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SPECIAL TECHNIQUES FOR DEFINITE INTEGRALS
By Florica Anastase-Romania
Abstract: in this paper are presented a few general techniques to find definite integrals.
1. Introduction.
Theorem 1.

If f:]la,b] - R, g:[a,b] - R*,u:[a,b] - R continuous functions and
fxX)+f(s—x) = u(x) g(x) =g(s—x),Vx € [a,b],s = a+ b, then:
(@, 1 uw
9@ 72) 5@

Proof.Using substitution x = s — t, we have:

(e, (G0 OO, _ (w0, (f©
T R T R J oS d‘f i f oM
e fuce) .

e s

Application 1. Find:

T
_ ((x+1)sinx
] 3+ cos?x

0

Solution.

s T T
a (x+1)sinxd f x sinx +f sin x g L+l
= _—dx = ——dx —_—dx =

3+ cos?x 3+ cos?x 3+ cos?x 1 r2

0 0
T

x sin x (n — x) sin(m — x)
Il = dx
3 3+ cos2x 3+ cos?x
s s
sin x x sinx s
=T[f f dx=>11=n12—11:>11=§12

3+ cos?x 3 + cos?x
0 0
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| _j‘t sinx dy = j‘t (cosx)’ dy = 1 . _1(cosx)"_ 21
27 | 3F coszx " T 03+coszx Y R W s 3V3
Application 2. Find:
V3
xtan lx
Q= —dx
1 + etanx
-3
Solution.
V3 V3 V3
xtan™1x (—x) tan"1(—x) xe®* . tan~1x
o [ 3 y i
1 + etanx 1+ etan(—x) 1 + etanx
-3 -3
NE
(1+e™* —1)x-tan"1x ~
f dx = fx-tan Yxdx—1
1 + etanx
V3
V3 V3
2 = j x-tan"lxdx = 2.[ x-tan"txdx
3 0
V3 x? B E g2 T 3
Q=f x-tanlxdx=|——tan"1x ——f sdx = ———
. 2 . 2), T+x 3 2
Application 3. Find:
\/5/2
Q= f X log(l + e*V1 xz)dx
_\/E/Z
Solution.
\/5/2 \/5/2
0= f x - log (1 + e* 1"“Z)dx = f y - log (1 +e™V 1‘y2) dy =
_ﬁ/z _x/i/z
x/i/z «/5/2
1+ e¥V1i-y?
= — . - = _ . y1-y? =
f y log< i )dy QO+ .[ y log(e )dy
_\/5/2 _\/5/2
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\/5/2
=—-Q+ f y2J1—y2%dy
_«/5/2
2/, on
=sint
ZQ=2f ylel—yzdyyin 2.[ sin®ty/1 — sin?t - cos t dt
Vs 0 Vs T[O
/a /4 /4
1—f in?t tht—lf '22tdt—1f1_COS4tdt—1< 1'4t)
= | sin®tcos =7 | sin =2 > =glx—gsin
0 0

0
Application 4. Find:

SNE

log (1 +tanx
sz 8( )

2 +sin2x + cos2x
0

Solution.
n n .
. f log(1 + tgx) f log (1 tig (Z B y))

: dx =
J 2 + sin2x + cos2x J 2+ sin (g _ Zy) + cos (g —2y

)

_ flogz —log(1 + tgy) 4
) 2+ sin2y + cos2y
0

i 1
1 1
21 = log2 -]- S tanx T“tanZx dx = log2 J. mdt =
o 2+ -+ > o
1+tan Xl 1é+-tan X
og s
I = tan"1vV2 ——
N ( an~'v2 4)
Application 5. Find:
2 .
x + tan(sinx)
= dx
2+ cosx
0
Solution 1.
21 2 2
x + tan(sin x) 2 — y — tan(sin x) 1
= [, I = ——"
2+ cosx 2+ cosy 2+ cosy
0 0 0

2

0
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21 b 21

1 1 1 1
= rr [ | e
T 2+ cosx 2+ cosx 2+ cosx

0

T

1 1
[l a1 f et [ [ e
2+ cosx 2—cosx +Cosx 2 —Cosx 2 +sinx
0 0

0 0
g

2 1 1 1 1
jz_sinxdx=zf f dt+j _dt+
0 0 o 3 (t+1)2+(\/—)

