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SPECIAL LIMITS WITH RIEMANN’S SUMS

By Daniel Sitaru — Romania
ABSTRACT. In this paper it is developed a method for calculus of sequences’ limits using
Riemann’s sums.
Main result:
Ifa,p €R B #0,a<p,;f:[a,a+p] - R, f continuous then:

2

. . a+p
id ¥ e Ol 3 [ o) o

1si<jsn a
Proof.
Let be:
2 -1
An:<a<a+£<a+—ﬁ<---< +(n )B<ﬁ>
n n n
Denote x}, = & + n' —a+%
. -~ i @-1p B
18] =5k —xit =@ ——a - =
lim 14, ||—I|m£ 0
n-oon

xn <& < xp

i=1 i=1
1. < i i (-DBY_1. N
‘Em;f(“ﬁ)(“*z—“‘T)—ﬁ Zf(fn)(xn—xn 1=
2lim, 00, (REMD =3[ f@ax @)

%Y (o) - ,!Lrt;n<n2f2(“+lﬁ)>
a+p
=it 1 o) (fﬂx)dx):o

My 0= B £ (a +2)=0 @
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i 3 r(er)r(e+)-

a+p
311
@1 _f f(x)dx) 0=
2
Corollary 1: If o, B € R; 8 # 0; ¢ < 8 then:

ik 3 o)) L

Proof: We takein (1): f(x) = x.
Corollary 2: If o, B € R;a # 0; ¢ < 8 then:
o1 i jB\ _ (sin(a + B) —sina)?
Mz Z cos (“ N 7) cos (“ N 7) - 257 2

1<i<jsn

Proof: We take in (1): f (x) = cos x.

Corollary 3: 1f0 < a < f8 then:

% Y e = s
noon? (a+2)(a+L£)  2a2a+5?)
Proof: We take in (1): f(x) = i

Corollary 4:

i 1 L1
il Z Y=g
1<i<jsn

Proof: We take in (1): f(x) = x,a = 0,8 = 1.
Corollary 5:

Proof: We take in (1): f(x) = x%,a =0; B = 1.
Corollary 6:

i 1 Z , ~sin?1

m— COS1:-C0OS] =

n-oon J 2
1<i<jsn
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Proof: We takein (2): a = 0; g = 1.
Proposed problems:
1.1f0 < a < B then find:
1 . .
lim = > In (a +£) In (a +]£)
n n

n-oon
1<i<js<n

2.1fa,p € R, B # 0;a < S then find:
1 . .
lim — Z In (a+£)ln (a +]£)
n-oon A~ n n
1<i<jsn
2.1fa,B € R; B # 0;a < p then find:

finzs 3 snfae)sn(ar)

1<i<jsn

3.1f0 < a < g then find:
1 1
lim —

2 PNE] NE]
n—oon i j
1<i<jsn (a + ;'8) (a + 7'8)

Reference:
[1] Romanian Mathematical Magazine — Interactive Journal, www.ssmrmh.ro

QUASI-EXACT DIFFERENTIAL EQUATION

By Benny Le Van-Vietnam

Abstract: This article examines a specific variant of exact differential equation whose form
is a matrix product of exact partial derivatives and a modifying vector.
1. Introduction
It is widely perceived (see e.g. [1]) that if P(x,y) and Q(x,y) are two bivariable function
such that:

alP(x,y)] _alo(x, )]

1)

dy dx
Then the exact first-ordered ordinary differential equation:
P(x,y)dx +Q(x,y)dy =0 (2)

Has solutions as:
U(x,y) = const

_ x y
U(x,y) = f P(x,yo)dx+ | Q(x,y)dy + const
xO 7 ©
x y
Ux,y) = fP(xly)dx + f Q(xo,y) dy + const
\L Xo Yo
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Of which, U(x, y) is the potential function of (1) where exactness of the above differential
equation is determined by the criteria that:
(
!a[u;»; N _ ooy a[u{(jx,y)] o)
02[UCx, y)] _ alP(x,y)] _ alQ(x )]
l oxdy dy B dx
Accordingly, we define the quasi-exact differential equation (QDE) as:
P(x,y)dx +R(x,y)Q(x,y)dy =0 (5)
An alternate form of QDE isvw = 0 where v = [P(x,y) dx Q(x,y)dy] are exact partial
derivatives, w = [1  R(x,y)] is the modifying vector, and R (x, y) is the modifier.
We shall solve (5) where R(x,y)is (i) a constant in Section 2; and a variable function in
Section 3, and Section 4, respectively. Following, Section 5 provides discussion.

(4)

2. Constant quasi-exact differential equation
In the case R(x,y) is a constant  (r # 0 and r # 1), the constant QDE becomes:
P(x,y)dx +rQ(x,y)dy =0 (6)

We shall transform (6) to the exact form by multiplying both sides with an integrating factor
S(x, y) which is not a constant. Equation (6) becomes:
P(x,y)S(x,y) dx +rQ(x,y)S(x,y)dy = 0 (7)
It is supposed to find S(x, y) such that:
AP (x,y)S(x, y)] _ 9lrQ (x,y)S(x, y)]

dy dx
56P+P65 <56Q+ 65)
S S— —= — —
dy dy "\° ox an

P@—TQ§:O

With U (x, y) as determined under (3) and (4), we could rewrite the above as:
02U 02U auas auas
-r + —-r =
dxdy dxady dxady dxady
2

<6P 6(2) . as as

s )6U+(l )6U65
@ p— p—
r dxady r dxady

& S02U +0UdS =0
Since S(x,y) # const, we could divide both sides of the above by 5% and consequently
obtain a second-ordered ordinary differential equation:
0*U oU _ d*U  du _
552 s 0SS st us T
In equation (8), replacing T = dU/dS gives:

(8)

S +T—O<:>dT— dS(:)IlTI— In|S| + @T—k

as T T~ 5 o= oinbires =g
Henceforth, we obtain:

v _k dU—de U=kIn|S|+] o S =aqe??

E—g@ = ?C) = n [—1 = qae

The finding that S = ae®Y gives solutions of (7) are W (x, y) = const, of which:

Y 1fr = 0, solutions are P (x, y) =0 or x = const; if r = 1, the QDE becomes an exact differential equation.
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X

y
W(x,y) = f P(x,yo)SCe ys) dx +7 [ QG y)SCe,y) dy + const

X0 Yo
x y (9)
2 0x  y=y, ; dy
0 0

Or:

X

y
W(x,y) = f P, y)S(ey) dx +1 [ Qg y)S(xo,y) dy + const

x *o P y 7 P (10)
U(x, U(x,
0x dy N
X0 Yo
Example 1
Solve the following differential equation:
(ye* +eY)dx = (xe¥ + e*)dy (11)

Equation (11) is quasi-exact where P(x,y) = ye* +e”, Q(x,y) = xe¥ + e*, andr = -1,
Besides, formula (3) gives U(x, y) = xe¥ + ye*.
Itis found that the integrating factor is:
S(x,y) = aebU@y) = geblxe?+ye)
Thus, solution of Example 1 is W (x, y) = const, where:
x y
W(x,y) = f aeb@e?0+yoe™) (yy oX + e¥0) dx — f aeb@e+ye*) (xe¥ + e¥) dy + const
X0 Yo

a a

W(x,y) = Eeb(x"’y°+3’0‘3x)|§0 - Eeb(x"’y”ex)ﬁ,’o + const
2a a

W(x,y) = Teb(x"’y“yo"’x) — Eeb(xey”ex) + const

Simplifying a = b, then a solution of (11) is W (x, y) = const, where:
W(x,y) = 2eb(xe?0+yoe®) _ ob(xe?+ye®) 4 congt
An alternate expression is:
W(x,y) = eb(xe?+ye™) _ 2pb(xoe”+ye™) 4 congt
3. Univariable quasi-exact differential equation
We shall solve the QDE (5) when R(x,y) # const. A unique case is:

d(RQ) _0aQ OR 0Q _9Q oR aQ oR  9Q
T Pl Phal Ml M )
The above case results in a separable differential equation:
dR dQ

Of which, k = const. In this case, (5) becomes exact whose solution is under the form of (3).
For R(x,y) # 1 — kQ(x,y), it is supposed to find the integrating factor S(x,y) # const
such that:
P(x,y)S(x,y) dx + R(x, y)Q(x,y)S(x, y)dy = 0
[P (x,y)S(x,¥)] _ d[R(x,¥)Q(x, y)S(x, )] (12)
dy B dx
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Finding S(x,y):
GOP, 08 5 RSaQ cro® o
3y Py~ Gg TR TR,

(02U US _ 9*U  0UOS  OROU
S axay + oxay oxay " axdy  ° oxdy (13)

This includes a specific case that dR/dx = 0 © R(x,y) = R(y) ordR/dx =0 < R(x,y) =
R(x). In this case, the process of finding S(x, y) turns equivalent to Section 2.
Henceforth, the QDE (5) is comprehensively solvable if R(x,y)is a univariable function.
Without loss of generality, we assume R(x,y) = R(y) and (13) becomes:

02U GUGS 02U auas

=RS +R
Gxay Gxay dxady dxady
& S0%U + 0UAS = RS9%U + RoUOS
© S(1-R)?U+(1—-R)JUIS=0
Since R # const and S # const, we could transform the above equation as:
0%U aU d?U

— + — ,bU
652 s O<:>Sd$2 15 =0 U=kIn|S|+1lo S =ae

Thus, solutions of (5) are W (x, y) = const, where:
y

X

W(x,y) = f P(x, y0)S(x, o) dx + f R()Q(x, )S(x,y) dy + const

. (x,7) 30 (x,%) -
U (x, aU(x,
= f aetVCy) 2V gy f aR(y)ebV&xy) —ydy + const
0x  y=y, Oy
X0 Yo
Or:
x y
W(x,y) = fP(x,y)S(x,y) dx + fR(y)Q(xO,y)S(xO,y) dy + const
X X0 y Yo (15)
0x dy v
Xo Yo o
Example 2
Solve the QDE:
y
+Z + (x + =
(Iny x) dx+ (x+ylnx)dy=0 (16)

Equation (16) is quasi-exact where:
y
{P(x,y) =lny+ p

X
) =Inx+2
Q(x,y) nx+y

l R(x,y) =y
The exact differential formula gives:
Ulx,y) =xIny+ylnx
{S(x,y) = aePV*Y) = qxyeb+y)
Thus, solution of (16) is W (x, y) = const, where:
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x y
W(x,y) = f axyo (Inyo + 3;—0) eb(+yo0) dx + f axy(x + yInx)e?®+¥) dy + const
Xo Yo
Or:
x y
W(x,y) = f axy (Iny + %) ebO+y) dx + f ax,y(x, + yInxy)e?@*¥) dy + const
Xo Yo
4. Bivariable generalized quasi-exact differential equation

This Section considers equation (13) in a generalized case that dR/dx # 0 and dR/dy + O.
Accordingly, we obtain:
S0%U + 0U0S = RS0?U + ROUOS + SORIS

<:>562—U+6—U=R562—U+R6—U+56—R@S(l—R)aZ—U+(1—R)a—U—Sa—R: 0
as2  as sz " as " as 452 as " as
Thus, we obtain a second-ordered partial differential equation:
0*U (1\0U 1 \OR _
a5+ (5) 3+ ()35 =0 (17)

Due to coherent characteristics, equation (17) is extremely hard to solve in a generalized
manner, especially when S(x, y) is not constant. On the other hand, a feasible direction is
assuming that solutions of (17) are U = U(S, R) and somehow transforming (17) to a linear
second-ordered partial differential equation (see e.g. [2], [3], [4], and [5]).

5. Discussion

We have examined the quasi-exact differential equation which is obtained by modifying the
exact differential form. We have shown that the QDE is solvable when the modifier is either
constant or univariable. To solve the QDE comprehensively, we suggest three potential
pathways for further researches which include (i) upgrading the order, e.g. second-ordered
QDE; (ii) generalizing the number of variables, e.g. QDE in vector space; and (iii) generalizing
the solution for the integrating factor as indicated by a complicated partial differential
equation, i.e. (17).

Acknowledgement: This article is inspired by Prof. Dr. Jalil Hajimir-Toronto-Canada
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Solve the following partial differential equation:
ou(x;t) . 0%u(x; t)

ot 0x2
u(x;0)=0
u(O;t) =h

Of which, x >0,t >0, k>0 and h are constant.The problem is a heat equation on
(0; +22) with homogeneous initial conditions and constant boundary conditions, and
therefore has solutions expressed as:

u(x;t) = f;eﬂ? [_xiz] h(s)ds :%féexp —<#>2 ds
0= Ty |G N W il I PN T

Transforming y = x/[Z k(t — s)], dy and boundary values are determined as:

{dy_ x
gds 4Jk(t —5)°
limy =+
X
(s=0)=
Y N
Thus, we could rewrite the solution:
+oo 0 +oo
u(x't)—ﬁ f e Vdy=nh i fe‘yzd +£f eV d
: N J y N y ‘/Eo y
2Vkt 2kt

_x
2vkt
X X

o] o bl e

In the above calculation, we employ the Poisson’s integral (given a > 0) that:
+oo +oo 400

I:f e—axz dx:f e—ayz dy>0:>12 :ff e_a(x2+y2) dxdy

0 0 0
Replacing x = rcos ¢ and y = rsin ¢, we get {r; ¢} € (0;w/2) x (0; +2°) and:

Gx_ ax_ .
ay) _|ar  CBP o T TTENG )
a(r;p) |0 _ d B
(ri¢) —y:smq) —yZTCOSq)

ar
Henceforth, the square of Poisson’s integral is:

a9
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%+ E +oo +oo +oo
T 2 T 2
ff e rdrde = qu)f re=’ dr = 2f re " drzaf e~ %" d(ar?)
00 0 0 0
+ oo
=— e‘zdzzle‘z0 =
4a 4a T 4a
0
Therefore:
/= Vr
2Va

Saigon, 11 aoGt 2020

As far as the laws of mathematics refer to reality, they are not certain, and as far as they are
certain, they do not refer to reality.

Albert Einstein
God exists since mathematics is consistent, and the Devil exists since we cannot prove it.

Andre Weil

ABOUT NAGEL’S AND GERGONNE'’S CEVIANS-(V)

By Bogdan Fustei-Romania

In AABC we show it that s2 = n2 + 2r,h, (and analogs)

s—n 2n
s2—n2=(s+ny)(s—ny) =2r.h, > haa:s+:ta
a Za — J—
hiaZZ—a+ﬁ(and analogs) 25 = a - h, = 2sr (and analogs)
S
" hg s+na
g zz
Zh n,+s

cyc cyc
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1

= s (and analogs) and - + + r— =
a c

. Ng Ta 2rbrc 1 _1(1 1
So, we have. == chc + Zchc b th = >e=3 - + - hence

ﬁ =1 ("“ ) (and analogs) summing, we get:

hq ZZ _an+nc, (1)

cyc cyc
oYLy
na+s (2)
cyc cyc
2
f: E+Z: Ta ; (3)
r h, n,+s
cyc cyc

From (1), (2), (3) it follows that
3s  Xng +22ha+ 27,

ng+s
cyc

Weknowthats>r\/_( +24 ) %:3\/§(%+§+§):>
Z"uzz_’la”raz N
a c a

r r

r ng+s b
cyc
Hence,
Zzha+2ra23\/§(g+é+£)_2na
ng+s b ¢ a r

cyc
Summing, it follows

hy +2 b+
4y 2t>3/3) € _pLMa,
n,+s a r

a
cyc cyc

ha+2ra>3\/§ b+c XYn,
Z ng+s = 4 a 2r
cyc cyc

Now,

bya
c a c
3s 2ra b ¢ Yng hg + 21, 2ra b ¢
—=>3 4——(—+—+—)<:> +Zz >3 4——(—+—+—)
r R\b ¢ a r Nng+s R\b ¢ a

cyc

Zz:ha+2r6123 /4_&( +é+£)_2na
ng,+s R\b ¢ a r

cyc
Similarly, we have:

Zz:ha+2ra2 4_2_r(£+2+g)_2na
ng+s R\b a c r

cyc
Adding, we get:
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4Zha+2ra23 ,4_2_r<b+c+c+a+a+b)_22na
ng,+s R\ a b c r
cyc

Hence,

Zha+2ra2§ 4_2_r<b+c+c+a+a+b)_2na
n,+s 4 R\ a b c 2r
cyc

2sr (a+b+o)r b+c hg—1r b+c
S CRUAY R AN L W T

=
a a r a
b+c Z(h —r)
Z a r
cyc
Hence,
Zha+2ra>3\/§Zha—22na—9\/§r@9\/§+zha+2ra>3\/§Zha—22na
ng+s = 4r 4 ng+s — 4r

cyc

cyc

Now, we know that

Zha+2ra2§ 4_2_r<b+c+c+a+a+b)_2na
ng+s 4 R\ a b c 2r
cyc

Hence,

h, + 21, 3 Z(h —r) 2N,
P

ng+s 4 r 2r
cyc

2r h +2ra>3 4 2r Y h, Xng

ng+s 4 R Ar 2r
cyc
We know that:

52 (4_&)<E+é+£><£+é+g>’ Ezzna+22ha+27"a
r R/\b ¢ a/\b a c T r

Sna Zh Yo <4_§)<9+9+£)<£+9+9)
3r 3 Nng+s R/\b ¢ a/\b a c

cyc

And we know that:

o R Py (R

Hence,

Zna hg +2ra 4R\ fa b <
yhs [
3r 3 ng+s r/\b ¢ a

cyc

And similarly,

s>\/r(4R+r)< +Z+‘cl)
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Hence,

Zna h, +2ra 4R\ ;/c b a
yhs [
3r 3 ng+s r/\b a c

cyc

S\ 2 A4R\*/a b c\/c b a

s Jor 52
T T b ¢ a/\b a c
s 4 4R\*7a b c¢\/c b a
e e e et
T T b ¢ a/\b a c

Therefore
> ng h, + Zra
3r 3 Z n,+s =
cyc
Now, we know that
Y Al

2 > 2432 V3)and S =2t 4 2y Mt follows that

Z(SAI a) >3(2—3) + Bzh + 21,

ng+s

cyc

We known that n, + g, = 2m, (and analogs), thenn, = 2m, — g,

Hence,
s > 2(2mg — ga) +E hg + 21,
T 3r 3 ng+s
cyc
b+ b+ +h h
ha:(l+ C)r; -l la_y, e
a a T, 7

h
h, = (2 + T—“) r = rhy = 2r, + hy)r
a

bc = s? + 12 — 4R, = 2r, + h, (and analogs)

s
§:Zna+zzha+2ra22na+22 hary

r r n,+s r riuang +s
cyc cyc
Hence,
T
a'a
35—na+nb+nc+22
ng,+s

cyc
We know thatn, + g, = 2m, = n, = 2m, — g,

>
352 ) (2mg - ga)+zzna+s

cyc cyc
h
Fromn, +n, +n, = svV3= (ng + n, +n.)V3>3s =n, +n, +n, +22Cycn“:“s
a
Therefore,
V3-1 h,7,
ng, +n, +n.) = —
2 (ng +ny +nc) Zna +s

cyc
1

b—clzn,—gs=2gat+lb—clzn,=—>2—-—-——-=
| |=n,—ga=ga+1b—cl=n, e

15| ROMANIAN MATHEMATICAL MAGAZINE NR. 32



Romanian Mathematical Society-Mehedinti Branch

2022

b+c A mg b+c
3s = cco0S— > =
2 cos 2
Adding, it follows that
b+c
Z =a+b+c=2s
cos2 ™
cyc 2 cyc
Hence
D =25, 2
= s> = s
2 £ cos— 2 cos—
yC cyc
>n,+n,+n,+ ZZ
2 Z COS— o Ng +s
cyc cyc

We know that NeJaq = MgWq = Ng = ; ~2 then

a

s2 — (2R +1r)?

mawa hara
3s > Z +2 Z , cosAcosBcosC =
9a n,+s 4R?

cyc cyc

If AABC is obtuse triangle, then cosAcosBcosC < 0 equality if triangle is right.

s?—(2R+71)’>20>s>2R+r=>35s>3(2R+71)

Ng+n,+n.+2)., :::“S > 3(2R + 2) for non-obtuse triangle

ng +np +n. <3QR+2)—2%.. :“:“S for obtuse triangle.

We know that

Zh 2Z:na+s

cyc

Sy
r 7 ng+s

cyc cyc
So, for non-obtuse triangle we have:

Z&zuz—R—zz a
h n,+s

cyc cyc

hq
Z_>1+__2
ng+s

cyc cyc

Let be P € (ABC),A,B,C —non-collinear. If PA = x; PB = y; PC = z then

ayz + bxz + cxy = abc (Cocea-Hayashi inequality)

Let be P = N, —Nagel’s point, then AN, = /(b — ¢)? + 4r2 (and analogs).

