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ABOUT RECURRENCE RELATIONSHIPS
FOR REAL NUMBER SEQUENCES-(II)

By Raluca Maria Caraion and Florica Anastase-Romania

Abstract: In this paper are presented few techniques for study the convergence of real
numbers sequences.
1. Introduction.

Let (x,)nen be sequence of real numbers. We define the relationship homogeneity for
second order of the type:
Xp = Xp_1 + bxy_,n > 2;(1.1)

where a, b € R and x4, x, are the initial conditions.
If a = q and b = 0 we deduce that x,_; = x,,_, + .50, we getx, = x; - q",n = 1; (1.2)
and x, = 2x,_1 + X, n = 2; (1.3) withx,, =x; + (n — Dr,n = 1.
Now, from (1.2) we admits that x,, has the form x,, = ¢ - ¢""1,n > 1, where c € R.
For n > 3, the relationship (1.1)can be written as:
cq"t=ac-q"?+bc-q"3orcq"3(@*—aq—b) =0
which means that (1.1) exist when g check the algebraic equation
q> —aq—b =0;(1.3)
which is named characteristic equation associate to the recurrence relationship.

If g1, q, are the roots of the characteristic equation (1.3), namely x;, = cq?™ 1, x;) = cq3 1.

In these conditions, we find that

qlzé(a—\/a2+4b)( )
; (1.4
q2=%(a+\/a2+4b)

Theorem 1.1
If a? + 4b > 0 then (x,,),,>1 satisfy relationship (1.1) ifand only if 3¢c,d € R
such that

x, =cqt !l +dqy,n>1;(1.5)
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Proof.

c+d=ux

Admits that (x,,),>1 is verified (1.1) and then, forn = 1,n = 2, we get {qlc +qyd = x,

Hence, g, — q; = Va? + 4b and
c = q2X1 — X3 X2 — (q1%1

,d = ;(1.6)
92— q1 q> — q1

Suppose that (1.5) is verify for all 1,2, ..., n then for n + 1, we have:

Xni1 = Xy + bxy_q = alcqi ™ +dqi ™) + b(cq? ™ +dq3™?) =
= cqi"*(aqy +b) + dq;*(aq, + b) =
= cqi%qf +dq37%q; = cqi +dq3.
Reciprocal, admitting that exists ¢,d € R such that (1.5) is verified, hence forn > 2,
aXn_1 + bxp_p = alcqi™ + dqz™*) + b(cqi ™ +dqi ™) =
= cqi > (aqy +b) +dq; 7> (aqy +b) = cqi ™ + dg; ™" = xy.
Theorem 1.2
If a? + 4b = 0 and a # 0 then (x,,),>1 check it out (1.1) if and only if
dc,d € R such that
Xp,=cq"1+dn—-1)g"1,n>1;(1.7)
Proof.
Admits that (x,,),»1 verified (1.1) and forn = 1,n = 2 let ¢ = x4, qc + qd = x,. Therefore,
c=xjandd = %(xz —qx,); (1.8)
So, the numbers c and d verified the relationships (1.8) and suppose that these
relationships are verified for all the integer numbers 1,2, ..., n, then forn + 1, it follows
Xn+1 = cq"%(aq + b) + dq" ?*[a(n —1)qg + b(n—2)] =
=cq""%q* + dq"*[(n — D(aq + b) — b] =
=cq" +dq"?*[(n — 1)q* + q*] = cq™ + dnq™.
Reciprocal, admitting that exists a, d € R such that (1.7) has verified, from (1.5) we get
ax,_q + bxn_, = cq" 3(aq + b) + dg" 3[aq(n —2) + b(n —3)] =
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=cq" "t +dq" P [(n—-2)g* + ¢*] = cq" T +d(n - 1" = xy.

