(:) a=bhb.

791. Let f(x) = ax* + bx® + cx* + dx + e (a,b,c,d,e € R) such that:

37
=2, f@=-

f'(x) — 0 + 0 = D T

- \/\/

Find all @« > 0 suchthat |[f(x)| < a, Vx €|

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by proposer

We have:
ff(x)=A(x+2)(x—1)(x —3), (A>0)
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x* 2x3 5x?
—>f(x)=fA(x+2)(x—1)(x—3)dx=A<—————+6x>+C;

4 3 2
Other,
37A+C 37
37 9 e =
fD) =22 f(3)=—= »{ 12 12 L 4-1c=o0;
12 4 9 9
—ZA+C=->
) xt  2x3 5x2_|_6
d = ——— — — .
A N
Sf(-1) < f(x) < fA), VvVxe[-1,1]
91 37 91
i < — < < —
- 12_f(x)_lz—> O_If(x)l_12 ,Vx € [-1,1]
!
_) [E—
“=12

Hence, a > % we have: [f(x)| < a, Vx € [-1,1]
Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo

f(x)=ax*+bx3+cx*+dx+e
() =k(x+2)(x—1)(x—3) =k(x3 —2x* - 5x+6)

x* 2x3 5x2
f(.X'):k Z—T—T+6x +e
(1)_37
f _Ez 37k+12e=37:>{k=1
9 9k —4e =9 e=0
f(3)=——
4
x* 2x3 5x2
fO=F -5 —7 +6x

Forx € [-1,1] = f(x) € [f(-1), f(1)]
It’s clear that: @ = max{|f(—1)|,|[f(D[} = max{l—%l , |% }

2 2
792.0b>0keNk21Q= [ A= 6=VabH =5
Prove that:

Qk . Gk+1 > Ak+1 . Hk

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
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Solution by Ravi Prakash-New Delhi-India

Q |a*+Db? a+b
H 2 2ab

Q\“ 1 k (a+b)

() = e+ e

(é)k” _ (a + b)k+1 _ (a + b)k+1
G 2Vab 2k+1(ab)k%1

G

k

k k+1 k k K
Q*G*1 > APk o (2) > (A) o (a* +b*)2 (a + b) > (a+ b1
H 3k ab k+1

22 2k+1(gb) Z

k k4 k-1
(a? + b*)2 > 22" (ab) 2 (a+ b); (1)
Put:a=rcos0@,b=rsinf,r>00<0< ;—rsothat (1) becomes:

k k-1
rk > 22714k~1(cos@sin@) 2 -r(cos@ + sinfh) <
1 k-1
k Z /4
-1 . .
22 (EstB) -\/ism(0+Z)S1(:>
k .1
22712 T
—— (sin260)* sin (0 + Z) < 1 which is true.
2 2

Equality holds for 8 = % S a=hb.

793.

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A 1
Since: ——1>-1and 0 < X <1, from Bernoulli's inequality we have

Gn
K A, 1 /A, A,
c 1+ k(1) <1+ k(1) =20
frk(le )< ba(le) -2

k A A
Therefore, A, =G, \[1 + k(G—"— 1).Equality holds if f G_n_ 1=0 o A,
n

n
=G, © a;=a; = =a,.

Solution 2 by Ravi Prakash-New Delhi-India

We have: 4, > G, > 0.Now, 4, > G, [1+ k (% - 1)]% o

AN A
(G—") >1+ k(G—"— 1) o AKX > GX + kGX1(4, — G,); (1)

n n

By the binomial theorem:
k 5k
Ai(i = [Gn + (An - Gn)]k = sz + (1> Gﬁ_l(An - Gn) + Z (]) Gﬁ_l(An - Gn)j =
j=2

> Gk + kGk-1(4,,-G,) >0

Equality holdsfor 4,, = G, ©® a; = a, = - = a,.

794.1f a,b,c > O such that: 3Y a3 > (3 a?)?. Prove that

XS ISR

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

az & 3Yad

B = W,Vu,b,c>0

Let's prove that :
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oY (T-2arn) 23 S an Y YOt
235 @~ (Y a)(Yat)=2) a* - abla+b)

sz.m—wz zz(a3+b3—ab(a+b)) =Z(a+b)(a—b)2

24 2
<—>Z<a c—a)(a—b)ZZO
b
(%)

o S.(a—b)?+5,b—0c)?+S,(c—a)? S 0where
c? + b? a? + c?
- ,Sb = — C,Sc = b

—a.

