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A NEW PROOF FOR MITRINOVIC’S INEQUALITY USING TOSCANO’S IDENTITY. 

Daniel Sitaru, Claudia Nănuți – Romania  

Abstract: In this paper it’s proved Mitrinovic’s inequality using a famous identity. 
Notations:  ݎ – inradii; ܴ – circumradii; ݎ௔ , ,௕ݎ ௖ݎ  – exradii; ݏ – semiperimeter; ܨ – area 

1
௔ݎ

+
1
௕ݎ

+
1
௖ݎ

=
ݏ − ܽ
ܨ +

ݏ − ܾ
ܨ +

ݏ − ܿ
ܨ =

ݏ3 − (ܽ + ܾ + ܿ)
ܨ = 

=
ݏ3 − ݏ2

ܨ =
ݏ
ܨ =

1
ܨ =

1
ݎ  

ଵ
௥ೌ

+ ଵ
௥್

+ ଵ
௥೎

= ଵ
௥
    (1) 

In the well known identity: 
ݔ) + ݕ + ଷ(ݖ = ଷݔ + ଷݕ + ଷݖ + ݔ)3 + ݕ)(ݕ + ݖ)(ݖ + ;(ݔ ,ݔ ,ݕ ݖ ∈ ℝ 

We take: 

ݔ =
1
௔ݎ

ݕ; =
1
௕ݎ

; ݖ =
1
௖ݎ

 

൬
1
௔ݎ

+
1
௕ݎ

+
1
௖ݎ
൰
ଷ

=
1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ

+ 3ෑ൬
1
௔ݎ

+
1
௕ݎ
൰

௖௬௖

 

By (1): 

൬
1
൰ݎ

ଷ

=
1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ

+ 3ෑ൬
ݏ − ܽ
ܨ +

ݏ − ܾ
ܨ ൰

௖௬௖

 

1
ଷݎ −

1
௔ଷݎ
−

1
௕ଷݎ
−

1
௖ଷݎ

=
3
ଷෑܨ

ݏ) − ܽ + ݏ − ܾ)
௖௬௖

 

1
ଷݎ − ቆ

1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ
ቇ =

3
ଷෑܨ

(ܽ + ܾ + ܿ − ܽ − ܾ)
௖௬௖

 

1
ଷݎ − ቆ

1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ
ቇ =

3
ଷܨ ⋅ ܾܽܿ,

1
ଷݎ − ቆ

1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ
ቇ =

3 ⋅ ܨ4ܴ
ଷܨ  

ଵ
௥య
− ൬ ଵ

௥ೌయ
+ ଵ

௥್య
+ ଵ

௥೎య
൰ = ଵଶோ

ிమ
    (2) 

Relation (2) it’s called Toscano’s identity. 
Let be ݂: (0,∞) → ℝ; (ݔ)݂ = (ݔ)ଷ;݂ᇱݔ = ݂;ଶݔ3 ᇱᇱ(ݔ) = ݔ6 > 0;݂ convexe. 
By Jensen’s inequality: 

(ݔ)݂ + (ݕ)݂ + (ݖ)݂ ≥ 3݂ ൬
ݔ + ݕ + ݖ

3 ൰ 

Again: ݔ = ଵ
௥ೌ

ݕ; = ଵ
௥್

; ݖ = ଵ
௥೎

 

݂ ൬
1
௔ݎ
൰+ ݂ ൬

1
௕ݎ
൰+ ݂ ൬

1
௖ݎ
൰ ≥ 3݂ ൭

1
3 ൬

1
௔ݎ

+
1
௕ݎ

+
1
௖ݎ
൰൱ 

By (1): 
1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ

≥ 3݂ ൬
1

൰ݎ3 = 3 ⋅
1

ଷݎ27 =
1

 ଷݎ9

−ቆ
1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ
ቇ ≤ −

1
ଷݎ9 ,

1
ଷݎ − ቆ

1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ
ቇ ≤

1
ଷݎ −

1
ଷݎ9  



Romanian Mathematical Society-Mehedinți Branch 2022 
 

5 ROMANIAN MATHEMATICAL MAGAZINE NR. 33 
 

By (2): 
12ܴ
ଶܨ ≤

1
ଷݎ −

1
ଷݎ9 ,

12ܴ
ଶݏଶݎ ≤

8
ଷݎ9 ,

3ܴ
ଶݏ ≤

2
 ݎ9

ଶݏ2 ≥ ݎ27ܴ ≥
ா௎௅ாோ

27 ⋅ ݎ2 ⋅ ݎ = ଶݎ54 , ଶݏ2 ≥ ଶݎ54 ⇒ ଶݏ ≥ ,ଶݎ27 ݏ ≥  ݎ3√3
which it’s Mitrinovic’s inequality. 
REFERENCE: 
[1] ROMANIAN MATHEMATICAL MAGAZINE – www.ssmrmh.ro 

 

THE HEPTAGONAL TRIANGLE REVISITED 

By Daniel Sitaru, Claudia Nănuți – Romania  

Abstract: In this paper are proved the characteristic metric relationships in the heptagonal 
triangle. 

We call heptagonal triangle the obtuse scalene triangle whose vertices coincide with the 
first, second and fourth vertices of a regular heptagon (from an arbitrary starting vertex). 
Thus its sides coincide with one side and the adjacent shorter and longer diagonals of the 
regular heptagon. 
Lemma 1 
If in ઢࢇ,࡯࡮࡭ < ܾ < (࡮)ߤ;ܿ = ૛(࡯)ࣆ;(࡭)ࣆ = ૛(࡮)ࣆ then: ࢈૛ = ૛ࢇ + ;ࢉࢇ ૛ࢉ = ૛࢈ +  .ࢇ
Proof.  

(ܤ)ߤ = (ܣ)ߤ2 ⇒ sinܤ = sin  ܣ2

sinܤ = 2 sinܣ cosܣ ⇒
ܾ

2ܴ = 2 ⋅
ܽ

2ܴ ⋅
ܾଶ + ܿଶ − ܽଶ

2ܾܿ  

ܾଶܿ = ܾܽଶ + ܽܿଶ − ܽଷ ⇒ ܾଶ(ܿ − ܽ) − ܽ(ܿଶ − ܽଶ) = 0 
ܾଶ(ܿ − ܽ) − ܽ(ܿ − ܽ)(ܿ + ܽ) = 0 

(ܿ − ܽ)൫ܾଶ − ܽ(ܿ + ܽ)൯ = 0; ܿ − ܽ ≠ 0, ܾଶ = ܽଶ + ܽܿ 
Analogous:  (ܥ)ߤ = (ܤ)ߤ2 ⇒ ܿଶ = ܾଶ + ܾܽ 
Lemma 2 
If in ઢࢇ;࡯࡮࡭ < ܾ < (࡯)ߤ;ܿ = ૛(࡭)ࣆ + ૛ࢇ :then (࡮)ࣆ = ૛ࢉ −  .ࢉ࢈
Proof. 

(ܥ)ߤ = (ܣ)ߤ2 + (ܤ)ߤ ⇒ (ܥ)ߤ2 = (ܣ)ߤ2 + (ܤ)ߤ +  (ܥ)ߤ
(ܥ)ߤ2 = ߨ + ,(ܣ)ߤ sin ܥ2 = sin(ߨ +  (ܣ

2 sinܥ cosܥ = − sinܣ , 2 ⋅
ܿ

2ܴ ⋅
ܽଶ + ܾଶ − ܿଶ

2ܾܽ = −
ܽ

2ܴ 

ܿܽଶ + ܾܿଶ − ܿଷ = −ܽଶܾ, ܽଶ(ܾ + ܿ) − ܿ(ܿଶ − ܾଶ) = 0 
ܽଶ(ܾ + ܿ) − ܿ(ܾ + ܿ)(ܿ − ܾ) = 0, ܽଶ − ܿଶ + ܾܿ = 0, ܽଶ = ܿଶ − ܾܿ 

If (ܣ)ߤ = గ
଻

; (ܤ)ߤ = ଶగ
଻

; (ܥ)ߤ = ସగ
଻

 by lemma 1 and lemma 2 we obtain that for the triangle 
with sides ܽ,ܾ, ܿ; ܽ < ܾ < ܿ the relationships: 

ܾଶ = ܽଶ + ܽܿ; ܿଶ = ܾଶ + ܾܽ;ܽଶ = ܿଶ − ܾܿ     (1) 
The heptagonal triangle with sides ܽ,ܾ, ܿ, ܽ < ܾ < ܿ and angles ܥ,ܤ,ܣ verify (1). 
By adding relationships (1) we obtain: 

ܾଶ + ܿଶ + ܽଶ = ܽଶ + ܽܿ + ܾଶ + ܾܽ + ܿଶ − ܾܿ 

ܾܿ = ܾܽ + ܽܿ,
1
ܽ =

ܾ + ܿ
ܾܿ  
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ଵ
௔

= ଵ
௕

+ ଵ
௖
      (2) 

By multiplying (2) with 2ܨ: 
ܨ2
ܽ =

ܨ2
ܾ +

ܨ2
ܿ ⇒ ℎ௔ = ℎ௕ + ℎ௖  

Lemma 3: 

ܖܑܛ ࣊
ૠ
ܖܑܛ ૛࣊

ૠ
ܖܑܛ ૜࣊

ૠ
= √ૠ

ૡ
       (3) 

Proof. 
We will use the well known identity: 

ෑ sin
ߨ݇
݊ =

௡ିଵ

௞ୀଵ

݊
2௡ିଵ ;݊ ∈ ℕ;݊ ≥ 2 

For ݊ = 7: 

sin
ߨ
7

sin
ߨ2
7

sin
ߨ3
7

sin
ߨ4
7

sin
ߨ5
7

sin
ߨ6
7

=
7

2଺
 

sin
ߨ
7 sin

ߨ2
7 sin

ߨ3
7 sin ൬ߨ −

ߨ4
7 ൰ sin ൬ߨ −

ߨ5
7 ൰ sin ൬ߨ −

ߨ6
7 ൰ =

7
64 

൬sin
ߨ
7 sin

ߨ2
7 sin

ߨ4
7 ൰

ଶ

=
7

64 ⇒ sin
ߨ
7 sin

ߨ2
7 sin

ߨ4
7 =

√7
8  

Lemma 4: 
The equation: 

૟૝࢟૜ − ૚૚૛࢟૛ + ૞૟࢟ − ૠ = ૙    (4) 
has the roots: 

࢞૚ = ૛ܖܑܛ
࣊
ૠ ; ࢞૛ = ૛ܖܑܛ

૛࣊
ૠ ;࢞૜ = ૛ܖܑܛ

૝࣊
ૠ  

Proof. 
We will prove that ݔଵ = sinଶ గ

଻
 is a solution for the equation (4): 

sin
ߨ4
7 = sin ൬ߨ −

ߨ4
7 ൰ = sin

ߨ3
7 , sinଶ

ߨ4
7 = sinଶ

ߨ3
7  

൬2 sin
ߨ2
7 cos

ߨ2
7 ൰

ଶ

= ቆsin
ߨ
7
ቀ3 − 4 sinଶ

ߨ
7
ቁቇ

ଶ

 

4 sinଶ
ߨ2
7 cosଶ

ߨ2
7 = sinଶ

ߨ
7
ቀ3 − 4 sinଶ

ߨ
7
ቁ
ଶ
 

4 ⋅ 4 sinଶ
ߨ
7 cosଶ

ߨ
7
ቀ1 − 2 sinଶ

ߨ
7
ቁ
ଶ

= sinଶ
ߨ
7
ቀ3 − 4 sinଶ

ߨ
7
ቁ
ଶ
 

Denote:  sinଶ గ
଻

=  ݕ

16 ቀ1 − sinଶ
ߨ
7
ቁ ቀ1 − 2 sinଶ

ߨ
7
ቁ
ଶ

= ቀ3 − 4 sinଶ
ߨ
7
ቁ
ଶ
 

16(1 − 1)(ݕ − ଶ(ݕ2 = (3 − ,	ଶ(ݕ4 16(1 − 1)(ݕ − +ݕ4 (ଶݕ4 = (3 −  ଶ(ݕ4
16(1− ݕ4 + ଶݕ4 − ݕ + ଶݕ4 − (ଷݕ4 = (3 −  ଶ(ݕ4

16 − ݕ80 + ଶݕ128 − ଷݕ64 = 9 + ଶݕ16 −  ݕ24
7 − ݕ56 + ଶݕ112 − ଷݕ64 = 0	, ଷݕ64 − ଶݕ112 + ݕ56 − 7 = 0 

ܵଵ = ଵݔ + ଶݔ + ଷݔ = −
−112

64 =
14
8 =

7
4 

sinଶ గ
଻

+ sinଶ ଶగ
଻

+ sinଶ ସగ
଻

= ଻
ସ
     (5) 
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ܵଶ = ଶݔଵݔ + ଷݔଶݔ + ଵݔଷݔ =
56
64 =

14
16 =

7
8 

sinଶ గ
଻

sinଶ ଶగ
଻

+ sinଶ ଶగ
଻

sinଶ ସగ
଻

+ sinଶ ସగ
଻

sinଶ ଶగ
଻

= ଻
଼
     (6) 

ܵଷ = ଷݔଶݔଵݔ = ቀsin గ
଻

sin ଶగ
଻

sin ସగ
଻
ቁ
ଶ

= ଻
଺ସ

      (7) 
ܴ – circumradii; ܨ – area; 

ܽ = 2ܴ sinܣ = 2ܴ sin
ߨ
7 , ܾ = 2ܴ sinܤ = 2ܴ sin

ߨ2
7 , ܿ = 2ܴ sinܥ = 2ܴ sin

ߨ4
7  

ܨ =
ܾܽܿ
4ܴ =

8ܴଷ sin గ
଻

sin ଶగ
଻

sin ସగ
଻

4ܴ =
(ସ)

2ܴଶ ⋅
√7
8 =

√7
4 ܴଶ 

ܽଶ + ܾଶ + ܿଶ = 4ܴଶ ൬sinଶ
ߨ
7 + sinଶ

ߨ2
7 + sinଶ

ߨ4
7 ൰ =

(ହ)
4ܴଶ ⋅

7
4 = 7ܴଶ 

ܽଶ + ܾଶ + ܿଶ = 7ܴଶ    (8) 

1
ܽଶ +

1
ܾଶ +

1
ܿଶ =

1
4ܴଶ

ቌ
1

sinଶ గ
଻

+
1

sinଶ ଶగ
଻

+
1

sinଶ ସగ
଻

ቍ = 

=
1

4ܴଶ ⋅
sinଶ గ

଻
sinଶ ଶగ

଻
+ sinଶ ଶగ

଻
sinଶ ସగ

଻
+ sinଶ ସగ

଻
sinଶ గ

଻

sinଶ గ
଻

sinଶ ଶగ
଻

sinଶ ସగ
଻

= 

=
(଺);(଻) 1

4ܴଶ ⋅
଻
଼
଻
଺ସ

=
1

4ܴଶ ⋅ 8 =
2
ܴଶ 

ଵ
௔మ

+ ଵ
௕మ

+ ଵ
௖మ

= ଶ
ோమ

   (9) 

ℎ௔ଶ + ℎ௕ଶ + ℎ௖ଶ = ଶܨ4 ൬
1
ܽଶ +

1
ܾଶ +

1
ܿଶ൰ = 4 ⋅

7
16ܴ

ସ ⋅
2
ܴଶ =

7
2ܴ

ଶ =
7ܴଶ

2 =
(଼) ܽଶ + ܾଶ + ܿଶ

2  

ℎ௔ଶ + ℎ௕ଶ + ℎ௖ଶ =
ܽଶ + ܾଶ + ܿଶ

2  

In conclusion, in a heptagonal triangle with sides ܽ < ܾ < (ܣ)ߤ;ܿ = గ
଻

(ܤ)ߤ; = ଶగ
଻

; 

(ܥ)ߤ = ସగ
଻

 the following relationship holds: 

ܽଶ = ܿଶ − ܾܿ; ܾଶ = ܽଶ + ܽܿ; ܿଶ = ܾଶ + ܾܽ,
1
ܽ =

1
ܾ +

1
ܿ  

ℎ௔ = ℎ௕ + ℎ௖;ℎ௔ଶ + ℎ௕ଶ + ℎ௖ଶ =
ܽଶ + ܾଶ + ܿଶ

2 , ܨ =
√7
4 ܴଶ 

ܽଶ + ܾଶ + ܿଶ = 7ܴଶ;
1
ܽଶ +

1
ܾଶ +

1
ܿଶ =

2
ܴଶ 

REFERENCE: 
[1] ROMANIAN MATHEMATICAL MAGAZINE – www.ssmrmh.ro 

ABOUT AN INEQUALITY BY MARIAN URSĂRESCU-II 

By Marin Chirciu – Romania  

1) Prove that in any acute-angled triangle the following inequality holds: 
૟ࢇ

ࢉ࢝࢈࢝
+

૟࢈

ࢇ࢝ࢉ࢝
+

૟ࢉ

࢈࢝ࢇ࢝
≥ [૝ࡾ)ࡾ + ࢘)]૛ 

Proposed by Marian Ursărescu – Romania  
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Solution.Using Bergström’s inequality we obtain: 

∑ ௔ల

௪್௪೎
= ∑ ൫௔య൯

మ

௪್௪೎
≥ ൫∑௔య൯

మ

∑௪್௪೎
≥ ൫∑௔య൯

మ

௦మ
, which follows from ∑ݓ௕ݓ௖ ≤ ௔ଶݓ∑ ≤ ∑ ݏ)ݏ − ܽ) =  ଶݏ

It suffices to prove that: ൫∑௔
య൯
మ

௦మ
≥ [4ܴ(ܴ + ଶ[(ݎ ⇔ ∑௔య

௦
≥ 4ܴ(4ܴ + (ݎ ⇔ 

⇔ ଶ௦൫௦మା௥మାସோ௥൯
௦

≥ 4ܴ(4ܴ + (ݎ ⇔ ଶݏ ≥ 2ܴଶ + ݎ8ܴ +  ଶ (Walker’s inequality, acute)ݎ3
Equality holds if and only if the triangle is equilateral. 

Remark: In the same way we propose: 
2) Prove that in any acute-angled triangle the following inequality holds: 

૟ࢇ

ࢉ࢘࢈࢘
+

૟࢈

ࢇ࢘ࢉ࢘
+

૟ࢉ

࢈࢘ࢇ࢘
≥ [૝ࡾ)ࡾ+ ࢘)]૛ 

Marin Chirciu  
Solution:Using Bergström’s inequality we obtain: 

∑ ௔ల

௥್௥೎
= ∑ ൫௔య൯

మ

௥್௥೎
≥ ൫∑௔య൯

మ

∑௥್௥೎
= ൫∑ ௔య൯

మ

௦మ
, which follows from ∑ ௖ݎ௕ݎ =  .ଶݏ

It suffices to prove that: ൫∑௔
య൯
మ

௦మ
≥ [4ܴ(ܴ + ଶ[(ݎ ⇔ ∑௔య

௦
≥ 4ܴ(4ܴ + (ݎ ⇔ 

⇔ ଶ௦൫௦మା௥మାସோ௥൯
௦

≥ 4ܴ(4ܴ + (ݎ ⇔ ଶݏ ≥ 2ܴଶ + ݎ8ܴ +  ଶ (Walker’s inequality, acute)ݎ3
Equality holds if and only if the triangle is equilateral. 

3) Prove that in any acute-angled triangle the following inequality holds: 
૟ࢇ

ࢉࢎ࢈ࢎ
+

૟࢈

ࢇࢎࢉࢎ
+

૟ࢉ

࢈ࢎࢇࢎ
≥ [૝ࡾ)ࡾ + ࢘)]૛ 

Solution: Using Bergström’s inequality we obtain: 

∑ ௔ల

௛್௛೎
= ∑ ൫௔య൯మ

௛್௛೎
≥ ൫∑௔య൯మ

∑ ௛್௛೎
≥ ൫∑ ௔య൯మ

௦మ
, which follows from 

෍ℎ௕ℎ௖ ≤෍ݓ௕ݓ௖ ≤෍ݓ௔ଶ ≤෍ݏ)ݏ − ܽ) =  ଶݏ

It suffices to prove that: ൫∑௔
య൯
మ

௦మ
≥ [4ܴ(ܴ + ଶ[(ݎ ⇔ ∑௔య

௦
≥ 4ܴ(4ܴ + (ݎ ⇔ 

⇔ ଶ௦൫௦మା௥మାସோ௥൯
௦

≥ 4ܴ(4ܴ + (ݎ ⇔ ଶݏ ≥ 2ܴଶ + ݎ8ܴ +  ଶ (Walker’s inequality, acute)ݎ3
Equality holds if and only if the triangle is equilateral. 

4) In ઢ࡯࡮࡭ the following inequality holds: 
૟ࢇ

ࢉ࢓࢈࢓
+

૟࢈

ࢇ࢓ࢉ࢓
+

૟ࢉ

࢈࢓ࢇ࢓
≥
૚
૜

(ૡࡿ)૛ 

Marin Chirciu  
Solution: Using Bergström’s inequality we obtain: 

∑ ௔ల

௠್௠೎
= ∑ ൫௔య൯

మ

௠್௠೎
≥ ൫∑௔య൯

మ

∑௠್௠೎
≥ ൫∑௔య൯

మ

ଶ଻ோమ
, which follows from  

෍݉௕݉௖ ≤෍݉௔
ଶ =

3
4෍ܽଶ ≤

3
4 ⋅ 9ܴଶ =

27ܴଶ

4  

It suffices to prove that: ൫∑௔
య൯
మ

మళೃమ
ర

≥ ଵ
ଷ

(8ܵ)ଶ ⇔ ∑௔య
యೃ
మ

≥ 8ܵ ⇔ ∑ܽଷ ≥ 12ܴܵ ⇔ 

⇔ ଶݏ)ݏ2 − ଶݎ3 − (ݎ6ܴ ≥ ݏݎ12ܴ ⇔ ଶݏ ≥ ݎ12ܴ + ଶݎ3 , which follows from Gerretsen’s 
inequality ݏଶ ≥ ݎ16ܴ − ଶݎ5 . It remains to prove that: 

ݎ16ܴ − ଶݎ5 ≥ ݎ12ܴ + ଶݎ3 ⇔ ܴ ≥  (Euler’s inequality) ݎ2
Equality holds if and only if the triangle is equilateral. 
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ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOS-II 
By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭ the following relationship holds: 

૛ ≤෍
૚

૛ܖܑܛ ࡭ + ܖܑܛ ࡮ ܖܑܛ ࡯ ≤ ૛൬
ࡾ
૛࢘൰

૛

 

Proposed by George Apostolopoulos – Greece  
Solution: LHS inequality. Using Bergström’s inequality, we obtain: 

෍
1

sinଶ ܣ + sinܤ + sin ܥ ≥
9

∑(sinଶ ܣ + sinܤ sin (ܥ =
9

∑ sinଶ ܣ + ∑ sinܤ sin ܥ = 

= ଽ
ೞమషೝమషరೃೝ

మೃమ
ାೞ

మశೝమశరೃೝ
రೃమ

= ଽ
యೞమషೝమషరೃೝ

రೃమ
= ଷ଺ோమ

ଷ௦మି௥మିସோ௥
≥
(ଵ)

2, where (1) ⇔ 

⇔ 18ܴଶ ≥ ଶݏ3 − ଶݎ − ଶݏ it follows from Gerretsen’s inequality ,ݎ4ܴ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 .  
It remains to prove that: 

⇔ 18ܴଶ ≥ 3(4ܴଶ + ݎ4ܴ + −(ଶݎ3 ଶݎ − ݎ4ܴ ⇔ 3ܴଶ − ݎ4ܴ − ଶݎ4 ≥ 0 ⇔ 
⇔ (ܴ − 3ܴ)(ݎ2 + (ݎ2 ≥ 0, obviously from Euler’s inequality ܴ ≥  .ݎ2

Above we’ve used the known inequalities in triangle: 
∑ sinଶ ܣ = ௦మି௥మିସோ௥

ଶோమ
 and ∑ sinܤ sin ܥ = ௦మା௥మାସோ௥

ସோమ
 

Equality holds if and only if the triangle is equileral.RHS inequality. 
Using means inequalities: sinଶ ܣ + sinܤ sin ܥ ≥ 2√sinଶ ܣ sinܤ sin  :we obtain ,ܥ

෍
1

sinଶ ܣ + sinܤ sinܥ ≤෍
1

2√sinଶ ܣ sinܤ sinܥ
=

1
2ඥ∏ sinܣ

෍
1

√sinܣ
≤
(ଵ)

2 ൬
ܴ
൰ݎ2

ଶ

 

where (1) ⇔ ଵ
ඥ∏ୱ୧୬ ஺

∑ ଵ
√ୱ୧୬஺

≤ ቀோ
௥
ቁ
ଶ

, which follows from: 

CBS inequality: ∑ ଵ
√ୱ୧୬ ஺

≤ ට3∑ ଵ
ୱ୧୬஺

 and the identites ∑ ଵ
ୱ୧୬஺

= ௦మା௥మାସோ௥
ଶ௥௦

,∏ sinܣ = ௥௦
ଶோమ

 

We obtain ଵ
ඥ∏ୱ୧୬ ஺

∑ ଵ
√ୱ୧୬஺

≤ ଵ

ට ೝೞ
మೃమ

ට3 ⋅ ௦
మା௥మାସோ௥

ଶ௥௦
= ோ

௥௦
ඥ3(ݏଶ + ଶݎ + (ݎ4ܴ ≤

(ଶ)
ቀோ
௥
ቁ
ଶ

, where (2)  

⇔ ଶݏ)ඥ3ݎ + ଶݎ + (ݎ4ܴ ≤ ܴݏ ⇔ ଶݏ)ଶݎ3 + ଶݎ + (ݎ4ܴ ≤ ଶܴଶݏ ⇔ 
⇔ ଶ(ܴଶݏ − (ଶݎ3 ≥ ଷ(4ܴݎ3 +   which follows from Gerretsen’s inequality ,(ݎ

ଶݏ ≥ ݎ16ܴ − ଶݎ5 . It remains to prove: 
ݎ16ܴ) − ଶ)(ܴଶݎ5 − (ଶݎ3 ≥ ଷ(4ܴݎ3 + (ݎ ⇔ 16ܴଷ − 5ܴଶݎ − ଶݎ60ܴ + ଷݎ12 ≥ 0 ⇔ 
⇔ (ܴ − 16ܴଶ)(ݎ2 + ݎ27ܴ − (ଶݎ6 ≥ 0, obviously from Euler’s inequality ܴ ≥  .ݎ2

Equality holds if and only if the triangle is equilateral. 
Remark: We propose in the same way: 

2) In ઢ࡯࡮࡭ the following relationship holds: 

෍
૚

૛ܛܗ܋ ࡭ + ܛܗ܋ ܛܗ܋࡮ ࡯ ≥
૚૛࢘
ࡾ  

Marin Chirciu  
Solution: Using Bergström’s inequality we obtain: 

෍
1

cosଶ ܣ + cosܤ cosܥ ≥
9

∑(cosଶ ܣ + cosܤ cosܥ) =
9

∑ cosଶ ܣ + ∑ cosܤ cosܥ = 

= ଽ
లೃమశరೃೝశೝమషೞమ

మೃమ
ାೞ

మశೝమషరೃమ

రೃమ
= ଽ

ఴೃమశఴೃೝశయೝమషೞమ

రೃమ
= ଷ଺ோమ

଼ோమା଼ோ௥ାଷ௥మି௦మ
≥
(ଵ) ଵଶ௥

ோ
 where (1) ⇔ 
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⇔ 36ܴଷ ≥ 96ܴଶݎ + ଶݎ96ܴ + ଷݎ36 −  which follows from Gerretsen’s inequality ,ݎଶݏ12
ଶݏ ≥ ݎ16ܴ − ଶݎ5 . It remains to prove that: 

36ܴଷ ≥ 96ܴଶݎ + ଶݎ96ܴ + ଷݎ36 − ݎ16ܴ)ݎ12 − (ଶݎ5 ⇔ 
⇔ 3ܴଷ − 8ܴଶݎ + ଶݎ8ܴ − ଷݎ8 ≥ 0 ⇔ (ܴ − 3ܴଶ)(ݎ2 − ݎ2ܴ + (ଶݎ4 ≥ 0, obviously Euler’s 

inequality. Above we have used the known inequalities in triangle: 
∑ cosଶ ܣ = ଺ோమାସோ௥ା௥మି௦మ

ଶோమ
 and ∑ cosܤ cosܥ = ௦మା௥మିସோమ

ସோమ
.  

Equality holds if and only if the triangle is equilateral. 
 

3) In ઢ۰۱ۯ the following relationship holds: 
૚
૛܀૛ ≤෍

૚
૛܉ + ܋܊ ≤

૚
ૡܚ૛  

LHS inequality. Using Bergström’s inequality, we obtain: 

෍
1

ܽଶ + ܾܿ ≥
9

∑(ܽଶ + ܾܿ) =
9

∑ܽଶ + ∑ܾܿ =
9

ଶݏ)2 − ଶݎ − (ݎ4ܴ + ଶݏ + ଶݎ + ݎ4ܴ = 

= ଽ
ଷ௦మି௥మିସோ௥

≥
(ଵ) ଵ

ଶோమ
 , where (1) ⇔ 18ܴଶ ≥ ଶݏ3 − ଶݎ −  which follows from Gerrtsen’s ,ݎ4ܴ

inequality ݏଶ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 . It remains to prove that: 
18ܴଶ ≥ 3(4ܴଶ + ݎ4ܴ + (ଶݎ3 − ଶݎ − ݎ4ܴ ⇔ 3ܴଶ − ݎ4ܴ − ଶݎ4 ≥ 0 ⇔ 
⇔ (ܴ − 3ܴ)(ݎ2 + (ݎ2 ≥ 0, obviously from Euler’s inequality ܴ ≥  .ݎ2

Above we have used the known inequalities in triangle: 
∑ܽଶ = ଶݏ)2 − ଶݎ − ܾܿ∑ and (ݎ4ܴ = ଶݏ + ଶݎ +   .ݎ4ܴ

The equality holds if and only if the triangle is equilateral. 
RHS inequality. Using the means inequality: ܽଶ + ܾܿ ≥ 2√ܽଶܾܿ, we obtain: 

෍
1

ܽଶ + ܾܿ ≤ ෍
1

2√ܽଶܾܿ
=

1
2ඥ∏ܽ

෍
1
√ܽ

≤
(ଵ) 1

 ଶݎ8

where (1) ⇔ ଵ
ඥ∏௔

∑ ଵ
√௔
≤ ቀ ଵ

ଶ௥
ቁ
ଶ

, which follows from CBS inequality ∑ ଵ
√௔
≤ ට3∑ ଵ

௔
 and the 

identities ∑ ଵ
௔

= ௦మା௥మାସோ௥
ସோ௥௦

,∏ܽ =   We obtain .ݏݎ4ܴ

ଵ
ඥ∏௔

∑ ଵ
√௔
≤ ଵ

√ସோ௥௦
ට3 ⋅ ௦

మା௥మାସோ௥
ସோ௥௦

= ଵ
ସோ௥௦

ඥ3(ݏଶ + ଶݎ + (ݎ4ܴ ≤
(ଶ)

ቀ ଵ
ଶ௥
ቁ
ଶ

, where (2)  

⇔ ଶݏ)ඥ3ݎ + ଶݎ + (ݎ4ܴ ≤ ܴݏ ⇔ ଶݏ)ଶݎ3 + ଶݎ + (ݎ4ܴ ≤ ଶܴଶݏ ⇔ 
⇔ ଶ(ܴଶݏ − (ଶݎ3 ≥ ଷ(4ܴݎ3 +   which follows from Gerretsen’s inequality ,(ݎ

ଶݏ ≥ ݎ16ܴ − ଶݎ5 . It remains to prove that:  
ݎ16ܴ) − ଶ)(ܴଶݎ5 − (ଶݎ3 ≥ ଷ(4ܴݎ3 + (ݎ ⇔ 16ܴଷ − 5ܴଶݎ − ଶݎ60ܴ + ଷݎ12 ≥ 0 ⇔ 
⇔ (ܴ − 16ܴଶ)(ݎ2 + ݎ27ܴ − (ଶݎ6 ≥ 0, obviously from Euler’s inequality ܴ ≥  .ݎ2

Equality holds if and only if the triangle is equilateral. 
 

4) In ઢ࡯࡮࡭ the following inequality holds: 
ૢ࢘
ࡾ ≤෍

૚

૛ܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛
ܖ܉ܜ ࡯

૛

≤
ࡾૢ
૝࢘  

Marin Chirciu  
Solution: LHS inequality. Using Bergström’s inequality we obtain: 

෍
1

tanଶ ஺
ଶ

+ tan ஻
ଶ

tan ஼
ଶ

≥
9

∑ ቀtanଶ ஺
ଶ

+ tan ஻
ଶ

tan ஼
ଶ
ቁ

=
9

∑ tanଶ ஺
ଶ

+ ∑ tan ஻
ଶ

tan ஼
ଶ

= 
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= ଽ
(రೃశೝ)మషమೞమ

ೞమ
ାଵ

= ଽ
(ସோା௥)మି௦మ

≥
(ଵ) ଽ௥

ோ
, where (1) ⇔ ܴ)ଶݏ + (ݎ ≥ 4ܴ)ݎ +  ଶ, which follows(ݎ

from Gerretsen’s inequality ݏଶ ≤ ݎ16ܴ − ଶݎ5 ≥ ௥(ସோା௥)మ

ோା௥
. 

Above we’ve used the known inequaity in triangle: 
∑ tanଶ ஺

ଶ
= (ସோା௥)మିଶ௦మ

௦మ
 and ∑ tan ஻

ଶ
tan ஼

ଶ
= 1. 

Equality holds if and only if the triangle is equilateral. 

RHS inequality. Using the means inequality: tanଶ ஺
ଶ

+ tan ஻
ଶ

tan ஼
ଶ
≥ 2ටtanଶ ஺

ଶ
tan ஻

ଶ
tan ஼

ଶ
, we 

obtain: ∑ ଵ

୲ୟ୬మಲమା୲ୟ୬
ಳ
మ ୲ୟ୬

಴
మ

≤ ∑ ଵ

ଶට୲ୟ୬మಲమ ୲ୟ୬
ಳ
మ ୲ୟ୬

಴
మ

= ଵ

ଶට∏୲ୟ୬ಲమ

∑ ଵ

ට୲ୟ୬ಲమ

≤
(ଵ) ଽோ

ସ௥
, where (1)	 

⇔ ଵ

ට∏୲ୟ୬ಲమ

∑ ଵ

ට୲ୟ୬ಲమ

≤ ଽோ
ଶ௥

, which follows from CBS inequalit: ∑ ଵ

ට୲ୟ୬ಲమ

≤ ට3∑ ଵ

୲ୟ୬ಲమ
 and the 

identites ∑ ଵ

୲ୟ୬ಲమ
= ௦

௥
,∏ tan ஺

ଶ
= ௥

௦
. We obtain ଵ

ට∏୲ୟ୬ಲమ

∑ ଵ

ට୲ୟ୬ಲమ

≤ ଵ

ටೝೞ

ට3 ⋅ ௦
௥

= ௦
௥
√3 ≤

(ଶ) ଽோ
ଶ௥

, where 

(2) ⇔ ݏ ≤ ோ√ଷ
ଶ

 (Mitrinovic’s inequality) 
Equality holds if and only if the triangle is equilateral. 

 
5) In ઢ࡯࡮࡭ the following inequality holds: 

૛ ቀ
࢘
ࡾ
ቁ
૛
≤෍

૚

૛ܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛
ܜܗ܋ ࡯

૛

≤
ࡾ
૝࢘ 

Marin Chirciu  
Solution: LHS inequality. Using Bergström’s inequality obtain: 

෍
1

cotଶ ஺
ଶ

+ cot ஻
ଶ

cot ஼
ଶ

≥
9

∑ቀcotଶ ஺
ଶ

+ cot ஻
ଶ

cot ஼
ଶ
ቁ

=
9

∑ cotଶ ஺
ଶ

+ ∑ cot ஻
ଶ

cot ஼
ଶ

= 

= ଽ
ೞమషమೝమషఴೃೝ

ೝమ ାరೃశೝೝ

= ଽ௥మ

௦మି௥మିସோ௥
≥
(ଵ) ଶ௥మ

ோమ
, where (1) ⇔ ଶݏ2 ≤ 9ܴଶ + ݎ8ܴ + ଶݎ2 , which follows 

from Gerretsen’s inequality ݏଶ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 . It remains to prove: 
2(4ܴଶ + ݎ4ܴ + (ଶݎ3 ≤ 9ܴଶ + ݎ8ܴ + ଶݎ2 ⇔ ܴଶ ≥ ଶݎ4 , obviously from Euler’s inequality 

ܴ ≥  :Above we’ve used the known inequalities in triangle .ݎ2
∑ cotଶ ஺

ଶ
= ௦మିଶ௥మି଼ோ௥

௥మ
 and ∑ cot ஻

ଶ
cot ஼

ଶ
= ସோା௥

௥
. Equality holds if and only if the triangle is 

equilateral.  

RHS inequality. Using the means inequality cotଶ ஺
ଶ

+ cot ஻
ଶ

cot ஼
ଶ
≥ 2ටcotଶ ஺

ଶ
cot ஻

ଶ
cot ஼

ଶ
 we 

obtain that: ∑ ଵ

ୡ୭୲మಲమାୡ୭୲
ಳ
మ ୡ୭୲

಴
మ

≤ ∑ ଵ

ଶටୡ୭୲మಲమ ୡ୭୲
ಳ
మ ୡ୭୲

಴
మ

= ଵ

ଶට∏ୡ୭୲ಲమ

∑ ଵ

ටୡ୭୲ಲమ

≤
(ଵ) ோ

ସ௥
 where (1) 

⇔ ଵ

ට∏୲ୟ୬ಲమ

∑ ଵ

ට୲ୟ୬ಲమ

≤ ோ
ଶ௥

, which follows from CBS inequality ∑ ଵ

ටୡ୭୲ಲమ

≤ ට3∑ ଵ

ୡ୭୲ಲమ
 and the 

identites ∑ ଵ

ୡ୭୲ಲమ
= ସோା௥

௦
∏ cot ஺

ଶ
= ௦

௥
. We obtain  
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ଵ

ට∏ୡ୭୲ಲమ

∑ ଵ

ටୡ୭୲ಲమ

≤ ଵ

ටೞೝ

ට3 ⋅ ସோା௥
௦

= ට3 ⋅ ௥(ସோା௥)
௦మ

≤
(ଶ) ோ

ଶ௥
, where (2) 

⇔ ଶܴଶݏ ≥ ଷ(4ܴݎ12 + ଶݏ which follows from Gerretsen’s inequality ,(ݎ ≥ ݎ16ܴ − ଶݎ5 . It 
remains to prove that: 

ݎ16ܴ)  − ଶ)ܴଶݎ5 ≥ ଷ(4ܴݎ12 + (ݎ ⇔ 16ܴଷ − 5ܴଶݎ − ଶݎ48ܴ − ଷݎ12 ⇔ 
⇔ (ܴ − 16ܴଶ)(ݎ2 + ݎ27ܴ + (ଶݎ6 ≥ 0, obviously from Euler’s inequality ܴ ≥  Equality .ݎ2

holds if and only if the triangle is equilateral. 
REFERENCE: 
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

 

ABOUT AN INEQUALITY BY HOANG LE NHAT TUNG-I 

By Marin Chirciu-Romania 

1.Let ࢈,ࢇ, ࢉ > 0 such that (ࢇ + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ = ૚. Find the minimum value of 
expression 

ࡼ =
ࢇ

+࢈)࢈ ૛ࢇ)(ࢉ+ ૜ࢉ)૛ +
࢈

+ࢉ)ࢉ ૛࢈)(ࢇ+ ૜ࢇ)૛ +
ࢉ

ࢇ)ࢇ + ૛ࢉ)(࢈+ ૜࢈)૛ 

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam 
Solution by Marin Chirciu-Romania 

ܲ = ෍
ܽ

ܾ(ܾ + 2ܿ)(ܽ + 3ܿ)ଶ
௖௬௖

= ෍
ቀ ௔
௔ାଷ௖

ቁ
ଶ

ܾܽ(ܾ + 2ܿ)
௖௬௖

≥
஻஼ௌ ቀ∑ ௔

௔ାଷ௖௖௬௖ ቁ
ଶ

∑ ܾܽ(ܾ + 2ܿ)௖௬௖
≥
(ଵ)

 

≥
ቀయరቁ

మ

∑ ௔మ௕ା଺௔௕௖೎೤೎
≥
(ଶ) వ

భల
వ
ఴ

= ଵ
ଶ
.	Let’s proof inequality (1):  ∑ ௔

௔ାଷ௖௖௬௖ ≥ ଷ
ସ
 

෍
ܽ

ܽ + 3ܿ
௖௬௖

= ෍
ܽଶ

ܽଶ + 3ܽܿ
௖௬௖

≥
஻஼ௌ ൫∑ ܽ௖௬௖ ൯

ଶ

∑ (ܽଶ௖௬௖ + 3ܽܿ) =
∑ ܽଶ௖௬௖ + 2∑ ܾܿ௖௬௖

∑ ܽଶ௖௬௖ + 3∑ ܾܿ௖௬௖
≥
(ଷ) 3

4 

Where (3) ⇔ ∑ ܽଶ௖௬௖ ≥ ∑ ܾܿ௖௬௖ ⇔ ∑ (ܾ − ܿ)ଶ௖௬௖ ≥ 0	true, with equality when ܽ = ܾ = ܿ. 
Let’s proof inequality (2): ∑ ܽଶܾ + 6ܾܽܿ௖௬௖ ≤ ଽ

଼
 

From AM-GM we have: ܽ + ܾ ≥ 2√ܾܽ and analogously, then 
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≥ 8ܾܽܿ	and from (ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) = 1 we get 

 ܾܽܿ ≤ ଵ
଼

; 		(4) with equality for ܽ = ܾ = ܿ = ଵ
ଶ
.Now,  

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) = (ܽ + ܾ)(ܾ+ ܿ)(ܿ + ܽ) + ܾܽܿ = 1 + ܾܽܿ ≤
(ସ)

1 +
1
8 =

9
8 

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) ≤
9
8 ⇔෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≤
9
8 ; 		(5) 

Applying again AM-GM, we have ∑ ܽଶܾ௖௬௖ ≥ 3ܾܽܿ, then from (5) it follows that 
9
8 ≥෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≥෍ܾܽଶ
௖௬௖

+ 3ܾܽܿ + 3ܾܽܿ = ෍ܾܽଶ
௖௬௖

+ 6ܾܽܿ 

Hence ∑ ܾܽଶ௖௬௖ + 6ܾܽܿ ≤ ଽ
଼
.	From (1),(2) it follows that ܲ ≥ ଵ

ଶ
. 

So, minimum of expression ܲ = ∑ ௔
௕(௕ାଶ௖)(௔ାଷ௖)మ௖௬௖  is ଵ

ଶ
 attained for ܽ = ܾ = ܿ = ଵ

ଶ
. 
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2. Let ࢈,ࢇ, ࢉ > 0 such that (ࢇ + +࢈)(࢈ ࢉ)(ࢉ + (ࢇ = ૚ and ࣅ ≥ ૛. Find the minimum value 
of expression 

ࡼ =
ࢇ

+࢈)࢈ ૛ࢇ)(ࢉ+ ૛(ࢉࣅ +
࢈

+ࢉ)ࢉ ૛࢈)(ࢇ+ ૛(ࢇࣅ +
ࢉ

ࢇ)ࢇ + ૛ࢉ)(࢈+  ૛(࢈ࣅ

Marin Chirciu 
Solution by proposer 

ܲ = ෍
ܽ

ܾ(ܾ + 2ܿ)(ܽ + ଶ(ܿߣ
௖௬௖

= ෍
ቀ ௔
௔ାఒ௖

ቁ
ଶ

ܾܽ(ܾ + 2ܿ)
௖௬௖

≥
஻஼ௌ ቀ∑ ௔

௔ାఒ௖௖௬௖ ቁ
ଶ

∑ ܾܽ(ܾ + 2ܿ)௖௬௖
≥
(ଵ)

 

≥
ቀ ଷ
ఒାଵ

ቁ
ଶ

∑ ܽଶܾ + 6ܾܽܿ௖௬௖
≥
(ଶ)

ଽ
(ఒାଵ)మ

ଽ
଼

=
8

ߣ) + 1)ଶ. 

Let’s proof inequality (1):  ∑ ௔
௔ାఒ௖௖௬௖ ≥ ଷ

ఒାଵ
 

෍
ܽ

ܽ + ܿߣ
௖௬௖

= ෍
ܽଶ

ܽଶ + ܿܽߣ
௖௬௖

≥
஻஼ௌ ൫∑ ܽ௖௬௖ ൯

ଶ

∑ (ܽଶ௖௬௖ + (ܿܽߣ =
∑ ܽଶ௖௬௖ + 2∑ ܾܿ௖௬௖

∑ ܽଶ௖௬௖ + ߣ ∑ ܾܿ௖௬௖
≥
(ଷ) 3

4 

Where (3) ⇔ ߣ) − 2)∑ ܽଶ௖௬௖ ≥ ߣ) − 2)∑ ܾܿ௖௬௖ ⇔ ߣ) − 2)∑ (ܾ − ܿ)ଶ௖௬௖ ≥ 0	true for 
ߣ ≥ 2	 and ∑ (ܾ − ܿ)ଶ ≥ 0	௖௬௖ , with equality when ܽ = ܾ = ܿ. 

Let’s proof inequality (2): ∑ ܽଶܾ + 6ܾܽܿ௖௬௖ ≤ ଽ
଼
 

From AM-GM we have: ܽ + ܾ ≥ 2√ܾܽ and analogously, then 
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≥ 8ܾܽܿ	and from (ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) = 1 we get 

 ܾܽܿ ≤ ଵ
଼

; 		(4) with equality for ܽ = ܾ = ܿ = ଵ
ଶ
.Now,  

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) = (ܽ + ܾ)(ܾ+ ܿ)(ܿ + ܽ) + ܾܽܿ = 1 + ܾܽܿ ≤
(ସ)

1 +
1
8 =

9
8 

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) ≤
9
8 ⇔෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≤
9
8 ; 		(5) 

Applying again AM-GM, we have ∑ ܽଶܾ௖௬௖ ≥ 3ܾܽܿ, then from (5) it follows that 
9
8 ≥෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≥෍ܾܽଶ
௖௬௖

+ 3ܾܽܿ + 3ܾܽܿ = ෍ܾܽଶ
௖௬௖

+ 6ܾܽܿ 

Hence ∑ ܾܽଶ௖௬௖ + 6ܾܽܿ ≤ ଽ
଼
.	From (1),(2) it follows that ܲ ≥ ଼

(ఒାଵ)మ
. 

So, minimum of expression ܲ = ∑ ௔
௕(௕ାଶ௖)(௔ାఒ௖)మ௖௬௖  is ଼

(ఒାଵ)మ
 attained for ܽ = ܾ = ܿ = ଵ

ଶ
. 

 
Note: For ࣅ = ૛ we get problem SP.304 from Number 22-RMM Autumn Edition 2021, 
proposed by Hoang Le Nhat Tung, Hanoi, Vietnam. 

 
3. Let ࢈,ࢇ, ࢉ > 0 such that (ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ = ૚ and ࣅ ≥ ૛,ࣆ ≥ ૛. Find the 
minimum value of expression 

ࡼ =
ࢇ

+࢈)࢈ +ࢇ)(ࢉࣆ ૛(ࢉࣅ +
࢈

+ࢉ)ࢉ +࢈)(ࢇࣆ ૛(ࢇࣅ +
ࢉ

+ࢇ)ࢇ +ࢉ)(࢈ࣆ  ૛(࢈ࣅ

Marin Chirciu 
Solution by proposer 
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ܲ = ෍
ܽ

ܾ(ܾ + ܽ)(ܿߤ + ଶ(ܿߣ
௖௬௖

= ෍
ቀ ௔
௔ାఒ௖

ቁ
ଶ

ܾܽ(ܾ + (ܿߤ
௖௬௖

≥
஻஼ௌ ቀ∑ ௔

௔ାఒ௖௖௬௖ ቁ
ଶ

∑ ܾܽ(ܾ + ௖௬௖(ܿߤ
≥
(ଵ)

 

≥
ቀ ଷ
ఒାଵ

ቁ
ଶ

∑ ܽଶܾ + ௖௬௖ܾܿܽߤ3
≥
(ଶ)

ଽ
(ఒାଵ)మ
ଷ(ఓାଵ)

଼

=
24

ߤ) + ߣ)(1 + 1)ଶ. 

