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ABOUT AN INEQUALITY FROM RMM 

By Flaviu Cristian Verde-Romania 

In R.M.M. was published the inequality: 

ቆ
ଶݕ + ଶݖ

ଶݔ +
ଶݖ + ଶݔ

ଶݕ +
ଶݔ + ଶݕ

ଶݖ ቇ (ܽସ + ܾସ + ܿସ) ≥ ,ଶܨ96 ܤ) −  (ܰ,ܩ

where ݕ,ݔ, ݖ > 0 and ܽ,ܾ, ܿ are the lengths of the sides of triangle ܥܤܣ with 

ݏ −semiperimeter and ܨ −area. 

D.M.Bătineţu-Giurgiu, Dan Nănuţi 

The solution of this problem was published in [1], now we will developed this problem. 

Solution 1. Let’s denote: ݔଶ = ,ݑ ଶݕ = ,ݒ ଶݖ =  :and then we must show that ݓ

൬
ݒ + ݓ
ݑ +

ݓ + ݑ
ݒ +

ݑ + ݒ
ݓ ൰ (ܽସ + ܾସ + ܿସ) ≥ ;ଶܨ96 		(1) 

We have the inequality: 

෍
ݒ + ݓ
ݑ

௖௬௖

≥ ݓ,ݒ,ݑ∀,6 ∈ ℝା
∗ = (0,∞); 		(∗) 

and G. Goldner Inequality:  ܽସ + ܾସ + ܿସ ≥ ,ଶܨ16  (ܩ)
From (*),(G) we get: 

ቌ෍
ݒ + ݓ
ݑ

௖௬௖

ቍ (ܽସ + ܾସ + ܿସ) ≥ 6 ∙ ଶܨ16 =  ଶܨ96

which is (B-G,N). 
Solution 2. We have: 

ቌ෍
ଶݕ + ଶݖ

ଶݔ
௖௬௖

ቍቌ෍ܽସ
௖௬௖

ቍ ≥
1
2
ቌ෍൬

ݕ + ݖ
ݔ ൰

ଶ

௖௬௖

ቍቌ෍(ܽଶ)ଶ
௖௬௖

ቍ ≥
஻஼ௌ

 

≥
1
2
ቌ෍

ݕ + ݖ
ݔ ∙ ܽଶ

௖௬௖

ቍ

ଶ

≥
஻ă௧௜௡௘ţ௨ିீ௜௨௥௚௜௨ 1

2 ൫8√3ܨ൯
ଶ

=
1
2 ∙ 64 ∙ ଶܨ3 =  	ଶܨ96

Solution 3. We have: 

෍
ଶݕ + ଶݖ

ଶݔ
௖௬௖

≥
஺ெିீெ

2 ∙෍
ݖݕ
ଶݔ

௖௬௖

≥
஺ெିீெ

2 ∙ 3 ∙ ඨෑ
ݖݕ
ଶݔ

௖௬௖

య = 2 ∙ 3 ∙ 1 = 6,			(2) 

and 

ܽସ + ܾସ + ܿସ ≥
஺ெିீெ

3 ∙ ඥ(ܾܽܿ)ସయ = 3ඥ(4ܴܨ)ସయ = యܨ4ܴସ√ܨ12 ≥
ா௨௟௘௥

యܨଶܴଶ(ݎ2)ඥ4ܨ12 = 
 

= ܨଶݎඨ64ܨ12 ൬
ܴ
2൰

ଶయ

= ܨଶݎඨܨ48 ൬
ܴ
2൰

ଶయ

≥
ெ௜௧௥௜௡௢௩௜௖

ܨଶݎඨܨ48 ൬
ݏ

3√3
൰
ଶయ

= ඨܨ48
ଶݏܨଶݎ

27
య

= 
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= ଶయ(ݎݏ)ܨඥܨ16 = ଷయܨඥܨ16 = ;ଶܨ16 		(3) 
From (2),(3) we deduce that: 

ቌ෍
ଶݕ + ଶݖ

ଶݔ
௖௬௖

ቍቌ෍ܽସ
௖௬௖

ቍ ≥ 6 ∙ ଶܨ16 =  ଶܨ96

Generalization: 

If ݉ ≥ ,ݕ,ݔ,0 ݖ > 0 and triangle ܥܤܣ with ݏ −semiperimeter, ܨ −area, then: 

ቌ෍
ଶ௠ାଶݕ + ଶ௠ାଶݖ

ଶ௠ାଶݔ
௖௬௖

ቍቌ෍ܽସ௠ାସ

௖௬௖

ቍ ≥ 2ସ௠ାହ ∙ 3ଵି௠ ∙ ,ଶ௠ାଶܨ (∗∗) 

Proof.  We have 

ቌ෍
ଶ௠ାଶݕ + ଶ௠ାଶݖ

ଶ௠ାଶݔ
௖௬௖

ቍቌ෍ܽସ௠ାସ

௖௬௖

ቍ ≥
1

2ଶ௠ାଵ ቌ෍൬
ݔ + ݕ
ݖ ൰

ଶ௠ାଶ

௖௬௖

ቍቌ෍ܽସ௠ାସ

௖௬௖

ቍ = 

 

=
1

2ଶ௠ାଵቌ෍൬
ݔ + ݕ
ݖ ൰

ଶ(௠ାଵ)

௖௬௖

ቍቌ෍(ܽଶ)ଶ(௠ାଵ)

௖௬௖

ቍ ≥
ோ௔ௗ௢௡

 

 

≥
1

2ଶ௠ାଵ ∙
1

3௠
ቌ෍൬

ݔ + ݕ
ݖ ൰

ଶ

௖௬௖

ቍ

௠ାଵ

∙
1

3௠
ቌ෍(ܽଶ)ଶ
௖௬௖

ቍ

௠ାଵ

= 

 

