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Abstract: In this article is proved a metric relationship for the distance between
Gergonne’s point in a fixed triangle and any point in the plane of triangle.
Keywords: Gergonne’s Point, Stewart’s Theorem, Gergonne’s cevians.
1. Introduction.

We call Gergonne point of the triangle to the meeting point of the lines containing the
vertex of a triangle and the point of tangency with the inscribed circle. The Gergonne’s Point
was discovered by Joseph Diaz Gergonne (1771-1859) French mathematician. The identity
described here, gives us the distance between the Gergonne’s point of a triangle and any
point on the plane that contains the triangle.

2. Notations.

Let ABC be an acute triangle. We denote its side-lengths by BC = a,AC = b,AB = ¢, it’s

semi perimeter by s = %(a + b + c), it's area by F, it’s circumradius by R and inradius by r.

Its classical centres are the Centroid G, the Incenter I, the Circumcentre O, the Orthocentre

H and Nagel’s point N,,.

-

B D c

Figure 1.
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3. Propositions.

Proposition 3.1

If AD, BE, CF are the Gergonne’s cevians, then AE = AF =s —a,BF = BD = s —
b,CE =CD =s —vc.
Proof. Denoting AF = AE = x, BF = BD = yand CE = CD = z.We havey + z = q,
Z+x =bandx +y = c.Solving the systemwe findx =s—a,y=s—bandz=s —c.
Proposition 3.2

If AD, BE and CF are the Gergonne’s cevians of the triangle ABC then they are
concurrent and the point of concurrence is the Gergonne’s point G, of the triangle ABC.
Proof. By Proposition 3.1, we have: AF = AE =s —a,BF =BD =s—band CE = CD =
s — c. Using Ceva’s theorem and replacing AF with AE, BD with F and C with CE, we soon

find that
AE CD BF

CE BD AF
Then
AE CE BF _

CE BF AE

Hence the three cevians that connect the vertices to the point of tangency of the
circumference intersect at a point called the point of Gergonne G,.
Proposition 3.3

If AD, BE and CF are the Gergonne’s cevians of the triangle ABC then the length of each

PR 4F? 4F?
cevian is given by AD = \/(s —a)? + —.BE= \/(s —b)2 + —-and

CF = \/(s —c)? + —
Proof. We apply Stewart’s theorem to triangle ABC in which AD is a cevian. See Figure 4.
We get:

BC -AD? =BD - AC?> +CD - AB> =BC -BD - CD

a-AD?> =c*(s—c)+b?*(s—b) —a(s —b)(s —¢)
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_ CZ(S - C) n bZ(S - b) _ (S _ b)(S _ C); (1)
a a

AD?

2
After simplifying a few steps, we obtain AD = \/(s —a)’+ %. Similarly, we can prove that:

— (s — p)2 4 42 = (g — o)z 4+ 42
BE —\/(s b)? + - and CF—\/(S c)? + —
Proposition 3.4

The Gergonne’s Point G, of the triangle ABC divides each cevian in the ratio given by

AG, a(s—a) BG, b(s — b) CG, c(s—o)
GD GG-b)G-0GE G-as-0"™eF G-aG-b

Proof. We have by Proposition 3.1, BD = s —band CD = s — c.

Now in the triangle ABD, the line CF as transversal. Applying Menelaus’ Theorem we have

AF BC DG,
FB CD G,A _
s—a a G,D
s—b's—c.AGe=1
AG, a(s—a)
6D Gobe-o @
BGe _ b(s—b) CGe _ c(s—c)

Similarly we can prove that and

GeE  (s—a)(s—c) Go.F  (s—a)(s=b)’

From expression (2) and the fact that AD = AG, + G.D, we will have

AGe _ a(s —a) _als—a) ]
D aG-DrG-DG-0 b-G-ar >
GeD (s=b)(s—c) _(s=b)(s—c)

AD a(s—a)+ (s=b)(s—c) bc—(s—a)? ;)
Proposition 3.5
Let a, b and c the sides of an triangle ABC, and s,r, R and F are, respectively, its semi-
perimeter, inradius, circumradius and are of that triangle, then
1. ab + bc + ca = s* + r?> + 4Rr
2. a* + b? + ¢? = 25> — 2r> — 8Rr
3. a3+ b3+ 3 =2s2—6r%s — 12Rrs
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Proof. Using Heron’s formula for the area of the triangle and the fact that abc = 4RF =

4Rrs, we have F2 = s(s —a)(s — b)(s — ¢).

s?r? = s2(—s%?+ab + bc + ca — 4Rr)

Hence, a? + b? + ¢? = 2s? — 2r%2 — 8Rr.