Let’s proof inequality (1):  ∑ ௔
௔ାఒ௖௖௬௖ ≥ ଷ

ఒାଵ
 

෍
ܽ

ܽ + ܿߣ
௖௬௖

= ෍
ܽଶ

ܽଶ + ܿܽߣ
௖௬௖

≥
஻஼ௌ ൫∑ ܽ௖௬௖ ൯

ଶ

∑ (ܽଶ௖௬௖ + (ܿܽߣ =
∑ ܽଶ௖௬௖ + 2∑ ܾܿ௖௬௖

∑ ܽଶ௖௬௖ + ߣ ∑ ܾܿ௖௬௖
≥
(ଷ) 3

4 

Where (3) ⇔ ߣ) − 2)∑ ܽଶ௖௬௖ ≥ ߣ) − 2)∑ ܾܿ௖௬௖ ⇔ ߣ) − 2)∑ (ܾ − ܿ)ଶ௖௬௖ ≥ 0	true for 
ߣ ≥ 2	 and ∑ (ܾ − ܿ)ଶ ≥ 0	௖௬௖ , with equality when ܽ = ܾ = ܿ. 

Let’s proof inequality (2): ∑ ܽଶܾ + ௖௬௖ܾܿܽߤ3 ≤ ଷ(ఓାଵ)
଼

 

From AM-GM we have: ܽ + ܾ ≥ 2√ܾܽ and analogously, then 
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≥ 8ܾܽܿ	and from (ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) = 1 we get 

 ܾܽܿ ≤ ଵ
଼

; 		(4) with equality for ܽ = ܾ = ܿ = ଵ
ଶ
.	Now,  

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) = (ܽ + ܾ)(ܾ+ ܿ)(ܿ + ܽ) + ܾܽܿ = 1 + ܾܽܿ ≤
(ସ)

1 +
1
8 =

9
8 

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) ≤
9
8 ⇔෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≤
9
8 ; 		(5) 

Applying again AM-GM, we have ∑ ܽଶܾ௖௬௖ ≥ 3ܾܽܿ, then from (5) it follows that 
9
8 ≥෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≥෍ܾܽଶ
௖௬௖

+ 3ܾܽܿ + 3ܾܽܿ = ෍ܾܽଶ
௖௬௖

+ 6ܾܽܿ 

Hence ∑ ܾܽଶ௖௬௖ + 6ܾܽܿ ≤ ଽ
଼

; (6) 

∑ ܽଶܾ௖௬௖ + ܾܿܽߤ3 ≤ ଷ(ఓାଵ)
଼

 true from (6) and (4), for ߤ ≥ 2 we get (2). 

From (1),(2) it follows that ܲ ≥ ଶସ
(ఓାଵ)(ఒାଵ)మ

. 

So, minimum of expression ܲ = ∑ ௔
௕(௕ାఓ௖)(௔ାఒ௖)మ௖௬௖  is ଶସ

(ఓାଵ)(ఒାଵ)మ
 attained for  

ܽ = ܾ = ܿ =
1
2. 

 
4. Let ࢈,ࢇ, ࢉ > 0 such that (ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ = ૚ and ࣅ ≥ ૛,࢔ ∈ ℕ∗. Find the 
minimum value of expression 

ࡼ =
࢔ࢇ

࢈)࢈ + ૛ࢇ)(ࢉ+ ା૚࢔(ࢉࣅ +
࢔࢈

ࢉ)ࢉ + ૛࢈)(ࢇ + ା૚࢔(ࢇࣅ +
࢔ࢉ

+ࢇ)ࢇ ૛ࢉ)(࢈+  ା૚࢔(࢈ࣅ

Marin Chirciu 
Solution by proposer 

ܲ = ෍
ܽ௡

ܾ(ܾ + 2ܿ)(ܽ+ ௡ାଵ(ܿߣ
௖௬௖

= ෍
ቀ ௔
௔ାఒ௖

ቁ
௡ାଵ

ܾܽ(ܾ + 2ܿ)
௖௬௖

≥
ு௢௟ௗ௘௥ ቀ∑ ௔

௔ାఒ௖௖௬௖ ቁ
௡ାଵ

3௡ିଵ ∑ ܾܽ(ܾ + 2ܿ)௖௬௖
≥
(ଵ)
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≥
ቀ ଷ
ఒାଵ

ቁ
௡ାଵ

3௡ିଵ ∑ ܽଶܾ + 6ܾܽܿ௖௬௖
≥
(ଶ)

ଽ
(ఒାଵ)೙శభ

ଽ
଼

=
8

ߣ) + 1)௡ାଵ. 

Let’s proof inequality (1):  ∑ ௔
௔ାఒ௖௖௬௖ ≥ ଷ

ఒାଵ
 

෍
ܽ

ܽ + ܿߣ
௖௬௖

= ෍
ܽଶ

ܽଶ + ܿܽߣ
௖௬௖

≥
஻஼ௌ ൫∑ ܽ௖௬௖ ൯

ଶ

∑ (ܽଶ௖௬௖ + (ܿܽߣ =
∑ ܽଶ௖௬௖ + 2∑ ܾܿ௖௬௖

∑ ܽଶ௖௬௖ + ߣ ∑ ܾܿ௖௬௖
≥
(ଷ) 3

4 

Where (3) ⇔ ߣ) − 2)∑ ܽଶ௖௬௖ ≥ ߣ) − 2)∑ ܾܿ௖௬௖ ⇔ ߣ) − 2)∑ (ܾ − ܿ)ଶ௖௬௖ ≥ 0	true for 
ߣ ≥ 2	 and ∑ (ܾ − ܿ)ଶ ≥ 0	௖௬௖ , with equality when ܽ = ܾ = ܿ. 

Let’s proof inequality (2): ∑ ܽଶܾ + 6ܾܽܿ௖௬௖ ≤ ଽ
଼
 

From AM-GM we have: ܽ + ܾ ≥ 2√ܾܽ and analogously, then 
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≥ 8ܾܽܿ	and from (ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) = 1 we get 

 ܾܽܿ ≤ ଵ
଼

; 		(4) with equality for ܽ = ܾ = ܿ = ଵ
ଶ
.	Now,  

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) = (ܽ + ܾ)(ܾ+ ܿ)(ܿ + ܽ) + ܾܽܿ = 1 + ܾܽܿ ≤
(ସ)

1 +
1
8 =

9
8 

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) ≤
9
8 ⇔෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≤
9
8 ; 		(5) 

Applying again AM-GM, we have ∑ ܽଶܾ௖௬௖ ≥ 3ܾܽܿ, then from (5) it follows that 
9
8 ≥෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≥෍ܾܽଶ
௖௬௖

+ 3ܾܽܿ + 3ܾܽܿ = ෍ܾܽଶ
௖௬௖

+ 6ܾܽܿ 

Hence ∑ ܾܽଶ௖௬௖ + 6ܾܽܿ ≤ ଽ
଼
.	From (1),(2) it follows that ܲ ≥ ଼

(ఒାଵ)೙శభ
. 

So, minimum of expression ܲ = ∑ ௔
௕(௕ାଶ௖)(௔ାఒ௖)మ௖௬௖  is ଼

(ఒାଵ)೙శభ
 attained for ܽ = ܾ = ܿ = ଵ

ଶ
. 

Note. For ࢔ = ૚, ࣅ = ૛ we get problem SP.304 from Number 22-RMM Autumn Edition 
2021, proposed by Hoang Le Nhat Tung-Hanoi-Vietnam. 

 
5. Let ࢈,ࢇ, ࢉ > 0 such that (ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ = ૚ and ࣅ ≥ ૛,ࣆ ≥ ૛. Find the 
minimum value of expression 

ࡼ =
࢔ࢇ

࢈)࢈ + +ࢇ)(ࢉࣆ ା૚࢔(ࢉࣅ +
࢔࢈

ࢉ)ࢉ + ࢈)(ࢇࣆ + ା૚࢔(ࢇࣅ +
࢔ࢉ

+ࢇ)ࢇ +ࢉ)(࢈ࣆ  ା૚࢔(࢈ࣅ

Marin Chirciu 
Solution by proposer 

ܲ = ෍
ܽ௡

ܾ(ܾ + +ܽ)(ܿߤ ௡ାଵ(ܿߣ
௖௬௖

= ෍
ቀ ௔
௔ାఒ௖

ቁ
௡ାଵ

ܾܽ(ܾ + (ܿߤ
௖௬௖

≥
ு௢௟ௗ௘௥ ቀ∑ ௔

௔ାఒ௖௖௬௖ ቁ
௡ାଵ

3௡ିଵ ∑ ܾܽ(ܾ + ௖௬௖(ܿߤ
≥
(ଵ)

 

≥
ቀ ଷ
ఒାଵ

ቁ
௡ାଵ

3௡ିଵ ∑ ܽଶܾ + ௖௬௖ܾܿܽߤ3
≥
(ଶ)

ଽ
(ఒାଵ)೙శభ
ଷ(ఓାଵ)

଼

=
24

ߤ) + ߣ)(1 + 1)௡ାଵ . 

Let’s proof inequality (1):  ∑ ௔
௔ାఒ௖௖௬௖ ≥ ଷ

ఒାଵ
 

෍
ܽ

ܽ + ܿߣ
௖௬௖

= ෍
ܽଶ

ܽଶ + ܿܽߣ
௖௬௖

≥
஻஼ௌ ൫∑ ܽ௖௬௖ ൯

ଶ

∑ (ܽଶ௖௬௖ + (ܿܽߣ =
∑ ܽଶ௖௬௖ + 2∑ ܾܿ௖௬௖

∑ ܽଶ௖௬௖ + ߣ ∑ ܾܿ௖௬௖
≥
(ଷ) 3

4 



Romanian Mathematical Society-Mehedinți Branch 2022 
 

16 ROMANIAN MATHEMATICAL MAGAZINE NR. 33 
 

Where (3) ⇔ ߣ) − 2)∑ ܽଶ௖௬௖ ≥ ߣ) − 2)∑ ܾܿ௖௬௖ ⇔ ߣ) − 2)∑ (ܾ − ܿ)ଶ௖௬௖ ≥ 0	true for 
ߣ ≥ 2	 and ∑ (ܾ − ܿ)ଶ ≥ 0	௖௬௖ , with equality when ܽ = ܾ = ܿ. 

Let’s proof inequality (2): ∑ ܽଶܾ + ௖௬௖ܾܿܽߤ3 ≤ ଷ(ఓାଵ)
଼

 

From AM-GM we have: ܽ + ܾ ≥ 2√ܾܽ and analogously, then 
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≥ 8ܾܽܿ	and from (ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) = 1 we get 

 ܾܽܿ ≤ ଵ
଼

; 		(4) with equality for ܽ = ܾ = ܿ = ଵ
ଶ
.	Now,  

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) = (ܽ + ܾ)(ܾ+ ܿ)(ܿ + ܽ) + ܾܽܿ = 1 + ܾܽܿ ≤
(ସ)

1 +
1
8 =

9
8 

(ܽ + ܾ + ܿ)(ܾܽ+ ܾܿ + ܿܽ) ≤
9
8 ⇔෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≤
9
8 ; 		(5) 

Applying again AM-GM, we have ∑ ܽଶܾ௖௬௖ ≥ 3ܾܽܿ, then from (5) it follows that 
9
8 ≥෍ܾܽଶ

௖௬௖

+ ෍ܽଶܾ
௖௬௖

+ 3ܾܽܿ ≥෍ܾܽଶ
௖௬௖

+ 3ܾܽܿ + 3ܾܽܿ = ෍ܾܽଶ
௖௬௖

+ 6ܾܽܿ 

Hence ∑ ܾܽଶ௖௬௖ + 6ܾܽܿ ≤ ଽ
଼

; (6) 

∑ ܽଶܾ௖௬௖ + ܾܿܽߤ3 ≤ ଷ(ఓାଵ)
଼

 true from (6) and (4), for ߤ ≥ 2 we get (2). 

From (1),(2) it follows that ܲ ≥ ଶସ
(ఓାଵ)(ఒାଵ)೙శభ

. 

So, minimum of expression ܲ = ∑ ௔೙

௕(௕ାఓ௖)(௔ାఒ௖)೙శభ௖௬௖  is ଶସ
(ఓାଵ)(ఒାଵ)೙శభ

 attained for  

ܽ = ܾ = ܿ =
1
2. 

 
Note. For ࢔ = ૚, ࣅ = ૜,ࣆ = ૛ we get problem SP.304 from RMM Autumn Edition 2021, 
proposed by Hoang Le Nhat-Hanoi-Vietnam 
Reference: 
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 
 

OPPENHEIM’S INEQUALITY REVISITED 

By Bogdan Fuștei-Romania 

NOTE BY EDITOR: In his unmistakable style with which the author has accustomed us in the 
previous articles in this paper is approached the famous Oppenheim  inequality in triangle. 
The author provides an interesting generalization and numerous applications with 
inequalities and identities that result from it. I notice once again the way in which the author 
presents his thought process in its entire evolution for obtaining the results-fact that makes 
the article extremely useful also from a methodical perspective. 
 
Let  ࡹ−be any point in euclidian space and ࢞,࢟, ࢠ ∈ ℝ. In  ∆࡯࡮࡭	holds: 

(࢞ + ࢟ + ૛࡭ࡹ࢞)(ࢠ + ૛࡮ࡹ࢟ + (૛࡯ࡹࢠ ≥ ૛ࢇࢠ࢟ + ૛࢈࢞ࢠ +  ૛ࢉ࢟࢞
Proof: We have:  ܣܯݔሬሬሬሬሬሬ⃗ + ሬሬሬሬሬሬ⃗ܤܯݕ + ሬሬሬሬሬሬ⃗ܥܯݖ ≥ 0 then: 

ଶܣܯଶݔ + ଶܤܯଶݕ + ଶܥܯଶݖ + ሬሬሬሬሬሬ⃗ܣܯݕݔ2 ∙ ሬሬሬሬሬሬ⃗ܤܯ + ሬሬሬሬሬሬ⃗ܤܯݖݕ2 ∙ ሬሬሬሬሬሬ⃗ܥܯ + ሬሬሬሬሬሬ⃗ܥܯݔݖ2 ∙ ሬሬሬሬሬሬ⃗ܣܯ ≥ 0 
ଶܣܯଶݔ + ଶܤܯଶݕ + ଶܥܯଶݖ + ଶܣܯ)ݕݔ + ଶܤܯ − (ଶܤܣ + ଶܤܯ)ݖݕ + ଶܥܯ − (ଶܥܤ

+ ଶܥܯ)ݔݖ + ଶܣܯ − (ଶܥܣ ≥ 0 
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ݔ)ݔ + ݕ + ଶܣܯ(ݖ + ݔ)ݕ + ݕ + ଶܤܯ(ݖ + ݔ)ݖ + ݕ + ଶܥܯ(ݖ ≥ ଶܽݖݕ + ଶܾݔݖ +  ଶܿݕݔ
ݔ) + ݕ + ଶܣܯݔ)(ݖ + ଶܤܯݕ + (ଶܥܯݖ ≥ ଶܽݖݕ + ଶܾݔݖ +  ଶܿݕݔ

If we take ܯ = 0 then ܱܣ = ܤܱ = ܥܱ = ܴ then we have that: 
ݔ) + ݕ + ଶܴଶ(ݖ ≥ ଶܽݖݕ	 + ଶܾݔݖ +  (࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔ࡵ	ᇱ࢙ࢇ࢓ࢋ࢚࢚࢕࡮)	ଶܿݕݔ

Let be ݕ,ݔ, ݖ ∈ ℝା; ݔ = ܽଶݔଵ, ݕ = ܾଶݕଵ, ݖ = ܿଶݖଵ; ,ଵݕ,ଵݔ	 ଵݖ ∈ ℝା then follows: 
(ܽଶݔଵ + ܾଶݕଵ + ܿଶݖଵ)ଶܴଶ ≥ ܽଶܾଶܿଶ(ݔଵݕଵ + ଵݖଵݕ + ܾܿܽ ଵ) and fromݔଵݖ = 4ܴܵ we get: 
ܽଶݔଵ + ܾଶݕଵ + ܿଶݖଵ ≥ 4ܵඥݔଵݕଵ + ଵݖଵݕ +  ଵ (Oppenheim-Băndilă-Chiriță)ݔଵݖ
In ܣଵܤଵܥଵ with sides ܽଵ = √ܽ, ܾଵ = √ܾ, ܿଵ = √ܿ the following relationship holds: 

ଵݔܽ + ଵݕܾ + ଵݖܿ ≥ 4ܵଵඥݔଵݕଵ + ଵݖଵݕ +  ଵݔଵݖ

16ܵଶ = 2෍ܽଶܾଶ − (ܽସ + ܾସ + ܿସ)
௖௬௖

⇒ 16ܵଵଶ = 2(ܾܽ + ܾܿ + ܿܽ) − (ܽଶ + ܾଶ + ܿଶ) 

ܾܽ + ܾܿ + ܿܽ = ଶݏ + ݎ4ܴ + ;ଶݎ 	ܽଶ + ܾଶ + ܿଶ = ଶݏ)2 − ݎ4ܴ −  ଶ) it followsݎ

16ܵଵଶ = 4ܴ)ݎ4 + (ݎ ⇒ 4ܵଵଶ = 4ܴ)ݎ + (ݎ ⇒ ܵଵ =
1
2ඥ4ܴ)ݎ +  (ݎ

So, we get:  ܽݔଵ + ଵݕܾ + ଵݖܿ ≥ 2ඥ4ܴ)ݎ + ଵݕଵݔ)(ݎ + ଵݖଵݕ +  (ଵݔଵݖ

But 4ܴ + ݎ ≥ ට4ݏ − ଶ௥
ோ
	 which follows from ݏଶ ≤ ோ(ସோା௥)మ

ଶ(ଶோି௥)
 .(࢔࢕ࢊ࢔࢛࢒࡮)	

Therefore, 

ଵݔܽ + ଵݕܾ + ଵݖܿ ≥ 2ඩܵඨ4 −
ݎ2
ܴ

ଵݕଵݔ) + ଵݖଵݕ +  (ଵݔଵݖ

Let be: ݔଵ = ௫
௔

, ଵݕ = ௬
௕

, ଵݖ = ௭
௖

; ,ݔ ,ݕ ݖ > 0 then follows 

ݔ + ݕ + ݖ ≥ 2ඩܵඨ4 −
ݎ2
ܴ
ቀ
ݕݔ
ܾܽ +

ݖݕ
ܾܿ +

ݖݔ
ܽܿ
ቁ 

ܵ =
ܥ݊݅ݏܾܽ

2 =
ܣ݊݅ݏܾܿ

2 =
ܤ݊݅ݏܿܽ

2  

ݔ) + ݕ + ଶ(ݖ ≥ 4ܵඨ4 −
ݎ2
ܴ
∙෍

ݕݔ
ܾܽ

௖௬௖

= ඨ4−
ݎ2
ܴ
∙෍

ݕݔ
ܾܽ

∙ ܥ݊݅ݏ2ܾܽ
௖௬௖

= ඨ4−
ݎ2
ܴ
∙ 2෍ܥ݊݅ݏݕݔ

௖௬௖

 

In ∆࡯࡮࡭; ࢞,࢟, ࢠ > 0 the following relationship holds: 

(࢞ + ࢟ + ૛(ࢠ ≥ ૛ඨ૝ −
૛࢘
ࡾ

+࡭࢔࢏࢙ࢠ࢟) +࡮࢔࢏࢙࢞ࢠ  (࢔࢕࢏࢚ࢇࢠ࢏࢒ࢇ࢘ࢋ࢔ࢋࢍ	࢓࢏ࢋࢎ࢔ࢋ࢖࢖ࡻ)	(࡯࢔࢏࢙࢟࢞

Proof. 
We prove it that: ܽݔଵ + ଵݕܾ + ଵݖܿ ≥ 2ඥ4ܴ)ݎ + ଵݕଵݔ)(ݎ + ଵݖଵݕ + ଵݕ,ଵݔ;(ଵݔଵݖ , ଵݖ > 0 
Let be:  ݔଵ = ௫

௔
ଵݕ, = ௬

௕
, ଵݖ = ௭

௖
; ,ݔ ,ݕ ݖ > 0 then 

ݔ) + ݕ + ଶ(ݖ

௔ݎ + ௕ݎ + ௖ݎ
≥ ݎ4 ቀ

ݕݔ
ܾܽ +

ݖݕ
ܾܿ +

ݔݖ
ܿܽ
ቁ 

But ݊ܽݐ ஺
ଶ

= ௥ೌ
௦
;(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)	 ௔ݎ	 + ௕ݎ + ௖ݎ = 4ܴ +  :so we get ,ݎ

ݔ) + ݕ + ଶ(ݖ ≥ ܴ)ݎ4 + (ݎ ቀ௫௬
௔௕

+ ௬௭
௕௖

+ ௭௫
௖௔
ቁ hence (ݔ + ݕ + ଶ(ݖ ≥ ସௌ(ସோା௥)

௦
ቀ௫௬
௔௕

+ ௬௭
௕௖

+ ௭௫
௖௔
ቁ and 
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ݔ) + ݕ + ଶ(ݖ ≥෍݊ܽݐ
ܣ
2

௖௬௖

∙෍ ܥ݊݅ݏ2ܾܽ ∙
ݕݔ
ܾܽ

௖௬௖

 

Therefore: (ݔ + ݕ + ଶ(ݖ ≥ ܥ݊݅ݏݕݔ)2 + ܤ݊݅ݏݖݔ + ∑(ܣ݊݅ݏݖݕ ݊ܽݐ ஺
ଶ௖௬௖  

For ݔ, ,ݕ ݖ > 0 we have ܽݔ + ݕܾ + ݖܿ ≥ 2ඥ4ܴ)ݎ + ݕݔ)(ݎ + ݖݕ + ݔ and put (ݔݖ = ௕
௔

, 
ݕ = ௖

௕
, ݖ = ௔

௖
 we get: 

ܽ ∙
ܾ
ܽ + ܾ ∙

ܿ
ܾ + ܿ ∙

ܽ
ܿ ≥ 2ඨ4ܴ)ݎ + (ݎ ൬

ܾ
ܽ ∙

ܿ
ܾ +

ܾ
ܽ ∙

ܽ
ܿ +

ܿ
ܾ ∙

ܽ
ܿ൰ ⇔ 

ݏ2 ≥ 2ඨ4ܴ)ݎ + (ݎ ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ⇔ ݏ ≥ ඨ4ܴ)ݎ + (ݎ ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ 

But 4ܴ + ݎ ≥ ݏ then 3√ݏ ≥ ට3√ݏݎ ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ and hence 

ݏ ≥ 3√ݎ ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰

࢛࢏ࡹ	࢔ࢇ࢏࢚࢙࢏࢘࡯	࢔࢕ࡵ) −  (ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ	࢚࢔ࢋ࢓ࢋ࢔࢏ࢌࢋ࢘

How 4ܴ + ݎ ≥ ට4ݏ − ଶ௥
ோ

 then we have: ݏ ≥ ට4ݎ − ଶ௥
ோ
ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ and from 

ଶݏ ≥ 4ܴ)ݎ + (ݎ ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ we get: ௦

௥
≥ ସோା௥

௦
ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ and with ݎ௔ = ݏ ∙ ݊ܽݐ ஺

ଶ
 follows 

that: ௦
௥
≥ ቀ௔

௕
+ ௕

௖
+ ௖

௔
ቁ ቀ݊ܽݐ ஺

ଶ
+ ݊ܽݐ ஻

ଶ
+ ݊ܽݐ ஼

ଶ
ቁ. 

From ܿݐ݋ ஺
ଶ

+ ݐ݋ܿ ஻
ଶ

+ ݐ݋ܿ ஼
ଶ

= ௦
௥
 we get a new inequality: 

࢚࢕ࢉ	 ࡭
૛

+ ࡮࢚࢕ࢉ
૛

+ ࢚࢕ࢉ ࡯
૛

࢔ࢇ࢚ ࡭
૛

+ ࢔ࢇ࢚ ࡮
૛

+ ࢔ࢇ࢚ ࡯
૛

≥
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
 ࢇ

From ܽݔ + ݕܾ + ݖܿ ≥ 2ඥ4ܴ)ݎ + ݕݔ)(ݎ + ݖݕ + ,ݕ,ݔ;(ݔݖ ݖ > 0 and for ݔ = ௖
௔

, ݕ = ௔
௕

, 

ݖ = ௕
௖
 we have: ܽ ∙ ௖

௔
+ ܾ ∙ ௔

௕
+ ܿ ∙ ௕

௖
≥ 2ට4ܴ)ݎ + (ݎ ቀ௖

௔
∙ ௔
௕

+ ௖
௔
∙ ௕
௖

+ ௔
௕
∙ ௕
௖
ቁ therefore, 

ݏ ≥ ට4ܴ)ݎ + (ݎ ቀ௔
௖

+ ௖
௕

+ ௕
௔
ቁ and from 4ܴ + ݎ ≥  :we get a new inequality 3√ݏ

࢙ ≥ ඨ࢙࢘√૜൬
ࢇ
ࢉ +

࢈
+ࢇ

ࢉ
 ൰࢈

From ݏଶ ≥ ଶݎ3 ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ ቀ௖

௕
+ ௕

௔
+ ௔

௖
ቁ follows:  ௦

మ

ଷ௥మ
≥ ቀ௔

௕
+ ௕

௖
+ ௖

௔
ቁ ቀ௖

௕
+ ௕

௔
+ ௔

௖
ቁ 

But 4ܴ + ݎ ≥ ට4ݏ − ଶ௥
ோ

 then: ݏ ≥ ට4 − ଶ௥
ோ
ቀ௔
௖

+ ௖
௕

+ ௕
௔
ቁ and from ݏ ≥ ට4ݎ − ଶ௥

ோ
ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ it 

follows: ௦
మ

௥మ
≥ ቀ4 − ଶ௥

ோ
ቁ ቀ௔

௕
+ ௕

௖
+ ௖

௔
ቁ ቀ௖

௕
+ ௕

௔
+ ௔

௖
ቁ. 

From ܽݔ + ݕܾ + ݖܿ ≥ 2ඥ4ܴ)ݎ + ݕݔ)(ݎ + ݖݕ + ,ݕ,ݔ;(ݔݖ ݖ > 0 and for ݔ = ௖
௔

, ݕ = ௔
௕

, 

ݖ = ௕
௖
 we get ݏ ≥ ට4ܴ)ݎ + (ݎ ቀ௖

௕
+ ௕

௔
+ ௔

௖
ቁ and hence 

ଶݏ ≥ 4ܴ)ݎ + ඨ൬(ݎ
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ ⇔

ݏ
ݎ ≥

4ܴ + ݎ
ݏ

ඨ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ 
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From ݎ௔ = ݏ ∙ ݊ܽݐ ஺
ଶ

௔ݎ	;(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) + ௕ݎ + ௖ݎ = 4ܴ + ;ݎ 	∑ ݐ݋ܿ ஺
ଶ௖௬௖ = ௦

௥
 we get: 

࡭࢚࢕ࢉ
૛

+ ࡮࢚࢕ࢉ
૛

+ ࢚࢕ࢉ ࡯
૛

࢔ࢇ࢚ ࡭
૛

+ ࢔ࢇ࢚ ࡮
૛

+ ࢔ࢇ࢚ ࡯
૛

≥ ඨ൬
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
൰ࢇ ൬

ࢉ
+࢈

࢈
ࢇ +

ࢇ
 ൰ࢉ

Similarly: 
࢚࢕ࢉ ࡭

૛
+ ࡮࢚࢕ࢉ

૛
+ ࢚࢕ࢉ ࡯

૛

࢔ࢇ࢚ ࡭
૛

+ ࢔ࢇ࢚ ࡮
૛

+ ࢔ࢇ࢚ ࡯
૛

≥
ࢉ
࢈ +

࢈
+ࢇ

ࢇ
 ࢉ

Now, ݉௔ ,݉௕ ,݉௖ it can be the lengths sides of on triangle by area ܵ௠ = ଷ
ସ
ܵ, semiperimeter 

௠ݏ = ௠ೌା௠್ା௠೎
ଶ

; 	ܵ௠ = ;௠ݏ௠ݎ ଷ
ସ
ܵ௠ = ௠ೌା௠್ା௠೎

ଶ
∙ ௠ݎ ⇒ ௠ݎ = ଷௌ

ଶ(௠ೌା௠್ା௠೎)
 

We have that: ݏ ≥ 3√ݎ ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ and ݏ ≥ 3√ݎ ቀ௖

௕
+ ௕

௔
+ ௔

௖
ቁ so, for ∆݉௔݉௕݉௖  we have: 

݉௔ + ݉௕ + ݉௖

2 ≥
3ܵ

2(݉௔ + ݉௕ + ݉௖)√3 ൬
݉௔

݉௕
+
݉௕

݉௖
+
݉௖

݉௔
൰ ⇔ 

ࢇ࢓) + ࢈࢓ + ૛(ࢉ࢓ ≥ ૜√૜ࡿ൬
ࢇ࢓

࢈࢓
+
࢈࢓

ࢉ࢓
+
ࢉ࢓

ࢇ࢓
൰ 

Similarly: 

(݉௔ + ݉௕ + ݉௖)ଶ ≥ 3√3ܵ ൬
݉௖

݉௕
+
݉௕

݉௔
+
݉௔

݉௖
൰ 

Therefore, we get a new inequality: 

ࢇ࢓) + ࢈࢓ + ૝(ࢉ࢓ ≥ ൫૜√૜ࡿ൯
૛
൬
ࢇ࢓

࢈࢓
+
࢈࢓

ࢉ࢓
+
ࢉ࢓

ࢇ࢓
൰ ൬
ࢉ࢓

࢈࢓
+
࢈࢓

ࢇ࢓
+
ࢇ࢓

ࢉ࢓
൰ 

and hence 
(݉௔ + ݉௕ + ݉௖)ଶ

3√3ܵ
≥ ඨ൬

݉௔

݉௕
+
݉௕

݉௖
+
݉௖

݉௔
൰ ൬
݉௖

݉௕
+
݉௕

݉௔
+
݉௔

݉௖
൰ 

We know that: 
ଶݏ = ݊௔ଶ + ௔ℎ௔ݎ2 ⇔ ଶݏ − ݊௔ଶ = ௔ℎ௔ݎ2 ⇔ 

ݏ) − ݊௔)(݊ + ݊௔) = ௔ℎ௔ݎ2 ⇔ ݏ − ݊௔ =
௔ℎ௔ݎ2
ݏ + ݊௔

⇔
ݏ − ݊௔
ℎ௔

=
௔ݎ2

ݏ + ݊௔
 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

1
ℎ௔

+
1
ℎ௕

+
1
ℎ௖

=
1
௔ݎ

+
1
௕ݎ

+
1
௖ݎ

=
1
 ݎ

ݏ
ݎ = ෍

݊௔
ℎ௔௖௬௖

+ 2෍
௔ݎ

ݏ + ݊௔௖௬௖

	ܽ݊݀	
ݏ
ݎ = ෍

݊௔
௔௖௬௖ݎ

+ 2෍
ℎ௔

ݏ + ݊௔௖௬௖

 

ݏ
ݎ ≥ √3 ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ܽ݊݀

ݏ
ݎ ≥ √3 ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ 

So, it follows that: 

෍
݊௔
ℎ௔௖௬௖

≥ √3 ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ − 2෍

௔ݎ
ݏ + ݊௔௖௬௖

	ܽ݊݀	෍
݊௔
ℎ௔௖௬௖

≥ √3 ൬
ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ − 2෍

௔ݎ
ݏ + ݊௔௖௬௖

 

෍
݊௔
௔௖௬௖ݎ

≥ √3 ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ − 2෍

ℎ௔
ݏ + ݊௔௖௬௖

	ܽ݊݀	෍
݊௔
௔௖௬௖ݎ

≥ √3 ൬
ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ − 2෍

ℎ௔
ݏ + ݊௔௖௬௖

 

࢙
࢘ ≥

ඨ૝ −
૛࢘
ࡾ ൬

ࢇ
࢈ +

࢈
ࢉ +

ࢉ
൰ࢇ ࢊ࢔ࢇ

࢙
࢘ ≥

ඨ૝ −
૛࢘
ࡾ ൬

ࢉ
+࢈

࢈
ࢇ +

ࢇ
 ൰ࢉ
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Therefore, 

෍
݊௔
ℎ௔௖௬௖

≥ ඨ4 −
ݎ2
ܴ
൬
ܽ
ܾ

+
ܾ
ܿ

+
ܿ
ܽ
൰ − 2෍

௔ݎ
ݏ + ݊௔௖௬௖

ܽ݊݀	෍
݊௔
ℎ௔௖௬௖

≥ ඨ4−
ݎ2
ܴ
൬
ܿ
ܾ

+
ܾ
ܽ

+
ܽ
ܿ
൰ − 2෍

௔ݎ
ݏ + ݊௔௖௬௖

 

෍
݊௔
௔௖௬௖ݎ

≥ ඨ4 −
ݎ2
ܴ
൬
ܽ
ܾ

+
ܾ
ܿ

+
ܿ
ܽ
൰ − 2෍

ℎ௔
ݏ + ݊௔௖௬௖

ܽ݊݀	෍
݊௔
௔௖௬௖ݎ

≥ ඨ4−
ݎ2
ܴ
൬
ܿ
ܾ

+
ܾ
ܽ

+
ܽ
ܿ
൰ − 2෍

ℎ௔
ݏ + ݊௔௖௬௖

 

Applying Jensen Inequality for function convex ݂(ݔ) = ݊ܽݐ ௫
ସ

, ݔ ∈ ቀ0, గ
ସ
ቁ we have: 

݊ܽݐ
ܣ
4 + ݊ܽݐ

ܤ
4 + ݊ܽݐ

ܥ
4 ≥ ቌ݊ܽݐ3

஺
ସ

+ ஻
ସ

+ ஼
ସ

3
ቍ ⇔ ݊ܽݐ

ܣ
4 + ݊ܽݐ

ܤ
4 + ݊ܽݐ

ܥ
4 ≥ ݊ܽݐ3

ߨ
12 

݊ܽݐ
ߨ

12 = ݊ܽݐ
1
2
ቀ	
ߨ
6
ቁ = 2 − √3; ݊ܽݐ

ݔ
2 =

1 − ݔݏ݋ܿ
ݔ݊݅ݏ ; ݐ݋ܿ

ݔ
2 =

1 + ݔݏ݋ܿ
ݔ݊݅ݏ  

ݏ݋ܿ
ܣ
2 =

ݏ − ܽ
ܫܣ

;(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ݊݅ݏ
ܣ
2 =

ݎ
ܫܣ

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

݊ܽݐ
ܣ
4 =

1 − ݏ݋ܿ ஺
ଶ

݊݅ݏ ஺
ଶ

=
1 − ௦ି௔

஺ூ
௥
஺ூ

=
ܫܣ + ܽ − ݏ

ܫܣ ∙
ܫܣ
ݎ =

ܫܣ + ܽ − ݏ
ݎ  

So, we have: ݊ܽݐ ஺
ସ

= ஺ூା௔ି௦
௥

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

෍࢚࢔ࢇ
࡭
૝

ࢉ࢟ࢉ

=
ࡵ࡭ + ࡵ࡮ + ࡵ࡯ + +ࢇ ࢈ + ࢉ − ૜࢙

࢘  

෍݊ܽݐ
ܣ
4

௖௬௖

=
ܫܣ + ܫܤ + ܫܥ − ݏ

ݎ ⇒
ܫܣ + ܫܤ + ܫܥ − ݏ

ݎ ≥
ݏ
ݎ + 3൫2 − √3൯ 

ݏ݋ܿ
ܤ − ܥ

2 = ൬
ܾ + ܿ
ܽ ൰ ݊݅ݏ

ܣ
2 	

;(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ݏ݋ܿ
ܤ − ܥ

2 =
ℎ௔
௔ݓ

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

ܫܣ
ݎ =

1
݊݅ݏ ஺

ଶ

(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ⇒
ℎ௔
௔ݓ

=
ܾ + ܿ
ܽ ∙

ݎ
 ܫܣ

ܾ + ܿ
ܽ =

ܾܽ + ܽܿ
ܽଶ ; ܾܿ = 2ܴℎ௔(ܽ݊݀	݈ܽ݊ܽݏ݃݋);	ܽଶ = 2ܴ ∙

ℎ௕ℎ௖
ℎ௔

 (ݏ݈݃݋ܽ݊ܽ	݀݊ܽ)

ܾ + ܿ
ܽ =

2ܴ(ℎ௕ + ℎ௖)

2ܴ ∙ ௛್௛೎
௛ೌ

= ℎ௔ ∙
ℎ௕ + ℎ௖
ℎ௕ℎ௖

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

ℎ௔
௔ݓ

= ℎ௔ ∙
ℎ௕ + ℎ௖
ℎ௕ℎ௖

∙
ݎ
ܫܣ ⇒

ܫܣ
ݎ =

௔ݓ
ℎ௕

+
௔ݓ
ℎ௖

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

Therefore, 
ࡵ࡭ + ࡵ࡮ + ࡵ࡯

࢘ = ෍
࢈࢝ + ࢉ࢝

ࢉ࢟ࢉࢇࢎ

≥
࢙
࢘ + ૜൫૛ − √૜൯ 

࢙
࢘ =

ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
+ ૛෍

ࢇ࢘
࢙ + ࢉ࢟ࢉࢇ࢔

 

So, we get a new inequality: 

෍
࢈࢝ + ࢉ࢝ − ࢇ࢔

ࢉ࢟ࢉࢇࢎ

≥ ૜൫૛ − √૜൯ + ૛෍
ࢇ࢘

࢙ + ࢉ࢟ࢉࢇ࢔

 

Now, 
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෍݊ܽݐ
ܣ
4

௖௬௖

=
ܫܣ + ܫܤ + ܫܥ − ݏ

ݎ = ෍
௕ݓ + ௖ݓ − ݊௔

ℎ௔௖௬௖

− 2෍
௔ݎ

ݏ + ݊௔௖௬௖

 

and from 

ݏ
ݎ ≥

4ܴ + ݎ
ݏ

ඨ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ ; 4ܴ + ݎ ≥ ඨ4ݏ −

ݎ2
ܴ  

So, we get a new inequality: 

࢙
࢘ ≥

ඨ൬૝ −
૛࢘
ࡾ ൰ ൬

ࢇ
࢈ +

࢈
ࢉ +

ࢉ
൰ࢇ ൬

ࢉ
+࢈

࢈
ࢇ +

ࢇ
 ൰ࢉ

Denote: 

ܳ = ඨ൬4 −
ݎ2
ܴ ൰ ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ ⇒෍݊ܽݐ

ܣ
4

௖௬௖

≤෍
௕ݓ + ௖ݓ
ℎ௔௖௬௖

− ܳ 

ݐ݋ܿ
ܣ
4 =

1 + ݏ݋ܿ ஺
ଶ

݊݅ݏ ஺
ଶ

=
1 + ௦ି௔

஺ூ

݊݅ݏ ஺
ଶ

=
ܫܣ + ݏ − ܽ

ܫܣ ∙
ܫܣ
ݎ =

ܫܣ + ݏ − ܽ
ݎ  

Hence, 

෍࢚࢕ࢉ
࡭
૝

ࢉ࢟ࢉ

=
ࡵ࡭ + ࡵ࡮ + ࡵ࡯ + ࢙

࢘  

So, we have the identity: 

෍࢚࢕ࢉ
࡭
૝

ࢉ࢟ࢉ

=
ࡵ࡭ + ࡵ࡮ + ࡵ࡯ + ࢙

࢘ = ෍
࢈࢝ + ࢉ࢝

ࢉ࢟ࢉࢇࢎ

+
࢙
࢘ 

Therefore, 

෍ܿݐ݋
ܣ
4

௖௬௖

≥ ܳ + ෍
௕ݓ + ௖ݓ
ℎ௔௖௬௖

+
ݏ
ݎ = ෍

݊௔
ℎ௔௖௬௖

+ 2෍
௔ݎ

ݏ + ݊௔௖௬௖

 

෍ܿݐ݋
ܣ
4

௖௬௖

= 2෍
௔ݎ

ݏ + ݊௔௖௬௖

+ ෍
௕ݓ + ௖ݓ − ݊௔

ℎ௔௖௬௖

 

Denote ࢇࡺ −Nagel point. Applying Van Aubel theorem, we have: 
ܣ ௔ܰ

݊௔ − ܣ ௔ܰ
=
ݏ − ܿ
ݏ − ܽ +

ݏ − ܾ
ݏ − ܽ =

ܽ
ݏ − ܽ ⇒

݊௔ − ܣ ௔ܰ

ܣ ௔ܰ
=
ݏ − ܽ
ܽ ⇒

݊௔
ܣ ௔ܰ

=
ݏ
ܽ

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

ܣ ௔ܰ =
ܽ݊௔
ݏ ; ݏ2 = ܽ + ܾ + ܿ ⇒ (ܽ + ܾ + ܣ(ܿ ௔ܰ = 2ܽ݊௔ ⇒ 

1 +
ܾ + ܿ
ܽ =

2݊௔
ܣ ௔ܰ

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

2ܵ = ܽℎ௔; 2ܵ = ݎݏ2 ⇒ ܽℎ௔ = ݎݏ2 ⇒
ℎ௔
ݎ =

ܽ + ܾ + ܿ
ܽ = 1 +

ܾ + ܿ
ܽ  

Then, we have:  ௛ೌ
ଶ௥

= ௡ೌ
஺ேೌ

 and hence (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)
ܣ ௔ܰ + ܤ ௔ܰ + ܥ ௔ܰ

ݎ2 =
݊௔
ℎ௔

+
݊௕
ℎ௕

+
݊௖
ℎ௖

 

ܣ ௔ܰ

ܽ =
݊௔
ݏ

(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ⇒෍
ܣ ௔ܰ

ܽ
௖௬௖

=
݊௔ + ݊௕ + ݊௖

ݏ  

In ∆ܥܤܣ:ெ஺
௔

+ ெ஻
௕

+ ெ஼
௖
≥ √3; ܯ∀	 ⊂  .(ܥܤܣ)
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For ܯ = ௔ܰ ⇒
஺ேೌ
௔

+ ஻ேೌ
௕

+ ஼ேೌ
௖
≥ √3 ⇒ ݊௔ + ݊௕ + ݊௖ ≥  3√ݏ

Now,  
௕ା௖
௔

= ௥ೌ ା௛ೌ
௥ೌ

= 1 + ௛ೌ
௥ೌ

2	 and hence (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) + ௛ೌ
௥ೌ

= ଶ௡ೌ
஺ேೌ

 

So, we have a new inequality: 

૛෍
ࢇ࢔
ࢉ࢟ࢉࢇࡺ࡭

= ૟ +
ࢇࢎ
ࢇ࢘

+
࢈ࢎ
࢈࢘

+
ࢉࢎ
ࢉ࢘

=
ࢇࢎ + ࢈ࢎ + ࢉࢎ

࢘  

ܾܿ = 2ܴℎ௔(ܽ݊݀	݈ܽ݊ܽݏ݃݋); 	ℎ௔ + ℎ௕ + ℎ௖ =
ܾܽ + ܾܿ + ܿܽ

2ܴ ; 
ܾܽ + ܾܿ + ܿܽ = ଶݏ + ݎ4ܴ +  ଶݎ

So, it follows that: 

෍
݊௔
ܣ ௔ܰ௖௬௖

=
ଶݏ + ݎ4ܴ + ଶݎ

ݎ4ܴ ; ଶݏ	 ≥ ݎ16ܴ −  (࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ)ଶݎ5

෍
ࢇ࢔
ࢉ࢟ࢉࢇࡺ࡭

≥ ૞ −
࢘
 ࡾ

From ௛ೌ
ଶ௥

= ௡ೌ
஺ேೌ

and from ℎ௔ (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ≤   (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)௔ݏ

we get: ௦ೌ
ଶ௥
≥ ௡ೌ

஺ேೌ
 then (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

ࢇ࢙ + ࢈࢙ + ࢉ࢙
૛࢘ ≥෍

ࢇ࢔
ࢉ࢟ࢉࢇࡺ࡭

 

Now, we prove it that: ோ
௥
− 1 ≥ ௡ೌ

௛ೌ
 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

ࡾ − ࢘
࢘ ≥

ࢇࡺ࡭

૛࢘ ⇒ ૛(ࡾ − ࢘) ≥  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)ࢇࡺ࡭

Therefore, 
૟(ࡾ − ࢘) ≥ ࢇࡺ࡭ + ࢇࡺ࡮ + ࢇࡺ࡯  

ܣ ௔ܰ

ܽ =
݊௔
ݏ ;

ܫܣ
௔ݓ

=
ܾ + ܿ

ݏ2 ⇒
ܫܣ2

(ܾ + ௔ݓ(ܿ
=

1
ݏ  

ܣ ௔ܰ

ܽ =
ܫܣ2

(ܾ + ௔ݓ(ܿ
∙ ݊௔ ⇒

ܣ ௔ܰ

ܫܣ =
ܽ

ܾ + ܿ ∙
݊௔
௔ݓ

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

1
݊݅ݏ ஺

ଶ

=
ܾ + ܿ
ܽ ∙

௔ݓ
ℎ௔

(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ⇒
2ܽ
ܾ + ܿ = 2

௔ݓ
ℎ௔

݊݅ݏ
ܣ
2 

ܣ ௔ܰ

ܫܣ = 2
݊௔
ℎ௔

݊݅ݏ
ܣ
2

(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ⇒
ܣ ௔ܰ

ܫܣ ≤ 2 ൬
ܴ
ݎ − 1൰ ݊݅ݏ

ܣ
2

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

෍
ܣ ௔ܰ

ܫܣ
௖௬௖

< 2 ൬
ܴ
ݎ − 1൰෍݊݅ݏ

ܣ
2

௖௬௖

 

݊݅ݏ
ܣ
2

= ට
ݎ

2ܴ
∙ ඨ

௔ݎ
ℎ௔

⇒ ݊݅ݏ2
ܣ
2

= ඨ2ݎ
ܴ
∙ ඨ

௔ݎ
ℎ௔

⇒
ࢇࡺ࡭

ࡵ࡭
=
ࢇ࢔
ࢇࢎ

ඨ૛࢘
ࡾ
∙ ඨ

ࢇ࢘
ࢇࢎ

 (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

From ோ
ଶ௥
≥ ௠ೌ

௛ೌ
 :we get (࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏	࢒࢕࢖࢕࢚࢏ࢇ࢔ࢇࡼ)

ࢇࡺ࡭

ࡵ࡭ =
ࢇ࢔
ࢇࢎ

ඨ૛࢘
ࡾ ∙ ඨ

ࢇ࢘
ࢇࢎ

≤
ࢇ࢔
ࢇࢎ

ඨ
ࢇࢎ
ࢇ࢓

∙ ඨ
ࢇ࢘
ࢇࢎ

=
ࢇ࢔
ࢇࢎ

ඨ
ࢇ࢘
ࢇ࢓
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So, we have: ஺ேೌ
஺ூ

≤ ௡ೌ
௛ೌ
ට

௥ೌ
௠ೌ

 :and summing, it follows that (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

෍
ࢇࡺ࡭

ࡵ࡭
ࢉ࢟ࢉ

≤෍
ࢇ࢔
ࢇࢎ

ඨ
ࢇ࢘
ࢉ࢟ࢉࢇ࢓

 

Now, ௔ܰ −Nagel’s point 

ܣ ௔ܰ =
ܽ݊௔
ݏ

௔ଶ݊	;(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) = ଶݏ −  (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)௔ℎ௔ݎ2

ܣ ௔ܰ
ଶ =

ଶݏ) − ௔ℎ௔)ܽଶݎ2

ଶݏ = ൬1 −
௔ℎ௔ݎ2
ଶݏ ൰ ܽଶ 

௔ݎ =
ܵ

ݏ − ܽ ; 	ℎ௔ =
2ܵ
ܽ ⇒ ௔ℎ௔ݎ2 =

4ܵଶ

ݏ)ܽ − ܽ) 

