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A NEW PROOF FOR MITRINOVIC’S INEQUALITY USING TOSCANO’S IDENTITY.

Daniel Sitaru, Claudia Ndnuti — Romania

Abstract: In this paper it's proved Mitrinovic’s inequality using a famous identity.
Notations: r —inradii; R — circumradii; 7, 1, 1. — exradii; s — semiperimeter; F —area
1 1 1 s-—a s—b+s—c_35—(a+b+c)_

—t+—4+—= +

T, T, T F F F F
_35—25_5_1_1
~  F F F r
l+i+l:l (1)

Ta Th Tc
In the well known identity:
(x+y+2=x3+y*+ 23 +3(x+y)(y+2)(z+x);x,y,Z€R

We take:
_1- _1- _1
x_ra,y_rb,z_rc
1 1 1y 1 1 1 1 1
Graed) =gl )
Ta Tb TC Ta Tb TC cye Ta Tb
By (1):

(1)3_1+1+1+31—[<s—a+s—b)
r) 3 3 F F

1 (1 1 1\ _ 3 1 (1 1 1\ _ 3-4RF
P N R =mabe Solatat g =0
1 1 1 1 12R
S-(Grara)=E
Relation (2) it’s called Toscano’s identity.

Let be f:(0,0) - R; f(x) = x3; f'(x) = 3x2; f""(x) = 6x > 0; f convexe.
By Jensen’s inequality:

£+ f0) + () 2 37 ()

Again:x:i;y:i;z:i
Ta Th Te
fra frb fTC_fSTaTbTC

By (2):
1 1 1 1 1

J— J— —_— — ] = . = —
r§+r§+rc3_3f<3r) 3 27r3  9r3

l+l+l < 1 1 l+l+l <l 1
2o BT 9y 3 \d o ¥ T3 9rd
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By (2):

12R<1 1 12R<8 3R<2

Fz —r3 9r3’ r2s2 = 9r3’ s2 7 Or

EULER
2s>>27Rr > 27-2r-r =54r% 25 > 54r% = s? > 27r?, s> 3V3r

which it’s Mitrinovic’s inequality.
REFERENCE:
[1] ROMANIAN MATHEMATICAL MAGAZINE — www.ssmrmh.ro

THE HEPTAGONAL TRIANGLE REVISITED

By Daniel Sitaru, Claudia Ndnuti — Romania

Abstract: In this paper are proved the characteristic metric relationships in the heptagonal
triangle.
We call heptagonal triangle the obtuse scalene triangle whose vertices coincide with the
first, second and fourth vertices of a regular heptagon (from an arbitrary starting vertex).
Thus its sides coincide with one side and the adjacent shorter and longer diagonals of the
regular heptagon.
Lemmal
Ifin AABC,a < b < c; u(B) = 2u(A); u(€) = 2u(B) then: b?> = a® + ac; ¢* = b? + a.
Proof.
u(B) = 2u(A) = sinB =sin 24
a b?+c?—a?

. . b
5|nB—25|nAcosA:>ﬁ_2-ﬁ. e

b%c = ab?+ac?—a® = b*(c—a) —al(c?—-a?) =0
b*(c—a)—a(c—a)(c+a)=0
(C—a)(bz—a(c+a))=O;C—a¢0, b? =a?+ac
Analogous: u(C) = 2u(B) = c? = b? + ba
Lemma 2
Ifin AABC;a < b < c; u(C) = 2u(4) + u(B) then: a? = ¢? — bc.
Proof.
u(C) = 2u(A) + u(B) = 2u(C) = 2u(A4) + u(B) + u(C)
2u(C) =+ u(4), sin2C = sin(m + A)

2sinC c= in A 2 c a’?+b%?—-c? _a
SINC COSC = SINA, R >ab = R
ca? + cb? — c3 = —a?b, a’?(b+c)—c(c?-b?)=0

a’(b+c)—c(b+c)(c—b)=0, a’?—c?>+bc=0, a’> =c?—bc
If u(4) = %;u(B) = 27” u(C) = 47” by lemma 1 and lemma 2 we obtain that for the triangle
with sides a, b, c; a < b < c the relationships:
b?2=a?+ac;c?=b%2+ba;a’?=c?*—bc (1)
The heptagonal triangle with sides a, b, c,a < b < c and angles 4, B, C verify (1).
By adding relationships (1) we obtain:
b2+ c?+a?>=a*+ac+b?+ba+c*—bc

1 b+c
bc = ba + ac, —=
a bc
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1_1,1 )
a b c
By multiplying (2) with 2F":
2F 2F+ 2F hy = h, +h
N —_— —_—
a b b
Lemma 3:
. om . 2m . 3w _ 7
sin - sin—sin— = = (3)
Proof.
We will use the well known identity:
T _km_n
1_[5”17 o 5o nENn=2
k=1
Forn=17:

sinnsinznsin 37Tsin4nsin5nsin br _ 7
777 7 7 7 7 26

. . 2w . 3m . 4y . 5m\ . br 7
sin = sin—-sin—-sin (n ——) sin (n ——) sin (n —_) -

7 7 7 7 7 7 64
(_ T 21 4n)2 7 T 2 4m 7T
— - JR— = JE— N
S|n75|n 7 Sin 7 64 5|n75|n 7 sin 7 3

Lemma 4:
The equation:

64y3 — 112y +56y -7 =0 (4)
has the roots:

, 211' ) 4
x, = sin? = : X, = sin? - ;X3 = sin -
Proof.
We will prove that x; = 5|n2 is a solution for the equation (4):
. 4m 4\ 3 2471_ _2371'
5|n7—5|n<n—7)—5|n7, sin 7—5|n -
. 2m 2m\> [ .m LT 2
(2 5|n7cos7) = <5|n7(3 —4sin 7))
4 sin? 277Tcos2 27n = smz:; (3 — 4sin? ;)2 2
4 - 4sin? gcoszg(l — 2sin? g) = sinZ;(S — 4 sin? g)

Denote: sin?~ =y
16 (1 — sin? g) (1 — 2sin? g) = (3 — 4sin? g)
16(1—y)(1—-2y)*=(3—-4y)?, 16(1—y)(1—4y+4y?) = (3 —4y)?
16(1 -4y +4y? —y + 4y — 4y®) = (3 - 4y)?
16 — 80y + 128y2 — 64y3 = 9 + 16y2 — 24y
7 —56y +112y2 —64y3 =0, 64y3 —112y2 +56y—7=0
~112 14 7
64 _7 8 4
()

4
sinzZ +5|n2 ” +sin? 7”—2

2 2

51:X1+X2+X3:—
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56 14 7

64 16 8

sin? Zsin2 2Z + sin? 2—”sin2 4—” + sin? 4—”sin2 Z=7 (6)
7 7 7 8

2
4 7
S3 = X1X3X3 = (sm sm—” sm—”)

Sy = X1Xp + XpXg + X3xq =

R —cwcumradu, F —area;
. L. I . . 2m . . 4n
a=2Rsin4 = 2R5|n7,b =2RsinB = 2R5|n7,c =2RsinC = 2R5|n7

. .2 . 4

_abc _8R® sm%sm%sm% @ o T 1/7R2
4R 4R B 8 4
4n) (5) 7

2
2+ b% + c? = 4R? (sln2 +sin2 o +sin? — ) = 4R? . - = 7R?
¢ ¢ 7 7 7 4

a?+b*+c*=7R* (8)

1+1+1_ 1 1 . 1 . 1
a2 b2 2?2 4R2 Sinzz SInZZn S|n24n

Vs
1 sin?Z sln2 - T +sin2 2 sln2 - +sin2 sln2

4R% sinzgsinzz—”sinzg
7
@ 1 3 1 2
T T TR
1 1641 2
atrtaTe O L
1 1 1 7 2 7 7R“ (8) a* + b= +
h2+h2+h2=4F2<—+—+— =4. —R* - =-R?*= =
a b c a? b2 2 16 Rz 2 2 2
a? + b2 +¢?

h2 + hZ + h2 = >
In conclusion, in a heptagonal triangle with sides a < b < c; u(4) = %;u(B) = 27”;

u(c) = 47” the following relationship holds:

1 1 1
a? =c? — bc;b? = a? + ac; c? = b? + ba, —=—+—
a b c
a? + b? + ¢? 7
ha:hb+hc;h?l+hlz)+hg: 2 ! F:TRZ
1 1 2

1
a? + b? +c? :7R2;F+b_2+c_2: 72
REFERENCE:
[1] ROMANIAN MATHEMATICAL MAGAZINE — www.ssmrmh.ro

ABOUT AN INEQUALITY BY MARIAN URSARESCU-I|

By Marin Chirciu — Romania

1) Prove that in any acute-angled triangle the following inequality holds:
a® b® c®
+ + > [4R(R +T1)]?
wyw, ww, WqaWp

Proposed by Marian Ursdrescu — Romania
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Solution.Using Bergstrt')m S inequality we obtain:
y @ _y@), @) (sa )

WpWe wpwe ZWch

, which follows from Y wyw, < Y w2 <Y s(s —a) = s?

(Za

It suffices to prove that: > [4R(R +1)]? PRI > 4R(4R +71) ©

o lZtrar) > 4R(4R + 1) © s? = 2R? + 8Rr + 3r? (Walker’s inequality, acute)
Equality holds if and only if the triangle is equilateral.
Remark: In the same way we propose:
2) Prove that in any acute-angled triangle the following inequality holds:
6 b6 c6
+ + > [4R(R +1)]?
TpTe TcTg TraTp

Marin Chirciu
Solution:Using Bergstrom’s inequality we obtain:
a® _ Z(a3) (za®)’ _ (Za )*

TpTc TpTc XTpTc

, which follows from Y, r, 7., = s?

3
It suffices to prove that: (ZSLZ) >[4R(R +7)]? & ZTa >4R(4R +7) &

2 2
e M > 4R(4R + 1) © s? = 2R? + 8Rr + 3r? (Walker's inequality, acute)

Equality holds if and only if the triangle is equilateral.
3) Prove that in any acute-angled triangle the following inequality holds:
6 6 6
4 b +
hbhc hcha hahb
Solution: Using Bergstrt')m S inequality we obtain:

P Z(:,? —(zzha? > (e 3) , which follows from
bllc blc b"c

Zhbh <ZWbWC ZW _ZS(S—CI):

: .(za®)? 2 . 2
It suffices to prove that: == [4R(R+1)])? & === 4R(4R +71) ©
25(52+r2+4Rr)
o= T/
S

> [4R(R + 1)]?

> 4R(4R + 1) © s? = 2R? + 8Rr + 3r? (Walker's inequality, acute)
Equality holds if and only if the triangle is equilateral.
4) In AABC the following inequality holds:

6 6 6
a b c

+ + > (85)Z
mym, mm, m,m, 3

Marin Chirciu
Solution: Using Bergstrom’s inequality we obtain:

% a” ZZ(a3)Z > (za*)" > (2a ) which follows from

mpme mpme  Ympme = 27RZ '
3 5 5 27R?
Zmme_ZmaZZZa S—-9R = 2
It suffices to prove that: (22;2 (85)2 3R > 8Se Ya®>12SR &

2
& 2s(s? —3r? —6Rr) > 12Rrs & s2 > 12Rr + 3r?, which follows from Gerretsen’s
inequality s > 16Rr — 572, It remains to prove that:
16Rr — 572 > 12Rr + 3r? & R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.

8| ROMANIAN MATHEMATICAL MAGAZINE NR. 33
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ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOQOS-II

By Marin Chirciu — Romania
1) In AABC the following relationship holds:

1 R\?
SE - - - S2<—>
sin? A + sin Bsin C 2r

Proposed by George Apostolopoulos — Greece
Solution: LHS inequality. Using Bergstrom’s inequality, we obtain:
9

1 9
> = =
ZSihZA +sinB+sinC ~ Y(sin2A+sinBsinC) Y sin2A+ Y.sinBsinC

1)

9 9 36R? (

- sz—r2—4Rr+sz+r2+4Rr T 3s2-12—4Rr ~ 3g2_42_4Ry = 2' where (l) And
2RZ 4R? 4RZ

& 18R? > 3s% — r2 — 4Rr, it follows from Gerretsen’s inequality s? < 4R? + 4Rr + 312,
It remains to prove that:
& 18R?* > 3(4R* +4Rr +3r?) —r? —4ARr © 3R> —4Rr —4r* >0 &
& (R —2r)(3R + 2r) = 0, obviously from Euler’s inequality R > 2r.
Above we've used the known inequalities in triangle:

) 2_p2_4R . . 247r2+4R
Ysin?A=>"—""andYsinBsinC="_""
2R 4R

Equality holds if and only if the triangle is equileral RHS inequality.
Using means inequalities: sin? A + sin B sin C > 2+/sin2 Asin B sin C, we obtain:

1 1 @ R\
Z in2 ; ; =< z - = - = Z - < 2(—)
sin“A +sinBsinC 2Vsin2AsinBsinC  2,/T[sin A&~ VsinA 2r

2
< (5) , which follows from:

where (1) &

1 1
JIIsin4 < Vsin4
Z — and the identites Z

S2+712+4Rr R
We obtaln m F / —\/3(52 + 72 + 4Rr) (;) , Where (2)

& 7\/3(52 +712+4Rr) <SR © 3r?(s? +r? +4Rr) < s’R? &
& s2(R? — 3r%) > 3r3(4R + r), which follows from Gerretsen’s inequality
s2 > 16Rr — 5r2. It remains to prove:
(16Rr —5r?)(R?> —3r?) > 3r3(4R+71) © 16R® —5R>r —60Rr* +12r3 >0 &
& (R —2r)(16R?% + 27Rr — 67r2) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Remark: We propose in the same way:
2) In AABC the following relationship holds:

_ s 24712 +4Rr

JIsin4 ——

Z 1 - 12r
cos2A+cosBcosC~ R
Marin Chirciu

Solution: Using Bergstrom’s inequality we obtain:

9 9
> = =
Z cos2A +cosBcosC — Y(cos2A+cosBcosC) Y.cos?A+ Y cosBcosC

_ 9 _ 9 _ 36R? (;) 12r h 1) o
T 6R2+4Rr+12-s2 s2412-4R%2 T B8R2+8Rr+3r2-s2 ~ gp2igpr43r2—g2 — w ere( )

2R2 T 4Rr? 4R2

9| ROMANIAN MATHEMATICAL MAGAZINE NR. 33
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& 36R3 = 96R?r + 96Rr? + 3613 — 12s%r, which follows from Gerretsen’s inequality
s? > 16Rr — 5r2. It remains to prove that:
36R3 > 96R?r + 96Rr? + 36r3 — 12r(16Rr — 51%)
© 3R —8R?r + 8Rr? —8r3 >0 e (R — 2r)(3R? — 2Rr + 4r?) > 0, obviously Euler’s

inequality. Above we have used the known inequalities in triangle:

6R%+4RT+1% -5 Z4r2-4R?
Ycos?A=>""""—"""""and ¥ cosBcosC = ———
2R 4R

Equality holds if and only if the triangle is equilateral.

3) In AABC the following relationship holds:

1 <Z 1 < 1
2RZ — a2 +bc ™ 8r?

LHS inequality. Using Bergstrom’s inequality, we obtain:
9

1 9
> = = =
Za2+bc_2(a2+bc) Yaz+Ybc 2(s2—1r2—A4Rr)+s2+1r2+4Rr
(1)
9

ZRZ , where (1) © 18R? > 3s% — r2 — 4Rr, which follows from Gerrtsen’s

inequality s2 < 4R? + 4Rr + 3r2. It remains to prove that:
18R? > 3(4R?> +4Rr +3r?) —1r? —4Rr ® 3R> —4Rr—4r* >0 &
& (R —2r)(3R + 2r) = 0, obviously from Euler’s inequality R > 2r.
Above we have used the known inequalities in triangle:
Ya?=2(s?>—r?>—4Rr)and Y bc = s> +r?> + 4Rr.
The equality holds if and only if the triangle is equilateral.
RHS inequality. Using the means inequality a + bc = 2V a?bc, we obtain:

T 3s2—r2—4Rr

Z 1 Z Z 1 (1) 1
a*+bc ™ 2\/a2bc 2,/]_[a

1 1 1 . . . 1
where (1) & JT_aZﬁ < (;) , which follows from CBS |nequaI|tyZ == 3 - and the

identities Z% = Szeﬂ [1a = 4Rrs. We obtaln
1 w1 1 _S24T24+4Rr _ 5 5 1\?
JIla Z Va = V4RTsS 3 4RTSs " 4Rrs \/3(5 et 4RT) (Zr) ' where (2)

© 1/3(s2+ 12+ 4Rr) < sR © 3r%(s? +r2 + 4Rr) < s’R* &
& s2(R? — 3r%) = 3r3(4R + r), which follows from Gerretsen’s inequality
s? > 16Rr — 572, It remains to prove that:
(16Rr —5r?)(R?> —3r?) > 3r3(4R+71) © 16R® —5R*r —60Rr* +12r3 >0 &
& (R —2r)(16R?% + 27Rr — 67r2) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

4) In AABC the following inequality holds:

Or < Z 1 9R
R tanZ +tan tan = 4r

Marin Chirciu
Solution: LHS inequality. Using Bergstrom’s inequality we obtain:

1 9
_> _
z tan2 + tan— tan - ¥ (tan2 ‘E’ + tan g tan 2) > tan2 +) tan tan =

10| ROMANIAN MATHEMATICAL MAGAZINE NR. 33
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(1)
9 9 9 .
= R = Ryt 2 =, where (1) & s2(R + 1) = r(4R +)? which follows
SZ

2
from Gerretsen’s inequality s < 16Rr — 512 > Lf::) -

Above we've used the known inequaity in triangle:
ZtanzA wandZtan tan— =1
Equality holds if and only if the trlangle IS equHateraI.

RHS inequality. Using the means inequality: tan2 +tan— tan > ZJtan2 %’tangtan g we

)
obtain: ¥ — ! < < L L < %X where Q)
tan“>+tan; tany ZJtanz—tan tan— J]'[ tan— Jtan; r
1 1 9R . 1
& —) < —, which follows from CBS inequalit: < /3 D and the
/]'[ tang /tang 2r ’tané tané
identites Y — =, [[tan2 == We obtain y L = \/_ < Where

A~ ] _
tany T 2 /]'[ tané /tan— \[ r

Qe s< % (Mitrinovic's inequality)
Equality holds if and only if the triangle is equilateral.

5) In AABC the following inequality holds:
2 1 R
2 =Y .
R cotZ + cot cot 47'

Solution: LHS inequality. Using Bergstrom’s inequality obtain:

Marin Chirciu

1 9
2. 2 -
cot2 + cot cot— Y, (cot2 + cot cot ) > cot2 +) cot cot—

9 9r? ()

— — 2 2
= P err aRer = S22 amr > 2 Rz , " where (1) © 252 < 9R? + 8Rr + 2r?, which follows

r2 r
from Gerretsen’s inequality s> < 4R? + 4Rr + 3r?. It remains to prove:
2(4R? + 4Rr + 3r%) < 9R? + 8Rr + 2r? & R? > 4r? obviously from Euler’s inequality
R > 2r. Above we've used the known inequalities in triangle:

2_ 5.2
Y. cot? % = SZ;—ZW and ), cotgcot— = AR . Equality holds if and only if the triangle is
equHateraI

RHS inequality. Using the means inequality cot? % + cotgcotg > 2\jcot2 % cotgcotg we

1 1 1

t2é+ tE t£ -
cotiyrcotycoty ZJcotZ—cot—cot— J]’[ cot— cot—

1 1 R . 1
& ——),—— < —, which follows from CBS inequality ) < /3 >.—z and the
/]'[ tang /tan? r /cotg COtg

4-R A .
:r [Teots = f We obtain

1)
obtain that: ), ﬁ where (1)

11| ROMANIAN MATHEMATICAL MAGAZINE NR. 33
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r(4R+r)

3. BT Js < =, where (2)
/]'[ cot— /cot— f\]
& s2R? > 12r3(4R + r), which follows from Gerretsen’s inequality s? > 16Rr — 572, It
remains to prove that:
(16Rr —5r%)R? > 12r3(4R + r) © 16R3 —5R?*r —48Rr? — 121° &
& (R — 2r)(16R? + 27Rr + 61%) = 0, obviously from Euler’s inequality R = 2r. Equality

holds if and only if the triangle is equilateral.
REFERENCE:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY BY HOANG LE NHAT TUNG-I

By Marin Chirciu-Romania
l.Leta, b, c > 0 such that (a + b)(b + ¢)(c + a) = 1. Find the minimum value of
expression

a . b . c
b(b+2c)(a+3c)? c(c+2a)(b+3a)? a(a+2b)(c+ 3b)?2

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution by Marin Chirciu-Romania

P =

4 \2 2
P = Z — Z (a+3c) B;S (chc a+3c) (;)

b(b + 2c¢)(a + 3c)? ab(b+2c) ~ Ycycab(b+2c) ~
cyc cyc

(§)2 @) 2

2 S threane = 0 = Let s proof inequality (1): ¥cpc —
cyc §

a _ a2 B£5 (chc a) _ chc a +2 chc bc 3 3
Z a+3c Z a?+3ac — Yyc(a? +3ac) B Yeyc@? +3Xcycbc T 4
cyc cyc
Where (3) & Y.yca? = Xy bec © Yoy (b — c)? = 0 true, with equality whena = b = c.
Let’s proof inequality (2): X.cyc a®b + 6abc < Z
From AM-GM we have: a + b > 2+/ab and analogously, then
(a+b)(b+ c)(c+ a) =8abcand from (a + b)(b + c)(c +a) = 1 we get

abc < l; (4) with equality fora = b = ¢ = l.Now,

3
>
a+3c 4

(4)
(a+b+c)(ab+bc+ca)=(a+b)(b+c)(c+a)+abc=1+abc <1+

(a+b+c)(ab+bc+ca)SgﬁZab2+z 2b+3abc<— (5)
cyc cyc

Applying again AM-GM, we have ¥, a?b > 3abc, then from (5) it follows that

9
2> Zab2 +Za2b + 3abc > Zab2 + 3abc + 3abc = Zab2 + Gabc

cyc cyc cyc cyc

1 9
8 8

Hence ¥, ab? + 6abc < Z From (1),(2) it follows that P > %
So, minimum of expression P = chc

a

.1 . S
mlszattamedfora—b_c_z_
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2. Lleta,b,c > 0suchthat (a + b)(b+ c)(c +a) =1and A = 2. Find the minimum value

of expression
a b c

b(b +20)(a+ 202 clc+2a)(b + Aa)?  ala + 2b)(c + Ab)?
Marin Chirciu

a 2 2
p = Z a — Z (a+/1c) B;S (chc a+/1c) (;)
b(b + 2c)(a + Ac)? ab(b+2c) — Yycab(b+2c) —
cyc cyc

P =

Solution by proposer

(&) oy

- s Doz _ 8

" Yeyca?b +6abc — 2 A+1)%
8

Let’s proof inequality (1): chc = .

a+ic T A+1
Z a _ Z a? Bis (chc a) _ chc a* + Zchc bc (;) 3

a+Ac Lua?+lac T Yeyc(a? + Aac) B Yeyc @2 + A cycbc — 4
cyc cyc

Where 3) & (1—-2) Xy a? = (A= 2) Xycbe © (A= 2) Xeye(b — ¢)* = O true for
A=2and ¥ (b —c)* =0, withequalitywhena = b = c.
Let’s proof inequality (2): X, a®b + 6abc < Z
From AM-GM we have: a + b > 2+/ab and analogously, then
(a+Db)(b+ c)(c+ a) =8abcand from (a + b)(b + c)(c + a) = 1 we get
abc < ﬁ; (4) with equalityfora =b =c = %.Now,

(4) 1 9
(a+b+c)ab+bc+ca)=(a+b)(b+c)(c+a)+abc=1+abc <1+ 3-8
9
(a+b+c)(ab+bc+ca)£§@2ab2+Za2b+3abCS§; (5)
cyc cyc

Applying again AM-GM, we have ¥, a?b > 3abc, then from (5) it follows that

9
== Zab2 +Za2b + 3abc > Zab2 + 3abc + 3abc = Zab2 + Gabc

cyc cyc cyc cyc

Hence ¥, ab® + 6abc < = From (1),(2) it follows that P > o 1)2

attained fora =b = ¢ = %

a .
b(b+20)(atic)? © Gir 1)2

So, minimum of expression P = chc

Note: For 4 = 2 we get problem SP.304 from Number 22-RMM Autumn Edition 2021,
proposed by Hoang Le Nhat Tung, Hanoi, Vietnam.