=
1

2ଶ௠ାଵ ∙
1

3ଶ௠
ቌ෍൬

ݔ + ݕ
ݖ ൰

ଶ

௖௬௖

ቍ

௠ାଵ

ቌ෍(ܽଶ)ଶ
௖௬௖

ቍ

௠ାଵ

≥
஻஼ௌ

 

 

≥
1

2ଶ௠ାଵ ∙ 3ଶ௠
ቌ෍

ݔ + ݕ
ݖ ∙ ܽଶ

௖௬௖

ቍ

ଶ௠ାଶ

≥
஻ă௧௜௡௘ţ௨ିீ௜௨௥௚௜௨

 

 

≥
1

2ଶ௠ାଵ ∙ 3ଶ௠ ൫8√3ܨ൯
ଶ௠ାଶ

=
2଺௠ା଺

2ଶ௠ାଵ ∙ 3ଶ௠ ∙ 3௠ାଵ ∙ ଶ௠ାଶܨ = 2ସ௠ାହ ∙ 3ଵି௠ ∙  ଶ௠ାଶܨ

 
Note. If  ݉ = 0 then from relationship (**) we get (B-G,N) Inequality. 

References: 

[1] Chirciu Marin, About Bătineţu’s Inequalities-R.M.M.No.20 Spring Edition 2021, page 4-

10. 

[2] Romanian Mathematical Magazine-www.ssmrmh.ro 
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ONE DROP FROM THE APPLIED MATHEMATICS 

By Laviniu Bejenaru-Romania 

Problem: Giving one symmetric quatratic matrix A with the property (), decomposing it 

into a product Q⋅QT, where Q is a lower-triangular matrix and QT
 is the transpose matrix. 

()    each k-dimmensional upper left-corner minor has his determinant strict positive 

for 1kdimention of matrix  

Example: As one example, we can have the symmetric matrix 

 

ܣ = ൭
4 2 1
2 2 1
1 1 1

൱ with the minors ܯଵ = 4 > ଶܯ ,0 = ቂ4 2
2 2ቃ = 4 > 0,  

ଷܯ = อ
4 2 1
2 2 1
1 1 1

อ = 2 > 0. So, the solution is: 

ܳ = ቌ
2 0 0
1 1 0
ଵ
ଶ

ଵ
ଶ

√ଶ
ଶ

ቍ  

It can be verified that  

.൭
4 2 1
2 2 1
1 1 1

൱ = ቌ
2 0 0
1 1 0
ଵ
ଶ

ଵ
ଶ

√ଶ
ଶ

ቍ ∙

⎝

⎜
⎛

2 1 ଵ
ଶ

0 1 ଵ
ଶ

0 0 √ଶ
ଶ ⎠

⎟
⎞

 

Task: 

Find the Q factor such that A=Q⋅QT for = ൭
9 3 1
3 3 1
1 1 1

൱ . 

Mean:  

The Q matrix from the factorization A=Q⋅QT is called Cholescky factor of A and this kind of 

square-look-like operation has many applications: efficiently compute of the determinants, 

gradients in stochastic models, samples form a Gaussian distribution. 

References: 

Deisenroth M.P., Faisal A.A., Ong C.S. - Mathematics for Machine Learning, Cambridge 

University Press, 2020, ISBN 9781108679930 
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ABOUT SOME INEQUALITIES IN TRIANGLE 

By D.M.Bătineţu-Giurgiu, Daniel Sitaru-Romania 

Let be ࢓ ≥ ૙;࢞,࢟, ࢠ > 0 and ∆࡯࡮࡭ with ࡲ −area, ࢙ −semiperimeter, then: 

࢟ + ࢠ
࢞ ∙ ା૚࢓ࢇ +

+ࢠ ࢞
࢟ ∙ ା૚࢓࢈ +

࢞ + ࢟
ࢠ ∙ ା૚࢓ࢉ ≥ ૛࢓ା૛ ∙ ඥ૜૜ି࢓૝ ∙ ඥ࢓ࡲା૚; (∗) 

Proof. We have: 

෍
ݕ + ݖ
ݔ ∙ ܽ௠ାଵ

௖௬௖

≥ 2 ∙෍
ඥݖݕ
ݔ

௖௬௖

∙ ܽ௠ାଵ ≥ 2 ∙ 3 ∙ ඩෑ
ඥݖݕ
ݔ

௖௬௖

∙ ܽ௠ାଵ
య

= 6ඥ(ܾܽܿ)௠ାଵయ = 

= 6ඥ(4ܴܨ)௠ାଵయ = 6ඥ2ଶ௠ାଶ ∙ ܴ௠ାଵ ∙ ௠ାଵయܨ = 6ඨ2ଷ(௠ାଵ) ∙ ൬
ܴ
2൰

௠ାଵ

∙ ௠ାଵܨ
య

= 

= 6 ∙ 2௠ାଵඩቌඨ
ܴ
2 ∙ ඨ

ܴ
2 ∙ ቍܨ

௠ାଵ
య

≥
ா௨௟௘௥

2௠ାଶ ∙ 3 ∙ ඩቌඨ
ܴ
2 ∙ ݎ√ ∙ ቍܨ

௠ାଵ
య

≥
ெ௜௧௥௜௡௢௩௜௖

 

≥ 2௠ାଶ ∙ 3 ∙ ඩቌඨ
ݏ

3√3
∙ ݎ ∙ ቍܨ

௠ାଵ
య

= 2௠ାଶ ∙ 3 ∙ ඩቌඨ
ܨ

3√3
∙ ቍܨ

௠ାଵ
య

= 

= 2௠ାଶ ∙ 3 ∙ ඩቌඨ
ܨ
√3
ቍ

ଷ(௠ାଵ)
య

= 2௠ାଶ ∙ 3 ∙
൫√ܨ൯

௠ାଵ

൫√3ర ൯
௠ାଵ = 2௠ାଶ ∙ 3ଵି

೘శభ
ర ∙ ܨ

೘శభ
మ = 

= 2௠ାଶ ∙ 3
యష೘
ర ∙ ିܨ

೘శభ
మ  

If ݉ = 0 we get: 

