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In ����, � −area, � −circumradius, �, �, � −lengths sides and �, � ∈ ���(����). 

The following relationship holds: 

� ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� ≥ ��� (�. ������); (�) 

Equality holds if and only if � and � are isogonal conjugate. 

Let � = �, � −centroid, hence 

� ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� ≥ ��� 

�� =
�

�
��; �� =

�

�
��; �� =

�

�
�� 

� ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� ≥
�

�
��� =

�

�
⋅ ��� = ��� 

So, we get: 

� ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� ≥ ���; (�) 

�� = � ⋅ �� = � ⋅ �� = � ⋅ �� 

� ⋅ �� ⋅ ��

� ⋅ ��
+

� ⋅ �� ⋅ ��

� ⋅ ��
+

� ⋅ �� ⋅ ��

� ⋅ ��
≥

���

��
 

��

��
⋅ �� +

��

��
⋅ �� +

��

��
⋅ �� ≥ ��; (�) 

�

��
≥

��

��
 (����������) 

�

��
(�� + �� + ��) ≥ �� ⇒ �� + �� + �� ≥ ��; (�) 

Let � −intersection point of simmedians. If � = �,�� =
���

�������� ⋅ ��, then 

����

�� + �� + ��
(�� ⋅ �� + �� ⋅ �� + �� ⋅ ��) ≥ ��� 

�� ⋅ �� + �� ⋅ �� + �� ⋅ �� ≥
�

�
(�� + �� + ��); (�) 

If � = � ⇒ �� = �� = �� = �, 
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(� ⋅ �� + � ⋅ �� + � ⋅ ��) ⋅ � ≥ ��� 

� ⋅ �� + � ⋅ �� + � ⋅ �� ≥ ��; (��� = ��) ⇒ 

��

��
+

��

��
+

��

��
≥ �; (�) 

Let �� −Nagel’s point, ��� =
�⋅��

�
. If � = ��, then: 

�� ⋅ ��

�
⋅ �� +

�� ⋅ ��

�
⋅ �� +

�� ⋅ ��

�
⋅ �� ≥ ��� 

�� ⋅ �� ⋅ �� + �� ⋅ �� ⋅ �� + �� ⋅ �� ⋅ �� ≥ � ⋅ ���; (�) 

� ⋅ ��

��
⋅ �� +

� ⋅ ��

��
⋅ �� +

� ⋅ ��

��
⋅ �� ≥ ���; (�) 

��

��
⋅

��

��
+

��

��
⋅

��

��
+

��

��
⋅

��

��
≥

���

���
=

�

��
 

But: �� = �� ⋅ ��, �� = �� ⋅ ��, �� = �� ⋅ ��, then: 

��

��
�

⋅ �� +
��

��
�

⋅ �� +
��

��
�

⋅ �� ≥
�

�
; (�) 

If � = �, � −incenter, we have: �� =
�

���
�

�

 , � = �� ⋅ ���
�

�
���

�

�
. 

� �� ⋅ ���
�

�
���

�

�
⋅

�

���
�

����

⋅ �� ≥ ���; 

�� ⋅ ���
�

�
+ �� ⋅ ���

�

�
+ �� ⋅ ���

�

�
≥

�

�
= �; (��) 

Let � −be the first Brocard’s point and � −Brocard’s angle.then: 

�� = �� ⋅
�

�
⋅ ��� � , �� = �� ⋅

�

�
⋅ ��� � , �� = �� ⋅

�

�
⋅ ��� � 

��� � =
��

√���� + ���� + ����
 

� ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� ≥ ��� 

�� ⋅ ��� � (� ⋅ �� + � ⋅ �� + � ⋅ ��) ≥ ��� = ��� 

� ⋅ �� + � ⋅ �� + � ⋅ �� ≥ ����� + ���� + ����; (��) 

�� −Gergonne’s point, then ��� =
��(�����)

����
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From Bennet’s inequality, we have that: 

� � ⋅ �� ⋅ ��(�� + ��)

���

≥ (�� + �)���; (��) 

�� = �� ⋅ ��; ��� = ��� ⇒ 

�
��(�� + ��)

��
���

⋅ �� ≥ ��(�� + �); (��) 

If � = �, � −the first point of Brocard’s, it follows that: 

� ���(�� + ��)

���

≥ (�� + �)����� + ���� + ����; (��) 

If � ∈ ���(����) then: 

�� ⋅ ���
�

�
+ �� ⋅ ���

�

�
+ �� ⋅ ���

�

�
≥ � 

Let � = � ⇒ �� =
�

�
��; �� =

�

�
��; �� =

�

�
��, thus, 

�� ⋅ ���
�

�
+ �� ⋅ ���

�

�
+ �� ⋅ ���

�

�
≥

�

�
�; (��) 

If � = �, � −the first point of Brocard’s, it follows that: 

�

�
⋅ ���

�

�
+

�

�
⋅ ���

�

�
+

�

�
⋅ ���

�

�
≥

�

��
⋅

�

��� �
 

�

��� �
=

√���� + ���� + ����

��
; �� = ��� 

�

�
⋅ ���

�

�
+

�

�
⋅ ���

�

�
+

�

�
⋅ ���

�

�
≥

√���� + ���� + ����

���
; (��) 