_b2+aZ

Sa

WLOG,we may assume that : b = mid{a,b,c}. Ifa<b<c -
ca + b? 2 a’ + ab
p = —c=—2=>0andS, >
a a
$c20

—a=0

Cé S,(b—c)? +S,[(c—b) + (b—a)l]?
=S, +S8,)(b—c)*+S,(a—b)?+2(c—b)(b—a)s,

— It's suffices toprove: S, +S,=>0(- (c—b)(b—a),S, =0)

b% + a? c? + b? b? + a? ca+ ba b? + a?
S,+S, = - —c> -b+ —c= >0
c a c
— (xx) is true.
bc + a? a? ab + c? )
Ifa=b=>c - §,=> p —bz?ZOandSCZ b —a=0ifS§,
> 0 we are done.
c? + b? c2 + b2 MM 2
—c<0->c= > T—>a22band

If Sb == a
CBS
:2[(@=b)2+(b—-0)?] S (a——c)?
Sp<0
~ LHS (.., = Sc(a—b)%+S,.2[(a— b)? + (b— )] + Sa(b — ¢)?

= (28, + S.)(a— b)? + (25, + S,)(b — ¢)?

S

- It's suffices to prove: 25, +S.,25,+S5,=>0
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c? + b? a? + c? azzb 2ab + c?
25, +S, =2 —c)+ —a S —2e+4 70 g
b b
CZ a=2b b=c
=a—2c+? > 2(b—-¢c)=>0
cz_l_bz b2+a2 aszﬂtdbzc
28, + S, =2 —c)+ -p S
bc+2ab V€ 2c2
_2c+f_b = —ZC+T=0

a’> 3Yad
- (xx) is true - (x) is true — Z — > 2—2
b Ya

2 3
Zb_>32a.
a  Ya?
Th , Zaz sz >32a3_z 2
erefore, min b a2 Taz = a“.
795. Prove that form,n € R,

m+n— (2 —V2)Vmn < m? + n?

Proposed by Hikmat Mammadov-Azerbaijan

.Similarly,we have :

Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo
letm = a?,n = b%*ab > 0= a® +b? — (2 —v2)ab = Va* + b*
(2 - v2)"a?b? + 2a2b? — 2(2 — V2)a®h — 2(2 —V2)ab® < 0
(6 —4v2 +2)a?p* —2(2 —V2)a®b - 2(2 = V2)ab® < 0
4(2 —V2)a?b? — 2(2 —v2)a?b — 2(2 — V2)ab® < 0|:[-2(2 — V2)ab]
>a?—-2ab+b*>05 (a—b)? =0

Equality holds for a = b.

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo
Let m = nt?;t > 0.Then

t2+1-(2-V2)t<tt+1
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(2-V2)'2-2(2-VZ) -2(2-V2)t< 0
(B-2V2)e2+t2 - (2-V2)? - (2-V2)t<0
282 -3 —-t<0ot?-2t+120(t—-1)2=>0
Equality holds for a = b.
796. If ais areal number and (f +24 E) (Z +24 f) = « for any positive
y z x/\x y z

real numbers x,y, z

a’+18a-27

3 3
then prove that (£+X+£) +(X+5+f) <
y z X X 'y z 4

Proposed by Marius Dragan, Neculai Stanciu-Romania

Solution 1 by Nguyen Van Canh-Ben Tre-Vietnam

Because: x, y,z>0—>(f+z+§)(§+§+§)=a>0

Let us denote: a—; b= f c=§—>a,b,c>0, abc=1

Then, we have:

x y z\3 iy z x\3 a*+18a-27
(—+—+—> +( + ) < ;

y z X X y z 4 ’
NN
y z x X'y z
2
<<(§+¥+2)(y+y+ )) +18(y+;'+ )(y+y+ 2)—27

— )

4
o (a+ b +c)®+(ab + bc + ca)?

