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1601. For any complex number q with Re(q) < 1, let

R(q) = fo

Then prove the following identity:

qe* —

! log? (g) dx

fow e (1 + %) R(q)dq =2(3(3) +{(4))

Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Rana Ranino-Setif-Algerie

1 q x=qt (ledt — IBP
_ 2 (4 - Bl
R(q)—f0 log (x) dx = Jo . log tdt =

1 1 1 1 1 1
= [§ (e — 1) log? t] — §f qe?log3 tdt = — §f geitlog3 tdt
0 0 0

qex _

* 1 1t *
Q= f e 1 (1 + E) R(q)dq = —§f log3 tf (1+ q)e 1-dqdt =
0 0

:_lfl( 1 + ! )log tdt——lw(n+2)f t"log3 tdt
3)p \(1—02 " 1- ya

r(4) 6
m+1D*  (A+n)t

1
ft"log3tdt = f yle~(m+yqy = —
0

Hence,

(o 9] [o9)

n+2 1
) 2,,:0 m+D* Z ((n T3 Tt 1)4) =2(¢B3) +¢@)

Solution 2 by Rana Ranino-Setif-Algerie

1 q x=qt
2 (4 _
log (x)dx = fo
Xk 1 © ok
_\'4 k=1 1ng2 _ q
_Zﬁfot log tdt_szﬁ*k!

Q= f e 1 (1 + —) R(q)dq =2 z T f (g% + g Ve 9dq =
0 q e kmk: Jo

q X __ 1eqt_

1
R(q) = f log? tdt =
0
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Z 5 (14 (e = 1Y)

k=1

Therefore,

jme‘q<1+1>R(q)dq = zi%ni%: 2(¢(3) +{(4))
0 q k=1 k=1

1602. For x > 0 let u; = 4x* + 2(4k + 1)x + 4k* + 2k
u, = x* + 4kx® + (6k? + 1)x? + 2k(2k?* + 1)x + k* + k?

us(x) = x* + 4(k+ 1)x3 + (6k* + 12k + 7)x* + 2(2k3 + 6k* + 7k + 3)x + k* + 4k3
+ 7k? + 6k + 2

ak(x)z\/u1+\[u1+m;bk(x)=\[u2+\[u2+m;

d
o e

(8u® — 60u? + 142u — 104) are in

Prove that the roots of the equation sin = \/F

arithmetic progression.

Proposed by Costel Florea-Romania
Solution by Adrian Popa-Romania

a,(x) = Jul + Jul +Jus + = ak(x) —a(x) —u; =0

1+./14+4u
a,(x) = > Land1+4u, = (4x + (4k+1))2 =
1+4x+4k+1
a;(x) = > =2x+2k+1

b, (x) = \/uz + Juz + . Juy + ;b (x) = Ju, + b (1) =

1+./1+4u
—bp(x) —uy; = 0= b(x) = 5 25 bp(x) = 2% +2kx + k2 + 1
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cp(x) = \/ug +\[u3 + Juzs + = Juz +cp(x) = ci(x) —cx(x) —u3 =0

() =x2+2(k+Dx+ k*+2k+2

a;(x) 3 2x+2k+1 B
br(x) - cp,(x)  (x2+2kx+k2+1D)(x2+2(k+Dx+ (k+1)2+1)
_ 1 1
S x242kx+k2+1 x242k+Dx+ (k+1D2+1
= (3 1 1
a=tim> | - )ax =
nl—>n;>k_1 izl Er2trDxs kr 2 e )P
3o 1 1
=tim [ > ( - )ax =
nLTof i 2ket e+l izt DxrkiDrr P
2 k=1
T ), \ 2 +2x+2 +2m+Dx+m+DZ+1 [T
-0

3
1 1 1
=| —————dx=[tan"!(x+1)]3 =tan"!— = Q =tan™! (—)
fz (x+1)2+1 [ ( % 13 13
. in2
Now, we have: tan x = \/lsmixz = tan’x = 1Slsnin:x = tan? x — tan? x - sin® x = sin®x
—sin“ x -
tan(tan~1x) 1

= sin(tan™1x) = =sinQ =——
( ) {1+ tan?(tan~1x) V170

tan x

sinx = ————
V1 + tan? x

. qi __1 3 _ 2 _
But: smﬂ—m(8u 60u” + 142u — 104), then

5
8u? —60u? +142u—-105=0< (u— E) (Bu? —40u+42)=0
uqitus

_ 3 _5 _ 7 _
ul—z,uZ—E,ug—E.Thenuz— 2

1603. For k > 2, prove the following identity:

af% : sin? x dx — coth-1 K
akosmx og|-— X = co

k? — sin? x
Proposed by Srinivasa Raghava-AIRMC-India
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Solution by Asmat Qatea-Afghanistan

1
.. _ 24 22
j a2+x2dx—log(x+ a +x)+C

We have:

0 f? _— ( sin? x >d
— | sinxlo x =
dk J, £ k —Vk? —sin? x

2k
k? — sin? x
(k- \/k2 — sin? ) 7 sinx
=fo x|

k — Vk?% — sin2 x

sin x = du 1
f x 02 uf —— = log(u + Vu? +k2—1| =
Vk? —1 + cos? x o VK% — 1 + u? 0

1
=log(1+ k) — —log(k2 -1) =
k+1
— log(k + 1) — —log(k +1)— —log(k 1) = —log (k 1) — coth~1k

1604. Find:

14

2
= .f x*(vtanx + /cotx) dx
0

Proposed by Sujeethan Balendran-SriLanka

Solution by Cornel loan Valean-Romania

Using well-known result:

oo X

1 /2n cosy T
Z)(—l)"ﬁ( n ) cos(2nx) = x| < =
n=

which by simple rearrangements may be brought to the following useful form:

1 /2n
Z\EZ—H( )cos(4nx) =+/tanx + V/cotx
n=04 n

and this is exactly what we need in our proof.
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So, we write and obtain that:

w 11'

Q= j:x"(\/tanx ++/cotx)dx = f:x“ (2\/5 + 2&;%(2:) cos(4nx)> dx =

22 1 22 5=
3log2 lo 42 79 5log? 2
=t (2) + s — 228 23,
42 8\/_ 1920\/2 162

where the binoharmonic series are both well-known in the mathematical literature, and
straightforward (one reduces to trivial primitives, and the other one reduces to Beta

function limits). So, we have that:

and for the other one we get

4

1 (2
nian ( : ) = Z_o —410g(2)¢{(3) + —log2 (2)m? - —1og4(2)

NgE

1
1605. Prove that:

foo <cos2(nx) r(z+x) , sn@more) |\ o (7 eI (3-1)
0
)

A+xOTA+2) 501 4 4291 (%Jr B 2r(1— i)

S
1

Proposed by Sujeethan Balendran-SriLanka

Solution by Felix Marin-Venezuela

o 2 1 .
/- fo (cos (mx)T (2 + x) N sin(2mx) IT'(x) )) dr —

A+xTA+2) 1+ 22)r (3 +x

@ _1 dx
— inx 2 —
VmRe f_oo € x |1+ x?
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© (1+e¢) 2 d¢ dx
- / LTx
mRe (f_oo ¢ ( . e 2w |1+ Xz

1 . _1 5—>0+
=——e "Im % z7 1M1+ 2)2dz| ~
2V lz]=1

—€ ( x) —-1-i m'( 1-i) -1 o . .
~Im f dx — J e 1-igi-1-Deeifj dg
Vi+x -

-1 (_x)—l—ie—irt(—l—i)
—Im <f dx> =
—e 1+x

NG 1 . 1 ;
= Te‘" -Im e"f x 1711 — x)"2dx + 2isinh(m) e — e‘”J
€ €

1

1
x 171 — x)_idx>

1 1
= ?e‘" -Im <2 sinh () f x~17{(1 — x)"2dx + 2isinh(m) 6_i> =
€

_ p—2m 3
- %m (#) ~ 1.2473
r(z-i

1606. Find:
Q= .f sinh~1(csch x) dx
0

Proposed by Abdul Mukhtar-Nigeria
Solution 1 by Asmat Qatea-Afghanistan

v cinh-1 x — 2 —_2
- sinh~! x = log(x + V1 + x2) and cschx = ——,
Q—fool 2y 1+( 2 )2 d —fool <2+ex+e_x)d -
- 0 og ex — e—x ex — e—x X = 0 Og ex — e—x X =

* 2%+ e 2X + 1\ ooy (11 u®+2u+1
:-I; lOg 1_e2* dx = j(; alog v du =

| 1+u 11 11
=f —log( )du f —log(1 + u) du—f —log(1 —u)du =
0 o U o U
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j Z(_l)kk _'I:%Z%du:

Therefore,
e T
Q= f sinh~1(cschx) dx = —
0 4
Solution 2 by Ose Favour-Nigeria

eX+e ¥
ex_e—x

2
w cschx = ——and cothx =
e’ —e

[ee)

Q= f log(scsh x + cothx) dx = J log(e* +e™ +2)dx — J log(e* — e ™) dx
0 0 0

X B

b | 1 11 (u +1)2
f —log(—+u+2>du=f —log| —— |du =
0 u o U u

Tog(1+u Togu 2
=2f-4£——ldu—f & du ==~ li(1)
0 0

u=

P

||m

* e (11 1—u?
P = f log(e*(1 — e~2%))dx " = =f —log du =
0 o U u

"log(1 — u? o
:f log(1 — w7) )du—f 8%, Z f n-lgu —1i(1) =
0 u 0

[ee)

2
= 2 ) o li(1) =~ 2 4(2) ~ li(1) = — T li(1)
n= 1

Therefore,

[o] 1'[2
Q= f sinh~!(cschx) dx = —
0 4

Solution 3 by proposer

® . “x - coshx dx
Q= f sinh~!(cschx) dx = (x - sinh™ ! x - cschx)g + f — =
. o Sinh*x /1 4 csch?x
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_joo X COthd _f°° x g _J‘m 2xdx _f°° 2xdx
- Vcosh2 x sinhx r= o Sinhx = 0 ex —e* 0 ex(1—e2%)
2x- e t=(2n+1
=j 1_e2x dx—f 2x-e Z(e_zx)"‘ZJ 2x - e-@n+Dxgy TELE
0 0
1 *© 1
DX KR EDY LR
2n+1)2J, € (2) (2n + 1)2
n=0 n=0 n=0

® ® 2

1607. Prove that:

xenx

o (1+4x%)%(e?™> — 1)

( 1)11 1
n—1)>2

1 26-1)
16

Where G = ), 17 —Catalan’s constant.

Proposed by Ngulmun George Baite-India

Solution 1 by Felix Marin-Venezuela

[ee)

xe™ do = « x dop =
o A+ax2(e—1)" " || 1 +4x®)@Zsinh(mx)

1 {ifw [1+2@ix)]2-[1+ 2(—ix)]2}
0

8 2 sinh(mx)

Where {+}'s enclosed expression can be evaluated with the Abel-Plana Formula.

Namely,
Ow as 4x2’;§1(t;m —gyx = %[Z(_mg 4+ 2m)% — [%(1 + zx)—z]xzo} -
:1{: % %}:1—16(26—1)50.0520
Solution 2 by Ajetunmobi Abdulqoyyum-Nigeria
¢ sinh(x) = - _Ze_x = sinlll(x) - ex —2 e * = esch(x) = e;e—x 1
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Zeﬂ'x en’x
= csch(mx) = o = e Ecsch(n‘x)
Thus,
f B lj“’x - csch(mx) ©
1+ 4x2)2(e2"x - 1) 2)y (1+4x2)?
— n
( csch(x) = — + 2x nZanZ— = csch(mx) = % + ZFanI n(z—:)xz>

i f X 1 1. 2x (=" do =
B (1+4x2)2?\nx = 1nz + x2 =
nz

1(1(* dx 2 * x?
_E<Efo (1+4x2)2+EZ(_1) L (n2+x2)(1+4x2)2dx>

dx
,f (1 +4x2)? 47:2)2 (1 + x?%)?
2

_111'_11'
2 4 8

X
, W rDAT ez

(" 4n? 1 n? 4
B fo ((4n2 —1)2(4x2+1) (422 +1)2@4n?2-1) (4n? —1)%2(n? + x2)> *

4n? j‘°° dx dx n? f“’ dx
4n2 -1 4x2 +1 4n2 -1J), 1+ 4x2)2  (4n? — 1)2 0 M2+x%

B n’m T nm
~ (4n2-1)2 8(4n%2-1) 2(4n?%-1)2

11 21" 1¢v (D" 1 (—1)"n
€= E(ﬁ +2 (m (4nZ —1)2 §n214n2 —1 Em (4n? — 1)2>>
n*(-1)" 1 =" G0k
‘" Z (an? — 12 Z(m o Mm) =

1(1 1 1 =" _
- Z(E;(_l) (Zn —1 2n+ 1) + £ (2n-1D?@2n+ 1)2> -

11 RMM-CALCULUS MARATHON 1601-1700
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11/ n (m (D", 1 1 1 1
=Z(§<_Z_(Z_1)>+; 4 (2n+1_2n—1+(2n+1)2+(2n—1)2)

T

G i (=" 1 n
D=Z4n2—1=n>1(2n—1)(2n+ 1) 2 4

n=1

E= 2(4(;21)“ Z( 1)n((2n 1)2(2n+1)2)

1 1 1 G
=_Z(_1)n( _ )z___
8 4 2n-1)?2% (2n+1)? 8 4
nz
Hence,
Q_1 1+2( T 1(1 n) 1+G) —1(26 1
- 2\8 32 8\2 4/ 16 8/) 16
Therefore,
o xen’x
(ZG 1)

o (1+4x%)2(e?m™ — 1)
1608. Prove that:

wlog(6 +4V2) =«
4 2

2
= j log(1 + tan* x) cos? x dx =
0

Proposed by Ajetunmobi Abdulgoyyum-Nigeria

Solution 1 by Kartick Chandra Betal-India

Y3
i “log(1 + x*)
_ 4 2 — - =
_j; log(1 + tan* x) cos xdx—fo 1+ 12 dx
_f‘” 2{log(1+x4)—4logx}
A (1 + x2)2 dx
“log(1 + x*) * x%logx
zg_fo ST dx — 4 . —(1+x2)2dx

[ee]

log x

14
1 (2
Q:—fo log(1+tan4x)dx+2 . mdx:

2

12 RMM-CALCULUS MARATHON 1601-1700
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T

__1 fg1 (1 — 2 si 2 2 )d Z-fii ( )d +.[a) 1-
= > . 0og SIN”“ X COosS“ x X . 0oglcos x X . (xz n 1)2

2
logxdx =

n 1
1 (2 sin? 2x » 1--3
=—f log| 1— dx+1tlog2—J ——logxdx =
2, 2 1

0 1
(x+3
1[”1 (1 sin? x) dx + olow 2 log x JOO dx
= — ogl|l-— x+mlog2 — - —_— =
4 2 1 1
0 x+§0 0 x(x+z)
E 2 [e's]
—1f21 (1> in? x + cos? x| dx + wlog 2 J dx _
=2, og N sin“ x + cos“ xdx + mlog T
1, f
o V2 L 3+2v2 m T /4
—210g > + mlog2 > —4log< 3 16 > —4log(6+4\/§) >

Solution 2 by Jack Desire-Nigeria

z
Q= f log(1 + tan* x) cos? x dx =
0

Y3 T

2 2
= f cos? xlog(cos* x + sin* x) dx — 4J. cos? xlog(cos x) dx =
0 0

T

NIJ

2
= f cos? xlog((cos? x + sin? x)? — 2 sin? x cos? x) dx — 4[ cos? xlog(cos x) dx
0 0
T T

2 2
= f cos? xlog(1 — 2 sin? x cos? x) dx — 4f cos? xlog(cos x) dx
0 0

T T 00
2 ] 2 2% sin%k x cos?* x
lef cosleog(l—Zsmzxcoszx)dxz—f coszxz dx =
0 0 k=1 k
[ee] Y3 [} 1 3
2k 3 2k ([T|k+5 )T k+5
:_Z_f sinz"xcosz’”zxdx:Z— ( 2) ( 2)
K J, K 2r 2k + 2)
k=1 k=1
o 1 1 1 A |
:‘ZZk t((ke+g)r(k+)r(k +3) :‘ZZk (12 (k+3)
] k Rk+1)rR2k+1) &~ k \T(2k+1)

13 RMM-CALCULUS MARATHON 1601-1700
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1 1
F(k+5)Tk+1) g T(k+5
(k+32) = 37 I‘((Zk +21)) = V7/22T (k + 1)

() e

) ror (k+ %) _Vm
r(2zk) 221 TQ2k+1)

22kr(k + 1)

k=1

11— 1
V2

- —log(4 2V2)

w,

11 a 1
92=4f0 cosleog(cosx)dx=4% azzj;cos xdx—4\/_aa<$+il))>=
=2ﬁ<%¢( t )F(%+%)_%F(%+%)¢(z+1)>:

1
2
) (3
3 (3
= ﬁ(w (izzr)(Z) r)(;p)(2)> =2(v(5)-v@) =5 @ 2l0g2)

\/'i
3 (
1+v2)

0

n
2

N[ Q

2

Hence,

Q=0,-0Q, = —Elog(4—2\/§)—g(1—210g2) - —g+glog(2+\/_) =

T2
xel 1l g( )dtthen prove:

i + Elog(6 +4/2)

1609. If x € R, and F(x) = [
f e *F(x)dx = {(2)

0
Proposed by Angad Singh-india
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Solution 1 by Togrul Ehnmedov-Azerbaijan

x_

X

@ Tet —1 x =2 (@ “ez —1 xdz

j e"‘j log (—) dtdx = f e"‘f logz-—-dx =
0 o 1 t t=, /0 1 X z
. Crox logz Y —x(1-1) log z

= j e"‘f (ez - 1) . dzdx = j j (e z) — e‘x) . dxdz =
0 1 z 1 Jo z

“ (*logz (¥ _x(z-1
=f f f (e z —e‘x)dxdz=
1 Jo Z Jp

“logz| z x(z-1) @ “logz, z
=f g e z +e‘x] dzzj g ( —1)dz:
1 Z 11—z 0 1 z ‘z-—1
* logz llogz - 1 > 1
—fl z(z—l)dz__jo 1_Zdz——z:z logzdz—zﬁ—{(Z)
k=1 k=1

Solution 2 by Ajenikoko Gbolahan-Nigeria

X X
et —1 x u=f (® eu—1 xdu ®eu—1
F(x) = -fo ; log (?) dt = fl x logu = J.1 logudu
u
Then,
[e] oo ooe% -1 [e¢] ooe—x+% —e X
‘sz e"‘F(x)dxzf e"‘f logududxzf J. ———  logududx
0 0 1 u 0o /1 u
Using Fubini’s theorem to switch order of integration.
“logu ([ x “logu, u
‘sz 5 f (e_“ﬁ—e‘x)dxdu:f 5 (——1)du=

f‘” logu logu logu
= ( — — )du
1 \u—1 u u

oo logu
f & du does not converges

1 u
“logu <
lp:f g du=—Z—
; u—1 ds

£ szoflooxnﬂds:—;ﬁ:;ﬁz((@

Solution 3 by Rana Ranino-Setif-Algerie

X ,t 11_exy

F(x)=j;) ¢ ;1log(§)dtt=:xyf0

RMM-CALCULUS MARATHON 1601-1700
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ﬂ=j0mF(x)e‘xdx=f0mf011

1o o 1o 1 Tlo
=j gyf (1—ex3’)e‘xdxdy=f gy(l_ )dy=—J gydy=
o Y Jo o Y 1-y 0o 1-Y

logye *dtdx =

1 —
— _f Mdy = Li,(1) = {(2)
0 y

Solution 4 by Kartick Chandra Betal-India
x et -1 1 etx -1 1 x
F(x)=f log( )dt——j logtdtzj <logtj etydy>dt
0 t 0 0

foo ‘xF(x)dx——j <j logtj tydy)dt—

flogtf ‘yf e *dxdydz=—- flogtf eV .-eVdydt =

1 dt og(1—1t)
logt—— = —f —_—
0 t

logty—, dt = ¢(2)

Solution 5 by Jack Desire-Nigeria

k-1

et —1 X ot X
F(x)=f0 - 1og(;)alt=f0 kZI o log( )dx =
-1 (7 1 (x*logx [xklogx xk
R N _ -y - _ — )=
_kzlk!j; t“ '{logx —logt}dt kzlk!{ 2 < 2 k2>}

x| =

- 2.i(i)

° —-X N 1 ° —x -k N 1 N 1
e F(dx =) o | eakdx =Y k= ) o =4(2)
0 k=1 70 =1 k=1

Solution 6 by proposer
X ry et _ 1
= f f ty dtdy =

p(x)zfoxet_
fxle dtdy = f Zk 0= zkz k!

1log G) dt = f
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Hence,

f e‘xF(x) dx = Z mf e *xkdx = z ﬁ = ((2)
0 =1 i k=1

((—1)2"("_1)+1>x"
1610. For x| < 1,letT(x) =), =0 then prove that:

2

fl(x+1>(T(—x)+T(x))dx—n——1+lo 2
0 x 24 &

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Rana Ranino-Setif-Algerie

© (- )171(71—1) n o ((= )1n(n+1) (=)™ ) 2™
T(x)=;< 12n2+n+1>x ;T(—x)=;( - n2++n : )x
T(x) + T(~x) = Z(% - ﬁ) ( 12D 4 ()2 4 (—qyn 4 1)

1 - 1 4,if n =4k
_ 2n(n 1) _ 2n(n+1) _1\n :{ )
-1 +(-D D +1 0,otherwise

Tx)+T(—x)=4

1 )4k
4k 4k+1

1

1
4k+1 | L 4k-1 _
4k 4k+1)f0(x + ) dx

e I

Q=f1(x+%>(T(—x)+T(x))dx=4
0

kﬂ
1l

1

- 1
42 (4k 4k + 1) (4k 4k + 1)
1
2

[oe)

1
z(4k2 2k 2k+1)

=1 =1
1 1
- 33@ -1+ (15554 )
(log 2)
Therefore,
1 1 2
fo(x+;>(T(—x)+T(x))dx=ﬁ—1+log2
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1611. Find:

xZn—l(l . xZ)
ﬂ(n)zf dx,neNn=>1

enxz
Proposed by Daniel Sitaru-Romania

Solution 1 by Rana Ranino-Setif-Algerie

x2n-1(1 — x2 21 1
( ; ) dx 2 EJ tnlent dt_ff the~ dt

Q) = f

enx

1 Bp 1 1
S f t"le™dt = —t"e™™ + J t"e ™ dt

2 2n 2
1 2n
Qn) = —tre™ +C= C
(n) ™ e ™ 4+ Py +

Solution 2 by Adrian Popa-Romania

xZn—l(l _ xZ)

enx2

Q(n) = f dx = fxzn‘le‘""2 dx — fxz'”’le"”‘2 dx=1,—-1,

D "
u=x2n-2,-nx

_ 2
Ilzfxzn le=m*" dx =

xZne—an ) 5
=" (n—-1) f xZn-le ™ dy + nf xintle X gy =

xZne—an
xZne—an xZn —nx?
Solution 3 by Ravi Prakash-New Delhi-India
xZn—l 1— x2 x2n—2 1— xZ 2_
enx enx

1
= Ef e "t 1(1-t)dt =

1 1 1
- —nttn _ _f —nttn—l dt _f —nttn—ldt —
Zne 2 e + 2 e

1 1 2
=—e ™"+ C=—e ™ xM"+(C
2n 2n
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Solution 4 by Almas Babirov-Azerbaijan

2n—-1 2
X (1-—x%) 2 2
5 dx = xZn—le—nx dx x2n+le—nx dx =

Q) = f

enx

1 2 1 2
— -nx 2 2n -nx“\) —
_ane d(x)+2nfx d(e ")

1 1
— ﬁf e—nxd(xZ) _|_Ex2ne—nx2 _ j e—nxzd(xZ) —

= ixzne‘""2 +C
2n

Solution 5 by Gilmer Lopez-Cajamarca-Peru

2n-1 2
X 1—x X
( > )dx = sz"‘le"xzdx—J

e

xZn—l x2n 2n - x2n—1
= f > dx — <— > + f 3 dx) =
enx 2nem™* 2nen*

xZn—l x2n x2n—1 xZn
= —dx + 7 — —dx = s+ C
enx Znenx enx Znenx

1612. Find:

_ 1 xvxlogx
Q= lim f ————dx
g0 ), xt +x2+1
Proposed by Vasile Mircea Popa-Romania

Solution 1 by Rana Ranino-Setif-Algerie

1 xvxlogx Lxvx(1 —x?)logx
Q = lim %dxzf \/_( ) & dx
>0t |, xt+x2+1 0 1—x6
37 5 4 34
1(x2—x2>logx 1 1(x12 — x4 )logx
f dx f dx =
0 0

1 — x°© ~ 36 1—x

-l G- ()=l - ()

Therefore,

01 f1xxlogxd _1{2 8G (1)<5)}
TN a1 T 36" ¥ 1z
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Solution 2 by Mohammad Rostami-Afghanistan

1 xVxlogx _flxﬁ(l—xz)logx
et ), a1, 1— x6

T xv/x(1—x®)logx p Jx\/_(l xz)logxd
o (1—x2)(1+x%+ x*) 0 1— x6 x

_f x xlogxd Jx xlogxd 1
T, T1—as T T1mas TR

x xlogx
I, = — 6k x4 —
1 -fo P dx = J x\/_z dx
=Zai f1x6k+a+2 dx_ ;5 —
k=0 a a=0-"o k=0 6k + a + 7 a=0
=0 (6k + %) =0 (k 152)
1x3{xlogx 1 d
I, = f 6g dx = f x3\/§Z xn —| xbdx =
n=0
= Z i| f1x6n+b+2 dx = Z 1 = _1 =
abl,_, 9 9\2
n=0 0 n=0 6n + b + 7 (6n + 7)

Therefore,

-5l ) w0 ()
Solution 3 by Abdul Mukhtar-Nigeria

xr+a2+1=

1—x2
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3 7 o)
1xZlogx — x2log x 1,3 7
Q=j 8 8 dx=f (xflogx—xflogx)Zxﬁkdx=
0 1-x¢ 0
k=0
= 1 3 1 7
=Z<f x6k+7logxdx—J x6k+710gxdx>
0 0

k=0

1 3 1 7 =
H, = f x**Zlogxdx;H, = J x**Zlogxdx = Q = Z(Hl - H,)
0 0 &

1 logx log x 1 1 !
0 0 0

a+1 a+1 o a+1
1
= ——- tdx = ——=;a> -1
a+10x * (a+1)2a
H 1 1 1
1———22——. 2
5 36 5
6k+7) (k+i)
H 1 1 1 1
2___.——__.
36 9\? 36 3\ 2
(k+3) (k+3)
Therefore,

Q= i(Hl —Hy) = %[w(l) (Z) —v (%)]
k=0

1613.1f 0 < a < b then:

b
3f Jxt+x2 +1dx = (b — a)y/(a? + ab + b?)?2 + 3(a? + ab + b?) + 9
a

Proposed by Daniel Sitaru-Romania

Solution by Kamel Gandoulli Rezgui-Tunisia

[ 2 2
Let f(t) =Vt*+t2+1>0;a,b>0andletc = %;Hb < %b. From M.V.T., we get:
1 b
Ja € [a,b]: f(a) = f f)dt
b—al),
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a+b
froa="22 % 40
2 'a+b
2
b b 2 . .
Ifa—>Oc—>Fandﬂ—> then, afl,=ﬁ=C|mp055|ble!

c<a= fla) = flc) >

\/a2+ab+b2> _J(a®+ab+ b?*)? +3(a? +ab+b?) +9
V3 B 3

b
— | f(t)dt2f<

Therefore,

b
3f Vx*+x2 +1dx > (b —a)\/(a® + ab + b2)? + 3(a? + ab + b?) + 9
a

1614.1f 0 < a < b then:

b
f sinh x (es“‘h x 4 gcosh? *)dx =
a

(\/cosh18 — "J/cosh18 )

Proposed by Daniel Sitaru-Romania
Solution by Kamel Gandouli Rezgui-Tunisia
_ _ -1 __1
Lety = coshx = x =cosh™ y,dx = mdy

sinh(cosh™1y) = /y2 -1

b
Q= f sinh x (esinh*x 4 gcosh®x) gy —

a

— 105

cosh b
f Jyr—1(e” +e” 1)
cosha

cosh b
f (e + e’ V) dy
cosha

gy s L ) 33
Let f(y) = (eyz + e 1)_£y17:>f(3’) =2y(ey2+ey2 1)—33—5y 17 =

3 _33 1 3 33
= y(Z(ey2 +er' 1) - Ey_ﬁ> =0>2 (1 + —) = Ey_l_e‘y2

3 33
log2 +log(1+e)—1= log(gs) —ﬁlogy y*:E

=y =0ay=0.15. Let min f(a) = 0.2 = e +ey2‘1—:—;y320;‘v’y20

cosh b 5 5
f (e” +e” ‘1)dy2f
cosha

cosha

coshb51 lld
—y17
35}’ Yy

22 RMM-CALCULUS MARATHON 1601-1700
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b 18 |coshb
51 17
= j sinh x (ecosh” ¥ 4 gsinh’x) gy > 4 =
35 1
a +1
17 cosha

_ 51 17

~35 18(1(/“,51,13,,_ Vcosh®a) = 105( Veosh'® b — ‘/C“T)

Equality holds for a = b.

1615.

