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SPECIAL LIMITS WITH RIEMANN’S SUMS 

By Daniel Sitaru – Romania  

ABSTRACT. In this paper it is developed a method for calculus of sequences’ limits using 

Riemann’s sums. 

Main result: 

If ߚ,ߙ ∈ ℝ,ߚ ≠ ߙ,0 < :݂;ߚ ߙ,ߙ] + [ߚ → ℝ, ݂ continuous then: 

lim
௡→ஶ

1
݊ଶ ෍ ݂൬ߙ +

ߚ݅
݊ ൰

ଵஸ௜ழ௝ஸ௡

݂ ൬ߙ +
ߚ݆
݊ ൰ =

1
2
ቌ

1
ߚ න (ݔ)݂

ఈାఉ

ఈ

ቍݔ݀

ଶ

		(1) 

Proof. 

Let be: 

Δ௡ = ቆߙ < ߙ +
ߚ
݊ < ߙ +

ߚ2
݊ < ⋯ < ߙ +

(݊ − ߚ(1
݊ <  ቇߚ

Denote ݔ௡௜ = ߦ + ݊௜ = ߙ + ௜ఉ
௡

 

ห|Δ௡|ห = ௡௜ݔ − ௡௜ିଵݔ = ߙ +
ߚ݅
݊ − ߙ −

(݅ − ߚ(1
݊ =

ߚ
݊ 

lim
௡→ஶ

ห|Δ௡|ห = lim
௡→ஶ

ߚ
݊ = 0 

௡௜ିଵݔ ≤ ௡௜ߦ ≤ ௡௜ݔ  

lim
௡→ஶ

1
݊෍݂ ൬ߙ +

ߚ݅
݊ ൰

௡

௜ୀଵ

= lim
௡→ஶ

1
ߚ ⋅

ߚ
݊෍݂൬ߙ +

ߚ݅
݊ ൰

௡

௜ୀଵ

= 

=
1
ߚ lim
௡→ஶ

෍݂ ൬ߙ +
ߚ݅
݊ ൰

௡

௜ୀଵ

ቆߙ +
ߚ݅
݊ − ߙ −

(݅ − ߚ(1
݊ ቇ =

1
ߚ lim
௡→ஶ

෍݂൫ߦ௡௜ ൯൫ݔ௡௜ − ௡௜ିଵ൯ݔ =
௡

௜ୀଵ

 

= ଵ
ఉ

lim௡→ஶ ୼೙ߪ ( ଵ݂ߦ௡) = ଵ
ఉ
∫ ఈାఉ(ݔ)݂
ఈ  (2)         ݔ݀

lim
௡→ஶ

1
݊ଶ෍݂ଶ ൬ߙ +

ߚ݅
݊ ൰

௡

௜ୀଵ

= lim
௡→ஶ

1
݊
൭

1
݊෍݂ଶ ൬ߙ +

ߚ݅
݊ ൰

௡

௜ୀଵ

൱ = 

= lim
௡→ஶ

1
݊ ⋅ lim

௡→ஶ

1
݊෍݂ଶ ൬ߙ +

ߚ݅
݊ ൰

௡

௜ୀଵ

= 0 ⋅ ቌ
1
ߚ න (ݔ)݂

ఈାఉ

ఈ

ቍݔ݀ = 0 

lim௡→ஶ
ଵ
௡మ
∑ ݂ଶ ቀߙ + ௜ఉ

௡
ቁ௡

௜ୀଵ = 0       (3) 
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lim
௡→ஶ

1
݊ଶ ෍ ݂൬ߙ +

ߚ݅
݊ ൰ ݂ ൬ߙ +

ߚ݆
݊ ൰

ଵஸ௜ழ௝ஸ௡

= 

= lim
௡→ஶ

1
2
቎൭

1
݊෍݂ ൬ߙ +

ߚ݅
݊ ൰

௡

௜ୀଵ

൱
ଶ

−
1
݊ଶ෍݂ଶ ൬ߙ +

ߚ݅
݊ ൰

௡

௜ୀଵ

቏ = 

=
(ଶ);(ଷ) 1

2
ቌ

1
ߚ න (ݔ)݂

ఈାఉ

ఈ

ቍݔ݀

ଶ

− 0 =
1
2
ቌ

1
ߚ න (ݔ)݂

ఈାఉ

ఈ

ቍݔ݀

ଶ

 

Corollary 1: If ߚ,ߙ ∈ ℝ;ߚ ≠ ߙ;0 <  :then ߚ

lim
௡→ஶ

1
݊ଶ ෍ ൬ߙ +

ߚ݅
݊ ൰

ଵஸ௜ழ௝ஸ௡

൬ߙ +
ߚ݆
݊ ൰ =

ଶߚ + ߚߙ2
ଶߚ8  

Proof:  We take in (1): ݂(ݔ) =  .ݔ

Corollary 2: If ߚ,ߙ ∈ ℝ;ߙ ≠ ߙ;0 <  :then ߚ

lim
௡→ஶ

1
݊ଶ ෍ cos൬ߙ +

ߚ݅
݊ ൰ cos ൬ߙ +

ߚ݆
݊ ൰

ଵஸ௜ழ௝ஸ௡

=
(sin(ߙ + (ߚ − sin ଶ(ߙ

ଶߚ2 	(2) 

Proof: We take in (1): ݂(ݔ) = cos  .ݔ

Corollary 3: If 0 < ߙ <  :then ߚ

lim
௡→ஶ

1
݊ଶ ෍

1

ቀߙ + ௜ఉ
௡
ቁ ቀߙ + ௝ఉ

௡
ቁଵஸ௜ழ௝ஸ௡

=
1

ߙ)ଶߙ2 +  (ଶߚ

Proof: We take in (1): ݂(ݔ) = ଵ
௫
 

Corollary 4: 

lim
௡→ஶ

1
݊ସ ෍ ݆݅

ଵஸ௜ழ௝ஸ௡

=
1
8 

Proof: We take in (1): ݂(ݔ) = ߙ,ݔ = ߚ,0 = 1. 

Corollary 5: 

lim
௡→ஶ

1
݊଺ ෍ ݅ଶ݆ଶ

ଵஸ௜ழ௝ஸ௡

=
1

18 

Proof: We take in (1): ݂(ݔ) = ;ଶݔ ߙ = 0; ߚ	 = 1. 

Corollary 6: 

lim
௡→ஶ

1
݊ଶ ෍ cos ݅ ⋅ cos ݆

ଵஸ௜ழ௝ஸ௡

=
sinଶ 1

2  
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Proof: We take in (2): ߙ = 0; ߚ	 = 1. 

Proposed problems: 

1. If 0 < ߙ <  :then find ߚ

lim
௡→ஶ

1
݊ଶ ෍ ln ൬ߙ +

ߚ݅
݊ ൰ ln ൬ߙ +

ߚ݆
݊ ൰

ଵஸ௜ழ௝ஸ௡

 

2. If ߚ,ߙ ∈ ℝ,ߚ ≠ ߙ;0 <  :then find ߚ

lim
௡→ஶ

1
݊ଶ ෍ ln ൬ߙ +

ߚ݅
݊ ൰ ln ൬ߙ +

ߚ݆
݊ ൰

ଵஸ௜ழ௝ஸ௡

 

2. If ߚ,ߙ ∈ ℝ; ߚ ≠ ߙ;0 <  :then find ߚ

lim
௡→ஶ

1
݊ଶ ෍ sin ൬ߙ +

ߚ݅
݊ ൰ sin ൬ߙ +

ߚ݆
݊ ൰

ଵஸ௜ழ௝ஸ௡

 

3. If 0 < ߙ <  :then find ߚ

lim
௡→ஶ

1
݊ଶ ෍

1

ቀߙ + ௜ఉ
௡
ቁ
ଷ
ቀߙ + ௝ఉ

௡
ቁ
ଷ

ଵஸ௜ழ௝ஸ௡

 

Reference: 

[1] Romanian Mathematical Magazine – Interactive Journal, www.ssmrmh.ro  

QUASI-EXACT DIFFERENTIAL EQUATION 

By Benny Le Van-Vietnam 

Abstract: This article examines a specific variant of exact differential equation whose form 
is a matrix product of exact partial derivatives and a modifying vector. 
1. Introduction 
It is widely perceived (see e.g. [1]) that if ܲ(ݔ,  are two bivariable function (ݕ,ݔ)ܳ and (ݕ
such that: 

[(ݕ,ݔ)ܲ]߲
ݕ߲

=
[(ݕ,ݔ)ܳ]߲

ݔ߲
 (1) 

Then the exact first-ordered ordinary differential equation: 
ݔ݀(ݕ,ݔ)ܲ + ݕ݀(ݕ,ݔ)ܳ = 0 (2) 

Has solutions as: 

⎩
⎪
⎪
⎨

⎪
⎪
⎧

(ݕ,ݔ)ܷ = ݐݏ݊݋ܿ

⎣
⎢
⎢
⎢
⎢
⎢
⎡
(ݕ,ݔ)ܷ = නܲ(ݔ, ݔ݀(଴ݕ

௫

௫బ

+ නܳ(ݕ,ݔ)݀ݕ

௬

௬బ

+ ݐݏ݊݋ܿ

(ݕ,ݔ)ܷ = නܲ(ݕ,ݔ)݀ݔ
௫

௫బ

+ නܳ(ݔ଴,ݕ)݀ݕ

௬

௬బ

+ ݐݏ݊݋ܿ

 (3) 
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Of which, ܷ(ݕ,ݔ) is the potential function of (1) where exactness of the above differential 
equation is determined by the criteria that: 

⎩
⎪
⎨

⎪
,ݔ)ܷ]߲⎧ [(ݕ

ݔ߲ = ,ݔ)ܲ (ݕ
,ݔ)ܷ]߲ [(ݕ

ݕ߲
= ,ݔ)ܳ (ݕ

߲ଶ[ܷ(ݔ, [(ݕ
ݕ߲ݔ߲

=
[(ݕ,ݔ)ܲ]߲

ݕ߲
=
,ݔ)ܳ]߲ [(ݕ

ݔ߲

 (4) 

Accordingly, we define the quasi-exact differential equation (QDE) as: 
,ݔ)ܲ ݔ݀(ݕ + ݕ݀(ݕ,ݔ)ܳ(ݕ,ݔ)ܴ = 0 (5) 

An alternate form of QDE is ݓݒ = 0 where ݒ = ,ݔ)ܲ] (ݕ ݔ݀ ,ݔ)ܳ  are exact partial [ݕ݀(ݕ
derivatives, ݓ = [1 ,ݔ)ܴ is the modifying vector, and ʹ[(ݕ,ݔ)ܴ  .is the modifier (ݕ
We shall solve (5) where ܴ(ݕ,ݔ) is (i) a constant in Section 2; and a variable function in 
Section 3, and Section 4, respectively. Following, Section 5 provides discussion. 
2. Constant quasi-exact differential equation 
In the case ܴ(ݕ,ݔ) is a constant ݎ) ݎ ≠ 0 and ݎ ≠ 1)1, the constant QDE becomes: 

,ݔ)ܲ (ݕ ݔ݀ + ,ݔ)ܳݎ ݕ݀(ݕ = 0 (6) 
We shall transform (6) to the exact form by multiplying both sides with an integrating factor 
,ݔ)ܵ  :which is not a constant. Equation (6) becomes (ݕ

,ݔ)ܵ(ݕ,ݔ)ܲ (ݕ ݔ݀ + ,ݔ)ܳݎ ݕ݀(ݕ,ݔ)ܵ(ݕ = 0 (7) 
It is supposed to find ܵ(ݔ,  :such that (ݕ

[(ݕ,ݔ)ܵ(ݕ,ݔ)ܲ]߲
ݕ߲ =

[(ݕ,ݔ)ܵ(ݕ,ݔ)ܳݎ]߲
ݔ߲  

⇔ ܵ
߲ܲ
ݕ߲ + ܲ

߲ܵ
ݕ߲ = ݎ ൬ܵ

߲ܳ
ݔ߲ + ܳ

߲ܵ
 ൰ݔ߲

⇔ ܵ൬
߲ܲ
ݕ߲ − ݎ

߲ܳ
൰ݔ߲ + ܲ

߲ܵ
ݕ߲ − ܳݎ

߲ܵ
ݔ߲ = 0 

With ܷ(ݕ,ݔ) as determined under (3) and (4), we could rewrite the above as: 

ܵ ቆ
߲ଶܷ
ݕ߲ݔ߲ − ݎ

߲ଶܷ
ቇݕ߲ݔ߲ +

߲ܷ߲ܵ
ݕ߲ݔ߲ − ݎ

߲ܷ߲ܵ
ݕ߲ݔ߲ = 0 

⇔ ܵ(1 − (ݎ
߲ଶܷ
ݕ߲ݔ߲ + (1 − (ݎ

߲ܷ߲ܵ
ݕ߲ݔ߲  

⇔ ߲ܵଶܷ + ߲ܷ߲ܵ = 0 
Since ܵ(ݔ, (ݕ ≠  we could divide both sides of the above by ߲ܵଶ and consequently ,ݐݏ݊݋ܿ
obtain a second-ordered ordinary differential equation: 

ܵ
߲ଶܷ
	߲ܵଶ +

߲ܷ
߲ܵ = 0 ⇔ ܵ

݀ଶܷ
	݀ܵଶ +

ܷ݀
݀ܵ = 0 (8) 

In equation (8), replacing ܶ = ܷ݀ ݀ܵ⁄  gives: 

ܵ
݀ܶ
݀ܵ + ܶ = 0 ⇔

݀ܶ
ܶ = −

݀ܵ
ܵ ⇔ ln|ܶ| = − ln|ܵ| + ܿ ⇔ ܶ =

݇
ܵ 

Henceforth, we obtain: 
ܷ݀
݀ܵ =

݇
ܵ ⇔ ܷ݀ = ݇

݀ܵ
ܵ ⇔ ܷ = ݇ ln|ܵ| + ݈ ⇔ ܵ = ܽ݁௕௎  

The finding that ܵ = ܽ݁௕௎  gives solutions of (7) are ܹ(ݔ, (ݕ =  :of which ,ݐݏ݊݋ܿ

                                                        
1 If ݎ = 0, solutions are ܲ(ݔ, (ݕ = 0 or ݔ = ݎ if ;ݐݏ݊݋ܿ = 1, the QDE becomes an exact differential equation. 
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,ݔ)ܹ (ݕ = නܲ(ݔ, (଴ݕ,ݔ)ܵ(଴ݕ ݔ݀
௫

௫బ

+ ݎ නܳ(ݕ,ݔ)ܵ(ݔ, ݕ݀(ݕ

௬

௬బ

+  ݐݏ݊݋ܿ

= නܽ݁௕௎(௫,௬బ) (ݕ,ݔ)ܷ߲
ݔ߲ ௬ୀ௬బ

ݔ݀
௫

௫బ

+ ݎ න ܽ݁௕௎(௫,௬) ,ݔ)ܷ߲ (ݕ
ݕ߲ ݕ݀

௬

௬బ

+  ݐݏ݊݋ܿ

(9) 

Or: 

,ݔ)ܹ (ݕ = නܲ(ݔ, ,ݔ)ܵ(ݕ (ݕ ݔ݀
௫

௫బ

+ ݎ නܳ(ݔ଴,ݕ)ܵ(ݔ଴,ݕ)݀ݕ

௬

௬బ

+  ݐݏ݊݋ܿ

= නܽ݁௕௎(௫,௬) ,ݔ)ܷ߲ (ݕ
ݔ߲ ݔ݀

௫

௫బ

+ ݎ න ܽ݁௕௎(௫బ,௬) ,ݔ)ܷ߲ (ݕ
ݕ߲ ௫ୀ௫బ

ݕ݀

௬

௬బ

+  ݐݏ݊݋ܿ

(10) 

Example 1 
Solve the following differential equation: 

௫݁ݕ) + ݁௬)݀ݔ = ௬݁ݔ) + ݁௫)݀(11) ݕ 
Equation (11) is quasi-exact where ܲ(ݕ,ݔ) = ௫݁ݕ + ݁௬, ܳ(ݕ,ݔ) = ௬݁ݔ + ݁௫ , and ݎ = −1. 
Besides, formula (3) gives ܷ(ݔ, (ݕ = ௬݁ݔ + ௫݁ݕ . 
It is found that the integrating factor is: 

,ݔ)ܵ (ݕ = ܽ݁௕௎(௫,௬) = ܽ݁௕(௫௘೤ା௬௘ೣ) 
Thus, solution of Example 1 is ܹ(ݔ, (ݕ =  :where ,ݐݏ݊݋ܿ

(ݕ,ݔ)ܹ = නܽ݁௕(௫௘೤బା௬బ௘ೣ)(ݕ଴݁௫ + ݁௬బ)݀ݔ
௫

௫బ

− නܽ݁௕(௫௘೤ା௬௘ೣ)(݁ݔ௬ + ݁௫)݀ݕ

௬

௬బ

+  ݐݏ݊݋ܿ

(ݕ,ݔ)ܹ =
ܽ
ܾ ݁

௕(௫௘೤బା௬బ௘ೣ)|௫బ
௫ −

ܽ
ܾ ݁

௕(௫௘೤ା௬௘ೣ)|௬బ
௬ +  ݐݏ݊݋ܿ

(ݕ,ݔ)ܹ =
2ܽ
ܾ ݁௕(௫௘೤బା௬బ௘ೣ) −

ܽ
ܾ ݁

௕(௫௘೤ା௬௘ೣ) +  ݐݏ݊݋ܿ
Simplifying ܽ = ܾ, then a solution of (11) is ܹ(ݕ,ݔ) =  :where ,ݐݏ݊݋ܿ

,ݔ)ܹ (ݕ = 2݁௕(௫௘೤బା௬బ௘ೣ) − ݁௕(௫௘೤ା௬௘ೣ) +  ݐݏ݊݋ܿ
An alternate expression is: 

,ݔ)ܹ (ݕ = ݁௕(௫௘೤ା௬௘ೣ) − 2݁௕(௫బ௘೤ା௬௘ೣబ) +  ݐݏ݊݋ܿ
3. Univariable quasi-exact differential equation 
We shall solve the QDE (5) when ܴ(ݕ,ݔ) ≠  :A unique case is .ݐݏ݊݋ܿ

߲(ܴܳ)
ݔ߲ =

߲ܳ
ݔ߲ ⇔ ܳ

߲ܴ
ݔ߲ + ܴ

߲ܳ
ݔ߲ =

߲ܳ
ݔ߲ ⇔ ܳ

߲ܴ
ݔ߲ = (1 − ܴ)

߲ܳ
ݔ߲ ⇔

߲ܴ
1 − ܴ =

߲ܳ
ܳ  

The above case results in a separable differential equation: 
ܴ݀

1 − ܴ =
݀ܳ
ܳ ⇔ ln|1 − ܴ| = ln|ܳ| + ܿ ⇔ 1 − ܴ = ݇ܳ ⇔ ܴ = 1 − ݇ܳ 

Of which, ݇ =  .In this case, (5) becomes exact whose solution is under the form of (3) .ݐݏ݊݋ܿ
For ܴ(ݔ, (ݕ ≠ 1− ,ݔ)ܵ it is supposed to find the integrating factor ,(ݕ,ݔ)ܳ݇ (ݕ ≠  ݐݏ݊݋ܿ
such that: 

ቐ
,ݔ)ܲ (ݕ,ݔ)ܵ(ݕ ݔ݀ + ,ݔ)ܴ ,ݔ)ܵ(ݕ,ݔ)ܳ(ݕ ݕ݀(ݕ = 0
[(ݕ,ݔ)ܵ(ݕ,ݔ)ܲ]߲

ݕ߲ =
,ݔ)ܴ]߲ ,ݔ)ܵ(ݕ,ݔ)ܳ(ݕ [(ݕ

ݔ߲
 (12) 
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Finding ܵ(ݕ,ݔ): 

ܵ
߲ܲ
ݕ߲ + ܲ

߲ܵ
ݕ߲ = ܳܵ

߲ܴ
ݔ߲ + ܴܵ

߲ܳ
ݔ߲ + ܴܳ

߲ܵ
ݔ߲ ⇔ ܵ

߲ଶܷ
ݕ߲ݔ߲ +

߲ܷ߲ܵ
ݕ߲ݔ߲ = ܴܵ

߲ଶܷ
ݕ߲ݔ߲ + ܴ

߲ܷ߲ܵ
ݕ߲ݔ߲ + ܵ

߲ܴ߲ܷ
ݕ߲ݔ߲  (13) 

This includes a specific case that ߲ܴ ⁄ݔ߲ = 0 ⇔ (ݕ,ݔ)ܴ = ܴ߲ or (ݕ)ܴ ⁄ݔ߲ = 0 ⇔ ,ݔ)ܴ (ݕ =
 .turns equivalent to Section 2 (ݕ,ݔ)ܵ In this case, the process of finding .(ݔ)ܴ
Henceforth, the QDE (5) is comprehensively solvable if  ܴ(ݕ,ݔ) is a univariable function. 
Without loss of generality, we assume ܴ(ݔ, (ݕ =  :and (13) becomes (ݕ)ܴ

ܵ
߲ଶܷ
ݕ߲ݔ߲ +

߲ܷ߲ܵ
ݕ߲ݔ߲ = ܴܵ

߲ଶܷ
ݕ߲ݔ߲ + ܴ

߲ܷ߲ܵ
 ݕ߲ݔ߲

⇔ ߲ܵଶܷ + ߲ܷ߲ܵ = ܴ߲ܵଶܷ + ܴ߲ܷ߲ܵ 
⇔ ܵ(1 − ܴ)߲ଶܷ + (1 − ܴ)߲ܷ߲ܵ = 0 

Since ܴ ≠ ܵ and ݐݏ݊݋ܿ ≠  :we could transform the above equation as ,ݐݏ݊݋ܿ

ܵ
߲ଶܷ
	߲ܵଶ +

߲ܷ
߲ܵ = 0 ⇔ ܵ

݀ଶܷ
	݀ܵଶ +

ܷ݀
݀ܵ = 0 ⇔ ܷ = ݇ ln|ܵ| + ݈ ⇔ ܵ = ܽ݁௕௎  

Thus, solutions of (5) are ܹ(ݔ, (ݕ =  :where ,ݐݏ݊݋ܿ

(ݕ,ݔ)ܹ = නܲ(ݕ,ݔ଴)ܵ(ݔ, ݔ݀(଴ݕ
௫

௫బ

+ නܴ(ݕ)ܳ(ݕ,ݔ)ܵ(ݔ, ݕ݀(ݕ

௬

௬బ

+  ݐݏ݊݋ܿ

= නܽ݁௕௎(௫,௬బ) (ݕ,ݔ)ܷ߲
ݔ߲ ௬ୀ௬బ

ݔ݀
௫

௫బ

+ නܴܽ(ݕ)݁௕௎(௫,௬) ,ݔ)ܷ߲ (ݕ
ݕ߲ ݕ݀

௬

௬బ

+  ݐݏ݊݋ܿ

(14) 

Or: 

,ݔ)ܹ (ݕ = නܲ(ݔ, (ݕ,ݔ)ܵ(ݕ ݔ݀
௫

௫బ

+ නܴ(ݕ)ܳ(ݔ଴,ݕ)ܵ(ݔ଴,ݕ)݀ݕ

௬

௬బ

+  ݐݏ݊݋ܿ

= නܽ݁௕௎(௫,௬) ,ݔ)ܷ߲ (ݕ
ݔ߲ ݔ݀

௫

௫బ

+ නܴܽ(ݕ)݁௕௎(௫బ,௬) (ݕ,ݔ)ܷ߲
ݕ߲ ௫ୀ௫బ

ݕ݀

௬

௬బ

+  ݐݏ݊݋ܿ

(15) 

Example 2 
Solve the QDE: 

ቀlnݕ +
ݕ
ݔ
ቁ ݔ݀ + ݔ) + ݕ ln ݕ݀(ݔ = 0 (16) 

Equation (16) is quasi-exact where: 

⎩
⎪
⎨

⎪
,ݔ)ܲ⎧ (ݕ = lnݕ +

ݕ
ݔ

,ݔ)ܳ (ݕ = lnݔ +
ݔ
ݕ

,ݔ)ܴ (ݕ = ݕ

 

The exact differential formula gives: 

൜
,ݔ)ܷ (ݕ = ݔ lnݕ + ݕ ln ݔ

(ݕ,ݔ)ܵ = ܽ݁௕௎(௫,௬) =  ௕(௫ା௬)݁ݕݔܽ

Thus, solution of (16) is ܹ(ݔ, (ݕ =  :where ,ݐݏ݊݋ܿ
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,ݔ)ܹ (ݕ = නܽݕݔ଴ ቀlnݕ଴ +
଴ݕ
ݔ
ቁ ݁௕(௫ା௬బ) ݔ݀

௫

௫బ

+ නܽݔ)ݕݔ + ݕ ln ௕(௫ା௬)݁(ݔ ݕ݀

௬

௬బ

+  ݐݏ݊݋ܿ

Or: 

,ݔ)ܹ (ݕ = නܽݕݔ ቀlnݕ +
ݕ
ቁݔ ݁

௕(௫ା௬) ݔ݀
௫

௫బ

+ නܽݔ଴ݔ)ݕ଴ + ݕ lnݔ଴)݁௕(௫బା௬) ݕ݀

௬

௬బ

+  ݐݏ݊݋ܿ

4. Bivariable generalized quasi-exact differential equation 
This Section considers equation (13) in a generalized case that ߲ܴ ⁄ݔ߲ ≠ 0 and ߲ܴ ⁄ݕ߲ ≠ 0. 
Accordingly, we obtain: 

߲ܵଶܷ + ߲ܷ߲ܵ = ܴ߲ܵଶܷ + ܴ߲ܷ߲ܵ + ߲ܴ߲ܵܵ 
⇔ ܵ

߲ଶܷ
	߲ܵଶ +

߲ܷ
߲ܵ = ܴܵ

߲ଶܷ
	߲ܵଶ + ܴ

߲ܷ
߲ܵ + ܵ

߲ܴ
߲ܵ ⇔ ܵ(1 −ܴ)

߲ଶܷ
	߲ܵଶ + (1 −ܴ)

߲ܷ
߲ܵ − ܵ

߲ܴ
߲ܵ = 0 

Thus, we obtain a second-ordered partial differential equation: 
߲ଶܷ
	߲ܵଶ + ൬

1
ܵ൰
߲ܷ
߲ܵ + ൬

1
ܴ − 1൰

߲ܴ
߲ܵ = 0 (17) 

Due to coherent characteristics, equation (17) is extremely hard to solve in a generalized 
manner, especially when ܵ(ݔ,  is not constant. On the other hand, a feasible direction is (ݕ
assuming that solutions of (17) are ܷ = ܷ(ܵ,ܴ) and somehow transforming (17) to a linear 
second-ordered partial differential equation (see e.g. [2], [3], [4], and [5]). 
5. Discussion 
We have examined the quasi-exact differential equation which is obtained by modifying the 
exact differential form. We have shown that the QDE is solvable when the modifier is either 
constant or univariable. To solve the QDE comprehensively, we suggest three potential 
pathways for further researches which include (i) upgrading the order, e.g. second-ordered 
QDE; (ii) generalizing the number of variables, e.g. QDE in vector space; and (iii) generalizing 
the solution for the integrating factor as indicated by a complicated partial differential 
equation, i.e. (17). 
Acknowledgement: This article is inspired by Prof. Dr. Jalil Hajimir-Toronto-Canada 
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Solve the following partial differential equation: 

⎩
⎨

ݑ߲⎧
;ݔ) (ݐ
ݐ߲ = ݇

߲ଶݔ)ݑ; (ݐ
ଶݔ߲

;ݔ)ݑ 0) = 0
;0)ݑ (ݐ = ℎ

 

Of which, ݔ > ݐ ,0 > 0 , ݇ > 0  and ℎ  are constant.The problem is a heat equation on 
(0; +∞)  with homogeneous initial conditions and constant boundary conditions, and 
therefore has solutions expressed as: 

;ݔ)ݑ (ݐ = න
ݔ

ඥ4݇ݐ)ߨ − ଷ(ݏ
݌ݔ݁ ቈ−

ଶݔ

ݐ)4݇ − ቉(ݏ ℎ(ݏ)݀ݏ
௧

଴

=
2ℎ
ߨ√

න
ݔ

4ඥ݇(ݐ − ଷ(ݏ
݌ݔ݁ ൥−ቆ

ݔ
2ඥ݇(ݐ − (ݏ

ቇ
ଶ

൩ ݏ݀
௧

଴

 

Transforming ݕ = ݔ ቂ2ඥ݇(ݐ − ⁄ቃ(ݏ  :and boundary values are determined as ݕ݀ ,

⎩
⎪
⎨

⎪
⎧
ݕ݀
ݏ݀ =

ݔ
4ඥ݇(ݐ − ଷ(ݏ

lim
௦→௧ష

ݕ = +∞

ݏ)ݕ = 0) =
ݔ

ݐ݇√2

 

Thus, we could rewrite the solution: 

;ݔ)ݑ (ݐ =
2ℎ
ߨ√

න ݁ି௬మ ݕ݀
ା∞

ೣ
మ√ೖ೟

= ℎ൮
2
ߨ√

න ݁ି௬మ ݕ݀
଴

ೣ
మ√ೖ೟

+
2
ߨ√

න ݁ି௬మ ݕ݀
ା∞

଴

൲

= ℎ

⎝

⎜
⎛

1 −
2
ߨ√

න ݁ି௬మ ݕ݀

ೣ
మ√ೖ೟

଴
⎠

⎟
⎞

= ℎ ൤1 − ݂ݎ݁ ൬
ݔ

ݐ݇√2
൰൨ = ℎ × ݂ܿݎ݁ ൬

ݔ
ݐ݇√2

൰ 

In the above calculation, we employ the Poisson’s integral (given ܽ > 0) that: 

ܫ = න ݁ି௔௫మ ݔ݀
ା∞

଴

= න ݁ି௔௬మ ݕ݀
ା∞

଴

> 0 ⇒ ଶܫ = ඵ ݁ି௔൫௫మା௬మ൯ ݔ݀ ݕ݀
ା∞

଴

 

Replacing ݔ = ݎ cos߮ and ݕ = ݎ sin߮, we get {ݎ;߮} ∈ ߨ;0) 2⁄ ) × (0; +∞) and: 

(ݕ;ݔ)߲
(߮;ݎ)߲ = ተተ

ݔ߲
ݎ߲ = cos߮

ݔ߲
߲߮ = ݎ− sin߮

ݕ߲
ݎ߲ = sin߮

ݕ߲
߲߮ = ݎ cos߮

ተተ =  ݎ

Henceforth, the square of Poisson’s integral is: 
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ଶܫ = නන ݁ି௔௥మ
ା∞

଴

ݎ ݎ݀ ݀߮

ഏ
మ

଴

= න݀߮

ഏ
మ

଴

න ௔௥మି݁ݎ ݎ݀
ା∞

଴

=
ߨ
2 න ௔௥మି݁ݎ ݎ݀
ା∞

଴

=
ߨ

4ܽ න ݁ି௔௥మ (ଶݎܽ)݀
ା∞

଴

=
ߨ

4ܽන ݁ି௭ ݖ݀
ା∞

଴

=
ߨ

4ܽ ݁
ି௭|ା∞଴ =

ߨ
4ܽ 

Therefore: 

ܫ =
ߨ√

2√ܽ
 

Saigon, 11 août 2020 
 

As far as the laws of mathematics refer to reality, they are not certain, and as far as they are 

certain, they do not refer to reality. 

Albert Einstein 

God exists since mathematics is consistent, and the Devil exists since we cannot prove it. 

Andre Weil 

 

ABOUT NAGEL’S AND GERGONNE’S CEVIANS-(V) 

By Bogdan Fuştei-Romania 

 

In ∆ܥܤܣ we show it that ࢙૛ = ૛ࢇ࢔ + ૛࢘ࢇࢎࢇ (and analogs) 

ଶݏ − ݊௔ଶ = ݏ) + ݊௔)(ݏ − ݊௔) = ௔ℎ௔ݎ2 ⇒
ݏ − ݊௔
ℎ௔

=
2݊௔
ݏ + ݊௔

 
௦
௛ೌ

= ௡ೌ
௛ೌ

+ ଶ௥ೌ
௦ା௡ೌ

 (and analogs) 2ܵ = ܽ ∙ ℎ௔ =  (and analogs) ݎݏ2
ࢇ
૛࢘

= ࢙
ࢇࢎ

+ ࢇ࢔
࢙ାࢇ࢔

  
࢙
࢘ = ෍

ࢇ࢔
ࢉ࢟ࢉࢇࢎ

+ ૛෍
ࢇ࢘

ࢇ࢔ + ࢙
ࢉ࢟ࢉ
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௦ି௡ೌ
௥ೌ

= ଶ௛ೌ
௡ೌା௦

 (and analogs) and  ଵ
௥ೌ

+ ଵ
௥್

+ ଵ
௥೎

= ଵ
௥
 

So, we have: 	௦
௥

= ∑ ௡ೌ
௛ೌ௖௬௖ + 2∑ ௥ೌ

௡ೌା௦௖௬௖  but ℎ௔ = ଶ௥್௥೎
௥್ା௥೎

⇒ ଵ
௛ೌ

= ଵ
ଶ
ቀ ଵ
௥್

+ ଵ
௥೎
ቁ hence 

௡ೌ
௛ೌ

= ଵ
ଶ
ቀ௡ೌ
௥್

+ ௡ೌ
௥೎
ቁ (and analogs), summing, we get: 

૛෍
ࢇ࢔
ࢉ࢟ࢉࢇࢎ

= ෍
࢈࢔ + ࢉ࢔
ࢉ࢟ࢉࢇ࢘

; 			(૚) 

૛࢙
࢘ = 	૛෍

ࢇ࢔
ࢉ࢟ࢉࢇࢎ

+ ෍
૝࢘ࢇ
ࢇ࢔ + ࢙

ࢉ࢟ࢉ

; 		(૛) 

࢙
࢘ = 	෍

ࢇ࢔
ࢉ࢟ࢉࢇࢎ

+ ෍
૛࢘ࢇ
ࢇ࢔ + ࢙

ࢉ࢟ࢉ

; 		(૜) 

From (1), (2), (3) it follows that 
ݏ3
ݎ =

∑݊௔
ݎ + 2෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

 

We know that ݏ ≥ 3√ݎ ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ ⇒ ଷ௦

௥
= 3√3 ቀ௔

௕
+ ௕

௖
+ ௖

௔
ቁ ⇒ 

∑݊௔
ݎ + 2෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ 	3√3 ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ 

Hence, 

2෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ 3√3 ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ −

∑ ݊௔
ݎ  

Summing, it follows 

4෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ 3√3෍
ܾ + ܿ
ܽ

௖௬௖

− 2
∑݊௔
ݎ ⇔ 

෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥
3√3

4 ෍
ܾ + ܿ
ܽ

௖௬௖

−
∑݊௔

ݎ2  

Now,  
௦
௥
≥ ට4 − ଶ௥

ோ
ቀ௔
௕

+ ௕
௖

+ ௖
௔
ቁ and ௦

௥
≥ ට4 − ଶ௥

ோ
ቀ௖
௕

+ ௕
௔

+ ௔
௖
ቁ hence 

ݏ3
ݎ ≥ 3ඨ4 −

ݎ2
ܴ ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ⇔

∑݊௔
ݎ + 2෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ 3ඨ4 −
ݎ2
ܴ ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ 

2෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ 3ඨ4 −
ݎ2
ܴ ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ −

∑݊௔
ݎ  

Similarly, we have: 

2෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ ඨ4 −
ݎ2
ܴ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ −

∑݊௔
ݎ  

Adding, we get: 



Romanian Mathematical Society-Mehedinți Branch 2022 
 

14 ROMANIAN MATHEMATICAL MAGAZINE NR. 32 
 

4෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ 3ඨ4 −
ݎ2
ܴ ൬

ܾ + ܿ
ܽ +

ܿ + ܽ
ܾ +

ܽ + ܾ
ܿ ൰ − 2

∑݊௔
ݎ  

Hence, 

෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥
3
4
ඨ4 −

ݎ2
ܴ ൬

ܾ + ܿ
ܽ +

ܿ + ܽ
ܾ +

ܽ + ܾ
ܿ ൰ −

∑݊௔
ݎ2  

ℎ௔ =
ݎݏ2
ܽ =

(ܽ + ܾ + ݎ(ܿ
ܽ ⇒ ℎ௔ = ൬1 +

ܾ + ܿ
ܽ ൰ ݎ ⇒

ℎ௔ − ݎ
ݎ =

ܾ + ܿ
ܽ ⇒ 

෍
ܾ + ܿ
ܽ

௖௬௖

=
∑(ℎ௔ − (ݎ

ݎ  

Hence, 

෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥
3√3∑ℎ௔ − 2∑݊௔ − ݎ3√9

ݎ4 ⇔
9√3

4 + ෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥
3√3∑ℎ௔ − 2∑݊௔

ݎ4  

Now, we know that 

෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥
3
4
ඨ4 −

ݎ2
ܴ ൬

ܾ + ܿ
ܽ +

ܿ + ܽ
ܾ +

ܽ + ܾ
ܿ ൰ −

∑݊௔
ݎ2  

Hence, 

෍
ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥
3
4
ඨ4 −

ݎ2
ܴ ∙

∑(ℎ௔ − (ݎ
ݎ −

∑݊௔
ݎ2  

9
4
ඨ4 −

ݎ2
ܴ + ෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥
3
4
ඨ4 −

ݎ2
ܴ ∙

∑ℎ௔
ݎ4 −

∑ ݊௔
ݎ2  

We know that: 

ݏ
ݎ ≥

ඨ൬4 −
ݎ2
ܴ ൰൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ ,

ݏ3
ݎ =

∑݊௔
ݎ + 2෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

 

∑݊௔
ݎ3 +

2
3෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ ඨ൬4 −
ݎ2
ܴ ൰൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ 

And we know that: 

ݏ ≥ ඨ4ܴ)ݎ + (ݎ ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ⇔

ݏ
ݎ ≥

ඨ൬1 +
4ܴ
ݎ ൰ ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ 

Hence, 

∑݊௔
ݎ3 +

2
3෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ ඨ൬1 +
4ܴ
ݎ ൰ ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ 

And similarly, 

࢙ ≥ ඨ࢘(૝ࡾ + ࢘) ൬
ࢉ
࢈ +

࢈
+ࢇ

ࢇ
 ൰ࢉ
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Hence, 

∑݊௔
ݎ3 +

2
3෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

≥ ඨ൬1 +
4ܴ
ݎ ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ 

ቀ
ݏ
ݎ
ቁ
ଶ
≥ ඨ൬1 +

4ܴ
ݎ ൰

ଶ

൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ 

ݏ
ݎ
≥ ඨ൬1 +

4ܴ
ݎ
൰
ଶ

൬
ܽ
ܾ

+
ܾ
ܿ

+
ܿ
ܽ
൰ ൬
ܿ
ܾ

+
ܾ
ܽ

+
ܽ
ܿ
൰

ర

= ܳ 

Therefore, 
ࢇ࢔∑
૜࢘ +

૛
૜෍

ࢇࢎ + ૛࢘ࢇ
ࢇ࢔ + ࢙

ࢉ࢟ࢉ

≥ ૙ 

Now, we know that 
∑஺ூ
௥
≥ ௦

௥
+ 3(2 − √3) and  ௦

௥
= ∑௡ೌ

ଷ௥
+ ଶ

ଷ
∑ ௛ೌାଶ௥ೌ

௡ೌା௦௖௬௖  it follows that 
ܫܣ3)∑ − ݊௔)

ݎ3 ≥ 3൫2 − √3൯ +
2
3෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

 

We known that ݊௔ + ݃௔ ≥ 2݉௔ (and analogs), then ݊௔ ≥ 2݉௔ − ݃௔  
Hence, 

ݏ
ݎ ≥

∑(2݉௔ − ݃௔)
ݎ3 +

2
3෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

 

ℎ௔ = ൬1 +
ܾ + ܿ
ܽ ൰ ;ݎ 	

ܾ + ܿ
ܽ =

௔ݎ + ℎ௔
௔ݎ

= 1 +
ℎ௔
௔ݎ

 

ℎ௔ = ൬2 +
ℎ௔
௔ݎ
൰ ݎ ⇒ ௔ℎ௔ݎ = ௔ݎ2) + ℎ௔)ݎ 

ܾܿ = ଶݏ + ௔ଶݎ − ௔, then we have ௥ೌݎ4ܴ ௛ೌ
௥

= ௔ݎ2 + ℎ௔ (and analogs) 
ݏ3
ݎ =

∑݊௔
ݎ + 2෍

ℎ௔ + ௔ݎ2
݊௔ + ݏ

௖௬௖

=
∑݊௔
ݎ +

2
෍ݎ

ℎ௔ݎ௔
݊௔ + ݏ

௖௬௖

 

Hence, 

ݏ3 = ݊௔ + ݊௕ + ݊௖ + 2෍
ℎ௔ݎ௔
݊௔ + ݏ

௖௬௖

 

We know that ݊௔ + ݃௔ ≥ 2݉௔ ⇒ ݊௔ ≥ 2݉௔ − ݃௔  

ݏ3 ≥ ෍(2݉௔ − ݃௔)
௖௬௖

+ 	2෍
ℎ௔ݎ௔
݊௔ + ݏ

௖௬௖

 

From ݊௔ + ݊௕ + ݊௖ ≥ 3√ݏ ⇒ (݊௔ + ݊௕ + ݊௖)√3 ≥ ݏ3 = ݊௔ + ݊௕ + ݊௖ + 2∑ ௛ೌ௥ೌ
௡ೌା௦௖௬௖  

Therefore, 
√3 − 1

2
(݊௔ + ݊௕ + ݊௖) ≥෍

ℎ௔ݎ௔
݊௔ + ݏ

௖௬௖

 

|ܾ − ܿ| ≥ ݊௔ − ݃௔ ⇒ ݃௔ + |ܾ − ܿ| ≥ ݊௔ ⇒
1
݊௔

≥
1

݃௔ + |ܾ − ܿ| ⇒ 
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ݏ3 ≥
ܾ + ܿ

2 ∙ ݏ݋ܿ
ܣ
2 ⇒

݉௔

ݏ݋ܿ ஺
ଶ

≥
ܾ + ܿ

2  

Adding, it follows that 

෍
݉௔

ݏ݋ܿ ஺
ଶ௖௬௖

≥෍
ܾ + ܿ

2
௖௬௖

= ܽ + ܾ + ܿ =  ݏ2

Hence, 
1
2෍

݉௔

ݏ݋ܿ ஺
ଶ௖௬௖

≥ ݏ ⇒
3
2෍

݉௔

ݏ݋ܿ ஺
ଶ௖௬௖

≥  ݏ3

3
2෍

݉௔

ݏ݋ܿ ஺
ଶ௖௬௖

≥ ݊௔ + ݊௕ + ݊௖ + 2෍
ℎ௔ݎ௔
݊௔ + ݏ

௖௬௖

 

We know that ݊௔݃௔ ≥ ݉௔ݓ௔ ⇒ ݊௔ ≥
௠ೌ௪ೌ
௚ೌ

 then 

૜࢙ ≥෍
ࢇ࢝ࢇ࢓

ࢉ࢟ࢉࢇࢍ

+ ૛෍
ࢇ࢘ࢇࢎ
ࢇ࢔ + ࢙

ࢉ࢟ࢉ

, ࡯࢙࢕ࢉ࡮࢙࢕ࢉ࡭࢙࢕ࢉ =
࢙૛ − (૛ࡾ + ࢘)૛

૝ࡾ૛	 	 

If ∆ܥܤܣ is obtuse triangle, then ܿܥݏ݋ܿܤݏ݋ܿܣݏ݋ ≤ 0 equality if triangle is right. 
ଶݏ − (2ܴ + ଶ(ݎ ≥ 0 ⇒ ݏ ≥ 2ܴ + ݎ ⇒ ݏ3 ≥ 3(2ܴ +  (ݎ

݊௔ + ݊௕ + ݊௖ + 2∑ ௛ೌ ௥ೌ
௡ೌା௦௖௬௖ ≥ 3(2ܴ + 2) for non-obtuse triangle 

݊௔ + ݊௕ + ݊௖ < 3(2ܴ + 2)− 2∑ ௛ೌ௥ೌ
௡ೌା௦௖௬௖  for obtuse triangle. 