ܣ ௔ܰ
ଶ = ܽଶ −

4ܵଶ

ݏ)ܽ − ܽ) ∙
ܽଶ

ଶݏ ; 	ܵଶ = ݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ −  (࢔࢕࢘ࢋࡴ)(ܿ

ܣ ௔ܰ
ଶ = ܽଶ −

ݏ)ݏ4 − ݏ)(ܽ − ݏ)(ܾ − ܿ)
ଶݏ ∙

ܽ
ݏ − ܽ 

ܣ ௔ܰ
ଶ = ܽ ቆܽ −

ݏ)4 − ݏ)(ܾ − ܿ)
ݏ ቇ  (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

But ܽଶ = (ܾ − ܿ)ଶ + ݏ)ܾ − ݏ)(ܾ −  (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)(ܿ

ܣ ௔ܰ
ଶ = (ܾ − ܿ)ଶ + ݏ)4 − ݏ)(ܾ − ܿ)−

ݏ)4ܽ − ݏ)(ܾ − ܿ)
ݏ  

ܣ ௔ܰ
ଶ = (ܾ − ܿ)ଶ + ݏ)4 − ݏ)(ܾ − ܿ) ቀ1 −

ܽ
ݏ
ቁ = (ܾ − ܿ)ଶ +

ݏ)ݏ4 − ݏ)(ܽ − ݏ)(ܾ − ܿ)
ଶݏ  

ܣ ௔ܰ
ଶ = (ܾ − ܿ)ଶ +

4ܵଶ

ଶݏ ; 	ܵ =  ݎݏ

So, we get a new identity: 

ࢇࡺ࡭
૛ = ࢈) − ૛(ࢉ + ૝࢘૛(ࢊ࢔ࢇ	࢙ࢍ࢕࢒ࢇ࢔ࢇ);ࢇࡺ࡭

૛ =
૛ࢇ࢔૛ࢇ

࢙૛ ⇒ 

૛ࢇ࢔

࢙૛ =
࢈) − ૛(ࢉ + ૝࢘૛

૛ࢇ
 (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

Using AM-QM Inequality, we have: 

ඨ
(ܾ − ܿ)ଶ + ଶݎ4

2 ≥
|ܾ − ܿ| + ݎ2

2 ⇒
ܽ݊௔
ݏ ≥

|ܾ − ܿ| + ݎ2
√2

 

So, we get a new inequality: 
ࢇ࢔
࢙ ≥

࢈| − |ࢉ + ૛࢘
૛√ࢇ

ࢉ࢈ࢇ;(࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ) = ૝ࡿࡾ = ૝࢙࢘ࡾ 

݊௔݊௕݊௖ ≥
ܾ|)ଷݏ − ܿ| + ܿ|)(ݎ2 − ܽ| + ܽ|)(ݎ2 − ܾ| + (ݎ2

2√2 ∙ ݏݎ4ܴ
⇔ 

݊௔݊௕݊௖ ≥
ܾ|)ଶݏ − ܿ| + ܿ|)(ݎ2 − ܽ| + ܽ|)(ݎ2 − ܾ| + (ݎ2

8√2 ∙ ݎܴ
 

But  

݊௔ ≥
|ܾ − ܿ| + ݎ2

ܽ√2
∙ ;ݏ

ݏ
ܽ =

ℎ௔
ݎ2

௔݊;(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ≥
ℎ௔
ݎ2 ∙

|ܾ − ܿ| + ݎ2
√2

 

So, we get inequality: 
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ࢇ࢔
ࢇࢎ

≥
࢈| − |ࢉ + ૛࢘

૛√૛࢘
 (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)	

ࢇ࢔
ࢇࢎ

+
࢈࢔
࢈ࢎ

+
ࢉ࢔
ࢉࢎ

≥
ࢇ| − |࢈ + ࢈| − |ࢉ + ࢉ| − |ࢇ + ૛࢘

૛√૛࢘
+
૜√૜
૛  

૛√ࢇ ≥
−࢈|)࢙ |ࢉ + ૛࢘)

ࢇ࢔
 (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

We have prove it that: 
ܣ ௔ܰ

ݎ2 =
݊௔
ℎ௔

ܣ	݀݊ܽ	(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ) ௔ܰ
ଶ = (ܾ − ܿ)ଶ +  (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)ଶݎ4

So, we get: 
݊௔ଶ

ℎ௔ଶ
=

(ܾ − ܿ)ଶ + ଶݎ4

ଶݎ4 = 1 +
(ܾ − ܿ)ଶ

ଶݎ4
 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

Now, 
ଶݏ = ݊௔ଶ +  (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)௔ℎ௔ݎ2

ଶݏ − ݊௔ଶ = ௔ℎ௔ݎ2 ⇔ ݏ) − ݊௔)(ݏ + ݊௔) = ௔ℎ௔ݎ2 ⇔
ݏ − ݊௔
ℎ௔

=
௔ݎ2

ݏ + ݊௔
 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

2ܵ = ܽℎ௔ = ݎݏ2 ⇒
ݏ
ℎ௔

=
ܽ

ݎ2
 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

So, we get: 
ܽ

ݎ2 =
݊௔
ℎ௔

+
௔ݎ2

ݏ + ݊௔
 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

Now, 

ݐ݋ܿ
ܤ
2 + ݐ݋ܿ

ܥ
2 = ඨ

௖ݎ௔ݎ
௕ݎݎ

+ ඨ
௕ݎ௔ݎ
௖ݎݎ

=
ඥݎ௔ݎ௕ݎ௖
ݎ√௕ݎ

+
ඥݎ௔ݎ௕ݎ௖
ݎ√௖ݎ

; ௖ݎ௕ݎ௔ݎ	 =  ݎଶݏ

So, it follows that: 

ݏ݋ܿ
ܤ
2 + ݐ݋ܿ

ܥ
2 =

ݏ
௕ݎ

+
ݏ
௖ݎ

; 	ℎ௔ =
௖ݎ௕ݎ2
௕ݎ + ௖ݎ

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

ݐ݋ܿ
ܤ
2 + ݐ݋ܿ

ܥ
2 =

ݏ2
ℎ௔

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

ݐ݋ܿ
ܤ
2 + ݐ݋ܿ

ܥ
2 =

ܽ
ݎ

 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

So, we get a new inequality: 

ݐ݋ܿ
ܤ
2 + ݐ݋ܿ

ܥ
2 =

2݊௔
ℎ௔

+
௔ݎ4

ݏ + ݊௔
 (ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)	

ݐ݋ܿ
ܣ
4 =

ܫܣ + ݏ − ܽ
ݎ =

ܫܣ
ݎ +

݊௔
ℎ௔

+
݊௕
ℎ௕

+
݊௖
ℎ௖

+ 2෍
௔ݎ

ݏ + ݊௔௖௬௖

−
2݊௔
ℎ௔

−
௔ݎ4

ݏ + ݊௔
= 

=
ܫܣ
ݎ +

݊௕
ℎ௕

+
݊௖
ℎ௖
−
݊௔
ℎ௔

+ 2 ൬
௕ݎ

ݏ + ݊௕
+

௖ݎ
ݏ + ݊௖

−
௔ݎ

ݏ + ݊௔
൰ 

Finally, we get: 

࢚࢕ࢉ
࡭
૝ =

ࡵ࡭
࢘ +

࢈࢔
࢈ࢎ

+
ࢉ࢔
ࢉࢎ

−
ࢇ࢔
ࢇࢎ

+ ૛ ൬
࢈࢘

࢙ + ࢈࢔
+

ࢉ࢘
࢙ + ࢉ࢔

−
ࢇ࢘

࢙+ ࢇ࢔
൰ 

REFERENCE: 
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro  
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ABOUT AN INEQUALITY BY FLORICĂ ANASTASE-I 
By Marin Chirciu-Romania 

 
1) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇࢎࢉ࢈)ࡾૢ + ࢈ࢎࢇࢉ + (ࢉࢎ࢈ࢇ ≥ ૛࢘૛(࢙૛ + ࢘૛ + ૝࢘ࡾ) 
Proposed by Florică Anastase-Romania 

Solution: Inequality can be written as: 

෍ܾܿℎ௔
௖௬௖

≥
ଶݎ2

9ܴ
ଶݏ) + ଶݎ +  (ݎ4ܴ

Because triplets (ℎ௔,ℎ௕ , ℎ௖) and (ܾܿ, ܿܽ, ܾܽ) are same order, from Chebyshev’s inequality, 
we have: 

෍ܾܿℎ௔
௖௬௖

≥
1
3෍ℎ௔
௖௬௖

෍ܾܿ
௖௬௖

≥
1
3 ⋅

ଶݏ + ଶݎ + ݎ4ܴ
2ܴ ଶݏ) + ଶݎ + (ݎ4ܴ ≥

(ଵ)
 

≥ ଶ௥మ

ଽோ
ଶݏ) + ଶݎ + where (1) ,(ݎ4ܴ ⇔ ଶݏ)3 + ଶݎ + (ݎ4ܴ ≥ ଶݎ4 , which it follows from 

Gerretsen inequality ݏଶ ≥ ݎ16ܴ − ܴ ଶ and Euler inequalityݎ5 ≥  .ݎ2
2) In ઢ࡯࡮࡭ the following relationship holds: 
ૡ࢘૛

૜ࡾ
(૝ࡾ + ࢘)૛ ≤෍ࢇࢎࢉ࢈

ࢉ࢟ࢉ

≤
૛ࡾ
૜

(૝ࡾ + ࢘)૛ 

 Marin Chirciu 
Solution:       Lemma. 3) In ઢ࡯࡮࡭ the following relationship holds: 

෍ࢇࢎࢉ࢈
ࢉ࢟ࢉ

=
࢙૛(࢙૛ + ૛࢘૛ − ૡ࢘ࡾ) + ࢘૛(૝ࡾ + ࢘)૛

૛ࡾ  

Proof.  Using ℎ௔ = ଶி
௔

, we get: 

෍ܾܿℎ௔ =
௖௬௖

෍ܾܿ ⋅
ܨ2
ܽ

௖௬௖

= ෍ܨ2
ܾܿ
ܽ

௖௬௖

= ܨ2 ⋅
ଶݏ)ଶݏ + ଶݎ2 − (ݎ8ܴ + ଶ(4ܴݎ + ଶ(ݎ

ܨ4ܴ = 

= ௦మ൫௦మାଶ௥మି଼ோ௥൯ା௥మ(ସோା௥)మ

ଶோ
, which follows from 

෍
ܾܿ
ܽ

௖௬௖

=
ଶݏ)ଶݏ + ଶݎ2 − (ݎ8ܴ + ଶ(4ܴݎ + ଶ(ݎ

ܨ4ܴ  

Using Lemma and Blundon Gerretsen: ௥(ସோା௥)మ

ோା௥
≤ ଶݏ ≤ ோ(ସோା௥)మ

ଶ(ଶோି௥)
 

Equality holds if and only if triangle is equilateral. 
4) In ઢ࡯࡮࡭ the following relationship holds: 

൬૚ +
૛
૜ ⋅

࢘
൰ࡾ ⋅ ࢘

(૝ࡾ+ ࢘)૛ ≤෍ࢇࢎࢉ࢈
ࢉ࢟ࢉ

≤
૝
૜ ⋅ ࢘

(૝ࡾ + ࢘)૛ 

 Marin Chirciu 
Solution:             Lemma. 5)In ઢ࡯࡮࡭ the following relationship holds: 

෍ࢇ࢘ࢉ࢈
ࢉ࢟ࢉ

= ࢘[࢙૛ + (૝ࡾ + ࢘)૛] 

Proof:  Using ݎ௔ = ி
௦ି௔

 we get: 



Romanian Mathematical Society-Mehedinți Branch 2022 
 

26 ROMANIAN MATHEMATICAL MAGAZINE NR. 33 
 

෍ܾܿݎ௔
௖௬௖

= ෍ܾܿ ⋅
ܨ

ݏ − ܽ
௖௬௖

= ෍ܨ
ܾܿ
ݏ − ܽ

௖௬௖

= ݎݏ ⋅
ଶݏ + (4ܴ + ଶ(ݎ

ݏ = ଶݏ]ݎ + (4ܴ +  ,[ଶ(ݎ

which follows from ∑ ௕௖
௦ି௔௖௬௖ = ௦మା(ସோା௥)మ

௦
. 

Using Lemma and Blundon Gerretsen: ௥(ସோା௥)మ

ோା௥
≤ ଶݏ ≤ ோ(ସோା௥)మ

ଶ(ଶோି௥)
. 

Equality holds if and only if triangle is equilateral. 
6) In ઢ࡯࡮࡭ the following relationship holds: 

෍ࢇ࢘ࢉ࢈
ࢉ࢟ࢉ

≤
ࡾ
૛࢘෍ࢇࢎࢉ࢈

ࢉ࢟ࢉ

 

Marin Chirciu 
Solution: Using up Lemmas, we get: 

෍ܾܿℎ௔
௖௬௖

=
ଶݏ)ଶݏ + ଶݎ2 − (ݎ8ܴ + ଶ(4ܴݎ + ଶ(ݎ

2ܴ  

෍ܾܿݎ௔
௖௬௖

= ଶݏ]ݎ + (4ܴ +  [ଶ(ݎ

Inequality can be written as: 

ଶݏ]ݎ + (4ܴ + [ଶ(ݎ ≤
ଶݏ)ଶݏ + ଶݎ2 − (ݎ8ܴ + ଶ(4ܴݎ + ଶ(ݎ

2ܴ ⇔ 

ଶݏ)ଶݏ − ଶݎ2 − (ݎ8ܴ ≥ ଶ(4ܴݎ3 +  :ଶ, which folllows from Gerretsen inequality(ݎ
ଶݏ ≥ ݎ16ܴ − ܴ ଶ and Euler inequalityݎ5 ≥  .ݎ2

Remains to prove that: 
ݎ16ܴ) − ݎଶ)(16ܴݎ5 − ଶݎ5 − ଶݎ2 − (ݎ8ܴ ≥ ଶ(4ܴݎ3 + ଶ(ݎ ⇔ 

5ܴଶ − ݎ11ܴ + ଶݎ2 ≥ 0 ⇔ (ܴ − 5ܴ)(ݎ2 − (ݎ ≥ 0 
Equality holds if and only if triangle is equilateral. 

7) In ઢ࡯࡮࡭ the following relationship holds: 

൬૚ +
૛
૜ ⋅

࢘
൰ࡾ ⋅ ࢘

(૝ࡾ + ࢘)૛ ≤෍ࢇࢎࢉ࢈
ࢉ࢟ࢉ

≤
ࡾ
૛࢘෍ࢇࢎࢉ࢈

ࢉ࢟ࢉ

≤
૛ࡾ

૜࢘
(૝ࡾ + ࢘)૛ 

Proposed by Marin Chirciu-Romania 
Solution. See inequalities 6), 4), 2). 

Equality holds if and only if triangle is equilateral. 
REFERENCE: 
ROMANIAN MATHEMATICAL MAGAZINE-Interactive Journal-www.ssmrmh.ro 

 

ABOUT PROBLEM 12214 FROM AMERICAN MATHEMATICAL MONTHLY 

By Marian Dincă-Romania 

Let ࢞,࢟ and ࢠ be the lengths of the medians of a triangle with area ࡲ. Prove: 
࢞)ࢠ࢟࢞ + ࢟ + (ࢠ
࢞࢟ + ࢠ࢟ + ࢞ࢠ ≥ √૜ࡲ 

Proposed by George Apostolopoulos-Messolonghi-Greeece 
Solution by Marian Dincă-Romania 
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3
ܨ4

(ܽ,ܾ, ܿ) = ,ݕ,ݔ)ܨ (ݖ ⇒ ,ܾ,ܽ)ܨ ܿ) =
4
,ݕ,ݔ)ܨ3  (ݖ

ݔ)ݖݕݔ + ݕ + (ݖ
ݕݔ + ݖݕ + ݔݖ ≥ ,ݕ,ݔ)ܨ3√  (ݖ

Let ߛ,ߚ,ߙ the angles of triangle to sides ݕ,ݔ,  :result ,ݖ

,ݔ)ܨ ,ݕ (ݖ =
ߙ݊݅ݏݕݔ

2 =
ߚ݊݅ݏݖݔ

2 =
ߛ݊݅ݏݖݕ

2  

+ݕݔ ݖݕ + ݔݖ =
,ݕ,ݔ)ܨ2 (ݖ
ߙ݊݅ݏ +

,ݔ)ܨ2 ,ݕ (ݖ
ߚ݊݅ݏ +

,ݕ,ݔ)ܨ2 (ݖ
ߛ݊݅ݏ  

ݔ)ݖݕݔ + +ݕ (ݖ =
,ݕ,ݔ)ܨ2 (ݖ
ߙ݊݅ݏ

⋅
,ݕ,ݔ)ܨ2 (ݖ
ߚ݊݅ݏ

+
(ݖ,ݕ,ݔ)ܨ2
ߚ݊݅ݏ

⋅
,ݕ,ݔ)ܨ2 (ݖ

ߛ݊݅ݏ
+

,ݕ,ݔ)ܨ2 (ݖ
ߙ݊݅ݏ

⋅
,ݕ,ݔ)ܨ2 (ݖ

ߛ݊݅ݏ
 

Now, 	௫௬௭(௫ା௬ା௭)
௫௬ା௬௭ା௭௫

≥ ܨ3√ ⇔ 
ଶி(௫,௬,௭)
௦௜௡ఈ

⋅ ଶி(௫,௬ ,௭)
௦௜௡ఉ

+ ଶி(௫,௬ ,௭)
௦௜௡ఉ

⋅ ଶி(௫,௬,௭)
௦௜௡ఊ

+ ଶி(௫,௬ ,௭)
௦௜௡ఈ

⋅ ଶி(௫,௬,௭)
௦௜௡ఊ

ଶி(௫,௬,௭)
௦௜௡ఈ

+ ଶி(௫,௬,௭)
௦௜௡ఉ

+ ଶி(௫,௬,௭)
௦௜௡ఊ

≥
4
√3

,ݔ)ܨ ,ݕ  (ݖ

ߙ݊݅ݏ + ߚ݊݅ݏ + ߛ݊݅ݏ
ߙ݊݅ݏ ⋅ ߚ݊݅ݏ + ߚ݊݅ݏ ⋅ ߛ݊݅ݏ + ߛ݊݅ݏ ⋅ ߙ݊݅ݏ ≥

2
√3

 

Or, ߙ݊݅ݏ ⋅ ߚ݊݅ݏ + ߚ݊݅ݏ ⋅ ߛ݊݅ݏ + ߛ݊݅ݏ ⋅ ߙ݊݅ݏ ≤ ଵ
ଷ

ߙ݊݅ݏ) + ߚ݊݅ݏ +  ଶ(ߛ݊݅ݏ

∵ ݕݔ + ݖݕ + ݔݖ ≤
1
3

ݔ) + ݕ +  ଶ(ݖ

And  ଵ
ଷ

ߙ݊݅ݏ) + ߚ݊݅ݏ + ଶ(ߛ݊݅ݏ ≤ ߙ݊݅ݏ) + ߚ݊݅ݏ + (ߛ݊݅ݏ ⋅ √ଷ
ଶ
⇔ 

ߙ݊݅ݏ + ߚ݊݅ݏ + ߛ݊݅ݏ ≤
3√3

2 ;  (݊݁ݏ݊݁ܬ)

Hence, 

ߙ݊݅ݏ ⋅ ߚ݊݅ݏ + ߚ݊݅ݏ ⋅ ߛ݊݅ݏ + ߛ݊݅ݏ ⋅ ߙ݊݅ݏ ≤ ߙ݊݅ݏ) + ߚ݊݅ݏ + (ߛ݊݅ݏ ⋅
√3
2

 

Therefore, 
ߙ݊݅ݏ + ߚ݊݅ݏ + ߛ݊݅ݏ

ߙ݊݅ݏ ⋅ ߚ݊݅ݏ + ߚ݊݅ݏ ⋅ ߛ݊݅ݏ + ߛ݊݅ݏ ⋅ ߙ݊݅ݏ ≥
2
√3

 

 

AN USEFUL TRIGONOMETRIC SUBSTITUTION TO PROVE ALGEBRAIC 

INEQUALITIES 

By Marius Drăgan, Neculai Stanciu – Romania  

Abstract: This paper presents a method to solve certain algebraic inequalities using 
geometric inequalities. 
Keywords: algebraic inequalities, geometric inequalities, algebraic identities, geometric 
inequalities. 
MSC: 08A20, 51M16, 26D05 

Main results 
I. The refinement of the inequality ∏(࢞ + ࢟)૛ ≥ ૝∏(࢞૛ +  .(Vasile Cârtoaje) ,(ࢠ࢟
If ࢞,࢟, ࢠ ≥ ૙, then holds the following inequality; 
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(࢞ + ࢟)૛(࢟ + ࢠ)૛(ࢠ + ࢞)૛ ≥ ૝(࢞૛ + ૛࢟)(ࢠ࢟ + ૛ࢠ)(࢞ࢠ + ࢞࢟) + ૜૛࢞૛࢟૛ࢠ૛ 
Proof. If we denote ݑ = ௫

ఈ
, ݒ = ௬

ఈ
ݓ, = ௭

ఈ
, where ߙ = ඥ∑ݕݔ ݒݑ∑, = 1, then the inequality 

from the statement is successively equivalent to 

ෑ(ݔ + ଶ(ݕ ≥ 4 ቀ2ݔଶݕଶݖଶ + ෍ݔଷݕଷ + ଷቁݔ෍ݖݕݔ + ଶݖଶݕଶݔ32 ⇔ 

⇔ෑ(ݔ + ଶ(ݕ ≥ ଶݖଶݕଶݔ40 + 4෍ݔଷݕଷ + 4  ଷݔ෍ݖݕݔ

⇔ෑ(ݑ + ଶ(ݒ ≥ ଶݓଶݒଶݑ40 + 4෍ݑଷݒଷ +  ଷݑ෍ݓݒݑ4

Since we have ∑ݒݑ = 1 there exists the triangle ܥܤܣ with ݑ = tan ஺
ଶ

ݒ, = tan ஻
ଶ

ݓ, = tan ஼
ଶ
 

and also are well-known the identities ∏ tan ஺
ଶ

= ௥
௦

,∏ቀtan ஺
ଶ

+ tan ஻
ଶ
ቁ = ସோ

௦
 

ෑ tanଷ
ܣ
2 =

(4ܴ + ଷ(ݎ

ଷݏ −
12ܴ
ݏ ,ෑ tanଷ

ܣ
2 tanଷ

ܤ
2 = 1 −

ݎ12ܴ
ଶݏ  

Hence, the last inequality becomes successively  
4ܴଶ

ଶݏ
≥

ଶݎ10

ଶݏ
+ 1−

ݎ12ܴ
ଶݏ

+
ݎ
ݏ
ቆ

(4ܴ + ଷ(ݎ

ଷݏ
−

12ܴ
ݏ
ቇ ⇔

4ܴଶ + ݎ24ܴ − ଶݎ10

ଶݏ
≥ 1 +

4ܴ)ݎ + ଷ(ݎ

ସݏ
 

We denote ݑ = ଵ
௦మ

, ݔ = ோ
௥
 and we consider the function 

݂: ൤
1

4ܴଶ + ݎ4ܴ + ଶݎ3 ,
1

ݎ16ܴ − ଶ൨ݎ5 → ܴ, 

(ݑ)݂	 = 4ܴ)ݎ + ଶݑଷ(ݎ − (4ܴଶ + ݎ24ܴ − ݑ(ଶݎ10 + 1 
The last inequality is equivalent to ݂(ݑ) ≤ ݑ∀,0 ∈ ,ଵݑ] [ଶݑ = ቂ ଵ

ସோమାସோ௥ାଷ௥మ
, ଵ
ଵ଺ோ௥ିହ௥మ

ቃ 

So, it remains to prove that ݂ ቀ ଵ
ଵ଺ோ௥ିହ௥మ

ቁ ≤ 0 and ݂ ቀ ଵ
ସோమାସோ௥ାଷ௥మ

ቁ ≤ 0. 

݂ ቀ ଵ
ଵ଺ோ௥ିହ௥మ

ቁ ≤ 0 ⇔ ଶݔ5 − ݔ11 + 2 ≥ 0 ⇔ ݔ) − ݔ5)(2 − 1) ≥ 0 , true since ݔ ≥ 2. 

݂ ൬
1

4ܴଶ + ݎ4ܴ + ଶݎ3
൰ ≤ 0 ⇔ ݔ4) + 1)ଷ − ଶݔ4) + ݔ24 − ଶݔ4)(10 + ݔ4 + 3) + ଶݔ4) + ݔ4 + 3)ଶ ≤ 0 

⇔ ଷݔ4 − ଶݔ5 − ݔ − 10 ≥ 0 ⇔ ݔ) − 2)ଶ(4ݔଶ + ݔ3 + 2) ≥ 0, which is true. 
II. If ࢞,࢟, ࢠ ≥ ૙, then the following inequality holds: 

෍࢞૝(࢟ + (ࢠ + ૛࢞࢟ࢠ෍࢞࢟ ≥෍࢞૜(࢟૛ + (૛ࢠ + ૛࢞࢟ࢠ෍࢞૛ 

Proof. Denoting ݑ = ௫
ఈ

, ݒ = ௬
ఈ

ݓ, = ௭
ఈ

, where ߙ = ඥ∑ݕݔ ݒݑ∑, = 1, then the inequality is 
successively equivalent to ∑ݔସ ݕ) + (ݖ + ݕݔ∑ݖݕݔ2 ≥ ଷݔ∑ ଶݕ) + (ଶݖ + ∑ݖݕݔ2  ଶݔ

⇔෍ݔସ ቀ෍ݔ − ቁݔ + ݕݔ෍ݖݕݔ2 ≥෍ݔଷ ቀ෍ݔଶ − ଶቁݔ + ଶݔ෍ݖݕݔ2 ⇔ 

⇔෍ݔସ෍ݔ + ݕݔ෍ݖݕݔ2 ≥෍ݔଷ෍ݔଶ + ଶݔ෍ݖݕݔ2 ⇔ 

⇔෍ݑସ෍ݑ + ݒݑ෍ݓݒݑ2 ≥෍ݑଷ෍ݑଶ +  ଶݑ෍ݓݒݑ2

Since we have ∑ݒݑ = 1 there exists the triangle ܥܤܣ with ݑ = tan ஺
ଶ

ݒ, = tan ஻
ଶ

ݓ, = tan ஼
ଶ
 

Using the identities 

෍ݑ =
4ܴ + ݎ
ݏ ݓݒݑ, =

ݎ
ݏ ,෍ݔସ = 2 −

16ܴ(4ܴ + (ݎ
ଶݏ +

(4ܴ + ସ(ݎ

ସݏ  

෍ݔଷ =
(4ܴ + ଷ(ݎ

ଷݏ −
12ܴ
ݏ ,෍ݔଶ =

(4ܴ + ଶ(ݎ

ଶݏ − 2, 
the last inequality becomes 
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ቆ2−
16ܴ(4ܴ + (ݎ

ଶݏ +
(4ܴ + ସ(ݎ

ସݏ ቇ൬
4ܴ + ݎ
ݏ ൰+ 2 ⋅

ݎ
ݏ ≥ 

≥ ቆ
(4ܴ + ଷ(ݎ

ଷݏ −
12ܴ
ݏ ቇ൭

(4ܴ + ଶ(ݎ

ଶݏ − 2 +
ݎ2
ݏ ቆ

(4ܴ + ଶ(ݎ

ଶݏ − 2ቇ൱, 

which after some algebra is equivalent to ݌ଶ ≤ ோ(ସோା௥)మ

ସோିଶ௥
, i.e. Bilcev’s inequality. 

Remark 1. The inequality can be written as 
ݔ) − ݔ)ݕݔଶ(ݕ + ݕ − (ݖ + ݕ) − ݕ)ݖݕଶ(ݖ + ݖ − (ݔ + ݖ) − ݖ)ݔݖଶ(ݔ + ݔ − (ݕ ≥ 0 

III. If ࢞,࢟, ࢠ ≥ ૙, then the following inequality holds: 
ૡ࢞࢟ࢠ

∏(࢞ + ࢟) +
(∑࢞࢟)૛

࢞∑ࢠ࢟࢞ ≥ ૝ 

(The American Mathematical Monthly). 
Proof. We denote ݑ = ௫

ఈ
, ݒ = ௬

ఈ
ݓ, = ௭

ఈ
, where ߙ = ඥ∑ݕݔ ݒݑ∑, = 1. Since we have  

ݒݑ∑ = 1 we shall consider the triangle ܥܤܣ with ݑ = tan ஺
ଶ

, ݒ = tan ஻
ଶ

ݓ, = tan ஼
ଶ
. 

Using the identities ∑ݒݑ = ݑ∑,1 = ସோା௥
௦

ݓݒݑ, = ௥
௦

ݑ)∏, + (ݒ = ସோ
௦

, then the inequality to 
prove is successively equivalent to 

ૡ࢛࢜࢝
∏(࢛+ ࢜) +

(∑࢛࢜)૛

࢛࢜࢝∑࢛ ≥ ૝ ⇔
ૡ ⋅ ࢘

࢙
૝ࡾ
࢙

+
૚

࢘
࢙
⋅ ૝ࡾା࢘

࢙

≥ ૝ ⇔
૛࢘
ࡾ +

࢙૛

࢘(૝ࡾ+ ࢘) ≥ ૝ ⇔ 

⇔ ࢙૛ ≥
(૝ࡾ − ૛࢘) ⋅ ࢘ ⋅ (૝ࡾ + ࢘)

ࡾ  

In [1] it is proved that ࢙૛ ≥ ࢘൫૚૟ࡾ૛ି૛૙࢘ࡾା૜࢘૛൯
࢘ିࡾ

. 

So, if we denote ࡾ
࢘

= ࢞ it suffices to show that 
૚૟࢞૛ − ૛૙࢞ + ૜

࢞ − ૚ ≥
(૝࢞ − ૛)(૝࢞ + ૚)

࢞ ⇔ 

⇔ ૚૟࢞૜ − ૛૙࢞૛ + ૜࢞ ≥ (࢞− ૚)(૚૟࢞૛ + ૝࢞ − ૡ࢞ − ૛) ⇔ 
⇔ ૚૟࢞૜ − ૛૙࢞૛ + ૜࢞ ≥ ૚૟࢞૜ − ૝࢞૛ − ૛࢞− ૚૟࢞૛ + ૝࢞ + ૛ ⇔ ࢞ ≥ ૛ ⇔ ࡾ ≥ ૛࢘, i.e. 
Euler’s inequality. The proof is complete. 
Remark 2. For other inequality solved by this method see for e.g. [2]. 
References: 
[1] M. Drăgan, I.V. Maftei, S. Rădulescu, Some consequences of Blundon inequality, Gazeta 
Matematică, No. 1, 2010, 3-9 
[2] M. Drăgan, I.V. Maftei, S. Rădulescu, Inegalități Matematice (Extinderi și generalizări). 
Tehnici și metode de demonstrație și rafinare, Editura Didactică și Pedagogică, 2012. 

 
FEW OUTSTANDING LIMITS (II) 

By Florică Anastase-Romania 
            Problem 1.        

If (࢞࢔)࢔ஹ૚ −sequence of real numbers such that 

ା૚࢔࢞  = ࢔࢞ + ቀ૚
࣊
ቁ
࢔࢞

, ࢞૚ ∈ ℝା.			Find: 
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ષ = ܕܑܔ
ஶ→࢔

࢔࢞
ඥࢍ࢕࢒૛࢔࢔ ⋅ න

࢞)ࢍ࢕࢒ + (࢔
࢞૛ + ࣊࢔

࣊

૙
 ࢞ࢊ

Solution: 

௡ାଵݔ − ௡ݔ = ൬
1
൰ߨ

௫೙
> 0 ⇒ ௡ஹଵ(௡ݔ) ↗ 

Suppose that ∃݈ ∈ ܴ such that ݈ = lim
௡→ஶ

௡ݔ ⇒ ቀଵ
గ
ቁ
௟

= 0 ⇒ lim
௡→ஶ

௡ݔ = +∞ 

Hence, 

0 ≤ ݔ ≤ ߨ → ቐ
1

ଶߨ + ߨ݊ ≤
1

ଶݔ + ߨ݊ ≤
1
ߨ݊

݊݃݋݈ ≤ ݔ)݃݋݈ + ݊) ≤ ߨ)݃݋݈ + ݊)
 

݊݃݋݈
ଶߨ + ߨ݊ ≤

ݔ)݃݋݈ + ݊)
ଶݔ + ߨ݊ ≤

ߨ)݃݋݈ + ݊)
ߨ݊  

݊݃݋݈
ଶߨ + නߨ݊ ݔ݀

గ

଴
≤ න

ݔ)݃݋݈ + ݊)
ଶݔ + ߨ݊

గ

଴
ݔ݀ ≤

ߨ)݃݋݈ + ݊)
ߨ݊ න ݔ݀

గ

଴
 

݊
݊ + ߨ ≤

݊
න݊݃݋݈

ݔ)݃݋݈ + ݊)
ଶݔ + ߨ݊

గ

଴
ݔ݀ ≤

݊)݃݋݈ + (ߨ
݊݃݋݈  

݊
݊ + ߨ ⋅

௡ݔ
݊݃݋݈ ≤

௡ݔ݊
ଶ݊න݃݋݈

ݔ)݃݋݈ + ݊)
ଶݔ + ߨ݊

గ

଴
ݔ݀ ≤

݊)݃݋݈ + (ߨ
݊݃݋݈ ⋅

௡ݔ
 ݊݃݋݈

݊
݊ + ߨ ⋅

௡ݔ
݊݃݋݈ ≤

௡ݔ
ඥ݈݃݋ଶ݊೙ ⋅ න

ݔ)݃݋݈ + ݊)
ଶݔ + ߨ݊

గ

଴
ݔ݀ ≤

݊)݃݋݈ + (ߨ
݊݃݋݈ ⋅

௡ݔ
 ݊݃݋݈

lim
௡→ஶ

௡ݔ
݊݃݋݈ ⋅

݊)݃݋݈ + (ߨ
݊݃݋݈ = lim

௡→ஶ

௡ݔ
݊݃݋݈ ⋅

݃݋݈ ൬݊ ቀ1 + గ
௡
ቁ൰

݊݃݋݈ = 

= lim
௡→ஶ

௡ݔ
݊݃݋݈ ⋅

ቌ1 +
݃݋݈ ቀ1 + గ

௡
ቁ

݊݃݋݈
ቍ = lim

௡→ஶ

௡ݔ
݊݃݋݈ = 

= lim
௡→ஶ

௡ାଵݔ − ௡ݔ
݊)݃݋݈ + 1) − ݊݃݋݈ = lim

௡→ஶ

ቀଵ
గ
ቁ
௫೙

݃݋݈ ቀ1 + ଵ
௡
ቁ

= lim
௡→ஶ

௫೙ିߨ݊

݃݋݈ ቀ1 + ଵ
௡
ቁ
௡ = 

= lim
௡→ஶ

݊
௫೙ߨ = lim

௡→ஶ

݊ + 1 − ݊
௫೙శభߨ − ௫೙ߨ = lim

௡→ஶ

1
௫೙ିߨ)௫೙ߨ − 1) =⏞

గೣ೙ୀ௬

lim
௬→଴

ݕ
௬ߨ − 1 =

1
 ߨ݃݋݈

lim
௡→ஶ

݊
݊ + ߨ ⋅

௡ݔ
݊݃݋݈ = lim

௡→ஶ

௡ݔ
݊݃݋݈ =

1
 ߨ݃݋݈

Therefore, 

Ω = lim
௡→ஶ

௡ݔ
ඥ݈݃݋ଶ݊೙ ⋅ න

ݔ)݃݋݈ + ݊)
ଶݔ + ߨ݊

గ

଴
ݔ݀ =

1
 ߨ݃݋݈

Problem 2. 
If (࢔ࢇ)࢔ஹ૚,ࢇ૚ = ࢇ > ା૚࢔ࢇ,0 = ࢔ ∙ ඥ࢔ࢇ + ૚. Find: 

Ω = ܕܑܔ
ஶ→࢔

૜࢔

න(࢔)ࢍ࢕࢒
࢞)ࢍ࢕࢒ + (࢔
࢞૛ + ࢔ࢇ࢔

࢞ࢊ
ࢇ

૙

 

Solution: 
ܽଵ = ܽ > 0,ܽ௡ାଵ = ݊ ∙ ඥܽ௡ + 1 > 1 ⇒ ܽ௡ > 1,∀݊ ≥ 2. 
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݊ඥܽ௡ < ܽ௡ାଵ < (݊ + 1)ඥܽ௡,∀݊ ≥ 2 ⇒ 

݊݃݋݈ +
1
2 ௡ܽ݃݋݈ < ௡ାଵܽ݃݋݈ < ݊)݃݋݈ + 1) +

1
2 ௡ܽ݃݋݈ ⇔ 

2௡ାଵ݈݊݃݋+ 2௡݈ܽ݃݋௡ < 2௡݈ܽ݃݋௡ାଵ < 2௡ାଵ݈݃݋(݊ + 1) + 2௡݈ܽ݃݋௡ ⇔ 
2௡ାଵ݈݊݃݋ < 2௡ାଵ݈ܽ݃݋௡ାଵ − 2௡݈ܽ݃݋௡ < 2௡ାଵ݈݃݋(݊ + 1) 

Let us denote: ܾ௡ = 2௡݈ܽ݃݋௡ ⇒ 2௡ାଵ݈݊݃݋ < ܾ௡ାଵ − ܾ௡ < 2௡ାଵ݈݃݋(݊ + 1) and 
summing, we get: 

෍ 2௞݈݋
௡

௞ୀଷ

݃(݇ − 1) < ܾ௡ − ܾଶ < ෍ 2௞݈݇݃݋
௡

௞ୀଷ

 

ܾଶ
2௡ +

1
2௡෍ 2௞݈݃݋(݇ − 1)

௡

௞ୀଷ

− ݊݃݋2݈ < ݃݋݈ ቀ
ܽ௡
݊ଶ
ቁ <

ܾଶ
2௡ +

1
2௡෍ 2௞݈݇݃݋

௡

௞ୀଷ

−  2݃݋݈

Let us denote: 

௡ݔ =
1

2௡ ൭෍2௞݈݃݋(݇ − 1)− 2௡ାଵ݈݊݃݋
௡

௞ୀଷ

൱ =
௡ݑ
௡ݒ

 

lim
௡→ஶ

௡ݑ
௡ݒ

= lim
௡→ஶ

௡ାଵݑ − ௡ݑ
௡ାଵݒ − ௡ݒ

= lim
௡→ஶ

2௡ାଵ݈݊݃݋ − 2௡ାଶ݈݃݋(݊ + 1) + 2௡ାଵ݈݊݃݋
2௡ାଵ − 2௡ = 0 

Analogously, 

௡ݕ =
1

2௡
൭෍ 2௞݈݇݃݋ − 2௡ାଵ݈݊݃݋

௡

௞ୀଷ

൱ → 0 

How, 
ܾଶ
2௡ + ௡ݔ < ݃݋݈ ቀ

ܽ௡
݊ଶ
ቁ <

ܾଶ
2௡ + ݊∀,௡ݕ ≥ 2 

It follows that: lim
௡→ஶ

݃݋݈	 ቀ௔೙
௡మ
ቁ = 0 ⇒ lim

௡→ஶ
ቀ௔೙
௡మ
ቁ = 1; (1) 

0 ≤ ݔ ≤ ܽ → ቐ
1

ܽଶ + ݊ܽ௡
≤

1
ଶݔ + ݊ܽ௡

≤
1
݊ܽ௡

݊݃݋݈ ≤ ݔ)݃݋݈ + ݊) ≤ ܽ)݃݋݈ + ݊)
 

݊݃݋݈
ܽଶ + ݊ܽ௡

≤
ݔ)݃݋݈ + ݊)
ଶݔ + ݊ܽ௡

≤
ܽ)݃݋݈ + ݊)

݊ܽ௡
,

݊݃݋݈
ܽଶ + ݊ܽ௡

න ݔ݀
௔

଴
≤ න

ݔ)݃݋݈ + ݊)
ଶݔ + ݊ܽ௡

௔

଴
ݔ݀ ≤

ܽ)݃݋݈ + ݊)
݊ܽ௡

න ݔ݀
௔

଴
 

݊ܽ
ܽଶ + ݊ܽ௡

≤
݊

݊݃݋݈ ⋅ න
ݔ)݃݋݈ + ݊)
ଶݔ + ݊ܽ௡

గ

଴
ݔ݀ ≤

݊)݃݋݈ܽ + ܽ)
ܽ௡݈݊݃݋

 

݊ଷܽ
ܽଶ + ݊ܽ௡

≤
݊ଷ

݊݃݋݈ ⋅ න
ݔ)݃݋݈ + ݊)
ଶݔ + ݊ܽ௡

గ

଴
ݔ݀ ≤

ܽ݊ଶ݈݃݋(݊ + ܽ)
ܽ௡݈݊݃݋

 

ܽ
௔మ

௡య
+ ௔೙

௡మ

≤
݊ଷ

݊݃݋݈ ⋅ න
ݔ)݃݋݈ + ݊)
ଶݔ + ݊ܽ௡

గ

଴
ݔ݀ ≤

݊)݃݋݈ܽ + ܽ)
௔೙
௡మ
⋅ ݊݃݋݈

; (2) 

From (1), (2) it follows that:  Ω = lim௡→ஶ
௡య

௟௢௚(௡)∫
௟௢௚(௫ା௡)
௫మା௡௔೙

௔ݔ݀
଴ = ܽ 

Problem 3. 
Find:  

Ω = ࢓࢏࢒
ஶ→࢔

൬
࢔

൰࢔ࢍ࢕࢒
ࢋ
∙ ∫ࢋ (ࢋశ࢞)ࢍ࢕࢒ቀࢍ࢕࢒

࢞૛శࢋ࢔
ቁࢋ࢞ࢊ

૙  

Solution: 
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ߚ − ߙ

∫ ଵ
௙(௫)

ఉݔ݀
ఈ

≤ ݁
భ

ഁషഀ∫ ௟௢௚൫௙(௫)൯ௗ௫ഁ
ഀ ≤

1
ߚ − ߙ න ݔ݀(ݔ)݂

ఉ

ఈ

ߙ, <  Inequality	Integral	means	(∗)	ߚ

For ݔ ∈ [0, ݁] ⇒ ݊݁ ≤ ଶݔ + ݊݁ ≤ ݁ଶ + ݊݁ ⇒ ௟௢௚௡
௘మା௡௘

≤ ௟௢௚(௫ା௘)
௫మା௡௘

≤ ௟௢௚(௘ା௡)
௡௘

 

Let ݂: [0,݁] → ℝ,݂(ݔ) = ௟௢௚(௫ା௘)
௫మା௡௘

 we have: 
݁

∫ ଵ
௙(௫)

௘ݔ݀
଴

=
݁

∫ ௫మା௡௘
௟௢௚(௫ା௘)

௘
଴ ݔ݀

≥
݁

∫ ௘మା௡௘
௟௢௚௡

௘
଴ ݔ݀

=
1
݁ ∙

݊݃݋݈
݁ + ݊ , (1) 

1
݁
න݂(ݔ)݀ݔ
௘

଴

=
1
݁
න
ݔ)݃݋݈ + ݁)
ଶݔ + ݊݁

ݔ݀
௘

଴

≤
1
݁
න
݁)݃݋݈ + ݊)

݊݁
ݔ݀

௘

଴

=
1
݁
∙
݁)݃݋݈ + ݊)

݊
,				(2) 

From (1), (2) we get: 
1
݁ ∙

݊݃݋݈
݁ + ݊ ≤ ݁

భ
೐ ∫ ௟௢௚ቀ೗೚೒(ೣశ೐)

ೣమశ೙೐
ቁௗ௫೐

బ ≤
1
݁ ∙

݁)݃݋݈ + ݊)
݊  

1
݁ ∙

݊
݁ + ݊ ≤

݊
݊݃݋݈ ∙ ݁

భ
೐ ∫ ௟௢௚ቀ೗೚೒(ೣశ೐)

ೣమశ೙೐
ቁௗ௫೐

బ ≤
1
݁ ∙
݁)݃݋݈ + ݊)

݊݃݋݈  

1
݁௘ ∙

ቀ
݊

݁ + ݊
ቁ
௘
≤ ൬

݊
൰݊݃݋݈

௘
∙ ݁∫ ௟௢௚ቀ೗೚೒(ೣశ೐)

ೣమశ೙೐ ቁௗ௫೐
బ ≤

1
݁௘ ∙ ൬

݁)݃݋݈ + ݊)
݊݃݋݈ ൰

௘

 

lim
௡→ஶ

݊
݁ + ݊ = lim

௡→ஶ

+݁)݃݋݈ ݊)
݊݃݋݈ = 1 

So, 

Ω = lim
௡→ஶ

൬
݊

൰݊݃݋݈
௘
∙ ݁∫ ௟௢௚ቀ೗೚೒(ೣశ೐)

ೣమశ೙೐
ቁௗ௫೐

బ =
1
݁௘  

Problem 4. 
Let  (࢔ࢇ)࢔ஹ૚,࢔ࢇ ∈ (૙,∞) be sequence of real numbers such that ࢇ૚ =  	,ࢇ√

ࢇ > ା૚૛࢔ࢇ,0 = ࢔ ∙ ࢔ࢇ + ૚ then find: 

Ω = ࢓࢏࢒
ஶ→࢔

࢔ࢇ
૜න࢔

ඨ࢞
૛࢔ + ૚
࢔࢞ + ૚

࢔
૚

૙

࢔,࢞ࢊ ∈ ℕ,࢔ ≥ ૛ 

Solution 1: 
ܽଵ = √ܽ,ܽ > 0; 	ܽ௡ାଵଶ = ݊ ∙ ܽ௡ + 1 

Let: ܽ௡ାଵଶ = ௡ାଵݔ > 0 ⇒ ଵݔ = ܽ > 0, ܽ௡ାଵ = ඥݔ௡ାଵ;  
௡ାଵݔ = ݊ ∙ ඥݔ௡ + 1 

How 	ݔ௡ାଵ = ݊ ∙ ඥݔ௡ + 1 > 1 ⇒ ௡ݔ > 1,∀݊ ≥ 2,݊ ∈ ℕ then 
݊ ∙ ඥݔ௡ < ௡ାଵݔ < (݊ + 1)ඥݔ௡,∀݊ ≥ 2 ⇔ 

݊	݃݋݈ +
1
2 ௡ݔ݃݋݈ < ௡ାଵݔ݃݋݈ < ݊)݃݋݈ + 1) +

1
2 ௡ݔ݃݋݈ ⇔ 

2௡ାଵ݈݃݋	݊ + 2௡݈ݔ݃݋௡ < 2௡ାଵ݈ݔ݃݋௡ାଵ < 2௡ାଵ݈݃݋(݊ + 1) + 2௡݈ݔ݃݋௡ 
2௡ାଵ݈݃݋	݊ < 2௡ାଵ݈ݔ݃݋௡ାଵ − 2௡݈ݔ݃݋௡ < 2௡ାଵ݈݃݋(݊ + 1) 

Let: ݕ௡ = 	2௡݈ݔ݃݋௡ ⇒ 2௡ାଵ݈݃݋	݊ < ௡ାଵݕ − ௡ݕ < 2௡ାଵ݈݃݋(݊ + 1)  
and summing, we get: 

෍ 2௞݈݃݋(݇ − 1)
௡

௞ୀଷ

< ௡ݕ − ଶݕ < ෍ 2௞݈݃݋	݇
௡

௞ୀଷ
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ଶݕ
2௡ +

1
2௡෍ 2௞݈݃݋(݇ − 1)