Theorem 1.3

If a> + 4b < 0 then the roots of the equation (1. 1) has not real numbers and are as

n= 1,wherer=\/—bandc030=L O<u<m.

g, =1r(cos@ —isin@)
{ 2vV/=b’

q; =1(cos@ +isin)’
Then the sequence (x,),>1 satisfy relationship (1.1) if and only if 3¢, d € R such that
X, =1"1c-cos(n—1)0 +d-sin(n—1)0],n>1.;(1.9)
Proof. We establish the auxiliary relationships:

{ar -cos(n—1)8 + b - cos(n — 2)8 = r? cos(nb) n > 2;(2.0)

ar - sin(n — 1)@ + bsin(n — 2)8 = r?sin(nd) ’
Forn = 2, we have g5 = aq, + b which written as:
72(cos 20 + isin 20) = ar(cos 8 + isin @), therefore,

{rz cos(20) = ar-cosB + b
r2sin(26) = ar - sin 6

From (1.9) we have:
r2cos(n + 1)8 = r?(cos(nB) - cos @ — sin(nh) - sinH) =
= cos6 [ar - cos(n —1)0 + b - cos(n — 2)0] —sin 6 [ar - sin(n — 1) 0 + b - sin(n — 2) 0]
= ar[cos(n —1)0 - cos@ —sin(n—1) 6 - sin O]
+ b[cos(n —2) 6 - cos O —sin(n —2) 0 - sinf] =
= ar - cos(nf) + b - cos(n — 1)6
So, if (x;,),»1 Verified relationships (1.1), for n = 1,2 in (2.0), we can find the system:

c=x
{ ! which has unique solution

r(c-cosf +d-sinf) = x,

Cc = x1
= sta(l )
~ sin6 rxz X1 €08

Suppose that these relationships are verified for 2,3, ..., n, then we will prove that are true
forn + 1.
Xpe1 = ar™ tc-cos(n —1)0 +d - sin(n — 1)6]
+ br™2[c-cos(n—2)8 +d -sin(n — 2)0] =
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=cr™?[ar - cos(n —1)8 + b - cos(n — 2)8] + dr™?[ar - sin(n — 1)0 + b - sin(n — 2)6]

= cr™2r?. cos(nf) + dr™2r? - sin(nf) = r™(c - cos(nb) + d - sin(ndh))
Reciprocal, admits that 3¢, d € R such that (1.9) are verified, from (2.0) and (1.1), we
have:
axXp_q1 +bx,_, =
=ar™?[c-cos(n—2)8 +d -sin(n—2)0] + br"3[c- cos(n —3)8 + d - sin(n — 3)0]
= cr™3[ar - cos(n —2)8 + b - cos(n — 3)0]
+dr™3[ar -sin(n —2) 0 + b - sin(n — 3) 6]
=cr™3r?2.cos(n—1)0 +dr"*3r?.sin(n—1) 0

=r"c-cos(n—1)0 +d -sin(n—1) 0] = x,.
2. Applications.

Ap. 2.1)

Let (x,,),,-0 be sequence of real numbers defined by x, = x; = 1 and

Xn4+2 = Xpi1 + X, Find x,,.

Solution. The characteristic equation associate for the sequence (x,),»1 is 7% = 7 + 1 which
has the roots

_1-vV5  1++5
-2 2

n n
Using Theorem 1.1, we get, x,, = ¢ (1_7\/3) +d (12\@) and from the initial conditions

Xo = x1 = 1, it follows that

1 V5-1
c=—"
\5 2
gL 541
=7 >
Therefore,
_1 1_I_\/§n+1+ 1_\/§n+1 . l
xn—\/g 5 5 (Binet's formula)

al RMM-ABOUT RECURRENCE RELATIONSHIPS FOR REAL NUMBERS
SEQUENCES-(1I)



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Observation 2.1 The sequence (x,)ns0 is known as Fibonacci's sequence and is noticed

(Fn)nzo
Ap. 2.2)

Let (x,,),.-0 be sequence of real numbers defined by x, = 2,x; = 1 and
Xn4+2 = Xpi1 + X, Find x,,.
Solution. Using application 2.1, we get
1-v5\" [(1+V5\"
w=(5) +(75)

Observation 2.2 The sequence (x,,),s0 is known as Lucas’ sequence and is noticed (L;,) 51

Ap. 2.3)
Let (x,,),,>0 be sequence of real numbers defined by x, = 0,x; = 1 and
Xn+2 = \/Exn+1 — Xn
Prove that x,, 4, = x,,, k € N.