1 7
7 sin?**1 x cos* x + sink x cos?*1 x
Q(n) = Z sin3k+3 x + cos3k+3 x dx

Find:

Q(n)
= lim ——
n—oo n

Proposed by Costel Florea-Romania
Solution by Adrian Popa-Romania

T
; j‘Z sin?k*1 x cos® x + sin® x cos?k+1 x
0

- dx =
sin3k*3 x 4+ cos3k+3 x

f sin® x cos* x (sin**1 x + cos**1 x) 4
X =
(sink*1 x + cosk*1 x)(sin2k*Z x — sink*1 x cos**1 x + cos2k+2 x)

j‘Z sin® x cosk x

dx =
o €0sZk+2 x (tan?*+2 x — tank*1x + 1)

T

j‘Z tank x d tan*+1 x=¢
= x J—
o €os?x (tan?k+2 x — tan*+1x 4+ 1)

1
1
_1f1dt_1f1 dd 1 Zt_lt_f_
Tkt+1)ye2-t+1 k+1), 2 3 k+1 vzt \v3 )| T
(t-2) +32 2
2w

T 3V3(k+ 1)

0
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- T 1 1 1
) = Z \/_(k+1) 3x/§(§+1+'"+n—1)

=1

] 3

a

(1+1+ o 1 —) 1
) 3 -1/ ¢-s 2m n
w = lim —— = lim m =0
n—-oo n n—-oo n 1

1616. Find a closed form:

1 n
Q- Z (=1)"n
(4n + 3)?
Proposed by Ajetunmobi Abdulgoyyum-Nigeria

Solution 1 by Kartick Chandra Betal-India
C (D" 3¢ (D"

i (-D)"n ~
(4n + 3)2 4/.an+3 4. (4n+3)2
n=0 n-0 n=0

1 3 e
= —f E (—x)"x%dx — —f E (—xY)"x%logx dx =
4 ), 4 J,
n=0 n=0

3
1 (1 «? 3 (1x%logx 1(° dx 3 (‘x5 'logx
:_f 4dx——f —dxz—f ——f — ., dx=
4 ), 1+x 4), 1+x* 4), 1+x* 64), 1+x
_1J‘°° dx 3 1 6{ (s+1) (s)}] _
~8J, 1+t 61 2las ¥\ 2 vz =2
14
“5z), Texte el (5) v (6) -
=3z2), 1= 2561¥ &) ¥ (8| T
/2 3 7 3
~ 32 _ﬁ{‘b (§>_‘I’ <§>}
Solution 2 by Syed Sahahabudeen-india
o i (D' 1¢ (D 3¢ (Dt
L, (4n+3)? 4 —4n+3 4Li(4n+3)*
1 3 4 3 )
+7 (8n+3)2 (8n+7)2

_15: 1
4 (8n+3 8n
n:
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We have:

> (3" W) (@@ Q)
> (s wrs) e (v )+ )

Therefore,

2= 52 (1(5)- () +a5e (v @) -+ )

Solution 3 by Jack Desire-Nigeria

Z(M?i’»)z 162( 1)"2 162( Dn Lx %(—logx)dx=

1t 1 ny . no X
=~16), * 4logxdx;(—x) m(;:)(_x) B (1+x)2>

3
1 (1 x ) 1 (Txtlogx

= —— 2 _ [ 2
2="16), * logx( A+ 08 ™ 16), Ar02™

Applying IBP, we have:
! 1 x_% %x_%logx
+f0<1+x+ 1+x >dx
0
We know that:

[ frae=3(vG -0 (3+3))

[ =il G0 3)
) _1
[ o= 0)-w (T ae= 2w () - ()

ﬂ=1—2{%[¢(%>— 656l &) -+ G

3
1 —x4logx
Q=—- g
16 1+x
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5 1 .

v [ [ -
Yig) Y &)T) T1=x T ) g BWdu=

%) 1w T ™ T T
u2

[N

N 1 . _1<u2—1>
—tan =
V2 uv2

o

1 u+%—\/i
log 1
2v2 u+=-++v2
u 0
210g<2;g>+n\/_=n\/f+\/§log(3—2\/§)

Therefore,

Q——(n\/_+\/flog(3 2\/_))-'_256[1,) () v (g)]

Solution 4 by Ajenikoko Gbolahan-Nigeria

D" 1 [ED" 31"
€= Z(4n+3)2 4; 4n+3_4n+3]

Using that:
c (D" o 1 1
n+k 2n+k 2n+3+k
n=0 n=0

Q:Z;[8n+3_8n+7]_Z;[(8n+3)2_(8n-11—7)2]:

- gzlo(11g) o (11g)-55[e (r25) - @ (12g)
_32 ) I8 ) I8 32 ) 18 ) F8
where ®(a, b, ¢) —Lerch transcendent function.

Solution 5 by Rana Ranino-Setif-AIgerie

- (1) C (-D"@n+3-3) 1 D" 3¢ (D"

4n + 3)2 4- (4n + 3)? 4— 4—n +3 4 (4n + 3)2

B
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2

b 1 1,
— _1\n 4An+2 —
A= EO( 1) fx dx f1+x4dx
n:

4\/_f —x\/_+1 x2+j\7_+1)dx

1 (/) 2x—-+2 2x +/2 1! dx
= f - dx+—J 5 +
42)y \x2—xv2+1 x2+xV2+1 40(x 1)+

+1j‘1 dx B
4 ), (x—i)2+1_
V2 2

_ 1 log<z;g>+2\1/2tan‘1(\/_—1)+Ltan‘1(\/i+1)=

_ %mg(ﬁ 1)+

\/_

sl (5) - )

B=i§: 11
“Eed) (rd)

Therefore,

_\ (D 1 ) €)
€= ; (4n + 3)2 8\/—l°g(\/_ Doz 16ﬁ 256{'p ( ) v ( )}
1617. Let be the function f:[0,0) — [0, o0) continuous such that:

(F(f(x)) = (2**1 + x — 1)f(x), Vx = 0. Prove that: f invertible and find

-1
Q= lim ™
x—0 X

Proposed by Florica Anastase-Romania
Solution 1 by Kamel Gandouli Rezgui-Tunisia
If x,x' > 0 such that f(x) = f'(x) = f(f(x)) = fF(f(x")

{ )= @1 +x - 1)f(x)
FF(x)) = (21 + x' - 1)f(x)
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h(x) =2*"1 4+ x — 1 = e**D1082 4 x _ 1 injective because h / and continuous, then

x = x' = f —injective.
fy €R, > 3t€ R, suchthat 21+t —-1)f(t) =y

Because a(2¢*1 + t — 1) — bijective Va > 0 = f —surjective. So, f —invertible.

F(F(F@)) = @+ x - Dx= () = @ +x - Dx

Li_r)x(}@ =1=>f0)=0=f10)=0
Cfw . F(®)
M T e T
Therefore,
2= 1im—®_4
x-0 X

Solution 2 by Surjeet Singhania-India

First of all we will show f is bijective function. Here we go.
Put x = 0 in functional equation we will get (f o f) ) = f(0)
Claim f(0) = 0, if not then f(0) = m € R, implies f(m) = m.
Put x = min equation f(m) = 2™ + x — 1)f(m) =
2™*1 + m — 1 = 1 only m = 0 satisfy equation. Hence, f(m) is only solution for m = 0.

Now, Vx € R+,% = 2**1 + x — 1 = g(x), where g is continuous and increasing

function, so g —bijective.
Suppose f is not injective then for some x; # x; = f(x1) = f(x3) =

(fof)x (fof)x - - o e - . . .
(1) _ (2) g(x1) = g(x;). Contradiction, then g —injective, hence f —injective
f(x1) fx2)

function.

If f —is not surjective, then 3y € R, such that no 3x € R*, f(x) = y since we prove f — is

injective function (f o f)y # f(y) = g(y) # % Contradiction, then g —is surjective,

hence f —is surjective, then f —bijective. So, f —invertible.
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Since f(0) =0= limf(x) =0= limf1(x)=0
x—-0t x—-0t

a=1im® i IO
x50 X _x—>0(f°f)(x)_x—>02x+1+x—1_

Solution 3 by proposer
a)Let f(0) =a,a € [0,0)
For x = 0= (f(f(0)) = f(0) = f(a) = a = afixpoint of f.
Forx=a> (f(f(a)) =2*"'+a-1)f(a)2a= 2" +a-1)a=>
a = 0 unique fix point of f.
Let g: (0,°0) — R, g(x) = f(x) — x which isn’t zero and have same sign on (0, e°).
Let b € (0, o) with f(b) = 0 =
g(f®) = f(f(1) - f(b) = (2°** + b - 2)f(b) > 0 >
f(x) > 0,vx € [0,°¢) and how chi_r)gf(x) = o0 = f(]0,00)) = [0,°0) = f surjective.
Let x4, x;, € [0,°0) with f(x1) = f(xy)
Then f(x1) = f(xz) © f(f(x1)) =f(f(xy) &

QY+ x; —1)f(xg) = 212 + x, — 1) f(x,) © x1 = x, © f injective.
So, f bijective and exist f~1: [0, e2) — [0, e°) inverse.

Ty
&= lip— =y =

= llm& = lim f) = lim —1

=0 f(f(x)) x-0 (21 4+x—-1)f(x) x-02**14x—1

1618. Find:

n HP
i | (k + 1)
a=timim| | [{1+=557))

k=1

where Hp —harmonic number.

Proposed by Florica Anastase-Romania
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Solution 1 by Daniela Ruxandra Tonila-Romania

n Hyp
(] (%)

Q =1lim
p—ee
k=1
loe ) i T CEZVANTEN N (k+ 1P\
0g = Jiny Hy tim | [ (145 lim H, tim ) log( 1+ 7o) | =
k=1 k=1
k+1)P
i . N log(1+( p+_1)) (k+ 1)P
= lim H, | lim » —
k=1 W
. e (k4 1)P 1% k+ 10\P
=lim H,| lim - =llmH lim — Z( )
p—o© p n—oo np+1 p—-o n-oon
k=1 =1
1 _ H,.,—H
=lim H, | xPdx = lim—pc:s limu =
p— 0 p—>oop-|—1 p—>oop—|-1—p
Therefore,
H
Y A TG LA
a=timim(| [(1+55)) =1
k=1
Solution 2 by proposer

From well-known inequality: xx: <In(1+x) < x,Vx € (—1, e0) we get:

(k+1)P (k+1)P (k+1)P
cin(1+ B2
(k+ 1)P + npt1 np+1 np+1
Thus,
n n n
k + 1)P k+ 1)P k+1p k + 1)P
). < <[ [(1+ Z
(n+1)P +nPt1 — L, (k+1)P + nPt1 — n S mptl np+1
k=1 k=1 k=1
We have:
S (k+ 1P s (n+2)P

li =5
noe Ly P+ T et 2P — (n+ DP + (n+ DPFL — o

. (n+2)P
= lim =

o= (n+2)P — (n+ 1)P + €9, nPH + Ch P + €2 Pt 4 o+ (01 — Pt
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_ 1
T p+1
and
Z(k+1)" : (n+2)P
n—>°° n—m M+ Pt
. (n+2)P 1
= lim 5 n > o —
n—oo Cp+1np+1 + Cp+1np + Cp+1np—1 4+ .4 Cp+1 — nptl p+ 1
So, we get:
lim 1 (k+1)p 1 li - 1 —(k+1)p = z%
nLTo“n P ) =571 lim 1_[( o ) =e
k=1
Therefore,

n Hp H
k+ 1)P 1 \Hp Hp
Q = lim [ lim ( <1 + (nTl)>)] =lim <ep+1> = erltgt«}ap+1 LC_S_ 1
p—ooe | n—o—oo poo
k=1

1619. Prove that:
SN GO )
n=04"(1 — 4n) r (%)

Proposed by Ajenikoko Gbolahan-Nigeria

Solution 1 by Dawid Bialek-Poland
Recall:

v (D)

2n+1. <1
04”(2n + 1)x lxl <
n=

—sin"1x =

and derivative both sides w.r.t. x

® r2n ® r2n
_ 1 =—Z(Lx2";(x2—>x4):>— 1 Z(4n) in , (1)

n=0 n=0

Multiply both sides (1) by x~2, we get:

(Zn) .
x2V1 x4 z x
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and integrate them:

1 1 b (Zn) 1
— —dx —_ — Z ~n’ x41l—2 dx
jo x2V1 — x4 N

o) (21?) 1 1 \
—ljlt‘% (11— t)_% dt (be“;f_“)_l.g(_l,l) _ _E.F(—%)lr (%) _ _\/Erl(%)
4 Jy 4 4°2 4 F(Z) F(Z)

R0 =nr =1 (<5 1) == (=)

Therefore,
ooy Na(3)
4 4"(1 — 4n) I (%)

n=

Solution 2 by Syed Shahabudeen-Kerala-India

= () 11 ¢ (%)n . (2n)! (1
Q= ;—4,1(1 —an) _fo F;T" rdx =; < ann (E)n>

a1 V()
i Tm=

1620. Prove that:

2

~ 18

z (H6n—1 B Hgy, 3 Hey_4 + H6n—6) T
6n 6nmn—-2 6n—3 6N—5

n=1

Proposed by Asmat Qatea-Afghanistan
Solution by Kartick Chandra Betal-India

[ee]

Z (H6n—1 _ Hen3  Hens 4 H6n—6> _ z (H6n _Henz Hens + H6n—5)_
4 6n 6n—-2 6n-3 6n-—5 6n é6n—-2 6n—3 6n-—5
n=

n=1
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Z((6n)2 (6n 22 7 T )

(6n—3)2 ' (6n-5)2)

—f (1 —x2—x3+x%)1log(1 —x) Z(xﬁ)"‘ldx +
0 n=1

1 (o]
[ (= -2+ ) log) Y (o tatx =
0 n=1

1 1-— 2 1— 3
=f0( :3(x6 x){logx—log(l—x)}dx=

_ 11 —x B 1 [1-(1-x)?][log(1 - x) —logx] B
‘jo 1+x3{1°gx_l°g(1_x)}‘L A+A-oll-(1-0+d-02%"

1 (2 — x)x[log(1 — x) — log x] 1 x
=-fo 2-x)(1—x+x?%) dx:j; m[log(l—x)—logx]dxz

1
lxlog(z—l) © log(x—1) * log x
=f 2 dx=f 2 =
o 1—x+x 1 x(1—x+x?)

dx =
o DA +x+22) "
_fl( 2 2x+1 )1 dx =

B 1+x 1+x+ax2) BFHT

logx log(1 — x3) —log(1 — x
= zf 1f dx—logxlog(1+x+x2)| f & ) & )dx
0 0

x
llog(1 og(1 -
- 2@+ f log1-»x) f log1-x)
0 X 0 X
3 {2) m?
=-{(2)+3 ((2) =—"3 =718
Therefore
z (H6n—1 _ Hegpn_3 _ Hepn 4 + H6n—6) _ _7T_2
4 6n 6n—-2 6n—-3 6Nn—5 18
n=
1621. Find:

_ (x—3tan( T )+3)(e°°sx—e)
0= lin T -

Ts; —Cebyshev’s polynome first kind.

Proposed by Mohammad Hamed Nasery-Afghanistan
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Solution by Kamel Gandouli Rezgui-Tunisia

_ (x — 3tan (L) + 3) (eosx — e)
8= !‘l‘r’l‘} J;':E;) — 5x -

x —3tan (xf4) - (-3) eost _ o

1 X x2
= lim Te(x) =5
x3

(x — 3tan (x 1_: 4)), (0)=1-3 (1 + tan? (x Z 4)) (— e 34)2) 0) =

—1+3”
N 8

ecosx _ o

e
3 _Z
+o(x3) - >

~

N|®

x2
T5(x)
_)

>3~ 20

Hence,

x — 3 tan (xf4) - (-3) eos¥ _ o

1 X x2___ (8+3me
2 = lim T<(x) — 5 7320
x3

1622.

x2_ + (- 1)>2
x2_,+nm-2)2)

n-2

x1=1Lx,=2,(n—1x,, +nx,_1 =n(n—-1) log(

n = 3. Find:

x, 3y — 1)%
Q = lim n(V¥ )

n—oo n

Proposed by Ruxandra Daniela Tonila-Romania
Solution by Kamel Gandouli Rezgui-Tunisia

x2_ 4+ (n—1)?
— Dx, + nx,_y =n(n—1)log( 3= ,n>3
(n—1x, +nx,_; =n(n-1)log <xﬁ_2 " (n—2)2> n

xn
Wn=;,x1=1,x2=2=>w1=w2=1
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w4 : m—1)? w2_;+1 . (n - 1)2 1 wi_ +1
w, +w,_; =lo : =log(—— gl 50— | =
n T Wnr =08\ 22 w2 1) B2 S\w2, +1

n—1 wi_ +1
= 210g(—)+10g —
n—2 w, ,+1

n — 1\ n-w wi_ +1 wi_ +1
log( 2)—>0; log| 5—— ) <log T <2w,_ 41— ®©

n-— n—2+1
2
w, ;+1 -
wnSwn_l=>10g<;;>SO:wnSZIOg(—)—>0=>wn—>0

x x, Ay — 1)?
f—>0=>ﬂ=limM=0

n—-oo n

1623. For n = 1, ¢ —Golden ration and let

_ X
© e~ ™ cos (— — nnx)
f n
0

Vx

_ TX
X cos (T + nnx)

dx
Vx

dx=f(n>j0°°e

then prove the following identity:

(m+2)<x/§+2 /3(\/§+3)+1>

fJe) _ 22 +5 + 1
f(e) V3-YV5 +1

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Rana Ranino-Setif-Algerie

© e ™ cos(amx © 1 )
I(a) = .I- ( )dx = Re <f xf_le—”x(l—la) dx) = R6<
0 Vx 0

1
m)z

cos (% tan~! a)

V1 + a2
(1t -1 ) 1+ cos(tan~! a) 1+V1+a? 1@ 1+V1+ a2
R 2 2V1 + a? @ 2(1+ a?)
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‘P—a I / 3(1+v2)
fle) = 1o+ D) TI(E) 1+ \/_ 1+6

I(‘/a_\/%>_l( V5-2) |(1+VV5-1)(V5+3)
1<\/$+\/%>_1( srz) |(E-1)(1+V5+3)

f(\/_) j(1+\/x/§—1)(\/§+3)(1+\/€)

f(e) =

M) 3(@-1)(”@)(“&):

:\/(1+\/ﬁ)(x/§+3)(1+\/6)(\/2—1)(\/§+ 1)(\/m—1)(\/§—2)=

12

_j(2+\/\/§+1)(1+\/5)(\/§—1)(\/\/§+3—1)_

3vV5+1
_J(2+m)(1+¢a(ﬁ_1)(m_1)_
) V-V +1

\/(2+\/\/§+1)(1+\/€)(\/§—1)(\/\/§+3—1)(1+2\/§+\/§)
V3 VVE+1-(V1+2v2 +V5) )

j(2+m)(1+\/5)(1+\/§) \/(ZJFW)(“M/EJFW)

_ 1+2V2++/5 1+2V2++/5
V3-VV5+1 V3-VV5+1

j(m+z)<\/§+z /3(\/§+3)+1>

2V2+/5+1
V3-VVE+1
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1 3v21 4
3 <arcsin (T) + 4n>]} + 8 cos (7) =1

Proposed by Carlos Paiva-Fortaleza-Brazil

1624. Prove that:

1
§{7 — 87 cos

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Weh . (4 4-11')_ (161:)_ (Zn) d (3 411)_ (1211)
e have : cos - = CcOS = = CcOoS = and cos - = CcoS =

(21:) (4 41t) (3 4-11')
= —_— el — | = ,—
cos = cos = cos =

L. 2w 2w 6m 6m
Similarly,we have : cos (4. 7) = COS (37) and cos (4. 7) = CosS (37)

— Since cos(4x) = 8 cos*x —8cos?x + 1 and cos(3x) =4cos3x —3cosx

2 4
- X3 = COS (7>,x4 = CcOS (7>,x6

é6m
= cos (7> are the solutions of the equation : 8x* — 8x% + 1

=4x3 - 3x

o (x—1D)Bx3+4x? —4x—-1)=0 o 8x3+4x? —4x—1=0(" x5, x4, X6 # 1)

1 3 1 ) 1 1 ) 1 1 2
Letx=y—g—>8(y -3y +Ey—m>+4(y —§y+£)—4y+§—1=0
gy 14 7
o —_—y = —
Yy =3Y% 27
7 1 V7
Lety = — 473 -3z =——=—,
ety 3 zZ >4z o 14
V7
let z = cosO — 4cos30—3c080=c0530=ﬁ

1 V7
— Z =c0s0 = cos 3 arccos 1a 4+ 2km )|,k = 0,1 0r 2.
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1 V7
3 (arccos (E) + 2k1t>l - X

VI 1 V7 1
= —cos §<arccos 1a + 2km —g,k—0,10r2.

V7
-y =3 cos

3

V71 V7 mn
It's clear that : x, > 0 > x4 > xgand 0 < — < = — arccos ( —)

14 2 14 3’2
1 V7 (11' 11')
ﬁ —_— —_— —
3arccos 1a 9'6

1 V7 1 V7
- Xy = 3arccos 14 and - 3 arccos 1a +2r

E(71: 51:) d1 V7 4 E(lsn 3n)
9'6 an 3arccos 14 YA 9,2

1 V7 J7
— COS 3 <arccos <14> + 4-11') > cos [ <arcco <1—> + 2n>l - X4
V7 |1 V7 1
= ?cos 3 <arccos <14> + 41‘[> ~3%
Since sin? | arccos <ﬁ> g 189 - sin| arccos <ﬁ>> - @
14 142 142 14 14
V7 o (321
— arccos <E> = arcsin <T>
3v21 1
- X4 = cos( ) —cos <arcsm (T) + 4n>l s
Therefore,

{7 8V7 cos [ (arcsm( 1) + 411')]} + 8 cos (471:)

_7 8( (4—1T>+1)+8 (411)_1
=3 cos = 3 cos =) =

1625. Prove that:

L oos 2 c0s T ¥ eos 05 B 4 %l o BT cos 27 — 313(V9—-1)
cos 9 cos 9 cos 9 cos 9 cos 9 cos 9 = 4

Proposed by Carlos Paiva-Brazil
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

§i . (3 Zn) _ (3 411) _ (3 Bn) 1 d 3
ince : cos|3. 9 = cos 9 = coS 9)="3 and cos3x
=4cos®x—3cosx
2 41 8 . .
- a= cos?,b = cos?,c = cos? are the solutions of equation — 2
=4x3 —-3x0r8x3—-6x+1=0
— FromVieta's formulas,we have : Z a=0, z ab=—=—-— and
a,b,c a,b,c

bc=—2.
aoc 8

Let x = Yab + Ybc + 3ca and y =3a+ Vb + 3¢

_ (Z W)s = z ab + 3%(2 W) <Z %) — 33/ (abc)?

a,b,c a,b,c a,b,c a,b,c
B 3 3 3_ 3 3 o)
T 2T 272V
3
y(zr) =Y s (zr)(zf) 3Vabe =30y + 2 @
a,b,c a,b,c a,b,c a,b,c
zxy
- 1) x(2) - (xy)3 = ——(xy +1).= (2xy+ 1) S 4z23°4+9R2z+1)(z+1)=0
o 473 +1822 +2724+9=0
z=:74 t3 9t2+27t 27 +18(t2 3t+9)+27t 81+9 0 & 4¢3 ) t
<—> -t — — — - =0 =— o
2 4 8 4 2 2
E) 9-3
=— 5 Z =
2 2
3 3 3(¥9-1) 3 313(¥9-1)
3:———— = - = — _
1) ->x 727 1 —>Z\/ab n .
a,b,c
Therefore,
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i/ 2mr 4w 3\/ 4m 8w 3\[ 8n  2m  3[3(3/9-1)
COS—COS—+ [COS—COS— + [COS—COS— = — |[———=.

9 9 9 9 9 9 4

Solution 2 by proposer

We know that cos 3 - 40° = cos120° = — -
1
cos 3 -80° = cos 240° = —E,COS3 -160° = cos480° = 32
Then, cos 3x = —%,8cos3x— 6cosx+1=0
Let a® = cos 40°, b® = cos 80°, ¢ = cos 160° and a3, b3, c® —the roots at the cubic
8cos?® x — 6 cos x + 1 = 0. By Vieta’s formulae
ad+b3+c2=0

(
l 3
4 ab3 + b3c3 + c3ad = ~2
|

alb? 1-(“abc— 1)
8’ \’ 2

We also know that:
a®+ b3+ c® —3abc=(a+b+c)a?+ b%?+ c? —ab — bc— ca)
leta+b+c=0y,ab+bc+ca=0,=0,(6}-30,)=>

ab® + b3c® + c2a® = [(ab + bc + ca)? — 3abc(a+ b + ¢)](ab + bc + ca)

33 1—9(92+391)
4 4~ 2\"27 2

{ 20,(6% —30,) =3 —-263 -3
50, =———
0,(26% +360,) = -3 30,

1605 — 3605 + 2760% + 54 = 0 & (463 — 3)3 =343 =-35=4603 -3 -39

313(¥9-1)
02 = i/T

Therefore,
|05 2 cos T 1l cos T cos B 1 *cos B cos 2 = 313(39 - 1)
Ccos 9 Ccos 9 Ccos 9 Ccos 9 Ccos 9 Cos 9 = )
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Solution 3 by Samir Cabiyev-Azerbaijan

3 21l'+3 4-1l'+3 81t_A
cos 9 cos 9 cos 9 =

3 21 4-1l'+3 4 81‘t+3 8m Zn_B
cos 9 cos 9 cos ) cos 9 cos cos =

9 9

vx+ty+z)3=x3+y3+22+3(x+y+2)(xy+yz+2zx) - 3xyz

A3 = 2m + il + 8w + 3AB — 3 2m an 8n
i = —_— —_— —_— —_— —_— —_—
COS 9 COS 9 COS 9 COS 9 COS 9 COS 9

3’\/ 21 4 8m\?
-3 (cos—-cos—-cos—)

9 9 9
_ 2 _ A _ 8m
X1 = COS ) ,X3 = COS ) ,X3 = COS )

1
4 cosd ¢ — 3cos<p+—=0

( x1+x2+x3—0
I

—3AB =
4x1x2+x2x3+x3x1—— 2 :>A3+ZB3=—§
l B3+ SAB =—3
k x1x2x3——— 2

A3 =—283——:>A— ’ZB3+ :>—ZB3——+SB 2B3 +

3
—(2B3+3)3=-27-B3 (283 + E)

:‘
le

let B3 = t > (2t +3)3 +27 (262 + 3¢t) = (2t—§)3=—@:>

4_3
3 -339 3/3 Y9 -1
t:T,BBZtﬁB:— ¥

Therefore,
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3\] 2 4m 3\[ 4m 8w 3\[ 8t 2m  3|3(Y9-1)
COS—CO0S— + [€OS—CO0S—+ [COS—cCOS— = — |[———=

9 9 9 9 9 9 4

1626. Prove that:

S (DT 4 (D™, 1
~1) 2z + (1),
E =—(m+2log?2 —log4 —4)
o] n+1 4

Proposed by Asmat Qatea-Afghanistan

Solution 1 by Amrit Awasthi-India

The sum can be written as,

I n(n+1)

(_1)n+1H
Z n+1 Z =¥ + Q where
n(n+1) o
Q= Z Z il (x(x+1)),at
= cos(x(x atx =
n+1 e +1

AR AYA= log(1-y)
Do =3 (2.) () - e <o
n=1 y n=1 n n=0 y(l y)

Multiply with z and integrate between 0 to z, it follows that

o)
Hn Zn+1 1

— T no2(1 —
nr1 zlos -2
n=1
- H, cos(n(n + 1)) o H,eltm+Dn 1,
:Z 1 = Re Z—n+1 —Re<zlog (1—z)>—
n= n=

— Re E (log(1 — eix))z] = Re E (log((1 — cos x) — isin x))z] =

= Re (% (log(1 — cosx — isin x))2> = Re (% <log (2 sin; +iarg(1— eix))2>> =

1 X sinx 2
_ = 2 AT -1(_ —
2 <log (2 sin 2) (tan ( 1 — cos x)) )
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B %(1082 (2 sin ;) - <g — cot™! (cot;f)) > Q= %<logz (2 sin ;) _ (n; x)2>

d (—1)n+1 1, 1 ,
] Hn—Elog Z—Z(Zlog 2); (D

Forx=mT=> Q
i _ 11,
~ n+1 2 3 5 6
_( 1 1 1+ ) 1(1 1+1 1+ )_
"\ 3 5 7 2 3 4 N
T

1 1
— (Z_ 1) _Elogz =Z(n’—log4—4),(”)

n=1

n(n+1)

From(I), (IT) we get,
1
S=Z(1t+210g22 —log4—-4)

Solution 2 by Jack Desire-Nigeria

1
— n+1
Let: Q — Z 1) + (—1)"H,

n+1
n(n+1)
(-1) 2 is+veforn=3,7,11,..,(4n—1)
n(n+1)
(-1) is+veforn=4,812,..,(4n)
n(n+1)
(-1)" 2z is—veforn=1,59,..,(4n—-3)
n(n+1)
(-1)" 2 is—veforn=2,610,..,(4n — 2)
n(n+1) n(n+1)
Let: O N D 2 Hy
T n+1 T n+1
n=1 n=1
We have:
o0 n(n+1) 1)
(-1) 2 1 1 1 1
n+1 4n 4n+1 4n-2 4n-1
n=1 n=1

fworvloed) w39l -
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(v ()G v () =100 v 9 ()G

1 1 1 1
We know: f 1+ xdx = logZ = E(Ip(l) — ¢ (E))
0

1(:[) (%) - 1[)(1)) = —%logz,when a=

N =

4

T Vx 1 2u? 1 1 T
,[01+xdx ,[01+u2du L( u2+1)du ( 4)

0 =2(v(5)-vw+w()-w(3))=—Flogz+ 2 -1
4 2 4 4 2 4

® -1 n+1H
0, - 3 DM,
] n+1
= log(1 + x)
We k :2—1"+1 "H,=———
e know 1( )t ix"H, 1+ %
n=

Integrating both sides w.r.t. x from 0 to 1, we get

o (—D"H, fllog(l + %) 1
0

= — oo
2z n+1 1+x X=3glos"2

n=1

1
Q=91+ﬂz=Z(1t+210g22—log4—4)

Solution 3 by Ajenikoko Gbolahan-Nigeria

. n(n+1) o n(n+1) 0
QZZEHT—HAWWH:<AFT; (-1 H,
n+1 n+1 n+1
n=1 n=1 n=1
© n(n+1)
® = —-1) 2 1 1+1+1 1 1+1+ _
B n+l1 2 3 4 5 6 7 8 B
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=;[%1+4n1+1_4n1_1_4n1_2]=Zfol(x4n_1+x4n_x4n—2_x4n—3)dx=
xin  yAn
IZ<_+x4n_?—F>dx—
171 x* x4 1 ot "
=f0<;~1—x4+1_x4—g-1_x4_F.1_x4>dx=

_jl x3 N x* x? x \y4 __[1( 1 x 1)d B
N R T Ty bl R PRI R 2 x=

w log2

4 2

w i (_1)n+1Hn
B n+1

n=1

log(l x)

We know that: Z H,x
x—1

Subtitute x - —x and integrate from 0 to 1 w.r.t. x then,

1)"1H, Tog(1 + x Zlogu logZ 2
w - Z( ) _f g( )dx:f gu . _log
n+1 o 1+x 1 2

n  log2 log? 2

Thus, Q=@ +¥="—-——-1+

(n’+210g 2—-log4-4)

Solution 4 by Syed Shahabudeen-India

(- ) 1 (—1)n+1 n(n+1) © (—1)n+1
1 + (-1 H, — 2 -1 H
Let: Q = Z + “"-A+B
n+1 n+1 n+1
n=1 n=1
A= z ' _ s (_1)n+1Hn
n+1 ' 4 n+1
n=
nm+n o nm+nn o <n01+])n)
B e
n+1 n+1 n+1
n=1 n=1
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coSs cos (@) — sin 11'_112 sin (M) ® ®
Z 2 2 n) < D" N ="
n+1 T Li2n+1 ~ 2n

— n=1 n

log 2
2

m
T4

o)

Z D"H, _ i D" (Hn+1 - %ﬂ) _

~ n+1 n+1
-nr z (-1 )mH Z (-1 )mH 1'[2+log22
(n+1)2 B 12 2
2 m? log?2 log?2
Q—n 1 log2+log22_1 +2log?2 —log4 — 4
=2 > 5 =™ og og )

1627. Prove that:

T

j1j1f1a2+bzsin2xt da db d

anx da X =
b% + a? cos? x

1
-1(_L
_1 5m log3 > tan (ﬁ) L7 tan"1(v2)
12 12 6 62 12V2
Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Almas Babirov-Azerbaijan

T

J‘Zj‘lj‘la2+bzsin2xt dadbd

= anxda x
o b? +a?cos?x

Let O 1a2+bzsin2xt p
etQ = anxdx =
o b?* +a%cos?x

a2 cos?x + b? + (bsinx cos x)? — b?> tanx
= 2 1 12 cac? 5 da
0 b* + a“ cos* x cos“x
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_jl tan x X b%(sin? x cos?x — 1)
0

cos2 x a? cos?x da =
2 S” X
b (1 TR )
tanx (! tanx (lsin®xcos?x—1
= Cos? da+—— Z cos? a=
cos?x ), cosZ x a? cos? x
14405
b2
tan x 1 tanx(sin?xcos?2x—1) b acos x
= ocZx & 3 2 cos? d( ) =
cos2x |, cos3 x 0 14 22cos?x b
fx b?
sin x

= o5 x + f(x) - b (tan™! (a cos x)l =gx) +f(x)-b-tan! (COS x)

b
gx)

Q, = fo (900 + F@b - tan? (55)) ab

= folg(x) db + f(x) fl b - tan? (cozx) db =

Cosx
= g(x )b|0+—f )db? =

= 90 + 122 (2 an- ((55))] - @ f pa (tan-1 (22X

b )):

db =

fx )tan‘l(cos x) + @cosxflﬂ
2 2 0 cos? x

=g(x) +

1+

b?