௡

௞ୀଷ

− ݊	݃݋2݈ < ݃݋݈ ቀ
௡ݔ
݊ଶ
ቁ <

ଶݕ
2௡ +

1
2௡෍ 2௞݈݃݋	݇

௡

௞ୀଷ

−  ݊	݃݋2݈

݈݅݉
௡→ஶ

൭
1

2௡෍ 2௞݈݃݋(݇ − 1)
௡

௞ୀଷ

− ൱݊	݃݋2݈ = ݈݅݉
௡→ஶ

1
2௡ ൭෍ 2௞݈݃݋	݇

௡

௞ୀଷ

− 2௡ାଵ݈݃݋	݊൱ =௅.஼ିௌ௧௢௟௭
 

= ݈݅݉
௡→ஶ

2௡ାଵ݈݃݋	݊ − 2௡ାଶ݈݃݋(݊ + 1) + 2௡ାଵ݈݃݋	݊
2௡ାଵ − 2௡ = 4 ݈݅݉

௡→ஶ
݃݋݈	 ൬

݊ + 1
݊ ൰ = 0; (1) 

Analogously, 

݈݅݉
௡→ஶ

൭
1

2௡෍ 2௞݈݃݋	݇
௡

௞ୀଷ

− ൱݊	݃݋2݈ = 0; (2) 

From (1),(2) we get: 

 ݈݅݉
௡→ஶ

݃݋݈ ቀ௫೙
௡మ
ቁ = 0 ⇒ ݈݅݉

௡→ஶ
ቀ௫೙
௡మ
ቁ = ݈݅݉

௡→ஶ
ቀ௔೙

మ

௡మ
ቁ = 1 ⇒ ݈݅݉

௡→ஶ
ቀ௔೙
௡
ቁ = 1 

Now, 
ଶ௡ݔ + 1
௡ݔ + 1 > √2 − 1 ⇔ ଶ௡ݔ − ൫√2 − 1൯ݔ௡ + 2 − √2 > 0; ݐ = ௡ݔ > 0 ⇒ 

ଶݐ − ൫√2 − 1൯ݐ + 2 − √2 > 0,∆௧= −5 + 2√2 < 0 ⇒ 

√2 − 1 < න ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
ଵ

଴

;	ݔ݀ 		(3) 

ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
= ඨ(ݔଶ௡ + 1) ∙ 1 ∙ 1 … .1ᇣᇧᇤᇧᇥ

(௡ିଶ)
∙

1
௡ݔ + 1

೙ ≤
஺ெିீெ ଶ௡ݔ) + 1) + ݊ − 2 + ଵ

௫೙ାଵ
݊ ⇔ 

ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
≤

1
݊൬ݔ

ଶ௡ + ݊ − 1 +
1

௡ݔ + 1൰ 

න ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
ଵ

଴

ݔ݀ ≤
1
݊නݔଶ௡

ଵ

଴

ݔ݀ +
݊ − 1
݊ +

1
݊න

1
௡ݔ + 1

ଵ

଴ᇣᇧᇧᇤᇧᇧᇥ
ஸଵ

≤
1

݊(2݊ + 1) + 1; (4) 

From (3),(4) we have: 

√2 − 1 < න ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
ଵ

଴

ݔ݀ <
1

݊(2݊ + 1) + 1 ⇔ 

(√2 − 1)
ܽ௡
݊
∙

1
݊ଶ

<
ܽ௡
݊ଷ
න ඨݔ

ଶ௡ + 1
௡ݔ + 1

೙
ଵ

଴

ݔ݀ <
ܽ௡
݊
∙

1
݊ଶ
൬

1
݊(2݊ + 1)

+ 1൰ 

Ω,݋ܵ = ݈݅݉
௡→ஶ

ܽ௡
݊ଷන

ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
ଵ

଴

ݔ݀ = 0 

Solution 2: 
ܽଵ = √ܽ,ܽ > 0; 	ܽ௡ାଵଶ = ݊ ∙ ܽ௡ + 1 

Let: ܽ௡ାଵଶ = ௡ାଵݔ > 0 ⇒ ଵݔ = ܽ > 0, ܽ௡ାଵ = ඥݔ௡ାଵ;  ݔ௡ାଵ = ݊ ∙ ඥݔ௡ + 1 
How 	ݔ௡ାଵ = ݊ ∙ ඥݔ௡ + 1 > 1 ⇒ ௡ݔ > 1,∀݊ ≥ 2,݊ ∈ ℕ then 
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݊ ∙ ඥݔ௡ < ௡ାଵݔ < (݊ + 1)ඥݔ௡,∀݊ ≥ 2 ⇔ 

݊	݃݋݈ +
1
2 ௡ݔ݃݋݈ < ௡ାଵݔ݃݋݈ < ݊)݃݋݈ + 1) +

1
2 ௡ݔ݃݋݈ ⇔ 

2௡ାଵ݈݃݋	݊ + 2௡݈ݔ݃݋௡ < 2௡ାଵ݈ݔ݃݋௡ାଵ < 2௡ାଵ݈݃݋(݊ + 1) + 2௡݈ݔ݃݋௡ 
2௡ାଵ݈݃݋	݊ < 2௡ାଵ݈ݔ݃݋௡ାଵ − 2௡݈ݔ݃݋௡ < 2௡ାଵ݈݃݋(݊ + 1) 

Let: ݕ௡ = 	2௡݈ݔ݃݋௡ ⇒ 2௡ାଵ݈݃݋	݊ < ௡ାଵݕ − ௡ݕ < 2௡ାଵ݈݃݋(݊ + 1) and summing, we get: 

෍ 2௞݈݃݋(݇ − 1)
௡

௞ୀଷ

< ௡ݕ − ଶݕ < ෍ 2௞݈݃݋	݇
௡

௞ୀଷ

 

ଶݕ
2௡ +

1
2௡෍ 2௞݈݃݋(݇ − 1)

௡

௞ୀଷ

− ݊	݃݋2݈ < ݃݋݈ ቀ
௡ݔ
݊ଶ
ቁ <

ଶݕ
2௡ +

1
2௡෍ 2௞݈݃݋	݇

௡

௞ୀଷ

−  ݊	݃݋2݈

݈݅݉
௡→ஶ

൭
1

2௡෍ 2௞݈݃݋(݇ − 1)
௡

௞ୀଷ

− ൱݊	݃݋2݈ = ݈݅݉
௡→ஶ

1
2௡
൭෍ 2௞݈݃݋	݇

௡

௞ୀଷ

− 2௡ାଵ݈݃݋	݊൱ =௅.஼ିௌ௧௢௟௭
 

= ݈݅݉
௡→ஶ

2௡ାଵ݈݃݋	݊ − 2௡ାଶ݈݃݋(݊ + 1) + 2௡ାଵ݈݃݋	݊
2௡ାଵ − 2௡ = 4 ݈݅݉

௡→ஶ
݃݋݈	 ൬

݊ + 1
݊ ൰ = 0; (1) 

Analogously, 

݈݅݉
௡→ஶ

൭
1

2௡෍ 2௞݈݃݋	݇
௡

௞ୀଷ

− ൱݊	݃݋2݈ = 0; (2) 

From (1),(2) we get: 

 ݈݅݉
௡→ஶ

݃݋݈ ቀ௫೙
௡మ
ቁ = 0 ⇒ ݈݅݉

௡→ஶ
ቀ௫೙
௡మ
ቁ = ݈݅݉

௡→ஶ
ቀ௔೙

మ

௡మ
ቁ = 1 ⇒ ݈݅݉

௡→ஶ
ቀ௔೙
௡
ቁ = 1 

Now, let be the function: 

݂: [0,1] → ℝ,݂(ݔ) =
ଶ௡ݔ + 1
௡ݔ + 1 ;݂ᇱ(ݔ) =

ଶ௡ݔ)௡ିଵݔ݊ + ௡ݔ2 − 1)
௡ݔ) + 1)ଶ  

 
 ݔ

0																									 ට√2 − 1
೙

																									1 
݂ ᇱ(ݔ) − −− −− −− − 0 + + + + + + + 
			1 (ݔ)݂ ↘ 																2൫√2 − 1൯ 												 ↗ 					1 

 

We have: 2൫√2 − 1൯ ≤ (ݔ)݂ ≤ ݔ∀;1 ∈ [0,1] ⇒ ට2൫√2 − 1൯
೙

< ට௫మ೙ାଵ
௫೙ାଵ

೙
< ݔ∀;1 ∈ [0,1] ⇒ 

ܽ௡
݊ ∙

1
݊ଶ

ට2൫√2 − 1൯
೙

<
ܽ௡
݊ଷ ∙

ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
<
ܽ௡
݊ ∙

1
݊ଶ ݔ∀; ∈ [0,1] ⇒ 

ܽ௡
݊ ∙

1
݊ଶ ඨ

2
√2 + 1

೙
<
ܽ௡
݊ଷන

ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
ଵ

଴

<
ܽ௡
݊ ∙

1
݊ଶ ݔ∀; ∈ [0,1] 

Ω,݋ܵ = ݈݅݉
௡→ஶ

ܽ௡
݊ଷන

ඨݔ
ଶ௡ + 1
௡ݔ + 1

೙
ଵ

଴

ݔ݀ = 0 

REFERENCE: 
ROMANIAN MATHEMATICAL MAGAZINE-INTERACTIVE JOURNAL-www.ssmrmh.ro 
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PROBLEMS FOR JUNIORS 
 

 
 

J.234 If ܽ, ܾ, ܿ, ݀ ∈ ℝ then: 

4(ܽ݀ − ܾܿ)଺ + 4(ܽܿ + ܾ݀)଺ ≥ (ܽଶ + ܾଶ)ଷ(ܿଶ + ݀ଶ)ଷ 

Proposed by Daniel Sitaru,Elena Nicolae – Romania  

J.235 If ݕ,ݔ, ݖ ≥ 0 then: 

ቌෑ(ݔ + 1)
௖௬௖

+ ෑ(2ݔ + 1)
௖௬௖

ቍ	ෑ(ݔ + 2)
௖௬௖

≥ 2ෑ(3ݔ + 2)
௖௬௖

 

Proposed by Daniel Sitaru,Luiza Dumitrescu – Romania  

J.236 If ݕ,ݔ ≥ ݔ,0 + ݕ ≤  :then ߨ

2 ൬cos
ݔ2
3 + cos

ݕ2
3 ൰ + 1 ≥ 4 cos

ݔ
3 cos

ݕ
3 

Proposed by Daniel Sitaru,Delia Popescu – Romania  

J.237 If ܽ,ܾ, ܿ > 0,√ܾܽ + √ܾܿ + √ܿܽ = 12 then: 

൫ܽ + ܾ + √ܾܽ൯
ଷ

(ܽ + ܾ)ଶ +
൫ܾ + ܿ + √ܿܽ൯

ଷ

(ܾ + ܿ)ଶ +
൫ܿ + ܽ + √ܾܽ൯

ଷ

(ܿ + ܽ)ଶ ≥ 81 

Proposed by Daniel Sitaru,Liliana Argetoianu – Romania  

J.238 Let ܽ, ܾ, ܿ ∈ ℝା
∗ = (0,∞); 	݉ ∈ ℝା = [0,∞),ܾܽܿ = 1, then: 

(ܽ + ܾ)ଶ௠ାଶ

(ܽ + ܾ + 2ܿ)௠ାଵ +
(ܾ + ܿ)ଶ௠ାଶ

(2ܽ + ܾ + ܿ)௠ାଵ +
(ܿ + ܽ)ଶ௠ାଶ

(ܽ + 2ܾ + ܿ)௠ାଵ ≥ 3 

Proposed by D.M.Bătineţu-Giurgiu– Romania  

J.239 If ݉, ,ݔ,݊ ,ݕ ݖ ∈ ℝା
∗ = (0,∞) then in any Δܥܤܣ, the following inequality holds: 

ݔ݉ + ݕ݊
ݖ ℎ௔ +

ݕ݉ + ݖ݊
ݔ ℎ௕ +

ݖ݉ + ݔ݊
ݖ ℎ௖ =

ଶݎ݊݉√24

ܴ  

Proposed by D.M.Bătineţu-Giurgiu– Romania  

J.240 In any Δܥܤܣ with the area ܨ the following inequality holds: 

(ܽ + ܾ)ଶℎ௖ଶ + (ܾ + ܿ)ଶℎ௔ଶ + (ܿ + ܽ)ଶℎ௕ଶ ≥  ଶܨ48

Proposed by D.M.Bătineţu-Giurgiu– Romania  
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J.241 Let ܯ be an interior point in Δܥܤܣ with the area ܨ and ݔ஺ = ஻ݔ,ܣܯ = ,ܤܯ ஼ݔ =  .ܥܯ

Prove that: 

஺ݔܽ + ஻ݔܾ + ஼ݔܿ ≥  ܨ4

Proposed by D.M.Bătineţu-Giurgiu – Romania  

J.242 In Δܥܤܣ the following relationship holds: 

෍
tanଶ ஺

ଶ

cot ஻
ଶ
ቀtan ஺

ଶ
+ tan ஼

ଶ
ቁ௖௬௖

≥
1
2 

Proposed by Marian Ursărescu – Romania  

J.243 In Δܥܤܣ the following relationship holds: 

ඥ(8ܴଶ − ܽଶ)(8ܴଶ − ܾଶ)(8ܴଶ − ܿଶ) ≥ 2√5ܴଶ(2ܴ +  (ݎ

Proposed by Marian Ursărescu – Romania  

J.244 In Δܥܤܣ the following relationship holds: 

2ඥ(ܽଶ + ܾܽ + ܾଶ)(ܾଶ + ܾܿ + ܿଶ)(ܿଶ + ܿܽ + ܽଶ) ≥ ଶ(9ܴݎ27 −  (ݎ2

Proposed by Marian Ursărescu – Romania  

J.245 If ݕ,ݔ, ݖ > 0 and ߣ ≥ 1 then: 

෍
ݔ

ݔߣ + ݕ + ݖ
௖௬௖

≤
3

ߣ + 2 

Proposed by Marin Chirciu-Romania 

J.246  In acute ∆ܥܤܣ the following relationship holds: 

ඨ3
2 (1 + (ܥݏ݋ܿܤݏ݋ܿܣݏ݋ܿ ≥

27
4 ݊ܽݐ

ܣ
2 ݊ܽݐ

ܤ
2 ݊ܽݐ

ܥ
2 

Proposed by Marin Chirciu-Romania 
J.247 In ∆ܥܤܣ the following relationship holds: 

෍ܾܿݎ௔
௖௬௖

≤
ܴ
෍ܾܿℎ௔ݎ2

௖௬௖

 

Proposed by Marin Chirciu-Romania 
J.248 If ܽ, ܾ, ܿ, ݀ > 0 then: 

8(1 − ܽ + ܽଶ)(1 − ܾ + ܾଶ)(1 − ܿ + ܿଶ)(1 − ݀ + ݀ଶ) ≥ (ܾܽ + ܿ݀)ଶ + (1 + ܾܽܿ݀)ଶ 
Proposed by Marin Chirciu-Romania 

J.249  If ܽ, ܾ, ܿ > 0 then: 

ܾܽ√ܾܽ
(ܽ + ܾ)ଷ +

ܾܿ√ܾܿ
(ܾ + ܿ)ଷ +

ܿܽ√ܿܽ
(ܿ + ܽ)ଷ +

3(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
64ܾܽܿ ≥

3
4 

Proposed by Marin Chirciu-Romania 
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J.250 In ∆ܥܤܣ the following relationship holds: 

෍ܿ݁ݏଷ
ܣ
2 ܿ݁ݏ

ܤ
2

௖௬௖

≥
8ܴ√3
ݏ ≥

16
3  

Proposed by Marin Chirciu-Romania 

J.251 If ܽ,ܾ, ܿ, ݀ > 0 then: 

4(1 − ܽ + ܽଶ)(1− ܾ + ܾଶ)(1 − ܿ + ܿଶ)(1 − ݀ + ݀ଶ) ≥ (1 + ܾܽܿ݀)ଶ 

Proposed by Marin Chirciu-Romania 

J.252 If ܽ, ܾ, ܿ > 0 and 2݊ ∈ ℕ then: 

ܽ௡ܾ௡

(ܽ + ܾ)ଶ௡ +
ܾ௡ܿ௡

(ܾ + ܿ)ଶ௡ +
ܿ௡ܽ௡

(ܿ + ܽ)௡ +
2݊(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)

2ଶ௡ାଷܾܽܿ ≥
2݊ + 3

2ଶ௡  

Proposed by Marin Chirciu-Romania 

J.253 ݔ ,ݕ, ݖ ≥ 0, ݖ = max(ݔ, ,ݕ  (ݖ
ܣ = ଷݔ)ଷݕଷݔ9 + (ଷݕ + ଺ݔ)ଶݖଶݕଶݔ6 + ଺ݕ + (଺ݖ +  ଵଶݖ18

ܤ = ଺ݔ5) + ଺ݕ5 + ଷݕଷݔ)(଺ݖ8 + ଶݖଶݕଶݔ +  (଺ݖ
Prove that: ܣ ≥  ܤ

Proposed by Daniel Sitaru,Mihai Ionescu – Romania  
J.254 If ݕ,ݔ, ݖ > 0 then: 

ݔ)ݔ√ + (ݖ2 + ඥݕ)ݕ + (ݔ2 + ݖ)ݖ√ + (ݕ2 ≤ ݔ) + ݕ + ݔ)ඥ3(ݖ + ݕ +  (ݖ
Proposed by Daniel Sitaru,Carina Viespescu – Romania  

J.255 If 0 < ݕ,ݔ < గ
ଶ
 then: 

sinଶ ݔ
sin଺ ݕ +

sinଶ ݕ
cos଺ ݔ +

cosଶ ݔ
cos଺ ݕ +

cosଶ ݕ
sin଺ ݔ ≥ 16 

Proposed by Daniel Sitaru,Eugenia Turcu – Romania  
J.256 In any ∆ܥܤܣ the following relationship holds: 

ቌ෍
݉௔
ଷ

ℎ௕ + ℎ௖௖௬௖

ቍቌ෍
1

(ℎ௔ + ℎ௕)ଶ
௖௬௖

ቍ ≥
9
8 

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuţi-Romania 
J.257 If ݉, ݊ ∈ ℝା = ,ݔ,(∞,0] ,ݕ ݖ ∈ ℝା

∗ = (0,∞),݉ + ݊ = 2 and ∆ܥܤܣ with ܨ −area,then 

prove: 

௠ܽݔ

ݕ) + ℎ௔௡(ݖ
+

௠ܾݕ

ݕ) + ℎ௕௡(ݖ
+

௠ܿݖ

ݔ) + ℎ௖௡(ݕ
≥

√3
2௡ିଵ ∙ ܨ

ଵି௡ 

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuţi-Romania 

J.258 If ݉, ݊ ∈ ℝା = [0,∞),݉ + ݊ = 2 and ∆ܥܤܣ with ܨ −area,then prove: 

ܽ௠

ℎ௔௡
+
ܾ௠

ℎ௕௡
+
ܿ௠

ℎ௖௡
≥ 2௠√3 ∙  ଵି௡ܨ

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuţi-Romania 
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J.259 If ܯ ∈ ݔ,(ܥܤܣ∆)ݐ݊ܫ = ݕ,ܣܯ = ,ܤܯ ݖ =  :then prove ܥܯ

෍
௫మ௬మ

௔మ௕మ
ଶ௫௬
௔௕

+ ଷ௬௭
௕௖

+ ସ௭௫
௖௔௖௬௖

≥
1
8 

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuţi-Romania 
J.260 Solve for real numbers: 

ଶݔ + ݔ
ଶݔ + ݔ + 1 +

ଶݕ + ݕ
ଶݕ + ݕ + 1 +

ଶݖ + ݖ
ଶݖ + ݖ + 1 + 1 = 0 

Proposed by Daniel Sitaru,Roxana Vasile – Romania  
J.261 If ݕ,ݔ, ݖ ∈ ℝ,ܽ, ܾ, ܿ > 0 then: 

ݔ)) − ܽ)ଶ + ଶݕ + ଶ)ଶݖ + ଶݔ) + ݕ) − ܾ)ଶ + ଶ)ଶݖ + ଶݔ) + ଶݕ + ݖ) − ܿ)ଶ)ଶ ≥ 

≥
(ܽଶ + ܾଶ)(ܾଶ + ܿଶ)(ܿଶ + ܽଶ)

2(ܽଶ + ܾଶ + ܿଶ)  

When equality holds? 
Proposed by Daniel Sitaru,Luiza Cremeneanu – Romania 

J.262 If ܽ, ܾ > 0 then: 

ඨܽ
ଶ + ܾଶ

2
మఱల

൬
2ܾܽ
ܽ + ܾ + √ܾܽ +

ܽ + ܾ
2 ൰

ଷ

≤ 27ቌ
2ܾܽ
ܽ + ܾ + √ܾܽ +

ܽ + ܾ
2 + ඨܽ

ଶ + ܾଶ

2 ቍ

ସ

 

Proposed by Daniel Sitaru,Nineta Oprescu – Romania  
 

J.263 If ݉, ݊ ∈ ℝା = [0,∞);݉ + ,ݕ,ݔ,݊ ݖ ∈ ℝା
∗ = (0,∞) then: 

ݕ + ݖ
ݔ

(ܾ݉ + ݊ܿ)ଶ +
ݖ + ݔ
ݕ

(݉ܿ + ݊ܽ)ଶ +
ݔ + ݕ
ݖ

(݉ܽ + ܾ݊)ଶ ≥ 8(݉ + ݊)ଶ√3ܨ 

Proposed by D.M. Bătinețu-Giurgiu – Romania  
 

J.264 If ݉, ݊ ∈ ℝା = [0,∞):݉ + ,ݕ,ݔ,݊ ݖ ∈ ℝା
∗ = (0,∞), then: 

ݔ + ݕ
ݖ

(݉ܽ + ܾ݊)ସ +
ݕ + ݖ
ݔ

(ܾ݉ + ݊ܿ)ସ +
ݖ + ݔ
ݕ

(݉ܿ + ݊ܽ)ସ ≥ 32 ⋅ (݉ + ݊)ସܨଶ 

Proposed by D.M. Bătinețu-Giurgiu – Romania  
 

J.265 If ݉ ≥ 0, ,ݕ,ݔ ݖ > 0, then in any Δܥܤܣ with the area ܨ the following inequality holds: 
ݔ

ݕ) + ௠(ݖ ܽ
ଶ(௠ାଵ) +

ݕ
ݖ) + ௠(ݔ ܾ

ଶ(௠ାଵ) +
ݖ

ݔ) + ௠(ݕ ܿଶ(௠ାଵ) ≥ 2௠ାଶ(ݕݔ+ ݖݕ + (ݔݖ
భష೘
మ  ௠ାଵܨ

Proposed by D.M. Bătinețu-Giurgiu – Romania  
 

J.266 In any Δܥܤܣ with the area ܨ the following inequality holds: 
(ℎ௕ + ℎ௖)ܽହ + (ℎ௖ + ℎ௔)ܾହ + (ℎ௔ + ℎ௕)ܿହ ≥  ଷܨ64

Proposed by D.M. Bătinețu-Giurgiu – Romania  
 

J.267 In any Δܥܤܣ the following inequality holds: 

ܽଶ

ℎ௕ଶ + ℎ௖ଶ
+

ܾଶ

ℎ௖ଶ + ℎ௔ଶ
+

ܿଶ

ℎ௔ଶ + ℎ௕ଶ
≥ 2 

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  
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J.268 If ݔ ∈ ℝା
∗ = (0,∞) and ݉ ∈ ℝା = [0,∞), and [ݔ],  are respectively the whole part {ݔ}

and the fractionary part of ݔ, then: 

ݔ) + ௠ାଵ([ݔ] + ݔ) + ௠ାଵ({ݔ} + 3௠([ݔ]௠ାଵ + (௠ାଵ{ݔ} ≥
3௠

2௠ିଶ ݔ
௠ାଵ 

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.269 If ܽ, ܾ, ,ݕ,ݔ ݖ ∈ ℝା
∗ = (0,∞), then: 

෍
ଶݔ + ଶݕ

ݕ)ܽ + ଶ(ݖ + ݕݔܾ
௖௬௖

≥
6

4ܽ + ܾ ⋅
ݕݔ + ݖݕ + ݔݖ
ଶݔ + ଶݕ + ଶݖ  

Proposed by D.M. Bătinețu-Giurgiu, Dan  Nănuți – Romania  
J.270 In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

෍
݊௔
ℎ௔௖௬௖

≤ ඨ෍ cotଶ
ܣ
2

௖௬௖

 

Proposed by Bogdan Fuștei – Romania  
J.271 In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

෍
ܾଶ݊௕ + ܿଶ݊௖ − ܽଶ݊௔

ܾܿඥ݊௕݊௖௖௬௖

≤ 3 

Proposed by Bogdan Fuștei – Romania  
J.272 In Δܥܤܣ the following relationship holds: 

෍
ܾ݉௕ + ܿ݉௖ − ܽ݉௔

ඥܾܿ݉௕݉௖௖௬௖

≤ 3 

Proposed by Bogdan Fuștei – Romania  
J.273 In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

ෑቆℎ௔ + ට݊௔ + ඥ݉௔
రయ

ቇ
௖௬௖

≥ ඨෑℎ௔݉௔݊௔
௖௬௖

భల  

Proposed by Bogdan Fuștei – Romania  
J.274 In Δܥܤܣ the following relationship holds: 

෍ܽ݉௔
௖௬௖

≤
ଶݎ)3√ + (ܴݎ4

2 +
√3
4 ෍(݊௔ଶ + ݃௔ଶ)

௖௬௖

 

Proposed by Bogdan Fuștei – Romania  

J.275 In Δܥܤܣ the following relationship holds: 

2√2݉௔ ≥
ℎ௕ + ℎ௖
2 sin ஺

ଶ

+ |ܾ − ܿ| sin
ܣ
2 

Proposed by Bogdan Fuștei – Romania  
 

J.276 In Δܥܤܣ,݊௔ – Nagel’s cevian, ݃௔ – Gergonne cevian, the following relationship holds: 

4݉௔
ଶ ≥ (ܾ + ܿ)ଶ cosଶ

ܣ
2 + (݊௔ − ݃௔)ଶ sinଶ

ܣ
2 

Proposed by Bogdan Fuștei – Romania  
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J.277 In Δܥܤܣ the following relationship holds: 
௔ݎ| − |௕ݎ + ௕ݎ| − |௖ݎ + ௖ݎ| − |௔ݎ

ݏ ≥ 2෍
݉௔ − ௔ݓ

௔௖௬௖ݎ

 

Proposed by Bogdan Fuștei – Romania  
J.278 In Δܥܤܣ the following relationship holds: 

෍
௔ݎ

݊௔ + ݉௔ + ℎ௔௖௬௖

≥
4ܴ − ݎ2

3ܴ  

Proposed by Bogdan Fuștei – Romania  
J.279 In Δܥܤܣ the following relationship holds: 

෍
݉௔

ܫܣ
௖௬௖

≥
1

3ܴ − ෍ݎ2
(݉௔ + ݊௔)

௖௬௖

 

Proposed by Bogdan Fuștei – Romania  
J.280 In Δܥܤܣ the following relationship holds: 

෍
݉௔

ܫܣ
௖௬௖

≥
1

3ܴ෍
(݉௔ + ݊௔ + ℎ௔)

௖௬௖

 

Proposed by Bogdan Fuștei – Romania  
J.281 Solve for real numbers: 

ඥݔ + [ݔ] + ඥݔ − [ݔ] = 2, [∗] −  ܨܫܩ
Proposed by Jalil Hajimir-Canada 

J.282 Solve for real numbers: 

[ݔ]ݔ +
[ݔ]
ݔ = 9,			[∗]−  ܨܫܩ

Proposed by Jalil Hajimir-Canada 
J.283 Solve for real numbers: 

൧[ݔ]ݔൣ + [ݔ]ݔ = [∗]			,ଶݔ2 −  ܨܫܩ
Proposed by Jalil Hajimir-Canada 

J.284 If ݕ,ݔ, ݖ > 0 then: 

ଷݔ) + ଷݕ + ଷ)ଷݖ ቆ
଺ݔ

ଷݕ +
଺ݕ

ଷݖ +
଺ݖ

ଷቇݔ ≥ ସݔ)3 + ସݕ +  ସ)ଷݖ

Proposed by Daniel Sitaru,Roxana Popescu – Romania  
J.285 If ݕ,ݔ ∈ ℝ, ଶݔ + ଶݕ + 178 ≤ ݔ10 +  :then ݕ26

ସݔ + ସݕ + ଶݕଶݔ2 + 16384 ≤ ݔ10)320 + ݕ26 − 178) 

Proposed by Daniel Sitaru,Aurelia Petrică – Romania  

J.286 If ܽ, ܾ, ܿ > 0,ܽ + ܾ + ܿ = 3 then: 
ܽଶ

√ܾଶ + 9ܾܿ + 6ܿଶ
+

ܾଶ

√ܿଶ + 9ܿܽ + 6ܽଶ
+

ܿଶ

√ܽଶ + 9ܾܽ + 6ܾଶ
≥

3
4 

Proposed by Daniel Sitaru,Monica Stanca – Romania  
 

J.287 If ܽ, ܾ, ܿ, ݀ > 0,ܾܽܿ݀ = 4 then: 

෍
ܽଵସ

ܽ଺ + (ܾܿ݀)ଶ
௖௬௖

≥ 32 

Proposed by Daniel Sitaru, Cătălin Nicola– Romania  
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J.288 In ∆ܥܤܣ the following relationship holds: 

ඨ
݃௔ݎ௔
݉௔

+ ඨ
݃௕ݎ௕
݉௕

+ ඨ
݃௖ݎ௖
݉௖

≤
ݏ
ݎ√

 

Proposed by Marian Ursărescu-Romania 
J.289 In ∆ܥܤܣ the following relationship holds: 

ඨܽ
ସ + ܾସ

2 + ඨܾ
ସ + ܿସ

2 + ඨܿ
ସ + ܽସ

2 ≤ 4(3ܴଶ − ݎ2ܴ +  (ଶݎ

Proposed by Marian Ursărescu-Romania 
J.290 In ∆ܥܤܣ the following relationship holds: 

ඨݎ௔
ଶ + ௕ଶݎ

2 + ඨݎ௕
ଶ + ௖ଶݎ

2 + ඨݎ௖
ଶ + ௔ଶݎ

2 ≤ 8ܴ −  ݎ7

Proposed by Marian Ursărescu-Romania 
J.291 Find all functions ݂:ℝ → ℝ with the property: 

(ݔ)݂ = ݂ ൬
ݔ

√1 + ଶݔ
൰ ݔ∀, ∈ ℝ 

Proposed by Marian Ursărescu-Romania 
J.292 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, the following relationship holds: 

ቌ෍݊௔݊௕
௖௬௖

ቍቌ෍݉௔ݓ௔
௖௬௖

ቍ ≥  ସݏ

Proposed by Bogdan Fuştei-Romania 
J.293 In ∆ܥܤܣ, the following relationship holds: 

ܴ
ݎ2 ≥

ඩ1 +
ቀ4 − ଶ௥

ோ
ቁ ቀ௔

௕
+ ௕

௖
+ ௖

௔
ቁ
ଶ

(ܾଶ − ܿଶ)ଶ

(ܽ + ܾ + ܿ)ସ  

Proposed by Bogdan Fuştei-Romania 
J.294 In ∆ܥܤܣ, the following relationship holds: 

8ෑ
௔ݎ

ݏ + ݊௔௖௬௖

≥ෑ൭
݊௔ + ݃௔ + ඥ2ݎ௕ݎ௖ + ඥݎݎ௔

4(ℎ௔ − (ݎ −
݊௔
ℎ௔
൱

௖௬௖

 

Proposed by Bogdan Fuştei-Romania 

J.295 In ∆ܥܤܣ,	the following relationship holds: 

2݉௔ ≥ ඨ(݊௔ − ݃௔)ଶ − ௕ݎ) − ଶ݊ܽݐ௖)ଶݎ
ܣ
2 

Proposed by Bogdan Fuştei-Romania 
J.296 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, ݃௔ −Gergonne’s cevian, the following relationship holds: 

݊௔ + ݊௕ + ݊௖
ݎ + 2 ⋅෍

௔ݎ2 + ℎ௔
2݉௔ + ݏ − ݃௔௖௬௖

≥ 3 ⋅ ඨ
16ܴ
ݎ − 5 +

ܴ − ݎ2
ܴ − ݎ  

Proposed by Bogdan Fuştei-Romania 
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J.297 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, ݃௔ −Gergonne’s cevian, the following relationship holds: 

2෍
݊௔݃௔
ℎ௔ݓ௔௖௬௖

≥෍
݉௕ + ݉௖

݉௔௖௬௖

 

Proposed by Bogdan Fuştei-Romania 
J.298 In ∆ܥܤܣ,݃௔ −Gergonne’s cevian, the following relationship holds: 

෍
ℎ௔

ห݉௔ + ௕ݓ + ௖ݓ + √3(݃௔ − ܽ)ห
௖௬௖

≥
݃௔ + ݃௕ + ݃௖ − ݏ

ݎ3√2
 

Proposed by Bogdan Fuştei-Romania 
J.299 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, ݃௔ −Gergonne’s cevian, the following relationship holds: 

݃௔ + ݃௕ + ݃௖
ݎ ≥ ෍൬

݊௔
௔ݎ

+
2ℎ௔
݊௔

൰
௖௬௖

 

Proposed by Bogdan Fuştei-Romania 
J.300 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, the following relationship holds: 

෍ܿݐ݋ଶ
ܣ
2

௖௬௖

= ෍
݊௔ଶ

௔ଶ௖௬௖ݎ

+ 2෍
ℎ௔
௔௖௬௖ݎ

 

Proposed by Bogdan Fuştei-Romania 
J.301 In ∆ܥܤܣ,	the following relationship holds: 

௔ݎ
ℎ௔

+
௕ݎ
ℎ௕

+
௖ݎ
ℎ௖

≥෍
2݉௔ − ݃௔

ℎ௔௖௬௖

 

Proposed by Bogdan Fuştei-Romania 
J.302 If ܽ, ܾ, ܿ > 0,ܽ + ܾ + ܿ = 3 then 

(ܽଶ + ܾଶ + ܿଶ)(ܾܽ + ܾܿ + ܿܽ)ହ ≤ 729 
Proposed by Marin Chirciu-Romania 

J.303 If ܽ, ܾ, ܿ > 0,ܽ + ܾ + ܿ ≤ 3 and ݊ ∈ ℕ then 

(ܽଶ + ܾଶ + ܿଶ)(ܾܽ + ܾܿ + ܿܽ)௡ାଶ ≤ 3௡ାଷ 

Proposed by Marin Chirciu-Romania 

J.304 In ∆ܥܤܣ the following relationship holds: 

ݎ32
ܴ ⋅ ൬

ݎ2
ܴ ൰

భ
య
≤෍

(ܾ + ܿ)ଶ

݉௔
ଶ

௖௬௖

≤ 4 ൬
ܴ
ݎ + 2൰ 

Proposed by Marin Chirciu-Romania 

J.305 If ܽ, ܾ, ܿ > 0 such that ܽ + ܾ + ܿ = 1 and ݊ ∈ ℕ,݊ ≥ 2, ߣ ≥ 0 then 

෍
(3ܽ)௡

(ܾ + ܿ)(ߣ + (ߣ
௖௬௖

≥
27

ߣ3) + 1)ଶ 

Proposed by Marin Chirciu-Romania 
 

J.306 If – ଵ
ଶ
≤ ௞ݔ ≤

ଵ
ଶ

, 1 ≤ ݇ ≤ ݊ such that ݔଵଷ + ଶଷݔ + ⋯+ ௡ଷݔ = 0 then 

ଵଶݔ + ଶଶݔ + ⋯+ ௡ଶݔ ≤
݊
3 

Proposed by Marin Chirciu-Romania 
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J.307 If ܽ, ܾ, ܿ > 0 such that ܾܽܿ = 1 and ߣ ≥ 0 then 
ܽସ

ܾସ + ଶܿߣ +
ܾସ

ܿସ + ଶܾߣ +
ܿସ

ܽସ + ଶܾߣ +
ܽଷ + ܾଷ + ܿଷ

ߣ + 1 ≥
6

ߣ + 1 

Proposed by Marin Chirciu-Romania 
 

J.308 In ∆(ܥܣܤ∢)݉,ܥܤܣ = (ܥܤܣ∢)݉,40° = 60°. Prove that: 

൬
ܾ
ܿ൰

ଷ

+ 3 ൬
ܾ
ܿ൰

ଶ

= 3 

Proposed by Mehmet Şahin-Turkey 
J.309 If in ∆(ܤ∢)݉,ܥܤܣ = (ܥ∢)݉ = 10° then 

ቀ
ܽ
ܾ
ቁ
଺
− 6 ቀ

ܽ
ܾ
ቁ
ସ

+ 12 ቀ
ܽ
ܾ
ቁ
ଶ

+ 4 = 0 

Proposed by Mehmet Şahin-Turkey 
 

J.310 Let ∆ܨܧܦ be the pedal triangle of ܲ ∈  :Prove that .ܥܤܣ∆ in (ܥܤܣ∆)ݐ݊ܫ
ଶܧܦ + ଶܨܧ + ଶܦܨ ≥ 12√3 ⋅ ඥ[ܲܨܧ] ⋅ [ܨܦܲ] ⋅ య[ܧܦܲ]  

Proposed by Mehmet Şahin-Turkey 
J.311 In ∆ܥܤܣ the following relationship holds: 

64
9ܴଷ ≤

1
ଷݎ − ቆ

1
௔ଷݎ

+
1
௕ଷݎ

+
1
௖ଷݎ
ቇ ≤

8
 ଷݎ9

Proposed by Mehmet Şahin-Turkey 
 

J.312 In ∆ܦ,ܥܤܣ ∈ ܧ,(ܥܤ) ∈ ܨ,(ܣܥ) ∈ ܦܩ,(ܤܣ) ∥ ܧܩ,ܤܣ ∥ ܥܤ ܨܥ, ∥  .ܣܥ
Let ߩ be the circumradii of ∆ܩ,ܨܧܦ −centroid. Prove that: 

ߩ ≥
ܽ + ܾ + ܿ

9  

Proposed by Mehmet Şahin-Turkey 
J.313 If in ∆ܥܤܣ,ܽ + ܾ + ܿ = 1 then: 

7ܴ
ݎ2 + 5 ≥

1
ܽ +

1
ܾ +

1
ܿ +

1
ܾܽ + ܾܿ + ܿܽ ≥ 12 

Proposed by Alex Szoros-Romania 

J.314 If ݕ,ݔ, ݖ > ݖݕݔ,0 = 1 then 
1

ݕ)ହݔ + (ݖ +
1

ݖ)ହݕ + (ݔ +
1

ݔ)ହݖ + (ݕ ≥
3
2 

Proposed by Rajeev Rastogi-India 
 

J.315 ݌ −prime number, fixed. Find the number of ordered pairs (ݔ,  :such that (ݕ
ଷݔ + ଷݕ + 8 = ݌ +  ݕݔ

Proposed by Rajeev Rastogi-India 
J.316 Find ݊ ∈ ℕ such that: ௡

మାଶ௡ାଶ
௡మିଶ௡ାଶ

∈ ℕ 
Proposed by Rajeev Rastogi-India 

 
J.317 Determine the number of 6-tuples (݁ଵ , ݁ଶ, … , ݁଺) such that ݁ଵ ,݁ଶ , … , ݁଺ ∈ {−1,1} and  

݁ଵ + 3݁ଶ + 5݁ଷ + 6݁ସ + 7݁ହ + 11݁଺ ≡  (3	݀݋݉)0
Proposed by Rajeev Rastogi-India 
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J.318 Find: 

Ω = ݉݅ถ݊
௫∈ℝ

ቌ݉ܽݔถ
௬∈[଴,ଵ]

ଶݕ|) −  ቍ(|ݕݔ

Proposed by Rajeev Rastogi-India 
J.319 ܽ଴,ܽଵ > 0,ܽ௡ାଵ = ௠௔௫(௔೙,ହ)

௠௜௡ቀೌ೙షభఱ ,ଵቁ
,݊ ≥ 1,ܽଵ଴ଵ଴ = 1010. Find: 

Ω =
ܽଶ଴ଶ଴ + ܽଶ଴ଶଵ + ܽଶ଴ଶଶ + ܽଶ଴ଶଷ + ܽଶ଴ଶସ + ܽଶ଴ଶହ

ܽଶ଴ଵ଻ + ܽଶ଴ଵ଼ + ܽଶ଴ଵଽ
 

Proposed by Rajeev Rastogi-India 
J.320 ݔଽ + ଵହ

଼
଺ݔ + ଻ହ

଺ସ
ଷݔ − ݔ + ସସହ

ହଵଶ
= 0. If ܵ −sum of all real roots then find [ܵ], [∗] −  .ܨܫܩ

Proposed by Rajeev Rastogi-India 
J.321 Find ݕ,ݔ ∈ ℤା such that: 

ଷݔ4 − ݕଶݔ8 − ଶݕݔ11 − ଷݕ3 − ଶݔ8 + ݕݔ20 + ଶݕ12 + ݔ3 − ݕ9 = 0 
Proposed by Rajeev Rastogi-India 

J.322 Determine the number of unordered triplets (ݔ, ,ݕ  of positive integers satisfying the (ݖ
equation ݔ + ݕ + ݖ = 102 

Proposed by Rajeev Rastogi-India 
 

J.323 Determine the number of 6-tuples (݁ଵ , ݁ଶ, … , ݁଺) of positive integers satisfying the 
equation 2݁ଵ + 2݁ଶ + 2݁ଷ + 5݁ସ + 5݁ହ + 6݁଺ = 32 

Proposed by Rajeev Rastogi-India 
 

J.324 In ∆ܥܤܣ, ܫ −incenter, ܴ௔ ,ܴ௕,ܴ௖ −circumradii of ∆ܤܫܣ∆,ܣܫܥ∆,ܥܫܤ. Prove that: 
ܴ௔ଶ

ܤ݊݅ݏ)௔ݎ + (ܥ݊݅ݏ +
ܴ௕ଶ

ܥ݊݅ݏ)௕ݎ + (ܣ݊݅ݏ +
ܴ௖ଶ

ܣ݊݅ݏ)௖ݎ + (ܤ݊݅ݏ ≥
6ܴଶ

ܽ + ܾ + ܿ 

 
Proposed by Ertan Yildirim-Turkey 

J.325 In ∆ܥܤܣ the following relationship holds: 

෍ℎ௔ଶ(ܤ݊݅ݏ − (ܥ݊݅ݏ
௖௬௖

= (ܾܽ + ܾܿ + ܿܽ)ෑ
ܾ − ܿ

2ܴ
௖௬௖

 

Proposed by Ertan Yildirim-Turkey 
J.326 In ∆ܥܤܣ the following relationship holds: 

ݎ9
4ܴଶ ≤෍

௔ݎ
ܾܿ ⋅ ݏ݋ܿ

ଶ ܣ
2

௖௬௖

≤
9

 ݎ16

Proposed by Ertan Yildirim-Turkey 
J.327 In ∆ܥܤܣ the following relationship holds: 

௕ଷݎ)௔ݎ + (௖ଷݎ
ܽ +

௖ଷݎ)௕ݎ + (௔ଷݎ
ܾ +

௔ଷݎ)௖ݎ + (௕ଷݎ
ܿ ≥  ଷݏ

Proposed by Ertan Yildirim-Turkey 

J.328 In ∆ܥܤܣ the following relationship holds: 
ቀ1 − ௥

௥ೌ
ቁ ቀ1 − ௥

௥್
ቁ ቀ1 − ௥

௥೎
ቁ

(1 − 1)(ܣݏ݋ܿ − 1)(ܤݏ݋ܿ − (ܥݏ݋ܿ =
8ܴଷݎ
ଶܨ  

Proposed by Ertan Yildirim-Turkey 
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J.329 In ∆ܪ,ܥܤܣ −orthocenter, ܫ −incenter, the following relationship holds: 
|ܪܣ|ܽ + |ܪܤ|ܾ + |ܪܥ|ܿ

ܾܽܿ ≤
3

ܫܣ + ܫܤ +  ܫܥ
Proposed by Ertan Yildirim-Turkey 

J.330 In ∆ܥܤܣ, ܫ −incenter, ܫ௔, ௕ܫ , ௖ܫ −excenters, the following relationship holds: 
௔ܫܣ
ݏ݋ܿ ஺

ଶ

+
௕ܫܤ
ݏ݋ܿ ஻

ଶ

+
௖ܫܥ
ݏ݋ܿ ஼

ଶ

≥ 2(ܽ + ܾ + ܿ) 

Proposed by Ertan Yildirim-Turkey 
J.331 In ∆ܥܤܣ the following relationship holds: 

ݎ3
ܴ ≤

ܣଶ݊݅ݏ
ܤଶ݊݅ݏ + ܥଶ݊݅ݏ +

ܤଶ݊݅ݏ
ܥଶ݊݅ݏ + ܣଶ݊݅ݏ +

ܥଶ݊݅ݏ
ܣଶ݊݅ݏ + ܤଶ݊݅ݏ ≤

ܴ
ݎ −

1
2 

Proposed by Ertan Yildirim-Turkey 
J.332 In ∆ܥܤܣ the following relationship holds: 

݉௕
ଶ + ݉௖

ଶ

ℎ௔
+
݉௖
ଶ + ݉௔

ଶ

ℎ௕
+
݉௔
ଶ + ݉௕

ଶ

ℎ௖
≥ 9ܴ 

Proposed by Ertan Yildirim-Turkey 
J.333 In ∆ܥܤܣ the following relationship holds: 

ݎ9 ≤
ܽ(݉௕ + ݉௖)

ܾ + ܿ +
ܾ(݉௖ + ݉௔)

ܿ + ܽ +
ܿ(݉௔ + ݉௕)

ܽ + ܾ ≤
9ܴଶ

ݎ4  

Proposed by Ertan Yildirim-Turkey 
 

J.334 In ∆ܥܤܣ,ܶ −Toricelli’s point, the following relationship holds: 
ଶݎ12 ≤ ଶܶܣ + ଶܶܤ + ଶܶܥ ≤ 4ܴଶ −  ଶݎ4

Proposed by Eldeniz Hesenov-Georgia 
J.335 In ∆ܥܤܣ, the following relationship holds: 

ݎ18
ܴ ≤ (ܽ + ܾ + ܿ)൬

1
ܽ +

1
ܾ +

1
ܿ൰ ≤ ൬

3ܴ
൰ݎ2

ଶ

 

Proposed by Eldeniz Hesenov-Georgia 
J.336 In ∆ܥܤܣ, the following relationship holds: 

ቌ෍(ܾ + ܿ)ିଶ
௖௬௖

ቍቌ෍݉௔ݓ௔
௖௬௖

ቍ ≥
9

4ܴଶ
ቌෑݎ௔
௖௬௖

ቍቌෑݎ௔
௖௬௖

ቍ

ିଵ

 

Proposed by Eldeniz Hesenov-Georgia 

J.337 In ∆ܥܤܣ, ܫ −incenter, ܴ௔ ,ܴ௕,ܴ௖ −circumradii in ∆ܤܫܣ∆,ܣܫܥ∆,ܥܫܤ. Prove that: 

ඨ൬
ܽ
ܴ௔
൰
ଶయ

+ ඨ൬
ܾ
ܴ௕
൰
ଶయ

+ ඨ൬
ܿ
ܴ௖
൰
ଶయ
≤ 5 

Proposed by Eldeniz Hesenov-Georgia 

J.338 In ∆ܥܤܣ, the following relationship holds: 

ቆ
ܣଶݏ݋ܿ
ܽ ቇ

ଶ

+ ቆ
ܤଶݏ݋ܿ
ܾ ቇ

ଶ

+ ቆ
ଶܱܿܵܥ
ܥ ቇ

ଶ

≥ ቆ
ݎ) − ݎ)(ܴ + ܴ)

3ܴଶ ቇ
ଶ

 

Proposed by Eldeniz Hesenov-Georgia 
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J.339 Let ܽ, ܾ, ܿ > 0 such that: ܽ + ܾ + ܿ = 6, ܾܽ + ܾܿ + ܿܽ = 9, ܽ < ܾ < ܿ. Prove that: 
ܽ ∈ (0,1),ܾ ∈ (1,3),ܿ ∈ (3,4). 

