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In any A ABC holds
o5+ SR _ g5 (X)
’ sin’B + sin’C — 2r

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

: (z a3) (z a4) = Z a’ +2s (z a3b3) — abc (z azbz)

= —Z a’ =— (Z a3) (ZZ a’b? — 16szr2) — abc (Z azbz)
+2s [(s2 + 4Rr + r2)3 — 3.4Rrs.2s(s% + 2Rr + rz)]

= 32r%s3(s% — 6Rr — 3r%) — [(s2 + 4Rr + 1'2)2 - 16Rrsz] (4Rrs + 4s(s? — 6Rr — 31'2))
+ 2s(s? + 4Rr + r2)3 — 48Rrs3(s? + 2Rr + r?)

= Z a’ = 48Rrs3(s? + 2Rr + r?)

6

+ [(s2 + 4Rr + rz)2 — 16Rrs2] (4-Rrs + 4s(s? — 6Rr — 3r2))

—32r%s3(s? — 6Rr — 3r?) — 2s(s? + 4Rr + r2)3
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0
= > a7 225 (s~ (14Rr + 21r2)s* + r?s2(112R? + 140Rr + 3517)

— r¥(224R3 + 224R%r + 70Rr? + 7r%))

] a? (2s—(b+ c))3 8s3 — (b+c)® —6s(b+c)a
3y e
b+c b+c b+c

B 8s3
~ 2s(s? + 2Rr +r2)
3 4s?(5s% + 4Rr + r?)

Z(c +a)(a+b)— z:(b2 + ¢ + 2bc) — 6s(2s)

—4s? —2(s%> — 4Rr — r?) — 12s?

s2 + 2Rr + r?
a® W2s* — (12Rr + 12r?)s? + r?(16R? + 12Rr + 2r?)
=}'z:b+c_ s2 + 2Rr + r2
sin’A 3 a’
Now, 94,5 + Z sin’B + sin’C 94,5+ Z b7 + ¢7
Chebyshev

1 P
_ 7 _
~945+() a’)) = 5-3 2 915
1 AG a3
(30) Sgreabr S 15+ (50
+( a) (b® + ¢®)(b + ¢) +( a) a3b3c3(b +¢)
o (50) e Y
o @) 64R3r3s3 Lib + ¢

via®0D 183 25(s® — (14Rr + 21r?)s* + r2s?(112R? + 140Rr + 35r%) — r3(224R? + 224R’r + 70Rr? + 7r3)) 2s* — (12Rr + 12r?)s? + r2(16R? + 12Rr + 2r?)

= Tz + 64R3r3s3 : s? + 2Rr + r?

(s® — (14Rr + 21r?)s* + r?s2(112R? + 140Rr + 35r?) — r*(224R® + 224R?r + 70Rr? + 7r%))(2s* — (12Rr + 12r?)s? + r?(16R? + 12Rr + 2r?)) + 2928R%r3s?(s? + 2Rr + r?)
32R3r3s%(s? + 2Rr + r?)

R 6
926 (E) & 2r3s1% — r*s8(40R + 54r) + r°s(408R? + 712Rr + 324r?)
— s*(48R? — 912R3r® + 3976R*r’ + 2520Rr? + 476r?)
—rs?(96R'? + 48R°r — 10336R*r® — 11888R3r” — 5992R*r® — 1624Rr® — 154r'?)

?

— r®(3584R° + 6272R*r + 4256R%r? + 1400R?r? + 224Rr* + 14r%) 20
()
Now, Rouche = s — (m —n) > 0 and s? — (m + n) < 0,where m = 2R? + 10Rr —r? and n

= 2(R — 2r)yR2% — 2Rr
(sz—(m+n))(s2—(m—n))SO:S‘*—SZ(Zm)+m2—n2 <0
= s* — s2(4R? + 20Rr — 2r?) + r4R+1)3 < 0
= 2r3s1% — 2r3(4R? + 20Rr — 2r?)s® + 2r*(4R + )3 < 0
and .. in order to prove (), it suffices to prove : LHS of (¢)
< 2r3s'0 — 2r3(4R% + 20Rr — 2r?)s® + 2r*(4R + r)3s®
& r3(8R% — 32r2)s8 — 26r°s8 — 2r*(4R + r)3s° + r3s®(408R? + 712Rr + 324r?)
— s*(48R% — 912R3r® + 3976R*r” + 2520Rr? + 476r°)

A3~ !
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—rs?(96R'? + 48R°r — 10336R*r® — 11888R3r” — 5992R?r® — 1624Rr? — 154r'?)
()

— r8(3584R5 + 6272R*r + 4256R*r? + 1400R?r3 + 224Rr* + 14r°) £ 0

Via Gerretsen, LHS of (e°)
< r3(8R? — 32r?)(4R? + 4Rr + 3r?)s® — 26r>(16Rr — 5r%)s®
— 2r*(4R + r)3s® + r3s®(408R? + 712Rr + 324r?)