We know that 
ݏ
ݎ = ෍

݊௔
ℎ௔௖௬௖

+ 2෍
௔ݎ

݊௔ + ݏ
௖௬௖

 

ݏ
ݎ = ෍

݊௔
௔௖௬௖ݎ

+ 2෍
ℎ௔

݊௔ + ݏ
௖௬௖

 

So, for non-obtuse triangle we have: 

෍
݊௔
ℎ௔௖௬௖

≥ 1 +
2ܴ
ݎ − 2෍

௔ݎ
݊௔ + ݏ

௖௬௖

 

෍
݊௔
௔௖௬௖ݎ

≥ 1 +
2ܴ
ݎ − 2෍

ℎ௔
݊௔ + ݏ

௖௬௖

 

ܲ	ܾ݁	ݐ݁ܮ ∈ ܥ,ܤ,ܣ,(ܥܤܣ) −non-collinear. If ܲܣ = ܤܲ;ݔ = ܥܲ;ݕ =   then ݖ
ݖݕܽ + ݖݔܾ + ݕݔܿ ≥ ܾܽܿ (Cocea-Hayashi inequality) 

Let be ܲ = ௔ܰ −Nagel’s point, then ܣ ௔ܰ = ඥ(ܾ − ܿ)ଶ +  .ଶ (and analogs)ݎ4
But we show it that: ஺ேೌ

ଶ௥
= ௡ೌ

௛ೌ
 (and analogs), hence 

ܤܽ ௔ܰ ∙ ܥ ௔ܰ

ଶݎ4 +
ܥܾ ௔ܰ ∙ ܣ ௔ܰ

ଶݎ4 +
ܣܿ ௔ܰ ∙ ܤ ௔ܰ

ଶݎ4 ≥
ܾܽܿ
ଶݎ4 ⇔ 

ܤܽ ௔ܰ ∙ ܥ ௔ܰ

ଶݎ4 +
ܥܾ ௔ܰ ∙ ܣ ௔ܰ

ଶݎ4 +
ܣܿ ௔ܰ ∙ ܤ ௔ܰ

ଶݎ4 ≥
ܴ
ݎ ∙  ݏ

ܾܿ = ଶݏ + ௔ଶݎ − ௔ݎ4ܴ  (and analogs) 

ℎ௔ℎ௕ℎ௖ =
2ܵ
ܽ ∙

2ܵ
ܾ ∙

2ܵ
ܿ =

2ܵଶ

ܴ  

ܽℎ௔ = ܾℎ௕ = ܿℎ௖ = 2ܵ =  ݎݏ2
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2ܵ෍݊௕݊௖
௖௬௖

≥
ܴ
ݎ ∙ ݏ ∙

2ܵଶ

ܴ ⇒ ෍݊௕݊௖ݎݏ2
௖௬௖

≥ ݏ2 ∙ ݎଶݏ ⇒෍݊௕݊௖
௖௬௖

≥  ଶݏ

So, it follows a new inequality 

෍݊௕݊௖
௖௬௖

≥ ଶݏ = ෍ݎ௔ݎ௕
௖௬௖

 

But ∑݊௔ଶ ≥ ∑݊௔݊௕ ⇒ (∑݊௔)ଶ ≥ 3∑݊௔݊௕ ≥  ଶ, henceݏ3

෍݊௔ ≥  3√ݏ

Let be ܩ௘ −Gergonne’s point, then ܣܣଵ = ݃௔ = ௔ܩܣ +  ଵܣ௔ܩ
From Van-Aubel’s theorem, we have: 

௘ܩܣ
௘ܩଵܣ

=
ݏ − ܽ
ݏ − ܾ +

ݏ − ܽ
ݏ − ܿ  

ݏ)ݏ − ܽ) = ௖ݎ௕ݎ  (and analogs) 
௘ܩܣ
௘ܩଵܣ

=
ݏ − ܽ
ݏ − ܾ +

ݏ − ܽ
ݏ − ܿ =

௖ݎ௕ݎ
௖ݎ௔ݎ

+
௖ݎ௕ݎ
௕ݎ௔ݎ

=
௕ݎ + ௖ݎ
௔ݎ

 

Hence, 
஺ீ೐
஺భ ೐ீ

= ௥್ା௥೎
௥ೌ

 (and analogs) 
௘ܩଵܣ
௘ܩܣ

=
௔ݎ

௕ݎ + ௖ݎ
⇒
௘ܩଵܣ + ௘ܩܣ

௘ܩܣ
=
௔ݎ + ௕ݎ + ௖ݎ
௕ݎ + ௖ݎ

; ௔ݎ	 + ௕ݎ + ௖ݎ = 4ܴ +  ݎ

௘ܩܣ = ௚ೌ(௥್ା௥೎)
ସோା௥

 (and analogs) 
Adding, it follows that 

෍ܩܣ௘
௖௬௖

=
1

4ܴ + ௕ݎ)෍݃௔ݎ + (௖ݎ
௖௬௖

 

஺ீ೐
௚ೌ

= ௥್ା௥೎
ସோା௥

 (and analogs) 
஺ீ೐
௚ೌ

+ ஻ீ೐
௚್

+ ஼ீ೐
௚೎

= 2 and  ௚ೌ
ସோା௥

= ஺ீ೐
௥್ା௥೎

 

Adding, it follows that 

෍
௘ܩܣ
௕ݎ + ௖௖௬௖ݎ

=
݃௔ + ݃௕ + ݃௖
௔ݎ + ௕ݎ + ௖ݎ

 

But ݃௔ ≤ ܫܣ +  from triangle inequality, hence ,(and analogs) ݎ
݃௔ + ݃௕ + ݃௖ ≤ ݎ3 + ܫܣ + ܫܤ +  then ܫܥ

෍
௘ܩܣ
௕ݎ + ௖௖௬௖ݎ

≤
ݎ3 + ܫܣ + ܫܤ + ܫܥ

௔ݎ + ௕ݎ + ௖ݎ
 

But ݉௔ + ݉௕ + ݉௖ ≤ ௔ݎ + ௕ݎ + ௖ݎ  hence, 

෍
௘ܩܣ
௕ݎ + ௖௖௬௖ݎ

≤
ݎ3 + ܫܣ + ܫܤ + ܫܥ
݉௔ + ݉௕ + ݉௖

 

௚ೌ
஺ீ೐

= ସோା௥
௥್ା௥೎

; ௖ݎ௕ݎ2 = ℎ௔(ݎ௕ +  ௖) (and analogs)ݎ
݃௔
௘ܩܣ

=
ℎ௔(ݎ௕ + (௖ݎ

௖ݎ௕ݎ2
⇒
݃௔
ℎ௔

=
௕ݎ) + ௘ܩܣ(௖ݎ

௖ݎ௕ݎ2
=

(4ܴ + ௔ݎ(ݎ ∙ ௘ܩܣ
௖ݎ௕ݎ௔ݎ2

; 

௖ݎ௕ݎ௔ݎ = ℎ௔ܽ;ݏܵ = ܾℎ௕ = ܿℎ௖ = 2ܵ 
ܽ݃௔
ܽℎ௔

=
ܽ݃௔
2ܵ =

(4ܴ + ௔ݎ(ݎ ∙ ௘ܩܣ
ݏ2ܵ ⇒ ܽ݃௔ =

(4ܴ + ௔ݎ(ݎ ∙ ௘ܩܣ
ݏ  
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݊ܽݐ
ܣ
2 =

௔ݎ
ݏ ; ௔ݎ + ௕ݎ + ௕ݎ = 4ܴ + ݎ ⇒ ܽ݃௔ = ൬݊ܽݐ

ܣ
2 + ݊ܽݐ

ܤ
2 + ݊ܽݐ

ܥ
2൰ ௘ܩܣ௔ݎ  

which follows from Blundon’s inequality ସோା௥
௦

≥ ට4 − ଶ௥
ோ

 then 

ܽ݃௔
௘ܩܣ௔ݎ

≥ ඨ4 −
ݎ2
ܴ  

Adding, it follows a new inequality 

1
3෍

ܽ݃௔
௘௖௬௖ܩܣ௔ݎ

≥ ඨ4 −
ݎ2
ܴ  

From ܽ݃௔ = ସோା௥
௦

∙ ௔ݎ ∙  ௘ we getܩܣ

෍ܽ݃௔
௖௬௖

=
4ܴ + ݎ
ݏ ෍ݎ௔ܩܣ௘

௖௬௖

 

∑ܽ݃௔
௘ܩܣ௔ݎ∑

=
4ܴ + ݎ
ݏ = ෍݊ܽݐ

ܣ
2 ≥ ඨ4 −

ݎ2
ܴ  

Let be ܲ ∈ (ܥܤܣ)ݐ݊ܫ ⇒ ௉஺
௔

+ ௉஻
௕

+ ௉஼
௖
≥ √3 

௘ܩܣ = ௚ೌ(௥್ା௥೎)
ସோା௥

⇒ ஺ீ೐
௔

= ௚ೌ
ସோା௥

∙ ௥್ା௥೎
௔

 (and analogs) 

ܽ = ඥ(ݎ௔ − ௕ݎ)(ݎ + ;(௖ݎ ݊݅ݏ	
ܣ
2 = ට

௔ݎ − ݎ
4ܴ ; ݏ݋ܿ

ܣ
2 = ඨ

௕ݎ + ௖ݎ
4ܴ  

Hence, 

ݐ݋ܿ
ܣ
2 = ඨ

௕ݎ + ௖ݎ
௔ݎ − ݎ =

௕ݎ + ௖ݎ
ඥ(ݎ௔ − ௕ݎ)(ݎ + (௖ݎ

, ݐ݋ܿ
ܣ
2 =

௕ݎ + ௖ݎ
ܽ  

௘ܩܣ
ܽ =

݃௔
4ܴ + ݎ ∙ ݐ݋ܿ

ܣ
2 ⇒

௘ܩܣ
ܽ +

௘ܩܤ
ܾ +

௘ܩܥ
ܿ ≥ √3 

Therefore, 

෍࢚࢕ࢉࢇࢍ
࡭
૛

ࢉ࢟ࢉ

≥ ࢇ࢘) + ࢈࢘ +  ૜√(ࢉ࢘

݊ܽݐ ஺
ଶ

= ௥ೌ
௦

= ଵ

௖௢௧ಲమ
⇒ ݐ݋ܿ ஺

ଶ
= ௦

௥ೌ
 (and analogs) 

࢚࢕ࢉࢇࢍ
࡭
૛

= ࢇࢍ
ࢇ࢘
∙ ࢙ (and analogs) 

Hence, 
݃௔
௔ݎ

+
݃௕
௕ݎ

+
݃௖
௖ݎ
≥
௔ݎ + ௕ݎ + ௖ݎ

ݏ √3 

4ܴ + ݎ = ௔ݎ + ௕ݎ + ௖ݎ ≥ ඨ4ݏ −
ݎ2
ܴ ⇒

௔ݎ + ௕ݎ + ௖ݎ
ݏ ≥ ඨ4 −

ݎ2
ܴ  

Therefore, 

݃௔
௔ݎ

+
݃௕
௕ݎ

+
݃௖
௖ݎ
≥ ඨ3 ൬4 −

ݎ2
ܴ ൰ 
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But ݃௔ ≤ ܫܣ + ݎ ⇒ ௚ೌ
௛ೌ
≤ ஺ூ

௥ೌ
+ ௥

௥ೌ
; ଵ
௥ೌ

+ ଵ
௥್

+ ଵ
௥೎

= ଵ
௥
 hence, 

௚ೌ
௥ೌ

+ ௚್
௥್

+ ௚೎
௥೎
≤ 1 + ஺ூ

௥ೌ
+ ஻ூ

௥್
+ ஼ூ

௥೎
 and then 

ࡵ࡭
ࢇ࢘

+
ࡵ࡮
࢈࢘

+
ࡵ࡯
ࢉ࢘

≥
ࢇ࢘ + ࢈࢘ + ࢉ࢘

࢙ √૜ − ૚ 

ࡵ࡭
ࢇ࢘

+
ࡵ࡮
࢈࢘

+
ࡵ࡯
ࢉ࢘

≥ ඨ૜൬૝ −
૛࢘
ࡾ ൰ 

For ܲ = ,ܫ ܫ −incenter, hence Cocea-Hayashi inequality becomes: 
ܽ ∙ ܫܤ ∙ ܫܥ + ܾ ∙ ܫܥ ∙ ܫܣ + ܿ ∙ ܫܣ ∙ ܫܤ ≥ ܾܽܿ =  ݏݎ3ܴ

ܫܣ =
ݎ

݊݅ݏ ஺
ଶ

⇒ ܫܣ ∙ ܫܤ ∙ ܫܥ =
ଷݎ

݊݅ݏ ஺
ଶ
݊݅ݏ ஻

ଶ
݊݅ݏ ஼

ଶ

 

݊݅ݏ
ܣ
2 = ට

௔ݎݎ
ܾܿ ⇒ ݊݅ݏ

ܣ
2 ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 = ඨݎ

ଷ ∙ ௖ݎ௕ݎ௔ݎ
4ܴܵ ∙ 4ܴܵ =

ݎ
4ܴ 

⇒ ܫܣ ∙ ܫܤ ∙ ܫܥ = ଷݎ ∙
4ܴ
ݎ = ଶݎ4ܴ  

ܽ
ܫܣ +

ܾ
ܫܤ +

ܿ
ܫܥ ≥

ܾܽܿ
ଶݎ4ܴ =

ݏ
 ݎ

Now, 
ݏ
ݎ =

∑݊௔
ݎ3 +

2
3෍

௔ݎ2 + ℎ௔
ݏ + ݊௔௖௬௖

⇒
ܽ
ܫܣ +

ܾ
ܫܤ +

ܿ
ܫܥ ≥

∑݊௔
ݎ3 +

2
3෍

௔ݎ2 + ℎ௔
ݏ + ݊௔௖௬௖

 

But ܫܣ = ඥ2ܴ(ℎ௔ −   then ,(ݎ2

෍
ܽ

ඥℎ௔ − ௖௬௖ݎ2

≥
√2ܴ

3
ቌ
∑݊௔
ݎ + 2෍

௔ݎ2 + ℎ௔
ݏ + ݊௔௖௬௖

ቍ 

But ܫܣ = ඥ(ݎ௕ − ௖ݎ)(ݎ −  then ,(ݎ

෍
ܽ

ඥ(ݎ௕ − ௖ݎ)(ݎ − ௖௬௖(ݎ

≥
√2ܴ

3
ቌ
∑݊௔
ݎ + 2෍

௔ݎ2 + ℎ௔
ݏ + ݊௔௖௬௖

ቍ 

We know that: 

݉௔
ଶ = ௖ݎ௕ݎ +

1
4

(ܾ − ܿ)ଶ ⇒
݉௔
ଶ

ଶݎ =
௖ݎ௕ݎ
ଶݎ +

(ܾ − ܿ)ଶ

ଶݎ4  

But (௕ି௖)మ

ସ௥మ
= ௡ೌమ

௛ೌమ
− 1, hence ௠ೌ

మ

௥మ
= ௥್௥೎

௥మ
+ ௡ೌమ

௛ೌమ
− 1 

Adding, it follows a new identity 
∑݉௔

ଶ

ଶݎ =
ଶݏ

ଶݎ + ෍
݊௔ଶ

ℎ௔ଶ௖௬௖

− 3 

But ∑ ௡ೌమ

௛ೌమ
≥ ∑ ௡ೌ௡್

௛ೌ௛್
 , then it follows that 

∑݉௔
ଶ

ଶݎ
≥ ቀ

ݏ
ݎ
ቁ
ଶ

+ ෍
݊௔݊௕
ℎ௔ℎ௕௖௬௖

− 3 

But ௦
௥

= ∑௡ೌ
ଷ௥

+ ଶ
ଷ
∑ ଶ௥ೌ ା௛ೌ

௦ା௡ೌ௖௬௖ , hence 
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∑݉௔
ଶ

ଶݎ = ቌ
∑݊௔
ݎ3 +

2
3෍

௔ݎ2 + ℎ௔
ݏ + ݊௔௖௬௖

ቍ

ଶ

+ ෍
݊௔ଶ

ℎ௔ଶ௖௬௖

− 3 

Now, ௠ೌ
మ

௥మ
= ௡ೌమ

௛ೌమ
+ ௥್௥೎ି௥మ

௥మ
 

Using QM-AM inequality ඥݔଶ + ଶݕ ≥ ௫ା௬
√ଶ

 for ݔଶ = ௡ೌమ

௛ೌమ
ଶݕ; = ௥್௥೎ି௥మ

௥మ
, we get: 

݉௔

ݎ ≥
1
√2

ቌ
݊௔
ℎ௔

+ ඨݎ௕ݎ௖ − ଶݎ

ଶݎ
ቍ 

Adding, it follows a new inequality: 

∑݉௔

ݎ ≥
1
√2

ቌ෍
݊௔
ℎ௔௖௬௖

+ ෍ඨݎ௕ݎ௖ − ଶݎ

ଶݎ
௖௬௖

ቍ 

But (∑݉௔)ଶ ≤ ଶݏ4 − ݎ16ܴ +  ଶ (Chu&Yang inequality), henceݎ5

ቆ
∑݉௔

ݎ ቇ
ଶ

≤
ଶݏ4

ଶݎ −
16ܴ
ݎ + 5 

ଶݏ

ଶݎ + ෍
݊௔ଶ

ℎ௔ଶ௖௬௖

− 3 ≤
ଶݏ4

ଶݎ −
16ܴ
ݎ + 5 − 2෍

݉௕݉௖

ଶݎ
௖௬௖

 

Finally, it follows 

෍
݊௔ଶ

ℎ௔ଶ௖௬௖

+ 2෍
݉௕݉௖

ଶݎ
௖௬௖

≤
ଶݏ3

ଶݎ −
16ܴ
ݎ + 8 

But ∑ ௡ೌమ

௛ೌమ
≥ ∑ ௡ೌ௡್

௛ೌ௛್
, hence 

෍
݊௔݊௕
ℎ௔ℎ௕௖௬௖

+ 2෍
݉௕݉௖

ଶݎ
௖௬௖

≤
ଶݏ3

ଶݎ −
16ܴ
ݎ + 8 
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ABOUT AN INEQUALITY BY DAN RADU SECLĂMAN-I 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛

ࢇ࢘ + ࢈࢘ + ࢉ࢘
≤ ૛ࡾ − ࢘ 

Proposed by Dan Radu Seclăman – Romania  

Solution: We prove the following lemma: 

Lemma. 2) In ઢ࡯࡮࡭ the following inequality holds: 
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ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛

ࢇ࢘ + ࢈࢘ + ࢉ࢘
=
૜(࢙૛ − ࢘૛ − ૝࢘ࡾ)

૛(૝ࡾ+ ࢘)  

Proof. Using ∑݉௔
ଶ = ଷ

ସ
∑ܽଶ ,∑ܽଶ ,∑ܽଶ = ଶݏ)2 − ଶݎ − ∑ and (ݎ4ܴ ௔ݎ = 4ܴ +  .ݎ

Let’s get back to the main problem. 

Using the Lemma the inequality can be rewritten: 

ଶݏ)3 − ଶݎ − (ݎ4ܴ
2(4ܴ + (ݎ ≤ 2ܴ − ݎ ⇔ ଶݏ3 ≤ 16ܴଶ + ݎ8ܴ +  ଶݎ

which follows from Euler’s inequality ܴ ≥  .ݎ2

Equality holds if and only if the triangle is equilateral. 

Remark. We obtain an inequality having an opposite sense. 

3) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛

ࢇ࢘ + ࢈࢘ + ࢉ࢘
≥
૛࢘
ࡾ

(૛ࡾ − ࢘) 

Marin Chirciu  

Solution: Using Lemma, we write the inequality: 

ଶݏ)3 − ଶݎ − (ݎ4ܴ
2(4ܴ + (ݎ ≥

ݎ2
ܴ

(2ܴ − (ݎ ⇔ ଶݏ3ܴ ≥ 44ܴଶ)ݎ − ݎ5ܴ −  (ଶݎ4

which follows from Gerretsen’s inequality ݏଶ ≥ ݎ16ܴ − ଶݎ5 .  

It remains to prove that: 

ݎ16ܴ)3ܴ − (ଶݎ5 ≥ 44ܴଶ)ݎ − ݎ5ܴ − (ଶݎ4 ⇔ 2ܴଶ − ݎ5ܴ + ଶݎ2 ≥ 0 ⇔ (ܴ − 2ܴ)(ݎ2 −

  ,0≤ݎ

obviously from Euler’s inequality ܴ ≥  .ݎ2

Equality holds if and only if the triangle is equilateral. 

Remark. The double inequality can be written: 

4) In ઢ࡯࡮࡭ the following relationship holds: 

૛࢘
ࡾ

(૛ࡾ− ࢘) ≤
ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛

ࢇ࢘ + ࢈࢘ + ࢉ࢘
≤ ૛ࡾ − ࢘ 

Solution  See inequality 1) and inequality 3). Equality holds if and only if the triangle is 

equilateral. 

Reference: 

Romanian Mathematical Magazine-www.ssmrmh.ro 
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ABOUT AN INEQUALITY BY D.M.BĂTINEȚU-GIURGIU-I 

By Marin Chirciu – Romania  

1) Let ࢞,࢟, ࢠ > 0 with the property that ࢞࢟ + +ࢠ࢟ ࢞ࢠ =  :Prove that .ࢠ࢟࢞

࢞૛࢟૛

૚)ࢠ + ࢞࢟)૛ +
࢟૛ࢠ૛

࢟(૚ + ૛(ࢠ࢟ +
૛࢞૛ࢠ

࢟(૚ + ૛(࢞ࢠ ≥
ૡ૚
૚૙૙ 

Proposed by D.M. Bătinețu – Giurgiu – Romania  

Solution We have ݕݔ + ݖݕ + ݖݔ = ݖݕݔ ⇔ ଵ
௫

+ ଵ
௬

+ ଵ
௭

= 1. Denoting ଵ
௫

= ܽ, ଵ
௬

= ܾ, ଵ
௭

= ܿ we 

have  ܽ + ܾ + ܿ = 1. We can reformulate the problem: 

2) If ࢈,ࢇ, ࢉ > 0 such that ࢇ+ ࢈ + ࢉ = ૚ prove that: 
ࢇ

(૚ + ૛(ࢉ࢈ +
࢈

(૚ + ૛(ࢇࢉ +
ࢉ

(૚ + ૛(࢈ࢇ ≥
ૡ૚
૚૙૙ 

Proof. Using Bergström’s inequality we obtain: 

෍
ܽ

(1 + ܾܿ)ଶ = ෍
ܽଶ

ܽ(1 + ܾܿ)ଶ ≥
(ܽ + ܾ + ܿ)ଶ

∑ܽ(1 + ܾܿ)ଶ =
1

∑ܽ(1 + ܾܿ)ଶ 

It suffices to prove that ଵ
∑௔(ଵା௕௖)మ

≥ ଼ଵ
ଵ଴଴

⇔ ∑ܽ(1 + ܾܿ)ଶ ≤ ଵ଴଴
଼ଵ

 

As ܽ,ܾ, ܿ > 0 such that ܽ + ܾ + ܿ = 1 there is an Δܥܤܣ with 

ܽ = tan ஻
ଶ

tan ஼
ଶ

, ܾ = tan ஼
ଶ

tan ஺
ଶ

, ܿ = tan ஺
ଶ

tan ஻
ଶ

, and the inequality that we have to prove ca 

be written:  

෍ tan
ܤ
2 tan

ܥ
2 ൬1 + tan

ܥ
2 tan

ܣ
2 tan

ܣ
2 tan

ܤ
2൰

ଶ

≤
100
81 ⇔෍ tan

ܤ
2 tan

ܥ
2 ൬1 +

ݎ
ݏ tan

ܣ
2൰

ଶ

≤
100
81

⇔ 

⇔෍ tan
ܤ
2 tan

ܥ
2 ቆ1 + 2

ݎ
ݏ tan

ܣ
2 +

ଶݎ

ଶݏ tanଶ
ܣ
2ቇ ≤

100
81 ⇔ 

⇔෍ tan
ܤ
2 tan

ܥ
2 + 2

ݎ
෍ݏ tan

ܣ
2 tan

ܤ
2 tan

ܥ
2 +

ଶݎ

ଶ෍ݏ tanଶ
ܣ
2 tan

ܤ
2 tan

ܥ
2 ≤

100
81 ⇔ 

⇔෍ tan
ܤ
2 tan

ܥ
2 + 2

ݎ
ݏ ⋅ 3ෑ tan

ܣ
2 +

ଶݎ

ଶෑݏ tan
ܣ
2෍ tan

ܣ
2 ≤

100
81 ⇔ 

⇔ 1 + 2
ݎ
ݏ ⋅ 3

ݎ
ݏ +

ଶݎ

ଶݏ ⋅
ݎ
ݏ ⋅

4ܴ + ݎ
ݏ ≤

100
81 ⇔ 1 + 6

ଶݎ

ଶݏ +
ଷݎ

ଷݏ ⋅
4ܴ + ݎ
ݏ ≤

100
81 ⇔ 

⇔
ଶݎ6

ଶݏ +
ଷ(4ܴݎ + (ݎ

ସݏ ≤
19
81 ⇔ ସݏ19 ≥ ଶݎଶݏ486 + ଷ(4ܴݎ81 + (ݎ ⇔ 

⇔ ଶݏଶ(19ݏ − (ଶݎ486 ≥ ଷ(4ܴݎ81 +   which follows from Gerretsen’s inequality ,(ݎ
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ଶݏ ≥ ݎ16ܴ − ଶݎ5 . It remains to prove that: 

ݎ16ܴ) − ݎଶ)[19(16ܴݎ5 − (ଶݎ5 − [ଶݎ486 ≥ ଷ(4ܴݎ81 + (ݎ ⇔ 

⇔ 1216ܴଶ − ݎ278ܴ + ଶݎ706 ≥ 0 ⇔ (ܴ − 1216ܴ)(ݎ2 − (ݎ353 ≥ 0, obviously from 

Euler’s inequality ܴ ≥  .ݎ2

Observations. 

O1. Above we have used the known inequalities in triangle: 

∑ tan ஻
ଶ

tan ஼
ଶ

= 1,∏ tan ஺
ଶ

= ௥
௦
 and ∑ tan ஺

ଶ
= ସோା௥

௦
 

O2. Gerretsen’s inequality ݏଶ ≥ ݎ16ܴ − ଶݎ5  follows from the remarkable distance in 

triangle ܫܩଶ = ଵ
ଽ

ଶݏ) + ଶݎ5 − ଶܫܩ As .(ݎ16ܴ ≥ 0 it follows ݏଶ + ଶݎ5 − ݎ16ܴ ≥ 0 ⇔ 

⇔ ଶݏ ≥ ݎ16ܴ − ଶݎ5 . Equality holds if ܫܩଶ = 0 ⇔ ܩ ≡ 1 ⇔ Δܥܤܣ is equilateral. 

Equality holds if and only if the triangle is equilateral. 

Remark. The problem can be developed. 

3) Let be ࢞,࢟, ࢠ > 0 having the property that ࢞࢟ + +ࢠ࢟ ࢞ࢠ = ࢔ and ࢠ࢟࢞ ≥ ૙. Prove 

that: 

࢞૛࢟૛

+࢔)ࢠ ࢞࢟)૛ +
࢟૛ࢠ૛

࢔)࢟ + ૛(ࢠ࢟ +
૛࢞૛ࢠ

࢔)࢟ + ૛(࢞ࢠ ≥
ૡ૚

+࢔ૢ) ૚)૛ 

Marin Chirciu  

Solution We have ݕݔ + ݖݕ + ݔݖ = ݖݕݔ ⇔ ଵ
௫

+ ଵ
௬

+ ଵ
௭

= 1. Denoting ଵ
௫

= ܽ, ଵ
௬

= ܾ, ଵ
௭

= ܿ we 

have ܽ + ܾ + ܿ = 1. We can reformulate the problem: 

4) If ࢈,ࢇ, ࢉ > 0 such that ࢇ+ ࢈ + ࢉ = ૚ and ࢔ ≥ ૙ prove that: 
ࢇ

+࢔) ૛(ࢉ࢈ +
࢈

࢔) + ૛(ࢇࢉ +
ࢉ

+࢔) ૛(࢈ࢇ ≥
ૡ૚

࢔ૢ) + ૚)૛ 

Proof. Using Bergström’s inequality: 

෍
ܽ

(݊ + ܾܿ)ଶ = ෍
ܽଶ

ܽ(݊ + ܾܿ)ଶ ≥
(ܽ + ܾ + ܿ)ଶ

∑ܽ(݊ + ܾܿ)ଶ =
1

∑ܽ(݊ + ܾܿ)ଶ 

It suffices to prove that: ଵ
∑௔(௡ା௕௖)మ

≥ ଼ଵ
(ଽ௡ାଵ)మ

⇔ ∑ܽ(݊ + ܾܿ)ଶ ≤ (ଽ௡ାଵ)మ

଼ଵ
 

As ܽ,ܾ, ܿ > 0 such that ܽ + ܾ + ܿ = 1 there is Δܥܤܣ with  

ܽ = tan ஻
ଶ

tan ஼
ଶ

,ܾ = tan ஼
ଶ

tan ஺
ଶ

, ܿ = tan ஺
ଶ

tan ஻
ଶ

, and the inequality that we have to prove 

can be written: 

෍ tan
ܤ
2 tan

ܥ
2 ൬݊ + tan

ܥ
2 tan

ܣ
2 ⋅ tan

ܣ
2 tan

ܤ
2൰

ଶ

≤
(9݊ + 1)ଶ

81 ⇔ 
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⇔෍ tan
ܤ
2 tan

ܥ
2 ൬݊ +

ݎ
ݏ tan

ܣ
2൰

ଶ

≤
(9݊ + 1)ଶ

81 ⇔ 

⇔෍ tan
ܤ
2 tan

ܥ
2 ቆ݊

ଶ + 2݊
ݎ
ݏ tan

ܣ
2 +

ଶݎ

ଶݏ tanଶ
ܣ
2ቇ ≤

(9݊ + 1)ଶ

81 ⇔ 

⇔ ݊ଶ෍ tan
ܤ
2 tan

ܥ
2 + 2݊

ݎ
෍ݏ tan

ܣ
2 tan

ܤ
2 tan

ܥ
2 +

ଶݎ

ଶ෍ݏ tanଶ
ܣ
2 tan

ܤ
2 tan

ܥ
2 ≤

(9݊ + 1)ଶ

81  

⇔ ݊ଶ෍ tan
ܤ
2 tan

ܥ
2 + 2݊

ݎ
ݏ ⋅ 3ෑ tan

ܣ
2 +

ଶݎ

ଶෑݏ tan
ܣ
2෍ tan

ܣ
2 ≤

(9݊ + 1)ଶ

81 ⇔ 

⇔ ݊ଶ + 2݊
ݎ
ݏ ⋅ 3

ݎ
ݏ +

ଶݎ

ଶݏ ⋅
ݎ
ݏ ⋅

4ܴ + ݎ
ݏ ≤

(9݊ + 1)ଶ

81 ⇔ ݊ଶ + 6݊
ଶݎ

ଶݏ +
ଷݎ

ଷݏ ⋅
4ܴ + ݎ
ݏ ≤

(9݊ + 1)ଶ

81  

⇔
ଶݎ6݊

ଶݏ +
ଷ(4ܴݎ + (ݎ

ସݏ ≤
18݊ + 1

81 ⇔ (18݊ + ସݏ(1 ≥ ଶݎଶݏ486݊ + ଷ(4ܴݎ81 + (ݎ ⇔ 

⇔ ଶ[(18݊ݏ + ଶݏ(1 − [ଶݎ486݊ ≥ ଷ(4ܴݎ81 +  which follows from Gerretsen’s inequality ,(ݎ

ଶݏ ≥ ݎ16ܴ − ଶݎ5 . It remains to prove that: 

ݎ16ܴ) − +ଶ)[(18݊ݎ5 ݎ16ܴ)(1 − (ଶݎ5 − [ଶݎ486݊ ≥ ଷ(4ܴݎ81 + (ݎ ⇔ 

⇔ 64(18݊ + 1)ܴଶ − (2664݊ + ݎܴ(121 + (720݊ − ଶݎ(14 ≥ 0 ⇔ 

⇔ (ܴ − 18݊)64](ݎ2 + 1)ܴ + (7 − [ݎ(360݊ ≥ 0, obviously from Euler’s inequality ܴ ≥  .ݎ2

References: 

1. Romanian Mathematical Magazine-www.ssmrmh.ro 
2. O.Bottema, R.Z.Djordjevic, R.R.Janic, D.S.Mitrinovic, P.M.Vasic, Geometric 

Inequalities, Groningen 1969, The Netherlands. 
3. Marin Chirciu, Algebraic inequalities from initiation to perfomance, Paralela 45 

Publishing House, 2014 
4. Marin Chirciu, Remarcable points in triangle. Distances. Inequalities from initiation 

to perfomance, Paralela 45 Publishing House, Pitesti, 2019 
 

NESBITT’S TYPE INEQUALITIES WITH CONSTRAINT 

By Florentin Vișescu-Romania 

Let ࢈,ࢇ, ࢉ = [૙,∞) such that at most one is zero. Prove that: 

1. If ૡ(ࢇ૛ + ૛࢈ + (૛ࢉ = ૚૚(࢈ࢇ + ࢉ࢈ +  :then (ࢇࢉ

૟ૢ
૝૙ ≤

ࢇ
࢈ + ࢉ +

࢈
ࢉ + ࢇ +

ࢉ
+ࢇ ࢈ ≤

૞૚
૛ૡ 

2. If ࢇ૛ + ૛࢈ + ૛ࢉ = ૛(࢈ࢇ+ ࢉ࢈ +  :then (ࢇࢉ

૛ ≤ ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

≤ ૚૛
૞

   (Lorian Saceanu) 

3. If ૞(ࢇ૛ + ૛࢈ + (૛ࢉ = ૚ૠ(࢈ࢇ + ࢉ࢈ +  :then (ࢇࢉ
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૚ૠ
૞ ≤

ࢇ
࢈ + ࢉ +

࢈
ࢉ + ࢇ +

ࢉ
+ࢇ ࢈ ≤

૚૞
૝  

4. If ࢇ૛ + ૛࢈ + ૛ࢉ = ૝(࢈ࢇ+ ࢉ࢈ +  :then (ࢇࢉ

૝ ≤
ࢇ

࢈ + ࢉ +
࢈

ࢉ + ࢇ +
ࢉ

ࢇ + ࢈ ≤
૜൫૜√૛ + ૚૟൯

૝  

We will prove that: 

Lemma 1:  

If ࢈,ࢇ, ࢉ ∈ [૙,∞) such that at most one is zero then denoting ࢇ+ ࢈ + ࢉ =  ,࢖
࢈ࢇ + ࢉ࢈ + ࢇࢉ = ࢉ࢈ࢇ and ࢗ = ࢘, we have: 
૛࢖  (1) ≥ ૜ࢗ 

૛࢖ (2) ∈ [૜ࢗ,૝ࢗ] ⇒ ࢘ ∈ ൥ૢିࢗ࢖૛࢖
૜ି૛൫࢖૛ି૜ࢗ൯

૜
૛

૛ૠ
; ࢖૛ିࢗ࢖ૢ

૜ା૛൫࢖૛ି૜ࢗ൯
૜
૛

૛ૠ
൩ 

࢖ (3) ∈ [૝ࢗ,∞) ⇒ ࢘ ∈ ൥૙, ࢖૛ିࢗ࢖ૢ
૜ା૛൫࢖૛ି૜ࢗ൯

૜
૛

૛ૠ
൩ 

Proof. 

The equation which has ܽ,ܾ, ܿ as roots is 
ଷݔ − ଶݔ݌ + ݔݍ − ݎ = 0. We consider the function ݂:ℝ → ℝ 
(ݔ)݂ = ଶݔ − ଶݔ݌ + ݔݍ − (ݔ)݂ In order that .ݎ = 0	 to have three real positive roots it must 
that: ݂ᇱ(ݔ) = ଶݔ3 − ݔ݌2 + ݍ = 0 to have real positive roots. 
Then Δ = ଶ݌4 − ݍ12 ≥ 0 ⇒ ଶ݌ ≥  (1)   ݍ3

 Let ݔଵ,ଶ = ଶ௣±ଶඥ௣మିଷ௤
଺

= ௣±ඥ௣మିଷ௤
ଷ

 the root of ݂ᇱ(ݔ) = 0 

Then ݂ ൬௣ିඥ௣
మିଷ௤
ଷ

൰ = ൬௣ିඥ௣
మିଷ௤
ଷ

൰
ଷ
− ݌ ൬௣ିඥ௣

మିଷ௤
ଷ

൰
ଶ

+ ݍ ൬௣ିඥ௣
మିଷ௤
ଷ

൰ − ݎ = 

= ଽ௣௤ିଶ௣యାଶ൫௣మିଷ௤൯
య
మ

ଶ଻
−   and ݎ

݂ ൭
+݌ ඥ݌ଶ − ݍ3

3
൱ = ൭

+݌ ඥ݌ଶ − ݍ3
3

൱
ଷ

− ൭݌
݌ + ඥ݌ଶ − ݍ3

3
൱
ଶ

+ ݍ ൭
݌ + ඥ݌ଶ − ݍ3

3
൱ +  ݎ

=
ݍ݌9 − ଷ݌3 − ଶ݌)2 − (ݍ3

య
మ

27 −  ݎ

Obviously ݂(0) = and lim୶→ஶ ݎ− (ݔ)݂ = ∞ 
Then, according to Rolle’s sequence and taking into account that: 
௣ିඥ௣మିଷ௤

ଷ
≤ ௣ାඥ௣మିଷ௤	

ଷ
 we obtain: 

݂ ൭
݌ + ඥ݌ଶ − ݍ3

3
൱ ≤ 0 ⇒ ݎ ≥

ଶ݌9 − ଷ݌2 − ଶ݌)2 − (ݍ3
య
మ

27  

݂ ൭
݌ − ඥ݌ଶ − ݍ3

3
൱ ≥ 0 ⇒ ݎ ≤

ݍ݌9 − ଷ݌2 + ଶ݌)2 − (ݍ3
య
మ

27  

݂(0) ≤ 0 ⇒ ݎ− ≤ 0 ⇒ ݎ ≥ 0 
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In conclusion ݎ ∈ ൥ଽ௣௤ିଶ௣
యିଶ൫௣మିଷ௤൯

య
మ

ଶ଻
; ଽ௣௤ିଶ௣

యାଶ൫௣మିଷ௤൯
య
మ

ଶ଻
൩ ∩ [0,∞) 

Taking into account that ݌ଶ ≥ ݍ݌we prove that 9 ݍ3 − ଷ݌2 + ଶ݌)2 − (ݍ3
య
మ ≥ 0, namely 

ଶ݌)2 − (ݍ3
య
మ ≥ ଷ݌2 − ଶ݌)We prove that 2.ݍ݌9 − (ݍ3

య
మ ≥ ଶ݌2)݌ −  (ݍ9

If 2݌ଶ − ݍ9 ≤ 0 namely ݌ଶ ≤ ଽ
ଶ
ଶ݌ the inequality is obvious. If ݍ ≥ ଽ

ଶ
 the inequality is ݍ

equivalent with 4(݌ଶ − ଷ(ݍ3 ≥ ଶ݌ଶ(2݌ − ଶ(ݍ9 ⇔ ଶ݌)ଶݍ − (ݍ4 ≥ 0 true. 

We study the expression’s sign 9ݍ݌ − ଷ݌2 − ଶ݌)2 − (ݍ3
య
మ 

We establish the relationship between ݌ଶ and ݍ in order that the expression to be positive. 

ݍ݌9 − ଷ݌2 − ଶ݌)2 − (ݍ3
య
మ ≥ 0 ⇔ ݍ݌9 − ଷ݌2 ≥ ଶ݌)2 − (ݍ3

య
మ ⇔ 

⇔ ݍ9)݌ − (ଶ݌2 ≥ ଶ݌)2 − (ݍ3
య
మ 

Obviously for ݌ଶ > ଽ
ଶ
 .the expression is negative ݍ

For ݌ଶ ≤ ଽ
ଶ
ଶ݌ and) ݍ ≥ ݍଶ(9݌ the inequality is equivalent with (ݍ3 − ଶ)ଶ݌2 ≥ ଶ݌)4 −  ଷ(ݍ3

⇔ ݍଶ(4ݍ − (ଶ݌ ≥ 0 ⇔ ଶ݌ ≤  ݍ4
Hence for ݌ଶ ∈ ,ݍ3] ଶ݌ the expression we study is positive and for [ݍ4 ≤  the (∞,ݍ4]
expression is negative.We obtain: 

For ݌ଶ ∈ ,ݍ3] [ݍ4 ⇒ ݎ ∈ ൥ଽ௣௤ିଶ௣
యିଶ൫௣మିଷ௤൯

య
మ

ଶ଻
; ଽ௣௤ିଷ௣

యାଶ൫௣మିଷ௤൯
య
మ

ଶ଻
൩ 

For ݌ଶ ∈ (∞,ݍ4] ⇒ ݎ ∈ ൥0, ଽ௣௤ିଶ௣
యାଶ൫௣మିଷ௤൯

య
మ

ଶ଻
൩ 

Lemma 2.  

If ࢈,ࢇ, ࢉ ∈ [૙,∞) such that at most one is zero, then denoting ࢇ+ ࢈ + ࢉ =  ,࢖
࢈ࢇ + ࢉ࢈ + ࢇࢉ = ࢉ࢈ࢇ and ࢗ = ࢘ we have: 

(1) It exist ࢚ ∈ [૙,૚) such that ࢖
૛

ࢗ
= ૜

૚ି࢚૛
 

(2) If ࢚ ∈ ቂ૙, ૚
૛
ቃ ⇒ ࢘

૜࢖
∈ ቂ(࢚ା૚)૛(૚ି૛࢚)

૛ૠ
; (࢚ି૚)૛(૛࢚ା૚)

૛ૠ
ቃ 

(3) If ࢚ ∈ ቂ૚
૛

;૚ቁ ⇒ ࢘
࢙૜
∈ ቂ૙, (࢚ି૚)૛(૛࢚ା૚)

૛ૠ
ቃ 

Proof. 

