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In AABC, F —area, R —circumradius, a, b, c —lengths sides and M, P € Int(AABC).
The following relationship holds:
a-AP-AM+b-BP-BM+c-CP-CM = abc (G.Bennet); (1)
Equality holds if and only if P and M are isogonal conjugate.

Let P = G, G —centroid, hence

a-AG-AM+b-BG-BM+c-CG-CM = abc

2 2 2
AG = §ma;BG = Emb; CG = §mc

3 3
a-ma-AM+b-mb-BM+c-mc-CM25abc=E-4RF=6RF

So, we get:
a m,-AM+b-my,-BM+c-m,-CM = 6RF; (2)
2F=a-h,=b-h,=c-h,
a-m,-AM b-m,-BM c-mC-CM>2RF

a-h, + b-hy, + c-h, — 2F
mg, my m
— AM +—-BM +—-CM = 3R;(3)
ha hb hc
R 2™ panaitopol
Z_h—a(analopo)

R
Z(AM+BM+CM)23R$AM+BM+CMZ61‘;(4)

2bc

Let K —intersection point of simmedians. If P = K,AK = ———— - m,, then
a“+b=+c
2abc
aZ_|_b2+C2(ma'AM+mb'BM+mc'CM) = abc

1
ma-AM+mb-BM+mC-CMZE(a2+b2+c2);(5)

IfP=0= AP = BP = CP =R,
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(a-AM+b-BM+c-CM)-R > abc
a-AM+b-BM +c-CM = 4F;(abc = 4F) >
AM+BM+CM>2.(6)
ha hb hc 7

Let N, —Nagel’s point, AN, =

22 1fP = N, then:

2. n cz-n

2
a“ ‘n
a b . BM +

£.CM = abc

-AM +

a’-n,-AM + b? -n,-BM +c* -n.-CM > s - abc; (7)

a-n, c-n,
. AM + -BM + . CM > 2Rs; (8)
ha hb c
n, AM n, BM+nC CM _2Rs 1

ha bc+hb ac h, ‘ab = abc  2r

But: bc = 2R - h,,ca = 2R - hy,ab = 2R - h_, then:

n, R
ﬁ AM+h2 BM+ﬁ CM>— (9)

If P =1, I —incenter, we have: Al =—; ,a = 4R - s1n cosS —.
Sin_

2
r
4R - sm cos2
e sm;

AM A+BM B+CM C>F (10)
- COS — - COS— cCOS—=—=2328,

2 2 2 r
Let 2 —be the first Brocard’s point and w —Brocard’s angle.then:

b c a
AQ=2R-E-sinw,BQ=2R-E-sinw,CQ=2R-;-sinw
2F
va?b? + b%c? + c%a?
a-AQ-AM+b-BQ-BM+c-CQ-CM = abc
2R -sinw (b-AM +c-BM + a-CM) > abc = 4RF

sinw =

b-AM +c-CM + a- CM > \/a?b? + b2c? + c2a?; (11)

— — 9alrptrc)
G, —Gergonne’s point, then AG, = .
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From Bennet’s inequality, we have that:

Z a-AM - g,(r, +7r.) = (4R +r)abc; (12)
cyc

bc = 2R - h,; abc = 4RF =

zga(rb T Ay > 2R(4R +1); (13)

cyc

If M = Q, Q —the first point of Brocard’s, it follows that:

Z bg,(r,+r.) = (4R + r)vaZb? + b2c? + c2a?; (14)
cyc

If M € Int(AABC) then:
A B C
AM-cosE+BM-cosE+ CM-cosE =S

Let M = G = AG = >mg; BG = my; CG = >m,, thus,

A B c 3
m, - cos§+ my - cos +m, - cosE 255 (15)
If M = Q, Q —the first point of Brocard’s, it follows that:
2 cosé+E cosE+2 cos£>i- !
a 2 b 2 ¢ 2 2R sinw
1 Va?b?+ b%c? + c2a?
sin w 2F

A ¢ B a C +Va?b? + b2c? + c2a?

