INEQUALITIES WITH FIBONACCI AND LUCAS NUMBERS
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ABSTRACT. In this paper we present some IMO type inequalities with Fi-
bonacci and Lucas numbers.

Theorem 1.

n
nmt. ZF,?"‘ > F" - F)"\ for any positive integer n and m > 1.
k=1

Proof.
The function f : (0, 400) — (0, +00), f(x) = 2™ is convex on (0, +00). Hence,

f(z1)+f(x2)+...+f(xn)Zn.f(x1+x2+...+zn)

(1) e n™ Y flan) > (Zxk>
k=1 k=1

If we take z = F?, then by (1) we obtain:
WS R (ZF) |
k=1 k=1

n
where we take into account that Z F ,3 = F, F, 41 which yields
k=1

n
"N TR > FPEY e N

k=1
O
Theorem 2.
Fy n F . F, S 1 1
(Ff + F3)m+t  (FE+ F3 + F3)ym+t " (FP+ F3 4.+ Fp )t = Fr, FErdl

for any positive integer n and any positive real number m.

Proof.
Taking into account that

FP+F; = ByF3, FR+ F3+ F; = FsFy, ..., Fi+F5+...+ F2 | = Fry1Fpio, then

P F F,
LHS = R S L S——
(FpF3)m+i * (F3Fy)m+t et (Fp1Fpypo)mtt
( Fy )m+1 ( Fy )m+1 ( Ey )m+1
F2F3 F3F3 Fn+1Fn+2

S T TR P

1
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By J. Radon’s inequality and well known formulas we have

A P Fy 1
s = BRI G ) e
By R

m—+1 m—+1
S S Fhyo—Fri1
Radon k=1 Fk+1Fk+2 k=1 Fji1Fiyqo

= (Zk:l Fk) o (Fgo — 1)m _

m—+1
n 1 1 1 \m
. (Zk:l (Fk+1 Fk+2>) (1- Fn+2) o (Foe — 1™t

(Fg2 —1)™  (Fupe =)™ (P —1)mERE
_Fo—-1 1 1
I TP
and we are done. O
Theorem 3.

Ly n Lo n L, S (Lngo —1)2
(L3+L3+2)2 (L3+ L3+ L2+2)2 " (L3+Li+...+L2,,+2)% " L2 ,(Lps2—3)
for any positive integer n.

Proof.
We have

L L L,
LHS = : + 2 Foot

L2+ 12422 (L2+L2+12+2)7 (L2+L3+.. +12.,+2?2

(), (ot |, (o)

_ L3+L3+2 n L2+ L3+L3+2 Lo LI+L3+.. +L2+1+2 .
Ly Ly L,

By Bergstrom inequality we have

2
.. Ly + Lo + + Ly,
Berg;trom LI+L%+2 LI+L3+L3+2 " 0 U L3+L3+.. L2 42

(1) LHS > =
Zk:l Ly

n k
Since, ZLk = Lypyo— 3, and ZL% + 2= LyLi1 by (1) we deduce that

2
Ly—Lo 4 La—Ls Lnta—Lntr
( LoL3 + L3Ly +ooot Lynt1Lnya )
LHS > =
Lyto—3

2 2
1 1 1 1 1 1
<L72_L73+L73_L74+.“+L”+1_L”+2) . (1_Ln+2> o (Ln+2_1)2

Lyt2—3 Lyto—3 Ly 5(Lnta —3)
O

Theorem 4.
If m Z 0 and n € N* then ( F2n+1 n+1 \/F2n+1 + Fn+1 Z QF;T
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Proof.
By AM-GM inequality we have

\/m_Fn+1 \/m+Fn+1 > 2(\/(@ — Fn+1)(\/m_'_ Fn+1)"b _

where we take into account F,f + FﬁH = F2n+1.
The equality holds if and only if m = 0. (I

Theorem 5.

VEE - FRFg 1 B\ B FRFR 4 F

i~ F2 F2 4+ Fi+ JFE = FE 41> FyFn,

for any n € N*.
Proof.