Proposed by Nguyen Van Canh – BenTre – Vietnam  
 

J.340 If ݕ,ݔ, ݖ > 0 such that ݖݕݔ = 1, then: 

a. (ݔଶ଴ଶଵ + ଶ଴ଶଵݕ)(ଶ଴ଶଵݕ + ଶ଴ଶଵݖ)(ଶ଴ଶଵݖ + (ଶ଴ଶଵݔ ≥ 2ට2൫2 +∑ ଶ଴ଶଵ௖௬௖ݔ ଶ଴ଶଵݕ +∑ ଶ଴ଶଵ௖௬௖ݔ ൯ 

b. ௫మ

(௬ା௭)మ
+ ௬మ

(௫ା௭)మ
+ ௭మ

(௫ା௬)మ
+ ଵ଴

(௫ା௬)(௬ା௭)(௭ା௫)
≥ 2 

c. ቀ௫
௬
ቁ
ଶ଴ଶ଴

+ ቀ௬
௭
ቁ
ଶ଴ଵଽ

+ ቀ௭
௫
ቁ
ଶ଴ଵ଼

+ ଵ
௫

+ ଵ
௬

+ ଵ
௭
≥ 6 

Proposed by Nguyen Van Canh – BenTre – Vietnam  
J.341 If ݕ,ݔ, ݖ > ݔ)ݔ,0 + ݕ + (ݖ =  :then ݖݕ3

ݔ) + ଷ(ݕ + ݔ) + ଷ(ݖ + ݔ)3 + ݕ)(ݕ + ݖ)(ݖ + (ݔ ≤ +ݕ)5  ଷ(ݖ
When equality holds? 

Proposed by Nguyen Van Canh – BenTre – Vietnam  
J.342 Find all positive real numbers ߙ such that: 

ܽଶ + ܾଶ

ܽ + ܾ +
ܾଶ + ܿଶ

ܾ + ܿ +
ܿଶ + ܽଶ

ܿ + ܽ ≤
ଶܽ)ߙ + ܾଶ + ܿଶ)

ܽ + ܾ + ܿ ,∀ܽ, ܾ, ܿ > 0 

Proposed by Nguyen Van Canh – BenTre – Vietnam  
 

J.343 In any triangle ܥܤܣ the following relationship holds: 

ට݉௔ + ℎ௔ + ݃௔ + √3ܽ + ට݉௕ + ℎ௕ + ௕ݓ + √3ܾ + ට݉௖ + ℎ௖ + ௖ݏ + √3ܿ ≤ 2√12ܴ +  ݎ3

Proposed by Nguyen Van Canh – BenTre – Vietnam  
 

J.344 If ܽ, ܾ, ܿ > 0 such that ܾܽܿ = 1, then: 
1. (ܽ + ܾ + ܿ)ଷ ≥ ଶ଻

ସ
(ܾܽଶ + ܾܿଶ + ܿܽଶ + ܾܽܿ) 

2. ܾܽଶ + ܾܿଶ + ܿܽଶ + ଵ
ඥ଼ଵ(௔యା௕యା௖య)ఱ ≥ ଵ଴

ଷ
 

Proposed by Nguyen Van Canh – BenTre – Vietnam  
J.345 If ܽ, , ܾ, ܿ > 0 such that ܽ + ܾ + ܿ = 1, then: 

ܽ
ܿ +

ܾ
ܽ +

ܿ
ܾ + √ܾܽܿయ ≥

10
9(ܽଶ + ܾଶ + ܿଶ) 

When does equality holds? 
Proposed by Nguyen Van Canh – BenTre – Vietnam  

J.346 Find all positive real numbers ߙ such that: 

√ܾܽܿయ +
|ܽ − ܾ| + |ܾ − ܿ| + |ܿ − ܽ|

ߙ ≥
ܽ + ܾ + ܿ

3 ,∀ܽ,ܾ, ܿ > 0 

Proposed by Nguyen Van Canh – BenTre – Vietnam  

J.347 If ܽ, ܾ, ܿ are positive real numbers then: 

ܾܽܿ
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≤

(ܽ + ܾ)(ܽ+ ܾ + 2ܿ)
(3ܽ + 3ܾ + 2ܿ)ଶ ≤

1
8 

Proposed by Nguyen Van Canh – BenTre – Vietnam  
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J.348 If ݕ,ݔ, ݔ are positive real numbers such that ݖ + ݕ + ݖ = 3 and ߙ ≥ 2 then: 

min ൜෍
1

1 + ଶݕݔߙ ,෍
1

1 + ଶൠݔݕߙ ≥
3

1 +  ߙ

Proposed by Nguyen Van Canh – BenTre – Vietnam  

J.349 If ܽ, ܾ ≥ 0 such that ܽ + ܾ ≤ ସ
ହ
 then: 

ඨ1 − ܽ
1 + ܽ + ඨ1 − ܾ

1 + ܾ ≤
ඨ1 − ܽ − ܾ

1 + ܽ + ܾ + 1 

When does equality holds? 

Proposed by Nguyen Van Canh – BenTre – Vietnam  

J.350 In any triangle ܥܤܣ the following relationship holds: 

ܽଶ

ܾ +
ܾଶ

ܿ +
ܿଶ

ܽ ≥
ଶ݌)݌3 − ଶݎ3 − (ݎ6ܴ

ଶ݌ − ଶݎ − ݎ4ܴ  

Proposed by Nguyen Van Canh – BenTre – Vietnam  

J.351  In Δܥܤܣ,Δܣᇱܤᇱܥᇱ the following relationship holds: 

෍(ܽଶ + ܽᇱଶ) + 2ඩቌ෍ܽଶ
௖௬௖

ቍቌ෍ܽᇱଶ
௖௬௖

ቍ
௖௬௖

≥ ݎ)36 +  ᇱ)ଶݎ

Proposed by Daniel Sitaru,Aurel Chiriță – Romania  

J.352 If ܽ,ܾ > 0 then (߶ - golden ratio): 

ቀ(1 + ߶)√௔௕ + ඥ߶௔ା௕ቁ ቀ(1 + ௔௕√(ߨ + ඥߨ௔ା௕ቁ

≤ ቀ߶√௔௕ + ඥ(1 + ߶)௔ା௕ቁ ቀߨ√௔௕ + ඥ(1 +  ௔ା௕ቁ(ߨ

Proposed by Daniel Sitaru,Nicolae Oprea – Romania  

J.353 Solve for real numbers: 

15 cosݔ ⋅ cos ݕ ⋅ cos ݖ + 4෍ cos ݔ5 ⋅ cos ݕ ⋅ cos ݖ =
௖௬௖

0,−
ߨ
2 < ,ݕ,ݔ ݖ <

ߨ
2 

Proposed by Daniel Sitaru,Iulia Selea – Romania  

J.354 Solve for real numbers: 

⎩
⎨

௫మା଺௫ݔ⎧ ⋅ ௬మା଺௬ݕ ⋅ 3ଽାଶ௫௬ = ൬
ݔ + ݕ

3 + 1൰
(௫ା௬ା௭)య

ݔ + 3௬ = 29 + logଷ ൬
1
൰ݔ

 

Proposed by Daniel Sitaru,Ionuț Ivănescu – Romania  
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J.355 If ܽ, ܾ, ܿ, ݀ ∈ ℝ then: 
(ܽ݀ − ܾܿ)଼(ܽଶ + ܾଶ)(ܿଶ + ݀ଶ) + (ܽܿ + ܾ݀)ଵ଴ ≤ (ܽଶ + ܾଶ)ହ(ܿଶ + ݀ଶ)ହ 

Proposed by Daniel Sitaru,Amelia Curcă Năstăselu – Romania  
J.356 In Δܥܤܣ the following relationship holds: 

ቆ݉௔݉௕ +
ܾଶ + ܿଶ

2ܿܽ ቇ ቆ
1

ℎ௔ℎ௕
+
ܿଶ + ܽଶ

2ܾܿ ቇ ≥ ቆ݉௔(ܿଶ + ܽଶ) +
ܾଶ + ܿଶ

ℎ௕
ቇ ൬

݉௕

2ܾܿ +
1

2ܿܽℎ௔
൰ 

Proposed by Daniel Sitaru,Mirea Mihaela Mioara – Romania  
J.357 If ܯ is an interior point in Δܥܤܣ with the area ܨ and ݔ = ݕ,ܣܯ = ,ܤܯ ݖ =   :then ,ܥܯ
ଶℎ௔ଶݔ + ଶℎ௕ଶݕ + ଶℎ௖ଶݖ ≥  ଶܨ4

Proposed by D.M.Bătineţu-Giurgiu– Romania  
J.358  Prove that in any Δܥܤܣ with the area ܨ the following inequality holds: 

(ܽ + ܾ)ℎ௖ + (ܾ + ܿ)ℎ௔ + (ܿ + ܽ)ℎ௕ ≥  ܨ12
Proposed by D.M.Bătineţu-Giurgiu– Romania  

J.359  If ݉ ∈ ℕ and ܽ,ܾ, ܿ, ,ݔ ݕ ∈ ℝା
∗ = (0,∞),ܾܽܿ = 1, then: 

ݔܽ) + ଶ௠ାଶ(ݕܾ

(ܽ + ܾ + 2ܿ)௠ାଵ +
ݔܾ) + ଶ௠ାଶ(ݕܿ

(2ܽ + ܾ + ܿ)௠ାଵ +
ݔܿ) + ଶ௠ାଶ(ݕܽ

(ܽ + 2ܾ + ܿ)௠ାଵ ≥
ݔ)3 + ଶ(௠ାଵ)(ݕ

4௠ାଵ  

Proposed by D.M. Bătinețu – Giurgiu– Romania  
J.360 In any Δܥܤܣ the following inequality holds: 

݉௔ + ݉௕ + ݉௖
௛ೌା௠್ା௠೎

௛ೌ
+ ௛್ା௠೎ା௠ೌ

௛್
+ ௛೎ା௠ೌା௠್

௛೎

≥  ݎ

Proposed by D.M. Bătinețu – Giurgiu– Romania  
 

J.361 In any Δܥܤܣ the following inequality holds: 

෍
௔ݓ + ݉௕ + ℎ௖

ℎ௔௖௬௖

≥
1
ݎ

(ℎ௔ + ℎ௕ + ℎ௖) ≥ 9 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
J.362 In any Δܥܤܣ the following inequality holds: 

෍
௔ݏ + ௕ݏ + ℎ௖

ℎ௕௖௬௖

≤
1
ݎ

௔ݏ) + ௕ݏ +  (௖ݏ

Proposed by D.M. Bătinețu – Giurgiu– Romania  
J.363 In any Δܥܤܣ the following inequality holds: 

෍
ℎ௔ + ℎ௕ + ݉௖

ℎ௖௖௬௖

≤
1
ݎ

(݉௔ + ݉௕ + ݉௖) 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
J.364 In any Δܥܤܣ the following inequality holds: 

෍
௔ݓ + ௕ݓ + ℎ௖

ℎ௔௖௬௖

≤
1
ݎ

௔ݓ) + ௕ݓ +  (௖ݓ

Proposed by D.M. Bătinețu – Giurgiu– Romania  
 

J.365 If ݉, ݊ ∈ ℝା = [0,∞); 	݉ + ݊ = 2 then in any Δܥܤܣ with the area ܨ the following 

inequality holds: ൫௔
మା௕మ൯௪೎೘

௖೙
+ ൫௕మା௖మ൯௪ೌ೘

௔೙
+ ൫௖మା௔మ൯௪್

೘

௕೙
≥ 3 ⋅ 2௠ାଵܨ௠ 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
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J.366 Let ݉, ݊, ݐ ∈ ℝା = [0,∞),݉ + ݊ = 4 and ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞) the in Δܥܤܣ with the 

area ܨ the following inequality holds: 
ݕ + ݖ + ݐ6
ݔ + ݐ3 ⋅

ܽ௠

ℎ௔௡
+
ݖ + ݔ + ݐ6
ݕ + ݐ3 ⋅

ܾ௠

ℎ௕௡
+
ݔ + ݕ + ݐ6
ݖ + ݐ3 ⋅

ܿ௠

ℎ௖௡
≥ 2௡ିଵܨଶି௡ 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
 

J.367 Let ݉, ݊, ݐ ∈ ℝା = [0,∞),݉ + ݊ = 4 and ݔ ,ݕ, ݖ ∈ ℝା
∗ = (0,∞), then in Δܥܤܣ with 

the area ܨ the following inequality holds: 
ݕ + ݖ + ݐ6
ݔ + ݐ3 ⋅

ܽ௠

ℎ௔௡
+
ݖ + ݔ + ݐ6
ݕ + ݐ3 ⋅

ܾ௠

ℎ௕௡
+
ݔ + ݕ + ݐ6
ݖ + ݐ3 ⋅

ܿ௠

ℎ௖௡
≥ 2௡ିଵܨଶି௡ 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
 

J.368 Let ݉ ∈ ℝା = [0,∞) and ݔ, ,ݕ ݖ ∈ ቀ0,గ
ଶ
ቁ then: 

ቌ෍
sin௠ାଵ ݔ

(cosݕ + cos ௠(ݖ
௖௬௖

ቍቌ෍
cos௠ାଵ ݔ

(sin ݕ + sin ௠(ݖ
௖௬௖

ቍ ≥
1

2ଶ௠
ቌ෍√sin ݔ ⋅ cos ݔ
௖௬௖

ቍ

௭

 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
 

J.369 If ݉, ݊ ∈ ℝା,݉ + ݊ = ,ݔ,2 ,ݕ ݖ ∈ ℝା
∗ = (0,∞) then in any Δܥܤܣ with the area ܨ the 

following inequality holds: 
ݔ) + (ݕ ⋅ ܽ௠

ℎ௔௡ݖ
+

ݕ) + (ݖ ⋅ ܾ௠

ℎ௕௡ݔ
+

ݖ) + ௠ܿ(ݔ

ݕ ⋅ ℎ௖௡
≥ 2ଷି௡√3 ⋅  ଵି௡ܨ

Proposed by D.M. Bătinețu – Giurgiu– Romania  
 

J.370 Let Δܣଵܤଵܥଵ be the circumcevian triangle of ܫ – incenter in Δܥܤܣ. Prove that: 
ଵଶܣܫ + ଵଶܤܫ + ଵଶܥܫ ≥  ଶݎ12

Proposed by Marian Ursărescu – Romania  
 

J.371 ݖଵ, ,ଶݖ ଷݖ ∈ ℂ − {0}, different in pairs, |ݖଵ| = |ଶݖ| = |ଷݖ| =  .(ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,1
If ݖଵݖଶ(ݖଵ + (ଶݖ + ଶݖ)ଷݖଶݖ + (ଷݖ + ଷݖ)ଵݖଷݖ + (ଵݖ + ଷݖଶݖଵݖ2 = 0 then: 

ෑ(ܤܣଶ + ଶܥܣ − (ଶܥܤ
௖௬௖

= 0 

Proposed by Marian Ursărescu – Romania  
J.372 Solve for real numbers: 

5௫ + 4
భ
ೣ + 25௫ ⋅ 16

భ
ೣ = 2527 

Proposed by Marian Ursărescu – Romania  

J.373   In Δܣܣ,ܥܤܣଵ,ܤܤଵ,ܥܥଵ – internal bisectors, {ܣଶ} = ଵܣܣ ∩  ,ଵܥଵܤ

{ଶܤ} = ଵܤܤ ∩ ,ଵܣଵܥ {ଶܥ} = ଵܥܥ ∩ ,ଵܤଵܣ  :incenter. Prove that – ܫ

ଶܣܣ
ଶܣܫ

+
ଶܤܤ
ଶܤܫ

+
ଶܥܥ
ଶܥܫ

≤ 3 ൬1 +
ܴ
 ൰ݎ

Proposed by Marian Ursărescu – Romania  
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J.374  ݖଵ, ,ଶݖ ଷݖ ∈ ℂ − {0}, different in pairs, ܣ(ݖଵ),ܤ(ݖଶ),ܥ(ݖଷ) 

|஺ݖ| = |஻ݖ| = ܽ)஼|,෍ܾܽݖ| − ஺ݖ)(ܾ − (஻ݖ = 0
௖௬௖

 

Prove that: ܤܣ = ܥܤ =  .ܣܥ
Proposed by Marian Ursărescu – Romania  

J.375 Solve for real numbers: 
ݔ + 9୪୭୥ೣ ଶ଻ + ݔ ⋅ 9୪୭୥ೣ ଶ଻ = 279 

Proposed by Marian Ursărescu – Romania  
J.376 In Δܥܤܣ the following relationship holds: 

௔ݎ
ඥݎ௔ + ௕యݎ2 +

௕ݎ
ඥݎ௕ + ௖యݎ2 +

௖ݎ
ඥݎ௖ + ௔యݎ2 ≥ 3ඨ

ݎ3ܴ
2

య
 

Proposed by Marian Ursărescu – Romania  
J.377 In Δܥܤܣ the following relationship holds: 

൬
݉௔݉௕

݉௔ + ݉௕
൰
ଶ

+ ൬
݉௕݉௖

݉௕ + ݉௖
൰
ଶ

+ ൬
݉௖݉௔

݉௖ + ݉௔
൰
ଶ
≥

ଶݎ27

4
 

Proposed by Marian Ursărescu – Romania  
J.378 In Δܥܤܣ, incenter, ܴ௔ – ܫ ,ܴ௕,ܴ௖  – circumradii of Δܥܫܤ,Δܣܫܥ,Δܤܫܣ. 

Prove that: 

ܴ௔ + ܴ௕ + ܴ௖ ≥
5ܴ
2 +  ݎ

Proposed by Marian Ursărescu – Romania  
J.379 ݖଵ , ଶݖ , ଷݖ , ସݖ ∈ ℂ − {0} − different in pairs, |ݖଵ| = |ଶݖ| = |ଷݖ| = |ସݖ| = 1 

ଶݖଵݖ| + ଷݖଵݖ + ଷ|ଶݖଶݖ + ଶݖଵݖ| + ସݖଵݖ + ସ|ଶݖଶݖ + ଷݖଵݖ| + ସݖଵݖ + ସ|ଶݖଷݖ + 
ଷݖଶݖ|+ + ସݖଶݖ + ସ|ଶݖଷݖ = 4 

Find: 

Ω =
1

ଵଶ଴ଶଵݖ
+

1
ଶଶ଴ଶଵݖ

+
1

ଷଶ଴ଶଵݖ
+

1
ସଶ଴ଶଵݖ

 

Proposed by Marian Ursărescu – Romania  
 

J.380 ݖଵ , ଶݖ , ଷݖ ∈ ℂ − {0}, different in pairs, |ݖଵ| = |ଶݖ| = |ଷݖ| =  (ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,1

෍|ݖଵ − ଵݖ|ଶݖ − 	|ଷݖ
௖௬௖

+ ଵݖ) − ଵݖ|(ଷݖ − ||ଶݖ = 3෍|ݖଵ − |ଶݖ
௖௬௖

⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania  
J.381 In Δܭ,ܥܤܣ – Lemoine’s point, the following relationship holds: 

ସݎ48

ܴଷ ≤ ܭܣ + ܭܤ + ܭܥ ≤
3ܴଶ

ݎ2  

Proposed by Marian Ursărescu – Romania  

J.382 In ∆ܥܤܣ the following relationship holds: 

3
2 ≤෍

ℎ௕ + ℎ௖
ܾ + ܿ ݊ܽݐ

ܣ
2

௖௬௖

≤
3ܴ
ݎ4  

Proposed by Marin Chirciu-Romania 
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J.383 In ∆ܥܤܣ the following relationship holds: 

௔௡ାଵݓ

௔௡ݓ
+
௕ݓ
௡ାଵ

௕ݓ
௡ +

௖௡ାଵݓ

௖௡ݓ
≥ ݎ2 ቀ5 −

ݎ
ܴቁ ,݊ ∈ ℕ 

Proposed by Marin Chirciu-Romania 

J.384 In ∆ܥܤܣ the following relationship holds: 

෍ܿݐ݋ଷ
ܣ
2 ݐ݋ܿ

ܤ
2

௖௬௖

≥
ଶݏ

ଶݎ ≥
16ܴ
ݎ − 5 

Proposed by Marin Chirciu-Romania 

J.385 In ∆ܥܤܣ the following relationship holds: 

෍
௕௡ାଵݎ) + ௖௡ାଵ)ଶݎ

௕௡ݎ + ௖௡௖௬௖ݎ

≤
27ܴଷ

ݎ4 , ݊ ∈ ℕ 

Proposed by Marin Chirciu-Romania 

J.386 Let ߣ > 0. Solve for real numbers: 

ቐ
ଷݕ − ଶݔߣ3 + ݔଶߣ3 − ଷߣ = 0
ଷݖ − ଶݕߣ3 + ݕଶߣ3 − ଷߣ = 0
ଷݔ − ଶݖߣ3 + ݖଶߣ3 − ଷߣ = 0

 

Proposed by Marin Chirciu-Romania 

J.387 In  ∆ܥܤܣ, ܫ −incenter, ܴ௔ ,ܴ௕ ,ܴ௖ −circumradii of ∆ܤܫܣ∆,ܣܫܥ∆,ܥܫܤ. Prove that: 

4
3 ≤෍

ܴ௔ଶ

௔ଶ௖௬௖ݎ

≤
2ܴ
ݎ3  

Proposed by Marin Chirciu-Romania 

J.388 In ∆ܥܤܣ the following relationship holds: 

௔ଶݓ + ௕ݓ
ଶ + ௖ଶݓ + ݊ ⋅ ଶܫܱ ≥ ଶݏ , ݊ ≥ 2 

Proposed by Marin Chirciu-Romania 

J.389 In ∆ܥܤܣ the following relationship holds: 

෍
ℎ௔(ℎ௕ଶ + ℎ௖ଶ)

ܽ
௖௬௖

≤෍
௕ଶݎ)௔ݎ + (௖ଶݎ

ܽ
௖௬௖

 

Proposed by Marin Chirciu-Romania 

J.390 In  ∆ܥܤܣ the following relationship holds: 

ℎ௔௡ାଵ

ℎ௔௡
+
ℎ௕௡ାଵ

ℎ௕௡
+
ℎ௖௡ାଵ

ℎ௖௡
≥ ݎ2 ቀ5 −

ݎ
ܴ
ቁ ,݊ ∈ ℕ 

Proposed by Marin Chirciu-Romania 
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J.391 In ∆ܥܤܣ the following relationship holds: 

෍ܿܿݏଷ
ܣ
2 ܿݏܿ

ܤ
2

௖௬௖

≥
24ܴ
ݎ  

Proposed by Marin Chirciu-Romania 

J.392 In ∆ܥܤܣ the following relationship holds: 

෍
௕௡ାଵݏ) + ௖௡ାଵ)ଶݏ

௕௡ݏ + ௖௡௖௬௖ݏ

≤
27
2 ܴଶ , ݊ ∈ ℕ 

Proposed by Marin Chirciu-Romania 

J.393 In Δܥܤܣ the following relationship holds: 

൬
݉௔

݉௕
൰
ଷ

+ ൬
݉௕

݉௖
൰
ଷ

+ ൬
݉௖

݉௔
൰
ଷ
≥ 2 +

3(ܽଶ + ܾଶ + ܿଶ)
2(ܽଶ + ܾଶ + ܿଶ) + ܾܽ + ܾܿ + ܿܽ 

Proposed by Daniel Sitaru,Claudiu Ciulcu – Romania  

J.394 In Δܥܤܣ,  :incenter, the following relationship holds – ܫ

1
ܽଶ ⋅ ସܫܣ +

1
ܾଶ ⋅ ସܫܤ +

1
ܿଶ ⋅ ସܫܥ ≥

9
ଶݎ)ସݎ64 + 2ܴଶ) 

Proposed by Daniel Sitaru,Lavinia Trincu– Romania  

J.395 If ݉, ,ݔ,݊ ,ݕ ݖ ∈ ℝା
∗ = (0,∞) then in any triangle ܥܤܣ the following relationship holds: 

ݔ݉ + ݕ݊
ݖܽ +

ݕ݉ + ݖ݊
ݔܾ +

ݖ݉ + ݔ݊
ݕܿ ≥

2√݉݊ ∙ √3
ܴ  

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuţi-Romania 

J.396 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞), ݐ ∈ ℝା = [0,∞) and ∆ܥܤܣ with ܨ −area, then prove: 

ݕ + ݖ + ݐ6
ݔ + ݐ3 ℎ௔ +

ݖ + ݔ + ݐ6
ݕ + ݐ3 ℎ௕ +

ݔ + ݕ + ݐ6
ݖ + ݐ3 ℎ௖ ≥

4√3 ∙ ܨ
ܴ  

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuţi-Romania 

J.397 If ݉ ∈ ℕ,ܯ ∈ ܨ and (ܥܤܣ∆)ݐ݊ܫ −area of ∆ܥܤܣ ஺ݔ, = ஻ݔ,ܣܯ = ,ܤܯ ஼ݔ =  then ܥܯ
prove: 

3݉ + ൬
஺ݔ
ℎ௔
൰
௠ାଵ

+ ൬
஻ݔ
ℎ௕
൰
௠ାଵ

+ ൬
஼ݔ
ℎ௖
൰
௠ାଵ

≥ 2(݉ + 1) 

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuţi-Romania 
 

J.398 If ݉, ݊ ∈ ℝା = [0,∞);݉ + ,ݕ,ݔ,݊ ݖ > 0 and ܨ −area of ∆ܥܤܣ then prove: 

෍
ݔ)݉ + (ݕ + ݔ)݊ + (ݖ

ݕ݊) + ℎ௔(ݖ݉
∙ ܽଷ

௖௬௖

≥  ܨ16

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuţi-Romania 
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J.399 If ܽ, ܾ, ܿ, ݀, ݁ > 0,ܽ + ܾ + ܿ + ݀ + ݁ = 41 then: 

ܽଶ

√4య +
ܾଶ + ܿଶ + ݀ଶ

√2య + ݁ ≥ 41൫8√4య − √2య − 5൯ 

When equality holds? 

Proposed by Daniel Sitaru,Mihaela Nascu – Romania  

J.400 If ܽ, ܾ, ܿ, ݀ > 0,ܽ + ܾ + ܿ + ݀ = logଵ଴ଶ 98 then: 

൬
1
ܽ +

1
ܿ൰ logଵ଴ସ 9 + ൬

1
ܾ +

1
݀൰ logଵ଴ସ 11 > 4 

Proposed by Daniel Sitaru,Corina Ionescu – Romania  

J.401 Solve for real numbers: 

ට5√5 + ݔ
ఱ

− ට5√5− ݔ
ఱ

= √2ఱ  

Proposed by Daniel Sitaru,Laura Zaharia – Romania  

J.402 Solve for real numbers: 

⎩
⎨

⎧
,ݔ ,ݕ ,ݖ ݐ > 1

log௬ ݔ
మ

ೣశ೤ + log௭ ݕ
మ

೤శ೥ + log௧ ݖ
మ
೥శ೟ + log௫ ݐ

మ
೟శೣ =

16
ݔ + ݕ + ݖ + ݐ

ݔ2) + +ݕ3 ݖ4 + 100)ଵ଴ = 10ଵଶݔଶݕଷݖସ
 

Proposed by Daniel Sitaru,Delia Schneider – Romania  

J.403 If ݉, ݊ ∈ ℝା = [0,∞);݉ + ,ݕ,ݔ,݊ ݖ > 0 then in Δܥܤܣ with the area ܨ the following 

inequality holds: 

෍
ݔ)݉ + (ݕ + ݔ)݊ + (ݖ

ݕ݊) + ℎ௔௖௬௖(ݖ݉

ܽଷ ≥  ܨ16

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.404 If ܽ, ܾ, ,ݕ,ݔ ݖ ∈ ℝା
∗ = (0,∞) then: 

෍
ଶݔ + ଶݕ

ݕ)ܽ + ଶ(ݖ + ݕݔܾ
௖௬௖

≥
6

4ܽ + ܾ ⋅
ݕݔ + ݖݕ + ݔݖ
ଶݔ + ଶݕ + ଶݖ  

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.405 If ݕ,ݔ, ݖ ∈ ቀ0, గ
ଶ
ቁ then: 

ቌ෍
sinଶ ݖ

cos ݕ + cos ݖ
௖௬௖

ቍቌ෍
cosଶ ݖ

sinݕ + sin ݖ
௖௬௖

ቍ ≥
1
4
ቌ෍√sin ݔ ⋅ cos ݔ
௖௬௖

ቍ

ଶ

 

Proposed by D.M. Bătinețu-Giurgiu,Gabriel Tică– Romania  
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J.406 If ݉, ݒ,ݑ,݊ ∈ ℝା
∗ = (0,∞) and ݕ,ݔ, ݖ ∈ ቀ0, గ

ଶ
ቁ then: 

ቌ෍
sinଶ ݔ

ݑ cosݕ + ݒ cos ݐ
௖௬௖

ቍቌ෍
cosଶ ݔ

݉ sin ݕ + ݊ sin ݖ
௖௬௖

ቍ ≥
1

(݉ + ݑ)(݊ + ݔቌ෍√sin(ݒ ⋅ cosݔ
௖௬௖

ቍ

ଶ

 

Proposed by D.M. Bătinețu-Giurgiu,Dan Nănuți– Romania  

J.407 If ݔ ∈ ℝା
∗ = (0,∞) and ݉ ∈ ℝା = [0,∞) then 2௠(([ݔ])௠ାଵ + (௠ାଵ({ݔ}) ≥  ௠ାଵݔ

where [ݔ] is the whole part of ݔ and {ݔ} is the fractionary part of ݔ 

Proposed by D.M. Bătinețu-Giurgiu,Dan Nănuți– Romania 

J.408 If ݉ ∈ ℕ∗, then in any triangle the following inequality holds: 

(2݉ + ଶݏ)ܴ(1 − ଶݎ − (ݎ4ܴ ≥ (ܴ݉ + ଶݏ)(ݎ + ଶݎ +  (ݎ4ܴ

where ݏ is triangle’s semiperimeter. 

Proposed by D.M. Bătinețu-Giurgiu,Neculai Stanciu– Romania  

J.409	If ݉ ∈ ℝା = [0,∞) then in any Δܥܤܣ with the area ܨ the following inequality holds: 

෍
ܽ௠ାଶ

(ܾ + ܿ − ܽ)௠
௖௬௖

≥  ܨ3√4

Proposed by D.M. Bătinețu-Giurgiu,Neculai Stanciu– Romania  
J.410 If ܯ is an interior point in Δܥܤܣ and ݔ = ݕ,ܣܯ = ,ܤܯ ݖ =  :then ,ܥܯ

ቌ෍
ݔ
ܽ

௖௬௖

ቍ

ଶ

ቌ෍ቀ
ݕݔ
ܾܽ
ቁ
ସ

௖௬௖

ቍ ≥
ଶݖଶݕଶݔ3

ܽଶܾଶܿଶ  

Proposed by D.M. Bătinețu-Giurgiu,Neculai Stanciu– Romania  
 

J.411 If ݐ ∈ ݔ and ܥܤܣis an interior point in Δ ܯ,(∞,0) = ݕ,ܣܯ = ,ܤܯ ݖ =  :then ,ܥܯ

ቆ(1 + (ݐ ቀ
ݕݔ
ܾܽ +

ݖݕ
ܾܿ
ቁ +

ݔݖ
ܿܽ ⋅ ቇݐ

൭
௫௬
௔௕

+ ௬௭
௕௖

1 + ݐ +
ݐݔݖ
ܿܽ
൱ ≥ 1 

Proposed by D.M. Bătinețu-Giurgiu,Neculai Stanciu– Romania  
 

J.412 In Δܥܤܣ the following relationship holds: 

5 + 2෍
݊௔݊௕
ℎ௔ℎ௕௖௬௖

≤
4ܴ
ݎ + ෍

݊௔ଶ

ℎ௔ଶ௖௬௖

 

Proposed by Bogdan Fuștei – Romania  
 

J.413 In Δܥܤܣ,݊௔ − Nagel’s cevian, ݃௔  – Gergonne cevian, the following relationship holds: 

4√3෍ cos
ܣ
2

௖௬௖

≤ 9 + ෍
3(ܾ + ܿ)− ݊௔ − ݃௔ −ඥ2ݎ௕ݎ௖

ܽ
௖௬௖

 

Proposed by Bogdan Fuștei – Romania  
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J.414 In Δܥܤܣ,݊௔ – Nagel’s cevian, ݃௔ – Gergonne cevian, the following relationship holds: 

෍
݃௔
݊௔௖௬௖

≤ 1 +
ݎ
ܴ ቆ1 +

(4ܴ + ଶ(ݎ

ଶݏ ቇ 

Proposed by Bogdan Fuștei – Romania  

J.415 In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

ℎ௔
ݎ

௕ݎ| − |௖ݎ ≥ 2 cos
ܣ
2 ඥ݊௔

ଶ − ℎ௔ଶ 

Proposed by Bogdan Fuștei – Romania  

J.416 In Δܥܤܣ the following relationship holds: 

1
ܴ ≥෍

௛೎
௛್

+ ௛೎
௛್

݉௔ + ௕ݎ + ௖ݎ − ℎ௔௖௬௖

 

Proposed by Bogdan Fuștei – Romania  
J.417 In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

6√3෍
ܽ ⋅ ݊௔
ܾܿ

௖௬௖

≤෍
ℎ௔
݊௔௖௬௖

⋅෍ cotଶ
ܣ
2

௖௬௖

 

Proposed by Bogdan Fuștei – Romania  
J.418 In Δܥܤܣ the following relationship holds: 

2 +
∏ cos ஺

ଶ

∑ cos ஺
ଶ

≥෍ cos
ܣ
2

௖௬௖

⋅ ඩ1 −
∏ cos ஺

ଶ

∑ cos ஺
ଶ

 

Proposed by Bogdan Fuștei – Romania  
J.419 In Δܥܤܣ the following relationship holds: 

2ܾܿ݉௕݉௖

√2ܽଶܾଶ + 2ܽଶܿଶ + 8ܾଶܿଶ + ܽସ − 2ܾସ − 2ܿସ
≥ ඨ

∏ (ܽ݉௔ + ܾ݉௕ − ܿ݉௖)௖௬௖

ܽ݉௔ + ܾ݉௕ + ܿ݉௖
 

Proposed by Bogdan Fuștei – Romania  
J.420 Solve for real numbers: 

൜
ݔ݃݋݈ = [ݕ]

ݕ)݃݋݈ + 1) = −[ݔ] 1,			[∗]−  ܨܫܩ

Proposed by Jalil Hajimir-Canada 
J.421 Solve for real numbers: 

ඥ(1 + 2௫)(1 + 2ଷ௫)ర >
1 + 6௫

√1 + 3ଶ௫
 

Proposed by Jalil Hajimir-Canada 

J.422 In Δܥܤܣ the following relationship holds: 

secସ ܣ
ܽହ ⋅ ௔ݓ

+
secସ ܤ
ܾହ ⋅ ௕ݓ

+
secସ ܥ
ܿହ ⋅ ௖ݓ

≥
8√2

ସܴݏ3 ⋅ ݎܴ√
 

Proposed by Daniel Sitaru,Elena Grigore – Romania  
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J.423 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧ඥ(ݔ + 3)ଶయ + 6 ⋅ ඥ(ݖ+ 3)ଶయ = 5 ⋅ ඥ(ݔ − ݕ)(3 + 3)య

,ݔ ,ݕ ݖ > 0
ଶݔ2

ݕ)ݖݕ + (ݖ +
ଶݕ2

ݖ)ݔݖ + (ݔ +
ଶݖ2

ݔ)ݕݔ + (ݕ =
9

ݔ + ݕ + ݖ

 

Proposed by Daniel Sitaru,Dan Grigorie – Romania  

J.424 In Δܥܤܣ the following relationship holds: 

1
ܽଷ + ܾଷ + ܾܽܿ +

1
ܾଷ + ܿଷ + ܾܽܿ +

1
ܿଷ + ܽଷ + ܾܽܿ ≤

√3
 ଷݎ72

Proposed by Daniel Sitaru,Elena Alexie – Romania  

J.425 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧

,ݔ ,ݕ ݖ > 0
ହݔ)32 + ହݕ + 1) = ݔ) + ହ(ݕ + ݔ) + 1)ହ + ݕ) + 1)ହ

ݔ + ݖ = ݖݔ√ + ඨݔ
ଶ + ଶݖ

2

 

Proposed by Daniel Sitaru,Daniela Beldea – Romania  

J.426 ܥ,(ܾ)ܤ,(ܽ)ܣ(ܿ),ܽ,ܾ, ܿ ∈ ℂ∗ −different in pairs, |ܽ| = |ܾ| = |ܿ| = 1. Prove that: 

෍(|ܽଶ + ܾܽ + ܾܿ + ܿܽ| + |ܽ − ܾ|ଶ)
௖௬௖

= 12 ⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu-Romania 
 

J.427 ݖଵ , ଶݖ , ଷݖ ∈ ℂ∗, distinct, |ݖଵ| = |ଶݖ| = |ଷݖ| = ,(ଶݖ)ܤ,(ଵݖ)ܣ,1  .(ଷݖ)ܿ

෍ห|ݖଵ − ଵݖ)|ଷݖ − (ଶݖ + ଵݖ| − ଵݖ)|ଶݖ − ଷ)หݖ
ିଶ

௖௬௖

= 3ቌ෍|ݖଵ − |ଶݖ
௖௬௖

ቍ

ିଶ

⇒ ܤܣ = ܥܤ

=  ܣܥ
Proposed by Marian Ursărescu-Romania 

 
J.428 ܥ,(ܾ)ܤ,(ܽ)ܣ(ܿ),ܽ,ܾ, ܿ ∈ ℂ∗ −diffrerent in pairs, |ܽ| = |ܾ| = |ܿ| = 1. Prove that: 

෍|2ܽ + ܾ + ܿ|ଶ =
௖௬௖

3 ⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu-Romania 
J.429 ݖଵ , ଶݖ , ଷݖ ∈ ℂ∗, distinct, |ݖଵ| = |ଶݖ| = |ଷݖ| =  (ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,1

෍
ଵݖ2| − ଶݖ − |ଷݖ

ଵݖ|| − ଵݖ)|ଷݖ − (ଶݖ + ଵݖ| − ଵݖ)|ଶݖ − |(ଷݖ
௖௬௖

= 9ቌ෍|ݖଵ − |ଶݖ
௖௬௖

ቍ

ିଵ

⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu-Romania 
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J.430 Let ∆ܥ′ܤ′ܣ′ be the circumcevian triangle of centroid in ∆ܥܤܣ. Prove that: 

[ᇱܥᇱܤᇱܣ]
[ܥܤܣ] ≥ ൬

ݎ2
ܴ ൰

ଶ

 

Proposed by Marian Ursărescu-Romania 

J.431 In ∆ܥܤܣ the following relationship holds: 

݉௔ݎ௔ + ݉௕ݎ௕ + ݉௖ݎ௖ ≤
3ܴ
ݎ2

(2ܴଶ +  (ଶݎ

Proposed by Marian Ursărescu-Romania 

J.432 In ∆ܩ,ܥܤܣ −centroid, ܭ −Lemoine’s point the following relationship holds: 

ܩܣ ⋅ ܭܣ + ܩܤ ⋅ ܭܤ + ܩܥ ⋅ ܭܥ ≥
ଷݎ24

ܴ  

Proposed by Marian Ursărescu-Romania 

J.433 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, the following relationship holds: 

൬
݊௔
௔ݎ
൰
ଶ

+ ൬
݊௕
௕ݎ
൰
ଶ

+ ൬
݊௖
௖ݎ
൰
ଶ
≥ 13 +

4ܴ − 2(ℎ௔ + ℎ௕ + ℎ௖)
ݎ  

Proposed by Bogdan Fuştei-Romania 

J.434 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, ݃௔ −Gergonne’s cevian, the following relationship holds: 

݉݅݊ ൞෍݊௔݃௔ ⋅
௖௬௖

ቌ෍ℎ௔ℎ௕
௖௬௖

ቍ

ିଵ

,෍݉௔ݓ௔
௖௬௖

⋅ ቌ෍ℎ௔ℎ௕
௖௬௖

ቍ

ିଵ

ൢ ≥
ܴ
ݎ2

 

Proposed by Bogdan Fuştei-Romania 

J.435 In ∆ܥܤܣ, the following relationship holds: 
݊௔ + ݃௔
ܾ + ܿ +

݊௕ + ݃௕
ܿ + ܽ +

݊௖ + ݃௖
ܽ + ܾ ≥ 4ෑܿݏ݋ ൬

ߨ − ܣ
4 ൰

௖௬௖

 

Proposed by Bogdan Fuştei-Romania 
 

J.436 In ∆ܥܤܣ,݃௔ −Gergonne’s cevian, the following relationship holds: 

ܴ
ݎ ≥ 1 + ඨ

݉௔݉௕݉௖ݓ௔ݓ௕ݓ௖
ℎ௔ℎ௕ℎ௖݃௔݃௕݃௖

య
≥ 2 

Proposed by Bogdan Fuştei-Romania 
J.437 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, the following relationship holds: 

෍
݊௔݃௔
௔௖௬௖ݓ

≥ ඨ෍ℎ௔ℎ௕
௖௬௖

⋅෍݊ܽݐ
ܣ
2

௖௬௖

 

Proposed by Bogdan Fuştei-Romania 
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J.438 In ∆ܥܤܣ,݊௔ −Nagel’s cevian,	݃௔ −Gergonne’s cevian, the following relationship holds: 

݊݅ݏ
ܣ
2 + ݊݅ݏ

ܤ
2 + ݊݅ݏ

ܥ
2 ≤෍ඨܾ

ଶ + ܿଶ − 2݊௔݃௔
2ܾܿ

௖௬௖

 

Proposed by Bogdan Fuştei-Romania 

J.439 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, the following relationship holds: 

ට
݉௔݉௕݉௖ݓ௔ݓ௕ݓ௖

଺ݎ
ర

≥෍൬
݊௔
ℎ௔

+
௔ݎ2

ݏ + ݊௔
൰

௖௬௖

 

Proposed by Bogdan Fuştei-Romania 

J.440 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, ݃௔ −Gergonne cevian, the following relationship holds: 

෍
ܽ

௔ݎ − ݎ
௖௬௖

≥෍൬
2݉௔ − ݃௔

௔ݎ
+

2ℎ௔
ݏ + ݊௔

൰
௖௬௖

 

Proposed by Bogdan Fuştei-Romania 

J.441 In ∆ܥܤܣ,݊௔ −Nagel’s cevian, ݃௔ −Gergonne’s cevian, the following relationship holds: 

ෑ൬
݊௔ + ݃௔
௔ݏ

−
ℎ௖
ℎ௕
൰

௖௬௖

≥ 1 

Proposed by Bogdan Fuştei-Romania 

J.442 In ∆ܥܤܣ the following relationship holds: 
ݏ9ܴ

2 ≤෍
௕ଶݎ)௔ݎ + (௖ଶݎ

ܽ
௖௬௖

≤
ݏ2
ܴ

(2ܴ −  ଶ(ݎ

Proposed by Marin Chirciu-Romania 
J.443 In ∆ܥܤܣ the following relationship holds: 

3ඨ
ݎ4
ܴଶݏଶ

ల
≤෍ඨ

௔ݎ
݉௕݉௖௖௬௖

≤
4ܴ + ݎ
ݏ

ඨ1
 ݎ

Proposed by Marin Chirciu-Romania 
 

J.444 In ∆ܥܤܣ the following relationship holds: 

4 ൬
ݎ2
ܴ ൰

మ
య
≤෍

ܽଶ

݉௔
ଶ

௖௬௖

≤ 4 ൬
ܴ
ݎ − 1൰ 

Proposed by Marin Chirciu-Romania 
J.445 In ∆ܥܤܣ the following relationship holds: 

෍ݎ௔ଷݎ௕
௖௬௖

≥ ଶ(4ܴݎ3 +  ଶ(ݎ

Proposed by Marin Chirciu-Romania 
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J.446 In ∆ܥܤܣ the following relationship holds: 

2ܴଶݎ ≤ ෍ቆ
ܪܣ ⋅ ܫܣ
ඥݎ௕ + ௖ݎ

ቇ
ଶ

௖௬௖

≤ ܴ(4ܴଶ − ݎ3ܴ −  (ଶݎ6

Proposed by Marin Chirciu-Romania 

J.447 In ∆ܥܤܣ the following relationship holds: 

2ܴ
ݎ − 1 ≤෍

ܴ
௔ݎ − ݎ

௖௬௖

≤ ൬
ܴ
൰ݎ

ଶ

−
ܴ
ݎ + 1 

Proposed by Marin Chirciu-Romania 

J.448 If ܽ, ܾ, ܿ > 0 such that ܾܽܿ = 1 and ݊ ∈ ℕ∗ then: 

෍
ܽଶ௡ାଶ + ܽଶ௡ܾଶ

(ܽܿ + ܾଶ)ଶ
௖௬௖

≥
3
2 

Proposed by Marin Chirciu-Romania 

J.449 Let ߣ ≥ 2 be positive real numbers. Solve for real numbers: 

ߣ) + 1 + ߣ)(ݔ + ߣ)(ݔ − 1 + (ݔ
ߣ) + 1 − ߣ)(ݔ − ߣ)(ݔ − 1 − (ݔ =

ଶߣ9)3 − 1)
1 − ଶߣ  

Proposed by Marin Chirciu-Romania 

J.450 In ∆ܥܤܣ the following relationship holds: 

݉௔
ଷ

݉௔
ଶ +

݉௕
ଷ

݉௕
ଶ +

݉௖
ଷ

݉௖
ଶ ≥ ݎ6 ቀ2 −

ݎ
ܴ
ቁ 

Proposed by Marin Chirciu-Romania 

J.451 ܱ −circumcenter, Ω −first Brocard point in ∆ܥܤܣ,ܱ௔,ܱ௕ , ௖ܱ −circumcenters of 

,ܤΩܣ∆,ܣΩܥ∆,ܥΩܤ∆ ݀௔ = ܱ ௔ܱ,݀௕ = ܱܱ௕ , ݀௖ = ܱ ௖ܱ . Prove that: 

[ܥܤܣ] ≤ [ܱ௔ܱ௕ ௖ܱ] ≤
3√3 ⋅ ݀௔݀௕݀௖

ݎ8  

Proposed by Mehmet Şahin-Turkey 

JP.452 ܱ −circumcenter, Ω −first Brocard point in ∆ܥܤܣ, ௔ܱ,ܱ௕ , ௖ܱ −circumcenters of 
,ܤΩܣ∆,ܣΩܥ∆,ܥΩܤ∆ ݀௔ = ܱ ௔ܱ,݀௕ = ܱܱ௕ , ݀௖ = ܱ ௖ܱ . Prove that: 

݀௔݀௕݀௖ = ܴଷ,ܴ −circumradii of ∆ܥܤܣ 
Proposed by Mehmet Şahin-Turkey 

J.453 In ∆ܩ,ܥܤܣ −centroid, ܧ,ܦ ∈ ܭ,ܨ,ܥܤ ∈ ܰ,ܯ,ܣܥ ∈  ,തതതതതതܰܩܧ,തതതതതതܭܩܦ,ܤܣ
തതതതതതܨܩܯ −antiparallels, ଵܲ, ଶܲ, ଷܲ −perimeters of ∆ܯܰܩ∆,ܭܨܩ∆,ܧܦܩ. Prove that: 

1
ଵܲ

+
1
ଶܲ

+
1
ଷܲ

=
3(2ܴ − (ݎ

ܨ2  

Proposed by Mehmet Şahin-Turkey 
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J.454 In ∆ܩ,ܥܤܣ −centroid, ܨ,ܯ ∈ ܭ,ܦ,ܥܤ ∈ ܰ,ܧ,ܤܣ ∈  	,തതതതതതܧܩܦ,തതതതതതതܰܩܯ,ܥܣ

തതതതതതܨܩܭ −antiparallels. Prove that: ܯܩ ⋅ ܧܩ ⋅ ܭܩ = ௔௕௖
ଶ଻

. 