;2F = 2sr

a-c 2+E cosE+z cosiz ARF ; (16)
A s A s
cosi=ﬁ s? =n2 + 2r h, :cosiz\/nﬁ+r§,+2raha
nZ+1r2>2rh, > AM + i + c >1;(17)

Js2 + 12 \/sz+r,2, Js2 + 12

Z >/2; (18)

o \/ra(na + h,)
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Let M = G and from (18), we get:

Z > 3\/E; (19)
Si\Ta (na+ha) 2

IfM =N,; AN, = “':“

we get:
a-n
Z > s5V2;(20)
i T + hy)
fM =N, AN, = a':“ we get:

A
Z an, - cos > = s%;(21)

cyc

If M = G,, G, —Gergonne’s point and from (10), we get:
ga(rb + rc)

A
AR+ 7 cosEZS:Zga(rb+rc) cos—=> (4R + 1)s; (22)

cyc cyc

A s
Using cos— = and from (21), (22), we get:
2 ,52+r,21

Z a >s(23)andzM>4R+r(24)
cycw/r‘21+s cyc J1s + s?

fM =G, AG, = % and using (18), it follows that:

ga(rb + 7
> ; (25
;Jra(na e > (4R + 1)V2;(25)

Let a, b, c —be lengths sides of a triangle, then the system

. . b+c—a a+c—b a+b—c
X+y=cy+z=a,z+ x = b has unique solution x = Y = ,Z =

2 2
x=s—-ay=s—-bjz=s—c2s=a+b+c=2(x+y+2z)

A s(s—a) \/x(x+y+z)

2 bc x+y)x+2) %y,2>0

A B C
AM-cosE+BM-cosE+CM-cosEZs:>
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Jx+ty+ ZAM al >x+y+
xryvz xrpx+z) - TYT?
cyc

Finally, for M € Int(AABC); x,y,z > 0, we have:

x
;AM\/(JC +y)(x +2) > [x+y +2(26)

s — (2R +1)?
4R2
In acute AABC,cos A,cos B,cosC > 0 = s* — (2R +r)2 >0=5s=2R +r.Thus,

cosAcosBcosC =

A
ZAM . cosi > 2R +1;(27);{AABC — acute,M € Int(AABC)}

cyc

In acute AABC, M € Int(AABC), we have:

r); (28)

cyc

Zmu . cosi ;(ZR +1); (29)

:b

cyc

Z\/‘r (na:h )> (2R + r)V2; (30)

cyc

Z ga(ry +1.) cosg > (4R +1)(2R +1);(31)

cyc

> 2R +1; (32)

;w/r2+s

; (33
Z:\/1'2+(2R+1')2 5 (33)

cyc

2 ga(rb_l'rc) > 4R + 1 (34)
Jr2+ 2R+ 1)2 ’

cyc

Ifin AABC,A> B > g > C,thens > (R + r)V3; tang,tang > ?and tanC < ? So,
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1_[<tan———)<0=>1_[tan———2tan tan— +32 n———<0

cyc cyc cyc cyc

r V3 1 4R+T x/_ A 4R+r
;—?+§-T— <0; Ztan tan—=1 Z an—= S

cyc cyc

9r +3(4R+1)—4V3s<0=>s> (R+1)V3
Ifin AABC,A > B zgz C, then

zAM . cosg > (R +1r)V3;(35)

cyc

z an,
h

cyc

A 33
M, oS > —— (R+1);(37)

cyc

Z a > (R +1r)V6; (38)

o \/ra(na + h,)

A
Z ga(ry +1.) cosi > (4R +r)(R + r)V3; (39)

cyc

;m > (R + 1)V3; (40)

r,+71
Z 9a{ry + 1) > 4R +1; (41)
Jr2 +3(R +1)?

; (42
Z\/r2+3(R+r)2>S( )

cyc

cyc

A
z an, cos— > 3(R +1)% (43)

cyc

In AABC the following relationship holds:
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2

(mg + my, + m,)? r
< —) - .
aZ+b2+c2 2+ (R) ; (Sun Wen Cai)

2R* + 12
(mg + my + m,)? _R—(a + b?% + ¢?)