We have \/foa:y+y2>l(m+ y), for any =,y € R.
Indeed, v/« —xy+y2> (x+y) 4@ —oy+yP) >+ 2y +y* &

& 3(x? =22y +y%) > 0= (z—1y)? >0, true.
The equality occurs if and only if x = y. Yields that

i JE = FRFR + Fi + \JF - F2F? + F7 >

n—1

1

Zm—Zm—F&m

(FR + F2) +

Y
N |
]

w\»—* o~
Il
_

for any n € N*.
Because Fy, # Fj+1,Vk > 2 yields that the inequality from the statement is strictly.

O
Theorem 6.
\3/5;212 + §/5Fn+5T§Fn+1 + §/5Fnil:'23Fn < V/4, for any n € N*.
Proof.
For any a,b € R we have the inequality
(1) Ya+ Vb < Yaa+b)

with equality if and only if a = b.
Indeed, we have 4(z% +y3) — (z +y)? =4z + y)(2® —zy + v*) — (z +y)® =

= (x+y)(4a;2 — Aoy + 4y — 2? —y? — 2zy) = (x +y)(3x +3y% — 6xy) =
=3(x+y)(z—y*>0,Vr,y R
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with equality if and only if x = y. So we have {/4(x3 + y3) > = + y, where we put
x = {/a,y = V/b and we obtain (1). By (1) yields that

<

3 a =3 a4 \3/6
\/16(a+b) +4c \/4(4(a+b)+0) \/4 YHa+ b))+ (V)3

e Na
T a4+ Vb + e

® > Ve S S e
cyclic a + b + 4C cyclzc \[ + \/> + \[

The inequality from the statement is equivalent with

F, . F, F,
3 + 3 +1 + 3 +2 <1
20F, - 20F 10 + 12F, 1, 20F, o 1 12F,

(4)

o 3 Fy 42 Fn+1 3 Fn+2 <1
16(F, + Frq1) +4F 40 16(Fp41 + Fg2) + 4F 16(Fp42 + F) +4F, 41

If we take a = Fj,,b = Fhy1,¢ = F,y0, then by (3) we obtain (4) and we are
done. g

Theorem 7.
If (xp)n>1,2n € R,

n n
2 (ZFk -sinxk>-<ZFk . cosa:k.> <n-F,-F,y1,Yn € N*.
k=1

k=1

Proof.
By Cauchy-Buniakowski-Schwarz’ inequality, we have:

2 n n n
< <Z Fk2> <Z sin? xk> =F,Fhq1- Z sin® Tk,
k=1 k=1

k=1

n 2 n n n
ZFk cosx| < (Z F,?) (Z cos? xk): F.Foi1- Zcos2 Tk,
k=1 k=1 k=1

k=1

y (1), (2) and AM-GM inequality we deduce that

n . n n L AM- GM
ZFk sin x| ZFk coszp|< FoFpyq - Zsm Ty Zcos2 Tp <
k=1

k=1 k=1

n

AM-GM FnFn+1 . 9 9
< T-;(sm T + cos” T) =

n'Fn'Fn+1

5 ,Vn € N*,
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hence
zn:F sin x zn:F coszy | < zn:F sinx EH:F cosx <MV7L€N*
k k k I S k k k kS 5 ) .
k=1 k=1 k=1 k=1
and we are done. O
Theorem 8.
Iy Iy
2 e T T2 2 g T
(FT + F5) (FT + F5 + F3)
F, 1 1

ot

> _
(F12+F22+---+F%+1)27Fn+2 F72L+2

Ti

for any positive integer n.

Proof.
By Bergstrom’s inequality we have
F Fy F,
LHS = + +...+ =
(FE+F3)?  (FE+Fi+F3)? (FE+Fi+4.. .+ F2.,)?
() | (i) | (omrtimm) e
_ \FP+F3 " FZ+F3+F3 o4 FZ4+FZ+..+F2 Berg;trom
Fy F F,
.. ( Fy + Fy + + F )2
(1) Berg;trom F2+F2 F+FZ+F; U U FEAFI4F3+.. 4+F2
B >kt Fi
It is well-known that
(2) FP+ F + ...+ F2 . = Fpi1Fpyo, for any positive integer n
By (1) and (2) we obtain that
P P y F, 2 Fy—Fy | Fy—Fy | +M)2
LHS > FyF3 F2 L D _\ F2Fs F3Fy T Fri1Fnq2 .
- Foo—1 Foo—1
(h-hrhhrrmnor) (hom) (1-n)
O\ B2 F3 F3 Fy e Fni1 Fri2 O\ B2 J . Fryo .
Fria—1 Fri2—1 Foia—1
 (Fapp—1)2 1 1
F3+2(Fn+2 - 1) Foio FE+2
a
Theorem 9.
Ly n Lo 4
(L3 + L3+ 2)m+t - (Li+ L3+ L5 +2)m 7
n L, < (Lpyo —1)mHt
(LA LS4 L +2) T T L (L — )