Proposed by Mehmet Şahin-Turkey 

J.455 In ∆ܩ,ܥܤܣ −centroid, ܯ,ܰ ∈ ܥܤ ,ܲ,ܳ ∈ ,ܴ,ܣܥ ܵ ∈  ,തതതതതതܴܩܰ,തതതതതതതܳܩܯ,ܤܣ

തതതതതതܲܩܵ −antiparallels, ߮௔ ,߮௕,߮௖ −circumradii in ∆ܴܵܩ∆,ܳܲܩ∆,ܰܯܩ. Prove that: 

߮௔߮௕߮௖ =
ܴଷ

27 

Proposed by Mehmet Şahin-Turkey 

J.456 ܱ −circumcenter in acute ∆ܭ,ܨ,ܥܤܣ ∈ ,ܯ,(ܤܣ) ܮ ∈ ܰ,ܧ,(ܥܤ) ∈  (ܣܥ)

,തതതതതതതܱܰܯ,തതതതതതܧܱܨ തതതതതത are the antiparallels. Let ߮௔ܭܱܮ ,߮௕,߮௖  be circumradii of  

 :Prove that .ܰܯܥ∆,ܭܮܤ∆,ܧܨܣ∆

߮௔ + ߮௕ + ߮௖ =
ܴଶ

ݎ  

Proposed by Mehmet Şahin-Turkey 

J.457 In ∆ܥܤܣ the following relationship holds: 

4(ܴ + ଷ(ݎ ≥
1

16ෑቆ
ܽଶ

௔ݎ
+

2ܾܿ
ඥݎ௕ݎ௖

ቇ
௖௬௖

≥ 27ܴଶݎ 

Proposed by Alex Szoros-Romania 

J.458 Having 10 numbers with in interval [10,90), there are 3 of them which are the lengths 
of the sides of a triangle 

Proposed by Alex Szoros-Romania 
J.459 Prove that ܨ ≤ ௔௕௖(௕ା௖)௛ೌ

(௔ା௕)(௕ା௖)(௕ା௖ି௔)
 if and only if (ݎ௔ − ௔ݎ)(௕ݎ − (௖ݎ ≥ 0 

Proposed by Alex Szoros-Romania 
J.460 In ∆ܥܤܣ if ܨ = 1, then  

ܴ ≥
௖௢௦஺
௔

+ ௖௢௦஻
௕

+ ௖௢௦஼
௖

1 + ܥݏ݋ܿܤݏ݋ܿܣݏ݋ܿ ≥  ݎ2

Proposed by Alex Szoros-Romania 
 

J.461 In acute triangle ܥܤܣ the following relationship holds: 
(ܽଶ + 1)௡ + (ܾଶ + 1)௡ + (ܿଶ + 1)௡ ≥ 3 + 4݊(ܴ + ଶ(ݎ ,݊ ∈ ℕ 

Proposed by Alex Szoros-Romania 
J.462 In ∆ܥܤܣ the following relationship holds: 

4ܴ
ݎ ≥ ൬

ℎ௔
ݎ − 1൰ ൬

ℎ௕
ݎ − 1൰൬

ℎ௖
ݎ − 1	൰ ≥ 4 +

8
3෍

ܽ
ܾ + ܿ

௖௬௖

 

Proposed by Alex Szoros-Romania 
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J.463 In ∆ܥܤܣ the following relationship holds: 

4ܴ
ݎ ≥ ൬

ℎ௔
ݎ − 1൰ ൬

ℎ௕
ݎ − 1൰൬

ℎ௖
ݎ − 1	൰ ≥ 4 +

8
3෍

ܽ
ܾ + ܿ

௖௬௖

 

Proposed by Alex Szoros-Romania 

J.464 If ܾܽ + ܾܿ + ܿܽ = ܾܽܿ, then 4ܴ ≥ ௔ା௕
௟೎

+ ௕ା௖
௟ೌ

+ ௖ା௔
௟ೌ

≥  ݎ8

Proposed by Alex Szoros-Romania 

J.465 In ∆ܥܤܣ the following relationship holds: 

ℎ௔ + ℎ௕ + ℎ௖
ݎ3 ≥ 1 + ඨ

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
ܾܽܿ

య
 

Proposed by Alex Szoros-Romania 

 

J.466 In∆ܥܤܣ,߱ −Brocard’s point, the following relationship holds: 

ඨ
ܴ
ݎ ൬
௕ݎ
௖ݎ

+
௖ݎ
௕ݎ
൰ ≥

ܣ)݊݅ݏ + ߱)
߱݊݅ݏ  

Proposed by Alex Szoros-Romania 

J.467 In acute ∆ܥܤܣ the following relationship holds: 

8෍ܿܣݏ݋
௖௬௖

≤෍൬
ݎ + ௔ݎ
ܴ ൰

ଶ

௖௬௖

≤ 12 

Proposed by Alex Szoros-Romania 

J.468 If the equation has the roots: ௫
మඥథାଵ

௫మඥథିଵ
+ ௫థିଵ

௫థାଵ
+ ߶ = ,ߚ,ߙ,0  :then prove that ߛ

ఈାఉାఊ
ఈఉఊ

= ߶
ళ
మ,߶ −Golden ratio. 

Proposed by Srinivasa Raghava-AIRMC-India 

J.469 Let ቐ
ݔ + ݕ + ݖ = ߶ + 1

ଶݔ + ଶݕ + ଶݖ = ߶ଶ + 2
ଷݔ + ଷݕ + ଷݖ = ߶ଷ + 3

, then prove that: 

ହݔ + ହݕ + ହݖ − ସݔ) + ସݕ + (ସݖ = ݖݕݔ +
7߶ଶ

2  

Proposed by Srinivasa Raghava-AIRMC-India 
J.470 Find all functions ݂:ℝ → ℝ such that: 

(ݔ)݂)݂ + (ݕ = ݔ3 + (ݕ)݂)݂ − ݕ,ݔ∀,(ݔ2 ∈ ℝ 

Proposed by Rajeev Rastogi-India 
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J.471 If ܦܥܤܣ −cyclic quadrilateral, ܱ −circumcenter, ܤܣ = (ܤܱܣ∢)݉,2√ = 90° then 

[ܦܥܤܣ] ≤ 2 

Proposed by Rajeev Rastogi-India 

J.472 In ∆ܥܤܣ the following relationship holds: 

݉௔
ଶ

௖ݎ௕ݎ
+
݉௕
ଶ

௔ݎ௖ݎ
+
݉௖
ଶ

௕ݎ௔ݎ
≤ 1 +

ܴ
ݎ  

Proposed by Adil Abdullayev-Azerbaijan 

J.473 In ∆ܥܤܣ the following relationship holds: 

௖ݎ௕ݎ௔ݎ9
݃௔݃௕݃௖

+
ݎ2
ܴ ≥ 10 

Proposed by Adil Abdullayev-Azerbaijan 

J.474 If in ∆ܥܤܣ,ܵ௣ −Spieker point, ௔ܰ −Nagel’s point then: 

௣ܵܣൣ ௔ܰ൧ + ௣ܵܥൣ ௔ܰ൧ ≥ ௣ܵܤ] ௔ܰ] 

Proposed by Adil Abdullayev-Azerbaijan 

J.475 In ∆ܥܤܣ the following relationship holds: 

݉௔
ଶ + ݉௕

ଶ + ݉௖
ଶ

ܨ3√3
≤

1
9 +

8
9 ൬

ܴ
൰ݎ2

ସ

 

Proposed by Adil Abdullayev-Azerbaijan 

J.476 In ∆ܥܤܣ the following relationship holds: 

1 + ඩ1 + ඨ෍ݎ௔ଶ
௖௬௖

⋅෍ݎ௔ିଶ
௖௬௖

≤ ඨ1 +
4ܴ
ݎ  

Proposed by Adil Abdullayev-Azerbaijan 
J.477 In ∆ܥܤܣ the following relationship holds: 

ඨ(݉௔ + ݉௕ + ݉௖) ൬
1
݉௔

+
1
݉௕

+
1
݉௖

൰ ≤ 3 ൬
ܴ
ݎ2
൰
ଶ

 

Proposed by Adil Abdullayev-Azerbaijan 
J.478 In ∆ܥܤܣ the following relationship holds: 

௔ݓ
௕ݓ + ௖ݓ

+
௕ݓ

௖ݓ + ௔ݓ
+

௖ݓ
௔ݓ + ௕ݓ

≤
ݏ

ݎ3√2
 

Proposed by Adil Abdullayev-Azerbaijan 
J.479 In ∆ܥܤܣ the following relationship holds: 

௔ݏ
݉௔ + ௔ݏ

+
௕ݏ

݉௕ + ௕ݏ
+

௖ݏ
݉௖ + ௖ݏ

+
௖ݎ௕ݎ௔ݎ
௖ݓ௕ݓ௔ݓ

>
5
2 

Proposed by Adil Abdullayev-Azerbaijan 
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J.480 In ∆ܥܤܣ the following relationship holds: 

3
2 + ෍

௔ݓ
௕ݓ + ௖௖௬௖ݓ

≤
3ܴ
ݎ2  

Proposed by Adil Abdullayev-Azerbaijan 

J.481 In ∆ܥܤܣ the following relationship holds: 

2
ܴ ≤

݉௔

݉௕݉௖
+

݉௕

݉௖݉௔
+

݉௖

݉௔݉௕
≤

1
 ݎ

Proposed by Adil Abdullayev-Azerbaijan 

J.482 In ∆ܥܤܣ the following relationship holds: 

݉௔

௔ݏ
+
݉௕

௕ݏ
+
݉௖

௖ݏ
+

8ܾܽܿ
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≥ 4 

Proposed by Adil Abdullayev-Azerbaijan 

J.483 In ∆ܥܤܣ the following relationship holds: 

ቀ
݉௔݉௕

ܾܽ
ቁ
ଶ

+ ቀ
݉௕݉௖

ܾܿ
ቁ
ଶ

+ ቀ
݉௖݉௔

ܿܽ
ቁ
ଶ
≥

27
16 

Proposed by Adil Abdullayev-Azerbaijan 

J.484 If ݕ,ݔ, ݖ > 0 then: 

ݔ) + ݕ + (ݖ ൬
1
ݔ +

1
ݕ +

1
+൰ݖ

ݖݕݔ8
ݔ) + ݕ)(ݕ + ݖ)(ݖ + (ݔ ≥ 10 

Proposed by Adil Abdullayev-Azerbaijan 

J.485 In ∆ܥܤܣ the following relationship holds: 

෍ܿܣ)ݏ݋ − (ܤ
௖௬௖

≤ 2෍
ܾܽ

ܽଶ + ܾଶ
௖௬௖

 

Proposed by Adil Abdullayev-Azerbaijan 
J.486	In ∆ܥܤܣ the following relationship holds: 

௔ଷݎ

଺ݏ݋ܿ ஺
ଶ

+
௕ଷݎ

଺ݏ݋ܿ ஻
ଶ

+
௖ଷݎ

଺ݏ݋ܿ ஼
ଶ

≥ 24ܴଷ 

Proposed by Adil Abdullayev-Azerbaijan 
J.487 In ∆ܥܤܣ the following relationship holds: 

௖ݎ௕ݎ௔ݎ2
௖ݓ௕ݓ௔ݓ

≥
ܽ

ܾ + ܿ +
ܾ

ܿ + ܽ +
ܿ

ܽ + ܾ +
1
2 

Proposed by Adil Abdullayev-Azerbaijan 
J.488 In ∆ܥܤܣ the following relationship holds: 

ݏ݋ܿ
ܣ − ܤ

2 ݏ݋ܿ
ܤ − ܥ

2 ݏ݋ܿ
ܥ − ܣ

2 ≤
݇ସ

8 +
3݇ଶ

8 +
1
2 ,݇ =

݉௔ + ݉௕ + ݉௖

௔ݎ + ௕ݎ + ௖ݎ
 

Proposed by Adil Abdullayev-Azerbaijan 
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J.489 In ∆ܥܤܣ the following relationship holds: 

ܣݏ݋ܿ ⋅ ܤݏ݋ܿ
ܾܽ +

ܤݏ݋ܿ ⋅ ܥݏ݋ܿ
ܾܿ +

ܥݏ݋ܿ ⋅ ܣݏ݋ܿ
ܿܽ =

1
4ܴଶ 

Proposed by Ertan Yildirim-Turkey 

J.490 In ∆ܥܤܣ the following relationship holds: 

ܽଶ

ܤ݊ܽݐ + ܥ݊ܽݐ +
ܾଶ

ܥ݊ܽݐ + ܣ݊ܽݐ +
ܿଶ

ܣ݊ܽݐ + ܤ݊ܽݐ =  ܨ2

Proposed by Ertan Yildirim-Turkey 

J.491 In ∆ܥܤܣ the following relationship holds: 

ܽ + ܾ + ܿ
ܴ ≤෍ඨܽܣ݊݅ݏ + ܤ݊݅ݏܾ

ܴ
௖௬௖

≤ 3√3 

Proposed by Ertan Yildirim-Turkey 

J.492 In ∆ܥܤܣ the following relationship holds: 

1 + ܣݏ݋ܿ
௔ݎ

+
1 + ܤݏ݋ܿ

௕ݎ
+

1 + ܥݏ݋ܿ
௖ݎ

=
2
ݎ −

1
ܴ 

Proposed by Ertan Yildirim-Turkey 

J.493 In ∆ܥܤܣ the following relationship holds: 

4
3
ቀ4 +

ݎ
ܴ
ቁ ≤෍

௔ݎ
݉௔

൬
ܾ
ܿ +

ܿ
ܾ൰

௖௬௖

≤
4ܴ
ݎ − 2 

Proposed by Ertan Yildirim-Turkey 

J.494 In ∆ܥܤܣ the following relationship holds: 

௕ݎ + ௖ݎ
ܾ + ܿ − ܽ +

௖ݎ + ௔ݎ
ܿ + ܽ − ܾ +

௔ݎ + ௕ݎ
ܽ + ܾ − ܿ =

ܨ
ଶݎ  

Proposed by Ertan Yildirim-Turkey 

J.495 Let ∆ܨܧܦ be the orthic triangle of acute ∆ܥܤܣ. Prove that: 

෍
ܨܧ
ܪܣ ⋅

௖௬௖

෍
ܨܧ

ܧܤ ⋅ ܨܥ
௖௬௖

=
1
ݎ +

1
ܴ 

Proposed by Ertan Yildirim-Turkey 

J.496 In ∆ܥܤܣ the following relationship holds: 

ܣ݊݅ݏܽ
݉௔

+
ܤ݊݅ݏܾ
݉௕

+
ܥ݊݅ݏܿ
݉௖

≥
ݎ6
ܴ  

Proposed by Ertan Yildirim-Turkey 
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J.497 In ∆ܥܤܣ the following relationship holds: 

ܣݏ݋ܿ ⋅ ܤݏ݋ܿ
ܾܽ +

ܤݏ݋ܿ ⋅ ܥݏ݋ܿ
ܾܿ +

ܥݏ݋ܿ ⋅ ܣݏ݋ܿ
ܿܽ =

1
4ܴଶ 

Proposed by Ertan Yildirim-Turkey 

J.498 In ∆ܥܤܣ the following relationship holds: 

1
ܣݐ݋ܿ − ܣ2ݐ݋ܿ +

1
ܤݐ݋ܿ − ܤ2ݐ݋ܿ +

1
ܥݐ݋ܿ − ܥ2ݐ݋ܿ =

ܨ2
ܴଶ  

Proposed by Ertan Yildirim-Turkey 

J.499 In ∆ܥܤܣ, ܫ −incenter, ܯ,ܮ,ܭ −intersection points of ܫܥ,ܫܤ,ܫܣ with incircle. Prove 

that: 

ଶܭܣ + ଶܮܤ + ଶܯܥ ≥ ଶݎ3  

Proposed by Eldeniz Hesenov-Georgia 

J.500 In ∆ܥܤܣ, the following relationship holds: 

෍
݉௔ݓ௔
ඥݎ௕ + ௖௖௬௖ݎ

≤
9ܴ√3ܴ

4  

Proposed by Eldeniz Hesenov-Georgia 
J.501 In ∆ܥܤܣ, ܫ −incenter, ܫ௔, ௕ܫ , ௖ܫ −excenters, ܴ௔,ܴ௕ ,ܴ௖ −circumradii of  

ܥܫܤ∆  :Prove that .ܤܫܣ∆,ܣܫܥ∆,

෍
[ܤܫܣ]
௕௖௬௖ܫ௔ܫ

= (ܴ௔ + ܴ௕ + ܴ௖)݊݅ݏ
ܣ
2 ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 

Proposed by Eldeniz Hesenov-Georgia 
J.502 In ∆ܥܤܣ, the following relationship holds: 

௔ଶݓ + ௕ݓ
ଶ + ௖ଶݓ

ቀ ଵ
௪ೌ
ቁ
ଶ

+ ቀ ଵ
௪್
ቁ
ଶ

+ ቀ ଵ
௪್
ቁ
ଶ ≤ ቆ

3ܴ(ܴ + (ݎ
2 ቇ

ଶ

 

Proposed by Eldeniz Hesenov-Georgia 
 

J.503 In ∆ܥܤܣ, the following relationship holds: 
݉௔
ଶ

௕ଶݎ + ௖ଶݎ
+

݉௕
ଶ

௖ଶݎ + ௔ଶݎ
+

݉௖
ଶ

௔ଶݎ + ௕ଶݎ
≤

3
2 

Proposed by Eldeniz Hesenov-Georgia 
 

J.504 In ∆ܥܤܣ, ܫ −incenter, ܪ −orthocenter, ܫ௔, ௕ܫ , ௖ܫ −excenters,  the following relationship 

holds: 

෍൬
ܫܣ ⋅ ܪܣ ⋅ ௔ܫܣ

ℎ௔݉௔
൰
ଶ

௖௬௖

≤ ቆ
4ܴଶ

ݎ3√
ቇ
ଶ

−  ଶ(ݎ8)

Proposed by Eldeniz Hesenov-Georgia 
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J.505 In any Δܥܤܣ the following relationship holds: 

௔ଶݓ .1 + ௕ݓ
ଶ + ௖ଶݓ ≥ ݃௔ଶ + ݃௕ଶ + ݃௖ଶ + ௥

଺ோ
(ܴଶ −  (ଶݎ4

2. min{ℎ௔,ݓ௕ ,݃௖} ≤ ସோା௥
ଷ

 

Proposed by Nguyen Van Canh – BenTre – Vietnam  

J.506 In any triangle ܥܤܣ the following relationship holds: 

1. ݊௔ଶ + ݊௕ଶ + ݊௖ଶ + ଷ௥
ோ

(ܴଶ − (ଶݎ4 ≥ ݉௔
ଶ + ݉௕

ଶ + ݉௖
ଶ 

2. ݉௔
ଶ + ݉௕

ଶ + ݉௖
ଶ ≥ ଶ݌ + ܴ)ݎ −  (ݎ2

Proposed by Nguyen Van Canh – BenTre – Vietnam  

J.507 In Δܥܤܣ the following relationship holds: 

1. ௛ೌ
௛್

+ ௛್
௛೎

+ ௛೎
௛ೌ
≥ ௣మା௥మାସோ௥

଺ோ௥
 

2. ௥ೌ
௥್

+ ௥್
௥೎

+ ௥೎
௥ೌ
≥ ସோା௥

ଷ௥
 

Proposed by Nguyen Van Canh – BenTre – Vietnam  

J.508 In any triangle ܥܤܣ the following relationship holds: 

௔ଶݓ + ௕ݓ
ଶ + ௖ଶݓ ≥ ݃௔ଶ + ݃௕ଶ + ݃௖ଶ +

ݎ2019
2020(ܴ + (ݎ3 (ܴଶ −  (ଶݎ4

Proposed by Nguyen Van Canh – BenTre – Vietnam  
 

J.509 In Δܥܤܣ the following relationship holds: 
2
ܴ ≤

cosܣ + cosܤ
௔ݎ

+
cosܥ + cosܣ

௕ݎ
+

cosܤ + cosܥ
௖ݎ

<
3

 ݎ2

Proposed by Radu Diaconu – Romania  
 

J.510 In Δܥܤܣ the following relationship holds: 

min ቆ
(ܣ)ߤ cosܣ

݃௔
,
(ܤ)ߤ cosܤ

݃௕
,
(ܥ)ߤ cos ܥ

݃௖
ቇ ≤

ߨ
 ݎ18

Proposed by Radu Diaconu – Romania  
 

J.511 If in Δ(ܣ)ߤ,ܥܤܣ = 90°, 2ℎ௔ଶ − 9ܽℎ௔ + 2ܽଶ = 0 then: 
ଶߨ

6√6
≤ ൫ߤଶ(ܤ) + ൯(ܥ)ଶߤ ⋅ cosଶ ൬

ܤ − ܥ
2 ൰ ≤

ଶߨ

4  

Proposed by Radu Diaconu – Romania  
J.512 If in Δܥܤܣ,ܽ + ܾ + ܿ = 5ܴ then: 

5ܴଶ ≤ ݏ)ܽ −݉௔) + ݏ)ܾ −݉௕) + ݏ)ܿ − ݉௖) <
27ܴଶ

2  

Proposed by Radu Diaconu – Romania  
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J.513 In Δ(ܣ∢)݉,ܥܤܣ = 90°,݃௔  – Gergonne’s cevian, the following relationship holds: 

ݎ9
ܴଶ ≤ ቆ

݃௔ଶ

ℎ௔
+
݃௕ଶ

ℎ௕
+
݃௖ଶ

ℎ௖
ቇ ൬

1
ܾଶ +

1
ܿଶ൰ <

23ܴଶ

ଷݎ48  

Proposed by Radu Diaconu – Romania  

J.514 In Δܥܤܣ the following relationship holds: 

൬1 +
1
ܽ tan

ܣ
2൰ ൬1 +

1
ܾ tan

ܤ
2൰ ൬1 +

1
ܿ tan

ܥ
2൰ ≥ ൬1 +

9
2 ⋅

ݎ
ଶ൰ݏ

ଷ

 

Proposed by Florică Anastase – Romania  

J.515 In Δܥܤܣ the following relationship holds: 

ቌ1 +
ଶݏ + ଶݎ cotଶ ஺

ଶ

cot ஺
ଶ

ቍቌ1 +
ଶݏ + ଶݎ cotଶ ஻

ଶ

cot஻
ଶ

ቍቌ1 +
ଶݏ + ଶݎ cotଶ ஼

ଶ

cot ஼
ଶ

ቍ ≥ ൬1 +
ݏݎ10

3 ൰
ଷ

 

Proposed by Florică Anastase – Romania  

J.516 In Δܥܤܣ the following relationship holds: 

෍
௔௡ݓ

ℎ௔௡ + ݉௔
௡

௖௬௖

≤
3
2 ⋅ ൬

ܴ
൰ݎ2

మ೙
య

,݊ ∈ ℕ 

Proposed by Florică Anastase – Romania  

J.517 In Δܥܤܣ the following relationship holds: 

෍
ඥݏ௔

ඥℎ௕ + ඥℎ௖௖௬௖

௔ଶݓ) + ݉௕݉௖) + ෍ℎ௔ଶ
௖௬௖

≥
ଶݏݎ4

ܴ  

Proposed by Florică Anastase – Romania  
 

J.518 In Δܥܤܣ the following relationship holds: 

ቌ෍
1

݉௔݉௕௖௬௖

ቍቌ4ݏ + ෍
ܾܿ
ܽ

௖௬௖

ቍ ≥
54
ݏ  

Proposed by Florică Anastase – Romania  
J.519 In Δܥܤܣ the following relationship holds: 

ඨෑ൬1 +
1
݉௔

+
1
݉௕

൰
௖௬௖

య ≥
∑(ܽ + 2) sin ஺

ଶ

∑ܽ sin ஺
ଶ

> 1 +
2
ݏ  

Proposed by Florică Anastase – Romania  

J.520 If in Δ(ܤ∢)݉,ܥܤܣ = (ܥ∢)݉,∘28 = 56∘ then: 

2ܾଶ)ݏ27 + ܾܽ + ܽଶ) + 54ܾܽܿ >  ଷݏ52

Proposed by Daniel Sitaru,Elena Iacob Meda – Romania  
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J.521 The orthic triangle of obtuse Δܥܤܣ is similar with Δܥܤܣ. Prove that: 
ସݏ + ଶݏଶݎ2 + ଶ(4ܴݎ + ଶ(ݎ = 2ܴଶ(ܽଶ + ܾଶ + ܿଶ) 

Proposed by Daniel Sitaru,Gilena Dobrică – Romania  
J.522 If ܽ, ܾ, ܿ > 0 then: 

27(ܽସ + ܾସ + ܿସ)ଷ(ܽ଺ + ܾ଺ + ܿ଺)ଶ ≥ (ܽଷ + ܾଷ + ܿଷ)଼ 
Proposed by Daniel Sitaru,Mihaela Dăianu – Romania  

J.523 Solve for real numbers: 

ቐ
,ݕ,ݔ ݖ ≥ 1
ݖݕݔ = 3

logଷଶ ଶݔ ⋅ logଷ(ݖݕ) + logଷଶ ଶݕ ⋅ logଷ(ݔݖ) + logଷଶ ଶݖ ⋅ logଷ(ݕݔ) = 1
 

Proposed by Daniel Sitaru,Mihaela Pupăză – Romania  
J.524 If ݕ,ݔ, ݖ > 0 then: 

෍
ݕݔ + ݔ) + ݕ + ݔ2)(ݖ + +ݕ2 (ݖ

ݔ) + ݕ + ݔ3)(ݖ + ݕ3 + (ݖ2
௖௬௖

≤ 2 

Proposed by Daniel Sitaru,Simona Radu – Romania  

 

J.525 In Δܥܤܣ the following relationship holds: 

ସݏ − ݎଶ(4ܴݏ2 − (ଶݎ + ଶ(4ܴݎ + ଶ(ݎ

ܽଶܾଶܿଶ ≥
ଶݏ)81 − ଶݎ − (ݎ4ܴ

ସݏ8  

Proposed by Daniel Sitaru,Mădălina Giurgescu – Romania  
 

J.526	ܽ,ܾ, ܿ,݀ – sides, ݎ − inradii in a bicentric quadrilateral. Prove that: 
ܽସ

ܾ +
ܾସ

ܿ +
ܿସ

݀ +
݀ସ

ܽ ≥  ଷݎ32

Proposed by Daniel Sitaru,Ileana Duma – Romania  
 

J.527 If 0 < ߙ ≤ ,ݔ ,ݕ ݖ ≤  :then ߚ

ቌඥݖݕݔయ +
ݔ + ݕ + ݖ

3
+ ඨݔ

ଶ + ଶݕ + ଶݖ

3
ቍቌ

1
ඥݖݕݔయ

+
3

ݔ + ݕ + ݖ
+ ඨ

3
ଶݔ + ଶݕ + ଶݖ

ቍ ≤
ߙ)9 + ଶ(ߚ

ߚߙ4
 

Proposed by Daniel Sitaru,Dan Mitricoiu – Romania  
J.528 If 0 < ߙ ≤ ,ݔ ,ݕ ,ݖ ݐ ≤  :then ߚ

൫݉௛ + ݉௚ + ݉௔ + ݉௤൯ ቆ
1
݉௛

+
1
݉௚

+
1
݉௔

+
1
݉௤

ቇ ≤
ߙ)4 + ଶ(ߚ

ߚߙ  

݉௛ =
ݐݖݕݔ4

ݖݕݔ + ݐݕݔ + ݐݖݔ + ݐݖݕ ; ௚݉ = ඥݐݖݕݔర  

݉௔ =
ݔ + ݕ + ݖ + ݐ

4 ;݉௤ = ඨݔ
ଶ + ଶݕ + ଶݖ + ଶݐ

4  

Proposed by Daniel Sitaru,Tatiana Cristea – Romania  
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J.529 If in Δ(ܣ)ߤ,ܥܤܣ =  :then (ܤ)ߤ2

2(ܾଷ + ܿଷ + ܾܽଶ + ܾܽܿ)
ܾܽܿ +

ଶݏ9

4(2ܾଶ + ܿଶ + ܾܿ) > 33 

Proposed by Daniel Sitaru,Anicuța Patricia Bețiu – Romania  

J.530 If ܽ, ܾ, ܿ > 0, ଵ
௔ା௕

+ ଵ
௕ା௖

+ ଵ
௖ା௔

= 4 then: 

1
ܽ +

1
ܾ +

1
ܿ +

9
ܽ + ܾ + ܿ ≥ 16 

Proposed by Daniel Sitaru,Maria Lavinia Popa – Romania  

J.531 In Δܥܤܣ the following relationship holds: 

ܴଶ +
4

ܽଶܾଶܿଶ
ቌ෍ܾܿ(ݏ − ܽ)ଶ
௖௬௖

ቍ

ଶ

+ ଶݎ11 ≥  ݎ21ܴ

Proposed by Daniel Sitaru,Sorin Pîrlea – Romania  

J.532 Solve for real numbers: 

ቐ 0 < ,ݔ ݕ <
ߨ
2 ݔ, + ݕ =

ߨ5
6

4 sinଶ ݔ sinଶ ݕ (sinଶ ݔ + sinଶ (ݕ + 4 cosଶ ݔ cosଶ ݕ (cosଶ ݔ + cosଶ (ݕ = sinଶ ݔ2 + sinଶ ݕ2
 

Proposed by Daniel Sitaru,Dorina Goiceanu – Romania  

 

J.533 In acute Δܥܤܣ the following relationship holds: 

√sin +ܣ2 √sin ܤ2 + √sin ܥ2
√tanܣ + √tanܤ + √tanܥ

≥
ଶݎ2√ + ݎ4ܴ − 2ܴଶ

ܴ  

Proposed by Marian Ursărescu – Romania  

J.534 Let Δܣᇱܤᇱܥᇱ be the circumcevian triangle of ܪ – orthocenter in acute Δܥܤܣ.  

Prove that: 

[ᇱܥᇱܤᇱܣ]
[ܥܤܣ] ≥ 4 ൬ቀ

ݎ
ܴ
ቁ
ଶ

+
ݎ2
ܴ − 1൰ 

Proposed by Marian Ursărescu – Romania  

J.535	ݖଵ, ,ଶݖ ଷݖ ∈ ℂ∗ - different in pairs, |ݖଵ| = |ଶݖ| =  (ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,|ଷݖ|

Prove that: 

෍(|ݖଵ − ଶ|ଶݖ + ଵݖ| − (ଷ|ଶݖ
௖௬௖

ଷݖଶݖ = 2෍|ݖଶ − ଷݖଶݖଷ|ଶݖ
௖௬௖

⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania  
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J.536 ݖଵ , ଶݖ , ଷݖ ∈ ℂ − {0}, different in pairs, 

|ଵݖ| = |ଶݖ| = |ଷݖ| = ଵଶݖ If .(ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,1 + ଷݖଶݖ − ଶݖଵݖ − ଷݖଵݖ = 0 

then: 

ଶܤܣ + ଶܥܣ =  ଶܥܤ

Proposed by Marian Ursărescu – Romania  

J.537 Let Δܣᇱܤᇱܥᇱ be the circumcevian triangle of orthocenter in acute Δܥܤܣ. Prove that: 

ᇱܣܣ

ᇱܣܤ ⋅ ᇱܣܥ +
ᇱܤܤ

ᇱܤܥ ⋅ ᇱܥܣ +
ᇱܥܥ

ܥܣ ⋅ ᇱܥܤ ≥
1
ܴ ቆ2 +

ܴଶ

 ଶቇݎ

Proposed by Marian Ursărescu – Romania  

J.538 In Δܥܤܣ the following relationship holds: 

௔ݏ) + ௕)ܿଷݏ + ௕ݏ) + ௖)ܽଷݏ + ௖ݏ) + ௔)ܾଷݏ ≥  ଶܨ3√16

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

J.539 If ݕ,ݔ, ,ݖ ,ݐ ݑ > 0,݊ ∈ ℕ∗ then: 

௡ݔ ⋅ ௡ାଵݐ + ݖݕݑ ⋅ ೙ݑ√ ≥ ݊)ݑݐ + 1) ⋅ ඨቀ
ݖݕݔ
݊
ቁ
௡೙శభ

 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

J.540 If ܽ, ܾ, ܿ݉ > 0,ܾܽܿ = 1 then: 

ܽ௠ܾଶ௠ାଵ

ܽଷ௠ାଵ + ܾ + ܿ +
ܾ௠ܿଶ௠ାଵ

ܾଷ௠ାଵ + ܿ + ܽ +
ܿ௠ܽଶ௠ାଵ

ܿଷ௠ାଵ + ܽ + ܾ ≥ 1 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

J.541 If 0 < ݔ ≤ ݕ ≤  :then ݖ

ݔ
ݖ + ඥݕݔ

+
ݕ

ݔ + ඥݖݕ
+

ݖ
ݕ + ݔݖ√

≥
3
2 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

J.542 In Δܥܤܣ the following relationship holds: 

෍
1
ℎ௔ଶ௖௬௖

⋅෍
1

(ܽ + ܾ)ଶ
௖௬௖

≥
9

 ଶܨ16

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

J.543 If ݕ,ݔ, ݖ > 0 then in Δܥܤܣ the following relationship holds: 

ݔ + ݕ3
ݔ3 + ݕ + ݖ4 ⋅ ܽ

ଶ +
ݕ + ݖ3

+ݕ3 ݖ + ݔ4 ⋅ ܾ
ଶ +

ݖ + ݕ3
ݖ3 + ݔ + ݕ4 ⋅ ܿ

ଶ ≥  ܨ3√4

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  
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J.544 If ݕ,ݔ, ݖ > 0 then in Δܥܤܣ the following relationship holds: 

෍൬
ݔ + ݕ
ݖ ܽଶܾଶ +

ݖ
ݔ + ݕ ܿ

ସ൰
ଶ

௖௬௖

≥
ସܨ1600

3  

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

J.545 In Δܥܤܣ the following relationship holds: 

ܽ଺ tanଶ
ܣ
2 + ܾ଺ tanଶ

ܤ
2 + ܿ଺ tanଶ

ܥ
2 ≥  ଶܨଶݎ64

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

J.546 If ݕ,ݔ, ݖ > 0 then in Δܥܤܣ the following relationship holds: 

෍൬
ݕ + ݖ
ݔ ܾܿ +

ݔ
ݕ + ݖ ܽ

ଶ൰
ଶ

௖௬௖

≥  ଶܨ100

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

J.547 In any triangle ܥܤܣ the following relationship holds: 

1. ට
௠ೌ௠್
௛೎

+ ට
௠್௠೎
௛ೌ

+ ට
௠೎௠ೌ
௛್

≤ ସோା௥
√ଷ௥

 

2. ݊௔ଶ + ݊௕ଶ + ݊௖ଶ ≥ max ቄ݉௔
ଶ + ݉௕

ଶ + ݉௖
ଶ ௔ଶݓ, + ௕ݓ

ଶ + ௖ଶݓ + ௥
ଶோ

(ܴଶ − ଶ)ቅݎ4 + ଷ௥
଼ோ
⋅

௛ೌ௛್௛೎
௪ೌ௪್௪೎

(ܴଶ −  (ଶݎ4

Proposed by Nguyen Van Canh - Vietnam   

J.548 In any Δܥܤܣ: 

3 ≤
1
2 ൬
ܾ + ܿ
ܽ +

ܽ + ܿ
ܾ +

ܽ + ܾ
ܿ ൰ ≤

ܾ + ܿ − ܽ
ܿ + ܽ − ܾ +

ܿ + ܽ − ܾ
ܽ + ܾ − ܿ +

ܽ + ܾ − ܿ
ܾ + ܿ − ܽ 

When does equality holds? 
Proposed by Nguyen Van Canh - Vietnam   

 
J.549 In any Δܥܤܣ: 

cosଶ ൬
ܣ − ܤ

2 ൰ cot
ܥ
2 + cosଶ ൬

ܤ − ܥ
2 ൰ cot

ܣ
2 + cosଶ ൬

ܥ − ܣ
2 ൰ cot

ܤ
2 =

ଶ݌)݌ + ଶݎ − (ݎ6ܴ
ଶܴݎ4  

Proposed by Nguyen Van Canh - Vietnam   
 

J.550 If ܽ, ܾ, ܿ > 0 then: 
5(ܽ + ܾ + ܿ)଺ ≥ 729	ܾܽܿ(ܽଷ + ܾଷ + ܿଷ + 2ܾܽܿ) 

Proposed by Nguyen Van Canh - Vietnam   
J.551 In any triangle ܥܤܣ: 

2 ൬sinଷ
ܣ
2 + sinଷ

ܤ
2 + sinଷ

ܥ
2൰ − ൬sinଶ

ܣ
2 sin

ܤ
2 + sinଶ

ܤ
2 sin

ܥ
2 + sinଶ

ܥ
2 sin

ܣ
2൰ < 3 

Proposed by Nguyen Van Canh - Vietnam   
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J.552 In any triangle ܥܤܣ: 

ܽ
12(ܾ + ܿ) + ܽ +

ܾ
12(ܽ+ ܿ) + ܾ +

ܿ
12(ܽ + ܾ) + ܿ ≥

3
25 

When does equality holds? 

Proposed by Nguyen Van Canh - Vietnam   

J.553 In any triangle ܥܤܣ the following relationship holds: 

ܽସ + ܾସ + ܿସ

ܾܽ + ܾܿ + ܿܽ +
3ܾܽܿ

ܽ + ܾ + ܿ ≥
8(݉௔

ଶ + ݉௕
ଶ + ݉௖

ଶ)
9  

Proposed by Nguyen Van Canh - Vietnam   

J.554 In any triangle ܥܤܣ: 

6 ≤
ܽ

ඥ݉௔
+

ܾ
ඥ݉௕

+
ܿ

ඥ݉௖
+
ඥ݉௔

ܽ +
ඥ݉௕

ܾ +
ඥ݉௖

ܿ ≤ 3ඨ
ܴ
ݎ ൬√ܴ +

1
ݎ2√2

൰ 

Proposed by Nguyen Van Canh - Vietnam   

J.555 In triangle ܥܤܣ the following relationship holds: 

ℎ௔ + ℎ௕ + ℎ௖
ܽଷ + ܾଷ + ܿଷ ≤

ඥݎ௔ݎ௕ + ඥݎ௕ݎ௖ + ඥݎ௖ݎ௔
ܾܽଶ + ܾܿଶ + ܿܽଶ ≤

1
ଶݎ3√8

 

Proposed by Nguyen Van Canh - Vietnam   

J.556 In any triangle ܥܤܣ: 

௔ଶݓ + ௕ݓ
ଶ + ௖ଶݓ + ܴ)ݎ8 − (ݎ2 ≥  ଶ݌

Proposed by Nguyen Van Canh - Vietnam   

J.557 In any Δܥܤܣ	 (acute), ݊௔ – Nagel’s cevian, the following relationship holds: 

9
4 ≤

ݎ
2ܴ +

ܴ
ݎ ≤

݊௔ଶ

ܾܿ +
݊௕ଶ

ܽܿ +
݊௖ଶ

ܾܽ < 2ቆ
݉௔
ଶ + ௔ଶݓ

ܾܿ +
݉௕
ଶ + ௕ݓ

ଶ

ܽܿ +
݉௖
ଶ + ௖ଶݓ

ܾܽ ቇ 

Proposed by Nguyen Van Canh - Vietnam   

J.558 In any Δܥܤܣ	 the following relationship holds: 

݉௔ݓ௔ + ݉௕ݓ௕ + ݉௖ݓ௖
ඥ݉௔ݎ௔ + ඥ݉௕ݎ௕ + ඥ݉௖ݎ௖

≤
(4ܴ + ଶ(ݎ

ݎ9  

Proposed by Nguyen Van Canh - Vietnam   

J.559 If ܽ, ܾ, ܿ > 0 then: 

3൫√ܽఱ + √ܾఱ + √ܿఱ + 1൯ + ܽଶ + ܾଶ + ܿଶ ≥ 5(ܾܽ + ܾܿ + ܿܽ) 

Proposed by Nguyen Van Canh - Vietnam   
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All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical  

Magazine-Interactive Journal. 
 

PROBLEMS FOR SENIORS 
 

 
S.107 Find: 

Ω = lim
୬→ஶ

൭
1

2௡ିଵ ⋅ (݊ − 1)!ෑ
ቀ݇ ⋅ (݇ + 1)

భ
ೖ + (݇ − 1) ⋅ ݇

భ
భషೖቁ

௡

௞ୀଶ

൱ 

Proposed by Daniel Sitaru,Iulia Sanda – Romania  
S.108  ܤ,ܣ ∈ ,௡(ℝ)ܯ ቀ4ඥ10 + 2√5ቁ ଶܣ) + (ଶܤ = ൫√5 − 1൯(ܤܣ −  (ܣܤ

If det(ܤܣ − (ܣܤ ≠ 0, then ݊ is divisible with 20. 
Proposed by Marian Ursărescu – Romania  

S.109 ݌ ≥ ݌,2 ∈ ℕ, 0 < ଵݔ < ௡ାଵݔ,1 = ௡(1ݔ − ௡)௣ݔ ௡ାଵݕ, = ௡ݕ + ଵ
௬೙
೛ , ݊ ≥ 1 

Find: 

Ω = lim
௣→ஶ

ቀ lim
௡→ஶ

௡ݔ ⋅ ௡ݕ
௣ቁ

௣
 

Proposed by Marian Ursărescu – Romania  
S.110 ݔ଴ ∈ ଴ݕ,(0,1) > ௡ାଵݔ,0 = ଶ

గ
௡ݔ ⋅ cosିଵ ௡ݔ , ௡ାଵݕ = ௡ݕ + ଵ

௬೙
೛షభ ݌, ≥ ݌,2 ∈ ℕ 

Find: 
Ω = lim

௡→ஶ
൫ඥݔ௡
೛ ⋅  ௡൯ݕ
Proposed by Marian Ursărescu – Romania  

 
S.111 If ܣ ∈ ,ହ(ℝ)ܯ detܣ ≠ ∗(ଵିܣ)ݎܶ,0 = 1 then: 

det(ܣଶ + (ହܫ ≥ ∗ܣ	ݎܶ) − 1)ଶ 
Proposed by Marian Ursărescu – Romania  

S.112 Find: 

Ω = lim
௡→ஶ

1
݊ଶ ⋅

ቌ ෍ ݆݈݅݇
௜ା௝ା௞ା௟ୀ௡

ቍ ⋅ ቌ ෍ ݆݅݇
௜ା௝ା௞ୀ௡

ቍ

ିଵ

 

Proposed by Daniel Sitaru,Nicolae Radu – Romania  
S.113 Prove that for any acute triangle ܥܤܣ the following inequality holds: 

√tanܣ + √tanܤ + √tan ܥ
tanܣ + tanܤ + tan ܥ ≤

1
√3ర  

Proposed by Vasile Mircea Popa – Romania  
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S.114 Find: 

Ω = lim
௡→ஶ

෍ඥ݊଺ + ݇ଶ
௡

௞ୀଵ

cos
ߨ2݇
݊  

Proposed by Vasile Mircea Popa – Romania  

S.115 Find: 

Ω = lim
௡→ஶ

෍൭෍݅(݅ + 1)(݅ + 2)ଶ
௞

௜ୀଵ

൱

ିଵ௡

௞ୀଵ

 

Proposed by Vasile Mircea Popa – Romania  

S.116   In acute Δܥܤܣ the following relationship holds: 
√cotܣ + √cotܤ + √cotܥ

cotܣ + cotܤ + cotܥ ≤ √3ర  

Proposed by Vasile Mircea Popa – Romania  
S.117 Find: 

Ω = lim
௡→ஶ

ඩ൭෍݇ଷ ቀ݊݇ቁ
ଶ

௡

௞ୀଵ

൱൭෍݇ଶ ቀ݊݇ቁ
ଶ

௡

௞ୀଵ

൱
ିଵ

೙

 

Proposed by Daniel Sitaru,Mihaela Stăncele – Romania  
 

S.118  Prove without softs: 
2020ଶ଴ଵଽ ⋅ 2016ସ଴ସ଼ > 2018 ⋅ 2019 ⋅ 2017଼଴଺ହ 

Proposed by Daniel Sitaru,Daniela Stoian – Romania  
S.119 Find: 

Ω = lim
௡→ஶ

ቌ(1 − ݅)ෑ
݇ଶ + ݇ + 1 + ݅

ඥ(݇ଶ + 1)(݇ଶ + 2݇ + 2)

௡

௞ୀଵ

ቍ 

Proposed by Daniel Sitaru,Gigi Zaharia – Romania  

S.120 Find: 

Ω = lim
௡→ஶ

൭
8௡

݊(2݊ + 1)ଶ ⋅ෑ sin ൬
ߨ݇
݊ ൰

௡ିଵ

௞ୀଵ

⋅ෑ sinଶ ൬
ߨ݇

2݊ + 1൰ ⋅
௡

௞ୀଵ

ෑ sin ൬
ߨ݇

2݊ + 1൰
ଶ௡

௞ୀ௡ାଵ

൱ 

Proposed by Daniel Sitaru,Alecu Orlando – Romania  

S.121 Find: 

Ω = lim
௡→ஶ

൭݊ −෍ √10݇ − 9೙
௡

௞ୀଵ

൱൭݊ −෍ √10݇ − 4೙
௡

௞ୀଵ

൱
ିଵ

 

Proposed by Daniel Sitaru,Ileana Stanciu – Romania  
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S.122 Solve for natural numbers: 

⎩
⎪⎪
⎪
⎨

⎪⎪
⎪
⎧൬
ݔ + ݕ

2 ൰
భ
ೣ೤
⋅ ൬
ݖ + ݔ

2 ൰
భ
ೣ೤

= ݔ
భ

ೣ(ೣశ೤) ⋅ ݕ
భ

೤(೤శ೥)

൬
ݕ + ݖ

2 ൰
భ
೤೥
⋅ ൬
ݔ + ݕ

2 ൰
భ
ೣ೤

= ݕ
భ

೤(೤శ೥) ⋅ ݖ
భ

೥(೥శೣ)

൬
ݖ + ݔ

2 ൰
భ
ೣ೤
⋅ ൬
ݕ + ݖ

2 ൰
భ
೤೥

= ݖ
భ

೥(೥శೣ) ⋅ ݔ
భ

ೣ(ೣశ೤)

ݔ) + ݕ)(1 + ݖ)(2 + 3) = 336

 

Proposed by Daniel Sitaru,Cristian Moanță – Romania  

S.123  In acute Δܥܤܣ the following relationship holds: 

෍
tanܣ

√tanܣ + tanܤ + tanܥయ

௖௬௖

൬1 +
tanܤ

√tanܣ + tanܤ + tan యܥ ൰ ≥ 6 

Proposed by Daniel Sitaru,Lucian Tuțescu – Romania  

S.124 Find: 

Ω = lim
௡→ஶ

ඥ(1 + ݊!)௡!

݊ ⋅ (݊!)!  