But we show it that: % = % (and analogs), hence
aBN,-CN, bCN,-AN, . cAN, BN, abc

+ > o
4y2 42 4r2 42
aBN, - CNq  bCN, AN, AN, BN, _ R
472 4r2 472 r S

bc = s? + r2 — 4Rr, (and analogs)
28 28 25 252

b R
ah, = bh, = ch, —25 2sr
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R 252
ZSannC2?-5-T:>25r2nbncZZS-SZT:annCZSZ

cyc cyc cyc

So, it follows a new inequality

Z npne = s% = Z T 1

cyc cyc

But}n2 > Yn,n, 2 Eny)? = 3Yn,n, = 3s?, hence

Z Nng = sV3
Let be G, —Gergonne’s point, then AA; = g, = AG, + G, A,
From Van-Aubel’s theorem, we have:
AG, s—a s—a
= +
AG., s—b s—c
s(s — a) = n,r. (and analogs)
AG, _s—a+s—a_rbrc+rbrc ot

AG, s—b s—c 1 1n Ty
Hence,

AG +

e = Tb7%¢ (and analogs)

A1Ge Ta
A.G T A1G, + AG, 71,+1,+T]

le__a 1% c=2 b 4y 4. =4R+T

AG, 1,+T, AG, T, + 1,

AGe — ga(rb+rc)

== (and analogs)

Adding, it follows that

1
ZAGe = AR +rzga(rb +rc)

cyc cyc
AG, +
22e = Ib77¢ (gnd analogs)

da 4R+T
AG, BG CcG AG,
e 4+ e 4+ e—=192 and Ya — e
Ya 9db dc 4R+r Tp+7c

Adding, it follows that
Z AGe :ga+gb+gc
7ﬂb+rc 7ﬂa+rb+rc

cyc
But g, < Al + r (and analogs), from triangle inequality, hence
gat gp +gc < 3r+ Al + Bl + (I then
Z AG, <3r+AI+BI+CI

7”b+7ﬂc 7”a+7ﬂb+rc

cyc
Butm, + my + m; <r, +n, + 1, hence,
Z AG, <3r+AI+BI+CI

rn,+1r, "~ m,+m,+m,
cyc
da __ 4R+7T

o = 721 = he(rp + 1) (and analogs)
e bTlc
ga _ha(n +1)  ga _ (1 +1.)AG, _ (4R + 1)1, - AG,

AG, 2. > h, 21,1, 21,1y T,
1,17, = Ss;ah, = bhy, =ch, = 2§
age ag, (@AR+1)r,-AG, (4R + 1)1, - AG,
= = = =
ah, 2§ 2Ss @a s
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A rn, A B C
tanE =i +1,+1, =4R+1r > ag, = (tan§+ tanE+ tanE) 1, AG,

which follows from Blundon’s inequality BT > f4 — %T then

S
a9a 4_3
r,AG, = R

Adding, it follows a new inequality

Ly
3 LLT AG, R
cyc

Fromag, = 4Rsl ‘1, - AG, we get

4R +r
Zaga = p ZraAGe

cyc cyc

Xage AR+r1 . A> 4 2r
Yr,AG, s —Zanz_ R

Letbe P € Int(ABC) = =+ 22+ > V3

AG
AG, = 92UbtTe) A% _ 9o, Tb*Te (304 analogs)

4R+T a 4R+T a
A ,r —-T A /r +7
a= \/(Ta —r)(rp +12); SinE = a4—R; COSE = b4R <
Hence,
A T, + 1, T, + 1, A 1+
cot - = = ) cot- =
2 Ta =T \/(ra - T)(Tb +1.) 2 a
AG, Ja A AG, BG, C(CG,
= ‘cot= > + + >
a 4R +r co 2 a b c V3
Therefore,
A
Z gacoti > (r,+r, +r.)V3
cyc
4 = T'_a = 1 é e i
tans === s = cot - (and analogs)
gacot%1 = f—“ - s (and analogs)
Hence,
Ja, b, 9 Ta*TH*T oz
Ta Ty e S
2r r,+1n,+r1, 2r
AR+r=r+n,+1r,=s 4—F:>f2 4_f
Therefore,

&4_@4_&2 3(4_2_7")

T, T T R
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1
ButgasAI+r:> <4 +— L . - hence,
hq Ta Tq' ra rb Te r
g“+g”+gc<1+ + 2 4+ % and then
Tb Ta Tp Tc
AI BI CI rotryt+r
_ 4 — 4 __#1/3
T, Tp T, s

Al BI C(CI 2r

—+—+—> 3(4——)
Ty Tp T R

For P = I, I —incenter, hence Cocea-Hayashi inequality becomes:

a*BI-Cl+b-Cl-Al +c-Al-Bl > abc = 3Rrs
3

T
Al = —=>Al-BIl-Cl = 3 C
sm— sin—sin—sin—
2 2 2
A Ty A B C r3rnr. T
= = = _= = —
S o = pe = SISy SINy = 1aRs aRs — 4R
4R
:>AI-BI-CI=1”3-T=4R7”2
a b c abc s
Al BI CI  4Rr? r
Now,
ZZr +h, a b a 2r, +h,
r_ 3r 3 s+n, BI CI_ 3r 3 s+na
cyc cyc

But Al = ,/2R(ha — 2r), then
Z Zna+222ra+ha
1/h — 2r r s+ng

cyc cyc

But Al = \/(rb —r)(r, — ), then

V2R [ ¥n, 2r, + hy,
D o R W W

cyc cyc

We know that:

1 m2 nr. (b—c)?
2 — 2 a _ 'b'c
ma—TbTC+Z(b—C) :>r—2— TZ +24.T
(b c) _ __Tpre , N§
But hz -1, hence =+ w1
Addlng it follows a new |dentity
2 2 2
Xmg _s* NMa_ 3
r2 r2 h2

cyc

2
But Y. Z—‘Z‘ > ZZ—ZZ . then it follows that
2

() 2

r Tr
cyc

2 214+h
Butf S “Yeye la”2a hence
a

3r s+n
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2
Tmi _ It 252 th) ni
r? 3r 3 s+n, hz
cyc cyc

m3 ﬁ+ TpTre—Tr
' r2 hZ r2

Using QM-AM inequality \/x2 + y2 > =2 +y forx2 = hz ,y2 = 2T we get:

mg 1 (Mg from —r?
r 2\ hg r?

Adding, it follows a new inequality:

> ma rbrc — 12
r
cyc

But (X m,)? < 4s% — 16Rr + 572 (Chu&Yang inequality), hence
<Z ma>2 4s? 16R

r

_r2 T

Now

Finally, it follows
ZZ—‘E’+2 mbmcsg_l6R+8

r? r? r
cyc cyc
Buch2 =¥ "™ hence
NgNyp mbmc 352 16R
+2 ) < T4
hghy r? r? r
cyc cyc

REFERENCES:
[1]. ROMANIAN MATEHMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY BY DAN RADU SECLAMAN-I

By Marin Chirciu — Romania
1) In AABC the following relationship holds:

m2 + mj + m?

<2R-r
r,+r,+T1,

Proposed by Dan Radu Secldman — Romania
Solution: We prove the following lemma:

Lemma. 2) In AABC the following inequality holds:
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m% +mj +m?  3(s®> —r? — 4Rr)
ro+r,+r. 2(4R+71)

Proof. Using ), m2 = %Zaz >ya?,Ya?=2(s?—r?—4Rr)and Y r, = 4R +.

Let's get back to the main problem.
Using the Lemma the inequality can be rewritten:

3(s? —r%2 — 4Rr)
2(4R +71)

which follows from Euler’s inequality R > 2r-.

<2R—1r © 35?2 < 16R?>+8Rr + 1?2

Equality holds if and only if the triangle is equilateral.
Remark. We obtain an inequality having an opposite sense.
3) In AABC the following relationship holds:

m2 +m?2 + m?

2r
>—(2R-1)
Ta+Tr,+T1, R

Marin Chirciu
Solution: Using Lemma, we write the inequality:

3(s?—r2—4Rr) 2r
il _ 2 s 2 _ A2
5GR+7) 2= (2R — 1) © 3Rs? > r(44R? — 5Rr — 4r?)

which follows from Gerretsen’s inequality s? > 16Rr — 5r2.

It remains to prove that:
3R(16Rr —5r?) > r(44R?* —5Rr —41%?) @ 2R?> —5Rr +2r? 20 (R — 2r)(2R —
7=0,
obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Remark. The double inequality can be written:
4) In AABC the following relationship holds:
mj +mj +m;

2r
—@2R-1r)< <2R-r
R Ta+Tr,+T1,

Solution See inequality 1) and inequality 3). Equality holds if and only if the triangle is
equilateral.
Reference:

Romanian Mathematical Magazine-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY D.M.BATINETU-GIURGIU-I

By Marin Chirciu — Romania
1) Let x, y,z > 0 with the property that xy + yz + zx = xyz. Prove that:

x%y? y?z? z%x? 81
+ + >
z1+xy)2 y(1+yz)? y(d+2zx)2~ 100

Proposed by D.M. Bdtinetu — Giurgiu — Romania

1_

SolutionWehavexy+yz+xz:xyz@%+§+§: 1 Denoting%: a3 = b -=cwe

have a + b + ¢ = 1. We can reformulate the problem:
2)Ifa,b,c > 0suchthata + b + ¢ = 1 prove that:

a . b . c - 81
(1+bc)2 (1+ca)? (1+ab)? 100

Proof. Using Bergstrom’s inequality we obtain:

a _ a? >(a+b+c)2_ 1
Z:(l+bc)2 _Za(l+bc)2 - Za(l+bc)2 B Za(l+bc)2

. 1 81 2 <
It suffices to prove that SPTeETEY > 2 = Ya(l+bc)* <

Asa,b,c > 0suchthata + b + ¢ = 1 thereisan AABC with
a = tan gtan g b = tan %tan % ,c = tan %tan % and the inequality that we have to prove ca
be written:

tan ot C<1+t Ctan Atandy B)Z 100 tan 2 ¢ C<1+rt A)Z
—_— J— J— J— J— —_— _@ —_— — J—
anzanz anzanzanzanz =731 anzanz Sanz
100
<—o
81
. Bt C 1+2rt A+r2t ,A <100
& —tan— —tan = + — —|l<s—e
Zanz ans sy TR 5 )S g1

¢ 100
@Ztan—tan—+2 Ztan tan—tan—+—2tan2—tan—tan§sﬁ@

B
@Ztanitan +2— 31_[tan +—1_[tan Ztanz_ 81

r r2 r 4R+r 100 r2 r3 4R+r 100
+ —_— . <
s s2 s s ~ 81 sz 3 S 81
612 3(4R+r
adpwy + % < a1 & 19s5* > 4865%r?> +81r3(4R+71) &

& 52(19s2 — 48612) > 81r3(4R + r), which follows from Gerretsen’s inequality
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s? > 16Rr — 572, It remains to prove that:
(16Rr — 5r*)[19(16Rr — 5r2) — 4861%] > 81r3(4R + 1) &
& 1216R? — 278Rr + 7061? > 0 & (R — 2r)(1216R — 353r) > 0, obviously from
Euler’s inequality R > 2r.
Observations.

O1. Above we have used the known inequalities in triangle:

B c _ A_r A _ 4R+T
Ztan;tanz— 1,]'[tan2 = SandZtanz

02. Gerretsen’s inequality s? > 16Rr — 512 follows from the remarkable distance in
triangle GI? = %(52 + 572 — 16Rr). AsGI? > O it follows s> + 512 — 16Rr > 0 &

& s2 > 16Rr — 572, Equality holds if GI? = 0 & G = 1 © AABC is equilateral.
Equality holds if and only if the triangle is equilateral.
Remark. The problem can be developed.
3) Let be x, y, z > 0 having the property that xy + yz + zx = xyz and n > 0. Prove
that:
x%y? y?z? z%x? 81
+ + >
zn+xy)? y(n+yz)? yn+zx)2 ™~ (In+1)>2

Marin Chirciu

. 1 1 1 . 1 1
Solution We have xy + yz + zx = xyz & ;+;+; = 1.Denoting - =a,- = b,; =cwe

1
y
have a + b + ¢ = 1. We can reformulate the problem:
4)Ifa,b,c > 0suchthata+ b + ¢ =1andn > 0 prove that:
a b c 81
(n+ bc)? + (n+ ca)? + (n + ab)? = (9n + 1)2

Proof. Using Bergstrom’s inequality:

a B a? >(a+b+c)2_ 1
Z:(n+bc)2 B Z:a(n+bc)2 “Yan+bc)? Ya(n+ bc)?

81 5 _ (9n+1)?
Y a(n+bc)? = (9n+1)2 © Y aln+bc)?* < -

It suffices to prove that:
Asa,b,c > 0suchthata + b + ¢ = 1 thereis AABC with
a = tan gtan g ,b = tan %tan %’ ,c = tan gtan % and the inequality that we have to prove

can be written:

. Bt C ot Ct At At B2<(9n+1)2
Z anE an§<n anE anE- anE anE) _TC)
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. t C( +rt ) (9n +1)2
o — <— ' &
Z an an2 n an2 < 81
t Bt ¢ +2 t A+r2t 24 (On +1)7
o — —+— <— "~
Z an an2 n? n- an2 an > 81
t t C+2 tan =t t tan? =t t On +1)°
@ — J— — —_— J— — J— —_—
nZan an2 nZan an an Zan an a2_ 81
(9n+1)2
on Ztan—tan +2n— ntan +—1_[tan Ztan—s
o 3r r’ r 4R+r (9n+l)2 v r? +r3 4R + (9n+1)2
o - 3—+—.- o —+—
n? ns s s2 s s 81 n? nsz s3 S 81
6nr? r3(4R+r 18n+1
2 + (54 )S 81 & (18n+ 1)s* > 486ns%r?> + 81r3(4R+71) ©

& s2[(18n + 1)s? — 486nr?] > 81r3(4R + r), which follows from Gerretsen’s inequality
s? > 16Rr — 5r2. It remains to prove that:
(16Rr — 5r2)[(18n + 1)(16Rr — 5r%) — 486nr?] > 8113 (4R +71) &
& 64(18n + 1)R? — (2664n + 121)Rr + (720n — 14)r2 > 0 &
& (R—2r)[64(18n+ 1)R + (7 — 360n)r] = 0, obviously from Euler’s inequality R > 2r.
References:

1. Romanian Mathematical Magazine-www.ssmrmh.ro

2. 0O.Bottema, R.Z.Djordjevic, R.R.Janic, D.S.Mitrinovic, P.M.Vasic, Geometric
Inequalities, Groningen 1969, The Netherlands.

3. Marin Chirciu, Algebraic inequalities from initiation to perfomance, Paralela 45

Publishing House, 2014
4. Marin Chirciu, Remarcable points in triangle. Distances. Inequalities from initiation

to perfomance, Paralela 45 Publishing House, Pitesti, 2019

NESBITT’S TYPE INEQUALITIES WITH CONSTRAINT
By Florentin Visescu-Romania
Let a, b, c = [0, o) such that at most one is zero. Prove that:

1.1f8(a? + b? + ¢?) = 11(ab + bc + ca) then:

69 a b c 51
+ +
40 = b+c c+a a+b 28

2.1fa? + b? + ¢? = 2(ab + bc + ca) then:

b
2<% 4 b 4 12 (Lonan Saceanu)
b+c c+a a+b

3.1f5(a? + b? + ¢%) = 17(ab + bc + ca) then:
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17 a b c 15
—< + + < —
5 " b+c c+a a+b ™ 4

4.1fa? + b? + c¢? = 4(ab + bc + ca) then:

a b c _3(3V2+16)
< + + <
b+c c+a a+b 4

We will prove that:
Lemma 1:

If a, b, c € [0, 0) such that at most one is zero then denotinga + b + ¢ = p,
ab + bc + ca = q and abc = r, we have:

(1) p* = 3q

3 3
(2 p*€[3q.4ql =>T€ [9”‘1'2”3'2(”2_3'1)2 : 9”"_2”3”("2_3")2]

27 27

3
9pq—2p3+2(p*-3q)%
B)preldqx)=>rE€ [0, T ]

Proof.

The equation which has a, b, ¢ as roots is

x3 — px? + gqx —r = 0. We consider the function f: R - R

f(x) =x% —px? +qx — r. Inorder that f (x) = O to have three real positive roots it must
that: f'(x) = 3x% — 2px + q = 0 to have real positive roots.

Then A =4p? —12¢ =2 0= p? =>3q (1)

2”12“6”2_36’ = Py p32—3q the rootof f'(x) =0

letx;, =

Th p=/p"=3q\ _ (p-yp?=3q\’ __(p=y/p*-34 g p—Vp*-3q\ __ _
en f 3 - 3 p 3 *q 3 r=
3

_ 91,r)q—21,r)3+2(1r)2—3q)E

—rand
27
3 2
p+pr?*—3q\_ (p+r*—3¢q p++p*—3q p++/p*—3q
f 3 - 3 L - T A - T R
3
_9q—3p°—2(p* —3q)2

27
Obviously f(0) = —r and lim,_,,, f(x) = o

Then, according to Rolle’s sequence and taking into account that:

p_‘/';2_3q < p+‘/p32_3q we obtain:

3
+./p2—3 9p2 — 2p3 — 2(p? — 3¢q):
fp p Neogosrs? p (» q)2

3 27
3
p—+/p?—3q 9pq — 2p* + 2(p* — 3q)

— ¥ > <
f< 3 )‘O:’r— 27
f0O)<0=>-r<0=r=0
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3 3
9pq—2p3-2(p%-3q)2 9pq-2p3+2(p%-3q)2
pq—2p®-2(p*-3q)2  9pq-2p3+2(p*-3q) N [0, )

In conclusion r € :
27 27

3
Taking into account that p? > 3¢ we prove that 9pq — 2p3 + 2(p? — 3q)z = 0, namely
3 3
2(p? — 3q)? = 2p® — 9pq.We prove that 2(p? — 3q)z = p(2p% — 9q)
If 2p% — 9q < 0 namely p? < zq the inequality is obvious. If p? > zq the inequality is
equivalent with 4(p? — 3q)® > p?(2p? — 99)? & q*(p? — 4q) = O true.
3
We study the expression’s sign 9pq — 2p3 — 2(p? — 3q)2
We establish the relationship between p? and g in order that the expression to be positive.
3 3
9pq —2p* —2(p? —3q)2 2 0 © 9pq — 2p* 2 2(p* — 3q)z &
3
© p(9q — 2p?) = 2(p* - 39)>
Obviously for p? > %q the expression is negative.
For p? < zq (and p? > 3q) the inequality is equivalent with p2(9q — 2p?)? = 4(p? — 3q)?
©q*(4q-pH =20ep?<4q
Hence for p? € [3q, 4q] the expression we study is positive and for p? < [4q, «) the
expression is negative.We obtain:

3 3
9pq—2p3-2(p%-3q)? , 9pq—3p°>+2(p?-3q)?
27 ! 27

Forp? € [3q,4q]l > r € [

3
0.3 2_0\2
Forp? €[4q, o) =>r€ [O,gpq 2p *;(P 361)2]

Lemma 2.

If a, b, c € [0, ) such that at most one is zero, then denotinga + b + ¢ = p,
ab + bc + ca = q and abc = r we have:

2
(1) Itexist t € [0,1) such that% =3

@)Ift e [0,%] T e [(t+1);§1—2t);:t__t:);gzt+1)]
@iftelti1) =% e ol

Proof.

2 2
According to Lemma 1 (1) % > 3. We prove that it exists t € [0,1) such that% =2

1-t2

3 2-3 Jr? =3
@1—t2:—3@t2:¥:t:iu
p p p
We choose t € Y2—1 > ? and we prove t € [0,1)

Obviouslyt = 0.Weprovet<loeXr——<lop?-3¢<p’© -3g<0q¢=>0

=T
14
true (a, b, c € [0, o) at most one is zero)
2
So, it exists t € [0,1) such that% = ﬁ 1), te

According to Lemma 1

Jp?-3q
p
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N|w
Nlw

2 904 2-2(1-3L)* 9L _242(1-3L
(2)P_ €[34] = LB e |2 ( pz) ; p? ( pz)
q P 27 27

3
q q\2
ﬁ T 9p7—2+2(1—3p7)
(3) . € [4,0) = = € O,—27

3 and we obtain:

2
We replace in these relationships % =

1-t2
3 3
3 3 9%—2—2(1—31_;2)2 91_;2 2+2(1—31_3t2)2
(2) T2 € [34] = o € p : p”
3
5 . 9%—2+2(1—3%)2
©) e lo) > S e o

After we make the calculus the relationship becomes:

[ 1 —2t3-3t241 2t3-3t2+41
Q) te 0,—]:136[ LY +]
|2 p 27 27

@telt1)=Lelo 22
or

[~ 1 T (t+1)%2(1-2t) | (t-1)%(2t+1)] _
(2)t€_0’2]:>p E[ 27 ' 27 ]_D1

3
[1 r (t-1)%2(2t+1)] _
@telt1)= Lo e p,

27
NESBITT WITH CONSTRAINT
Theorem: Leta, b, ¢ € [0, ) such that at most one is zero. Leta + b + ¢ = p,

2
ab +bc+ca=q,abc=randte[0,1) suchthat%: 3

1-t2
(1) Ift € [0,3] then:
3 2t2+t+2 a b c 3 282 —t+2
— < + + < —
2(t+1)(2—t) " b+c c+a a+b  2(1-0t)(t+2)
(@ Ifte [} 1) then:
1+ 2t? a b c 3 2t2—t+2

< + + <=
1—t2 " b+c c+a a+b 21 -t)(t+2)

Proof.
a b c a b c

+ + = + + =

b+c c+a a+b p—a p—-b p-c
_alp—-b)p-c)+b(p-a)(p—c)+c(p—a)(p—b) _
- -a)-b)p-c) -

q r
:p3_2pq+3r:l—2p—2+3p—3_
TR
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1-t? r 3-2+2t2 r 1+t2 r

1—2—+3—3 +3—3 —+3—3
— 3 4 3 p> _ 3 p
- 1-t2 r - 1-t2 r T o1-t2 r
3 p3 3 p3 3 p3

We denote pr—3 = x and we consider the function:

2
1+2t
+_+3

fG) == f:D; > Rif t € [03]orfiD, > ifre[21)

3
2 2 2
3(1; —x)+(1+32t +3x) 1—t2—3x+1+32t + 3x

f,(x) = 1_t2 2 = 1_t2 2
— X — X
3—(33tz+1)+2t2 4—t2(3 )
= = >0

1-t2 2T g2 2
3( 3 —x) 3( 3 —x)
So, f strictly increasing on D; and D,

Then
(1)fort e[o.]

f((t+1)2(1—2t)>s a_ . b L C Sf((t—1)2(2t+1)>
27 b+c c+a a+b 27

@fortel:,1)

a b c (t—1)?2t+1)
0) < + + <
f(0) “b+c c+a a+b _'j?< 27
namely, after calculus
1]. 3 2t%+t+2 a b c 3 2t%—t+2
(1 For t € [0,3]; 2 D@0 Shre T ora T S 20-0@0
1+2t2 c 3 2t2-t+42

a b
L 24 <l
1-t2 = b+c c+a a+b T 2(1-t)(2+t)

Observation. For t = § we obtainex 1), t = iwe obtainex2),t = %we obtain ex 3) and for

t= g we obtain ex 4).

Refference:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

(2)Fort e E 1):

ABOUT AN INEQUALITY BY MARIAN URSARESCU-|

By Marin Chirciu — Romania

1) Letbe AABC, AD, BE and CF the internal bisectors. Prove that:
AF - BC+ BD - AC + CE - AB > 18r?
Proposed by Marian Ursdrescu — Romania
Solution: We prove the following lemma:
Lemma:
2) Let be AABC,AD, BE and CF the internal bisectors. Prove that:
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552 + 12 + 4Rr
AF -BC+BD-AC+CE-AB = 2Rr - ——
sS4+ 1r=+ 2Rr

Solution: Using the bisector’s theorem in AABC the following relationship holds:

BD =2 CE =2 AF =25 Itfollows that:
b+c a+c a+b

bc ab ab 1
AF -BC+BD -AC+CE -AB=——-a+ c+ -C=abcz =
a a+c

2 2 2 _|; b atc | 2 b2+ ¢ -
_ . 55“+r“+4Rr — . 55“+r“+4Rr . 1 — 55“+7r“+4Rr
= 4Rrs 25(s2+1r2+2Rr) r s247r242Rr’ which follows from Z b+c  2s(s24r242Rr)’
Let’s get back to the main problem.
Using Lemma the inequality from enunciation can be written:
2 2
2Rr - % > 18r? © s?(5R — 9r) > r(9r? + 17Rr — 4R?), which follows from

Gerretsen’s inequality s> > 16Rr — 5r2. It remains to prove that:
(16Rr —5r2)(5R — 9r) > r(9r? + 17Rr — 4R?) © 14R?* —31Rr + 61>’ > 0 &
(R — 2r)(14R — 3r) = 0, obviously from Euler’s inequality R = 2r.
Equality holds if and only if the triangle is equilateral.
Remark: The inequality can be strengthened:
3) Let be AABC,AD, BE and CF be the internal bisectors. Prove that:
AF -BC + BD - AC+ CE - AB = 9Rr
Marin Chirciu

Solution:Using the Lemma the inequality can be written:

552+12+4R . . .
2Rr -% > 9Rr & s% = 10Rr + 7r% which follows from Gerretsen’s inequality

s? > 16Rr — 572, It remains to prove that: 16Rr — 52 > 10Rr + 7r?> & R = 2r (Euler’s
inequality). Equality holds if and only if the triangle is equilateral.
Remark: Inequality 3) is stronger than inequality 1):
4) Let be AABC, AD, BE and CF be the internal bisectors. Prove that:
AF -BC + BD - AC + CE - AB > 9Rr > 18r?
Solution: See inequalities 1), 3) and 9Rr > 18r2 & R > 2r (Euler's inequality)
Equality holds if and only if the triangle is equilateral.
Remark: Let’s find an inequality having an opposite sense:

5) Let be AABC, AD, BE and CF the internal bisectors. Prove that:
2

9R
AF-BC+BD-AC+CE-ABST

Marin Chirciu
Solution: Using Lemma the inequality can be written:
5s2+ 12 +4Rr 9R? 5 5 5
2Rr - T3 725 3Ry < 5 & (9R — 20r) +r(18R? — 7TRr — 4r?) >0
We distinguish the following cases:

Case 1). If (9R — 20r) = 0, the inequality is obvious.