for any positive integer n and m.
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Proof.
It is well-known that
L3+L3=LoLy—2, L3+ L3+ L3 =L3sLy—2, LI+ L3+...+ L2, | = Lyi1Ly0—2,
and that L1+L2++Ln :Ln+2_3-
Then by above and by Radon’s inequality we obtain that
Ly Lo Ly,
LHS = + +..+ =
(L2 + L +2)ym+1 (L2 4+ L2+ L2+ 2)m+! (L3+ L3 +...+ L2 | +2)mH
Ly Lo Ly,

(L2L3)m+1 (L3L4)m+1 (L71+1Ln+2)m+1

1 1 1
L m+ Lo m+ L. m+
L2Ls L3La Tmi1lnia Radon

= DR >
I + Iy + ...+ o =

1 1
Ly | Ly , ., L, mt La=Ly | La=Ls y | Lnta—Lnn m
Radon \ T3 LsLsy V" U LpyiLnge LaL3 L3Ly T Lypt1Lnqe

> =
- (Li+ Lo+ ...+ L,)™ (Lpyo —3)™

1 1 1 1 1 1\ 1\
(E_E+L73_L74+...+Ln+l o Ln+2) (1_ Ln+2> . (Ln+2—1)m+1

(Lt —3)™  (Ln2=3)" (Lnga = 3L
O

Theorem 10.
If a,b > 0, then

S N i
Pt aLy + ka? a(Lpyo —3) +bF, Fp1
for any positive integer n.

Proof.
By Bergstrom’s inequality we have

n

2
n .. n F2
F’? (FE)Q Berg;trom ( E :k:1 k)

kzzlaLkerFk2 _kzzlaLkerF,? = > (aLi +0bF?)

(TR
GZL Ly + bZZ:1 FI?

(1)
It is well-known that

(2) > F=F,Foand Y Lp=Ln—3
k=1 k=1

By (1) and (2) yields the conclusion. O

Theorem 11.
If a,b > 0, then

i FI? > F72LF72L+1
aFnio +bF, —a = (an+b)(Fhi2 — 1)’

k=1
for any positive integer n.
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Proof.
By Bergstrom’s inequality we have
2
i B i )2 Bcrg;trém (Zk:l FkQ) .
—a n+2+ka—a B Pt n+2—|—ka—a = > (aFu4e +bF, —a)

e (Foa— 1)+ b Fp (an+b)(Fpia — 1)

We use well-known identities Z sz = F, F, 41 respectively Z Fip=Fu2—1.
k=1 k=1
O

Theorem 12.

m—+1
n

>
2

for any m > 0 and any positive integer n > 1.

Proof.
By Radon’s inequality we have

n m—+1 n m+1 i m—+1
ntl ntl kE—1 Radon ( k=1 — ]_ )
Z =2 > "

F2m N k=1 (F)m B ( ntl F2>

(ZZ:1 <n))m+1 on(m+1)

C (FuFpp +F2 )™ FrﬁlFrﬁ2
n
We use the well-known identities Z F? = F,F, 1 respectively Z < ) =2"
k=1
The inequality from above is strictly because the conditions from equahty in Radon’s
inequality are not satisfied. ]

Theorem 13.

+1 m m
nz: Bt >(Fn+3—1) i

(:2)

for any m > 0 and any positive integer n > 1.

