LA GACETA DE LA RSME - CHALLENGES (I)

DANIEL SITARU - ROMANIA

315. If a,b € R;a < b then:

ebfea>i(b )2_|_«/a+b
b—a — 2 @ €

2 a
Proof. Let be f: [a,b] = R; f(z) = * — &5
flx)=¢e" —xe®; f'(x) = e —e® > 0;x € [a,b]

By Hermite - Hadamard inequality:
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< d
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e®  4b% + 4ab + 4a® — 3a?® — 6ab — 3b> < el — e
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e’ —e e
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€b76a e
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323. If m € [0,00);a,b,x,y, 2z € (0,00) then:

$2m+2 y2m+2 22m+2
+
(ay + bz)?mt+2sec?™ Jo  (az + bx)?mFT2csc?™ 5 (ax + by)?m 2 csc?m G
3
— 4m(a + b)2m+2
Proof.
m—+1 m—+1 m—+1
2 2 2
LHS _ ((ayibz) ) (<a2<y#b:r) ) ((aziby> )
(sec? {5)m (csc? )™ (csc %”)m -
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Radon T 2 m+1 Bergstrom
f’>\ Z( ay+bz ) /-/>\

— m -
2 T 27 2 2m
(sec? g + csc? § 4 csc? 5 )

2m-2
(1) & mim]
= 2
3mtl(sec? {5 4 csc? § + csc? )™

By Larry Glasser’s identity (La Gaceta de la RSME, vol 19 (2016), no. 3, pp
594-595, problem 283):

(2) sec? 118 + csc? g + csc? g =12
By (1); (2):
(Z( . ) 2m+2
ay+bz )
3 LHS > s
) = 3mAl.qgm
But:
9 Bergstrom
x x
Zaerbz N Za:chrbxz
(t4+y+2)? (x+y+ 2)?
~ S(axy +bxz)  (a+b)(zy+yz+zx)
@) > 3(zy +yz + zx) _ 3
(a+b)(zy+yz+2zx) a+bd
By (3); (4):
2m—+2 2m—+2
LS >( 3 ). 1 3 _
a+ b 3m+1.19m 32m+1 ,4m(a + b)2m+2
B 3
- 4m(a+b)2m+2
Equality holds when x = y = z. O

338. Prove that in ABC' triangle the following relationship holds:

(=) (=) () (2e)

Proof.
2 2 2 2 2 2 2 2 2
4m; my me; my m; n my n m; n my n me o
6mZ  6m2  6m2  6m? 6mi 6mi 6m2  6mZ 6m2

- 6 m? m2 m2 m§  my
4m? m?2 m?2 Mg
(1) e R e T
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Analogous:

(2)

(3) a4

+
Swols
IV

(4) Zzgzz@

Replacing in (4) (mq, mp, me) with (m2, m2, m?) then with (m?, mg, m?).

(4)
m? m2 m
5 E J>§ a e
() mg_ mg - mp
8 4,(,5)\
m m m
6 a> a > a
(6) Zn”t?f_zmz1 - mp

We multiply (4); (5); (6):

(=) (=) (=)

:(z5) (2) oo (2a)

357. Si a,b y ¢ son nimeros reales positivos y = € (O7 g), probar que:
2 6 2

a?sin®z  B?sin*z A2sin’z ) tan® x )
+ — + 5— + 33/ (abc)? —5— > 6/ (abc)?

26 T T T

Solution 1 by proposer.

a?sin®z  b?sintz 2sin’z
+ +

z6 z x2

(asir} 1)2 (bsinzx)Q (csin:c>2 BERGSTROM

3 2 T
= + + >
1 1 1 -
(asi;}}3 T 4 bsian2 T + csizna:)2 AM-GM
> 3 >

2
33 abcsin3w _sin?z | singz
> 3 2 T
- 3
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12 nd
(1) — 3/(abe)? s/sin "z 33/ (abe)? - 51n4x
x
-6 2
, sinz , sin'x p sin”x tan T
76 +b°- o +c 2 +3+3/(a =
(1) K
> 3+/(abe)? Sm v + 34/ (abc)? an’ =
BERGSTROM
sm z\2 tan x \2 A
—3W< ) ( zl ) ) >
s1n x + tanw)2 WIL,KER

> 34/ (abc)?

=3{/(abc)? - 22 =
1+1 5 V(abe)

= 6+/(abc)?