Case 2). If (9R — 20r) < 0, the inequality can be rewritten:

r(18R? — 7TRr — 4r?) > s?(20r — 9R), which follows from Gerretsen’s inequality

s2 < 4R? + 4Rr + 3r2. It remains to prove that:

r(18R? — 7Rr — 4r?) > (4R?> + 4Rr + 3r?)(20r — 9R) &
& 18R3 — 13R%*r — 30Rr? — 32r3 > 0 & (R — 2r)(18R? + 23Rr + 1612) > 0,
obviously from Euler’s inequality R > 2r. Equality holds if and only if the triangle is

equilateral.

Remark: We can write the double inequality:
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6) Let be AABC, AD, BE and CF the internal bisectors. Prove that:
2

9R
9RTSAF-BC+BD-AC+CE-ABST

Marin Chirciu
Solution: See inequalities 3) and 5). Equality holds if and only if the triangle is equilateral.
Reference:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOS-
By Marin Chirciu — Romania

1) In AABC the following relationship holds:

1 1 1 1 R
—< + + < —
R ryo+ry, ry+r., r.+r, A4r

Proposed by George Apostolopoulos — Messolonghi-Greece

Solution: We prove the following identity:

Lemma:
2) In AABC the following relationship holds:
1 1 1 s2+ (4R +1r)?
+ + =
Ta+r, rpy+r., r.+r, 4Rs?
Proof:
Using the formular, = ﬁwe obtain:
1 _ 1 1y (s=b)(s=¢) _ 1 r[s2+(4R+7)2] _ s?+(4R+1)? .
> e Zif% = SZ " = e r— , which follows from the
- - 2 2
known inequality in triangle: ¥ & bl(s ) = 1ls +i:§+r) ]
Let’s get back to the main problem.LHS inequality.
Using the Lemma can be written:
% > - o (4R +1)? = 3s?, (Doucet’s inequality), which follows from Gerretsen’s

inequality s2 < 4R? + 4Rr + 3r2. It remains to prove that:
(4R+7)223(4R*+4Rr+3r’) ® R*—Rr—-2rz0e (R-2r)(R+7r) =0,
obviously from Euler’s inequality R > 2r. Equality holds if and only if the AABC is
equilateral RHS inequality. Using the Lemma the inequality holds:
524+ (4R+1)2
4Rs? =2
s? > 16Rr — 5r% > . It remains to prove that: w (R?—=1%2) > r?2(4R +1)?

© R > 2r. (Euler’s mequallty) Equality holds if and only |f the triangle is equilateral.
Remark: Inequality 1) can be strenghtened:
3) In AABC the following relationship holds:
1 2r 1 1 1 1
(5 — —) < + + < —
4R R rotry, rpt+r., r.+r, 2r

& s2(R? —r?) = r2(4R + r)?, which follows from Gerretsen’s inequality
r(4R+1)2

Marin Chirciu
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Solution: Using the Lemma the inequality can be written:
524+ (4R4+1)2 > 1 (5 Zr) o 52 < R(4~R+T)
4Rs? 4R 2(2R-1
Equality holds if and only if the triangle is equilateral. RHS inequality.
Using Lemma the inequality can be written:

24(4R+1)? _ 1 4R+
# <= > u , which follows from Gerretsen’s inequality
4Rs 2r 2R-
r(4R+7)? = r(4R+1)?

s? > 16Rr —5r% > w It remains to prove that: 2= R =2r

(Euler’s inequality). Equallty holds if and only if the trlangle is equilateral.
Remark: Inequality 3) is stronger than inequality 1).
4) In AABC the following inequality holds:
1 1 ( Zr) 1 1 1 1 R

(Blundon-Gerretsen’s inequality)

5—— < + + —
R~ 4R R ra+r, rpt+r, r.+r, 2r 4rZ

Solution:See 3) and Euler’s inequality R > 2r. Equality holds if and only the AABC is
equilateral.
Remark: If we replace r, with h, we propose:
5) In AABC the following relationship holds:

1 1 1 1 1

—< + + < —

R~ hy+hy, hy,+h. h.+h, ™ 2r

Proposed by Marin Chirciu— Romania

Solution:We prove the followign lemma:

Lemma:
6) In AABC the following relationship holds:
1 . 1 1 s*+5s%(16Rr +2r?) + r?(4R + r)?
h,+h, h,+h, h +h, 4rs2(sz + 2r% + 2Rr)
Proof:
Using the formula h, = ? we obtain:
Z 1 1 1 bc 1 s*+s*(16Rr+2r?) +r2(4R+1)* _
hy, +h, Zu254.25 2SZ.b+c 2rs 2s(s2 + 2r2 + 2Rr) B
b
s4+sz(16Rr+2r2)+:2(4R+r)2

= > , which follows from the known identity in triangle:
4rs2(s24+2r2+2Rr)

bc  s*+ s*(16Rr +2r?) + r*(4R +1)?

b+c¢ 2s(s2 + 2r%2 + 2Rr)
Let’s get back to the main problem. LHS:Using the Lemma we write the inequality:

s* + s2(16Rr + 2r%) + r?(4R +1)? -
4rs2(s2 + 2r2 + 2Rr) R

& s?[s?(R—4r) +r(16R? —6Rr — 4r?)]+ Rr?(4R+1)?> >0
We distinguish the following cases:
Case 1). If [s2(R — 4r) + r(16R? — 6Rr — 4r?)] > 0, the inequality is obviously.
Case 2). If [s?2(R — 4r) + r(16R? — 6Rr — 4r?)] < 0, we write the inequality:

RT?(4R +1)? > s?[s?(4r — R) — r(16R? — 6Rr — 4r?)], which follows from Blundon -

R(4R+7)? < 4R? + 4Rr + 3r2. It remains to prove that:
2(2R-T)

[(4R? + 4Rr + 3r?)(4r — R) — r(16R?> —6Rr — 4r?)] &

Gerretsen’s inequality s <
R(4R +1)?

RT2(4R + )2 = m
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© 4R3 + 4R?*r — 15Rr? — 1813 > 0 & (R — 2r)(2R + r)? = 0, obviously from Euler’s
inequality R > 2r. Equality holds if and only if AABC is equilateral.
RHS inequality. Using the Lemma the inequality holds:

44+52(16Rr +212)+1r2(4R+71)? 1 .
stes1eRr+2r?) e UR41)E 1, s2(s?2 — 12Rr) = r2(4R + r)2, which follows from
4152(s2+212+42RT) 2r

Gerretsen’s inequality s > 16Rr — 512 >

T(4R+T)2 2 2 2 ) s -
—————(16Rr — 512 — 12Rr) = r?(4R + r)? & R = 2r (Euler’s inequality)

R+r
Equality holds if and only if AABC is equilateral.
Remark: Between the sums }; ﬁ and ), # the following inequality holds:
bTlc b c

7) In AABC the following relationship holds:
1 1
D=
Tp + Tre hb + hc

Solution:Using the following Lemma the above inequality holds:
s? + (4R +1)? - s*+ s2(16Rr + 2r%) + r2(4R + 1)?
4Rs? - 4rs2(s2 + 2r2 + 2Rr)
& s%[s?(R—1) —2r?(4R + r)] = r?>(4R + 1)?(R + ), which follows from Gerretsen’s
2
inequality s > 16Rr — 512 > r(f—”)
7(4R +1)?
% [(16Rr —572)(R —71) = 2r*(4R+1)] =2 1r*(4R+1)*’(R+ 1) &
& 15R? —31Rr +2r2 > 0 & (R — 2r)(15R — r) = 0, obviously from Euler’s inequality
R > 2r. Equality holds if and only if the triangle is equilateral.
Remark: We can write the inequalities:
8) In AABC the following relationship holds:

1 1 1 1

=< < <o

R Zrb+rc hy, +h, " 2r
Solution: See inequalities 1), 7) and 5). Equality holds if and only if ABC triangle is
equilateral.
Reference:
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2
r(fi. It remains to prove that:

Marin Chirciu

. It remains to prove that:

ABOUT AN INEQUALITY BY VASILE MIRCEA POPA-I

By Marin Chirciu — Romania

1) In acute angled triangle ABC the following relationship holds:
A B C
tanA +tan B + tan C + 3+/3 > 2 (coti + cotE + coti)
Proposed by Vasile Mircea Popa — Romania
Solution:Using Popoviciu's inequality: If f:[a, b] — R is a convexe function on [a, b], then
the following inequality holds:
+/ ()
F(=5)]

3 3 3 2 2

f(x)+f(y)+f(Z)+f<x+y+Z)22[f<x+y>+f<y+z>
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Vx,vy,z € [a, b]. We consider the convexe function f: (Og) - R, f(x) = tan x, for which

we apply Popoviciu’s inequality. We obtain:
tan A+tan B+tan C A+B+C 2 A+B B+C C+A
SRS ¢ tan (255) > Stan (%2) + £ (557) + £ (557) | wherefrom
tanA +tanB +tanC T 2 m C m A m B
+tan (§) > §[tan<———) +tan<———) + tan <__§)] &

3 2 2 2 2 2
tanA+tanB+tanC+\/§>2[ tC+ tA+ tB]@
3 23 co > co > co 5

A B C
& tanAd+tanB +tanC + 3V3 > 2<cot§ + cotE + cotE)

Equality holds if and only if the triangle is equilateral.
Remark:In the same way we can propose:
2) In acute triangle ABC the following relationship holds:
A B c
cotA + cot B+ cotC ++/3 >2 (tani + tanE + tanE)
Marin Chirciu

Solution: We apply Popoviciu’s inequality for the convexe function
f: (Og) - R, f(x) = cotx.
3) In AABC the following relationship holds:
1 1 1 1 1 1
sinZA+sinZB+sinZC+4 =2 coszg+coszg+coszg
Marin Chirciu

Solution: We apply Popoviciu’s inequality for the convexe function

f:(0,m) > R f(x) :m

4) In AABC the following inequality holds:
T, T T, 9 4s? 4s? 4s?
+ + +—-> + +
Ty—T" Tp—7r r.—1" 2 st+r,ry, Ss2+nr,r. s2+r.u, _ .
Marin Chirciu

Solution: We apply Popoviciu’s inequality for the convexe function f: (0,1) - R,
fx) = ﬁ, forx=—,y= rL,Z = ri UsinngL =1,Ynr. =s?and[[r, =rs?.
- a b c a

T,

5) If x,y,z > 0 prove that:
1 1 1 9 4 4 4
—+—+—+ > + +
Xy z x+y+z x+y y+z z+x

Marin Chirciu
Solution:We apply Popoviciu’s inequality for the convexe function : (0, ) - R, f(x) = %

6) If x,y,z > 0 prove that:
1 1 1 9 4 4 4

——+—+ > + +
Vx Jy Vz x+y+z [Jx+y [Jy+z VJz+x
Marin Chirciu

Solution: We apply Popoviciu’s inequality for the convexe function : (0,) - R, f(x) = \/i}

Reference:
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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SOME INTERESTING PROPERTIES OF COMPLEX NUMBERS WITH THE SAME
MODULUS
By Dana Heuberger-Romania
Abstract: In this paper we will see some less known theorems concerning complex numbers
in Geometry, which allow us to find easier proofs, if we use the affixes of some points of the
unit circle.
Keywords: complex number, incircle, circumcircle, projection, collinearity, concurrency.
THEORETICAL APPROACH

In this paper we will see some interesting properties of complex numbers in Geometry
which, together with a convenient choice of the axes of the complex plane, allow us to find
easier proofs for difficult problems. If we consider the affixes of some points which lie on the
unit circle, the proofs may become shorter and nicer.

We will use the notations and the assertions presented in [1].. If M is a point of the
complex plane, we denote by m its affix. In this paper we consider that the unit circle is
centered at the origin O (0) of the complex plane.

Theorem 1. If A(a), B(b) are two points of the complex plane, the equation of the line
which contains the point M(m) and is perpendicular to the line AB is:
z(b—a) +z(b—a) =m(b—a)+mn(b- a).

Proof. The equation of the line is:

T =)+ n0-0

Theorem 2. We consider a triangle ABC, the center 0 (o) of its circumscribed circle, its

orthocenter H(h), its center of gravity G(g) and a point M of the complex plane.

|la|®(b—c)+|b[*(c—a)+|c|*(a—b)
a(b—c)+b(c—a)+c(a-b)

a) o=

_ Y d?(c-b)+3lal*(c-b)
b) h= Y a(b—c) '

c) h+20=3g=a+b+c.

. —m\2
d) AM is the bisector line of BAC iff m-0)” ¢ R,.

b—a)(c—a)

. —_\2
e) AN is the outer bisector line of BAC iff —>~%_ e R_.
(b—a)(c—a)
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Proof. a) By replacingm = aTH’ in Theorem 1, we deduce that the mediator line of the
segment AB has the equation:
Z(E - d) +z(b—a)+ |al*—|b|?=0.

Similarly, the mediator line of the segment AC has the equation:

z(c—a)+z(c—a)+|al®> = |c|? =0.

By multiplying the first equation with (¢ — a), the second one with (b — a) and then by

substracting the equations thus obtained, the conclusion follows.

b) By using Theorem 1, we find the equations of the heights from A and B of the triangle:
hA:Z(C'— [_)) +z(c—b) = a(E— [_)) +a(c —b),
hg:z(@a—¢)+z(a—c)=b(a—¢)+ b(a—rc).

By multiplying the first equation with (a — ¢), the second one with (b — ¢) and then by

adding the equations thus obtained, we find the conclusion.

c) The relation is a transcription of the fact that O, G and H lie on Euler’s line of the triangle

ABC.
. . . = m—-a\ __ c—a 7;,1__::
d) AM is the bisector line of BAC < arg (E) =arg (T) ©ErER, &
(m-a)?

(b-a)(c-a) R

e)Let D € AC be such that A € (CD). Then, k € R, exists, such thatd — a = k(a — ¢).

. . . _. b-a\ _ n-a (n-a)?
AN is the outer bisector line of BAC iff arg (ﬁ) =arg (a) © e ER, &
(n —a)® (n —a)®
- ER ——F—< € R_.
b—c—a) - T h-a-a)

Remark.
i) If O is the origin of the complex plane, then from any of the assertions b) and c) it
follows thath =a+ b + c.
ii) If the point C is the origin of the complex plane, then
_ ab(@a-b) b= (ab + ab)(a — b)
ab—ab ' ab —ab '
Theorem 3. The points 4 and B lie on the unit circle, and the pints € and Z are arbitrary.

We have:

a) ZEAB <= a+abz=a+b.
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b) Z lies on the tangent line at A to the circle © z + a?zZ = 2a.
c) Z lies on the perpendicular line through € on AB © z — abZ = ¢ — abc.
d) Z lies on the line through € which is orthogonal to the tangent line at A to the
circlee z — a?z = ¢ — a®c.
Proof.
) ZEABo€Ro =" zb—za—ab=bz—az—ab.

By multiplying the previous equality with ab and using aa = bb = 1, we deduce:

(a=b)(z+abz—a—-b)=0 z+abz=a+b.

- 3 _ 57 _ _ _ B |.a _
b) EELR@%:Z%@|a|2—aZZaZ—|a|2@aZ+aZ=2<:>Z+aZZ:2a.
- . - 7—C - _ — _ _ _ _|-ab
c) uEL[R%(z)u:f—f(z)(b—a)z—bc+ac=(a—b)z—ac+bc<:>
a—b a—b b—a

(a—b)z—c(a—b) =ab(a—b)z—abc(a—b) © z—abz = c— abc.

z—c z—c __ Z-C — — _ _la _ —
dy ZcC | OA@—OE[RM:)—:—@az—aczaz—ac@z—azzzc—azc.
a— a a

Theorem 4. The points A4, B, C and D lie on the unit circle and Z is an arbitrary point. Then:

a+b+z—abz
2
ab(c+d)-cd(a+b)
ab—cd

b) The affix of the projection of the point Z on the line ABism =

c) The affix of the intersection point of the chords AB and CD isp =

d) The affix of the intersection point of the tangent lines at A and B to the circle is

_ 2ab
T a+b
-b b(a-b b(a-b
Proof. a) =2 = @b(a-h) _ abla-h) _ _ .
a-b aab—-bba b—a

b) We consider M(m) = pr,5(Z). As M € AB, from Theorem 3.a) follows:
m+abm=a+b; (1.1).

Because M lies on the line through Z which is orthogonal to AB, we deduce, using Theorem

3.c: m—abm=z—abz; (12).

a+b+z—abz

By adding the equalities (1.1) and (1.2) it results m =

¢) We consider {P} = AB n CD. Theorem 1.a) leads to: p + cdp = ¢ + d andp + abp =
a+b.

By multiplying the first equality with ab, the second one with cd and by substracting the
equations thus obtained, we deduce: (ab — cd)p = ab(c + d) — cd(a + b).
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d) Let Q(q) be the intersection point of these tangent lines. Because Q lies on the tangent
line at A to the circle, from Theorem 3.b) we obtain: g + b%G = 2a.

But Q also lies on the tangent line at B to the circle, therefore, from Theorem 3.b) we
deduce: g + b?q = 2b.

By multiplying the first equality with b2, the second one with a? and by substracting the

equations thus obtained, it result: (b? — a?)q = 2ab(b —a) © q = 2%’;.

Theorem 5. If the incircle of the triangle ABC is the unit circle and its intersection with the
lines BC,CA and AB are P, Q, R then:

2 2 2

a) a:ﬂ’b:ﬂ’c:ﬂ.
q+r r+p p+q

b) o= 2pqr(p+q+1)
(p+q@)(q+7)(r+p)’

2(p?q%+q?r2+12p? +par(p+q+7))
(p+q)(q+7)(r+p)

C) h=

Proof. a) It result from Theorem 4.d).

b) From Theorem 2.a), we have: o —%
2rp 2pq _
Zlal (b_c)_Z(q+r)(q+r)<r+p_p+q)_
_ 4qr 2p*(r—q) _ 8pqr Zp(r—q) _
(q+1)(qqr+qr7) G+p)p+q) @+q @+ +p) q+r
_ 8pqr 3(r _
B (p+q)2(q+r)2(r+p)zzp (r=a).
Because Y p3(r — q) = (p + q + 1) X p*(r — q), we obtain:
8pqr(p +q + 1) 5 ,
D R e e B EDIACRIC)
_ O\ 27 2p(r—q) 4 2 .
22092 ) i Gt - TG IEEp L i

By dividing the equalities (1.3) and (1.4), we obtain the conclusion.
c) Fromh + 20 = a + b + ¢, using a) and b), the conclusion follows.
Theorem 6. We consider a triangle ABC, inscribed in the unit circle.
a) u,v,w € C exist, witha = u?, b = v?, ¢ = w? such that —uv, —uw, —vw are the
affixes of the midpoints of the arcs AB, AC and A respectively.

b) The affix of the incenter I of the triangle ABC isi = —(uv + uw + vw).
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Proof. a) Let M, N, P be the midpoint of the arcs BC, AC and AB of the unit circle which
don’t pass through A, B and C respectively.
The numbers u — 1, u,, v, v,, w;,w, € C exist and are unique, such that

ul=ui=avi=vi=bhwi=w?=c

From ABOM = AMOC, we find: % = i therefore, A
m? = bc = (vw,)?, Vs, t € {1,2}. 5 N
Similarly, it follows: n2 = (u,w,)?,Vs, f € {1,2}.
We choose u € {u;,u,}, v € {vy, v}, w € {w;, w,} o
such thatm = —vw and n = —uw. B c
Let N; (uw) be the diametrically opposite point of N. N,
TP = A = u( VOB i mo_m M

From u(N;0P) = A = u(MOB), it results that =

bn v2uw
thereforep = — = — = —uw.

m —-uw

b) Because {I} = AM n BN, from Theorem 4.c) we deduce that:

am(b+n)—bn(a+m) —uPvw@?—uw) +v2uw? — vw)
i= =

am — bn —u?vw + v2uw
= —(uv +uw + vw)
2. PROBLEMS

P1. Theincircle of the triangle ABC is the unit circle. We denote its center by I.
Let D, E, F be the touchpoints of the incircle with BC, AC and AB respectively.
We denote: {M} = AI n DE,{N} = BI n EF,{P} = CIn FD,{Q} = AI n DF.
Prove that the following assertions are true:

a) IM-IN-IP =1.

b) I,E,C, Q are concyclic.

¢) BM =IM - EC.

Dana Heuberger

Solution. a) ID = IE = IF = 1 and using Theorem 4.d) it results:

2ef 2fd 2de
a= b = ,C = .
e+ f f+d d+e

We obtain: a = i, h=-2andé=->.AsMe DE, we have:
e+f f+d d+e

m+dem=d+e; (21)
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D||§I

A, I, M are collinear, therefore% =om=m- S ==
By replacing in (2.1), it follows :
m+d7m=d+e@m=%; (2.2)
AsQ € DF,wehave:q + fdg = f +

d; (2.3)

A, 1,Q arecollinear,so g = q - S =L

By replacing in (2.3), we deduce:

_d+f)-e
1="qve @9
Similarly, we find:
_(e+f)-d
"= ewa 39
_(f+d)-e
= e 0 29

By multiplying the equalities (2.2), (2.5) and (2.6), we obtain:
mnp =def =IM-IN-IP =1.
b) We denote: {S} = BI n DF,{T} = CI n DE.From (2.2) it follows: m = % and using

moduli, we obtain IM = %

IS 1

From (2.4), it follows: g = ? and using moduli, we obtain IQ = =

Then, as Ig = % and QTE = EIM, the triangles QIE and EIM are similar, therefore

IE
n(IQE) = w(IEM) = % which means that I, E, C, Q are concyclic.