3.Leta,b,c > 0suchthat (a+ b)(b+c)(c+a)=1and A > 2, u > 2. Find the
minimum value of expression
_ a b c
" b(b + puc)(a+ Ac)? + c(c+ pa)(b + Aa)? + a(a + ub)(c + Ab)?
Marin Chirciu

Solution by proposer
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a 2 2
p = Z a — Z (a+/1c) B;S (chc a+/1c) (;)
b(b + uc)(a + Ac)? ab(b+puc) — Xeycab(b +puc) —
cyc cyc

() :
- PrS] D Gr? _ 24
~ Yeye a?b +3pabc M (u+1)(1+1)%

Let’s proof inequality (1) chc >

a+ic — A+1

Z a Z a? Bis (chc a) _ chc a®+ Zchc bc (;) 3

a+Ac ZLua?+lac T Yeyc(a? + Aac) B Yeyc @2 + A cycbc — 4
cyc cyc

Where (3) & (1—2) Xy a? =2 (A= 2) Xy bc © (A= 2) Xyo(b — ¢)* = O true for
A=2and ¥ (b —c)* >0, withequality whena = b = c.
3(u+1)

Let’s proof inequality (2): X, a®b + 3uabc < =—

From AM-GM we have: a + b > 2vab and analogously, then
(a+Db)(b+c)(c+ a) > 8abc and from (a + b)(b + C)(C +a) = 1 we get

abc < =; (4) withequalityfora=b =c == Now

(4)
(a+b+c)(ab+bc+ca):(a+b)(b+c)(c+a)+abc=1+abc <1+

1 9
88
9 9
(a+b+c)(ab+bc+ca)£§@2ab2+Za2b+3abCS§; (5)
cyc cyc

Applying again AM-GM, we have ¥, a?b > 3abc, then from (5) it follows that

9
== Zab2 +Za2b + 3abc > Zab2 + 3abc + 3abc = Zab2 + Gabc

cyc cyc cyc cyc
9
Hence ¥, ab?® + 6abc < 51 (6)

Yeye a?b +3pabec < =—— 3(’”1)

From (1),(2) it follows that P >

true from (6) and (4), for u > 2 we get (2).
24

(u+1)(A+1)2°
a . 24

b(b+puc)(a+Ac)? IS (u+1)(A+1)2 attained for
1

So, minimum of expression P = ..,

a=b=c= >
4.leta,b,c > 0suchthat (a+ b)(b+ c)(c+a) =1and A > 2,n € N*. Find the
minimum value of expression
an bn cn
= + +
b(b +2c)(a+ Ac)™*1  c(c+ 2a)(b + Aa)"*!  a(a+ 2b)(c + Ab)"t1
Marin Chirciu

n+1 n+1
(rren) Coeg) @
atdc Holder CYC a+1c

an
b= Z b(b+2c)(a+ Ac)n+t Z ab(b+2c) = 31y .ab(b+2c) ~
cyc cyc

Solution by proposer
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3 n+1 9

- (m) Doy _ 8

T 31y yca?b + 6abc 2 (A + 1)n+1t
8

Let’s proof inequality (1): chc >

a+ic — A+1

Z a Z a? B;S (chc a) chc a®+ Zchc bc (;) 3

a+Ac a? + lac Yeyc(a? + Aac) chc a?+ A, cbc 4
cyc
Where (3) & (1 — 2) Yeyea? 2 (A=2)Y .y bc & (A= 2) Xy (b — ¢)* = O true for
A=2 and ¥, (b —c)* =0, with equalitywhena = b = c.
Let’s proof inequality (2): X.c,c a®b + 6abc < Z
From AM-GM we have: a + b > 2+/ab and analogously, then
(a+b)(b+c)(c+ a) > 8abc and from (a + b)(b + C)(C + a) = 1 we get
abc < =; (4) withequalityfora=b =c == Now

(4)
(a+b+c)(ab+bc+ca):(a+b)(b+c)(c+a)+abc=1+abc <1+

1 9
o o 8 8
(a+b+c)(ab+bc+ca)SgﬁZab2+z 2b+3abc<8 (5)

cyc cyc

Applying again AM-GM, we have ¥, a?b > 3abc, then from (5) it follows that

9
== Zab2 +Za2b + 3abc > Zab2 + 3abc + 3abc = Zab2 + Gabc

cyc cyc cyc cyc
8

- (/‘L 1)n+1
attained fora = b =c¢ = ;

Hence ¥, ab® + 6abc < = From (1),(2) it follows that P >

a

So, minimum of expression P = chc rze@rio? S Ganm

Note. Forn = 1, 4 = 2 we get problem SP.304 from Number 22-RMM Autumn Edition
2021, proposed by Hoang Le Nhat Tung-Hanoi-Vietnam.

5.Leta,b,c > 0suchthat (a+ b)(b+c)(c+a)=1and A > 2, u > 2. Find the
minimum value of expression

a™ b" c"
= + +
b(b+ uc)(a+ Ac)™1  c(c+ pa)(b + Aa)™!  a(a+ ub)(c+ Ab)"*1
Marin Chirciu
Solution by proposer
n+1 n+1
(ﬁ) Holder (chc af)[c) (1)

an
= = —_— >
P Z b(b + uc)(a+ Ac)n*t Z ab(b+uc) — 37ty . ab(b+ uc)
cyc cyc

3 n+1 9
(m) @ Gapnet _ 24

> = .
T3 1Y ca?bh +3uabc T 3D (p+ 1)(A + 1)t
8

Let’s proof inequality (1): chc >

a+ic T A+1

Z a Z a? Bcs (Zeye a) _ Yeye@® + 2% be (;) 3

a+Ac Zua?+lac T Yeyc(a? + Aac) B Yeyc @2 + A cycbc — 4
cyc cyc
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Where3) @ 1-2)Y.ya? =2 (A—2) Y.y bc © (A —2) X .yo(b — ¢)? = O true for
A=22and¥ (b —c)* =0, withequalitywhena = b = c.
3(u+1)
8
From AM-GM we have: a + b > 2+/ab and analogously, then
(a+Db)(b+ c)(c+ a) =8abcand from (a + b)(b + c)(c + a) = 1 we get

abc < %; (4) with equality fora = b = ¢ = % Now,

Let’s proof inequality (2): X, a®b + 3uabc <

(4)
(a+b+c)(ab+bc+ca)=(a+b)(b+c)(c+a)+abc=1+abc <1+

1 9
88
9 9
(a+b+c)(ab+bc+ca)£§@2ab2+Za2b+3abCS§; (5)
cyc cyc

Applying again AM-GM, we have ¥, a?bh > 3abc, then from (5) it follows that
9
== ) ab’+ ) a?h+3abc 2 ) ab?+3abc +3abc = ) ab® + Babe

cyc cyc cyc cyc
9
Hence ¥, ab? + 6abc < 51 (6)

Yeye a?b +3pabe < 3(”8+1) true from (6) and (4), for u > 2 we get (2).

. 24
From (1),(2) it follows that P > DG

a™ . 24

b(b+uc)(a+ic)n+1 IS (u+1)(A+1)n+1 attained for

So, minimum of expression P = ..,

=ph=c=-—
a c 2
Note. Forn = 1,4 = 3, u = 2 we get problem SP.304 from RMM Autumn Edition 2021,
proposed by Hoang Le Nhat-Hanoi-Vietnam
Reference:
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

OPPENHEIM’S INEQUALITY REVISITED
By Bogdan Fustei-Romania

NOTE BY EDITOR: In his unmistakable style with which the author has accustomed us in the
previous articles in this paper is approached the famous Oppenheim inequality in triangle.
The author provides an interesting generalization and numerous applications with
inequalities and identities that result from it. | notice once again the way in which the author
presents his thought process in its entire evolution for obtaining the results-fact that makes
the article extremely useful also from a methodical perspective.

Let M —be any pointin euclidian space and x,y,z € R. In AABC holds:
(x +y+2z)(xMA? + yMB? + zM(C?) > yza? + zxb? + xyc?
Proof: We have: xMA4 + yﬁﬁ +zMC > 0 then:
x2MA? + y2MB? + z2MC? + 2xyMA - MB + 2yzMB - MC + 2zxMC - M4 > 0
x2MA% + y2MB? + z2M(C? + xy(MA? + MB? — AB?) + yz(MB? + MC? — BC?)
+ zx(MC? + MA?2 — AC?) =0
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x(x +y+2)MA? + y(x +y + 2)MB? + z(x + y + z)MC? > yza? + zxb? + xyc?
(x+y +2z)(xMA? + yMB? + zM(C?) > yza® + zxb? + xyc?
If we take M = 0 then 0A = OB = OC = R then we have that:
(x +y +2)?R? > yza? + zxb? + xyc? (Bottema's Inequality)
Letbe x,y,z € R, ;x = a?xy,y = b%y,,z = ¢?z;; x1,v1,2; € R, then follows:
(a®x; + b%y, +c?2z,)?R? = a?b?c?(x .y, + y12, + z,x,) and from abc = 4RS we get:
a’x; + by, + c?z; 2 4S.\[x;y, + Y121 + z,x; (Oppenheim-Bdndild-Chiritd)
In A, B, C; withsides a; = +a, b; = Vb, c; = /c the following relationship holds:
axy +by, +cz; = 451\/951}’1 + 1z Z1x
1652 =2 ) a?h? = (a* + b* +c*) = 1657 = 2(ab + be + ca) = (a? + b” + ¢?)
cyc
ab + bc + ca Zys2 +4Rr +71?%; a? + b? + ¢2 = 2(s? — 4Rr — r?) it follows

1
16S2 =4r(4R+71)=>4S?=r(4R+1) > S, = E,/r(4R +7)

So, we get: ax; + by, + cz; = 2\JT(4R + 1) (xyy, + 12, + 2,x,)

ButdR+r >s /4 — = which follows from s2 < M (Blundon).

2(2R-7

2r
ax, +by, +cz; =22 |S |4 — f(xﬂﬁ + Y121 + 21X1)

\Zy = f;x,y,z > 0 then follows

/ 2r ;xy yz
> __ (==
Xx*ty+tz=2S |4 (ab bc+ac)

absmC bcsinA acsinB

2r 2r
(x+y+2z)?>4S ;4—— ; -— Z— 2absinC = ;4—— ZnysmC
cyc cyc cyc

INAABC; x,y,z > 0 the following relatlonshlp holds:

Therefore,

SR

2r
(x+y+2z)?=>2 ;4 R (yzsinA + zxsinB + xysinC) (Oppenheim generalization)

Proof.
We prove it that: ax; + by, + cz; = 2\/T(4R + 1) (x,y; + Y121 + 21%1);%1,y1, 7, > 0
Letbe: x; = E,yl = %,Zl = f;x,y,z > 0 then
x+y+z)? x z  zx
Gry+2) (L 22,20
r,+n,+r1;

ab bc ca
But tani1 = rs—“ (and analogs); r, + 1, + 1. = 4R + 1, S0 we get:

2 yz 2 45(4R+r) Xy , yz | zx
(x+y+2z) >4r(R+r)( +bc+ )hence(x+y+z) = (ab+bc+ca)and
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A
(x+y+2)?> Z tan— - Z 2absinC -2
2 ab
cyc cyc

Therefore: (x + y + z)* > 2(xysinC + xzsinB + yzsinA) ¥.cy. tcm%1

Forx,y,z > 0wehaveax + by + cz > 2\/r(4R +1)(xy + yz + zx) and put x = Z’

_C _a 0
y—;,Z—;Weget.

a ac b c

25>2\/r(4R+r)< +b+2)@52\/r(4R+r)< +i)+ccz)

But4R +r > svV/3thens > JTS\/§ (% + g + g) and hence

b b c ba c a
PR PRy r(4R+r)<— —+— =+ —)(:)
b c a b

a C - - - - - - -
s>r/3 (3 + p + E) (Ion Cristian Miu — refinement Mitrinovic)

HOW4R +7 > s /4—2—rthenwehave:szr /4—2—r(f+2+5) and from
R R \b c a

2 a b 4R+r b ¢ . — . A
s2>r(4R +71) (b + = ) we get ( +-+ a) and withr, = s - tan > follows

b
that; > > (E +-+ 5) (tan— +tanZ + tang).
r b c a 2 2 2
A B c . .
From cot 2+ cot ~ + cot = = fwe get a new inequality:

A B c
cot—+c0t;+c0t— a b c

C2—+—+—
tan +tan +tan— b ¢ a

From ax + by + cz > 2\/r(4R +r)(xy +yz+zx),x,y,z > 0 and for x = g,y = %,

b b b b
:—wehave:a-5+b-5+c-—22\/r(4R+r)(5-5+5-—+5-—)therefore,
c a b c a b a ¢ b ¢

s> \]r(4R +7) (% + % + Z) and from 4R + r > sv/3 we get a new inequality:

b
From s2 > 372 (% - Z)(£+B )follows —>( 2 —)(g Z %)

But4R+r>s/ ——then s> /4—— + + andfroms>r/4—2—r + + t
a

.S
foIIows.r—2>(4__)(; Z+ )( +a+c)
From ax + by + cz = 2\/r(4R + 1) (xy + yz + zx);x,y,z>Oandforx ==,y = =

a b'

sZ\/sr\/§<E+§+£)

_ b c b a
z=-wegets > \]r(4R +7) (Z+E+Z) and hence

a b c¢c\/c b a s 4R+7r |fa b c¢c\/c b a
SZZT(4R+T) <—+—+—)<—+—+—)C>—2 <—+—+_)<_+_+_>
b ¢ a/\b a c T s b ¢ a/\b a c
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A A
Fromr, = s - tan? (and analogs); 1, + 1, + 1. = 4R +1; Yoy cot— = fwe get:

coté+c0t5+c0t£ a b c¢cn/c b a
2 z zZ > <—+—+—)<—+—+—)
a

A B c
tan- +tan_ + tan; b ¢ b a c
Similarly:
A B c
cotE+cotE+cot— c b a

>
a B c=
tan +tan +tan— b a c

Now, m,, m,;, m, it can be the Iengths S|des of on trlangle by area S,,, = %S, semiperimeter

We have that: s > r/3 (% + g + 2) ands > /3 (% + Z + %) so, for Amgm;,m, we have:
m, + my, +mg 3S m, m, Mm,
2 T 2(mg+m,+m) <m_b m, m_a)‘:’

m, m
(mg+my +m,)? > 3\/_S<—+—b+—c)
my mg mg,
Similarly:
m m m
(mg +my, +m)? > 3\/§S<—C+—b+—“)

my mg me

Therefore, we get a new inequality:
m, m,/m, m, m
b c)( c+ b + a)
mpy m, mg

(my, +my +my)* >(3\/_S) ( : mc+m—a

and hence
(mg +my +me)* (e Mo, Moy (Te , T, Tha)
3V/3S m, m., mg/\m, m,; m,
We know that:
s?=n2+2rh, & s?>—n2=2rh, ©
_ _ 213h, s—n, 21,
(s—ny)n+ny)=2rh, &s—n, = S +ng & h T sen (and analogs)
1 1 1 1 1 l 1
=3 ==
h,  hy h. u
h
= Z"—“+ 22 and u Z 22 a
h, s+n s+n,
cyc cyc cyc cyc
S a b a
—2\/§<—+ )and >\/_< +-—-+ )
T b a a c

So, it follows that:

&2\/§<E+é+£)—22 andz—>\/_< a)—ZZ a
h, b ¢ a s+n, a ¢ s+n,

cyc cyc cyc
Vi Affe o) 2 s Y a2y

7 b ¢ a s+n, s+n,
cyc cyc cyc

s> 4 2r<a+b+C) ds> 4 2r< b+a>
r R\b aan r b a c
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Therefore,

na 2r b ¢ 2r (c b

> [4-— (+ +) ZZ andz 4 — —(— - ) ZZ

s+n, R\b a s+n,
cyc

2r 2rc b a h,

GGt et Y (1-F et D)2
s+n, b a c s+n,

cyc

Applylng Jensen Inequality for functlon convex f(x) = tanZ’x € (O’Z) we have:

A B C
A B C PELERRE A B C T
tan—+ tan—+ tan— = 3tan 3 S tan— 2 + tan—+ tan— = 3tan§

4 4~

, n_t 1() 5 \/_t _1 CcOSX tx_1+cosx
an12 an2 6 an N smx » €0 2
A =72 (4nd analogs): —_(and analogs)
cos > = ——(and analogs sm2 - (and analogs
A 1—COS— 1—7 Al+a—s Al AI+a—s
tanzz A r - Al T r
sinZ o

So, we have: tan%1 = @ (and analogs)

Z A AlI+BlI+Cl+a+b+c—3s

sinx

tan— =
4 r
cyc

A AlI+BlI+Cl—s AI+BI+Cl—s _s
> > +3(2-V3)

tan— = >
4 r r
cyc

B—C /b+cy A B—C h,
5 = ( )sin— (and analogs); cos = — (and analogs)

cos > > e

Al 1 h, b+c r
—~(and analogs) = — = -—
T sm 2 Wq a Al

b+c ab+ac hyh,
= :bc = 2Rh,(and analogs); a®> = 2R - (and anaolgs)

a a? h,
b+C_2R(hb+hc)_h hy, +
a 2R e Y hphe

° (and analogs)

h, hy+h, v Al w; w,
—_—= — = 4=
e hg - ok T n T (and analogs)

Al + BI + CI w, +w S
—zzMz—w(z—ﬁ)
r h, r

s m, m, m T
—:—“+—+—C+zz a4
T

cyc

Therefore,

So, we get a new inequality:

w, +w,—n r
ZMzs(z—ﬁhzz i
h, s+n,

cyc cyc

Now,
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A AlI+BI+Cl-s Wb+WC 7,
D, tang = =) R
4 s+n,

cyc cyc cyc

s 4R+r (fa b c\yc b a 2r
-2 <—+—+—)<—+—+—);4R+r25 4—-—
T s b ¢ a/\b a c R

So, we get a new inequality:

s 2ry\/a b c¢\/c b a

O

r R/\b ¢ b a c
Denote:

(4 2r)<a+b+c)<c+b+a) . A< wy, +w,
= e i e I o y ¢ — —
¢ R/\b ¢ a/\b a c Za"4—z h,

cyc cyc

and from

A

A_l"'COS;_l"'S‘TI_AI+s—a AI AI+s—a

COtZ_ AT A Al T r
sin3 sin=

Hence,

A AI+BI+CI+s
Zcot—z
4 r

cyc

So, we have the identity:

A AI+BI+CI+s wp,+w, s
Z cot— — _ -
4 T h T
cyc cyc
Therefore,
A wp +w, s Ng T,
Zcot—2Q+z +-= +22
4 h, r he s +n,
cyc cyc cyc cyc
A +w, —
Zcot—ZZZ fa +Z—Wb We ™ Ra
4 s+n, hq
cyc cyc cyc
Denote N, —Nagel point. Applying Van Aubel theorem, we have:
AN, s—c+s—b a a— AN, s—a ng s( 4 l0gs)
= = :) = = —
ng—AN, s—a s—a s—a AN, a AN, a and analogs
ang,
ANa = =
b+c 2n,
1+
a AN,
h, a+b+c b+c
25=aha;25225r:>ahaZZSrﬁ?:T:1+ "

Then, we have: Z—j = A"T“ (and analogs) and hence
AN, + BN, +CN, nq nb n.

2r _ha h,, h,

_ ng _ ng + ny + neg
= — (and analogs) = =
s

cyc

AN,

S

InAABC—+—+—>\/_ 3: VM c (ABC).
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AN, BN,
For M = Ny = =%+ =%+ C“>\/_:>na+nb+n625\/_

Now,

b+ +h h h

f=T2"" = 1 + 22 (gnd analogs) and hence 2 + % =
a Ta Ta Ta AN,

So, we have a new inequality:

2ng

ho o he ot hy+ b
Ty T, T¢ r

cyc
bc = 2Rh,(and analogs); h, + hy, + h, =

ab + bc + ca = s? + 4Rr + r?

ab+bc+ca.
2R ’

So, it follows that:

sEHARr+ 7 s? > 16Rr — 5r%(G tsen)
ZAN ART r T erretsen

ZAN 5__

cyc

From Z—‘r‘ = AnT“ (and analogs) and from h, < s,(and analogs)

cyc

.Sa o Ma
we get: _ - = N, (and analogs) then

Sa+Sb+SC>Z n,
2r  — ZJAN,

cyc

Now, we prove it that: 5 — 1> *(and analogs)

R—r AN,
- > > —r) = AN, (and analogs)
Therefore,
6(R—1r)>AN,+BN,+CN,
AN, _ Mg, AI _b+c 2A1 1
= = = = —
a s Wa 2s (b+c)w, s
AN, 241 AN, a ng (and logs)
= . = — = .
2 G+ ow, e =T =3 re e and analogs
1 b+c w, % (and logs) 2a 2Wa A
sin—_ " h_a and analogs :>b+ h—asan
AN, n N, R A
Ala =2 ha > Ala <2 (; — 1) sinE (and analogs)
a

AN, R A
< 2(——1)Zsm—

cyc cyc

ra 2r AN na Zr
sm— = 25m— (and analogs)

From ; > h—“ (Panaitopol inequality) we get:

AN, n, |2r ra<na h, |r, n, |7,
Al  h,|R |h, h,|m, |h, h, |m,
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So, we have: % < :—“ ’;—“ (and analogs) and summing, it follows that:

ma
cyc cyc

Now, N, —Nagel’s point
ang,

AN, = —~ Z (and analogs); n2 = s? — 2r,h,(and analogs)
(s? = 2r,hy)a? 2r,h,
AN?Z = 2 = (1 ——z )az
S B 28 or b 452

= : = =

=5 a7 Talla (s—a)
452 g2

ANZ = q? — :S2=5s(s—a)(s —b)(s —c)(Heron)

a(s —a) 2

4s(s—a)(s—b)(s —c¢) a
52

ANZ2 =ala- 4s = b)s - C)> (and analogs)

AN? = qa? —

Ss—a

s
Buta? = (b — c)? + b(s — b)(s — ¢)(and analogs)
4a(s —b)(s—c)

AN2=(b—-c)*+4(s—b)(s—c) — <
4s(s—a)(s—b)(s —c¢)

52

ANC%:(b—c)2+4(s—b)(s—c)(l—%)=(b—c)2+
452
AN§=(b—C)2+S—2; S=sr

So, we get a new identity:
2,2
AN?2 = (b — ¢)? + 41*(and analogs); AN? = =

nz (b —c)?+ 4r?
s—; = ( ‘)lz (and analogs)
Using AM-QM Inequality, we have:

(b—c)2+4r2>|b—cl+2r ana>|b—cl+2r
=
2 - 2 s V2

So, we get a new inequality:

=
SZ

ng, |b—c|l+2r
— >———(and analogs);abc = 4RS = 4Rrs
S a\/_
- 3(Ib—CI+2r)(lc—a|+2r)(|a—b|+2r)
ngnyng =
altble 2\/2 - 4Rrs
s2(Jb —c| + 2r)(c — a| + 2r)(Ja — b] + 27)
Ngnpne =
8vV2-Rr
But
>|b—c|+2r s h( 4 logs):n. > hy |b—cl|l+2r
Ng = o s;— =5 (and analogs);ng = - 7

So, we get inequality:
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M >— Ib—cl+2r (and analogs)
n, n e ai\g:- b—c|+|c—al+2r 33
e m ne lao bl lbocltleoalear 3y
av2 > s(lb _:l *2r) (and analogs)
We have prove it that: ’

AN, L
2r h, (and analogs) and AN? = (b —

c)? + 4r?(and analogs)
So, we get:
2 2 2 2
n2 (b—c)*+4ar (b-c)
- - = +
h2 172 2 (and analogs)
Now,
s?2 =nZ + 2r,h,(and analogs)
- 2
s? —nf =2rhy © (s —ng)(s +ng) = 2rhg & u - fa _ S _f;l (and analogs)
28 = ah, = 257 = — = ~ (and mal ) '
= = = — =
ahg = 2sr h T 2r and analogs
So, we get:
a ng 27,
- = +
o h, s+, (and analogs)
Now,

Tale | [Tab \/rarbrc N ,
Cot— + Cot— + ; Talply = S°1
Tc Tb\/F TC\/F

So, it follows that:

+eots = +s L Zrbrc( p logs)
cos2 COZ_rb ! a_rb+rc and analogs
tB+ tC— S( d logs)
cot— +co 2= h and analogs
t—+ tC—a( d logs)
cot— + cot 5 = —(and analogs
So, we get a new inequality:
tB+ tC_Zn . 4r, 4 ]
cot—+cot> = ha s+ (and ana ogs)
A Al+s—a AI na 4ar,
cot—-—=——"""=—+— +22 =
4 r r ha s+na h, s+na
cyc
:ﬂﬁﬁ_”_a+<rb+r_ra)
r hy, h., hy s+n, s+n, s+n,
Finally, we get:
ALy me g ( o, Te _ ra)
4 r hy, h., h, s+n, s+n, s+n,
REFERENCE:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY FLORICA ANASTASE-|
By Marin Chirciu-Romania

1) In AABC the following relationship holds:
9R(bch, + cahy, + abh,) > 2r*(s* + r* + 4Rr)
Proposed by Floricd Anastase-Romania
Solution: Inequality can be written as:

Zb h >2r2( 24+ 712+ 4Rr)
ch, = 9R S T T
cyc
Because triplets (h,, hy, h.) and (bc, ca, ab) are same order, from Chebyshev’s inequality,
we have

s + 712 + 4Rr @
ZbCh“—sz Zbc ————(s?+71r2+4Rr) =

cyc cyc cyc
2
= ZLR (s?2 + 1% + 4Rr), where (1) © 3(s? +r? + 4Rr) > 4r?, which it follows from

Gerretsen inequality s> > 16Rr — 5r2 and Euler inequality R > 2r.