_ fG) 1 fl 1
_g(x)+Ttan (cosx)+zf(x)cosx , —cosix

1+ b2

db =

COos x

1
))dx
cos x
T 3 .
4 tanx 1 (% sinx 2 1
>—dx + - +— (sin“ x cos*x — 1) tan™"(cos x) dx +
o COS“Xx 2 ), cos*x
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T T
1 (7 sinx 1 (% sinx 1
+—j (sin?xcos?x —1)dx — —f (sin2 xcos? xtan~! ( )) dx
0 0

2 cos3 x 2 ), cos?x CcoS X

1
= A4 +§(Az + 43 - A,)

Tl'

4 tanx 1 2
A= s—dx = stan” x

o COs“x 2

ISE]

N =

7 sinx L
A, = Ty (sin? x cos? x — 1) tan"'(cos x) dx =
o COS

LA m
4 SInx 4- sin x

2
= j p— xtan‘l(cos x)dx — j sin x tan~1(cos x) dx — J o5t tan (cosx)dx
0 0 0

T T T
1 1 1 12 1

- f tanlxd ( ) + f tan~1(cos x) d(cos x) — —f tan (cosx)d ( - ) =
0 cosx 0 3J) Cos° x

TI.'

tan 1(cos x) . 1 tan !(cosx)
=|———-+tcosxtan"'(cosx) — - ——5—
Cos X 3 CoSs> X 0
T . T .
f4 sin x dx f4 sin x cos x 1J‘4 sin x 4
dx — = X =
o €0sx (1 + cos? x) 1+ cos?x 3 J, cos3x(1+ cos?x)

1) gtan‘1(1> 22 _1(1) mom o=

2tan‘1<— + —)-—tan!|—=)-———
VZ N Z) e a1zt

T T Y3 T

j‘Zsinx j‘Zsinxcosx fIsinxcosx 1[1 sin x

o COSX o 1+cos?x o 1+ cos?x 3Jy cos3x

Y3

1f%sinxd _ 5w 52 _1(1> 1) (1) 1 1 |I
3)J, cosx =712 e M V2 3 08 V2/) 6cos?xl,

1 1 5m 5vV2 1\ 1 1
—log(1+c0s x)| ———E+Ttan‘1 (\/—E>+glog3+§log2

Z sinx 2
A; = s—(sin®xcos“x —1)dx =
o cos3x

T

T T
4 sinx 1 4sinx

= dx — sinxcosxdx — dx =
o COSX 0 o COSX
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T

= (-1 )+ 1 2 ! i 1l 2 3
= og(cos x 7 C0S 2x 2 cos2 x) , 2 og 2
4 sinx / | 1
Ay = f 5 (sm2 xcos?xtan™! ( )) dx =
o COS’x cosXx

T T
r (1 r ) (1

= sinx tan™ ( )dx— sin x cos“ x tan~ ( )dx—
0 CoS X 0

cos x
L
4 sinx 4 1
- >—tan dx
o COS“Xx Ccos x
T

=—f tan~ ( )d(cosx)+ JZ
0

0

L]

1
tan~! (—) d(cos3x) —
cos x

s

j‘4 1 1 1
[ (sl -
0 Ccos X CoS X

T
1 1 1 1 1 4
= (— cosxtan~1! (—) + = cos3 xtan™! ( ) - tan~1 ( ))
cosx/ 3 cosx/ cosx cosx//lg
T cosx - SX T cosd x - SIX E SINX | os2x
+_f4 coszxdx_lf4 coszxdx_l_f4 1 Ccos?x dx =
o 1 1 3Jo 141 o cosx 1+ cos?x
cos? x cos?x
T T
5w 17\/_ _1(\/_) f4 smxcosxd 4 1J‘Zc052xd(c052x)+fisinxd
12 tan coszx 6 o 1+cos?x o COSX o
j‘Zsinx cosx
o 1+cosZx ™"~
_ 5w 17V2 1 ) 1
=13~ 12 tan~1(+/2) + ¢ €0s x| —glog(l + cos? x)|0 —log <\/_§> =

1 5m 17V2 1 5
-4 — -1(4/2) - = —
12+ 12 12 tan~1(+/2) 6log3+6log2

Hence,

1
9-=5(21‘12‘|‘1‘12‘|‘1‘13 +A4,) =
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1
5tan_1(_) -1
1 5w log3 17 tan"*(v2
_ 1 _>5m log3 v2/ | (vV2)

12 12 6 62 12V2
Solution 2 by Rana Ranino-Setif-Algerie

T

7 (! (1a?+ b%sin?x

= 5 5 5 tanxda db dx
o Jo Jo b* +a“cos*x

1a% + b?sin’ x la? + (@ +bH)t2 ) ¢t
LetQ, = 5 5 s—tanxdx = 5 5 o) ( 2)dt—
o b* +a*cos*x o b*ta*+b*t> \1+t

_ 1j1 a’ + (a® + b*)t
(a®2 + b2+ b*t)(1+t)
_a4+b4+a2sz1 b? it b? jl 1
B 2a%b? o @? + b% + b%t 2a%2 ), 1+t

dt =

dt =

2

((Z) + (%)2 + 1) log| 1+ (E)b i _log2 (2)2

2

¢=2 L

Q= 1f1 fa(l 2 +1)log(1
= an . t_2+ + >0g +

1

a/1l t? [1BP] 1 ¢ t?
=fa( +t2+1>log 1+——>|dt = |[t——+—]log(1+

o \t2 1+t t 3

1
fa . 1+t3 ( 4t 2t )dt
0 t 3/\1+2t2 1+¢2

1
_(1 N 1)1 (1+ 1 ) f&(l_l_ 10 17 )dt—
o %73a3) %% T1xaz) ), 3730+ 3(1+200)) T

1

1 1 1 2t +20tan~'t — 17vV2 tan~1(V2t)|°
=(——a+—>log(1+ )— =
a 3a3 1+ a? 6

-

0

_(1 +1>1 (1+ 1 ) 1 10 1(1)+17\/§t (V2
a7 3q3) %8 1+az) 3a 3 " \a 6 " \a
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ﬂ—ljl (3 3 +1)1 (1+ ! ) log2)
6, @ 8 1+ a? az |
11! 1\ 17 V2 1
= (1+1 —1<—)—— -1 = =—(A-B
6fo< + 10a tan p ﬁatan <a>da> 6( )
1
1 1 log 2
A = (3a—a3——)log(1+ 2)+
a 1+a a o

[ e e
, 4T @ 2+a? 1+a2)"%"

2+a? 1+a? 2 2

11 x?
= dx =
+2f0 1+

1

1 1 a? 1
f atan! (—) da = —tan™! (—)
0 a 2 all,

1
frm (2 G )
1 _ 1 /1
=zt (2)+ 5= wn ()
5 17 17 1
5=z (D e ()
1 5m 5 1) 17

7 +ﬁtan‘1(\/_))

2 12 2

5t *(i)
1 5z log3 > \Z +17tan-1(\/§)

~12 12 6 6V2 122

Therefore,

Y3

f1f1f1a2+b2sin2xt dadbd

anxda X =
o b*+ a%cos?x

5t *(i)
1 5z log3 > \Z +17tan—1(\/i)

“12 12 6 62 122
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1628. Prove that:

8 4 3 4
z 2 25\/§r(—) 372
2 ([, 1 4 3 23w
Vcotx + ) sind xdx = -+ —
jo ( Ycotx 3 /4 I‘(—E)S
3

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Rana Ranino-Setif-Algerie

T
2 1 \?

ﬂzf (3\/cotx+ ) sin3 xdx =
0 Ycotx

z 11 2 7 2
= f (2 sin3 x + (sinx)3 (cos x) 73 + (sin x)3(cos x)S) dx =

5 5
)t 1) 15T TR @)

= +
: rp) () ()
resn =) =5r(3) - 3r () -4
2 2(Pr(E) 2r3)r(g)
Q—§+ W= + N
4 1 2 5
:§+8F (33;(3)+4F (33/;(6) =§+A+B,where
o) Fm ) @) ) ()
SR Gre v m

“T(2)T(1 - z) = mcsc(mz)

or(d) 2o (4) e ()
9w - Vi R

(1) _ 2ivar (5)

T

A=
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I O B G L O I
Corz) (g (g ()
Therefore,

z 1 \2 4 22\/51"(%)3 25m?
L<W+W> sm3xdx=§+ - —F(_%)g

1629. Let f : R* — R satisfies the functional equation
(») : f(ab) = e®~*P[eP. f(a) + e f(b)],Ya,b > 0
If f(1) =0and f'(1) = e.Prove that: f(a) = e®. In(a),Va > 0.
Proposed by Hikmat Hammadov-Azerbaijan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(*) : f(ab) = e®®=2"P[e®. f(a) + e f(b)],Va,b > 0

b b
(x) & fi:,,) = fi:) + ff,,,) o g(ab) = g(a) + g(b),(Va,b > 0),
where g(a) = f(:) ,Va > 0.
. B s B . ga@-g1)  fla)
Since f(1) =0and f'(1) =e - g(1) = 0and 111_1)1}? = ng}m
:f(l)z 1-g1)=1.

€ a

L o g@-ga) . gha)-gla) . gb)

so,we have: lim——— = lim = _—

amag A —a b>1  b.ay— ay b>1 ayg(b — 1)
ag Qg

1
— gisdifferentiable on R* with g'(a) = E,Va € R - g(a) =In(a),Va € R

- f(a) = e%In(a),Va € R*.
Therefore, f(a) = e%In(a),Va € R".

1630.1f 0 < a < %then:

a

1
j sin x.cos(6x) .cos®(4x).cos’>(2x) dx < m(l — cos'?3 a)
0

Proposed by Daniel Sitaru-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

- n -
Let x € [0,a], since a < 1z~ €OSX, cos(2x),cos(4x),cos(6x),sinx >0
AM-GM
We have : cos(2x) =2cos?x—1 < (cos*x+1)—1=cos*x - cos(2x)
< cos*x (1)
1 (1)
- cos(4x) < cos*(2x) £ (cos*x)* = cos'®x - cos(4x) < cos'®x (2)

AM—-GM
cos(3x) = cosx.(4cos?x—3) < cosx.[(cos®x+1+1+1)—3]=cos’x

~
~

- cos(3x) < cos?x (i)
1 o
- cos(6x) < cos*(3x) < (cos®x)* = cos3x - cos(6x) < cos3®x (3)

(1), (2),(3) = cos(6x).cos®(4x).cos5(2x) < cos3® x.(cos'® x)®. (cos* x)1°

~
~

= cos1%2 x

a
a

a
-1

- fsinx.cos(6x) .c0s®(4x).cos®(2x) dx < fsinx. cos'Z xdx = [m cos193 x]

0 0 0

1
_ 193
193 (1 - cos'®? a).

1631. Find:

Q= 1i1}1+<210g|1—x|—410g|1— 1+V1-— )
X—

where| - | — denotes absolute sign.
Proposed by Naren Bhandari-Bajura-Nepal
Solution 1 by Surjeet Singhania-India

Choose —— > § > 0 such that 0 < |z — 1| < 6, we know that

1010
2 3
Vi+x= 1+;—%+%+ 0(x%),v{x € Cl|x| < 1}
Hence, V1+Vi-z=1+2"Wi-z-81(Vi-2) +167'(V1—2) +
0((Vi-2)°)
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4log|l— [1+V1—2z =410g|2—1,/—1_ _8_1(‘/—1_2)2+...|
1 Vi-z
4log |1 — 1+\/1—z=210g|1—z|+410g5+ 3 +‘

Hence,
1
Q= lil}l+ <210g|1 — x| —4log|1 — 1+\/1—x> = —4log(i) =4log2
X—

Solution 2 by Muhammad Afzal-Pakistan

x->1-x

Q= lir{1+<210g|1—x|—4log|1— 1+V1—x> =
X

1++/x

\/1+\[E~1+%\/E
= lil’51+ <2 log|x| — 4log |1 — >
X

= J}LI(I)1+ (2 log|x| — 4log

g‘) = lir31+(2 log|x| — 2log|x| + 4log2) = 4log 2
X—
1632.

n k ( 1)m+k
Zz then prove:

k=0m=0
lim(S,_1+S5,) =e
n—oo

Proposed by Angad Singh-India
Solution by Amrit Awasthi-India

I W=

k=0m=0 k=0 m=
Changing the order of summation we get as0<m<k<n,

S"_z(_ )"‘Z( 1k = z( ™ Q.

Now, if n is odd then Q, = ( 1)"’ and in that case .().n+1 = 0. Hence,

11m (Sn 1+S8,) = llm Z (1 )m !

)m+k

— m — — =
CUm=lim ) e
m=0
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Similarly, if we assume that n is even, then §,, = 0 and §,,, ; contributes to the given
limits.

1633.Q(n) = (1 +2)(1 +2HA+28) - .- (1+27 )n=1
Find:
Q=1lim (1 1\
B nl—>rg( * 39(n))

Proposed by Daniel Sitaru-Romania
Solution 1 by Florentin Visescu-Romania
Qm)- 1-23)=1-2)1+2)A+29HA+28) .- (1+22"7)
—3-Q(n) = (1-22°)(1+22°) . .- (1-2%")
-3-0(n) = (1-22")
an 22"

Q= lim (1 1\’ — lim (1 1 (22"-1).22n_1 _ i 2%" _
_nL'E‘o( +39(n)> _n'f?o( +22"—1) T eXP R (T ¢

Solution 2 by Ty Halpen-USA

o) = (1+2)A+2H(1+28) .- (1422 =

2

=15z 1+29a+290+2% . (1+2"7) =

= —%(1 —2H(1+291+28)- .- (1+227) = —%(1 —27")

22"

0 tim (141 2% i (1 1 &) B y 22" )
_nl—>rg( +39(n)> _nl—l>1010( +22"—1> T eXP R (T ¢

Solution 3 by Ravi Prakash-New Delhi-India
Qm)- (1-22) = (1-22)(1+22)A+2H)(1+28) - .- (1+22"7)
=(1-22)1+27) ... (1-2")=(1-2%") >3Q(n) = 2" -1

n

a=tm(1r ) cam (et ) () -
_n‘l?o( 30(n) _n'l?o( 22" _ 1 22"—1)_
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2"
=explimom—(=e

1634. Find: Q =
5 5 oy
] 2(. 1(. [(*+y+DxP +1]7 71 - [(22 +z+ 1)xP + 1]V Tr+1
lim | —| lim— | lim 5 ,
y—oo \ Y4\ zoo Z x—0 x<p

wherey,z € N,p € N* and ¢ —Golden Ratio.

Proposed by Costel Florea-Romania

Solution by Kamel Gandouli Rezgui-Tunisia
leta=y’+y+1eNb=2z2+z+1€N

{2/ 1( (ax?+1)—(bxr +1D2\\\"
Q = lim — llm—4 lim 3
y—oo \ Y \ z-o Z* \ x>0 x<p
b a
(axP + 1)P — (bx? + 1) 1 b a
- — L P k _ P k =
!cl—r% x2p !cl—r}(} x2p Z (k) (ax?) Z (k) (ax?)

P RN P s R Y A et

(b) _bb-1) (Z2+z+1)(2*+2)

2 2! 2
& 1
Z_’°°:>F—>Eand Z—4—>1
Hence,

1 (O y+ DR+ 1P (22 4 2+ D 4+ 1P
lim—| lim _
Z—00 Z4 x-0 xzp

tim L (g @D~ B+ DT a® @y a_y*ty+1l

Thus,
b ¢y
; 2 (. 1/(  (ax?+1)”—(bx? +1)"
Q = lim | —| lim—{ lim > _
yoo \y z—00 Z x—0 x2P
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y y+1
_ y2+y+1¢y_l. / ylog( y? )J’+1\_¢
=T —yﬂaexp\d’y yiry+i 2 |7°€
yZ
1635. Prove that:

© (—1)0+142+4m o2
2n+ 12 = 16

Proposed by Amrit Awasthi-India
Solution 1 by Rana Ranino-Setif-Algerie

n(n+1)

o i (—1)0+1+2++n ~ d (1) .
B 2n+1)2 L (2n+1)%’
n= n=0

(_1)@_{ 1if n=4k4k+3
" -1ifn=4k+ 1,4k + 2

Qz;((Bnil)z-l_(8n-1|-7)2>_;((8n-1l-3)2+ : )=

(8n + 5)2
1 1 7 1 3 5
R PYACON (D) i | QU PYA G DN (=
it (g) v G- alv (5) v )
2
PP (@) +ypP (1 -2) = sin2(mr2)
0 " 1 1 _ 1 1 _ m? 4cos (%)
o ) e () S ) o (B e
i
16
Solution 2 by Syed Shahabudeen-Kerala-India
0 (_1)0+1+2+-~-+n ( 1)n(n+1) n(n+1)11:
€= Zn+ 1?2 C (2n+ D? - Z(2n+1)2
> cos—cosn—n - smﬂsm - (=1)" = (="
Z (Zn +1)2 Z an+1)2 — (4n + 3)2
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an i):)z Z (8n +1)2 Z (Bn +5)2 614 ("’m (zla) v @)
4n Jlr)::)z Z (8n 1 32 L m B 6l4<¢(1) (%) —v (%))

was g (10 G) 0 ()50 ()0 () -

2
2

1 2 2 2 w2+\/2
" 64 (smz (3)  sin? (_)> =54 *2= 16
12 2
" (%) =4 + 2V/2; — (_ =4-22

1636. Find:

= iL“é‘oZ lz ii+2)({+4)

Proposed by Vasile Mircea Popa-Romania

Solution by Ravi Prakash-New Delhi-India

k k+2 k+2 k+2

Z i(i+2)(i+4) = Z(i —2)i(i+2) = Z(i3 —4i) = Z(? 4D +3=
i=3 i=3 i=1

i=1
2
:<(k+2)2(k+3)> —;(k+2)(k+3)+3=

1
=Z[(k2+5k+6)2—8(k2+5k+6)+12]=

1 1
= Z(k4 + 10k3 + 29k?% + 20k) = Zk(k +1)(k+4)(k+5)

-1
4

“kk+D(k+4)(k+5)

k
N [Zi(i+2)(i+4)

i=1
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-1
n

Zl(i+2)(i+4)

11 1 1 1 1
5k 3 k+1'3 k+4_5 k+ kZ

_1(1+1+1+1+1 1 1 1 1 1 )
5 2'3'4'5 n+1 n+2 n+3 n+4 n+s5
1(1 1 1 1 1 1)

_§ E+§+Z_n+2_n+3_n+4

Therefore,

=11]li=1

k
1+ +1) 1(1+1+1)_43
3 5/ 3 " 450

1
-5

1637. Find a closed form:

n k
Q =£Lr?oz [Zi(i+2)(i+4)
1
4

1
1
<+2+ 2 3 4

Q- zn(n+1) 2n+1)

Proposed by Daniel Sitaru-Romania

Solution 1 by Ravi Prakash-New Delhi-India

n(n+1)22n+1) m+1)’2n+1)
n! B (n—1)!

Forn > 1:

Write: (n + 1)2(2n + 1)
=An-1)n-2)(n-3)+Bn-1)(n-2)+Cc(n—1)+D
Equaling coefficient of n3, weget: A=2.Putn=1=> D=12; n=2 = C = 33,
n=3= B = 17.Thus, forn > 4 we have:

n(n + 1)2(211 +1) _ 2 17 33 12
n “m-a T w3 Tm—2 Tm-1

n(n+ 1)2(2n +1) (n+1)?2n+1)
Now, & = Z ! 42 amin— 1D
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112 1 12 1 33 1 12 1 33 1 17 1 12 1 33 1 17
B TR A TR A TR < R TR R TR E R T T TR T TRV TR T)
1 2
HPTAT

Adding, we get:

n(n+1)2(2n+1) 12 1 33 1 17 1 12 1 683%e
Q= Z =—et+_—e+t+_—es++ et =
4 16 64 256 128
Solution 2 by Serlea Kabay-Liberia
© .n had xn+1
Since e* = Z — = x2e* = Z ——— and differentiating,
4 n! 4 (n-1)!

n= =

e*(x? + 2x) = Z % = e*(x3 + 2x?%)
n=1 )

o (n+ Dt . .
= W differentiating again,

n=1

had 2,0
xe*(x* +5x+4) = Z%

n=1

had (n + 1)2x2n+1

1
= x3e* (x* +5x% +4) = ,differentiating and let x = S we get:

— |
P (n—1)!
683Ye <O (n+1)?*@2n+1)
128 4n . (n—1)!
n=1
Therefore,

Q- zn(n+1)2(2n+ 1) 6831/e
128

Solution 3 by Hasan Bostanlik-Turkiye

[0e] 0]

n n—1
n=0 n=0
" X - n(n— 1)x"_2 . . 0 n(n_ 1)(11.— z)xn—3
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FO) (%) = e* = z nn—1n-2)n-3)x"*

n!
n=0
T
= = = e - —
X e n 4n . nl 4
n=0 n=0
oonz_n Oonz oonz © n2
= = ——e > 2e = e =—.1
€ Z n! n € € Zn! Z4"-n! 16 Ve
n=0 n=0 n=0 n=0
ezz —_——— =Z——3-2e+2e=>5e= —
n! n! n! n! n!
n=0 n=0 n=0
i nd 29 Ve
4n.nl 64
n=0
in4 6-5e+16-2e — 6e = 15 in i nt__201 Ve
— JRE— . . —_ = = e
€ nl € €-oe € nl 4" nl 256 V¢
n=0 n=0 n=0
Therefore,

Q- Zn(n+1)2(2n+ 1) 6831e
128

Solution 4 by George Moses-Benin-Nigeria

Q- Zn(n+1)2(2n+ 1) — (n+ N(n+2)’2n+3) 1 > (n+2)2(2n + 3)
4n+1 . (n + 1) 4 4 . n!
n=0 n=0
ZZn + 11n? +20n+12 ZZn + 11n? +20n 12 1
~a "2 4 04"-n'
n=

_122(n+1)3+11(n+1)2+20(n+1)+
T4

4 —
47+1. (n +1)! 3Ve =

+ 3%/e

Z 2(n+1)%+ 11(n+ 1) + 20
16 -n!

f(x) = xe* =
k=

= (k + 1)xk
":Z( ku)_=(x2+x)e"=
k=0 '
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Z (k + 1)x"+1

2.,k
frx = (x2+3x+1)e"‘zw

Z (n+ 1)2 n+ 1
8 n! 16 4-“ 4- 4"

_1($+43H_1+“c4gl+5u3%6%%
“sl\\a 4 et +16\\2 2€ 128°

Solution 5 by Syed Shahabudeen-Kerala-India

[o9] [}

S nd n? > n
Z4"-n!+424”-n!+24”-n!
=1 n=

n=1

2
Q- Zn(n+1) (2n+1)

had k ,n

-ﬁmm=Zij

n=1

Q =2¢*B (1)+5 *B (1)+4 *B (1)+ *B (1)
= e 4 4 e 3 4 e 2 ) e 1 2

1 201

- 3 2 )=
B,(x) = x*+ 6x° +7x +x,B4(4> 756
1 29
— 23 2 )=
B;(x) = x° +3x +x,B3<4> o1

,where B;(x) — Bell polynomials.

