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Let �(�) be the following � × � real matrix 
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Prove that: 
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Let � = (��, ��, … , ��) ∈ ℝ� and �|�|�
�

= ∑ ����
�
��� . If regard � as an element of 

���(� × �, ℝ), then �� ∈ ���(� × �, ℝ) and ��� = ������
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We claim that: 
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Proof of claim �: Let � = (�, �, … , �) ∈ ℝ�and � = (��, ��, … . , ��) ∈ ℝ� such that 

�|�|� ≠ �, if we regard � and � as elements of ���(� × �, ℝ), then there exists an 

orthogonal matrix � ∈ �(�, ℝ), ��� = ��, such that �� = �|�|��.  

Since ���(����) = ���(����) = ���(�), for any � ∈ ���(�, ℝ), then  
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���(�� + ���) = ���[�(�� + ���)��] = ���(�� + (��)(��)�) = ��� ��� + �|�|�
�

���� 

Since ��� is the diagonal matrix ����(�, �, … , �), then  

�� + �|�|�
�

��� = ����(� + �|�|�
�

, �, … , �) and  
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The claim � is demonstrated. 

Proof of claim �: Let � = ��,
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The claim � is demonstrated. 

Proof of claim ℂ:  Let �(�) = ������ + �(�)�, it follows from claim � that 
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Now, use the partial fraction expansion of ���� �
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To rewrite �� as 
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The integral on the right is equal to 
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The claim ℂ  is then demonstrated. 

The summation on the right of Eq. (1) is equal to  
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Which can be rewritten as 
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Making the change of variable � = −(� − ���) in the first integral and � = � + ��� in the 

second integral, one has 
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�
�

�� − �(�)� �� − � ��
���

� ��

��

�

�

�

=
� − � ���(� + √�)

��√�
 

 

 