Solution. The characteristic equation associate for the sequence (x,,);»1 isT2 = V2r —1

1 ] T T
A=-2andr, =—=(121i) =cos—+isin—

NG 4 4

Using Theorem 1.3, we getx,, = - cosrl—n +d- sinrl—n

From x, = 1and x; = 1, it follows that c = 0,d = V2 and x,, = \/fsin%.

Observation 2.3
If (Xp)n=1 are defined by (*): X1 = A1 Xp45-1 + A2Xppg—2 + - + AxXp, (a;);=17 € Rand
Xo = Po, X1 = P1,---» Xk—1 = Pr—1 We can determine existence of the general terms.
Let 7% = a; 7% 1 + a,r*2 + --- + a,_,7 + ay be the characteristic equation of the
sequence, then the general terms of (x;),»1 are x, = cyal’ + c,a + -+ + cpak, where

(¢;)i=1z are determined from the initial conditions.
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The characteristic equation has a; by the order g, a; € R, thus the sequences with general

termsn - a',n? - af, ...,n971 - al! verified the relationships ().
Ap. 2.4)
Let (x,,),>1 be sequence of real numbers definedby xyg = 3,x; = 2,x3 =6
and x,,,3 = 2x,,,2 + X1 — 2X,. Find x,,.
Solution.
The equation characteristic associate of the sequence is 73 = 2r2 + r — 2 which has the
rootsa; = 1,2, = —1, a3 = 2. Using the Observation 2.3, we get
Xp = €1 + c2(—1)™ + ¢3 - 2™ and from the initial conditions, we obtain
x, =1+ (=1)"+ 2™,
3. Non-homogeneous relationships of recurrence by two ordered

Let (x,)n=1 be sequence of real numbers defined by

(3.0): {x"+2 = @ngy + b2y + f (1) ;0,b,p0,p1 ER,b #0and f:N - R.
Xo = Po,X1 = P1

Theorem 3.1
If the characteristic equation r?> = ar + b has two distinct roots «, P and if
the sequence (z,,),>1 satisfy the relationships (3. 0), thus the sequence
(Xn)n>1 has the general terms x,, = ca™ + dp" + z,,.

Proof.

a?=aa+b|-ca™
B?=ap +b|-dp™

Can+2 + dﬂn'f'z — a(can+1 + dﬁn'f'l) + b(can _I_ dﬁn) and how

Because { it follows that

Znto = AZpyq + bz, + f(n), by adding we get
ca™? +dp"?% + z,., = alca™t +dp™ + z,,1) + b(ca™ +dp™ + z,) + f(n),n €N
Therefore, x,, = ca™ + df™ + z, and from x, = py, x; = p; we have

c+d+zy=
{ 0= Po the unique solution.

ca+df+z,=p;
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Theorem 3.2

If the characteristic equation 7> = ar + b has double roots and (z,,) ;1
satisfy the relationships (3. 0), thus the sequence (x,),>1 has the general
term x, = ca+dn-a*+z,,;c,d eER
Proof. Using Theorem 3.1 forc = p, — zgand d = i(pl — z;) — ¢, thus we find that

exist P polynomial function with degree(P) = p and an constant ¥ € R such that

f) =y™-P(n).
Ap. 2.5)

Let (x,,),,>1 be sequence of real numbers defined by
Xni2 = 2Xp41 — Xp +17 -5+ 7 cosrg—n. Find x,,.
Solution. Let y,, = ¢ + nd solution of the homogenous relationship and let f;(n) = 17 - 5™.
We find an particular solution Z,, = ¢ - 5", where ¢ = 1.
Let f,(n) =7 cosn3—n and we will to find 4, u € R such that

Zp=4A Cosng—n +u sinrg—n which verify the relationships

nm
Znso = 2Zpy1 —Zn + 7 cos?