෍
࢟ + ࢠ
࢞ ∙ ࢇ

ࢉ࢟ࢉ

≥ ૝ ∙ √૛ૠ૝ ∙ ;ࡲ√ 		(૚) 

If ݉ = 1 we get: 

෍
࢟ + ࢠ
࢞ ∙ ૛ࢇ

ࢉ࢟ࢉ

≥ ૡ√૜ ∙ ;ࡲ −࡮)			  (૚,ࡳ

hence the first Bătineţu-Giurgiu Inequality. 
If ݉ = 3 then we have 

෍
࢟ + ࢠ
࢞ ∙ ૝ࢇ

ࢉ࢟ࢉ

≥ ૜૛ ∙ ;૛ࡲ −࡮)			  (૛,ࡳ

hence the second Bătineţu-Giurgiu Inequality. 
If ݉ = 2 then we have: 

෍
࢟ + ࢠ
࢞ ∙ ૜

ࢉ࢟ࢉ

≥ ૚૟ ∙ √૜૜ ∙  ࡲ√ࡲ

If we denote ݑ = ݔ
భ

೘శభ,ݒ = ݕ
భ

೘శభ,ݓ = ݖ
భ

೘శభ then the inequality (*) becomes: 



Romanian Mathematical Society-Mehedinți Branch 2021 
 

8 ROMANIAN MATHEMATICAL MAGAZINE NR. 31 
 

෍
ݕ + ݖ
ݔ ∙ ܽ௠ାଵ

௖௬௖

= ෍
௠ାଵݒ + ௠ାଵݓ

௠ାଵݑ ∙ ܽ௠ାଵ

௖௬௖

≥
1

2௠෍൬
ݒ + ݓ
ݑ ൰

௠ାଵ
∙ ܽ௠ାଵ

௖௬௖

= 

=
1

2௠෍൬
ݒ + ݓ
ݑ ∙ ܽ൰

௠ାଵ

௖௬௖

≥
ோ௔ௗ௢௡ 1

2௠ ∙
1

3௠
ቌ෍

ݒ + ݓ
ݑ ∙ ܽ

௖௬௖

ቍ

௠ାଵ

≥ 

≥
(ଶ) 1

6௠ ൫4 ∙ √27ర ∙ ൯ܨ√
௠ାଵ

=
2ଶ௠ାଶ ∙ 3

య
ర(௠ାଵ) ∙ ܨ

భ
మ(௠ାଵ)

6௠ = 

= 2ଶ௠ାଶି௠ ∙ 3
య
ర(௠ାଵ)ି௠ ∙ ܨ

భ
మ(௠ାଵ) = 2௠ାଶ ∙ 3

భ
ర(ଷି௠) ∙ ܨ

భ
మ(௠ାଵ); 		(∗) 

hence we have the inequality (*). 
If in (*) we take ݉ = 5, then: 

෍
࢟ + ࢠ
࢞ ∙ ૟ࢇ

ࢉ࢟ࢉ

≥ ૛ૠ ∙ ૜
૚
૝(૜ି૞) ∙ ૜ࡲ =

૚૛ૡ
√૜

∙ ;૜ࡲ 			(૜) 

If in (*) we take ݉ = 7, then: 

෍
࢟ + ࢠ
࢞

∙ ૡࢇ
ࢉ࢟ࢉ

≥ ૛ૢ ∙ ඥ૜ି૝૝ ∙ ૝ࡲ =
૛૞૟
૜

∙ ;૝ࡲ 		(૝) 

Refference: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

 

NEW INEQUALITIES IN TRIANGLE 

By D.M.Bătineţu-Giurgiu, Daniel Sitaru, Neculai Stanciu-Romania 

 

Let be ∆࡯࡮࡭ with ࡲ −area, ࢙ −semiperimeter. 

Proposition.  If ࢞,࢟, ࢠ ∈ ℝା
∗ = (૙,∞), then 

࢟ + ࢠ
࢞ ∙ +࢈) (ࢉ +

ࢠ + ࢞
࢟ ∙ ࢉ) + (ࢇ +

࢞ + ࢟
ࢠ ∙ ࢇ) + (࢈ ≥ ૡ√૛ૠ૝ ∙  ࡲ√

Proof. We have: 

෍
ݕ + ݖ
ݔ ∙ (ܾ + ܿ)

௖௬௖

≥ 4 ∙෍
ඥݖݕ
ݔ ∙ √ܾܿ

௖௬௖

≥ 4 ∙ 3ඩෑ
ඥݖݕ
ݔ ∙ √ܾܿ

௖௬௖

య
= 

= 12√ܾܽܿయ = యܨ4ܴ√12 = 12ඨ8 ∙
ܴ
2 ∙ ܨ

య
= 24ඩඨ

ܴ
2 ∙ ඨ

ܴ
2 ∙ ܨ

య

≥
ா௨௟௘௥

24ඩ√ݎ ∙ ඨ
ܴ
2 ∙ ܨ

య

≥
ெ௜௧௥௜௡௢௩௜௖
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≥ 24ඩ√ݎ ∙ ඨ
ݏ

3√3
∙ ܨ

య

= 24ඨ
ݏݎ√
ඥ3√3

∙ ܨ
య

= 24 ∙
൫√3ర ൯

ସ

√3ర ∙ ܨ√ = 8√27ర ∙  ܨ√

From the inequality (1) we can prof some inequalities from [1] as follows: 

Theorem. If ࢓ ∈ [૚,∞);࢞,࢟, ࢠ > 0 then in any triangle ࡯࡮࡭ the following relationship 

holds: 