Now, we know that
al+b3+c3=(a+b+c)a*+b*+c?—ab—bc—-ca)+ 3abc
a® + b3+ ¢3 = 2s[(2s? — 2r2 — 8Rr) — (s> + r2 + 4Rr)] + 12Rrs

So, a3 + b3 + ¢3 = 253 — 6r%s — 12Rrs.

Theorem 3.6

Let M be any point in the plane of an acute triangle ABC which Gergonne’s point G .

Then
2 1 2 2 2
MGe=m-[(s—b)(s—c)-MA +(s—a)(s—c) -MB?+ (s—a)(s—b) MC?*| -
_4rsZ(R+r)
(4R +1)?

Figure 2: Gergonne’s Point.

Proof. We apply Stewart’s theorem in to triangle MBC in which MD is a cevian, according
to figure 2. We get
a-MD?=BD-MC?+CD-MB?—a-BD-DC
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a-MD?=(s—b) -MC*+(s—c)-MB?—a(s—b)(s —c)

MD2=S_b

. MC? +%-MB2 —(s=D)(s—); (5)

Now, we apply Steward’s theorem in to triangle MAD in which MG, is a cevian. We get

AD - MGZ? = AG, - MD? + G,D - MA? — AD - AG, - G,D
AG G,D
MGZ = —=-MD? + — - MA? — AG, - G,D
¢ AD + AD ¢ e
Using the expressions (3),(4) and (5), we obtain
1
2 - 00 . - —7c)- 2 — —-c)- 2 - — . 27
MG; = be— (s —a)? [s=b)(s—c) - MA*+(s—a)(s—c)-MB“+ (s—a)(s—b)-MC*]

(s—a)(s—=b)(s—0)
T T be—G-02F [4(s = a)(s = b)(s — ¢) + abc]

Now, observe that

1
a(s—a)+(s—b)(s—c)=bc—(s—a)2=Z(—a2—b2—c2+2ab+2bc+2ca)=

1

= 1(47'2 + 16Rr) = r? + 4Rr and abc = 4RF = 4Rrs
After simplifying a few steps we obtain,
1
MG¢ =G o [(s—b)(s—c)- MA* + (s — a)(s — ¢) - MB? + (s — a)(s — b) - MC?] —
4rs?(R+ 1)
(4R + 1r)?

4. Main result

Corollary 4.1

Be G the centroid of the triangle ABC and G, the Gergonne’s point, then

2 8s%(r? + 2R?
GG§=6(a2+b2+cz)——s (r +2R7)

3(r + 4R)?
Proof. In Theorem 3.6, replace M by the incenter G. We get
1
2 __ - 00 . - —c) - 2 — —-c)- 2 — - . 27
GG¢ = b= G —a)? [s—=b)(s—¢) - GA*+(s—a)(s—c)-GB*+ (s—a)(s—b)-GC~]
4rs?(R+ 1)
(4R +1)?

We know that
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1 1 1
GA? = 5(2b2 +2c%? —a?),GB? = 5(2(12 + 2c¢? — b?) and GC? = 6(2a2 +2b% —c?)

Then
1
GGé = bc — (s — a)?
: [(s —b)(s—0) -%(sz +2c2—a?) + (s —a)(s — ¢) %(Zaz +2¢2 - b?)
2
+(s—a)(s—b)é(2a2+2b2—c2) —%
GG2 = 30he _ts — ) [(s=b)(s—c)+(s—a)(s—c)+ (s—a)(s —b)](2a® + 2b% + 2¢?) —
1 4rs?(R+71)

[a?(s = b)(s—c) + b?(s—a)(s —c) + c?(s —a)(s — b)] —

" 3(bc — (s — @)?) (4R +1)2

GGZ = 50— G =) [bc — (s — a)?1[a®(—s? + as + bc) + b?(—s?* + bs + ac)

4rs?(R+71)

2(_ 2 _
+ c?(—s“ + cs + ab)] (R +71)2

2
GGZ = §(a2 + b2 + c?)

1

_ 2(_c2 2(_ 2
3(bc—(s—a)2)[a( s“+as+ bc) + b*(—s* + bs + ac)

4rs?(R+71)
+c?(—=s?>+cs+ab)] — “@RI1?
GGeZ=E(a2+b2+cz)— !
9 3r(r+ 4R)[—s?(a? + b?+ c?) + s(a® + b3+ c3) + abc(a+ b + ¢)]
4rs>(R+ 1)
(4R +71)2

2
GG: = §(a2 + b2 + ¢?)
1
3r(r + 4R)

4rs?(R+ 1)
(4R +1)?