According to Lemma 1 (1) ௣
మ

௤
≥ 3. We prove that it exists ݐ ∈ [0,1) such that ௣

మ

௤
= ଷ

ଵି௧మ
 

⇔ 1 − ଶݐ =
ݍ3
ଶ݌ ⇔ ଶݐ =

ଶ݌ − ݍ3
ଶ݌ ⇒ ݐ = ±

ඥ݌ଶ − ݍ3
݌  

We choose ݐ ∈ ඥ௣మିଷ௤
௣

 and we prove ݐ ∈ [0,1) 

Obviously ݐ ≥ 0. We prove ݐ < 1 ⇔ ඥ௣మିଷ௤
௣

< 1 ⇔ ଶ݌ − ݍ3 < ଶ݌ ⇔ ݍ3− < 0 ⇔ ݍ > 0 

true (ܽ,ܾ, ܿ ∈ [0,∞) at most one is zero) 

So, it exists ݐ ∈ [0,1) such that ௣
మ

௤
= ଷ

ଵି௧మ
ݐ ,(1)  ∈ ඥ௣మିଷ௤

௣
 

According to Lemma 1 
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(2) ௣
మ

௤
∈ [3,4] ⇒ ௥

௣య
∈ ൦

ଽ ೜
೛మ
ିଶିଶ൬ଵିଷ ೜

೛మ൰
య
మ

ଶ଻
;
ଽ ೜
೛మ
ିଶାଶ൬ଵିଷ ೜

೛మ൰
య
మ

ଶ଻
൪ 

(3) ௣
మ

௤
∈ [4,∞) ⇒ ௥

௣య
∈ ൦0,

ଽ ೜
೛మ
ିଶାଶ൬ଵିଷ ೜

೛మ൰
య
మ

ଶ଻
൪ 

We replace in these relationships ௣
మ

௤
= ଷ

ଵି௧మ
 and we obtain: 

(2)  ଷ
ଵି௧మ

∈ [3,4] ⇒ ଷ
௣య
∈ ൦

ଽభష೟
మ

య ିଶିଶ൬ଵିଷభష೟
మ

య ൰

య
మ

ଶ଻
;
ଽభష೟

మ

య ିଶାଶ൬ଵିଷభష೟
మ

య ൰

య
మ

ଶ଻
൪ 

(3) ଷ
ଵି௧మ

∈ [4,∞) ⇒ ௥
௣య
∈ ൦0,

ଽభష೟
మ

య ିଶାଶ൬ଵିଷభష೟
మ

య ൰

య
మ

ଶ଻
൪  

After we make the calculus the relationship becomes: 

ݐ (2) ∈ ቂ0, ଵ
ଶ
ቃ ⇒ ௥

௣య
∈ ቂିଶ௧

యିଷ௧మାଵ
ଶ଻

; ଶ௧
యିଷ௧మାଵ
ଶ଻

ቃ 

ݐ (3) ∈ ቂଵ
ଶ

, 1ቁ ⇒ ௥
௦య
∈ ቂ0, ଶ௧

యିଷ௧మାଵ
ଶ଻

ቃ 
or  

ݐ (2) ∈ ቂ0, ଵ
ଶ
ቃ ⇒ ௥

௣య
∈ ቂ(௧ାଵ)మ(ଵିଶ௧)

ଶ଻
; (௧ିଵ)మ(ଶ௧ାଵ)

ଶ଻
ቃ = Dଵ 

ݐ (3) ∈ ቂଵ
ଶ

, 1ቁ ⇒ ௥
௣య
∈ ቂ0, (௧ିଵ)మ(ଶ௧ାଵ)

ଶ଻
ቃ = Dଶ 

NESBITT WITH CONSTRAINT 
Theorem: Let ࢈,ࢇ, ࢉ ∈ [૙,∞) such that at most one is zero. Let ࢇ + ࢈ + ࢉ =  ,࢖
࢈ࢇ	 + +ࢉ࢈ ࢇࢉ = ࢉ࢈ࢇ,ࢗ = ࢘ and ࢚ ∈ [૙,૚) such that ࢖

૛

ࢗ
= ૜

૚ି࢚૛
 

(1) If ࢚ ∈ ቂ૙, ૚
૛
ቃ then: 
૜
૛

૛࢚૛ + ࢚ + ૛
(࢚ + ૚)(૛ − ࢚) ≤

ࢇ
࢈ + ࢉ +

࢈
ࢉ + ࢇ +

ࢉ
+ࢇ ࢈ ≤

૜
૛

૛࢚૛ − ࢚ + ૛
(૚ − ࢚)(࢚ + ૛) 

(2) If ࢚ ∈ ቂ૚
૛

,૚ቁ then: 
૚ + ૛࢚૛

૚ − ࢚૛ ≤
ࢇ

࢈ + ࢉ +
࢈

+ࢉ +ࢇ
ࢉ

ࢇ + ࢈ ≤
૜
૛

૛࢚૛ − ࢚ + ૛
(૚ − ࢚)(࢚+ ૛) 

Proof. 
ܽ

ܾ + ܿ +
ܾ

ܿ + ܽ +
ܿ

ܽ + ܾ =
ܽ

݌ − ܽ +
ܾ

݌ − ܾ +
ܿ

݌ − ܿ = 

=
݌)ܽ − ݌)(ܾ − ܿ) + ݌)ܾ − ݌)(ܽ − ܿ) + ݌)ܿ − ݌)(ܽ − ܾ)

݌) − ݌)(ܽ − ݌)(ܾ − ܿ) = 

=
ଷ݌ − ݍ݌2 + ݎ3

ݍ݌ − ݎ =
1 − 2 ௤

௣మ
+ 3 ௥

௣య
௤
௣మ
− ௥

௣య
= 
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=
1 − 2 ଵି௧మ

ଷ
+ 3 ௥

௣య

ଵି௧మ

ଷ
− ௥

௣య

=
ଷିଶାଶ௧మ

ଷ
+ 3 ௥

௣య

ଵି௧మ

ଷ
− ௥

௣య

=
ଵା௧మ

ଷ
+ 3 ௥

௣య

ଵି௧మ

ଷ
− ௥

௣య

 

We denote ௥
௣య

=  :and we consider the function ݔ

(ݔ)݂ =
భశమ೟మ

య ାଷ௫
భష೟మ
య ି௫

ଵܦ:݂; → ℝ if  ݐ ∈ ቂ0, ଵ
ଶ
ቃ or ݂:ܦଶ → if ݐ ∈ ቂଵ

ଶ
, 1ቁ 

݂ᇱ(ݔ) =
3 ቀଵି௧

మ

ଷ
− +ቁݔ ቀଵାଶ௧

మ

ଷ
+ ቁݔ3

ቀଵି௧
మ

ଷ
− ቁݔ

ଶ =
1 − ଶݐ − ݔ3 + ଵାଶ௧మ

ଷ
+ ݔ3

ቀଵି௧
మ

ଷ
− ቁݔ

ଶ  

=
3− ଶݐ3 + 1 + ଶݐ2

3 ቀଵି௧
మ

ଷ
− ቁݔ

ଶ =
4 − ଶݐ

3 ቀଵି௧
మ

ଷ
− ቁݔ

ଶ > 0 

So, ݂ strictly increasing on ܦଵ and ܦଶ 
Then 
(1) for ݐ ∈ ቂ0, ଵ

ଶ
ቃ 

݂ ቆ
ݐ) + 1)ଶ(1 − (ݐ2

27 ቇ ≤
ܽ

ܾ + ܿ +
ܾ

ܿ + ܽ +
ܿ

ܽ + ܾ ≤ ݂ ቆ
ݐ) − 1)ଶ(2ݐ + 1)

27 ቇ 

(2) for ݐ ∈ ቂଵ
ଶ

, 1ቁ 

݂(0) ≤
ܽ

ܾ + ܿ +
ܾ

ܿ + ܽ +
ܿ

ܽ + ܾ ≤ ݂ ቆ
ݐ) − 1)ଶ(2ݐ + 1)

27 ቇ 

namely, after calculus 

(1) For ݐ ∈ ቂ0, ଵ
ଶ
ቃ: ଷ
ଶ

ଶ௧మା௧ାଶ
(௧ାଵ)(ଶି௧)

≤ ௔
௕ା௖

+ ௕
௖ା௔

+ ௖
௔ା௕

≤ ଷ
ଶ

ଶ௧మି௧ାଶ
(ଵି௧)(ଶା௧)

 

(2) For ݐ ∈ ቂଵ
ଶ

, 1ቁ:  ଵାଶ௧
మ

ଵି௧మ
≤ ௔

௕ା௖
+ ௕

௖ା௔
+ ௖

௔ା௕
≤ ଷ

ଶ
ଶ௧మି௧ାଶ

(ଵି௧)(ଶା௧)
 

Observation. For ݐ = ଵ
ଷ
  we obtain ex 1), ݐ = ଵ

ଶ
 we obtain ex 2), ݐ = ଶ

ଷ
 we obtain ex 3) and for 

ݐ = √ଶ
ଶ

 we obtain ex 4). 
Refference: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

 

ABOUT AN INEQUALITY BY MARIAN URSĂRESCU-I 

By Marin Chirciu – Romania  

1) Let be ઢࡱ࡮,ࡰ࡭,࡯࡮࡭ and ࡲ࡯ the internal bisectors. Prove that: 
ࡲ࡭ ⋅ +࡯࡮ ࡰ࡮ ⋅ +࡯࡭ ࡱ࡯ ⋅ ࡮࡭ ≥ ૚ૡ࢘૛ 

Proposed by Marian Ursărescu – Romania  
Solution: We prove the following lemma: 
Lemma: 

2) Let be ઢࡱ࡮,ࡰ࡭,࡯࡮࡭ and ࡲ࡯ the internal bisectors. Prove that: 
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ࡲ࡭ ⋅ ࡯࡮ + ࡰ࡮ ⋅ ࡯࡭ + ࡱ࡯ ⋅ ࡮࡭ = ૛࢘ࡾ ⋅
૞࢙૛ + ࢘૛ + ૝࢘ࡾ
࢙૛ + ࢘૛ + ૛࢘ࡾ  

Solution: Using the bisector’s theorem in Δܥܤܣ the following relationship holds: 
ܦܤ = ௔௖

௕ା௖
ܧܥ, = ௔௕

௔ା௖
ܨܣ, = ௕௖

௔ା௕
. It follows that: 

ܨܣ ⋅ ܥܤ + ܦܤ ⋅ ܥܣ + ܧܥ ⋅ ܤܣ =
ܾܿ

ܽ + ܾ ⋅ ܽ +
ܾܽ
ܽ + ܿ ⋅ ܿ +

ܾܽ
ܽ + ܿ ⋅ ܿ = ܾܽܿ෍

1
ܾ + ܿ = 

= ݏݎ4ܴ ⋅ ହ௦మା௥మାସோ௥
ଶ௦(௦మା௥మାଶோ௥)

= ݎ2ܴ ⋅ ହ௦
మା௥మାସோ௥

௦మା௥మାଶோ௥
, which follows from ∑ ଵ

௕ା௖
= ହ௦మା௥మାସோ௥

ଶ௦(௦మା௥మାଶோ௥)
. 

Let’s get back to the main problem. 
Using Lemma the inequality from enunciation can be written: 

ݎ2ܴ ⋅ ହ௦
మା௥మାସோ௥

௦మା௥మାଶோ௥
≥ ଶݎ18 ⇔ ଶ(5ܴݏ − (ݎ9 ≥ ଶݎ9)ݎ + ݎ17ܴ − 4ܴଶ), which follows from 

Gerretsen’s inequality ݏଶ ≥ ݎ16ܴ − ଶݎ5 . It remains to prove that: 
ݎ16ܴ) − ଶ)(5ܴݎ5 − (ݎ9 ≥ ଶݎ9)ݎ + ݎ17ܴ − 4ܴଶ) ⇔ 14ܴଶ − ݎ31ܴ + ଶݎ6 ≥ 0 ⇔ 

(ܴ − 14ܴ)(ݎ2 − (ݎ3 ≥ 0, obviously from Euler’s inequality ܴ ≥   .ݎ2
Equality holds if and only if the triangle is equilateral. 

Remark: The inequality can be strengthened: 
3) Let be ઢࡱ࡮,ࡰ࡭,࡯࡮࡭ and ࡲ࡯ be the internal bisectors. Prove that: 

ࡲ࡭ ⋅ ࡯࡮ + ࡰ࡮ ⋅ +࡯࡭ ࡱ࡯ ⋅ ࡮࡭ ≥  ࢘ࡾૢ
Marin Chirciu  

Solution:Using the Lemma the inequality can be written: 
ݎ2ܴ ⋅ ହ௦

మା௥మାସோ௥
௦మା௥మାଶோ௥

≥ ݎ9ܴ ⇔ ଶݏ ≥ ݎ10ܴ +  ଶ which follows from Gerretsen’s inequalityݎ7
ଶݏ ≥ ݎ16ܴ − ଶݎ5 . It remains to prove that: 16ܴݎ − ଶݎ5 ≥ ݎ10ܴ + ଶݎ7 ⇔ ܴ ≥  Euler’s) ݎ2

inequality). Equality holds if and only if the triangle is equilateral. 
Remark: Inequality 3) is stronger than inequality 1): 

4) Let be ઢࡱ࡮,ࡰ࡭,࡯࡮࡭ and ࡲ࡯ be the internal bisectors. Prove that: 
ࡲ࡭ ⋅ ࡯࡮ + ࡰ࡮ ⋅ ࡯࡭ + ࡱ࡯ ⋅ ࡮࡭ ≥ ࢘ࡾૢ ≥ ૚ૡ࢘૛ 

Solution: See inequalities 1), 3) and 9ܴݎ ≥ ଶݎ18 ⇔ ܴ ≥  (Euler’s inequality) ݎ2
Equality holds if and only if the triangle is equilateral. 

Remark: Let’s find an inequality having an opposite sense: 
5) Let be ઢࡱ࡮,ࡰ࡭,࡯࡮࡭ and ࡲ࡯ the internal bisectors. Prove that: 

ࡲ࡭ ⋅ +࡯࡮ ࡰ࡮ ⋅ +࡯࡭ ࡱ࡯ ⋅ ࡮࡭ ≤
૛ࡾૢ

૝  
Marin Chirciu  

Solution: Using Lemma the inequality can be written: 

ݎ2ܴ ⋅
ଶݏ5 + ଶݎ + ݎ4ܴ
ଶݏ + ଶݎ + ݎ2ܴ ≤

9ܴଶ

2 ⇔ ଶ(9ܴݏ − (ݎ20 + 18ܴଶ)ݎ − ݎ7ܴ − (ଶݎ4 ≥ 0 

We distinguish the following cases: 
Case 1). If (9ܴ − (ݎ20 ≥ 0, the inequality is obvious. 
Case 2). If (9ܴ − (ݎ20 < 0, the inequality can be rewritten:  
18ܴଶ)ݎ − ݎ7ܴ − (ଶݎ4 ≥ ݎଶ(20ݏ − 9ܴ), which follows from Gerretsen’s inequality  
ଶݏ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 . It remains to prove that: 

18ܴଶ)ݎ − ݎ7ܴ − (ଶݎ4 ≥ (4ܴଶ + ݎ4ܴ + ݎଶ)(20ݎ3 − 9ܴ) ⇔ 
⇔ 18ܴଷ − 13ܴଶݎ − ଶݎ30ܴ − ଷݎ32 ≥ 0 ⇔ (ܴ − 18ܴଶ)(ݎ2 + ݎ23ܴ + (ଶݎ16 ≥ 0, 

obviously from Euler’s inequality ܴ ≥  Equality holds if and only if the triangle is .ݎ2
equilateral. 

Remark: We can write the double inequality: 
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6) Let be Δܧܤ,ܦܣ,ܥܤܣ and ܨܥ the internal bisectors. Prove that: 

ݎ9ܴ ≤ ܨܣ ⋅ ܥܤ + ܦܤ ⋅ ܥܣ + ܧܥ ⋅ ܤܣ ≤
9ܴଶ

2  
Marin Chirciu  

Solution: See inequalities 3) and 5). Equality holds if and only if the triangle is equilateral. 
Reference: 
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

 

ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOS-I 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭ the following relationship holds: 
૚
ࡾ
≤

૚
ࢇ࢘ + ࢈࢘

+
૚

࢈࢘ + ࢉ࢘
+

૚
ࢉ࢘ + ࢇ࢘

≤
ࡾ
૝࢘૛

 

 
Proposed by George Apostolopoulos – Messolonghi-Greece  

 
Solution: We prove the following identity: 
Lemma: 

2) In ઢ࡯࡮࡭ the following relationship holds: 
૚

ࢇ࢘ + ࢈࢘
+

૚
࢈࢘ + ࢉ࢘

+
૚

ࢉ࢘ + ࢇ࢘
=
࢙૛ + (૝ࡾ+ ࢘)૛

૝࢙ࡾ૛  

Proof: 
Using the formula ݎ௔ = ௌ

௦ି௔
 we obtain: 

∑ ଵ
௥್ା௥೎

= ∑ ଵ
ೄ

ೞష್ା
ೄ
ೞష೎

= ଵ
ௌ
∑ (௦ି௕)(௦ି௖)

௔
= ଵ

௥௦
⋅ ௥ൣ௦

మା(ସோା௥)మ൧
ସோ௦

= ௦మା(ସோା௥)మ

ସோ௥௦మ
, which follows from the 

known inequality in triangle: ∑ (௦ି௕)(௦ି௖)
௔

= ௥ൣ௦మା(ସோା௥)మ൧
ସோ௦

 
Let’s get back to the main problem.LHS inequality. 

Using the Lemma can be written: 
௦మା(ସோା௥)మ

ସோ௥௦మ
≥ ଵ

ோ
⇔ (4ܴ + ଶ(ݎ ≥  ଶ, (Doucet’s inequality), which follows from Gerretsen’sݏ3
inequality ݏଶ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 . It remains to prove that: 

(4ܴ + ଶ(ݎ ≥ 3(4ܴଶ + ݎ4ܴ + (ଶݎ3 ⇔ ܴଶ − ݎܴ − ଶݎ2 ≥ 0 ⇔ (ܴ − ܴ)(ݎ2 + (ݎ ≥ 0, 
obviously from Euler’s inequality ܴ ≥  is ܥܤܣEquality holds if and only if the Δ .ݎ2

equilateral. RHS inequality. Using the Lemma the inequality holds: 
௦మା(ସோା௥)మ

ସோ௦మ
≤ ோ

ସ௥మ
⇔ ଶ(ܴଶݏ − (ଶݎ ≥ ଶ(4ܴݎ +  ଶ, which follows from Gerretsen’s inequality(ݎ

ଶݏ ≥ ݎ16ܴ − ଶݎ5 ≥ ௥(ସோା௥)మ

ோା௥
. It remains to prove that: ௥(ସோା௥)మ

ோା௥
(ܴଶ − (ଶݎ ≥ ଶ(4ܴݎ +  ଶ(ݎ

⇔ ܴ ≥  .Equality holds if and only if the triangle is equilateral .(Euler’s inequality) .ݎ2
Remark: Inequality 1) can be strenghtened: 

3) In ઢ࡯࡮࡭ the following relationship holds: 
૚
૝ࡾ ൬૞ −

૛࢘
ࡾ ൰ ≤

૚
ࢇ࢘ + ࢈࢘

+
૚

࢈࢘ + ࢉ࢘
+

૚
ࢉ࢘ + ࢇ࢘

≤
૚
૛࢘ 

Marin Chirciu  
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Solution: Using the Lemma the inequality can be written: 
௦మା(ସோା௥)మ

ସோ௦మ
≥ ଵ

ସோ
ቀ5 − ଶ௥

ோ
ቁ ⇔ ଶݏ ≤ ோ(ସோା௥)మ

ଶ(ଶோି௥)
  (Blundon-Gerretsen’s inequality) 

Equality holds if and only if the triangle is equilateral. RHS inequality. 
Using Lemma the inequality can be written: 

௦మା(ସோା௥)మ

ସோ௦మ
≤ ଵ

ଶ௥
⇔ ଶݏ ≥ ௥(ସோା௥)మ

ଶோି௥
, which follows from Gerretsen’s inequality  

ଶݏ ≥ ݎ16ܴ − ଶݎ5 ≥ ௥(ସோା௥)మ

ோା௥
. It remains to prove that: ௥(ସோା௥)మ

ோା௥
≥ ௥(ସோା௥)మ

ଶோି௥
⇔ ܴ ≥  ݎ2

(Euler’s inequality). Equality holds if and only if the triangle is equilateral. 
Remark: Inequality 3) is stronger than inequality 1). 

4) In ઢ࡯࡮࡭ the following inequality holds: 
૚
ࡾ ≤

૚
૝ࡾ൬૞ −

૛࢘
ࡾ ൰ ≤

૚
ࢇ࢘ + ࢈࢘

+
૚

࢈࢘ + ࢉ࢘
+

૚
ࢉ࢘ + ࢇ࢘

≤
૚
૛࢘ ≤

ࡾ
૝࢘૛ 

Solution:See 3) and Euler’s inequality ܴ ≥  is ܥܤܣEquality holds if and only the Δ .ݎ2
equilateral. 
Remark: If we replace ݎ௔  with ℎ௔  we propose: 

5) In Δܥܤܣ the following relationship holds: 
1
ܴ ≤

1
ℎ௔ + ℎ௕

+
1

ℎ௕ + ℎ௖
+

1
ℎ௖ + ℎ௔

≤
1

 ݎ2

Proposed by Marin Chirciu – Romania  
Solution:We prove the followign lemma: 
Lemma: 

6) In ઢ࡯࡮࡭ the following relationship holds: 
૚

ࢇࢎ + ࢈ࢎ
+

૚
࢈ࢎ + ࢉࢎ

+
૚

ࢉࢎ + ࢇࢎ
=
࢙૝ + ࢙૛(૚૟࢘ࡾ+ ૛࢘૛) + ࢘૛(૝ࡾ + ࢘)૛

૝࢙࢘૛(࢙૛ + ૛࢘૛ + ૛࢘ࡾ)  

Proof: 
Using the formula ℎ௔ = ଶௌ

௔
 we obtain: 

෍
1

ℎ௕ + ℎ௖
= ෍

1
ଶௌ
௕

+ ଶௌ
௖

=
1

2ܵ෍
ܾܿ
ܾ + ܿ =

1
ݏݎ2 ⋅

ସݏ + ݎଶ(16ܴݏ + (ଶݎ2 + ଶ(4ܴݎ + ଶ(ݎ

ଶݏ)ݏ2 + ଶݎ2 + (ݎ2ܴ = 

= ௦రା௦మ൫ଵ଺ோ௥ାଶ௥మ൯ା௥మ(ସோା௥)మ

ସ௥௦మ(௦మାଶ௥మାଶோ௥)
, which follows from the known identity in triangle: 

෍
ܾܿ
ܾ + ܿ =

ସݏ + ݎଶ(16ܴݏ + (ଶݎ2 + ଶ(4ܴݎ + ଶ(ݎ

ଶݏ)ݏ2 + ଶݎ2 + (ݎ2ܴ  

Let’s get back to the main problem. LHS:Using the Lemma we write the inequality: 
ସݏ + +ݎଶ(16ܴݏ (ଶݎ2 + ଶ(4ܴݎ + ଶ(ݎ

ଶݏ)ଶݏݎ4 + ଶݎ2 + (ݎ2ܴ ≥
1
ܴ ⇔ 

⇔ ܴ)ଶݏ]ଶݏ − (ݎ4 + 16ܴଶ)ݎ − ݎ6ܴ − [(ଶݎ4 + ଶ(4ܴݎܴ + ଶ(ݎ ≥ 0 
We distinguish the following cases: 

Case 1). If [ݏଶ(ܴ − (ݎ4 + 16ܴଶ)ݎ − ݎ6ܴ − [(ଶݎ4 ≥ 0, the inequality is obviously. 
Case 2). If [ݏଶ(ܴ − (ݎ4 + 16ܴଶ)ݎ − ݎ6ܴ − [(ଶݎ4 < 0, we write the inequality: 

ଶ(4ܴݎܴ + ଶ(ݎ ≥ ݎଶ(4ݏ]ଶݏ − ܴ) − 16ܴଶ)ݎ − ݎ6ܴ −  – ଶ)], which follows from Blundonݎ4
Gerretsen’s inequality ݏଶ ≤ ோ(ସோା௥)మ

ଶ(ଶோି௥)
≤ 4ܴଶ + ݎ4ܴ +  :ଶ. It remains to prove thatݎ3

ଶ(4ܴݎܴ + ଶ(ݎ ≥
ܴ(4ܴ + ଶ(ݎ

2(2ܴ − (ݎ 	[(4ܴଶ + ݎ4ܴ + ݎଶ)(4ݎ3 − ܴ) − 16ܴଶ)ݎ − ݎ6ܴ − [(ଶݎ4 ⇔ 
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⇔ 4ܴଷ + 4ܴଶݎ − ଶݎ15ܴ − ଷݎ18 ≥ 0 ⇔ (ܴ − 2ܴ)(ݎ2 + ଶ(ݎ ≥ 0, obviously from Euler’s 
inequality ܴ ≥  .is equilateral ܥܤܣEquality holds if and only if Δ .ݎ2

RHS inequality. Using the Lemma the inequality holds: 
௦రା௦మ൫ଵ଺ோ௥ାଶ௥మ൯ା௥మ(ସோା௥)మ

ସ௥௦మ(௦మାଶ௥మାଶோ௥)
≤ ଵ

ଶ௥
⇔ ଶݏ)ଶݏ − (ݎ12ܴ ≥ ଶ(4ܴݎ +  ଶ, which follows from(ݎ

Gerretsen’s inequality ݏଶ ≥ ݎ16ܴ − ଶݎ5 ≥ ௥(ସோା௥)మ

ோା௥
. It remains to prove that: 

௥(ସோା௥)మ

ோା௥
ݎ16ܴ) − ଶݎ5 − (ݎ12ܴ ≥ ଶ(4ܴݎ + ଶ(ݎ ⇔ ܴ ≥  (Euler’s inequality) ݎ2

Equality holds if  and only if Δܥܤܣ is equilateral. 
Remark: Between the sums ∑ ଵ

௥್ା௥೎
 and ∑ ଵ

௛್ା௛೎
 the following inequality holds: 

7) In ઢ࡯࡮࡭ the following relationship holds: 

෍
૚

࢈࢘ + ࢉ࢘
≤෍

૚
࢈ࢎ + ࢉࢎ

 

Marin Chirciu  
Solution:Using the following Lemma the above inequality holds: 

ଶݏ + (4ܴ + ଶ(ݎ

ଶݏ4ܴ ≤
ସݏ + ݎଶ(16ܴݏ + (ଶݎ2 + ଶ(4ܴݎ + ଶ(ݎ

ଶݏ)ଶݏݎ4 + ଶݎ2 + (ݎ2ܴ ⇔ 

⇔ ܴ)ଶݏ]ଶݏ − (ݎ − ଶ(4ܴݎ2 + [(ݎ ≥ ଶ(4ܴݎ + ܴ)ଶ(ݎ +  which follows from Gerretsen’s ,(ݎ
inequality ݏଶ ≥ ݎ16ܴ − ଶݎ5 ≥ ௥(ସோା௥)మ

ோା௥
. It remains to prove that: 

4ܴ)ݎ + ଶ(ݎ

ܴ + ݎ
ݎ16ܴ)] − ܴ)(ଶݎ5 − (ݎ − ଶ(4ܴݎ2 + [(ݎ ≥ ଶ(4ܴݎ + ܴ)ଶ(ݎ + (ݎ ⇔ 

⇔ 15ܴଶ − ݎ31ܴ + ଶݎ2 ≥ 0 ⇔ (ܴ − 15ܴ)(ݎ2 − (ݎ ≥ 0, obviously from Euler’s inequality 
ܴ ≥  .Equality holds if and only if the triangle is equilateral .ݎ2

Remark: We can write the inequalities: 
8) In ઢ࡯࡮࡭ the following relationship holds: 

૚
ࡾ ≤෍

૚
࢈࢘ + ࢉ࢘

≤෍
૚

࢈ࢎ + ࢉࢎ
≤

૚
૛࢘ 

Solution: See inequalities 1), 7) and 5). Equality holds if and only if ܥܤܣ triangle is 
equilateral. 
Reference: 
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 
 

ABOUT AN INEQUALITY BY VASILE MIRCEA POPA-I 

By Marin Chirciu – Romania  

1) In acute angled triangle ࡯࡮࡭ the following relationship holds: 

࡭ܖ܉ܜ + ܖ܉ܜ ࡮ + ࡯ܖ܉ܜ + ૜√૜ ≥ ૛ ൬ܜܗ܋
࡭
૛

+ ܜܗ܋
࡮
૛

+ ܜܗ܋
࡯
૛
൰ 

Proposed by Vasile Mircea Popa – Romania  
Solution:Using Popoviciu’s inequality: If ݂: [ܽ,ܾ] → ℝ is a convexe function on [ܽ, ܾ], then 
the following inequality holds: 

(ݔ)݂ + (ݕ)݂ + (ݖ)݂
3 + ݂ ൬

ݔ + +ݕ ݖ
3 ൰ ≥

2
3 ൤݂ ൬

ݔ + ݕ
2 ൰+ ݂ ൬

ݕ + ݖ
2 ൰ + ݂ ൬

ݖ + ݔ
2 ൰൨,	 



Romanian Mathematical Society-Mehedinți Branch 2022 
 

33 ROMANIAN MATHEMATICAL MAGAZINE NR. 32 
 

,ݕ,ݔ∀ ݖ ∈ [ܽ, ܾ]. We consider the convexe function ݂: ቀ0, గ
ଶ
ቁ → ℝ,݂(ݔ) = tan  for which ,ݔ

we apply Popoviciu’s inequality. We obtain: 
୲ୟ୬ ஺ା୲ୟ୬ ஻ା୲ୟ୬ ஼

ଷ
+ tan ቀ஺ା஻ା஼

ଷ
ቁ ≥ ଶ

ଷ
ቂtanቀ஺ା஻

ଶ
ቁ + ݂ ቀ஻ା஼

ଶ
ቁ + ݂ ቀ஼ା஺

ଶ
ቁቃ, wherefrom 

tanܣ + tanܤ + tanܥ
3 + tan ቀ

ߨ
3
ቁ ≥

2
3 ൤tan ൬

ߨ
2 −

ܥ
2൰ + tan ൬

ߨ
2 −

ܣ
2൰+ tan ൬

ߨ
2 −

ܤ
2൰൨ ⇔ 

⇔
tanܣ + tanܤ + tan ܥ

3 + √3 ≥
2
3 ൤cot

ܥ
2 + cot

ܣ
2 + cot

ܤ
2൨ ⇔ 

⇔ tanܣ + tanܤ + tan ܥ + 3√3 ≥ 2 ൬cot
ܣ
2 + cot

ܤ
2 + cot

ܥ
2൰ 

Equality holds if and only if the triangle is equilateral. 
Remark:In the same way we can propose: 

2) In acute triangle ࡯࡮࡭ the following relationship holds: 

ܜܗ܋ ࡭ + ܜܗ܋ ࡮ + ࡯ܜܗ܋ + √૜ ≥ ૛ ൬ܖ܉ܜ
࡭
૛ + ܖ܉ܜ

࡮
૛ + ܖ܉ܜ

࡯
૛൰ 

Marin Chirciu 
Solution: We apply Popoviciu’s inequality for the convexe function 

݂: ቀ0, గ
ଶ
ቁ → ℝ,݂(ݔ) = cot  .ݔ

3) In ઢ࡯࡮࡭ the following relationship holds: 

૚
૛ܖܑܛ ࡭ +

૚
૛ܖܑܛ ࡮ +

૚
૛ܖܑܛ ࡯ + ૝ ≥ ૛ቌ

૚

૛ܛܗ܋ ࡭
૛

+
૚

૛ܛܗ܋ ࡮
૛

+
૚

૛ܛܗ܋ ࡯
૛

ቍ 

Marin Chirciu 
Solution: We apply Popoviciu’s inequality for the convexe function  

݂: (ߨ,0) → ℝ,݂(ݔ) =
1

sinଶ  ݔ
4) In ઢ࡯࡮࡭ the following inequality holds: 

ࢇ࢘
ࢇ࢘ − ࢘+

࢈࢘
࢈࢘ − ࢘ +

ࢉ࢘
ࢉ࢘ − ࢘ +

ૢ
૛ ≥

૝࢙૛

࢙૛ + ࢈࢘ࢇ࢘
+

૝࢙૛

࢙૛ + ࢉ࢘࢈࢘
+

૝࢙૛

࢙૛ + ࢇ࢘ࢉ࢘
 

Marin Chirciu 
Solution: We apply Popoviciu’s inequality for the convexe function ݂: (0,1) → ℝ, 

(ݔ)݂ = ଵ
ଵି௫

, for ݔ = ௥
௥ೌ

, ݕ = ௥
௥್

, ݖ = ௥
௥೎

. Using ∑ ௥
௥ೌ

= ௖ݎ௕ݎ∑,1 = ௔ݎ∏ ଶ andݏ = ଶݏݎ . 
5) If ࢞,࢟, ࢠ > 0 prove that: 

૚
࢞ +

૚
࢟ +

૚
ࢠ +

ૢ
࢞ + ࢟ + ࢠ ≥

૝
࢞ + ࢟ +

૝
࢟ + +ࢠ

૝
ࢠ + ࢞ 

Marin Chirciu 
Solution:We apply Popoviciu’s inequality for the convexe function : (0,∞) → ℝ, ݂(ݔ) = ଵ

௫
. 

6) If ࢞,࢟, ࢠ > 0 prove that: 
૚
√࢞

+
૚
ඥ࢟

+
૚
ࢠ√

+
ૢ

ඥ࢞ + ࢟ + ࢠ
≥

૝
ඥ࢞ + ࢟

+
૝

ඥ࢟ + ࢠ
+

૝
ࢠ√ + ࢞

 

Marin Chirciu 
Solution: We apply Popoviciu’s inequality for the convexe function : (0,∞) → ℝ, ݂(ݔ) = ଵ

√௫
. 

Reference: 
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 
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SOME INTERESTING PROPERTIES OF COMPLEX NUMBERS WITH THE SAME 

MODULUS 

By Dana Heuberger-Romania 

Abstract: In this paper we will see some less known theorems concerning complex numbers 

in Geometry, which allow us to find easier proofs, if we use the affixes of some points of the 

unit circle. 

Keywords: complex number, incircle, circumcircle, projection, collinearity, concurrency. 

THEORETICAL APPROACH 

   In this paper we will see some interesting properties of complex numbers in Geometry 

which, together with a convenient choice of the axes of the complex plane, allow us to find 

easier proofs for difficult problems. If we consider the affixes of some points which lie on the 

unit circle, the proofs may become shorter and nicer. 

     We will use the notations and the assertions presented in [1].. If ܯ is a point of the 

complex plane, we denote by ݉ its affix. In this paper we consider that the unit circle is 

centered at the origin ܱ(0) of the complex plane. 

Theorem 1.  If (࢈)࡮,(ࢇ)࡭ are two points of the complex plane, the equation of the line 

which contains the point (࢓)ࡹ and is perpendicular to the line ࡮࡭ is: 

ഥ࢈൫ࢠ − ഥ൯ࢇ + −࢈)തࢠ (ࢇ = ഥ࢈൫࢓ − ഥ൯ࢇ + ഥ࢓ −࢈)  .(ࢇ

Proof. The equation of the line is: 

ݖ − ݉
ܽ − ܾ =

̅ݖ − ഥ݉
തܾ − തܽ

⇔ ൫തܾݖ − തܽ൯ + ܾ)̅ݖ − ܽ) = ݉൫തܾ − തܽ൯ + ഥ݉(ܾ − ܽ). 

Theorem 2.  We consider a triangle ࡯࡮࡭, the center (࢕)ࡻ of its circumscribed circle, its 

orthocenter (ࢎ)ࡴ, its center of gravity (ࢍ)ࡳ and a point ࡹ of the complex plane. 

a)  ࢕ = (࢈ିࢇ)૛|ࢉ|ା(ࢇିࢉ)૛|࢈|ା(ࢉି࢈)૛|ࢇ|
(࢈ିࢇ)തࢉା(ࢇିࢉ)ഥ࢈ା(ࢉି࢈)ഥࢇ

. 

b) ࢎ = 	(࢈ିࢉ)૛|ࢇ|∑ഥ൯ା࢈തିࢉ૛൫ࢇ∑
∑ (ࢉି࢈)ഥࢇ

. 

c) ࢎ + ૛࢕ = ૜ࢍ = +ࢇ ࢈ +  .ࢉ

d) ࡹ࡭ is the bisector line of ࡯࡭࡮෣  iff (ࢇି࢓)૛

(ࢇିࢉ)(ࢇି࢈)
∈ ℝା. 

e) ࡺ࡭ is the outer bisector line of ࡯࡭࡮෣  iff (ࢇି࢔)૛

(ࢇିࢉ)(ࢇି࢈)
∈ ℝି. 



Romanian Mathematical Society-Mehedinți Branch 2022 
 

35 ROMANIAN MATHEMATICAL MAGAZINE NR. 32 
 

Proof. a) By replacing ݉ = ௔ା௕
ଶ

 in Theorem 1, we deduce that the mediator line of the 

segment ܤܣ has the equation: 

൫ݖ തܾ − തܽ൯ + ܾ)̅ݖ − ܽ) + |ܽ|ଶ − |ܾ|ଶ = 0. 

Similarly, the mediator line of the segment ܥܣ has the equation: 

̅ܿ)ݖ − തܽ) + ܿ)̅ݖ − ܽ) + |ܽ|ଶ − |ܿ|ଶ = 0. 

By multiplying the first equation with (ܿ − ܽ), the second one with (ܾ − ܽ) and then by 

substracting the equations thus obtained, the conclusion follows. 

b) By using Theorem 1, we find the equations of the heights from ܣ and ܤ of the triangle: 

ℎ஺: ൫ܿ̅ݖ − തܾ൯ + ܿ)̅ݖ − ܾ) = ܽ൫ܿ̅ − തܾ൯ + തܽ(ܿ − ܾ), 

ℎ஻: )ݖ തܽ − ܿ̅) + ܽ)̅ݖ − ܿ) = ܾ( തܽ − ܿ̅) + തܾ(ܽ − ܿ). 

By multiplying the first equation with (ܽ − ܿ),	the second one with (ܾ − ܿ) and then by 

adding the equations thus obtained, we find the conclusion. 

c) The relation is a transcription of the fact that ܱ,ܩ and ܪ lie on Euler’s line of the triangle 

ܥܤܣ . 

d) ܯܣ is the bisector line of ܥܣܤ෣ ⇔ ݃ݎܽ ቀ௠ି௔
௕ି௔

ቁ = ݃ݎܽ ቀ ௖ି௔
௠ି௔

ቁ ⇔
೘షೌ
್షೌ
೎షೌ
೘షೌ

∈ ℝା ⇔ 

(௠ି௔)మ

(௕ି௔)(௖ି௔)
∈ ℝା. 

e) Let ܦ ∈ ܣ be such that ܥܣ ∈ ݇ ,Then .(ܦܥ) ∈ ℝା exists, such that ݀ − ܽ = ݇(ܽ − ܿ). 

෣ܥܣܤ is the outer bisector line of ܰܣ  iff ܽ݃ݎ ቀ௕ି௔
௡ି௔

ቁ = ݃ݎܽ ቀ௡ି௔
ௗି௔

ቁ ⇔ (௡ି௔)మ

(௕ି௔)(ௗି௔)
∈ ℝା ⇔ 

−
(݊ − ܽ)ଶ

݇(ܾ − ܽ)(ܿ − ܽ) ∈ ℝା ⇔
(݊ − ܽ)ଶ

(ܾ − ܽ)(ܿ − ܽ) ∈ ℝି. 

Remark. 

i) If ࡻ is the origin of the complex plane, then from any of the assertions b) and c) it 

follows that ࢎ = +ࢇ ࢈ +  .ࢉ

ii)   If the point ࡯ is the origin of the complex plane, then 

࢕ =
ഥࢇ൫࢈ࢇ − ഥ൯࢈
࢈ഥࢇ − ഥ࢈ࢇ

ࢎ, =
൫ࢇഥ࢈ + ࢇ)ഥ൯࢈ࢇ − (࢈

ഥ࢈ࢇ − ࢈ഥࢇ
. 

Theorem 3. The points ࡭ and ࡮ lie on the unit circle, and the pints ࡯ and ࢆ are arbitrary. 

We have: 

a) ࢆ ∈ ࡮࡭ ⇔ +ࢇ തࢠ࢈ࢇ = ࢇ +  .࢈
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b) ࢆ lies on the tangent line at ࡭ to the circle ⇔ ࢠ + തࢠ૛ࢇ = ૛ࢇ. 

c) ࢆ lies on the perpendicular line through ࡯ on ࡮࡭ ⇔ ࢠ − തࢠ࢈ࢇ = ࢉ −  .തࢉ࢈ࢇ

d) ࢆ lies on the line through ࡯ which is orthogonal to the tangent line at ࡭ to the 

circle⇔ −ࢠ തࢠ૛ࢇ = ࢉ −  .തࢉ૛ࢇ

Proof. 

a) ܼ ∈ ܤܣ ⇔ ௭ି௔
௕ି௔

∈ ℝ ⇔ ௭ି௔
௕ି௔

= ௭̅ି௔ത
௕തି௔ത

⇔ തܾݖ − ݖ തܽ − ܽ തܾ = ̅ݖܾ − ̅ݖܽ − തܾܽ. 

By multiplying the previous equality with ܾܽ and using ܽ തܽ = ܾ തܾ = 1, we deduce: 

(ܽ − ݖ)(ܾ + ̅ݖܾܽ − ܽ − ܾ) = 0 ⇔ ݖ + ̅ݖܾܽ = ܽ + ܾ. 

b) ௭ି௔
଴ି௔

∈ ݅ℝ ⇔ ௔ି௭
௔

= ௭̅ି௔ത
௔
⇔ |ܽ|ଶ − തܽݖ = ̅ݖܽ − |ܽ|ଶ ⇔ തܽݖ + ̅ݖܽ = 2

|⋅௔
ݖ⇔ + ܽଶ̅ݖ = 2ܽ. 

c) ௭ି௖
௔ି௕

∈ ݅ℝ ⇔ ௭ି௖
௔ି௕

= ௭̅ି௖̅
௕തି௔ത

⇔ ൫തܾ − തܽ൯ݖ − തܾܿ + തܽܿ = (ܽ − ̅ݖ(ܾ − ܽܿ̅ + ܾܿ̅
|⋅௔௕
ሯሰ 

(ܽ − ݖ(ܾ − ܿ(ܽ − ܾ) = ܾܽ(ܽ − ̅ݖ(ܾ − ܾܽܿ̅(ܽ − ܾ) ⇔ ݖ − ̅ݖܾܽ = ܿ − ܾܽܿ̅. 

d) ܼܥ ∥ ܣܱ ⇔ ௭ି௖
௔ି଴

∈ ℝ ⇔ ௭ି௖
௔

= ௭̅ି௖̅
௔
⇔ തܽݖ − തܽܿ = ̅ݖܽ − ܽܿ̅

|⋅௔
ݖ⇔ − ܽଶ̅ݖ = ܿ − ܽଶܿ̅. 

Theorem 4. The points ࡯,࡮,࡭ and ࡰ lie on the unit circle and ࢆ is an arbitrary point. Then: 

a) ࢈ିࢇ
ഥ࢈ഥିࢇ

=  .࢈ࢇ−

b) The affix of the projection of the point 	ࢆ on the line ࡮࡭ is ࢓ = തࢠ࢈ࢇିࢠା࢈ାࢇ
૛

. 

c) The affix of the intersection point of the chords ࡮࡭ and ࡰ࡯ is ࢖ = (࢈ାࢇ)ࢊࢉି(ࢊାࢉ)࢈ࢇ
ࢊࢉି࢈ࢇ

. 

d) The affix of the intersection point of the tangent lines at ࡭ and ࡮ to the circle is 

ࢗ = ૛࢈ࢇ
࢈ାࢇ

 

Proof. a) ௔ି௕
௔തି௕ത

= ௔௕(௔ି௕)
௔௔ത௕ି௕௕ത௔

= ௔௕(௔ି௕)
௕ି௔

= −ܾܽ. 

b)  We consider ܯ(݉) = ܯ As	஺஻(ܼ).ݎ݌ ∈   :from Theorem 3.a) follows ,ܤܣ

݉ + ܾܽ ഥ݉ = ܽ + ܾ; 		(1.1). 