࢟ + ࢠ
࢞ ∙ +࢈) ࢓(ࢉ +

ࢠ + ࢞
࢟ ∙ ࢉ) + ࢓(ࢇ +

࢞ + ࢟
ࢠ ∙ +ࢇ) ࢓(࢈ ≥ ૛૛࢓ା૚ ∙ ૜

૚
૝(૝ି࢓) ∙ ࡲ

૚
૛∙࢓; (∗∗) 

Proof. Let’s denote ݑ = ݔ
భ
೘, ݒ = ݕ

భ
೘,ݓ = ݖ

భ
೘ and then 

෍
ݕ + ݖ
ݔ ∙ (ܾ + ܿ)௠

௖௬௖

= ෍
௠ݒ + ௠ݓ

௠ݑ ∙ (ܾ + ܿ)௠
௖௬௖

≥
1

2௠ିଵ෍ቆ
ݒ + ݓ
ݑ ∙ (ܾ + ܿ)ቇ

௠

௖௬௖

≥ 

≥
ோ௔ௗ௢௡ 1

2௠ିଵ ∙ 3௠ିଵቌ෍
ݒ + ݓ
ݑ ∙ (ܾ + ܿ)

௖௬௖

ቍ

௠

=
(∗) 1

6௠ିଵቌ෍
ݒ + ݓ
ݑ ∙ (ܾ + ܿ)

௖௬௖

ቍ

௠

≥
(∗)

 

≥
1

6௠ିଵ ൫8√27ర ∙ ൯ܨ√
௠

=
2ଷ௠ ∙ 3

య೘
ర ∙ ܨ

భ
మ௠

2௠ିଵ ∙ 3ଵି௠ = 2ଶ௠ାଵ ∙ 3
య
ర௠ି௠ାଵ ∙ ܨ

భ
మ௠

= 2ଶ௠ାଵ ∙ 3
భ
ర(ସି௠) ∙ ܨ

భ
మ௠  

q.e.d. 

If ݉ = 2 then the inequality (**) becomes as: 

෍
࢟ + ࢠ
࢞ ∙ ࢈) + ૛(ࢉ

ࢉ࢟ࢉ

≥ ૛૞ ∙ ૜
૚
૛ ∙ ࡲ = ૜૛√૜ ∙ ;ࡲ 		(૚) 

If ݉ = 4 then the inequality (**) becomes as: 

෍
࢟ + ࢠ
࢞ ∙ ࢈) + ૝(ࢉ

ࢉ࢟ࢉ

≥ ૛ૢ ∙ ૛ࡲ = ૞૚૛ ∙ ;૛ࡲ 			(૛) 

If ݉ = 8 then the inequality (**) becomes as: 

෍
࢟ + ࢠ
࢞ ∙ +࢈) ૡ(ࢉ

ࢉ࢟ࢉ

≥ ૛૚ૠ ∙ ૜ି૚ ∙ ૝ࡲ = ૛૚ૠ ∙
૚
૜ ∙ ࡲ

૝ =
૛૚ૠ ∙ ૝ࡲ

૜ ; 		(૝) 

Refference: 

[1] Chirciu M.,About Bătineţu’s inequalities, Romanian Mathematical Magazine-no.28-

2021, page.4-10. 
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TRIGONOMETRIC SUBSTITUTIONS IN PROBLEM SOLVING 

By Ioan Şerdean, Daniel Sitaru-Romania 

Abstract: In this paper are indicated a few useful trigonometric substitutions for solving 

problems. Solved problems are also a part of this article. 

Case 1: If ݔ, ,ݕ ݖ > ,݌;0 ,ݍ ݎ ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ 

1 + ଶݔ = 1 + ;݌ଶ݊ܽݐ 1 + ଶݕ = 1 + ;ݍଶ݊ܽݐ 1 + ଶݖ = 1 +  ݎଶ݊ܽݐ

1)ܨ + ,ଶݔ 1 + ,ଶݕ 1 + (ଶݖ = ܩ ൬
1

݌ଶݏ݋ܿ ,
1

ݍଶݏ݋ܿ ,
1

 ൰ݎଶݏ݋ܿ

Case 2: If ݔ, ,ݕ ݖ > ,݌;0 ,ݍ ݎ ∈ ቀ0, గ
ଶ
ቁ 

ඥ1 + ଶݔ =
1

ݏ݋ܿ ݌ ;ඥ1 + ଶݕ =
1

ݏ݋ܿ ݍ ;ඥ1 + ଶݖ =
1

ݏ݋ܿ  ݎ

ܨ ቀඥ1 + ଶ,ඥ1ݔ + ଶ,ඥ1ݕ + ଶቁݖ = ܩ ൬
1

ݏ݋ܿ ݌ ,
1

ݏ݋ܿ ݍ ,
1

ݏ݋ܿ  ൰ݎ

Case 3: If ݔ, ,ݕ ݖ > 0;݉ ≥ ,݌;0 ,ݍ ݎ ∈ ቀ0, గ
ଶ
ቁ 

ඥݔଶ + ݉ଶ = ݉ ݌݊ܽݐ ;ඥݕଶ + ݉ଶ = ݉ ݊ܽݐ ݍ ;ඥݖଶ + ݉ଶ = ݉ ݊ܽݐ  ݎ

ܨ ቀඥݔଶ + ݉ଶ ,ඥݕଶ + ݉ଶ ,ඥݖଶ + ݉ଶቁ = ܩ ൬
݉

ݏ݋ܿ ݌ ,
݉

ݏ݋ܿ ݍ ,
݉

ݏ݋ܿ  ൰ݎ

Case 4: If ݔ, ,ݕ ݖ > ,݌;0 ,ݍ ݎ ∈  [ߨ0,2]
ଷݔ4 − ݔ3 = ݏ݋ܿ ݌ ; ଷݕ4 − ݕ3 = ݏ݋ܿ ݍ ; ଷݖ4 − ݖ3 = ݏ݋ܿ  ݎ
ଷݔ4)ܨ − ,ݔ3 ଷݕ4 − ,ݕ3 ଷݖ4 − (ݖ3 = ݏ݋ܿ)ܨ ݌ , ݏ݋ܿ ݍ , ݏ݋ܿ  (ݎ

