SSMA MATH CHALLENGES-(V)

DANIEL SITARU - ROMANIA

5531. If =, y, z > 1; xyz = 2/2 then:

Yyt 42> 9
Proof.

. Bernoulli

o= (1+@-1)" > 1+@-Ly (1)

» Bernoulli

v =0+@-1) = 1+@-Dz (2
By adding (1);(2) :

4yt > 14+ (x-Ly+1+(y—1z=
=l4ay—r—y+1l+ay=
=l4+ay+(x—1)(y—1)>1+uzy
Yyt > 14y (1)

Analogous:

Y 4+2Y > 14 yz (2)
2P x® > 1+ zx (3)

By adding (1);(2); (3) :

AM—GM
Y+ 2y Y+ > 1+ 1+ 1 +ay+yz+ze > 3+3V(zyz)2=

—343(Y/22)° =313 (/27 =3+3.2=9

5562. If a,b,c > 1 then:

b
eab+ebc+eca>3+f+7+g
a ¢ b
1
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ax

Proof. Let be f:[0,00) = R; f(2) = ;5
) = ae®®(z? 4 a?) — 2we® _ e (az? — 2z + a3)
(22 + a2)2 (22 + a2)2
fl(x) =0=az® —2x+a®>=0
A=4—4a*=4(1-a)(1+a)(1+a*) <0
because a > 1. Hence f'(z) > 0, (V)z > 0.

min f(x) = £(0) = 5

e’ 1 v T2+ a?
f@)2f0)= 552 5= 23
N 2
ax TN . >
(1) e >1+(a) (V)z > 1
(2) Take in (1)'m=b:>eab>1+(g>2
' a
. pbe ¢ 2
(3) Analogous: e’ > 1+<b)
an 2
ca “w
(4) e >1+(c)
By adding (2); (3); (4):

b\2 /eN2 san2 b ¢ ¢ a a b
ab be ca e _ = > — .= - = - . - =
cotete >3+(a> +(b) +(c) _3+a b+b c+c a

c b a
=3+ -+-+-
a c b

5568. If A € M5(R);det(A®+1I5) # 0; A%0 — 5 = A°(A5 +I5) then: vdet A € R.
Proof.
A = AV L A5 4 Iy = AT 4 A% = A0 1 2A° +
A% 4 AD = (A5 4 I5)?
(A 4 I5)A° = (A° + I5)?
2
(4% + 13)4° =(4° + 1)
(A% + I5)(A"0 — AP + I5) A% = (AP + I;)?
Multiplying by (A° + I5)~1:
(AT — A° £ I5)A° = AP 4 I
AP — AN A5 = A 4
AL — A0 = I5 = AlO(A5 — I5) =15
(det A)'Odet(A® —I5) =detIs =1 >0 =
(1) det (A5 —I5) > 0
A20—15 :A10+A5
(A0 4+ I5)(AY — ;) = A%(A° + )
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(A + I5)(A° = I5)(A° + I5) = A°(A° + I5)
Multiplying by (A% + I5)~!
(A £ I5)(AD — I5) = A°
det(A®) = det(A'"° + I5) - (A% — I5) = det(A'0 + I5) - det(A® — I3) > 0
(det A)® >0=det A>0= Vdet A>0

5574. If 0 < a < b < ¢ then:

1 n 1 < 1 " 1
14eabte " 14eb = 14er  1+e°

Proof.
1
1+e® ’

)= - gy =)
f(ll?)— (1+€w)27f()_ (1_’_635)3 >0

Let be f:(0,00) = R; f(x)=

f convexe; Suppose that a,b,c are dif ferent in pairs.

50 = F(E2at (1= 250 ) = S p@ + (1- £52) 500

cC—a c—a

)+ e )

We used the identity:

b:c—b.aJr(lic—b).C

c—a c—a
(c—a)b=(c—b)la+(c—a—c+b)c
bc —ab = ac — ab — ac+ be

0=0
b— —b b— —b
fla=b+e) = f(T—ta+S—c) < ")+ f(e)  (2)

We used the identity:

c—b b—a b—a c—b
a—b+c:a—( a—+ c)—l—c: a-+ .

c—a cC—a

By adding (1);(2) :

f(a—b—i—c)—s—f(b)éf(a)(cia zib)+ (;ZJFIZ:Z)JC(C)
fla=b+c)+ f(b) < fla) + ()
1 1 1

<
1+6a*b+c+1+eb - 1+e“+1+ec
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Equality holds if a = b = c. O

