SSMA-MATH CHALLENGES-(IV)

DANIEL SITARU - ROMANIA
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5482. Prove that if n € N then:
(tan 5°)"

(tan4°)™
(tan4°)™ + (tan 3°)"

(tan 3°)™ 4 (tan 2°)»
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(tan 3°)"
(tan 2°)" 4 (tan 1°)»
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x

Proof. Let be f: R = R; f(z) = 22 =;a>b>c.

b7 cr

i a® r (@) (b + %) —a®(b" + ")
f(x)_(bw—l—cz) - (b* + c*)? -

a®Ina(d® +c*) —a*(b"Inb+c"Inc)

- (b + c*)2 -

a®*b*(Ina —Ind) + a®c*(Ina — Inc)
= >0
(bm +Cm)2

It follows f increasing on R = f(x) > f(0),(V)z >0
bIO:‘rC'T > %7 (v)x >0
For a = (tan5°)™;b = (tan4°)™; ¢ = (tan 3°)"

% > % because tan 5° > tan4° > tan 3°
(tan4°)" 1 (tan3°)" >

{tan3°)" T (tan20)" = 2} (Gan2%)+ (Gan1o)7
and by adding:

(tan 5°)" (tan4°)" (tan 3°)"
(tan4°)™ + (tan3°)" ~ (tan3°)™ + (tan2°)”®  (tan2°)” 4 (tan1°)»

Analogous: %

5488. Let be a,b € C. Solve the following equation:
2% — 3ax? + 3(a® — b*)x — a® + 3ab® — 2b® = 0

a b b
Proof. Lesbe A= b a b); TrA=3a; TrA*=3(a®-b?)
b b a
det A = a® — 3ab® + 21°
a—x b b
det(A—zl3)=| a a—=x b | =
b b a—z
1 1 1
=(a+20—2)|b a—x b | =
b b a—z
1 0 0
=(a+2b—2)|b a—b—x 0 =

b 0 a—b—z
= (a+2b—x)(a —b— x)*
det(A — x3) = —a® + TrAz? — TrA*z +det A = 0
= 23 —TrAz? + TrA*z —det A=0
23 — 3az® 4 3(a® — b*)x — a® + 3ab® — 2b® = 0
(a+2b—x)(a—b—1x)>=0
T1=a+2b

To=x3=a—0b
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5496. Let be 0 < a < b < ¢. Prove that:

a— —a b Vab
D (et e )>2a—2c+3+2(5)

Proof.

We use average logarithmic’s ineqaulity:

-y xT+y
vy < < s,y >0
wy_lnzflny_ 2 “Y

It follows:

— —b b— b—
o a _ a a
Ina—Inb Inb-—Ina ln(§>
a
b b\ Vab
Vabln7<b—a:>eb7a>(f)
a a
Analogous:

c—a c vace c—b c vae
e >(f) Je >(7>
a b

by Vab

1 b—a > (7)

M 2>,

In the known inequality: e* > z+1;2 > 0 we make x = a—bthenx = b—c;x = a—c
It follows:

e P>a—b+Le  >b—c+1;e"  >a—c+1
1)
Z(ea_b—l—eb_“) > Zeb_“+a—b+l+b—c+1+a—c+1

a— —a b Vab
Z(e byeb )>2a—20+3+2(5)

5502. Prove that if a,b,¢ > 0;a + b+ ¢ = e then:

ac® ba® cb®

B N Y

- C

Proof.

1
fl(x) = ext™! — g = e(mefl — E) = E(xe -1)
fz)=0=z=1
lim f(z) = o0; lim f(z) = o0
70

min f(z) = f(1)=1= f(z) > 1;(V)x >0
2 —elnx>1=a®—elna>1
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we multiply with b:
ba® —belna > b

Analogous:
cb® —celnb > c
ac® —aelne > a
By adding:
ac®+ba®+cb®>a+b+c+elblna+clnb+alnc)
ac® + ba® + cb® > e(l + In(a® - b°° - c“e))
ac® +ba® +cb® > elne+ 1n (abez . bc52 . 0“52)
eace+bae+cbe Z € . abe2 . bC€2 . C(L62
O
5506. Find:
_— 1 5 100+ 95 _5\ 10
o 5 25 -5 1
Proof.

1 5 25 -5
LetX(5 25>’Y(—5 1>
(1 5\ (25 -5\ _(25-25 545\ _
XY‘<5 25) <—5 1)‘(125—125 —25+25)_02
XY = 0y;(V)i,j € 1,100
100 100
100 __ 100—kvy k _ 100 100
(X +Y) —kz()(k)X Yk =x10 4y

Q = det(X'% + Y1) = det (X +¥)'"| =

=[det(x +V)] . <det[<é 255> . (EE; 15) Dmoz (‘206 206D1°° g

]

5525. Solve for real numbers:

4sin®(z +y) =1+ 4cos®z + 4cos?y
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Proof.

4-1—cos(22x+2y):1+4.1+c2052x 4.1+02052y

2—2cos(2zx +2y) =142+ 2cos2x + 2 + 2 cos 2y
2 cos 2z + 2 cos(2x + 2y) + 2cos2y = —3
20 + 2y + 2y 20 + 2y — 2y
cos =
2 2
4cos’x — 2+ 4cos(z + 2y) cosx = —3

4cos? z + 4 cos(z + 2y) cosz = —1
4 cos?® x + 4 cos(z + 2y) cos x + cos®(z + 2y) + 1 — cos*(z + 2y) = 0
[2 cos 2 4 cos(z + 2y)]* + sin?(z + 2y) =0
sin?(z +2y) =0 = 242y = km; k € Z = cos(z + 2y) = (—1)
(_1)k+1
2

+ 2k:7r‘k e Z}

-3

2(2cos?z — 1) +2 - 2cos

k

2cosz 4 (—1)" =0 = cosz =

(_1)k+1
x G{ =+ arccos

1
y= 5(’” — )
_1)k+1

Yy € %{lm F arccos % — 2k7r‘k € Z}

_1)k+1

Y 6{%(4:31"(:(;05% —kw)’k € Z}
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