Because ܯ lies on the line through 	ܼ which is orthogonal to ܤܣ, we deduce, using Theorem 

3.c):  ݉− ܾܽ ഥ݉ = ݖ − ;̅ݖܾܽ 			(1.2). 

By adding the equalities (1.1) and (1.2) it results ݉ = ௔ା௕ା௭ି௔௕௭̅
ଶ

. 

c)   We consider {ܲ} = ܤܣ ∩ ݌ :Theorem 1.a) leads to .ܦܥ + ̅݌݀ܿ = ܿ + ݀ and ݌ + ̅݌ܾܽ =

ܽ + ܾ. 

By multiplying the first equality with ܾܽ, the second one with ܿ݀ and by substracting the 

equations thus obtained, we deduce:  (ܾܽ − ݌(݀ܿ = ܾܽ(ܿ + ݀)− ܿ݀(ܽ + ܾ). 
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d)  Let ܳ(ݍ) be the intersection point of these tangent lines. Because ܳ lies on the tangent 

line at 	ܣ to the circle, from Theorem 3.b) we obtain: ݍ + ܾଶݍത = 2ܽ. 

But ܳ also lies on the tangent line at ܤ to the circle, therefore, from Theorem 3.b) we 

deduce: ݍ + ܾଶݍത = 2ܾ. 

By multiplying the first equality with ܾଶ, the second one with ܽଶ and by substracting the 

equations thus obtained, it result: (ܾଶ − ܽଶ)ݍ = 2ܾܽ(ܾ − ܽ) ⇔ ݍ = ଶ௔௕
௔ା௕

. 

Theorem 5. If the incircle of the triangle ࡯࡮࡭ is the unit circle and its intersection with the 

lines ࡭࡯,࡯࡮ and ࡮࡭ are ࡾ,ࡽ,ࡼ then: 

a) ࢇ = ૛࢘ࢗ
ା࢘ࢗ

࢈, = ૛࢘࢖
࢘ା࢖

, ࢉ = ૛ࢗ࢖
ࢗା࢖

. 

b) ࢕ = ૛࢘ࢗ࢖(࢖ାࢗା࢘)
(࢖ା࢘)(ା࢘ࢗ)(ࢗା࢖)

. 

c) ࢎ =
૛ቀ࢖૛ࢗ૛ାࢗ૛࢘૛ା࢘૛࢖૛ା࢘ࢗ࢖(࢖ାࢗା࢘)ቁ

(࢖ା࢘)(ା࢘ࢗ)(ࢗା࢖)
. 

Proof. a) It result from Theorem 4.d). 

b)  From Theorem 2.a), we have: ݋ = ∑|௔|మ(௕ି௖)
∑௔ത(௕ି௖)

. 

෍|ܽ|ଶ(ܾ − ܿ) =
௔)
෍

4
ݍ) + തݍ)(ݎ + (ݎ̅ ൬

݌ݎ2
ݎ + ݌ −

ݍ݌2
+݌ ൰ݍ = 

= ෍
ݎݍ4

ݍ) + ݎതݍݍ)(ݎ + (ݎ̅ݎݍ ⋅
ݎ)ଶ݌2 − (ݍ

ݎ) + +݌)(݌ (ݍ =
ݎݍ݌8

݌) + +ݍ)(ݍ ݎ)(ݎ + ෍(݌
ݎ)݌ − (ݍ
ݍ + ݎ = 

=
ݎݍ݌8

+݌) ݍ)ଶ(ݍ + ݎ)ଶ(ݎ + ݎ)ଷ݌ଶ෍(݌ −  .(ݍ

Because ∑݌ଷ(ݎ − (ݍ = ݌) + ݍ + ݎ)ଶ݌∑(ݎ −  :we obtain ,(ݍ

෍|ܽ|ଶ(ܾ − ܿ) =
݌)ݎݍ݌8 + ݍ + (ݎ

݌) + ݍ)ଶ(ݍ + ݎ)ଶ(ݎ + ݎ)ଶ݌ଶ෍(݌ − (ݍ ; 			(1.3) 

෍ തܽ(ܾ − ܿ) = ෍
തതതݎݍ2
തݍ + ݎ̅ ⋅

ݎ)ଶ݌2 − (ݍ
݌) + +ݎ)(ݍ (݌ =

4
݌) + ݍ)(ݍ + ݎ)(ݎ + ݎ)ଶ݌෍(݌ − (ݍ ; (1.4) 

By dividing the equalities (1.3) and (1.4), we obtain the conclusion. 

c)  From ℎ + ݋2 = ܽ + ܾ + ܿ, using a) and b), the conclusion follows. 

Theorem 6. We consider a triangle ࡯࡮࡭, inscribed in the unit circle. 

a) ࢛,࢜,࢝ ∈ ℂ exist, with ࢇ = ࢛૛,࢈ = ࢜૛, ࢉ = ࢝૛  such that –࢛࢜,−࢛࢝,−࢜࢝ are the 

affixes of the midpoints of the arcs ࡯࡭,࡮࡭ and ࡭ respectively. 

b) The affix of the incenter ࡵ of the triangle ࡯࡮࡭ is ࢏ = −(࢛࢜ + ࢛࢝ + ࢜࢝). 
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Proof. a) Let ܯ,ܰ,ܲ be the midpoint of the arcs ܥܣ,ܥܤ and ܤܣ of the unit circle which 

don’t pass through ܤ,ܣ and ܥ respectively. 

The numbers ݑ − 1	, ଵݓ,ଶݒ,ଵݒ,ଶݑ ଶݓ, ∈ ℂ exist and are unique, such that  

ଵଶݑ = ଶଶݑ = ܽ, ଵଶݒ = ଶଶݒ = ଵଶݓ,ܾ = ଶݓ
ଶ = ܿ. 

From ∆ܯܱܤ ≡ we find: ௠ ,ܥܱܯ∆
௕

= ௖
௠

, therefore, 

݉ଶ = ܾܿ = ,ݏ∀,ଶ(௧ݓ௞ݒ) ݐ ∈ {1,2}. 

Similarly, it follows: ݊ଶ = ,ݏ∀,ଶ(௧ݓ௦ݑ) ݂ ∈ {1,2}. 

We choose ݑ ∈ ,{ଶݑ,ଵݑ} ݒ ∈ ݓ,{ଶݒ,ଵݒ} ∈ ଵݓ}   {ଶݓ,

such that ݉ = ݊ and ݓݒ− =  .ݓݑ−

Let ଵܰ(ݓݑ) be the diametrically opposite point of ܰ. 

From ߤ൫ ଵܱܰ෣ܲ ൯ = ܣ = ෣൯, it results that ௡భܤܱܯ൫ߤ
௣

= ௠
௕

, 

therefore ݌ = ௕௡భ
௠

= ௩మ௨௪
ି௨௪

=  .ݒݑ−

b) Because {ܫ} = ܯܣ ∩  :from Theorem 4.c) we deduce that ,ܰܤ

݅ =
ܽ݉(ܾ + ݊) − ܾ݊(ܽ + ݉)

ܽ݉ − ܾ݊ =
ଶݒ)ݓݒଶݑ− − (ݓݑ + ଶݑ)ݓݑଶݒ − (ݓݒ

ݓݒଶݑ− + ݓݑଶݒ
= ݒݑ)− + ݓݑ +  (ݓݒ

2. PROBLEMS 

P1. The incircle of the triangle ࡯࡮࡭ is the unit circle. We denote its center by ࡵ. 

Let ࡲ,ࡱ,ࡰ be the touchpoints of the incircle with ࡯࡭,࡯࡮ and ࡮࡭ respectively. 

We denote: {ࡹ} = ࡵ࡭ ∩ ,ࡱࡰ {ࡺ} = ࡵ࡮ ∩ ,ࡲࡱ {ࡼ} = ࡵ࡯ ∩ ,ࡰࡲ {ࡽ} = ࡵ࡭ ∩  .ࡲࡰ

Prove that the following assertions are true: 

a) ࡹࡵ ⋅ ࡺࡵ ⋅ ࡼࡵ = ૚. 

b) ࡽ,࡯,ࡱ,ࡵ are concyclic. 

c) ࡹ࡮ = ࡹࡵ ⋅  .࡯ࡱ

Dana Heuberger 

Solution. a) ܦܫ = ܧܫ = ܨܫ = 1 and using Theorem 4.d) it results: 

ܽ =
2݂݁
݁ + ݂ , ܾ =

2݂݀
݂ + ݀ , ܿ =

2݀݁
݀ + ݁. 

We obtain: തܽ = ଶ
௘ା௙

, തܾ = ଶ
௙ାௗ

 and ܿ̅ = ଶ
ௗା௘

. As ܯ ∈   :we have ,ܧܦ

݉ + ݀݁ ഥ݉ = ݀ + ݁; 		(2.1) 
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,ܣ are collinear, therefore ௠ ܯ,ܫ
௔

= ௠ഥ
௔ത
⇔ ഥ݉ = ݉ ⋅ ௔ത

௔
= ௠

௘௙
. 

By replacing in (2.1), it follows : 

݉ + ௗ௠
௙

= ݀ + ݁ ⇔ ݉ = (ௗା௘)⋅௙
ௗା௙

; 		(2.2) 

As ܳ ∈ ݍ :we have ,ܨܦ + തݍ݂݀ = ݂ +

݀; 		(2.3) 

,ܣ തݍ are collinear, so ܳ,ܫ = ݍ ⋅ ௔ത
௔

= ௤
௘௙

. 

By replacing in (2.3), we deduce: 

ݍ =
(݀ + ݂) ⋅ ݁
݀ + ݁ ; 		(2.4) 

Similarly, we find: 

݊ =
(݁ + ݂) ⋅ ݀
݁ + ݀ ; 		(2.5) 

݌ =
(݂ + ݀) ⋅ ݁
݂ + ݁ ; 		(2.6) 

By multiplying the equalities (2.2), (2.5) and (2.6), we obtain: 

݌݊݉ = ݂݀݁ ⇒ ܯܫ ⋅ ܰܫ ⋅ ܲܫ = 1. 

b)  We denote:  {ܵ} = ܫܤ ∩ ,ܨܦ {ܶ} = ܫܥ ∩ ݉ :From (2.2) it follows .ܧܦ = ௧௙
௦

, and using 

moduli, we obtain ܯܫ = ூ்
ூௌ

. 

From (2.4), it follows: ݍ = ௘௦
௧

, and using moduli, we obtain ܳܫ = ூௌ
ூ்

= ଵ
ூெ

. 

Then, as ூொ
ூா

= ூா
ூெ

 and ܳܧܫ෢ ≡ ෣ܯܫܧ ,  the triangles ܳܧܫ and ܯܫܧ are similar, therefore  

෢ܧܳܫ൫ߤ ൯ = ෣൯ܯܧܫ൫ߤ = ஼
ଶ
, which means that ܥ,ܧ,ܫ,ܳ are concyclic. 

c)  ݉ = ௗା௘
ଶௗ௘

⋅ ଶௗ௘௙
ௗା௙

= ௕௘
௖

, therefore ௠
௕

= ௘
௖
⇔  :We obtain  .ܧܫܥ∆~ܯܫܤ∆

ܯܤ =
ܯܫ ⋅ ܥܧ
ܧܫ = ܯܫ ⋅  .ܧܥ

P2. ࡯࡮࡭ is an arbitrary triangle and ࢀ is the intersection point of the tangents in ࡮ and ࡯ 

at its circumscribed circle. Let ࡹ be the midpoint of the segment ࡯࡮ and ࡺ the second 

intersection point of the line ࢀ࡭ with the circle. Prove that ࡹ࡮૛ = ࡺࡹ ⋅  .ࡹ࡭

Dana Heuberger 
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Solution. We consider that the circumscribed circle of the triangle ܥܤܣ is the unit circle. 

 Using Theorem 4.d) we obtain: ݐ = ଶ௕௖
௕ା௖

 thus ̅ݐ = ଶ
௕ା௖

. 

Using Theorem 3.a) we deduce: ݐ + ̅ݐ݊ܽ = ܽ + ݊ ⇔ 

݊ =
ܽ − ݐ
̅ݐܽ − 1. 

Replacing, we find: ݊ = ௔௕ା௔௖ିଶ௕௖
ଶ௔ି௕ି௖

.  

Then,  

݊ −݉ = ݊ −
ܾ + ܿ

2 =
(ܾ − ܿ)ଶ

4 ቀܽ − ௕ା௖
ଶ
ቁ

. 

Therefore, 	ܰܯ = ஻஼మ

ସ஺ெ
	, and the conclusion follows. 

P3. The quadrilateral ࡰ࡯࡮࡭ is inscribed in ऍ(ࡻ,૚), such that 
෣൯࡮ࡻ࡭൫ࣆ + ෣൯ࡰࡻ࡯൫ࣆ ≠ ࣊ 

We denote by ࡹ and ࡼ the projections of the points ࡭ and ࡯ on the line ࡰ࡮. The points ࡺ 
and ࡽ are the projections of ࡮ and ࡰ on the line ࡯࡭. 
Prove that ࡽࡼࡺࡹ is a parallelogram iff ࡰ࡯࡮࡭ is a rectangle. 

Dana Heuberger 
Solution. " ⟸ " The assertion is obvious. Moreover, ܳܲܰܯ is a rectangle. 
⇒ We choose the Cartesian coordinate system with the origin in the point ܱ, and such that: 
ܽ = ଵݐݏ݋ܿ + ݅ ⋅ ܾ,ଵݐ݊݅ݏ = ଶݐݏ݋ܿ + ݅ ⋅ ,ଶݐ݊݅ݏ ܿ = ଷݐݏ݋ܿ + ݅ ⋅  	,ଷݐ݊݅ݏ
݀ = ସݐݏ݋ܿ + ݅ ⋅ ସ, with 0ݐ݊݅ݏ < ଵݐ < ଶݐ < ଷݐ < ସݐ < ܿܽ We prove that .ߨ2 + ܾ݀ ≠ 0. 
Suppose that ܽܿ + ܾ݀ = 0. It follows: 

ଵݐ)ݏ݋ܿ + (ଷݐ + ଶݐ)ݏ݋ܿ + (ସݐ + ݅൫ݐ)݊݅ݏଵ + (ଷݐ + ଶݐ)݊݅ݏ + ସ)൯ݐ ⇔ 

ݏ݋2ܿ
ଶݐ + ସݐ − ଵݐ − ଷݐ

2 ൬ܿݏ݋
ଵݐ + ଶݐ + ଷݐ + ସݐ

2 + ݅ ⋅ ݊݅ݏ
ଵݐ + ଶݐ + ଷݐ + ସݐ

2 ൰ = 0 ⇔ 

ݏ݋ܿ
ଶݐ + ସݐ − ଵݐ − ଷݐ

2 = 0 ⇔ ଶݐ) − (ଵݐ + ସݐ) − (ଷݐ = ߨ ⇔ 

෣൯ܤܱܣ൫ߤ + ෣൯ܦܱܥ൫ߤ =   .false ,ߨ

Therefore, ܽܿ + ܾ݀ ≠ 0. 

Using Theorem 4.b) we obtain: 

݉ =
ܾ + ݀ + ܽ − ܾ݀ തܽ

2 =
ܽ + ܾ + ݀

2 −
ܾ݀
2ܽ, 

݌ =
ܾ + ܿ + ݀ − ܾ݀ܿ̅

2 =
ܾ + ܿ + ݀

2 −
ܾ݀
2ܿ , 

݊ =
ܽ + ܾ + ܿ − ܽܿ തܾ

2 =
ܽ + ܾ + ܿ

2 −
ܽܿ
2ܾ, 

ݍ =
ܽ + ܿ + ݀ − ܽܿ݀̅

2 =
ܽ + ܿ + ݀

2 −
ܽܿ
2݀. 
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݉ + ݌ = ݊ + ݍ ⇔ 

ܽ + ܾ + ݀
2 −

ܾ݀
2ܽ +

ܾ + ܿ + ݀
2 −

ܾ݀
2ܿ =

ܽ + ܾ + ܿ
2 −

ܽܿ
2ܾ +

ܽ + ܿ + ݀
2 −

ܽܿ
2݀ 

It follows: ݉+ ݌ = ݊ + ݍ ⇔ (௕ାௗ)(௔௖ା௕ௗ)
௕ௗ

= (௔ା௖)(௔௖ା௕ௗ)
௔௖

. 

As ܽܿ + ܾ݀ ≠ 0, we deduce that: ௕ାௗ
௕ௗ

= ௔ା௖
௔௖

⇔ ܾܽ(ܿ − ݀) = ܿ݀(ܾ − ܽ).  

Therefore, |ܽ| ⋅ |ܾ| ⋅ ܦܥ = |ܿ| ⋅ |݀| ⋅ ܾܽ	so	,ܤܣ =  .ܦܥ

Similarly, ௕ௗ
௕ௗ

= ௔ା௖
௔௖

⇔ ܾܿ(ܽ − ݀) = ܽ݀(ܾ − ܿ), therefore ܦܣ =  is an ܦܥܤܣ ,In the end .ܥܤ

parallelogram, namely ܦܥܤܣ is a rectangle. 

P4. The point ࡴ is the orthocenter of the triangle ࡯࡮࡭. The points ࡱ,ࡰ and ࡲ lie on the 

circumcircle of the triangle  ࡯࡮࡭ such that ࡰ࡭ ∥ ࡱ࡮ ∥  are the ࢁ and ࢀ,ࡿ The points .ࡲ࡯

respective reflections of ࡱ,ࡰ and ࡲ across the lines ࡭࡯,࡯࡮ and ࡮࡭. Prove that the points 

 .are concyclic ࡴ and ࢁ,ࢀ,ࡿ

([2], 4, p.7) 

Solution. We consider that the circumscribed circle of the triangle ܥܤܣ is the unit circle, 

with the center ܱ. Then, ℎ = ܽ + ܾ + ܿ. 

ܦܣ ∥ ܧܤ ⇔ ௔ିௗ
௕ି௘

= ௔തିௗത

௕തି௘̅
⇔ ௔ିௗ

௕ି௘
= ௔ିௗ

௘ି௕
⋅ ௕௘
௔ௗ
⇔ ܾ݁ = ܽ݀. 

Similarly, ܦܣ ∥ ܨܥ ⇔ ܽ݀ = ݂ܿ. 

Theorem 4.b) leads to ݉ = ௕ା௖ାௗି௕௖ௗത

ଶ
. 

Because ݏ = 2݉− ݀, we obtain 

ݏ = ܾ + ܿ − ܾܿ݀̅. 

Similarly, we deduce: 

ݐ = ܽ + ܿ − ܽܿ݁̅ 

ݑ = ܽ + ܾ − ܾ݂ܽ .̅ 

ߙ are cyclic iff ܶ,ܵ,ܪ,ܷ = ௨ି௛
௧ି௛

⋅ ௧ି௦
௨ି௦

∈ ℝ. 

We have: ߙ =
ି௖ିೌ್೑
ି௕ିೌ೎೐

⋅
௔ି௕ିೌ೎೐ ା

್೎
೏

௔ି௖ିೌ್೑ ା
್೎
೏

, 

therefore, ߙ = (௔௕ା௖௙)(௔௘ି௕௘)
(௔௖ା௕௘)(௔௙ି௙௖)

= (௔௕ା௔ௗ)(௔௘ି௔ௗ)
(௔௖ା௔ௗ)(௔௙ି௔ௗ)

= (௕ାௗ)(௘ିௗ)
(௖ାௗ)(௙ିௗ)

. 

From here,  
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തߙ =
ଵ
௕

+ ଵ
ௗ

ଵ
௖

+ ଵ
ௗ

⋅
ଵ
௘
− ଵ

ௗ
ଵ
௙

+ ଵ
ௗ

=
ܾ + ݀
ܾ݀ ⋅

݀ − ݁
݀݁ ⋅

ܿ݀
ܿ + ݀ ⋅

݂݀
݀ − ݂	 = ߙ ⋅

݂ܿ
ܾ݁ =  	,ߙ

which leads to ߙ ∈ ℝ. Therefore, the points ܷ,ܪ, ܵ, ܶ are concyclic. 
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FEW OUTSTANDING LIMITS  

By Florică Anastase-Romania 

Problem 1. 
 If ࢑,࢔ ∈ ℕ,࢔ ≥ ࢑	and	࢑ࢌ:ℝ → ቂ૙, ࢔

ା࢑ି૚࢔
ቃ continuous function. Prove that: 

ܕܑܔ
ஶ→࢔

ቌ
૚
(࢑)ࢌ෍࢔ ⋅ ඨ૚ − (࢑)ࢌ +

૚ − ࢑
࢔ (࢑)ࢌ

శ࢑ష૚࢔
࢔

࢑ୀ૚

ቍ <  ૛݃݋݈

Solution. 
݊

݊ + ݇ =
(݊ + ݇ − 1)݂(݇) + ݊ − (݊ + ݇ − 1)݂(݇)

݊ + ݇ ≥
஺ெିீெ

 

≥ ට݂௡ା௞ିଵ(݇)൫݊ − (݊ + ݇ − 1)݂(݇)൯
೙శೖ

⇔ 

݂௡ା௞ିଵ(݇)൫݊ − (݊ + ݇ − 1)݂(݇)൯ ≤ ቀ
݊

݊ + ݇
ቁ
௡ା௞ିଵ

⋅
݊

݊ + ݇ ⇔ 

݂(݇) ඨ݊ + ݇
݊

൫݊ − (݊ + ݇ − 1)݂(݇)൯	
೙శೖషభ

≤
݊

݊ + ݇ 

݂(݇)
݊ ⋅ ඨ݊ + ݇

݊ ൫݊ − (݊ + ݇ − 1)݂(݇)൯	
೙శೖషభ

≤
1
݊ ⋅

݊
݊ + ݇ ⇔ 

1
݊෍݂(݇) ⋅ ඨ1 − ݂(݊) +

1 − ݇
݊ ݂(݊)

೙శೖషభ
௡

௞ୀଵ

≤ 

≤
1
݊෍݂(݇) ⋅ ඨ݊ + ݇

݊ ൫݊ − (݊ + ݇ − 1)݂(݇)൯	
೙శೖషభ

௡

௞ୀଵ

≤
1
݊ ⋅෍

݊
݊ + ݇

௡

௞ୀଵ

= 
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lim
௡→ஶ

1
݊ ⋅෍

݊
݊ + ݇

௡

௞ୀଵ

= න
1

ݔ + ݔ1݀
ଵ

଴
=  2݃݋݈

Therefore, 

lim
௡→ஶ

ቌ
1
݊෍݂(݇) ⋅ ඨ1 − ݂(݇) +

1 − ݇
݊ ݂(݇)

೙శೖషభ
௡

௞ୀଵ

ቍ <  2݃݋݈

 
Problem 2.  

If (࢔ࢇ)࢔ஹ૚ is sequence of real numbers such that 

 ૙ < ࢑ࢇ < ૛࢔

૛ା࢑૛ି૚࢔
࢑,࢔∀ ∈ ℕ then prove: 

ܕܑܔ
ஶ→࢔

ቌ
૚
࢑ࢇ෍࢔ ⋅ ඨቆ૚+

࢑૛

૛ቇቆ૚࢔ − ቆ૚−
૚
૛࢔ +

࢑૛

࢑ቇࢇ૛ቇ࢔
૛శ࢑૛ష૚࢔

࢔

࢑ୀ૚

ቍ <
࣊
૝ 

Solution. 
݊ଶ

݊ଶ + ݇ଶ =
(݊ଶ + ݇ଶ − 1)ܽ௞ + ݊ଶ − (݊ଶ + ݇ଶ − 1)ܽ௞

݊ଶ + ݇ଶ ≥
஺ெିீெ

 

≥ ටܽ௞௡
మା௞మିଵ(݊ଶ − (݊ଶ + ݇ଶ − 1)ܽ௞)

೙మశೖమ
⇒ 

ܽ௞௡
మା௞మିଵ(݊ଶ − (݊ଶ + ݇ଶ − 1)ܽ௞) ≤ ቆ

݊ଶ

݊ଶ + ݇ଶቇ
௡మା௞మିଵ

⋅
݊ଶ

݊ଶ + ݇ଶ ⇔ 

ܽ௞ ඨ
(݊ଶ − (݊ଶ + ݇ଶ − 1)ܽ௞)(݊ଶ + ݇ଶ)

݊ଶ
೙మశೖమషభ

≤
݊ଶ

݊ଶ + ݇ଶ ⇔ 

ܽ௞
݊ ⋅ ඨቆ1 +

݇ଶ

݊ଶቇቆ1 − ቆ1 −
1
݊ଶ +

݇ଶ

݊ଶቇܽ௞ቇ
೙మశೖమషభ

≤
1
݊ ⋅

݊ଶ

݊ଶ + ݇ଶ ⇔ 

1
݊
෍ܽ௞ ⋅ ඨቆ1 +

݇ଶ

݊ଶ
ቇቆ1− ቆ1−

1
݊ଶ

+
݇ଶ

݊ଶ
ቇܽ௞ቇ

೙మశೖమషభ
௡

௞ୀଵ

≤
1
݊
⋅ ෍

݊ଶ

݊ଶ + ݇ଶ

௡

௞ୀଵ

=
1
݊
⋅෍

1

1 + ቀ௞
௡
ቁ
ଶ

௡

௞ୀଵ

 

lim
௡→ஶ

ቌ
1
݊
෍ ܽ௞ ⋅ ඨቆ1 +

݇ଶ

݊ଶ
ቇቆ1− ቆ1−

1
݊ଶ

+
݇ଶ

݊ଶ
ቇܽ௞ቇ

೙మశೖమషభ
௡

௞ୀଵ

ቍ < 

< lim
௡→ஶ

1
݊
⋅෍

1

1 + ቀ௞
௡
ቁ
ଶ

௡

௞ୀଵ

= න
1

1 + ଶݔ
ݔ݀

ଵ

଴
=
ߨ
4

 

Therefore, 

lim
௡→ஶ

ቌ
1
݊
෍ܽ௞ ⋅ ඨቆ1 +

݇ଶ

݊ଶ
ቇቆ1− ቆ1−

1
݊ଶ

+
݇ଶ

݊ଶ
ቇܽ௞ቇ

೙మశೖమషభ
௡

௞ୀଵ

ቍ <
ߨ
4

 

Problem 3. 
Find: 

ષ = ܕܑܔ
ஶ→࢔

൭෍න ૚ି࢔ࢇ࢚ ቆ
࢞)࢔ − ࢑)
࢑࢞+ ૛࢔ ቇ࢞ࢊ

࢑

࢑ି૚

࢔

࢑ୀ૚

൱ 



Romanian Mathematical Society-Mehedinți Branch 2022 
 

44 ROMANIAN MATHEMATICAL MAGAZINE NR. 32 
 

Solution. 

෍න ଵି݊ܽݐ ቆ
ݔ)݊ − ݇)
ݔ݇ + ݊ଶ ቇ݀ݔ

௞

௞ିଵ

௡

௞ୀଵ

= ෍න ଵି݊ܽݐ ቌ
ݔ − ݇
௞
௡
ݔ + ݊

ቍ݀ݔ
௞

௞ିଵ

௡

௞ୀଵ

=௫→௡௫ 

= ݊෍න ଵି݊ܽݐ ቌ
ݔ − ௞

௡

1 + ௞
௡
ݔ
ቍ

ೖ
೙

ೖషభ
೙

௡

௞ୀଵ

= ݊෍න ൭ି݊ܽݐଵݔ − ଵି݊ܽݐ ൬
݇
݊൰
൱

ೖ
೙

ೖషభ
೙

ݔ݀
௡

௞ୀଵ

= 

= ݊൭න ݔଵି݊ܽݐ
ଵ

଴
−

1
݊෍ି݊ܽݐଵ ൬

݇
݊൰

௡

௞ୀଵ

൱	 

Let ݂:ℝ → ℝ,݂(ݔ) = (ݔ)ᇱᇱ݂,ݔଵି݊ܽݐ < ݔ∀,0 ∈ ℝ ⇒ ݂′ ↘ and let ݔ ∈ ቂ௞ିଵ
௡

, ௞
௡
ቁ
ெ௏்
ሱ⎯ሮ 

∃ܿ ∈ ቀ௞ିଵ
௡

, ௞
௡
ቁ such that 

௙(௫)ି௙ቀೖ೙ቁ

௫ିೖ೙
= ݂ᇱ(ܿ) ⇒ 

݂ ᇱ ൬
݇ − 1
݊ ൰ >

−(ݔ)݂ ݂ ቀ௞
௡
ቁ

ݔ − ௞
௡

> ݂ᇱ ൬
݇
݊൰ | ⋅ ൬ݔ −

݇
݊൰ < 0 → 

൬ݔ −
݇
݊൰ ݂

ᇱ ൬
݇ − 1
݊ ൰ < −(ݔ)݂ ݂ ൬

݇
݊൰ < ൬ݔ −

݇
݊൰ ݂

ᇱ ൬
݇
݊൰ 

−
1

2݊ଶ ⋅ ݂
ᇱ ൬
݇ − 1
݊ ൰ ≤ න ൭ି݊ܽݐଵݔ − ଵି݊ܽݐ ൬

݇
݊൰
൱

ೖ
೙

ೖషభ
೙

≤ −
1

2݊ଶ ݂
ᇱ ൬
݇
݊൰ , ݊ ≥ 2,݇ ∈ {1,2, … , ݊}	 

Thus, 

−
1

2݊ ⋅෍݂ᇱ ൬
݇ − 1
݊ ൰

௡

௞ୀଵ

≤ ݊ ൭න ݔଵି݊ܽݐ
ଵ

଴
−

1
݊෍ ଵି݊ܽݐ ൬

݇
݊൰

௡

௞ୀଵ

൱ ≤ −
1

2݊ ⋅෍݂ᇱ ൬
݇
݊൰

௡

௞ୀଵ

 

lim
௡→ஶ

1
݊ ⋅෍݂ᇱ ൬

݇ − 1
݊ ൰

௡

௞ୀଵ

= lim
௡→ஶ

1
݊ ⋅෍݂ᇱ ൬

݇
݊൰

௡

௞ୀଵ

= න ݂ ᇱ(ݔ)
ଵ

଴
ݔ݀ =

ߨ
4 

Therefore,  

Ω = lim
௡→ஶ

൭෍න ଵି݊ܽݐ ቆ
ݔ)݊ − ݇)
ݔ݇ + ݊ଶ ቇ݀ݔ

௞

௞ିଵ

௡

௞ୀଵ

൱ = lim
௡→ஶ

݊ ൭න ݔଵି݊ܽݐ
ଵ

଴
−

1
݊෍ ଵି݊ܽݐ ൬

݇
݊൰

௡

௞ୀଵ

൱ = −
ߨ
8 

Reference: 
ROMANIAN MATEMATICAL MAGAZINE-www.ssmrmh.ro 
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J.01 If ܽ, ܾ, ܿ,݀ ∈ ℝ then: 

(2ܽ + 3ܾ + 4ܿ + 5݀)ଶ ≥ 8(3ܾܽ + 5ܽ݀ + 6ܾܿ + 10ܿ݀) 

Proposed by Marian Ursărescu – Romania  

J.02 If ܽ, ܾ, ܿ > 0,݊ ≥ 0,ܽଷ + ܾଷ + ܿଷ = 3 then: 

1
݊ + ܾܽ(ܽ + ܾ) +

1
݊ + ܾܿ(ܾ + ܿ) +

1
݊ + ܿܽ(ܿ + ܽ) ≥

3
݊ + 2

 

Proposed by Marin Chirciu – Romania  

J.03 If ܽ, ܾ, ܿ,݀, ݁, ݂ > 0,ܽ + ݀ = ܾ + ݁ = ܿ + ݂ = 5 then: 

(ܽ + ܾ + ܿ) ൬
1
݀

+
1
݁

+
1
݂
൰ ≤ 3 ൬

ܽ
݀

+
ܾ
݁

+
ܿ
݂
൰ 

Proposed by Daniel Sitaru – Romania  

J.04 If ܽ, ܾ, ܿ > 0,݊ ≥ 0 then: 

ܽଷ

݊ + ܾܽଶ
+

ܾଷ

݊ + ܾܿଶ
+

ܿଷ

݊ + ܿܽଶ
≥

3ܾܽܿ
݊ + ܾܽܿ

 

Proposed by Marin Chirciu – Romania  

J.05 If ܽ, ܾ, ܿ,݀ > 0,ܽ + ܾ + ܿ + ݀ = 1, 0 ≤ ݊ ≤ 1 then: 

ܽଶ

݊ܽ + ܾܿ݀
+

ܾଶ

ܾ݊ + ܿ݀ܽ
+

ܿଶ

݊ܿ + ܾ݀ܽ
+

݀ଶ

݊݀ + ܾܽܿ
≥

16
݊ + 16

 

Proposed by Marin Chirciu, Octavian Stroe – Romania  

J.06 In Δܧ,ܯ,ܥܤܣ ∈ ܨ,ܰ,(ܤܣ) ∈ ሬሬሬሬሬ⃗ܧܣ such that (ܥܣ) = ሬሬሬሬሬ⃗ܤܧ݉ ሬሬሬሬሬ⃗ܨܣ, = ሬሬሬሬሬ⃗ܥܨ݊ ሬሬሬሬሬሬܱ⃗ܯ, = ሬሬሬሬሬሬܱ⃗ܰ݌  and  
ெ஻
ெ஺

= ே஺
ே஼

= ,݊,݉,ߣ ߣ݌ ∈ ℝ∗;݌ ≠ −1, ߣ ≠ 1;݉ ⋅ ݌ = 1. 

Prove that: ܨ,ܱ,ܧ are collinear if and only if ݌ = ݊. 

Proposed by Florică Anastase – Romania  

J.07 If ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞), then in any Δܥܤܣ the following inequality holds: 

ݕ + ݖ
ݔ ℎ௔ +

ݖ + ݔ
ݕ ℎ௕ +

ݔ + ݕ
ݖ ℎ௖ ≥

ଶݎ36

ܴ  

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu – Romania  

J.08 If ݉,݊ ∈ ℝା,݉ + ݊ ∈ ℝା
∗  and ܯ an interior point in Δܥܤܣ, and ݕ,ݔ,  the distances ݖ

from point ܯ to the apices ܥܤܣ and ݓ,ݒ,ݑ the distances from ܯ to the sides 

,[ܥܤ] ,[ܣܥ]  :Prove that .[ܤܣ]

ݔ݉) + ଶ(ݕ݊

ଶݑ + ݓݒ2 +
ݕ݉) + ଶ(ݖ݊

ଶݒ + ݑݓ2 +
ݖ݉) + ଶ(ݔ݊

ଶݓ + ݒݑ2 ≥ 4(݉ + ݊)ଶ 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu – Romania  
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J.09 If ݉ ≥ 1,݊, ݌ ≥ 0, ݊ + ݌ = ,ݕ,ݔ,2݉ ݖ ∈ ℝା
∗ = (0,∞), then in Δܥܤܣ with the area ܨ 

the following inequality holds: 

෍
ݔ) + ௠ܽଶ௠(ݕ ⋅ ܾ௡

௠ݔ ⋅ ℎ௕
௣

௖௬௖

≥
2ହ௠ି௣

3௠ିଵ ⋅  ௡ܨ

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu – Romania  

J.10 If ݉ ≥ ݌,݊,1 ≥ 0,݊ + ݌ = ,ݔ,2݉ ,ݕ ݖ ∈ ℝା
∗ = (0,∞), then in Δܥܤܣ with the area ܨ the 

following inequality holds: 

෍
ݔ) + ௠ܽଶ௠(ݕ ⋅ ܾ௡

௠ݔ ⋅ ℎ௕
௣

௖௬௖

≥
2ହ௠ି௣

3௠ିଵ ⋅  ௡ܨ

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu – Romania  

J.11 In any Δܥܤܣ with the area ܨ the following inequality holds: 

(ℎ௔ଷ + ℎ௕ଷ)ܿହ + (ℎ௕ଷ + ℎ௖ଷ)ܽହ + (ℎ௖ଷ + ℎ௔ଷ)ܾହ ≥  ସܨ3√64

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu – Romania  

J.12 In any Δܥܤܣ the following inequality holds: 
(ℎ௕ + ℎ௖)ܽଷ + (ℎ௖ + ℎ௔)ܾଷ + (ℎ௔ + ℎ௕)ܿଷ ≥  ଶܨ3√16

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu – Romania  
J.13 If ݔ, ,ݕ ݖ ∈ ℝା

∗ = (0,∞), then in any Δܥܤܣ the following inequality holds: 
ݕ + ݖ
ݔ ℎ௔ +

ݖ + ݔ
ݕ ℎ௕ +

ݔ + ݕ
ݖ ℎ௖ ≥

ଶݎ36

ܴ  

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu – Romania  
 J.14  If ݉,݊ ∈ ℝା = [0,∞),݉ + ݊ ∈ ℝା

∗ = (0,∞) then in any Δܥܤܣ with the area ܨ the 
following inequality holds: 

(݉ܽ + ܾ݊)ℎ௖ + (ܾ݉ + ݊ܿ)ℎ௔ + (݉ܿ + ݊ܽ)ℎ௖ ≥ 6(݉ +  ܨ(݊
Proposed by D.M. Bătinețu – Giurgiu, Dan Nănuți – Romania  

J.15  If ݔ, ݖ,ݕ ∈ ℝା
∗ = (0,∞), then in any Δܥܤܣ with the area ܨ the following inequality 

holds: 
ℎ௕ଶݕ) + ℎ௖ଶ)ܽସݖ

ݔ +
ℎ௖ଶݖ) + ℎ௔ଶ)ସܾݔ

ݕ +
ℎ௔ଶݔ) + ℎ௕ଶ)ସܿݕ

ݖ ≥  ଷܨ3√32

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania  

J.15  In any Δܥܤܣ with the area ܨ the following inequality holds: 

(ܽଶ + ܾଶ)ℎ௖ଶ + (ܾଶ + ܿଶ)ℎ௔ଶ + (ܿଶ + ܽଶ)ℎ௕ଶ ≥  ଶܨ24

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania  

J.16  If ݔ, ,ݕ ݖ > 0, then in any Δܥܤܣ the following inequality holds: 

ݕ + ݖ
ݔ ݉௔ +

ݖ + ݔ
ݕ ݉௕ +

ݔ + ݕ
ݖ ݉௖ ≥

ܨ3√4
ܴ  

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania  
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 J.17 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞), then in Δܥܤܣ with the area ܨ the following inequality holds: 

ݔ ⋅ ܽଶ

ݕ) + ℎ௔ଶ(ݖ
+

ݕ ⋅ ܾଶ

ݖ) + ℎ௕ଶ(ݔ
+

ݖ ⋅ ܿଶ

ݔ) + ℎ௖ଶ(ݕ
≥ 2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania  

J.18 If ݉,݊ ∈ ℝା = [0,∞);݉ + ݊ ∈ ℝା
∗ = (0,∞) and ܯ an interior point in Δܥܤܣ and 

,ݔ ,ݕ  to the ܯ the distances from ݓ,ݒ,ݑ and ܥ,ܤ,ܣ to the apices ܯ the distances from ݖ
sides [ܥܤ], ,[ܣܥ]  :then ,[ܤܣ]

ݔ݉) + ଶ(ݕ݊

ݒݑ +
ݕ݉) + ଶ(ݖ݊

ݓݒ +
ݖ݉) + ଶ(ݖ݊

ݑݓ ≥ 12(݉ + ݊)ଶ 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
J.19 Let ܯ be an interior point in Δܥܤܣ and ݀௔, ݀௕,݀௖  the distances from ܯ to the sides 
 :then ,ܤܣ,ܣܥ,ܥܤ

ܽ
݀௔

+
ܾ
݀௕

+
ܿ
݀௖

≥ 6√3 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
J.20  Let ݉,݊ ∈ ℝା = [0,∞),݉+ ݊ =  and ܨ having the area ܥܤܣan interior point in Δ ܯ,4
,ݔ ,ݕ ,and ݀௔ ܥ,ܤ,ܣ to the apices ܯ the distances from ݖ ݀௕ ,݀௖  the distances from ܯ to the 
sides ܤܣ,ܣܥ,ܥܤ. Prove that: 

ଶܽ௠ݔ

݀௔(݀௕ + ݀௖)ℎ௔௡
+

ଶܾ௠ݕ

݀௖(݀௖ + ݀௔)ℎ௕௡
+

ଶݖ ⋅ ܿ௠

݀௖(݀௔ + ݀௕)ℎ௖௡
≥ 2௠ܨଶି௡ 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
J.21 If ݉,݊ ∈ ℝା = [0,∞); 	݉ + ݊ = 3 and ݔ ∈ ℝ then in any Δܥܤܣ with the area ܨ the 
following inequality holds: 

෍
ܽ௠

(ܽ cosଶ ݔ + ܾ sinଶ ℎ௔௡௖௬௖(ݔ

≥ 2௠ିଵ√3ܨଵି௡ 

Proposed by D.M. Bătinețu – Giurgiu– Romania  
 J.22 If ݔ, ݖ,ݕ ∈ ℝା

∗ = (0,∞) then in any ∆ܥܤܣ with ܨ −area the following relationship 
holds: 

ܽݔ
ݕ) + ℎ௔ଷ(ݖ

+
ܾݕ

ݖ) + ℎ௕ଷ(ݔ
+

ܿݖ
ݔ) + ℎ௖ଷ(ݕ

≥
1
 ܨ

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuți-Romania 
J.23 If ݔ, ,ݕ ݖ > 0 then in any ∆ܥܤܣ with ܨ −area the following relationship holds: 

ݔ
ݕ + ௔݉ݖ +

ݕ
ݖ + ݔ ݉௕ +

ݖ
ݔ + ௖݉ݕ ≥

ܨ3√
ܴ  

Proposed by D.M.Bătineţu-Giurgiu,Neculai Stanciu-Romania 

J.24 If ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞) then in any ∆ܥܤܣ with ܨ −area the following relationship 

holds: 

ݕ + ݖ
ℎ௕ݔ

ܾܿଶ +
ݖ + ݔ
ℎ௖ݕ

ܿܽଶ +
ݔ + ݕ
ℎ௔ݖ

ܾܽଶ ≥  ܨ16

Proposed by D.M.Bătineţu-Giurgiu-Romania 
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J.25 If ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞) then in any ∆ܥܤܣ with ܨ −area the following relationship 

holds: 
ݕ + ݖ
ℎ௕ℎ௖ݔ

ܾܿ +
ݖ + ݔ
ℎ௖ℎ௔ݕ

ܿܽ +
ݔ + ݕ
ℎ௔ℎ௕ݖ

ܾܽ ≥ 8 

Proposed by D.M.Bătineţu-Giurgiu-Romania 
 

J.26 If ݉ ≥ ,ݔ;0 ,ݕ ݖ > 0 then in any ∆ܥܤܣ with ܨ −area the following relationship holds: 
௠ାଶݔ

ݕ) + ௠(ݖ ܽ
ସ௠ାସ +

௠ାଶݕ

ݖ) + ௠(ݔ ܾ
ସ௠ାସ +

௠ାଶݖ

ݔ) + ௠(ݕ ܿସ௠ାସ ≥
2ଷ௠ାସ

3௠ାଵ ݕݔ) + ݖݕ +  ଶ(௠ାଵ)ܨ(ݔݖ

Proposed by D.M.Bătineţu-Giurgiu,Dan Nănuți-Romania 
J.27 If ݔ, ,ݕ ݖ > 0 then in any ∆ܥܤܣ with ܨ −area the following relationship holds: 

ݕ + ݖ
ݔ ݉௔

ଶ +
ݖ + ݔ
ݕ ݉௕

ଶ +
ݔ + ݕ
ݖ ݉௖

ଶ ≥
ଶܨ24

ܴଶ  

Proposed by D.M.Bătineţu-Giurgiu, Dan Nănuți-Romania 

J.28 If Δܣᇱܤᇱܥᇱ is the circumcevian triangle of ܭ – Lemoine’s point in Δܥܤܣ then: 
ᇱܣܭ

ܣܭ +
ᇱܤܭ

ܤܭ +
ᇱܥܭ

ܥܭ ≥
(ܽ + ܾ + ܿ)ଶ

ܽଶ + ܾଶ + ܿଶ 

Proposed by Marian Ursărescu – Romania  
J.29 If in Δܭ,ܥܤܣ – Lemoine’s point then: 

ଶܭܣ + ଶܭܤ + ଶܭܥ ≥
ܾܽܿ(ܽ + ܾ + ܿ)
ܽଶ + ܾଶ + ܿଶ  

Proposed by Marian Ursărescu – Romania  
 

J.30 In Δܩ,ܥܤܣ – centroid, ܧ ∈ ܨ,(ܤܣ) ∈  ,collinears – ܩ,ܨ,ܧ,(ܥܣ)
ܵଵ = ,[ܨܧܣ] ܵଶ =  :It’s possible that .[ܨܥܤܧ]

ܵଵ
ܵଶ

<
4
5 ? 