—s*(48R% — 912R3r® + 3976R*r” + 2520Rr? + 476r°)
—rs?(96R? + 48R°r — 10336R*r® — 11888R3r” — 5992R?r® — 1624Rr”°

— 154r10)
—r8(3584R> + 6272R*r + 4256R3r? + 1400R?r3 + 224Rr* + 14r°)
=r3(32R* — 96R3r + 208R*r? + 144Rr3 + 356r*)s®

—s*(48R? — 912R3r® + 3976R*r” + 2520Rr? + 476r?)
—rs?(96R*° + 48R°r — 10336R*r® — 11888R3r” — 5992R*r® — 1624Rr”°

Gerretsen

— 154r10)
< r3(32r*

—r8(3584R® + 6272R*r + 4256R3r? + 1400R?r3 + 224Rr* + 14r°)
— 96R3r + 208R?r? + 144Rr3 + 356r*)(4R? + 4Rr + 3r?)s*

—s*(48R° — 912R3r® + 3976R*r” + 2520Rr? + 476r?)
—rs?(96R*° + 48R°r — 10336R*r® — 11888R3r” — 5992R*r® — 1624Rr”
?

— 154r10)
—r8(3584R5 + 6272R*r + 4256R°r? + 1400R?r? + 224Rr* + 14r5) 20

< 32R* — 96R3r + 208R%r?2 + 144Rr3 + 3561
Euler
= (R—2r)(16R3 + 16R%*(R — 2r) + 144Rr? + 432r3) + 1220r® 5 0)

& (48R% — 128R°r3 + 256R>r* — 544R*r> — 2032R3r® + 1352R?r” + 664Rr® — 592r?)s*
+rs?(96R™° + 48R°r — 10336R*r® — 11888R3r” — 5992R*r® — 1624Rr”°

— 154r10)
+r8(3584R® + 6272R*r + 4256R3r? + 1400R?r3 + 224Rr* + 14r°)
(

+ 48R? — 128R°r3 + 256R5r* — 544R*r> — 2032R3r® + 1352R%r” + 664Rr® — 592r°
= (R — 2r)(48R® + 96R"r + 192R°r? + 256R°r3 + 768R*r* + 992R3r> — 48R%*r®
Gerretsen

0

VY~

*)

Euler
-
=

+1256Rr” + 3176r®) + 5760r° > 0 .. LHS of (ss+)
(48R% — 128Rr3 + 256R>r* — 544R*r® — 2032R°r® + 1352R?*r” + 664Rr®

— 592r%)(16Rr — 5r?)s?
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+rs?(96R'? + 48R°r — 10336R*r® — 11888R3r” — 5992R?r8 — 1624Rr? — 154r'?)
+r8(3584R> + 6272R*r + 4256R3r* + 1400R?r? + 224Rr* + 14r°)

& (864R® — 192R°r — 2048R"r?® + 4736R°r* — 9984R>r> — 40128R*r® + 19904R3r’
— 2128R?r® — 14416Rr? + 2806r10)s?
?
S0

+r8(3584R® + 6272R*r + 4256R3r? + 1400R?r3 + 224Rr* + 14r°)
(s0ss)

Case 1|864R1% — 192R%r — 2048R7r3 + 4736R°r* — 9984R5r> — 40128R*r®
+ 19904R3r7 — 2128R?r® — 14416Rr° + 2806r1°

> 0 and then, LHS of (eee¢) > 0
864R'0 — 192R°r — 2048R"r3 + 4736R°r* — 9984R°r® — 40128R*r°
+ 19904R3r”7 — 2128R?*r® — 14416Rr?® + 2806r1°
< 0 and then, LHS of (eee*)
— (—(864R1° — 192R°r — 2048R7r> + 4736R°r* — 9984R°r> — 40128R*r®

+19904R3r” — 2128R?r® — 14416Rr? + 2806r1°)) s?
Gerretsen
>

+r8(3584R® + 6272R*r + 4256R3r? + 1400R?r3 + 224Rr* + 14r°)

= — (—(864R1° — 192R°r — 2048R7r> + 4736R°r* — 9984R°r> — 40128R*r®
+19904R3r” — 2128R?r® — 14416Rr’ + 2806r1°)) (4R? + 4Rr + 3r?)

?

+r8(3584R° + 6272R%r + 4256R%r? + 1400R?r?® + 224Rr* + 14r%) 30
& 3456t'% + 2688t! + 1824t1° — 8768t + 10752t® — 27136t — 186240t° — 107264t°
?
)

— 43008t* — 2208t3 — 51424t2 — 31800t + 8432>0 (Where t= T

e (t-2) (3456t11 +9600t'° +21024t° + 33280t + 77312t7 + 127488t° + 68736t

?
+30208t* + 17408t3 + 32608t% + 11684t + 2108(t — 2)) S0 - true

Euler

vt S 2
~ LHS of (eee¢) > 0 . combining cases 1 and 2,in all triangles ABC, LHS of (eee¢)
> 0 holds true = (eeee) = (eee) = (e¢) = (o) istrue in all triangles ABC
6

“ i A ABC, 94 5+Z sin’A <96(R) ED
- many T sin’B + sin’C — 2r (QED)