Using (26), we can write:

az
AM\/ >+ a? + b? + c?
E 21 p2
o (a2+b

)(a% + ¢%) —

R?2
(m
;\/(az n bz)(az + c2) \/ZRZ +r2>
z a-AM >R(ma+mh+m,‘.)

J(@ +b2)(aZ +c2) V2RZ+71?

+ m, + mc)z

cyc
~a=2R-sin4
sinA4 1 m,+my,+m,

L s MEr e

cyc

st =n%+2rh,=>s*—n%=2rh, = (s+n)(s+ny) + -

roh, (10)
=
ng+s

:>35—na+nb+nc+zz
cyc

A
3ZAM cos§>n at Ny +n. +ZZ

cyc cyc

A
2 ma-cosi_

cyc

raha
32 > V2 na+nb+nc+22
n,+s

o Jra(n + h,) o

cyc

; (47)

; (48)

A
SZga(rb+rc)cos—>(4R+r) n,+n,+n, +ZZ

cyc cyc
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=N, +n,+n, +ZZ ;49

) T
cyc Ta + 57 cyc

A
92““““’552 n, +n, +n, +Zzn s ; (50)

cyc cyc
From (5) and Sun Wen Cai’s inequality, we get:

RZ
2(2R? +1?)
In AABC,AA{B{C4, F — area of AABC,F, — area of AA{B{C{,M € Int(AABC), holds:

m,AM + my,BM + m.CM > (mg, + my + m.); (51)

1
a,-AM + b, -BM + ¢, -CM > JEZ a%(b? + ¢4 — a}) + 8FFy; (Bottema)

cyc

Z a?(b? + c% — a?) + 8FF ; (Bottema)

cyc

1
alAM+b1BM+C1CM2\/E

b? + c* = n? + g% + 2rr,
2rr,=h,(r—a-r)
2F = ah, = bhy, = ch, = 2sr
Te+1Tp+7.=4R+71

hyh
2=2R —
a h,
h, b+c
ahaz(a+b+c)r:>7:1+ a

b% + c? =n% + g%+ 2rry, = 2n,g, + 217,

b% + c* = 2Rh <@+ﬁ)>2ng + hy(r,—1)
a hc hb - ada a a

> Znaga + ha(ra - 1") N E NgGga 7Ta— T)
c

c +c>1( N
b 2Rh, b R\ h, 2

b+c 1 n,9a
> — 2R —
z a R h, + r

cyc cyc

b
—+
C
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b 1
e
a R h, R
cyc cyc
ha+hb+hc—3r22+lznaga_z
r R h, R
cyc

ha+hb+hc>5R—r+1znaga
r - R R h,

cyc

R>5R—T+Zn2—‘za -
r~ h,+h,+h ;(51)

C

S5R—r>4R+r=5R—4R>r+r = R > 2r (Euler)

Ngga
R T'a+1"b+1'c+zh—

~:(52
r ha+hb+hc ( )
R ro+rp+r.+n,+n,+n,
>h,=>—>— . (53
Ja=Ma= 7= h, + hy, + h,  (53)
R 5S5R—-r+n,+n,+n
- > a b c;(54)
r ha+hb+hc
N R>5R—r+ZmZ:/a 55)
i_ .
naga—mawa — ha+hb+hc l(
R ra+rb+rc+2—m,‘;w“
—> —; (56
r ha+hb+hc ( )

m,w, >s(s—a) =ryr,= 7“ (rp + 1r.); (Panaitopol)

R S5R—-r+r,+r,+r1, 9R
—> = ;(57)
T h, + hy + h, h, + hy + h,
_ Ngga
EEAMZSR TR, ;(58)
h2 h,+ hy + h,
cyc
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ngg
re+rp+r.+ Y=~

na
—AM > ~:(59
Zhﬁ h,+ hy + h, (59)

cyc

n r,+r,+r.+n,+n,+n
z_czlAMZ a b c a b c
hz h,+ hy+ h,

; (60)
cyc

n, SR—r+n,+n,+n,
— AM > ; (61
Ehg - h, + hy + h, (61)

cyc

magWq

n 5R—r+)
z—aAMZ ha . (63)
h2 h, + hy + h,

cyc

znaAM > ok . (64)
h2 ~ h,+hy+h,’

cyc
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