1
1 213 2m%\/3
f > >dt = =>1=
(- +(3) ’ ’
0 2 2
Solution 2.
27T T T
_ [ x+tan(sinx) ~ (m+y—tan(siny) s
I_f 2+ cosx dx = f 2 —cosy dy = fZ—cosydy-l_
0 -1 -
s ( ) s 2 g 1
y — tan(siny j T j
dy=| —dy =2 dz =
+_[ 2 —cosy Y 2 —cosy Y & 2+sinz z
-7 0 _g
3 1
o 1 2123
ZZEIT(Z)dZZZT[f > \/_zdt: 3
an( N4 (E
72 Trtan(2) _1(t+2) +(2)

2. General result.
Theorem 2. If f: R — R is continuous function with property
af(x+b)+ Bf(c—x) =g(x+b),Vx € R; (1)
wherea,B € R, a+ B # 0,b,c € R,and g: R - R continuous function with
primitives G. Then for allm,n € R, suchthatm+n = b + ¢,

Gn)— G(m)

- fmf(x>dx= @

Proof. Replacing x with x — b, we get af (x) + Bf (b + ¢ — x) = g(x), and hence,
1
) =g~ L r+e—n

Integrating on the interval [m, n], we get:
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Imn = f:f(x) dx = %fng(x) dx—EfT:f(b +c—x)dx =

m a

= %[G(n) —G(m)] - g f:f(b te—x)dx T
=216 — 6+ [ o)
1 n Gn)—G
%ﬂ@+§)=Emoo—ammJMn%m=Lf@ﬁu=—ﬁ%¢§@91@

Application 6. If h: R - R is odd function, O —periodic and with f’

continuous, then find:

B 20 xhr(x)
Q‘L1+M@)x

Solution. Let f(x) = 1’1};20(2), then f(x +26) + f(—x) = 26 - 15;2@ andfora =8 =1,
h' (x)
b= 29,C = O,g(x) = 260 HTZ(X)

Now, g has the primitives G: R —» R, G(x) = 20 - tan™! x. For m + n = 26 and using
Theorem 2, we have:

Lpn = fnf(x) dx = @[tan "t h(n) — tan"* h(m)]
Application 7. Find: "
a- f” x sinx D
o 1+ cos?x

x sinx msinx

Solution. Let (x) =
get:

ythen f(x) + f(m—x) =

and using Theorem 2, we

1+cos?x 14+cos2x

n
i
Lpn = j f(x)dx = =[tan"1(cosm) —tan " (cosn)m+n=m
m 2 2
Form=0,n=n:>Q=nT.

Application 8. Find:

Q= f4log(1 + tanx) dx
0

Solution. Let f(x) = log (1 + tan x), then

s 1—tanx s
f(Z—x) = log(l + 1 +tanx> =log2 —log(1 + tanx), f(x) +f(Z—x) = log?2
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Using Theorem 2, we get:

n n—m
Imn = f log(1 + tanx) dx =
m

log2:m+n=—
og2;m+n =7

Form = 0,n=%z>ﬂ=§log2

Application 9. If h: [0, 1] — R is continuous function, then prove:
3 T 3
f x - h(sinx)dx = —f h(sinx) dx
0 2 Jo

Solution. Let f(x) = x - f(sinx) — %h(sin x), then f(x) + f(m — x) = 0. Using Theorem
2, we get:
n
f h(x)dx=0m+n=m
m

Form = 0,n = m, we get the problem.
Application 10. Prove that:

fl dx B 1 dx
0o Vxt —4x3 +6x%2 —4x+2 o V1 + x*
1 1

Solution. Let f:[0,1] » R, f(x) =
Using Theorem 2, we get:

then f(x) + f(1 —x) = 0.

Vx4—ax3+6x2—4x+2 Vi+x?

fnf(x)dxzo;m+n= 1

Form = 0,n = 1, we get the problem.
3. Extension result.

Theorem 3. If f: [a — 0,a + 6] — R is continuous function with property
af(a+x)+pf(a—x)=y,Vxe€[-0,0];a, B € R",y €R, then:

a+60 2
(i)f f(x)dxzﬁyﬁ-e;a+[)’¢0
a—0

N a+60 y a— B a+60
(ii) fx)ydx=—-0 + —— f(x)dx
a—0 a a a
Proof. If f:[a — 0,a + 8] - R is continuous function and @,:[—0,0] - [a — 0,a + 6],
Y(t) =a+t;o(t) =a—t, then
a+0 @(0) 6 (2]
i dx = dx = "(t)dt = dt =
O] fedx=| S@ax | fe@)e@de= | fa+ona