- ((a+b + c)(ab +bc+ca))2 +18(a+ b + ¢)(ab + bc + ca) — _
— 4 )

abc=1
Jan)

S 4(abc(a+ b + ¢)3+(ab + bc + ca)?)
< ((a + b+ c)(ab + bc + ca))2 + 18abc(a + b + c¢)(ab + bc + ca)
— 27(abc)?;
o Z a’b?(a? + b*) + 2abc (Z ab(a + b)) - ZZ a3h® — Zabcz a® — 6a%b*c? > 0;
< (a? — 2ab + b?)(b? — 2bc + ¢*)(c? — 2ca + a?) > 0;
o (a—b)2(b — ©)%(c — a)? = 0; (- true)
Proved.Equalityca=b=c=1ox=y=zca=9
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Solution 2 by Soumava Chakraborty-Kolkata-India
Substituting y+z=a,z4+x=b,x+y=c,weseea+b>cb+c>ac+a>b
= a,b, c form sides of a triangle with semiperimter, circumradius, inradius
= s, R, rrespectively (say) and we subsequently arrive at : 2 Z X = Z a=2s>= Z X
=s.~x=s—ay=s—b,z=s— cand using such substitutions,

Z x3y3 = (z xy)3 — 3(xy + yz)(yz + zx)(zx + xy)

Y s-as-m) -3(] [s-a)abe

®
= (4Rr + rZ)3 —12Rr3s? = z x3y3 and

Zx3 = (z x)3 -3(x+y)y+z)(x+y)=s3—12Rrs (;)Z X3 a

1 1
= 2y z x%y z xy? | = gz (z x3y3 + 3x2y%z? + xyzz x3)

cyc cyc
via () and (i) (4 Ry 4 r2)3 — 12Rr3s? + 3r*s? + r2s(s® — 12Rrs)
B r4s2
s* — (24Rr — 3r?)s? + r(4R + )3 (;) X'y zZ y X Z
r2s? - ¢ y zZ X X Z Yy

y x xy(x+y+z—1z)
2GH) =2

cyc

= (s - as—b) —3r25) =[RS NN
r<s r y X

cyc cyc
x z\3 x zZ\3
Now,(—+X+—) +(X+—+—)
y z x X z 'y
3
x
(e
cycy cyc
x VA X z x via () (4R — 2r)3 4R - 2r
3Gl B (D5 ) e B s
y y cycy cyc
e (4R -2r)% g AR-2r s* — (24Rr — 3r2)s? + r(4R +1)3
r3 " r r2s?
2 3 4 2\ 2 3) ()
s“(4R—2r)° —34R - 2r)(s* — (24Rr — 3r“)s“+r(4R+r
= ( ) ( X r3sz( ) ( ))QLHS and via (»),
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<s4 — (24Rr — 3r2)s? + r(4R + r)3>2 ' 18 (54 — (24Rr — 3r2)s? + r(4R + r)3) 0

(+) r2s2 1252
RHS =
> 4
x z\3 x z\3 o®+18a—27
wvia (), (0, (C+24 2 4 (2424 2) <
y z x xX Z Yy 4

(s* — (24Rr — 3r?)s? + r(4R + r)3)2 + 18r%s?(s* — (24Rr — 3r%)s? + r(4R +1)%) — 27r*s*
=
4rist
- s2(4R — 2r)® — 3(4R — 2r)(s* — (24Rr — 3r?)s? + r(4R +1)3)

r3s2
& (s* — (24Rr — 3r2)s? + r(4R + 1)%)” + 18r2s2(s* — (24Rr — 3r2)s? + r(4R + 1)?)
—27r*s* — 4rs*(4R - 2r)3
+12rs?(4R — 2r)(s* — (24Rr — 3r?)s2 + r(4R +1)3) > 0

expanding and re—arranging

= s —2rs*(4R+ 1) +r’(4R+r)° >0 o (s* —r@4R + r)3)2 >0
x y z\3 vy x z.3 o®+18a—27
—>true=<—+—+—) (—+—+—) <—— =" (QED)
y Z Xx X zZ 'Yy 4

797.1f a,b = 0 then:
2
4v3ab - e'? + 2vV2(a + b)e‘/§ > (\/E + \/3) (\/§e‘/§ + \/Ee‘/g)

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

() & VZe®[2(a+b) ~ (Va+VB)'| 2 V3. [(va +VB)" - 4ab|

o VZ.eB(Va—Vb) = V3.e(Va—Vb) o <f_e_ﬁ>(ﬁ‘mz>° @
- >3 Bz -

X

e
Let f(x) =% > 1.

(x—1)e*
xz
e o2

N

We have : f'(x) = >0

— fis srictly increasing on (1,») - - (1) is true.

Therefore,

2
4V3ab.e'? + 2V2(a + b).e"3 > (Va +Vb) (\/§ eV? + 2. eﬁ).
Equality holds iff a = b.