���
�

�
=

�

��� + ��
�

; �� = ��
� + ����� ⇒ ���

�

�
=

�

���
� + ��

� + �����

 

��
� + ��

� ≥ ����� ⇒
��

��� + ��
�

+
��

��� + ��
�

+
��

��� + ��
�

≥ �; (��) 

�
��

���(�� + ��)
���

≥ √�; (��) 
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Let � = � and from (18), we get: 

�
��

���(�� + ��)
���

≥
�√�

�
; (��) 

If � = ��; ��� =
�⋅��

�
 and from (18), we get: 

�
� ⋅ ��

���(�� + ��)
���

≥ �√�; (��) 

If � = ��; ��� =
�⋅��

�
 and from (10), we get: 

� ��� ⋅ ���
�

�
���

≥ ��; (��) 

If � = ��, �� −Gergonne’s point and from (10), we get: 

�
��(�� + ��)

�� + �
⋅ ���

�

�
≥ �

���

⇒ � ��(�� + ��) ���
�

�
���

≥ (�� + �)�; (��) 

Using ���
�

�
=

�

������
�
 and from (21), (22), we get: 

�
���

���
� + ��

���

≥ �; (��) ��� �
��(�� + ��)

���
� + ��

���

≥ �� + �; (��) 

If � = ��; ��� =
��(�����)

����
 and using (18), it follows that: 

�
��(�� + ��)

���(�� + ��)
���

≥ (�� + �)√�; (��) 

Let �, �, � −be lengths sides of a triangle, then the system  

� + � = �, � + � = �, � + � = � has unique solution � =
�����

�
, � =

�����

�
, � =

�����

�
 

� = � − �; � = � − �; � = � − �; �� = � + � + � = �(� + � + �) 

���
�

�
= �

�(� − �)

��
= �

�(� + � + �)

(� + �)(� + �)
; �, �, � > � 

�� ⋅ ���
�

�
+ �� ⋅ ���

�

�
+ �� ⋅ ���

�

�
≥ � ⇒ 
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�� + � + � � ���
�

(� + �)(� + �)
���

≥ � + � + � 

Finally, for � ∈ ���(����); �, �, � > �, we have: 

� ���
�

(� + �)(� + �)
���

≥ �� + � + �; (��) 

��� � ��� � ��� � =
�� − (�� + �)�

���
 

In acute ����, ��� � , ��� � , ��� � ≥ � ⇒ �� − (�� + �)� ≥ � ⇒ � ≥ �� + �. Thus, 

� �� ⋅ ���
�

�
≥ �� + �; (��)

���

; {���� − �����, � ∈ ���(����)} 

In acute ����, � ∈ ���(����), we have: 

�
���

��
⋅ ��

���

≥ ��(�� + �); (��) 

� �� ⋅ ���
�

�
≥

�

�
(�� + �); (��)

���

 

�
���

���(�� + ��)
���

≥ (�� + �)√�; (��) 

� ��(�� + ��) ���
�

�
���

≥ (�� + �)(�� + �); (��) 

�
���

���
� + ��

���

≥ �� + �; (��) 

�
���

���
� + (�� + �)�

���

≥ �; (��) 

�
��(�� + ��)

���
� + (�� + �)�

���

≥ �� + �; (��) 

If in ����, � ≥ � ≥
�

�
≥ �, then � ≥ (� + �)√�; ���

�

�
, ���

�

�
≥

√�

�
 and ��� � ≤

√�

�
. So, 
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� ����
�

�
−

√�

�
�

���

≤ � ⇔ � ���
�

�
���

−
√�

�
� ���

�

�
���

�

�
���

+
�

�
� ���

�

�
���

−
√�

�
≤ � 

�

�
−

√�

�
+

�

�
⋅

�� + �

�
−

√�

�
≤ �; � ���

�

�
���

�

�
���

= �; � ���
�

�
���

=
�� + �

�
⇔ 

�� + �(�� + �) − �√�� ≤ � ⇒ � ≥ (� + �)√� 

If in ����, � ≥ � ≥
�

�
≥ �, then 

� �� ⋅ ���
�

�
���

≥ (� + �)√�; (��) 

�
���

��
⋅ ��

���

≥ ��(� + �)√�; (��) 

� �� ⋅ ���
�

�
���

≥
�√�

�
(� + �); (��) 

�
���

���(�� + ��)
���

≥ (� + �)√�; (��) 

� ��(�� + ��) ���
�

�
���

≥ (�� + �)(� + �)√�; (��) 

�
���

���
� + ��

���

≥ (� + �)√�; (��) 

�
��(�� + ��)

���
� + �(� + �)�

���

≥ �� + �; (��) 

�
���

���
� + �(� + �)�

���

≥ �; (��) 

� ��� ���
�

�
���

≥ �(� + �)�; (��) 