Case 5: If ݔ, ,ݕ ݖ > ,݌;0 ,ݍ ݎ ∈  [ߨ0,2]
ݔ3 − ଷݔ4 = ݊݅ݏ ݌ , ݕ3 − ଷݕ4 = ݊݅ݏ ݍ , ݖ3 − ଷݖ4 = ݊݅ݏ  ݎ
ݔ3)ܨ − ,ଷݔ4 ݕ3 − ,ଷݕ4 ݖ3 − (ଷݖ4 = ݊݅ݏ)ܨ ݌ , ݊݅ݏ ݍ , ݊݅ݏ  (ݎ

Case 6: If ݔ, ,ݕ ݖ > ,݌;0 ,ݍ ݎ ∈  [ߨ0,2]
ଶݔ2 − 1 = ݏ݋ܿ ݌ , ଶݕ2 − 1 = ݏ݋ܿ ݍ , ଶݖ2 − 1 = ݏ݋ܿ  ݎ
ଶݔ2)ܨ − ଶݕ1,2 − ଶݖ1,2 − 1) = ݏ݋ܿ)ܨ ݌ , ݏ݋ܿ ݍ , ݏ݋ܿ  (ݎ

Case 7: If ݔ, ,ݕ ݖ > ,݌;0 ,ݍ ݎ ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ 

ݔ2
1 − ଶݔ = ݌݊ܽݐ ,

ݕ2
1 − ଶݕ = ݊ܽݐ ݍ ,

ݖ2
1 − ଶݖ = ݊ܽݐ  ݎ

ܨ ൬
ݔ2

1 − ଶݔ ,
ݕ2

1 − ଶݕ ,
ݖ2

1 − ଶ൰ݖ = ݌݊ܽݐ)ܩ , ݊ܽݐ ݍ , ݊ܽݐ  (ݎ

Case 8: If ݔ, ,ݕ ݖ > ,݌;0 ,ݍ ݎ ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ 

ݔ2
1 + ଶݔ = ݌݊ܽݐ ,

ݕ2
1 + ଶݕ = ݊ܽݐ ݍ ,

ݖ2
1 + ଶݖ = ݊ܽݐ  ݎ

ܨ ൬
ݔ2

1 + ଶݔ ,
ݕ2

1 + ଶݕ ,
ݖ2

1 + ଶ൰ݖ = ݌݊ܽݐ)ܩ , ݊ܽݐ ݍ , ݊ܽݐ  (ݎ

Case 9: If ݔ, ,ݕ ݖ > ,݌;0 ,ݍ ݎ ∈ ቂ0, గ
ଶ
ቁ ∪ ቂߨ, ଷగ

ଶ
ቁ 

ݔ =
1

ݏ݋ܿ ݌ ; ݕ =
1

ݏ݋ܿ ݍ ; ݖ =
1

ݏ݋ܿ  ݎ

ଶݔ)ܨ − ଶݕ,1 − 1, ଶݖ − 1) = ,݌ଶ݊ܽݐ)ܩ ,ݍଶ݊ܽݐ  (ݎଶ݊ܽݐ
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Case 10: If ݕ,ݔ, ݖ > 0; ,|ݔ| ,|ݕ| |ݖ| ≥ ,݌,1 ,ݍ ݎ ∈ ቂ0, గ
ଶ
ቁ 

ܨ ቀඥݔଶ − 1,ඥݕଶ − 1,ඥݖଶ − 1ቁ = ݊ܽݐ)ܩ ݌ , ݊ܽݐ ݍ , ݊ܽݐ  (ݎ

ݔ =
1

ݏ݋ܿ ݌ , ݕ =
1

ݏ݋ܿ ݍ , ݖ =
1

ݏ݋ܿ  ݎ

Case 11: If 	ݕ,ݔ, ݖ > 0; ,|ݔ| ,|ݕ| |ݖ| ≥ 1, ,݌ ,ݍ ݎ ∈ ቂ0, గ
ଶ
ቁ 

ݔ =
݉

ݏ݋ܿ ݌ , ݕ =
݉

ݏ݋ܿ ݍ , ݖ =
݉

ݏ݋ܿ  ݎ

ܨ ቀඥݔଶ −݉ଶ ,ඥݕଶ −݉ଶ,ඥݖଶ −݉ଶቁ = ݊ܽݐ݉)ܩ ݌ ݊ܽݐ݉, ݍ ,݉ ݊ܽݐ  (ݎ

Case 12: If 	ݕ,ݔ, ݖ > ݕݔ;0 ≠ ݖݕ,1 ≠ 1, ݔݖ ≠ ,ݍ,݌,1 ݎ ∈ (0, గ
ଶ

) 
ݔ = ݊ܽݐ ݍ ݕ, = ݊ܽݐ ݍ , ݖ = ݊ܽݐ  ݎ

ܨ ൬
ݔ + ݕ

1 − ݕݔ ;
ݕ + ݖ

1 − ݖݕ ;
ݖ + ݔ

1 − ൰ݔݖ = ݌)݊ܽݐ)ܩ + (ݍ , ݍ)݊ܽݐ + (ݎ , ݎ)݊ܽݐ +  ((݌

Problem 1. If ݔ ∈ ℝ; |ݔ| ≤ 1; ݊ ∈ ℕ then: 
(1 − ௡(ݔ + (1 + ௡(ݔ ≤ 2௡ 

Proof. |ݔ| ≤ 1 ⇒ ݐ(∃) ∈ ቂ0, గ
ଶ
ቃ , ݔ = ݏ݋ܿ  ݐ2

Remains to prove:(1 − ݏ݋ܿ ௡(ݐ2 + (1 + ݏ݋ܿ ௡(ݐ2 ≤ 2௡ ⇔ 
௡(ݐଶ݊݅ݏ2) + ௡(ݐଶݏ݋2ܿ) ≤ 2௡ ⇔ ݐଶ௡݊݅ݏ + ݐଶ௡ݏ݋ܿ ≤ 1 

which is obviously because: 