Proposed by Marian Ursărescu – Romania  
J.31 In acute Δܥܤܣ the following relationship holds: 

ݔ +
݉௔

௔ݓ
+
݉௕

௕ݓ
+
݉௖

௖ݓ
≤
ݔ)ܴ + ௔ݎ)(3 + ௕ݎ + (௖ݎ

ℎ௔)ݎ2 + ℎ௕ + ℎ௖) ݔ, ≥ −
9
5 

Proposed by Marin Chirciu – Romania 

J.32 If 0 ≤ ݔ ≤ √଺
ଷ

 then: 

ට2ݔଶ + ൫√2 − √6൯ݔ + 2 + ට2ݔଶ − ൫√2 + √6൯ݔ + 2 ≥ 2 

Proposed by Daniel Sitaru,Elena Nicolae – Romania  

J.33 In Δܥܤܣ the following relationship holds: 

ℎ௔ଷℎ௕ + ℎ௕ଷℎ௖ + ℎ௖ଷℎ௔ ≥
ସ(5ܴݎ54 − (ݎ

ܴ  

Proposed by Marian Ursărescu – Romania  
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J.34 In Δܥܤܣ the following relationship holds: 

݉௔
ଷ݉௕ + ݉௕

ଷ݉௖ + ݉௖
ଷ݉௔ ≥ ଷ(2ܴݎ81 −  (ݎ

Proposed by Marian Ursărescu – Romania  

J.35 In Δܥܤܣ the following relationship holds: 

௔ଷݎ

௕ଶݎ
+
௕ଷݎ

௖ଶݎ
+
௖ଷݎ

௔ଶݎ
≥  3√ݏ

Proposed by Marian Ursărescu – Romania  

J.36 If ݔ, ,ݕ ,ݖ ݊ > 0, ݔ + ݕ + ݖ = 3݊ଶ then: 

1
2݊ − ݔ√

+
1

2݊ − ඥݕ
+

1
2݊ − ݖ√

≥
3
݊ 

Proposed by Marin Chirciu – Romania  

J.37 Let Δܨܧܦ be the pedal triangle of ܲ ∈  :Prove that .ܥܤܣin Δ (ܥܤܣΔ)	ݐ݊ܫ

߮ =
ܲܣ ⋅ ܲܤ ⋅ ܲܥ
2(ܴଶ − ܱܲଶ) 

߮ – circumradii of Δܨܧܦ,ܴ – circumradii of Δܥܤܣ 

Proposed by Mehmet Șahin – Ankara – Turkey  

J.38  If in Δ(ܥܤܣ∢)݉,ܥܤܣ = (ܤܥܣ∢)݉,∘20 = 60∘ then: 

ܾ(ܽ + ܾ + ܿ) = ܿଶ 

Proposed by Mehmet Șahin – Ankara – Turkey  

J.39 Find the real solution of the equation 

ଶݔ −
1
ଶݔ + ݔ√ −

1
ݔ√

=
1 + √5

2  

Proposed by Srinivasa Raghava-AIRMC-India 
J.40 In Δܥܤܣ the following relationship holds: 

ℎ௔ + ℎ௕ + ℎ௖ ≤ ඥ2ܴݎ + ଶݎ5 ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ 

Proposed by Alex Szoros – Romania  
 

J.41 In Δܥܤܣ the following relationship holds: 

൬
ܴ
ݎ +

1
2൰

ఒ

≥ 1 +
ߣ
2ቆ

ܽଶ

ܾܿ +
ܾଶ

ܽܿ +
ܿଶ

ܾܽቇ , ߣ ≥ 1 

Proposed by Alex Szoros – Romania  
J.42 If ܽ,ܾ, ܿ > 0,݊ ≥ 1 then: 

ܽ
݊ܽ + ܾ + ܿ +

ܾ
ܾ݊ + ܿ + ܽ +

ܿ
݊ܿ + ܽ + ܾ ≥

27
(݊ + 2)(ܽ + ܾ + ܿ)(ܾܽ + ܾܿ + ܿܽ) 

Proposed by Marin Chirciu – Romania 
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J.43 If ܽ,ܾ, ܿ > 0 then: 
ܾܽ√ܾܽ

(ܽ + ܾ)ଷ +
ܾܿ√ܾܿ

(ܾ + ܿ)ଷ +
ܿܽ√ܿܽ

(ܿ + ܽ)ଷ +
3(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)

64ܾܽܿ ≥
3
4 

Proposed by Marin Chirciu – Romania 
J.44 If ܽ,ܾ, ܿ > 0 then: 

ܽଶܾଶ

(ܽ + ܾ)ସ +
ܾଶܿଶ

(ܾ + ܿ)ସ +
ܿଶܽଶ

(ܿ + ܽ)ସ +
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)

32ܾܽܿ ≥
7

16 

 
Proposed by Marin Chirciu – Romania 

J.45 If ܽ,ܾ, ܿ > 0 and 2݊ ∈ ℕ then: 
ܽ௡ܾ௡

(ܽ + ܾ)ଶ௡ +
ܾ௡ܿ௡

(ܾ + ܿ)ଶ௡ +
ܿ௡ܽ௡

(ܿ + ܽ)ଶ௡ +
2݊(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)

2ଶ௡ାଷܾܽܿ ≥
2݊ + 3

2ଶ௡  

 
Proposed by Marin Chirciu – Romania 

J.46 If ܽ,ܾ, ܿ > 0 and ݊ ∈ ℕ, ݊ ≥ 2 then: 

ඨ ܽ
ܾ + ܿ +

ܾ
ܿ + ܽ

೙
+ ඨ ܾ

ܿ + ܽ +
ܿ

ܽ + ܾ
೙

+ ට
ܿ

ܽ + ܾ +
ܽ

ܾ + ܿ
೙

≥ 3 

Proposed by Marin Chirciu – Romania 
J.47 If ܽଵ, ܽଶ, … ,ܽ௡ > 0,ܽଵ + ܽଶ + ⋯+ ܽ௡ = ݊, ,݌ ݇ ∈ ℕ then: 

෍ቆ
ܽ௜
௣ାଵ + 1
ܽ௜
௣ + 1

ቇ
௞௡

௜ୀଵ

≥ ݊ 

Proposed by Marin Chirciu – Romania 
J.48 In Δܥܤܣ the following relationship holds: 

݉௔ cosܣ + ݉௕ cosܤ + ݉௖ cos ܥ ≤
1

9ܴ ቆ
2ܴଶ + ଶݎ

ݎ ቇ
ଶ

 

Proposed by Marian Ursărescu – Romania  
J.49 If ܽ,ܾ > 0 then: 

൬
5ܽ
2 +

5ܾ
2 + 3√ܾܽ +

4ܾܽ
ܽ + ܾ൰ ൬ܽ + ܾ + 3√ܾܽ +

10ܾܽ
ܽ + ܾ൰ ≤ 25(ܽ + ܾ)ଶ 

Proposed by Daniel Sitaru,Luiza Dumitrescu – Romania  
J.50 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧ ,ݔ ,ݕ ݖ > 0

ݕݔ
ඥ(1 + ଶ)(1ݔ + (ଶݕ

+
ݖݕ

ඥ(1 + ଶ)(1ݕ + (ଶݖ
+

ݔݖ
ඥ(1 + ଶ)(1ݖ + (ଶݔ

=
3
4

ݕݔ + ݖݕ + ݔݖ = 3

 

Proposed by Daniel Sitaru,Delia Popescu – Romania  

J.51 If ݔ ∈ ቀ0, గ
ଶ
ቁ ,݊ ∈ ℕ,ܮ௡ – Lucas numbers, ܨ௡ – Fibonacci numbers then: 

sinଶ ݔ ⋅ ௡ଶܮ

sinଶ ݔ + ௡ଶܮ
+

cosଶ ݔ ⋅ ௡ାଵଶܮ

cosଶ ݔ + ௡ାଵଶܮ <
ଶ௡ାଵܨ5

1 + ଶ௡ାଵܨ5
 

Proposed by Daniel Sitaru,Liliana Argetoianu – Romania  
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J.52 If ݊,݉ ∈ ℕ,ܮ௡ – Lucas numbers, ܨ௡ – Fibonacci numbers then: 

ඥܨ௡ܨ௠ଶܮ௠ܮ௡ଶ
య + ඥܨ௠ܨ௡ଶܮ௡ܮ௠ଶ

య ≤  ௠ା௡ܨ2

Proposed by Daniel Sitaru,Eugenia Turcu – Romania  

J.53 If ܨ௡ – Fibonacci numbers then: 

4
2 + ଶ௡ାଶܨଶ௡ܨ

+
4

2 + ଶ௡ାସܨଶ௡ାଶܨ
+

4
3 + ଶ௡ା଺ଶܨ < 1 + ଶ௡ାଵିଶܨ + ଶ௡ାଷିଶܨ + ଶ௡ା଺ିଶܨ ,݊ ∈ ℕ 

Proposed by Daniel Sitaru,Roxana Vasile – Romania  

J.54 In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

෍
݊௔ + ௔ݎ

݉௔ + ௕ݓ + ௖௖௬௖ݓ

≥ 2 

Proposed by Bogdan Fuștei – Romania 

J.55 In Δܥܤܣ,݊௔ – Nagel’s cevian, ݃௔ – Gergonne cevian, the following relationship holds: 

෍
݉௔

sinܣ
௖௬௖

≥෍
݊௔ଶ + ݃௔ଶ + ௔ݎݎ2

ܾ + ܿ
௖௬௖

ඨܾ + ܿ − ܽ
ܽ  

Proposed by Bogdan Fuștei – Romania 

J.56 In Δܥܤܣ,݃௔ – Gergonne cevian, the following relationship holds: 

෍
݃௔
ℎ௔௖௬௖

≤ ඨ5 +
2ܴ
ݎ  

Proposed by Bogdan Fuștei – Romania 
 

J.57 In Δܥܤܣ,݊௔ – Nagel’s cevian, ݃௔ – Gergonne cevian, ߱ – Brocard’s point the following 
relationship holds: 

4 ൬1 +
1

2 sin߱൰ ≤෍
݊௔ଶ + ݃௔ଶ + 2݉௔ݓ௔

ℎ௔ଶ௖௬௖

 

Proposed by Bogdan Fuștei – Romania 
 

J.58 In Δܥܤܣ,݃௔ – Gergonne cevian, the following relationship holds: 
4ܴ
ݎ ≥ 5 + ෍

݉௔
ଶݓ௔ଶ

݃௔ଶℎ௔ݎ௔௖௬௖

 

Proposed by Bogdan Fuștei – Romania 
J.59 In Δܥܤܣ,݊௔ – Nagel’s cevian, ݃௔ – Gergonne cevian, the following relationship holds: 

ܴ
ݎ ≥

5ܴ − ݎ + ∑ ௡ೌ௚ೌ
௛ೌ

ℎ௔ + ℎ௕ + ℎ௖
≥

5ܴ − ݎ + ∑௠ೌ௪ೌ
௛ೌ

ℎ௔ + ℎ௕ + ℎ௖
≥

9ܴ
ℎ௔ + ℎ௕ + ℎ௖

≥
௔ݎ)2 + ௕ݎ + (௖ݎ
ℎ௔ + ℎ௕ + ℎ௖

≥ 2 

Proposed by Bogdan Fuștei – Romania 
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J.60 In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

2 ൬
ܴ
ݎ − 1൰෍ℎ௔

௖௬௖

= 4ܴ + ݎ + ෍
݊௔ଶ

௔௖௬௖ݎ

 

Proposed by Bogdan Fuștei – Romania 

J.61  In Δܥܤܣ the following relationship holds: 

෍ඨ
݉௔

௔ℎ௕ℎ௖௖௬௖ݓ

≥
1
 ݎ

Proposed by Bogdan Fuștei – Romania 
J.62 In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

ෑቌඨ
௔(݊௔ݎ2 + ℎ௔)

௔ଶݓ
− 1ቍ

௖௬௖

≤
ܴ
 ݎ2

Proposed by Bogdan Fuștei – Romania 
J.63 In ∆ܥܤܣ the following relationship holds: 

ඥ݉௕݉௖ܣ݊݅ݏ + ඥ݉௖݉௔ܤ݊݅ݏ + ඥ݉௔݉௕ܥ݊݅ݏ ≤
9√3ܴ

4  

Proposed by Ionuţ Florin Voinea-Romania 
J.64 Solve for real numbers: 

ඥݔ଻ − ସఱݔ6 = ඥݔହ + ସళݔ6  

Proposed by Ionuţ Florin Voinea-Romania 

J.65 ܦܥܤܣ −tangential quadrilateral, ܱ −incenter, ܣଵ,ܤଵܥଵ,ܦଵ −intersection points of 
incircle with ܱܦ,ܱܥ,ܱܤ,ܱܣ. Prove that: 

ଵܣܣ + ଵܤܤ + ଵܥܥ + ଵܦܦ ≥ 4൫√2 − 1൯ܴ 
Proposed by Ionuţ Florin Voinea-Romania 

J.66 If ݔ, ,ݕ ,ݖ ݐ ∈ ቀ0, గ
ଶ
ቁ then: 

1
ඥݔ݊݅ݏ ⋅ ݕ݊݅ݏ ⋅ ݖ݊݅ݏ ⋅ ݐ݊݅ݏ

+
1

ඥܿݔݏ݋ ⋅ ݕݏ݋ܿ ⋅ ݖݏ݋ܿ ⋅ ݐݏ݋ܿ
≥ 4 

Proposed by Ionuţ Florin Voinea-Romania 
 

J.67 In ∆ܥܤܣ the following relationship holds: 

ܣݏ݋ܿ
ඥݎ௕ݎ௖

+
ܤݏ݋ܿ
ඥݎ௖ݎ௔

+
ܥݏ݋ܿ
ඥݎ௔ݎ௕

≤
1

 ݎ2

Proposed by Ionuţ Florin Voinea-Romania 

 

J.68 If ݔ, ,ݕ ݖ ∈ ℝ − ℤ then exists ݉,݊ ∈ ℤ ∩ [−9,9],݉ଶ + ݊ଶ ≠ 0 such that: 

{ݔ}݉| + |{ݕ}݊ < ଵ
ଵ଴

,				{∗} =∗ −[∗],			[∗]−GIF. 

Proposed by Ionuţ Florin Voinea-Romania 
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J.69 If ݔ > 0 then: 

2{௫} + 2ቄ
భ
ೣቅ < ଻

ଶ
{ݔ}			, = ݔ − ,[ݔ] [∗] −GIF. 

Proposed by Ionuţ Florin Voinea-Romania 

J.70  If ݔ, ,ݕ ,ݖ ݐ > 0 then: 

(2 + ଶ)(2ݔ + ଶ)(2ݕ + ଶ)(2ݖ + (ଶݐ > 18൫ඥݕݔ + ൯ݐݖ√
ଶ
 

Proposed by Ionuţ Florin Voinea-Romania 

J.71 If ݔ, ݕ ∈ ቀ0, గ
ଶ
ቁ then: 

1
ඥݕ݊݅ݏݔ݊݅ݏ

+
1

ඥܿݕݏ݋ܿݔݏ݋
≥ 2√2 

Proposed by Ionuţ Florin Voinea-Romania 

J.72 Let ܥܤܣ be a triangle. Let ܲ,ܳ are the points on ܥܤ such that ܲܤ = ܲܳ =  Let ܴ be .ܥܳ

the mid point of ܥܣ. Let ܴܤ intersect ܲܣ and ܳܣ in ܯ and ܰ respectively. 

Find Ω = ቀ ௔௥(୼஺ெோ)
௔௥(௤௨௔ௗ.		ெோ஼௉)

+ ௔௥(୼஺ெே)
௔௥(୼஺ேோ)

ቁ 

Proposed by Rajeev Rastogi – India  

J.73 Find the value of ܭ such that 

1 × 5 × 9 × 13 × 17 × … × 2021 ≡  (1000	݀݋݉)ܭ

Proposed by Rajeev Rastogi – India  

J.74 Let ܵ(݊) denotes the sum of digits of a natural number ݊, then find the number of all 3 – 

digit numbers ݊ satisfying the inequality: 

ܵସ(݊)− 40ܵଷ(݊) + 401ܵଶ(݊)− 40ܵ(݊) + 400 ≤ 0 

Proposed by Rajeev Rastogi – India  

J.75 Find the reminder, when the number 

2019ଶ଴ଶ଴మబమభ  is divided by 7 

Proposed by Rajeev Rastogi – India  

J.76 Find number of irreducible fractions which can be written simultaneously in the forms  
଻௔ାଶ
ହ௔ାଵ

 and ସ௕ିଵ
ଷ௕ାଶ

	 for some integers ܽ and ܾ. 

Proposed by Rajeev Rastogi – India  

J.77 Prove that  2020 cannot be expressed as a sum of six odd perfect square numbers. 

Proposed by Rajeev Rastogi – India  
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J.78 Suppose ݔ is a non-zero real number such that ቀ2020ݔଶ − ଶ଴ଵଽ
௫
ቁ and ݔଶ଴ଶଵ are both 

rational numbers. Also ݔ = ݌ + ௥
௫మ

 (where ݌, ݎ ∈ ܳ). Prove that ݔ is also a rational number. 

Proposed by Rajeev Rastogi – India  

J.79 Given ݔ be the least prime divisor of the number ቤ 000 … 0ᇣᇧᇤᇧᇥ
ଶ଴ଵ଼	௧௜௠௘௦

ቤ also 

(మೣ)(ଶ௫)(ݔ2) ≡  ܭ then find ,(100	݀݋݉)ܭ

Proposed by Rajeev Rastogi – India  

J.80  In ∆ܥܤܣ the following relationship holds: 

ܴ)ݎ2 − (ݎ2 + ଶݏ ≤ ݉௔
ଶ + ݉௕

ଶ + ݉௖
ଶ ≤

27ܴଶ

4  

ℎ௔ଶ + ℎ௕ଶ + ℎ௖ଶ + ܴ)ݎ3 − (ݎ2 ≤  ଶݏ

Proposed by Nguyen Van Canh-Vietnam 

J.81 In ∆ܥܤܣ the following relationship holds: 

ℎ௔ଶ + ℎ௕ଶ + ℎ௖ଶ + ܴ)ݎ3 − (ݎ2 ≤ ௔ଶݓ + ௕ݓ
ଶ +  ௖ଶݓ

ℎ௔ଶ + ℎ௕ଶ + ℎ௖ଶ + ܴ)ݎ5 − (ݎ2 ≤  ଶݏ

Proposed by Nguyen Van Canh-Vietnam 

J.82 If ݔ, ,ݕ ݖ > 0 then: 

ඨ
ݕ + ݖ
ݔ +

ݖ + ݔ
ݕ +

ݔ + ݕ
ݖ + 2 ⋅ ඨ

ݕݔ + ݖݕ + ݔݖ
ଶݔ + ଶݕ + ଶݖ ≥ √6 + 2 

Proposed by Nguyen Van Canh-Vietnam 
J.83 In ∆ܥܤܣ the following relationship holds: 

ඨ
1
݉௔
ଶ +

1
݉௕
ଶ +

1
݉௖
ଶ ≤

݉௔ + ݉௕ + ݉௖

ܨ3 ≤
3ܴ
ܨ2  

Proposed by Nguyen Van Canh-Vietnam 
J.84 In ∆ܥܤܣ the following relationship holds: 

௔ଶݓ + ௕ݓ
ଶ + ௖ଶݓ +

ܴ)௔݉ݎ2 − (ݎ2
ℎ௔

≥  ଶݏ

Proposed by Nguyen Van Canh-Vietnam 
 

J.85 In ∆ܥܤܣ, ܫ −incenter, ܴ, ݎ −its circumradius and inradius. If ܴ௔,ܴ௕ ,ܴ௖ −are the 

circumradii of the triangles ܥܤܫ, ,ܣܥܫ  :then prove that ,ܤܣܫ

ݎ2 ≤ ඥܴ௔ ⋅ ܴ௕ ⋅ ܴ௖య ≤ ܴ 

Proposed by Dorin Mărghidanu-Romania 
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J.86 If ݔ ≥ ݅, ݅ = 1,݊തതതതത such that ଵ
௫భ

+ ଶ
௫మ

+ ⋯+ ௡
௫೙

= ݊ − 1, then 

ඥݔଵ + ଶݔ + ⋯+ ௡ݔ ≥ ඥݔଵ − 1 + ඥݔଶ − 2 + ⋯+ ඥݔ௡ − ݊ 

Proposed by Dorin Mărghidanu-Romania 

J.87 If ݔ, ,ݕ ,݉,ݖ ݊ are strictly positive real numbers, prove that: 

ݔ)2݉݊ + ݕ + (ݖ +
ݔ݉) + ݔ݊)(ݕ݊ + (ݕ݉

ݔ + ݕ +
ݕ݉) + +ݕ݊)(ݖ݊ (ݖ݉

ݕ + ݖ

+
ݖ݉) + ݖ݊)(ݔ݊ + (ݔ݉

ݖ + ݔ ≤
(݉ + ݊)ଶ(ݔ + ݕ + (ݖ

2  

Proposed by Dorin Mărghidanu-Romania 

J.88 If ݔ௜,ܽ௜  are real numbers such that ݔ௜ ≥ ܽ௜ > 0, ݅ = 1,݊തതതതത then prove that 

ܽଵ
ଵݔ

+
ܽଶ
ଶݔ

+ ⋯+
ܽ௡
௡ݔ

+
൫√ݔଵ − ܽଵ + ଶݔ√ − ܽଶ + ⋯+ ඥݔ௡ − ܽ௡൯

ଶ

ଵݔ + ଶݔ + ⋯+ ௡ݔ
≤ ݊ 

Proposed by Dorin Mărghidanu-Romania 
J.89 If ܽଵ, ܽଶ, … ,ܽ௡ > 0 and ܽଵ + ܽଶ + ⋯+ ܽ௡ = ܵ, then 

൬
ܵ
ܽଵ
− 1൰

௔భ
⋅ ൬
ܵ
ܽଶ
− 1൰

௔మ
⋅ … ⋅ ൬

ܵ
ܽ௡

− 1൰
௔೙
≤ (݊ − 1)ௌ 

Proposed by Dorin Mărghidanu-Romania 
J.90 If ܽ,ܾ are real numbers, prove that 

∑ (−1)௞ܽଶ௡ି௞ܾ௞ଶ௡
௞ୀ଴
∑ ܽଶ௡ି௞ܾ௞ଶ௡
௞ୀ଴

≥
1

2݊ + 1 

Proposed by Dorin Mărghidanu-Romania 
J.91 If ܽଵ, ܽଶ, … ,ܽ௡ > 0 and ܽଵ + ܽଶ + ⋯+ ܽ௡ = ܵ, then 

ܽଵ ⋅ ඨ
ܽଵ

ܵ − ܽଵ
+ ܽଶ ⋅ ඨ

ܽଶ
ܵ − ܽଶ

+ ⋯+ ܽ௡ ⋅ ඨ
ܽ௡

ܵ − ܽ௡
≥

ܵ
√݊ − 1

 

Proposed by Dorin Mărghidanu-Romania 
J.92 If ܽଵ, ܽଶ, ଵܾ ,ܾଶ ∈ ℝ then prove 

(1 + ܽଵସ)(1 + ܽଶସ)(1 + ܾଵସ)(1 + ܾଶସ) ≥ (ܽଵ ଵܾ + ܽଶܾଶ)ସ 
Proposed by Dorin Mărghidanu-Romania 

 
J.93 In Δܥܤܣ the following relationship holds: 

1
ܴଶ ≤

ܽ
ܾଷ +

ܾ
ܿଷ +

ܿ
ܽଷ ≤

1
ݎ2
ඨቀ

ܽ
ܾଶ
ቁ
ଶ

+ ൬
ܾ
ܿଶ൰

ଶ

+ ቀ
ܿ
ܽଶ
ቁ
ଶ
 

Proposed by Florică Anastase – Romania 
J.94 If ܽ,ܾ, ܿ,݀ > 1 then: 

log ܾ
logଶ(ܽଶܾ) +

log ܿ
logଶ(ܽଶܾଶܿ) +

log݀
logଶ(ܽଶܾଶܿଶ݀) <

log √ܾܿ݀ర

logܽ ⋅ log(ܾܽܿ݀) 

Proposed by Florică Anastase – Romania 
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J.95 In Δܥܤܣ the following relationship holds: 

ݏ
ܴଶ ≤෍

sinܣ ⋅ sinܤ
sinܣ + sinܤ

௖௬௖

≤
1

2ܴ +
2ܴ)ݏ − (ݎ

3  

Proposed by Florică Anastase – Romania 

J.96 If ܽ௜ ,ܾ௜ ∈ (1,∞),∀݅ = 1,݊ such that: ௔భ
మ

௔భమା
భ
್భ
మ

+ ௔మ
మ

௔మమା
భ
್మ
మ

+ ⋯+ ௔೙మ

௔೙మା
భ
್೙మ

= ݊ − 1 then prove: 

ෑ log௔೔൫ܽ௜
௕೔ − ܽ௜൯

௡

௜ୀଵ

⋅ log௕௜൫ ௜ܾ
௔೔ − ܾ௜൯ ⋅ log௔೔൫ܽ௜

௕೔ + ܽ௜൯ ⋅ log௕೔൫ ௜ܾ
௔೔ + ܾ௜൯ ≤ (݊ − 1)௡ 

Proposed by Florică Anastase – Romania 

J.97 Let ܯ an interior point in Δܥܤܣ with the area ܨ and ݔ஺ = ஻ݔ,ܣܯ = ஼ݔ,ܤܯ =  .ܥܯ

Prove that: 

ܽଶݔ஺ଶ + ܾଶݔ஻ଶ + ܿଶݔ஼ଶ ≥
16
3  ଶܨ

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

J.98 If ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞), then in any Δܥܤܣ with the area ܨ the following inequality 

holds: 

ℎ௕ଶݕ) + ℎ௖ଶ)ܽ଺ݖ

ݔ +
ℎ௖ଶݖ) + ℎ௔ଶ)ܾ଺ݔ

ݕ +
ℎ௔ଶݔ) + ℎ௕ଶ)ܿ଺ݕ

ݖ ≥  ସܨ128

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

J.99 If ݉,݊ ≥ 0,݉ + ݊ = 3, ݔ ∈ ℝ then in any Δܥܤܣ with the area ܨ the following inequality 
holds: 

෍
ܽ௠

(ܽ sinଶ ݔ + ܾ cosଶ ℎ௔௡௖௬௖(ݔ

≥ 2௠ିଵ√3ܨଵି௡ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
 

J.100 Let ݊ ∈ ℕ, ݊ ≥ 2; ݕ,௞ݔ,ܾ,ܽ ∈ ℝା
∗ = (0,∞),݇ = 1, ݊,ܺ௡ = ∑ ௞௡ݔ

௞ୀଵ , ܿ ∈ ℝା = [0,∞) 
such that ܽܺ௡ > ܾ ⋅maxଵஸ୩ஸ୬  :௞, thenݔ

෍
௞ݔ

ܽܺ௡ − ௞ݔܾ + ݕܿ

௡

௞ୀଵ

≥
݊ܺ௡

(ܽ݊ − ܾ)ܺ௡ +  ݕ݊ܿ

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
 

J.101  In any Δܥܤܣ the following inequality holds: 

௔య

௛್ା௛೎
+ ௕య

௛೎ା௛ೌ
+ ௖య

௛ೌା௛್
≥  .is the triangle’s area ܨ where ܨ4

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
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J.102 If ݉,݊ ≥ 0,݉ + ݊, ,ݕ,ݔ ݖ ∈ ℝା
∗ = (0,∞) and Δܥܤܣ with the area ܨ, then: 

෍
ݔ)݉ + (ݕ + ݕ)݊ + (ݖ

ݔ݊ + ݖ݉
௖௬௖

ܽସ ≥  ଶܨ32

Proposed by D.M. Bătinețu – Giurgiu– Romania  

J.103 If ݉ ≥ 0, then in any Δܥܤܣ the following inequality holds: 

ݔ)݉ + (ݕ + ݔ + ݖ
ݕ + ݖ݉ ܽଶ +

ݕ)݉ + (ݖ + ݕ + ݔ
ݖ + ݔ݉ ܾଶ +

ݖ)݉ + (ݔ + ݖ + ݕ
ݔ + ݕ݉ ≥  ܨ3√8

where ܨ is the area of Δݕ,ݔ∀ ,ܥܤܣ, ݖ ∈ ℝା = [0,∞). 

Proposed by D.M. Bătinețu – Giurgiu – Romania  

J.104 If ݉ ≥ ,ݔ,0 ,ݕ ݖ ∈ ℝା
∗ = (0,∞) and Δܥܤܣ with the area ܨ, then: 

෍
ݔ)݉ + (ݕ + ݕ + ݖ

ݔ + ݖ݉
௖௬௖

ܽସ ≥  ଶܨ32

Proposed by D.M. Bătinețu – Giurgiu – Romania  

J.105 Let ܯ be an interior point in Δݕ,ݔ ,ܥܤܣ,  to the apices ܯ the distances from point ݖ

 :Prove that .ܤܣ,ܣܥ,ܥܤ to the sides ܯ the distances from ݓ,ݒ,ݑ and ܥ,ܤ,ܣ

ସݔ

ଶ(ݓݒ) +
ସݕ

ଶ(ݑݓ) +
ସݖ

ଶ(ݒݑ) ≥ 48 

Proposed by D.M. Bătinețu – Giurgiu– Romania  

J.106 Let ݉, ݊ ∈ ℝା = [0,∞);݉ + ݊ ∈ ℝା
∗ = (0,∞). So in Δܥܤܣ triangle with the area ܨ 

the following inequality holds: 

ݕ + ݖ
ݔ

(ܾ݉ + ݊ܿ)ଶ +
ݖ + ݔ
ݕ

(݉ܿ + ݊ܽ)ଶ +
ݔ + ݕ
ݖ

(݉௔ + ݊௕)ଶ ≥ ݐ ⋅  ܨ

,ݕ,ݔ∀ ݖ ∈ ℝା
∗ , then: 

ݒ + ݓ
ݑ

(ܾ݉ + ݉ܿ)ସ +
ݓ + ݑ
ݒ

(݉ܿ + ݊ܽ)ସ +
ݑ + ݒ
ݓ

(݉ܽ + ܾ݊)ସ ≥
ଶܨଶݐ

6  

,ݑ∀ ݓ,ݒ ∈ ℝା
∗ . 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

J.107 If ݉,݊ ∈ ℝା = [0,∞); 	݉ + ݊ = 2 then in any Δܥܤܣ with the area ܨ the following 

inequality holds: 

(ܽଶ + ܾଶ)ݓ௖௠

ܿ௡ +
(ܾଶ + ܿଶ)ݓ௔௠

ܽ௡ +
(ܿଶ + ܽଶ)ݓ௕

௠

ܾ௡ ≥ 3 ⋅ 2௠ାଵܨ௠  

Proposed by D.M. Bătinețu – Giurgiu, Dan Nănuți – Romania  



Romanian Mathematical Society-Mehedinți Branch 2022 
 

58 ROMANIAN MATHEMATICAL MAGAZINE NR. 32 
 

J.108 If ݉,݊,݌, ,ݐ ݑ ∈ ℝା
∗ = (0,∞) then in any ∆ܥܤܣ with ܨ −area the following relationship 

holds: 

෍
(݉ܽ + ܾ݊)ସ

ܽ݌ + ܾݐ + ݊ܿ
௖௬௖

≥
12(݉ + ݊)ସܴܨ
݌ + ݐ + ݑ  

Proposed by D.M.Bătineţu-Giurgiu,Gabriel Tică-Romania 

J.109 If ݐ ≥ ,ݕ,ݔ;0 ݖ > 0 then in any ∆ܥܤܣ with ܨ −area the following relationship holds: 

ݔ + ݐ
ݕ + ݖ + ݐ2 ݉௔

ଶ +
ݕ + ݐ

ݖ + ݔ + ௕݉ݐ2
ଶ +

ݖ + ݐ
ݔ + ݕ + ௖݉ݐ2

ଶ ≥
ܨ3√3

2ܴ  

Proposed by D.M.Bătineţu-Giurgiu-Romania 

J.110 If ݔ, ,ݕ ݖ > 0 then in any ∆ܥܤܣ with ܨ −area the following relationship holds: 

ଶݕ + ଶݖ

ଶݔ ℎ௔ଶ +
ଶݖ + ଶݔ

ଶݕ ℎ௕ଶ +
ଶݔ + ଶݕ

ଶݖ ℎ௖ଶ ≥ 4 ൬
ܨ
ܴ൰

ଶ

 

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuți-Romania 

J.111 If ݉ ≥ 0; ,ݔ ,ݕ ݖ > 0 then in any ∆ܥܤܣ with ܨ −area the following relationship holds: 
௠ାଵݔ + ௠ାଵݕ

௠ାଵܽଶݖ ℎ௔௠ିଵ +
௠ାଵݕ + ௠ାଵݖ

௠ାଵܾଶݔ ℎ௕௠ିଵ +
௠ାଵݖ + ௠ାଵݔ

௠ାଵܿଶݕ ℎ௖௠ିଵ ≥ 2௠൫√3൯
௠ାଵ ௠ିଵܨ

ܴ௠ାଵ 

Proposed by D.M.Bătineţu-Giurgiu, Claudia Nănuți-Romania 
 

J.112 If ݔ, ,ݕ ݖ > 0 then in any ∆ܥܤܣ with ܨ −area the following relationship holds: 
ݕ + ݖ
ݔ ܽ +

ݖ + ݔ
ݕ ܾ +

ݔ + ݕ
ݖ ܿ ≥ 4√27ర  ܨ

Proposed by D.M.Bătineţu-Giurgiu,Claudia Nănuți-Romania 
 

J.113 In any triangle ܥܤܣ with ݏ −semiprimeter, the following relationship holds: 
݉௔

ܾݐ + ܿݑ +
݉௕

ܿݐ + ܽݑ +
݉௖

ܽݐ + ܾݑ ≥
ݏ

ݐ) + ܴ(ݑ ,ݐ∀, ݑ ≥ 0, ݐ + ݑ > 0 

Proposed by D.M.Bătineţu-Giurgiu,Neculai Stanciu-Romania 
 

J.114 If ݉ ∈ ℕ,ܯ ∈ ܨ,(ܥܤܣ∆)ݐ݊ܫ −area of ∆ܥܤܣ; ஺ݔ = ஻ݔ,ܣܯ = ,ܤܯ ஼ݔ =  then ܥܯ
prove: 

3݉+ ௠ାଵ(஺ݔܽ) + ௠ାଵ(஻ݔܾ) + ௠ାଵ(஼ݔܿ) ≥ 4(݉ +  ܨ(1
Proposed by D.M.Bătineţu-Giurgiu,Neculai Stanciu-Romania 

 
J.115 If ݔ, ,ݕ ݖ ∈ ℝା

∗ = (0,∞) then in any ∆ܥܤܣ with ܨ −area the following relationship 

holds: 

ଶݕ) + ଶ)ܽସܾଷݖ

ଶℎ௕ݔ
+

ଶݖ) + ଶ)ܾସܿଷݔ

ଶℎ௖ݕ
+

ଶݔ) + ଶ)ܿସܽଷݕ

ଶℎ௔ݖ
≥

256
3  ଷܨ

Proposed by D.M.Bătineţu-Giurgiu,Neculai Stanciu-Romania 
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J.116  If ݉, ݊ ∈ ℝା = [0,∞),݉ + ݊ = ܯ,4 ∈ ܨ,(ܥܤܣ∆)ݐ݊ܫ −area of ∆ܥܤܣ; ݔ =  ,(ܣ,ܯ)݀

ݕ = ݖ,(ܤ,ܯ)݀ = ݑ;(ܥ,ܯ)݀ = ݒ,(ܥܤ,ܯ)݀ = ݓ,(ܣܥ,ܯ)݀ =  :then prove (ܤܣ,ܯ)݀

ଶܽ௠ݔ

ݒݑ) + ℎ௔௡(ݓݒ
+

ଶܾ௠ݕ

ݓݒ) + ℎ௕௡(ݑݓ
+

ଶܿ௠ݖ

ݑݓ) + ℎ௖௡(ݒݑ
≥ 2ସି௡ܨଶି௡ = 2௠ܨ௠ିଶ 

Proposed by D.M.Bătineţu-Giurgiu, Gabriel Tică-Romania 

J.117 If Δܣᇱܤᇱܥᇱ is the circumcevian triangle of incenter of Δܥܤܣ then: 

ᇱܤᇱܣ ⋅ ᇱܥᇱܤ ⋅ ᇱܣᇱܥ

ܤܣ ⋅ ܥܤ ⋅ ܣܥ ≤ ඨcos ൬
ܣ − ܤ

2 ൰ cos ൬
ܤ − ܥ

2 ൰ cos ൬
ܥ − ܣ

2 ൰ 

Proposed by Marian Ursărescu – Romania  

J.118 Find all functions ݂:ℕ∗ → ℕ∗ such that: 

݂(1)− ݂(2) + ݂(3) + ⋯+ (−1)௡ିଵ݂(݊) = 

= (݊ଶ + ݊ − 1) ቀඥ݂(1) −ඥ݂(2) + ⋯+ (−1)௡ିଵඥ݂(݊)ቁ 

Proposed by Marian Ursărescu – Romania  

J.119 In acute Δܥܤܣ the following relationship holds: 

cosܣ sin(sinܣ) + cosܤ sin(sinܤ) + cosܥ sin(sinܥ) ≤
3
2 sinቆ

√3ܴ
ݎ4 ቇ 

Proposed by Marian Ursărescu – Romania  
 

J.120 If ܽ, ܾ, ܿ > 0,݊,݇ ∈ ℕ, ܽ௞ + ܾ௞ + ܿ௞ = 3 then: 
1

(ܽ௞ାଵ + ݇)௡ +
1

(ܾ௞ାଵ + ݇)௡ +
1

(ܿ௞ାଵ + ݇)௡ ≥
3

(݇ + 1)௡  

Proposed by Marin Chirciu – Romania 
 

J.121 Solve for real numbers: 
2௫మା(௡ିଵ)௫ + 2ି௫మା(௡ାଵ)௫ = 2ଵା௡௫ ,݊ ∈ ℝ 

Proposed by Marin Chirciu – Romania  
 

J.122 In Δܥܤܣ the following relationship holds: 

2(݉௔ + ݉௕ + ݉௖) ≤
ܽଶ

ℎ௔ − ݎ +
	ܾଶ

ℎ௕ − ݎ +
ܿଶ

ℎ௖ −  ݎ

Proposed by Marin Chirciu – Romania  
J.123 In Δܥܤܣ the following relationship holds: 

ඩቌ෍ܽଷ
௖௬௖

ቍቌ෍ܽସ
௖௬௖

ቍቌ෍ܽହ
௖௬௖

ቍ
ల

≥ 4ܵ 

Proposed by Marin Chirciu – Romania  
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J.124 In Δܥܤܣ the following relationship holds: 
௖ݎ௕ݎ
௔ଶݎ

+
௔ݎ௖ݎ
௕ଶݎ

+
௕ݎ௔ݎ
௖ଶݎ

+
ݎ2݊
ܴ ≥ ݊ + 3, ݊ ≤ 8 

Proposed by Marin Chirciu – Romania  
J.125 If ݔ, ݕ ∈ ℝ,݊ ∈ ℕ∗ then: 

2(௡ାଵ)௫ି௡௬ + ݊ ⋅ 2௬ ≥ (݊ + 1) ⋅ 2௫ 
Proposed by Marin Chirciu – Romania  

J.126 If in Δ(ܤ∢)݉,ܥܤܣ = (ܥ∢)݉,(ܣ∢)2݉ =  :then (ܣ∢)4݉
ℎ௔ଶ + ℎ௕ଶ + ℎ௖ଶ > 7√21ܴଶ 

Proposed by Daniel Sitaru,Mihai Ionescu – Romania  
J.127 In Δܥܤܣ,  :௔ – circumcevian, the following relationship holds݋

௛ೌ௛್௛೎
௢ೌ௢್௢೎

≤ ቀ௦
మା௥మାଶோ௥

଼ோమ
ቁ
ସ

 

Proposed by Daniel Sitaru,Carina Viespescu – Romania  

 

J.128  ݖଵ, ,ଶݖ ଷݖ ∈ ℂ − {0}, different in pairs, ܣ(ݖଵ),ܤ(ݖଶ),ܥ(ݖଷ), 
|ଵݖ| = |ଶݖ| = |ଷݖ| = 1. If: 

ଵݖ
ଶݖ + ଷݖ − ଵݖ

+
ଶݖ

ଷݖ + ଶݖ − ଶݖ
+

ଷݖ
ଵݖ + ଶݖ − ଷݖ

+
3
2 = 0 

then: ܤܣ = ܥܤ =  ܣܥ
Proposed by Marian Ursărescu – Romania  

 
J.129 Let ߱ be the inradii of circumcevian triangle of incenter in acute Δܥܤܣ. 