__d+e 2def __ be

c) m= =2 therefore 2 = 2 & ABIM~ACIE. We obtain:
2de d+f c b c
_ IM -EC — IM.CE
- IE '

P2. ABC is an arbitrary triangle and T is the intersection point of the tangents in B and C
atits circumscribed circle. Let M be the midpoint of the segment BC and N the second
intersection point of the line AT with the circle. Prove that BM? = MN - AM.

Dana Heuberger
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Solution. We consider that the circumscribed circle of the triangle ABC is the unit circle.

Using Theorem 4.d) we obtain: t = 2% thus £ = .
b+c b+c A

Using Theorem 3.a) we deduce: t + ant = a +n &

a—t
n=-— .
at—1
. . b -2b
Replacing, we find: n = 22X<=20¢
2a-b-c

Then,

b+c  (b—c)?
IO

2

n—-m=n-—

BC? .
Therefore, MN = IR and the conclusion follows.

P3. The quadrilateral ABCD is inscribed in €(0, 1), such that
u(A0B) + p(COD) +
We denote by M and P the projections of the points 4 and C on the line BD. The points N
and Q are the projections of B and D on the line AC.
Prove that MNPQ is a parallelogram iff ABCD is a rectangle.
Dana Heuberger
Solution. " « " The assertion is obvious. Moreover, MNPQ is a rectangle.
= We choose the Cartesian coordinate system with the origin in the point 0, and such that:
a = costy +1i-sint,,b = cost, + i -sint,, c = cost; + i - sints,
d = cost, +i-sint,, Wwith0 < t, <t, <t; <t, <2m We prove that ac + bd # 0.
Suppose that ac + bd = 0. It follows:
cos(ty + t3) + cos(t, + t,) + i(sin(t;, + t3) + sin(t, +t,)) ©

by +ty,—t; — &3 L+t +ty, | i+ttt
2cos cos +1i-sin )ZO(:)
2t +t t t 2 2
COSZ 4 ! 320@(t2_t1)+(t4_t3):ﬂ@

2
u(m) + u(m) =, false.
Therefore, ac + bd # 0.
Using Theorem 4.b) we obtain:
_b+d+a—-bda _a+b+d bd

m 2 2 24
_b+c+d—-bdc b+c+d bd
p= 2 —T 2 T2
_a+b+c—acl3_a+b+c ac
n= 2 T2 T2
_a+c+d—acc?_a+c+d ac
q_ 2 - 2 _ﬁ.
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m+p=n+q<

a+b+d bd b+c+d bd_a+b+c ac a+c+d ac

=z e =22 _ac
2 2a 2 2c 2 b — 24
Itfollowssm+p=n+q e (btd)(actbd) _ (atc)(actbd)
bd ac
b+d a+c

As ac + bd # 0, we deduce that: o ab(c —d) = cd(b — a).
Therefore, |a| - |b| - €D = |c| - |d| - AB,soab = CD.
Similarly, % = aa—J'CC & be(a—d) = ad(b — ¢), therefore AD = BC. In the end, ABCD is an
parallelogram, namely ABCD is a rectangle.
P4. The point H is the orthocenter of the triangle ABC. The points D, E and F lie on the
circumcircle of the triangle ABC such that AD || BE || CF. The points S, T and U are the
respective reflections of D, E and F across the lines BC, CA and AB. Prove that the points
S,T,U and H are concyclic.

(2], 4, p.7)
Solution. We consider that the circumscribed circle of the triangle ABC is the unit circle,

with the center 0. Then,h = a + b + c.

a-d a-d a-d a-d be
— = -— & be = ad.
b—e b—e b—e e—b ad

Similarly, AD || CF < ad = cf.

AD || BE &

Theorem 4.b) leads to m = 2X<rd=bed

Because s = 2m — d, we obtain

s=b+c—bcd.
Similarly, we deduce: A
t=a+c—ace
_ F
u=a+b—abf.
U,H,S,Tarecycliciffa =22 . =2 e R,
t—-h u-s
% _ac bc
We have: a = —&- —%—4, e
_b_? a—C—T"'E B E

__ (ab+cf)(ae-be) _ (ab+ad)(ae—ad) _ (b+d)(e-ad)
therefore, a= (ac+be)(af-fc) - (ac+ad)(af-ad) - (c+d)(f-d)’

From here,
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1 1 1 1
Ty 1,1 bd de c+d d-—f be ’
c d f d

which leads to a € R. Therefore, the points U, H, S, T are concyclic.

REFERENCES:

[1] Musuroaia N.(coord.), Boroica Gh., Pop V., Heuberger D. (coord) Bujor F., Matematicd de
excelentd pentru concursuri, olimpiade si centre de excelentd, Clasa a X-a, Ed. Paralela 45,
Pitesti, 2103, 146-178.

[2] https://www.scribd.com/document/295267839/TJUSAMO-2013-2014-Complex Numbers

in Geometry

[3] https://www.yisun.io/teaching.html

FEW OUTSTANDING LIMITS
By Floricd Anastase-Romania

Problem 1.
fnkeNn>kandf;,:R - [0

n;{ ] continuous function. Prove that:

i (n Z OB ljl £h) + —f(k)> < log2

n  (m+k-Df(k)+n—(n+k— 1)f(k)AM GM
n+k n+k

"Jf"+k-1(k)(n ~ (k- Df(K) o

Solution.

ntk-1  p

A1k (n — (n+ k — 1)f(k)) < ( k) 'n+k®
O 1]"* (n-(+k=DfW0) <—
(k) n+k-1 + k E—
fn J” (n—(n+k—-1)fk)) < :L—k it

%Z £k Jl ORETIOE

Zf(k) J’” (n=(n+ k- D) <

k=1

42| ROMANIAN MATHEMATICAL MAGAZINE NR. 32



Romanian Mathematical Society-Mehedinti Branch | 2022

Iimlzn: n —f L dx=1log2
n-con k_1n+k_ o x+1 * =g

Therefore,
1 n n+k-1 1-—k%
lim —Z R - 1= FU)+——f(k) | < log2
n-o \ N n
k=1
Problem 2.
If (a,)n=1 is Sequence of real numbers such that
0<a;< #Vn,k € N then prove:
n
. 1 n?+k2-1 k2 1 k2 T
fim | 2 o )\ te e ) )<
k=1
Solution.
n*  (m*+k*=1a, +n®>—n*+k*-1a, AM;GM
n2+ k2 n2 + k2 =
n?+k? n2+k2-1
> ay (n? = (n?+k?-1)ay) =
nz n2+k2—1 nz
2 kZ_
a}j + 1(712 — (nz + k? — 1)ak) < <m> . m =

kj (n? — (n2 + k2 — Da)(n? +k2) _ n?
ax < =3

n2 = N2+ k2

a n2 +k2-1 k2 1 k2 1 n?
- - - T <.
n 1+n2 1 1 n2+n2 ak _n n2+k2c>
1 i n24+k2-1 1+ k2 1 1 1 N k2 < 1 i n2 _ 1 Z 1
n L. % n2 e n2+k2 n ( )2
k=1 k

(1 e k2 1 k2
tim 2D e L)\t ) | <
k=1
n
dx =

Therefore,
1 n n24k2-1 2 k2 T
i | 2, (o) (- i)e) ) <3
Problem 3.
Find:
=k n(x — k)
Q = lim Zf tan1
n-oo k-1 k +n2
k=1
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Solution.

k=1 k=1
n k k n k
k ok k

=n E L tan™! = |=n E L (tan x —tan 1(—)>dx=
-1 -1
k=1""n 1"';’5 k=1""n

1 1 k
=n tan~1x — —Z tan~1 (—)
0 n n
k=1
MVT

Let f:R > R, f(x) =tan"x,f"(x) <O,Vx ER = f’ \'andletxe[k 1 k)_)

Elce( )suchthath() f'(c) >
(52> 0 ) By <o

(-5 (52 <) < (-5 ()

k

n
= ’(k_l)<F tan~lx —t ‘1(k) < (k) >2ke{l2.
2n2f ) S | tanx ann_Zannn { n}

1 v k-1 1 Ix k 1 <k
- 1y = -1(Z - e
2n kZlf( n )Sn(fotan x nkthan (n)>< on kZlf (n)
1o k=1 1o k(! _
Jim Zf( n )—,!Lr?o;'; (ﬁ)—fof(x)dx—z
Therefore,

e n(x — k) ) 1 » 1% AN
Q—TIlLrTJO<ZL 1ta <k +n2> ) T!mn(fotan x—gkzﬂtan (E) =-3
Reference:

ROMANIAN MATEMATICAL MAGAZINE-www.ssmrmh.ro
PROBLEMS FOR JUNIORS
Romanian
Magazine
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JOlIfa,b,c d € R then:
(2a +3b + 4c +5d)? > 8(3ab + 5ad + 6bc + 10cd)
Proposed by Marian Ursarescu — Romania
J.02Ifa,b,c >0,n=0,a®+ b3+ c3 =3then:

1 1 1 3
+ + >
n+abla+b) n+bc(b+c) n+calc+a) n+2

Proposed by Marin Chirciu — Romania
J.03Ifa,b,c,de f>0a+d=b+e=c+ f=5then:
@rbro(teiel)cs(@esd)
d e f d e f
Proposed by Daniel Sitaru — Romania
J.04Ifa,b,c > 0,n = 0then:
ad b3 c3 3abc

+ + >
n+ab? n+bc:? n+ca? n+abc

Proposed by Marin Chirciu — Romania
J.O5Ifa,b,ccd >0,a+b+c+d=10<n<1then:
a? b? c? d? 16
+ + + >
na+bcd nb+cda nc+dab nd—+abc n+16

Proposed by Marin Chirciu, Octavian Stroe — Romania

1.06In AABC, M, E € (AB),N, F € (AC) such that AE = mEB, AF = nFC, MO = pON and

E—E—/Lm,n,p/le[Rl*;pqt—l,/lqtl;m-p=l.

MA ~ NC
Prove that: E, O, F are collinear if and only ifp = n.
Proposed by Florica Anastase - Romania
J.O7If x,y,z € R} = (0,), then in any AABC the following inequality holds:
y+z ho4Z + x x+y 3612

+ + h, =
x ¢ y P z °7 R

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania
J.08Ifm,n € R,,m+ n € R} and M an interior pointin AABC, and x, y, z the distances
from point M to the apices ABC and u, v, w the distances from M to the sides

[BC],[CA], [AB]. Prove that:

(mx + ny)? . (my + nz)? (mz+nx)?

> 4(m + n)?
uz + 2vw 2+ 2wu w2 + 2uv ( )

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania
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JOOIfm=1,np=0n+p=2m,x,yz€ R} = (0 o), thenin AABC with the area F
the following inequality holds:

(X + y)maZm . pn 25m—p

xm. hg - 3m-1

cyc
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania
J10ifm>1,n,p=0,n+p =2m,x,y,z € R} = (0,), thenin AABC with the area F the

following inequality holds:

(X + y)maZm . pn 25m—p
Z xm - hP = 3m-1
cyc b

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania

J.11In any AABC with the area F the following inequality holds:
(h3 + h3)cS + (h3 + h})a® + (b3 + h3)b5 > 64V/3F*
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania

J.12 In any AABC the following inequality holds:
(hy + hp)ad + (h, + hy)b3 + (hy + hy)c3 = 16V3F2
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania
J13If x,y,z € R} = (0,), then in any AABC the following inequality holds:
y+z zZ+x x+y 3612
. h, + y h, + ~ he. > R
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania
J14 If m,n € R, =[0,o),m +n € R} = (0, ) then in any AABC with the area F the
following inequality holds:
(ma + nb)h, + (mb + nc)h, + (mc + na)h, = 6(m + n)F
Proposed by D.M. Bdtinetu — Giurgiu, Dan Ndnuti — Romania
J.15 Ifx,y,z € R} = (0, ), then in any AABC with the area F the following inequality
holds:

h2+h24 h2+h24b h2+h24
(yb xZ C)a +(Zc yx a) +(xa yb)c232\/§F3

Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti — Romania

J.15 Inany AABC with the area F the following inequality holds:
(a? + b2)h2 + (b? + c?)hZ + (c? + a®)h} > 24F?
Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti — Romania
J.16 Ifx,y,z > 0, then in any AABC the following inequality holds:

y+z z+x x+y 4+/3F
mg + my + m; 2
X y z R

Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti — Romania
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J171fx,y,z € R} = (0, ), then in AABC with the area F the following inequality holds:

x - a? . y - b? . z-c? -5
(y+2)hi (z+x)hi (x+y)hz ™

Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti — Romania

J181fm,n € R, =[0,o);m +n € R} = (0,%) and M an interior pointin AABC and
x,y, z the distances from M to the apices 4, B, C and u, v, w the distances from M to the
sides [BC], [CA], [AB], then:

(mx + ny)? . (my +nz)? . (mz + nz)?

> 12(m + n)?
uv vw

Proposed by D.M. Bdtinetu — Giurgiu- Romania
J.19 Let M be an interior point in AABC and d,, d},, d .. the distances from M to the sides
BC,CA, AB, then:
a b c
AR R
Proposed by D.M. Bdtinetu — Giurgiu- Romania
J.20 Letm,n € R, = [0,0),m+ n = 4,M an interior pointin AABC having the area F and
x,y, z the distances from M to the apices A4, B, C and d,, d;,, d. the distances from M to the
sides BC,CA, AB. Prove that:
x2a™ y2p™ z%-c
+ + > 2mp2n
da(db + dc)hg dc(dc + da)hg dc(da + db)h?
Proposed by D.M. Bdtinetu — Giurgiu- Romania
J21l1fm,n € R, =[0,0); m+n =3 and x € Rthenin any AABC with the area F the
following inequality holds:
m
Z a > 2m—1\/§F1—n

(acos?zx + bsin2 x)h —
cyc

2 m

Proposed by D.M. Bdtinetu — Giurgiu- Romania
J221fx,y,z € R} = (0, 00) then in any AABC with F —area the following relationship
holds:
xa vb zc 1
+ + >—
y+2)hi (z+x)hj (x+y)hd  F
Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
J.23If x,y,z > 0 then in any AABC with F —area the following relationship holds:
X y z - V3F

m my, + me =
T z+x P x+y °T R

y+z
Proposed by D.M.Batinetu-Giurgiu,Neculai Stanciu-Romania
J.241f x,y,z € R} = (0,00) then in any AABC with F —area the following relationship
holds:
y+z z+x x +

y
2 2 2>
h, bc* + h ca*+ e ab® = 16F

Proposed by D.M.Batinetu-Giurgiu-Romania
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J.251f x,y,z € R} = (0,00) then in any AABC with F —area the following relationship

holds:

y+zb +Z+x +x+y
xhyh, " yhohy <7 Zhgh,

Proposed by D.M.Batinetu-Giurgiu-Romania

ab > 8

J.26 If m > 0;x,y,z > 0 then in any AABC with F —area the following relationship holds:
xm+2 ym+2 Zm+2 3m+4
am+4 4 b4m+4 + a4m+4 >

Gromt T Eron )" g
Proposed by D.M.Batinetu-Giurgiu,Dan Nanuti-Romania
J.27If x,y,z > 0 then in any AABC with F —area the following relationship holds:
+ + + 24F?
y+z Z+Xx x+y S

2 2
m2 + m2 + mé >
x ¢ y P z ¢ R?

(xy + yz + zx)F2(m+1)

Proposed by D.M.Batinetu-Giurgiu, Dan Nanuti-Romania
J.28If AA'B'C" is the circumcevian triangle of K — Lemoine’s point in AABC then:
KA KB' KC' (a+b+c)?

+ + >
KA KB KC — a?+b?+c?
Proposed by Marian Ursarescu — Romania

J.291fin AABC, K — Lemoine’s point then:

bc(a +b +
AK?2 + BK? + CK? > abe(a )
a? + b? + ¢?

Proposed by Marian Ursarescu — Romania

J.30In AABC, G —centroid, E € (AB),F € (AC),E,F,G —collinears,
S, = [AEF],S, = [EBCF]. It's possible that:

S, 4

—_— <=7

S, 5

Proposed by Marian Ursarescu — Romania
J.31In acute AABC the following relationship holds:
mg my me R(X + 3) (ra + Ty + rc) 9

+—+—+—< > ——
T w, w,  w,~ 2r(hy+h,+h) 7= 5

Proposed by Marin Chirciu— Romania

J32If0<x < ?then:

(2 (= Ve)x 2+ [2x2 ~ (V24 VE)x +2 22

Proposed by Daniel Sitaru,Elena Nicolae — Romania
J.33In AABC the following relationship holds:
54r*(5R — 1)
R
Proposed by Marian Ursarescu — Romania

h3hy, + h3h, + h3h, >
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J.34In AABC the following relationship holds:
m3my, + mim, + m3m, > 81r3(2R — 1)
Proposed by Marian Ursarescu — Romania
J.35In AABC the following relationship holds:

3 3 3
Proposed by Marian Ursarescu — Romania
J.361fx,y,z,n>0,x +y+ z = 3n? then:
1 1 1 3
2n—\/§+2n—\/§+2n—ﬁzg
Proposed by Marin Chirciu — Romania
J.37 Let ADEF be the pedal triangle of P € Int (AABC) in AABC. Prove that:
_AP-BP-CP
¥~ 2(R7=0P?)

¢ — circumradii of ADEF, R — circumradii of AABC

Proposed by Mehmet Sahin — Ankara — Turkey
J.38 Ifin AABC, m(xABC) = 20°, m(<ACB) = 60° then:
b(a+b+c)=c?
Proposed by Mehmet Sahin — Ankara — Turkey

J.39 Find the real solution of the equation

1 1
2 _ " 4y =
etV TR T T2
Proposed by Srinivasa Raghava-AIRMC-India
J.40 In AABC the following relationship holds:

b
ha+hb+hcs\/ZRr+5r2(%+E+£)

a
Proposed by Alex Szoros — Romania

J.41In AABC the following relationship holds:

(R+1)/1>1+/1 a2+b2+02 A>1
r 2/ =7 2\bc ac ab) "™

Proposed by Alex Szoros — Romania
JA421fa,b,c > 0,n = 1 then:

a . b . c - 27
na+b+c nb+c+a nc+a+b (m+2)(a+b+c)(ab+ bc+ ca)

Proposed by Marin Chirciu — Romania
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J.431f a,b,c > 0 then:
abvab bcvVbc cavjea 3(a+b)(b+c)(c+a) 3
+ + + >—
(a+b)? (b+c)3 (c+a)d 64abc 4
Proposed by Marin Chirciu— Romania

J441f a,b,c > 0 then:
a’b? b?c? c?a? (a+b)(b+c)(c+a) 7
+ + + >—
(a+b)* (b+c)* (c+a)* 32abc — 16

Proposed by Marin Chirciu— Romania
JA451f a,b,c > 0 and 2n € N then:
a™b" bc ctam 2n(a+b)(b+c)(c+a) 2n+3

(a + b)Zn + (b + C)Zn + (C + a)Zn + 22n+3qpc = 22n

Proposed by Marin Chirciu— Romania
JA461Ifa,b,c > 0andn € N,n > 2 then:

nl q b nl b c o[ C a
+ + + +’ + >3
b+c c+a c+a a+b a+b b+c

Proposed by Marin Chirciu— Romania
J47Ifaq, ay,...,a, >0,a; +a, +--+a, =n,p k € Nthen:
n p+1 k
2 (s) =
; a? +1 -

=1

Proposed by Marin Chirciu— Romania
J.48 In AABC the following relationship holds:

2R? + 12\’
mg COSA +m,;, COSB + m, Ccos C sﬁ —

Proposed by Marian Ursarescu — Romania
J.A491f a, b > O then:

5 5b 4ab 10ab
(—a+—+3\/ab+L)<a+b+3\/ab+—a)S25(a+b)2
2 2 a+b a+b

Proposed by Daniel Sitaru,Luiza Dumitrescu — Romania
J.50 Solve for real numbers:

( x,v,z>0
J Xy vz zx 3

[T+ JAry)a+2) JA+rDA+D) 4
l xy+yz+zx=3

Proposed by Daniel Sitaru,Delia Popescu — Romania
J51lIfx € (O, g) ,n € N, L, —Lucas numbers, E, — Fibonacci numbers then:

sin? x - I3 . cos?x- 1%, 5Fyn41
sinfx+ 1% cos2x+1L%,, 1+5F,,

Proposed by Daniel Sitaru,Liliana Argetoianu — Romania
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J.52If n,m € N, L,, — Lucas numbers, F,, — Fibonacci numbers then:

VEF3RLnLE + Y EyFLy L3y < 2Fpyy
Proposed by Daniel Sitaru,Eugenia Turcu — Romania

J.63If E, — Fibonacci numbers then:

4 4
+ + >
2+ FynFonyy 2+ FoniaFonia 3+ Fope

-2 —2 -2
<1+ Fyh +Fuys+Fpien €N

Proposed by Daniel Sitaru,Roxana Vasile - Romania
J.54In AABC,n, —Nagel’s cevian, the following relationship holds:

na+ra 22
m, +w, +w,
cyc

Proposed by Bogdan Fustei — Romania

J.55In AABC,n, — Nagel’s cevian, g, — Gergonne cevian, the following relationship holds:

mg >zn§+g§+2rra b+c—a
Sind — b+c a
cyc cyc

Proposed by Bogdan Fustei — Romania

J.56 In AABC, g, — Gergonne cevian, the following relationship holds:

Proposed by Bogdan Fustei — Romania
J.57In AABC,n, — Nagel’s cevian, g, — Gergonne cevian, w —Brocard’s point the following

relationship holds:
) - Zné + ga + 2maw,
< nz

Proposed by Bogdan Fustei — Romania

411+ —
( 2sinw

cyc

J.581In AABC, g, — Gergonne cevian, the following relationship holds:

4R m2w?