2) In AABC the following relationship holds:
2

8r 2R

— +71)2 < < — + 71)2

S (BR+1)2 < ) beh, < (4R +1)

cyc
Marin Chirciu
Solution:  Lemma. 3) In AABC the following relationship holds:
s%(s* +2r?> — 8Rr) + r?(4R + r)?
Z bch, = —

cyc
Proof. Using h, = % we get'

b s?(s* +2r? —8Rr) +r?(4R +r)?
ZbCha: be - __2 Z c_ (s r r) +12( T) _
4RF

e Cye Cye

= St _gRr)+r2(4R+r) , which follows from
bc 2(s +2r2 —8Rr) +r?(4R +1)?
Fi ARF

cyc
. AR 2
Using Lemma and Blundon Gerretsen: % <s?<

R(4R+71)?
2(2R-1)
Equality holds if and only if triangle is equilateral.
4) In AABC the following relationship holds:
2
(1 + 3 E) r(AR+1r)? < Z bch, < =- r(4R +1r)?

cyc
Marin Chirciu
Solution: Lemma. 5)In AABC the following relationship holds:

Z ber, =r[s? + (4R +1)?]
cyc

Proof: Usingr, = &we get:
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Z+ (4R +71)?
Zbcra Zbc —FZ Mzr[sz+(4R+r)2],
s—a s—a s

cyc cyc cyc

. b 2+(4R+71)?
which follows from chcj = %

. 4R+7)2 R(4R+71)2
Using Lemma and Blundon Gerretsen: TERIT)” o g2 < RURID.
R+r 2(2R-T1)

Equality holds if and only if triangle is equilateral.
6) In AABC the foIIowing relationship holds:

Zbcra = o Zbch

cyc cyc
Marin Chirciu
Solution: Using up Lemmas, we get:
s?(s?+ 2r> —8Rr) + r?(4R +r)?
Z behg = -

cyc

Z ber, =r[s? + (4R +1)?]

cyc

Inequality can be written as:

s?(s?+ 2r> —8Rr) + r*(4R +1)? o

r[s? + (4R +1)?] <

2R
s2(s? — 2r? — 8Rr) = 3r2(4R + r)?, which folllows from Gerretsen inequality:
s2 > 16Rr — 572 and Euler inequality R = 2r.
Remains to prove that:
(16Rr —5r2)(16Rr —5r%2 —2r? —8Rr) > 3r?(4R + 1)’ &
5R2—11Rr+2r2 20 (R-2r)(5R—1) =0
Equality holds if and only if triangle is equilateral.
7) In AABC the following relationship holds
(1 +§ E) r(4R +1)? < Z bch, < > Z bch, < —(4R + 1)?
cyc cyc
Proposed by Marin Chirciu-Romania
Solution. See inequalities 6), 4), 2).
Equality holds if and only if triangle is equilateral.
REFERENCE:
ROMANIAN MATHEMATICAL MAGAZINE-Interactive Journal-www.ssmrmh.ro

ABOUT PROBLEM 12214 FROM AMERICAN MATHEMATICAL MONTHLY
By Marian Dincd-Romania
Let x, y and z be the lengths of the medians of a triangle with area F. Prove:
xyz(x+y+2z) > V3F
xy +yz+zx
Proposed by George Apostolopoulos-Messolonghi-Greeece
Solution by Marian Dincd-Romania
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%F(a,b,c) =F(x,y,z) = F(a,b,c) = gF(x,y,Z)

xyz(x +y+z
yalety )2\/§F(x,y,z)
xy +yz + zx

Let a, 8,y the angles of triangle to sides x, y, z, result:
xysina _ xzsinfi _ yzsiny

F(x,y,z) = > >
2F(x,y,z) 2F(x,y,z) 2F(x,y,z)
xy+yz+zx = - + - + -
sina sinf3 siny
yz(x+y+7) = 2F(9.c,y, z) 2F(9_c,y,2) N 2F(9.c,y,2) _ 2F(Jf,y,2) N 2F(9_c,y,2) _ 2F(9.c,y,Z)
sina sinfs sinf siny sina siny
' oxy+yz4zx
2F(x,y,2) ) 2F(x,y.,z) + 2F(x,y,z) ) 2F(x,y,z) + 2F(x,y,z) ) 2F(x,y,z)
sina sinf sinf siny sina siny 4
2F(x,y,2) 4+ 2F(x,y,2) 4+ 2F(x,y,2) = ﬁF(x’ Y Z)
sina sinf siny
sina + sinf + siny 2

sina - sinf + sinf - siny + siny - sina — ﬁ
Or, sina - sinf8 + sinf - siny + siny - sina < i(sina + sinf + siny)?
1 2
xy+yz+zx£§(x+y+z)

And g(sina + sinf + siny)? < (sina + sinf + siny) - ? &

3v3
sina + sinf + siny < ——; (Jensen)

2
Hence,
sina - sinf + sinf - siny + siny - sina < (sina + sinf + siny) - >
Therefore,
sina + sinf + siny 2

sina - sinf8 + sinf - siny + siny - sina ~ /3

AN USEFUL TRIGONOMETRIC SUBSTITUTION TO PROVE ALGEBRAIC
INEQUALITIES

By Marius Drdgan, Neculai Stanciu — Romania

Abstract: This paper presents a method to solve certain algebraic inequalities using
geometric inequalities.

Keywords: algebraic inequalities, geometric inequalities, algebraic identities, geometric
inequalities.
MSC: 08A20, 51M16, 26D05

Main results

. The refinement of the inequality [T(x + y)? > 4 [1(x? + yz), (Vasile Cartoaje).
If x,y,z > 0, then holds the following inequality;
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(x +y)(y + 2)*(z + x)* 2 4(x* + y2)(y* + zx)(2* + xy) + 32x%y* 2
=X ,=2 =Z = = i
Proof. If we denote u = V=S w=s, where a = /Y xy, Y, uv = 1, then the inequality
from the statement is successively equivalent to

n(x +y)2 >4 (2x2y222 + Z x3y3 + xyzz x3) +32x%y?%z? &
& n(x +y)? > 40x%y?z% + 42 x3y3 + 4xyzz x3
= n(u +v)? > 40u?viw? + 42 udvd + 4uvwz us
Since we have Y, uv = 1 there exists the triangle ABC withu = tané v = tan g W = tan%

and also are well-known the identities [] tan a=r H tan +tan- B = 2K
2 N

A 4R +1)3 12R 12Rr
1_[ tan3 ( ) 1_[ tan3 tan3 =1-

Hence, the last inequality becomes successwely
4R?> 1012 12Rr r <(4R +7)3 lZR) 4R? + 24Rr — 1012 r(4R +1)3
+1-— + - - = >1+
S

s2 s2 s2

- s3 s 52 - st
1 R . .
Wedenoteu = —=,x = - and we consider the function

SZ
[ 1 1 ] R
: -
f 4R2 + 4Rr + 3r2 ' 16Rr — 512 '
f(u) = r(4R + r)3u? — (4R? + 24Rr — 10r¥)u +1

The last inequality is equivalent to f(u) <0,vVu € [uy,u,] = [4R2+4;r+3r2 : 16Rr1_5r2]

)<Oandf(;)s0.

16Rr—512 4R%2+4Rr+3712

f( ! )SO@5x2—11x+220<:>(x—2)(5x—1)20,truesincex22.

16RT—512

So, it remains to prove that f (

f<m) <0 (Ux+1)—(Ux2+24x —10)(Ax2 +4x+3) +(4x2 +4x +3)2 <0

& 4x3 —5x2 —x—10=>0 o (x — 2)?(4x? + 3x + 2) = 0, which is true.
[I. If x,y,z > 0, then the following inequality holds:

Z x*(y+z)+ nyzz Xy = Z:x3(yZ + z2) + 2xyzz x2

Proof. Denoting u = z v= %,w = i where & = /Y xy, Y uv = 1, then the inequality is
successively equivalentto Y, x* (y + z) + 2xyz Y xy = X x3 (y? + z2) + 2xyz Y, x?

@Zx“(Zx—x)+2xy22xy22x3(2x2—x2)+2xy22x2 &
@Zx42x+2xy22xy22x32x2+2xysz2@
@Zu“Zu+2uvauv22u3Zu2+2uvw2u2

Since we have Y uv = 1 there exists the triangle ABC withu = tang,v = tan g W = tang
Using the identities

4R + 1 r 16R(4R +71) (4R +1)*
Zuzi,uVW:—,Zx“:Z— > + Z
s s s s
,_ (4R +7)3 12R , _(4R+ r)?
D D I
s s s

the last inequality becomes
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16R(4R +1) (4R +71)*\ /4R + 1 r
2 + ( ) +2.1>
s2 s* s s
(4R +71)® 12R\((4R +1)? 2r ((4R + 1)?
> - - 24+—|—-2]|,
s3 s s2 s 52
R(4R+71)?

which after some algebra is equivalent to p? <
Remark 1. The inequality can be written as
x—y)lxyx+y—2)+(y—2)?yz(y+z—x)+ (z—x)?zx(z+x—y) =0
[l If x, ¥,z > 0, then the following inequality holds:
8 2
xyz | Cap?
[Ix+y) xyzXx
(The American Mathematical Monthly).
_x _Y _z _ _ .
Proof. We denote u = V= W= where a = /Y xy, > uv = 1. Since we have

™
a

i.e. Bilcev’s inequality.

R-2r '

4

Y, uv = 1 we shall consider the triangle ABC with u = tan %’ ,V = tan g ,w = tan g
Using the identities Y uv = 1, u = 4Rsi,uvw = g,]’[(u +v) = % then the inequality to
prove is successively equivalent to

Buvw (Zuv)z>4@8'£+—1 >4@E+—SZ >4
[Mlu+v) uwvwu— 4R T 4RiT ™ R r(4R+71) "~
oo R=21) T (4R +1)

- R

r(16R%>—20Rr+3712)
R-r
So, if we denoteg = x it suffices to show that
16x2 -20x+3 (Ux—-2)(4x+1)
> S
x—1 x
& 16x3 —-20x>+3x> (x—1)(16x*>+4x—-8x—-2) &
& 16x3 —20x2+3x>16x3 —4x2 —2x—16x*+4x+2 o x>2 < R>2r,ie.
Euler’s inequality. The proof is complete.
Remark 2. For other inequality solved by this method see for e.g. [2].
References:
[1] M. Dragan, I.V. Maftei, S. Radulescu, Some consequences of Blundon inequality, Gazeta
Matematica, No. 1, 2010, 3-9
[2] M. Dragan, I.V. Maftei, S. Radulescu, Inegalitdti Matematice (Extinderi si generalizdri).
Tehnici si metode de demonstratie si rafinare, Editura Didactica si Pedagogica, 2012.

In [1] itis proved that s? >

FEW OUTSTANDING LIMITS (1)

By Floricd Anastase-Romania
Problem 1.
If (x,)n>1 —S€quence of real numbers such that

1)*n .
Xpi1 = Xp + (;) ,X1 € R,. Find:
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Q = lim f”log(x+n)

naw"/log n xZ +nm

Solution:

Xn

1
Xn+1 — Xn = (E) >0> (xn)nzl 7

l
Suppose that 3! € R such that! = limx,, = ( ) =0= limx,, = +o0

n—-oo n—-oo

Hence
1 1 <1
O<x<m- m2+nm” x24+nm T nm

logn < log(x +n) < log(m + n)
logn <log(x+n) log(m+n)

nnz+n7r_n x2(+n7r)_ ( )
logn log(x +n lo T+n
> g f dxsf gz dx < g f dx
m?+nm), o X%+nm
Tl + l +
n < n f og(x n)dxs og(n )
n+mn~ logn), =x*+nm logn
n Xn__ Tn f”log(x+n) <log(n+n) Xn
n+m logn_log n Pr——— logn logn
X, f”log(x+n) <log(n+n) Xp,
n+m logn /log n X% +nm dx < logn logn
T
v logtm)_  x, o(n(1+7))
lim = lim . =
n—co logn logn n-ow logn logn
log(1+Z
x x
= lim n_. 1+M = lim n_o_
n-w logn logn n-o logn
1\*n
= fim —i ot Iimi— fim — "
" nowlog(n +1) —logn  now 1) oo 1\* —
PR logtrr DT g (1) (147)
i I o el 1 ”xnﬂ:yl.
- nl—mo T*n nl—mo T¥n+1 — r¥n nm nxn(n;—xn — ]_) o yl_rn) Yy — ]_ logn’
. n X, X,
lim = lim =
noeon+m logn n-owlogn logm
Therefore,
f”log(x+n) 1
= lim dx =
n—»oon/log n X% +nm logm
Problem 2.
If(a,)p>1,. 04 = a> O,an+1 =n-./a, + 1.Find:
. 109(x+n)
Q= lim f
n-o log(n) x2+nan
0
Solution:

a,=a>0,a,,,=n-,Ja,+1>1=>a,>1vVn=2
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nJa, < app <(m+1)/a,vn=2=

1
logn + Elogan <loga,,, <log(n+1) +§logan =

2" ogn + 2™loga, < 2"loga,,, < 2"tlog(n+ 1) + 2"loga, <
2" ogn < 2™ oga,,, — 2"loga, < 2" log(n + 1)
Let us denote: b,, = 2"loga,, = 2" 1logn < b, ., — b,y < 2""llog(n + 1) and
summing, we get:

n n
Z 210 g(k — 1) < by — b, < Z logk

b b
22 ZZklog(k 1) — 2logn < log( ) <—2+—Z 2klogk — log2
Let us denote:
n
1 U,
Xn =5 <Z 2klog(k — 1) — 2"+1logn> = Py
fim 82 = i Yt T 2" 1logn — 2"*2log(n + 1) + 2"*tlogn 0
nl—mo Uy, B n|—>oo VUpe1 — Up T oo 2n+1 _ 2n B
Analogously,
n
1
Yy = 2_"<Z 2klogk — 2"+1logn> -0
k=3
How,
b, a b
on +x, < log( n) <2—2+yn,\7’n2 2
It follows that: JLrgo log( ) 0= TILEQO (n ) =1;(2)
1 1 1

< <
0<x<a- a’?+na, ~ x?+na,  na,
logn < log(x +n) < log(a +n)
logn log(x +n) log(a+n) logn alog(x+n) logla+n) *
< f dx f dx < " f dx
0

a’?+na, - x?>+na, = "a? + na, x? +na,
na__.n f”log(x+n)d <alog(n+a)
s . x S —
a?+na, ~ logn J, x%+na, a,logn
n3a - n3 f”log(x+n)d - an?log(n + a)
= : X =
a?+na, = logn J, x%?+na a,logn
a n3 7Tlog(x+n) alog(n + a)
2 =< ’ dx < an 1(2)
@, logn J, x%*+na, — - logn
1'7.3 TLZ n

3
From (1), (2) it follows that: Q = lim,,_ On falog(“n) dx =a

log(n) 70 x2+nay,
Problem 3.
Find:

e e log(x+e)
) el 109 (B5 50 dx

n
0= lim(
n-o \logn
Solution:
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B-a eﬁfflog(f(x))dx

< <— = ff(x)dx a < B (x) means Integral Inequality
f“ f(x)
Forx €[0,e] @ ne<x?+ne<e?+ne= el;f:e < li‘gz(f::) < logﬁ?n)
. __log(x+e) i
Let f:[0,e] - R, f(x) = —z o Ve have;
e e e 1 logn
e 1 = 2 = 2 = ) (1)
_dx fe x“+ne f€e +ned e e+n
0 f(x) 0 log(x+e) 0 logn
log(x +e) logle+n) 1 log(e+n)
L et [0 0 [l L) g
x?+ne e ne e n

0 0
From (1), (2) we get:
1 logn fo (log(x+e)) 1 log(e +n)

x2
e e+n " e n
10 ™ Aee(e e L log(e +n)
e logn e logn
e
L) s () beser L (o8 r )
e \e+n logn e® logn
’ _ .. log(e+n) _
im =lim———=
nsoe+mn n-w  logn
So,
log(x+e)
= lim ( ) fO (xg+:zre )dx = i
n-w \logn e¢

Problem 4.

Let (an)ns1. an € (0, ) be sequence of real numbers such that a, = Va,
a>0, aflﬂ =n-a, + 1 then find:

n|x2m + 1
QO =lim— f danNn>2

Solution 1:
a,=+va,a>0;a2,,=n-a,+1
Let: a3, = Xp41 > 02 x; =a > 0,ap4; = [Xneq)
xn+1=n-\/x—n+l
How x,; =n-\/x, +1>1=x,>1Vn>2ne€ N then
neJxy <xpp <+ 1)/x,,Vn=2e

1 1
logn +§logxn <logx,.; <log(n+1) +§logxn =

2" 1og n + 2Mogx, < 2" llogx,,; < 2™ llog(n + 1) + 2"logx,
2" ogn < 2™ Yogx,, 1 — 2Mogx, < 2™ tlog(n + 1)
Let: y, = 2™ogx, = 2™ ogn < y,.1 — Vo < 2™ tlog(n + 1)
and summing, we get:

n
Z 2klog(k —1) <y, —y, < Z 2klog k
k=3 k=3
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n n
y 1 x y 1
2—i+—nz 2klog(k — 1) — 2logn < log (—721) < _fz+_nz 2*log k — 2log n

llrgé <2n Z 2klog(k 1) 2109 Tl) = llm — <Z 2klog k — 2n+1log Tl) L.C—:Stolz

k=3 3
- 2"logn — 2"2log(n + 1) +2"+1logn n+1
:151_7;?0 on+l _on —4151,_7;?,0[0‘9( ) O,(l)
Analogously,
n
1

lim (2 Z 2log k — 2log n> =0:(2)

n—-oo
k=3

From (1),(2) we get:
llmlog( ) =0= lim (nz) = lim (nz) =1=lim (C;—”) =1

n—-oo n—-oo n—-oo n—-oo

Now,

x"+1

>\/— 1o x2n (\/E—l)x"+2—\/§>0't=x">0:>
-(V2-1)t+2- \/_>0At——5+2\/_<0:>

N 1<f L @3)
nx2n+l AM— GM(x2n+l)+n—2+ n1
(x2"+l) 1-1...1- < SARAPEN
xm+1 Wx"+l n

nlx?t+1 1/ 1
’ <- (x"+n—l+ )
xt+1 xt+1
1
xn+1 = x xm+1" n(2n+l) /()
o

<1
From (3),(4) we have:

1
/x2"+l
2-1< +1
V2 f xm+1 n(2n+l) <
0
1
a, 1 a, x2"+l 1 )
2-1)=.— <2 / +1
(V2 )n n? n3 x"+l n n2 n(2n+l)
l nx2"+l
SOQ—#_}T&F n_|_1

a,=vVa,a>0;a%,,=n-a,+1
Let: ap, 1 = Xne1 > 022, =a>0,ap41 = Xngrs Xnpg =1 x, +1
How x,.; =n-Jx,+1>1=>x,>1,vn > 2n € N then

Solution 2:
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neYx, <xpp1 < +1)/x,Vn=>2¢&

1
logn +§logxn <logx,.; <log(n+1)+ Elogxn =
2" 1og n + 2Mogx, < 2" logx,,; < 2™ tlog(n + 1) + 2"logx,,
2" ogn < 2™ ogx,, 1 — 2Mogx, < 2™ tlog(n + 1)

Let: y,, = 2"logx, = 2”+1log N< Y1 — Vn < 2”+1log(n + 1) and summing, we get:

ZZklog(k <y, —y, < ZZklogk
2” ZZklog(k—l) 2logn<log( )<—+—22klogk 2logn

1 n
m E 2%loa(k — 1 1 _
li < kj g( ) - 2log n) = lim —< E 2klog k — 2n+1log n) L.c—Stolz
n—-oo 2

n—-oo
k=3 k=3
- 2"logn — 2"2log(n+ 1) + 2™ togn n+1
:151_7;?0 on+l _on —4151,_7;?,0[0‘9( ) O,(l)
Analogously,

n
1
lim <—Z 2log k — 2log n> =0:(2)

From (1),(2) we get:
ﬁljgolog( ) =0= lim (nz) = lim (nz) =1= lim (C;—”) =1

n—-oo n—oco n—-oo

Now, let be the function:
2n nxn—l xZn + an -1
1041 > R f(x) = 2 oy = )

xn+1" (x™+ 1)
flx)| ———————— O+++++++
fG) |1 N 2(v2-1) 7 1

We have: 2(vV2 - 1) < f(x) < 1;vx € [0,1] = ”\]2(\/2— <" ’;2:: <1:vxe[01] =

a, 1 n|x2n 4+ 1
_”_2’ )<—T3l ’n+1 VxE[Ol]:>

1
1nx an X2n+1
il f x”+l VxE[Ol]
0

i xn+1
So,QZlim—gf m dx =0
n-oon xt+1
0
REFERENCE:

ROMANIAN MATHEMATICAL MAGAZINE-INTERACTIVE JOURNAL-www.ssmrmh.ro
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PROBLEMS FOR JUNIORS

NWMiagazzine

J.234 Ifa, b, c,d € R then:
4(ad — bc)® + 4(ac + bd)® = (a* + b?)3(c* + d?)?
Proposed by Daniel Sitaru,Elena Nicolae — Romania
J.2351fx,y,z = 0 then:

(ﬂ(x +1)+ H(Zx + 1)) n(x +2) > 21_[(3x +2)

cyc cyc cyc cyc
Proposed by Daniel Sitaru,Luiza Dumitrescu — Romania
J.236Ifx,y = 0,x +y < m then:
2 (cosz—x + cosz—y) +1> 4cos£cosl—,
3 3 3 3

Proposed by Daniel Sitaru,Delia Popescu — Romania
J.237If a,b,c > 0,vab + Vbc ++/ca = 12 then:
(a+b+vab)' (b+c+vea)' (c+a+vap)
(a + b)? (b +c)? (c+a)> —
Proposed by Daniel Sitaru,Liliana Argetoianu — Romania
J.238 Leta,b,c € RL = (0,); m € R, =[0,),abc = 1, then:

(a + b)2m+2 (b + C)2m+2 (C + a)2m+2 3
>
(a+b+2c)m1t  (2a+b+c)m1 (a+2b+c)m+l —

Proposed by D.M.Batinetu-Giurgiu— Romania
J.239 If m,n,x,y,z € R} = (0, ) then in any AABC, the following inequality holds:

mx + ny my +nz mz + nx 24\/mnr?
hg + h, + =—

z @ x b z € R
Proposed by D.M.Batinetu-Giurgiu— Romania
J.240 In any AABC with the area F the following inequality holds:
(a + b)?h2 + (b + c)?h% + (c + a)®h} > 48F?