7 T
A=—-=-T7cos:
From the initial conditions, we get 73 and then

. s
u=——=—7sin

2 3

(n-Dm
Z, = —7cos . Therefore,
(n—Drm

Xp =Cc+dn+5"—7cos 3

Ap. 2.6)
Fora,b,x{,x; € Rand (b,),>1 sequence of real numbers, find the general
term of the sequence (x,,),>1 defined by

Xns+2 — (@+ b)x, 1 + abx,, = b,,n > 1.
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Solution. Let y,, = x, .1 — ax,,n = 1 then we get

Yn+1 = byn =bp,n 2 1o0ryn = byy1+byg,n=1
Therefore, (y,)ns1Vverify the relationship
Y2 = by, + by
ys = by, + b, = b?y; + bb; + b,
Y4 = bys + b = b3y, + b%b; + bb, + bs
vee e e e (by induction)

n-2

Yo = b1y, + 2 prklh, 4 b > 1
k=1

Now, from x,, = ax,_1 + yn_1,n > 1, we obtain
n-2

X, =a" lx, + z a* *ly +y,_,m>1
k=1

Therefore, from y; = x, — ax; we get

n-2 k-2
X, =av lx; + Z at k-1 ’bk"l(xz —axy) + z b*==1b; + by_ 1 | + B2 (x, — axy) +
k=1 i=1

n-3
+ Z b I=2b; + by_,,n > 2
j=1

Theorem 3.3
If (a;);—1% € R, ax # 0 and (x,,),>0 is an sequence positive of real numbers such that

Ao+ a1X, + QX X1 + o+ QpXpXpiq - Xnak—1 = XnXns1 - Xn+ko VN € N; then exist

u
an (u,) =0 sequence of real numbers such that x,, = ZH ,vn € N and

n

k

Z AUyt = Upig+i; VR EN
i=0

Proof. Because x,, # 0,Vn € N then 3(u,),»; such that x,, = uZ“. Letuy = 1,u; = X,

n

and

. u
U, = XoX1 ... Xp, VL = 2, hence, replacing x,, = L in

n
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Ao + a1Xp + A XpXpp1 + o+ QX Xpng1 o Xnak—1 = XnXnt1 - Xnik, VN E N

It follows that:

Un+1 Unt2 Unit Un+k  Un+k-1 Uniz Unit
a0+a1' n+ +a2' n+ . n+ +.”+ak. n+ . n+ n+ . n+ —
Un Up+1 Un Upnt+k-1 Un+k-2 Up+1 Un
_ Un+k+1 Un+k  Unik—1 Uni2 Uni
Unp+k Upnt+k-1 Unt+k-2 Up41 Up
Therefore,
K
Z AUn4i = Unir+is VM EN
i=0
Ap. 2.7)
. 1 3x,
Let (x,,),,>0 sequence of real numbers defined by x, # S X1 = T
—&tn

vn € N. Prove that (x,,),,cy is convergent.
Solution. If x, = 0 then x,, = 0.
1 1 .
Letxo € R — {O, 5}, thusx, € R — {O’E} and denoting y,, = 1 — 2x,,, Vn € N we get
Yn ER*and y,y1¥n — 4y, +3=0,Yn €N.

Using Theorem 3.3, let us denote y,, = u;”l,n € N, and hence
n

Upsz —4Upyq +3u, =0,Vn €N
The characteristic equation 72 — 4r + 3 = 0 has the roots; = 1 and 1, = 3.
So,u, = c+d- 3" Vn € N. Therefore,

_c+d-3"+1
In = c+d-3n "’

How (¥, )nso is convergent, hence (X, )0 is convergent.

vn e N

Ap. 2.8)

Let (x,,)ns0 be sequence of real numbers strictly positive defined by x; = 1,x,,,1 = %
n

n
Prove that (v,),51, Yn = Z xj is convergent.
k=1

Solution. For x,, > 0,Vn € N let us denote u,, = xi,n € N* with u; = 1,u, = 3. Hence,

n
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Upyz — SUpyq + 2u, = 0,Vn € N* with general solutionu,, = c+d - 2",vn € N*.

Fromu; = 1,u, = 3, we getu, = 2" —1.So0, x, = ﬁ,Vn € N*.

Vne1 — Vn = Xps1 = PR > 0, then (y,)nso increasing.

Yn < Z ok = =1—5-<1= (Jp)n=1 — bounded.