Proof.
By Radon’s inequality we have

nAl F™* Radon ( n+1Fk)m+1 :<EZ:1Fk+Fn+1)m+1:
) ) nl)

_ (Fage =1+ Fo)"™ " (Fgs — 1™
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n n
‘We use the well-known identites Z Fy, = F,,4+2 — 1 respectively Z <Z> =2"
k=1 k=1

The inequality from above is strictly because the conditions from equality in Radon’s

inequality are not satisfied. (I
Theorem 14.
F*4+ F4 IR+ FL
- —— " > F,F,
F3+F12+z:1 Foptq i
for any positive integer n > 1.
Proof.
We have that
(1) FZ+ F2 = Fo1,Vk €N,
and
(2) > F? =F,F,1,Yn € N*
k=1
We have
4 .4

%( +y?) & (22 — y?)? > 0,Va,y € RY, with equality iff z = y.
From (1), (2) and (3) we obtain

Fo+ F} nilF/ﬁ"'Fl?H(l)
e S g
=1

F2 + F? It
Ry S R @)1 1&
=_n F24F)+ =Y (FP+F?
F3+Ff+;F,§+F,3H 3Fn+ 1) 22; b+ Fi)
:1-2-§:F2@FF
) k nt'n+1
k=1
and we are done! O

Theorem 15.

n—1
V2o T EI+ S\ (B + D)(Ffy +1) > 2B Fog,
k=1

for any positive integer n > 1.

Proof.
We have that

(1) (@ + 1)yt +1) > 2” + 4%, Va,y > 0
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Indeed /(2% + 1)(y* + 1) > 2? + y? is equivalent with (z?y? — 1)? > 0,Vz,y > 0,
which is true; equality occurs if and only if zy = 1.
The equality is written as

n—1
VESHDE+ 1)+ 3 JE A+ D(F +1) > 2R, o,
k=1
then by (1) we deduce that
(2)
n—1 n—1 n
VES)E )Y \/(F,g FU(FL, +1) 2 P24 (FR4FR,) =2 F?
k=1 k=1 k=1
By (2) and the well-known
(3) > F?=F,F,1,Yn € N*

k=1
we obtain

n—1
V2 T FL+ 3\ (4 D)(Ffy +1) > 2o
k=1
and we are done!
The inequality is strict because Fj Fj4+1 # 1,Vk € N*. (I

Theorem 16.

F*4F241 n71F13+F1€2F13+1+FI§+1
Lp Td4p T2 3F,F,
AP FiFior > 3ty

k=1
for any positive integer n > 1.
Proof.

We have the inequality

.’E4—|—J}2y2 +y4 S 2(1‘4+l‘2y2 +y4)

3
Z 5(372 + 92)avx7y > 0.

Ty - x2 4y
4, 2.2 .4 44,22 4
2
Indeed, TATY HY > (@ Jrf Y 2+y ) & (z—y)? >0, true! and
Ty e +y
2 + 2% +y') U3, 5 2 2\2
g zg(x +y°) & (2 —y°)* >0, true!
So,
44 2.2 | 4
T +xy +y 3, 5 9
1 — > —(z
1) LY > S )
We have equalities from above iff x = y.
Therefore,

FAyF 4l SR+ FRFE L+ P,
>

F, Pt FyFyy1 B

_ P+ PR+ F §F£+F3F3+1+F13+1 S

FnFy P FFi1 -
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@3 3¢

(2) > 5(F3+F1 52 FR+F) =3 F;

k=1 k=1
(3) It is well-known that »  F¢ = F,,F, 41

k=1
From (2) and (3) we obtain the desired inequality!
The inequality is strict because Fj # Fy41,Vk € N* — {1}. O
Theorem 17.

Fi41 ”f Fr+FL,
F2

T > 2F, Fpi1,
F2—F,+1 — FyFio1 + F2, | +

for any positive integer n > 1.

Proof.
We have the inequality
x4 1oyt

1 L
(1) >
Indeed (1) is equivalent with xy(x — y)? > 0, which is true.
In (1) we have equality iff z = y.

(2)

> 2?4+ 9%, Vo, y >0

Fiy1 4R 1) nol n

S L + > F24+F (F2+F, 2y F?

0, F2—F, +1 ZF _Fka+1+cm2+1 + 1+kz:1 P+Fi) = ; 2
(3) It is well-known that »  F7 = F,Fopy

k=1
From (2) and (3) we obtain the desired inequality!
The inequality is strict because Fj # Fy41,Vk € N* — {1}. O
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