Proposed by Daniel Sitaru,Claudiu Coandă – Romania  
 

S.125 In Δܯ,ܥܤܣ௡ ∈ ,(ܥܤ) ௡ܰ ∈ ,(ܣܥ) ௡ܲ ∈ ݊,(ܤܣ) ∈ ℕ, ݊ ≥ 2 
஻ெ೙
஼ெ೙

= ஼ே೙
஺ே೙

= ஺௉೙
஻௉೙

= ݊. Find: 

Ω =
1

ܽଶ + ܾଶ + ܿଶ ⋅ lim
௡→ஶ

௡ܯܣ)
ଶ + ܤ ௡ܰ

ଶ + ܥ ௡ܲ
ଶ) 

Proposed by Daniel Sitaru – Romania  
 

S.126 Let ݉ ∈ ℝା = ݒ,ݑ;(∞,0] ∈ ℝା
∗ = (0,∞) and ݕ,ݔ, ݖ ∈ ቀ0, గ

ଶ
ቁ, then: 

ቌ෍
sin௠ାଵ ݔ

ݑ) cosݕ + ݒ cos ௠(ݖ
௖௬௖

ቍቌ෍
cos௠ାଵ ݔ

ݑ) sin ݕ + ݒ sin ௠(ݖ
௖௬௖

ቍ ≥ 

≥
1

ݑ) + ଶ௠(ݒ ቌ෍√sin ݔ ⋅ cosݔ
௖௬௖

ቍ

ଶ

 

 
Proposed by D.M. Bătinețu-Giurgiu,Dan Nănuți– Romania  

S.127 Prove: 

ଵି݊ܽݐ4 ൬
1
2൰+ ଵି݊ܽݐ2 ൬

1
3൰+ ଵି݊ܽݐ ൬

1
4൰ <

11
4  

Proposed by Jalil Hajimir-Canada 
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S.128 If 0 < ܽ, ܾ, ܿ < గ
ଷ
 then: 

෍ܽ ⋅ csc(csc(csc(ܽ)))
௖௬௖

≥ (ܽ + ܾ + ܿ) ⋅ csc ቆcsc ቆcscቆ
ܽଶ + ܾଶ + ܿଶ

ܽ + ܾ + ܿ
ቇቇቇ 

Proposed by Daniel Sitaru – Romania  

S.129  If ݔ, ,ݕ ݖ > ݔ,0 + ݕ + ݖ =  :holds ܥܤܣthen Δ ݏ3

ଶݔ

(݉௔ + ݉௕ + ݉௖)ଶ +
ଶݕ + ଶݖ

௔ݓ) + ௕ݓ + ௖)ଶݓ ≥ 1 

Proposed by Daniel Sitaru – Romania  

S.130  If ݕ,ݔ, ݖ ≥ 0 then: 

ඨෑ(1 + (ଶݔ
௖௬௖

భఴ ⋅෍ cos ቆ
tanିଵ ݔ

8 ቇ
௖௬௖

≥ 3 

Proposed by Daniel Sitaru – Romania  

S.131  Prove without any software: 

න
݁௫మ

ଶݔ

௘

భ
೐

ݔ݀ > 2න cosh ݔ ⋅ ݁ୱୣୡ୦మ ௫
ଵ

଴

 ݔ݀

Proposed by Daniel Sitaru – Romania  

S.132 If 0 < ܽ ≤ ܾ then: 

25(݁ସ௕ − ݁ସ௔)(݁଺௕ − ݁଺௔) ≤ 6 ቀඥ݁ହ(௔ି௕) + ඥ݁ହ(௕ି௔)ቁ (݁ହ௕ − ݁ହ௔)ଶ 

Proposed by Daniel Sitaru – Romania  

S.133  In Δܥܤܣ the following relationship holds: 

ተ
9ܴଶ ܽଶ ܾଶ ܿଶ
ܽଶ 9ܴଶ ܿଶ ܾଶ
ܾଶ ܿଶ 9ܴଶ ܽଶ
ܿଶ ܾଶ ܽଶ 9ܴଶ

ተ > 0 

Proposed by Daniel Sitaru – Romania  

S.134  If ܽ,ܾ, ܿ,݀, ݁, ݂,݃,ℎ, ݅ > 0, 

ܽଶ + ܾଶ + ܿଶ = ݀ଶ + ݁ଶ + ݂ଶ = ݃ଶ + ℎଶ + ݅ଶ = √2య  then: 

อ
ܽ ܾ ܿ
݀ ݁ ݂
݃ ℎ ݅

อ ⋅ อ
ܽ ݀ ݃
ܾ ݁ ℎ
ܿ ݂ ݅

อ ≤ 2 

Proposed by Daniel Sitaru – Romania  
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S.135   If ܤ,ܣ ∈ ܤܣ))ݐ݁݀,ଷ(ℝ)ܯ − ଶ(ܣܤ + ܤܣ − ܣܤ + (ଷܫ = 0 then find: 
Ω = ܤܣ)ݐ݁݀ −  (ܣܤ

Proposed by Marian Ursărescu-Romania 
 

S.136  ݔ଴ ∈ ଴ݕ,(0,1) > ௡ାଵݔ,0 = ௡ݔ ⋅ ඥ1 − ௡మబమబݔ ௡ାଵݕ, = ௡ݕ + ଵ
௬೙మబభవ

, ݊ ∈ ℕ. 

Find: Ω = lim
௡→ஶ

൫ݕ௡ ⋅ ඥݔ௡మబమబ ൯ 
Proposed by Marian Ursărescu-Romania 

 
S.137  If ܣ ∈ ,ସ(ℝ)ܯ ܣݐ݁݀ = −1 then: ݀݁ܣ)ݐଶ + (ସܫ ≥  .ଶ(ଵିܣݎܶ)

Proposed by Marian Ursărescu-Romania 

S.138  Find: 

lim
௡→ஶ

ቆlim
௫→଴

2√1 + యݔ + 2√8 + యݔ + ⋯+ 2√݊ଷ + యݔ − ݊(݊ + 1)
ݔ ቇ 

Proposed by Marin Chirciu-Romania 

S.139  Solve for real numbers: 

2 ⋅
1 + ଶݔ

1 − ଶݔ = √1 + ݔ + √1 −  ݔ

Proposed by Marin Chirciu-Romania 

S.140 ݇, ݊ ∈ ℕ∗ fixed. Solve for real numbers: 

ଶ௞ݔ − ௞ݔ2 + 3 = మ೙ݔ√ + √2 − మ೙ݔ  

Proposed by Marin Chirciu-Romania 

S.141 Find the number ߙ ∈ ቂగ
ଶ

,∞ቁ so that the double inequality: 

ቀோ
௥
ቁ
ఈ
≥ ఈோ

௥
+ ቀ௕

௖
ቁ
ఈ

+ ቀ௖
௕
ቁ
ఈ
≥ ቀ௕

௖
+ ௖

௕
ቁ
ఈ

 holds in any ܥܤܣ triangle. 

Proposed by Alex Szoros-Romania 

S.142  Find the largest value of ߣ > 0 such that the inequality  

ቀோ
௥
ቁ
ଷ
≥ ఒோ

௥
+ ଵ

ఒ
ቀ௔

యା௕య

௖య
+ ௕యା௖య

௔య
+ ௖యା௔య

௕య
ቁ is true in any ∆ܥܤܣ. 

Proposed by Alex Szoros-Romania 

 

S.143  If the equation ହ௫
యା௫ାథ

ହ௫యି√ହ௫
+ √ହ௫యା௫ାథ

√ହ௫యିହ௫
= 0 has roots ߚ,ߙ, ,ߜ,ߛ ߳ then prove: 

ଷߙ + ଷߚ + ଷߛ + ଷߜ + ߳ଷ + ߳ߜߛߚߙ3 = 0 

߶ −Golden Ratio. 

Proposed by Srinivasa Raghava-AIRMC-India 
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S.144   

݂(݊) =
2
݊ඨ ෍ cosଶ ቆ

(݅ − ߨ(݆
݊ ቇ

ଵஸ௜ழ௝ஸ௡

,݃(݊) = ݉݅݊

⎝

⎜
⎛

෍
ߙ௜݊݅ݏ ⋅ ߙ௝ݏ݋ܿ
ߙ݊݅ݏ + ߙݏ݋ܿ

଴ஸ௜,௝ஸଶ௡
௜ା௝ୀ௢ௗௗ ⎠

⎟
⎞

 

Find: 

Ω = lim
௡→ஶ

൫݂(݊)− ݃(݊)൯ ߙ, ∈ ቀ0,
ߨ
2
ቁ , α − ϐixed 

Proposed by Rajeev Rastogi-India 

S.145  ܽ௡ = ඨ2 + ට2 + ඥ2 + ⋯+ √2, ܾ௡ = ඨ2 −ට2 + ඥ2 + ⋯+ √2,݊ −radicals. Find: 

Ω = lim
௡→ஶ

ቀ1 +
ܽ௡
2
ቁ

భ
య೙್೙  

Proposed by Rajeev Rastogi-India 

S.146  Let ߙ be the largest real root of the equation ݈݃݋ଶݔ − −[ݔ݃݋݈] 6 = 0, [∗] −  .ܨܫܩ

Find: 

Ω = lim
௫→௟௢௚ఈ

൭4݊݅ݏ ቀ݈݃݋
ݔ
3ቁ −

ݔ) − (ݔ݃݋݈
మబభవ
మ ⋅ ݏ݋ܿ ൬

1
ݔ − ൰൱ݔ݃݋݈

௫ି௟௢௚௫

 

Proposed by Rajeev Rastogi-India 

S.147 ݔଶ + ݕ2 − 2 = ଶݕ,0 + ݖ6 + 17 = 0, ଶݖ − ݔ4 − 1 = 0. ݐ = ݔ + ݕ +  :Find .ݖ

Ω = lim
௫→ିଵ

ቌ lim
௡→ஶ

ቌ
(ଶ଴ଶ଴ݔߨ)݊ܽݐ + (௫ି௧)೙௦௜௡(గ௫మబభవ)

ଵି௫మబభవ

1 + ݔ) − ௡(ݐ + ଶ଴ଶ଴ݔ
ቍቍ 

Proposed by Rajeev Rastogi-India 

S.148 (ݔ௡݁௫)(௣) = ݁௫ ∑ ௡ି௞ݔ௧ି௞ݑ
௣
௞ୀ଴ , (∗)௣ −  :௧௛ derivative. Find݌

Ω = lim
௡→ஶ

൬
2020 ⋅ ௧ିଶ଴ଶ଴ݑ

݊ ⋅ ݌) − 2019) ⋅ ௧ିଶ଴ଵଽݑ
൰
௡

 

Proposed by Costel Florea-Romania 

S.149 ܽଵ = 1,ܽ௡ାଵ = ௔೙
ଵାଶ௔೙

, ݊ ≥ 1. Find: 

Ω = lim
௡→ஶ

൭෍
1

݇ଶ(݇ + 1)ଶܽ௞ାଵ

௡

௞ୀଵ

൱
గ௡మ

 

Proposed by Costel Florea-Romania 
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S.150  Solve for real numbers: 

෍
ସݔ + ଷݔ2 + (2݇ + ଶݔ(3 + ݇ଶ + ݇ + 1

ସݔ + ଷݔ2 + (2݇ + ଶݔ(2 + (2݇ + ݔ(1 + ݇ଶ + ݇

௡

௞ୀଵ

= ݊,݊ ∈ ℕ,݊ ≥ 1 

Proposed by Costel Florea-Romania 

S.151  Solve for natural numbers: 

(2݊ − 3) ⋅ෑ
8݇ଷ − 12݇ଶ − 26݇ + 15
8݇ଷ + 12݇ଶ − 26݇ − 15

௡

௞ୀଷ

= 10݊ − 65 

Proposed by Costel Florea-Romania 
S.152  Find: 

Ω = lim
௡→ஶ

ቆ
∑ ݇ଶ ⋅ 2௞௡
௞ୀଵ

݊(∑ ݇ ⋅ 2௞ − 2)௡
௞ୀଵ

ቇ
௡

 

Proposed by Costel Florea-Romania 
S.153  Find: 

Ω = lim
௡→ஶ

ቌ
32
5 lim

௫→଴

1 − ݏ݋ܿ ௫√ଶ
ଵ⋅ଷ

⋅ ݏ݋ܿ ௫√ଷ
ଶ⋅ସ

⋅ … ⋅ ݏ݋ܿ ௫√௡ାଵ
௡(௡ାଵ)

ଶݔ ቍ

ఱ
ఴ௡

మ

 

Proposed by Costel Florea-Romania 
 

S.154  Find: 

Ωଵ = lim
௫→଴

∏ ݊݅ݏ ቀ௞
యା଺௞మାଵଵ௞ା଺

௞యି଺௞మାଵଵ௞ି଺
⋅ ቁ௡ݔ

௞ୀସ

௡ିଷݔ  

Ω = lim
୬→ஶ

ቀ(12݊ଶ − 36݊ + 24) ⋅ ௡ିଵ଼ܣ ⋅ ଺ହܣ ⋅ ହସܣ ⋅ Ωଵ(݊)ቁ
௡

 
Proposed by Costel Florea-Romania 

S.155  Find: 

Ω = lim
௡→ஶ

൭
1

3݊ଶෑ
݇ଷ − ݇ଶ − 4
݇ଷ + ݇ଶ + 4

௡

௞ୀଷ

൱

ళ೙
మ ∏ ೖయషఴ

ೖయశఴ
೙
ೖసయ

 

Proposed by Costel Florea-Romania 
 

S.156  Ωଵ(݊) = lim௫→଴ ൬ݔ ⋅
∑ ௦௜௡(௞(௞ାଵ)௫)೙
ೖసభ

∑ ௧௔௡൫(௦௜௡షభ(௞௫)మ)൯೙
ೖసభ

൰. Find: 

Ω = lim
୬→ஶ

ට൫Ωଵ(݊)൯
ଶ௡య

 

Proposed by Costel Florea-Romania 
S.157   

Ω = ෍න
ݔ݀

ଶݔ + 2(2݅ − ݔ(1 + 4݅(݅ − 1)

௞ାଵ

௞

௡

௜ୀଵ

 

Find sum of roots of the equation: ቚ݇ଶ lim
௞→ஶ

Ωቚ = 2020 
Proposed by Costel Florea-Romania 
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S.158  Find: 

Ω = lim
௫→ଵ

൬ܿݔݏ݋ +
1
2!−

1
4! +

1
6!−

1
8! + ⋯൰

భ
ೣషభ

 

Proposed by Adil Abdullayev-Azerbaijan 
 

S.159  Find all functions ݂:ℝ → ℝ such that ∀݊ ∈ ℤ, [∗]−GIF: 
݂൫݂(݊)൯ + (݊ଶ + 1)! + ൣ√݊య ൧ = ݂(݊) + 4(݂ଶ(݊) + 1)! + 4 ቂඥ݂(݊)య ቃ + 3 

Proposed by Adil Abdullayev-Azerbaijan 

S.160  Find all positive real numbers ߙ such that: 

cos(2020ݔߙ) ≥ 1 −
ଶݔ

2 ݔ∀, ≥ 0 

Proposed by Nguyen Van Canh – BenTre – Vietnam  

S.161  Find all functions ߮: [−2020,2020] → ℝ such that: 

൫߮(ݔ − ൯(ݕ
ଷ

= ݔ)5߮ + (ݕ2 − ݔ∀,ଷݕଷݔ ∈ [−2020; 2020] 

Proposed by Nguyen Van Canh – BenTre – Vietnam  

S.162  Find all positive real numbers ߚ,ߙ such that: 

(1 + ݁௫)ఈ ≥ 1 + ݔ∀,ݔߚ ≥ 0 

Proposed by Nguyen Van Canh – BenTre – Vietnam  

S.163   In acute Δܥܤܣ holds: 

min ൭
ඥ(ܣ)ߤ
sinܣ ,

ඥ(ܤ)ߤ
sinܤ ,

ඥ(ܥ)ߤ
sin ܥ

൱ ≤
ߨ3√ݏ2
ݎ27	  

Proposed by Radu Diaconu – Romania  
 

S.164  In acute Δܥܤܣ holds: 

(ܤ)ߤ(ܣ)ߤ sinܣ + (ܣ)ߤ(ܥ)ߤ sinܤ + (ܥ)ߤ(ܤ)ߤ sin ܥ >
ଶݏ)ݏ + ଶݎ + (ݎ4ܴ

12ܴଷ  

Proposed by Radu Diaconu – Romania  
 

S.165  If in Δܥܤܣ, (ܣ)ߤ = 90° then: 

ඨෑ
݃௔ଶ + ݃௕ଶ

(ܣ)ଶߤ + (ܤ)ଶߤ
௖௬௖

≥
54ܴଷ sinଶ ܤ2

ଷߨ  

Proposed by Radu Diaconu – Romania  
 

S.166  In acute Δܥܤܣ, ௔ݎ > 1,  :incenter, holds – ܫ
6√ݎ4

9ܴ < ෍
ܫܣ

ܣ௔√cosݎ
௖௬௖

<
ݎ3

min ቄsin ஺
ଶ

, sin ஻
ଶ

, sin ஼
ଶ
ቅ ⋅ min൛√cosܣ ,√cosܤ ,√cosܥൟ

 

Proposed by Radu Diaconu – Romania  
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S.167  If in Δܥܤܣ holds: 

௔ݎ ⋅ (ܣ)ߤ
(ܤ)ߤ + (ܥ)ߤ +

௕ݎ ⋅ (ܤ)ߤ
(ܥ)ߤ + (ܣ)ߤ +

௖ݎ ⋅ (ܥ)ߤ
(ܣ)ߤ + (ܤ)ߤ =

ݎ9
2  

then Δܥܤܣ is an equilateral one. 

Proposed by Radu Diaconu – Romania  

S.168  If in Δܥܤܣ, ܾସ + ܿସ ≤ 32,ܾ + ܿ ≥ 4, sinଶ ܣ = sinܤ sinܥ, then Δܥܤܣ is an equilateral 

one. 

Proposed by Radu Diaconu – Romania  

S.169  In Δܥܤܣ the following relationship holds: 

ߨ2
3ܴ ≤

(ܣ)ߤ
݃௔

+
(ܤ)ߤ
݃௕

+
(ܥ)ߤ
݃௖

<
ߨ
 ݎ2

Proposed by Radu Diaconu – Romania  

S.170  In acute Δܥܤܣ the following relationship holds: 

√ܾܿ ⋅ sinଶ ܣ + ݏܽܿ√ ⋅ sinଶ ܤ + √ܾܽ ⋅ sinଶ ܥ <  ܴߨ3√

Proposed by Radu Diaconu – Romania  

S.171  Find a closed form: 

Ω(ܽ, ܾ) = න log

⎝

⎛
ቀ௫
௔
ቁ
భ
ೣ ୟ୰ୡ୲ୟ୬

್
ೣ

ቀ௕
௫
ቁ
భ
ೣ ୟ୰ୡ୲ୟ୬

ೣ
ೌ

⎠

⎞
௕

௔

,ݔ݀ 1 < ܽ < ܾ 

Proposed by Daniel Sitaru – Romania  
 

S.172 Find a closed form: 

Ω = න
sinିଵ(2ݔ − 5) ⋅ logݔ

ݔ

ଷ

ଶ

ݔ݀ + 2න
tanିଵ ቆටଷି௫

௫ିଶ
ቇ ⋅ logݔ

ݔ

ଷ

ଶ

 ݔ݀

Proposed by Daniel Sitaru – Romania  
 

S.173  Prove without any software: 

න
ଷݔ

1 + ଷݔ + ଵଶݔ

ଵ

଴

ݔ݀ + න
ହݔ

1 + ହݔ + ଵ଴ݔ ݔ݀
ଵ

଴

+ න
଻ݔ

1 + ଻ݔ + ଼ݔ

ଵ

଴

ݔ݀ < 1 

Proposed by Daniel Sitaru – Romania  
S.174 If 0 ≤ ܽ < 1 then: 

න
cos ݔ

(1 + ݔ sin 1√(ݔ − ଶݔ
ݔ݀

௔

଴

+ න
√1− ଶݔ

1 + ݔ sinݔ

௔

଴

ݔ݀ ≥ sinିଵ(2 sinܽ) 

Proposed by Daniel Sitaru – Romania  
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S.175  If 0 < ܽ ≤ ܾ then: 

ቌන݁௫మ
௕

௔

ቍݔ݀

ସ

≤ ቌනݔଷ݁௫మ
௕

௔

ቍቌනݔ݀
݁௫మ

ݔ

௕

௔

ቍݔ݀

ଷ

 

Proposed by Daniel Sitaru – Romania  

S.176   Find: 

Ω = lim
௡→ஶ

⎝

⎛݊න
ଶݔ

(cosݔ + ݔ sin ଶ(ݔ ݔ݀

భ
೙

଴ ⎠

⎞ 

Proposed by Daniel Sitaru – Romania  

S.177 Solve for real numbers: 

න log(1 + tan ݔ3 ⋅ tan (ݐ ݐ݀
ଶ௫

௫

⋅ න log(1 + tan ݔ5 ⋅ tan ݐ݀(ݐ = 0
ଷ௫

ଶ௫

 

Proposed by Daniel Sitaru – Romania  

S.178  Find without any software: 

Ω = න
sinଷ ݔ + sinହ ݔ

1 + cosଶ ݔ + cosସ ݔ

ଶ଴ ୱ୧୬(ୟ୰ୡ୲ୟ୬ଷ)

ଵହ ୡ୭ୱ(ଶୟ୰ୡ୲ୟ୬ଷ)

 ݔ݀

Proposed by Daniel Sitaru – Romania  

S.179  Find without any software: 

Ω = න
(3 − 3 sinhଶ ݔ − sinhସ ݔ + sinhଵ଴ (ݔ cosh ݔ

(coshଶ ݔ − 2)ଶ  ݔ݀

 

Proposed by Daniel Sitaru – Romania 

S.180  Find: 

න
ݔ + ݔ)݊݅ݏ − ݔ)(1 − ݔ)(2 − ݔ)(3 − ݔ)(4 − 5)

ଶݔ2 − ݔ12 + 26 ݔ݀
ହ

ଵ
 

Proposed by Jalil Hajimir-Canada 

S.181 Prove without any software: 

0.75 < න
|(ݔ݊݅ݏ)݃݋݈|
ݔ݊݅ݏ + ݔݏ݋ܿ ݔ݀

ഏ
మ

଴
< 1.1 

Proposed by Jalil Hajimir-Canada 
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S.182  Find without any software: 

Ω = න
ݔ݊݅ݏ

ݔଷ݊݅ݏ + ݔଷݏ݋ܿ ݔ݀
ഏ
మ

଴
 

Proposed by Jalil Hajimir-Canada 

S.183 Find without any software: 

Ω = නඨ2௫ − 1
2௫ +  ݔ1݀

Proposed by Jalil Hajimir-Canada 

S.184 Prove without any software: 

1
2 <

1
݁ − 1න ݔ݀ݔ݃݋݈

௘

ଵ
< ݃݋݈ ൬

1 + ݁
2 ൰ 

Proposed by Jalil Hajimir-Canada 

S.185 If 0 ≤ ݔ < ଷగ
ଶ

 then: 

න
sin ݐ2 ⋅ ݁ୱ୧୬ ௧

(1 + sin ଶ(ݐ

௫

଴

ݐ݀ ≥
2 sin ݔ
1 + ݔ  

Proposed by Daniel Sitaru – Romania  

S.186 Find without any software: 

Ω = න
ቀtan ݔ2 + tan ቀ2ݔ + గ

ଷ
ቁ + tan ቀ2ݔ + ଶగ

ଷ
ቁቁ cosଶ(6ݔ)

tan ݔ + tan ቀݔ + గ
ଷ
ቁ + tan ቀݔ + ଶగ

ଷ
ቁ

 ݔ݀

Proposed by Daniel Sitaru – Romania  

S.187 Prove without any software: 

20න(ݔ + ݔ)(1 + 2) ⋅… ⋅ ݔ) + ݔ݀(19
ଵ

଴

< ෍ 10௞ ⋅ 11ଵଽି௞
ଵଽ

௞ୀ଴

 

Proposed by Daniel Sitaru – Romania  
S.188 Prove that: 

ݔ
2 ൫1 + ݁ି௫మ൯ < න ݁ି௧మ݀ݐ

௫

଴
<

1
√2

ݔ∀, ∈ ൬0,
1
√2
൰ 

Proposed by Rajeev Rastogi-India 
S.189 Find: 

Ω = lim
௡→ஶ

න
݊ ⋅ ௡ݔ

2 + ௡ݔ ݔ݀
ଵ

଴
 

Proposed by Rajeev Rastogi-India 
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S.190 Prove without softs: 

1
2 < න

ݔ݀
√4 − ଶݔ + ݔଶ଴ଶ଴݊݅ݏ

ଵ

଴
<
ߨ
6 

Proposed by Rajeev Rastogi-India 

S.191 If ݔ௜ , ݅ ∈ {1, . . ,4} are roots of the equation ݔସ − ଷݔଵܧ + ଶݔଶܧ − ݔଷܧ + ସܧ = 0, with 

ଵݔ < ଶݔ < ଷݔ < ଵܧ ସ andݔ = 2(2݊ + 2݇ + 3), 

ଶܧ = 6݊ଶ + 6(2݇ + 3)݊ + 6݇ଶ + 18݇ + 11 

ଷܧ = 4݊ଷ + 6(2݇ + 3)݊ଶ + 2(6݇ଶ + 18݇ + 11)݊ + 4݇ଷ + 18݇ଶ + 22݇ + 6 

ସܧ = ݊ସ + 2(2݇ + 3)݊ଷ + (6݇ଶ + 18݇ + 11)݊ଶ + 2(2݇ଷ + 9݇ଶ + 11݇ + 3)݊ + ݇ସ

+ 6݇ଷ + 11݇ଶ + 6݇,݊,݇ ∈ ܰ 

Prove that: Ω = ସଶݔ − ଷଶݔ − ଶଶݔ +  .ଵଶ is perfect squareݔ

Proposed by Costel Florea-Romania 

S.192 Find: 

Ω = lim
௡→ஶ

൮
2݊ ⋅ ∫ ݔ݀(௡ାଵ)(ଶ݁௫ݔ) ⋅ ∫ ቀ ௫మ

௫ିଵ
ቁ

(௡ାଵ)
ଶݔ݀

଴
௟௢௚ଶ
଴

∫ ቀ௫
మାଵ
௫ିଵ

ቁ
(௡ାଵ)

ଶݔ݀
଴ ⋅ ∫ ௟௢௚ଶݔ݀(௡ାଵ)(ଷ݁௫ݔ)

଴

൲

௡

 

(∗)୬ − n୲୦ derivative. 

Proposed by Costel Florea-Romania 

S.193 

ܽ = න
ݔ + 1

ସݔ + ଷݔ4 + ଶݔ6 + ݔ4 ݔ݀
௞ାଶ

௞ାଵ

+ න
ݔ + 1

ସݔ + ଷݔ4 + ଶݔ10 + ݔ12 + ݔ8݀
௞ାଶ

௞ାଵ

+ ⋯+ 

+ න
ݔ + 1

ସݔ + ଷݔ4 + (4݊ + ଶݔ(2 + (8݊ − ݔ(4 + 4݊ଶ − ݔ4݊݀
௞ାଶ

௞ାଵ

 

Ω = lim
௫→ஶ

 (ଷݔܽ)

Solve for natural numbers: ൫Ω଺൯ = ൫ ௡
ଶ଴ଵସ൯ 

Proposed by Costel Florea-Romania 

S.194 

Ω(݊) = ෍න
ଶݔ + (2݇ + ݔ(7 + ݇ଶ + 7݇ + 14

ସݔ + 2(2݇ + ଷݔ(7 + 3(2݇ଶ + 14݇ + ଶݔ(25 + 2(2݇ଷ + 21݇ଶ + 75݇ + ݔ(91 + ݇ସ + 14݇ଷ + 75݇ଶ + 182݇ + 168
ݔ݀

ଵ

଴

௡

௞ୀ଴

 

Prove that product of roots of the equation: |Ω(݊)| = 1 is positive number. 

Proposed by Costel Florea-Romania 
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S.195 Find: 

Ω = lim
௡→ஶ

න
ݔ݀(ݔ݊)݊݅ݏ

(ݔ݊)݊݅ݏ + (ݔ݊)ݏ݋ܿ

ଵ

଴
 

Proposed by Costel Florea-Romania 

S.196 Find: 

Ω = lim
௡→ஶ

൭(2݊ − 1)න
ݔ݀

ݔ + ௡ାଵݔ
ଶ

ଵ
+ (3݊ − 1)න

ݔ݀
ݔ + ௡ାଶݔ

ଶ

ଵ
൱ 

Proposed by Costel Florea-Romania 

S.197 Find: 

Ω = lim
௡→ஶ

ቌ
3∑ ቀ∑ ∫ ௗ௫

௫మି(ଵାଶ௜)௫ା௜మା௜
௜ାଷ
௜ାଶ

௞
௜ୀଵ ቁ௡

௞ୀଵ

(1 + ݊ଷ)݈݃݋ଶ ସ
ଷ

ቍ

మ೙ഏ
య

 

Proposed by Costel Florea-Romania 

 

S.198 Find: 

Ω = lim
௡→ஶ

ቌ4 ⋅ lim
௫→଴

∑ ଶ݊݅ݏ ቀ ௫√ଶ௞ାଷ
௞మାଷ௞ାଶ

ቁஶ
௞ୀଵ

∑ ௞௡ݔ
௞ୀଵ

ቍ

ഏ೙మ

ర

 

Proposed by Costel Florea-Romania 

S.199  

If	ܽ = න൭෍(݇ + 1)ଶݔ௞
௡

௞ୀ଴

൱ ݔ݃݋݈
௘

ଵ

,ݔ݀ ϐind: 

Ω = lim
௡→ஶ

ܽ
݊݁௡ାଶ 

Proposed by Costel Florea-Romania 
 

S.200 Prove that: 

lim
௡→ஶ

෍ି݊ܽݐଵ ቀ
݊

݊ଶ + ݇ଶ + ݇
ቁ

௡

௞ୀ଴

=
ߨ
4 

Proposed by Mohammed Bouras-Morocco 
 

S.201 Find: 

Ω = න ݔ√
ଵ

଴
⋅ ට1 − ݔ√ ⋅ ඨ1 − ට1 −  ݔ݀ݔ√

Proposed by Mohammed Bouras-Morocco 
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S.202 Find: 

Ω = lim
௡→ஶ

݊ଷ ⋅ න ቆ
1

݊ + (ݔߨ)ݏ݋ܿ +
1
݊ ݊݅ݏ

ݔቇ݀(ݔ݃݋݈݊)
ଵ

଴
 

Proposed by Mohammed Bouras-Morocco 

S.203 

߶௡ = ඨ2 + ට2 + ⋯+ √2
ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

௡ି௧௜௠௘௦

,ܽ௡ =
2݉ + 1

2(݉ଶ + ݉) 

Prove that: 

௠݂,௡ = න ൬
1

݉ + 1 − ଶݔ −
1

݉ + ଶ൰ݔ ൬
1

݉ + 1 − ଶݔ +
1

݉ + ଶݔ − ܽ௠൰
ݔ݀

√1 − ଶݔ

ଵ

భ
మథ೙

 

௠݂,௡ = 8ܽ௠ଶ ⋅
ඥ2 − ߶௡ିଶ

(4݉+ 2)ଶ − 2 − ߶௡ିଶ
 

Proposed by Mohammed Bouras-Morocco 

S.204 

߶ା(݊) = ඪ݊ + ඩ(݊ − 1) + ⋯+ඨ3 + ට2 + √1,߶ା(݊) = ඪ݊ − ඩ(݊ − 1)−⋯−ඨ3− ට2 −√1 

Prove that: 

൜߶ା
(݊ଶ + ݊) + ߶ି(݊ଶ + ݊) ≤ 2݊ + 1;݊ ∈ ℕ

߶ା(݊ଶ) + ߶ି(݊ଶ) ≥ 2݊
 

Proposed by Mohammed Bouras-Morocco 

S.205 Find without softs: 

Ω = න
ݔߨ + sinସ ݔ − cosସ ݔ

sinସ ݔ + cosସ ݔ

ഏ
మ

଴

 ݔ݀

Proposed by Radu Diaconu – Romania  

S.206 If (ܽ௡)௡ஹ଴ is sequence of real numbers such that ܽ଴ = ܽଵ = 0 and 

ܽ௡ାଶ − 2ܽ௡ାଵ + ܽ௡ = ݊ + 1 then find: 

Ω = lim
௡→ஶ

෍ logቆ1 −
݇ଶ(݇ଶ − 1)
18ܽ௞ܽ௞ାଵ

ቇ
௡

௞ୀଵ

 

Proposed by Florică Anastase – Romania  
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S.207 In Δܥܤܣ the following relationship holds: 

ܽோ ൬
1

ݏ) − ܽ)௥ −
2௥

ܽ௥൰ + ܾோ ൬
1

ݏ) − ܾ)௥ −
2௥

ܾ௥൰ + ܿோ ൬
1

ݏ) − ܿ)௥ −
2௥

ܿ௥൰ ≥ 0 

Proposed by Daniel Sitaru – Romania  

S.208 If ܽ,ܾ ∈ ℝ, ܽ ≤ ܾ then: 

23 ⋅ ܽଶଶ(ܾ − ܽ)ଷ ≤
ܾଶହ − ܽଶହ

25 + (ܽ − ܾ) ൬
ܽ + ܾ

2 ൰
ଶସ

≤ 23 ⋅ ܾଶଶ(ܾ − ܽ)ଷ 

Proposed by Daniel Sitaru – Romania  

S.209 Find: 

Ω = lim
௡→ஶ

൫√݊ + 1ఱ ⋅ ௡ାଵܪ − √݊ఱ ⋅  ௡൯ܪ

Proposed by Daniel Sitaru – Romania  

S.210 If in Δ(ܤ)ߤ,ܥܤܣ = ,(ܣ)ߤ2 (ܥ)ߤ = (ܣ)ߤ2 +  :then (ܤ)ߤ

ܨ
ܽ଺ +

ܨ
ܾ଺ +

ܨ
ܿ଺ <

17√7
 ସݎ448

Proposed by Daniel Sitaru – Romania  

S.211 If ܽ,ܾ, ݕ,ݔ > 0 then: 

ቌܽඨ
ݔܽ + ݕܾ
ܽ + ܾ + ܾඨ

ݔܽ + ݕܾ
ܽ + ܾ

య
ቍ

௔ା௕

≥ ൫ܽ√ݔ + యݔ√ܾ ൯
௔
⋅ ൫ܽඥݕ + ܾඥݕయ ൯

௕
 

Proposed by Daniel Sitaru – Romania  

S.212 Find: 

Ω(݊) = lim
௡→଴

ቆ
5௫ − 1
௡ାଵݔ −

ln 5
௡ݔ −

lnଶ 5
௡ିଵݔ2 −⋯−

ln௡ 5
݊! ⋅ ቇݔ , ݊ ∈ ℕ, ݊ ≥ 2 

Proposed by Daniel Sitaru – Romania  

S.213 In acute Δܥܤܣ the following relationship holds: 

ෑ(tanܣ + cotܣ)
௖௬௖

(cosܣ + secܣ) ≥ෑ(tanܣ + cotܤ)
௖௬௖

(cosܣ + secܤ) 

Proposed by Daniel Sitaru – Romania  

S.214 If 0 < ܽ ≤ ܾ < గ
ଶ
 then: 

cos 2ܽ − cos 2ܾ + 4න
cos ݔ

(sin ୱ୧୬௫(ݔ

௕

௔

ݔ݀ ≤ 8(sinܾ − sin ܽ) 

Proposed by Daniel Sitaru – Romania  
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S.215 If 0 < ݕ,ݔ < గ
ଶ
 then: 

3 ⋅ (sin ଶୱ୧୬మ(ݔ ௫ ⋅ (sinݕ cosݔ)ଶୱ୧୬మ ௬ ୡ୭ୱమ ௫ ⋅ (cos ݕ cosݔ)ଶୡ୭ୱమ ௬ ୡ୭ୱమ ௫ ≥ 1 

When equality holds? 

Proposed by Daniel Sitaru – Romania  

S.216 If ݂:ℝ → [1,∞),݂ – continuous, ܽ ≤ ܾ,ܽ,ܾ ∈ ℝ then: 

4ቌන (ݔ)݂
௕

௔

ቍݔ݀

ସ

+ 4(ܾ − ܽ)ଷ ≥ න൫1 + ൯(ݔ)݂
ଷ

௕

௔

 ݔ݀

Proposed by Daniel Sitaru – Romania  

S.217 Find: 

Ω = lim
௡→ஶ

ቌ
1

2௡ ⋅ න
ඨቆ

1 + ݔ + ଶݔ + ⋯+ ௡ିଵݔ

݊ ቇ
௡

೙షభ
ଶ

ଵ

 ቍݔ݀

Proposed by Daniel Sitaru – Romania  
S.218 Find: 

Ω = lim
௡→ஶ

ቌ
1
݁௡න

ݔ݀

݁௫ ቀ݁௫ାଶ + 2݁ − ଵ
௘
ቁ

௡

଴

ቍ 

Proposed by Daniel Sitaru – Romania  
S.219 If ܽ,ܾ, ܿ ∈ [0,1) then: 

1
ܽସ − 1 +

1
ܾସ − 1 +

1
ܿଶ − 1 ≤

2√2
ܾܽܿ − 1 

Proposed by Daniel Sitaru – Romania  
 

S.220 If 0 < ܽ ≤ ܾ then: 
(ܾ − ܽ)ଶ

2ܾଶ + ln ൬
ܾ
ܽ൰ ≤

ܾ − ܽ
ܽ  

Proposed by Daniel Sitaru – Romania 
  

S.221 If ܽ,ܾ, ܿ ∈ (0,1),ܽ + ܾ + ܿ = 1 then: 

න ቆ
ଷݔ + ଶݔ + 1

ݔ − 1 ቇ
ଶ√௔ర

଴

ݔ݀ + න ቆ
ଷݔ + ଶݔ + 1

ݔ − 1 ቇ
ଶ√௕ర

଴

ݔ݀ + න ቆ
ଷݔ + ଶݔ + 1

ݔ − 1 ቇ
ଶ√௖ర

଴

ݔ݀ > 1 

Proposed by Daniel Sitaru – Romania  
S.222 Find: 

Ω = lim
௡→ஶ

൮
1

3௡ ඩ
1
݊!ෑ

ቌ෍݇ቀ2݅
2݇ቁ

௜

௞ୀଵ

ቍ
௡

௜ୀଵ

೙

൲ 

Proposed by Daniel Sitaru – Romania  
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S.223  

ܽ, ܾ, ܿ > 0, ܾܽܿ = 1,Ω(ܽ) = නቆ
݁ଷ௫మ

1 + ݁௫ + ଷ௫మ݁ݔ6 log(1 + ݁௫)ቇ
௔

ିଵ

 ݔ݀

Prove that: 

Ω(ܽ) + Ω(ܾ) + Ω(ܿ) ≥ 3݁௔మା௕మା௖మ  

Proposed by Daniel Sitaru – Romania  

S.224 If 0 < ܽ, ܾ, ܿ ≤ 1 then: 

නݔ௫
ଵ

௔

ݔ݀ + නݔ௫
ଵ

௕

ݔ݀ + නݔ௫
ଵ

௖

ݔ݀ ≥ log൫(2− ܽ)(2 − ܾ)(2 − ܿ)൯ 

Proposed by Daniel Sitaru – Romania  

S.225 If ܽ,ܾ ≥ 0, ݊ ∈ ℕ, ݊ ≥ ܣ,2 ∈ ଶܣ,௡(ℝ)ܯ = ௡ܱ then: 

det൫√3(ܽ + ܣ(ܾ + (ܽଶ + ܾܽ + ܾଶ)ܫ௡൯ ≥ 0 

Proposed by Daniel Sitaru – Romania  

S.226 Find: 

Ω = lim
௡→ஶ

൭݊ଶ෍
1

݇ସ − ݇ଶ + 1

௡

௞ୀଵ

൱ 

Proposed by Daniel Sitaru – Romania  

S.227 If 0 < ܽ ≤ ܾ ≤ ܿ ≤ ݀ ≤ 4 then: 

48݀ + 3(ܾܽଶ + ܾܿଶ + ܿ݀ଶ) < 48ܽ + 3(ܾଷ + ܿଷ + ݀ଷ) + 128 

Proposed by Daniel Sitaru – Romania  

S.228 ܤ,ܣ ∈ ݌,ଶ଴ଵଽ(ℝ)ܯ ∈ ℝ − {0}, ଶ଴ଵଽܫ + ܣ)݌2 + (ܤ + ଶܣ)ଶ݌2 + (ଶܤ = ܱଶ଴ଵଽ 

Find: Ω = det(ܤܣ −  (ܣܤ

Proposed by Marian Ursărescu – Romania  

S.229 If ݂ ∈ (0)݂,([0,1])ܥ = ݂(1),݊ ∈ ℕ∗ then: ∃ܿଵ, ܿଶ, … , ܿ௡ – different in pairs such that: 

2݂ ᇱ(ܿଵ) + 6݂ ᇱ(ܿଶ) + ⋯+ ݊(݊ + 1)݂ᇱ(ܿ௡) = 0 

Proposed by Marian Ursărescu – Romania  

S.230 Prove that the following equation has natural roots for ݊ ∈ ℕ,݊ ≥ 5 

1
ଷݔଶݔଵݔ

+
1

ସݔଷݔଶݔ
+ ⋯+

1
௡ݔ௡ିଵݔ௡ିଶݔ

= 1 

Proposed by Marian Ursărescu – Romania  
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S.231 Find: 

Ω = lim
௡→ஶ

෍൥෍݅ ൬݇ − ݅ +
1
2൰

ଶ௞

௜ୀଵ

൩

ିଵ௡

௞ୀଵ

 

Proposed by Vasile Mircea Popa – Romania  

S.232 Find: 

Ω = lim
௫→଴

(1 + (ݔ2
య
ೣ − (1 + (ݔ3

మ
ೣ

ݔ  

Proposed by Vasile Mircea Popa – Romania  

S.233 Find: 

Ω = lim
௡→ஶ

൭෍ඥ݊ସ + ݇
௡

௞ୀଵ

⋅ cos
ߨ2݇
݊ ൱ 

Proposed by Vasile Mircea Popa – Romania  

S.234 Find: 

Ω = lim
௫→ஶ

⎝

⎛න ଶݐ arctan ൬
1
ݐ൰݀ݐ

௫ାమೣ

௫ ⎠

⎞ 

Proposed by Vasile Mircea Popa – Romania  

S.235 

ݕ,ݔ ∈ ݔ,(1,1−) ∗ ݕ =
ݔ + ݕ

1 +  ݕݔ

Solve for natural numbers: 

1
2 ∗

1
3 ∗

1
4 ∗ … ∗

1
݊ =

7
8 

Proposed by Vasile Mircea Popa – Romania  

S.236 

ܽ௡, ܾ௡, ,ݎ ݏ > 0, ݊ ≥ 1, ݊ ∈ ℕ, lim
௡→ஶ

ܽ௡ାଵ
݊௥ ⋅ ܽ௡

= ܽ > 0, lim
௡→ஶ

ܾ௡ାଵ
݊௦ ⋅ ܾ௡

= ܾ > 0 

଴ܮ = ଵܮ,2 = ௡ାଶܮ,1 = ௡ାଵܮ +  :௡ – Lucas sequence. Findܮ

Ω(ܽ, ܾ) = lim
௡→ஶ

ቌ൭
ඥܽ௡೙ ⋅ ඥܮ௡ାଵ೙శభ

݊௥ା௦ −
ඥܽ௡ାଵ೙శభ ⋅ ඥܮ௡೙

(݊ + 1)௥ା௦ ൱ ඥܾ௡
೙ ቍ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  
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S.237 Find: 

Ω = lim௡→ஶ ቀ݁ିଶு೙ ∑ ቂ൫√݇ + √݇ + 1൯
ଶ
ቃ௡

௞ୀଵ ቁ , [∗]- great integer function 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

S.238 If ܽ,ܾ > 0, ܽ,ܾ – fixed then find: 

Ω = lim
௡→ஶ

1
√݊!೙ ⋅ ෍ඨ

1
ܾଶ +

1
(ܽ + ܾ݇)ଶ +

1
(ܽ + ܾ + ܾ݇)ଶ

௡

௞ୀଵ

 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

S.239 Let the positive real sequence (ܽ௡)௡ஹଵ, such that lim௡→ஶ
௔೙శభ

ඥ(ଶ௡ିଵ)‼೙ = ܽ ∈ ℝା
∗ . 

Compute: 

lim
௡→ஶ

ቆ
(݊ + 1)ଶ

ඥܽ௡ାଵ೙శభ −
݊ଶ

ඥܽ௡೙ ቇ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

S.240 If ܽ,ܾ > 0, then prove that: 

2√ܾܽ ⋅
sin ݔ
ݔ +

ܽ + ܾ
2 ⋅

tan ݔ
ݔ > ݔ∀,ܾܽ√3 ∈ ቀ0,

ߨ
2
ቁ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

S.241 Let the positive real sequence (ܽ௡)௡ஹଵ, such that lim௡→ஶ
௔೙శభ

௔೙ ඥ(ଶ௡ିଵ)‼೙ = ܽ ∈ ℝା
∗ . 

Compute: 

lim
௡→ஶ

ቆ
(݊ + 1)ଶ

ඥܽ௡ାଵ೙శభ −
݊ଶ

ඥܽ௡೙ ቇ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

S.242 Let ߚ,ߙ ≥ 0. Find all functions ݂:ℝ → ℝ such that: 

ଶݔߙ)30݂ − (ଶݕߚ = ൫݂(ݕߚߙ)൯
ଵଵ

+ ݕ,ݔ∀,ఉାଶݕఈାଵݔ ∈ ℝ 

Proposed by Nguyen Van Canh - Vietnam   

S.243 Let ߙ ≥ ߚ > 0. Find all functions ߮:ℝ → ℝ such that: 

ݔ continuous at – (ݔ)߮ = 0 and ߮(ݔߙ) = (ݔߚ)߮ + ఈ
ఉ
ݔ∀,ସݔ ∈ ℝ 

Proposed by Nguyen Van Canh - Vietnam   

S.244 If ݔ ≥ 0 then: 

ସݔ) + ଷݔ4 + 1)௫మାଷ௫ାଷ ≥ ସݔ15 + ଷݔ12 + 1 

Proposed by Nguyen Van Canh - Vietnam   
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S.245 Let ߚ,ߙ > 0. Find all functions ݂:ℝ → ℝ such that: 

ߙ ⋅ ݂൫ݔఈ + ఉ൯ݕ = ߚ ⋅ ݂ଶ൫ݔఉ + ఈ൯ݕ + ଶ଴ଶ଴(ݕݔ)ߚߙ ,ݔ∀, ݕ ∈ ℝ 

Proposed by Nguyen Van Canh - Vietnam   

S.246 Find all real numbers ߙ ≥ ߚ ≥ 0 such that: 

ln(1 + (ݔߙ ≤ ݔ∀,ݔߚ ≥ 0 

Proposed by Nguyen Van Canh - Vietnam   

S.247 Find all real numbers ߙ ≥ 0 such that: 

sinଶ൫√ߙ ⋅ ଶ଴ଶ଴൯ݔ + cosଶ൫(ߙଶ − 1) ⋅ ଶ଴ଶ଴൯ݔ = ݔ∀,1 ∈ ℝ 

Proposed by Nguyen Van Canh - Vietnam   

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
 

UNDERGRADUATE PROBLEMS 
 

 
 

U.71 If ܽ, ܾ ≥ 0 then: 

නන|ܽݕ − ܾܽ + |ݔܾ
௕

௔

ݕ݀
௕

௔

ݔ݀ ≤ ܽଶܾଶ 

Proposed by Daniel Sitaru – Romania  

U.72 If ܽ, ܾ > 0 then: 

4නන൬
2
5 లబݔ√ +

3
5 ඥݕరబ ൰

ଵ଴଴௕

௔

ݔ݀
௕

௔

ݕ݀ ≥ (ܾ − ܽ)ସ 

Proposed by Daniel Sitaru – Romania  

U.73 If ܽ, ܾ, ܿ > 1, ଵ
௔

+ ଵ
௕

+ ଵ
௖

= 18 then: 

݁ଽା
౳ᇲ(ೌ)
౳(ೌ) ା

౳ᇲ(್)
౳(್) ା

౳ᇲ(೎)
౳(೎) < ܾܽܿ 

Proposed by Daniel Sitaru – Romania  
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U.74 Find: 

Ω = lim
௡→ஶ

݊ଶ(݁ு೙ିఊ − ݊) ቀ݁
య

೙శఱ − ݁
య

೙శళቁ 

Proposed by Daniel Sitaru – Romania  

U.75 If 0 < ܽ ≤ ܾ then: 

නනන
ଶݔ + ଶݕ + ଶݖ

ݔ + ݕ + ݖ

௕

௔

ݔ݀
௕

௔

ݕ݀
௕

௔

ݖ݀ ≤ log൬
ܾ
ܽ൰

(್షೌ)൫್యషೌయ൯
య

 

Proposed by Daniel Sitaru – Romania  

U.76 Find: 

Ω = lim
௡→ஶ

ቌܪଶ௡ ⋅ න ଶ௡ାଵݔ
ଵ

ିଵ

log(1 + (௫ߛ  ቍݔ݀

Proposed by Daniel Sitaru – Romania  

U.77 

Find: 

Ω(ܽ) = නቌන log(1 + (ݔܽ
భ

భశೣమ

௔

଴

ቍݔ݀
௔

଴

݀ܽ, 0 < ܽ < 1 

Proposed by Daniel Sitaru – Romania  

U.78 Find: 

Ω = lim
ఌ→଴
ఌவ଴

ቌන
ݔ log ݔ

1 + ଶݔ + ସݔ

ଵ

ఌ

 ቍݔ݀

Proposed by Vasile Mircea Popa – Romania  
 

U.79 Find: 

Ω = න
ଶݔ ln(1 + (ݔ
ସݔ + 1

ஶ

଴

 ݔ݀

Proposed by Vasile Mircea Popa – Romania  
U.80 Find without any software: 

Ω = ඍ෍
1
√݇య

ହହ଺

௞ୀଵ

එ 

where ⌊ݔ⌋ is the greatest integer function (floor function). 