5

1
B,(x) = x* + x, B, (Z) =Te

s = (1) -3

Therefore,

o Zn(n+1)2(2n+1) 201 1 145 1 20 1 11 683,
128% T 62 ¢ T16% T2 128

Solution 6 by Hikmat Mammadov-Azerbaijan

[ee]
n
EREE
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(o) (o] (0]
nx" 1 nx" 1 d nx" 1 5
= e*, =x?e* = — =2x+x%)e* =
n! dx n

n=1

ZM — (2x+ xz)ex

n!

n=1

S n(n + 1)x+ d ~ n(n + 1)x"+1
Z¥= (2x2 +x3)ex:52¥= (4x + 5x? + x3)e*

n! n!
n=1 n=1

n(n+ 1)%x"
Z % = (4x + 5x% + x3)ex replacing x = X2 =

n=1

> n(n + 1)a2n S n(n +
2—( L (4x% + 5x* + x6)e* = Z (

n!
n=1 n=1

1)2x2n+1

. = (4x3 4+ 5x5 + x7)e*

— n(n + 1)%(2n + 1)a2" 1
Z ( ) ) = (12x% + 33x* + 17x° + 2x8)e* and putting x = >

n!
n=1
nn+1 2(Zn + 1) 683
Q= Z ) \/'
Solution 7 by Yen Tung Chung-Taichung-Taiwan
Q- Z nn+ 1)2(2n + 1) — (n+1)22n + 1) m=n-1
4" - (n—1)! B

n=1

B i (m+2)?2m + 3) B Z 2m(m—-1)(m—-2)+17m(m—-1) +33m+ 12 B

4_m+1 -m! 4_m+1 -m!
m=0 m=0
= 2 = 17 = 33 12
— z + Z + Z + -
— 4_m+1(m _ 3)| 4_m+1(m _ 2)| ~ 4_m+1(m _ 1)| - 4m+1m|
let k=m-3 let k=m-2 let k=m—-1 let k=m
o 2 o 17 o 33 o 12
z 4_k+4 k! 4_k+3 k! + Z 4k+2 k! + 4_k+1 k! =
k=0 = k=0 =
w (1\F o (1\¥ o (1\F o (1\¥
PRSIV PR S L N
128 k! 6 ! 1 ! !
k=0 k=0 k=0 k=0
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(1 +17+33+3) %_683 1
128 ' 64 ' 16 ~128°¢
1638. Find:
1 j — i) im
Q = lim— - z sinz(l—- Z co 2(1
n—-»oon n n
1<i<j<n 1<i<j<n

Proposed by Neculai Stanciu-Romania

Solution 1 by Adrian Popa-Romania

1 . L,G-Dm ,U—-Dm
—llm—4 Z sinc ——- z cos* — =
n-oon n n

1<i<jsn 1<i<jsn

1 j — )T 1 j —i)m
=Q=lim|—- Z sinz(] LAl — - Z cosZu =0, -Q
n-oo \ M . n n ; n
1<i<jsn 1<i<jsn
1 j —i)m
Q; =lim| —- Z sin? G- =
n-o \ N n
1<i<jsn

_ L 1 Z 1 1 Z (Zjn' 2i11:) _
= aoe | 2n2 2 2n%2 L, oS\ n n/|

1<i<jsn 1<i<jsn

. [n(n+1) 1 2im 2jm | 2im | 2jm
= lim - Z (cos cos + sin sin )
n n n

now|\ 2n%-2  2n? . n
1<i<jsn
n L\ 2 n . .
2i 2i 2i 2jm
Zcos— =Zcos —+2 Z COS—CoOs— =
n n n n
i=1 i=1 1<i<js<n
- - n '} 2 n =
2i 2jr 1 2i 1 , 2Im
Z COS——COS—— = — Zcos— —= ) cos*—; (%)
n n 2 n 2 n
1<i<jsn i=1 i=1
n Lo\ 2 n .
. 2im . o 2im 2im 2jm
Zsm— =ZSm —+2 z sin—sin— =
n n n n
i=1 i=1 1<i<j<n
] Il n = 2 n =
C2im | 2jm 1 (  2im _, 2im
Z sin—sin— = - ZSm— —Zsm —
n n 2 n n
1<i<jsn i=1 i=1
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Hence,

n L\ 2 n L\ 2 n . .
1 1 2i . 2im ,2m 2w
Q=~—-lim— cos— | + sin— | — cos“ — + sin“ —
4 noo4n £ n " n ; n n

n Lo\ 2 n L\ 2 n
1 11_ 1 2im 11_ 12 . 2w i 1 Zl
4 4-nl—>r2> n cos n 4-nl—>r2> n st n nl—>r24n2 B
i=1 i=1 i
2 2

—11.[1 2ntxd 1JI'Zd +l'1—
=172 0(:os nxdx 2 0sm nxdx nl—>lgz4n_
2
1 1(1 _ 1) 1< 1 > 1
=———|=—sin2nx ——| —=—cos2nx =—
0 4

4 4\2m 0 4\ 2m
. 1 . 1 2mi 2mj . 2mi | 2mj
Q, = lim — Z 1+ lim— Z (cos cos + sin sin ) =
n-oo 2N2 ; n-oo 2N? . n n n n
1<i<jsn 1<i<jsn

g 1 nn-1) 1
Taieznz T 2z 4
Therefore,
1 j — i) j—imr 1
Q= lim — - Z sinzu- Z coszu:_
n-oon n n
1<i<jsn 1<i<jsn
Solution 2 by Ravi Prakash-New Delhi-India

s 3 s[5

1<ijsn

. LT ( , T . 2211) ( , T . o 2T . 2311)
= sin“ — + ( sin“ — + sin“ —) + { sin“ — + sin“ — + sin“ — | + --- +
n n n n n n

T 2 n—1)mw km
+ (sinz— + sin? — + --- + sin? <¥>> + -+ (n — k) sin? (—) + -
n n n n
(n-1) c k
..+ 1-sin? (—) = Z(n — k) sin? (—) =
n n
k_
1 i — i 1% k k
- 14
lim — Z sin? [(1—> n] = lim — (1 - —) sin? (—) =
n-wn n n—on n n

1<ij<n =
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— 11m (1 — —) ( — cos (?)) = %fl(l —x)(1 - cos(2km))dx =
0

2n—>00n
1

= %(1 - X) (x - %sin(an)) . + %Ll (x - %sin(Zn’x)) dx =

2[2 4

. K ,
Let: S, = Z cos? <(l nl)n> = Z(n — k) cos? (%) lH
i< k=1
1

n
1 j — i1 1 k km
lim — Z cos? <(l ) ): lim — (1——)cos ( ) J (1-x)cos?xdx =
n—-oco N 1< n n—>oo’nk=1 n n 0

1
= %f (1—-x)[1+ cos(2mx)] dx =
0

1 1
+1f(+1'(z )) dx =
20 X ZnSln X x—4

Therefore,

1 j — i) j — 1) 1
Q= lim —- Z sinzu- Z cosz(] ) = —
n n

n-co N 16

sl

1<i<js<n 1<i<jsn

1639. Prove that:

\/_ 7Tlog(3+2\/—)

Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Asmat Qatea-Afghanistan

ite

f°° 1 dx x-x? f
0 - IR
1+e ( ) 1+ex
xp (7 \

_2f°° 2du _Zf ( 1 1 )d _2l (u—1)|°°_
Tnlpur-1 wlz;\u-1 u+1 Y% ur )l

d 2udu
YT o1

dx—-»xzf dx ){1+ex—u
0
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2 V2+1) 2
="1lo =—log(3 + 2v2
- g<ﬁ_1> —log( )
Therefore,
@ 1 dx 2
=—log(3 + 2v2
| — VxR
1+exp(ﬁ)
Solution 2 by Adrian Popa-Romania
d t=> _% t:>dx dt =
_— = X = —_———
v NFE
j°° 1 dx 2 (® dt vitet=u
0 - Vad Ty V1+et t =log(u®—-1),dt = — du
1+eXp<T> u-—1
x
_2.[°° 2du 2 °°( 1 1)d _2l (u—l)“’_
mlput-1 mlp\u-1 u+1 Y% ur )l
2 VZ+1) 2
=—lo =—log(3 + 22
- g<ﬁ_1> —log( )
Therefore,
@ 1 dx 2
= "log(3 + 2V2
fo — V% n g( )
1+exp(ﬁ>

Solution 3 by Ravi Prakash-New Delhi-India

[ T _y
j‘°° 1 dx ()4 VX
— = * 1
0 x3 L—E'—:;dx:dt

(0]

0

1 (° 4dt 4 [ e tdt 4
= — — = — B ——— T -t -2t
= L T on ), ieeE nlog(e +V1l+e )

2 2
= ;log(l + \/E)2 = ;log(S +2v2)

Therefore,
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@ 1 dx 2
fo s = ;log(B +2v2)
1+ exp (ﬁ)

1640. Let a > 0. Find:

dx
Q= f—;xe (a, )

Proposed by Marin Chirciu-Romania

Solution 1 by Kartick Chandra Betal-India

Q- dx 0] _ X =asecy
N -[x“w/xz —az (): {dx= asecytanydy

_f asecytany

1 1
= 3 — _
at SeC4y-atanydy a4fcos ydy 4a4J-(cos 3y +3cosy)dy
1+ si _ 1 (2 ) 4 3 )
siny | = —7(2siny —zsin®y

1 (sin 3y

B i )_ 1 (3siny—4sin3y
=1\ 3 siny) =

4a* 3
1 - (a)2 4 L a? L a?
N 4a4( x 3 x? xz

1 a? <2 4(x? — a2)> _ Vxz-—a? 3x*-2x*+2a®

3x2 2a*x 3x2 N

2 2
x“+ 2a
=——Jx2—-a%2+C

6x3x*

Solution 2 by Ose Favour-Nigeria

Q:f dx ) (*)_{ x = asech
Wz —az "ldx = asecOHtan 6dO
u=sin@

1 3 1 L2
=Efcos Odezgf(l—sm O)cosOdO =

_1f(1 2 q u u3+C_sin0 sin3 0
at wWoeu="2"34 T oat 3at

2

X a a 1

secO =—,c0s0 =—,sin@ = |1 —— =—+/x2 — a2
a x xZ2 x
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VaZ — a2 \/(xz _ a2)3

xa* 3x3a*

Q= +C

Solution 3 by Yen Tung Chung-Taichung-Taiwan

Ir 1 _aZ 2
dx y= - a
Q:f—(z), (*)4 xZ :_2=1_y2
x*Vx2 — a? | 2a2
\——3dx=-2ydy

(2x + a*)Vx? — a?

3a*x3 +e
Solution 4 by Ravi Prakash-New Delhi-India
2t
dx Q) x
Q= f— =; (*) ax
xtx? —a? ——dx=dt
X

f Jf ame

dt = f(ts_t)H - Utl tzdtf L ae
\/1—t2 Vi—e Vi—e |

=—[——(1—t2)2+m]+6=

\/ 2_qg2 1 (xz—az)%
a4 _ 3 __ 3 x3

Solution 5 by Hikmat Mammadov-Azerbauan

+C

1 , =
—=1-t
xa

Q=

t
dx dx ) 2ax® =2tdt | xdx=_dt
= ()
fx“\/x2 — a? fx5\/1 —ax~?

1
— 2
F—a(l—t)
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t

\ -3 a(l1—t>) (-)dt £3

(=)jx—dx=f (@ =f(1—t2)dt=t——+C=
x2V1 — ax—2 t 3

(Zx + a?)Vx? — a?

3atx3 +C
1641. Prove thatforn > 1
1 dx 4 sinh‘l(\/ﬁ)
PNGEEERE

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Asmat Qatea-Afghanistan

1

Q:.[‘w dx x-x? J’
’ \/n+exp(\7§> Jn+ex

n+e* =u?
2u
() dx —

dx——’XZf dx
n+ex

du

2—n

u
Zj'oo 2 d 1 )d

= — —adu = —— —_ u =
T)msu?—n mn ) u Vi n++n

_ 2 fu—ym\|T 2 Vn+1+vn) 4
m/_lo <u+\/ﬁ>m_n\/ﬁ <\/_ \/_> m/_log(\/n+ ++/n) =
nj_smh 1(Vn)
+ sinh™! x = log (x +/x% + 1)
Therefore,
1 dx _ 4sinh™'(Vn)

) =
\/n+exp(\/§>
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Solution 2 by Ankush Kumar Parcha-India

Q joo 1 dx x=k* Q J'Oo dk
= = — = B —
0 T \/x_3 2 0 b3
n+exp<T) k% |n+ ek
x
Lo mteE=h _{oo, ifk=0
etiak _ __an 1= n+1,ifk=oot en
k2 m(h-n)
T @ dh
_sz _an
2 n+1 (h—n)Vh
et{ h = w? W={Vn+1,ifh=n+1
dh = 2wdw’ o, ifh=0
m/r_lﬂ 1.]‘°° dw | <w \/_>OO 1 <\/n+ +\/_>
— Q== = log =1lo
4 2w —n wava)l o P\Vmtl-vn

= log[(\/m+ Vn) ]

+ sinh~1 x = log (x +Vx2 + 1)

Therefore,
j‘°° 1 dx _ 4sinh™'(Vn)
0 Vx> T Vn
n + exp (ﬁ>
Solution 3 by Ravi Prakash-New Delhi-India
(L2
f°° 1 dx (9 ) { Vx
=; *
0 —Va? L dx = 4dt
n + exp (ﬁ) k x2
Q- 1 f" —4dt f
m nter Tl Vne®+1
4
= ———1log (\/ﬁe‘t +V1+ ne—Zt) = —log(\/ﬁ +Vn+1)
mn o m/n

+ sinh™! x = log (x +Vx% + 1)
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Therefore,
j“’ 1 dx _4sinh”'(Vn)
0 Ve T n
\/n + exp (%)
1642. Prove that:
j"" 3x — 2x°3 p _mV3 log3
o (x*—7x2+3)2 + (6x — 4x3)2 *=a 8

Proposed by Angad Singh-India
Solution 1 by Rana Ranino-Setif-Algerie

© 3x — 2x3 2=t
sz % 2 2 3z dx =
o (x*—7x2+3)%+ (6x —4x3)

_1f00 3 -2t gt —
S 2), @-7t+3)2+4t3-28)2

1f°° 3 -2t p _1f°°( t+3 t—1 )dt—
2)y (B2—t+1)(t2+3t+9) x_80 t2+3t+9 t2—-t+1 B

1

_ f°°( 2t +3 2t —1 )dH 3f°° dt 1f00 dt
S 16J, \t2+3t+9 t2-t+1 16J, t2+3t+9 16J, t?—t+1
_ L (B39 °°+3 > dt S R
“16 S\ Z-t+1)| " 16, 32 27 16), e 3

(e+3) +F (t-2) +3
log3 1 L(2t+3 L2t 17 log3 =
==t ant (S et ()| =
8 83 3V3 V3 8 83
Therefore,
j“” 3x — 2x3 Gy — V3 log3
o (P72 +3)2+ (6x—4x3)2 " 24 8

Solution 2 by Amrit Awasthi-India

Consider the closed line integral:

1
I=p———d
jgcl+zz+z4 z
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Where C is a rectangle having vertices 0,1,1 + iR, 0 4+ iR traversed counter clockwise and

R approaches infinity. Hence,

I=¢0 ————dz=1,+1,+ 13+ 14,wh
£1+Z2+Z4 YA 1+1, + 13+ 14, where

; _jl dx . _jR idy
T lo1+a24+x" 27 J, 1+ (A +iy)2 + (1 + iy)*

I jo dx . JO idy
3T 1+ (x+ iR+ (x +iR)* * T L 1+ (iy)? + (iy)*
Clearly the conditions for applying residuum is satisfied hence using the residue theorem

we get:
1

_im
Z(e 3—2)

Consider only the real part of I, we get:

I =2im-

15
Re(I) = m;(*)

Now, we’ll evaluate the real parts of our 14, I, I3, I, and then Equate with the real part of

I. First note that

0 idy R dy
I=f - - =—if ———— > Re(l,) =0; (i
YT ) 1+ ()2 + (iy)* o 1—-y2+y* (1) @

Now, note that

1 dx
I = < _ __
o 11+ (x+iR)?+ (x +iR)*|

fo dx
1 1+ (x+iR)?* + (x +iR)*

Therefore, using properties of modulus and some manipulations it can be shown that I
vanishes as R approaches infinity. Hence,
Re(13) = 0; (ii)
Now, using real methods we can easily evaluate I,
1

; _fl dx B 1l > +x+1 N 1 can-1 V3x
L R i i e R A .
log3 T

Re(l) =1, =

4 +m;(iii)
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Now, observe that

(R 6x — 4x3
Re(l;) = Ilzl—glof (x* —7x2 +3)2 + (6x — 4x3)2 dx =
B f 6x — 4x3 dx; (iv)
")y G =72 +3)2+ (6x—axd2 Y

By adding (i), (ii), (iii), (iv) we get:

@ 3x — 2x3 d
7x2 +3)2 + (6x—4x3)2 2v/3
Therefore,

.[ 3x — 2x° I 11'\/_ _log3
o (x*—7x%43)% + (6x — 4x3)? 24 8
1643. Prove that forn € N

log3+ T
8 4\/5_ 0 (x* —

w

foo (tan_l x — cot—l x)Zn p 2—(2n+1)n.2n+1
x =
0 (x2 +1)2

2n+1

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Rana Ranino-Setif-Algerie

_ m\2"
Q_.l‘°° (tan"1x — cot 1 x )Z"d _j‘°° (Ztan 1x—7) gy
B (xZ +1)? =) T ara2

L y=
:fz 2t—— " cos?tdt _=tzlf y*" cos® (Z 4)dy—
%f y? (1+cos(y+2))dy=1fny2"(1—5in3’)dy=
2

T
2 o 1 2 on n.2n+1
_Zf_zy dy_if_zy B
2 2

Sinydy = o2 2n + 1)

Ny /N

=0-odd function

Therefore,
foo (tan—l x — cot—l x)Zn d 2—(2n+1)n.2n+1
X =
0 (x2+1)2

2n+1
Solution 2 by Syed Shahabudeen-Kerala-India

2n
® (tan"lx — cot 1 x)%" o (2 tan~1x — %) t=2tan" " x-7
0 (x% +1)2 0 (x2 +1)2
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T

_1j7 2" dt—lfit“( 2(1t+t)+ 2(11' t))dt—
2 ptan? (T+7)+1 T2)y T\ e T T e T 2)) T
4 " 2

T
1[7th <1+ 2(1‘[+ t) . 2(11' t))dt
2), cos 213 sin 272

- cos?(a+ b) —sin?(a + b) = cos 2asin 2b

2—(2n+1)n.2n+1

T T
12 T 12
ﬂ=—f tZ"(1+cos—cost)dt=—j > dt =
0 2

2 2 )y 2n+1
Therefore,
© (tan~1 x — cot~1 x)2" 2-(2n+1) p2n+1
,[0 (x2 +1)2 dx = 2n+1

Solution 3 by Kartick Chandra Betal-India

Q- f°° (tan 1 x — cot 1 x)2" 3 j‘°° x%(cost 1x —tan 1 x)2" 4
~ (x? +1)2 ~ 1 +x7)? g
®(tan"1x — cot™1 x)2" 7 2n
2Q = dx = (——Zx) dx =
0 1+ x2 0o ‘2
1 (™ 2n 1 z 5 7 )
e —_ —_ n(__ — n —
_2,1; (2 x) dx—zf_gx ( dx)—J; x“tdx =
2n+1
(g) " 2-(2n+1) 2n+1
" 2n+1  2n+1
Therefore,
© (tan—l x — cot™1 x)Zn 2—(2n+1)n.2n+1
dx =
fo (2 + 1)2 o Zn+1
1644. Find:
« log x
dx

Q=
; x+1D2+1)
Proposed by Vasile Mircea Popa-Romania

Solution 1 by Rana Ranino-Setif-Algerie

[00]

log x x=3 1 xlog x

=] @ 0® T aroaro ™"
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1/ (1logx 1 logx Txlogx 1
_§<j 1+xdx_f 1+x2dx_f0 1+x2dx _E(A_B_C)’

11 ® —1)" 2
j ngdx—Z(—l)"lj x" llogxdx = Cyr_ =

nz 12

n=1

1 logx = (=)
_1\yn—-1 2n—-2 — — _
j 1+ x —dx= E (-1) J log xdx _I(Zn—l)z G

xlogx o (—1)" ?
—j gzdx—Z(— - 1J x*1llogxdx = el
o 1+

(2n)2 =~ 48
n=1
Therefore,
Q- 1/ m? LN n?\ G n?
T2\ 12 48) "2 32
Solution 2 Serlea Kabay-Liberia
Q- * log x x:% fl xlog x B
(x+1)(x2+1) o ltx+x2+83
11
Lx—x2)logx = w=xt 1 1(u 2—u 4)logu
0 1—x 16 J, 1-u

1« (* 1
=—— fu" 4logudu— f "Zlogudu
1620 . Z

n=

1 IBP 1
f x*logxdx = ———
0

Therefore,
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1/ n? 2 G
Q=-(-5+6+—=<|=5—-53

Solution 3 by Kartick Chandra Betal-India

* log x x= (1 xlog x
Q= 5 dx = — >y dx =
; x+1D)(x2%2+1) o (1+x)(1+x2%)
1 (llogx 1 (! logx 1 (Txlogx
—f & j 8Y 4 —j 8Y dx =
0 0 0

“2) 1+ 72 172 2) 1427

1 (llogx 1 (llogx 1 (1
——f & d ——f & dx——j log(tanx) dx =
0 0

= X
1+x 8/, 1+x 2 )y

2
3 3 (Mlog(1+x G
=§[logxlog(1+x)](1,—§J de+—
0

2
3,066 po
~ gl 22 32

Solution 4 by Hikmat Mammadov-Azerbaijan

(" log x (Y -—ulogu B
=) i@ 0™, Arwar ™=
1 ulogu 171, 1 u-1
=_0(1+u)(1+u2) “z_ifo (u+1_u2+1)du=

2

1 (llogu 1 (! logu 1 (Tulogu
= f 8 u f 8% 4 ——f BY u =
0 0 0

1+u M7 2) 1+22®™ 7 2) Tz ™"

_1j‘1(1—u)logud 1j‘%l (tan@)d 1[1 logu
“2)y 1-uz M7z BRG] T T

11w 2-1logv G 1 (1(z'2-1)logz
= —f d f dz
0 0

8 2 1-z

1-v vto T3
1 G 1
=glf@2) —3¢@)] +35 - = [8(2) - 3¢(2)] =
G 3 4 G 1t
—E+§< 3>

1645. Let n € N* and 4 > 0. Find:
VA )
2 cos"x + Asin“x
o A+sin®x+ cos™x

Proposed by Marin Chirciu — Romania

dx
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Solution 1 by George Florin Serban-Romania

s 2
2 cos"x + Asin“x
o A+ sin™x + cos™x

w

E—x=y=»dx=dy

0 S x== 0
= = = — = — = =

e [ ()
™

> A+sin"(g—y)+cos“(%—y)dy

L
z sin"y+ Acos?y

= x
o A+ cos™y+sin"y

T
2cos™x + Asin? x + sin® x + Acos? x
= 2] = dx

0 A+ sin™ x + cos™x

T
oy = j‘f —sin™ x + cos™ x + A(sin? x + cos? x)
0

dx
A+ sin®x + cos™ x
T . T
zsin"x +cos"x+ 1 z
21 = - dx=| 1dx
o Sin"x+cos"x+ 4 0
21 I% d 0 d I r
=X = — — = — = — —
02 2 4
Tt -
2 cos™x + Asin?x 13
X =—
o A+sin™x+ cos™x 4
Solution 2 by Ankush Kumar Parcha-India
_ g cos™(x)+Asin%(x) (1)
" J0 A+sin™(x)+cos™(x)
T': = n =
[ 2 cos™(x) + Asin?(x) _ (2 sin™(x) + Acos?(x)

~ Jy 2+ sin™(x) + cos™(x) = o A+ sin™(x) + cos™(x)

( fbf(x) dx = fbf(a +b- x)dx)

Adding above equation with equation (1)
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T
jf sin™(x) + cos™(x) + A(sin?(x) + cos?(x))
21 = -
0 A + sin™(x) + cos™(x)

7 cos™(x) + Asin?(x) o
o A+ sin™(x) + cos™(x) =%

1646. Find:

dx

[rrm
1+ VrVr+1
Proposed by Asliddin Egamberdiyev-Uzbekistan

Solution 1 by Adrian Popa-Romania

(
|
1 3 -1 * - —_ 13
=f Vo1 O o VR 1=t
1+VxVx+1 | p 612 p
L *=a—er™
@fl—t3 ; 6t? dt—f 3t? dt—f3t3_3+3dt—
N 2 1-e)2"  J1-3" 1-—¢t2 N

t+3f dt = t+3f( 4 + Bt+cC )dt
A1-0@+t+t2) 1-t 1+t+t2

A+At+At>? +Bt+C—-Bt* - Ct=1=A-B=0=>A=B
A+B-C=0=>24A=C

1 2
A+C=1=34=1>A=B=7,C=
Hence, we have:
Q= t+3f(1 1+l dt— f f t+2
- 31—t 3 1+t+t2 1- Zrir1
— —t +log|1 t|+1f 2t+1 3-[
B 8 2 vty t2+t+1
1 ) dt
=—t+log|1—t|+—log(t +t+1)+ = f—z =
2 (e+d) 43
2 4
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3 2V3 2V3 1
=—t+log|1—t|+— Ta T(t+§) +C=

O3 VE=1 gl 1=t PE [ (FEL 2+3 11

T Vxr1 %8 VX +1 VX +1 VX +1

\/_ sl/x—1 1
Vrt1 2

Solution 2 by Ankush Kumar Parcha-India
1 3vVx—1_ »=x (y+1+y—1s3]y—1
= f dx = J dy =
1+VxVx+1 1+y y+1
f f y _ d ﬂ + ﬂ where
0 fs y— y—1 2t 2[ dt
1= (1—t3)2 “1-63 1-¢3

=W

+C

+ 3tan!

Hence, we get:

1 _ f dt
%_1 e I eT ) a-o@+t+ 1)

Using partial decomposition, we have:

1 _ A N Bx+C
A-0E2+t+1) 1-t t2+t+1

By solving system of equation, we get: A = B = %, C = ;

o= [ toaer [ 2o [ P e
®= t2+t+1 t2+t+1
dt
=—log|1—x|+log|t2+t+1|+3f 5
(t+1)2+£
2 2

81 RMM-CALCULUS MARATHON 1601-1700




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

23\/§—1 +1\
JE+1 \/_+1 \/_+1 I

=—————log > |
3\/;_1 |
(1_ \/E+1> /

w

Q

W=

1-yx=1

Vx+1
2V3[2V3 [3]Vx—1

3| 3 '<’\/;+1+‘/§>

x—1

a
Consider the integral , = f (m) dx;Va € R — {—1}. The recurrence relation of the

s

above integral is:
x—1 (x - 1)“ N a
" a+1 \x+1 a+1

ﬂa+ 1

1, .
Puta = 3in the above recurrence relation, we get

4
Q 3(x_1)3x_1+1n Qs = 407 — 3( 1)( 1)
= — = — —
1 4 |x+1 g T T AT +1

Therefore,

w

2

Q_s x—1 | L 3l —1 3lvx—1 3lvx—1 1
B \/E+1+og o lvx+1 Vx+1 * \/E+1+

+3t 2\/— VX - L | B
an~
Vx+1 T2
Solution 3 by Hikmat Mammadov-Azerbaijan
( -1 3+1
Eol_ 7
Vx+1 1
Let: 4 _(z3+1)2:> 1 -1
VT @ -0 T 1+ 228
dr = |-1222. 21 14
X Z ( 3 _ 1)2 Z
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0 j 1 3\/x—1d fzs—l ( 1272 z2+1 >d
= x=|— 2z (—-122%- z =
1+Vx Vx+1 273 (z3-1)3

z3+1 z2+1 (z3-1)+2
=—6J(Z3—1)‘<m>dl=—6J23_1dz=— ﬁdz=
2 2((Z2+z+1)-(z-1)(z+2)
=_6Z_6j(z—1)(zz+z+ %z =62 6[5 Z-DZ+z+1D dz]

- —6 6[2f( 1 z+ 2 )d]
-7 3)\z-o1 2Z2+z+1/%

_ e 621 z—1] 1}((Zz+1)+3)dz
- oz [30gz 3 z22+z+1

2 1 2V3 V3(z+1
=—6z—6 Igloglz -1 - glog(z2 +z+1) —Ttan‘1 <%+ C>l

\/5(2;+ 1)) .

= —6z—4loglz—1| +2log(z> +z+ 1) — 4/3tan! <

Therefore,

Q_3\/§_1 | L 3lvx—1 3\/}_12 3lvx —1 1
BT R | G N Nl NN

patan-t [2E3(0E1 1Y
3 Vx+1 2

) r 1,

= x
14 Vx

Proposed by Durmus Ogmen-Turkiye

C

1647. Find:

Solution 1 by Yen Tung Chung-Taichung-Taiwan

Lt-—11:>1—1 2 5 x = 1
Y= TR Y T T a e

Hence, we have:
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’ 1 ,
f Vx - dx—f 1——dx—

=f0ﬁyd<(1 y2)2> (1- yz)zﬁ_foz(l 5z ¥

. \/_ y= smH
=22 — f —(1 yZ)Zd 2V2 — j—(l—m Z9)2 cos0do =

n

)
=22 - f sec30do =22 — ( sec0tan0+—log|sec0+tan0|)| =
0

=2V2 - <£+—log(1+\/_)> i—llog(1+\/_)

Solution 2 by Adrian Popa-Romania

Let: ¥/x = t = x = t*, dx = 4t3dt

x—1 t2
f ’ dx = f 4t3dt = tZ\/ t2 —1dt=
1

V2o hde V2 24t
=4 —4 =Q, —Qq, where

1 Vtz -1 1 Vtz—-1
VZ a4 vz , z 2
91=4f Lt =4f t(vVer-1) dt=4t\/t2—1|12—4f Je —1dt=
1 1 1

t2 -1

V2
= 4x/i—4f Jt2 —1dt =4V2 - Q,;, where
1

V2 VZ g2 _ V2 a4t
Q =4f Jt2 —1dt =4 dt— dt—4f =
1 1 1 Vit Vit? 1 1—t2

\/_
=0, - 4log(t+/t* + 1)|12 = Q, —4log(vVZ +1)
Hence, we have:

Q; =4V2-0; +4log(vV2+1) > Q; = 2v/2 + 21log(vV2 + 1)
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VZ 24t vz : vz vz
Qz=4f =4f t3(\/t2—1) dt=4t3\/t2—1|1 —4[ 3t2\/t2 —1dt
1 1 1

t2 -1

\/_ \/ft4_t2 \/_
=8Vv2—-12 dt = 8V3 — 3Q
1 VtzZ -1
Therefore,
4 -1 3v2 1
=j v dx————log(1+\/_)

Solution 3 by Ankush Kumar Parcha-India

=f4 ﬁ_ldx

-1
Let: I—f \/_ dx x—yJ-Z\/yz—ydy

2 2

1 1 1
b= 5= -3 -
2 2 2
xVx? — a?
f xz—azdxz———log|x+\/x2—a2|+C

2

(27 -1) [F(7-1)

1= 5 —zlog \/E——/\/_(\/_ ‘+C
Therefore,
f x—1 =——110g(1+\/_)

Solution 4 by Ravi Prakash-New Delhi-India

LetVx =t+1=x=(t+1)%dx =2(t + 1)dt; (»)

I N PO e G o O Y e
—fl de—ZLﬁdt—ZL t(t+1)dt—

85 RMM-CALCULUS MARATHON 1601-1700




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 12 1 w3 1
=zj <t+5> _Zdt = zfl uZ_Zdu=
O —_
2
3
2
= [u uz—l—llog u+ uz—1
4 4 4

1
2

3v2 1 3 1 1
== 3108 (3 +V2) + jlog(3) =

3v2 1
= T\/_—Zlog(B +2v/2)

1648. Solve the integral for c,ifa+ b = c

f°° ax’* +bx+c dx
T

AP+ +x+1yx
Proposed by Srinivasa Raghava-AIRMC-India
Solution by Asmat Qatea-Afghanistan

Let’s start with this integral

co xn Ooxn_xn+1
ax [(EZEE
" ,’;x4+x3+x2+x+1 o 1—x5
J-l xn xn+1 d j-oo n xn+1 d
= X + X
~———
x5ox 1

SUCTRICSRIC SR S)

() () e (- - (125

1+cotxcoty

P(1 —x) — P(x) = wcotmx and cotx — coty = cot(y—x)
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n(cot (n__|_1n> "~ cot (ﬂn)) _m 1+ cot (%111') cot (%n)

5 5 5 5 cot(%)
j‘” x™ do = T (1+ t(n+1 ) t(n+2 ))
0o X+ +x2+x+1 x_5cot(%) s TN

—=mwanda+b=c

_ foo ax®+bx+c dx
0 x*4+x3+x2+x+1x

3 1

« X2 x2
a dx+bj dx +
fo xt+x3+at+x+1 0o X*+x3+x2+x+1

1

|
3

0o x"2
+c dx =
,];, xt+x3+xt+x+1

a <1 + cot (3 ) cot (9)) +b <1 + cot (1) cot (’2’)> "

0 0

(1 + cot (11:)) cot(130 )) = 5cot (g)

5

e 5cot(%) _ /5_2\/§:>c= 5
2 + cot (1—7:)) cot (%n) 2++5 (2 ++/5) (\/5—2\/§)

V5
1649.1f 0 < a < b then:

f”(l can-1 )d - <b+\/1+b2>
—-tan"lx)dx >1lo
a X 8 a+ V1 + a?

Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania

b+ VIT D
log<a+m> log(b+ 1+b2)—log(a+\/1+a2)=
fa V1 +x2

We must to prove:

log(x+ 1+x2
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tan‘lx> 1 Vx>0
x CVizaZ
Let: f(x) =tan1x — a ,x > 0then f'(x) = Lz_l> 0,Vx >0
it 1+ 22
>f7andf(0)=0=f(x)>0,Vx >0=tan lx>—=,vx> 0.

1+x2’

Therefore,

fb(l tan-1 )d - <b+\/1+b2>
—-tan - x X = 10 —
a X s a+V1+ a?

Equality holds for a = b.
Solution 2 by Amrit Awasthi-India

sinx < x,Vx >0 = sin"1(sinx) <sin"lx =2 x <sin"lx =

x x x
sin‘1< >>—,but sin‘l( )=tan‘1x
V1 + x? 1+ x? V1 + x2
D tan-lx s x :>tan‘1x> 1 x> 0 (1)
an lx > ,Vx > 0;
V1 + x? x V1 + x2

Integrating both sides w.r.t. x from a to b, it follows

fbtan_lxdxsz dx —log(x+ /1+x2)|z:
a

a X Vita?z
b + V1 + b?
=log(b++1+b%)—logla++V1+a?2)=log|————
g( ) g( ) g<a+\/1+a2>
Therefore,
j‘b(l tan-1 )d . <b+\/1+b2>
—tan"'x)dx > log| —————
a X s a+V1+a?

Equality holds for a = b.

Solution 3 by Kamel Gandouli Rezgui-Tunisia

(x+\/1+x2)’ 1+w/1j—x2 1 PN
x + V1 + x2 :x+\/1+x2:\/1+x2:(smh 2
Let: f(x) =tan 1 x —L,then f(x) = Lz_l >0,vx>0
V1 + x? V1 + x2
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f7(0,0)=f(x)=f(0)=0vVx=0

tan‘lx> 1 x>0
X
x V1+ a2’
tan~ x b
f f (x+ 1+x2)| =
a 1+x2 a

b+\/1+b2>

=10g(b+ 1+b2)—log( 1+a2) log<m

Therefore,

fb(l tan-1 )d - <b+\/1+b2>
—-tan - x X = 10 B ——
a X s a+V1+ a?

Equality holds for a = b.
1650. Prove that:

i(_l)m-l_ [‘(g) :n._%
CEEINIC U

where I'(x) —is Gamma function.

Proposed by Naren Bhandari-Bajura-Nepal
Solution by Rana Ranino-Setif-Algerie

n+ I‘n n+1‘ — o n+
Q2(1)1 ngr)l) 2(1)1 (n+2 _\/i_nz )1< )

I
:%2 Dnﬂj; st 1xdx—\/_f smx<z( o x>dx=

2t
fz log(1 + smx) t=tan(3) fl log (1 1T tz) 2dt
dx =
Vm 0

sin x 2t 1+e2
1+¢?
f 2log(1+16)—log(1+t*) z (- 1)"+1 1 i (—1)n+
A t B 2 n2

n=1
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3
(—1)"+1 nz 2 m m
s Q== —
Jo 8 4
Therefore,
P n 3
y e ) m
n+1\
= ()

Z_n+1
1651. Givenuy = 1, u, 1 = %un; vn € N”. Find:

Q = lim u,.

n—oo

Proposed by Minh Vu-Vietnam
Solution by Amrit Awasthi-India

n?-n+1

B Upyy MP—m+1
Upi1 = u, =

n? u, n2 s =1
u, u, u; . Up U3z Uy
Q= limu, = lim— = lim — - —= = lim —- —.—= =
n—-oo n-o Uq n-o Uy Uq n-o Uz U; Uq
U, U, 4 u; u, . k*-k+1
= lim . - —-— = 1lim 5 =
oo Uy g Up-2 U Uy noe k
k=1
1 +/3i 1 /3i
(k 2- z)(k—i+7r>
= li —
et k-k
k=1
1 +/3i 1, /3i
F<n+i—T>I‘<n+Z+T> 1
= lim .
n—oo I'm+1I'(n+1) r 1 @ r 1 N @
2 2 2 2
3T V3
cosh (T) 1 B 1, i cosh T) 1
=—— 2. lim(n272 -nl n22 .nl)= lim—=0
T n—-oo T n-oon

Therefore,

Q=limu, =0.

n—->oo
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1652. Given (x,,) such that:

n®—-3n2+4n+1

Find:
lim x,,
n—-oo
Proposed by Minh Vu-Vietnam
Solution 1 by Amrit Awasthi-India
Note that
x _Xnt1 Xn Xn-1 o X3 X2
et Xp Xp-1 Xn—z Xz Xq
This implies

_ Tk -3k +4k+1
lim x,, = lim

n—oo n—oo k3
k=1

Now follow that for large “n” (n > 2)

4n+1 < 3n?

5 3 5 ;, n-3n*+4n+1
—-3n n <0-n°>-3n n <n - <
In+4n+1<0 InN“+4n+1< 3 <1
This implies that

n
. k3 -3Kk*+4k+1
lim =0

n-o k3
k=1

Hence we have

limx,=0
n—>oo

Solution 2 by Supriyo Halder-India

We have x; = 1 and,

n

n?-3n +4n+1 .

Xn+1 = n3 Xn = | |f(l)
i=1

3-3i%2+4i+1

where f(i) = 3
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Now for sufficiently large i,0 < f (i) < 1. So, (x,,) is ultimately decreasing sequence of

positive numbers. So, it must converges. Note that,
m+1)@ -3 +4n+1)=n*-2n*+n?+5n+1<n*
for sufficiently large n

n3-3n2 +4n+1

=>Vn>k1_[f(l)<—:»1_[f(l)—0

Hence,

limx, = liml_[f(i) =0
i=1

1653. Prove that the following relationship holds:

fi’}:" - \/%(Liz (i—g - 1) — Li, (—1 - \/2—§)>

n=

where F,,, H,, and Li,(x) are n*" Fibonacci, Harmonic number and
dilogarithm function respectively.
Proposed by Naren Bhandari-Bajura-Nepal

Solution by Lucas Paes Barreto-Pernambuco-Brazil

—1L' (p2+L(p2 Li,| 1 L<1>
_\/g iy ) iy ) i ) (p_z i 4(p2
4
o () 1 -—2 )| -
i 4(p ly L 1 =
4¢?
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_1 —Li,| 1- 1 +Li,[ 1- 1 :(2)
_\/g ly 1_5 iy 1_% ;
] 4¢

=%{—Li2(1—2—%)+Liz(1—2+%)}=

(-1 2) 1 (14 2))

1 1
(1): = Flog? x = Liy(1—2) + Liy (1 - ;)

1++5
2

1654. Let f be a class €3 function defined on [0, 1] such that:

(2): @ =

1 n—-1

I, = f xf'(nx) dx + 2142 (f' (S) +2nf (%))
. Bn=0 )
=zt 0 ()
Find 4 and B.

Proposed by Serlea Kabay-Liberia

Solution by proposer
We have:

1
IBP

n 1 1 (1!
,l;xf’(x)dxzﬁf xf'(x)dx = xf(x)l(l,—ﬁfof(x)dx

1
fnxf’(x) dx = fr(l(z))

0
=Lk [rmans sy (15 +anr () -

11 [21 [ " e —z (f’ () + 2nr (g))‘

k=0 n

letf=g = g=]f, then
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LD (o) o) ko () (3)

n

Using the Taylor Lagrange Inequality,

Ig("ff)-g(%)-lg )~z ()™ Gl -

n/ én3 n

k+1y < i k+1 k
NSNSl T D =¥
L n 'n
Therefore,
~rk
ety > o)
9\ & i n)| T \nt
(5 -96) -39 () -zm9" () -9 () = 0 ()
g n 'gn n'g n an'g n 6n3'g n n*
(5 -9() -2 () -z () = ame® () 0 ()
g n _gn_n'g n an'g n 6n3'g n 4
Now,
-1 -1
I IONES o (SO TS IICIIE ) SRy
" nz n? L 6n3 n nt)| n?2 eén* nk_o'g n

SO g+ o)

I, _fO - f(0)+0(n4)

n2 é6nt

Therefore, A = f(1),B = %[f’(l) - f'(0)]

1655. Prove that:

cos(bx) sin(ax) 1 (. n(a + b) 1 w(a—b)
fo x(cosh(px)) dx = 5 tan 1 <smh< 2 >> +5 tan 1 <smh< T ))

Proposed by George Moses-Nigeria

Solution by Rana Ranino-Setif-Algerie

P
x(cosh(px))

x cosh x

Q- j‘“’ cos(bx) sin(ax) R f"" sin (%) cos (ﬁ) Gy —
0 0
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1 o Sin (%}))x o Sin (%)x
—d _|_ - r -
) o)

1
=—A+B
x cosh x x cosh x dx 2( + B)

dx = dx
x cosh x x cosh x

. a+b b
4 foo sm( p )x k=% Jw sin(kx)
0 0

dA “ cos(kx) © gikx 4 o—ikx ® g=x(1=ik) 4 o=x(1+ik)
w_[Cesle,, [Tt |
dk ), coshx 0o e*te* 0 1+e 2
. , 1-ik 14k
) e—x(l—lk) + e—x(1+lk) tme-2% 1 (°t 2 +tz2
= —2x dx = < dt
0 1+e 2, 1+t

J ree=a ()@
=il Ca) v () e () v (5] -

b4 w ikm T w ikm T ik T km
= —cot(— +—> +—cot(—— —) = —sec (—) = —sec (—)

4 4 4 4 k4 4 2 . 2 2 2
m [ my 7 7 cosht u=sinht
A_E,fo sech(T)dy—.]; SEChtdt—J;) mdt =
Si“h(kz_n) du km n(a+ b)
_ _ -1 (s T\ = -1
= -fo 11w tan (smh( > )) tan <smh< 2p >>
Hence,
B = tan™! <sinh <M>>
2p
Therefore,
“cos(bx)sin(ax) 1 [ (a + b) 1. (. n(a — b)
.I; x(cosh(px)) dx = Etan (smh <—2p + Etan sinh —Zp
1656. Prove that for a > 1, the following relationship holds
® x? tan"1(ax) ™ T« A 1 /log3 T
f S x=——=+—-log3 — + 3( — )—
; xr+x?4+1 8V/3 8 6av3 3a’\ 4 123

(1 T log3)+ 1 (n 1) 1 N
5a°\2 122 4 7a’ \6y3 2/ 108a°
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N 1 (log3 T ) 1 (11 T log3)+
9a°\ 9 123/ 11a''\24 123 4
Proposed by Naren Bhandari-Bajura-Nepal

Solution by Surjeet Singhania-India

For every a > 1 and x € (1, ) itis known that tan~1(ax) = g —tan™! (i)

1)n+1ZZn—1

1 — (-
O<—<1:>tan‘1(z)=z( Jfor|z| <1
ax 4 2n—-1

n=

® x% tan"1(ax) A x2 - (-1 ®  x3-2n
4 2 dx = 1 2 dx—z 2n-1 4 2 dx
;. xt+xt+1 2); x*+x2+1 Lya®n 2n-1)J), x*+x2+1
- -
foo x3—2n i 1-]-00 x—n+1 d 1f1(1_x)xn—1d
= —————dx==| ————dx==-| —————dx
ol X241 2)p x24+x+1 2)p 1-—2x8

I, = 11[)(0) (ﬂ) — 11[)(0) (E)

6 3 6 3
Also,
j‘°° x? dx = log 3 LT
0o X*+x2+1 4 43

j‘°°x2 tan~1(ax)
—————dx
1 xt+x2+1

w_1g o (Lo (") - Luo ()

/5
=—log3 +———-

88> "33 6 s 12n— 1) \6 3 ) 6 3

n=
Therefore,

® x2 tan"1(ax) n? w /s 1 /log3 12
f RN dx = +—log3 — + 3< — )—
1 X +Hxt+1 8v3 8 6av3 3a’\ 4 123

1,1 =m log3y 1 ,/,m 1 1
_5a5(§_12\/§_ 4 >+7a7<6\/§_5)_108a9+
1 /log3 T 1 11 T log 3
+9a9( 9 _12\/§>_11a11(__—_ )+

24 123 4
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1657. Find a closed form:

xvx

Q(a) = jo (x2+1)(1 + ax) dx,a>0

Proposed by Vasile Mircea Popa-Romania

Solution 1 by Kartick Chandra Betal-India

e xVx e dx
MUa) = fo @A+ ™~ Garooara

1 j‘°°1(a X, 1 )d
= — _ X =
1+a%), Vvx\1+x2 a+x

1 ® a Vx 1
= zf - >+ dx =
1+a’), \Vx(1+x2) 1+x* x(a+x)
_ 2a f°° dx 1 j‘°°x-2xd N 2 f°° dx
“1+a2)y 1+ 1+a), 1+ T 1+ a2), ataZ

-1

1, 3
_ 2a 1f°°x4 dx 2 1j‘ x% f
“1+a? 4), 1+x 1+a® 4 (1+a2)\/— x2+1
3\ (1
a m 1 F(E)F(z)Jr T _
" 21+ a?) sz 2(1+a? 1 Va(l+a?)

Ta T T B n(a—1) T

T2+ a?) V2(1+a?) +\/E(1+a2) " V2(1+ a?) +\/E(1+a2) N

_mala—1)+V2m 4
T V2a(1+a?)  av2(1+a?) (ala=1)++2a)

Solution 2 by Ose Favour-Nigeria

xVx x=i [ 1
°@= | rhaTan® - fo x3\/}(1+12)(1+2)dx_
X X
_ dx
o Vx(1+x2)(a+x)
1 a X 1

1+ x2)(1+ ax) - (@ +1D)A+x2) (a%2+ 1)1+ x2) + (a2+1)(x+a)
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Q=

1 <j x _f x d +f°° dx )_
a2+ 1\% o Vx(1+x2) Jo Vx(1+x2) * o Vx(x+a))

1
=211 (aQ; — Q, + Q3), where

a
1 1,
Q _foo dx x:_uzzjOo du u?4ljwy4 d _Tl'\/i
Ty Vet T Tl 1wt T 2)y 14y T2
1.1,
f xuzlj“’y“ gy =™V
f(1+x2) 2), 1+y V72
oo x 2 o du _ 192 a
93=f xzuz.[ 2u atane\/_Jlde_\/—
o Vx(x+a) o atu a
Therefore,
Ja
Q= m(\/_(a 1)+—
Solution 3 by Hikmat Mammadov-Azerbaijan
xVx x=u? [~ 2ut
6= wivaran® ~ |, wrnaran ™
ut Au’ + B c
= 4-: 4 2
@+ DA +ad) wt+1 ez W = (ad+C) +u*(A+aB) +B+C

a B = 1 = 1
1+a2’  1+a?’ 1+a?

o 2f°° Au2+B+ C d
= = =
o \ut+1 1+ au? u

© u? “ du ® d({au)
=2Af . du+ZBf — 2 -
o w1 o w1 \/_0 1+(\/_u)

= AQ, + BQ, + 2C - tan~'(Vau)|, =

=>A4=

= AQ; + BQ, + 2C [lim tan~* (Vau) — tan 0| = 49, + BQ, + nC
Uu—>00

® 2du “w+1)-(w?-1) */u?+1 u?-1
szf 7 =f 7 duzf 7 -— du =
o U*+1 J, u*+1 o \u*+1 u*+1
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_j‘” 1+u? 1-—u? d
)y P+ u? u?+u? u
_f°° 1+u? d j“’ 1—u? 4
L w—2+uz+ 2™ wrzruz—2"
_f°° dlu—u) J“’ dlu+u? 3
o w-un2+(V2) o @+un2-(v2)

u+u?tl-—+2 OO_
u+ul+2|,

1t _1<u—u‘1>°° 1 .
= —tan — 0
V2 V2 8

0 2V2
= —(lim tan — lim tan -
V2 [noe N3 n-0, V2

lim 1 ut+ul-—+2 lim 1 u+ul—+2 l /4
———|limlog|———— | — lim log|——— —
212 [noo gu+u‘1+\/_ no0y 8|yt u-t 2 V2
® 2u? W+ + Wr-1) “u? +1 “u? -1
Q1=f 7 du=f 7 duzf ) du+f 4 du
o U*+1 0 u*+1 o U*+1 o U*+1
Q=L 5 0=40,+BQ, +7C = — a-1+v2
= = —= = [ —
1 NG 1 2 TT 2 1+a?
Therefore,
\/_
Q=—F 1 —
(2+1)<\/_(a )+

1658. Prove that:

2w
f log(10 + 6 cos 0) d6 = 4mlog 3
0

Proposed by Surjeet Singhania-India

Solution 1 by Kartick Chandra Betal-India
2w 7
Q= f log(10 + 6 cos 6) dO = 2 f log(10 + 6 cos 6) dB =
0 0

T
=2 f log(10 — 6 cos 0) dO
0
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T T

2 2
=>20=2 j log(10% — 6% cos? ) dO = Zf log(10%sin? @ + 82 cos? 0) dO =
0 0
10+ 8

=21tlog( >=21t10g9=41t10g3

Solution 2 by Rana Ranino-Setif-Algerie

21 b
Q= f log(10 + 6 cos 0) dO = 2 J log(10 + 6 cos ) dO 02
0 0

w 11.'

2 2
= 4f log(10 + 6 cos 2x) dx = 4] log(4 + 12 cos? x) dx =
0 0
T

2
= 4f log(4 sin? x + 16 cos? x) dx
0

a+b)

V3
2

f log(a? sin? x + b? cos? x) dx = nlog( >
0

2+4
Q = 4mlog (T) =4mlog3

Therefore,
2n
f log(10 + 6 cos 0) dO = 4mlog 3
0

1659. f(cotx) = sin2x + cos 2x,0 < x < 7. Find:

14

3
Q= L cosx - f(sinx) dx
6

Proposed by Neculai Stanciu-Romania

Solution 1 by Ravi Prakash-New Delhi-India

(cotx) 2tanx +1—tan2x 2 cotx +cot2x—1
cotx) = = =
! 1+tan?x 1+tan?x 1+cot?x cot?x+1

2cotx +cot’x—1 (sinx) Zsinx+sin2x—1_|_1

- = f(sinx) =
cotZx+1 ! sinZ x

T T . .

3 ] 3cosx (2sinx + sin?x — 1)
Q= cosx - f(sinx)dx = — dx =

g % 1+ sin“x
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V3

V3
Z2t2+2t-1 z 2t 2
=j —dt=f (1+ )dt=
1 1
2

t2+1 t2+1 t2+1

V3
= (t+log(t? + 1) — 2 tan~1(0)) | =
2

—\/?_’_1+1 (7) 2tan! V3 +2t -1(1)
= og5 an 2 an 2

Solution 2 by Kartick Chandra Betal-India

2tanx +1—tan2x
1+tan?x 1+ tanx

f(cotx) = sin2x + cos2x =

(1) 2x +1—x2 ) 2x +x2—1 x2+2x—-1
—)= = f(x) = =
fx 1+x2 1+ x2 f 1+x2 x2+1 1+ x2
n V3
3

] Z
Q=.L; cosx-f(smx)dx=f% f(x)dx =

S

V3 V3
_f7x2+2x—1d —f7(1+ 2x 2 )d 3
_% 2+1 T h 1+x2 1+22)%%7
\/§—1+l (7) - _1<2\/§—2>
= 0 == an
2 &5 4++3
Solution 3 by Myagmasuren Yadamsuren-Darkhan-Mongolia
N 2 cotx 5 _cot?x—1
S = oz 2 T 1 cotZx
cot?x+2cotx—1 t2+2t—1
fleot) == eorxy W= 0

3

T

3 3
Q =J;T cosx - f(sinx) dx =_L f(sinx)d(sinx) =
6

V3 V3 V3
[z (t)dt—thZ-I_Zt_ldt—f7(1+2t_2)dt—
! f T h 1+ ¢2 T h 1+ t2 -
2 2 2
V3
= T1 2t 2 dt = log(1 + t2) — 2 tan~1! ?_
_fl ( +1+t2—1+t2> t = (t+1log(1+t?) — 2tan t)|% =
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_V3-1

7 2
)\ -1 2 _
5 +log(5) 2tan”! (5v3-7)
Solution 4 by Hikmat Mammadov-Azerbaijan

F(cotx) = sin2x + cos 2 2 tanx +1—tan2x
cotx) = sin2x + cos 2x = =
1+tan?x 1+ tan?x
cot’x+2cotx—1 x2+2x-1 2x — 2
cot*x+1 x¢+1

]}

x2+1
T

Q_js (sinx) d _ji (1+25inx—2)d _

= | cosx - f(sinx)dx = . CoS X sinx £ 1 X =
6 6

T

3¢cosx-sinx—2cosx
= cosxdx + 5 X
% n 2 —Ccos“x

Wy

3

T =

T
.3 3 sin 2x 3 cosx
= sinx|; + dx —

- 1+ cos2x %Z—COSZX X =
2
V3—-1 gd(B — cos 2x) 3 d(sin x)
_ _|_f Zf _
2 % 3 — cos 2x %sin2x+1_
_V3-1

+ (log(3 — cos 2x) — 2 tan"1(sinx))

oWl
Il

v3—-1 7 V3
— 2\ -1 X2 _ -1
= + log <5> 2 tan <2> 2 tan (

1660.1f 0 < a < b < 1 then:

f”f”f” dx dy dz _ (b — a)? f” dx
a a a

x2+y2+2z24+3~ 3 a X+ x*

N =

Proposed by Daniel Sitaru-Romania
Solution by Kamel Gandouli Rezgui-Tunisia

x,y,z€[ab3,0<a<b<landf(t) =t>?+1-t—t' =

t?—t+1-t'>0in[0,1]andt! <1

x24+y?+ 2243 =x2+1+y*+1+22+1>2x"+x+y'+y+2°+z>

102
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1 1

2 2 2 = X y z
x*+y“+z-+3 x*+x+y’+y+z:+z

-.-(a+b+c)(1+1+1)6£59=>; 1 +i+1 ,Va,b,c >0
a b c a+b+c_9a 9b  9c
Hence, we have:
1 1 1 1

<
x2+y2+zZ+3_9(xx+x)+9(yy+y)+9(zz+z)

and then

f”f”f” dx dy dz .]‘jjdxdydz 1J”J”dexdydz+
a Ja ax2+y2+zz+3 x*+x aldala Yty

1 (" (" (Pdxdydz (b—a)* (* dx (b-a)? dy (b—a)? (P dz
L S Eea |

*3 zZ+z 9 x*+x 9 VY 9 zZ+z
=3‘(b_a)2fb dx =(b—a)2fb dx
9 o X+ x 3 o Xt x
Therefore,

fbfbfb dx dy dz (b a)zj‘b dx
a Ja ax2+y2+zz+3 a X+ Xx*

. (63xlog(1+x)-cotx _ e5x) . log(l + sin X)
Q =lim

x—0 x2

1661. Find:

Proposed by Dang Le Gia Khanh-Vietnam
Solution 1 by Kamel Gandouli Rezgui-Tunisia

(e3x.log(1+x)~cotx _ eSX) . log(l + sin x)

Q = lim 5
x—0 X
. sinx (e3xlos(1+x)cotx _ 5%) . Jog(1 + sin x)
= lim TR
x-0 X< -Slnx

log(1+smx) L sin x

lim =
) sin x x>0 X
. 3x
lim——-log(1+x)-cotx =0
x~0 sin x

e3xlog(l+x)cotx _ o5% ~ 1 4 3x-log(1 + x) - cotx — 1 — 5x
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83x~log(1+x)-cot X _ eSx

p = 3log(1+x)-cotx—5

cosx 3log(l +x) x

- = - -cosx — 3
sin x X sin x

3log(1+ x) - cotx = 3log(1+ x) -

e3x~log(1+x) -cotx __ eSx

lim =-2
x—-0 X

Therefore,

. (e3x.log(1+x)~cotx _ eSx) -log(1 + sin x)
Q =lim =T

x-0 xz

Solution 2 by Hikmat Mammadov-Azerbaijan

. (e3x.log(1+x)«cotx _ eSX) . lOg(l + sin x)
Q = lim

x-0 xz

log(1+sinx) . log(1+sinx) sinx
m = lim . =1

x—0 X x—0 sin x X
Hence,
. (e3x«log(1+x)«cotx _ eSx) . log(l + sin x)
Q =1lim 5 =
x—0 X
. edxlogl+x)ycotx _ o5 og(1+ sinx) sinx
= lim -lim - . =
x>0 X x—0 sin x X

e3x-log(1+x)-cotx _ eSx <83 log(1+x) _ 1 3 lOg(l + x) e5x -1 5>

:!cl—l}(} x =£1£1(} 3log(1+x) x 5x
=1.-3-5=-2

Solution 3 by Yen Tung Chung-Taichung-Taiwan

3x-cosx-log(1+ x) _ 3x(1—%x2+-~)(x_%x2+...)

3x-cotx-log(1+x) =

sin x 1.,
X 6 X
3x?% — %x:‘ + - 3
= i =3x — Exz + o(x*)
x — ng + ..
Thus,
0-1 (e3xlog(1+x)-cotx _ eSx) . lOg(l + sin X) B
= x]_])](} g =
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3
( e3x—7+o(x*) _ eSx) log (1 +x+ 0(x3))

= lim >
x—0 X
(1 + (3x + o(xz)) - (1 +5x + o(xz))) log (1 +x+ o(x3))
- gci—l;l(} x2 -
(e o(x2>2 (x+oGh)  —2x ol _
x-0 X x—0 X

Solution 4 by Soumitra Mandal-Chandar Nagore-india
3log(1+ x) - cosx 0

!Cl_l)'l(} 3x-log(1+x): cotx = Ll_r)l(} Sinx 1= 0
X
(e3xlog(1+x)~cotx _ eSx) . log(l + sin x)
Q =lim 5 =
x—0 X
sin x 1+ sinx 33xlog(1+x)-cotx _ 1 e’* —1
= lim -lim log— . <lim — lim > =
x-0 X x—0 sinx x—0 X x-0 X
e3x«log(1+x)~cotx—1 eSx -1
=1-1: (3!{1_1)1(}10g(1+x) 'COtx'!cl—EI(}Bx-log(1+x) .cotx 5-£1£ 5x > -
X log(1+x
— 3lim—— gim BT g3 s_
x»0tanx x-0
1662. Find:

o1 12": (n—k+ 1H,
_nl—f?onk_lk(n—k+1)2 +k

Proposed by Daniel Sitaru-Romania

Solution 1 by Kamel Gandouli Rezgui-Tunisia

(n—k+1)H, B n—-k+1 <1Vk<
kn—k+12+k kin—k+1D2+1] -k ="
Hence,
0< (n—k+1)H, _ He

kin—-k+1)2+k™ k

and then

n n

<= -
O_n kkn—-k+1)?+k " n k
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n
o1 Hk 1 logk
1111_1)101011 T 1111_)r£105 =0;(~ H, =logn)
k=1 k=1
Therefore,

Q=1lim— Z =
nmonlak(n—k+1)?2+k

Solution 2 by Ravi Prakash-New Delhi-India

For1<k<nleta, = m-k+VDH, = (-k+DH, _
s e T kD2 vk (n—k+ D2+ Dk
. n—k+1 Hk< 1 1= 1
T (n—-k+1)2+1 kK n-k+1 n-k+1
Hence,
n n n
0<1Z <1Z 1 _121
n @ n n—k+1_n k
k=1 k=1 k=1
11
Aslim= > ="E% 9
n-ocon
k=1

By the sandwich theorem, we get

01 1v (n—-k+1DH,
_nl—glon k(n k+1)2+k

1663. Find:

Q(k) = lim n2k<

n—oo

1k -1 k
tan (n)_tan (1 + nk) KEN
nk 1+ nk

Proposed by Ovidiu Gabriel Dinu-Romania

Solution by Ravi Prakash-New Delhi-India

tan~1x , 1 tan”'x
, X E [a:a-l_ 1]:thenf (x) = x(l + xZ) - xz

Let a = n* and f(x) =

By the Lagrange’s mean value theorem, we have:
fa+1)—f(a) = f'(a+ 0) forsome 6 € (0, 1).

