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If a, b, c ∈ (0,∞), then:

(N.I.)
a

b+ c
+

b

c+ a
+

c

a+ b
≥ 3

2

Generalized: If a, b, c, t, u ∈ R∗
+, then:

(1)
a

tb+ uc
+

b

tc+ ua
+

c

ta+ ub
≥ 3

t+ u

(2) Let be n ∈ N∗ − {1} and xk ∈ R∗
+,∀k = 1, n,Xv =

n∑
k=1

xv
k,∀v ∈ R∗

+

Theorem.
If n ∈ N− {1}, a ∈ [0,∞); b, c, d,m, t ∈ R∗

+,∀k = 1, n and xk ∈ R∗
+,∀k = 1, n,

Xs =

n∑
k=1

xs
k,∀s ∈ R∗

+, c ·Xt > d · max
1≤k≤n

xt
k, then holds:

(*)

n∑
k=1

a ·Xm + b · xm
k

c ·Xt − d · xt
k

≥ (an+ b)n

cn− d
· Xm

Xt

Proof.
WLOG, suppose x1 ≥ x2 ≥ . . . ≥ xn and then:

1

c ·Xt − d · xt
1

≥ 1

c ·Xt − dxt
2

≥ . . . ≥ 1

c ·Xt − d · xt
n

Applying Chebyshev’s inequality for:

(3) a ·Xm + b · xm
1 ≥ a ·Xm + b · xm

2 ≥ . . . ≥ a ·Xm + b · xm
n

(4)
1

c ·Xt − d · xt
1

≥ 1

c ·Xt − dxt
2

≥ . . . ≥ 1

c ·Xt − d · xt
n

We get:
n∑

k=1

a ·Xm + b · xm
k

c ·Xt − d · xt
k

≥ 1

n

(
n∑

k=1

(a ·Xm + b · xm
k

)
·

n∑
k=1

1

c ·Xt − d · xt
k

=

=
1

n

(
a · n ·Xm + b ·

n∑
k=1

xm
k

)
·

n∑
k=1

1

c ·Xt − d · xt
k

=

=
1

n
(a · n ·Xm + b ·Xm) ·

n∑
k=1

1

c ·Xt − d · xt
k

Bergström

≥

≥ a · n+ b

n
·Xm ·

n2∑n
k=1(c ·Xt − d · xt

k)
=

1



2 D.M. BĂTINEŢU-GIURGIU, MIHÁLY BENCZE, DANIEL SITARU - ROMANIA

= (a · n+ b) · n

c · n ·Xt − d ·Xt
·Xm =

(a · n+ b)n

c · n− d
· Xm

Xn

If m = t, then inequality (*) becomes:

(**)

n∑
k=1

a ·Xm + b · xt
k

c ·Xt − d · xt
k

≥ (a · n+ b)n

c · n− d

If a = 0, b = c = d = 1, then we get:

(***)

n∑
k=1

xm
k

Xm − xm
k

≥ n

n− 1

If m = 1, then we get:

(N.I.)

n∑
k=1

xk

X − xk
≥ n

n− 1
, where X = X1 =

n∑
k=1

xk

For n = 3, we have:

x

y + z
+

y

z + x
+

z

x+ y
≥ 3

2
;∀x, y, z ∈ R∗

+

If n = 3 and a = 0, b = c = d = 1, then (*) becomes as:

(****)
xm
a

xt
2 + xt

3

+
xm

2

xt
3 + xt

1

+
xm

3

xt
1 + xt

2

≥ 3(xm
1 + xm

2 + xm
3 )

2(xt
1 + xt

2 + xt
3)

�
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