117 RMM-INEQUALITIES MARATHON 701-800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam

Lemma: If 1 <y < x then:

Proof:

Let @(t) == (t >1)-o@')=et(1-t)<0- )l 1, +xo)

1<y=<x

- X y

- ‘P(x)<<.0(}’)—>—x<—y
Now, choosing: x = V3 > y = \/_—>7< —3e'2 <2e"3

Other, we have: 2vab < a + b;

By Chebyshev’s Inequality we have:

(2Vab) (\/ﬁeﬁ) + (a+b) (\/Ee\/?) > %( 2vab + a + b) (\/§e\/i + ﬁeﬁ);
o 4V3ab.e? + 2v2(a+ b)e”® = (Va+Vb) (V3e’ +vze'd)

Proved.

Solution 3 by Khaled Abd Imouti-Damascus-Syria
4V3ab - e'? + 2v2(a + b)e'® > (Va + \/3)2 (\/§e‘/7 + \/fe‘/g)
43 -Vab-e'2 +2v2(a+b) - V3 > (a+b+2\/—)(\/_ eZ+\V2 e )

LetG =vVab, M = %, then

eﬁ e‘/§
4V3G-e? +4V2 -3 -M-eB 22(M+6) (V6 - —=+V6 - —

V2 V3
4 Gﬁ+4 MTZZ (M+G)<E+ﬁ>
2(aG+BM)£(a+ﬁ)(%+1),x=%21

M 2 M M
2a+2[3-62a-6+a+ﬁ-6+ﬁ
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M M
a+B-EZa-E+B

M M
a—BZ(a—ﬂ)-—(:)lSEtrue.

(x—-1)e*
x2

Now, let f(x) = —, then f(x) =

f(x)=0=>x=1

x |0 1 V2 V3 0
fX)| ————=0+++++++++++++
f(x) e? P
+oo NN\ e 22 ﬁ}ﬁ 2
a<p.

798.Ifa,b,c,x,y > 0, then

Q- e aiss=s

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

() : (Za)(z_>_(x+y)2xa+yb
We have : (Za)(22>=2<1+%+g)=z*;+ab - (%)

“’Z( +b2+ab (x+y)(a+b)>>3

xa +yb
xa3 + yb3
o Z—y >3 (1)
ab(xa + yb)
a3 (a+b+c)3

. P . . >
From Holder's inequality, we have Z ab(xa + yb) = (3 ab)[>(xa + yb)]

3(ab + bc+ca)(a+ b+ c) 3
“(ab+bc+ca)(x+y)at+b+c) x+y
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b3 3 z xa® + yb3
> -y
ab(xa+yb) “x+y ab(xa + yb)
3 3
. +y.
x+y x+y

Similarly,we have : Z

>Xx =3 > (1) is true.

Therefore,

(Za)<22>—(x+y)zx215b23.

Equality holds iffa=b = c.

Solution 2 by Aggeliki Papaspyropoulou-Greece

a b b ¢ ¢ a x+ +b +y)(b+ + +
a b b c c.a o 5 GtP@th) @+ybto G+ylcta)
b a ¢c b a c xa +yb xb + yc xc +ya

a b b ¢ ¢ a

xa+yb xb+yc xc+ya ay+bx by+cx cy+ax
> + + + + +
xa+yb xb+yc xc+ya xa+yb xb+yc xc+ya

a b ay+bx by+cx cy+ax
Z(—+—>23+ + +
b a xa+yb xb+yc xc+ya

cyc

a by ay+bx by+cx cy+ax
R
b a/ xa+yb xb+yc xc+ya

cyc
a+b ay+bx a*+b*> ay+bx a’x+b’y a’x N b*y
b a xa+yb  ab xa+yb ab(xa+yb) b(xa+yb) a(xa+ yb)

b L€ by+cx  b*x N c’y
c b xb+yc c(xb+yc) b(xb+ yc)
c a by+cx c’x a’y
a ¢ xb+yc a(lxc+ya) c(cx+ ay)

a’x b%y c*x
P1 = + +
b(xa+yb) c(xb+yc) a(xc+ ya)

B b%y N c’y N a’y
~a(xa+yb) b(xb+yc) c(xc+ ay)

P,

From Holder’s inequality:
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3
P, -(ab + bc + ca)(xa + yb + xc + yc + ay) > (i/a?’x + i/b?’x + i/c?’x)

Pi(ab+ bc+ca)la+b+c)(x+y)=(a+b+0)x

(a+ b+ c)*x
P, > ;
(ab + bc + ca)(x + y)

(1)

3
P,(ab + bc + ca)(xa + yb + xb + yc + ay) > (§/a3y + i/b3y + i/cg’y) ;(2)

(a+b+c)x+y) (a+ b + ¢)?
P1+P22 = 23
(ab + bc+ca)(x+y) ab+ bc+ca

(a+ b+ c)®>3(ab + bc + ca)

Equality holds fora = b = c.