Hence,
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o (tant(n*)  tan~'(1+nk)\ 1 tan!(n* + 9)
( nk 1+nk )‘" ((n"+0)[1+(nk+0)2]_ (n* + 0)2 )

Taking limit as n — oo, we get:

tan'(n*) tan"'(1+n"))
( )

Q(k) = lim n?k

n-c nk 1+ nk
1 tan !(n* + 0
= lim n?* - ( ) =
N\ GE O+ 07 (nF +0)?
] 1 1 tan~1(n* + 0) 4
=lm| -Tkrg 1 02 0 2 | 2
nzk T (1 + ) (1 + F)

1664. For all k € N* let S(k) be the k" term in the sequence
1,2,5,12,29,70,169,408,985,2378, ...

Then prove the following summations

i S(n) e sinh(v/2)
nl 2

n=1

S s S )

Proposed by Amrit Awasthi-India

Solution 1 by Ahmed Yacoube Chach-Mauritania

{ sSH=1;52)=2
Sm+2)=25(n+1) +S(n)

x? — 2x — 1 = 0 equation associate of S(n) = a(l + \/E)n + B(l — \/f)n and from

(1+\/_) -(1- \/_)
22

ZS(?) <Z(1+f) z(l ﬂ)

n=

initial conditions, we get: S(n) =

1 SHE 1T _i.e\/——e‘ﬁ_esinh(ﬁ)
=@ )= =
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> 3n
Let f(x) = ) = fO() = f(x) and £(0) = 1.£/(0) = £"(0) = 0
n=0

x¥-1=0

x V3 x (V3
f(x) = Ae* + Be 2 cos <7x> + Ce 2sin <7x> =

fx) = %e" + %e_; cos <§x>

(3n) 1 (o (1+v3)" (1-v2)"\

Gn)!  2v2 (; (3n)! z Bn)! |
1 (1 2 1+/2

= ﬁ<§e1+ﬁ +ge 2 cos(—(l + \/i)) - 1> -

1 (1 2 12
———|zel"2+-e"z cos
2V2 <3 3

%(1&*\/— +e 1+2\/E cos <\/_+ V3
A
3\1/2 (\/j__ cos <\/_ -ZI_ \/_> —e'?-1cos < 3> +e smh(\/_)>
eVZ+1

Solution 2 by Kamel Rezgui Gandouli-Tunisia

50:0,51:1

sk €10,1,2,5,12,29, ..} = {
k€L J Sn+2 = 25p41 1 Sy

=2x+1:>sn=a(1+\/f)n+ﬁ(1—\/§)n

1 1 n n
SO=0:>a=—B:>a=ﬁ:>sn=ﬁ{(1+\/E) -(1-v2)"}=

cSm) 1 % n 1, _
N PR CRRL R G Dl v Tl s Lo

n=1
1 e2—-eV? esinh(v2)

V2 2 V2
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d x3n d x3n-3 . ,
Lets(x)=;(3n)!=>s(3)(x)=;m=s(x):s(x)=ae + be™* + cel

s(0)=1,5'(0)=s"(0)=0
{ a+b+c=1

a+b]'+cf2=0=»a+b+c=1=>
a+bj?+cj=0 3
s(x) =%(ex+eix+e1'2") =%x+§e_%cos <§x>
- s(3n) 1
L1 (3n)! vz

_L 1+V2 L 1 ﬁ _
_6\/28 +3\/§ ,_eHﬁcos(Z (1+\/§)>

1 5.1 1 V3 _
A ”mwws(?“‘@)—

= % (\/% cos (JE; ﬁ) —Ve'2-1cos <\/E; ﬁ) +e sinh(ﬁ))

1665. For all k € N* let S(k) be the k" term in the sequence

(1+«/§)—$s(1—\/§)=

1,2,5,12,29,70,169,408,985, 2378, ...Then prove the following summations

i S(n) _esinh(v2)
n! N

n=1

ooS(3n) 1 1 V6 +3 - -3 |
=1<3n)!:3ﬁ<¢m“’s< 2 >—Wcos< > >+esmh(ﬁ)>

Proposed by Amrit Awasthi-India

Solution 1 by Ahmed Yacoube Chach-Mauritania

{ S1)=1;,852)=2
Sm+2)=25(n+1)+Sn)

x? — 2x — 1 = 0 equation associate of S(n) = a(l + \/E)n + B(l — \/f)n and from

initial conditions, we get: S(n) = (1+ﬁ)2:/él_ﬁ)
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25(1'1) (Z(Hﬂ Z(l f))

n=

1

VI _ o2
pIHE 1 e e?—e? e sinh(v/2)
“pE( @)= V2
Let f(x) = (;n)! = f(x) and £(0) = 1,£'(0) = £"(0) = 0
n=0

x3-1=0
x V3 x (V3
f(x) = Ae* + Be Z cos <7x> + Ce 2sin <7x> =

fx) = %ex + ge_% cos <§x>

o) n \/— \/— 3n
Z :(;::1)? - N‘(Z < <+3n>') Z(l (3n)') >=

1 1 2 1+/2 \/§
= — —_ 1+\/§ —_ _T _— 1 2 _1 -
2ﬁ<3 +3e cos(z( +\/_)>

—%(%el‘ﬁ+el cos( ))
3\15( 371(:08(\/_;\/_)_ eﬁ‘1c0s< >+esmh(\/_)>
1/e +

Solution 2 by Kamel Rezgui Gandouli-Tunisia

S():O,Sl:l

sk €10,1,2,5,12,29, ... :>{
k { } Sn+2 = 2sn+1 + Sy

xX2=2x+1>s,=a(1+v2) +p(1-v2)"
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1 1 n n
so=0:a=—ﬂ:a=ﬁ:sn=ﬁ{(1+\/§) - (1-+2) }:)

CSm) 1 % M1 e 1 e
D e -1
_ 1 e?-e? esinh(V2)
V2 2 2
3n3
Lets(x)— (3 ! 2(3 3)'—s(x)=>s(x)—ae + bei* + cel**

s(0)=1,5'(0)=s"(0)=0
at+b+c=1 1
a+bj+cj2=0=>a+b+c=§=>
a+bj?+cj=0
1 : .. € 2 x V3
= (e*+e*+ e =-—t+Ze2 e
s(x) 3(e +e* + el %) 3 T3¢ cos<2x>

- s(3n) 1
=0(3—n)!—2\/_3(1+\/_)——5(1 \/E):

_i +/2 i 1 ﬁ —
_6\/581 2+3\/i _el+ﬁcos<2 (1+\/§)>

1 , 5.1 1 V3 _
Eel 2 +m ,—el_ﬁCOS (7(1—\/E)> -

= % (\/% cos (JE; ﬁ) —VeV2-1cos (JE; ﬁ) +e sinh(x/f))

1666. If we defined the sequence Vk,n € N with recursive relation M, (n+ 1) =k

M, (n) + M;(n— 1) and M, (0) = 0, M;,(1) = 1. Prove the following summations:

o M (n)  2Vek . VK2 ¥ 4
s _k2+4sm >

n=0
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— M, (3n) 2 / 1 V3KZ + 12 + 3k
z Gn)!  3ViZt 4|+ o8 4
= \/em+k

4/ vl V3k2 + 12 — 3k 2Vek \m\
S P kcos< 2 > 3—k2+4smh< 5 >/

Proposed by Amrit Awasthi-India

Solution by Kamel Gandouli Rezgui-Tunisia
M, (n+1) =k-M;(n)+ M;(n—-1)and

M (0) =0,M, (1) =1 = M;(n) = ax} + Bx5,

X1, X, are solutions of the equation x? = kx + 1

k+VEZ +4
x=T,Mk(0)=0=>a=—ﬁ
M)=1>a=-B=- ! => M, (k) = !
ViZta m ra
0 M (n) _ 1 ot1 1 < k+@ k— me)
nl  VkZ+4 VEZ +4

n=0

k
2e2 1 Ji*+4 Vi +a 2Vek  (VKZ+4
= o 45 e 2 —e 2 = T 4-smh 2

o0 3) o0
x3n x3n
fo) = (;) (3n)!) = ; (3n)!

t2—1=0=te{1,j,j?},f(0)=1,f"(0)=f30)=0
at+b+c=1 1

a+ bj +cj* = 0:>a—b——:>f(x)——(e +ei* 4 el’r) =
a+ bj? +cj =

_ex+2 x V3 _ex+2 - V3
=g +geZcos| x| =—+zVeFcos(—-x

oM, (3n) 1 <k+\/k2+4>_ <k—\/k2+4) ~
LGl Viera| 2 ="
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1 k+/I2+4 _k+/I2+4 V3(k + \/m)
= 3— ’k2—+4. e 2 + 24 e 2 Ccos 4 —
1 k—Vk2+4 _wK2+s \3(k—Vk% +4)
N e 2 +2Ye 2 cos 2 =
1 / k+J§2+4 N 2 V3k +V3k? + 12
=————1e cos —
N 4
3Vk +4\ * e\/k2+4+k
1 / k- §2+4 N 2 V3k —V3k? + 12\
—— e cos =
12 4
3 k + 4‘\ 4 e\/lm—k /
2 / 1 <\/3k2 +12 + \/3_‘k>
= cos
2 4
3\/k +4 \‘:/e\/m+k
_ 4/em_k cos <\/3k2 +12 — \/§k> N 2vek sinh <\/k2 + 4)\
1 3VKZ + 4 2 /
1667. Prove that:
’ (_1)n+1nn+1 dm (log x)
= lim
=0 n! dx"\ x /Jly—n

where Y is Euler-Mascheroni constant.
Proposed by Amrit Awasthi-India

Solution 1 by Serlea Kabay-Liberia

1 1
y= ;logx,u(x) =3 and v(x) = logx

(—1)™n! (—D)™n!
u®(x) = —g— and v®W(x) = ——
( (—=1)™n! -1)™! (—1)™n! (—1)"n! (—1D)™n!
y " = n+1 lng o n+l - -
(—=1)™"n! 1 1 1 (—1D)™n!
=W10gx—1—i—§—---—ﬁ =W(logx—Hn)
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Therefore,
d" /logx (—=1)™n!
@( x )xzn nntl (logn — Hy,)
-1 n+1nn+1 d" /los x 1 n+1 n+1 1)™n!
lim( ) ( 8 ) =—1im( ) ( )"n (logn—H,) =
n—w n! dx"\ x n-w n! nntl

x=n

=—lim(logn—H,) =y
n—-oo
Solution 2 by proposer

1 1
y = ;logx,u(x) =z and v(x) = logx

(-D)™n! (-1)™n!
u® () =-—g— and v = ——2
log x
y=ulx) v(x) =
d" /logx (=1)"n! -D™n! (-1)™n! (—1)"n! (=1D)™n!
W( x >x—n= xn+1 ogx — X+l 2xn+l gamtl T T+
d" /logx (— 1)"n' 1 1 1 (=1D)™n!
i (x >x=n wrr - [logx 1 -5 —3 == | = Gogx )
Therefore,
d" /logx (—1)™n!
il x )|, = e Gogn—Hy)
. (_1)n+1nn+1 dan lng ’ ( 1)n+1 n+1 ( 1)11 |(l H
tim e ()| = lim T S logn — ) =

x=n

= —lim(logn—H,) =y
1668. Let the sequencea(n —2) +a(n—1)+an+1)+an) =™
a(0) = ¢, a(1) = @,a(2) = ¢*

Evaluate the sum:

(m)

0o

m:

Proposed by Srinivasa Raghava-AIRMC-India
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Solution by Kamel Gandouli Rezgui-Tunisia

am-2)+an—-1)+an+1)+aln) =

a(0) = 1 ,a(1) =¢@,a2) =¢p?* >a(m)+aim+1)+a(m+2)+a(m+3) =

e
- Za(m) Za(ﬂ;+1)+n2)a(";:2)+;a(1:)+3) Z((pZ)mi
,,Z,a(n‘;-l_:;):(p Za(m) (psia;m)_(p oty

a(m) 5 3 1
Letx=Z—m,<p =1+@,¢°=2¢0+1,—=¢p—-1
wr S @

m=0
2 3 1 2 2 2 3 _ 1
x+<px+(px+(px— —@Q — " — Q" = W
m=0

(B+40)x—5—-7 15: 1 _1 ¢ _1 1
X — —_ = —_— _—mm = _
v i P Lo’ 9re?-1 ¢ ¢

8+4V5 4V5
5+2V5 5

> B+4p)x=8p+4=>x=

Therefore,

S a(m) 45
0= w5

1669. If we define

xntl k! 2

_1)n. no_1\k
S(x,n)=( L) . ) -sin(k—n+x)-x"
k=0

Then prove:
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2m

T
lim llm S(x,n) = 1

mn—0oo
n=0

Proposed by Amrit Awasthi-India
Solution by Ravi Prakash-New Delhi-India

1. LY
Forx;tO,S(x,n):( 1 n!. ) -sin(kn ).xk=

n k=0
n\ d*(sinx) d* % (1 d" /sinx o
=kZO(k) dxk dx"—k(;)zﬁ( p );(byLelbnlz s theorem)
_d"{l( 13_|_15 1 ) d"lx2 x* x6+
Tdxn x\F T3 Tyt T dx" 51 71
r 1,ifn=0
0,ifn=1
——,ifn=2
lim S(x,n) = < ;),1fn—3
*0 —,ifn=4
51
0,ifn=5
1
\—71fn 6
Thus,
2m
. 1 1 1 (-)m
OllilgS(x,n)—lemS(xZn)—1—§ §—7+---+2m+1
n=
Ii Zm1 SGom) = lim (1—s42 2 O\ @
fim ) N sGom =im (1-3+5 -5+ -+ g7 ) =
n=

1670. Find:

3x 13x
Q= f cosh(3x) - cosh (7) - cosh (T) dx

Proposed by Daniel Sitaru-Romania
Solution 1 by Ruxandra Daniela Tonilad-Romania

3x 13x
Q =fcosh(3x)-cosh( Z) cosh( > )dx—

3x 3x 13x 13x
B f e3*+e 3 ez +e 2 e2 + e_Td B
pu— 2 . 2 . z x frd
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13x 13x

1 3x _3x 13x _13x
=—j(e3x+e‘3x)<e2 +e 2)(e2 +e 2)dx=
13x 13x

8
1 9x  3x Bx 0 9xy o 13x  13x
—gj(ez +ez +e 2 +e 2)(e2 +e 2)dx=

1
— §f(ellx + e 2% 4 8% | o75x | 5% 4 o8x 4 o2x | e—llx) dx =

1 e11x _ e—11x er _ e—Zx eSx _ e—Sx eBx _ e—8x
8 < 2 + 2 + 5 + 8 > +
sinh(11x sinh(2x sinh(5x sinh(8x
_ (11x) N (2x) N (5x) N (8x) e
44 8 20 32

Solution 2 by Rana Ranino-Setif-Algerie

() cosh(a) + cosh(b) = 2 cosh (a ; b) cosh (a -2|_ b)

3x> . cosh (13x) _ %(cosh(8x) + cosh(5x))

cosh (7 =2 )"

cosh(3x) cosh(8x) = %(cosh(llx) + cosh(5x))

cosh(3x) cosh(5x) = %(cosh(8x) + cosh(2x))

Hence,
3x 13x
cosh(3x) - cosh (7> - cosh (T)

(cosh(2x) + cosh(5x) + cosh(8x) + cosh(11x))

=

Therefore,

3x 13x
f cosh(3x) - cosh (7> - cosh (T) dx =

sinh(11x) sinh(2x) sinh(5x) sinh(8x)
=" T8 ‘tT20 T3z *tC

Solution 3 by Ankush Kumar Parcha-India

3x 13x
Q= f cosh(3x) - cosh (7> - cosh (T) dx =
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3x 3_x 13x 13x

_je3x+e‘3x ez +eZ e2 +e 2
B 2 2 2

dx =
1 11 2 8 5 5 8 2 11
=3 (e *+ter+e*t+e ™ +er+e et t+e x)dx=

1
= Zf(cosh(llx) + cosh(2x) + cosh(11x) + cosh(5x))dx =

sinh(11x) sinh(2x) sinh(5x) sinh(8x)
=" 8 ‘720 T3z °

Solution 4 by Hikmat Mammadov-Azerbaijan

C

3x 13x x=2t
Q= .[ cosh(3x) - cosh (7) - cosh (T) dx =

=2 f cosh(6t) - cosh(3t) - cosh(13¢t) dt =

j- e6t + e—6t e3t + e—3t el3t + e—13t dt
B 2 2 2 B
1 eZZt + e—ZZt + el6t + e—16t + elOt + e—10t + e4—t + e—4—t
B Ef 2 de =

1 1 1 1
= E,f cosh(22t) dt + Ef cosh(16t) dt + Ef cosh(10t) dt + Ef cosh(4t) dt =

=1 cosh(11x)d(11x) + %f cosh(8x) d(8x) + %f cosh(5x) d(5x)

+ %f cosh(4t) d(4t) =

sinh(11x) sinh(2x) sinh(5x) sinh(8x)
=" a4 T g Tt 20 T3z TC
Solution 5 by Nelson Javier Villaherrera Lopez-El Salvador

3x 13x
Q= f cosh(3x) - cosh (—) - cosh (—) dx =

2 2
3x - 3x  13x 13«
fe3x+e‘3x e?te? ez te 2
= . . X =
2 2 2
1 11 -2 8 -5 5 -8 2 -11
=3 (eM1* + e72% + %% + e75% 4+ 5% + 78 + e2* + e711¥) dx =
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1
= Z](cosh(llx) + cosh(2x) + cosh(11x) + cosh(5x))dx =

3 sinh(11x) N sinh(2x) N sinh(5x) N sinh(8x)
B 44 8 20 32
1671. Find a closed form:

+C

T
Q =f Jtanx (1 — tanx) dx
0

Proposed by Abdul Mukhtar-Nigeria

Solution 1 by Ose Favour-Nigeria

T

1 2_ Tu?v1 — u? u=siny
sz \/tanx(l—tanx)dxu ganJ ——— du =

0 o 1+u

V3 Y3
5 ff sin®y cos’y =~ 5 j‘i csc2ycot?y
"), 1+sinty "), cscby+cscty

u?du

csc? ycot?y uscoty foo _
o (+u2)2+1)(A+u2)

T
2
- ZfO (14 cot?y)((1+ cot?2y)2+1) dy =

oo 2 o
PF. u -+ 2 du T
=2 —————du — =2(Pd——
(fo w2k 42 fo 1+u2> (*-32)

(D_f°° u? +2 d _1j‘°° u? +2 4
), w2 T2 w2z 2™

z2+2
z*+2z2+2
24 +222+2=0=>t>2+2t+2=0;(t = x?)

@(z) = poles of ¢

3im

t1=—1+i=ﬁ(—%+%)andt2=—1—i=\/§e‘T

7z +2 a=%2
@(z) = 3im S
() aeE)

B 72 +2

- 3ix 3ix 3in “3in
(z—ae8><z+ae8>(z—ae 8)(z—ae 8)
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3im _3in
= j(p(z) dz = Zin{Res ((p, ae 8 ) + Res ((p,—ae 8 )}
R

3in 3im
3in ale % aled +2 _3in
Res( aeT> = - = - e 8
¢ 3in . . 3m 4ia
2ae 8 V2 (2i sin -
_3in _3in
_3in a’e 4 _afe 4 +2 3nm
Res ((p,—ae 8 ) 3in = dia es

a . . 3m
—2ae 8 (—/2) (Zl sin T)
3ir 3ir
a’e® +2 3in q’e 4 +2 3in
z.f(p(z)dz—Zm' — e 8 +————e8 ;=
4ia 4ia

T 3in 3in 3in 3in T 31T
2 o - 2 = =

=—1ia“e 8 +2e 8 + a‘e 8+2e8}=—2+ 2)cos—

al 77 @+ VD) eosy

1 T 3
=EL¢(Z)dZ=ﬁ(2 +\/§)cos?

T T 2++2 3n
Q= ( (2+\/_)COS__E>=1T<WCOS?_1>
Solution 2 by Kartick Chandra Betal-India
7 1/x(1-x) vx
_.[;) \/tanx(l—tanx)dx—f 1+x2 m

_j‘ Vaxdx 5 e xzdx B
Cy A+ 0)G2+2x+2) Ty (A+aB)(xt+2x2+2)

“( 1 1422 11' °°A<1+g>+3<1_g>
=2.I;{ - }dxzz-z—fo dx =

1+x%2 x*+2x2+2 x2+2+2
o d(x—@) o d<x+g>
—n'—Aj; \/iz Z—BL \/EZ 2:
<x——> +(\/2+2\/E) <x+7> —( 2—2\/5)
A

e o [ (x —x\V2V2 +\/_>
2422 z\/ 2 _xJ2V2-2++2
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_,,<1_L>_,,<1_ﬂ>_,,<l__vl+ﬁ>
JZ+2v2 272 + 2v2 2

2++/2

A+B=2A-B=+V2,A= >

1672. Find:
1 x-log?x
- f Fr 1
Proposed by Hussain Reza Zadah-Afghanistan
Solution 1 by Rana Ranino-Setif-Algerie

_fl x-logZx _1j‘1 log? x _1J1(1—x2)10g2xd t=x6
X +x2+17 T8, 1— x® x =

= —_—dx =
0o X8+xt+1 8

1 1 (x%_l — x%_1> log? t
- 1728,[0 1—t 17282 {‘I’(Z) ( ) v ( )}

{168((3) + 4313}

~ 1728

Therefore,

Q_J‘l x-log?x _7¢(3) w3
0

i1 72 "1aas3

Solution 2 by Soumitra Mandal-Chandar Nagore-india

1 1 5 2
x - log? x x—x>)log“x
[ g [,
0o X°+x*+1 1—x
_ xlog x x_12‘/7 ! 12\/_ 212 1 _
Ql_ 1 x12 12 lldy_
0 12 y
5
1

= f1y612d—12f1"‘%12d
T1728), 1-y B YV T s L), Y TR YW

2
3

1 i 5
f y elog’ydy =
0
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Q; = 8642 1 35 (v Pa(2) = (- 1™+ in! 2( + k)n+1

o)

wz<1>=<—1>z+1z'z e

6 k= 0(k+ k=0 2

¥: (g)

1728

0 j x> log? X f Yy log2 " 1 1 Jl log? y
2:
0

x12 1212 Y11 Y = 1728 o (1— y)\/—

2
17282J log”y dy

2

(o] (o] 1
Q, = 1 z 1 _ (s Z Y, (7)
864 e (k + %)3 1728 2

O =

ﬂl=_

Kt
f y zlog*ydy =
0

k:() _

_ ¥a(3)

= =728

1 1
Y2 (7) L (g) _168((3) + 4V3m?
1728 B 1728
Solution 3 by Ose Favour-Nigeria

1 2 1 2
x-log“ x =21 log“u
Q:f%d"uzx _f #du
0o X°+x*+1 8/, u*+u +1

1 a 1.,a a2
Q(a):f u_du:f w@-u’)
0

o Ur+ur+1 1—us

Q=

Q(a) = ®(a) — ¥(a)

1 1 Bl | it
®(a) :f u® du:f u“ du = f uLton dy = E ;
o 1—u o 1—ub 200 sa+6n+1

n= n=
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w(a) = j - Z f “+2+6"du—§:—1
1-u a+6n+3

n=0

[ee]

1
Q =_Z
(@) a+6n+3+ Oa+6n+1
n=

n=0
(o]

.:Znia=_¢(0)(a)
R e L Y ST S RICS
(@) = <¢(1> (“ = 3) o (25 1))

2"(a) = m(wm (&) -v* ()

Q- 1 Q" (0) = L2 (7) — ¥, (g) _ 168¢(3) + 4+/37?
- 8 B 1728 B 1728
Solution 4 by Yen Tung Chung-Taichung-Taiwan

Q_fl x-log?x p j‘l log?(\/y) 1d _1f1 log? y y=e~?
)y x4+ xt+1 X Y +y2+1 27 78), Yy ry2+1
_1f°° z%e”? d _1j‘°°zz(e‘z—e‘3z)d B
“8)y 1te2zteu?Tg) T 1-eez T

1(” 1(®
=§f zz(e"z+e‘7z+e‘13z+---)dz—§f Z2(e¥ +e % +e 157+ ... )dz =
0 0

1/r(3) r@3) r@) 1/r(3) r@3) re@)
:§< TERR FRRE EE +"'>_§< 33 " 93 153 +>

_ 1(1 1 N 1 1 4 1 1
4\13 33 73 93 133 153
Solution 5 by Abdul Mukhtar-Nigeria

B4ty 1—x12 Q fl x-log?x p flxlogzxd flxslogzxd
= = = _— = S _ B =
ror 1-—x* 0o X2 +xt+1 X o 1—x12 * o 1—x12 *

+ ) = 0.24117

=H-]

1,p-1 2 _ 0o —tp 42 oo
xP~log~ x e e 'Pt
f —idx * :e f —12tdt = f tZe—tpz e_IZkt dt =
k=0
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Z U t2e-tp+12k) dtl Z l(P - 12k)3 tz -t dtl —T3) =

k=0
ZZ(p+12k)3=864z p\3
k=0 k=0 (k+—

1
((s.p)=z(n+p)s

€= 8%4 [( (3%> N ( )] 432 137 (4 (3) — 53)

cos?2x+1
T qcos?2x+1

® = a® + a* + 8a3 + 8a? — 32a.

1673. If we have f dx = ma, then find the value of

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Rana Ranino-Setif-Algerie

T
0 f" cos?2x +1 i j‘i cos?2x+1 . t-tanxa+1=h
= —_——dx = _—ax =
_pacos?2x+1 o acos?22x+1

Sf 1+t Qe =
0 (b2+t2)(1+t2)2 B

8(b4 + 1)f f 16b? f°° dt
-1)2 ), b%+ t2 b2 -1J), 1+ t2)2 b2-1)2), 1+
41t(b4 +1) 4 8n>  4m(b®*+b+1)

S P12 ThE-1 BE-12  bb+1)?
A4r(b>+ b+ 1)
b(b + 1)

=m(b>?—1)=>4b>+4b+4=b°+2b*—6b>-5b—-4=0

2b* — 6b% — 4 2a2 —-2a-8
b= 5 — bt ’ a+1_4—a2—2a

4a* — 8a® — 28a? + 32a + 64

a* + 4a3 — 4a%2 —16a + 16
® =a’+a*+8a’+8a?—32a =48

1674.f0 <a < b < gthen:

a+1=

b
3_[ sinx - sinhxdx < b3 — a®
a

Proposed by Daniel Sitaru-Romania
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Solution by Adrian Popa-Romania

b
b3 - a? =x3|z=f 3x%dx

a

We must to prove:

b b
31 sinx - sinhxdx < 3f x2dx

a a
sin x - sinh x < x%,x € [a, b]

Let f(x) = sinx - sinh x — x?; f(0) = 0, then
f'(x) = cosx-sinhx + sinx-coshx —2x;f'(0) =0
f'(x) =2cosx-coshx—2;f"(0)=0
f""(x) =2(—sinx-coshx + cosx -sinhx); f""(x) =0

f@)(x) = —2sinx-sinhx < 0; f(0) =0

B3|

z|0
(@) o - - - = =

@) 0 T—
i) [0 T T—
A e —
f@ o T TT—

Thus, f(x) < 0,Vx € (Og) = sinx - sinhx < x%,x € [a, b]

b b
Sf sinx - sinh x dx < Bf x2dx
a a

1675.f € C?([a,b]),0 <a < b, [ f(x)dx = 0

Prove that:
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b— b
(F®) +f@)" <5 [ (F'0)

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution by Chris Kyriazis-Greece

Lb(x—“;b)zdhF(x_“bﬂb=(b—a)3_(a—b)3=(b—a)3;(1)

3 2 24 24 12

Lb(f’(x))zdx-fab(x—a;b dxcgs J f(x) x—a-zl-b)dxr(zlg

2

b

—J f(x)dx
S

(b — - a)3f (f (x)) dx > l(x—%b)

(bl;Pj~U())dx>[———f®)+———fwﬂ

(b a)3

fU(Dd

(fb) + f@)? <2

1676. If f € C*>([a,b]),0 < a < b, f(a) = f(b) then:

/ 2 b - a b r 2
(1) <=5 [ (") dx
a
Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution by proposer

b b
f (x — a)f"(x) dx = f (x—a)d(f'(x) =
b
=u—@fmm—ffumu—m=

b
=(b-a)f'(b) —f f(x)dx=((b-a)f ) - fx):=
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=(b-a)f'(b) - f(b) + f(a) = (b—a)f'(b); (1)
b 2 b b
(j (x—a)f"(x) dx) cgs f (x —a)?dx- f (f”(x))2 dx =

_ - a)3

b
"(x0))" dx; (2)

f (7" () dx

From (1) and (2), we get:

b — 3 b
( a) J (f”(x))zdx

(b - )?*(f' (B)" <
Therefore,
2 b—a (b 2
r®) <232 (@) ax

1677. f € C*>([a, b]),a < b, f(a) = f(b). Prove that:

2 2 b 2
3-max((f’(a)) ,(f' (b)) )S (b—a)f (f"(x)" dx

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution by Kamel Gandouli Rezgui-Tunisia
j;b(x —a)f"(x)dx =[(x—a)f (x)]5 - Lbf’(x) dx =
= (b -a)f'(b) - f(b) + f(a) = (b—a)f'(b)
(j;b(x - a)f”(x)dx)z e fb(x —a)?dx- fb(f”(x))2 dx

b 2 3
( | (x—a)f”(x)dx> < 3“) f (F' )" dx

b — 3
w-wrro) <5 [y ax

b— b
r®) <=3 (@) an @

b b
[[o-vr'@ax=16-or@ik+ [ rax=
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=-b-a)f'x)+fb)-fla)=-(b-a)f(a)
b 2 b b
< f (b—x)f”(x)dx) £ f (b—x)? dx - f (F" ()% dx

b b
b-a)?(f (@) < j (b — x)%dx - J (f" ()" dx

b - a)(f (@) < L _3a)3

b
[ a

b— b
[y an@

(F(@)" <
From (1) and (2), we get:
b
3 - max ((f’(a))z, (f’(b))z) < (- a)j (f”(x))2 dx

1678. Prove that the following equality holds:

2

> Hy, (411) _ 5m* log?2
n24n\2n) 12 2

n=1

1 1 1
R 2 _ _
\/2) + 210g?(8) + > log (2) log(17 + 12v2)

where H,, is Skew Harmonic sum, Li,(x) is dilogarithm function and J; is Silver ratio.