Proposed by Vasile Mircea Popa – Romania  
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U.81 Find a closed form: 

Ω(ܽ) = න
ଶݔ

ସݔ) + 1)(1 + ݔ݀(ݔܽ
ஶ

଴

, ܽ > 0 

Proposed by Vasile Mircea Popa – Romania  

U.82 Find a closed form: 

Ω(ܽ) = න
ଷݔ

ସݔ) + 1)(1 + ܽଶݔଶ)݀ݔ
ஶ

଴

,ܽ ≠ 0 

Proposed by Vasile Mircea Popa – Romania  

U.83 Find a closed form: 

Ω(ܽ) = න
ଷݔ

(1 + ଶݔ + ସ)(1ݔ + ܽଶݔଶ)

ஶ

଴

,ݔ݀ ܽ ≠ 0 

Proposed by Vasile Mircea Popa – Romania  

U.84  If ݂, ݂ᇱ: (0,∞) → (0,∞),݂ – differentiable, 0 < ܽ ≤ ܾ then: 

නන
൫݂(ݔ) + (ݕ)ᇱ݂(ݔ)൯݂ᇱ(ݕ)݂

ඥ1 + (ݕ)݂(ݔ)݂

௕

௔

ݔ݀
௕

௔

ݕ݀ ≤ log൭
݂(ܾ) + ඥ1 + ݂ଶ(ܾ)

݂(ܽ) + ඥ1 + ݂ଶ(ܽ)
൱
௙మ(௕)ି௙మ(௔)

 

Proposed by Daniel Sitaru – Romania  
 

U.85  If 0 < ܽ ≤ ܾ < గ
ଶ
 then: 

2නන cosଶ ݔ cosଶ ݕ (1 + tan ݔ tanݕ)|tan ݔ − tanݕ|
௕

௔

ݔ݀
௕

௔

ݕ݀ ≤ (ܾ − ܽ)ଶ 

Proposed by Daniel Sitaru – Romania  
U.86 Let ݔ be a positive real number. Prove: 

ݔΓ(2݃݋݈ + 1)− ݔΓ൬݃݋2݈ +
1
2൰ ≥ (![ݔ2])݃݋݈ − ,(![ݔ])݃݋2݈ [∗] −  ܨܫܩ

Proposed by Jalil Hajimir-Canada 
U.87 Find: 

න
൯ݔଵ൫√3ି݊ܽݐ
1)ݔ + (ଶݔ3 ݔ݀

ஶ

଴
 

Proposed by Jalil Hajimir-Canada 

U.88 Find: 

න
௫݁ݔ

ݔ + 1)݃݋݈ − ݁௫)݀ݔ
଴

ିஶ
 

Proposed by Jalil Hajimir-Canada 
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U.89 Find  closed forms: 

Ωଵ = න
(ݔ3)ସ݊݅ݏ

ଶݔ
ஶ

଴
;ݔ݀ 		Ωଶ = ෍

(−1)௡

(2݊ + 1)ଷ

ஶ

௡ୀ଴

 

Proposed by Jalil Hajimir-Canada 

U.90 Find closed forms: 

Ωଵ = ෍
16݊ଶ + 1

(16݊ଶ − 1)ଶ

ஶ

௡ୀଵ

, Ωଶ = න
ݔଶ3ݏ݋ܿ

9 − ݔଶݏ݋8ܿ ݔ݀
ଶగ

଴
 

Proposed by Jalil Hajimir-Canada 

U.91 Find: 

Ω(݉,݊) = න ൬
1
݁௡൰

√௫೘

ݔ݀
ஶ

଴
, ݉,݊ > 0 

Proposed by Jalil Hajimir-Canada 

U.92 Find the general solution of: 
ݕ݀
ݔ݀ =

2ି௫ − 2௫

ݕ4 + 3  

Proposed by Jalil Hajimir-Canada 
U.93 Find the general solution of: 

ݕ݀
ݔ݀ =

௫݁ݕ + ݁௬

௬݁ݔ + ݁௫  

Proposed by Jalil Hajimir-Canada 
U.94 Solve for real numbers: 

ଶݔ2 − ݔߨ + 2෍ tanିଵ ቆ
݊ଶ + ݊ − 1

݊ସ + 2݊ଷ + 4݊ଶ + 3݊ + 2ቇ
ஶ

௡ୀଵ

tanିଵ ቆ
݊ସ + 2݊ଷ + 2݊ଶ + ݊ + 2

2݊ଷ + 4݊ଶ + 3݊ + 1 ቇ = 0 

Proposed by Daniel Sitaru – Romania  

U.95 For ݊ > 1, we have: 

න න
(ݔݐ)݊݅ݏݔ

ℎݏ݋ܿ ቀగ௫
௡
ቁ
ݔ݀ݐ݀

ஶ

଴
=
݊
2

ஶ

଴
 

Proposed by Srinivasa Raghava-AIRMC-India 

 

U.96 For ݉ ≥ 1,݊ > 2, let Ψ(݉,݊) = ∫ ∫ ଶݔ) + ݕݔ + ஶݔ݀ݕଶ)݁ି௠൫௡௫௬ା௫మା௬మ൯݀ݕ
ିஶ

ஶ
ିஶ  then: 

߲௞

߲݉௞ Ψ(݉, ݊) = ൬−
1
݉൰

௞

Γ(݇ + 2)Ψ(݉, ݊) 

Proposed by Srinivasa Raghava-AIRMC-India 
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U.97 Prove the following: 

න න
ݔ + ݕ

൫ඥݕݔ + 1൯൫1 + 1)ݕݔ + ൯(ݕݔ
ݔ݀ݕ݀

ஶ

ଵ

ஶ

ଵ
=

ߨ
3√3

+  3݃݋݈

න න
ݔ√ + ඥݕ

൫ඥݕݔ + 1൯൫1 + 1)ݕݔ + ൯(ݕݔ
ݔ݀ݕ݀

ஶ

ଵ
=

4
3

3݃݋3݈) − (2݃݋4݈
ஶ

ଵ
 

Proposed by Srinivasa Raghava-AIRMC-India 

U.98 Prove the summation: 

෍
ቀଵ
ଵ

+ ଵ
ଶ

+ ଵ
ଷ

+ ଵ
ସ

+ ⋯+ ଵ
௡
ቁ
ଶ

(1 + 2 + 3 + 4 + ⋯+ ݊)ଶ

ஶ

௡ୀଵ

= 4൫7(4)ߞ−  ൯(3)ߞ6

Proposed by Srinivasa Raghava-AIRMC-India 

U.99 Prove the relation: 

෍
൫(3݊ଷ + 2݊ଶ − 5൯݀݋݉(݊

3݊ଷ + 2݊ଶ − ݊

ஶ

௡ୀଵ

= න
ݐ
మ
య + ݐ3

మ
ఱ + ݐ4

ర
భఱ − ݐ4

ళ
భఱ − 16 భఱݐ√ + 12

20(1− ݐ(ݐ
భయ
భఱ

ݐ݀
ଵ

଴
= 

=
4
5߰

(଴) ൬
1
5൰+

1
5߰

(଴) ൬
3
5൰ −

3
5߰

(଴) ൬
2

15൰ −
1
5߰

(଴) ൬
2
5൰ −

1
20߰

(଴) ൬
4
5൰ −

3
20߰

(଴) ൬
8

15൰ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.100 If we have  

න ቆ
(ݔߨ)݊݅ݏ
ଷݔ −

(ݔߨ)ݏ݋ܿ
ଶݔ −

(ݔߨ)ℎ݊݅ݏ
ଷݔ +

(ݔߨ)ℎݏ݋ܿ
ଶݔ ቇ

ஶ

଴

݁ିగ௫

ݔ√
ݔ݀ = ߙଶߨ +  ߚଷߨ

Then find the values of ߙ and ߚ. 
Proposed by Srinivasa Raghava-AIRMC-India 

U.101 For ℛ(݊) > 0, prove that: 

න
೙ݔ2݊ܽݐ√

ݔ݊ܽݐ ݔ݀
గ

଴
= ି݁ߨ݅

೔ഏ
మ೙ 

Proposed by Srinivasa Raghava-AIRMC-India 
U.102 Prove the integral: 

න ଶ݅ܮݔ ቆ
(1 − ସ(ݔ

(1 + ସቇ(ݔ
ଵ

଴
ݔ݀ =

ଶߨ

12 + ߨ2 + 4 −  2݃݋16݈

Here ݅ܮଶ(ݔ)−is Poly-log function. 

Proposed by Srinivasa Raghava-AIRMC-India 

U.103 If we have the equation ݕᇱᇱ(ݔ) + (ݔ)ݕ = ݕ with ,ݔ2݊ܽݐ ቀగ
ଶ
ቁ = 1, ᇱݕ ቀగ

ଶ
ቁ = 0 then: 

න ൫(ݔ)ݕ + ݔ൯݀(ݔ2)ݕ
గ

଴
= 2 +

ߨ݅
2√2

 

Proposed by Srinivasa Raghava-AIRMC-India 
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U.104 Compute the sum in a closed form: 

෍
ቀଵ
ଵ

+ ଵ
ଶ

+ ଵ
ଷ

+ ଵ
ସ

+ ⋯+ ଵ
௡
ቁ
ଷ

(1 + 2 + 3 + 4 + ⋯+ ݊)ଷ

ஶ

௡ୀଵ

 

Proposed by Srinivasa Raghava-AIRMC-India 

U.105 Prove the sum relation: 

෍
(߶ଶ௡ିଵ − 1)(߶ସ௡ିଵ − 1)	

(2݊ − 1)߶ଵଶ௡ି଺

ஶ

௡ୀ଴

= ቌ݃݋݈
3ି

ഝ
య5

ഝ
రඥ27− 4߶(߶ − 1)ି

ഝ
మ

√22
ቍ 

Where ߶ −is Golden Ratio. 

Proposed by Srinivasa Raghava-AIRMC-India 

U.106 Compute the integral in a closed form: 

න
ଵଵݑ + ଽݑ35 + ଻ݑ249 + ଺ݑ120 + ହݑ249 + ଷݑ35 + ݑ
ସݑ) + ଶݑ3 + ସݑ)(1 + ଶݑ11 + ସݑ)(1 + ଶݑ27 + ݑ(1 ݑ݀

ஶ

ିஶ
 

Proposed by Srinivasa Raghava-AIRMC-India 

U.107 Let the function ߟ(ܽ) defined for 0 ≤ ܽ ≤ 1 

(ܽ)ߟ = න න
1

ݔ) + 1)(ݕ + ݔ݀ݕ݀(ݕݔ
ଵ

௔

ଵ

௔
 

Then show that: ∫ ଵܽ݀(ܽ)ߟ
଴ = ଵ

ଶ
∫ ,ଶ2݃݋݈ ൫√ܽ൯݀ܽߟ

ଵ
଴ = ଵ

଼
ߨ) − 4)ଶ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.108 For ݉, ݊ ≥ 0, prove that: 

න
ଶݔ − ݊
ଶݔ + ݊ (ݔ݉)݊݅ݏ

ஶ

ିஶ

ݔ݀
ݔ = ൫2݁ି௠√௡ߨ − 1൯ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.109 If డ
మ

డ௫మ
(ݔ)݂ + డ

డ௫
(ݔ)݂ = (ݔ)݂ + ݁ି௫ with ݂(0) = 1, డ(௫)

డ௫
ݔ| → 0 = 0 then show that: 

݂൫݅5√ߨ൯݂൫−݅5√ߨ൯ = 1 

Proposed by Srinivasa Raghava-AIRMC-India 

 

U.110 If ܽ(݊ + 2) + ܽ(݊) = ଵ
଺
݊(݊ + 1)(2݊+ 1), with ܽ(0) = 0,ܽ(1) = 1 then prove: 

න ܽ(݊)݀݊
ଵ

଴
=

2
 ߨ

Proposed by Srinivasa Raghava-AIRMC-India 
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U.111 

න ଵି݊݅ݏ ቀܿ݁ݏ൫ି݊ܽݐଵ(ݔ݊݅ݏ)൯ቁ ݔ݀ݔ݊݅ݏ
గ

଴
= ߨ + ݅ ቌ

ߨ2√2
య
మ

Γ ቀଵ
ସ
ቁ
ଶ −

Γ ቀଵ
ସ
ቁ
ଶ

ߨ2√2
ቍ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.112 For any ݊ > 1, we have: 

න ௡݃݋݈ ൭ܿݐ݋ℎ ൬
ݔ
√݊

൰൱ ݔ݀
ஶ

଴
= ݊න ௡݃݋݈ ቀܿݐ݋ℎ൫ݔ√݊൯ቁ ݔ݀

ஶ

଴
 

Proposed by Srinivasa Raghava-AIRMC-India 

U.113 Prove that: 

න න 1)݃݋݈ + ݁ିగ௫)ܿݔ݀ݕ݀(ݕݔߨ)ݏ݋
ஶ

଴

ஶ

଴
=  2√݃݋݈

Proposed by Srinivasa Raghava-AIRMC-India 

U.114   

ܴ(݇) = න
௜௞ିݔ

ଶݔ − ݔ + 1

ஶ

଴
 ݔ݀

Prove that: ∫ ܴ(݇)݀݇ஶ
଴ =  ߨ

Proposed by Srinivasa Raghava-AIRMC-India 
 

U.115 If, for ݑ > (ݑ)ܳ,0 = ∫ ௧௔௡షభ(௨௫)
ଵା௫

ஶ
଴

ௗ௫
√௫

 then prove: 

න
(ݑ)ܳ
ݑ

ݑ݀
௜

ି௜
=

ଶߨ

ߨ)4 − 2)න ݑ݀(ݑ)ܳ
௜

ି௜
 

Proposed by Srinivasa Raghava-AIRMC-India 
U.116 If ∫ ௧௔௡షభ൫ √௫ర ൯

ଵା௫మ
ஶ
଴

ௗ௫
௫

= గ
ସ
 :then prove that (ߙ)݃݋݈

ସߙ  − ଷߙ136 + ଶߙ2584 − ߙ544 + 16 = 0 

Proposed by Srinivasa Raghava-AIRMC-India 

U.117 Prove this sharp inequality: 

න න
ݔ݀ݕ݀

ݔଶ݊݅ݏ + ݕଶݏ݋ܿ

ഏ
య

଴
>

4
ߨ

ഏ
య

଴
 

Proposed by Srinivasa Raghava-AIRMC-India 

U.118 If ∏ ቀ1 + ଵ
(గ௞)మ

+ ଵ
(గ௞)ల

ቁஶ
௞ୀଵ =  :ℎܿ then we have݊݅ݏܾ݊݅ݏܽ݊݅ݏ

ܽସ + ܾସ + ܿସ = 1 

Proposed by Srinivasa Raghava-AIRMC-India 
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U.119  

න
ସݔ + ଶݔ6 + 1

ଶݔ) + 1)ଷ ݃݋݈ ቆ݈݃݋ ൬
1
൰ቇݔ ݔ݀

ଵ

଴
=

3
݃݋݈ߨ8

ቌ
ଷߨ4

Γ ቀଵ
ସ
ቁ
ସቍ−

ܩ
ߨ  

ܩ −Catalan constant. 

Proposed by Srinivasa Raghava-AIRMC-India 

U.120	Solve the equation: 

(ݔߨ)ݏ݋ܿ + ݁
೔ഏೣ
య (ݔߨ)݊݅ݏ = ݁

೔ഏ
య  

Proposed by Srinivasa Raghava-AIRMC-India 

U.121 For any positive integer ݊ ≥ 1 

න
(ݔߨ)݊݅ݏ௫ିݔ
(1 − ଵି௫(ݔ

ଵ

଴

ݔ݀
1 + ݔ݊ =

ߨ
݊ √݊೙షభ  

Proposed by Srinivasa Raghava-AIRMC-India 

U.122  

න
ݔ݀

థݔ) + ߶)థ
థ

భ
ഝ

= ቆ൬
1
߶൰

ିథ

+ ߶ቇ
ିభ
ഝ

−
2థିଵ൫2߶ + 2߶ିథ൯

ିభ
ഝ

߶ଶ  

Proposed by Srinivasa Raghava-AIRMC-India 

U.123 Let (ݔ)ܨ =
௫మథା௫ାభ

ഝ

௫మథି௫ାభ
ഝ

 and if (ݔ)݌ డி(௫)
డ௫

+ (ݔ)ݍ(ݔ)ܨ = 0 then: 

݌ ቀඥ√5ቁ = ߶ଶݍ ቀඥ√5ቁ ,߶ −Golden ratio 

Proposed by Srinivasa Raghava-AIRMC-India 

U.124  

න ݁ି௫మା௫ ቀℱ௧൫݁௧ି௧
మ൯(ݔ)ቁ݀ݔ

ஶ

ିஶ
= ݁

మ೔
ఱ න ݁ି௫మି௫ ቀℱ௧൫݁௧ି௧

మ൯(ݔ)ቁ
ஶ

ିஶ
 ݔ݀

ℱ௧[∗](ݔ)−Fourier Transform. 

Proposed by Srinivasa Raghava-AIRMC-India 

U.125 Prove that for ݉ > 0: 

ߨ = න
(ݔ݉)݊݅ݏݔ

ଶݔ + ቀଶ௜గ
௠
ቁ
ଶ

ஶ

ିஶ
 ݔ݀

Proposed by Srinivasa Raghava-AIRMC-India 
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U.126 Simplify this monster: ݈݃݋ቌඨଷଷହହସସଷଶ
ଶଶହగర

୻ቀ భభమቁ
మ
୻ቀభళభమቁ

మ
୻ቀళరቁ

ఴ

୻ቀ ళభమቁ
మ
୻ቀభభభమቁ

మ

య
ቍ 

Proposed by Srinivasa Raghava-AIRMC-India 
U.127 Compute in a closed form: 

න
൫ݔ − యݔ√ ൯݈ݔ)݃݋ + యݔ√ )

ݔ + యݔ√ ݔ݀
ଵ

଴
 

Proposed by Srinivasa Raghava-AIRMC-India 
U.128 Find: 

Ω = lim
௡→ஶ

݊൭න
1
ݔ ݃݋݈

(1 + ݔ + ଶݔ + ݔ݀(ଷݔ
ଵ

଴
−෍

1
(2݇ + 1)ଶ

௡

௞ୀ଴

൱ 

Proposed by Mohammed Bouras-Morocco 
U.129 Show that: 

lim
௡→ஶ

൭݈2݃݋− ቆ−
1
2 +

1
3 −

1
4 +. .−

(−1)௡

݊ ቇ൱
௡

= √݁ 

Proposed by Mohammed Bouras-Morocco 
 

U.130 Find without softs: 

Ω = න
ݔ + sinଶ ݔ + cos ݔ + log(tan (ݔ

(sin ݔ + cos ଶ(ݔ

ഏ
మ

଴

 ݔ݀

Proposed by Radu Diaconu – Romania  
U.131 If ݂: [ܽ,ܾ] → (0,∞),݂ – continuous then: 
 

2නනන
݂ଷ(ݔ)

݂ଶ(ݔ) + (ݖ)݂(ݕ)݂

௕

௔

௕

௔

௕

௔

ݖ݀ݕ݀ݔ݀ ≥ (ܾ − ܽ)ଶන݂(ݔ)
௕

௔

 ݔ݀

Proposed by Daniel Sitaru – Romania  
 

U.132 If ݊ ∈ ℕ,݊ ≥ 1 then: 
1
݊! ≤ log௡ ൭1 + ෑቀ݁

భ
ೖ − 1ቁ

భ
೙

௡

௞ୀଵ

൱ ≤ ൬
௡ܪ
݊ ൰

௡

 

Proposed by Daniel Sitaru – Romania  
 

U.133  

Ω(݌) = lim
௡→ஶ

൭
1
෍݌ √݇೙

௣

௞ୀଵ

൱

௡௣

, ݌ ∈ ℕ − {0} 

Find: 

Ω = ෍
1

Ω(݌)

ஶ

௣ୀଵ

 

Proposed by Daniel Sitaru – Romania  
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U.134 Find: 

Ω = ෑ൭ lim
௡→ஶ

ቆ
√݇ + 1೙ + √݇ + 3೙

√݇ + 2೙ + √݇ + 4೙ ቇ
௡

൱
ଶஶ

௞ୀଵ

 

Proposed by Daniel Sitaru – Romania  
U.135  Find: 

Ω = න
ݔ sin ݔ

ଶݔ) + 1)(2− cos (ݔ

ஶ

଴
 ݔ݀

Proposed by Vasile Mircea Popa – Romania  
U.136  Find a closed form: 

Ω(ܽ) = න
ଷݔ

ସݔ) + 1)(1 + ݔ݀(ݔܽ
ஶ

଴
,ܽ > 0 

Proposed by Vasile Mircea Popa – Romania  
U.137  Find: 

Ω = න
ଶݔ ln(1 + (ଶݔ
1 + ଶݔ + ସݔ

ஶ

଴
 ݔ݀

Proposed by Vasile Mircea Popa – Romania  
 

U.138 Find: 

Ω = lim
ఌ→଴
ఌவ଴

න
ln(ݔ)

ସݔ − ଶݔ + 1

ஶ

ఌ
 ݔ݀

Proposed by Vasile Mircea Popa – Romania  
 

U.139  Prove that: 

Ψ൬
5
8൰ − Ψ൬

1
8൰ = 2√ߨ + 2√2 ln൫1 + √2൯ 

where Ψ(ݔ) is the diagamma function. 
Proposed by Vasile Mircea Popa – Romania  

 
U.140  Find a closed form: 

Ω(ܽ) = න
ଷݔ

ଷݔ) − ଶݔ + ݔܽ)(1 + 1)

ஶ

଴
,ݔ݀ ܽ > 0 

Proposed by Vasile Mircea Popa – Romania  
 

U.141  Find: 

Ω = න
ݔ݀

(1 + ଶ)(4ݔ + ଶ)(2ݔ − cos (ݔ

ஶ

଴
 

Proposed by Vasile Mircea Popa – Romania  
 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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PROBLEMS FOR JUNIORS 

JP.361 Find ݔ, ,ݕ ݖ > 0 such that: 

൜ݔ
ଷݕ + ݖଷݕ + ݔଷݖ = ݔ)ݖݕݔ + ݕ + (ݖ

ݔ2 + +ݕ3 ݖ5 = 10  

Proposed by Daniel Sitaru-Romania 

JP.362. Let ܥܤܣ be a triangle with inradius ݎ, and circumradius ܴ. Equilateral triangles with 
 be the centroid’s of ܯ and ܮ,ܭ Let .ܥܤܣ  are drawn externally to triangle ,ܥܤ and ܥܤ,ܤܣ
the equilateral triangles, respectively. Prove that: 

ݎ2
ܴ ≤

[ܯܮܭ]
[ܥܤܣ] ≤ ൬

ܴ
൰ݎ2

ଶ

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

JP.363. Let ܽ, ܾ, ܿ be positive real numbers with ܽଶ + ܾଶ + ܿଶ = 12. Prove that: 

ܽସ

√ܽଷ + 1
+

ܾସ

√ܾଷ + 1
+

ܿସ

√ܿଷ + 1
≥ 16 

Proposed by George Apostolopoulos-Messolonghi-Greece 

JP.364. If ݔ, ,ݕ ݖ > 0 then: 

ටݔଶ − 3√ݕݔ + ଶݕ +ටݕଶ − 2√ݖݕ + ଶݖ = ඨݔଶ + ଶݖ −
൫√6ݖݔ −√2൯

2
⇔

2√2
ݔ

+
2
ݖ

=
√2 + √6

ݕ
 

Proposed by Daniel Sitaru – Romania  

JP365. If in  Δܥܤܣ exists relation  ସ
௪ೌ

= ଵ
௥

+ ଵ
௥ೌ
	then prove that ܪܣ ≥  ݎ2

Proposed by Marian Ursărescu-Romania 

JP.366. In acute Δܥܤܣ the following relationship holds: 

ܣݏ݋ܿ + ܤݏ݋ܿܣݏ݋ܿ√ + యܥݏ݋ܿܤݏ݋ܿܣݏ݋ܿ√ < 2 

Proposed by Marian Ursărescu-Romania 
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JP.367.  ܽ,ܾ, ܿ ∈ ℂ∗ −different in pairs, ܥ,(ܾ)ܤ,(ܽ)ܣ(ܿ);	 |ܽ| = |ܾ| = |ܿ| = 1. If  

(ܾܽ)ଷ + (ܾܿ)ଷ + (ܿܽ)ଷ = 3(ܾܽܿ)ଶ, then Δܥܤܣ is equilateral. 

Proposed by Marian Ursărescu-Romania 

JP.367.  ܽ,ܾ, ܿ ∈ ℂ∗ −different in pairs, ܥ,(ܾ)ܤ,(ܽ)ܣ(ܿ); 	|ܽ| = |ܾ| = |ܿ| = 1. If  

|ܽ − ܾ| ቀଵ
௔

+ ଵ
௕
ቁ + |ܾ − ܿ| ቀଵ

௕
+ ଵ

௖
ቁ + |ܿ − ܽ| ቀଵ

௖
+ ଵ

௔
ቁ = 0	, then Δܥܤܣ is equilateral. 

Proposed by Marian Ursărescu-Romania 

JP.369. Find ݕ,ݔ, ݖ ∈ ቀ0, గ
ଶ
ቁ such that: 

(ݔ5)ݏ݋ܿ
ݔݏ݋ܿ +

(ݕ5)ݏ݋ܿ
ݕݏ݋ܿ +

(ݖ5)ݏ݋ܿ
ݖݏ݋ܿ +

15
4 = 0 

Proposed by Daniel Sitaru-Romania 

JP.370. In Δܥܤܣ the following relationship holds: 

√ܾܽ + √ܾܿ + √ܿܽ + ඨܽ
ଶ + ܾଶ

2 + ඨܾ
ଶ + ܿଶ

2 + ඨܿ
ଶ + ܽଶ

2 ≤ 6√3ܴ 

Proposed by Daniel Sitaru-Romania 

JP.371 Solve in real positive numbers the equation 

௟௢௚௫ݔ + ௟௢௚ସݔ + ௟௢௚ହݔ =  ௟௢௚଺ݔ

Proposed by D.M. Bătineţu-Giurgiu and Neculai Stanciu-Romania 

 

JP.372. If in Δܥܤܣ:ܽଶ + ܾଶ = 2ܿଶ then: 

2ܽ݉௔ + ݉௖
ଶ ⋅ ඨ

ܾܽ
݉௔݉௕

	 ≤
√3
2

(ܽଶ + ܾଶ + ܿଶ) 

Proposed by Daniel Sitaru – Romania  

 

JP.373. If ܽ, ܾ, ܿ < 0; ܽ + ܾ + ܿ =  ௡ – Lucas numbers; ௡ܲ – Pellܮ ;௡ – Fibonacci numbersܨ;3
numbers; ݊ ∈ ℕ;݊ ≥ 2 then: 

ܽଶ( ௡ܲ − )(௡ܨ ௡ܲ − (௡ܮ
௡ܮ௡ܨ

+
ܾଶ(ܨ௡ − ௡ܨ)(௡ܮ − ௡ܲ)

௡ܮ ௡ܲ
+
ܿଶ(ܮ௡ − ௡ܲ)(ܮ௡ − (௡ܨ

௡ܲܨ௡
≥ 9 

Proposed by Daniel Sitaru – Romania  
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JP.374. Solve for complex numbers: 

଺ݔ57 − ହݔ180 + ସݔ234 − ଷݔ159 + ଶݔ60 − ݔ12 + 1 = 0 

Proposed by Daniel Sitaru – Romania  

JP.375. Let ܽ, ܾ, ܿ be positive real numbers such that ܽ + ܾ + ܿ = 3. Prove that: 

9(ܽଶ + ܾଶ + ܿଶ) − 2(ܽଷ + ܾଷ + ܿଷ) ≥ 21 

Proposed by George Apostolopoulos – Messolonghi – Greece 
 

PROBLEMS FOR SENIORS 

SP.361. Let (ݔ௡)௡ஹଵ, ଵݔ = 1 such that 

݊ଶ[2(ݔ௡ାଵ − ௡ݔ − 1)− ݊ଶ] + ௡ݔ2 = ݊[3(݊ଶ + −(௡ݔ  	[௡ାଵݔ

Find: 

lim
௡→ஶ

൭1 +
1

2௡෍
൫௡௞൯

2݇ + 1

௡

௞ୀ଴

൱

ೣ೙
೙మ

 

Proposed by Florică Anastase-Romania 

SP.362 Let ݉௔ ,݉௕ ,݉௖  be the lengths of the medians of a triangle ∆ܥܤܣ. Prove  

4√3
3ܴ ≤

ܣܿݏܿ
݉௔

+
ܤܿݏܿ
݉௕

+
ܥܿݏܿ
݉௖

≤
√3ܴ
ଶݎ3  

Proposed by George Apostolopoulos-Messolonghi-Greece 

SP.363. Triangle ܥܤܣ has |ܥܤ| = ܽ, |ܣܥ| = ܾ, |ܤܣ| = ܿ,inradius ݎ and circumradius ܴ.  

Equilateral triangles ܣଵܤ,ܥܤଵܣܥ		and ܥଵܤܣ with centroids ܮ,ܭ and ܯ respectively, are 
drawn externally to triangle ܥܤܣ. Prove that: 

3√3 ≤ [ܯܮܣ] + [ܭܯܤ] + [ܮܭܥ] ≤ ଷ√ଷ
ସ
ܴଶ	- [ܻܼܺ] represents the area of triangle ܻܼܺ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

SP.364. Let ܥܤܣ be a non-right triangle with circumradius ܴ. Squares with sides ܣܥ,ܥܤ,ܤܣ 
and centroids ܯ,ܮ,ܭ respectively, are drawn externally to triangle ܥܤܣ. Let ߛ,ߚ,ߙ be the 
distance from the vertices ܥ,ܤ,ܣ to the segments ܯܭതതതതത,ܮܭതതതത,  :തതതത, respectively. Prove thatܯܮ

൬
ܣݐ݋ܿ
ߙ ൰

ଶ

+ ൬
ܤݐ݋ܿ
ߚ ൰

ଶ

+ ൬
ܥݐ݋ܿ
ߛ ൰

ଶ

≥
8 ⋅ °75݊ܽݐ

3ܴଶ  

Proposed by George Apostolopoulos-Messolonghi-Greece 
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SP.365. Let ݂,ܨ: [ܽ,ܾ] → ℝ,such that (ݔ)ܨ = (ݔ)݂− + ܨ If .(ݔ)݂ݏ݋ܿ −is Riemann 
integrable, prove that ݂ −is Riemann integrable. 

Proposed by Cristian Miu-Romania 

SP.366. Let ݉௔ ,݉௕ ,݉௖  be the medians, ݎ௔ , ,௕ݎ ௖ݎ  the exradii, ݎ inradius and ܴ circumradius of 
a triangle ܥܤܣ. Prove that: 

3
2 ൬

ܴ
൰ݎ2

ିଶ

≤
௔ଶݎ

݉௕
ଶ + ݉௖

ଶ +
௕ଶݎ

݉௖
ଶ + ݉௔

ଶ +
௖ଶݎ

݉௔
ଶ + ݉௕

ଶ ≤ 2 ൬
ܴ
൰ݎ2

ଶ

−
1
2 ൬

ܴ
 ൰ݎ2

Proposed by George Apostolopoulos-Messolonghi-Greece 

SP.367. Let ݉௔ ,݉௕ ,݉௖  be the medians, ݎ௔ , ,௕ݎ ௖ݎ  the exradii, ݎ the inradius and ܴ the 
circumradius of a triangle ܥܤܣ. Prove that: 

ݎ8
ܴଶ <

௔ݎ + ௕ݎ
݉௔݉௕

+
௕ݎ + ௖ݎ
݉௕݉௖

+
௖ݎ + ௔ݎ
݉௖݉௔

≤
1
ݎ ቆ3 ൬

ܴ
൰ݎ2

ସ

− 1ቇ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

SP.368. If 	0 < ܽ < ܾ < 1, then prove: 

ܽ(2ܾ − ܽ)
ܾ√ܽଶ + ܾଶ

< න
ݔ݀

ଶݔ)ඥݔ + ܽଶ)ଷ

௕

௔

+
√2
2 <

ܽ
√ܽଶ + ܾଶ

+
ܾ − ܽ
ܽ√2

 

Proposed by Florică Anastase-Romania 

SP.369 Let (ܮ௡)௡ஹ଴ , ଴ܮ = ଵܮ,2 = 1, ௡ାଶܮ = ௡ାଵܮ + ݊∀,௡ܮ ∈ ℕ, be the Lucas’ sequences, and 
ܽ,ܾ, ܿ ∈ ℝା

∗  such that ܾܽܿ = 1. Prove that: 

1
ܽ଺(ܾܮ௡ + ௡ାଵ)ଶܮܿ +

1
ܾ଺(ܿܮ௡ + ௡ାଵ)ଶܮܽ +

1
ܿ଺(ܽܮ௡ + ௡ାଵ)ଶܮܾ ≥

3
௡ାଶଶܮ ,∀݊ ∈ ℕ 

Proposed by D.M. Bătineţu – Giurgiu, Neculai Stanciu-Romania 

SP.370 If ܥܤܣ is a triangle with inradius ݎ and circumradius ܴ, then for any point ܯ in the 
plane of triangle, ܯ ∉  holds the inequality ,{ܥ,ܤ,ܣ}

ܣܯ
ܤܯ + ܥܯ +

ܤܯ
ܥܯ + ܣܯ +

ܥܯ
ܣܯ + ܤܯ ≥

ܴ + ݎ
ܴ ≥

ݎ3
ܴ  

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 

SP.371. Let ܦܥܤܣ be a tetrahedron, and let ܯ be a point in space, ܯ ∉  :Prove that .{ܥ,ܤ,ܣ}

ܣܯ
ܤܯ + ܥܯ + ܦܯ +

ܤܯ
ܥܯ + ܦܯ + ܣܯ +

ܥܯ
ܦܯ + ܣܯ + ܤܯ +

ܦܯ
ܣܯ + ܤܯ + ܥܯ ≥

ܴ + ݎ
ܴ ≥

ݎ4
ܴ  

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
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SP.372. If ݂:ℝା
∗ → ℝା

∗  with lim௡→ஶ
௙(௫)
௫

= ܽ ∈ ℝା
∗ , (ܾ௡)௡ஹଵ is an arithmetic progression with 

ܾଵ ݎ, ∈ ℝା
∗  and ݑ, ݒ ∈ ℝ satisfy ݑ + ݒ = 1, then compute: 

lim
௡→ஶ

ቆ(݊ + 1)௨ ට൫݂(ܾଵ)݂(ܾଶ) … ݂(ܾ௡)݂(ܾ௡ାଵ)൯
௩೙శభ
− ݊௨ට൫݂( ଵܾ)݂(ܾଶ) …݂(ܾ௡)൯

௩೙
ቇ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

 

SP.373. If ݂:ℝା
∗ → ℝା

∗  is a function such that lim௫→ஶ
௙(௫)
௫

= ܿ ∈ ℝା
∗  and (ܽ௡)௡ஹଵ is a positive 

sequence such that lim௡→ஶ(ܽ௡ାଵ − ܽ௡) = ܽ ∈ ℝା
∗ , then compute: 

lim
௡→ஶ

ቆ
(݊ + 1)ଶ

ඥ݂(ܽଵ)݂(ܽଶ) …݂(ܽ௡)݂(ܽ௡ାଵ)೙శభ −
݊ଶ

ඥ݂(ܽଵ)݂(ܽଶ) …݂(ܽ௡)೙ ቇ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

 

SP.374. Let ݉௔ ,݉௕ ,݉௖  be the lengths of the medians of a triangle with circumradius R and 
area ܨ. Prove that: 

4
9ܴଶ ≤

1
݉௔(݉௕ + 2݉௖) +

1
݉௕(݉௖ + 2݉௔) +

1
݉௖(݉௔ + 2݉௕) ≤

√3
 ܨ3

Proposed by George Apostolopoulos – Messolonghi – Greece  

 

SP.375. If ݔ ,ݕ, ݖ ∈ (0,1), then in any ܥܤܣ triangle with the area ܨ the following inequality 
holds: 

ସܽݔ

+ݕ) ଶ(1(ݖ − (ଶݔ +
ସܾݕ

ݖ) + ଶ(1(ݔ − (ଶݕ +
ସܿݖ

ݔ) + ଶ(1(ݕ − (ݖ ≥  ଶܨ3√6

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

 

UNDERGRADUATE PROBLEMS 

UP.361. Prove that: 

න
ݔଵି݊ܽݐ
1√ݔ − ଶݔ

ଵ

଴

ݔ݀ = ଶ(√2݃݋݈ − 1)න (ݔ݊݅ݏ)݃݋݈
ഏ
మ

଴
 ݔ݀

Proposed by Florică Anastase-Romania 
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UP.362.  

߱௡ = ෍ܿݐ݋
ߨ݇

2݊ + 1 ∙
ଶ௡

௞ୀଵ

൬݊݅ݏ
ߨ2݇

2݊ + 1 + ݏ݋ܿ݅
ߨ2݇

2݊ + 1൰ 

Find: 

Ω = lim
௡→ஶ

෍
1

݇ఠ೙ାଶି(௞ା௡)

௡

௞ୀଵ

 

Proposed by Florică Anastase-Romania 

UP.363. Let be (ܽ௡)௡ஹଵ; (ܾ௡)௡ஹଵ ⊂ (0,∞) such that: 

lim
௡→ஶ

(ܽ௡ାଵ − ܽ௡) = ܽ ∈ (0,∞);ܾ௡ = ൭ෑܽଶ௞ିଵ

௡

௞ୀଵ

൱

భ
ೖ

 

Find: 

Ω = lim
௡→ஶ

൬
ܽ௡ାଵ ⋅ ܾ௡ାଵ
݊ + 1

−
ܽ௡ ⋅ ܾ௡
݊

൰ 

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 

UP.364. In Δܥܤܣ the following relationship holds: 

ቌ෍
1
ܽ

௖௬௖

ቍቌ෍
1
ܽଶ

௖௬௖

ቍ ⋅ … ⋅ ቌ෍
1
ܽ௡

௖௬௖

	ቍ ≥
3௠

ට൫ܴ√3൯
௡మା௡

; 	݊ ∈ ℕ∗ 

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 

UP.365. Let be ܽ௡ = ∑ ଵି݊ܽݐ ቀ ଵ
௞మା௞ାଵ

ቁ௡
௞ୀଵ ;݊ ≥ 1. Find: 

Ω = lim
௡→ஶ

݊ଶ(݁௔೙శభ − ݁௔೙) 

Proposed by D.M.Bătineţu-Giurgiu, Daniel Sitaru-Romania 

 

UP.366. If ݏ௡ = 1 + ଵ
√ଶ

+ ⋯+ ଵ
√௡
− 2√݊;݊ ≥ 1 find: 

Ω = lim
௡→ஶ

(1 + ݁௦೙శభ −  ௦೙)௡√௡ݏ

Proposed by D.M.Bătineţu-Giurgiu and Daniel Sitaru-Romania 
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UP.367. Find: Ω = lim
௡→ஶ

ට൫(ଶ௡)‼൯
೙

(ଶ௔௡)‼

೙
;ܽ ∈ ℕ 

0‼ = 1, (2݇)‼ = 2 ⋅ 4 ⋅… ⋅ (2݇),݇ ∈ ℕ∗ 

Proposed by D.M. Bătineţu-Giurgiu and Daniel Sitaru-Romania 

UP.368. Let be Ω௡ = ∫ ௫೙

௘ೣାଵାೣ
భ!ା

ೣమ
మ!ା⋯ା

ೣ೙
೙!

௡ାଵݔ݀
௡ ;݊ ∈ ℕ∗ 

Prove that: Ω௡ < ݊! 

Proposed by D.M. Bătineţu-Giurgiu and Daniel Sitaru-Romania 

UP.369. Let ݂:ℝ → ℝ be a continuous function; ܽ,ܾ > 0; ܽ < ܾ;ܽ + ܾ =  ;ݏ

ݏ)݂ − (ݔ + (ݔ)݂ = ݔ∀;ܿ ∈ ℝ; ܿ > 0. Find: 

Ω = න ଶݔ) − ݔݏ + ݔ݀(ݔ)݂(ଶݏ
௕

௔
 

Proposed by D.M. Bătineţu-Giurgiu and Daniel Sitaru-Romania 

UP.370. If	ܽ, ܾ > 0,	then 

න
ݔ݀

ݔ) + 1)(ܽଶܿݏ݋ଶݔ + ܾଶ݊݅ݏଶݔ)

ഏ
ర

଴

<
1

ߨ)ܾܽ + 4)൭ߨ
ܾ
ܽ + ଵି݊ܽݐ4 ൬

ܾ
ܽ൰
൱ 

Proposed by Florică Anastase-Romania 

UP.371. Let be (ܽ௡)௡ஹଵ; ܽ௡ = ∏ ൫(2݇ − 1)‼൯
భ
ೖ௡

௞ୀଵ . Find: 

Ω = lim
௡→ஶ

ቆ
(݊ + 1)ଶ

ඥܽ௡ାଵ೙శభ −
݊ଶ

ඥܽ௡೙ ቇ 

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 

UP.372. (ݔ)௡ஹଵ −be a positive sequence of real numbers such that ݔଵ > 0 and  

௡ାଵݔ =
௡ଶݔ

௡ݔ2 − 1)݃݋݈ +  (௡ݔ

Find: 

Ω = lim
௡→ஶ

(2݊)‼
(2݊ − 1)‼ ⋅

௡ݔ݊
√2݊ + 1

	 

Proposed by Florică Anastase-Romania 
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UP.373. ݇ ∈ ℕ,݇ > 0 and ݔଵ > ௡ାଵݔ,݇ = ௫೙మ

௫೙ି௞
;݊ ∈ ℕ∗ 

Find: 

Ω = lim
௡→ஶ

݊ଶ

(݊݃݋݈)݃݋݈ ⋅
ඥܪ௡
೙ − 1

௡ݔ
 

Proposed by Florică Anastase-Romania 

UP.374. Calculate the integral: 

න
ݔ lnݔ

ଷݔ + ݔ√ݔ + 1

ଵ

଴

 ݔ݀

Proposed by Vasile Mircea Popa – Romania  

UP.375. In any convex polygon ܣଵܣଶ ,௡ܣ… ݊ ≥ 3 with the area ܨ and the sides lengths 

௞ାଵܣ௞ܣ  = ܽ௞, ݇ = 1, ௡ାଵܣ,݊ =  :ଵ the following inequality holdsܣ

෍൫ܽ௞ − ඥܽ௞ܽ௞ାଵ + ܽ௞ାଵ൯
ଶ

௡

௞ୀଵ

≥ ܨ4 ⋅ tan
ߨ
݊ 

Proposed by D.M. Bătinețu-Giurgiu – Romania  

 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
 

 

 

 

 

 

 

 



Romanian Mathematical Society-Mehedinți Branch 2022 
 

110 ROMANIAN MATHEMATICAL MAGAZINE NR. 33 
 

INDEX OF AUTHORS  RMM-33 

Nr.crt. Numele și prenumele Nr.crt. Numele și prenumele 
1 DANIEL SITARU-ROMANIA 41 MARIAN DINCĂ-ROMANIA 
2 D.M.BĂTINEȚU-GIURGIU-ROMANIA 42 CRISTIAN MIU-ROMANIA 
3 CLAUDIA NĂNUȚI-ROMANIA 43 VASILE MIRCEA POPA-ROMANIA 
4 NECULAI STANCIU-ROMANIA 44 COSTEL FLOREA-ROMANIA 
5 MARIAN URSĂRESCU-ROMANIA 45 ALEX SZOROS-ROMANIA 
6 BOGDAN FUSTEI-ROMANIA 46 SRINIVASA RAGHAVA-INDIA 
7 DAN NĂNUȚI-ROMANIA 47 RAJEEV RASTOGI-INDIA 
8 MARIN CHIRCIU-ROMANIA 48 GEORGE APOSTOLOPOULOS-GREECE 
9 FLORICĂ ANASTASE-ROMANIA 49 MOHAMMED BOURAS-MOROCCO 

10 MARIUS DRĂGAN-ROMANIA 50 MEHMET ȘAHIN-TURKIYE 
11 ERTAN YILDIRIM-TURKIYE 51 JALIL HAJIMIR-CANADA 
12 RADU DIACONU-ROMANIA 52 ADIL ABDULLAYEV-AZERBAIJAN 
13 ELDENIZ HESENOV-GEORGIA 53 NGUYEN VAN CANH-VIETNAM 
14 ELENA NICOLAE-ROMANIA 54 ELENA GRIGORE-ROMANIA 
15 LUIZA DUMITRESCU-ROMANIA 55 DAN GRIGORIE-ROMANIA 
16 DELIA POPESCU-ROMANIA 56 ELENA ALEXIE-ROMANIA 
17 LILIANA ARGETOIANU-ROMANIA 57 DANIELA BELDEA-ROMANIA 
18 MIHAI IONESCU-ROMANIA 58 ELENA IACOB MEDA-ROMANIA 
19 CARINA VIESPESCU-ROMANIA 59 GILENA DOBRICĂ-ROMANIA 
20 EUGENIA TURCU-ROMANIA 60 MIHAELA DĂIANU-ROMANIA 
21 ROXANA VASILE-ROMANIA 61 MIHAELA PUPĂZĂ-ROMANIA 
22 LUIZA CREMENEANU-ROMANIA 62 SIMONA RADU-ROMANIA 
23 NINETA OPRESCU-ROMANIA 63 MĂDĂLINA GIURGESCU-ROMANIA 
24 ROXANA POPESCU-ROMANIA 64 ILEANA DUMA-ROMANIA 
25 AURELIA PETRICĂ-ROMANIA 65 DAN MITRICOIU-ROMANIA 
26 MONICA STANCA-ROMANIA 66 TATIANA CRISTEA-ROMANIA 
27 NICOLA CĂTĂLIN-ROMANIA 67 ANICUȚA PATRICIA BEȚIU-ROMANIA 
28 AUREL CHIRIȚĂ-ROMANIA 68 MARIA LAVINIA POPA-ROMANIA 
29 NICOLAE OPREA-ROMANIA 69 SORIN PÎRLEA-ROMANIA 
30 IULIA SELEA-ROMANIA 70 DORINA GOICEANU-ROMANIA 
31 IONUȚ IVANESCU-ROMANIA 71 IULIA SANDA-ROMANIA 
32 AMELIA CURCĂ NĂSTĂSELU-ROMANIA 72 NICOLAE RADU-ROMANIA 
33 MIREA MIHAELA MIOARA-ROMANIA 73 MIHAELA STĂNCELE-ROMANIA 
34 CLAUDIU CIULCU-ROMANIA 73 DANIELA STOIAN-ROMANIA 
35 LAVINIA TRINCU-ROMANIA 75 GIGI ZAHARIA-ROMANIA 
36 MIHAELA NASCU-ROMANIA 76 ALECU ORLANDO-ROMANIA 
37 CORINA IONESCU-ROMANIA 77 ILEANA STANCIU-ROMANIA 
38 LAURA ZAHARIA-ROMANIA 78 CRISTIAN MOANȚĂ-ROMANIA 
39 DELIA SCHNEIDER-ROMANIA 79 LUCIAN TUȚESCU-ROMANIA 
40 GABRIEL TICĂ-ROMANIA 80 CLAUDIU COANDĂ-ROMANIA 

NOTĂ: Pentru a publica probleme propuse, articole și note matematice în RMM  puteți trimite 
materialele pe mailul: dansitaru63@yahoo.com 