In ���� the following relationship holds: 
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(�� + �� + ��)�

�� + �� + ��
≤ � + �

�

�
�

�

; (��� ��� ���) 

(�� + �� + ��)� ≤
��� + ��

��
(�� + �� + ��) 

Using (26), we can write: 

� ���
��

(�� + �� )(�� + ��)
���

≥ ��� + �� + �� 

�
� ⋅ ��

�(�� + ��)(�� + ��)
���

≥ �
��

��� + ��
(�� + �� + ��)� 

�
� ⋅ ��

�(�� + ��)(�� + ��)
���

≥
�(�� + �� + ��)

√��� + ��
 

∵ � = �� ⋅ ��� � 

�
��� �

�(�� + ��)(�� + ��)
���

⋅ �� ≥
�

�
⋅

�� + �� + ��

√��� + ��
; (��) 

�� = ��
� + ����� ⇒ �� − ��

� = ����� ⇒ (� + ��)(� + ��) +
�����

�� + �
 

⇒ �� = �� + �� + �� + � �
����

�� + �
���

(��)
��� 

� � �� ⋅ ���
�

�
���

≥ �� + �� + �� + � �
����

�� + �
���

; (��) 

� � �� ⋅ ���
�

�
���

≥ �� + �� + �� + � �
����

�� + �
���

; (��) 

� �
���

���(�� + ��)
���

≥ √� ��� + �� + �� + � �
����

�� + �
���

� ; (��) 

� � ��(�� + ��) ���
�

�
���

≥ (�� + �) ��� + �� + �� + � �
����

�� + �
���

� ; (��) 
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� �
���

���
� + ��

���

≥ �� + �� + �� + � �
����

�� + �
���

; (��) 

� � ��� ���
�

�
���

≥ ��� + �� + �� + � �
����

�� + �
���

�

�

; (��) 

From (5) and Sun Wen Cai’s inequality, we get: 

���� + ���� + ���� ≥
��

�(��� + ��)
(�� + �� + ��); (��) 

In ����, �������, � − area of ����, �� − area of �������, � ∈ ���(����), holds: 

�� ⋅ �� + �� ⋅ �� + �� ⋅ �� ≥ �
�

�
� �����

� + ��
� − ��

�� + ����

���

; (�������) 

�� ⋅ �� + �� ⋅ �� + �� ⋅ �� ≥ �
�

�
� ��

�(�� + �� − ��) + ����

���

; (�������) 

�� + �� = ��
� + ��

� + ���� 

���� = ��(� − � − �) 

�� = ��� = ��� = ��� = ��� 

�� + �� + �� = �� + � 

�� = �� ⋅
����

��
 

��� = (� + � + �)� ⇒
��

�
= � +

� + �

�
 

�� + �� = ��
� + ��

� + ���� ≥ ����� + ���� 

�� + �� = ���� �
��

��
+

��

��
� ≥ ����� + ��(�� − �) 

�

�
+

�

�
≥

����� + ��(�� − �)

����
⇒

�

�
+

�

�
≥

�

�
�

����

��
+

�� − �

�
� 

�
� + �

�
���

≥
�

�
��

����

��
+ �� − �

���

� 
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�
� + �

�
���

≥ � +
�

�
�

����

��
���

−
�

�
 

�� + �� + �� − ��

�
≥ � +

�

�
�

����

��
���

−
�

�
 

�� + �� + ��

�
≥

�� − �

�
+

�

�
�

����

��
���

 

�

�
≥

�� − � + ∑
����

��

�� + �� + ��
; (��) 

�� − � ≥ �� + � ⇒ �� − �� ≥ � + � ⇒ � ≥ �� (�����) 

�

�
≥

�� + �� + �� + ∑
����

��

�� + �� + ��
; (��) 

�� ≥ �� ⇒
�

�
≥

�� + �� + �� + �� + �� + ��

�� + �� + ��
; (��) 

�

�
≥

�� − � + �� + �� + ��

�� + �� + ��
; (��) 

���� ≥ ���� ⇒
�

�
≥

�� − � + ∑
����

��

�� + �� + ��
; (��) 

�

�
≥

�� + �� + �� + ∑
����

��

�� + �� + ��
; (��) 

���� ≥ �(� − �) = ���� =
��

�
(�� + ��); (����������) 

�

�
≥

�� − � + �� + �� + ��

�� + �� + ��
=

��

�� + �� + ��
; (��) 

�
��

��
�

���

�� ≥
�� − � + ∑

����

��

�� + �� + ��
; (��) 
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�
��

��
�

���

�� ≥
�� + �� + �� + ∑

����

��

�� + �� + ��
; (��) 

�
��

��
�

���

�� ≥
�� + �� + �� + �� + �� + ��

�� + �� + ��
; (��) 

�
��

��
�

���

�� ≥
�� − � + �� + �� + ��

�� + �� + ��
; (��) 

�
��

��
�

���

�� ≥
�� − � + ∑

����

��

�� + �� + ��
; (��) 

�
��

��
�

���

�� ≥
��

�� + �� + ��
; (��) 
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