[—s2(2s% — 2r2 —8Rr) + s(2s — 6r%s — 12Rrs) + 8Rrs?]

4s2(r—R) 4rs?(R+71)
3(r+4R) (4R +1)?

2
GG? =§(a2 +b%+c?) —

Therefore,
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2 8s2(r? + 2R?)
GGZ — 2 b2 2\ _
e =gl@ T b7+ ) =Ry
Corollary 4.2

Be I the incenter of the triangle ABC and G, the Gergonne’s point, then
3ris?

IGZ=1% - ——0

(r + 4R)?

Proof. In Theorem 3.6, replace M by the incenter I. We get

1G? =—bc—(z—a)2 [(s=b)(s—c) 1A+ (s—a)(s—c)-IB>+ (s —a)(s—b) - IC?] -
4rs?(R + 1)
(4R +1)?

Of the triangle whose vertices are A, I and the point of contact of the incircle with side AB,

we obtain

A = (s —a)?

A
24
cos?

Now, we know that

A [s(s—a) B [s(s—D) q C s(s—c)th
cos = o 0S5 = —, andcos— = > en

bc(s—a
=26~
s
Similarly, we can prove BI? = 267D) ang €12 = 2L
1
IGE=————— [(s=b)(s—c) 142+ (s—a)(s—c)-IB?>+ (s —a)(s — b) - IC?]
bc — (s — a)?
4rs?(R + )
(4R + 1)?
1 F? 4rs?(R +r)
162=——._[b bl -
¢ bc—(s—a)? 52[C+Ca+a] (4R +1)?
1 s?r? 4rs?’(R+r
IG¢ = [sz+r2+4Rr]—¥

r(r + 4R) g2 (4R + 1)?
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rs? 4rs?(R+71)

162 =7FZ-I_1'+4R_ (4R + 1)?
Hence,
IG2 =12 — —422(_? :_)zr)
Corollary 4.3
For any acute triangle ABC
r+4R > sV3

with equality when the triangle is equilateral.

Proof. This follows from Corollary 4.3. We know that IGZ > 0, then

2 2 _ 2.2 2
162 = re(r -I(-r4f)4R)23r s°_ - +T4R)2 [(r + 4R) — S\/§][(T + 4R) + S\/g]
(r+4R)—sV3=>0
r+ 4R > sV3

Hence proved.
Corollary 4.4

Be O the circumcenter of the triangle ABC and G, the Gergonne’s point, then

4rs’(r+R)

0G:=R* ——————
€ (r + 4R)?

Proof. \n Theorem 3.6, replace M by the circumcenter 0, and consider that 04 = OB =

OC = R, we get
0G¢ = ﬁz_a)z' [s=b)(s—c)+(s—c)(s—a)+(s—a)(s—Db)] - 4;:1(2;)5)
062 = p—p—-2ab + 2be + 200 — a* — b — ¢ - L AD)
R
062 = R* - _4;51@4 ;)f;)
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Corollary 4.5

Be H the orthocenter of the triangle ABC and G, the Gergonne’s point, then

8s%(Rr — 2R?)

2 _ 2
HG: = 4R* + — s

Proof. In Theorem 3.6, replace M by the orthocenter H, so

2
HG? = m. [(s — b)(s — YHA® + (s — ¢)(s — )HB? + (s — a)(s — b)HC?]
4rs?(r + R)
~ (r+4R)?

Using the half angle formulas for the cosine function of an internal angle, we have

A
2c052§= 1+ cosA

A
cosA = 2COSZE— 1

2s(s —
cosd=6=a)
bc
.. 2s(s—b) 2s(s—c)
Similarly, cosB = ———=—1and cos C = ——= — 1, then
RZ
HG? = ————
¢ bc—(s—a)?
2s(s—a) 2 2s(s —b) 2
-|(s=b)(s—c) T_l +(s—c)(s—a) T—l
2s(s — ) ’l 4rs2(r+R)
— _p (== _1 R
Tls—a)ls=h) < ab > (r + 4R)?

After simplifying a few steps we obtain

HGZ—4R2+16SF2R2 (s—a+s—b+s—C) 16F?R? <1+1+1)
€ r(r + 4R) \b2c2 ~ a%¢%2  a2b%2) r(r+4R)\ab bc ca
4rs?(r + R)
(r + 4R)?
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16sF?R? a?(s—a)+b?(s—b) +c?*(s—c) 16F?R? a+b+c
r(r + 4R) a?b?c? r(r + R) abc
4rs?(r + R)
(r + 4R)?