-p(-6
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%]
:f (” ﬁf(a—t))dt—z—y 9—-[ fla—t)dt =
-0

L
2 a+6
=;V-e +§f_gf(w(t))w’(t)dt =;-9 +§L_9 fG) dx

a+6 ﬁ a+6 B 2y a+6 _ 2y .
Ja_g f(x)derEL_e ﬂx)dx_?'@:’ja_e fdx = =g Bia+p 0

(ii fac:ef(x) dx = fa:)f(x) dx +faa+9f(x) dx

a @(0) 0 0
| rwar=|" fwax=| flo@)p@de=| fa+ode-
a—60 -0 -0

@(-6)

:f()(” ﬁf(a—t)>dt_1 9—-[ fla—t)dt =
-6

a

$(0)
=L 9+ﬁf f(l/)(t))l/)(t)dt—_ 9+ﬁ f(x)dx

a+6

So, we have:

a+6

p f(x)dx

a+6
fa—e f(x)dx—— 6+a

a+6 _
f(x)dx+f f(x)dng 9+a

a+6

Definition. Function f: [a — 6,a + 0] —» R is a —even function,
(a —odd function) if f(a+ x) = f(a—x);Vx < 6|,
(fla+x) =—f(a—x);V[x| <0).

Application 11. Find:

14x3 —6x%2+8x—3
Q”:f ( dx;n e N
0

x2 —x+1)"
Solution. g(x) =x2—x+ 1is % —even and h(x) = 4x3 — 6x% + 8x — 3 is % —odd, so

f(x) = hn(zc)) is— — odd and using Theorem 3, we get:
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dx = 0.

q _f14x3—6x2+8x—3
A (x2—x+ 1"

Application 12. Find:
1 2
Q, = f (2x —1)*"*1e* X" dx;n € N
0

Solution. g(x) = (2x — 1)?n*1 is% — odd function and h(x) = exx" is% — even function,

then f(x) = g(x) - h(x) is %— odd function. Using Theorem 3, we get:
1 2
Q, = j (2x — 1)2M1e*=x" dx = 0.
0

Corollary 1. For any function f: [a — 8, a + 0] — R exist an function f{,a — even and
f2,a — odd such that f(x) = f1(x) + f,(x);Vx € [a— 0,a + 9].

Corollary 2. If f, g:[a — 68, a + 0] — R integrable functions and f is a — odd, then
a+60 a+6

[ rwgmax=[" (g +g@a-n)ax
a—0 a

Application 13. Let f:[—1,1] — R continuous with property f(x) +
f(—x) = m; Vx € [—1, 1]. Find:

2n+1)mw
Q, = .[ f(cosx)dx;Vvn € N
0

Solution. We have:

Q,=Q, 1+ f((zz:_)rll)?f(cos x)dx, g(x) = f(cosx) is 2nm — odd, then:

@n+1)m 2nm+m n
I = f f(cosx)dx = 2.[ f(cosx)dx = 2_’. f(cos(t + 2nm)) dt =
( 0

2n—1)m 2nm
(" (TSt fw)
—Z.Lf(cost)dt— 2.[1 mdu—Z.[_lmdu
_ u _ u)+ f(—u _ u _ 2
I—Z.I_lmdu—Zj; Nepmey du ZHJ;W T
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S0,Q, =0, 1 +7%2=>0,=mn+1)n?
Application 14. Find:

0 f x sin®" x
" J, sin?® x + cos?m x

=

dx

sin?" x

Solution. f(x) is% — even, then using Theorem 3, we get:

sin?" x+cos?" x
L2n - .
x sin“" x
Qy = dx = | xf(x)dx = xX)(x+m—x)dx =
" J;) sin?" x + cos?™ x J; f(x) _],-_Tf( )( )
2

L 3m 3n cos?m x
v g(x) =1is— — even andf(—_ x) =

4 2 sin?™ x + cos2™ x

=7rjrf(x)dx=nj;(f(x)+f<37n_x)>dx=n_[;dx=%2

Application 15. Find:

1 1]

Q- jg log(1 + tan x)
~ Jo sin2x + cos 2x

1
sin2x+cos2x ﬁcos(zx—%)

Solution.f(x) =

. T
= flSE— even.

Q_f%log(1+tanx)d _f% () log(1 + tanx) dx =
~ J, sin2x + cos 2x *= Ofx o8 anxjex=

= .L%f(x) (log(l + tanx) + log (1 + tan (% - x))) dx =

T

= sz(x) (log(l +tanx) + log(

8
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