— 4Li, (

Proposed by Naren Bhandari-Bajura-Nepal

Solution by Rana Ranino-Setif-Algerie

2= (o)

11 w
(~)H =10g2—f1 il dx-i<4n>:B(Zn-l_i’?):zfzsin“"xdx
2n 1+x " '24\2n T 0
B
ZZ 24"_ n24" L1rx™

T

2log2 1 (2 2log2 (2
— 8 Z_f sin xdx = — & flog(l—sin4x)dx=

T - n 0 s 0
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_ 2 log 2

2log2
= j log(cos x) dx — 5
T T

f log(1 + sin? x) dx =

2log2
=2log?2 — g

1+V2
f log(cos? x + 2sin? x) dx = 2log? 2 — 210g210g< >=
0

= 4log? 2+—log( >log[(1+\/_)] = 4]og? 2+—log< )log(17+12\/_)

> (om)n = (e v -

V1 + 4x \/1 4x

1
1; (le < Z) .Take 4x = t,

n=1

+
2t\V1+t V1-—t

t

Integrating both sides, we have:

o)

Z(2n>n24n=fx£( — _Z)dt

- o t\W1+t V1i-t
Il ‘\/t+1—1|Jrl V1 — —1‘ 2 lost
=|log|[————| tlog|———21lo
g\/t+1+1 g\/l—t+1 8
i(tln) xZ"_l \/x+1—1_|_l
T LI N ] e
n=
11 Vx+1-1 L | 1-V1—x
Bzf -log dx+ | ——- log| ———=)dx —
0o x+1 Vx+1+1 0o x+1 1+V1—x
2j‘llogx—210g2
0

x+1 dx:Bl+Bz+B3

S

X

0
V1—x-— ‘
———— | —2logx+4log2
Vvi—x+1 8 8

1 Vat1-1\  »=m1_ ('1. (1-
R i o E
x+1+1 1y 1+y
V2
_ 1. 1 ) /1 1
=2 [—ZLlZ (y) + = Li,(y )] . = —3Liy(1) + 4Li, (—) — Li, (—)
2 1 V2 2

1

O G IEEY o P
27 ) x+1 1+V1—x

129 RMM-CALCULUS MARATHON 1601-1700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1-1 1 log(]_ + x) 1 log(l + x) x=sin% x
= [lo log(1 +x f —dx=—f ————dx =
I g<1 Vi ) 8( )l xV1—x o xW1l-—-x

1og(1 + sin? 2 (-Dk (2
=—2f 0g(1 + sin x)dx=22( )Jsinz"‘lxdx=
0 k=1 k- Jo

sinx
o (—DT(R) < (- T2(k o (—)k(k)?
-y ST (Zk)I‘(ZIE)) = (k-(l- 1))(2(k J)r D~ ~2(sinh (D)7
- kT (k + i) k=1 k=0 ’
B, = —21log?(8s)
llogx —2log2 m?
— _ — 2
B3 = ZL 1 dx 6+410g 2
B—4L'<1> log2 2 7 21og?(8s) + 2+41 22
Therefore,

- 4n\ 5n® log?2 1 1 /1
- — — i [ — 2 _ _
2 n2in (2n> 12 5 4Ll ( ﬁ) +210g*(85) + 5 log (2) log(17 + 12+/2)

. - . . 1
1679. If f: R} — R} is continuous function, (xX,)n>1, Xn = Dp=1 - then prove:

y e‘n+1 f(x _ ex") o - ,
W% o Fleme =)+ flx—em) T alm (€7D

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Kamel Gandouli Rezgui-Tunisia

Xn+1 f(x _ exn) x=e*nt+e*n+l—y
I, :f dx =
en  f(€Mm+1 —x) + f(x — e*n)
_ j-exn+1 f((ex" + e*nt1l — y) — exn) o
etn f(exn+1 — (e*n + e*n+1 — y)) + f((exn + efnt1 — y) — exn) Yy

_ f e*n+1 f(y _ exn)
o @) fl—em
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21, = | Uy —em) + flei—y) f
" e*n f(ex"+1_y)+f(y_exn) Y= e

dy

Xn

eXn+1 — exn 3e*n — e¥n+1
= —-—p*n — — 0000
=1, 2 e >
x, =logn+y
3e¥n — e*n+1 3e*n — e¥n+1
. . x, _S€T ey L Sem —emt
tim 1, = lim (e —=—5~—) = lim =—
= lim neY = llm (e*r —neY)
n—oo
Solution 2 by Marian Ursdrescu-Romania
b b
x—a —a+b— b—-t
Let] = fx=a) dx”ébtj o= 4 )
=)+ f(x—a)  f(b—)+ft—a)

(" fb-x W
Let]_,];f(b—x)+f(x—a)d !

b b—a
I+]=f dx=b—a=1I=]=
a

2
.[_exn+1 f(x _ exn) exn+1 _ exn
e St —x) + f(x — exn) 2
e*n+1 x x X
X —en efn+l — e*n
lim f( ) dx =1lim ——=
n-o J x, f(e*n+1 — x) + f(x — e*n) n-oo 2

1

1 1 e*n (en+1 — 1) 1 e*n

=3 lim e*n(e*n+17%n — 1) = —lim =—1li
n—-o0o

= — m—=
20 1 . 2n-0om+1
n+1 (n+1)
1 : n et 11 et _11 x logn_l Y- (3
TZaBRTl n  2nbemer 2a0B° 2¢7

Now, we have:

lim (¢*» — ne?) = lim (e*n — e'°8me?) = lim e'°8™(e*n~lo8n — V) =

n—-oo

n—-oo

—logn

e n—l0gn _ oV . _

= lim n(e* 18" — ¢¥) = lim ————— =
n—->oo l
n

exn+1_l°g("+1) —

exn—logn exn—logn(exn+1—log(n+1)—xn+logn _ 1)
= im 1 1 = lim 1
n+1l n n(n+1)
131
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exn eﬁ—log(n+1)+logn -1
= lim —- —
n-o N _ 1
nn+1)
en—il—log(n+1)+logn -1 1
= — lim e*~ - . ( —log(n+1) + logn) =
o n-1+1‘(ni1‘1°g("+1)+10gn) n+l
= —lim(n + 1)e¥n - — (n+ Dlog("37) e 1-(m+ Dlog(1+5)
- nl—>r2> n € n+1 T pSwelogn 1
n
1
1-(n+1logl1+= )
= —lim exn_l(’gn . ( ) g( n) = _e?- llmx + (x + 1) lOg(l + x) L=H
n—-oo l o0 x2
n
1-log(1+x)—1 —log(1+x) e’
= —e’ lim g( ) = —eV limL — (4)
x-0 2x x-0 2x
From (3) and (4), we get:
e‘n+1
f(x —e*) .
i = li n — Y
111_1—>r£<l) e¥n f(exn+1 _ x) +f(x _ exn) - lllg (e ne )
1680. Find:

Q= 11111?0 (2n - 1) (sin( . ,(;;_Jr 1)'> 1)

Proposed by Shivam Sharma, Anisha Garg-India

Solution 1 by Asmat Qatea-Afghanistan
! nl 1
( n): , lim \/_z—andlimnlz Zn'n(g)

n

— DIl =
2n-D!I = gy Jim —— = — lim
n+1
m yn+1
1. Y(2zn)! i m+1)
Q=-lim —; sin — -1]=
2n-0 {/pl n
Z'T-n
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1

N

. e . (r(n+1)
T (155 )

1 PvE nn+1) 2 T T
_ T e . _ “ _
=3 1111_)1130 n <sm < on > 1> p 1lll_)r£10 n (sm (2 + Zn) 1)
e

pmson ) pms- EL )-

e n-o 2! 4!

=2y LA =0
T enom\ 21-4n " 41- 2413 =

Therefore,

Q='lli_r)£10"\/(2n—1)!!<si ( ' (,{7_-'_1)') 1>=0

Solution 2 by Kamel Gandouli Rezgui-Tunisia

Q = lim %/(Zn - D! (sin (n— VE"JFD) 1> _
n—oo ZW

n+1/(n+ 1)

T e

= lim
N—00 2nnl n+1 1 n 1
V Sn +1! 1 Vn!
Vn!
n+1/ |
. T sin (n+1)! -1
N sin5;x—1 2 ’{/_
n! = Znn(—) Jlim—2— " = _1 > lim -1
e/ "x-1 (x—1)2 noo M) 1

Vn!

3 3

RO R SO
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(3 -1) (01

("J\l/ (n+1)! )2 5
TR i 1 n?
n n
((1 + 1)% - 1) ((1 + 1)% _ 1)
2n n n 1

n|(2n)! (" (n+ 1! X ’ B B
2nn! o ) T e 1 ' 1 ‘n?z -
n n

2 0
= — >

e 1 1 ne

n n
Because:
3
(1+3)- :

. n . @+x)2z2-1p4
lim =lim— =1
n—oo 1 x-0 X

n
Therefore,

Q = lim \/(2n — 1)!!| sin mY @t D 'En-l_l)' -1|=0
n-o Zm

1681. Find:
log(sin x) + log(cos x) + log(tan x) + log(cot x)

Q=1
xlltl)}, log(sin 2x) + log(cos 3x) + log(tan 4x) + log(cot 5x)
Proposed by Hikmat Mammadov-Azerbaijan

Solution by Kamel Gandouli Rezgui-Tunisia
P log(sin x) + log(cos x) + log(tan x) + log(cot x) _
B xilg:. log(sin 2x) + log(cos 3x) + log(tan 4x) + log(cot 5x)
_ log(cos x - sin x) B
N xir(lﬁ, log(cos 3x - sin2x - tan 4x - cot5x)

log (sin X - COS x) +logx

= lim - X =
x>0, log (sm 2x - cos ;; f&n 4x - cot Sx) +1og8 +2logx
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— lim log x I 1 _
i log(cot5x) + log8 + 2log x ~ 0 log(cot 5x) +2
log x
1 1
= lim = lim - =
x—>0+ log(cot5x) — log(sin 5x) 04 _ 1o (Sln Sx) —los Sx
log x 8\ "5x g +2
log x
= li —1 = lim ! =1
_xg&_long_l_z x-0, — log5—logx+2_
log x log x

1682.I1f x,y,z€ Rym,n € NU {0} and ¢p(x,y,z;m,n) =

131£(ﬂﬂﬁ%

5 35m o7 r@ ) then find the conditions imposed on x, y and z such that

the following relationship holds:

z (:) (—rkp(yz—x,y,zzm+kn—k) = (—1)™¢p(x,y,z;m,n)
k=0

Proposed by Angad Singh-India

Solution by proposer

It is known from the properties of Beta and Gamma function that,

rG)riz-3)

I'= fo aror ™=y
. _ L [CE log™(t)log"(1 + ty)
¢(.7C;y;z; m, n) - (_1) j(; (1 + ty)Z

Substituting t = iin the above integral and then expanding (log(1 + t¥) — log(t”))",
using binomial theorem and simplifying in further, we obtain the desired series in L.H.S..
Notice that (l) will exists iff the above integral converges. Observe that, converges of

® Lt log™(t) log"(1 + t)
(1 + tY)z f -1 1+t)>

dt,converges. Now,

tx1 1 -1 © 9
(1 + t)’)z =0 (tyz—x+1> = 0 (1 + ty)z dt=0 (L tyz—x+1 dt)
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Thus, integral I will convergeifyz—x+1>1>=>x <yz.
Observe again that,

co tx—l 0o gyz—x-—1 0o 1
I—jo (1+ty)zdt— ) (1+ty)zdt— 0<f0 tx+1dt>
Thus, integral I will convergeifx+1> 1= x > 0.
Now, y and z cannot be less than zero since that will lead to a contradiction.
Let y = —u and z = —v, where u and v are positive real numbers, following the same line
of proof we obtain, x < 0 and x > uv, which is not possible. Therefore, the integral I
converges and the series exists if 0 < x < yz;y > 0,z > 0.

1683. Prove that :

T
3

5
f(ZSinx+2cosx+\/E) dx > 2432
T
2

Proposed by Pavlos Trifon-Greece
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma : VYa,b,c > 0, (a+ b+ c)® > 81abc(a? + b? + c2).

(a+b+c)®
Proof : (a+b+c)® = Thic
_[(a® + b% + c*) + (ab + bc + ca) + (ab + bc + ca)]? -
a+b+c o
AM_GM 33 (a2 + b + ¢2).(ab + bc + ca). (ab + bc + ca)
- a+b+c
_3%.(a®? + b* + c?).(ab + bc + ca)? -
a+b+c -
S 33.(a? + b% + ¢?).3(ab. bc + bc.ca + ca. ab) _ 8labe(a? + b + ¢

a+b+c
- (a+ b +c)® = 81abc(a? + b* + ¢?),Va, b, c > 0 with equality iffa=b = c.

T T
Fora=2sinx,b=2cosx,c = \/E,wherexe [Z,g],we have :

5
(2sinx +2cosx +v2) >81.2sinx.2cosx.V2.(4sin? x + 4 cos? x + 2)

= 972+/2.sin 2x

/4
With equality if f 2sinx = 2cosx =2 or x = R
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T

sin2xdx =

B R Wl

3
5
Now,j(z sinx + 2 cosx + V2) dx > 972V2
w

4
[

= 972vZ| — 0052(2'3) __ COSZ(Z'I) = 972\/2.% = 243V2.

5
Therefore, (2sinx + 2 cosx + V2) dx > 243V2.

B A— wly

Solution 2 by proposer

Lemma.Ifx,y,z > 0,then 3/81xyz(x2 + y2 + z22) < x+y +z

(x+y+2)° ((x+y+2)?%)°

Proof. (x +y +2)° = =
xX+y+z xX+y+z

3 3
(x2 +y2+ 22+ 2(xy+yz+ zx)) AGM (3 @2+ yr+z2)(xy+yz + zx)z)

x+y+z xX+y+z

27 +y? + 28 (xy +yz +2x)*  27(x% +y? +2%) - 3(xy’z + yz®x + x%yz)
B X+y+z B xX+y+z B

_ 8lxyz(x* +y* +22)(x + y + 2)

=81 2+ y%+ 22
xX+y+z xyz(x"+y" +27)

V81lxyz(x2 +y2 +z2) <x+y+z
Equality holds for x = y = z.

2 (4
X - Ssinx;y—->cosx;z—>—;xX€ [O'E] =

2
2 5
. V2 ) V2 . V2
81smxcosx—7 sin“ x + cos“ x + > < smx+cosx+7

5
V2
<sinx+cosx+7> = 60,75-\/E-sinx-cosx:>

5
(2sinx +2cosx++V2) >1944-V2 sinx- cosx

Equality holds for x = l—r. Now,
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W[y

5
(2sinx + 2 cosx +V2) dx > 1944V2 - L (sinx - cos x)dx

4

L | — Wl

n

sin 2x dx = —486 - V2cos 2x|3 = 243V2
)

Wiy

972~x/if

1
Therefore,

5
(2sinx + 2 cosx +V2) dx > 2432

B R — wly

1684. Let (y,),>1 be the sequence such that y,, = ” o [\/_ + ] then
prove the following holds

m2 . 3y, ¢ 3 5
m=1 n=m
© ( 1)1n+1
Z 3y —4Gn——((3)——log2

m=1
where {(2) is Rlemann zeta functlon, G is Catalan’s Constant and [-] is

greatest integer function.
Proposed by Naren Bhandari-Bajura-Nepal
Inspired by Florica Anastase’s limit

Solution by Rana Ranino-Setif-Algerie
n?+n

- kZl [\/EJF%] ~3n(n+ 11)(2n+ 1)

I I Y Y
B m? 3y, m2Z.nn+1)2n+1)
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3
1 (t‘l - t‘i) Li, (t) o=
dx

Li(x*) L Liy(x?)
__((3)-'_2]0 1-t —<® 4f ch(1+;vc)dx_4j0 1+x
1 2
= —4(3) + 2Li5(1) — 4[log(1 + ©)Li(x?)]} — 8 j log(1 — x il"g(l 0 gy =
0
1 —
3 - ZTnZlogZ _ 4J 2log(1 — x%)log(1 + x) dx
0

X
I

11 21+ 11 21_ 2 11 21_
Izj og*( x)dx+j og*( x)dx_j 0g"1-x)
0 0 0 x

_fllog2(1+x) Jllogz(l—x)
—Jo x 2, x

l1og2(1 4+ x (=1, (1 = (=1)"H,,_
[RECKCEEAN oY PP o1
0 x 4 n+1 0 e n

n=

- (-D"H, (-D" {@3)
= 2 z 2 —_ =

nd 4
logZ(1 —x log? x o (1 1
f L)dxzf & dx=2fx"‘llogzxdx=22—3=2{(3)
0 x o 1—x 0 n
n=1 n=1
¢(3) 3¢(3)
I=——((3)——T
Hence,
“_i ! i L 403 - P log2
- Lam? L. 3y, ¢ 3 8
m=1 n=m
Now,
A_i(_l)"H-li 1 3 ( 1)m d 1
B m? 3y, n(n FD2n+1)
m=1 n=m m=1

Z(riz)mZ(n n+1 2n+1>
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(" [29 (m +3) - 9m) —pGm+ )]

=_Z —

m=1

(~0m 29 (m +3) - 29(m) — ]

-y 2 _

m=1

1
— m—5
1tm 1_t 2

3 - (-1
=_Z“3)_2; mZL ——dt =

1 1),.
3 1(?_ﬁ>“2(‘” e=x?_ 3 ' Li(—x?)
=—Z((3)—2.f0 1-t dt =__((3)_ J x(1+x)dx=

3 1Li,(—x?) Li,(—x?%)
=@ | dx+4j0 2

A
1 Liz(—xz) d

1+x

3 , YLi(-x%) 3
A=——z(3)—zu3(—1)+4f0 r dx—Z((3)+4J.

0

logy llogy 1 1-—x
.f.f(1+x2y)(1+x)dydx f1+y (1+x_1+x2y)dxdy_

1
logy l 1 tan~'(x,/y)
= log(1+ x) + —log(1+ x?y) ————*| dy =
.[;)14‘)’ g 2y g y \/— y

0

logy logylog(1+y) 1logytan‘l(\/—)
gz [ 0 1 o >
y+1272), T Yo+ D o +1y

( 1)11 B n.Z

fllogy Z( 1)”f y*logydy = Z

oy +1

j‘l log ylog(1+ y) fl log ylog(y + 1) 4 fl log ylog(1 + y)
= y — dy
0 0 0

yy+1) y y+1
1 n n
fo logylog(1+y) Z( 1) fyn log ydy — Z( 1) 3«3)
'logylog(1+y) logZ(1+y) . ¢(3)
fo ) dy = [Elogylog2(1+y)]0—§f0 — dy =~~~
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Hence, we get:

jllogylog(l ), KB B 5B
o yo+D P72 T8 T8

110 tan_l tanZ @ :l'_t
f gytan”'(\/y) | yTe j 0 log(tan 6) d6
0 0

(y+ Dy
= —82 o J 0 cos((4n —2)0)do =

_ 0sin((4n —2)8) cos((4n —2)0) i
__BZZn—ll 22n—-1) + 4(2n—1)2 L

(—1)" 1 7¢(3)
B=-m —1)2+ZZ(2n - et
n’ 5¢(3) 7¢(3) n? 33¢(3)
A——EIOgZ—T G—T—TI.'G—EIOgZ— 16
2 337(3) m? 15¢(3)
A—Z((3)+4n6—?log2— 16 —4n6—?10g2— >
Therefore,

m+1
( 1) 23 —4G1t——((3)——log2

m=1
n%+n
e I LI

i2+i i2+i
Z Z [\/—Jrz] Z Z l_ZZlZ_Bn(n+1)(2n+1)
i=1 k=i2-i+1 i=1 k=i2-i+1 i=1

1685. Find:
1 x-log?x
=j0 1

Proposed by Hussain Reza Zadah-Afghanistan

RMM-CALCULUS MARATHON 1601-1700

141



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by Rana Ranino-Setif-Algerie

1 x-log?x 11 log%x 1 (11 —x®)log?x  t=x8
T
0 0 1—x

x3+x4+1dx_8

—————— x_
0o X*+x2+1 8

1 1 (x%_l — x%_1> log? t
- 1728[0 1-t 17282{#}(2)( ) 1/)(2)( )}

{168((3) + 4+/3n3}

~ 1728

Therefore,

_j‘l x-log?x _7((3)+ 3
0

Brxt+17°" 72 144+/3

Solution 2 by Soumitra Mandal-Chandar Nagore-india

1 x-log?x 1(x—xs)logzx
Q_,fox8+x4+1 1z =
Q =fxlogx X‘lzx/_j'l 12\/_ log? /y ————dy =

1 o 1—x12 1212
1 [ty 1 !
Y loe? Zf k=21 2
= = 6
17281;1n—y10g ydy 1728 L, J, 7 log”y dy
1 5 2
f y“slog?ydy = ———
0 1

(k+5)

1 8642 1 3 '( ]I)n(z) - ( 1)n+1n'2( + k)n+1

o)

g g

kO(k+ 0 2

¥: (5)
1728

91:—
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1x5log? x t%/y5log? %[y 1 1 (' log?y
2z = ] T2 X f | f
0 0

d
1-y 1212 /y11 Y=1728), (1 - y)f

2
1728ZJ log* y dy

f y" Zlog ydy =——
0

Q, = 1 i 1 = s (v i Y2 (%)
864 e (k 4 %)3 1728 2

k=0 —

_ ¥ 2)

= =728

1 1
L2 (7) oz (g) _ 168{(3) + 4+/37?
1728 B 1728
Solution 3 by Ose Favour-Nigeria

1 x-log%x =221 (1 log%u
9=f el ol —f L
0o X°+x*+1 8), u*+u*+1

1 a 1.,a a2
2@ :f u_du:f w@-u’)
0 0

ut+u?+1 1—us

Q=

Q(a) = ®(a) — ¥(a)

<1>()—f1 v 4 —fl Y4 —ifl atén g —i !

Y= 1—us u_ol—uf’ u—_ o u__a+6n+1
a+2+6n

du Zf du = Za+6n+3

1 1
Q :_Z— -
(a) at+é6n+3 a+6n+1

o)

¥

Y(a) = f

=-9(a)
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1w 1 a+3\ 1 a+1
- A () — Zqh©®
X(a) 60a+36z a+16'p(6)6¢(6)
n=
'(a) = —<¢<1> (%5 3) o (25 1))

e R

V2 (%) L (%) _168¢(3) + 4V3n?

1
Q==-0"(0) = =
8 (0) 1728 1728
Solution 4 by Yen Tung Chung-Taichung-Taiwan
1 x-log?x =x2 (1 log? 1 1 (! log? —e~?
sz s—fdxyzxj 4g(;/_) 24 __j e —dy’ =
o X°+x*+1 y+y+12 8Jyy*+ty +1
_1f°° z%e? Qg = 1j‘°°zz(e‘z—e_3z)d _
“8)y 1te2ztenPTg), T 1-e6z T

1(” 1(®
=§f zz(e‘z+e‘7z+e‘13z+---)dz—§f Z2(e¥ +e % +e 157+ ... ) dz =
0 0

= %(FS) + F,S:) + 2(:3) + > _%<FS) + I‘;z) + 2(:3) + >
1/1 1 1 1 1 1
=Z(F‘¥+%‘$+ﬁ‘ﬁ
Solution 5 by Abdul Mukhtar-Nigeria

1—x12 1 x-log?x Ixlog? x 1x51og? x
XB4xtt1= :»ﬂzf—gdx:f—gdx—f X 08 % x=
0

+ ) =0.24117

1—xt 0o X8+xt+1 o 1—x12 1—x12
=H-J
1 p—1 lOgZ x y—e—t o8] —tptZ 0
———dx " = f L dt= f t?e™? ) e 12kt dt =
j;) 1 — x12 1 — el2t 0

ZU t’e —t<l’+12")dtl Z[(p+12k)3 t2 “td l—F(B)—z

k=0
k=0 P+ 12k) 864 k=0 (k + p

1
((s,p)=;(n+p)s
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1 1 1
= gea == = — _ 3
T [((3' 6) ¢ (3; 2) 132 > (42¢(3) - 537°)
1686.
T cos?2x+1 _
Ifwe have f 2 dx = ma, then find the value of
_gacos“2x+1

® = a® + a* + 8a® + 8a% — 32a.
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Rana Ranino-Setif-Algerie

dx =

T
T cos?2x+1 Z cos?2x+1 t=tan x;a+1=b2
Q= X = ——
o acos“2x+1

_pacos?2x+1

8f°° 1+t Qe =
B2+ )1+ 22

B 8(b* + 1)f f 16b? f°° dt
(b2 —1)2 b2+t2 b2—1 (1+t2)2 bh2-1)2), 1+
B 4(b* + 1) N At 8n? B 4(b’ +b+ 1)
b2 -1)2% b2-1 (b2-1)2  b(b+1)?
4w(b>+ b+ 1)
b(b + 1)2

=m(b>—-1)=4b>+4b+4=b°+2b*—6b>-5b—-4=0

2b* — 6b% — 4 2a%2 —-2a-8
b= 5 — bt ' a+1_4—a2—2a
4a* — 8a® — 28a? + 32a + 64
a* +4a3 — 4a2 — 16a + 16

® =a’+a*+8a’+8a?—32a =48

a+1=

1687.
0t 00 0 0 0 O
/tOtOOOOO
0t Ot 0 0 0 O
10 0 t0O t 0 0 O

R(t)_OOOtOtOO
0 0 00 t 01t O
0 000 0 ¢t 0 O
0O 000 0 0 0 O
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Prove the relation forn > 1

O RO e 8n’ — 42n° + 56n3 — 16n
f Tr[eR®]e™ dt = — = < >
0 n®—-7n°+14n* - 8n“ +1

Tr() — is the Trace of matrix and e®®) —is matrix exponential.

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Farid Khelili-Algerie

Let P(z) = z* — 723 + 142> — 8z + 1 and {A,J;r (t),k = 1,2, ..., 4} be the eigenvalues of

the matrix R(t), we claim that
A. det(R(t) —Alg) = [(y —3)(y — Dy +1]t% 2% =
B. ;(t) = tayt;0 < a, < 2;P(a2)=0;k=1

(y + 1)t?

2,..,4
4

o 2n 8n’ — 42n5 + 56n3 — 16n
C. f Tr(eR®)e tdt = Z > =
0 n

—a? n®—7n°+14n* —8n? +1
k=1

We first prove claim C then we prove claim B and at the end we prove claim 4

Proof of claim C: It follows from claim (B) thet

I =f Tr(eR®)etdt = Zf e"llt(t)e‘"tdt+2f e MWemidt
0 —i Jo — Jo

4 (o]

ZJ. —akt —-nt dt_l_Zf akt —-nt dt =

e Jo

1

o)

4 e
z f —(ak+n)t dt + Z f e(ak‘l'n)t dt
0 = 70

k=1

4
]":;(n:ak n-— ak> Z—

Since, by claim B, P(ak) =0,k=1,2,..,4 then

P(z)=2z*-72+142> -8z + 1= (z— a?)(z— a%)(z — a%)(z — a?)

and
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4
z 1 P(z) 4z3 — 212> + 28z -8
z—a? P(z) z*-7z%+14z2-8z+1

k=1
It follows that
2n P'(n?) B 8n7 — 42n5 + 56n3 — 16n

=2n =
n? — a; P(n?) n®-7n%+14n*-8n%+1

M-Ii

Jn =

k=1
The claim C is then demonstrated.

8n’ —42n° + 56n3 — 16n
n8 —7n® +14n*—-8n2 + 1

f Tr[efR®]e "t dt =
0

Proof of claim B: If follows from claim (A4) that the eigenvalues {/I,Jf (), k=1,2,..,4} of

the matrix R(t) are given by A{ (t) = +./y, + 1t, where the real numbers
{yi,k=1,2,...,4} are the roots of the equation

y-3)y-DO+1D+1=0.