HGZ = 4R? +

8Rs?>  4rs?(r +R)

HG? = 4R? +r+4R'[S(a2 +b% +c?) = (a® + b® + c%)] " r+4R  (r + 4R)2
HG? = 4R* + -[(2s® — 2r%s — 8Rrs) — (2s° — 6r®s — 12Rrs)] - o
r+ 4R rHaR
4rs?(r +R)
T +4R?
HG2 = 4R? + 4s*(r+R)  8Rs* 4rs’(r+R)

r+4R  r+4R (r + 4R)?
Further simplification gives
8s2(Rr — 2R?)

2 2
HGE = 4R + — s

Hence proved.
Corollary 4.6
If N, is Nagel’s point of the triangle ABC and G, is the Gergonne’s point, then

16s%(Rr + R?)
(r + 4R)?

N,G% = —16Rr +
Proof. We know that

a 4F?2
N,A =— |s?

4a
- o NA2=a?——(s—-b)(s—0)
s a(s —a) s

Similarly N,B? = b? — i—b(s —a)(s —c)and N,C? = ¢? — %(s —a)(s — b).

Using the Theorem 3.6, replace M by Nagel’s point N, then

N,G? = Wl—a)z' [(s=b)(s—c) N;A%2+(s—a)(s—c)-N,B?>+ (s—a)(s—b) -N,C?]
4rs>(R+ 1)
"~ (4R +71)?
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) 1
NuGE = 5
4
-[(s—b)(s—c)-(az—?a(s—b)(s—c)>+(s—a)(s—c)
4b 4
~(b2 —?(s—a)(s—c)>+(s—a)(s—b)-<cz —?C(s—a)(s—b))]
4rs?(R+71)
(4R + 1)?
N,GZ = bc—(s——a)z[az(s —b)(s—c)+b?(s—a)(s—c)+c?(s—a)(s—Db)] —
4 4rs?(r + R)
e M\2(c — 2  N2(c — )2  N2(e — V2]
S [a(s = b)*(s—c)*+b(s—a)(s—c)* +c(s —a)*(s — b)*] o+ 4R)?
1
N,GZ = - G_? [a?(—s? + as + bc) + b%(—s? + bs + ac) + c?(—s* + ¢s + ab)] —
T SO = (s~ aCs" Has +bA)® 4+ b(=s* +bs +ac)” +c(=s* +cs + ab)’] -
4rs?(r+R)
(r + 4R)?
N,GZ = be—(s—a)p [-s?(a®+b*+c®) +s(a®+b3+c3)+abc(a+b+c)]—
TS G-aD [a(s* + a®s? 4+ b*c? — 2as® — 2bcs? + 2abcs)
+ b(s* + b%s? + a?c? — 2bs® — 2acs? + 2abcs) +
4rs*(r + R
+c(s* + c?s? + a?b? — 2cs® — 2abs? + 2abcs)] — w
(r + 4R)?
1
e =———|—s“(Zs® — 2r° —8Rr) + s(2s° — br°s — rs) + 4Rrs - 2s| —
N,G? bc—(s—a)z[ 2(2s% — 2r? — 8Rr) (2s3 — 612 12Rrs) + 4R 2s]
4

[s*(a+b+c)+s?(@®+b3+c3)+abc(a+b+c)—

4rs*(r + R)
(r + 4R)?
[255 + s2(2s3 — 6125 — 12Rrs) +

B s(bc — (s —a)?)
—253(2s3 — 61r%s — 12Rrs) — 24Rrs3 + 16Rr3] —
N,GZ = — (—47r%s? + 4Rrs?) —

r(r + 4R) sr(r + 4R)
4rs*(r + R)

+4Rrs(s? + r% + 4Rr) — 2s3 — 6r%s — 12Rrs) — 24Rrs® + 16Rr3 | - —
(r + 4R)?

4s?2(R—r) 4(16R%*r + 4Rr? —2rs?) 4rs*(r +R)

r + 4R r+ 4R ~ (r+ 4R)?
8rs?  4s?’(R—r1) 4rs*’(r+R)

+ —
r+ 4R r+ 4R (r + 4R)?
452

(r + 4R)?

NﬁGg =

N,G2 = —16Rr +

N,G2 = —16Rr +

Hence,

11 GERGONNE’S POINT AND OUTSTANDING DISTANCES




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
16Rs?*(r + R)

N,G2? = —16R
are Tt (r + 4R)?

5 Conclusion

In this article we find a metric relationship for the Gergonne’s point. With this relationship
we can find the distance between the Gergonne’s point and other notable centers of the
triangle. The proofs presented here only require basic knowledge of Geometry and its
manipulation and application.
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