—>5+ =

r gahara
cyc

Proposed by Bogdan Fustei — Romania
J.591In AABC,n, — Nagel’s cevian, g, — Gergonne cevian, the following relationship holds:

MagWq

S5R—r+Y29% B5p_r4 ¥
EZ ha_ S ha 9R >2(Ta+7”b+7”c)>2
r = ho+ hy, + R, hothy+h, —hothy+h.— ho+h,+h, —

Proposed by Bogdan Fustei — Romania
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J.60 In AABC,n, — Nagel’s cevian, the following relationship holds:
R ng
2(——1)Zha =4R+r+z—
T T,
cyc cyc
Proposed by Bogdan Fustei — Romania
J.61 In AABC the following relationship holds:

mg 1
2 —_
wahpyh, — 1
cyc

Proposed by Bogdan Fustei — Romania
J.62In AABC,n, —Nagel’s cevian, the following relationship holds:

[ /M_ <R
w2 2r
cyc

Proposed by Bogdan Fustei — Romania

, , , 9v3R
mym.sind + ,/m.mgsinB + ./m,m,sinC < 2

Proposed by lonug Florin Voinea-Romania

J.63In AABC the following relationship holds:

J.64 Solve for real numbers:

i/x7 —6x* = </x5 + 6x*
Proposed by lonug Florin Voinea-Romania

J.65 ABCD —tangential quadrilateral, O —incenter, A,, B,C,, D; —intersection points of
incircle with A0, BO, CO, DO. Prove that:
AA; + BB, +CC, +DD; > 4(NV2-1)R
Proposed by lonug Florin Voinea-Romania
J661fx,y, 2t € (O,g) then:

1 1
+ >4

J/sinx - siny - sinz - sint ~ \/cosx - cosy - cosz - cost
Proposed by lonug Florin Voinea-Romania

J.67 In AABC the following relationship holds:

cosA cosB cosC 1

Proposed by lonug Florin Voinea-Romania

1.68If x,y,z € R — Z then exists m,n € Z N [—-9,9], m? + n? # 0 such that:
[mix} +nfydl <=, {s} =« —[+], [s]-GIF.

Proposed by lonug Florin Voinea-Romania
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J.69If x > 0 then:
1
203 426 <7 x} = x — [x], [4] ~GIF.
Proposed by lonug Florin Voinea-Romania
J.70 If x,y,z,t > O then:
2+ x2)(2+y2)(2 +22)(2 + t?) > 18({fxy + Vzr)
Proposed by lonug Florin Voinea-Romania
77" 0
1711 x,y € (0,%) then:
1 1

\/sinxsiny \/wsxcosy

> 242

Proposed by lonug Florin Voinea-Romania
J.72 Let ABC be a triangle. Let P, Q are the points on BC such that BP = PQ = QC. Let R be
the mid point of AC. Let BR intersect AP and AQ in M and N respectively.

Find Q = ( ar(AAMR) + ar(AAMN))

ar(quad. MRCP)  ar(AANR)
Proposed by Rajeev Rastogi — India
J.73 Find the value of K such that
1x5x9x%x13 %17 x ...x 2021 = K(mod 1000)
Proposed by Rajeev Rastogi — India
J.74 Let S(n) denotes the sum of digits of a natural number n, then find the number of all 3 -
digit numbers n satisfying the inequality:
S*(n) — 40S3(n) + 401S8%(n) — 40S(n) +400<0
Proposed by Rajeev Rastogi — India

J.75 Find the reminder, when the number

02021

2019202 is divided by 7
Proposed by Rajeev Rastogi — India

J.76 Find number of irreducible fractions which can be written simultaneously in the forms

7a+2 4b-1 .
2= and —— for some integers a and b.
5a+1 3b+2

Proposed by Rajeev Rastogi — India
J.77 Prove that 2020 cannot be expressed as a sum of six odd perfect square numbers.

Proposed by Rajeev Rastogi — India
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J.78 Suppose x is a non-zero real number such that (2020x2 - Ziﬁ) and x2°2 are both

rational numbers. Also x = p + % (where p,r € Q). Prove that x is also a rational number.

Proposed by Rajeev Rastogi — India

J.79 Given x be the least prime divisor of the number also

000...0

2018 times

(2x)@)% = K (mod 100), then find K

Proposed by Rajeev Rastogi — India
J.80 In AABC the following relationship holds:

27R?
4

2r(R—2r)+s?<mZ2+mi+m?<

h2 +h2+h2+3r(R—2r) <s?
Proposed by Nguyen Van Canh-Vietnam
J.81In AABC the following relationship holds:
hZ + h + hZ +3r(R — 2r) < wZ +wj + wf?
hZ + h} + hZ +5r(R — 2r) < s?
Proposed by Nguyen Van Canh-Vietnam
J.821If x,y,z > 0 then:

+ + + +yz +
ytz z+x x+y . x321 yz 2962\/64_2
X y z x? +y? + 72

Proposed by Nguyen Van Canh-Vietnam

J.83In AABC the following relationship holds:
\[1 1 1 ma+mb+mc<3R

—_t—t——<— < —
mZ mi mZ” 3F ~2F
Proposed by Nguyen Van Canh-Vietnam
J.84In AABC the following relationship holds:
2rmy (R — 2r)
— 2
hq
Proposed by Nguyen Van Canh-Vietnam

2

w2 +w?+w?+ s

J.85In AABC,I —incenter, R,r —its circumradius and inradius. If R, R;,, R, —are the

circumradii of the triangles IBC,ICA, IAB, then prove that:

2r<3R, R,-R. <R

Proposed by Dorin Marghidanu-Romania
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1861fx >i,i = Tnsuchthat—+ =+ -+ =n — 1, then

X1 X2 Xn

JxiFag+ x> -1+ Jx, =2+ + [x,—n

Proposed by Dorin Mdrghidanu-Romania

J.87If x,y, z, m, n are strictly positive real numbers, prove that:

(mx + ny)(nx +my) _ (my + nz)(ny +mz)

2mn(x +y +z) + prare s

+(mz+nx)(nz+mx)< (m+n)’(x+y+2)
zZ+x - 2

Proposed by Dorin Mdrghidanu-Romania

1.88If x;, a; are real numbers such that x; > a; > 0,i = 1,n then prove that

2
a1+a2+ +an+(\/x1_a1+\/x2_a2+"'+\/xn_an)
X1 X Xn Xp+ Xyt Xy
Proposed by Dorin Marghidanu-Romania
J89Ifay,ay,...,a, >0anda; +a, +---+a, =S, then

N

Proposed by Dorin Mdrghidanu-Romania
J.90If a, b are real numbers, prove that

ZZn ( 1)k 2n—kbk 1
an,adkpk T 2on+1
Proposed by Dorin Mdrghidanu-Romania
J9lIfay,ay,...,a, >0anda, +a, +--+a, =5, then

+--+a,-
' —a1 ' —a; S—ay, \/n—

Proposed by Dorin Marghidanu-Romania

<n

J.921f aq, a,, by, b, € R then prove
(1+a)(L+a3)(@+b1)(L+ b3) = (arhy + azby)*
Proposed by Dorin Mdrghidanu-Romania

J.93In AABC the following relationship holds:

2
Legaleted Oy () o)

Proposed by Florica Anastase — Romania

J941fa,b,c,d > 1then:

log b . logc . logd - log V/bcd
log2(a2b) log%(a2b?c) log%(a2b?c2d) loga - log(abcd)

Proposed by Florica Anastase — Romania
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J.95In AABC the following relationship holds:

s Z sin4-sinB 1 s(2R-71)

—< ) ————— < —+
R? sind +sinB ~ 2R 3

cyc

Proposed by Florica Anastase — Romania

N 2 2 2
196 If a;, b; € (1,%),Vi = 1,n such that: = + —~% + -+ — = n — 1 then prove:
a1+b—2 a2+b—2 an+b—2
1 2 n

1_[ Iogai(af" —a;) - logpi (b = b;) - Iogai(af" +a;) - logy, (b + b;) < (n—1)"
i=1

Proposed by Florica Anastase — Romania
J.97 Let M an interior point in AABC with the area F and x, = MA,xg = MB,x. = MC.
Prove that:

16
a?x; + b%xi + c%x}f = —F?

3
Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

J98If x,y,z € R} = (0, ), then in any AABC with the area F the following inequality
holds:
(yh% + zh?)a® . (zh? + xh?)b® . (xh2 + yh2)c®
x y
Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

> 128F*

J99Ifm,n = 0,m+ n = 3,x € Rthen in any AABC with the area F the following inequality
holds:

am

> m-—1 1-n
(asin2x + bcos? x)h! — 2mT3F
cyc

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

J100letn € N,n > 2;a,b,x,,y € R, = (0,00),k =1,n,X, = X7, X, c € R, = [0, )
such that aX, > b - max; <x<n Xx, then:
n

Z Xk - nX,
aX, — bx, +cy  (an—b)X, + cny

k=1
Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

J.101 In any AABC the following inequality holds:

a3 b3 c3

+ +
hp+he  hethg  hg+hy

> 4F where F is the triangle’s area.

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania
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J1021fm,n = 0,m+n,x,y,z € R} = (0,) and AABC with the area F, then:

m(x +y) +n(y +2)
nx +mz

a* > 32F?

cyc
Proposed by D.M. Bdtinetu — Giurgiu- Romania
J.103 If m > 0, then in any AABC the following inequality holds:

m(x+y)+x+z m(y+z)+y+x m(z+x)+z+y
a? + b? +
y +mz Z +mx x +my

> 8V3F

where F is the area of AABC, Vx,y,z € R, = [0, ).
Proposed by D.M. Bdtinetu — Giurgiu — Romania
J.1041fm = 0,x,y,z € R} = (0, ) and AABC with the area F, then:

Zm(x+y)+y+z

x +mz

a* > 32F?

cyc
Proposed by D.M. Bdtinetu — Giurgiu — Romania

J.105 Let M be an interior point in AABC, x, y, z the distances from point M to the apices

A, B, C and u, v, w the distances from M to the sides BC, CA, AB. Prove that:

4 4 Z4~

X y
+ + =>4
(vw)? = (wu)?  (w)? ~ 8
Proposed by D.M. Bdtinetu — Giurgiu- Romania

J.106Letm,n € R, = [0,);m +n € R = (0,»). So in AABC triangle with the area F

the following inequality holds:
y+z

Z+x x+
(mb + nc)? +T(mc + na)? +Ty(ma +n,)2>t-F

Vx,y,z € R%, then:

v+w w+u 2F2

(mb + me)* +

u+v
(mc + na)* + — (ma + nb)* >

Yu,v,w € R}.
Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania
J.1071fm,n € R, = [0, ®); m +n = 2 then in any AABC with the area F the following
inequality holds:
(a®? + b2)wm  (b?2 +cH)w  (c? + a?)wi"
ct + a” + b

Proposed by D.M. Bdtinetu — Giurgiu, Dan Ndanuti — Romania

> 3 . 2m+1Fm

57| ROMANIAN MATHEMATICAL MAGAZINE NR. 32



Romanian Mathematical Society-Mehedinti Branch | 2022

J.108 If m,n,p,t,u € R} = (0,00) then in any AABC with F —area the following relationship
holds:

(ma + nb)* - 12(m + n)*RF

pa+tbh+nc~ p+t+u
cyc

Proposed by D.M.Batinetu-Giurgiu,Gabriel Tica-Romania
J.1091ft = 0;x,y,z > 0 then in any AABC with F —area the following relationship holds:

x+t 5 y+t ) z+t 5 3V3F

——mZ + m2 + m2>——
y+z+2t ¢ z+x+2t ° x+y+2t © 2R

Proposed by D.M.Batinetu-Giurgiu-Romania
J.110If x, y, z > O then in any AABC with F —area the following relationship holds:

2 2 2 4 42 2

+x x“+y F
np+ hgz4(§)

yZ

2 2
+ z Z
Y hZ +

xZ
Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania

J1111fm = 0;x,y,z > 0 then in any AABC with F —area the following relationship holds:
xm+1 + ym+1 ym+1 + Zm+1 Zm+1 + xm+1 mai Fm—l

e 2 27(V)

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania

Rt +

Zm+1a2 ym+1C2 Rm+1

J.1121f x, y, z > 0 then in any AABC with F —area the following relationship holds:
+z z+Xx x +
Y+ T+ T s a7
X y z
Proposed by D.M.Batinetu-Giurgiu,Claudia Nanuti-Romania

J.113In any triangle ABC with s —semiprimeter, the following relationship holds:

mg my me s
+ = NVtbu=20,t+u>0
th+uc tc+ua ta+ub  (t+u)R

Proposed by D.M.Batinetu-Giurgiu,Neculai Stanciu-Romania

J1141fm € N,M € Int(AABC),F —area of AABC;x, = MA,xgz = MB,x, = MC then
prove:
3m+ (ax)™t + (bxg)™ ! + (cx )™t > 4(m + 1)F
Proposed by D.M.Batinetu-Giurgiu,Neculai Stanciu-Romania

J1151fx,y,z € R} = (0, ) then in any AABC with F —area the following relationship
holds:

(y?2+z%)a*b® (2% +x%)b*c? . (x% +y?)c*a® - 256

x%hy, y2h, z%h, - 3

Proposed by D.M.Batinetu-Giurgiu,Neculai Stanciu-Romania

F3

58| ROMANIAN MATHEMATICAL MAGAZINE NR. 32



Romanian Mathematical Society-Mehedinti Branch | 2022

J116 Ifm,n € R, =[0,0), m +n =4,M € Int(AABC),F —area of AABC;x = d(M, A),
y=d(M,B),z=d(M,C);u=d(M,BC),v=d(M,CA),w = d(M,AB) then prove:

xzam + yzbm + ZZCm > 24—nF2—n — ZmFm—Z
(uwv +vw)h}  (vw +wu)h}  (wu+uv)h? — B

Proposed by D.M.Batinetu-Giurgiu, Gabriel Tica-Romania
J.1171f AA'B'C" is the circumcevian triangle of incenter of AABC then:

A'B'-B'C'-C'A \/ A—B B—C Cc—-A
< cos( )cos( )cos( )

AB-BC-CA 2 2 2
Proposed by Marian Ursarescu — Romania
J.118 Find all functions f: N* — N* such that:
fO-f@Q+f@R)+-+(=D"f(n) =
=2 +n-1) (VD - V@ + -+ D" f@w))

Proposed by Marian Ursarescu — Romania
J.119In acute AABC the following relationship holds:

4r
Proposed by Marian Ursarescu — Romania

3 3R
cos Asin(sin A) + cos B sin(sin B) + cos C sin(sin C) < Esin <\/_—>

J120Ifa,b,c > 0,n,k € N, ak + b* + c*¥ = 3 then:
1 1 1 3

(ak+1 + k)n + (bk+1 + k)n + (Ck+1 + k)n = (k + 1)1'7.
Proposed by Marin Chirciu — Romania

J.121 Solve for real numbers:
2x2+(n—1)x + 2—x2+(n+1)x =21+ n e R
Proposed by Marin Chirciu — Romania

J.122 In AABC the following relationship holds:

2 b2 2

C
2 + + < + +
(mg +my +mc) < hy—1r hy,—71 h.—r1
Proposed by Marin Chirciu — Romania
J.123 In AABC the following relationship holds:

6
Za3 Za“ ZaS > 48

cyc cyc cyc

Proposed by Marin Chirciu — Romania
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J.124 In AABC the following relationship holds:
i Tc72”a L % >n+3n<8
12 15 2 R

Proposed by Marin Chirciu — Romania

J1251f x,y € R,n € N* then:
2tDx-—ny 4 . 2¥V > (n+1) - 2%
Proposed by Marin Chirciu — Romania
J.126 If in AABC, m(xB) = 2m(<xA), m(xC) = 4m(xA) then:
hZ + hZ + h2 > 7\/21R?
Proposed by Daniel Sitaru,Mihai lonescu - Romania
J.127In AABC, o, — circumcevian, the following relationship holds:

hghphc < (sz+r2+2Rr)4

0a0p0c — 8R2

Proposed by Daniel Sitaru,Carina Viespescu — Romania

J.128 z,,z,,z5 € C — {0}, different in pairs, A(z,), B(z;), C(z3),
|z1] = |z,| = |z3| = 1. If:
Z; . Z, . Z3 +§ —0
zZ,vz23—2;, z3+vz,—2, z3+vz,—2Z3 2
then: AB = BC = CA
Proposed by Marian Ursarescu — Romania

J.129 Let w be the inradii of circumcevian triangle of incenter in acute AABC.
Prove that:

- Rr
“=12
Proposed by Marian Ursarescu — Romania
J.130 In acute AABC, GD,GE, GF - bisectors of <BGC,<CGA,<AGB, G —centroid.
If D € (BC),E € (AC),F € (BA) then:
DEF 3
IDEF] ©)
[ABC] R
Proposed by Marian Ursarescu — Romania
J.131In AABC, H — orthocenter the following relationship holds:

16
AH - CH® + BH - AH® + CH - BH® < 3 (4R? — 13r?)?

Proposed by Marian Ursarescu — Romania
J.1321fin AABC, I — incenter then:
[AIB] - [AIC] + [BIC] - [BIA] + [CIA] - [CIB] < r?(R +1)?

Proposed by Marian Ursarescu — Romania
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J.133 Let AA’B’C' be the circumcevian triangle of Nagel’s point of AABC. Prove that:

[AB'C'] (R 3

< (— - 1)
[ABC] r

Proposed by Marian Ursarescu — Romania

J.134 In AABC the following relationship holds:

). ; <5:)
2sin2A+ (sinB +sinC)2 ~ 24 \r

cyc
Proposed by Marian Ursarescu — Romania
J.135 a, b,c € C* - different in pairs, |a| = |b| = |c|,A(a), B(b), C(c). Prove that:

2

E I = b)a - )l =9 Ela—bl o AB=BC = CA
[(a — b)la —cl+(a—c)la—b|]2 T
cyc cyc

Proposed by Marian Ursarescu — Romania
J.136 Let AA’B’C' be the circumcevian triangle of centroid in AABC. Prove that:
[A'B'C'] - (g)z
[ABC] — \R
Proposed by Marian Ursarescu — Romania
J.137 In AABC the following relationship holds:

R 3ns?

3
— > n+ < -
2r (4R +71)2 zn+lns

2

Proposed by Marin Chirciu — Romania
J.138 In AABC the following relationship holds:

(0 () )+ o
T T, T2 R
Proposed by Marin Chirciu — Romania
J139Ifa,b,c > 1,n € N,n > 2 then:
a-bV1ossc 4 p. cViogea 4 ¢ gVIogab < g2 4 p2 4 (2

Proposed by Marin Chirciu — Romania

J.140 In AABC the following relationship holds:

Proposed by Marin Chirciu — Romania
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J.141 In AABC,n, —Nagel’s cevian, the following relationship holds:
2(7-1) = 2 )
T ng, T, MNg
cyc cyc
Proposed by Bogdan Fustei-Romania
J.142 In AABC,n, —Nagel’s cevian, the following relationship holds:
hq N hy . h. - 3r

ng n, n. R-—7

Proposed by Bogdan Fustei-Romania
J.143In AABC,n, —Nagel’s cevian, g, —Gergonne cevian, the following relationship holds:
— 2
2R-7) _ T, (In)
r Yhe (Zha)(Er)

Proposed by Bogdan Fustei-Romania

J.1441n AABC,n, —Nagel’s cevian, g, —Gergonne cevian, the following relationship holds:

2V2 n2 + g2+ 2rr,
3 Jamym, + 3bc
cyc cyc

Proposed by Bogdan Fustei-Romania

J.145In AABC,n, —Nagel’s cevian, the following relationship holds:

ZZraha>z +3 <a+b+c> 4 2r
s—ng, R VAP R

cyc cyc
Proposed by Bogdan Fustei-Romania
J.146 In AABC, the following relationship holds:

2z [
ha Talp

cyc cyc

Proposed by Bogdan Fustei-Romania
J.147 In AABC, the following relationship holds:

m, 1 b c\/m, m,
— > —+—)—+—
Z h, — 22 (c b) (mc mb)

cyc cyc

Proposed by Bogdan Fustei-Romania

J.148 Let ADEF be the pedal triangle of P € Int (AABC),D € (BC),E € (CA),
F € (AB). If[PEF] = F,,[PFD] = F,,[PDE] = F; then:

F —
h o F_F < Ualyl] — 2[ABC]
R? R? R? 8R?

Proposed by Mehmet Sahin — Ankara — Turkey
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J.149 Let ADEF be the pedal triangle of P € Int (AABC) in AABC. Prove that:

4F?
AP?2 + BP2+ (CP2 >3 - F+—

9R?
When equality holds?

Proposed by Mehmet Sahin — Ankara — Turkey
J.150In AABC, g, — Gergonne’s cevian, the following relationship holds:

ga+ 9p + 9. < 3r ++/15R2 — 12Rr

Proposed by Mehmet Sahin — Ankara — Turkey
J.1511In AABC,R,, Ry, R, — circumradii of ABIC,ACIA, AAIB. Prove that:

R? R R? - 3R
+ < —
—r2 ri—r?2 12—r?27 4r

7

Proposed by Mehmet Sahin — Ankara — Turkey
J.152 If 1y, — inradii of pedal triangle of Bevan’s point in AABC then:

7,.3

v 2 VR —6Rr3

Proposed by Mehmet Sahin — Ankara — Turkey
J.153In AABC, O —circumcenter, F,P € BC,E,K € CA,D,Q € AB,FOK,P0OQ,DOE —

antiparallels. Prove that DE, FK, PQ can be sides in acute triangle.

Proposed by Mehmet Sahin — Ankara — Turkey
J.154 In AABC the following relationship holds:
Ta + Ty + e

>R+r >3 rnr
3 a'blc

Proposed by Alex Szoros — Romania
J.155 In AABC the following relationship holds:

2abc a® b® 3
<+ —+—
Ta T Tc

Proposed by Alex Szoros — Romania
J.156 Solve in R

3 3¥ + 4% +12¥+91* 3 13 + 21* + 28% + 84*
"t arvoreoeres YT Faa v eon
Proposed by Alex Szoros — Romania
J.157 In acute triangle ABC the following relationship holds:

(1 + cos A)3 - 27
(acosA+ bcosC)(acosA+ ccosB) ~— 8a?

Proposed by Alex Szoros — Romania
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J.158 In AABC the following relationship holds:

3
(hg + hy +h,) 45> 16R
hohyhe R—r

Proposed by Marin Chirciu — Romania

J.159 In AABC the following relationship holds:

a? + b? b? + c? c? + qa? 3R?

2t — t 7S+
mZ+m; mp+m2 mi+m: 4r

Proposed by Marin Chirciu — Romania

J.160 In AABC then following relationship holds:

2
E_FE E<i(l+4_R>
h, h. h,~ 27 r

Proposed by Marin Chirciu — Romania

J.161 In AABC the following relationship holds:

1 2
Zra Z— +£2u+9,u£8
7, R

cyc cyc

Proposed by Marin Chirciu — Romania

J.162 In AABC, R4, Ry, R — circumradii of ABIC, ACIA, AAIB, I —incenter.

J.1631In AABC

J.164In AABC

Z R2 > 2(r? + 3Rr — R?)
my +

Proposed by Marin Chirciu — Romania

n» 3 R
+ — < —+—
m, + S, w, 2 2r

Proposed by Marin Chirciu — Romania

27 r, (3 +13
TRzp < Z% < p(32R? — 101r2)
Proposed by Marin Chirciu — Romania

J.165In AABC,R,, Ry, R, — circumradii of ABIC,ACIA, AAIB, I —incenter.

J.166 In AABC

2 > 2 4 __ p2
E I, +h R2 > 2(r 3Rr — R?)
Proposed by Marin Chirciu — Romania

g(%r)s(mew)z SZM—S( )(4R r)?