Prove that: 

߱ ≥ ඨܴݎ
2  

Proposed by Marian Ursărescu – Romania 
 

J.130 In acute Δܨܩ,ܧܩ,ܦܩ,ܥܤܣ – bisectors of ∢ܩ,ܤܩܣ∢,ܣܩܥ∢,ܥܩܤ – centroid. 
If ܦ ∈ ܧ,(ܥܤ) ∈ ܨ,(ܥܣ) ∈  :then (ܣܤ)

[ܨܧܦ]
[ܥܤܣ] ≥ 2 ቀ

ݎ
ܴ
ቁ
ଷ
 

Proposed by Marian Ursărescu – Romania 
J.131 In Δܪ,ܥܤܣ	– orthocenter the following relationship holds: 

ܪܣ ⋅ ଷܪܥ + ܪܤ ⋅ ଷܪܣ + ܪܥ ⋅ ଷܪܤ ≤
16
3

(4ܴଶ −  ଶ)ଶݎ13

Proposed by Marian Ursărescu – Romania 

J.132 If in Δܥܤܣ,  :incenter then – ܫ

[ܤܫܣ] ⋅ [ܥܫܣ] + [ܥܫܤ] ⋅ [ܣܫܤ] + [ܣܫܥ] ⋅ [ܤܫܥ] ≤ ܴ)ଶݎ +  ଶ(ݎ

Proposed by Marian Ursărescu – Romania 
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J.133 Let Δܣᇱܤᇱܥᇱ be the circumcevian triangle of Nagel’s point of Δܥܤܣ. Prove that: 

[ᇱܥᇱܤᇱܣ]
[ܥܤܣ] ≤ ൬

ܴ
ݎ − 1൰

ଷ

 

Proposed by Marian Ursărescu – Romania 

J.134 In Δܥܤܣ the following relationship holds: 

෍
1

2 sinଶ ܣ + (sinܤ + sinܥ)ଶ
௖௬௖

≤
1

24 ൬
ܴ
൰ݎ

ସ

 

Proposed by Marian Ursărescu – Romania 

J.135  ܽ, ܾ,ܿ ∈ ℂ∗ - different in pairs, |ܽ| = |ܾ| =  :Prove that .(ܿ)ܥ,(ܾ)ܤ,(ܽ)ܣ,|ܿ|

෍
|(ܽ − ܾ)(ܽ − ܿ)|

|(ܽ − ܾ)|ܽ − ܿ|+(ܽ − ܿ)|ܽ − ܾ||ଶ
௖௬௖

= 9ቌ෍|ܽ − ܾ|
௖௬௖

ቍ

ିଶ

⇔ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania 

J.136 Let Δܣᇱܤᇱܥᇱ be the circumcevian triangle of centroid in Δܥܤܣ. Prove that: 

[ᇱܥᇱܤᇱܣ]
[ܥܤܣ] ≥ ൬

ݎ2
ܴ ൰

ଶ

 

Proposed by Marian Ursărescu – Romania 

J.137 In Δܥܤܣ the following relationship holds: 

ܴ
ݎ2 +

ଶݏ3݊

(4ܴ + ଶ(ݎ ≥ ݊ + 1,݊ ≤
3
2 

Proposed by Marin Chirciu – Romania  

J.138 In Δܥܤܣ the following relationship holds: 

൬
௔ݎ
௕ݎ
൰
ସ

+ ൬
௕ݎ
௖ݎ
൰
ସ

+ ൬
௖ݎ
௔ݎ
൰
ସ

+
ݎ2݊
ܴ ≥ ݊ + 3, ݊ ≤ 8 

Proposed by Marin Chirciu – Romania  

J.139 If ܽ, ܾ, ܿ > 1,݊ ∈ ℕ,݊ ≥ 2 then: 

ܽ ⋅ ܾ ඥ୪୭୥್ ௖
೙

+ ܾ ⋅ ܿ ඥ୪୭୥೎ ௔
೙

+ ܿ ⋅ ܽ ඥ୪୭୥ೌ ௕
೙

≤ ܽଶ + ܾଶ + ܿଶ 

Proposed by Marin Chirciu – Romania  

J.140 In Δܥܤܣ the following relationship holds: 

݊ ⋅
ܴ
ݎ2 +

௖ݓ௕ݓ௔ݓ
௖ݎ௕ݎ௔ݎ

≥ ݊ + 1, ݊ ≥
3
8 

Proposed by Marin Chirciu – Romania  
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J.141  In ∆ܥܤܣ,݊௔ −Nagel’s cevian, the following relationship holds: 

2 ൬
ܴ
ݎ − 1൰෍

ℎ௔
݊௔௖௬௖

= ෍൬
݊௔
௔ݎ

+
௔ݎ
݊௔
൰

௖௬௖

 

Proposed by Bogdan Fuştei-Romania 

J.142 In ∆ܥܤܣ, ݊௔ −Nagel’s cevian, the following relationship holds: 

ℎ௔
݊௔

+
ℎ௕
݊௕

+
ℎ௖
݊௖

≥
ݎ3

ܴ −  ݎ

Proposed by Bogdan Fuştei-Romania 

J.143 In ∆ܥܤܣ, ݊௔ −Nagel’s cevian, ݃௔ −Gergonne cevian, the following relationship holds: 

2(ܴ − (ݎ
ݎ ≥

௔ݎ∑
∑ℎ௔

+
(∑݊௔)ଶ

(∑ℎ௔)(∑ݎ௔) 

Proposed by Bogdan Fuştei-Romania 

J.144 In ∆ܥܤܣ, ݊௔ −Nagel’s cevian, ݃௔ −Gergonne cevian, the following relationship holds: 

2√2
3 ෍݉௔

௖௬௖

≤෍
݊௔ଶ + ݃௔ଶ + ௔ݎݎ2
ඥ4݉௕݉௖ + 3ܾܿ௖௬௖

 

Proposed by Bogdan Fuştei-Romania 

J.145 In ∆ܥܤܣ, ݊௔ −Nagel’s cevian, the following relationship holds: 

෍
௔ℎ௔ݎ2
ݏ − ݊௔௖௬௖

≥෍݊௔
௖௬௖

+ ݎ3 ൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰
ඨ4 −

ݎ2
ܴ  

Proposed by Bogdan Fuştei-Romania 
J.146 In ∆ܥܤܣ,	the following relationship holds: 

෍
݉௔

ℎ௔௖௬௖

≥෍ඨ
݉௔݉௕

௕௖௬௖ݎ௔ݎ

 

Proposed by Bogdan Fuştei-Romania 
J.147 In ∆ܥܤܣ, the following relationship holds: 

෍
݉௔

ℎ௔௖௬௖

≥
1
2෍

ඨ൬
ܾ
ܿ +

ܿ
ܾ൰ ൬

݉௕

݉௖
+
݉௖

݉௕
൰

௖௬௖

 

Proposed by Bogdan Fuştei-Romania 
 

J.148 Let Δܨܧܦ be the pedal triangle of ܲ ∈ ܦ,(ܥܤܣΔ)	ݐ݊ܫ ∈ ܧ,(ܥܤ) ∈  ,(ܣܥ)

ܨ ∈ [ܨܧܲ] If .(ܤܣ) = ,ଵܨ [ܦܨܲ] = ,ଶܨ [ܧܦܲ] =  :ଷ thenܨ

ଵܨ
ܴଵଶ

+
ଶܨ
ܴଶଶ

+
ଷܨ
ܴଷଶ

≤
−[௖ܫ௕ܫ௔ܫ] [ܥܤܣ]2

8ܴଶ  

Proposed by Mehmet Șahin – Ankara – Turkey  
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J.149 Let Δܨܧܦ be the pedal triangle of ܲ ∈  :Prove that .ܥܤܣin Δ (ܥܤܣΔ)	ݐ݊ܫ

ଶܲܣ + ଶܲܤ + ଶܲܥ ≥ √3 ⋅ ܨ +
ଶܨ4

9ܴଶ 

When equality holds? 

Proposed by Mehmet Șahin – Ankara – Turkey  

J.150 In Δܥܤܣ,݃௔  – Gergonne’s cevian, the following relationship holds: 

݃௔ + ݃௕ + ݃௖ ≤ ݎ3 + ඥ15ܴଶ −  ݎ12ܴ

Proposed by Mehmet Șahin – Ankara – Turkey  

J.151 In Δܥܤܣ,ܴ௔ ,ܴ௕ ,ܴ௖  – circumradii of Δܥܫܤ,Δܣܫܥ,Δܤܫܣ. Prove that: 

ܴ௔ଶ

௔ଶݎ − ଶݎ +
ܴ௕ଶ

௕ଶݎ − ଶݎ
+

ܴ௖ଶ

௖ଶݎ − ଶݎ ≤
3ܴ
ݎ4  

Proposed by Mehmet Șahin – Ankara – Turkey  

J.152 If ݎ௏  – inradii of pedal triangle of Bevan’s point in Δܥܤܣ then: 

௏ݎ ≥
ଷݎ

√ܴସ − ଷݎ6ܴ
 

Proposed by Mehmet Șahin – Ankara – Turkey  

J.153 In Δܥܤܣ,ܱ – circumcenter, ܨ,ܲ ∈ ܭ,ܧ,ܥܤ ∈ ܳ,ܦ,ܣܥ ∈  – ܧܱܦ,ܱܳܲ,ܭܱܨ,ܤܣ

antiparallels. Prove that ܭܨ,ܧܦ,ܲܳ can be sides in acute triangle. 

Proposed by Mehmet Șahin – Ankara – Turkey  

J.154 In Δܥܤܣ the following relationship holds: 
௔ݎ + ௕ݎ + ௖ݎ

3 ≥ ܴ + ݎ ≥ ඥݎ௔ݎ௕ݎ௖య  

Proposed by Alex Szoros – Romania  
J.155 In Δܥܤܣ the following relationship holds: 

2ܾܽܿ
ܴ ≤

ܽଷ

௔ݎ
+
ܾଷ

௕ݎ
+
ܿଷ

௖ݎ
 

Proposed by Alex Szoros – Romania  
J.156 Solve in ℝ 

ඨ7 +
3௫ + 4௫ + 12௫ + 91௫

13௫ + 21௫ + 28௫ + 84௫
య

+ ඨ9 −
13௫ + 21௫ + 28௫ + 84௫

3௫ + 4௫ + 12௫ + 91௫
య

= 4 

Proposed by Alex Szoros – Romania  
J.157 In acute triangle ܥܤܣ the following relationship holds: 

(1 + cosܣ)ଷ

(ܽ cosܣ + ܾ cosܥ)(ܽ cosܣ + ܿ cosܤ) ≥
27

8ܽଶ 

Proposed by Alex Szoros – Romania  
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J.158 In Δܥܤܣ the following relationship holds: 

(ℎ௔ + ℎ௕ + ℎ௖)ଷ

ℎ௔ℎ௕ℎ௖
+ 5 ≥

16ܴ
ܴ −  ݎ

Proposed by Marin Chirciu – Romania 

J.159 In Δܥܤܣ the following relationship holds: 

ܽଶ + ܾଶ

݉௔
ଶ + ݉௕

ଶ +
ܾଶ + ܿଶ

݉௕
ଶ + ݉௖

ଶ +
ܿଶ + ܽଶ

݉௖
ଶ + ݉௔

ଶ ≤ 1 +
3ܴଶ

ଶݎ4  

Proposed by Marin Chirciu – Romania 

J.160 In Δܥܤܣ then following relationship holds: 

ℎ௔
ℎ௕

+
ℎ௕
ℎ௖

+
ℎ௖
ℎ௔

≤
1

27 ൬1 +
4ܴ
ݎ ൰

ଶ

 

Proposed by Marin Chirciu – Romania 

J.161 In Δܥܤܣ the following relationship holds: 

ቌ෍ݎ௔
௖௬௖

ቍቌ෍
1
௔௖௬௖ݎ

ቍ +
ݎߤ2
ܴ ≥ ߤ + ߤ,9 ≤ 8 

Proposed by Marin Chirciu – Romania 

J.162 In Δܥܤܣ,ܴ௔ ,ܴ௕,ܴ௖ – circumradii of Δܥܫܤ,Δܣܫܥ,Δܤܫܣ,  .incenter – ܫ

෍
݉௔

݉௕ + ݉௖
ܴ௔ଶ ≥ ଶݎ)2 + ݎ3ܴ − ܴଶ) 

Proposed by Marin Chirciu – Romania 

J.163 In Δܥܤܣ 

෍
௔ݏ

݉௔ + ௔ݏ
+ ෑ

௔ݎ
௔ݓ

≤
3
2 +

ܴ
 ݎ2

Proposed by Marin Chirciu – Romania 
J.164 In Δܥܤܣ 

27
4 ܴଶ݌ ≤෍

௕ଷݎ)௔ݎ + (௖ଷݎ
ܽ ≤ 32ܴଶ)݌ −  (ଶݎ101

Proposed by Marin Chirciu – Romania 
J.165 In Δܥܤܣ,ܴ௔ ,ܴ௕ ,ܴ௖  – circumradii of Δܥܫܤ,Δܣܫܥ,Δܤܫܣ,  .incenter – ܫ

෍
ℎ௔

ℎ௕ + ℎ௖
ܴ௔ଶ ≥ ଶݎ)2 + ݎ3ܴ − ܴଶ) 

Proposed by Marin Chirciu – Romania 
J.166 In Δܥܤܣ 

݌
3 ൬

ݎ2
ܴ ൰

ଷ

(4ܴ + ଶ(ݎ ≤෍
ℎ௔(ℎ௕ଷ + ℎ௖ଷ)

ܽ ≤
݌
3 ൬

ݎ2
ܴ ൰

(4ܴ +  ଶ(ݎ

Proposed by Marin Chirciu – Romania 
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J.167 In Δܥܤܣ 

෍
ℎ௔(ℎ௕ଷ + ℎ௖ଷ)

ܽ ≤෍
௕ଷݎ)௔ݎ + (௖ଷݎ

ܽ  

 

Proposed by Marin Chirciu – Romania 

J.168  In Δܥܤܣ,ܴ௔,ܴ௕ ,ܴ௖ – circumradii of Δܥܫܤ,Δܣܫܥ,Δܤܫܣ,  .incenter – ܫ

෍
௔ݎ

௕ݎ + ௖ݎ
ܴ௔ଶ ≥ ଶݎ)2 + ݎ3ܴ − ܴଶ) 

Proposed by Marin Chirciu – Romania 

J.169 In Δܥܤܣ,ܴ௔ ,ܴ௕ ,ܴ௖  – circumradii of Δܥܫܤ,Δܣܫܥ,Δܤܫܣ, ,ݔ incenter. If – ܫ ,ݕ ݖ > 0 then: 

෍
ݔ

ݕ + ݖ ܴ௔
ଶ ≥ ଶݎ)2 + ݎ3ܴ − ܴଶ) 

Proposed by Marin Chirciu – Romania 

J.170 In Δܥܤܣ the following relationship holds: 

൬
௕ݎ௔ݎ
௔ݎ + ௕ݎ

൰
ଶ

+ ൬
௖ݎ௕ݎ
௕ݎ + ௖ݎ

൰
ଶ

+ ൬
௔ݎ௖ݎ
௖ݎ + ௔ݎ

൰
ଶ
≥

ଶݎ27

4  

Proposed by Marian Ursărescu – Romania  

J.171 In Δܥܤܣ the following relationship holds: 
1

sinଷ ஺
ଶ
ቀsin ஻

ଶ
+ sin ஼

ଶ
ቁ

+
1

sinଷ ஻
ଶ
ቀsin ஼

ଶ
+ sin ஺

ଶ
ቁ

+
1

sinଷ ஼
ଶ
ቀsin ஺

ଶ
+ sin ஻

ଶ
ቁ
≥

12ܴ
ݎ  

Proposed by Marian Ursărescu – Romania  
 

J.172 In Δܥܤܣ the following relationship holds: 

෍ඥ(ݎ௔ − ௕ݎ)(ݎ − (ݎ
௖௬௖

≥  ݎ6

Proposed by Marian Ursărescu – Romania  
J.173 In Δܥܤܣ, ௔ܫ , ௕ܫ , ௖ܫ  – excenters. Prove that: 

ඥܫܤ௔ܥ + ඥܫܥ௕ܣ + ඥܫܣ௖ܤ ≤
3ඥ3√3

2 ⋅ ܴ 

Proposed by Marian Ursărescu – Romania  
J.174 ܣ(ݖଵ),ܤ(ݖଶ),ܥ(ݖଷ), ,ଵݖ ,ଶݖ ଷݖ ∈ ℂ − {0} – different in pairs, |ݖଵ| = |ଶݖ| =  .|ଷݖ|

Prove that: 

෍
ଵݖ| − |ଶݖ + ଵݖ| − |ଷݖ

ଵ௖௬௖ݖ

= 0 ⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania  
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J.175 In acute Δܣܣ,ܥܤܣଵ,ܤܤଵ,ܥܥଵ – internal bisectors, Δܣଶܤଶܥଶ – circumcevian triangle of 

incenter, Δܨܧܦ – medial triangle, ܣܦଷ ⊥ ଷܤܧ,ଶܣܣ ⊥ ଷܥܨ,ଶܤܤ ⊥  :ଶ. Prove thatܥܥ

(ܴ + ଶ(ݎ ≤ ଶܣଵܣ ⋅ ଷܣܣ + ଶܤଵܤ ⋅ ଷܤܤ + ଶܥଵܥ ⋅ ଷܥܥ ≤ ଶݎ + 2ܴଶ 

Proposed by Marian Ursărescu – Romania  

J.176 In Δܥܤܣ,  :௔ – circumcevian, the following relationship holds݋

ℎ௔ℎ௕ℎ௖
௖݋௕݋௔݋

≤ ቆ
ଶݏ + ଶݎ + ݎ2ܴ

8ܴଶ ቇ
ସ

 

Proposed by Daniel Sitaru,Luiza Cremeneanu – Romania  

 J.177 If in Δܥܤܣ,Ω – first Brocard point then: 

Ωܣଶ + Ωܤଶ + Ωܥଶ ≥
ܽଶܾଶ + ܾଶܿଶ + ܿଶܽଶ

ܽଶ + ܾଶ + ܿଶ  

Proposed by Daniel Sitaru,Nineta Oprescu – Romania  

J.178 If ܽ, ܾ > 0 then: 

ܽଽ + ܽସܾସ√ܾܽ + ܾଽ

൫ܽହ + ܽଶܾଶ√ܾܽ + ܾହ൯
ଶ ≥

ܽସ + ܽଶܾଶ + ܾସ

൫ܽଷ + ܾܽ√ܾܽ + ܾଷ൯(ܽଶ + ܾܽ + ܾଶ)
 

Proposed by Daniel Sitaru,Roxana Popescu – Romania  

 J.179 In Δ݋,ܥܤܣ௔ – circumcevian, the following relationship holds: 

ݎ8 − ܴ
ܴ ≤

ℎ௔
௔݋

+
ℎ௕
௕݋

+
ℎ௖
௖݋
≤ 1 +

ݎ3
ܴ +

ଶݎ2

ܴଶ  

Proposed by Daniel Sitaru,Aurelia Petrică – Romania  

J.180 If ܨ௡ – Fibonacci numbers then: 

௡ାଶହܨ − ௡ାଵହܨ − ௡ହܨ

௡ାଶଷܨ − ௡ାଵଷܨ − ௡ଷܨ
> 5ඥܨ௡ܨ௡ାଵܨଶ௡ାଵయ , ݊ ∈ ℕ − {0,1} 

Proposed by Daniel Sitaru,Monica Stanca – Romania  

J.181 If ܽ, ܾ, ܿ ∈ ℂ; |ܽ| = |ܾ| = |ܿ| = 5 then: 

෍|ܽ + 5|
௖௬௖

+ 5෍|ܽଵ଴ + 1|
௖௬௖

+ ෍|ܽଵଵ + 5|
௖௬௖

≥ 30 

Proposed by Daniel Sitaru,Nicola Cătălin – Romania  

J.182 Find ݔ ∈  :such that (ߨ,0)

tanିଵ(ݔ + 1) + tanିଵ 2 + tanିଵ ቆ
ଶݔ sin ݔ − ݔ2 cosݔ − 2 sinݔ
ଶݔ cos ݔ − ݔ2 sin ݔ − 2 cos ቇݔ =  ݔ

Proposed by Daniel Sitaru,Aurel Chiriță – Romania  
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J.183 In acute Δܥܤܣ the following relationship holds: 

1
2෍

௔ݎ − ݎ
௔௖௬௖ݏ

ඨ
ℎ௔
௔ݎ
≥

௔ݎ)∑ + (ܫܣ
∑(݉௔ + ℎ௔ −  (ݎ

Proposed by Bogdan Fuștei – Romania  

J.184 In Δܥܤܣ the following relationship holds: 

2෍ቌℎ௔ ⋅ ඨ
݉௖

௔ℎ௔ℎ௕ݓ
ቍ

௖௬௖

≥ 3 +
ܽ
ܿ +

ܾ
ܽ +

ܿ
ܾ 

Proposed by Bogdan Fuștei – Romania  

J.185 In Δܥܤܣ, ݊௔  – Nagel’s cevian, the following relationship holds: 

݊௔ + ℎ௔
ඥ2ݎ௔(݊௔ + ℎ௔)

≥ cos ൬
ܤ − ܥ

2 ൰ 

Proposed by Bogdan Fuștei – Romania  

J.186 In Δܥܤܣ, ݊௔  – Nagel’s cevian, the following relationship holds: 

෍
݊௔ଶ

௔ݎ2 + ௔௖௬௖ݏ

≤ 4ܴ −  ݎ5

Proposed by Bogdan Fuștei – Romania  

J.187  In Δܥܤܣ,݊௔ – Nagel’s cevian, the following relationship holds: 

෍
݊௔
ℎ௔௖௬௖

≥෍ඨ
݊௕݊௖
௖௖௬௖ݎ௕ݎ

 

Proposed by Bogdan Fuștei – Romania  
J.188 In Δܥܤܣ the following relationship holds: 

෍
ℎ௕ + ℎ௖
ℎ௔௖௬௖

≤ ඨ2ܴ
ݎ ⋅෍

௔ݏ
௔௖௬௖ݓ

ඨ
ℎ௔
௔ݎ

 

Proposed by Bogdan Fuștei – Romania  
J.189 In Δܥܤܣ the following relationship holds: 

෍ඨ൬
ℎ௕

ℎ௕ − ݎ2 − 1൰ ൬
ℎ௖

ℎ௖ − ݎ2 − 1൰
௖௬௖

≥
ݏ
ݎ + 3൫2 − √3൯ 

Proposed by Bogdan Fuștei – Romania  
J.190 In Δܥܤܣ the following relationship holds: 

9 ⋅max(ܽ, ܾ, ܿ) ≥ 2෍݊௔
௖௬௖

+ ෍ݎ4
௔ݎ2 + ℎ௔
ݏ + ݊௔௖௬௖

 

Proposed by Bogdan Fuștei – Romania  
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J.191 In Δܥܤܣ the following relationship holds: 
ෑ(݊௔ + ௔ݎ − (ܫܣ
௖௬௖

≥  ଶܴݎ16

Proposed by Bogdan Fuștei – Romania  
J.192 If ܽ, ܾ, ܿ > 0,ܾܽܿ = ݁ then: 

݃݋݈ ൬ܽ
ೌ

ೌశ್ା
ೌ

ೌశ೎ ⋅ ܾ
್

್శ೎ା
್

್శೌ ⋅ ܿ
೎

೎శೌା
೎

೎శ್൰ ≥ 1 

Proposed by Ionuţ Florin Voinea-Romania 
J.193 If ܽ, ܾ, ܿ,݀ > 1 then: 

෍݈݃݋௔ ቆ
ܾଷ + ܿଷ + ݀ଷ

ܾଶ + ܿଶ + ݀ଶቇ
௖௬௖

≥ 4 

Proposed by Ionuţ Florin Voinea-Romania 
J.194 If ݔ, ,ݕ ݖ ∈ (0,1), ݔ)2 + ݕ + (ݖ > 3 then: 

2௫ + 3௬ + 4௭ < ݔ3 + ݕ4 +  ݖ5

Proposed by Ionuţ Florin Voinea-Romania 

J.195  If 0 < ,ݔ ݕ < ݔ,1 + ݕ > 1 then: 
2௫ + 3௬ < 5ඥݔଶ +  ଶݕ

Proposed by Ionuţ Florin Voinea-Romania 
J.196 In ∆ܥܤܣ the following relationship holds: 

෍݊݅ݏܣ݊݅ݏ
ܤ
2 ݊݅ݏ

ܥ
2

௖௬௖

≤
√3(ܽଷ + ܾଷ + ܿଷ)

8ܾܽܿ  

Proposed by Ionuţ Florin Voinea-Romania 
J.197 If ݔ, ݕ,ݖ > 0 then prove: 

ݔ) + ݕ + (ݖ ൬
1
ݔ +

1
ݕ +

1
൰ݖ ≥ 3ቌ1 + ඨ

ݔ)3 + ݕ + ݔ)(ݖ + ݕ)(ݕ + ݖ)(ݖ + (ݔ
ݕݔ) + ݖݕ + ଶ(ݔݖ

య
ቍ 

1
ଶݔ +

1
ଶݕ +

1
ଶݖ + ଷݔ + ଷݕ ≥

ଶݔ)32 + (ଶݕ
ݔ) + ସ(ݕ + ݕଶݔ +  ଶݕݔ

Proposed by Nguyen Van Canh-Vietnam 
J.198 In ∆ܥܤܣ the following relationship holds: 

3√6
2√ܴ

≤
ඥ݉௔

ܽ +
ඥ݉௕

ܾ +
ඥ݉௖

ܿ ≤
3√6

4 ⋅
√ܴ
ݎ  

Proposed by Nguyen Van Canh-Vietnam 

J.199 In ∆ܥܤܣ the following relationship holds: 

݊௔ଶ + ݊௕ଶ + ݊௖ଶ ≥ ݉ − ܽଶ + ݉௕
ଶ + ݉௖

ଶ +
ݎ

4ܴ
(ܴଶ −  (ଶݎ4

௔ଷݓ)3 + ௕ݓ
ଷ + (௖ଷݓ ≥ ℎ௔ଷ + ℎ௕ଷ + ℎ௖ଷ +

ସݎ324

ܴ  

Proposed by Nguyen Van Canh-Vietnam 
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J.200 In ∆ܥܤܣ the following relationship holds: 

ܨ3
ܴ ≤

௔݉௔ݓ

ܽ +
௕݉௕ݓ

ܾ +
௖݉௖ݓ

ܿ <
9ܴଶ

ݎ4  

Proposed by Nguyen Van Canh-Vietnam 

J.201 In ∆ܥܤܣ the following relationship holds: 

ℎ௔ℎ௕ℎ௖
݉௔݉௕݉௖

≤ ݉݅݊	 ቊ൬
ℎ௔
௔ݓ
൰
ଷ

, ൬
ℎ௕
௕ݓ
൰
ଷ

, ൬
ℎ௖
݉௖

൰
ଷ

ቋ 

Proposed by Nguyen Van Canh-Vietnam 

J.202 In ∆ܥܤܣ the following relationship holds: 

ඨ
݉௔ + ℎ௕

௖ݎ
+ ඨ

݉௕ + ℎ௖
௔ݎ

+ ඨ
݉௖ + ℎ௔

௕ݎ
≤ ଶݏ4) − ݎ16ܴ + ଶ)ඨݎ5

2
ݎ  

Proposed by Nguyen Van Canh-Vietnam 

J.203 In ∆ܥܤܣ the following relationship holds: 

ඥ݉௔ℎ௔ݓ௕ݎ௖
ర + ඥ݉௕ℎ௕ݓ௔ݎ௔

ర + ඥ݉௖ℎ௖ݓ௔ݎ௕
ర ≤ 4ܴ +  ݎ

Proposed by Nguyen Van Canh-Vietnam 

J.204 In ∆ܥܤܣ the following relationship holds: 

ඨ
݉௔ݓ௔
ℎ௔

+ ඨ
݉௕ݓ௕

ℎ௕
+ ඨ

݉௖ݓ௖
ℎ௖

≤
4ܴ + ݎ
ݎ3√

 

Proposed by Nguyen Van Canh-Vietnam 

J.205 In ∆ܥܤܣ the following relationship holds: 
ඥℎ௔ݏ௔ + ඥℎ௕ݏ௕ + ඥℎ௖ݏ௖

݉௔݉௕݉௖
≤

4ܴ
ଷݎ27 +

1
 ଶݏ

Proposed by Nguyen Van Canh-Vietnam 
 

J.206 In ∆ܥܤܣ the following relationship holds: 
ݎ4
ܴ + 2020

݉௔݉௕݉௖

ℎ௔ℎ௕ℎ௖
≥ 2022 

Proposed by Nguyen Van Canh-Vietnam 
J.207 If ݒ,ݑ ∈ ℂ prove inequality  

ݑ| + ଶ|ݒ + ݑ| − ଶ|ݒ ≥ 2 ⋅ ,ଶ|ݑ|)ݔܽ݉  (ଶ|ݒ|
Proposed by Dorin Mărghidanu-Romania 

J.208 For ܽ,ܾ, ܿ ≥ 0 then prove inequality: 

ඥܽ(ܾ + ܿ)ଷర + ඥܾ(ܿ + ܽ)ଷర + ඥܿ(ܽ + ܾ)ଷర ≤ √8ర (ܽ + ܾ + ܿ) 

Proposed by Dorin Mărghidanu-Romania 
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J.209 Find the real value of ݔ, such that 

ඩඨݔ + 1
ݔ − 1 + ඩඨݔ − 1

ݔ + 1 = ݔ +
1
 ݔ

Proposed by Srinivasa Raghava –AIRMC- India 

J.210 If 0 < ܽଵ, ܽଶ, … ,ܽ௡ < 1,݊ ∈ ℕ,݊ ≥ 2, 2 ≤ ݇ ≤ ݊, 2 ≤ ݈ ≤ ݊ then: 

ඥܽଵܽଶ ⋅ … ⋅ ܽ௞ೖ + ඥ(1 − ܽଵ)(1− ܽଶ) ⋅ … ⋅ (1 − ܽ௟)
೗ ≤ 1 

Proposed by Lucian Tuțescu – Romania  

J.211 ܦܥܤܣ – cyclic quadrilateral, ܥܣ ∩ ܦܤ = {0}, ଵݎ , ,ଶݎ ଷݎ ,  ସ – inradii ofݎ

Δܤܱܣ,Δܥܱܤ,Δܦܱܥ,Δܣܱܦ. Prove that: 

ଵݎ = ଶݎ = ଷݎ = ସݎ ⇔  rectangle – ܦܥܤܣ

Proposed by Cătălin Cristea – Romania  

J.212 If ݊ ∈ ℕ, ݊ ≥ 5 then: 

2 < ඨ2! + ට3! + √4!ర + ⋯+ √݊!೙య
< √5 

Proposed by Claudiu Coandă – Romania  
 

J.213 In Δܥܤܣ the following relationship holds: 
ܽସ

௕ݎ௔ݎ
+

ܾସ

௖ݎ௕ݎ
+

ܿସ

௔ݎ௖ݎ
≥

ܨ16
√3

 

Proposed by D.M. Bătinețu-Giurgiu, Flaviu Cristian Verde – Romania  
 

J.214 Solve for natural numbers: 

൜
ݔ) + ݕ2 + ݔ3)(ݖ + ݕ + (ݖ2 = 9

ݕ) − ଶݕ)(1 + ݕ + 1) = ଶݔ)ݔ + ݔ + 1) 

Proposed by Daniel Sitaru,Nicolae Oprea – Romania  
J.215 If ܽ, ܾ > 0 then: 

ඨܽ
ଷ + ܾଷ

2
య

⋅ ඨ
ܽସ + ܾସ

2
ర

⋅ ඨ
ܽହ + ܾହ

2
ఱ

≤
ܽହ + ܾହ

ܽଶ + ܾଶ 

Proposed by Daniel Sitaru,Iulia Selea – Romania  
J.216 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧ tanଶ ݔ (1 − sin଼ (ݔ + cotଶ ݔ (1 − cos଼ (ݔ =

15
8

ݔ + ݕ = ߨ

tanଶ ݕ (1 − sinଵ଴ (ݕ + cotଶ ݕ (1 − cosଵ଴ (ݕ =
31
16

 

Proposed by Daniel Sitaru,Ionuț Ivănescu – Romania  
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J.217 If 0 ≤ ,ݔ ,ݕ ݖ < 1 then: 

൫1 − ଶయݔ√ ൯൫1 − ඥݕଷర ൯൫1 − ସఱݖ√ ൯
(1 − 1)(ݔ − −1)(ݕ (ݖ ≤

ඥ(1 + ଶయ(ݔ ⋅ ඥ(1 + ଷర(ݕ ⋅ ඥ(1 + ସఱ(ݖ

(1 + 1)(ݔ + 1)(ݕ + (ݖ  

Proposed by Daniel Sitaru,Amelia Curcă Năstăselu – Romania  

J.218 Solve for ݕ,ݔ, ݖ ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ then: 

cos(5ݔ)
cosݔ +

cos(5ݕ)
cos ݕ +

cos(5ݖ)
cos ݖ =

15
4  

Proposed by Daniel Sitaru,Mirea Mihaela Mioara – Romania  

J.219 If ܽ, ܾ, ܿ > 0,ܽସ + ܾସ + ܿସ = 3(ܽଶ + ܾଶ + ܿଶ) then: 

ቌ෍ܽଵ଴
௖௬௖

ቍቌ෍ܽଷ
௖௬௖

ቍ ≥ 3ቌ෍ܽ଺
௖௬௖

ቍቌ෍ܽହ
௖௬௖

ቍ 

Proposed by Daniel Sitaru,Claudiu Ciulcu – Romania  

J.220 If ݔ, ,ݕ ݖ > 0, ଵ
௫య

+ ଵ
௬య

+ ଵ
௭య

= 3 then: 

ଷݔ)4 + ଷݕ + (ଷݖ + 7 ൬ݔଶ + ଶݕ + ଶݖ +
1
ଶݔ +

1
ଶݕ +

1
ଶ൰ݖ ≥ 54 

Proposed by Daniel Sitaru,Lavinia Trincu – Romania  

 

J.221 If ܽ, ܾ, ܿ,݀, ݁, ݂ ∈ ℂ, |ܽ|ଶ + |ܾ|ଶ + |ܿ|ଶ ≤ 3, |݀|ଶ + |݁|ଶ + |݂|ଶ ≤ ଵ
ଷ
 then: 

|ܽ݀ + ܾ݁ + ݂ܿ|ଶ ≤ 1 
Proposed by Daniel Sitaru,Mihaela Nascu – Romania  

 
J.222 ܱ – circumcenter, ܫ – incenter, ܴ – circumradii, ݎ – radii, ܽ,ܾ, ܿ, ݀ – sides in a bicentric 
quadrilateral. Prove that: 

ଶܫ2ܱ + ෍ඥ4ܴଶݎ − ܽଶ
௖௬௖

= 2(ܴଶ +  (ଶݎ2

Proposed by Daniel Sitaru,Corina Ionescu – Romania  
J.223 If ܽ, ܾ, ܿ > 0 then: 

ܽ + ܾ + ܿ
4 +

3ܾܽܿ
4(ܾܽ + ܾܿ + ܿܽ) ≥

ඨܾܽܿ
(ܽ + ܾ + ܿ)

3
ర

 

Proposed by Daniel Sitaru,Laura Zaharia – Romania  
J.224 If ݔ, ݕ ∈ ℕ then: 

2௫(1 + 2௫ାଶ௬)
1 + 2௫ +

2௬(1 + 2ଶ௫ା௬)
1 + 2௬ +

2௫ା௬(2௫ + 2௬)
1 + 2௫ା௬ ≥ 3 ⋅ 2௫ା௬  

Proposed by Daniel Sitaru,Delia Schneider – Romania  
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J.225 If in Δ(ܣ∢)݉,ܥܤܣ = (ܤ∢)݉,∘27 = 54∘ then: 

ܽଷ + ܾܽଶ + ܿଷ

3ܾܽܿ +
8ܾܽܿ

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) >
5
3 

Proposed by Daniel Sitaru,Elena Grigore – Romania  

J.226 In Δܤܤ,ܥܤܣᇱ,ܥܥᇱ - symedians, ܤᇱ ∈ ᇱܥ,(ܥܣ) ∈ ᇱܤܤ,(ܤܣ) ∩ ᇱܥܥ =  {ܭ}

⇔ ᇱ - cyclic quadrilateralܤܭᇱܥܣ ௕మ

௔మା௖మ
+ ௖మ

௔మା௕మ
= 1. 

Proposed by Marian Ursărescu – Romania  

J.227 In Δܥܤܣ, ௔ܰ  – Nagel’s point, ܤܤᇱ,ܥܥᇱ - Nagel’s cevians, ܤᇱ ∈ ᇱܥ,(ܥܣ) ∈  (ܤܣ)

ᇱܤܤ ∩ ᇱܥܥ = { ௔ܰ}. Prove that: ܥܣᇱ ௔ܰܤᇱ - cyclic quadrilateral ⇔ ܾ + ܿ = 2ܽ 

Proposed by Marian Ursărescu – Romania  

J.228 In Δܥܤܣ the following relationship holds: 

෍൬cot
ܣ
2 + cot

ܤ
2൰

ଷ

௖௬௖

⋅ ቌ෍ cot
ܣ
2

௖௬௖

ቍ

ିଵ

≤ 8ቆ4 ൬
ܴ
൰ݎ

ଶ

−
8ܴ
ݎ + 3ቇ 

Proposed by Marian Ursărescu – Romania  

J.229 ݖଵ, ,ଶݖ ଷݖ ∈ ℂ∗ - different in pairs, |ݖଵ| = |ଶݖ| =  (ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,|ଷݖ|

෍ቤ
ଵݖ) − ଵݖ|(ଶݖ − |ଷݖ + ଵݖ) − ଵݖ|(ଷݖ − |ଶݖ

ଵݖ2 − ଶݖ − ଷݖ
ቤ

௖௬௖

= ෍|ݖଵ − |ଶݖ
௖௬௖

⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania  

J.230 ݖଵ, ,ଶݖ ଷݖ ∈ ℂ∗ - different in pairs, |ݖଵ| = |ଶݖ| = |ଷݖ| =  (ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,1

෍
1

ଵݖ2|3 − ଶݖ − |ଷݖ + ଶݖ2| − ଵݖ − |ଷݖ
௖௬௖

=
1
2 ⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania  

J.231 In Δܥܤܣ the following relationship holds: 

෍(sinܣ + sinܤ)ଷ
௖௬௖

⋅ ቌ෍ sinܣ
௖௬௖

ቍ

ିଵ

≤ 4 ቀ2 −
ݎ
ܴ
ቁ 

Proposed by Marian Ursărescu – Romania  

J.232 In acute Δܥܤܣ the following relationship holds: 

ܴଶ ⋅ෑ(ℎ௔ଶ + ℎ௔ℎ௕ + ℎ௕ଶ)
௖௬௖

≥ 12 ⋅  ଼(ݎ3)

Proposed by Marian Ursărescu – Romania  
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J.233 In Δܥܤܣ the following relationship holds: 

ෑ(ݎ௔ଶ + ௕ଶݎ + ݉௖
ଶ)

௖௬௖

≥  ଺ݏ

Proposed by Marian Ursărescu – Romania  

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical  

Magazine-Interactive Journal. 
 

PROBLEMS FOR SENIORS 
 

 
 

S.01 If ܽ, ܾ, ܿ > 0 then: 

൫1 + ܽଵା௔భశೌ൯ ቀ1 + ܾଵା௕భశ್ቁ ൫1 + ܿଵା௖భశ೎൯ ≥ 8ܽ௕ܾ௖ܿ௔  

Proposed by Florică Anastase – Romania 

 

S.02 (ܽ௡)௡ஹଵ, (ܾ௡)௡ஹଵ , (ܿ௡)௡ஹଵ are sequences of real numbers such that: 

ܽ௡ = ෍ቀ݊݇ቁ
௡

௞ୀଵ

⋅ ݇
భ
ೖ; ܾ௡ = ෍ቀ݊݇ቁ ⋅ ൬

1
݇൰

భ
ೖ

௡

௞ୀଵ

; ܿ௡ = ෍
1

2௞

௡

௞ୀଵ

ቆ2 cos
ߨ

2(݇ + 1)− sin
݇)ߨ + 1)
2(݇ + 2)ቇ 

Find: 

Ω = lim
௡→ஶ

(ܽ௡ ⋅ ܾ௡ ⋅ ܿ௡଺௡) 

Proposed by Florică Anastase – Romania 

 S.03 If ݔ ∈ ቀߨ, ଷగ
ଶ
ቁ then: 

ቀଵାୱ୧୬(ୱ୧୬௫)
ୱ୧୬௫

ቁ
భ

భశౙ౥౪ ೣ ⋅ ቀଵାୱ୧୬(ୡ୭ୱ௫)
ୡ୭ୱ ௫

ቁ
భ

భశ౪౗౤ೣ

(1 + sin(sin ((ݔ sin ݔ + (1 + sin(cosݔ)) cosݔ ≤ 1 

Proposed by Florică Anastase – Romania 
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S.04 Let (ܽ௡)௡ஹଵ be sequence of real numbers such that: ܽଵ = ܽ > 0, 

݊ܽ௡ାଵ = (݊ + 1)(ܽ ⋅ ܽ௡ + ݊ ⋅ ܽ௡ାଵ),∀݊ ≥ 1. Find: 

Ω = lim
௡→ஶ

൮ ඩෑܽ௞

௡

௞ୀଵ

೙మ

൲

೙మ

ೌ೙
ା∑ ൬ೖ

మ

ೌೖ
൰೙

ೖసభ

 

Proposed by Florică Anastase – Romania 

S.05 Find: 

Ω = lim
௡→ஶ

෍
(݊ଶ + ݊݅ + ݅ଶ)(݊ଶ + ݆݊ + ݆ଶ)

(݊ଶ + ݅ଶ)(݊ଶ + ݆ଶ)ඥ݊ସ + ݅ଶ + ݆ଶଵஸ௜ஸ௜ஸ௡

⋅ ݁୲ୟ୬
షభ൬೙

(೔శೕ)
೙మష೔ೕ൰ 

Proposed by Florică Anastase – Romania 

S.06 If ݔଵ,ݔଶ, … , ௡ݔ > 0,݊ ≥ 2, ߣ > 0 then: 

ଵݔ݊ + 4(1 + (ߣ
ଶଶݔ݊ + ݊ଶݔଷଷ + ⋯+ ݊௡ିଵݔ௡௡

+
݊ଶݔଶଶ + 4(1 + (ߣ

ଵݔ + ݊ଶݔଷଷ + ⋯+ ݊௡ିଵݔ௡௡
+ ⋯+ 

+
݊௡ݔ௡௡ + 4(1 + (ߣ

ଵݔ + ଶଶݔ݊ + ⋯+ ݊௡ିଶݔ௡ିଵ௡ିଵ ≥
݊ଷݔଵ + ݊ସݔଶଶ + ⋯+ ݊௡ାଶݔ௡௡ + 4݊ଶ(1 + (ߣ

(݊ − ଵݔ)(1 + ଶଶݔ݊ + ⋯+ ݊௡ିଵݔ௡௡)  

Proposed by Florică Anastase – Romania 

S.07 Find: 

Ω = lim
௡→ஶ

∑ ቀlog(݇ଶ + ݊ଶ)௡ + ݇ tanିଵ ௞
௡

+ గ
ସ
ቁ − 2݊(݊ − 1) log݊௡ିଵ

௞ୀଵ

݊ଶ  

Proposed by Florică Anastase – Romania 
S.08 Find: 

Ω = lim
௡→ஶ

∑ ቀlog(݇ଶ + ݊ଶ)௡ + ݇ tanିଵ ௞
௡

+ గ
ସ
ቁ௡ିଵ

௞ୀଵ − 2݊(݊ − 1) log݊
݊ଶ  

Proposed by Florică Anastase – Romania 
 

S.09 For ݔ ∈ [−1,1] define: 

(ݔ)ܲ =
cos(݊ ⋅ cosିଵ (ݔ

݊ ⋅෍ cos௡ିଵ
ߨ݇
݊

௡

௞ୀଵ

cos
(݊ − ߨ݇(1

݊  

Show that ܲ(ݔ) is a polynomial of degree ݊ with rational coefficients and  
coefficient to ݔ௡ is 1. 