Proposed by D.M.Batinetu-Giurgiu— Romania
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J.241 Let M be an interior pointin AABC with the area F and x, = MA,xg = MB,x. = MC.
Prove that:
ax, + bxg + cx; = 4F
Proposed by D.M.Batinetu-Giurgiu — Romania
J.242 In AABC the following relationship holds:

tanzg 1
). & (tan2+ 9)25
5+ cot—(tan> + tan

Proposed by Marian Ursarescu — Romania
J.243 In AABC the following relationship holds:

J(8R% — a?)(8R? — b2)(8R% — c2) = 2V5R?*(2R + 1)
Proposed by Marian Ursarescu — Romania
J.244 In AABC the following relationship holds:

2\/(a? + ab + b2)(b2 + bc + c?)(c% + ca + a?) > 27r2(9R — 27)
Proposed by Marian Ursarescu — Romania
J.2451fx,y,z > 0and A > 1 then:

X 3
<
Z/lx+y+z_/1+2

cyc
Proposed by Marin Chirciu-Romania
J.246 In acute AABC the following relationship holds:

3l+ AcosB C>27t At Bt ¢
2( cosAcosBcos )_4 anztan-tanz

Proposed by Marin Chirciu-Romania
J.247 In AABC the following relationship holds:

R
Z ber, < ZZ bch,

cyc cyc
Proposed by Marin Chirciu-Romania
J.248 Ifa, b, c,d > O then:
8l—a+a®’)(1-b+b*)L—-c+c>)(@A—-d+d?) = (ab+cd)?+ (1L + abcd)?
Proposed by Marin Chirciu-Romania
J.249 Ifa, b,c > 0 then:

abvab bcVbc cavea 3(a+b)(b+c)(c+a) 3
+ + + >—
(a+b)3 (b+c)? (c+a) 64abc 4

Proposed by Marin Chirciu-Romania
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J.250 In AABC the following relationship holds:
Z ,A B 8R\/_ 16

sec® =sec =
2

2_5 3

cyc
Proposed by Marin Chirciu-Romania
J.251 Ifa, b, c,d > 0 then:
41 —a+a®>)(1-b+b*>)A—-c+c?)(1—-d+d?» > (1+ abcd)?
Proposed by Marin Chirciu-Romania
J.252 Ifa,b,c > 0 and 2n € N then:

ab" b™c cam™ 2n(a+b)(b+c)(c+a) 2n+3
(a + b)) + (b+c) (c+a)r + 22n+3aqbc = 22n

Proposed by Marin Chirciu-Romania

J.253 x,y,z = 0,z = max(x, y, z)
A — 9x3y3(x3 + y3) + 6X2y2Z2(X6 + y6 + Z6) + 18Z12
B = (5x° +5y° + 82z°)(x3y3 + x2y222 + z°)
Prove that: A > B
Proposed by Daniel Sitaru,Mihai lonescu - Romania
J.254 If x,y,z > 0O then:

Vr(x +2z) + [y(y + 2x) +Vz(z + 2y) < (x + y + 2){/3(x + y + 2)

Proposed by Daniel Sitaru,Carina Viespescu — Romania

1.2551f 0 < x,y <~ then:
sinfx sin?y cos?x cos?y

- + + + —
siny cos®x cos®y sinx
Proposed by Daniel Sitaru,Eugenia Turcu — Romania
J.256 In any AABC the following relationship holds:

Zhb Z(h T ) Zg

cyc

> 16

Proposed by D.M.Batme;u Giurgiu, Claudia Nanuti-Romania
J.257 1fm,n € R, =[0,),x,y,z € R} = (0,0),m +n =2 and AABC with F —area,then

prove:

xa™ yb™ zc™ V3

+ + > -F1n
Gror  Grar T Grm st F

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
J.258 If m,n € R, = [0,00),m +n = 2and AABC with F —area,then prove:
a™ pm ™
IR AL

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
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J.259 If M € Int(AABC),x = MA,y = MB,z = MC then prove:

24,2
X"y
aZbZ 1
2xy 3yz 4zx =5
4+ — + — 8
cyc ab bc ca

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
J.260 Solve for real numbers:
x%+x yi+y 7% +2z
x2+x+1 y?2+y+1 z?2+z+1
Proposed by Daniel Sitaru,Roxana Vasile - Romania
J.261Ifx,y,z € R,a,b,c > 0 then:
(x—a)?+y2+22)2+ (x2+(y—b)2 +22)2 + (x2 + y2 + (z — ¢)?)% >
(a? + b?)(b? + c?)(c? + a?)
- 2(a? + b% +¢2)
When equality holds?
Proposed by Daniel Sitaru,Luiza Cremeneanu — Romania

+1=0

J.262 If a, b > 0 then:

25 2 4 p2 + 53 2 2
6la <2ab +m+a b) <97 2ab +m+a+b+ a’+bpb
2 a+b 2 a+b 2 2

Proposed by Daniel Sitaru,Nineta Oprescu — Romania
J.263 Ifm,n € R, =[0,0);m +n,x,y,z € R} = (0, ) then:

+z zZ+x X+
Y (mb + nc)? + T(mc +na)? + Ty(ma +nb)? = 8(m +n)2V3F

4

Proposed by D.M. Bdatinetu-Giurgiu — Romania

J.2641fm,n € R, =[0,00):m +n,x,y,z € R}, = (0, ), then:
x+y

+z Z+x
(ma + nb)* + y7 (mb + nc)* + 5 (mc + na)* > 32 - (m + n)*F?

Proposed by D.M. Bdatinetu-Giurgiu — Romania

J.2651fm > 0, x,y,z > 0, then in any AABC with the area F the following inequality holds:

S —, TO NS I A"y T RS P S— TS VI (e I k.
G +2)m (z+x)m G+ y)m yey

Proposed by D.M. Bdatinetu-Giurgiu — Romania

J.266 In any AABC with the area F the following inequality holds:
(hy + ho)a® + (h, + hy)b5 + (hy + hp)c® > 64F3
Proposed by D.M. Bdatinetu-Giurgiu — Romania

J.267 In any AABC the following inequality holds:

a? b? c?

+ + >
h2 +hZ hZ+hZ h§+h,§_2

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
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J.268 If x € R} = (0,0) and m € R, = [0, ), and [x], {x} are respectively the whole part
and the fractionary part of x, then:

(.X + [x])m+1 + (.X + {x})m+1 + 3m([x]m+1 + {x}m+1) > %xm+1

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
J.269 Ifa,b,x,y,z € R% = (0, ), then:

Z x2+y? 6 xy+yz+zx

aly +z)2+bxy ~ da+b x?+y?+z2
cyc

Proposed by D.M. Batinetu-Giurgiu, Dan Ndnuti—- Romania
J.270 In AABC,n, — Nagel’s cevian, the following relationship holds:

Nng A
< t2 —
h, = ZCO 2

cyc cyc
Proposed by Bogdan Fustei — Romania

J.271In AABC,n, — Nagel’s cevian, the following relationship holds:
Z b%n, + c?*n, — a’n,

e bcnyn,

Proposed by Bogdan Fustei — Romania

<3

J.272 In AABC the following relationship holds:
Z bmy, +cm, —am,

& Jbemym,

Proposed by Bogdan Fustei — Romania
J.273In AABC,n, — Nagel’s cevian, the following relationship holds:

[ (e * ras ) = T Thamane
cyc

<3

cyc

Proposed by Bogdan Fustei — Romania
J.274 In AABC the following relationship holds:

S am, < A LB g g2

cyc cyc
Proposed by Bogdan Fustei — Romania
J.275 In AABC the following relationship holds:

hy, +h
2v2m, > AC

2sin=
2

+1b— clsin2
C5|n2

Proposed by Bogdan Fustei — Romania

J.276 In AABC,n, — Nagel’s cevian, g, — Gergonne cevian, the following relationship holds:

A A
4m? > (b + ¢)? cos? >+ (ng — goa)? sin? >
Proposed by Bogdan Fustei — Romania
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J.277 In AABC the following relationship holds:
|ra _Tbl + |rb _rcl + |rc _ral > sza — Wq
S T,

cyc
Proposed by Bogdan Fustei — Romania
J.278 In AABC the following relationship holds:

Z Ty >4R—2r
ng+mg+h, 3R

cyc

Proposed by Bogdan Fustei — Romania
J.279 In AABC the following relationship holds:
> ! (m, +n,)
Al —3R—2rz a ™ Ma

cyc cyc

Proposed by Bogdan Fustei — Romania

J.280 In AABC the following relationship holds:
Ma . (m, +n, +h,)
Al = BRZ Ma ™ Ma ™ Ma

cyc cyc

Proposed by Bogdan Fustei — Romania
J.281 Solve for real numbers:

Jx+[x]+x — [x] = 2,[*] - GIF
Proposed by Jalil Hajimir-Canada

J.282 Solve for real numbers:
x[x] + [i—] =9, [«]-GIF

Proposed by Jalil Hajimir-Canada

J.283 Solve for real numbers:
[x[x]] + x[x] = 2x2, [*] - GIF

Proposed by Jalil Hajimir-Canada

J.284 If x,y,z > 0O then:
6 y6 6

X zZ

Proposed by Daniel Sitaru,Roxana Popescu — Romania
J.285Ifx,y € R, x? +y% + 178 < 10x + 26y then:

x*+y*+2x%y? + 16384 < 320(10x + 26y — 178)
Proposed by Daniel Sitaru,Aurelia Petricd — Romania

J.286 Ifa,b,c > 0,a + b + ¢ = 3 then:
a’® b? c? 3
+ + >—
Vb2 +9bc + 6¢2  Vc2+9ca+6a? a2+ 9ab+6b2 4
Proposed by Daniel Sitaru,Monica Stanca - Romania

J.287 Ifa,b,c,d > 0,abcd = 4 then:
ql

Z a® + (bcd)? z 32

cyc

Proposed by Daniel Sitaru, Catdlin Nicola— Romania
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J.288 In AABC the following relationship holds:

T T T S
YaTa + IbTp + IcTe <
mg my me r

Proposed by Marian Ursarescu-Romania
J.289 In AABC the following relationship holds:

a4~+b4~ b4~+C4~ C4-_|_a4-
+ + < 4(3R? — 2Rr +1?)

2 2 2

Proposed by Marian Ursarescu-Romania
J.290 In AABC the following relationship holds:

21 iR+ 2+
+ + <8R-7
\[ 2 2 5 S8R-Tr

Proposed by Marian Ursarescu-Romania
J.291 Find all functions f: R — R with the property:

10 =f (==

Proposed by Marian Ursarescu-Romania
J.292 In AABC,n, —Nagel’s cevian, the following relationship holds:

Z NgNy Z Mmew, | = s*

cyc cyc

),VxE[R

Proposed by Bogdan Fustei-Romania
J.293 In AABC, the following relationship holds:

R (4-2) (£+2+£)2 (b2 — c2)2
ZZ L+ - é)a+cb-|flc)4

Proposed by Bogdan Fustei-Romania
J.294 In AABC, the following relationship holds:

81_[ Ta > n(na + Ja +\/ 27/'brc +m na)

s+n, L 4(hy — 1) h,

Proposed by Bogdan Fustei-Romania

cyc

J.295 In AABC, the following relationship holds:

A
2Tna = \/(na - ga)2 - (Tb - rc)ztanz E

Proposed by Bogdan Fustei-Romania
J.296 In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following relationship holds:

na+nb+nc+2. 2r, + h, >3.\/16R +R—2r
Ja

r 2m, +s — r R—r

cyc

Proposed by Bogdan Fustei-Romania
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J.297 In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following relationship holds:

Zznaga > Zmb +mc
haWa mg

cyc cyc

Proposed by Bogdan Fustei-Romania
J.298 In AABC, g, —Gergonne’s cevian, the following relationship holds:
9at Ip+9c— S

hq
>
Z|Tna+va+VVC+\/§(‘9a_a)|_ 2\/§T

cyc

Proposed by Bogdan Fustei-Romania
J.299 In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following relationship holds:
ga*t gp*gc >z<n_a+%)

r , Ng
cyc

Proposed by Bogdan Fustei-Romania
J.300 In AABC,n, —Nagel’s cevian, the following relationship holds:

A n? h
2_: _a+ _a
ZCOt 2 Zraz 2 7

cyc cyc cyc
Proposed by Bogdan Fustei-Romania
J.301 In AABC, the following relationship holds:
To (7o Te Z 2Ma = Ya
ha hb hc - ha
cyc
Proposed by Bogdan Fustei-Romania
J.302Ifa,b,c > 0,a + b + ¢c = 3 then
(a? + b? + c?)(ab + bc + ca)® < 729
Proposed by Marin Chirciu-Romania

J.303Ifa,b,c >0,a+ b+ c<3andn € N then
(a? + b? + c?)(ab + bc + ca)™*? < 3n*3
Proposed by Marin Chirciu-Romania
J.304 In AABC the following relationship holds:

32r /2 (b+c)? (R
= g el
R R m2 r

cyc
Proposed by Marin Chirciu-Romania
J.305Ifa,b,c >0suchthata+b+c=1andn € N,n = 2,1 = 0 then

Ba)™ 27
>
Z (b+2)(c+2)  (Br+1)2
cyc
Proposed by Marin Chirciu-Romania
1.306 If—= < x;, <=,1 <k <nsuchthatx? +x3 + -+ x3 = 0 then
2 2
X2+ x2 4+ x2 <E
1 2 n — 3

Proposed by Marin Chirciu-Romania
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J.307 Ifa, b, c > O such thatabc = 1 and A = O then
a* b* c* a3+b3+c3> 6
+ + +
b*+ Ac?  c*+ Ab%?  a* + b2 A+1 “1+1
Proposed by Marin Chirciu-Romania

1.308 InAABC, m(<BAC) = 40°,m(<ABC) = 60°. Prove that:
3 2

() +2() =2

Proposed by Mehmet $ahin-Turkey
J3.309 Ifin AABC, m(xB) = m(xC) = 10’ then

() -5G)

J.310 Let ADEF be the pedal triangle of P € Int(AABC) in AABC. Prove that:
DE? + EF? + FD? > 123 - {/[PEF] - [PDF] - [PDE]
Proposed by Mehmet $ahin-Turkey

2
+12 (%) +4=0
Proposed by Mehmet $ahin-Turkey

J.311 In AABC the following relationship holds:

64 < 1 1 N 1 N 1 < 8
OR3 ™ r3 \r2 12 13) T 9r3
Proposed by Mehmet $ahin-Turkey

J.312InAABC,D € (BC),E € (CA),F € (AB),GD || AB,GE || BC,CF || CA.
Let p be the circumradii of ADEF, G —centroid. Prove that:
a+b+c
P29
Proposed by Mehmet $ahin-Turkey
J.313Ifin AABC,a + b + ¢ = 1 then:
7R 1 1 1 1
—+5>"+ -+ +—— >12
2r a b ¢ ab+bc+ca

Proposed by Alex Szoros-Romania
J.3141fx,y,z > 0,xyz = 1 then
1 . 1 N 1 - 3
x>(y+z) y¥Nz+x) z°(x+y) 2
Proposed by Rajeev Rastogi-India

J.315 p —prime number, fixed. Find the number of ordered pairs (x, y) such that:
x3+y3+8=p+uxy
Proposed by Rajeev Rastogi-India
n?+2n+2
n2-2n+2

J.316 Find n € N such that: eEN

Proposed by Rajeev Rastogi-India

J.317 Determine the number of 6-tuples (e, e,, ..., €¢) such that e,, e,, ... ,ec € {—1,1} and
e, + 3e, +5e; + 6e, + Teg + 11e, = 0(mod 3)
Proposed by Rajeev Rastogi-India
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J.318 Find:

Q =min| max (ly? —xyl|)
N———r N——r
x€R \ y€[0,1]

Proposed by Rajeev Rastogi-India

1319 ag,a; > 0,a,,, = %n > 1,a,010 = 1010. Find:
=

Q= Q2020 T Q021 F Q2022 F Q2023 T A2024 + Q2025

Q2017 T A2018 T Q2019 _ _ _
Proposed by Rajeev Rastogi-India
445

1S y6+ Z—5x3 —x +— =0.IfS —sum of all real roots then find [S], [x] — GIF.

1.320 x° + =
8 4 512
Proposed by Rajeev Rastogi-India
J.321 Find x,y € Z, such that:
4x3 — 8x%y — 11xy? — 3y3® — 8x%2 + 20xy + 12y2+3x —9y =0
Proposed by Rajeev Rastogi-India
J.322 Determine the number of unordered triplets (x, y, z) of positive integers satisfying the
equation x +y + z = 102
Proposed by Rajeev Rastogi-India

J.323 Determine the number of 6-tuples (e;, e, ..., €¢) Of positive integers satisfying the
equation 2e, + 2e, + 2e; + 5e, + Ses + 6e4 = 32
Proposed by Rajeev Rastogi-India

J.324 In AABC, I —incenter, R,, R}, R, —circumradii of ABIC,ACIA, AAIB. Prove that:
R? R? R? 6R?
+ + >
1,(sinB + sinC) 1,(sinC + sind) 71.(sinA+sinB) _a+b+c

Proposed by Ertan Yildirim-Turkey
J.325 In AABC the following relationship holds:

Z hZ(sinB — sinC) = (ab + bc + ca) 1_[

—C
2R
cyc cyc

Proposed by Ertan Yildirim-Turkey

b

J.326 In AABC the following relationship holds:

Or Ty ,A 9
A

4R? bc 2~ 16r

cyc
Proposed by Ertan Yildirim-Turkey

J.327 In AABC the following relationship holds:
7ﬂa(rb3 + TC3) + 7ﬂb(rc3 + 7/.513) + 7ﬂc(ra3 + 7ﬂb3

)
>3
a b =9

C
Proposed by Ertan Yildirim-Turkey
J.328 In AABC the following relationship holds:

(-2)-D0-3) e

(1 — cosA)(1 — cosB)(1 — cosC) ~ F?
Proposed by Ertan Yildirim-Turkey
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J.329 In AABC, H —orthocenter, I —incenter, the following relationship holds:
alAH| + b|BH| + c|CH| < 3
abc ~ Al +BI+CI
Proposed by Ertan Yildirim-Turkey
J.330 In AABC, I —incenter, I, I,, I, —excenters, the following relationship holds:

Al BI Cl
L+ —L > 2(a+b+c)
COSE COS; COSE

Proposed by Ertan Yildirim-Turkey
J.331 In AABC the following relationship holds:
3r sin?A sin’B sin?C R 1
—< + + <——=
R 7 sin?B + sin?C  sin?C +sin?A  sin?A+sin?B " r 2
Proposed by Ertan Yildirim-Turkey

J.332 In AABC the following relationship holds:
mp +m¢  mi+mg  ma+my

>9R
hq hy B

c
Proposed by Ertan Yildirim-Turkey
J.333 In AABC the following relationship holds:
a(mb + mc) + b(mc + ma) C(ma + mb) 9R2
b+c c+a a+b ~ A4dr
Proposed by Ertan Yildirim-Turkey

Or <

J.334In AABC, T —Toricelli’s point, the following relationship holds:
12r? < AT? + BT? + CT? < 4R? — 41
Proposed by Eldeniz Hesenov-Georgia
J.335In AABC, the following relationship holds:
18r _ ) 1 1 1 3R\
R < (a+ +C)<a+b+c)S <2r)
Proposed by Eldeniz Hesenov-Georgia
J.336 In AABC, the following relationship holds:

-1

Z:(b+c)‘2 Zmawa 24;;2 nra nra

cyc cyc cyc cyc
Proposed by Eldeniz Hesenov-Georgia
J.337 In AABC, I —incenter, R,, R, R, —circumradii in ABIC, ACIA, AAIB. Prove that:

GRS

Proposed by Eldeniz Hesenov-Georgia

J.338 In AABC, the following relationship holds:

<6052A>2 . <COSZB>2 . <C052C>2 - <(r —R)(r + R)>2
a b C - 3R?

Proposed by Eldeniz Hesenov-Georgia
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J.339 Leta,b,c >0suchthat.a+b+c=6,ab+ bc+ca=9,a<b < c.Prove that:
a€(01),be(1,3),ce(34).
Proposed by Nguyen Van Canh — BenTre — Vietnam

J.340 If x,y, z > O such that xyz = 1, then:

a. (x2021 +y2021)(y2021 + 22021)(22021 + x2021) > 2\/2(2 +chc x2021 y2021 +chc x2021)

2

x yz z2 10

' (y+é)0220 (x+Z)2201 9(x+y)2 42_0(1968+y)(y+2)(2+x) =
x y z 1 1 1
o (5) +(F) + () +ieieize
Proposed by Nguyen Van Canh — BenTre — Vietnam
J.341If x,y,z > 0,x(x +y + z) = 3yz then:
(x+y)* +(x+2)° +3(x+y)(y +2)(z + x) < 5(y + 2)°
When equality holds?
Proposed by Nguyen Van Canh — BenTre — Vietnam
J.342 Find all positive real numbers « such that:
a’?+b%? b?>+c? c?+a? ala?+b*>+c?)
+ + <
a+b b+c c+a ~ a+b+c
Proposed by Nguyen Van Canh — BenTre — Vietnam

,Va,b,c >0

J.343 In any triangle ABC the following relationship holds:

Jma+ha+ga+\/§a+me+hb+wb+\/§b+\]mc+hc+sc+\/§cs2\/12R+3r
Proposed by Nguyen Van Canh — BenTre — Vietnam

J.344 If a, b, c > 0 such that abc = 1, then:
l.(a+b+c)> 24—7(ab2 + bc? + ca® + abc)
2 2 2 1 10
2.ab* + bc* + ca +m2 3
Proposed by Nguyen Van Canh — BenTre — Vietnam
J.345Ifa,,b,c > Osuchthata + b + ¢ = 1, then:

a+b+c+3 o > 10
c a b ac_9(a2+b2+cz)

When does equality holds?
Proposed by Nguyen Van Canh — BenTre — Vietnam
J.346 Find all positive real numbers « such that:

a—bl+|b—c|+|c—a a+b+c
\/3abc+I | la Il lz 3 Va,b,c>0

Proposed by Nguyen Van Canh — BenTre — Vietnam

J.347 If a, b, c are positive real numbers then:

abc <(a+b)(a+b+26) 1
(a+b)(b+c)(c+a)~ @Ba+3b+2c)2 —8

Proposed by Nguyen Van Canh — BenTre — Vietnam

<
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J.348 If x, y, z are positive real numbers such thatx + y + z =3 and a > 2 then:

Y S
min
l+axy? Lil+ayx?)  1+a

Proposed by Nguyen Van Canh — BenTre — Vietnam

J.349 Ifa,b = 0Osuchthata + b < %then:

1—a 1-b l1—a-b»
+ < +1
1+a 1+5b 1+a+b>b

When does equality holds?

Proposed by Nguyen Van Canh — BenTre — Vietnam
J.350 In any triangle ABC the following relationship holds:

a’> b?* c¢* 3p(p?—3r?—6Rr)
b ¢ a p? —r?2 —4Rr

Proposed by Nguyen Van Canh — BenTre — Vietnam
J.351 In AABC,AA'B'C' the following relationship holds:

Z(az + aIZ) + 2 Z az Z arz > 36(7" + 7,.1)2

cyc cyc cyc

Proposed by Daniel Sitaru,Aurel Chiritd - Romania
J.352 If a,b > 0 then (¢ - golden ratio):

((1 + ¢)\/ﬁ + ¢a+b) ((1 + n)\/ﬁ + 7-[a+b)

< (d)\/ﬁ + \/W) (n\/ﬁ +./(@+ 7-L-)a+b)

Proposed by Daniel Sitaru,Nicolae Oprea— Romania
J.353 Solve for real numbers:

T T
15cosx -cosy-cosz + 4 cosSx-c05y-cosz:O,—§<x,y,z<§

cyc
Proposed by Daniel Sitaru,lulia Selea - Romania

J.354 Solve for real numbers:

+y+2)3
{xx2+6x . yy2+6y . 39+2xy — (X ; Yy + 1)(x )

1
x +3Y =29 +log; (;)
Proposed by Daniel Sitaru,lonut Ivdnescu — Romania
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J.3551Ifa, b, c,d € R then:
(ad — bc)®(a? + b?)(c? + d?) + (ac + bd)'® < (a? + b?)>(c? + d?)°
Proposed by Daniel Sitaru,Amelia Curca Nastdselu — Romania
J.356 In AABC the following relationship holds:

+b2+cz 1 +C2+a2 - e+ 2)+b2+cz my 1
Ma™ =50 J\hgh, = 2bc )=\t T4 h, <2bc ZCaha)

Proposed by Daniel Sitaru,Mirea Mihaela Mioara— Romania
J.357 If M is an interior point in AABC with the area F and x = MA,y = MB,z = MC, then:
x%h2 +y2h2 + z2hZ > 4F?