൜݊݅ݏ
ଶ௡ݐ ≤ ݐଶ݊݅ݏ

ݐଶ௡ݏ݋ܿ ≤ ݐଶݏ݋ܿ
⇒ ݐଶ௡݊݅ݏ + ݐଶ௡ݏ݋ܿ ≤ ݐଶ݊݅ݏ + ݐଶݏ݋ܿ = 1 

Problem 2. If ܽ ∈ (−∞,−1) ∪ (1,∞) then: 
ඥܽଶ − 1 + √3 ≤ 2|ܽ| 

Proof.  |a| > 1 ⇒ (∃)|a| = ଵ
ୡ୭ୱ ஑

;α ∈ ቂ0, ஠
ଶ
ቁ 

Remains to prove: 

ඨ 1
ߙଶݏ݋ܿ − 1 + √3 ≤

2
ݏ݋ܿ ߙ ⇔ ߙ݊ܽݐ + √3 ≤

2
ݏ݋ܿ  ߙ

1
2
݊݅ݏ ߙ + √3 ݏ݋ܿ ߙ ≤ 1 ⇔ ݊݅ݏ ቀߙ +

ߨ
3
ቁ ≤ 1 

Problem 3. If ܽ ∈ (0,1) then: 
ቚ4(ܽଷ −ඥ(1 − ܽଶ)ଷ − 3 ቀܽ − ඥ1 − ܽଶቁቚ ≤ √2 

Proof. |ܽ| < 1 ⇒ ݔ(∃) ∈ ቂ0, గ
ଶ
ቁ ;ܽ = ݏ݋ܿ  ݔ

The inequality can be written: 
ቚ4(ܿݏ݋ଷݔ − ඥ(1 − ଷ(ݔଶݏ݋ܿ − 3 ቀܿݏ݋ ݔ − ඥ1 − ቁቚݔଶݏ݋ܿ ≤ √2 

ݔଷݏ݋ܿ)4| − (ݔଷ݊݅ݏ − ݏ݋ܿ)3 ݔ − ݊݅ݏ |(ݔ ≤ √2 ⇔ 
ݔଷݏ݋4ܿ)| − 3 ݏ݋ܿ (ݔ + (3 ݊݅ݏ ݔ − |(ݔଷ݊݅ݏ4 ≤ √2 ⇔ ݊݅ݏ| ݔ3 + ݏ݋ܿ |ݔ3 ≤ √2 ⇔ 

ቤܿݏ݋ ݔ3 ∙
√2
2 + ݊݅ݏ ݔ3 ∙

√2
2 ቤ ≤ 1 ⇔ ቚ݊݅ݏ ቀ3ݔ +

ߨ
4
ቁቚ ≤ 1 

Problem 4. If ݕ,ݔ ∈ 	ℝ then: 

ቤ
ݔ) + 1)(ݕ − (ݕݔ
(1 + ଶ)(1ݔ + ଶ)ቤݕ ≤

1
2 
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Proof. ݕ,ݔ ∈ 	ℝ ⇒ ݍ,݌(∃) ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ ; ݔ = ݊ܽݐ ݌ ݕ; = ݊ܽݐ  ݍ

ݔ) + 1)(ݕ − (ݕݔ
(1 + ଶ)(1ݔ + (ଶݕ =

݊ܽݐ) ݌ + ݊ܽݐ 1)(ݍ − ݊ܽݐ ݌ ݊ܽݐ (ݍ
(1 + 1)(݌ଶ݊ܽݐ + (ݍଶ݊ܽݐ = 

=
݌)݊݅ݏ + (ݍ ݌)	ݏ݋ܿ + ݍଶݏ݋ܿ݌ଶݏ݋ܿ(ݍ

ݏ݋ܿ ݌ ݏ݋ܿ ݍ ݊݅ݏ ݌ ݊݅ݏ ݍ = +݌)݊݅ݏ (ݍ ݌)ݏ݋ܿ + (ݍ =
1
2 +݌)2݊݅ݏ  (ݍ

Remains to prove: 

ฬ
1
2 ݊݅ݏ +݌)2 ฬ(ݍ ≤

1
2 ⇔

݊݅ݏ| +݌)2 |(ݍ ≤ 1 

Problem 5. If ܽ,ܾ ∈ ℝ then: 
ܽଶ(1 + ܾସ) + ܾଶ(1 + ܽସ) ≤ (1 + ܽସ)(1 + ܾସ) 

Proof.   ܽଶ ≥ 0,ܾଶ ≥ 0 ⇒ ݍ,݌(∃) ∈ ቂ0, గ
ଶ
ቁ , ܽଶ = ݊ܽݐ ݌ , ܾଶ = ݊ܽݐ  ݍ

݊ܽݐ ݌ (1 + (ݍଶ݊ܽݐ + ݊ܽݐ ݍ (1 + (݌ଶ݊ܽݐ ≤ (1 + 1)(݌ଶ݊ܽݐ +  (ݍଶ݊ܽݐ

݊ܽݐ ݌ ∙
1

ݍଶݏ݋ܿ + ݊ܽݐ ݍ ∙
1

݌ଶݏ݋ܿ ≤
1

݌ଶݏ݋ܿ ∙
1

ݍଶݏ݋ܿ 	⇔ ݊ܽݐ ݌ ∙ ݌ଶݏ݋ܿ + ݊ܽݐ ݍ ∙ ݍଶݏ݋ܿ ≤ 1 

݊݅ݏ ݌ ݏ݋ܿ ݌ + ݊݅ݏ ݍ ݏ݋ܿ ݍ ≤ 1 ⇔ 2 ݊݅ݏ ݌ ݏ݋ܿ ݌ + 2 ݊݅ݏ ݍ ݏ݋ܿ ݍ ≤ 2 
݊݅ݏ ݌2 + ݊݅ݏ ݍ2 ≤ 2 

which its obvious because ݊݅ݏ ݌2 ≤ 1, ݊݅ݏ ݍ2 ≤ 1. 
Problem 6. If ݕ,ݔ ≥ 0; ݔ + ݕ = 1 then: 