Therefore, (y,,),,51 is convergent.
Ap. 2.9)

For a > 1, let (x,,) >0 be sequence of real numbers strictly positive defined

a+1
by xo =1,x; =aand x,,; 1 = z .Find lim —.

n—-1 n—oo Xn
Solution. For x, > 0 and a > 1, we have:

logg xp41 = (a+ D logg x, — alogy xp— 1 ©
log, xp41 — (@ + 1) log, x,, + alog, x, =0
Let y, = log, x,, and from the initial conditions we get y, = 0 and y; = 1. Thus,
Yns1—(@+ Dy +ay, 1 =0
The characteristic equation is:
r’—(a+Dr+a=0&r =11, =a.Hence,y, =c+d-a"

1
{c+d=y0=0 L) T Ta
c+d-a=y; =1 1
. a—1
ynza_l(a"—l)=a”"1+a”_2+---+a+1
x, = a¥n = @@ " ++atl Therefore,
1
lim — = 0.
n—o X,

Ap.10)
Fora,b,c € R,a > b > c > 0let (x,),50 such that

ax,,» + bx,,1 +cx, = 1,¥Yn € N. Find: limx,,.

n—->oo
Solution. We have:

ax + bx + cx =1
{ n+3 n+2 n+1 ;Vn eN
AXpip + bxpyq +cxp, =1
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axp43 + (b — a)xpio + (¢ —b)xpe, +cx, =0,VnEN

The characteristic equation is ar3 + (b — a)r?> + (c — b)r —a = 0 withr; = 1 or
ar?+br+c =0;(1)
We distinguish the following cases:

Case l) If A = b? — 4ac > 0, then the equation (1) has two roots r, # 13 and from Vieta’s
theorem, r, + 13 = —g € (—1,0), 1,13 = 2 € (0,1), thenr, € (—1,0) and 3 € (—1,0).
Therefore, x, = A-1r{* + B-r' + C - r3* and from 1,13 € (—1,0) it follows that

lim x, = A.

n—-oo
Case ) If A= b? —4ac =0,thenr, =153 = —g € (—1,0). Therefore,
Xqp =A 1"+ (B +nC)ry and from r, € (—1,0) it follows that
lim x, = A.
n—-oo
Case lll) If A = b%? — 4ac < 0, thenr, = r(cosO + isinf) andr; = r(cosf — isinH),
0 € R— {km|k € Z}. Fromryr, = 1% = 2 < 1,thenr € (0,1).
Butx, =A-1"+ (Bcosnb + Csinnd)r™; A, B, C € R, where
((B cosnf + C sin n9)r") is bounded. Hence,
neN

lim x, = A.

n—-oo

Now, using limx,, = Aand ax,,, + bx,,1 + cx, = 1,Vn € N, we get
n—->oo

1
A b =1=1i = —
@t+b+o) e ™ T g b +c

Ap.11)

Fora,b € R*,a # *b, let (x,,) .0 be sequence of positive real numbers

definedby xo =1, x4, = ﬁ and abx,  ;X,.1+ (@ + b)x, 2x, +

. = X
Xp+1Xn = 0.Find: lim ——.
n—-o Xp4+1

Solution. Forx, = 1,x; = ﬁand x, > 0,¥n € N we have:

abxpiaxni1 + (@ + b)Xpy2Xn + Xp1%, =0 &
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1
+ (a+b)- +ab-—=0

Xn+2 Xn+1 Xn

Let us denote y,, = xi theny, = 1,y; = a + b and hence

Yn42 + (a+ b)yn+1 + aby, =0

The characteristic equation 72 + (a + b)r + ab = 0 has the roots r; = —a, 1, = —b , thus

Yn =€ (—a)™ +d - (—b)" and from the initial conditions y, = 1,y; = a + b, it follows

2b+a

thatc = andd = ﬂ. Therefore,
b—a a—-b
2b+a 2a+Db
= o (— n o — n
Yo = G (C)" + ——- (=b)" and
X Y _ 2b_+a'(—a)"“+—2a_+b'(—b)"+1
lim —— = lim n+1=11mb a a—b =
n—om X, n-owo Yy, n—-oo 2b+a . (_a)n + 2a+b . (—b)n
b—a a—>b
2b+a.an+1+2a+b'bn+1
=—1imb_a a—>b
neo 2b+a . 2a+b
pb—q " t4g=p D
2b+a+2a+b.(g)"+1
=—a-1imb_a a—b \a =g
n-oo 2b+a+2a+b.(2)
b—a a—b \a
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