Proposed by D.M.Batinetu-Giurgiu— Romania
J.358 Prove that in any AABC with the area F the following inequality holds:
(a+b)h.+ (b +c)h, + (c +a)h, =12F
Proposed by D.M.Batinetu-Giurgiu— Romania
J.359 fm e Nanda,b,c, x,y € R, =(0,0),abc = 1, then:
(ax + by)2m+2 (bx + Cy)2m+2 (CX + ay)2m+2 3(X + y)Z(m+1)
(a+b+2c)™1t (2a+b+c)™t (a+2b+ )™t — 4m+1
Proposed by D.M. Batinetu — Giurgiu- Romania
J.360 In any AABC the following inequality holds:
mg + my + m;
hg+tmp+m, + hp+me+mg + he+tmg+my =T
hq hb he
Proposed by D.M. Bdatinetu — Giurgiu- Romania

J.361 In any AABC the following inequality holds:
w,+my+h, 1
D s S+ hy + ) 2 9
h, r

cyc
Proposed by D.M. Batinetu — Giurgiu- Romania
J.362 In any AABC the following inequality holds:
Sg+s,+h 1
Zah—bc < ;(Sa +5, +5.)

cyc
Proposed by D.M. Batinetu — Giurgiu- Romania
J.363 In any AABC the following inequality holds:

h, +hy, +m 1
Pl me Lo )
h, r

cyc
Proposed by D.M. Bdatinetu — Giurgiu- Romania
J.364 In any AABC the following inequality holds:

w,+w, +h 1
PR P
h, r
cyc

Proposed by D.M. Batinetu — Giurgiu- Romania

J.365 If m,n € R, = [0,); m +n = 2 then in any AABC with the area F the following
(a®+b?)w* + (b?+c?)wg + (CZ"'ZZ)WIT > 3.om+lpm
Cn an n

Proposed by D.M. Batinetu — Giurgiu- Romania

inequality holds:
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J.366 Letm,n,t € R, =[0,00)ym+n=4andx,y,z € R} = (0, ) thein AABC with the
area F the following inequality holds:
y+z+6t a™ z+x+6t b™ x+y+6t c™
x+3t Rl y+3t R z+3 R-
Proposed by D.M. Bdatinetu — Giurgiu- Romania

2n 1F2 n

J.367 Letm,n,t e R, =[0,0),m+n=4andx,y,z € R} = (0,»), thenin AABC with
the area F the following inequality holds:
y+z+6t a®* z+x+6t b™ x+y+6t cm
x+3t Rl y+3t R z+3 Rm-
Proposed by D.M. Batinetu — Giurgiu- Romania

2n 1F2 n

J.368 Letm € R, = [0,0) and x,y,z € (Og) then:
zZ
sin™*1 x cos™*1 x

(cosy +cosz)™ (siny + sinz)™ 22’"
yc cyc

szmx COS x

cyc

Proposed by D.M. Bdatinetu — Giurgiu- Romania

J.369 Ifm,n € R,,m+n=2x,7y,z € R} =(0,) then in any AABC with the area F the
following inequality holds:
+ . m + . m m
(x+vy)-a N (y+2z)-b N (z+x)c S 93-ny3 . pi-n
zh} xhy y - ht

Proposed by D.M. Bdatinetu — Giurgiu- Romania

J.370 Let AA, B, C; be the circumcevian triangle of I —incenter in AABC. Prove that:
1A? + IB? + IC? > 1272
Proposed by Marian Ursarescu — Romania

J.371 z,, z,, z; € C — {0}, different in pairs, |z;| = |z,| = |z;5]| = 1, A(z,),B(z,), C(z3).
If z,2,(2, + 2,) + 2,25(2, + z3) + 232, (253 + 2z,) + 22,2,25 = O then:

H(ABZ +AC? —BC?) =0

cyc
Proposed by Marian Ursarescu — Romania
J.372 Solve for real numbers:

5% + 4% + 25% - 16 = 2527
Proposed by Marian Ursarescu — Romania
J.373 InAABC,AA,,BB,, CC; —internal bisectors, {4,} = AA, n B,C;,
{B,}=BB, n C,A,,{C,} = CC, n A;B,,I —incenter. Prove that:

AA, BB, CC, R
+ + <3 (1 + —)
1A, IB, IC, T

Proposed by Marian Ursarescu — Romania

49| ROMANIAN MATHEMATICAL MAGAZINE NR. 33



Romanian Mathematical Society-Mehedinti Branch | 2022

J.374 z,,z,,z5 € C— {0}, different in pairs, A(z,), B(z,), C(z3)
l2al = I25] = lzcl. ) ab(a = b)(z4 = 25) = 0

cyc
Prove that: AB = BC = CA.
Proposed by Marian Ursarescu — Romania
J.375 Solve for real numbers:
x + glogx27 +x- glogx27 = 279
Proposed by Marian Ursarescu — Romania
J.376 In AABC the following relationship holds:

Ty Ty T, 3(3Rr
3 *+3 *+3 =23 |5~
\/ra + 21, \/rb + 2r, \/rc + 2r, 2

Proposed by Marian Ursarescu — Romania
J.377 In AABC the following relationship holds:

2 2 2 2
m,m mym, m.m 27r
( a'lb ) + ( blltc ) + ( cllta ) >
m, +my my +m, m, +mg, 4
Proposed by Marian Ursarescu — Romania

J.378 In AABC,I —incenter, R,, R, R, — circumradii of ABIC,ACIA, AAIB.
Prove that:

5R
Ro+Ry+Rez—+71
Proposed by Marian Ursarescu — Romania
1.379 2, 2,, 23, 2, € C— {0} — different in pairs, |z;]| = |z;| = |z5] = |z4| =1
1212, + 2123 + 2,231% + |212, + 2124 + 2,2 |* + | 2125 + 2124 + 232, |* +
+2y25 + 2y24 + 2324]* = 4

Find:
1 1 1 1
‘Q - 22021 + 22021 + 22021 + 22021
1 2 3 4

Proposed by Marian Ursarescu — Romania

J.380 24, z,, z3 € C — {0}, different in pairs, |z;| = |z,| = |z3] = 1,4(z,), B(z,), C(z3)
Z|Z1 —2lzy — z3] + (2 — z3)|z; — 2| = 32|Z1 — 2l > AB=BC =CA

cyc cyc
Proposed by Marian Ursarescu — Romania
J.381 In AABC, K — Lemoine’s point, the following relationship holds:

48r* 3R?

<AK+BK +CK < —
R3 — - 2r

Proposed by Marian Ursarescu — Romania
J.382 In AABC the following relationship holds:

3_Nhothe, A _3R
2L b+e M=y

cyc

Proposed by Marin Chirciu-Romania
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J.383 In AABC the following relationship holds:

W6111+1 WI§1+1 WZ:‘I.+1 r
e+ >2r(5-2) neN
wp wy w; R

Proposed by Marin Chirciu-Romania

J.384 In AABC the following relationship holds:

t3A tB>sz>l6R .
ZCO 20 ==

cyc

Proposed by Marin Chirciu-Romania
J.385 In AABC the following relationship holds:

Z (rgl+1 + 7,.Cn+1)2 - 27R3
ry 1l T 4r

,nEN
cyc
Proposed by Marin Chirciu-Romania
J.386 Let A > 0. Solve for real numbers:

y3 —=38Ax2+32%2x—-23=0
z3=3y?2+32%y -3 =0
x3—31z2+31%2z—-2*=0
Proposed by Marin Chirciu-Romania
J.387 In AABC, I —incenter, R,, Ry, R, —circumradii of ABIC,ACIA, AAIB. Prove that:
4 2 2R
3 2 = 3r

cyc
Proposed by Marin Chirciu-Romania
J.388 In AABC the following relationship holds:
wi+wli+wi+n-0I1?>s*n=>2
Proposed by Marin Chirciu-Romania

J.389 In AABC the following relationship holds:
Z ha(hf +h) _ Z ra (1§ +17)

a a
cyc cyc

Proposed by Marin Chirciu-Romania

J.390 In AABC the following relationship holds:

hg+1 h;)1+1 h?+1 r
+ + > _—
no e nt _2r(5 R),nEN

Proposed by Marin Chirciu-Romania
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J.391 In AABC the following relationship holds:

Z CSC3éCSCE > 24R
2 2 r
cyc
Proposed by Marin Chirciu-Romania
J.392 In AABC the following relationship holds:

<—R?’neN
sy +s¢ -2

Z (Slr)l+1 + Sgl+1)2 27
cyc
Proposed by Marin Chirciu-Romania
J.393 In AABC the following relationship holds:

mg\°  mp\3  mq\3 3(a? + b% + ¢?)
(B o+ =2
mp, me mg 2(@2+b2+c2)+ab+bc+ca

Proposed by Daniel Sitaru,Claudiu Ciulcu — Romania
J.394 In AABC, I — incenter, the following relationship holds:
1 1 1 9
a? - Al* + b2 - BI* + cz-CI* = 64r+(r?2 + 2R?)

Proposed by Daniel Sitaru,Lavinia Trincu- Romania

J.395 If m,n,x,y,z € R} = (0, ) then in any triangle ABC the following relationship holds:

mx+ny+my+nz+mz+nx>2\/mn-\/§

az bx cy R
Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
J.396 If x,y,z € R% = (0,2),t € R, = [0,) and AABC with F —area, then prove:

y+z+6t z+x+6t +x+y+6t >4\/§-F
x+3t ¢ y+3t ° z+3t °~ R

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
J.397 Ifm € N, M € Int(AABC) and F —area of AABC,x, = MA,xg = MB,x; = MC then

prove:
m+1 m+1 m+1
ame(Ge) () () zamen
a b c

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania

J.398 If m,n € R, =[0,0);m +n,x,y,z>0and F —area of AABC then prove:
m(x +y) +n(x + z)

.q3 >
(ny + mz)h, a@” z 16F

cyc

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
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J.39Ifa,b,c,d,e >0,a+ b+ c+d+ e =41then:
—+——— +e>41(814-32-5
Va V2 ( )
When equality holds?
Proposed by Daniel Sitaru,Mihaela Nascu — Romania

J.400 Ifa,b,c,d > 0,a + b + ¢ + d = log?, 98 then:
(1 + 1) log, 9 + (1 + E) logi, 11 >4
a ¢ b d
Proposed by Daniel Sitaru,Corina lonescu — Romania

J.401 Solve for real numbers:

5\]5\/§+x—5\]5\/§—x= V2

Proposed by Daniel Sitaru,Laura Zaharia - Romania

J.402 Solve for real numbers:
x,y,z,t>1
2 2 2 2 16
log, x*+y + log, y»+ + log, zz+t + log,, tt+x = m
(2x + 3y + 4z + 100)1° = 1012x2y32*

Proposed by Daniel Sitaru,Delia Schneider - Romania
J.403 If m,n € R, =[0,00);m +n,x,y,z > 0 thenin AABC with the area F the following
inequality holds:

m(x +y) +n(x + z)
(ny + mz)h,

a® > 16F

cyc
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
J.4041fa,b,x,y,z € R, = (0, ) then:

Z x2+y? 6 xy+yz+zx

aly +z)2+bxy ~ da+b x2+y?+z2
cyc

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania

1.4051fx,y,z € (0,%) then:

2

sin? z cos? z 1 i
27 27 = — Z\/smx-cosac
COSy +C0Sz siny +sinz 4

cyc cyc cyc

Proposed by D.M. Batinetu-Giurgiu, Gabriel Tica— Romania
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J.406 If m,n,u,v € R}y = (0,»)andx,y,z € (O,%) then:

2

sinx cos? x 1 :

- - = Z VSInx - COSx
uUCoSy + vcost msiny +nsinz (m+n)(u+v)

cyc cyc cyc

Proposed by D.M. Batinetu-Giurgiu,Dan Ndanuti—- Romania
J.407 If x € R; = (0,00) and m € R, = [0, ) then 2™ (([x])™+! + ({x})™*1) > x™*1
where [x] is the whole part of x and {x} is the fractionary part of x

Proposed by D.M. Batinetu-Giurgiu,Dan Ndanuti—- Romania
J.408 If m € N*, then in any triangle the following inequality holds:

(2m +1)R(s?> —r%2 —4Rr) > (mR + r)(s® + r?> + 4Rr)
where s is triangle’s semiperimeter.
Proposed by D.M. Bdtinetu-Giurgiu,Neculai Stanciu- Romania

J.409 If m € R, = [0, o) then in any AABC with the area F the following inequality holds:

am+2
—— > 4V3F
Z b+c—a)m— V3
cyc
Proposed by D.M. Bdtinetu-Giurgiu,Neculai Stanciu- Romania

J.410 If M is an interior pointin AABC and x = MA,y = MB,z = MC, then:
2

52| (3 @) -2
a ab ~ a2b?¢?
cyc cyc

Proposed by D.M. Bdtinetu-Giurgiu,Neculai Stanciu- Romania

J.4111ft € (0,0), M is an interior pointin AABC and x = MA,y = MB,z = MC, then:
oA LA
<(1+t) (Q+E) + = ><a” ”C+£> >1

ab bc ca-t 1+t ca
Proposed by D.M. Bdtinetu-Giurgiu,Neculai Stanciu- Romania

J.412 In AABC the following relationship holds:

5+Zzws4ﬁ+zn_é
hohy = T h2

cyc cyc

Proposed by Bogdan Fustei — Romania

J.413 In AABC,n, — Nagel’s cevian, g, — Gergonne cevian, the following relationship holds:

4\/§Zcosgs9+zg(b+c)_na_ga_ 2rte

a

cyc cyc

Proposed by Bogdan Fustei — Romania
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J.414 In AABC,n, — Nagel’s cevian, g, — Gergonne cevian, the following relationship holds:

4R +1)?
&S]__F: 1+u
ng R s?

cyc
Proposed by Bogdan Fustei — Romania

J.415In AABC,n, — Nagel’s cevian, the following relationship holds:

h A
Talrb = ZCOSEw/né — h2

Proposed by Bogdan Fustei — Romania

J.416 In AABC the following relationship holds:
he | he
1 S hy  hp
R m,+r,+r.—h,
cyc
Proposed by Bogdan Fustei — Romania

J.417 In AABC,n, — Nagel’s cevian, the following relationship holds:

a-n h A
¢ < . 2_
6V3) et )t ) ot

cyc cyc cyc

Proposed by Bogdan Fustei — Romania

J.418 In AABC the following relationship holds:

A
]'[cos; A
2+ yi ZZCOSE-
Zcos; Y

I1 cos%
- A
D cos>
Proposed by Bogdan Fustei — Romania

J.419 In AABC the following relationship holds:
2bcmym,

V2a2b? + 2a2c? + 8b2¢c% + a* — 2b* — 2c*
Proposed by Bogdan Fustei — Romania

Hcyc(ama + bmb - Cmc)
am, +bmy +cm,

J.420 Solve for real numbers:
{ logx = [y] [+] - GIF

logly +1) =[x] -1’
Proposed by Jalil Hajimir-Canada
J.421 Solve for real numbers:
1+6*
V@ +29)(1+23%) > ——
V@ +29( )> =

Proposed by Jalil Hajimir-Canada

J.422 In AABC the following relationship holds:
sec*4 sec*B  sec*C 8v2
+ + >
a5 *Wq b5 *Wp CS'WC 35R4'\/RT
Proposed by Daniel Sitaru,Elena Grigore — Romania
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J.423 Solve for real numbers:

J(i/m+6-i/m=5-i/(x—3)(y+3)

x,y,2z>0
2X2 2y2 222 9
=+ + —
l yz(y+z) zx(z+x) xy(x+y) x+y+z

Proposed by Daniel Sitaru,Dan Grigorie — Romania
J.424 In AABC the following relationship holds:

1 1 1 V3

+ + <
ad+b3+abc b3+c3+abc c3+ad+abc” 7213

Proposed by Daniel Sitaru,Elena Alexie - Romania

J.425 Solve for real numbers:

( x,y,z2>0

J32(x5+y5+1)=(x+y)5+(x+1)5+(y+1)5
2_|_ 2

l x+z=+xz+ ad ZZ

Proposed by Daniel Sitaru,Daniela Beldea — Romania
J.426 A(a),B(b),C(c),a,b,c € C* —different in pairs, |a| = |b| = |c| = 1. Prove that:
Z(|a2+ab+bc+ca|+|a—b|2)= 12 = AB =BC = CA

cyc

Proposed by Marian Ursarescu-Romania

J.427 z,,z,,z5 € C*, distinct, |z,| = |z,| = |z3] = 1,A(z,), B(2;), c(z3).

-2
2“21_23'(21_22)"‘|Z1_Zz|(Z1_Z3)| =3 Z|Z1_Zz| = AB = BC

cyc cyc
=CA
Proposed by Marian Ursarescu-Romania

J.428 A(a),B(b),C(c),a,b,c € C* —diffrerent in pairs, |a] = |b| = |c| = 1. Prove that:
Z|2a+b+c|2 =3= AB = BC = CA

cyc
Proposed by Marian Ursarescu-Romania
J.429 z,,7,,z5 € C*, distinct, |z, | = |z,| = |z5| = 1,A(z,), B(2,), C(z5)

-1
|2z4 — z; — z3]
=9 le — 2| =>AB=BC =CA
;||Z1_23|(Z1_Zz)+|Z1_Zz|(Z1_23)| ! 2

cyc

Proposed by Marian Ursarescu-Romania
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J.430 Let AA'B’C’ be the circumcevian triangle of centroid in AABC. Prove that:
[A'B'C'] - (2_r)2
[ABC] ~— \R
Proposed by Marian Ursarescu-Romania
J.431 In AABC the following relationship holds:

3R
MgTy + Mp7y, + M7, < > (2R% +r?)

Proposed by Marian Ursarescu-Romania
J.432 In AABC, G —centroid, K —Lemoine’s point the following relationship holds:

24r3
AG - AK +BG -BK + CG - CK >

Proposed by Marian Ursarescu-Romania
J.433 In AABC,n, —Nagel’s cevian, the following relationship holds:
) (2 0 (1) 3 15 =20 410

7 7 7 r

Proposed by Bogdan Fustei-Romania

J.434 In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following relationship holds:

-1

-1
) R
min Z Nngga - Z h,h, ,Z mywg - Z h,hy > >

cyc cyc cyc cyc

Proposed by Bogdan Fustei-Romania
J.435 In AABC, the following relationship holds:

+ + + —A
Ng ga+nb gb+nc Ic 24 COS (77: )
b+c c+a a+b l l 4

cyc

Proposed by Bogdan Fustei-Romania

J.436 In AABC, g, —Gergonne’s cevian, the following relationship holds:

3\/ My My MWWy W,

R
—>1+
r

=2
hahbhcgagbgc

Proposed by Bogdan Fustei-Romania
J.437 In AABC,n, —Nagel’s cevian, the following relationship holds:

Naga ’Z A
Z—Z hahb-Ztan—
cyc Wa cyc cyc 2

Proposed by Bogdan Fustei-Romania
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J.438 In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following relationship holds:

) A+ ) B+ ] C< b2 +c? —2n,9,
sinz + sin- SmZ_Z 2he

cyc
Proposed by Bogdan Fustei-Romania

J.439 In AABC,n, —Nagel’s cevian, the following relationship holds:

«[momymow wyw, - Z (na . 2r, )

r6 h, s+n,
cyc

Proposed by Bogdan Fustei-Romania
J.440 In AABC,n, —Nagel’s cevian, g, —Gergonne cevian, the following relationship holds:

Z a >z<2ma—ga+ Zha)
T, =71 7, s+mn,

cyc cyc

Proposed by Bogdan Fustei-Romania

J.441 In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following relationship holds:

[ )=
Sa hb -

cyc

Proposed by Bogdan Fustei-Romania

J.442 In AABC the following relationship holds:

R F4+12) 2
9 sszra(rb TC)S—S(ZR—r)Z
2 a R

cyc
Proposed by Marin Chirciu-Romania
J.443 In AABC the following relationship holds:

6| 4r 1, 4R+7r |1

3 < E < =

R?s? mym, s r
cyc

Proposed by Marin Chirciu-Romania

J.444 In AABC the following relationship holds:
2
2

(@) =3 =et
R) — LumZ2 ™ \r

cyc
Proposed by Marin Chirciu-Romania
J.445 In AABC the following relationship holds:

Z 131, = 3r2(4R +1)?

cyc

Proposed by Marin Chirciu-Romania
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J.446 In AABC the following relationship holds:

AH - AL\
2R?*r < z < R(4R? — 3Rr — 612)
1/Tb +TC

cyc
Proposed by Marin Chirciu-Romania
J.447 In AABC the following relationship holds:

2R R R\> R
SRR L
T T, —T T T

cyc

Proposed by Marin Chirciu-Romania
J.448 If a, b, c > O such that abc = 1 and n € N* then:
a2n+2 + aanZ

(ac + b2)2
cyc

3
2_
2

Proposed by Marin Chirciu-Romania
J.449 Let A > 2 be positive real numbers. Solve for real numbers:

A+1+x)A+x)(A-1+x) 3(92>-1)
A+1-x)A—-x)A—-1-x) 1-22

Proposed by Marin Chirciu-Romania

J.450 In AABC the following relationship holds:
3 3 3
mg, my, mg T
- —_— > 2 - —
mZ mi mZ~ 6r( R)
Proposed by Marin Chirciu-Romania
J.451 0 —circumcenter, Q —first Brocard pointin AABC, 0, 0y, O, —circumcenters of
ABQC,ACQA,AAQB,d, = 00,,d, = 00,,d, = 00,. Prove that:
3V3-d,d,d,
8r
Proposed by Mehmet $ahin-Turkey

[ABC] <[0,0,0.] <

JP.452 0 —circumcenter, Q —first Brocard pointin AABC, O,, 0,,, 0. —circumcenters of
ABQC,ACQA,AAQB,d, = 00,,d, = 00,,d, = 00,. Prove that:
d,dyd. = R3, R —circumradii of AABC
Proposed by Mehmet $ahin-Turkey
J.453In AABC, G —centroid, D,E € BC,F,K € CA,M,N € AB,DGK,EGN,
MGF —antiparallels, Py, P,, P; —perimeters of AGDE, AGFK, AGNM. Prove that:
1 1 1 3(2R-71)
—_t—t—=—"
P, P, P 2F
Proposed by Mehmet $ahin-Turkey
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J.454 In AABC, G —centroid, M,F € BC,D,K € AB,E,N € AC,MGN, DGE,

abc

KGF —antiparallels. Prove that: GM - GE - GK = Py

Proposed by Mehmet $ahin-Turkey
J.455 In AABC, G —centroid, M,N € BC,P,Q € CA,R,S € AB,MGQ, NGR,
SGP —antiparallels, ¢, @5, ¢, —circumradii in AGMN, AGPQ, AGRS. Prove that:

R3
PaPprPc = E

Proposed by Mehmet $ahin-Turkey
J.456 0 —circumcenter in acute AABC,F,K € (AB),M,L € (BC),E,N € (CA)

FOE,MON, LOK are the antiparallels. Let ¢, ¢, ¢. be circumradii of
AAFE,ABLK,ACMN. Prove that:

RZ
§0a+§0b+§oc:T

Proposed by Mehmet $ahin-Turkey
J.457 In AABC the following relationship holds:

1 a’?> 2bc
4R +1)° = — (— + > > 27R?r
16 cye Ta TpTe

Proposed by Alex Szoros-Romania
J.458 Having 10 numbers with in interval [10,90), there are 3 of them which are the lengths

of the sides of a triangle
Proposed by Alex Szoros-Romania

; ifand onlyif (1, —1,)(r; —7.) =0

abc(b+c)hg
J.459 Prove that F < @iD)(bio)bio—a

Proposed by Alex Szoros-Romania
J.460 In AABC if F = 1, then

CosA cosB + cosC
a b C > 27,_
— 1+ cosAcosBcosC —
Proposed by Alex Szoros-Romania

J.461 In acute triangle ABC the following relationship holds:
(@+1)"+B*+1)"+ (2 +1)"=23+4n(R+1r) ,neN
Proposed by Alex Szoros-Romania
J.462 In AABC the following relationship holds:

4R (h, h, h, 8 a
o (o)) (1) 2]
r r

Proposed by Alex Szoros-Romania
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J.463 In AABC the following relationship holds:

4R h, h,, h, 8 a
N (RO
T r r r 3 b+c

cyc

Proposed by Alex Szoros-Romania

+b | b+ +
2+ 2> 8r

le la la

J.464 If ab + bc + ca = abc,then 4R >

Proposed by Alex Szoros-Romania
J.465 In AABC the following relationship holds:

ha+hb+hc21+3 (a+Db)(b+c)(c+a)
3r abc

Proposed by Alex Szoros-Romania

J.466 INAABC, w —Brocard’s point, the following relationship holds:

R (rb +r_c) > sin(4A + w)
e Ty

r Sinw

Proposed by Alex Szoros-Romania
J.467 In acute AABC the following relationship holds:

+ a2
82 cosA SZ(T Rra) <12

cyc cyc

Proposed by Alex Szoros-Romania

: xPp+1 | xg-1 _ :
J.468 If the equation has the roots: o1 + v, + ¢ = 0,a,f,y then prove that:
7
2B — pz2, p —Golden ratio.