Proposed by Florică Anastase – Romania 
 

S.10 If (ܽ௡)௡ஹଵ, ܽଵ = ݁, ݊ ∈ ℕ, ݊ ≥ 2,ܽ௡ = ݁ √௘೙ ିଵ ⋅ ܽ௡ିଵ then find: 

Ω = lim
௡→ஶ

log௡ାଵ ܽ௡  

Proposed by Florică Anastase – Romania 
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S.11 Let (ݔ௡)௡ஹଵ,  :௡ஹଵ be sequences of positive real numbers such that(௡ݕ)

ଵݔ > ௡ାଵݔ݊,1 = (݊ − ௡ݔ(1 + ଵݕ;௡ଵି௡ݔ > ௡ାଵݕ,0 =
(݊ + ௡ݕ௡)݊௡ݔ

௡௡ݕ + ݊௡(݊ −  (௡ݔ

Find: 

Ω = lim
௡→ஶ

1
௡෍൬cosଶݕ

௞ݕ௞ݔߨ4
௡ݕ2 + ௡ݔ

൰
௡

௞ୀଵ

 

Proposed by Florică Anastase – Romania 

S.12 Find: 

Ω = lim
௡→ஶ

൮
1
√݊

⋅ ඩෑ݇௞
௡

௞ୀଵ

⋅ ݁∑ ௞௘
ೖ
೙మ೙

ೖసభ
೙మ

൲ 

Proposed by Florică Anastase – Romania 

S.13 If ݐ ≥ 0, then in any Δܥܤܣ with the area ܨ the following inequality holds: 

݉௔
௧ାଵ + ݉௕

௧ାଵ + ݉௖
௧ାଵ ≥ 2௧ାଵ൫√3൯

ଵି௧
൬
ܨ
ܴ൰

௧ାଵ

 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

S.14 ଴ܲ(ݔ) = 1, ଵܲ(ݔ) = ,ݔ ௡ܲ(ݔ) = ݔ2 ௡ܲିଵ(ݔ)− ௡ܲିଶ(ݔ),݊ ∈ ℕ, ݊ ≥ 2 

Find the reminder of ௡ܲ ,݊ ≥ 3 at ݔଷ − ଶݔ − ݔ + 1 

Proposed by Marian Ursărescu – Romania  

S.15 ܮ଴ = 1, ଵܮ = ௡ାଶܮ,1 = ௡ାଵܮ +  :௡. Findܮ

Ω = lim
௡→ஶ

ቀ݊0ቁ ଴ܮ
ଶ − ቀ݊1ቁ ଵܮ

ଶ + ቀ݊2ቁܮଶ
ଶ + ⋯+ (−1)௡ ቀ݊݊ቁܮ௡

ଶ

݊ ⋅ 2௡ାଵ + (−1)௡ ⋅ ௡ܮ	݊
 

Proposed by Marian Ursărescu – Romania  

 

S.16 ܣ ∈ ,ସ(ℝ)ܯ det(ܣଶ + (ସܫ3 = det(ܣଶ + ܣ2 + (ସܫ2 = 0. Find: Ω = detܣ 

Proposed by Marian Ursărescu – Romania  

S.17 ݔଵ = ௡ାଵݔ,1 = 1 + ݊ඥݔ௡,݊ ≥ 	1 

Find: 

Ωଵ = lim
௡→ஶ

ඥݔ௡
݊ ,Ωଶ = lim

௡→ஶ
ቆ
ඥݔ௡
݊ ቇ

√௡

 

Proposed by Marian Ursărescu – Romania  
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S.18 If ܣ ∈ ݊,௡(ℂ)ܯ ≥ 2, detܣ ≠ 0,ܽ,ܾ, ܿ ∈ ℂ∗, |ܽ| = |ܾ| = ܣܽ,|ܿ| + ଵିܣܾ =  :௡ thenܫܿ

ቆ
√5 − 1

2 ቇ
௡

≤ |detܣ| ≤ ቆ
√5 + 1

2 ቇ
௡

 

Proposed by Marian Ursărescu – Romania  

S.19 Find: 

Ω௡ = lim
௫→଴

ln(1 + sinh௡ −(ݔ ln௡(1 + sinh (ݔ
௡ାଵݔ ,݊ ∈ ℕ,݊ ≥ 2 

Proposed by Marian Ursărescu – Romania  

 

S.20 If ܽ, ܾ, ܿ ∈ ℝ, ܽ ≠ 0, det(ܽܣଶ + ܣܾ + (ଶ଴ଵ଼ܫܿ ≥ ܣ∀,0 ∈  ଶ଴ଵ଼(ℝ)ܯ

then: ܾଶ ≤ 4ܽܿ 

Proposed by Marian Ursărescu – Romania  

S.21 If ܤ,ܣ ∈ (ܤܣ)ଶݎܶ,ଷ(ℝ)ܯ = ,ଶ(ܤܣ)ݎܶ ଷ(ܤܣ) = ܱଷ then: 

ଷ(ܣܤ) = ܱଷ 

Proposed by Marian Ursărescu – Romania  

S.22 Solve for ܯଷ(ℝ): 

ܺ + ܺଷ + ܺହ + ⋯+ ܺଶ௣ିଵ = ൭
݌ ݌ 0
0 ݌ ݌
0 0 ݌

൱ , ݌ ∈ ℕ, ݌ ≥ 3 

Proposed by Marian Ursărescu – Romania  

S.23 Let ݔ௡,݊ ≥ 2 be the solution of equation: 

ݔ + arctan(ݔ − 1) = √2018೙  

Find: 

Ωଵ = lim
௡→ஶ

௡ݔ ,Ωଶ = lim
௡→ஶ

௡ݔ)݊ − 1) 

Proposed by Marian Ursărescu – Romania  

S.24  ݂: [ܽ, ܾ] → ℝ, ݂ – continuous, ݂ – nonconstant. Prove that: 

∃ܿଵ, ܿଶ ∈ [ܽ, ܾ], ܿଵ ≠ ܿଶ such that ܿଵ + ܿଶ = ܽ + ܾ, ܿଵ݂(ܿଵ) = ܿଶ݂(ܿଶ) 

Proposed by Marian Ursărescu – Romania  

S.25  In Δܥܤܣ the following relationship holds: 

෍
1

cosଷ௡ ஺
ଶ
ቀcos ஻

ଶ
+ cos ஼

ଶ
ቁ௖௬௖

≥ √3 ൬
2
√3
൰
ଷ௡

,݊ ∈ ℕ 

Proposed by Marin Chirciu – Romania  



Romanian Mathematical Society-Mehedinți Branch 2022 
 

77 ROMANIAN MATHEMATICAL MAGAZINE NR. 32 
 

S.26  If ܽ, ܾ, ܿ > 0, ܽ + ܾ + ܿ = 3 then: 

1
9 ൫√ܽ + √ܾ + √ܿ൯ + ෍

ܽ
7ܾܿ + ඥ2(ܾସ + ܿସ)௖௬௖

≥
2
3 

Proposed by Marin Chirciu – Romania  

S.27  Find: 

Ω = lim
୬→ஶ

1
௡ܪ

ෑቆ
݇‼ ⋅ ݇௞ିଵ ⋅ (݇ − 1)‼

݊‼ ⋅ (݊ − 1)‼ ቇ
௡

௞ୀଶ

 

Proposed by Daniel Sitaru,Dan Grigorie – Romania 

S.28  If ܽ,ܾ, ܿ, ݀ > 0, different in pairs then: 

෍
ܽଷ

(ܾ + ܿ + ݀)(ܽ − ܾ)(ܽ − ܿ)(ܽ − ݀)
௖௬௖(௔,௕,௖,ௗ)

<
(ܽ + ܾ + ܿ + ݀)ଷ

81ܾܽܿ݀  

Proposed by Daniel Sitaru,Elena Alexie – Romania  

S.29 If ݊ ∈ ℕ − {0} then: 
sin ݊

sin(݊ + 1)෍ sin ݇
௡

௞ୀଵ

⋅ sin(݇ + 1) ≥ (݊ ⋅ sin 1)ଶ 

Proposed by Daniel Sitaru– Romania  
S.30 If 0 < ܽ ≤ ܾ then: 

ቀ௔ା௕
ଶ

+ √ܾܽ − ଶ௔௕
௔ା௕

ቁ
ೌశ್
మ ା√௔௕ି

మೌ್
ೌశ್

ቀ௔ା௕
ଶ
ቁ
ೌశ್
మ

≥
൫√ܾܽ൯

√௔௕

ቀଶ௔௕
௔ା௕

ቁ
మೌ್
ೌశ್

 

Proposed by Daniel Sitaru,Elena Iacob Meda – Romania  
S.31 Find: 

Ω = lim
௡→ஶ

൭෍
߱௞

2߱௞ାଵ

௡

௞ୀଵ

− log݊൱ ,߱௡ = lim
௫→ഏ

మ

ෑ
1− sin௞ ݔ

cosଶ ݔ

௡

௞ୀଵ

 

Proposed by Daniel Sitaru,Gilena Dobrică – Romania  
S.32  Solve for real numbers: 

2 ⋅ ඥ݁ସೣ ⋅ ݁ଶ⋅଺ೣ ⋅ ݁ଽೣర = ݁ସೣ + ݁ଽೣ  
Proposed by Daniel Sitaru,Mihaela Dăianu – Romania 

S.33 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧

,ݔ ,ݕ ݖ > 0

√1− ݔ +
ݕ

ඥ1 − ݕ
= 2√1 + ݖ

อ
ݖݕ ݕݔ ݔݖ
ݕݔ ݔݖ ݖݕ
ݔݖ ݖݕ ݕݔ

อ = 0

 

Proposed by Daniel Sitaru,Mihaela Pupăză – Romania 
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S.34 Find: 

Ω = lim
௡→ஶ

⎝

⎜
⎛
൮ඩෑ(݇ + ݊)

௡

௞ୀଵ

೙

൲

ିଵ

⋅෍
1
݇

௡

௞ୀଵ

⋅ ඩෑ(݇ + (݌
௞

௣ୀଵ

ೖ

⎠

⎟
⎞

 

Proposed by Daniel Sitaru,Simona Radu – Romania  

S.35  

ܣ ∈ ,௡(ℂ)ܯ det ܣ ≠ 0, ܣ3 + ଵିܣ4 + ܣ4)݅ + ଵିܣ3 − (ସܫ5 = ସܱ 

Find: Ωଵ = min|detܣ| ,Ωଶ = max|detܣ| 

Proposed by Marian Ursărescu – Romania  

S.36  If ܣ ∈ ,ସ(ℝ)ܯ detܣ ≠ 0, ଶ(ܣݎܶ) =  :then (ଶܣ)ݎ3ܶ

(ଷܣ)	ݎܶ = 3 ⋅ detܣ ⋅  (ଵିܣ)	ݎܶ

Proposed by Marian Ursărescu – Romania  

S.37   ܣ ∈ ,ସ(ℝ)ܯ detܣ = −1 , det(ܣଶ + (ସܫ = 0. Find: 
Ω =  (∗ܣ)	ݎܶ

Proposed by Marian Ursărescu – Romania  
 

S.38  If ܣ ∈ ,ଷ(ℝ)ܯ det(ܣଶ − ܣ3 + (ଷܫ3 = 0 then: 
2 det(ܣଶ + (ଷܫ3 ≥ 3(3 + detܣ)ଶ 

Proposed by Marian Ursărescu – Romania  
 

S.39  Let ݔ௡, ,௡ݕ ௡ݖ ⊂ ℝ such that: 

lim
௡→ஶ

௡ݔ
݊௣ =ܽ, ; lim

௡→ஶ

௡ݕ
݊௤ = ܾ, lim

௡→ஶ

௡ݖ
݊௥ = ܿ,ܽ,ܾ, ܿ ∈ ℝ∗, ,ݍ,݌ ݎ ∈ ℕ∗ 

Find: 

lim
௡→ஶ

∑ ௞ଵஸ௜ழ௝ழ௞ஸ௡ݔ௝ݔ௜ݔ ⋅ ∑ ௞ଵஸ௜ழ௝ழ௞ஸ௡ݕ௝ݕ௜ݕ ⋅ ∑ ௞ଵஸ௜ழ௝ழ௞ஸ௡ݖ௝ݖ௜ݖ

଼݊∑ ଷ௡(௜ݖ௜ݕ௜ݔ)
௜ୀଵ

 

Proposed by Marian Ursărescu – Romania  
S.40  Find: 

lim
௡→ஶ

෍ sinቆ
ඥ݆݅
݊ଷ ቇ

ଵஸ௜ழ௝ஸ௡

 

Proposed by Marian Ursărescu – Romania  
 

S.41  If ܽ,ܾ > 0, ܾܽ = 1 then: 

൬
ܽ

√1 + ܾଶ
൰
௡

+ ൬
ܾ

√1 + ܽଶ
൰
௡

≥ 2ଵି
೙
మ,݊ ∈ ℕ 

Proposed by Marin Chirciu – Romania  
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S.42 

(ݔ)݂ = log[ݔଷ − (6݊ − ଶݔ(11 + (12݊ଶ − 44݊ + ݔ(31 − 8݊ଷ + 44݊ଶ − 62݊ + 21] 

Find: 

Ω = lim
௞→ஶ

൭
(−1)௞ାଵ݇ ⋅ 2௞

݇! ⋅ ݂(௞)(2݊ + 1)൱
ଶೖ

 

Proposed by Costel Florea – Romania  

S.43 

݂:ℝ → ℝ, (ݔ)݂ = ௡݁௫ݔ (ݔ)ᇱܨ, = (0)ܨ,(ݔ)݂ = (−1)௡ ⋅ (ݔ)ܨ,!݊ = ݁௫ ⋅ ෍ݑ௞

௡

௞ୀ଴

 ௞ݔ

Find: 

Ω = lim௡→ஶ ቀ
௨೙షభబబ
௡మ⋅௨೙షవఴ

ቁ
ഝ೙
భవళ ,߶ – golden ratio. 

Proposed by Costel Florea – Romania  

S.44  If ݔ >  then prove that ,ߨ√

tanିଵ൫√ݔ൯ > sin ൬sec ൬
1
 ൰൰ݔ

Proposed by Srinivasa Raghava-AIRMC-India 

S.45 ݔ଴ ∈ ቀ0, గ
ଶ
ቁ , ଴ݕ > ௡ାଵݔ,0 = ௡ݔ ⋅ cos ௡ݔ , ௡ାଵݕ = ௡ݕ + ଵ

௬೙
 

Find: 
Ω = lim

௡→ஶ
௡ݔ) ⋅  (௡ݕ
Proposed by Marian Ursărescu – Romania  

 
S.46ݔ௡ ≥ 0,݊ ∈ ℕ, ݌ + ௡ାଵݔ

௣ < 1 + ݌,௡ݔ݌ ∈ ℕ, ݌ ≥ 2 
Prove that ݔ௡ – convergent and find the limit. 

Proposed by Marian Ursărescu – Romania  
S.47  If ܣ ∈ ,ଷ(ℝ)ܯ det(ܣଶ − ܣ3 + (ଷܫ3 = 0 then: 

2 det(ܣଶ + (ଷܫ3 ≥ 3(3 + detܣ)ଶ 
Proposed by Marian Ursărescu – Romania  

S.48 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧

,ݔ ,ݕ ݖ > 0

√1− ݔ +
ݕ

ඥ1 − ݕ
= 2√1 + ݖ

อ
ݖݕ ݕݔ ݔݖ
ݕݔ ݔݖ ݖݕ
ݔݖ ݖݕ ݕݔ

อ = 0

 

Proposed by Daniel Sitaru,Mădălina Giurgescu – Romania 
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S.49 Find: 

Ω = lim
௡→ஶ

൫(2݊)!൯
ଶ
⋅ (2݊ + 1)

(3௡ ⋅ ݊!)ସ ⋅෍
ቀ݊݅ ቁ ⋅ ቀ

݊
݊ − ݅ቁ

(2݅ + 1)ቆቀ2݊ − 1
2݅ − 1ቁ + ቀ2݊ − 1

2݅ ቁቇ

௡

௜ୀଵ

 

Proposed by Daniel Sitaru– Romania 

S.50 Find: 

Ω = lim
௡→ஶ

ቆ(1 ⋅ ݊ + 3 ⋅ (݊ − 1) + 5 ⋅ (݊ − 2) + ⋯+ (2݊ − 1) ⋅ 1) ⋅ sin
1
݊ଷቇ 

Proposed by Daniel Sitaru,Dan Mitricoiu – Romania 

S.51  Find: 

Ω = lim
௡→ஶ

ቆ(݊ − 1) ⋅
1
݊ + (݊ − 2) … ൬

1
݊ +

1
݊ − 1൰+ (݊ − 3) ⋅ ൬

1
݊ +

1
݊ − 1 +

1
݊ − 2൰+ ⋯+ 1

⋅ ൬
1
݊ +

1
݊ − 1 + ⋯+

1
2൰
ቇ tan

1
݊ଶ 

Proposed by Daniel Sitaru– Romania 

S.52  Solve for real numbers: 

ݔ ⋅ ݔ݃݋݈ = ݔ − ௡ାଵݔ ,݊ ∈ ℕ,݊ −fixed 

Proposed by Ionuţ Florin Voinea-Romania 

S.53  Find ݔ ∈ ቀ0, గ
ଶ
ቁ such that: 

݁௧௔௡௫ାଵ = (ݔ݊ܽݐ)݃݋݈ + ݁௧௔௡మ௫ା௧௔௡௫  

Proposed by Ionuţ Florin Voinea-Romania 

S.54 If ݔ ≥ 1 then: 

݁௫ − ݁
భ
ೣ > ݁ ൬ݔ −

1
 ൰ݔ

Proposed by Ionuţ Florin Voinea-Romania 

S.55  If ݔ ,ݕ, ݖ > 0, ݔଵି݊ܽݐ + ݕଵି݊ܽݐ + ݖଵି݊ܽݐ =  :then ߨ

ݔ√ + ඥݕ + ݖ√ ≤ ඥ3ݖݕݔ 

Proposed by Ionuţ Florin Voinea-Romania 

S.56  Solve for real numbers: 

(3௫ + 5௫ + 7௫)(5௫ + 7௫ + 9௫) = (4௫ + 5௫ + 6௫)(6௫ + 7௫ + 8௫) 

Proposed by Ionuţ Florin Voinea-Romania 
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S.57 Let ௠݂(ݔ) = ଶ௫ା௠
௫ିଵ

(ݔ)݃, = ଶ௫ି௠
௫ାଵ

. Find all real numbers ݉ such that: 

݉݅݊ ௠݂(ݔ) + (ݔ)௠݃ݔܽ݉ = ݔ∀,2021 ∈ ൤0,
1
2൨ 

Proposed by Nguyen Van Canh-Vietnam 

S.58  Let ௠݂(ݔ) = ௠
௦௜௡௫ାଶ

(ݔ)݃, = ௠
௖௢௦௫ାଶ

. Find all real numbers ݉ such that: 

݉݅݊ ௠݂(ݔ) + (ݔ)௠݃ݔܽ݉ = ݔ∀,1 ∈ ቂ0,
ߨ
2
ቃ 

Proposed by Nguyen Van Canh-Vietnam 

S.59  Let ௠݂(ݔ) = ௫ା௠
௫ି௠

+ ହ௫ା଺
ହ௫ି଺௠

+ ଶݔ + ݔ4݉ + 5,݉ ∈ ℝ. Find all positive real numbers ݉ 

such that: ݉݅݊ ௠݂(ݔ) + (ݔ)௠݃ݔܽ݉ = ݔ∀,2020 ∈ [−1,1] 

Proposed by Nguyen Van Canh-Vietnam 

S.60  Let ܽ ≥ ܾ > 0. Find all functions ݂:ℝ → ℝ such that: 

݂ଷ(ܽଶݔ + ܾଶݕ) = ଶݔܽ)9݂ − (ଶݕܾ −
ݕଷݔ
√ܾܽ

ݕ,ݔ∀, ∈ ℝ 

Proposed by Nguyen Van Canh-Vietnam 

S.61  If ݂: [0,1] → ℝ is a continuous function such that  
3∫ ଵݔ݀(ݔ)݂

଴ = 2, then there is an ݔ଴ ∈ (0,1) such that ݂(ݔ଴) = ඥݔ଴ 
Proposed by Dorin Mărghidanu-Romania 

S.62  Let the function ݂: (0,∞) → (0,∞), having the properties: 
ܽ)			݂ − differentiable on (0,∞) 

ܾ)				there is lim
௫→ஶ

ݔ ⋅ ݂ᇱ(ݔ) = ݈, ݈ ∈ ℝ 
Prove that for ݌ ∈ ℝା

∗ , we have: lim
௫→ஶ

ݔ ⋅ ݔ)݂] + −(݌ [(ݔ)݂ = ݌ ⋅ ݈ 
Proposed by Dorin Mărghidanu-Romania 

S.63  If ݂: [0,1] → [0,∞) such that ∫ ଵ(ݔ)݂
଴ ݔ݀ = 1, 

ଵܫ = න
ଶݔ + ݔ + 1
ଶݔ + 1

ଵ

଴

⋅ ݁୲ୟ୬షభ ௗ௫ , ଶܫ = නቌݔ −න (ݐ)݂ݐ
ଵ

଴

ቍݐ݀

ଶଵ

଴

 ݔ݀(ݔ)݂

Then prove: ܫଵ ≥ ݁గூమ 
Proposed by Florică Anastase – Romania  

S.64  If ߣ > 1, ݂: [0,1] → [1, continuous and convex function such that ݂(0) [ߣ = 0 then 

prove: 

(ݔ)ଶන݂ߣ

భ
ഊ

଴

ݔ݀ ≤ න݂(ݔ)
ଵ

଴

ݔ݀ ≤ ߣ)ߣ + 1)න
ݔ݀

1 + (ݔ)݂

ଵ

଴

 

Proposed by Florică Anastase – Romania  
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S.65 If 0 < ܽ < ܾ ≤ 2ܽ, ݂: [ܽ, ܾ] → [0, ܿ),݂ – continuous, ݂(ܽ) = 0,݂ᇱ(ܽ) ≥ 0 

݂′ - increasing, then: 

(ܾ − ܽ)൫ܿ(ܾ − ܽ) + ݂ܽ(ܾ)൯

ܾ݂(ܾ) + ܿ(ܾ − ܽ) − 2∫ ௕(ݔ)݂
௔ ݔ݀

≥ ܿ൫ܿ − ݂(ܾ)൯න
ݔ݀

൫ܿ − ൯(ݔ)݂
ଶ

௕

௔

 

Proposed by Florică Anastase – Romania  

S.66 If ݊ ∈ ℕ,݊ ≥ 2 then exists ݂ ∈ ℤହ[ܺ],݃݀ܽݎ	݂ = ݊ such that ݂ has not roots in ℤହ. 

Proposed by Florică Anastase – Romania  

S.67  Find: 

Ω = lim
௫→଴

ቌ lim
௡→ஶ

෍
݇ቀ݊݇ቁ
݊2௡ + ݇

௡

௞ୀଵ

⋅ෑ cos(2௞ି௡ݔ)
௡

௞ୀ଴

ቍ 

Proposed by Florică Anastase – Romania  

S.68  If 0 < ܽ ≤ ܾ,݂: [ܽ,ܾ] → ℝ, ݂ᇱ(ݔ) > ݔ∀,0 ∈ [ܽ, ܾ] then: 

නݔଶ݂(ݔ)݀ݔ
௕

௔

≥ ܾܽන (ݔ)݂
௕

௔

 ݔ݀

Proposed by Marian Ursărescu – Romania 
S.69 Find: 

Ω(݊) = න
2(2݊ + ݔ(1 + cos൫(4݊ + ൯ݔ(2

sin ݔ + cosݔ

ഏ
మ

଴

,ݔ݀ ݊ ∈ ℕ, ݊ ≥ 1 

Proposed by Marin Chirciu – Romania  
S.70   Find: 

Ω(݊) = න
ݔ + sin(ݔ − 1) ݔ) − 2) ⋅… ⋅ ݔ) − 2݊ + 1)

ଶݔ − ݔ2݊ + ݊ଶ + 1

ଶ௡ିଵ

ଵ

݊,ݔ݀ ∈ ℕ, ݊ ≥ 2 

Proposed by Marin Chirciu – Romania 
S.71  Prove without softs: 

න݁௫మ݀ݔ
ଵ

଴

⋅ න ݁ି௫మ
ଵ

଴

ݔ݀ < ൬
1 + ݁
2√݁

൰
ଶ

 

Proposed by Daniel Sitaru,Anicuța Patricia Bețiu – Romania 

S.72 If ݂: [ܽ, ܾ] → (0,∞), 0 < ܽ ≤ ܾ, ݂ - continuous then: 

(ܾ − ܽ)ଶන݂ଷ(ݔ)
௕

௔

ݔ݀ + ቌන݂(ݔ)
௕

௔

ቍݔ݀

ଷ

≥ 2(ܾ − ܽ)ቌන݂(ݔ)
௕

௔

(ݔ)ቍቌන݂ଶݔ݀
௕

௔

 ቍݔ݀

Proposed by Daniel Sitaru,Maria Lavinia Popa – Romania 
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S.73 Solve for real numbers: 

න
ଶݐ

ݐ) ⋅ sinh ݐ − cosh ଶ(ݐ
௫

଴
ݐ݀ = 0 

Proposed by Daniel Sitaru,Sorin Pîrlea – Romania  

S.74 If ܨ௡ – Fibonacci numbers then: 

௡ିଵସܨ + ௡ସܨ + ௡ାଵସܨ > ଷ௡ܨ ൬
௡ܨ௡ିଵܨ
௡ାଵܨ

+ ௡ାଵ൰ܨ ,݊ ≥ 1 

Proposed by Daniel Sitaru,Dorina Goiceanu – Romania  

S.75 Find without any software: 

Ω = න
ଶ଴ଵ଼ݔ

1 − ସ଴ଷ଼ݔ  ݔ݀

Proposed by Daniel Sitaru,Iulia Sanda – Romania 

S.76 

ݔ ∗ ݕ = ඥݔହݕହ − ହݔ − ହݕ + 2ఱ ݕ,ݔ, ∈ ℝ 

Solve for real numbers: ݔ ∗ ݕ ∗ ݖ − 1 = 0 

Proposed by Daniel Sitaru,Nicolae Radu – Romania 

S.77 Find: 

Ω = lim
௡→ஶ

න
ଷݔ4 − 3݊ଶݔ
݊ଷ + ݊ହ cosଶ ݔ

௡

଴

 ݔ݀

Proposed by Daniel Sitaru,Mihaela Săncele – Romania 
 

S.78 Solve for real numbers: 

න
ଶݐ

ݐ) ⋅ sinh ݐ − cosh ଶ(ݐ

௫

଴

ݐ݀ = න
ଶݐ

ݐ) ⋅ cosh ݐ − sinh ଶ(ݐ

௫

଴

 ݐ݀

 
Proposed by Daniel Sitaru,Daniela Stoian – Romania 

 
S.79 The equation: ଼ݔ + ଻ݔܽ + ଺ݔܾ + ହݔܽ + ସݔܿ + ଷݔ݀ + ଶݔ݁ + ݔ݀ − 1 = 0, 

ܽ, ܾ, ܿ,݀, ݁ ∈ ℝ	has all roots real numbers. Prove that: 
|ܾ + ݁ − ܿ| ≥ 16 

Proposed by Marian Ursărescu – Romania 
S.80 Solve for ݊ ∈ ℕ∗: 

න
3݁ସ௫ − 2݁ଷ௫ + ݁ଶ௫ − 1
݁ସ௫ − ݁ଷ௫ + ݁ଶ௫ − ݁௫ + 1

୪୭୥ ௡

଴

ݔ݀ = 0 

Proposed by Costel Florea – Romania  
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S.81 

௠݂(ݔ) = (݉ + ଷݔ(1 − 2(݉ + ଶݔ(1 − (݉ − ݔ(2 + 2݉ − 3,݉ ∈ ℝ − {−1} 

Find the equation of the line which contains the three fixed points of ௠݂  (the points do not 

depend of ݉) 

Proposed by Costel Florea – Romania  

S.82 If Ω(݊) = ∫ tanିଵ ݔ ଵݔ݀
଴ + ∫ tanିଵ)ݔ ଶଵ(ݔ

଴ ݔ݀ + ⋯+ ∫ ௡(tanିଵݔ ௡ାଵଵ(ݔ
଴  ݔ݀

Find: 

lim
௡→ஶ

Ω(݊)
݊  

Proposed by Costel Florea – Romania  

S.83 ܣ ∈ ,ଶ(ℝ)ܯ ܣ	ݎܶ + detܣ = 2. Prove that: 

det(ܣଶ + det ܣ ⋅ ܣ + ܣ	ݎܶ ⋅ (ଶܫ ≥ 4 

Proposed by Marian Ursărescu – Romania 

S.84 Find without any software: 

Ω = න
sinh ݔ − ݔ cosh ݔ
ଶݔ − 1 + coshଶ ݔ  ݔ݀

Proposed by Daniel Sitaru,Gigi Zaharia – Romania  

S.85 Find: 

Ω(ܽ) = න
cos ݔ ⋅ sin଻ ݔ

1 + sinଶ ݔ + sinସ ݔ

௔

଴

ܽ,ݔ݀ > 0 

Proposed by Daniel Sitaru,Alecu Orlando – Romania  

S.86 If 0 < ܽ ≤ ܾ then find: 

Ω = න log

⎝

⎜
⎛ቀ1 + ௫

௔
ቁ
௫షభ⋅௘

್
ೣ

ቀ1 + ௕
௫
ቁ
௫షభ⋅௘

ೣ
ೌ

⎠

⎟
⎞

௕

௔

 ݔ݀

Proposed by Daniel Sitaru,Ileana Stanciu – Romania 

S.87 Find: 

Ω(݊) = න
ଶݔ ⋅ logଶ௡ାଵ ݔ

1 + ଶݔ

ଷାଶ√ଶ

ଷିଶ√ଶ

݊,ݔ݀ ∈ ℕ 

Proposed by Daniel Sitaru – Romania 
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S.88 

߱(ܽ) = coshܽ ⋅ න
1

tanh ݔ − tanh ܽ

ଷ௔

ଶ௔

,ݔ݀ ܽ > 0 

Find: 

Ω = lim
௔→଴
௔வ଴

݁ఠ(௔) 

Proposed by Daniel Sitaru – Romania 

S.89 Solve for real numbers: 

න
ଶݐ

ݐ) ⋅ sinh ݐ − cosh ଶ(ݐ

௫

଴

ݐ݀ = න
ଶݐ

ݐ) ⋅ cosh ݐ − sinh ଶ(ݐ

௫

଴

 ݐ݀

Proposed by Daniel Sitaru – Romania 

S.90 

Ω(ܽ,݊) = න
cos௡ିଵ ቀ௫ା௔

ଶ
ቁ

sin௡ାଵ ቀ௫ି௔
ଶ
ቁ

ଷ௔

ଶ௔

ܽ,ݔ݀ > 0,݊ ∈ ℕ,݊ ≥ 1 

Find: 

Ω = lim
௡→ஶ

ቆ݊ ⋅ Ω ቀ
ߨ
3 , ݊ቁቇ 

Proposed by Daniel Sitaru – Romania 

S.91 Find: 

Ω = lim
௡→ஶ

ቌ න
(1 − −ଶ)(1ݔ ݔ2 + ଶ)௡ݔ

(1 + ଶ)௡ାଵݔ

ଵ

ିଵ

ቍݔ݀

భ
೙

 

Proposed by Daniel Sitaru – Romania 
 

S.92 Solve for real numbers: 

෍ ෍ ݔ) + ݅ଶ)(ݔ + ݆ଶ)
ଶ଴ଶଵ

௝ୀଵ

ଶ଴ଶ଴

௜ୀଵ

= න logቆ
2 tanଷ ݔ + 4 cotହ ݔ
2 cotଷ ݔ + 4 tanହ ቇݔ

ഏ
య

ഏ
ల

 ݔ݀

Proposed by Daniel Sitaru – Romania 
S.93 Solve for real numbers: 

න
ଶݐ

ݐ) ⋅ sinh ݐ − cosh ଶ(ݐ

௫

଴

ݐ݀ = 0 

Proposed by Daniel Sitaru – Romania 
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S.94 Find without any software: 

Ω = න
ଶݔ3 − (1 + ଶ௫݁(ݔ2

ଷݔ − ଶ௫݁ݔ  ݔ݀

Proposed by Daniel Sitaru – Romania 

S.95 Find without any software: 

Ω = න
1 + (1 − ଶݔ − ݁௫)݁௫

(1 + ௫)ඥ(1݁ݔ − ଶ)(1ݔ − ݁ଶ௫)
 ݔ݀

Proposed by Daniel Sitaru – Romania 

S.96 Find: 

Ω(ܽ) = න ݔ ⋅ (1 + ܽ௫ logܽ) ⋅ ܽ௫ା௔ೣ
୪୭୥ ௔

଴

ܽ,ݔ݀ > 1 

Proposed by Daniel Sitaru – Romania 

S.97 If 0 < ܽ ≤ ܾ < గ
ଶ
 then: 

ቌන
sin ݔ
ݔ

௕

௔

ቍݔ݀

ଶ

+ ቌන
cos ݔ
ݔ

௕

௔

ቍݔ݀

ଶ

≤ log ൬
ܾ
ܽ൰ 

Proposed by Daniel Sitaru – Romania 

S.98 ݂:ℝ → ℝ,݂ − continuous, ܽ, ܾ ∈ ℝ, ܽ ≤ ܾ. Prove that: 

න൫଼݂(ݔ) + ݂ଶ(ݔ)൯݀ݔ + ܾ − ܽ ≥
௕

௔

න൫݂ହ(ݔ) + ൯(ݔ)݂
௕

௔

 ݔ݀

Proposed by Daniel Sitaru – Romania  

S.99 If 0 < ܽ ≤ ܾ < గ
ଶ
 then: 

3
2න

sin ݔ
ݔ

௕

௔

ݔ݀ ≤ ܾ − ܽ + cos൫√ܾܽ൯ sin ൬
ܾ − ܽ

2 ൰ 

Proposed by Daniel Sitaru – Romania  

S.100 For ݔ > 0 and ݉, ݌,݊ > 0 – fixed, denote: Ω(݉,݊, (݌ = ୫୧୬ݔ 	, ୫୧୬ݔ 	– value of ݔ such 

that  Ω(݉,݊, (ݔ)(݌ = ൫ඥ݊ + ݌) − ଶ(ݔ + √݉ +  .ଶ൯ has minimum valueݔ

Prove that: ∑ ൫√݉ + √݊൯௖௬௖ Ω(݉,݊, (݌ ≥ 3ඥ݉݊݌ 

Proposed by Daniel Sitaru – Romania  
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S.101 Solve for real numbers: 

ହݔ64 − ସݔ112 − ଷݔ8 + ଶݔ105 − ݔ56 + 7 = 0 

Proposed by Daniel Sitaru – Romania  

S.102 Let Ω be area of pedal triangle of Lemoine’s point in Δܥܤܣ. Prove that: 

(ܽଶ + ܾଶ + ܿଶ)ଶ ⋅ Ω ≥ 972√3 ⋅ ଺ݎ  

Proposed by Daniel Sitaru – Romania  

S.103 Find ܺ ∈  :ଷ(ℝ) such thatܯ

ܺଶ଴ଵଽ + ܺ = ൭
2 2 0
0 2 2
0 0 2

൱ 

Proposed by Marian Ursărescu – Romania  

S.104 ݔଵ = ௡ݔ,1 = (1 + (௡ݔ݊ ⋅ ௡ାଵݔ ,݊ ∈ ℕ,݊ ≥ 1. Find: 

Ω = lim
௡→ஶ

ቀඥ(݊!)ଶ೙ ⋅  ௡ቁݔ

Proposed by Marian Ursărescu – Romania  

S.105 Find: 

Ω = lim
௡→ஶ

൬
1
݊ tanିଵ ݊ −

1
݊ + 1 tanିଵ(݊ + 1)൰൭෍ √݇!ೖ

௡

௞ୀଶ

൱ 

Proposed by Marian Ursărescu – Romania  

S.106  ܥ,ܤ,ܣ ∈ ,௡(ℝ)ܯ ݊ ∈ ℕ, ݊ ≥ ܤܣ,2 = ܥܣ,ܣܤ = ܥܤ,ܣܥ =  ܤܥ

If ܣ + ܤ + ܥ = ܤܣ)௡ then detܫ + (ܥ ⋅ det(ܥܤ + (ܣ ⋅ det(ܣܥ + (ܤ ≥ 0 

Proposed by Marian Ursărescu – Romania  

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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U.01 If (ݔ௡)௡ஹଵ , ;௡ஹଵ(௡ݕ) ௡ݔ = ∑ tanିଵ ቀ1 + ଵ
௞
ቁ௡

௞ୀଵ − ௡గ
ସ

; ௡ݕ = ∑ ଵ
ୡ୭୲షభ(ଶ௞ାଵ)

௡
௞ୀଵ ;݊ – fixed 

Find: 

Ω = lim
௡→ஶ

∑ ଵܪ) ⋅ ଶܪ ⋅ … ⋅ ௞)௡ܪ
௞ୀଵ

భ
ೖ

∑ ቀ௫೘
మ

గ
+ గ௬೘మ

ସ
ቁ௡

௠ୀଵ

 

Proposed by Florică Anastase – Romania 

U.02 In Δܥܤܣ the following relationship holds: 

(ܣ)݅ܵ + (ܤ)݅ܵ + (ܥ)݅ܵ <
ܴߨ2 + ݏ

3ܴ , (ݔ)݅ܵ = න
sin ݐ
ݐ

௫

଴

 ݐ݀

Proposed by Daniel Sitaru – Romania 

U.03 If ܽ, ܾ > 1 then: 

නන
ݕ݀ݔ݀

ඥݔଶݕ + ଶݕݔ

௕

ଵ

௔

ଵ

< logඥܾܽ(ܽ − 1)(ܾ − 1)ర + ൫log√ܽ൯൫log√ܾ൯ 

Proposed by Daniel Sitaru – Romania  

U.04 If −2 < ܽ ≤ ܾ < 2 then: 

1
2
ቮනනන

ݖݕݔ + ݔ)4 + ݕ + (ݖ
ݕݔ + ݖݕ + ݔݖ + 4

௕

௔

ݖ݀ݕ݀ݔ݀
௕

௔

௕

௔

ቮ ≤ (ܾ − ܽ)ଷ 

Proposed by Daniel Sitaru – Romania  
U.05 Find: 

Ω = lim
ఌ→଴
ఌவ଴

න
log ݔ

ଷݔ + ݔ√ݔ + 1

ଵ

ఌ

 ݔ݀

Proposed by Vasile Mircea Popa – Romania  
 

U.06 Find: 

Ω(ܽ) = න ቆ
ଶݔ

(1 − ଶݔ + ସ)(1ݔ + ݔቇ݀(ݔܽ
ஶ

଴

,ܽ > 0 

Proposed by Vasile Mircea Popa – Romania  
U.07 Find: 

Ω = lim
ఌ→଴
ఌவ଴

න
log ݔ ݔ݀

1 + ଶݔ + ସݔ

ଵ

ఌ

 

Proposed by Vasile Mircea Popa – Romania  
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U.08 Find a closed form: 

Ω(ܽ) = න
ଶݔ

(1 + 1)(ݔܽ + ଶݔ + (ସݔ ݔ݀
ஶ

଴

,ܽ > 0 

Proposed by Vasile Mircea Popa – Romania  

U.09 Find without softs: 

Ω = න
arctan ݔ
ହݔ + 1

ஶ

଴

 ݔ݀

Proposed by Vasile Mircea Popa – Romania  

U.10 Find: 

Ω = lim
ఌ→଴
ఌவ଴

න
log ݔ

1 − ଶݔ + ସݔ ݔ݀
ଵ

ఌ

 

Proposed by Vasile Mircea Popa – Romania  

U.11 Find a closed form: 

Ω(ܽ) = න
ଷݔ

(1 − ଶݔ + ସ)(1ݔ + ܽଶݔଶ)݀ݔ
ஶ

଴

,ܽ ≠ 0 

Proposed by Vasile Mircea Popa – Romania  

U.12 Find without softs: 

Ω = lim
௡→ஶ

න
tanିଵ ݔ
1 + ௡ݔ

ஶ

଴

 ݔ݀

Proposed by Vasile Mircea Popa – Romania  

U.13 Find: 

Ω = lim
௧→ଵ
௧ழଵ

ቌ
1

ݐ − 1 න
1
ݔ sinିଵ ݔ ݔ݀

௧మ

√௧

ቍ 

Proposed by Vasile Mircea Popa – Romania  

U.14 Find a closed form: 

Ω(ܽ) = න
ଷݔ

ସݔ) + ଶݔ + 1)(1 + ݔ݀(ݔܽ
ஶ

଴

,ܽ > 0 

Proposed by Vasile Mircea Popa – Romania  
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U.15 Find without softs: 

Ω = න
arctan ݔ

ଶݔ2 + ݔ2 + 3

ଶ

଴

 ݔ݀

Proposed by Vasile Mircea Popa – Romania  

U.16 Find without softs: 

Ω = lim
ఌ→଴
ఌவ଴

න
ln ݔ
ସݔ + 1

ଵ

ఌ

 ݔ݀

Proposed by Vasile Mircea Popa – Romania  

U.17 Find without any software: 

Ω = න
arctan ݔ

ଶݔ + ݔ4 + 3

ଶ

଴

 ݔ݀

Proposed by Vasile Mircea Popa – Romania  

U.18 Find a closed form: 

Ω(ܽ) = න
ଶݔ

(1 + ସ)(1ݔ + ܽଶݔଶ) ,ܽ ∈ ℝ
ஶ

଴

 

Proposed by Vasile Mircea Popa – Romania  

U.19 Find a closed form: 

Ω(ܽ) = න
ଶݔ

ସݔ) − ଶݔ + 1)(1 + ܽଶݔଶ)݀ݔ
ஶ

଴

,ܽ > 0 

Proposed by Vasile Mircea Popa – Romania  

U.20 Let ܬ௡(ݔ) – Bessel function and ℒ௫[݂](ݕ) – Laplace Transform and if 

ܵ(݊) = නℒ௫[݁ି௫ܬ௡(ݔ)]
ଵ

଴

 ݕ݀(ݕ)

then prove that 

න ܵ(݊)
ஶ

଴

݀݊ = logቆ
log൫2 + √5൯
log൫1 + √2൯

ቇ 

෍ܵ(݊)
ஶ

௡ୀଵ

= logቆ
√5− 3
√2− 2

ቇ 

Proposed by Srinivasa Raghava-AIRMC-India 
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U.21 For ݊ > 1 we have 

න
ඥsinh(ݔ)೙

cosh(ݔ) + 1

ஶ

଴

ݔ݀ =
2݊ + 1
2݊ − 2

Γ ቀଶ௡ିଵ
ଶ௡

ቁ Γ ቀ௡ାଵ
௡
ቁ

2
భ
೙Γቀସ௡ାଵ

ଶ௡
ቁ

 

Proposed by Srinivasa Raghava-AIRMC-India 

U.22 Show that: 

෍
ቀହ௡ାଵ

ଵଷ
ቁ

(2݊ + 1)ଷ

ஶ

௡ୀିஶ

= 

=
ଷߨ

17576
ቐ−ቌ

sinቀଷగ
ଵଷ
ቁ

sinସ ቀଷగ
ଶ଺
ቁ

+
sin ቀ గ

ଵଷ
ቁ

cosଷ ቀ గ
ଵଷ
ቁ
−

2 sin ቀଷగ
ଵଷ
ቁ

cosଷ ቀଷగ
ଵଷ
ቁ

+
2 cosቀହగ

ଶ଺
ቁ

sinଷ ቀହగ
ଶ଺
ቁ
ቍቑ 

Here in the summation ቀ௡
௠
ቁ is Jacobi Symbol 

Proposed by Srinivasa Raghava-AIRMC-India 

U.23 If we have the relation 

෍ߙ
(−1)௡ܨଶ௡ାଵܨସ௡ାଶܨ଺௡ାଷ

଼߮௡

ஶ

௡ୀ଴

+ ෍
(−1)௡ܮଶ௡ାଵܮସ௡ାଶܮ଺௡ାଷ

଼߮௡

ஶ

௡ୀ଴

= 0 

then find the value of ߙ. 