Let a) = \/m, then the real numbers {ai, k=1,2,...,4} are the roots of the

equation
(z-4)(z-2)(z—-1)z+1=0.
Let P(z) =(z—4)(z—2)(z— 1)z + 1, then
P(z) =z*—72° + 147> - 8z+ 1;P(a}) = 0,k=1,2,...,4
Let y be a root of P(2), itis easy to see that P(y) = 1ify > 4,then 0 < y < 4,
and 0 < a;, < 2. The claim of B is then demonstrated.
B.ai(t) =+t t;0< a;, < 2;P(al)=0k=1,2,..,4
Proof of claim A: Let A(u) and B,,(u) the 8 X 8 real matrix and n X n real matrix,

respectively.

u 1 00 0 0 0 O
1 4100 0 00 u 1 0 .. 0O
01 10000 / ) 0\
u 1 0 0 O (0o =~ = = "~ 1]
AW=|2 0 07 u10olBw= 0 00
o0 00 1 p 10 o -~ - =~ = 1
0 0 00 01 u O 0 0 .. 01 pu
0 000 1 0 0 pu
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Letu = — %, then det(R(t) — AIg) = t® det A(u) and
detA(u) = uD, — (u? — 1)D,4, where D,, —is the determinant of the n X n matrix B,, ().
It is easy to show that D, satisfies the recurrence relations.
D,=uD, 1 —D, ;=W —1)D,_, —uD,_;
D, =[(p* - 12— p®)D,_y — p(u* —2)D,,_s
Since, Dy = ; D, = p* — 1; D3 = p(p?® — 2), then Dy = (u* — 1)? — p?;
D; = p(p* - 2)((p* — 1)* — 2p* + 1) and
detA(p) = puD; — (W* —1)Dy = (y - 3)(y - D(y+ Dy + 1, wherey = p* — 1.
It follows that:
det(R(t) — AIg) = t¥detA(n) = [(y — 3)(y — 1)(y + 1)y + 1]t8, where
A% = p%t%(y + 1)t%. The claim A is then demonstrated.
A.det(R(t) — Alg) = [(y —3)(y — Dy + 1]t3, 22 = (y + Dt?
1688. Find a closed form:

“log(1 + x
o X*—x+1

Proposed by Vasile Mircea Popa-Romania

Solution by Rana Ranino-Setif-Algerie

“log(1 + x x
sz 8 ) dxdy =
0

1 oo
xz—x+1dx:f0 fo 1+xy)(1—x+ x2)

[l 5tmrim) o
o 1+y+y2), 1—x+x2 1+xy Xy =

) 1 1 2y+1 2x—1
_ f —+yz[§10g(1—x+x2)—10g(1+x3’)+ > ta“'1< )] dy =

o 1+y V3 V3 /1,
_2m (' 2y+1 fl logy dy —
3V3Jp 1+y+y? o T+y+y2 "

1 2
1 (t§‘1 - t§‘1) logt
1-t¢

2mlog3 (1(1-y)logy 2mlog3 1[ p
= — = —_—— y =
0

3vV3 0 1-y3 Y= 3V3 9
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-Sas -t (5) - ()}

2ross Ly (B) o (D) 2o )

Therefore,

0o 2
Q- f log(1 + x) Ao — 2wlog3 4m Etl)(l) (1)
0

2—x+17%" "33 27 ' 9 3

1689. Show that:

jllo <(m_1)(m+1)
(I-x+)(VI-2-1)

> sin~1(x)?dx =

- n(6vz 2 108 (3- 1)) -0~

C —Catalan’s constant.
Proposed by Srinivasa Raghava-AIRMC-India
Solution by Rana Ranino-Setif-Algerie
Q- f o <(\/1 -1)(V1-x2+1)
(Vi—-x+1)(V1i-x2-1)
2

_ f ((1 Vi—x)(1+V1—x )) sin-1(0)? dx

(1+vV1—x)(1-V1—x2)

B

i 1-@) T M+Vi-xz

=| log| ——— sin‘l(x)zdx+f lo ( )sin‘l(x)zdx
fo g<1+\/1—x 0 g 1++V1—x?

) sin~1(x)?dx =

x=sint

T T
2 t 1

B = -2 f t*log (tan E) costdt = —16_[ t’>log(tant) cos 2t dt =
0 0

1 1 1 2 1
=—-16 [(ftz sin 2t + Etsin 2t — Zsin 2t> log(tan t)] + 8[ (2t? + 2tcos 2t — 1)dt
0 0
3

_r +2mlog2 — 2
=15 T 2mlog /4
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1
1-vV1—x
A=1(2y1—-x%2sin"'x—2x+ xsin"1(x)?)lo <—>l —
l( ( )) 8 1+v1l—x
f12\/1—xzsin‘lx—2x+xsin‘1(x)2d
— x
0 xV1l—x
Lsin~1(x)? jl V1+xsinlx Lsin~1(x)? p
x

—Zj dx — 2 dx —
vi—-x Jo Vv1i—x o V1—x
Tsin~1x

1 1 T dx
= |sin"'(x)?V1—x| —4 dx = —8|V1+ xsin"1x +8J
[ ) lo o VIi+x | l 0

dx =

=16 — 4mV2 — 2

X =

Jlx/l + xsin‘lxd
x

dx

1 1 logx ogxsin~1x
= -2|V1+xsin"!xlogx +2f x+f —_—
[ & ]0 0 v1l—x 0 v1i+x

Now, we have:

1 logx

0 Vv1—x

Nogxsin™'x _ x=cost zm t
—dx = \/ff ——t)log(cost sin(—)dtz
-[;) V1 +x 0 (2 ) g( ) 2

2

14
dx=2f xf_llog(l—x)dxz—4H1=810g2—8
0 3

1 J

"ﬁl (cost) si (t>dt \/ff%tl (cost) si (t)dt
= — 0g(cos sin | — — 0og(Ccos sin| —
2y 8 2 0o % 2

Where,

4 g ,(t t y—ﬁcos —
=— lo (2 cos (—) — 1) sin (—) dt = f lo —1)dy =

[y + Dlog(y + 1) + (y — Dlogly — 1) — 2y1{% = 27 - zmmznlog(%%)

and

J= 4log2f <10g2+z

cos(4nt)> sintdt =
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—4x/§10g2] tsmtdt+4\/_z(_

f tsintcos(4nt) dt =

=4log2 —mlog2 +

s
+2\/_Z (=" [sin(4nt+t) sin(4nt—t) tcos(4nt—t) tcos(Ant+1t)|*

j— + J—
(4n + 1)2 (4n — 1)2 4n -1 am+1 |

=4log2 —mlog2 +

NG A GO (-" (- D\
+2\E; n (x/i(4n+ 1)2 * V2(4n — 1) * 4/2(4n - 1) B 4/2(4n + 1)) B

$1

1 1
— 4log2 — mlog2 ZZ( )
08 mlog s+ 4 n(4n+1)2+n(4n—1)2
n=

S2

gz (n(4n 1) n(4nl+ 1))

Where,

< _i( L4 4 4 4 )_
1= s \n (4n-12? (4n+1)? 4n—-1 4n+1/"
n=

= 1 1 1 )
Z( <n+3>’4(n+%>’n+%_n+%>‘
-—av 9 39 )50 () -

? 2

4 4
=2y—y+i—310g2+4—y—5—310g2+T—2C—2C+4—T=

=8-6log2—4C

and

J-20-9(3)-+(3)-

=|N

&

E E
tg ntg
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/[ /4
=—2y—4+y+E+ 310g2+y—5+ 3log2 =6log2 -4

J=4log2 —mlog2+ 16 —12log2 —8C + 3mlog2 — 2 =
=16+ 2mlog2 —8log2 — 2 — 8C
llogxsin~1x
o Vitx
A=4+16—4mV2 +8log2 — 8 + 16 — 2mV2 + 2mlog(1 + V2) — 8log 2 — 8C

dx =16 — 2nV2 + 2mlog(1 + v2) — 8log 2 — 8C

=28 — 6mV2 + 2mlog(1 +V2) — 8C
3
T
Q =28 - 6mv2 + 2mwlog(1+v2) - 8C + > + 2mlog 2 — 27

=11t—;—1t(6\/2+2+log(%—%))—4(2€—7)

Therefore,

fll <(ﬂ—1)(ﬂ+ 1)
o B\ Iz+D)(VI-x-1)

> sin"1(x)?dx =

3

T 3 1
=E—n’(6v2+2+log(z——,§))—4(2c—7)
1690. Prove that:
2T - 21
sin(2mr—z)“*- 2m—z
o (in@r -2 @r-2z __ ,

o (sin(2m — 2))2 + (cos(2m — z))%!
Proposed by Hikmat Mammadov-Azerbaijan
Solution 1 by Togrul Enmedov-Azerbaijan

Q- n (sin(2m — 2)%' - 2w — 2) dy -
= ), Gin@r—2)2+ (cos@m—2)2 """

j‘z" sin?lz (2w — z) fz" z-sin?lz
= . = " Z
sin?! z + cos?! z sin2! z + cos?l z

Ly

2 sinz
20 =2m —1 T z
o Sin“'z+cos“'z
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2m sinz
Q=mr
0

T
sin?l z + cos?l z

s

sin?! z

2
dz=41tf — ST dz =
o SIn“'z + cos“*z

Ly

cos?l z

p
= 4-1tf ; z
o Sin?lz + cos?lz

Therefore,

7
Zﬂ=4-1tj dz = Q = 2
0

Solution 2 by Kamel Gandouli Rezgui-Tunisia

0 n (sin2mr — 2)? - 2m - 2) d T (sinz)? . (2w — z)
= zZ = zZ=
o (sin(2m —2))?! + (cos(2m — z))?! o (sinz)2l 4 (cosz)?!
T
20 = 2 fz” sin?' ¢ j‘i sin?' t f” sin?! t -
= 27T =
o Sin?'t 4+ cos?'t o Sin?!t 4+ cos?'t = sin?!t + cos?!t

3 21 "

+f 2 sin?! ¢t it + j‘z” sin
- sin?lt 4+ cos?lt 3n sin?! t + cos?lt

mr T .
Q tot—5 j‘f sin
2 7 ), sin?lt + cos?t

Q tot—1r j'f sin de
37 ), sin?lt + cos?t

dt=91+92+93+ﬂ4

21t

3

21t

3@ T .
0 t=t-> fz sin?! t "
* 7 ), sin2't + cos?'t

Therefore,

T

2
292271'(91+ﬂz+ﬂ3+ﬂ4):Zn"(Zf dt>=21'[2=>.(2=1't2
0

1691. Find:

P nl1l-n+2-n-1)+3- n—-2)+--+n-1)
= lim
ol n2+2 - m—12+3 m—2)2+ - +n- 12
Proposed by Daniel Sitaru-Romania
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Solution 1 by Sergio Esteban-Buenos Aires-Argentina

Sl—Zk(n k+1)—Z(nk K2+ k) =n Zk 2k2+2k—

n(n+1) n(n+1)(2n+1) n(n+1)1 n(n+1)(n+2)
Zn 6n + 2 6

S;= ) k(n+1)?= ) k[(n+1)?+k*>-2(n+1)k] =

n n n
=Zk(n+ 1)2+Zk3—22(n+ 1)k? =
k=1 k=1 k=1

2
=n(n+1).(n_|_1)2+<n(n+ 1)) _2(n+1).n(n+1)(2n+1)
2 2 6
n51
=lim——=2
n—-oo 2

Solution 2 by Adrian Popa-Romania

n n n n n
sl=Zk(n—k+1)=2(nk—k2+k)=nZk—Zk2+Zk=
k=1 k=1 k=1

k=1 k=1

nn+1) nn+1)2n+1)
n- > - s +n

s, =Zk(n+ 1)2 =;k[(n+ 1)2 + k% — 2(n + 1k] =

n n n n n n
=n22k+2k3+Zk—2n2k2+2n2k—22k2
k=1 k=1 =1 =1 =i

k=1

2
Y n(n2+ 1) N <n(n2+ 1)> N n(n2+ 1) Com. n(n + 1)6(2n +1) o n(n2+ 1)

I
QN

B 2n(n+1)2n+1)

;o Q=
6

=2

+ [N

N

_4
6

N =

Solution 3 by Ravi Prakash-New Delhi-India

n

Sl—nZk(n k+1)—n2k(n+1 k)—n(n+1)zk—z -

k=1
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nn+1) nn+1)2n+1) _nz(n+1)(n+2)
2 6 a 6

=nn+1)-

S, = ;kz(n+ 1-k)=(n+ 1)%n(n+ D(2n+1) —%nz(n+ 1D?=

in(n +1)?(4n+2-3n) = in(n +1)%2(n+2)

12
n”n+1n+2)
6 .
Q=1 =2lim——=2
e nn+1)2(n+2) et 11 +1
12

Solution 4 by Hikmat Mammadov-Azerbaijan

n n n n n
51=Zk(n—k+1)=2(nk—k2+k)=nZk—Zk2+Zk=
= =1 k=1 k=t =

=n-n(n2+1)_n(n+1)6(2n+1)_I_n=n(n6+1)(:31“_:3_211_1):
_n(n+ 1D(n+2)

6

SZ—Zk(n+ 1)2—Zk (n+ 12+ k2 —2(n+1)k] =

n

n
nZZk+Zk3+2k 2n2k2+2n2k ZZkZ
k k=1

k=1 =1

2
2 n(n+1)+<n(n+1)> +n(n+1)_2 .n(n+1)(2n+1)+2n.n(n+1)_

= 2 n 6 2
2nn+1)2n+1) nn+1) nn+1)2%n+2)
— % =713 [6n+6 —42n+1) +3n] = 17
C n*P(n+1)(n+2) 12
Q = lim . =
n—co 6 nn+1)2(n+2)

1692. If A(n) denotes the n'" term of the sequence 4344317 in OEIS and
definedas Vvn € N, A(n) = n-A(n — 1) + n(1*Wmod2. 4(0) = 1. Prove

that:
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A(n)

1
llm——1+251nh(1) —1———|—e

n—oo n

Proposed by Amrit Awasthi-India

Solution by Kamel Gandouli Rezgui-Tunisia
A(n) k(k+1) mod 2 k(k+1) mod 2
Let v, =D Uk = Vg +T:vk—vk_1 =

= k(k+1)mod2 | J (1) mod 2
Z(vk V-1 =Z —v0=z—k, =
k=1 k=1 '
k(k+1)mod2
”"=ZT“
k=1
A(n) 2| J(k+1) mod 2
5%7=£L%"n=iz%<27+1>=
k=1
i e 2k +1_i 1 n 1 +1=
& 2k+1)' | (2k)! k=0(2k+1)! k=1(2k—1)!
S
= ) —————— =Ssin
k=0(2k+ 1)!
Therefore,
1
11m2—1+251nh(1)—1——+e
n—-oo ‘n
1693.
0, () = ZZI( >( : 71
n) = |
! ! 2n—i+1 2n-— j+1
i=1j=1
0 —ZE| |
2 2n—i+1 2n-— ]+1
i=1j=1
Find:
Q = lim Q4(n)
"—’Ooﬂz(n)

Proposed by Daniel Sitaru-Romania
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Solution by Kamel Gandouli Rezgui-Tunisia
letk=n—i+1andp =n—j+1,then

12
Ql(n)—ZZ|(p k)<n1k n+p)| ZZ(nipp)(ﬁ)+k)=

k=1p=1

n

Z 1 < (p-k)?
= —1
o] n+k= n+p

(k — 1)2 o (k- 1)?
“1(")—2 +kz 2(n+k)

Because:

; Vb <n

n
(» - k)2 ) 1 1
> _ 2. > _—
Z T p —-k)>(k-1) ,p_1andn+p_2n

n

(k-12 (k-1? (k-1
Z “Mon T 2

p=1
1 1 & (k— 1)2 (k 1)2

n+k_2n:> 2(n+k)

n n—-1

(k—1)2 kK21 1 1
QO >Z = —=—n%2-= -
1(n) T L 12" gt s

Qz(n):kZZ|(n+k n+p>| ZZ(n-l—lI;))(::—k)

k=1p=1

1 Clp-kl_ 1 ln-k
p- n-—
- =
= % () n+k n+p n+k n+1
k=1 p=1 k=1 p=1

lp—kl<In—kl<n—1and— <
n+p n+1

Q,m) < Z Z z z n(n 1) 1 -
2\ = n+k n+1"— n+k n+1 n+1 k_ln-l—k_
3

nn-1) n n
: < <n
n+1 n+1~ (n+1)2

Therefore,
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. oy
0 =lim o ) = im

n
Q,(n) 12 87124
n

1694. Let A(x) be the following n X n real matrix

x72 |;n— evenand F(x) = det(I,, + A(x))

|

| |
\xz 1 32 1 7 g2 1/

1 x2%2 1 x%27 1 x2

Prove that:

0 1 dx m—2log(1++2)

’ (1 - F(X)) (1 —F <e118x2>> x n2\/2

Proposed by Farid Khelili-Algerie
Solution by proposer

2
Let X = (x4, X3, ..., X;;) € R" and ||X|| = k=1 X1 X If regard X as an element of

Mat(n x n, R), then X" € Mat(1 x n,R) and XX" = (xjx,), . . € Mat(n,R). Let

B j‘°° 1 dx
]n - 0 a2 7
(1-Fx)|1-F (eT)
We claim that:

A.det(I, + XXT) = 1+ ||X||*;vX € R"

n 1
B.det(l,+ A(x)) =1 +E(x2 + F);Vx € R*
e 1f°° dx 4 (D
oton?, (1+x2)cosh(nTx) n2m=04m+3

Proof of claim A: Let E = (1,0, ...,0) € R"and X = (x4, X3, ...., X,) € R" such that ||X|| *
0, if we regard X and E as elements of Mat(n X 1, R), then there exists an orthogonal
matrix R € O(n, R), R‘R = I,, such that RX = ||X||E.
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Since det(RMR”) = det(MRTR) = det(M), forany M € Mat(n, R), then

det(I, + XXT) = det[R(I,, + XXT)RT] = det(I,, + (RX)(RX)T) = det (In + |11 |2EET)
Since EET is the diagonal matrix diag(l 0,...,0), then

I, + |IXI|"EET = ,..,1) and

det(l,, + XX") = det (I, + |IX| EET) =1+]|xI[°
The claim A is demonstrated.

] 1 1 1 .
Proof of claim B: Let X = (x,;,x,;, ...,x,;) € R™, x € R and n is even, then

Ix1|” = (x + ) and XXT = A(x). It follows from claim A that

n 1
det(I, + A(x)) = det(I, + XX") = 1+ |IX||" = 1 + 5("2 * F)

The claim B is demonstrated.
Proof of claim C: Let F(x) = det(ln + A(x)), it follows from claim B that
n 1
1-F(x) =1—det(I, + A(x)) = ——(xz + x_) and

2 2
mx? n( =  _m? mx?
1-F(e8 |=—-|e4 +e 4 |=—-ncosh|—
2 4
Thus,
@ 1 dx 2 xdx 2ox
) LS =
0

(1+x%) cosh( 42)

(1- F(x))<1 F(e"§2>)x o

1 J‘°° dx
T n? 2 X
0 (1+x)cosh(4)
Now, use the partial fraction expansion of cosh (Z—x)

1 16 2m+1

cosh (ﬁx) =™ 22 +4(2m+1)

m=0
To rewrite ]n as

dx
]"_nnzz( D (2m+1)f 1+x2x2+4(2m+1)2

The integral on the right is equal to
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j‘” 1 dx T 1
0

1+x2x2+4(2m+ 1)2 dx = 4 (4m + 3)2m+1)

So,

1 f°° dx (D™
n? J, (1 + x2) cosh (Tlx) 4m +3’

m=0

Jn= (D)

The claim C is then demonstrated.The summation on the right of Eq. (1) is equal to

2

(_1)m N m 4m+2 ! X
— 4m + 3 Z(_l) J dx—_[()1+x4dx

(_1)m 4 1 xZ

=— d

Jn = 4m+3 n? o 1+x* o

m=0
Which can be rewritten as

_ 2 -1, .2 flxz +1,

Jn = o 1+ux* Y o 1+x* *

2 (! 1+x—2 P To1-x7? 4
In =32 o Grx 2127 w2 ) Granz—2™
Making the change of variable u = —(x — x~1) in the first integral and u = x + x~ 1 in the

second integral, one has

_2°°du Zj‘°°du_n' 1l 2442
]n_n20u2+2 nZZuZ_Z_ﬁnZ \/Enz og 2_\/2
Therefore,
@ 1 dx_n'—Zlog(1+\/§)
X2 x nz\2
* (1-F@®) (1 F<e 8 ))
1695. Find:

o

tan 1lx p
+D2+1D)

Proposed by Vasile Mircea Popa-Romania
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Solution by Rana Ranino-Setif-Algerie

j dx _lf( 1 +1—x)d _1l x2+2x+1 +1t 4
A+00a+22) 2 Uxx"1+22) T 2%\ 211 gran - x

o

IBPlI <x2+2x+1
log|————

Q= 7 1 )tan‘1x+ 2(tan"1 x)?

0

1j°°10g(1+x)d 1f°°log(1+x2) 1f°°tan‘1x
0 0 0

2 1+x%

> dx =

1+x2 *7%

1+x22 F72
n*® A B C

8 2+4 2

f“log(1+x)d _Jljoo x dxdy
o 1+x2 = o Jo (1 +xy)(1+x2) xey =

=.[1 1 j-w(x+y_ y )dxdyz

o 1+y2 )y \1+x%2 1+xy

(' dy .1 1+ x?2 B
_fol_l_yzly-tan x+§log<1+2xy+x2y2>lo_

_nfl Y 4 1f110gyd _7, 2+G
T2), 142 T 2) 112 T4 8T

T
“Jlog(1 + x? - 2z

B:f g(—z)dxx téne_zf log(cos 6) dO = log2
0 1+x 0

®tan"1x 1 2
C = dx = —(t -1 2 _
J; x 2( an~! o) 3

1+ x2
Q- o tan1x i _1t2+n'l 5 G
), @+ T 16 8 %72

1696. In AABC, w = tan‘l( ﬂ) + tan‘l( ﬂ) + tan1 ( e ) Find:

L TcTq Talp

dx

w . 2
Q f35mx+cosx+2
| sinx+cosx+7
0

Proposed by Daniel Sitaru-Romania
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Solution 1 by Ravi Prakash-New Delhi-India

FZ
Ty s(s—a) (S—b)(S—C)_t A
rre F2 B ss—a) N3
(s—b)(s—c)

rr, AB C_n
T, arb2222

fstin2x+cosx+2
0

dx; (1
sinx+cosx+7 % (1)

dx; (2)

n .
f23c0s2x+51nx+ 2
o €COsx+sinx+7

By adding (1) and (2), we get:

Y3

23+ cosx+sinx+ 4 T
2Q = . =

o Cosx+sinx+7 2

Therefore,

Y3
f7351n2x+cosx+2 /4
= - dx = —

o Sinx+cosx+7 4

Solution 2 by Syed Shahabudeen-Kerala-India

w = Z tan~1 = CZ: tan~! ( \/ (s ;(IS,)_(Sa; C)) =

cyc

=) tan™? (tan ( )) 2 Z =2

cyc cyc

dx

11- -
f73s1n2x+cosx+2
o Sinx+cosx+7

2
Zﬂzf dx
0

Therefore,
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f%Bsin2x+cosx+2 14
= - dx = —
o Sinx+cosx+7 4
1697. Prove that:
1 (tan 1x)° p 225w o 6 1573 3) + 5 loa 2 +
s Ar0a+ ™= 256 ) Y0152 512 ¢ 2048 8

2621144 (’I’S (3) Vs G))

where  is Zeta function and ¥,,(z) is nt" polygamma function.
Proposed by Naren Bhandari-Bajura-Nepal

Solution by Rana Ranino-Setif-Algerie
V3
1 (tan_l x)s d x=tan x fz X X IBP
o (1+x)(1+x?2) o 1+tanx ~

5

Q=

s

1 T 5 (2
=5 [x6 + x° log(sin x + cos x)]g - Ef x*log(sin x + cos x) dx
0

T

L L
Q= 4:1652 —;j:x‘llog(cos (g—x)) dx = 4:1652 —;j: (g—x)4log(cosx) dx

[ 5 i 4 5w (—1)" T 4
+Elog2_]; (Z—x) dx+zZ - L(Z—x) cos(2nx) dx
n=
T

~ 49152

[ [ran-
AVIREY R R 7Y

Y

Jj (% — x)4 cos(2nx) dx =

T 2 T 4 T 3 T
= <4i5 > (Z _ x) + ’ (Z _ x) >sin(2nx) - <(Z _ x) - ’ (1 _ x)) cos(2nx)

LA
4

2n3 2n n? 2n*

0
3  nm n® 3m

= (T) Y oam
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PO PO ol G Vi 55: Dns“‘ (%)
=29152 12048 8° T 128 L. w5 T8
n=
Q- mt N [ log 2 53 3)+ 22 5) - Si —1)"
= 29152 " 2048 °8% " 128° ( 8 ., (2n+ 1)°
n=0
-or 1 i 1 1 ~ 1 (3) (1)
i (2n+1)5 " 4096 Ly 1,° 376 | = 201520\ ¥5\2) ~¥s g
" = \(n+g) (n+3)
Therefore,
1 (tan1x)5 2257w y(ad s
fo A+00+ %~ 256 °® * 20152 - 512 ((3)+204810g2+
aa (v () -0 )
* 262124\ ¥5 ¥s (2
w lTl'
/e—n'x e_; e—n’x e - \
n . i
X —imx - -x |
1698. Letthe matri: R(x) = | € € € * € " | then prove that
\e‘i”x ex e ™ ex
e_l;n' e—n’x e_g e—mx

j " e ™ TR0 @ R(ix)] dx = 4(1 4 &™)

where Tr is trace and ) is the Kronecker Product
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Mohammad Rostaml-Afghamstan
e ™R(ix) e xR(lx) e ™R(ix) e_%R(ix)
Q= Tr e *R(ix) e“’i’:R(lx) ™% R(ix) e":‘R(ix) _
e ™ R(ix) e xR(ix) e ™R(ix) e xR(ix)
| e xR(ix) e ™R(ix) e *R(ix) e ™R(ix)]

16
= Z ;i = g1 t Az + -+ Q1616 =

i=1
z[ze—(1+i)n'x+z] _l_z[ze—Zin'x +2e l)nx]
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I = f e—”xz - Qdx = 4_f e—n[x2+(1+i)x] dx + 8[ e_an dx +
o o 0

[ee]

+4_f e T(x*+2ix) gy 4 4_f e~ +-Dx] gy =

—00

. 2
(st

© _i o
= 4-] e T 2 ) 2] dx + 8 [Zi\/;t]" (%)] + 4J e—ﬂ'[(x+i)2+1] dx
—00 T o

+4f e

T (% 1
_ 4e's f e du+ 8 5 VAT + 47 j

— 00

= 4i<2 -%\/Er (%)) +4+4e " <2 -%\/ﬁr (;)) — 4i (2 -%\/ﬁr (%)) =

=4i+4+4e " —-4i=4(1+e7")
I=41+e™™)

et

dx =

[oe)

(o]

) L 2

e ™ du+ 4e ’ZJ e ™ du =
—o00

1699. Let (x,,)>1 and (¥,),,>1 be sequences of real numbers defined as

zn:sm( )+ log(sin%),yn = n:Z:n[\/E+%]

then prove that lim =

n—-o Yn

= y, where Yy is Euler Mascheroni constant and [-] is

greatest integer function.
Proposed by Naren Bhandari-Bajura-Nepal
Solution by Kamel Gandouli Rezgui-Tunisia

NCE B Y I

20 1 30 1
+ z _\/E+E]+k;1[\/i+5]+---=

k=13
2+l n i2+i n
Z Z [\/—+_ _2 z l._zzl_z_n(n+1)(2n+1)
B - B 3
i=1 k=i?-i+1 k=1 k=i2-i+1 i=1
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Letf(x)—sm———+———l g( o )>Oandg(x)—sm———+———log—<0
then
> (e (F) < Y s 1) < Y, (-7 y1oe )
3k 3%\ 71 "k 3k 3 B\k—1
k=1 k=1 k=1
1 1 1 1
-3 (H,(logn +2)) < (smE - E) -3 (H, — logn)

k=1

- (simg-1)=-1

k=1

=Y sin (%) +tog(sin2) = 3 sin (2) + og + log sin ) - log n -
xn—k_lsm 2 og smn —k_lsln 2 ogn + log smn ogn =

n
.11 .1
=kzl<smz—z>+logn+log(sm;)—logn+Hn

1

= lim x, = _Y + lim (logn + log (sin—)) + lim(—logn+ H,) =

n-o 3 noow n n—-oo
2

14

1 sinﬁ
« lim (logn + log (sin ;)) = lim log =log1=0

n—-o0o n—-0oo 1
n
Therefore,
li nsxn
m =
n-o Yy, 4
1700. Prove that:
> Y (20) () e
8mt M (m+n+ 2)3
n=0m=0
- -
= —((3) ot —1og3(2) — 2log?(2) — —log(2) 4

Proposed by Syed Shahabudeen-india
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Solution by Naren Bhandari-Bajura-Nepal
Let S be the sum and since

m+n+3 _ 1 4 1 B
(m+n+2)3 (m+n+2)?2 (m+n+2)3

1 log? x
=f xmintl <—logx+ gZ >dx
0

2

S 1 1 log? x
S=ZZ( )( >8m+",[ xm+"+1<—logx+ gz >dx=Sl+SZ
0

n=0m=0

It is easy to see:

2
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for |x| < L we used then generating function of central binomial coefficients,

namely
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Puttingy = 3 We see that
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~ Li, (;) %—%logz(z) and Li; <1> = —{(3) ——l g(2) + g6(3)

Plugging these values in the latter expression and simplifying gives the announced result.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru

168 RMM-CALCULUS MARATHON 1601-1700