aBy
Proposed by Srinivasa Raghava-AIRMC-India

x+y+z=¢+1
1.469 Let{ x% + y% + z2 = ¢p2 + 2, then prove that:
2

x5+ y5+ 25— (x* + yt +2) = xyz+—-
Proposed by Srinivasa Raghava-AIRMC-India

J.470 Find all functions f: R — R such that:

f(f(x)+y) =3x+ f(f(y) —2x),vx,y R
Proposed by Rajeev Rastogi-India
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J.471 1f ABCD —cyclic quadrilateral, O —circumcenter, AB = V2, m(xA0B) = 90’ then
[ABCD] <2

Proposed by Rajeev Rastogi-India
J.472 In AABC the following relationship holds:

2 2 2
m m m R

a ™, e <14-—
Tple Toly 1Ty r

Proposed by Adil Abdullayev-Azerbaijan
J.473 In AABC the following relationship holds:
O, 11y N 2_r

>10
9a9p9c R

Proposed by Adil Abdullayev-Azerbaijan
J.4741fin AABC, S, —Spieker point, N, —Nagel’s point then:
[AS,N,]| + [CS,N,] = [BS,N,]
Proposed by Adil Abdullayev-Azerbaijan
J.475 In AABC the following relationship holds:
m2+mi+m2 1 8/R\*
e <5t3()
Proposed by Adil Abdullayev-Azerbaijan
J.476 In AABC the following relationship holds:

4R
1+ 1+ Zraz-Zra-zs /1+—
cyc cyc r

Proposed by Adil Abdullayev-Azerbaijan

J.A77 In AABC the following relationship holds:

1 1 1 R\’
ey e m (e a5 (5)
m, m, m, 2r

Proposed by Adil Abdullayev-Azerbaijan

J.478 In AABC the following relationship holds:
w, wy, w, S
+ + <
wp,+tw, w,tw, w,tw, 2\/§7"
Proposed by Adil Abdullayev-Azerbaijan

J.479 In AABC the following relationship holds:

s S S T 1T, 5
a + b + c + a c e
mg,+s, my+s, m.+s. wwyw, 2

Proposed by Adil Abdullayev-Azerbaijan
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J.480 In AABC the following relationship holds:

2 wp +Ww, 2r
cyc

Proposed by Adil Abdullayev-Azerbaijan
J.481 In AABC the following relationship holds:
2 mgy my, mg 1
<

—< + + < -
R mym, mm, mgm, 1

Proposed by Adil Abdullayev-Azerbaijan
J.482 In AABC the following relationship holds:

m, my mc 8abc
—+—+—
Sa Sp NN EDIEDE

Proposed by Adil Abdullayev-Azerbaijan

J.483 In AABC the following relationship holds:
MmeMp\2  MpMe\2 memg\2 27
(ab)+(bc)+(ca)21_6
Proposed by Adil Abdullayev-Azerbaijan

J.484 If x,y,z > 0O then:

1 8xyz - 10
E) (x+y)y+2)(z+x)

Proposed by Adil Abdullayev-Azerbaijan

(x+y+z)<%+

J.485 In AABC the following relationship holds:

ZCOS(A B) <ZZ T 57

cyc cyc
Proposed by Adil Abdullayev-Azerbaijan
J.486 In AABC the following relationship holds:
Ta T e
= 5+ == 24R3
6 6 6
coS E coS E coS E

Proposed by Adil Abdullayev-Azerbaijan

J.487 In AABC the following relationship holds:
21,11, a b c 1
> + + + =
wwyw, b+c c+a a+b 2

Proposed by Adil Abdullayev-Azerbaijan

J.488 In AABC the following relationship holds:

A-B B-C C—-A k* 3k? 1 mg +my, +m,
cos cos cos <—+—+-k=—m——
2 2 2 8 8 2 T, +1, +71,

Proposed by Adil Abdullayev-Azerbaijan
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J.489 In AABC the following relationship holds:

cosA - cosB . cosB - cosC . cosC - cosA _ 1

ab bc ca 4R?
Proposed by Ertan Yildirim-Turkey

J.490 In AABC the following relationship holds:
a? b? c?

+ + =
tanB + tanC tanC + tanA tanA + tanB

Proposed by Ertan Yildirim-Turkey
J.491 In AABC the following relationship holds:

a+b+c asinA + bsinB
T Er

R R

cyc
Proposed by Ertan Yildirim-Turkey
J.492 In AABC the following relationship holds:

1+cosA 1+cosB 1+cosC 2 1
+ + =

7, Ty 7, r R
Proposed by Ertan Yildirim-Turkey
J.493 In AABC the following relationship holds:
T T
cyc
Proposed by Ertan Yildirim-Turkey
J.494 In AABC the following relationship holds:

T, + 1, N .+, ,+n :E
b+c—a c+a—b a+b—c 1r?
Proposed by Ertan Yildirim-Turkey
J.495 Let ADEF be the orthic triangle of acute AABC. Prove that:
EF 0 BF 1.1
AH BE-CF r R

cyc cyc

Proposed by Ertan Yildirim-Turkey
J.496 In AABC the following relationship holds:

asinA bsinB c¢sinC 6r
+ +

mg my m., ~ R

Proposed by Ertan Yildirim-Turkey
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J.497 In AABC the following relationship holds:

cosA - cosB . cosB - cosC . cosC - cosA _ 1

ab bc ca 4R?
Proposed by Ertan Yildirim-Turkey

J.498 In AABC the following relationship holds:

1 . 1 . 1 _2F
cotA — cot2A  cotB — cot2B  cotC — cot2C  R?

Proposed by Ertan Yildirim-Turkey
J.499 In AABC, I —incenter, K, L, M —intersection points of AI, BI, CI with incircle. Prove

that:
AK? + BL? + CM? > 3r?
Proposed by Eldeniz Hesenov-Georgia

J.500 In AABC, the following relationship holds:
Z myw, < 9RV3R

/ - 4
cyc Ty +rc

Proposed by Eldeniz Hesenov-Georgia
J.501 InAABC,I —incenter, I, I,,, 1. —excenters, R, Ry, R, —circumradii of
ABIC,ACIA, AAIB. Prove that:
[AIB] A B C

T = (R, +Rp + RC)SinESinESinE
cyc

Proposed by Eldeniz Hesenov-Georgia

J.502 In AABC, the following relationship holds:
w2 + wi +w? <3R(R + r)>2
)

()@ G i

J.503 In AABC, the following relationship holds:

m2 m2 m2 3

Proposed by Eldeniz Hesenov-Georgia

2+r2 r24r? r2+rE 2
Proposed by Eldeniz Hesenov-Georgia
J.504 In AABC,I —incenter, H —orthocenter, 1,,I,,, 1. —excenters, the following relationship

holds:

Al - AH - AIp\*  [4R?\’
Z ( ) < — (8r)?
e hama \/§7"

Proposed by Eldeniz Hesenov-Georgia
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J.505 In any AABC the following relationship holds:
Lwg +wp +wl > g+ gp + g2+ (R? — 4r?)

4R+T
3

2- min{haywbygc} S

Proposed by Nguyen Van Canh — BenTre — Vietnam
J.506 In any triangle ABC the following relationship holds:

1.nZ + nZ + n? +3R7r(R2 — 4r%) = m2 + mi + m?
2.m2+m2+m?=>p?2+r(R-2r)
Proposed by Nguyen Van Canh — BenTre — Vietnam

J.507 In AABC the following relationship holds:

1 E£_+_E£_+_E£ p2+r2+4Rr
"hp he hg 6RT

T r T 4R+T
2. 24 by c
Ty Te Ta 3r

Proposed by Nguyen Van Canh — BenTre — Vietnam
J.508 In any triangle ABC the following relationship holds:

2019r
2020(R + 3r)

Proposed by Nguyen Van Canh — BenTre — Vietnam

wi+wi+wt=gi+gp+gi+ (R* — 4r?%)

J.509 In AABC the following relationship holds:
2 < cosA +cosB . cosC +cosA . cosB +cosC 3

< —
R~ Ty Ty 7, 2r
Proposed by Radu Diaconu — Romania

J.510 In AABC the following relationship holds:
. <u(A) cosA u(B)cosB u(C)cos C> i
min 7 , , <

9b Ie ~18r
Proposed by Radu Diaconu — Romania

J.511 Ifin AABC, u(A) = 90°,2h2 — 9ah, + 2a? = 0 then:
X B—-C w2
(B) + p? (C)) - c0s? (T) < T

Proposed by Radu Diaconu — Romania

w2 - (
6v6
J.512 Ifin AABC,a + b + ¢ = 5R then:

27R?
2

Proposed by Radu Diaconu — Romania

5R? <a(s—my) + b(s—mp) +c(s —m,) <
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J.513 In AABC,m(xA) = 90°, g, — Gergonne’s cevian, the following relationship holds:

9r< g§+gb gc (1 1) 23R?
R=\n, " h,  h. 4873

b? + c?
Proposed by Radu Diaconu — Romania
J.514 In AABC the following relationship holds:

(1+ 1) (1+ 2ian ) (14 2tanS) > (143 2)
a 2 b 2 c 2 2 s?

Proposed by Florica Anastase - Romania
J.515 In AABC the following relationship holds:

1+— 21 +— 2|14 — " 2]|>

A B Cc
s? +r?cot?- s? +r?cot? s? +r?cot? 10rs\3
A B Cc (1 )
cot= cot— cot-
2 2 2

Proposed by Florica Anastase - Romania
J.516 In AABC the following relationship holds:

ZW_Z?<§.<£)% L EN
h*+mlt — 2 \2r) '
cyc
Proposed by Florica Anastase - Romania
J.517 In AABC the following relationship holds:

4
Z 7w - myme) + Sz

cyc cyc

Proposed by Florica Anastase — Romania

J.518 In AABC the following relationship holds:

1 bc 54

E 4s + E — =

mgmy a s
cyc cyc

Proposed by Florica Anastase - Romania
J.519 In AABC the following relationship holds:

, 1 1y 2X(a+2)sin? 2
JEEREIRC LI
mg My Zasin; S

cyc

Proposed by Florica Anastase - Romania
J.520 Ifin AABC,m(xB) = 28°,m(«C) = 56° then:
27s(2b? + ba + a?) + 54abc > 52s3

Proposed by Daniel Sitaru,Elena lacob Meda - Romania
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J.521 The orthic triangle of obtuse AABC is similar with AABC. Prove that:
s*+2r2s2 + r2(4R + 1)? = 2R?*(a? + b% + ¢?)
Proposed by Daniel Sitaru,Gilena Dobricd — Romania
J.622 Ifa, b, c > 0 then:
27(a4 + b4 + C4)3(a6 + b6 + C6)2 > (a3 + b3 + C3)8
Proposed by Daniel Sitaru,Mihaela Ddianu - Romania
J.523 Solve for real numbers:
x,y,z=1
xyz=3
log3 x? - log;(yz) + log} y? - logs (zx) + log3 z* - logz (xy) = 1
Proposed by Daniel Sitaru,Mihaela Pupdza — Romania
J.524 1f x,y,z > 0 then:

ny+(x+y+2)(2x+2y+2)
(x+y+2z)(Bx+3y+2z2)

Proposed by Daniel Sitaru,Simona Radu - Romania

J.525 In AABC the following relationship holds:

s* —2s2(4Rr —r?) +r2(4R +1)? - 81(s? — r2 — 4Rr)
a?b?c? = 8s%

Proposed by Daniel Sitaru,Mddadlina Giurgescu — Romania

J.526 a, b, c,d —sides, r — inradii in a bicentric quadrilateral. Prove that:
a* b* ¢* d*
—t—t—+—> 3
b c d a— 32r

Proposed by Daniel Sitaru,lleana Duma - Romania
JB271f0 < a < x,y,z < 8 then:

+y+ 2 4924 72 + )2
W_'_x y+z x4y Ptz 1 N 3 N 3 S9(a B)
3 3 3xyz x+y+z x2 + y2 +z2 dap

Proposed by Daniel Sitaru,Dan Mitricoiu — Romania
J5281f0 < a < x,y,z,t < B then:

(mp +my +m, +m,)

1 1 1 1 4 2
<_+_+_+_>SM
m, m, m,; m aff

g q

4xyzt

my =

= ymg = \/xyzt
xyz + xyt + xzt + yzt

x+y+z+t X% +y?+z2 +t?
Mg = —————iMg = 7

Proposed by Daniel Sitaru,Tatiana Cristea— Romania
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J.529 Ifin AABC, u(A) = 2u(B) then:

2(b3 + 3 + ab? + abc) 9s?
+ >
abc 4(2b% + c% + bc)

Proposed by Daniel Sitaru,Anicuta Patricia Betiu — Romania

33

1.5301fa,b,c > 0,—— + —— + —— = 4 then:
a+b b+c c+a

1 1 1 9
—+—+—+———>16
a b ¢ a+b+c
Proposed by Daniel Sitaru,Maria Lavinia Popa - Romania
J.531 In AABC the following relationship holds:

2
4
R? + m Z bC(S — a)z + 1172 > 21Rr
cyc
Proposed by Daniel Sitaru,Sorin Pirlea - Romania
J.532 Solve for real numbers:

0< - i = Y4
X,y 2 , X y = 6
4 sin? x sin? y (sin? x + sin? y) + 4 cos? x cos? y (cos? x + cos? y) = sin? 2x + sin? 2y

Proposed by Daniel Sitaru,Dorina Goiceanu — Romania

J.533 In acute AABC the following relationship holds:

Vsin 24 + /sin2B ++/sin 2C - V2r2 + 4Rr — 2R?
VvtanA ++tanB ++tanC R
Proposed by Marian Ursarescu — Romania

J.534 Let AA'B'C’ be the circumcevian triangle of H — orthocenter in acute AABC.

Prove that;
[A'B'C'] N2 2r

> — -
[ABC] _4<(R) * R 1)

Proposed by Marian Ursarescu — Romania
1.535 24, z,, z3 € C* - different in pairs, |z;| = |z,| = |25, A(z,), B(z;), C(z3)
Prove that:
Z(|Z1 — 2> + |z — z31%) 7,23 = 22|22 — 73|%2,23 = AB = BC = CA
cyc cyc

Proposed by Marian Ursarescu — Romania
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J.536 z,,z,,z; € C — {0}, different in pairs,
|z1| = |z2| = |z3] = 1,A(z1), B(22), C(23). If z{ + 2,25 — 2,2, — 2,23 = O
then:
AB? + AC? = BC?

Proposed by Marian Ursarescu — Romania

J.537 Let AA'B'C’ be the circumcevian triangle of orthocenter in acute AABC. Prove that:

AA' BB’ cc’ 1 R?

BA'-CA' ' CB -AC' ' AC-BC’ 2E<2+r_2>

Proposed by Marian Ursarescu — Romania
J.538 In AABC the following relationship holds:
(sy + sp)c3 + (s, + s.)ad + (s, + s,)b3 = 16V3F?
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
J.5391fx,y,z,t,u > 0,n € N* then:

n+1 |, XYZ\"
xm -t +uyz - Nu > tu(n + 1) - ’(%)

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
J.5401fa,b,cm > 0,abc = 1 then:

amb2m+1 me2m+1 Cma2m+1

a3m+1+b+C+b3m+1+C+a+C3m+1+a+b =
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
J.5411f0 <x <y < z then:
X y z 3
+ + > =
z+ Jxy x+. Jyz y+zx 2
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
J.542 In AABC the following relationship holds:
Z 1 Z 1 9
h2 (a +b)? ~ 16F?

cyc cyc

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
J.543 If x, ¥,z > 0 then in AABC the following relationship holds:

x + 3y 5 y+3z 5 z+ 3y

- Z . - . — 7  .c2>
3x+y+4z 3y+z+4x 3z+x+4y ¢ 2 4V3F

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
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J.544 If x,y,z > 0 then in AABC the following relationship holds:

+ Z 1600F*
§ (L Y arne e L) 2 10
Z x+y 3

cyc
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
J.545 In AABC the following relationship holds:

A B C
a® tan? > + b tan? > + ¢% tan? > > 64r?%F?

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
J.546 If x, y, z > 0 then in AABC the following relationship holds:

2

+
Z(y % be+— aZ) > 100F?
x y+z

cyc

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

J.547 In any triangle ABC the following relationship holds:
magmp mpme memg 4R+T
1. \] hce + \] ha * \] hp S V3r

r 3r
2.n% +nd +n2 = max {m3 +mE +mZ, wi +wE +wZ + (R —4r?)} + .

Lalble (p2 _ 4y2)
WaWpW,

Proposed by Nguyen Van Canh - Vietnam

J.548 In any AABC:

1/b+c a+c a+b b+c—a c+a—-b a+b-c
3§—< + + )5 + +

2\ a b c c+a—b a+b—-c b+c—a
When does equality holds?

Proposed by Nguyen Van Canh - Vietnam

J.549 In any AABC:

cos? (A _ B)
2

e
Ccotl; + CoSs
2

B—-C A cC—A B 2+ 12 _6Rr
( )cot—+cosz< )cot—:p(p )

2 2 2 2 4rR?

Proposed by Nguyen Van Canh - Vietnam
J.550 If a, b, ¢ > O then:
5(a+b+c)® =729 abc(a® + b3 + ¢3 + 2abc)

Proposed by Nguyen Van Canh - Vietnam
J.551 In any triangle ABC:

A . _.B __.C . .A . B B _ C . .C . A
2 <5|n3§ + 5|n35+ sin3 E) - (sln2 §S|n§+ sin? Esm§+ sin? Esm E) <3

Proposed by Nguyen Van Canh - Vietnam
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J.552 In any triangle ABC:

a N b . c >3
12(b+c)+a 12(a+c)+b 12(a+b)+c 25

When does equality holds?

Proposed by Nguyen Van Canh - Vietnam
J.553 In any triangle ABC the following relationship holds:

a*+b* + c* 3abc 8(mZ + m? +m2)
+ =
ab+bc+ca a+b+c 9

Proposed by Nguyen Van Canh - Vietnam
J.554 In any triangle ABC:

AT e R 1)
RS A A e

Proposed by Nguyen Van Canh - Vietnam

J.555 In triangle ABC the following relationship holds:

hg + hy + h, - JTalb + 1l + 11 - 1
ad+b3+c3 T ab?+bc?+ca®? T 8/3r2

Proposed by Nguyen Van Canh - Vietnam
J.556 In any triangle ABC:
w2+ wi + w2+ 8r(R—2r) = p?
Proposed by Nguyen Van Canh - Vietnam
J.557 Inany AABC (acute), n, — Nagel’s cevian, the following relationship holds:

9 T
< —
4~ 2R

2 2 2 2 2 2 2 2 2
n n m; +w m, +w ms +w
a bI lc)<2< a a b bI (4 c>

+ —_—
bc ac bc ac ab

<

R n

r
Proposed by Nguyen Van Canh - Vietnam

J.558 Inany AABC the following relationship holds:

MaWa + MpWp + MeWe (4R + 1)?

Jmarg + Jmpry + Jmer, — O

Proposed by Nguyen Van Canh - Vietnam

J.659 Ifa, b, ¢ > 0 then:
3(a+ Vb +3c+1)+a?+b%+c? >5(ab + bc + ca)
Proposed by Nguyen Van Canh - Vietnam

72| ROMANIAN MATHEMATICAL MAGAZINE NR. 33



Romanian Mathematical Society-Mehedinti Branch | 2022

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

PROBLEMS FOR SENIORS

Romanian

-* Magazine

we="
-nme

S.107 Find:

. 1 - 1 I
0= I!Lr?o <mn (k . (k + l)k + (k - 1) . kl—k))
Proposed by Daniel Sitaru,lulia Sanda - Romania

5.108 4,B € M,(R), (410 + 25) (4 + B?) = (V5 — 1)(4B — BA)
If det(AB — BA) # 0, then n is divisible with 20.
Proposed by Marian Ursarescu — Romania
S109p=>2,p€eNO0<x; <1 %01 =%, (1 = %)% Vi1 = Vn +é,n >1
Find:
14
0= fim (fim x.-37)

Proposed by Marian Ursarescu — Romania
S.110x, € (0,1),y0 > 0,x,41 = %xn +C0S™ Xy, Vng1 = Vn +3%,p >2p€EN

Find:
Q= lim (%% )

Proposed by Marian Ursarescu — Romania

S.1111f A € Ms(R),detA = 0,Tr(A~1)* = 1 then:
det(4? + I) = (Tr A* —1)?
Proposed by Marian Ursarescu — Romania

ﬂ=,!mnlz'< 2 Ukl>'< Z Uk>_1

i+j+k+l=n i+j+k=n
Proposed by Daniel Sitaru,Nicolae Radu — Romania
S.113 Prove that for any acute triangle ABC the following inequality holds:
Vtand ++tanB ++tanC 1
tanA +tanB +tanC = %
Proposed by Vasile Mircea Popa - Romania

S.112 Find:
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S.114 Find:
n
Q= JLrgo Jné + k2 cos#
k=1
Proposed by Vasile Mircea Popa - Romania
S.115 Find:

n k -1
Q= lim z <Z ii+1)G+ 2)2>

" k=1 \i=1
Proposed by Vasile Mircea Popa - Romania

S.116 Inacute AABC the following relationship holds:
VcotA ++/cot B + VeotC

< 4
cotA +cotB +cotC V3
Proposed by Vasile Mircea Popa - Romania

n=tin- <Z ‘ CZ)Z) (Zk GDZ)_l

Proposed by Daniel Sitaru,Mihaela Stancele — Romania

S.117 Find:

S.118 Prove without softs:
20202019 . 2016*%48 > 2018 - 2019 - 20178065
Proposed by Daniel Sitaru,Daniela Stoian - Romania

S.119 Find:
n
_ kK2 +k+1+i
Q=Ilim|[@-i) 1_[
n-e 1 L2+ 1) (k> + 2k + 2)

Proposed by Daniel Sitaru,Gigi Zaharia - Romania

S.120 Find:
=i (e o0 (5) [ [om (re)- [ sl
" oo \n(2n + 1)2 sin n sin 2n+1 1_[ sin 2n + 1)
k=1 k=1 k=n+1

Proposed by Daniel Sitaru,Alecu Orlando - Romania

S.121 Find:

n—-oo

Q=lim([n- n\/lOk—9><n— m)

Proposed by Daniel Sitaru,lleana Stanciu — Romania
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S.122 Solve for natural numbers:

1 1

<X+y)xy . <Z+X)xy _ xx(x;ﬂf)y@
2 kS ? 1

| (P = yorm- o
1 1

(5 (5 =t st

\ (x+1)(y+2)(z+3) =336
Proposed by Daniel Sitaru,Cristian Moantd - Romania
S.123 In acute AABC the following relationship holds:

tan 4 tan B
. (1+5 )=6
&t VtanA +tanB +tanC VtanA +tanB +tanC

Proposed by Daniel Sitaru,Lucian Tutescu — Romania
S.124 Find:
@+ D™
&=
Proposed by Daniel Sitaru,Claudiu Coandd - Romania

S.125In AABC,M,, € (BC),N,, € (CA),P, € (AB),n€ N,n > 2

BM, CN, AP, .
—t=-—%=—%=n. Find:
cM, AN, BP,

1 .
Proposed by Daniel Sitaru — Romania

S.126 Letm € R, =[0,00);u,v € R, = (0,0) and x,y,z € (Og) then:

sin™*1 x cos™*1l x
(ucosy + vcosz)™ (usiny + vsinz)m
cyc

cyc
2

z Vsinx - cosx

cyc

S 1
“(u+v)m

Proposed by D.M. Batinetu-Giurgiu,Dan Ndanuti—- Romania
S.127 Prove:

Atan~? (1) + 2tan~? (1) + tan~?! (1) < E
2 3 4 4

Proposed by Jalil Hajimir-Canada
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S.1281f0 < a,b,c < gthen:

Z a - csc(esc(esc(a))) = (a+ b +c) - csc <csc <csc <M>>>

a+b+c
cyc

Proposed by Daniel Sitaru — Romania
S.129 Ifx,y,z>0,x + y + z = 3s then AABC holds:

2 2 2
X +Zz
Y > 1

+
(ma + my + mc)z (Wa + Wp + WC)Z -

Proposed by Daniel Sitaru — Romania

e 1_[(1+ x2) - Zcos <tan; x) >3

cyc cyc

S.130 If x,y,z = O then:

Proposed by Daniel Sitaru — Romania
S.131 Prove without any software:

e 2 1

e* 2
f—zdx>2fcoshx-e5“h *dx
1 x 0
e

Proposed by Daniel Sitaru — Romania
S.1321f0 < a < b then:

25(e* — e*a) (e — 64) < 6 (\/es(a—b) + \/es(b—a)) (e5 — ¢5¢)2

Proposed by Daniel Sitaru — Romania
S.133 In AABC the following relationship holds:

9R? a® b* (?
a’®> 9R? % b?
b? c?* 9R? a?
c?> b* a* O9R?