Proposed by Marin Chirciu — Romania
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J.167 In AABC

S A D) s )

a a

Proposed by Marin Chirciu — Romania
J.168 In AABC,R,, R,, R, —circumradii of ABIC, ACIA,AAIB, I — incenter.

E a 2 2 2
> re +
X CRa = 2( 3R R )

Proposed by Marin Chirciu — Romania
J.1691In AABC, Ry, Ry, R, — circumradii of ABIC,ACIA, AAIB, I —incenter. If x, y, z > O then:

X
Z—RZ > 2(r? + 3Rr — R?)
y+z

Proposed by Marin Chirciu — Romania
J.170 In AABC the following relationship holds:

2 2 2 2
( 1,1 ) . ( TpTe ) . ( .1, ) > 27r
, +1, T, + 1, .+, 4

Proposed by Marian Ursarescu — Romania

J.171In AABC the following relationship holds:

1 1 1 12R
+ + >

. 3A . B . C . 3B . C . A . 3C . A . B r
sindZ(sinZ +sin>)  sin®>{sinZ +sinZ) sin®Z(sinZ +sin-
Proposed by Marian Ursarescu — Romania

J.172 In AABC the following relationship holds:
Z\/(ra —r)(r,—1) = 6r

cyc

Proposed by Marian Ursarescu — Romania

J.173In AABC, 1,,1,, 1. — excenters. Prove that:
3V3V3
JBI,C +/CI,A+ JAI.B < >R

Proposed by Marian Ursarescu — Romania
1174 A(z,), B(2,),C(23), 24, 25, 23 € C — {0} —different in pairs, |z,| = |z,| = |zs].

Prove that;

Zi—Z |t lz, — 2z
Shzsltlnnl o g,
1

cyc

Proposed by Marian Ursarescu — Romania
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J.175In acute AABC, AA,, BB, CC; —internal bisectors, AA,B,C, — circumcevian triangle of
incenter, ADEF — medial triangle, DA; 1L AA,, EB; L BB,,FC5 L CC,. Prove that:
(R+71)2 <AA,-AA;+ BB, -BB; + C,C, - CC3 <12 +2R?
Proposed by Marian Ursarescu — Romania

J.176 In AABC, o, — circumcevian, the following relationship holds:

hahphe _ <s2 +7r2 + 2Rr>4
0,0,0, ~ 8R?
Proposed by Daniel Sitaru,Luiza Cremeneanu — Romania
J.177 1fin AABC, Q — first Brocard point then:
a2b2 + b2C2 + C2a2

2 2 2 >
QA% + QB + QC? 2 ——

Proposed by Daniel Sitaru,Nineta Oprescu — Romania
J.178If a, b > 0O then:
a’ + a*b*\ab + b° a* + a’b? + b*

=
(a5 + a2b2\ab + bs)z (a3 + abVab + b3)(a2 + ab + b?)

Proposed by Daniel Sitaru,Roxana Popescu — Romania
J.1791In AABC, o, — circumcevian, the following relationship holds:

8 —R h, h, h 3r 2r?
<24+ 24+ C<c1+—4+
R R2

R “ o, o0, o0,

Proposed by Daniel Sitaru,Aurelia Petricd — Romania

J.180 If E, — Fibonacci numbers then:
F1!1;+2 _F1E+1 - Fn5

F3,,—F3 —FE3

n+2 n+1

> 53 FnFn+1F2n+1, n E N - {O,l}

Proposed by Daniel Sitaru,Monica Stanca - Romania
J181Ifa, b,c € C;|al = |b| = |c| = 5 then:
Zla + 5| + SZ:Ia10 + 1| +Z:|a11 +5[>30
cyc cyc cyc
Proposed by Daniel Sitaru,Nicola Catalin — Romania
J.182 Find x € (0, ) such that:

2 of _ _ H
tan~1(x + 1) + tan~! 2 + tan- x“sinx 2x095x 2sinx _
x%2c0sx —2xsinx —2C0Sx

Proposed by Daniel Sitaru,Aurel Chiritd - Romania
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J.183 In acute AABC the following relationship holds:

he X(r, + A
ZZ Sg Z(ma+h -71)

Proposed by Bogdan Fustei —

J.184 In AABC the following relationship holds:

5 B m, >3+a+b+c
Z ¢ |wghghy | — c a b
cyc

Proposed by Bogdan Fustei —

J.185In AABC,n, — Nagel’s cevian, the following relationship holds:

ng + hy >cos<B_C)

V21a(ng + he) 2

Proposed by Bogdan Fustei —

J.186 In AABC,n, — Nagel’s cevian, the following relationship holds:

ng
Z <4R —5r
2r, + s,

cyc

Proposed by Bogdan Fustei —

J.187 In AABC,n, — Nagel’s cevian, the following relationship holds:

npyn.
Zh _Z T
cyc

Proposed by Bogdan Fustei —

J.188 In AABC the following relationship holds:

hb+h 2R zsa h,
Ta

cyc cyc

Proposed by Bogdan Fustei —

J.189 In AABC the following relationship holds:

Z\/(hbiﬁjzfl) (hciiczr_l) 2;+3(2_‘/§)

cyc

Proposed by Bogdan Fustei —

J.190 In AABC the following relationship holds:
2r, + h,
9 -max(a, b,c) = ZZna + 4rz

s+n,

cyc cyc

Proposed by Bogdan Fustei —

Romania

Romania

Romania

Romania

Romania

Romania

Romania

Romania
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J.191 In AABC the following relationship holds:
n(na + 1, — Al) = 167R?

cyc
Proposed by Bogdan Fustei — Romania
J.1921fa, b,c > 0,abc = e then:

a  a b b c ¢
log (aa+b "a+c - hb+c b+a - ccta c+b) >1

Proposed by lonug Florin Voinea-Romania

b® + 3+ d?
Z“’ga Prera)t

cyc

J.1931fa, b, c,d > 1 then:

Proposed by lonug Florin Voinea-Romania
J.1941fx,y,z € (0,1),2(x + y + z) > 3 then:

2°+3V+47 <3x+4y+52z
Proposed by lonug Florin Voinea-Romania

J195 If0 < x,y < 1,x +y > 1then:

2% +3Y <5,/x2 + y?
Proposed by lonug Florin Voinea-Romania
J.196 In AABC the following relationship holds:

Z B C \/_(a + b3 +¢3)

SinAsin— 5 sin > < 8abe

Proposed by lonug Florin Voinea-Romania

cyc
J.197If x, z,y > 0 then prove:

1 1 1 313(x +y + 2)(x + y)(y + 2)(z + x)
(x+y+z)<;+;+;)23 1+\/ (xy + yz + zx)?

1 1 1 2(x? + y?
>3(% y?)

(x + y)*
Proposed by Nguyen Van Canh-Vietnam
J.198 In AABC the following relationship holds:

3V6 _ma J_c 3\/‘ \/_
2\/_ a b
Proposed by Nguyen Van Canh-Vietnam
J.199 In AABC the following relationship holds:

+ xzy + xy2

r
n§+n,2)+n§2m—a2+m,2)+m§+—4R(R2—4r2)
324r*
3Wwi+wp +w@)=hd+hi+hd+ B

Proposed by Nguyen Van Canh-Vietnam

68| ROMANIAN MATHEMATICAL MAGAZINE NR. 32



Romanian Mathematical Society-Mehedinti Branch | 2022

J.200 In AABC the following relationship holds:

3F < Walla  WpMy  WeMe _ 9R?
R a b c 4r
Proposed by Nguyen Van Canh-Vietnam

J.201 In AABC the following relationship holds:

hahphe . {ha *hp\ hey®
= (6 62 G
mompyme; W, Wy mc

Proposed by Nguyen Van Canh-Vietnam
J.202 In AABC the following relationship holds:

+h +h +h 2
\/ma b + \/mb c 4+ \/mc a < (452 — 16Rr + 57,.2)\/:
7, T, o T

Proposed by Nguyen Van Canh-Vietnam
J.203 In AABC the following relationship holds:

ﬁ/mahawbrc + ﬁ/mbhbwara + ﬁ/mchcwarb <4R+r
Proposed by Nguyen Van Canh-Vietnam
J.204 In AABC the following relationship holds:

MeW, N mywy N mew, < 4R +r
ha hb hc \/3_7"
Proposed by Nguyen Van Canh-Vietnam

J.205 In AABC the following relationship holds:
\/hasa + \/hbsb + \/hcsc < 4R 1
mgmpm, —27r3  s?
Proposed by Nguyen Van Canh-Vietnam

J.206 In AABC the following relationship holds:
A7+ 2020 ™e S 5077
R hahph, =
Proposed by Nguyen Van Canh-Vietnam
J.207 If u, v € C prove inequality
lu+ ]2+ |lu—v]|? =2 max(|ul?, |v]?)
Proposed by Dorin Mdrghidanu-Romania
J.208 For a, b, ¢ = 0 then prove inequality:

Va(b+c)3+/b(c+a)+/c(a+hb)3<V8(a+b+c)

Proposed by Dorin Mdrghidanu-Romania
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J.209 Find the real value of x, such that

x+1 x—1 1
+ =x+ -
x—1 x+1 X

Proposed by Srinivasa Raghava —-AIRMC- India

J210If0 < aq,ay,...,a, <1lneNn=22<k<n2<l<nthen:
k\/a1a2 Ceet @t i/(l —a)(1-ay) .-(1-a)=1
Proposed by Lucian Tutescu — Romania
J.211 ABCD - cyclic quadrilateral, AC n BD = {0}, 1,15, 13, 1, — inradii of
AAOB,ABOC,ACOD,ADOA. Prove that:

rn =1, =13 =1, & ABCD —rectangle
Proposed by Catalin Cristea— Romania
J.2121fn € N, n = 5 then:

2<\/2!+3\]3!+W+---+W<\/§

Proposed by Claudiu Coandd - Romania

J.213 In AABC the following relationship holds:
a* . b* . c* 16F
Tap TpTe TeTa N \/§

Proposed by D.M. Bdtinetu-Giurgiu, Flaviu Cristian Verde - Romania

J.214 Solve for natural numbers:
{ (x+2y+2)Bx+y+2z)=9
(y-D@*+y+1) =x(x*+x+1)
Proposed by Daniel Sitaru,Nicolae Oprea— Romania

3la3 + b3 4+[qt + b4 5a5+b5<a5+b5
2 2 2 T a?+b?

Proposed by Daniel Sitaru,lulia Selea - Romania

J.2151f a, b > O then:

J.216 Solve for real numbers:

15
|( tan? x (1 — sin® x) + cot? x (1 — cos® x) = 5
4 x+y=m
. 31
tan2y (1 —sin'®y) +cot?2 y (1 — cos®y) = 16

Proposed by Daniel Sitaru,lonut Ivdnescu — Romania
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J.2171f0 < x,y,z < 1 then:

(1-Vx?2)(1-3/y3) (1 - Vz%) - Y@ +x)2- @ +y)3 Y@ +2)*
1-2x)1-y)1-2) B 1+x)1+y)(1+2)
Proposed by Daniel Sitaru,Amelia Curca Nastdselu — Romania

J.218 Solve for x,y,z € (—gg) then:

cos(5x) N cos(5y) N cos(5z) 15
cOS x cosy cosz 4

Proposed by Daniel Sitaru,Mirea Mihaela Mioara— Romania

J.2191fa,b,c > 0,a* + b* + ¢* = 3(a? + b? + c?) then:

S |(Tar)za(Tae )T

cyc cyc cyc cyc
Proposed by Daniel Sitaru,Claudiu Ciulcu — Romania

12201 x,y,z > o,%+y13+ = 3 then:

1

z3
be y z X y z ") }7 7Z) =

Proposed by Daniel Sitaru,Lavinia Trincu — Romania

12211fa,b,c.d.e f € C lal* + |b]> +|c|> < 3,1d|? + |e|? + | f|? < - then:

lad + be + cf|? <1
Proposed by Daniel Sitaru,Mihaela Nascu — Romania

J.222 0 — circumcenter, [ —incenter, R — circumradii, r — radii, a, b, ¢, d — sides in a bicentric
quadrilateral. Prove that:

2012 + rzw/4R2 —a? = 2(R? + 2r?)
cyc
Proposed by Daniel Sitaru,Corina lonescu — Romania
J.2231f a, b,c > 0O then:
a+b+c+ 3abc >4abc(a+b+c)
4 4(ab + bc +ca) — 3
Proposed by Daniel Sitaru,Laura Zaharia - Romania

J.2241f x, y € N then:
2x(1 + 2x+2y) 2y(1 + 22x+y) 2x+y(2x + 2y)
1+2r 1+ | 1+
Proposed by Daniel Sitaru,Delia Schneider - Romania

> 3. 254y
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J.2251f in AABC, m(xA) = 27°, m(«B) = 54° then:

a® + ba? + ¢3 . 8abc - 5
3abc (a+b)(b+c)(c+a) 3
Proposed by Daniel Sitaru,Elena Grigore — Romania
J.226In AABC,BB’,CC' - symedians, B’ € (AC),C' € (AB),BB'nCC' ={K}

2 2
AC'KB' - cyclic quadrilateral S
aZ+

¢z a%+b?
Proposed by Marian Ursarescu — Romania
J.227In AABC, N, — Nagel’s point, BB’, CC' - Nagel’s cevians, B’ € (AC),C' € (AB)
BB' nCC' ={N,}. Prove that: AC'N,B’ - cyclic quadrilateral & b + ¢ = 2a
Proposed by Marian Ursarescu — Romania
J.228 In AABC the following relationship holds:

-1

(coth+corl) - Seath] =a(a(f) -2
Zcozcoz Zcoz = (r)_r
cyc cyc

Proposed by Marian Ursarescu — Romania
1.229 z,, z,, z5 € C* - different in pairs, |z;| = |z;| = |z3],A(z,), B(2;), C(z3)
Z1 — Z Z1— Zq| ¥ (21 — 2z Z1 — Z
2(1 DNzy 3l + (2, 3)|zy 2|:Z|Zl—ZZ|Z>AB:BC:CA
221 _ZZ _Z3

cyc cyc

Proposed by Marian Ursarescu — Romania
\]230 21,22,23 E (C* = dlﬁerent |n paIrS, |le = |Zzl = |Z3| = 1,A(Zl),B(Zz),C(Z3)
1 1
=—=>AB=BC=CA

32z, —z; —z3| + |22, — 2y —z3] 2
cyc

Proposed by Marian Ursarescu — Romania
J.231In AABC the following relationship holds:

-1
r

. . 3 . T
Z(S|nA+smB) ZsmA s4(2 R)
cyc cyc

Proposed by Marian Ursarescu — Romania
J.232 In acute AABC the following relationship holds:
R?. n(hg + hohy + h2) = 12 - (3r)®
cyc

Proposed by Marian Ursarescu — Romania
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J.233In AABC the following relationship holds:
l_l(ra2 +71f +m2) > s
cyc
Proposed by Marian Ursarescu — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

PROBLEMS FOR SENIORS

Romanian

Magazine

nm="
- =

S.011Ifa, b,c > 0 then:
(1 + a1+a1+a) (1 + b1+b1+b) (1 + C1+c1+c) > 8abhcc?

Proposed by Florica Anastase — Romania
8.02 (an)ns1, (b)) ns1, (cn)ns1 are sequences of real numbers such that:

=2, () Kitn= 2 () (1) = D ooy -y

k=1 k=1

Find:

Q= lim(a, b, -cS™)

n—->oo

Proposed by Florica Anastase — Romania

S.031Ifx e (n%") then:

1 1
(1+sin(sin x))1+cotx (1+sin(cos x)) 1+tanx

sinx COS X

(1 + sin(sinx)) sinx + (1 + sin(cosx))cosx —

Proposed by Florica Anastase — Romania
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S.04 Let (a,,),,»; be sequence of real numbers such that: a; = a >0,

na,y, = m+1)(a-a, +n-a"1),vn > 1. Find:

Proposed by Florica Anastase — Romania
S.05 Find:

(2 + i+ )02+ 0j +/2)  an(250)

Q= 1lim

- e
e 2+ i) (2 + ) nt + 2+ 2

Proposed by Florica Anastase — Romania
S.061fxy,x5,...,x, > 0,n = 2,1> 0 then:

nx; +4(1+ 1) n?x2 +4(1+ 1)
+
nxz +n2x3 + -+l x; +n2xd 4+ 0 1xR

. n"xm +4(1+ 1) - ndx; + ntxl 4+ -+ 024 +4n2(1 + 1)
xp+nxz 4+ 20 T (n—1)(xy + nxg 4+ -+ Ixk
Proposed by Florica Anastase — Romania
S.07 Find:

yn-l (Iog(k2 +n?)" + ktan~?! L E) —2n(n—1)logn
Q= lim n_4

n— oo nz

Proposed by Florica Anastase — Romania

S.08 Find:
yn-l (Iog(k2 +n?)" + ktan~?! L E) —2n(n—1)logn
Q= lim n_4

n—oo nz

Proposed by Florica Anastase — Romania

S.09 For x € [—1,1] define:

cos(n - cos™1x) S kr  (n—1)km
- z cos" 1 —cos———

P(x) =
k=1
Show that P(x) is a polynomial of degree n with rational coefficients and
coefficientto x™is 1.
Proposed by Florica Anastase — Romania

S.101f(a,)p>1.0 =e,nE€N N> 2,a, = g Ve-1. a,_, then find:
Q= limlog,s1a,
n—-oo

Proposed by Florica Anastase — Romania
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S.11 Let (xp)n=1, (W) ns1 b€ SEquences of positive real numbers such that:

(n + xp)n"yn
yi +n"(n —xy)

X1 >1nxp = (= Dxy + 227y > 0,Yp41 =

Find:

n
. 1 47Txkyk
a= Am_ﬂkz (  + xn)

Proposed by Florica Anastase — Romania
S.12 Find:

k.
Q=lim| — nkk X, ken?
n—-o0o

Proposed by Florica Anastase — Romania
S.131ft = 0, then in any AABC with the area F the following inequality holds:

F t+1
ma+1 + mt+1 + m£+1 > 2t+1(\/’_) (E)
Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania
S.14 Py(x) = 1,P,(x) = x,P,(x) = 2xP,_,(x) — P,_,(x),n € N,n > 2
Find the reminder of B,,n > 3atx3® —x? —x +1
Proposed by Marian Ursarescu — Romania
S15Ly=1,L, =1,L,4y5 = Lyyq + L. Find:

 @E-E ) o (s
Q= ,!Lr?o n-2mtl+ (-1 -nlL,

Proposed by Marian Ursarescu — Romania

S.16 A € M,(R), det(4% + 31,) = det(4? + 24 + 21,) = 0. Find: Q = detA
Proposed by Marian Ursarescu — Romania
S17x, =1, xp 1 =1+n/x, n=1
Find:

Q; = lim @,QZ = lim <\/x7n>

Vn

n-o N n—-oo n

Proposed by Marian Ursarescu — Romania
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S.181fA € M,,(C),n = 2,detA # 0,a,b,c € C*,|a] = |b| = |c|,ad + bA~* = cI, then:

<\/§2_ 1) < |detA| < <\/§2+ 1)

Proposed by Marian Ursarescu — Romania
S.19 Find:

In(1 + sinh™ x) — In®*(1 + sinh x)

= lim MeENNn>2
x—0 xn+1

Qp

Proposed by Marian Ursarescu — Romania

S.201fa,b,c € R,a # 0,det(ad? + bA + cl,5.3) = 0,VA € M,p,5(R)
then: b2 < 4ac
Proposed by Marian Ursarescu — Romania
S.211fA, B € M5(R), Tr?(AB) = Tr(AB)?, (AB)3 = 05 then:
(BA)® = 05
Proposed by Marian Ursarescu — Romania
S.22 Solve for M;(R):

p p O
X+X3+X3+..+X%1=(0 p p pENp=3
0O 0 »p

Proposed by Marian Ursarescu — Romania
S.23 Letx,,n = 2 be the solution of equation:
x + arctan(x — 1) = V2018
Find:
Q; = limx,,Q, = lim n(x, — 1)
n—oo n-oo
Proposed by Marian Ursarescu — Romania
S.24 f:[a,b] - R, f —continuous, f — nonconstant. Prove that:
3¢y, ¢, € [a, bl, ¢y # ¢, suchthatcy + ¢, = a+ b, cif(c1) = c2f(c3)
Proposed by Marian Ursarescu — Romania
S.25 In AABC the following relationship holds:
1 2 3n
Z cos3"é(cos§ + cosc) = \/ﬁ(ﬁ) el

cyc P 2

Proposed by Marin Chirciu — Romania
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S.26 Ifa,b,c > 0,a+ b + ¢ = 3then:

S (V@B +e) + ;MH o

Proposed by Marin Chirciu — Romania

2
2_
3

S.27 Find:

kN kR (k= 1)
Q‘JL%HTB( il (n— 1D >

Proposed by Daniel Sitaru,Dan Grigorie — Romania
S.28 Ifa,b, c,d > 0, different in pairs then:

a® (a+b+c+d)3
b+c+rda—bNa—)a—d) - 8labed

cyc(a,b,c,d)

Proposed by Daniel Sitaru,Elena Alexie - Romania

S.29 Ifn € N — {0} then:
sinn
SN D) k_lsm k-sinfk+1)>((n-sinl)

Proposed by Daniel Sitaru- Romania
S.30 If0O<a < bthen:

a+b 2ab
a+b 2ab\ 2z TVab—op Jab
(F+Veb-20) * _ (ab)
a+b - 2ab

(a+b)T (Zab)a_+b
2 a+b

Proposed by Daniel Sitaru,Elena lacob Meda - Romania

n -k

. 1—-sin®x

Q= lim z —logn |,w, =liM| | ——
n—coo (Uk+1 x—)— COSs~ x

S.31 Find:

Proposed by Daniel Sitaru,Gilena Dobricd — Romania
S.32 Solve for real numbers:
2.1 et . e26% . g9 = g% 4 %
Proposed by Daniel Sitaru,Mihaela Ddianu — Romania

S.33 Solve for real numbers:

( x,y,z2>0
é 1—x+ 4 =2Vl+z

Ji1-y
yzZ Xy Zx
Xy zx Yz
ZxX yZ Xy

=0

Proposed by Daniel Sitaru,Mihaela Pupdza — Romania

77| ROMANIAN MATHEMATICAL MAGAZINE NR. 32



Romanian Mathematical Society-Mehedinti Branch | 2022

S.34 Find:

/ -1
n n k
n 1 k&
a=tim|([[Je+n ] > ([ Jee+»
" k=1 k=1 p=1
Proposed by Daniel Sitaru,Simona Radu - Romania
S.35

A€ M,(C),detA#0,34+4A 1 +i(4A+34"1-51,) =0,
Find: Q; = min|detA4]|, Q, = max|det A|
Proposed by Marian Ursarescu — Romania
S.36 IfA € M,(R),detA # 0,(TrA)? = 3Tr(A?) then:
Tr(43) =3-detA-Tr (471)
Proposed by Marian Ursarescu — Romania

.37 A€ M,(R),detA =—1,det(4% +1,) = 0. Find:
Q=Tr (4%
Proposed by Marian Ursarescu — Romania

S.38 If A € M5(R),det(42 — 34 + 313) = O then:
2det(A% + 31;) = 3(3 + det 4)?
Proposed by Marian Ursarescu — Romania

S.39 Let x,, Yn, Z, € R such that:
lim—=a,; lim=—=5b, lim —=c¢a,bc€eR,pqreN

n-on n-oon n-oon

Find:

lim lei<j<k5n XiXjXp - lei<j<k5n Yi¥ViVk - lei<j<k5n ZiZiZy
n

n-o n8 Zi:1(xiyizi)3

Proposed by Marian Ursarescu — Romania

) U
lim z sin <—3>
n—-oo n

1<i<jsn

Proposed by Marian Ursarescu — Romania

S.40 Find:

S.41 Ifa,b > 0,ab = 1 then:
n

1n
>2"2neN

() + (=)

Proposed by Marin Chirciu — Romania
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S.42
f(x) =log[x® — (6n — 11)x? + (12n? — 44n + 31)x — 8n3 + 44n? — 62n + 21]
Find:
( )k 1 k 2k
1)kt . 2
= i A o1 (.9
Q= I!l_(g( o fO0@2n+ 1))
Proposed by Costel Florea — Romania
S.43

FiR = R, f(x) = xe*, F'(x) = f(x), F(0) = (=1)" - nl, F(x) = e* - Z e x
k=0
Find:
on
Q=1lim,_ (M)m , ¢ —golden ratio.