(I
Solution 2 by Soumava Chakraborty - Soft WebTechnologies - Kolkata - India.
a?sin®z  b?sin*z Zsin?z AG 3 sin? 2
2
20 4 + x2 (% (abc) ( )
sinz  tan’z
(1)= LHS > 3\3/(abc)2( o + > )
t ?
> 33/ (abc)? w > 64/ (abc)?
? ?
& sinfrtanz > 2® < sin®z > 23 cosx
? 1 ?
& sinz > zv/cosx < (sinx)(cosz)™3 —xz > 0
©))
Let f(z) = (sinz)(cosx)™3 — a;Vx € [O, g)
Then, f'(z) = —22 _ 4 (cosz)3 — 1 and f(z) = -250°2_ > ;g 6[0 )
3(cosx)3 9(cosz)3
= /@)= [0V €[0.5) =0= f(z) > f(O):va [0, 5) =0
~Vre [O, %),f(z) > 0 equality at z =0
=if0<z<F, f(r)>0= (2)is true. O

366. Si denotamos H, =1+ % +...+ %, probar que, para cada a > 1,

1 “Z”: 1 dr < 1 1
- ——;4x - —.
H, ), k_lk—i—:czk a

Propuesto por Daniel Sitaru - Rumania
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Solucion enviada por Alberto Stadler, Herrliberg, Suiza.

En primer lugar debemos observar que k + 22 > kz?, para k > 1. En efecto, el
caso k = 1 es obvio y si k > 1, usando la desigualdad entre la media aritmética y
la media geométrica, se tiene que

k+a? = (k - 1)% + a2 >kt (%)k_lx% > ka2,

oz 1 "1 [Ydx 1
[ i<y [ =m(-))

y el resultado se sigue de manera inmediata.

Por tanto,

381. If 1 < a < b then:

b b
4/a /a (z¥ + y")dzdy > (b—a)?*(4+ (b — a)?)

Daniel Sitaru - Romania

Solution 1 by Sedn M. Stewart, Bomaderry, NSW, Australia.
A partir de la desigualdad de Bernoulli
(14+t)" > 1+t rteR, r>1,t>—1,

tomando, respectivamente, (¢,7) = (x — 1,y) v (¢,7) = (y — 1, ), deducimos las
desigualdades
Y >14zy—y vy oy =>l4ay-—ux,
(x —

validas ambas para x,y > 1. Asi, puesto que 1)(y — 1) > 0 cuando z,y > 1,

llegamos a que
ety 2 ltay+(@-Dy—-1)>1+ay,  zy>1,

y, por tanto,

/ab /ab(my + y*)dady > /ab /ab(l + zy)dzdy = @(4 + (b+a)?).

Finalmente, la desigualdad propuesta se sigue inmediatamente usando que
b+a>b—a.

Solution 2 by proposer.

Bernoulli

=(1+(@-1)" > 1+y=-1) ()

Bernoulli

= (+w-1) T hay-) @
By adding (1);(2) :
4yt >l+ylzr-1)+1+z(y—1)=
=l4+ay—y+l+ay—z=14azy+(x—-1y—-1)>1+ay
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// (¥ + 9 d;z:dy>// (1 + zy)dxdy =

:/ab/a dxdy+/ / rydzdy = (b—a)’+ b—2a2 (b—2a) — (ha)? <+(b—a)2>

4
4/a /a (z¥ + y")dzdy > (b—a)®*(4+ (b — a)?)

388. In AABC the following relationship holds:

(Ba+b)(3b+¢)(3c+a) < 1

V0a+0)30b+c)3(cta)® ~ /s

r - inradii; s - semiperimeter

Proof. We prove that:

3a+b +0b
a+b — <V2 b
By squaring:
(3a+1b)? _ 2(a+b)
(a+b)2 — b

b(3a+b)* < 2(a+1b)?
b(9a? + 6ab + b*) < 2(a® + 3a%b + 3ab® + b®)
9ab 4 6ab?® + b* < 2a® + 6ab + 6ab® + 2b°
2a3 — 3a*b+b> > 0

203 4 2a%b — a®b+ b > 0
2a%(a — b) — b(a® — %) >0
2a%*(a — b) — b(a —b)(a+b) >0
(a—b)( —ba—b*) >0
(a —b)(2a* — 2ab+ ab — b*) > 0
(¢ —b)(2a(a —b) + b(a—b)) >0
(a —b)*(2a+b) >0
which is true.
3a+0b a+b
1 <
(1) a+b V2. b
Analogous:
3b+c b+c
2 <
@ b+c vz
(3) 3c+a < V3. c+a
cta a
By multiplying (1); (2); (3):
(Ba+b)(3b+¢)(3c+ a)

(@+b)(b+c)(c+a)

<oy \/(a+b)(bab
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(3a+b)(3b+ ¢)(3c+ a) \/> B
\/(a—l—b)3( +c)3(c+a)d B
2 EULER [ 2
2r-r-s
(F - area; R - circumradu)

Equality holds for an equilateral triangle: a = b = c.