>0

Proposed by Daniel Sitaru — Romania
S.134 Ifa,b,c,d,e, f,g,h,i >0,

a?+b?+c?=d?+e?+f2=g?+h%+i%=32then:

a b clla d g
d e fl-|b e h|<2
g h il lc f i

Proposed by Daniel Sitaru — Romania
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S.135 IfA,B € M3(R),det((AB — BA)? + AB — BA + I;) = 0 then find:
Q = det(AB — BA)

Proposed by Marian Ursarescu-Romania

$.136 xg € (0,1),¥0 > 0,241 = Xp + "Y1 — X3, Yns1 = W +yrzl%’n €N.
Find: Q = 11'_(?0(31” 292 )

Proposed by Marian Ursarescu-Romania
$.137 If A € M,(R), detA = —1 then: det(A? + I,) > (TrA~1)2.

Proposed by Marian Ursarescu-Romania
S.138 Find:

lim
x-0 X

lim

n—-oo

< 23\/1+x+238+x+---+23\/n3+x—n(n+l)>

Proposed by Marin Chirciu-Romania

S.139 Solve for real numbers:

1+ x?

1_x2=\/1+x+\/1—x

Proposed by Marin Chirciu-Romania
S.140 k, n € N* fixed. Solve for real numbers:
x2k —2xk +3 ="/x + V2 —x

Proposed by Marin Chirciu-Romania
S.141 Find the number a € E oo) so that the double inequality:

(5)0[ >Ry (9)[1 + (g)a > (2 + g)a holds in any ABC triangle.

T T c c

Proposed by Alex Szoros-Romania

S.142 Find the largest value of 4 > 0 such that the inequality

(5)3 = AR 4+ 1 (a3+b3 b3+c3 = c3+4ad

=+ 3 )lstrue inany AABC.

r c3 a3

Proposed by Alex Szoros-Romania

5x34x+¢ |, Vs5x3+x+¢p _
5x3—/5x V5x3—5x

S.143 If the equation 0 hasroots a, B,v, 6, € then prove:

al+p3+y3+583+€3+3apyse=0
¢ —Golden Ratio.
Proposed by Srinivasa Raghava-AIRMC-India
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S.144

sin‘a - Cosja\

2 (i-r . /
f(n):; Z cosz< " >,9(”):mmk Z m)

<i<jsn 0<i,j<2n
i+j=odd
Find:
- n -
Q= JLrgo(f(n) — g(n)),a € (O,E),a — fixed

Proposed by Rajeev Rastogi-India

S.145 a, :\[2+\/2+\/2+---+\/§, b, :\[2—\]2+\/2+---+\/§,n—radicals. Find:

1
L An\37b,
0= lim (1+3)
Proposed by Rajeev Rastogi-India
S.146 Let a be the largest real root of the equation log?x — [logx] — 6 = O, [x] — GIF.

Find:

1 x—logx
. _ x 2019
Q= x—l>llg1ga <4sm (log §) — (x —logx) 2 -cos (m)>

Proposed by Rajeev Rastogi-India
S147x?+2y—2=0,y2+6z+17=0,z2—-4x—1=0.t = x + y + z Find:

tan(nxzozo) + (x—t)"sin(mx2019)
Q= lim { lim L2
x--1\ noow 1+ (x —t)" + x2020

Proposed by Rajeev Rastogi-India

S.148 (x™e*)®) = e* 3P _ u,_, x™ K, (x)P — pt* derivative. Find:

2020 - w3020 )n
n-(p—2019) - ur_z019

Proposed by Costel Florea-Romania

0= Iim(

n—-oo

S.149 a; = 1,ap4; = —2—,n > L.Find:

2

n 1 nmn
Q=li
A <k21 K2k 1)2ak+1>

Proposed by Costel Florea-Romania

78| ROMANIAN MATHEMATICAL MAGAZINE NR. 33



Romanian Mathematical Society-Mehedinti Branch | 2022

S.150 Solve for real numbers:

n

Z x*+2x3+ Rk +3)x?+k*+k+1
x*+2x3+ Qk+2)x2+ k+1)x+ k2 +k

k=1

=nneNn=>1

Proposed by Costel Florea-Romania

S.151 Solve for natural numbers:

n - 3) ﬁ8k3—12k2—26k+15_10 -
" | lski+12km—26k—15 "~

Proposed by Costel Florea-Romania

S.152 Find:
n 2.9k n
Q= |im< T >
noo \n(Lk=1 k - 2% — 2)
Proposed by Costel Florea-Romania
S.153 Find:
5
1- Cosﬂ- Cosﬂ- . cos 21 o
a=tlim [ Z£1im 1-3 2.4 7 n(n+1)
n—-oo x-0 XZ
Proposed by Costel Florea-Romania
S.154 Find:
n . (K3+6k*+11k+6
Q. = lim k=4SN (k3—6k2+11k—6 )
1 x—0 xn—3
n
Q= lim ((12n2 — 36n +24) - 43_, - A3 - A% - 0, ()
Proposed by Costel Florea-Romania
S.155 Find:

7_nl—[n k3—8
1 n k3 _ k2 —4 2 1k=3}34g
a=lm 3zl ke +kr+a
=3
Proposed by Costel Florea-Romania

Y=y Sin(k(k+1)x) .
k=1 ta"((sin‘l(kx)z»)- Find:

Q= I!i_mo3/(91(11))2"

Proposed by Costel Florea-Romania

5.156 0, (n) = lim,._, (x

S.157
k+1

Q= Zn: dx
B x2+2(2i — D)x +4i(i — 1)

i=1 g
Find sum of roots of the equation: |k211im Q| = 2020
Proposed by Costel Florea-Romania
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S.158 Find:

0 L1 1.1 1 e
_x'HI(CO” 217 4176 8 )

Proposed by Adil Abdullayev-Azerbaijan

S.159 Find all functions f: R — R such that Vn € Z, [*] —GIF:
FF@)) + (2 + D1+ [Vn] = £() + 4(F2 () + 1)1 + 4 [T ()| + 3
Proposed by Adil Abdullayev-Azerbaijan

S.160 Find all positive real numbers « such that:

2

X
cos(2020ax) =1 — ?,Vx >0

Proposed by Nguyen Van Canh — BenTre — Vietnam
S.161 Find all functions ¢:[—2020,2020] — R such that:

(o —y))’ = 5p(x + 2y) — x3y? vx € [~2020; 2020]
Proposed by Nguyen Van Canh — BenTre — Vietnam
S.162 Find all positive real numbers «, § such that:
1+e*)*>1+px,Vx =0
Proposed by Nguyen Van Canh — BenTre — Vietnam

S.163 Inacute AABC holds:
- (Ju(A) Ju(B) Mc)) _2s\V3n

sind ' sinB 'sinC |~ 27r
Proposed by Radu Diaconu — Romania

S.164 In acute AABC holds:

1(A)u(B) sin A + u(C)u(A) sin B + u(B)u(C) sin ¢ > s(s? +1;;: 4Rr)

Proposed by Radu Diaconu — Romania

S.165 Ifin AABC, u(A) = 90° then:

1—[ g2+ gt - 54R3sin? 2B
u2(4) +u*(B) ~ 3

cyc

Proposed by Radu Diaconu — Romania

S.166 In acute AABC,r, > 1,1 —incenter, holds:
416 - Al 3r

<
9R SeTaV COSA min {sing,sing,sing} . min{\/cosA ,Vcos B, VcosC}

Proposed by Radu Diaconu — Romania
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S.167 Ifin AABC holds:

1o - u(A) 7p - 1(B) 1 - u(C) or

+ + =—
u(B) +u(C)  u(C)+pu(4) u(4)+u(B) 2
then AABC is an equilateral one.

Proposed by Radu Diaconu — Romania

S.168 Ifin AABC,b* + c* < 32,b + ¢ = 4,sin? A = sin B sin C, then AABC is an equilateral

one.

Proposed by Radu Diaconu — Romania

S.169 In AABC the following relationship holds:

2 A B C
an_pa)  p®) w0 _n
BR™ 92 9 ge 2r

Proposed by Radu Diaconu — Romania

S.170 In acute AABC the following relationship holds:

Vbc - sin2 A ++/cas - sin? B +Vab - sin? C <+/3nR

Proposed by Radu Diaconu — Romania

S.171 Find a closed form:

b (x)%arctang
Q(a,b)=f|og e ldx,1<a<b
b ;arctanz
a —
X

Proposed by Daniel Sitaru — Romania

S.172 Find a closed form:

3 3 -1 3=x) .
sin‘1(2x—5)-logxd tan <\}x—2> logx

QZ[ x+2f dx
X X
2

2
Proposed by Daniel Sitaru — Romania

S.173 Prove without any software:

1 1
X3 XS 7

1+x3+x12dx+fl+x5+x1°dx+fl+x7+x8dx<1

0 0
Proposed by Daniel Sitaru — Romania

S.1741f 0 < a < 1 then:

a a

cos x p +f V1—x? dx > sin-1(2sina)
x —————dx >sin sina
J (1+ xsinx)V1 —x2 , 1l+xsinx

Proposed by Daniel Sitaru — Romania
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S.175 If0 < a < b then:

b 4 b b, 3
(f e*? dx) < (f x3e** dx) (f%dx)

Proposed by Daniel Sitaru — Romania
S.176 Find:

1

xZ

Q= lim nf - > dx
n—oo (cosx + xsinx)
0

Proposed by Daniel Sitaru — Romania

S.177 Solve for real numbers:

2x 3x

f log(1 + tan 3x - tant) dt - f log(1+tan5x - tant)dt = 0

2x

Proposed by Daniel Sitaru — Romania

S.178 Find without any software:

20 sin(arctan 3) . .
sin® x +sin® x

0= X
1+ cos?x +cos*x
15 cos(2 arctan 3)

Proposed by Daniel Sitaru — Romania

S.179 Find without any software:

dx

Q= f (8 = 3sinh? x — sinh* x + sinh? x) cosh x
B (cosh? x — 2)2

Proposed by Daniel Sitaru — Romania
S.180 Find:

Sx +sin(x —D(x-—2)(x-3)(x—4)(x — 5)d
fl 2x% — 12x + 26 g

Proposed by Jalil Hajimir-Canada
S.181 Prove without any software:

z log(sinx
2 |log(sinx)| "

0.75 < -
o Sinx + cosx

<11

Proposed by Jalil Hajimir-Canada
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S.182 Find without any software:

% sinx
o Sin°x + cos°x
Proposed by Jalil Hajimir-Canada
S.183 Find without any software:

a=[ =24
_f 21

Proposed by Jalil Hajimir-Canada

S.184 Prove without any software:

1< 1 fel dx < | (1+e)
2 e_llogxx Og 2

Proposed by Jalil Hajimir-Canada

S.1851f0<x < 37”then:

X .
sin2t - esint t>25inx
(1+sint)2 "~ 1+x
0

Proposed by Daniel Sitaru — Romania
S.186 Find without any software:

> dx

- f (tan 2x + tan (Zx + g) + tan (2x + 2?”)) cos?(6x)
tan x + tan (x+§) +tan(x +?”)

Proposed by Daniel Sitaru — Romania

S.187 Prove without any software:
1 19
ZOf(x +1)(x+2) .- (x +19)dx < Z 10% - 1119
0 k=0

Proposed by Daniel Sitaru — Romania
S.188 Prove that:

“(1+ "‘2)<fx e < =y e(o 1)
= e e —,Vx —
2 0 V2 V2

Proposed by Rajeev Rastogi-India
S.189 Find:

Q=i 1n.xnd
= im X
n-oo Jo 2+ xn

Proposed by Rajeev Rastogi-India
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S.190 Prove without softs:

1 fi dx i
2 Jo V4 —x2+5in2020x 6
Proposed by Rajeev Rastogi-India

S.191 If x;,i € {1,.. 4} are roots of the equation x* — E; x3 + E,x? — E;x + E, = 0, with
X1 < x, < x3<x,and E; = 2(2n + 2k + 3),
E, = 6n?+6(2k + 3)n + 6k? + 18k + 11
E; = 4n3 + 6(2k + 3)n? + 2(6k? + 18k + 11)n + 4k3 + 18k? + 22k + 6
E, =n*+2(2k + 3)n3 + (6k? + 18k + 11)n? + 2(2k3 + 9k? + 11k + 3)n + k*
+ 6k3 + 11k%? + 6k,n,k € N
Prove that: Q = x7 — x2 — xZ + x7 is perfect square.

Proposed by Costel Florea-Romania

S.192 Find:
2 \(n+1)
2n - fologz(xzex)("“)dx : foz (%) dx
Q= lim —
—00 (n+1)
TR e [ esen e an
(*)™ — nt® derivative.
Proposed by Costel Florea-Romania

S.193

k+2 k+2

_ f x+1 d + f x+1 do - oee b
a= x* +4x3 +6x2 + 4x x x*+4x3+10x2+12x+ 8 x
k+1 k+1
k+2

x+1
+
f x* +4x3 + (4n + 2)x? + (8n — 4)x + 4n? —4ndx

k+1
Q = lim(ax?)
X— 00
() — n
Solve for natural numbers: (2) = (,.5,
Proposed by Costel Florea-Romania
S.194
n x2+ 2k +T)x + k2 + Tk + 14
Q(n) = ZJ‘ 4 3 2 2 3 2 4 3 2 dx
=iy x* + 2(2k + 7)x3 + 3(2k? + 14k + 25)x2 + 2(2k3 + 21k? + 75k + 91)x + k* + 14k3 + 75k2 + 182k + 168

Prove that product of roots of the equation: |Q(n)| = 1 is positive number.

Proposed by Costel Florea-Romania
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S.195 Find:
Q= lim 1 sin(nx)dx
n-ow o sin(nx) + cos(nx)
Proposed by Costel Florea-Romania
S.196 Find:
. 2 dx 2 dx
“—ALTO<(2”—1)£ W“L(S"_l)fl W)
Proposed by Costel Florea-Romania
S.197 Find:
2nm
n k i+3 dx T3
qQ=lim 32":1( i=1Ji42 xz—(1+2i)x+i2+i)
n—-oo (1+n3)log2§
Proposed by Costel Florea-Romania
S.198 Find:
nnz
Zoo: Sinz xV2k+3 4
Q — Ilm 4 Ilm k=1 — (k2k+3k+2)
n—-oo x-0 Zk:lx
Proposed by Costel Florea-Romania
S.199
€ n
Ifa = f <Z(k + l)zxk> logx dx, find:
1 k=0
Q= 1!'_(?0 nen+2
Proposed by Costel Florea-Romania
S.200 Prove that:
n
. 1 n _T
ALrgok tan (nZ + k2 + k) T4
=0
Proposed by Mohammed Bouras-Morocco
S.201 Find:

Proposed by Mohammed Bouras-Morocco
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S.202 Find:
Q=i 3f1 L Lin(uiogn) )d
= nLrTJon . . COS(?TX) nsm niogx X
Proposed by Mohammed Bouras-Morocco
S.203
2m+1
= + + .o+ =
bn \/2 /2 V2, a, 2T+ m)
n—times
Prove that:

= [, i) i o) e
fm,n_ ld)n m+l—x2 ma+x2/)\m+1—x2 m+x2 Am 1— x2

2 vV 2 - ¢n—2

™ (Am+2)2—2— s

Proposed by Mohammed Bouras-Morocco

fm,n = 8a

S.204
p.(n)= [n+ [(n—1)+-+ ’3+ f2+\/1,¢>+(n)= n— (n=-1)--— [3=—[2-41
Prove that:
{¢+(n2 +n)+¢d_(n?+n)<2n+1,n€eN
¢+ (n?) + ¢p_(n?) = 2n
Proposed by Mohammed Bouras-Morocco
S.205 Find without softs:

T
2
mx + sin* x — cos* x
O= — ”
sin% x + cos* x
0

Proposed by Radu Diaconu — Romania
S.206 If (ay,) .0 is sequence of real numbers such that a, = a; = 0 and
Apyz — 20,41 +a, =n + 1thenfind:

k?(k?* — 1)>

18ay a1

n

Q= lim log <1 -
n—oo
k=1

Proposed by Florica Anastase - Romania
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S.207 In AABC the following relationship holds:

aR((s—la)T_g)+bR(ﬁ_§)+CR((S—1€)T_§)2O

Proposed by Daniel Sitaru — Romania

S.208 Ifa,b € R,a < b then:
25 25 + 24

b*> — b

23 a22(h — )3 < e, (a —b) (a_) < 23-b22(b — a)?
25 2

Proposed by Daniel Sitaru — Romania

S.209 Find:
Q=1lim(n+1-Hyy —¥n-Hy)

Proposed by Daniel Sitaru — Romania
S.210 Ifin AABC, u(B) = 2u(A), u(C) = 2u(A) + u(B) then:

F F F 17J7

—_—t—tt—<—
a® b ¢ 448r4
Proposed by Daniel Sitaru — Romania
S.2111Ifa,b,x,y > 0 then:

a+b
ax + by 3|ax + by b
(J o ”’J m) > (a7 +537)" - (a7 +35)

Proposed by Daniel Sitaru — Romania
S.212 Find:

Q) = 1|1|£n

<5x—1 In5 In?5 In"5
0

™l xm Zx"‘l_m_n!-x>’n€ Nn22
Proposed by Daniel Sitaru — Romania

S.213 In acute AABC the following relationship holds:
n(tan A+ cotA) (cosA +secA) > n(tanA + cotB) (cos A + sec B)
cyc cyc
Proposed by Daniel Sitaru — Romania

S.2141f0<a<bhb < gthen:

dx < 8(sinb —sina)

b
COS x
cos2a—cos2b+4 | ———
(Sln x)smx
a

Proposed by Daniel Sitaru — Romania
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S.2151f0 < x,y < %then:

3 - (sin x)2sin** . (siny cos x)25in* ¥ €0s”x . (cos y cos x)2C08” Y cos?x > 1
When equality holds?
Proposed by Daniel Sitaru — Romania
S.216 If f:R — [1, ), f —continuous, a < b,a, b € R then:

b 4 b
4([ f(x)dx> +4(b—a)® = f(l +£(x))’ dx

Proposed by Daniel Sitaru — Romania

Q=i 1 Zn—l 1+ x4+ x2+ oo+ xn-1\"
1

Proposed by Daniel Sitaru — Romania

g tim|2 f dx
=imi—
n-oo |\ en s ex (ex+2 + 26' — é)

Proposed by Daniel Sitaru — Romania

S.217 Find:

S.218 Find:

S.219If a, b, c € [0,1) then:
1 1 1 22

+ + <
a*—1 b*—1 ¢?—-1"abc—-1
Proposed by Daniel Sitaru — Romania

S.220If0 < a < b then:

Proposed by Daniel Sitaru — Romania

S.221Ifa,b,c € (0,1),a + b + ¢ = 1 then:
Ya Vb e

x3 +x2 +1\° X3+ x2+1\° x3+x2 +1\°
_ dx+f _ dx+f — ] dx>1
x—1 x—1 x—1
0 0

0
Proposed by Daniel Sitaru — Romania

S.222 Find:

i=1 \k=1

=g T34 )

Proposed by Daniel Sitaru — Romania
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S.223

a

e
a,b,c >0,abc =1,0(a) = f<l+ex

3x2

+ 6xe3*” log(1 + ex)> dx
-1
Prove that:
Q(a) + Q(b) + Q(c) = Ze® o7 +c?
Proposed by Daniel Sitaru — Romania
S.2241f0 < a,b,c < 1then:

1 1 1

fxxdx+fxxdx+fxxdx > |og((2—a)(2—b)(2—c))

a b c

Proposed by Daniel Sitaru — Romania
S.2251fa,b >0,n € N,n > 2,4 € M,,(R),A? = 0,, then:
det(v3(a + b)A + (a® + ab + b?)I,) =0
Proposed by Daniel Sitaru — Romania
S.226 Find:

Q=1 Zn !
T\ Lk kw1
k=1

Proposed by Daniel Sitaru — Romania
S.2271f0<a<b <c<d<4then:
48d + 3(ab? + bc? + cd?) <48a + 3(b3 + c* +d3) + 128
Proposed by Daniel Sitaru — Romania
S.228 A,B € M,,9(R),p € R — {0}, 019 + 2p(A + B) + 2p%(A% + B?) = 0,44,
Find: QO = det(AB — BA)
Proposed by Marian Ursarescu — Romania
8.2291f f € €([0,1]), f(0) = f(1),n € N* then: 3¢y, c,, ..., ¢c,, —different in pairs such that:
2f"(c1) +6f'(c) + - +n(n+1)f"(c;,) =0
Proposed by Marian Ursarescu — Romania
S.230 Prove that the following equation has natural rootsforn € Nyn > 5

1 1 1
+ +o+—=1
X1X2X3  X2X3X4 Xn-2Xn-1Xn

Proposed by Marian Ursarescu — Romania
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S.231 Find:
- n k 1 2 -1
Q= lim z Zi(k—i+—)
n—oo 2
k=1Li=1
Proposed by Vasile Mircea Popa - Romania
S.232 Find:
3 2
@+ 2x)x— (1 + 3x)x
Q=Ilim
x-0 X
Proposed by Vasile Mircea Popa - Romania
S.233 Find:
- 2k
[
Q= lim <Z Jnt+ k- cos—)
n ] n
Proposed by Vasile Mircea Popa - Romania
S.234 Find:
x+2
. 1
Q= lim f t? arctan (—) dt
X— 00 t
X
Proposed by Vasile Mircea Popa - Romania
S.235
x + y
e(-11 =
x,y €(=11),x*y T+ xy
Solve for natural numbers:
111 1 7
—k—k—k k= = —
2 3 4 n 8
Proposed by Vasile Mircea Popa - Romania
S.236
a b
a, b, r,s>0n=>1neN,lim o> 0, lim Sn+1 =b=>0
n-oon -an n—-on bn

Ly=2,L,=11L,,, =L, + L, —Lucas sequence. Find:

.Q(a, b) = lim ((z/a_n . n+an+1 3 n+Van+1 . %) Vb—n)

n-oo nrts (n + 1)r+s

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania
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S.237 Find:
Q=1lim,_ e (e‘z”n yn_, [(\/E +k + 1)2]) ,[+]- great integer function

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
S.238Ifa,b > 0, a, b — fixed then find:

= tim L Z": 11 1
= T £, b7 (a+bk)? " (a+b+bk)?

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

S.239 Let the positive real sequence (a,,),s1, such that lim,,_, ., % =a € Rj.
Compute:

lim <("+ v >
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
S.240If a,b = 0, then prove that:

sinx a+b tanx
+ .

Vs
2vab - — 5 > 3vab, vx € (O,E)
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
S.241 Let the positive real sequence (a,,),s1, such that lim,,_,, #ﬁ =a€R;.
Compute:

i <(n +1)*  n? >

im —

oo \"Van  Van

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

S.242 Let a, f = 0. Find all functions f: R — R such that:

30f (ax? - By?) = (f(aBy))" +x*1yP*2 vx,y € R
Proposed by Nguyen Van Canh - Vietnam
S.243 Leta = f > 0. Find all functions ¢: R = R such that:

@(x) - continuous at x = 0 and ¢ (ax) = p(Bx) + %x‘*,Vx eER
Proposed by Nguyen Van Canh - Vietnam
S.244 If x = 0 then:
(x* + 4x3 + 1)¥7¥32+3 > 1554 + 1243 + 1

Proposed by Nguyen Van Canh - Vietnam
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S.245 Let a, f > 0. Find all functions f: R — R such that:
a- f(x®+yP) =B f2(xF +y“) + aB(xy)***°,Vx,y € R

Proposed by Nguyen Van Canh - Vietnam

S.246 Find all real numbers « > > 0 such that:
In(1+ ax) < pfx,vx =0

Proposed by Nguyen Van Canh - Vietnam

S.247 Find all real numbers @ > 0 such that:
Sinz(\/c? . xzozo) + COSZ((a2 -1)- xZOZO) =1vxeR
Proposed by Nguyen Van Canh - Vietnam

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

UNDERGRADUATE PROBLEMS

-+ Romanian

-2 Magazine

U.711fa, b = O then:
b b
fflay— ab + bx|dy dx < a?b?
a a

Proposed by Daniel Sitaru — Romania
U.72Ifa, b > 0 then:

b b 100
4[[(%60 x+§‘“i/3_/) dxdy > (b — a)*
aa
Proposed by Daniel Sitaru — Romania
U.731fa,b,c > 1,=+ 5 +== 18 then:

r'(a), I'(b) , T'(c)
e T@ T® T < abc

Proposed by Daniel Sitaru — Romania
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U.74 Find:

3 3
Q = lim n?(efln~Y — n) (enTs - enT7)

n—-oo
Proposed by Daniel Sitaru — Romania
U.751f0 < a < b then:

bbb (b-a)(b3-a3)
x2+y+2ddd<lb ’
|| |55 txayaz <tog(3)
a a a

Proposed by Daniel Sitaru — Romania

U.76 Find:
1
Q= lim <H2n . fo"“ log(1 +y*) dx)
n—-oo
-1
Proposed by Daniel Sitaru — Romania
u.77
Find:
a a
1
Qa) = f (f log(1 + ax)1+x2dx>da,0 <a<l1
0 0
Proposed by Daniel Sitaru — Romania
U.78 Find:
1
Q=li x log x J
_sl—m) f1+x2+x4’ x
>0 \ ¢
Proposed by Vasile Mircea Popa - Romania
U.79 Find:

Oolen 1+x
Q:f¥dx

x*+1
0
Proposed by Vasile Mircea Popa - Romania

U.80 Find without any software:

556
Q=

f ‘
where |x] is the greatest integer function (floor function).