5579. If a,b € R;a < b then:
b b
10g5-/ 5I2daj+log5~/ 57‘4dx25b—5“

Proof. By absurdum suppose 5% > 5°° 4 57
1 Z 5.7)2—.’1) + 53?4—32 > 53?2—32
z’—xz 2
5 <l=zr-z<0=z2c(0,1)

r2<1=5>5">5" +5" >141=2
5 > 2. False. Hence: 5% < 5°° + 57"

b R b 4 b
/5xdm+/ 5xdm2/5mdx:

5° 5¢ 1
logb logh logh

b b
log5-/ 5f2dx+log5-/ 52" > 50 _ e

5585. In AABC the following relationship holds:
2

sin* A 4 sin* B +sin* C + sin4<§ + A) + sin* (% + B) + sin4(g + C’) < g

Proof.
(sin A — V3 cos At >0

sin* A + 9cos* A + 18sin? Acos? A — 12v/3sin A cos® A — 4v/3sin® Acos A > 0

16sin* A + 9 cos* A+ sin* A + 6sin® A cos? A + 6sin® A cos? A+ 12v/3sin A cos® A+
+4+v/3sin® Acos A < 18sin? A + 18 cos? A + 36 sin® A cos® A
16sin® A + (3cos® A 4 sin? A + v/3sin24)? < 18(sin* A 4 2sin? A cos® A + cos? A)
16sin* A + ((v/3cos A + sin A)?)? < 18(sin® A + cos? A)?

4
16sin A+ (2 sin(g T A)) <18-12
16sin® A + 16 sin4<§ T A) <18

1
(1) sin4A+sin4(g+A) §£:§

Analogous:

2) sin® B + sin (g n B) <

| ©
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(3) sin* C' + sin4(§ + C) < Z
By adding (1); (2); (3):

sin* A + sin* B + sin* C + sin4<§ + A) + sin® (z + B) + sin4(% + C) <

3

Equality holds for an equilateral triangle:

™
3

5591. Solve for real numbers:
3005 x+cos y+cos z — 3cos2 xr+cosx + 3c0s2 y-+cosy + 30052 z-+cos z

Proof.

«2 .. 2 2
3cosx+cosy+cosz — 3005 Tr4cosx + 3003 y+cosy +3cos z4-cos z Z

AM-GM
> 3 \3/3c052 z4cos? y+cos? z4cos x+cos y+cos z

3
<3chc cosm) > 27 . SZCUC cos? TJFZC;,C cosT

3Zcosx23+200s2x+2cosx

cyc cyc cyc
Zcos2x—22(:osx+3§0
cyc cyc
(cosx —1)* + (cosy — 1)® + (cosz — 1) <0
cosr =1 r==x5+2mmmeZ
=(cosy=1 = qy==+5+2nmneZ
cosz =1 z=+F +2pmipEZ

5597. If z,y,z > 0;xyz = 1 then:

1\2 1\2 1\2
(ery—ﬁ) +(y+zfﬁ) +<z+x7ﬁ) >3
Proof. First, we prove that:
(1) 20z +y — Vay)? > 2 + ¢
2(z? + o +xy—2x@—2ym+2my) > 2% 4+ ¢
x2—|—y2+6xy—4x\/a?y—4y\/a?y20
x2+2xy+y2+4xy—4\/@(x+y)20
(z+9)* — 4y/zy(z +y) + 4wy = 0
(z 4y —2y/7Y)? > 0 (True)

27
8
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By (1)
2 2
e) (o +y— yap)? = Y
1\2 (2)
Z(iﬁ—f—y—ﬁ) :Z($+y—\/@)22
cyc cyce
2 2 AM-GM
sz ;‘y :$2+y2+32 2

cyc
>3 (ryz)2=3-V12=3
Equality holds for x =y =2 = 1.

5620. If a,b € [0,1];a < b then:
w <ol (1) (D)

Proof. Let be f:]0,1] = R; f(z) =

~_—
+
S
/N
—
S
N—
5
o
+
/N
SRS
~—
o
+
o
~_—
AN
2
IS
+
=

=0 o2) = o(5) = a(2)" -
(S)QI :(g)l =2r=1=2x=—
x 0 3 1
@) |- ———————————— O++++++++++++++
flz) |a+d \ 2vab S a+b
(1) :»QMSa(g)erb(%)wsaH

For 2 = vab € [a,b] € [0,1] in (1):

2) 2@@(2)“%(%)“@%
For z = %t € [a,b] C [0,1] in (1):

by & ay
3) 2\/%91(5) +b(5) <a+b

By adding (2);(3):

aab < a<(2)ﬁ+(z)+>+b<<2)ﬁ+(2)+>§ 2(a +b)
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