2
n=-Un-o9g

Proposed by Costel Florea — Romania

S.44 If x > +/m, then prove that

1
tan~*(vx) > sin (sec (;))
Proposed by Srinivasa Raghava-AIRMC-India

1
S.45x € (O ﬂ)’yo >0,%p41 = Xp - COSXn:Yn+1 = Yn +;

"2
Find:
Q=lim(x, -y,
n—-oo
Proposed by Marian Ursarescu — Romania
S.46x, >0neNp+xP, <1l+px,peENp=>2
Prove that x,, — convergent and find the limit.

Proposed by Marian Ursarescu — Romania
S.47 If A € M3(R), det(4%2 — 34 + 31;) = O then:
2det(A? + 313) > 3(3 + det 4)?
Proposed by Marian Ursarescu — Romania
S.48 Solve for real numbers:

( x,y,z2>0

| 1—x+ Y =2V1l+z
4
l vz Xy zX

Xy zx Yz
Proposed by Daniel Sitaru,Mddadlina Giurgescu — Romania

=0

ZX yZ Xy
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S.49 Find:
= fim ((Zn)!): @), \ () 2
T S (G ()
Proposed by Daniel Sitaru- Romania
S.50 Find:

Q= lim <(l-n+3-(n—l)+5-(n—2)+--~+(2n—1)-1)-sin%>

n—-oo

Proposed by Daniel Sitaru,Dan Mitricoiu — Romania
S.51 Find:

QZIim<(n—1)-%+(n—2).,,(1+%)+(n_3).(1_,_ 1,1

n—oo n n n—l n—2
(1+ 1 N +1) ¢ 1
n n—1 2 ann2

S.52 Solve for real numbers:

Proposed by Daniel Sitaru- Romania

x-logx = x —x"*1,n € N,n —fixed
Proposed by lonug Florin Voinea-Romania

S.53 Find x € (Og) such that:

tanx+1 tan?x+tanx

e = log(tanx) + e
Proposed by lonug Florin Voinea-Romania
S.54 Ifx = 1 then:

1 1
ex—ex>e(x——)
X

Proposed by lonug Florin Voinea-Romania

S.55 Ifx,y,z> 0,tan"x + tan~ty + tan~1z = m then:

VE+ 5 +7 < \[3xyz
Proposed by lonug Florin Voinea-Romania
S.56 Solve for real numbers:
(3% + 5% + 7%)(5% + 7% + 9%) = (4% + 5% + 6%)(6* + 7* + 8%)

Proposed by lonug Florin Voinea-Romania
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S.57 Let £, (x) = 2)’::” Lg(x) = Zz:n Find all real numbers m such that:

1
minf,(x) + maxg,,(x) = 2021,vx € [O’E]

Proposed by Nguyen Van Canh-Vietnam

m
nx+2"'

S.58 Let f,,(x) = - glx) = mm? Find all real numbers m such that:

minf () + maxg, () = 1,vx € [0.7]

Proposed by Nguyen Van Canh-Vietnam

S.59 Let £, (x) =

+ 5x+6 . "
e — + x? + 4mx + 5,m € R Find all positive real numbers m

x—-m 5x—6

such that: minf,, (x) + maxg,, (x) = 2020,vx € [-1,1]
Proposed by Nguyen Van Canh-Vietnam
S.60 Leta = b > 0. Find all functions f: R — R such that:

x3y
3(a®’x + b?y) = 9f(ax? — by?) — —=,Vx,y € R
f y f y NeTS y

Proposed by Nguyen Van Canh-Vietnam

S.61 If £:[0,1] — R is a continuous function such that
3 folf(x)dx = 2, then thereis an x, € (0,1) such that f(x,) = \/x,
Proposed by Dorin Mdrghidanu-Romania
S.62 Let the function f: (0, ) — (0, ), having the properties:
a) f — differentiable on (0, )
b) thereislimx-f'(x)=1[l€R
Prove that for p € R}, we have: limx - [f(x +p) — f(x)] =p -1
Proposed by Dorin Mdrghidanu-Romania
5.63 If £:[0,1] > [0, 00) such that [ f(x) dx = 1,

1 L 1 1 2
x“+x+ -1
11 = fﬁ_etan dx,lz =f<x—ftf(t)dt> f(X)dX

0 0 0
Then prove: I; > e™2
Proposed by Florica Anastase — Romania
S.64 If A > 1, f:[0,1] - [1, A] continuous and convex function such that f(0) = O then

prove:

A 1 1 d
Azoff(x)dxsff(x)dxsl(/1+l)fl+—;c(x)

Proposed by Florica Anastase - Romania
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S.651f0 <a<b<2af:la b] - [0c)f-continuous, f(a) =0,f'(a) =0

f'-increasing, then:

(b — a)(c(b —a)+ af(b)) B dx
b+ co—ay -2 far =) (b))af (c - fF®)’

Proposed by Florica Anastase - Romania
S.66 Ifn € N,n > 2 then exists f € Zs[X], grad f = n such that f has not roots in Zs.

Proposed by Florica Anastase - Romania
S.67 Find:

L . k) en
Q= LI_I’B (Jm E T | | cos(2k~"x)

k=1 k=0
Proposed by Florica Anastase — Romania
S.681f0<ac<b,f:la, b]—>[Rf(x)>OVx€[a b] then:

f x2f(x)dx > abff(x)dx
Proposed by Marian Ursdrescu — Romania
S.69 Find:

Tl

Q) = f 2@2n+ 1)x + Cos((4n + Z)x)

dxneNn>1
sinx + cosx
0

Proposed by Marin Chirciu — Romania
S.70  Find:
2n-1

_ x+sinx—1D)x-2)-...-(x—2n+1)
Q(n) = f —2nx+n2+1

dxn€eNn=>2

1
Proposed by Marin Chirciu — Romania

S.71 Prove without softs:

1 1 5
2 2 1+e

fexdx-fe‘xdx<< )

) ) 2\/e

Proposed by Daniel Sitaru,Anicuta Patricia Betiu — Romania
S.721f f:[a,b] - (0,2),0 < a < b, f - continuous then:

b b 3 b b
(b — a)? f £3(x) dx + ( f £(x) dx> > 2(b— a) ( f £(x) dx> ( f £2(x) dx>

Proposed by Daniel Sitaru,Maria Lavinia Popa— Romania
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S.73 Solve for real numbers:

x t2
fo (t - sinht — cosh t)?2 dt=0
Proposed by Daniel Sitaru,Sorin Pirlea - Romania
S.74 If E, — Fibonacci numbers then:

Fn—an

F§—1+Fn4+F1f+1>F3n( +Fn+1)1n21

n+1

Proposed by Daniel Sitaru,Dorina Goiceanu — Romania

S.75 Find without any software:

X2018
0= [ 1 s

Proposed by Daniel Sitaru,lulia Sanda - Romania

S.76
xxy=3/x5y5 —x5—y5+2x,yER
Solve for real numbers: x * y *z—1=0
Proposed by Daniel Sitaru,Nicolae Radu — Romania
S.77 Find:

n
0= 4x3 — 3n’x
= lim | ————dx
n-o ) n3 4+ n>co0s2x
0
Proposed by Daniel Sitaru,Mihaela Sancele - Romania

S.78 Solve for real numbers:

; t? : t?
f (t - sinht — cosh t)? dt = f (t - cosht — sinht)? dt
0 0

Proposed by Daniel Sitaru,Daniela Stoian - Romania

S.79 The equation: x& + ax” + bx® + ax®> + cx* + dx® + ex? +dx —1=0,
a,b,c,d, e € R has all roots real numbers. Prove that:
|[b+e—c|>16
Proposed by Marian Ursarescu — Romania
S.80 Solve forn € N*:

dx =0

logn
et —2e3* + e -1
edX — 3% 4 p2X _ pX 4 1
0

Proposed by Costel Florea — Romania
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S.81
frn)=m+Dx3-2m+1)x>?—-(m—-2)x+2m -3, meR—{-1}
Find the equation of the line which contains the three fixed points of f,,, (the points do not
depend of m)
Proposed by Costel Florea — Romania
8.821fQ(n) = f01 tan~!x dx + f01 x(tan 1 x)?dx + .-+ f01 x™(tan~1x)™* 1 dx
Find:
lim @
n-oo N
Proposed by Costel Florea — Romania
S.834 € M,(R), Tr A + detA = 2. Prove that:
det(A2 +detA-A+TrA-1,) >4
Proposed by Marian Ursarescu — Romania
S.84 Find without any software:

_ fsinhx —xcoshx
) x2—1+coshzx ™
Proposed by Daniel Sitaru,Gigi Zaharia - Romania

S.85 Find:

a

2a) f cosx - sin” x 4 -0
a) = . . X,a
1+sin2x +sin*x

0

Proposed by Daniel Sitaru,Alecu Orlando — Romania

Q= b|og / @\
e

Proposed by Daniel Sitaru,lleana Stanciu — Romania

S.861f0 < a < b then find:

dx

S.87 Find:
3+2V2 2 . Jog2n+1
_ x*-logs™" *x
aw= [ TTdxnen
3-22

Proposed by Daniel Sitaru — Romania
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S.88

3a

w(a) =cosha - f

2a

1
tanhx — tanh a

dx,a>0

Find:

Q= lime®@
a-0
a>0

Proposed by Daniel Sitaru — Romania

S.89 Solve for real numbers:

f (t - sinht — cosh t)? dt = f (t - cosht — sinht)? dt
0 0

Proposed by Daniel Sitaru — Romania

S.90
oo ()
Q(a,n) = f —<Xdx,a>0n€Nn=>1
SInTL+1 (_)
Find:
Q= Ilim <nﬂ(g,n)>
Proposed by Daniel Sitaru — Romania
S.91 Find:

ERL

1
L 1-x)A—-2x+ x>
Q= ,,'LT;, ( f (1 + x2)n+1 dx
-1
Proposed by Daniel Sitaru — Romania

S.92 Solve for real numbers:

2020 2021 3

2tan®x +4cot® x
+i2)(x+j2)=|[1I
Z Z(x RAERER fog<2cot3x+4tan5x>dx
j= i

=1

ol

Proposed by Daniel Sitaru — Romania
S.93 Solve for real numbers:

f(t-sinht—cosh t)2 e =0
0

Proposed by Daniel Sitaru — Romania
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S.94 Find without any software:

3x2 — (1 +2x)e?*
Q :f dx

x3 — xe?*
Proposed by Daniel Sitaru — Romania
S.95 Find without any software:
1+ (1—x2%2—-e¥)e*
f 1+ xex)\/(l —x2)(1 - ezx)

Proposed by Daniel Sitaru — Romania

S.96 Find:
loga

Q(a) = f x-(1+a*loga)-a** dx,a > 1
0

Proposed by Daniel Sitaru — Romania

S.971f0<a<bh <§then:

)

Proposed by Daniel Sitaru — Romania
S.98f:R — R, f — continuous, a,b € R,a < b. Prove that:

b b
f(fg(x)+f2(x))dx+b —a Zf(fs(x)+f(x)) dx

Proposed by Daniel Sitaru — Romania
S.991f0 < a < b <~ then:

sin b
2f—xdx<b—a+cos(\/_)sm( Za)

Proposed by Daniel Sitaru — Romania

S.100 For x > 0 and m,n,p > 0 - fixed, denote: Q(m, n, p) = Xpmin » Xmin — Value of x such

that Q(m,n,p)(x) = (yn + (p — x)2 + Vm + x2) has minimum value.

Prove that: X,.(vm +vn) Q(m,n, p) = 3,/mnp

Proposed by Daniel Sitaru — Romania
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S.101 Solve for real numbers:
64x5 —112x* — 8x3 +105x2 —56x+7 =0
Proposed by Daniel Sitaru — Romania

S.102 Let Q be area of pedal triangle of Lemoine’s point in AABC. Prove that:
(a? + b?2 +¢2)2.0 >972V/3 - ¢
Proposed by Daniel Sitaru — Romania
S.103 Find X € M3(R) such that:

2 2 0
X209 4 x = (O 2 2)
0 0 2
Proposed by Marian Ursarescu — Romania

S.104x; =1,x, = (1 +nx,) - x,41,n € N,n > 1. Find:

Q= lim (f/(n!)2 . xn)

n—-oo
Proposed by Marian Ursarescu — Romania
S.105 Find:

n
1 1
Q= lim (—tan‘1 n-— tan~1(n + 1)) <Z k\/k!)
n-oo \n n+1

k=2
Proposed by Marian Ursarescu — Romania
S.106 A,B,C € M,(R),n € N,n > 2,AB = BA,AC = CA,BC = CB
lfA+ B+ C = I, thendet(4B + C) - det(BC + A) - det(CA+B) >0
Proposed by Marian Ursarescu — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

UNDERGRADUATE PROBLEMS

Romanian

Magazine

amm=®
s

87| ROMANIAN MATHEMATICAL MAGAZINE NR. 32



Romanian Mathematical Society-Mehedinti Branch | 2022

nm 1

_ 1 o "
U001 If (tndnst, (Bndnats n = Xi=q tan 1(1 +;) Y T L=t i gy o 1 fixed

Find:

1
Q= lim Yr=1(Hy - Hy - .- Hp)k

n—oo n ﬁ_kﬂlﬁzn
m=1\ . 4

Proposed by Florica Anastase — Romania

U.02 In AABC the following relationship holds:

X

Si(4) + Si(B) + 5i(C) < TS Gy = fs’i—'t”dt

3R
0

Proposed by Daniel Sitaru — Romania

U.03Ifa,b > 1 then:

Uodif-2<a<b

a b
f IL}IZ <logy/ab(a—1)(b—1) + (log Va)(log \/E)
x

Zy +xy

Proposed by Daniel Sitaru — Romania

bbb
xyz+4(x+y+z

fff Y (x+y )dxdydz <(b-a)

a a a

xy+yz+zx+4

Proposed by Daniel Sitaru — Romania

U.05 Find:
1
Q= lim ogx__,
o) a1
Proposed by Vasile Mircea Popa - Romania
U.06 Find:
0@ = [ <(1 — +x4)(1+ax)>dx,a >0
0
Proposed by Vasile Mircea Popa - Romania
U.07 Find:
1
Q=li log x dx
=0 1+ x2+x*
>0 ¢
Proposed by Vasile Mircea Popa - Romania
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U.08 Find a closed form:

2

X
U= | Aram@rrzn @0

Proposed by Vasile Mircea Popa - Romania
U.09 Find without softs:

©
arctan X
5 + l

0

Proposed by Vasile Mircea Popa - Romania

U.10 Find:
1
Q=1 log x
=0 1—x2+x4'dx
e>0 ¢
Proposed by Vasile Mircea Popa — Romania
U.11 Find a closed form:
X3
[0} =
(@) f (1 —x2+x%)(1+ a%x?2) dx,a#0
0

Proposed by Vasile Mircea Popa - Romania

(o]
an1
_,
0

Proposed by Vasile Mircea Popa - Romania

tZ
) 1 1.
Q= Ilim —f—sm‘lxdx
>1\t—1) x

t<1 Vi
Proposed by Vasile Mircea Popa - Romania

U.12 Find without softs:

U.13 Find:

U.14 Find a closed form:

3
0a) = (x*+x2+ 1)(1+ax)dx’a =0
0

Proposed by Vasile Mircea Popa - Romania
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U.15 Find without softs:

2
arctan x d
= | ————dx
2x2+2x+3
0

Proposed by Vasile Mircea Popa - Romania

U.16 Find without softs:

Q=lim [M*_4

=1imm /| —-—-

=0 ) x4+ 1 x
e>0 ¢

Proposed by Vasile Mircea Popa - Romania

U.17 Find without any software:

2
_ f arctan x

——dx
x2+4x + 3
0

Proposed by Vasile Mircea Popa - Romania

U.18 Find a closed form:

Q(a) = Of A ras 2R

Proposed by Vasile Mircea Popa - Romania

U.19 Find a closed form:

xZ

Q(a) = Of (x* — x2 + 1)(1 + a?x?)

dx,a>0

Proposed by Vasile Mircea Popa - Romania

U.20 Let J,,(x) — Bessel function and £, [f](y) — Laplace Transform and if

1

st = f Lole*1n ()] 0y

0

then prove that

( _ (log(2 ++/5)
f S(n)dn = log <—Iog(l " \/?)>

Z S(n) = log <£: i)

Proposed by Srinivasa Raghava-AIRMC-India

0
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U.21 Forn > 1 we have

f ysinh(x) 2n+1F(ZZ;1)F(nT+1)

cosh(x) + 1 T 2n-2 2%1“ (ﬂ)
2n

Proposed by Srinivasa Raghava-AIRMC-India

oo (5n+1)
13

(2n+1)7°

U.22 Show that:

_ ) sin (i—:) . sin (f—3) _ 2sin (i—:) . 2cos (2_2)
17576 sin4 (2_2) cos3 (f—3) cos3 (i—:) sin3 (2_2)

Here in the summation (ﬁ) is Jacobi Symbol

Proposed by Srinivasa Raghava-AIRMC-India

U.23 If we have the relation

(_1)nF2n+1F4n+2F6n+3 + (_1)nL2n+1L4n+2L6n+3
a q0811 q0811

n=0 n=0

=0

then find the value of a.
Here ¢ — Golden Ratio
Proposed by Srinivasa Raghava-AIRMC-India
U.24 Show that

f e? =% (Ly[Tx[ex_xz](y)](Z)) dz=(1+ i)\/?

— 00

L,[f1(y) is Laplace Transform and F,[f](y) is Fourier Transform
Proposed by Srinivasa Raghava-AIRMC-India
U.25.Prove the summation

i (Fu+ " (Lo +¢™Y) _ 49
¢6n—1 ~ 15

n=1

FE, — Fibonnacci number; L,, —Lucas number; ¢ — Golden Ratio

Proposed by Srinivasa Raghava-AIRMC-India
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U.26 Evaluate the integral in a closed — form

f @((Z”@”% (2—iﬁ>”)x”>dx

Proposed by Srinivasa Raghava-AIRMC-India

U.27 Compute the integral

ffta ~“I(min(x, y)) dydx

VE+y

Proposed by Srinivasa Raghava-AIRMC-India

u.28

C (=D "Fapsq + Lonyq (@ + 1) _
Z Gn+ Do = W + ¢2 coth 1(\/5)

¢ — Golden Ratio, F,, — Fibonacci numbers,L,, — Lucas numbers
Proposed by Srinivasa Raghava-AIRMC-India

U.29 If we have the relation

hod ¢3n+1 + (—1)”(371 + 1) 1+k hod (—1)”(71(1) + \/g) + ¢2n+1
Z ¢4n+1 = k ¢3n+2

n=0 n=0

then find the value of k. ¢ — Golden Ratio

Proposed by Srinivasa Raghava-AIRMC-India

U.30 For n > 1, prove the relation

f “/tan(x) log(sin(x))dx =

H;, —Harmonic Number
Proposed by Srinivasa Raghava-AIRMC-India
U.31 If we define the function f (m,n) form,n >0
 log(1 + mx?
FOmin) = f log@ *+mx?)

1+ nx?

— 00

then show that

f ff(m, n)dndm Zén(l + 81log(2))

Proposed by Srinivasa Raghava-AIRMC-India
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U.32 Prove that

dx

. Oo(l+§)sin(m{)
€ _f x2+4x+5

— 00

Proposed by Srinivasa Raghava-AIRMC-India
U.33 Establish the inequality

ar”* e \1I'* 1
0<-—=<(—)
ax™ m—1 log™ (1)

Proposed by Srinivasa Raghava-AIRMC-India
U.34 Prove the integral

m(1+x+x2+x3+x4)cos(nx)d T—3
x:

em(x?+x) A1

— 00

Proposed by Srinivasa Raghava-AIRMC-India
U.35 Forn > 1. Prove that

© ,-2msinx gjpn (E) i (sech (”(2"—23“)) —sech (77(2”—23_1)))
f n dx = 2n2z 2nz
cosh(mvnx) 2Vn

Proposed by Srinivasa Raghava-AIRMC-India

U.36 Prove that

1
ftn‘l(l_x)l 1+ x? 4 5m? G
a1+ x) 9N\ 12 ¥ T 48
0
G —Catalan’s constant
Proposed by Srinivasa Raghava-AIRMC-India

U.37 Find a closed form:

- 1
B ; (n+1)@2n+1)(@4n+1)(4n+3)

Proposed by Daniel Sitaru — Romania
U.38 Find:

oo 2 oo Y -1
fsm"x sinnx dx fcos"x cosnx dx
0

n=0o n=0

Proposed by Daniel Sitaru — Romania
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U.39 Find x, y,z > 0 such that:

(00

CoS?™ x
S
n!
n=0
1
sy 8 ftan_ltdt
X Z = ——
y log2) t+1
0
 sin2 7 .
— 4,3
Z nl €
\ n=0

Proposed by Daniel Sitaru — Romania
U.40 Find a closed form:

% log(sin x)€0s*
2sinx
Q= f log (1 + 2) dx
: ( )

- X X
SIN—-—COS—
2 2

Proposed by Daniel Sitaru — Romania
U.41 Find a closed form:

cr logyY . Vx) . Vy
Q:fflog(x ) - log(y"*) - log(x )dxdy
0 0

(1+x3)(1+y?)