Solution 3 by Marian Dincda-Romania

let—=1¢—2 =1—t.The inequality is equivalent to:
x+y x+y

1 a+b b+c c+a
)-( )25

1 1
(a+b+c)<5+3+3 at+b(1—t)+bt+c(1—t)+ct+a(1—t)

€ [0,1]

a+b 4 b+c 4 c+a
at+b(1—-t) bt+c(1—-t) ct+a(l-1t)

(a+ b)(a—b) B (b+c)(b—c) B (c+a)(c—a)
(at+b1-0)" (bt+c(1-10)" (ct+ald-0)°
(a+ b)(a-— b)z3 o (b+c)(b— c)z3 o (c+a)(c— a)z3 >0
(at +b(1 - 1)) (bt + c(1 - 1)) (ct +a(1-1)
= f —convex, f(t) < max{f(0), f(1)}and - f(t) is concave, then - f(t) >

min{—£(0), —f(1)}
a+b b+c c+a
+ +

Let f(t) =

fl@®=-

fll (t) — 2

f0) =— - a
1 1 1 1 1 1 a+b b+c c+a
(a+b+c)(5+3+2>_f(0):(“+b+c)(E+E+E>_< t et )=
a b b ¢ a ¢ a b c
=3t ptatetrt et e e 3T
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c_l_a>3 3lb ¢ a_3
a b ¢~ ab c

=—+

1 1 1 1 1 1 a+b b+c c+a
(@+b+0)(c+3+)—fD=(a+b+a)( +p+7)— (ot t ) =
a b c a b c c c a
_b+c+a 3lb ¢ a
“a b ¢~ ab c

799.

Solve in R:

1—x
Let f(x) =172

f(rir@)) <o

Solution 1 by Vivek Kumar-india

_1—x
) oi520)- -
1 -

2
2 _(1+x2)
- 716++x32€ _ (2+x0)@+x%) \ (x+aP+ad+at
I (1+x2)% + (1 — x)? _f<(1+x2)2+(1—x)2>_f<x4+3x2—2x+2>_
(14 x2)2

1— x+x%+x3+xt
_ x*+3x2—-2x+2 _
1+(x+x2+x3+x4 )2
xt+3x2 -2x+2
3t -2x+2-x-x2 -2 —aH)(x* +3x% - 2x + 2)
B (x* +3x2 — 2x + 2) + (x + x2 + x3 + x*)2

f(f(f(x))) <0=>(—x*+2x*-3x+2)(x* +3x*-2x+2) <0

1?2 1
x3—2x2+3x—220@(x—1)<(x—5> +Z>20:>xe[1,00)

Solution 2 by Alex Szoros-Romania
1-f(f(x)
1+ (F(f(x)°
P +f@<0e f(1+fx) <0

f(f(f(x)))= 1+ <1-fx) e
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& x el
1<«x x € [1,)

Solution 3 by Hikmat Mammadov-Azerbaijan

1-—
Letq=f(f(x)),f(x)SO:»1+;250:1_6130:6121_

Letq=f(p)=>21=2>1-p=21+p?>=>p*+p<0=pp+1)=0

1+ x2

X! —x+2>0o x€[1,:).

800.1fn,peE N, n>1,p>2,0<a,<1ke1nthen:

n p n n P n
1_[(1+ak)2 l_[(1+pak)21+2ak2 1+p2ak
k=1 k=1 k=1 k=1

Proposed by Seyran Ibrahimov-Azerbaijan
Solution by Ravi Prakash-New Delhi-India

—-1<p<0>-1<f(x)<0&e —-1< <0o-1-x*<1-x<0

n n
1+a)? =21+ pa;Vvl < kSn:>1_[(1+ak)p 2H(1+pak)
k=1 k=1

[ [a+pao:@
k=1

n n

n n

az=0
1_[(1+Bak>: (1+ak):1+zak+a21+ ag;(2)
k=1 P k=1 k=1 k=1
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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