൬ݔଶ +
1
+ଶ൰ݔ ൬ݕଶ +

1
ଶ൰ݕ ≥

17
2  

Proof.  ݔ, ݕ ≥ 0 ⇒ ݌(∃) ∈ ;(ߨ0,2] ݔ = ݕ;݌ଶ݊݅ݏ =  ݌ଶݏ݋ܿ

݌ସ݊݅ݏ +
1

݌ସݏ݋ܿ + ݌ସݏ݋ܿ +
1

݌ସݏ݋ܿ = ݌ସ݊݅ݏ) + (݌ସݏ݋ܿ ൬1 +
1

൰݌ସݏ݋ܿ݌ସ݊݅ݏ = 

= (1 − (݌ଶݏ݋ܿ݌ଶ݊݅ݏ2 ൬1 +
16

݌ସ2݊݅ݏ
൰ = ቆ1 −

݌ଶ2݊݅ݏ
2

ቇ൬1 +
16

݌ସ2݊݅ݏ
൰ ≥ ൬1 −

1
2
൰൬1 +

16
1
൰

=
1
2 ∙ 17 =

17
2  

Problem 7. If ܽ,ܾ ∈ ℝ then: 

ܽଶ + (ܽ − ܾ)ଶ ≥
3− √5

2
(ܽଶ + ܾଶ) 

Proof. If ܾ = 0 inequality can be written: 

2ܽଶ ≥
3 − √5

2 ∙ ܽଶ ⇔ ܽଶ൫1 + √5൯ ≥ 0 

If ܾ ≠ 0, dividing by ܾଶ: ௔
మ

௕మ
+ ቀ௔

௕
− 1ቁ

ଶ
≥ ଷି√ହ

ଶ
ቀ௔

మ

௕మ
− 1ቁ 

But: ௔
௕
∈ ℝ ⇒ ݌(∃) ∈ ቀ− గ

ଶ
, గ
ଶ
ቁ ; ௔

௕
= ݊ܽݐ  ݌

݌ଶ݊ܽݐ + ݊ܽݐ) ݌ − 1)ଶ ≥
3 − √5

2
݌ଶ݊ܽݐ) + 1) ⇔ ݊݅ݏ)݌ଶ݊݅ݏ ݌ − ݏ݋ܿ ଶ(݌ ≥

3 − √5
2 ⇔ 

1 + ݌ଶ݊݅ݏ − 2 ݊݅ݏ ݌ ݏ݋ܿ ݌ ≥
3 − √5

2 ⇔ 2 + ݌ଶ݊݅ݏ2 − 2 ݊݅ݏ ݌2 ≥ 3 − √5 ⇔ 

1 − ݌ଶ݊݅ݏ2 + 2 ݊݅ݏ ݌2 ≤ √5 ⇔ ݏ݋ܿ ݌2 + 2 ݊݅ݏ ݌2 ≤ √5 ⇔
1
√5

ݏ݋ܿ ݌2 +
2
√5

݊݅ݏ ݌2 ≤ 1 ⇔ 

൬
1
√5
൰
ଶ

+ ൬
2
√5
൰
ଶ

= 1 ⇒ ݍ(∃) ∈ ቀ0,
ߨ
2
ቁ ;

1
√5

= ݊݅ݏ ݍ ;
2
√5

= ݏ݋ܿ  ݍ
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݊݅ݏ ݍ ݏ݋ܿ ݌2 + ݏ݋ܿ ݍ ݊݅ݏ ݌2 ≤ 1 ⇔ +݌2)݊݅ݏ (ݍ ≤ 1		 
Problem 8. If ܽ,ܾ ∈ [0,1] then: 

ቚܽඥ1 − ܾଶ + ܾඥ1 − ܽଶ + √3(ܾܽ − ඥ(1 − ܽଶ)(1 − ܾଶ)ቚ ≤ 2 

Proof. ܽ, ܾ ∈ [0,1] ⇒ ݍ,݌(∃) ∈ ቂ0,గ
ଶ
ቃ ;ܽ = sin݌ , ܾ = sin  ݍ

ቚsin݌ඥ1 − ݍଶ݊݅ݏ + sin ඥ1ݍ − ݌ଶ݊݅ݏ + √3(sin݌ sin ݍ − ඥ(1 − 1)(݌ଶ݊݅ݏ − ቚ(ݍଶ݊݅ݏ ≤ 2 

⇔ ቚsin݌ cos ݍ + sin ݍ cos +݌ √3(sin݌ sin ݍ − ඥ(1 − 1)(݌ଶ݊݅ݏ − ቚ(ݍଶ݊݅ݏ ≤ 2 

⇔ หsin(݌ + −(ݍ √3 cos(݌ + ห(ݍ ≤ 2 ⇔ ቤ
1
2 sin(݌ + −(ݍ

√3
2 cos(݌ + ቤ(ݍ ≤ 1 ⇔ 

ቚsin ቀ݌ + ݍ −
ߨ
3
ቁቚ ≤ 1 

Problem 9. Solve the following equation: 
ଷݔ − ݔ3 + ܽ(1 − (ଶݔ3 = 0; ܽ ∈ ℝ 

Proof. ݔ ∈ ℝ ⇒ (∃)ܾ ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ ; ݔ = tan ܾ 