Proposed by Daniel Sitaru — Romania
U.42Ifa,b = 0 then:

ocologx

(a + b)\]e—Zafo erx + e—2b follog(logi)dx > \/E(Zaby+ a+ b)

Proposed by Daniel Sitaru — Romania

U.43 Find without any software:

_ r (cosh x — sinh x)(4sinh? x — sinh 2x + 2)
B J (cosh x + sinh x)((4sinh? x + sinh 2x + 2)) X

Proposed by Daniel Sitaru — Romania

U.44 Without the use of generating function of harmonic number prove that:

1

[429 4 —nagiar+ 3 E2 2y~ Seco)

1+x
0

where Li,(x) and H,, are dilogarithm function and nth harmonic number respectively

Proposed by Narendra Bhandari — Bajura — Nepal
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U.45For alln > 0, prove that:

n+1 2n n+1

1 n n 1 i ) 3 2
Ekzo(k)oflog (L+x)x*dx = CFSE +n+1log (2)—m|og(2)

Proposed by Narendra Bhandari — Bajura — Nepal

U.46 Prove the following:

fln3(1 —0In*G) 3[1 In(1 - x)LEA—x)

1—x 1—x
0 0

x = 6¢%(3) —8¢(6)

where Li, (x) is dilogarithm function and ¢ (x) is Riemann zeta function
Proposed by Narendra Bhandari — Bajura — Nepal
U.47 Prove that:

- 1 1 1 1 1\ 9
Y (@) =54 - 26X M)

where {(z) is Riemann zeta function.

Proposed by Narendra Bhandari — Bajura — Nepal

U.48 Prove or disprove:
g 1 3
f IP(1+ x) In(1 — x)dx = 6 (m2 @) - g) {(3) +5In*(2) - 3In*(2) +
0

+1n2(2) (18 — 37(2)) + (¢(2) — 6)61n(2) +
+24 — 337(4) — 6¢(2) — 6{(3,1)
where (51,55, ..., 5) is AMZV, Alternating Multiple zeta Value.

Proposed by Narendra Bhandari — Bajura — Nepal

U.49 Prove or disprove
1
f In*(1+ x) In(1 — x) dx = 48{(5) + {(3,1) + 241n?(2) {(3) — 48In(2) ¢((3) +
0

4% 1In3(2)

+67(3) +2In°(2) — 8In*(2) — 3

+321In3(2) + 272 In?(2) — 96 In?(2) —

__8n4|n(2)

1o~ 240(2) In(2) + 1921n(2) + 36 (4) ~ 48Li (%) + 472 — 120

where {(54,5,, ..., S;) are Alternating Multi Zeta Values

Proposed by Narendra Bhandari — Bajura — Nepal
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U.50 Prove or disprove

Z f x? Iogz(x‘/g) dx E7T((2) —5ynd(2) +5n{(2) In (Ze”n)

sec(px) ~ 2 A12
p=10

where ¢(.) is being Riemann zeta function and A4 is Glashier — kinkelin constant.

Proposed by Narendra Bhandari — Bajura — Nepal

(Y535 ) =<6

where {(z) is Riemann zeta function

U.51 Prove that

Proposed by Narendra Bhandari — Bajura — Nepal

U.52 Evaluate the integral in a closed — form

3
cos(x)
sin(x) + cos(x) dx
0 sin(x)+ cos(x)

sin(x)+ cot(x)

Proposed by Srinivasa Raghava —-AIRMC- India

Us3If a = N then evaluate this continued fraction

a ada a ada a a «a

O+ 1+ o+ 1+ p+ 1+ Pp+---..,

. ¢ —Golden Ratio

Proposed by Srinivasa Raghava —-AIRMC- India
U.54.

f Vx Iog5(coth(\/§x)) dx

Proposed by Srinivasa Raghava —-AIRMC- India

x xy + sin(z) x
U.b5 Let f <y> = | zx +sin(y) |and if, J;(x,y, z) is the Jacobian Matrix of f <y>
z yz + sin(x) z

66
then prove that SvTayiort [/ Cx,y,2)| = cos(x) cos(y) cos(z)
where, |#| is the Determinant of the matrix

Proposed by Srinivasa Raghava —-AIRMC- India
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U.56 Let, Hy, 53 (e ™(*+¥*)) is the Hessian matrix of the function e ~7(**+¥*)

then show that

oo ©o 2
[ [ 1ot ente o ayae =
00

Here || is the determinant of the matrix
Proposed by Srinivasa Raghava —-AIRMC- India
U.57 Evaluate the integral

ffx55y+y55 dy dx

Proposed by Srinivasa Raghava —-AIRMC- India
U.58

1
_|_

[ qb 2 2
dx =21 ——=(/50+3-1

¢ — Golden Ratio

Proposed by Srinivasa Raghava —-AIRMC- India
U.S9Letforz >0

_ rr In(z(x+y))
‘”(Z)‘“( )G+ D Y

then prove that

Y(z) 2 log(3-2v2)
[ 5D = 8200
[ () _ 72 log(17 — 12v2)

z2 242

Proposed by Srinivasa Raghava —-AIRMC- India
U.60 Prove that

T

fﬁ;&m(’é)d =—+ \/_Iog< (3+\/_5|n(25)+2cos(2n))>

2 /5 + tan (E) 25

Proposed by Srinivasa Raghava —-AIRMC- India
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U.61 Prove that

flog(x) Iog

A x
3 2 2 20 @ (2
_ T _577,' m Iog(3)+2_n+n 3l0g(3) + Y (3)
93 9 3 V3 3V3

Proposed by Srinivasa Raghava —-AIRMC- India
U.62 Find the Co-variance of this 4 x 4 matrix and compute its Trace

5 1 3 1 i 1 5i

16 8 16 16 2 4 16

1 3i 1 i 1.7 1 3

8 16 16 4 8 16 16 8

1.0 1.7 5 1 i

16 2 8 16 16 "2 16
1 5 1 3i 1 i 11

2716 168 2 16 16
Proposed by Srinivasa Raghava —-AIRMC- India

U.63

(—1)1+2+3+4+5+4n

1x2%x3%x4%x5..n

n=0

= cos(1) —sin(1)
Proposed by Srinivasa Raghava —-AIRMC- India

U.64 Prove the integral relation
111

fffIog(max(x,y,z)+min(\/§,\/§,\/5)) 43 n?

max(x,y, z) + min(vx, [y, Vz) dzdydx = 16—E—§(8Iog(2))

Proposed by Srinivasa Raghava —-AIRMC- India

UbslLet,for0<z<1

— xty
¢(Z)_ff(x+y)(xy+1)dydx

then prove that

f ¥(2) +p(Vz))d ; f l/J(Z)+l/J(\/_))Iog( )dz_—(zs 8G)———2n
’ here G is Catalan Constant

Proposed by Srinivasa Raghava —-AIRMC- India
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U.66 Let the function

X
R(x) = T dx
log(sin(x))
then show that
11¢(4)

R(x)?sin(2x) dx = 3¢(3) — 7

o\w\:l

Proposed by Srinivasa Raghava —-AIRMC- India
U.67 Prove the relation
F,[sin%(e™)](a) 4
F.[(e=*sin(e=*))?21(a) a2 +ia

F.[...1(a) is Fourier Transform

Proposed by Srinivasa Raghava —-AIRMC- India

U.68 If we have the integrals

© tanh ( ) + tanh(2x) 2

f (e 2 — 1) e *dx = log(4)
X

0

v tanh + tanh(2x) 2

O\

(e 2 + 1) e **dx = log(B)
VT (5)

3r(5) >4

Proposed by Srinivasa Raghava —-AIRMC- India

then prove that AB = <

U.e91fa, b,c = 0 then:

2a 3b 4c
slx+1 sjly+1 10z+1
ff + + > 15abc
y+1 z+1 x+1
a b c

Proposed by Daniel Sitaru — Romania

Proposed by Daniel Sitaru — Romania
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All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.346 Find all values of k such that the following inequality:

az+bZ kab>(1+k) +h
b a a+b— 4(a )

holds for all positive real numbers a, b.
Proposed by Nguyen Viet Hung-Hanoi-Vietnam
JP.347 Let a, b, ¢ be non-negative real numbers, no two of which are zero. Prove that

2(a+b)(a+c)_|_2(b+c)(b+a)_|_2(c+a)(c+b)> (a+b+c)®> ab+bc+ca
b+c ct+a a+b ab + bc + ca a+b+c

Proposed by Nguyen Viet Hung-Hanoi-Vietnam
JP.348. If a, b,c > 0 then:

2
a4 b4 C4 a3 b3 C3 aZ bZ CZ
bt ot et )\br e T ar) T\ a2

Proposed by Daniel Sitaru — Romania

JP.349. Let a, b, c be positive real numbers such that a + b + ¢ = 3. Prove that:

a® b® ct 3

+ + >
a’l+b b2+c ci+a” 2

Proposed by George Apostolopoulos-Messolonghi-Greece

JP.350.For1 < a,b,c < ? prove that:

Ja—-3a2+/4—-3b2+/4-3c2+(@a+b+c)>-3(a+b+c)<3

Proposed by George Apostolopoulos-Messolonghi-Greece
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JP.351 In AABC the following relationship holds:

1_[ sin’A >4 1_[ cosA -5 1_[ cos?’A

cyc cye cyc
Proposed by Cristian Miu-Romania
JP.352. Ifa,b,c € C;|a|l = |b] = |c| =1 then:
Bla+b+c|+2(a=b|+|b=c|+|c—a]) =9
Proposed by Daniel Sitaru — Romania
JP.353.In AABC, P € Int(AABC), u(ABP) = 20°,
p(PBC) = u(PCB) = 10° u(PCA) = 40°.
Prove that: |AP| + |BC| = /3| AB]|
Proposed by Mehmet Sahin-Ankara-Turkey
JP.354 In acute AAB, O —circumcenter, F,K € (AB),M,L(BC),E,N €€ (CA)
FOE ,MON, LOK —are the antiparallels. Let p,, pp, pc —inradii of AFE, AABLK,ACMN.

Prove that: p, + pp, + p. = R
Proposed by Mehmet $ahin-Ankara-Turkey
JP.355In AABC, A, B4, C4 are contact points by inscribed circle. Prove that:
(AB)Z (BC)Z (CA )Z 6R
+ + >—
A]_Bl Blcl C1A1 r
Proposed by Marian Ursarescu-Romania
JP.356 In AABC, I —incenter and R,, Ry, R, —circumradius in AIBC, AIAB, AIAC.

Prove that:

() () +(8) =2
a b c

Proposed by Marian Ursarescu-Romania
JP.357 In AABC, N, —Nagel’s point. Prove that inscribed circle of AABC passes through
point N, if and only if s> + 4r? = 16Rr

Proposed by Marian Ursarescu-Romania

JP.358. If x,y,z > 0,xyz = 1 then in AABC the following relationship holds:
1 1 1
a4<y+1+;>+b4<z+ 1+;) +c4<x+1+;) > 1296r*

Proposed by Daniel Sitaru-Romania
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JP.359 Find all n natural numbers such that:

3 n+27 c
@1
Proposed by George Florin Serban-Romania

JP.360. Ifx,y,z € (0,%) then:

Z tan? x . Z cot? x - Z 1
tan3 x + cotx cot3 x + cotx — tanZ x + cot2 x

cyc cyc cyc

Proposed by Daniel Sitaru — Romania

PROBLEMS FOR SENIORS
SP.346 Determine all functions f: (0, ) — R such that:

f(xy) < xf(x) + yf(y) < log(xy),vx,y > 0
Proposed by Marian Ursarescu-Romania
SP.347 If A, B € M3(R) such that tr((AB — BA)?) = 0. Prove that:

det((AB — BA)? + AB — BA +I,) = (1 — det(AB — BA))

Proposed by Marian Ursarescu-Romania
SP.348 In AABC prove that inscribed circle of AABC passes through to G if and only if
s? = 16Rr + 412

Proposed by Marian Ursarescu-Romania
SP.3491Ifa € (Og) then prove:
(sina)V09smacosa 4 (cosa)Viogeosasina < /2
Proposed by lonug Florin Voinea-Romania
SP.350Ifx,y,z>0,xy+yz+zx=1and 4> % then:

1 N 1 N 1 - 27
xX2(x2+2) yr(y?2+2) z%2(z2+2) 31+1

Proposed by Marin Chirciu-Romania

SP.351.Ifx,y € (0,%); Y1 +tanx + i/l +tany = 23/2 then:

V1i—tanx+3/1—tany <4-232

Proposed by Daniel Sitaru - Romania
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SP.352. Let (x,,) =1, (Wn)n>1 b€ Ssequences of real numbers withx; = 0,y, =1,

ax, + by cx, +dy
Xni1 Zﬁ,ynﬂ :ﬁ,\mz 1,a,b,c,d > 0,ad # bc.

Prove that if (z,)ps1,Zn = ¥n — X5, then (z,,),,-1 —geometric progression, and if

q < 1, q —ratio of progression, then limx,, = limy,,.

n—oo n—-oo

Proposed by Marin Chirciu-Romania

SP.353. Let A > O fixed. Solve for real numbers:

Ax =22y —1+/2222 -1
Ay = Ja2z2 —1+/22x2 — 1
Az =22x2 —1+/22y2 -1

Proposed by Marin Chirciu-Romania

SP.354.If x,y,z > 1 then:
yx*+z-y+x-2Z2>x+y+z+In(x*? .y . z?%)
Proposed by Daniel Sitaru — Romania
SP. 355 Let1,, Iy, I, and ry, 1y, T denote the excenters and exradii of the triangle ABC,
respectively. Let p, —be the radius of the circle that lies inside and touches internally the
excircle opposite A and touches the sides I .1, 1,1, of triangle I, I, 1. externally. Let py, p.
be defined similarly. Prove that:

&'F&'F&Sl

L Tp Tre
Proposed by Mehmet Sahin-Ankara-Turkey
SP.356 If a, b, ¢ > 0 such that abc = 1 then:
(1+ab)? (1 + bc)? (1+ca)? 54
(c+a)(a+b)+ (a+ b)(b+c)+ (b+c)(c+a) = (a? + b2 + ¢2)2
Proposed by Pedro Pantoja-Natal-Brazil

SP.357 Let S(n) be the sum of the digits of the positive integer n. Determine all pairs of
positive integers (a, b),a > b such that the equation S(a?) = (b — 2018)* has only finite
solutions in positive integers.

Proposed by Pedro Pantoja-Natal-Brazil
SP.358 If x,y,z > O then:

3

X
- > 3
') Grneen 32
cyc
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Proposed by Daniel Sitaru-Romania
SP.359 If A € M3(R), p € R* such that det(4% — pA + p%I5) = 0.
Prove that:
2det(A? + p*l;) > (detA + p3)?
Proposed by Marian Ursarescu-Romania

SP.360 z4,2,,2z5 € C* differentin pairs such that |z,| = |z,| = |z;3]. If

Z | 22y — 7y — Z3 1 . 1 . 1
= (z1 — z3)|z1 — 23| + (21 — 23) |21 — 24| |z, — 23| |2z — 23] |23 — 7]

then z,, z,, z; are affixes on equilateral triangle.

Proposed by Marian Ursarescu-Romania

UNDERGRADUATE PROBLEMS

UP.346. Solve for real numbers:
xe . earctanx
Zf —dx =1
0 V1 + x2
Proposed by Daniel Sitaru — Romania

UP.347. Solve for complex numbers:

|x]? . lyl> _ Ix+yl?

3 5 8
10x +y =7+ 14i

Proposed by Daniel Sitaru — Romania
UP.348. If x,y,z € R} = (0,0) and ABC is a triangle with the area F, then:

(x+3y)(y+4z+3x) , (y+32)(z+4x+3y) , (z+3x)(x+4y+3z) ,
G+32)@+30)  © | @+30&+3y) | (x+3)(+32)

> 32F?

Proposed by D.M. Bdtinetu — Giurgiu — Romania
UP.349. Ifm > 0; x,y,z > 0, then in any AABC with the area F the following inequality
holds:
y+z zZ+x x+y

2 3-m
X - h31+1 + y- thl + z- hgt+1 = (\/F)m+1 (%)

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
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UP.350. If x,y,z € R} = (0, ), then in any AABC with the area F the following
inequality holds:

+z
Z Y a? > 2v/3F
Six+ J(x +2y)(x + 22)

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
UP.351.If x,y,z € R} = (0,0) and ABC is a triangle, then:

(x+2y)2x+y+3z)-a> (y+2z)(2Qy+ z+ 3x) - b?
(y +2)(z+ 2x) - h (z + 2x)(x + 2y) - h?

(z+2x)(2z+x+3y) - ¢ g
(x+2y)(y+2z)-hZ —

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

UP. 352. If x,y, z > 0 and AABC have the semiperimeter s the following inequality holds:

(y+2)a . (z+x)b . (x +y)c >12\/§
x-hy(s—a) y-h,(s—b) z-h(s—c) s

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

UP.353. Let (x,,),,»1 be a sequence of real numbers with x; = Ya® — a, a > 2 and
Xpi1 = 3/ a3 —a+ x,,n > 1.Prove that (x,,),»; —convergent and find
Q, = limx,, Q, = lim{x,}, where {x} —fractional part.
n—-oo n—-oo

Proposed by Marin Chirciu-Romania
UP.354. Find:

n
= lim 1+< E —sm—)
n—-oo

Proposed by Florica Anastase-Romania
UP.355. Find:

2n

/ -1 tan(12nx)\
cotx

Q= lim klin} <Z —sin —> )
n—-oo | 4y, -

Proposed by Florica Anastase-Romania
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UP.356. Find:

Proposed by Florica Anastase-Romania
UP.357.

If f: [Og) >R, f(x)=— foxlog(cosy) dy

Prove that:

lim f(x) = — filog(siny) dy
0

Proposed by Florica Anastase-Romania

UP.358.f0 <a<bhb < gthen:

b

b 2 2
sinx cosx b
f dx | + f dx | <log?® (—)
X X a
a

a

Proposed by Daniel Sitaru-Romania
UP.359 Find:

Q= °°tan‘1xd
_fo x3+1 x

Proposed by Vasile Mircea Popa-Romania
UP.360 Find x, y > 0 such that:

2
x+y=<
(x +1)2 (y+1)?* 16

+ =
3x2—-2x+1 3y?2-2y+1 3

Proposed by Daniel Sitaru-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

106| ROMANIAN MATHEMATICAL MAGAZINE NR. 32



Romanian Mathematical Society-Mehedinti Branch

2022

INDEX OF AUTHORS RMM-32

Nr.crt. | Numele si prenumele Nr.crt. | Numele si prenumele
1 DANIEL SITARU-ROMANIA 42 VASILE MIRCEA POPA-ROMANIA
2 D.M.BATINETU-GIURGIU-ROMANIA 43 BENNY LE VAN-VIETNAM
3 CLAUDIA NANUTI-ROMANIA 44 MEHMET SAHIN-TURKIYE
4 NECULAI STANCIU-ROMANIA 45 ALEX SZOROS-ROMANIA
5 MARIAN URSARESCU-ROMANIA 46 NGUYEN VIET HUNG-VIETNAM
6 BOGDAN FUSTEI-ROMANIA 47 SRINIVASA RAGHAVA-INDIA
7 DAN NANUTI-ROMANIA 48 NARENDRA BHANDARI-NEPAL
8 MARIN CHIRCIU-ROMANIA 49 IONUT FLORIN VOINEA-ROMANIA
9 FLORICA ANASTASE-ROMANIA 50 COSTEL FLOREA-ROMANIA
10 FLORENTIN VISESCU-ROMANIA 51 RAJEEV RASTOGI-INDIA
11 CATALIN CRISTEA-ROMANIA 52 BENNY LE VAN-VIETNAM
12 DANA HEUBERGER-ROMANIA 53 DORIN MARGHIDANU-ROMANIA
13 FLAVIU CRISTIAN VERDE-ROMANIA 54 NGUYEN VAN CANH-VIETNAM
14 ELENA NICOLAE-ROMANIA 55 PEDRO PANTOJA-BRAZIL
15 LUIZA DUMITRESCU-ROMANIA 56 GEORGE APOSTOLOPOULOS-GREECE
16 DELIA POPESCU-ROMANIA 57 ELENA GRIGORE-ROMANIA
17 LILIANA ARGETOIANU-ROMANIA 58 DAN GRIGORIE-ROMANIA
18 MIHAI IONESCU-ROMANIA 59 ELENA ALEXIE-ROMANIA
19 CARINA VIESPESCU-ROMANIA 60 CLAUDIU COANDA-ROMANIA
20 EUGENIA TURCU-ROMANIA 61 ELENA IACOB MEDA-ROMANIA
21 ROXANA VASILE-ROMANIA 62 GILENA DOBRICA-ROMANIA
22 LUIZA CREMENEANU-ROMANIA 63 MIHAELA DAIANU-ROMANIA
23 NINETA OPRESCU-ROMANIA 64 MIHAELA PUPAZA-ROMANIA
24 ROXANA POPESCU-ROMANIA 65 SIMONA RADU-ROMANIA
25 AURELIA PETRICA-ROMANIA 66 MADALINA GIURGESCU-ROMANIA
26 MONICA STANCA-ROMANIA 67 LUCIAN TUTESCU-ROMANIA
27 NICOLA CATALIN-ROMANIA 68 DAN MITRICOIU-ROMANIA
28 AUREL CHIRITA-ROMANIA 69 GEORGE FLORIN SERBAN-ROMANIA
29 NICOLAE OPREA-ROMANIA 70 ANICUTA PATRICIA BETIU-ROMANIA
30 IULIA SELEA-ROMANIA 71 MARIA LAVINIA POPA-ROMANIA
31 IONUT IVANESCU-ROMANIA 72 SORIN PIRLEA-ROMANIA
32 AMELIA CURCA NASTASELU-ROMANIA 73 DORINA GOICEANU-ROMANIA
33 MIREA MIHAELA MIOARA-ROMANIA 73 IULIA SANDA-ROMANIA
34 CLAUDIU CIULCU-ROMANIA 75 NICOLAE RADU-ROMANIA
35 LAVINIA TRINCU-ROMANIA 76 MIHAELA STANCELE-ROMANIA
36 MIHAELA NASCU-ROMANIA 77 DANIELA STOIAN-ROMANIA
37 CORINA IONESCU-ROMANIA 78 GIGI ZAHARIA-ROMANIA
38 LAURA ZAHARIA-ROMANIA 79 ALECU ORLANDO-ROMANIA
39 DELIA SCHNEIDER-ROMANIA 80 ILEANA STANCIU-ROMANIA
40 GABRIEL TICA-ROMANIA 81 OCTAVIAN STROE-ROMANIA
41 CRISTIAN MIU-ROMANIA 82 DAN RADU SECLAMAN-ROMANIA

NOTA: Pentru a publica probleme propuse, articole si note matematice in RMM puteti trimite
materialele pe mailul: dansitaru63@yahoo.com
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