Proposed by Vasile Mircea Popa - Romania
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U.81 Find a closed form:

xZ

Q@):!cﬁ+1x1+m@

dx,a>0

Proposed by Vasile Mircea Popa - Romania
U.82 Find a closed form:

X3

Q(a) = Of (x* + 1) (1 + a2x?)

dx,a#0

Proposed by Vasile Mircea Popa - Romania

U.83 Find a closed form:

X3

Ua) = of (1+x2+x*)(1 + a%x?)

dx,a =0

Proposed by Vasile Mircea Popa - Romania
U84 Iff,f":(0,) - (0,»), f —differentiable, 0 < a < b then:
f f (@+FONFOF®) <f(b) + mf"”'ﬂ‘“)
2y NI fa) + 1+ f2(a)

Proposed by Daniel Sitaru — Romania

U.85 wo<asb<§mm:
b b

Zf f cos?xcos?y (1 +tanxtany)|tanx —tany| dx dy < (b — a)?
a a
Proposed by Daniel Sitaru — Romania
U.86 Let x be a positive real number. Prove:
1
logT(2x + 1) — 2logl (x + E) > log([2x]") — 2log([x]), [¥] — GIF

Proposed by Jalil Hajimir-Canada
U.87 Find:

f"" tan~*(v/3x)
o x(1+3x3?) x

Proposed by Jalil Hajimir-Canada
U.88 Find:

0 xex
d
f_wx +log(1 — e¥) x

Proposed by Jalil Hajimir-Canada
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U.89 Find closed forms:

® sin*(3x) o (—1)n
91—f0 x2 dx; O = (2n+1)3
n=0

Proposed by Jalil Hajimir-Canada

U.90 Find closed forms:
q = 16n%+1 Q. = I cos?3x p
re 1(16n2—1)2’ z- o 9—8cos?x x
n=

Proposed by Jalil Hajimir-Canada

U.91 Find:
© 1\ VX
Q(m,n) = f (—n) dx, m,n=>0
e
0

Proposed by Jalil Hajimir-Canada

U.92 Find the general solution of:
dy 27%-2%
dx 4y +3

Proposed by Jalil Hajimir-Canada

U.93 Find the general solution of:
dy ye*+e”

E T xeY + eX
Proposed by Jalil Hajimir-Canada
U.94 Solve for real numbers:

- n+n-1 n*+2n3+2n2+n+2
2x?% —mx + Zz tan—?! tan~?! =0
n=1

n*+2n3+4n2+3n+2 2n3+4n?2+3n+1

Proposed by Daniel Sitaru — Romania

® r* xsin(tx) n
f f —nxdtdx = E
o Jo cosh (7)

Proposed by Srinivasa Raghava-AIRMC-India

U.95 For n > 1, we have:

U96Form > 1,n>2letW(mn) = [ [* (x2+xy +y2)e (@ +x*+¥*) gy dx then:
ok 1\
W‘P(m, n) = (— E) I['(k +2)¥(m,n)

Proposed by Srinivasa Raghava-AIRMC-India
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U.97 Prove the following:

x+y

fl fl (Vxy + 1)(1 + xy(1+ xy))

VX + [y
fl fl (Jxy +1)(1+ xi/](l +xy))

Proposed by Srinivasa Raghava-AIRMC-India

dydx = + log3

T
3V3

4
dydx = 3 (3log3 — 4log?2)

U.98 Prove the summation:

12
(+—+—++ +)
3 4

Z(1+2+3+4+ -+ n)?

=4(7¢(4) — 6¢(3))

Proposed by Srinivasa Raghava-AIRMC-India

U.99 Prove the relation:

o3} 2 2 4
5 ((3n? + 2n? — n)mod5) _ (15 + 3¢5 + Atis — Atss — 16'YE + 12 .
S+ 2nf —n 0 20(1 - t)t

n=1
4 AN 1.3\ 3 2y 1 2 1 N 3 8
_A oM el o\ 3,02\ Lo\ _ L o _32, 08
5 (5)+5¢ (5) 5 (15) 5 (5) 207 (5) 207 (15)
Proposed by Srinivasa Raghava-AIRMC-India

U.100 If we have
® (sin(mx) cos(mx) sinh(mx) cosh(mx)\e ™
|| (- )
Then find the values of a and .
Proposed by Srinivasa Raghava-AIRMC-India

dx = nla +n3p

U.101 For R(n) > 0, prove that:

™ Ytan2x i
dx =ime 2n
o tanx

Proposed by Srinivasa Raghava-AIRMC-India
U.102 Prove the integral:

f i (B e =™ o+ 4 — 161002
OXLZ Trnt | X=1p+2n og

Here Li,(x) —is Poly-log function.

Proposed by Srinivasa Raghava-AIRMC-India
U.103 If we have the equation y'’ (x) + y(x) = tan2x, with y (g) =1y (g) = 0 then:

fo (y(x) + y(2x))dx = 2 + %

Proposed by Srinivasa Raghava-AIRMC-India
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U.104 Compute the sum in a closed form:

1\3
(++++ +—)
3 n

(1+2+3+4+ -+n)3

Proposed by Srinivasa Raghava-AIRMC-India

U.105 Prove the sum relation:

© (¢2n—1 _ 1)(¢4n—1 — 1) _ log< 354\/ﬂ(¢ 1) )

(271 — 1)¢12n—6 \/’2—2

Where ¢ —is Golden Ratio.
Proposed by Srinivasa Raghava-AIRMC-India
U.106 Compute the integral in a closed form:

f © !t + 35u° + 249u7 + 120u’ + 249u’ + 35u3 +u

(u*+3u2+1)w*+11u?2+ D)(u*+27u?2 + u du

Proposed by Srinivasa Raghava-AIRMC-India
U.107 Let the function n(a) definedfor0<a <1

1 1 1
(a) = f f dydx
1 o Jo G+ YA +xy)
Then show that: foln(a)da = ilogZZ, foln(\/a)da = ﬁ(n — 4)2

Proposed by Srinivasa Raghava-AIRMC-India
U.108 For m,n > 0O, prove that:

f_wi :nsm(mx)——n(Ze‘m‘/— l)

Proposed by Srinivasa Raghava-AIRMC-India

U109If—f(x)+ 2 f(x) = f(x) + e with £(0) = 1,22

f(inV5)f(=inV5) =1
Proposed by Srinivasa Raghava-AIRMC-India

|x = 0 = 0 then show that:

U.1101fa(n +2) + a(n) = <n(n + 1)(2n + 1), with a(0) = 0,a(1) = 1 then prove:

fola(n)dn Zg

Proposed by Srinivasa Raghava-AIRMC-India
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U.111
2m ()
e

4

Vs
f sin™?! (sec(tan‘l(sinx))) sinxdx =m +i (
0

Proposed by Srinivasa Raghava-AIRMC-India

U.112 For any n > 1, we have:

fow log" <coth (%)) dx=n fom log" (coth(?ﬁ/ﬁ)) dx

Proposed by Srinivasa Raghava-AIRMC-India
U.113 Prove that:

f f log(1 + e~™)cos(mxy)dydx = log\2
o Jo

Proposed by Srinivasa Raghava-AIRMC-India
u.114

oo x—lk

Ry :fo xz—x+ldx
Prove that: [° R(k)dk =

Proposed by Srinivasa Raghava-AIRMC-India

U.115If, foru > 0,Q(u) = ff’%%

i Q(u) B 77’.2 i
f_i " du —4(n_2)f_iQ(u)du
Proposed by Srinivasa Raghava-AIRMC-India

then prove:

U.116 Ifmed—x =2 log(a) then prove that:

0 1+x2 x 4
a* —136a® + 2584a% —544a + 16 =0
Proposed by Srinivasa Raghava-AIRMC-India

f%f% dydx - 4
o Jo sin?x+cos?y mw

Proposed by Srinivasa Raghava-AIRMC-India

U.117 Prove this sharp inequality:

U181 [T, (1 +

(T[i)z (ni)ﬁ) = sinasinbsinhc then we have:

at*+b*+ct=1

Proposed by Srinivasa Raghava-AIRMC-India
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U.119

f1x4+6x2+1l l (1) p 3 l 473 G
(X2+1)3 Og Og X X—gTL’Og 1 4 _;
° r(;)
G —Catalan constant.

Proposed by Srinivasa Raghava-AIRMC-India
U.120 Solve the equation:

imx i

cos(mx) + ez sin(mx) = es
Proposed by Srinivasa Raghava-AIRMC-India
U.121 For any positive integer n > 1

fi x*sin(mx) dx  mw
o W—x)1*1+nx pn"¥n

Proposed by Srinivasa Raghava-AIRMC-India
u.122

¢ dx _ [((1\7? K 2¢-1(2¢+2¢-¢)'$
f%(x¢+¢)¢‘<($) +¢’> - e

Proposed by Srinivasa Raghava-AIRMC-India

2 1
x2p+x++
¢ ¢

2 kS

U.123 Let F(x) =

and if p(x) =22 + F (x)q(x) = O then:

x ¢—x+¢

p (V \/5) = ¢%q (V \/5) , ¢ —Golden ratio
Proposed by Srinivasa Raghava-AIRMC-India
U.124

[ et (mle ) dr =t [ et (e ) @) ax

F.[*](x) —Fourier Transform.
Proposed by Srinivasa Raghava-AIRMC-India
U.125 Prove that form > 0:
© xsi
= f in(mx) 4

c N2
oon + (21_1[)
m

Proposed by Srinivasa Raghava-AIRMC-India
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1 2 17 2 7 8
U.126 Simplify this monster: log (3\/33554432 ) 1) G) )

2 2
2z () ()

Proposed by Srinivasa Raghava-AIRMC-India
U.127 Compute in a closed form:

fl(x—\/_)log(x+\/_)

x + x
Proposed by Srinivasa Raghava-AIRMC-India
U.128 Find:

Q=1 11l (1+x+x?+x3d . !
_nmn f();og X TX X)X—kz_om

Proposed by Mohammed Bouras-Morocco

_ 1 1 1 —D)m\\"
1|1|_r>ro10<1092—<—§+§—z+..— - >> =+e

Proposed by Mohammed Bouras-Morocco

U.129 Show that:

U.130 Find without softs:

z
x + sin? x + cos x + log(tan x)
0= - dx
(sinx + cos x)?
0

Proposed by Radu Diaconu — Romania
U.131If f:[a, b] - (0, ), f — continuous then:

b b b 3 b
2afafaff2( () dxdydzz(b—a)sz(x)dx

x)+f)f(2)

a
Proposed by Daniel Sitaru — Romania

(#-2)<(5)

Proposed by Daniel Sitaru — Romania

U.132If n € N,n > 1 then:

1 n
ESIog 1+

n n

k=1

U.133

np

14
Q(p)ZIim< ) ,p €N—{0}
b= Zn(p)

Proposed by Daniel Sitaru — Romania

100| ROMANIAN MATHEMATICAL MAGAZINE NR. 33



Romanian Mathematical Society-Mehedinti Branch | 2022

U.134 Find:

o) 2
 (Vk+1+VE+3\
Q= 1_[ lim | - —
1 I\noe \Nk+2+ Vi + 4
Proposed by Daniel Sitaru — Romania
U.135 Find:

Q= f“’ xSinx J
~ ), GZrD(@—cosx)
Proposed by Vasile Mircea Popa - Romania

U.136 Find a closed form:
3

O(a) = f i .
Y ) Gt DA +ax)
Proposed by Vasile Mircea Popa - Romania

dx,a>0

U.137 Find:
®x2In(1 + x?)
a= [,
o l+x%+x*
Proposed by Vasile Mircea Popa - Romania
U.138 Find:
_(* In(x)
Q= Lm x*—x2+1
e>0"¢

Proposed by Vasile Mircea Popa - Romania

U.139 Prove that:

5 1
q’(g) —qj<§) = 7T\/§+ 2\/§|n(1 + \/E)
where W(x) is the diagamma function.

Proposed by Vasile Mircea Popa - Romania

U.140 Find a closed form:

X3

[0} =
(a) fo (x3—x2+1)(ax+1)
Proposed by Vasile Mircea Popa - Romania

dx,a>0

U.141 Find:
dx

0=
fo (1+x2)(4+ x2)(2 —cosx)
Proposed by Vasile Mircea Popa — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS
JP.361 Find x, y, z > 0 such that:

{x3y +y3z+23x = xyz(x + y + 2)
2x+3y+5z=10

Proposed by Daniel Sitaru-Romania

JP.362. Let ABC be atriangle with inradius r, and circumradius R. Equilateral triangles with
AB,BC and BC, are drawn externally to triangle ABC. Let K, L and M be the centroid’s of
the equilateral triangles, respectively. Prove that:

R =~ [ABC] =

2r _ [KLM] - ( er)z

Proposed by George Apostolopoulos-Messolonghi-Greece

JP.363. Let a, b, ¢ be positive real numbers with a? + b2 + ¢2 = 12. Prove that:

4 b4 4

a C

+ + > 16
Va3 +1 Vb3+1 Jc3+1

Proposed by George Apostolopoulos-Messolonghi-Greece

JP.364. If x, y,z > 0 then:

xz(V6—V2) 2v2 2 J2++6
Bl 2 < x +;_ y

\/xz—xy\/§+y2+\/y2—yzx/§+zz =\/x2 + 22

Proposed by Daniel Sitaru — Romania

JP365. Ifin AABC exists relation Wi = %+ Ti then prove that AH > 2r

a

Proposed by Marian Ursarescu-Romania

JP.366. In acute AABC the following relationship holds:

cosA + VcosAcosB + YcosAcosBcosC < 2

Proposed by Marian Ursarescu-Romania
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JP.367. a,b,c € C* —differentin pairs, A(a), B(b),C(c); la]l = |b] = |c| =1.If
(ab)? + (bc)2 + (ca)® = 3(abc)?, then AABC is equilateral.
Proposed by Marian Ursarescu-Romania
JP.367. a,b,c € C* —differentin pairs, A(a),B(b),C(c); la| = |b] = |c| = 1.If
la —b| (% + %) +|b—| (% + %) +|c—al (% + %) = 0, then AABC is equilateral.
Proposed by Marian Ursarescu-Romania
JP.369. Find x,v,z € (Og) such that:

cos(5x) cos(5y) cos(5z) 15
+ + +—=0

cosx cosy cosz 4
Proposed by Daniel Sitaru-Romania

JP.370. In AABC the following relationship holds:

2_|_b2 b2+ 2 2_|_ 2
Vab +Vbc + Ca+\/a +\/ ¢ +\/C © < 6V3R

2 2 2

Proposed by Daniel Sitaru-Romania
JP.371 Solve in real positive numbers the equation

xlogx + xlog4 + xlogS — xlog6

Proposed by D.M. Batinetu-Giurgiu and Neculai Stanciu-Romania

JP.372.Ifin AABC: a? + b? = 2c? then:

2
2am, + mg -

Proposed by Daniel Sitaru — Romania

JP.373.Ifa,b,c <0;a+ b + c = 3; E, —Fibonacci numbers; L,, — Lucas numbers; P, — Pell
numbers; n € N;n > 2 then:

a*(P, - E)(B, — L,) . b*(F, — L,)(F, — B,) . c*(L, - B)(L, —F,)

>9
E,L, L,P, hFy

Proposed by Daniel Sitaru — Romania
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JP.374. Solve for complex numbers:
57x% — 180x° + 234x* — 159x3 + 60x? — 12x+ 1 =0
Proposed by Daniel Sitaru — Romania
JP.375. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that:
9(a?+b*+c?)—-2(@®+b3+c3)>21

Proposed by George Apostolopoulos — Messolonghi — Greece

PROBLEMS FOR SENIORS
SP.361. Let (x,)n>1, x; = 1 such that
n2[2(xn+1 —Xn— 1) - nZ] + 2xn = TL[B(TLZ + xn) - xn+1]

Find:

Proposed by Florica Anastase-Romania

SP.362 Let m,, m;,, m. be the lengths of the medians of a triangle AABC. Prove

43 c¢scA cscB  cscC V3R
< + + <
3R my my, m, 3r?

Proposed by George Apostolopoulos-Messolonghi-Greece
SP.363. Triangle ABC has |BC| = a,|CA| = b, |AB| = c,inradius r and circumradius R.

Equilateral triangles A, BC, B;CA and C;AB with centroids K, L and M respectively, are
drawn externally to triangle ABC. Prove that:

3V3 < [ALM] + [BMK] + [CKL] < 3‘TBR2 - [XYZ] represents the area of triangle XYZ

Proposed by George Apostolopoulos-Messolonghi-Greece

SP.364. Let ABC be a non-right triangle with circumradius R. Squares with sides AB, BC,CA
and centroids K, L, M respectively, are drawn externally to triangle ABC. Let a, B,y be the
distance from the vertices A, B, C to the segments KM, KL, LM, respectively. Prove that:

(cotA)2 . (cotB)2 . (cotC)2 - 8- tan75
B y ~  3R?

Proposed by George Apostolopoulos-Messolonghi-Greece

a
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SP.365. Let f, F:[a, b] —» R,such that F(x) = —f(x) + cosf(x). If F —is Riemann
integrable, prove that f —is Riemann integrable.

Proposed by Cristian Miu-Romania

SP.366. Let m,, m;,, m. be the medians, 1, 13, 7. the exradii, r inradius and R circumradius of
a triangle ABC. Prove that:

3/R\? 2 s 2 R\* 1/(R
E(Z) Smz+mz+mz+mz_l_mz+mzSZ(Z) _§<Z)
b C C a a b

Proposed by George Apostolopoulos-Messolonghi-Greece

SP.367. Let m,, m;,, m. be the medians, 1, 13, 7. the exradii, r the inradius and R the
circumradius of a triangle ABC. Prove that:

R? mym, mym, mm, T

8r<ra+rb+rb+rc+rc+ra<1<3<2R)4_1>
r

Proposed by George Apostolopoulos-Messolonghi-Greece

SP.368.1f 0 < a < b < 1, then prove:

a(2b —a) \/§< a +b—a

’ d
X
< +
bVa? + b2 afx,/(xz +a2)? 2 Va?+b? aV2
Proposed by Florica Anastase-Romania

SP.369 Let (L) nso, Lo =2,L1 =1, L5 = Lpyq + Ly, VY0 € N, be the Lucas’ sequences, and
a,b,c € R} such that abc = 1. Prove that:

1 1 1
+ + >
ab(bly + cLyy1)?  bO(cly + alni1)?  c®(aly + blny1)? — Li+z

,Vne N

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu-Romania

SP.370 If ABC is a triangle with inradius r and circumradius R, then for any point M in the
plane of triangle, M & {A, B, C}, holds the inequality

MA MB MC R+r 3r
+ + > >—
MB+MC MC+MA MA+MB R — R

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
SP.371. Let ABCD be a tetrahedron, and let M be a point in space, M ¢ {4, B, C}. Prove that:

MA . MB . MC . MD >R+r>4r
MB+ MC+MD MC+MD+MA MD+MA+MB MA+MB+MC~ R — R

Proposed by D.M. Bdatinetu-Giurgiu, Neculai Stanciu-Romania
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SP.372. If f: R} — R with lim,,_, % = a € R, (b,),s1 IS an arithmetic progression with
by, r € R} and u, v € Rsatisfy u + v = 1, then compute:

tim (0 D (100G 1B ) =1 (1B G) 1Y)

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

SP.373.If f: R — R is a function such that lim,._, ., % = ¢ € R} and (a,),,»; is a positive

sequence such that lim,,_, . (a,+1 — a,) = a € R, then compute:

lim < (n+ 1)? B n? >
e \ "™ [fla)f(az) . fla) flans)  Fla)f(az) .. fay)

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

SP.374. Let m,, m;,, m. be the lengths of the medians of a triangle with circumradius R and
area F. Prove that:

4 1 1 1 V3
< + + < —
9R2 = my,(my +2m,) my(m,+2m,) m.(m, +2m,)~ 3F

Proposed by George Apostolopoulos — Messolonghi — Greece

SP.375. If x,y, z € (0,1), then in any ABC triangle with the area F the following inequality
holds:
xa* . yb* . zc*
(y+2)2(1-x2) (z+x)?(1-y?) (x+y)*(1-2)

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

> 6v/3F2

UNDERGRADUATE PROBLEMS

UP.361. Prove that:

1 b4
tan™x 2
———dx =1log,(W2 -1 f log(sinx) dx
Of L= g2 =) | Hlog

Proposed by Florica Anastase-Romania
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UP.362.

2n

_Z . km ( 2km v 2km
R/l R L | ‘C052n+1)

k=1

Find:

— H n 1
Q= ,,ILI_,rDO Z Jewn+2—(k+n)
k=1
Proposed by Florica Anastase-Romania

UP.363. Let be (a,)ns1; (br)ns1 € (0, ) such that:

lim (@ns1 — @) = a € (0,00); by, = <]_[ a2k_1>

k=1

R

Find:

Q= lim

n—-oo

(an+1 ' bn+1 an - bn)
n+1 n

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

UP.364. In AABC the following relationship holds:

1 1 1 3m
— — | — |Z2———=n€eN
(ZH)ze) - (22) =

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

UP.365. Let be a, = X}, tan™* ( );n = 1.Find:

kZ2+k+1

Q = lim n?(e%+1 — g%n)

n—-oo

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

_ 1 1 . _
UP.366. If s, = 1+ =+ ---+ﬁ—2ﬁ,n > 1 find:

Q= lim (1 + eSn+1 — gSn)nVn
n—-o0o

Proposed by D.M.Bdtinetu-Giurgiu and Daniel Sitaru-Romania
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UP.367. Find: 0 = lim "[(@2)_. 4 ¢ N
n-ooo\ (2an)!!

on=10Qk"=2-4-..-(2k),k e N*
Proposed by D.M. Bdatinetu-Giurgiu and Daniel Sitaru-Romania

xn

—dx;n € N

2

X X
eX+ 1+ 454+
11 2! n!

UP.368. Letbe 0, = [

Prove that: Q, < n!
Proposed by D.M. Bdtinetu-Giurgiu and Daniel Sitaru-Romania
UP.369. Let f: IR — R be a continuous function; a,b > 0;a < b;a + b = s;

f(s=x)+ f(x) =c;Vx € R;c > 0. Find:

b
Q= f (x% — sx +s2)f(x)dx

Proposed by D.M. Batinetu-Giurgiu and Daniel Sitaru-Romania

UP.370. Ifa, b > 0, then

T

i dx __ 1 L
f (x +1)(a%cos?x + b2sin2x)  ab(mw + 4) T tan (E)
0

Proposed by Florica Anastase-Romania

UP.371. Let be (@n)ns1; an = [Tf=1((2k — 1)) Find:

. ((n+1)* n?
Q= lim n+1 - n /[
n—=e \/ Apt1 an

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

UP.372. (x),»; —be a positive sequence of real numbers such that x; > 0 and

_ X
n+1 = 2x, — log(1 + x,)
Find:
(2n)n nx,

Q= Ilim

n-oo (2n — l)!! . V2n + 1

Proposed by Florica Anastase-Romania
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UP.373.k € N.k > 0and x; > k. Xpyq = 2 in € N°
Find:

2 “H, -1
Q=lim—— Yo
n-o log(logn) Xn

Proposed by Florica Anastase-Romania

UP.374. Calculate the integral:
1
f xlnx d
————ax
J x3+xVx+1

Proposed by Vasile Mircea Popa - Romania

UP.375. In any convex polygon A; 4, ... A,,n = 3 with the area F and the sides lengths

ApArsr = ag, k = 1,1, Ay, = A the following inequality holds:

n

Z(ak — A1+ ak+1)2 = 4F - tan%

k=1

Proposed by D.M. Bdatinetu-Giurgiu — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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NOTA: Pentru a publica probleme propuse, articole si note matematice in RMM puteti trimite
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