.

s\

396. If z,y, 2,t € (0,1); 3v/3(xyz + yzt + 2tz + try) = 4 then:
yzt ztx try TYZ

>2
-2 Tyi—g Tzi=2 -~
Proof.
AM-GM /272 + 1 — 22 4+ 1 — x2\3
222 (1—2?)(1—2?) < (”3+ Tt x)
3
222(1 — 2?)? < 8 = 2%(1-2%)? < 4
27 ~3V3
2 1
z(l—2?) < > 3V3
3v3 T (1 —2?) 2
yzt V3
1 — > —yzt
) z(l—2%) = 2 vz
Analogous:
t 3v3
(2) = > \[ztx
y(1—y?) = 2
try 3V3
3 > t
®) z(1—22) = 2 W
TYZ 3v3
4 _ Yz OVo
@) - = 2 °
By adding (1); (2); (3); (4):
Yzt 2tx try TYZ
>
-2 Tya=g Tza—2 -~
3V3 3W3 4
> ——(yzt +zte +tey +xyz) = — - ——= =
5 y+ayz) == 373
Equality holds for x =y =2=1¢t = %

407. In any triangle ABC' the following relationship holds:
tan?1° - tan?2° - tan?3°  tan®2° tan®1° _ (2v/2+ 1)tan?3°
+ + >
ha hb hc 78

ha, he, he - altitudes; s - semiperimeter.
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Proof. Lemma 1.
tan3° —tan2° —tan1° = tan 3° - tan2° - tan 1°

Proof. Denote tan 1° = . We must prove that:
3z — 23 2x 3z — 23 2z
1-322 1-22 © 1-822 1-22 "
Bz — 2®)(1 — 2%) — 22(1 — 32?) — 2(1 — 2?)(1 — 32?) = 22 (32 — %)
(3—2?)(1 —2?) —2(1 - 327%) — (1 — 2%)(1 — 32?) = 22(3x — 2%)
3322 —2?+ 2t — 24627 — 1+ 322 + 22 — 32* = 622 — 227
3 -3 22"+ 62 =62 — 22"

0=0
Lemma 2.
In any triangle ABC the following relationship holds:
7s
ho +hp +he < ———
’ 2v2+ 1
Proof.

(1) a=BD+ DC = ccos B+ bcosC
. AD  h, o
sin B = A5 = ?éha—csmB
. AD  h, o
sinC = yrolm ?:>ha—bsmC’
By adding:
(2) 2hqe = hg + hg = csin B + bsinC
By (1); (2):
(3) a+2h, = c(sin B + cos B) + b(sin C + cos C)

sinB+cosC =sinB+1-cosB :sinB—i—tan% -cos B =

sin &
4 (sinBcos%—l—sin%cosB):

- -cos B = —~

COs 1 COS Y

— %Sin(B—i— %) = ﬁsin(B—i— g) <V2

=sinB +
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Analogous: sinC + cosC < V2
By (3):

a+2h, =c(sinB+cosB) + b(sinC +cosC) < c-vV2+b-vV2=(b+c)V2
a+2hg < (b4 ¢)V2;a+ 2hy < (c+ a)V?2

¢+ 2he = (a +b)V?2
Equality case can’t be true in all three inequalities. By adding;:

a+b+c+2hg+hy+he) <2a+b+e)vV2
25+ 2(hg + hy + he) < 4sV2
2(ha + hy + he) < 25(2V2 - 1)

s(8—1) 7s
ho + hy + he < 8(2V2 — 1) = -
atho +he < s ) 22+l 2241

O
Back to the problem:
tan? 1° - tan® 2° - tan? 3° N tan®2°  tan2?1°
ha hb hc
BERGSTROM (tan1° - tan2° - tan 3° 4 tan 2° + tan 1°)?
>
hg + hy + he
LEMMA 1 tan?3° LEM>MA 2 Ts
hb + hc + ha 2\/§ +1

O

MATHEMATICS DEPARTMENT, NATIONAL ECcONOMIC COLLEGE ” THEODOR COSTESCU” , DROBETA
TURNU - SEVERIN, ROMANIA
Email address: dansitaru63@yahoo.com