Here ߮ – Golden Ratio 

Proposed by Srinivasa Raghava-AIRMC-India 

U.24 Show that 

න ݁௭ି௭మ
ஶ

ିஶ

ቀℒ௬ൣℱ௫ൣ݁௫ି௫
మ൧(ݕ)൧(ݖ)ቁ݀ݖ = (1 + ݅)ට

ߨ݁
2  

ℒ௫[݂](ݕ) is Laplace Transform and ℱ௫[݂](ݕ) is Fourier Transform 

Proposed by Srinivasa Raghava-AIRMC-India 

U.25. Prove the summation 

෍
௡ܨ) + ߶௡ିଵ)(ܮ௡ + ߶௡ିଵ)

߶଺௡ିଵ

ஶ

௡ୀଵ

=
4߶
15 

 ߶ – Golden Ratio	 ௡ – Lucas number;ܮ ;௡ – Fibonnacci numberܨ

Proposed by Srinivasa Raghava-AIRMC-India 
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U.26 Evaluate the integral in ܽ closed – form 

න ൭෍ቀ൫2 + ݅√2൯
௡

+ 3௡ + ൫2 − ݅√2൯
௡
ቁ ௡ݔ

ஶ

௡ୀ଴

൱
ஶ

ଵ

 ݔ݀

Proposed by Srinivasa Raghava-AIRMC-India 
 

U.27 Compute the integral 

නන
tanିଵ(min(ݔ, ((ݕ

ඥݔ + ݕ

ଵ

଴

ଵ

଴

 ݔ݀ݕ݀

Proposed by Srinivasa Raghava-AIRMC-India 
 

U.28 

෍
(−1)௡ܨଶ௡ାଵ + ଶ௡ାଵܮ

(2݊ + 1)߶ସ௡

ஶ

௡ୀ଴

=
߶)ߨ + 1)

4√5
+ ߶ଶ cothିଵ൫√5൯ 

߶ – Golden Ratio, ܨ௡ – Fibonacci numbers,ܮ௡ – Lucas numbers 
Proposed by Srinivasa Raghava-AIRMC-India 

 
U.29 If we have the relation 

෍
߶ଷ௡ାଵ + (−1)௡(3݊ + 1)

߶ସ௡ାଵ

ஶ

௡ୀ଴

=
1 + ݇
݇ ෍

(−1)௡൫݊߶ + √5൯ + ߶ଶ௡ାଵ

߶ଷ௡ାଶ

ஶ

௡ୀ଴

 

then find the value of ݇.  ߶ − Golden Ratio 

Proposed by Srinivasa Raghava-AIRMC-India 

U.30 For ݊ > 1, prove the relation 

න ඥtan(ݔ)೙

ഏ
మ

଴

log(sin(ݔ))݀ݔ =
భܪ

మቀ
భ
೙ିଵቁ

2 න ඥtan(ݔ)೙

ഏ
మ

଴

 ݔ݀

௞ܪ  – Harmonic Number 

Proposed by Srinivasa Raghava-AIRMC-India 

U.31 If we define the function ݂(݉, ݊) for ݉,݊ > 0 

݂(݉, ݊) = න
log(1 + (ଶݔ݉

1 + ଶݔ݊

ஶ

ିஶ

 ݔ݀

then show that 

නන݂(݉, ݊)
ଵ

଴

݀݊݀݉ =
ଵ

଴

2
ߨ3

(1 + 8 log(2)) 

Proposed by Srinivasa Raghava-AIRMC-India 
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U.32 Prove that 

݁ିగ = න
ቀ1 + ௫

గ
ቁ sin(ݔߨ)

ଶݔ + ݔ4 + 5

ஶ

ିஶ

 ݔ݀

Proposed by Srinivasa Raghava-AIRMC-India 

U.33 Establish the inequality 

0 ≤
௫ߨ߲

గݔ߲ ≤ ቀ
݁

ߨ − 1ቁ
ଵିగ ߨ

logగ(ߨ) 

Proposed by Srinivasa Raghava-AIRMC-India 

U.34 Prove the integral 

න
(1 + ݔ + ଶݔ + ଷݔ + (ସݔ cos(ݔߨ)

݁గ(௫మା௫)

ஶ

ିஶ

ݔ݀ =
ߨ − 3

ߨ4  

Proposed by Srinivasa Raghava-AIRMC-India 

U.35 For ݊ ≥ 1. Prove that 

න
݁ିଶగ ୱ୧୬ ௫ sinቀగ௫

௡
ቁ

cosh൫ݔ݊√ߨ൯

ஶ

ିஶ

ݔ݀ =
݅ ൬sech ൬గ൫ଶ௡

మାଵ൯

ଶ௡
య
మ

൰ − sech ൬గ൫ଶ௡
మିଵ൯

ଶ௡
య
మ

൰൰

2√݊
 

Proposed by Srinivasa Raghava-AIRMC-India 

U.36 Prove that 

න tanିଵ ൬
1 − ݔ
1 + ൰ݔ logቆ

1 + ଶݔ

1 − ଶቇݔ
ଵ

଴

ݔ݀ =
ଶߨ5

48 −  ܩ

 Catalan’s constant – ܩ

Proposed by Srinivasa Raghava-AIRMC-India 

U.37 Find a closed form: 

Ω = ෍
1

(݊ + 1)(2݊ + 1)(4݊ + 1)(4݊ + 3)

ஶ

௡ୀ଴

 

Proposed by Daniel Sitaru – Romania  

U.38 Find: 

Ω =

⎝

⎛෍න sin௡ ݔ ⋅ sin ݔ݊ ݔ݀

ഏ
మ

଴

ஶ

௡ୀ଴
⎠

⎞ቌ෍න cos௡ ݔ ⋅ cos݊ݔ ݔ݀
గ

଴

ஶ

௡ୀ଴

ቍ

ିଵ

 

Proposed by Daniel Sitaru – Romania  
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U.39 Find ݕ,ݔ, ݖ > 0 such that: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ ෍

cosଶ௡ ݔ
݊!

ஶ

௡ୀ଴

= √݁ర

ݔ + ݕ + ݖ =
8

log 2න
tanିଵ ݐ
ݐ + 1

ଵ

଴

ݐ݀

෍
sinଶ௡ ݖ
݊!

ஶ

௡ୀ଴

= ඥ݁ଷర

 

Proposed by Daniel Sitaru – Romania 
U.40 Find a closed form: 

Ω = න logቌ1 +
2 sin ݔ

ቀsin ௫
ଶ
− cos ௫

ଶ
ቁ
ଶቍ

୪୭୥(ୱ୧୬௫)ౙ౥౩ೣ

ݔ݀

ഏ
మ

଴

 

 
Proposed by Daniel Sitaru – Romania 

U.41 Find a closed form: 

Ω = න න
log൫ݔ୪୭୥ ௬൯ ⋅ log൫ݕ√௫൯ ⋅ log൫ݔ √௬య

൯
(1 + ଶ)(1ݔ + (ଶݕ

ஶ

଴

ஶ

଴

 ݕ݀ݔ݀

Proposed by Daniel Sitaru – Romania 

U.42 If ܽ, ܾ ≥ 0 then: 

(ܽ + ܾ)ට݁ିଶ௔ ∫
ౢ౥ౝೣ
೐ೣ

ಮ
బ ௗ௫ + ݁ିଶ௕ ∫ ୪୭୥ቀ୪୭୥భೣቁௗ௫

భ
బ ≥ ߛ2ܾܽ)2√ + ܽ + ܾ) 

Proposed by Daniel Sitaru – Romania 

 

U.43 Find without any software: 

Ω = න
(cosh ݔ − sinh 4)(ݔ sinhଶ ݔ − sinh ݔ2 + 2)

(cosh ݔ + sinh ൫(4(ݔ sinhଶ ݔ + sinh ݔ2 + 2)൯

ஶ

଴

 ݔ݀

Proposed by Daniel Sitaru – Romania 

 

U.44 Without the use of generating function of harmonic number prove that: 

න
(ݔ)ଶ݅ܮ
1 + ݔ

ଵ

଴

ݔ݀ = ln (2)ߞ2 + ෍
(−1)௡ܪ௡

݊ଶ

ஶ

௡ୀଵ

= ln −(2)ߞ2
5
8 ߞ

(3) 

where ݅ܮଶ(ݔ) and ܪ௡  are dilogarithm function and nth harmonic number respectively 

Proposed by Narendra Bhandari – Bajura – Nepal  
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U.45 For all ݊ ≥ 0, prove that: 

1
2෍

ቀ݊݇ቁ
௡

௞ୀ଴

න logଶ(1 + ௞ݔ(ݔ
ଵ

଴

ݔ݀ =
2௡ାଵ − 1
(݊ + 1)ଷ +

2௡

݊ + 1 logଶ(2) −
2௡ାଵ

(݊ + 1)ଶ log(2) 

Proposed by Narendra Bhandari – Bajura – Nepal  

U.46 Prove the following: 

න
lnଷ(1 − (ݔ lnଶ(ݔ)

1− ݔ ݔ݀
ଵ

଴

− 3න
ln(1 − ଶଶ(1݅ܮ(ݔ − (ݔ

1 − ݔ

ଵ

଴

ݔ݀ = ଶ(3)ߞ6 −  (6)ߞ8

where ݅ܮଶ(ݔ) is dilogarithm function and (ݔ)ߞ is Riemann zeta function 

Proposed by Narendra Bhandari – Bajura – Nepal  

U.47 Prove that: 

෍
1
݊ଷ

ஶ

௡ୀଵ

൬(2)ߞ−
1

1ଶ −
1
2ଶ −

1
3ଶ −⋯−

1
݊ଶ൰ =

9
2 ߞ

(5)−  (3)ߞ(2)ߞ2

where (ݖ)ߞ is Riemann zeta function. 

Proposed by Narendra Bhandari – Bajura – Nepal  

U.48 Prove or disprove: 

න lnଷ(1 + (ݔ ln(1 − ݔ݀(ݔ = 6
ଵ

଴

൬lnଶ(2) −
1
8൰ ߞ

(3) +
3
2 lnସ(2) − 3 lnଷ(2) + 

+ lnଶ(2) ൫18 − ൯(2)ߞ3 + −(2)ߞ) 6)6 ln(2) + 

+24 − −(4)ߞ33 −(2)ߞ6 ,൫3ߞ6 1൯ 

where ݏ)ߞଵ, ଶݏ , … ,  .௞) is AMZV, Alternating Multiple zeta Valueݏ

Proposed by Narendra Bhandari – Bajura – Nepal  

U.49 Prove or disprove 

න lnସ(1 + (ݔ ln(1 − ݔ݀(ݔ
ଵ

଴

= (5)ߞ48 + ,൫3ߞ 1൯ + 24 lnଶ(2) (3)ߞ − 48 ln(2) (3)ߞ + 

(3)ߞ6+ + 2 lnହ(2)− 8 lnସ(2)−
ଶߨ4 lnଷ(2)

3 + 32 lnଷ(2) + ଶߨ2 lnଶ(2)− 96 lnଶ(2)− 

−
ସߨ8 ln(2)

15 − (2)ߞ24 ln(2) + 192 ln(2) + −(4)ߞ36 ହ݅ܮ48 ൬
1
2൰ + ଶߨ4 − 120 

where ݏ)ߞଵ, ଶݏ , … ,  ௞) are Alternating Multi Zeta Valuesݏ

Proposed by Narendra Bhandari – Bajura – Nepal  
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U.50	Prove or disprove 

෍න ଶݔ logଶ൫ݔ√௣൯
ஶ

଴

ஶ

௣ୀଵ

ݔ݀
sec(ݔ݌) =

17
2 (2)ߞߨ − (2)ߞߨߛ5 + (2)ߞߨ5 ln൬

2݁ఊߨ
ଵଶܣ ൰ 

where ߞ(. ) is being Riemann zeta function and ܣ is Glashier – kinkelin constant. 

Proposed by Narendra Bhandari – Bajura – Nepal  

U.51 Prove that 

lim
௡→ஶ

൭෍
1
√݇య −

3݊ + 1
2√݊య

௡

௞ୀଵ

൱ = ߞ ൬
1
3൰ 

where (ݖ)ߞ is Riemann zeta function 

Proposed by Narendra Bhandari – Bajura – Nepal  

U.52 Evaluate the integral in a closed – form 

න
cos(ݔ)

sin(ݔ) + ୡ୭ୱ(௫)

ୱ୧୬(௫)ା ౙ౥౩(ೣ)
౩౟౤(ೣ)శౙ౥౪(ೣ)

ഏ
మ

଴

 ݔ݀

Proposed by Srinivasa Raghava –AIRMC- India 

U.53 If  ߙ = థ
ଵା

థ
√ହା

థ
ଵା

థ
√ହା

థ
ଵା

థ
√ହା

థ
ଵା⋯…

		then evaluate this continued fraction 

1 + ఈ
థା

ఈ
ଵା

ఈ
థା

ఈ
ଵା

ఈ
థା

ఈ
ଵା

ఈ
థା⋯…

.   ߶ – Golden Ratio 

Proposed by Srinivasa Raghava –AIRMC- India 

U.54.   

න ఱݔ√

ஶ

଴

logହ൫coth൫√5ݔ൯൯݀ݔ 

Proposed by Srinivasa Raghava –AIRMC- India 

U.55 Let ݂ቌቆ
ݔ
ݕ
ݖ
ቇቍ = ቌ

ݕݔ + sin(ݖ)
ݔݖ + sin(ݕ)
ݖݕ + sin(ݔ)

ቍ	and if, ܬ௙(ݔ, ,ݕ ݂ is the Jacobian Matrix of (ݖ ቌቆ
ݔ
ݕ
ݖ
ቇቍ 

then prove that   డల

డ௫మడ௬మడ௭మ
หܬ௙(ݔ, ,ݕ ห(ݖ = cos(ݔ) cos(ݕ) cos(ݖ) 

where, |∗| is the Determinant of the matrix 

Proposed by Srinivasa Raghava –AIRMC- India 
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U.56 Let, ܪ{௫,௬}൫݁ିగ൫௫
మା௬మ൯൯ is the Hessian matrix of the function ݁ିగ൫௫మା௬మ൯ 

then show that 

න නหܪ{௫,௬}൫݁ିగ൫௫
మା௬మ൯൯ห

ஶ

଴

݁ିగ൫௫మା௬మ൯
ஶ

଴

ݔ݀ݕ݀ =
ଶߨ

9  

Here |∗| is the determinant of the matrix 

Proposed by Srinivasa Raghava –AIRMC- India 

U.57 Evaluate the integral 

න න
ఱݔ√ + ඥݕఱ

ఱݕହඥݔ + ఱݔ√ହݕ ݕ݀
ஶ

ଵ

ݔ݀
ஶ

ଵ

 

Proposed by Srinivasa Raghava –AIRMC- India 

U.58 

න
ଶݔ + ௫

థ
+ ଵ

థమ

(1 + ଶݔ + (ସݔ ቀݔସ + ௫మ

థ
+ ଵ

థమ
ቁ

ஶ

ିஶ

ݔ݀ = ߶ඨߨ2 −
2
3 ൫ඥ5߶ + 3 − 1൯ 

߶ – Golden Ratio 

Proposed by Srinivasa Raghava –AIRMC- India 

U.59 Let for ݖ ≥ 0 

(ݖ)߰ = න න
sin൫ݔ)ݖ + ൯(ݕ

ଶݔ) + ଶݕ)(1 + 1)

ஶ

଴

ݕ݀
ஶ

଴

 ݔ݀

then prove that 

න
(ݖ)߰

ݖ√

ஶ

଴

ݖ݀ = ߨ
య
మ ቆ1 +

log൫3 − 2√2൯
2√2

ቇ 

න
(ଶݖ)߰
ଶݖ

ஶ

଴

ݖ݀ = −
ߨ
య
మ log൫17 − 12√2൯

2√2
 

Proposed by Srinivasa Raghava –AIRMC- India 

U.60 Prove that 

න
√5 − tan ቀ௫

ହ
ቁ

√5 + tan ቀ௫
ହ
ቁ
ݔ݀

ഏ
ఱ

଴

=
ߨ2
15 +

5
6√5 logቆ

1
5 ൬3 + √5 sin ൬

ߨ2
25൰+ 2 cos ൬

ߨ2
25൰൰ቇ 

Proposed by Srinivasa Raghava –AIRMC- India 
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U.61 Prove that 

න
log(ݔ) logቀ ௫

ଵି௫
ቁ

ට ௫
ଵି௫

య

ଵ

଴

 ݔ݀

=
ଷߨ

9√3
−

ଶߨ5

9 −
ଶߨ log(3)

3 +
ߨ2
√3

+ 3√ߨ log(3) +
(ଵ)߰ߨ2 ቀଶ

ଷ
ቁ

3√3
 

Proposed by Srinivasa Raghava –AIRMC- India 

U.62 Find the Co-variance of this 4 × 4 matrix and compute its Trace 

⎝

⎜
⎜
⎜
⎜
⎜
⎛

5
16 −

1
8 −

3݅
16

1
16 +

݅
2 −

1
4 −

5݅
16

−
1
8 −

3݅
16 −

1
16 +

݅
4

1
8 −

7݅
16

1
16 +

3݅
8

1
16 +

݅
2

1
8 −

7݅
16

5
16 −

1
2 −

݅
16

−
1
4 −

5݅
16

1
16 +

3݅
8 −

1
2 −

݅
16

11
16 ⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

Proposed by Srinivasa Raghava –AIRMC- India 

U.63 

෍
(−1)ଵାଶାଷାସାହା⋯ା௡

1 × 2 × 3 × 4 × 5 …݊

ஶ

௡ୀ଴

= cos(1)− sin(1) 

Proposed by Srinivasa Raghava –AIRMC- India 
 

U.64 Prove the integral relation 

නනන
log൫max(ݔ, ,ݕ (ݖ + min൫√ݔ,ඥݖ√,ݕ൯൯

max(ݕ,ݔ, (ݖ + min൫√ݔ,ඥݖ√,ݕ൯

ଵ

଴

ଵ

଴

ଵ

଴

ݔ݀ݕ݀ݖ݀ =
43
16−

ଶߨ

12−
1
3

(8 log(2)) 

 
Proposed by Srinivasa Raghava –AIRMC- India 

 
U.65 Let, for 0 ≤ ݖ ≤ 1 

(ݖ)߰ = නන
ݔ + ݕ

ݔ) + +ݕݔ)(ݕ ݕ݀(1
ଵ

௭

ݔ݀
ଵ

௭

 

then prove that 

නቀ߰(ݖ) + ߰൫√ݖ൯ቁ
ଵ

଴

ݖ݀ =
7
2 − (ݖ)නቀ߰,ߨ + ߰൫√ݖ൯ቁ log൬

1
൰ݖ

ଵ

଴

ݖ݀ =
1
2

(23− −(ܩ8
ଶߨ

12 −  ߨ2

where ܩ is Catalan Constant  

Proposed by Srinivasa Raghava –AIRMC- India 
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U.66 Let the function 

(ݔ)ܴ = න
ݔ

݁௫ + 1

ஶ

୪୭୥(ୱ୧୬(௫))

 ݔ݀

then show that 

නܴ(ݔ)ଶ

ഏ
మ

଴

sin(2ݔ)݀ݔ = −(3)ߞ3
(4)ߞ11

4  

Proposed by Srinivasa Raghava –AIRMC- India 

U.67 Prove the relation 

ℱ௫[sinଶ(݁ି௫)](ߙ)
ℱ௫[(݁ି௫ sin(݁ି௫))ଶ](ߙ) =

4
ଶߙ +  ߙ݅

ℱ௫[…   is Fourier Transform (ߙ)[

Proposed by Srinivasa Raghava –AIRMC- India 

U.68 If we have the integrals 

න
tanh ቀ௫

ଶ
ቁ + tanh(2ݔ)

ݔ

ஶ

଴

ቀ݁
యೣ
మ − 1ቁ

ଶ
݁ିସ௫݀ݔ = log(ܣ) 

න
tanh ቀ௫

ଶ
ቁ + tanh(2ݔ)

ݔ

ஶ

଴

ቀ݁
యೣ
మ + 1ቁ

ଶ
݁ିସ௫݀ݔ = log(ܤ) 

then prove that  ܤܣ = ቆ
√గ୻ቀ

భ
ఴቁ

ଷ୻ቀఱఴቁ
ቇ
ସ

 

Proposed by Srinivasa Raghava –AIRMC- India 

U.69 If ܽ, ܾ, ܿ ≥ 0 then: 

න න න ቌඨ
ݔ + 1
ݕ + 1

ల
+ ඨݕ + 1

ݖ + 1
ఴ

+ ඨݖ + 1
ݔ + 1

భబ
ቍ

ସ௖

௖

ଷ௕

௕

ଶ௔

௔

≥ 15ܾܽܿ 

Proposed by Daniel Sitaru – Romania  

U.70 If 0 < ܽ ≤ ܾ then: 

නනන ቤ
ଷݔ − ଷݕ

ݔ + ݕ +
ଷݕ − ଷݖ

ݕ + ݖ +
ଷݖ − ଷݔ

ݖ + ݔ ቤ
௕

௔

௕

௔

௕

௔

ݖ݀ݕ݀ݔ݀ ≤
(ܾ − ܽ)ହ

8  

Proposed by Daniel Sitaru – Romania  
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All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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PROBLEMS FOR JUNIORS 

JP.346 Find all values of ࢑ such that the following inequality: 

૛ࢇ

࢈ +
૛࢈

ࢇ +
࢈ࢇ࢑
+ࢇ ࢈ ≥ ൬૚ +

࢑
૝൰ +ࢇ)  (࢈

holds for all positive real numbers ࢈,ࢇ.  

Proposed by Nguyen Viet Hung-Hanoi-Vietnam 

JP.347 Let ࢈,ࢇ,  be non-negative real numbers, no two of which are zero. Prove that ࢉ

૛(ࢇ+ +ࢇ)(࢈ (ࢉ
࢈ + ࢉ +

૛(࢈ + +࢈)(ࢉ (ࢇ
ࢉ + ࢇ +

૛(ࢉ+ +ࢉ)(ࢇ (࢈
ࢇ + ࢈ >

ࢇ) + +࢈ ૜(ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ +
࢈ࢇ + ࢉ࢈ + ࢇࢉ
ࢇ + ࢈ + ࢉ  

Proposed by Nguyen Viet Hung-Hanoi-Vietnam 

JP. 348. If ࢈,ࢇ, ࢉ > 0 then: 

ቆ
૝ࢇ

૝࢈ +
૝࢈

૝ࢉ +
૝ࢉ

૝ቇቆࢇ
૜ࢇ

૜࢈ +
૜࢈

૜ࢉ +
૜ࢉ

૜ቇࢇ ≥ ቆ
૛ࢇ

૛࢈ +
૛࢈

૛ࢉ +
૛ࢉ

૛ቇࢇ
૛

 

Proposed by Daniel Sitaru – Romania  

JP.349. Let ࢉ,࢈,ࢇ be positive real numbers such that  ࢇ + ࢈ + ࢉ = ૜. Prove that: 

૟ࢇ

૛ࢇ + +࢈
૟࢈

૛࢈ + ࢉ +
૟ࢉ

૛ࢉ + ࢇ ≥
૜
૛ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

JP.350. For ૚ ≤ ,࢈,ࢇ ࢉ ≤ ૛√૜
૜

, prove that: 

ඥ૝− ૜ࢇ૛ + ඥ૝ − ૜࢈૛ + ඥ૝ − ૜ࢉ૛ + ࢇ) + ࢈ + ૛(ࢉ − ૜(ࢇ+ ࢈ + (ࢉ ≤ ૜ 

Proposed by George Apostolopoulos-Messolonghi-Greece 
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JP.351 In ∆࡯࡮࡭ the following relationship holds: 

ෑ࢙࢔࢏૛࡭
ࢉ࢟ࢉ

≥ ૝ෑ࡭࢙࢕ࢉ −
ࢉ࢟ࢉ

૞ෑ࢙࢕ࢉ૛࡭
ࢉ࢟ࢉ

 

Proposed by Cristian Miu-Romania 

JP.352. If ࢈,ࢇ, ࢉ ∈ ℂ; |ࢇ| = |࢈| = |ࢉ| = ૚ then: 

૜|ࢇ+ ࢈ + |ࢉ + ૛(|ࢇ − |࢈ + ࢈| − |ࢉ + ࢉ| − (|ࢇ ≥ ૢ 

Proposed by Daniel Sitaru – Romania  

JP.353. In ∆ࡼ,࡯࡮࡭ ∈ ෣൯ࡼ࡮࡭൫ࣆ,(࡯࡮࡭∆)࢚࢔ࡵ = ૛૙࢕, 

෣൯࡯࡮ࡼ൫ࣆ = ෣൯࡮࡯ࡼ൫ࣆ = ૚૙ࣆ,࢕൫࡭࡯ࡼ෣൯ = ૝૙૙. 

Prove that: |ࡼ࡭| + |࡯࡮| = √૜|࡮࡭| 

Proposed by Mehmet Şahin-Ankara-Turkey 

JP.354 In acute ∆ࡻ,࡮࡭ −circumcenter, ࡷ,ࡲ ∈ ࡺ,ࡱ,(࡯࡮)ࡸ,ࡹ,(࡮࡭) ∈∈  (࡭࡯)

,തതതതതതതࡺࡻࡹ,തതതതതതࡱࡻࡲ തതതതതതࡷࡻࡸ −are the antiparallels. Let ࣋ࢉ࣋,࢈࣋,ࢇ −inradii of ࡺࡹ࡯∆,ࡷࡸ࡮∆∆,ࡱࡲ࡭. 

Prove that: ࣋ࢇ + ࢈࣋ + ࢉ࣋ =  ࡾ

Proposed by Mehmet Şahin-Ankara-Turkey 

JP.355 In ∆࡭,࡯࡮࡭૚,࡮૚   :૚ are contact points by inscribed circle. Prove that࡯,

൬
࡮࡭
૚࡮૚࡭

൰
૛

+ ൬
࡯࡮
૚࡯૚࡮

൰
૛

+ ൬
࡭࡯
૚࡭૚࡯

൰
૛

≥
૟ࡾ
࢘

 

Proposed by Marian Ursărescu-Romania 

JP.356 In ∆࡯࡮࡭, ࡵ −incenter and ࢈ࡾ,ࢇࡾ ࢉࡾ, −circumradius in ∆࡯࡭ࡵ∆,࡮࡭ࡵ∆,࡯࡮ࡵ.  

Prove that: 

൬
ࢇࡾ

ࢇ ൰
૛

+ ൬
࢈ࡾ

࢈ ൰
૛

+ ൬
ࢉࡾ

ࢉ ൰
૛

≥ ૚ 

Proposed by Marian Ursărescu-Romania 

JP.357 In ∆ࢇࡺ,࡯࡮࡭ −Nagel’s point. Prove that inscribed circle of ∆࡯࡮࡭  passes through 

point ࢇࡺ if and only if ࢙૛ + ૝࢘૛ = ૚૟࢘ࡾ    

Proposed by Marian Ursărescu-Romania 

JP.358. If ࢞,࢟, ࢠ > ࢠ࢟ݔ,0 = ૚ then in ∆࡯࡮࡭ the following relationship holds: 

૝ࢇ ൬࢟ + ૚ +
૚
࢞൰+ ૝࢈ ൬ࢠ + ૚ +

૚
࢟൰ + ૝ࢉ ൬࢞ + ૚ +

૚
൰ࢠ ≥ ૚૛ૢ૟࢘૝ 

Proposed by Daniel Sitaru-Romania 
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JP.359 Find all ࢔ natural numbers such that:  

ඨ
࢔ + ૛ૠ

࢔) + ૡ)(࢔ + ૚)
૜

∈ ℚ 

Proposed by George Florin Şerban-Romania 

JP.360. If ࢞,࢟, ࢠ ∈ ቀ૙, ࣊
૛
ቁ then: 

෍
૛ܖ܉ܜ ࢞

૜ܖ܉ܜ ࢞ + ܜܗ܋ ࢞
ࢉ࢟ࢉ

+ ෍
૛ܜܗ܋ ࢞

૜ܜܗ܋ ࢞ + ܜܗ܋ ࢞
ࢉ࢟ࢉ

≥ ૛෍
૚

૛ܖ܉ܜ ࢞ + ૛ܜܗ܋ ࢞
ࢉ࢟ࢉ

 

Proposed by Daniel Sitaru – Romania  

 

PROBLEMS FOR SENIORS 

SP.346 Determine all functions ࢌ: (૙,∞) → ℝ such that: 

(࢟࢞)ࢌ ≤ (࢞)ࢌ࢞ + (࢟)ࢌ࢟ ≤ ࢟,࢞∀,(࢟࢞)ࢍ࢕࢒ > 0 

Proposed by Marian Ursărescu-Romania 

SP.347 If ࡮,࡭ ∈ −࡮࡭))࢚࢘ ૜(ℝ) such thatࡹ (૛(࡭࡮ = ૙. Prove that: 

−࡮࡭))࢚ࢋࢊ ૛(࡭࡮ + ࡭࡮−࡮࡭ + (૜ࡵ = ൫૚ − ൯(࡭࡮−࡮࡭)࢚ࢋࢊ
૛

 

Proposed by Marian Ursărescu-Romania 

SP.348 In ∆࡯࡮࡭ prove that inscribed circle of ∆࡯࡮࡭ passes through to ࡳ if and only if  

࢙૛ = ૚૟࢘ࡾ + ૝࢘૛ 

Proposed by Marian Ursărescu-Romania 

SP.349 If ࢇ ∈ ቀ૙, ࣊
૛
ቁ then prove: 

ࢇ࢙࢕ࢉࢇ࢔࢏࢙ࢍ࢕࢒ඥ(ࢇ࢔࢏࢙)  + ࢇ࢔࢏࢙ࢇ࢙࢕ࢉࢍ࢕࢒ඥ(ࢇ࢙࢕ࢉ) ≤ √૛ 

Proposed by Ionuţ Florin Voinea-Romania 

SP.350 If ࢞,࢟, ࢠ > 0, ݕݔ + ݖݕ + ݔݖ = 1 and  ࣅ ≥ ૛
૜
, then: 

૚
࢞૛(࢞૛ + (ࣅ +

૚
࢟૛(࢟૛ + (ࣅ +

૚
૛ࢠ)૛ࢠ + (ࣅ ≥

૛ૠ
૜ࣅ+ ૚ 

Proposed by Marin Chirciu-Romania 

SP.351. If ࢞,࢟ ∈ ቀ૙, ࣊
૛
ቁ ; 	 √૚ + ૜࢞ܖ܉ܜ + ඥ૚ + ܖ܉ܜ ࢟૜ = ૛√૛૜  then: 

√૚ − ૜࢞ܖ܉ܜ + ඥ૚ − ૜࢟ܖ܉ܜ ≤ ૝− ૛√૛૜  

Proposed by Daniel Sitaru - Romania 
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SP.352. Let (࢞࢔)࢔ஹ૚, ஹ૚ be sequences of real numbers with ࢞૚࢔(࢔࢟) = ૙,࢟૚ = ૚, 

ା૚࢔࢞ =
࢔࢞ࢇ + ࢔࢟࢈
ࢇ + ࢈ ା૚࢔࢟, =

࢔࢞ࢉ + ࢔࢟ࢊ
ࢉ + ࢊ ࢔∀, ≥ ૚,࢈,ࢇ, ࢊ,ࢉ > 0,ܽ݀ ≠ ܾܿ. 

Prove that if (࢔ࢠ)࢔ஹ૚, ࢔ࢠ = ࢔࢟ − ஹ૚࢔(࢔ࢠ)  then ,࢔࢞ −geometric progression, and if  

ࢗ < 1, ݍ −ratio of progression, then ܕܑܔ
ஶ→࢔

࢔࢞ = ܕܑܔ
ஶ→࢔

 .࢔࢟

Proposed by Marin Chirciu-Romania 

SP.353. Let ࣅ > 0 fixed. Solve for real numbers: 

⎩
⎨

࢞ࣅ⎧ = ඥࣅ૛࢟૛ − ૚ + ඥࣅ૛ࢠ૛ − ૚

࢟ࣅ = ඥࣅ૛ࢠ૛ − ૚ + ඥࣅ૛࢞૛ − ૚
ࢠࣅ = ඥࣅ૛࢞૛ − ૚ + ඥࣅ૛࢟૛ − ૚

 

Proposed by Marin Chirciu-Romania 

SP.354. If ࢞,࢟, ࢠ ≥ ૚ then: 

࢟ ⋅ ࢞࢞ + ࢠ ⋅ ࢟࢟ + ࢞ ⋅ ࢠࢠ ≥ ࢞ + ࢟ + +ࢠ ࢟࢞࢞)ܖܔ ⋅ ࢠ࢟࢟ ⋅  (࢞ࢠࢠ

Proposed by Daniel Sitaru – Romania  

SP. 355 Let ࢇࡵ, ࢈ࡵ , ,ࢇ࢘ and ࢉࡵ ,࢈࢘  ,࡯࡮࡭ denote the excenters and exradii of the triangle ࢉ࢘

respectively. Let ࣋ࢇ −be the radius of the circle that lies inside and touches internally the 

excircle opposite ࡭ and touches the sides ࢈ࡵࢇࡵ ,  ࢉ࣋,࢈࣋ externally. Let ࢉࡵ࢈ࡵࢇࡵ of triangle ࢉࡵࢇࡵ

be defined similarly. Prove that: 
ࢇ࣋
ࢇ࢘

+
࢈࣋
࢈࢘

+
ࢉ࣋
ࢉ࢘

≤ ૚ 

Proposed by Mehmet Şahin-Ankara-Turkey 

SP.356 If ࢈,ࢇ, ࢉ > 0 such that ࢉ࢈ࢇ = ૚ then: 

(૚ + ૜(࢈ࢇ

ࢉ) + +ࢇ)(ࢇ (࢈ +
(૚ + ૜(ࢉ࢈

+ࢇ) +࢈)(࢈ (ࢉ +
(૚ + ૜(ࢇࢉ

࢈) + +ࢉ)(ࢉ (ࢇ ≥
૞૝

૛ࢇ) + ૛࢈ +  ૛)૛ࢉ

Proposed by Pedro Pantoja-Natal-Brazil 

SP.357 Let (࢔)ࡿ be the sum of the digits of the positive integer ࢔. Determine all pairs of 

positive integers (࢈,ࢇ),ࢇ ≥ (૛ࢇ)ࡿ such that the equation ࢈ = −࢈) ૛૙૚ૡ)૝ has only finite 

solutions in positive integers. 

Proposed by Pedro Pantoja-Natal-Brazil 

SP.358 If ࢞,࢟, ࢠ > 0 then: 

૝෍
࢞૜

(࢟ + ૚)(ࢠ+ ૚)
ࢉ࢟ࢉ

+ ૜ ≥ ૟ඥ࢞࢟ࢠ૜  
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Proposed by Daniel Sitaru-Romania 

SP.359 If ࡭ ∈ ࢖,૜(ℝ)ࡹ ∈ ℝ∗ such that ࡭)࢚ࢋࢊ૛ − ࡭࢖ + (૜ࡵ૛࢖ = ૙. 

Prove that: 

૛࡭)࢚ࢋࢊ૛ + (૜ࡵ૛࢖ ≥ ࡭࢚ࢋࢊ) +  ૜)૛࢖

Proposed by Marian Ursărescu-Romania 

SP.360  ࢠ૚, ,૛ࢠ ૜ࢠ ∈ ℂ∗ different in pairs such that |ࢠ૚| = |૛ࢠ| =   ૜|. Ifࢠ|

෍ฬ
૛ࢠ૚ − ૛ࢠ − ૜ࢠ

૚ࢠ) − ૚ࢠ|(૛ࢠ − |૜ࢠ + ૚ࢠ) − ૚ࢠ|(૜ࢠ − ૛|ฬࢠ
ࢉ࢟ࢉ

=
૚

૚ࢠ| − |૛ࢠ +
૚

૛ࢠ| − |૜ࢠ +
૚

૜ࢠ| −  ,|૚ࢠ

then ࢠ૚, ,૛ࢠ  .૜ are affixes on equilateral triangleࢠ

Proposed by Marian Ursărescu-Romania 

 

UNDERGRADUATE PROBLEMS 

UP.346. Solve for real numbers: 

૛න
࢞૛ ⋅ ࢞ܖ܉ܜ܋ܚ܉ࢋ

√૚ + ࢞૛

࢞

૙
࢞ࢊ = ૚ 

Proposed by Daniel Sitaru – Romania  

UP.347. Solve for complex numbers: 

ቐ
|࢞|૛

૜ +
|࢟|૛

૞ =
|࢞ + ࢟|૛

ૡ
૚૙࢞ + ࢟ = ૠ + ૚૝࢏

 

Proposed by Daniel Sitaru – Romania  

UP.348. If ࢞,࢟, ࢠ ∈ ℝା
∗ = (૙,∞) and ࡯࡮࡭ is a triangle with the area ࡲ, then: 

(࢞ + ૜࢟)(࢟ + ૝ࢠ + ૜࢞)
(࢟ + ૜ࢠ)(ࢠ+ ૜࢞) ⋅ ૝ࢇ +

(࢟ + ૜ࢠ)(ࢠ+ ૝࢞ + ૜࢟)
+ࢠ) ૜࢞)(࢞+ ૜࢟) ⋅ ૝࢈ +

+ࢠ) ૜࢞)(࢞+ ૝࢟ + ૜ࢠ)
(࢞ + ૜࢟)(࢟ + ૜ࢠ) ૝ࢉ ≥ 

≥ ૜૛ࡲ૛ 

Proposed by D.M. Bătinețu – Giurgiu – Romania  

UP.349. If ࢓ ≥ ૙; ࢞,࢟, ࢠ > 0, then in any ઢ࡯࡮࡭ with the area ࡲ the following inequality 

holds: 

࢟ + ࢠ
࢞ ⋅ ା૚࢓ࢇࢎ +

+ࢠ ࢞
࢟ ⋅ ା૚࢓࢈ࢎ +

࢞ + ࢟
ࢠ ⋅ ା૚࢓ࢉࢎ ≥

૛

൫√ࡲ൯
ା૚࢓ ൫√૜

૝ ൯
૜ି࢓

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
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UP.350. If ࢞,࢟, ࢠ ∈ ℝା
∗ = (૙,∞), then in any ઢ࡯࡮࡭ with the area ࡲ the following 

inequality holds: 

෍
࢟ + ࢠ

࢞ + ඥ(࢞ + ૛࢟)(࢞+ ૛ࢉ࢟ࢉ(ࢠ

૛ࢇ ≥ ૛√૜ࡲ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

UP. 351. If ࢞,࢟, ࢠ ∈ ℝା
∗ = (૙,∞) and ࡯࡮࡭ is a triangle, then: 

(࢞ + ૛࢟)(૛࢞ + ࢟ + ૜ࢠ) ⋅ ૛ࢇ

(࢟ + +ࢠ)(ࢠ ૛࢞) ⋅ ૛ࢇࢎ
+

(࢟ + ૛ࢠ)(૛࢟+ +ࢠ ૜࢞) ⋅ ૛࢈

+ࢠ) ૛࢞)(࢞ + ૛࢟) ⋅ ૛࢈ࢎ
+ 

+
ࢠ) + ૛࢞)(૛ࢠ+ ࢞ + ૜࢟) ⋅ ૛ࢉ

(࢞ + ૛࢟)(࢟ + ૛ࢠ) ⋅ ૛ࢉࢎ
≥ ૡ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

 

UP. 352. If ࢞,࢟, ࢠ > 0 and ઢ࡯࡮࡭ have the semiperimeter ࢙ the following inequality holds: 

(࢟ + ࢇ(ࢠ
࢞ ⋅ ࢙)ࢇࢎ − (ࢇ +

+ࢠ) ࢈(࢞
࢟ ⋅ ࢙)࢈ࢎ − (࢈ +

(࢞ + ࢉ(࢟
ࢠ ⋅ ࢙)ࢉࢎ − (ࢉ ≥

૚૛√૜
࢙  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

 

UP.353. Let (࢞࢔)࢔ஹ૚ be a sequence of real numbers with ࢞૚ = ૜ࢇ√ − ૜ࢇ ࢇ, ≥ ૛ and  

ା૚࢔࢞ = ඥࢇ૜ − ࢇ + ࢔࢞
૜ ࢔, ≥ ૚. Prove that (࢞࢔)࢔ஹ૚ −convergent and find 

ષ૚ = ܕܑܔ
ஶ→࢔

ષ૛,࢔࢞ = ܕܑܔ
ஶ→࢔

{∗} where	,{࢔࢞} −fractional part.  

Proposed by Marin Chirciu-Romania 

UP.354. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ૚ + ൭෍
࢑
࢔࢏࢙࢔

࢑࣊
࢔

૚ି࢔

࢑ୀ૚

൱

ି૚

ቍ

࢔

 

Proposed by Florică Anastase-Romania 

UP.355. Find: 

ષ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
ܕܑܔ
࢞→ ࣊

૛࢔

ቌ
࢚࢞࢕ࢉ
૛ ∙ ൭෍

࢑
࢔࢏࢙࢔

࢑࣊
࢔

૚ି࢔

࢑ୀ૚

൱

ି૚

ቍ

૚
(࢞࢔૛)࢔ࢇ࢚

⎠

⎟
⎞

 

Proposed by Florică Anastase-Romania 
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UP.356. Find: 

ષ = ܕܑܔ
ஶ→࢔

ඩ෍࢙࢕ࢉ
࢔) − ૚)࢑࣊

࢔ ∙ ૚ି࢔࢙࢕ࢉ ൬
࢑࣊
࢔ ൰

࢔

࢑ୀ૚

࢔

 

Proposed by Florică Anastase-Romania 

UP.357.  

:ࢌ	܎۷ ቂ૙,
࣊
૛
ቁ → ℝ,ࢌ(࢞) = −න (࢙࢟࢕ࢉ)ࢍ࢕࢒

࢞

૙
 ࢟ࢊ

Prove that: 

ܕܑܔ
࢞→࣊

૛
࢞ழ࣊૛

(࢞)ࢌ = −න (࢟࢔࢏࢙)ࢍ࢕࢒
࣊
૛

૙
 ࢟ࢊ

Proposed by Florică Anastase-Romania 

UP.358. If ૙ < ܽ ≤ ܾ < ࣊
૛

 then: 

ቌන
࢞࢔࢏࢙
࢞ ࢞ࢊ

࢈

ࢇ

ቍ

૛

+ ቌන
࢙࢞࢕ࢉ
࢞ ࢞ࢊ

࢈

ࢇ

ቍ

૛

≤ ૛ࢍ࢕࢒ ൬
࢈
 ൰ࢇ

Proposed by Daniel Sitaru-Romania 

UP.359 Find: 

ષ = න
૚࢞ି࢔ࢇ࢚
࢞૜ + ૚

ஶ

૙
 ࢞ࢊ

Proposed by Vasile Mircea Popa-Romania 

UP.360 Find ࢞,࢟ > 0 such that:  

⎩
⎨

⎧ ࢞ + ࢟ =
૛
૜

(࢞ + ૚)૛

૜࢞૛ − ૛࢞ + ૚ +
(࢟ + ૚)૛

૜࢟૛ − ૛࢟ + ૚ =
૚૟
૜

 

Proposed by Daniel Sitaru-Romania 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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