ܽ(1 − (ଶܾ݊ܽݐ3 = 3 tan ܾ − ଷܾ݊ܽݐ ⇒ ܽ =
3 tan ܾ − ଷܾ݊ܽݐ

1 − ଶܾ݊ܽݐ3  

ܽ = 3 tan 3ܾ ⇒ 3ܾ = +ଵܽି݊ܽݐ ݇;ߨ݇ ∈ ℤ ⇒ ܾ =
1
3 ݊ܽݐ

ିଵ +
ߨ݇
3 ;݇ ∈ ℤ 

ݔ = tan ܾ = tan ൬
1
3 ݊ܽݐ

ିଵܽ+
ߨ݇
3 ൰ ; ݇ ∈ {−2,0,2} 

If ܽ = 1 the equation: ݔଷ − ଶݔ3 − ݔ3 + 1 = 0 has the solutions: 

ݔ = tan ൬
ߨ

12 +
ߨ݇
3 ൰ ;݇ ∈ ଵݔ,{2,0,2−} = tan

ߨ
12 ; ଶݔ = tan

ߨ
4 ; ଷݔ = tan൬−

ߨ7
4 ൰ 

If ܽ = 2 the equation: ݔଷ − ଶݔ6 − ݔ3 + 2 = 0 has the solutions: 

ݔ = tan ൬
1
3 ݊ܽݐ

ିଵ2 +
ߨ݇
3 ൰ ;݇ ∈ ଵݔ,{2,0,2−} = tan ൬

1
3 ݊ܽݐ

ିଵ2൰ ଶݔ, = ൬
1
3 ݊ܽݐ

ିଵ2 +
ߨ2
3 ൰, 

ଷݔ = tan ൬
1
3 ݊ܽݐ

ିଵ2 −
ߨ2
3 ൰ 

Problem 10. Solve the equation: 
ଷݔ4 − ݔ4 + ସݔ)ܽ − ଶݔ6 + 1) = 0;ܽ ∈ ℝ 

Proof. ݔ ∈ ℝ ⇒ (∃)ܾ ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ ; ݔ = tan ܾ ସܾ݊ܽݐ)ܽ; − ଶܾ݊ܽݐ6 + 1) = 4 tan ܾ −  ଷܾ݊ܽݐ4

ܽ =
4 tan ܾ − ଷܾ݊ܽݐ4

ସܾ݊ܽݐ − ଶܾ݊ܽݐ6 + 1 ⇒ ܽ = tan 4ܾ ⇒ ܾ =
1
4 tanିଵ ܽ ; 

ݔ = ൬݊ܽݐ
1
4 ݊ܽݐ

ିଵܽ +
ߨ݇
4 ൰ ;݇ ∈ ℤ 

If ܽ = 1 the equation: ݔସ + ଷݔ4 − ଶݔ6 − ݔ4 + 1 = 0 has the solutions: 

ଵݔ = tan
ߨ

16 ; ଶݔ = tan
ߨ5
16 ; ଷݔ = tan ൬−

ߨ3
16൰ ; ସݔ = tan

ߨ9
16 

Problem 11. Find the formula of the general term of the sequence given by the 
relationships: 

ଵݔ = ܽ;ܽ ∈ ௡ାଵݔ,[1,1−] = ௡ଶݔ2 − 1;݊ ≥ 1 
Proof. ݔଵ = ܽ ∈ [−1,1] ⇒ (∃)ܾ ∈ ܽ;[ߨ0,2] = cos ܾ ; ܾ =  ଵܽିݏ݋ܿ

ଶݔ = ଵଶݔ2 − 1 = ଶܾݏ݋2ܿ − 1 = cos 2ܾ ; ଷݔ	 = ଶଶݔ2 − 1 = cos(2ଶܾ) 
ସݔ = ଷଶݔ2 − 1 = cos(2ଷܾ) 

Through induction we can prove that: ݔ௡ = cos(2௡ିଵܾ) = cos(2௡ିଵܿିݏ݋ଵܽ) 
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Problem 12. Find the formula of the general term of the sequence given by the relationships: 
ଵݔ = ܽ;ܽ ∈ ௡ାଵݔ,[1,1−] = 1 − ݊;௡ଶݔ2 ≥ 1 

Proof. ݔଵ = ܽ ∈ [−1,1] ⇒ (∃)ܾ ∈ ܽ;[ߨ0,2] = sin ܾ ; ܾ =  ଵܽି݊݅ݏ
ଶݔ = 1 − ଵଶݔ2 = 1 − ଶܾ݊݅ݏ2 = cos(2ܾ) ; ଷݔ	 = 1 − ଶଶݔ2 = cos(2ଶܾ) 

Through induction we can prove that: ݔ௡ = cos(2௡ିଵܾ) = cos(2௡ିଵି݊݅ݏଵܽ) 
Problem 13. Find the formula of the general term of the sequence given by the 
relationships: 

ଵݔ = ܽ; ܽ ∈ ௡ାଵݔ,[1,1−] = ௡(3ݔ − ݊;(௡ଶݔ4 ≥ 1 
Proof. ݔଵ = ܽ ∈ [−1,1] ⇒ (∃)ܾ ∈ ܽ;[ߨ0,2] = sin ܾ ;ܾ =  ଵܽି݊݅ݏ

ଶݔ = ଵ(3ݔ − (ଵଶݔ4 = sin ܾ (3 − (ଶ3ܾ݊݅ݏ4 = sin(3ܾ) 
ଷݔ = ଶ(3ݔ − (ଶଶݔ4 = sin 3ܾ (3 − (ଶ3ܾ݊݅ݏ4 = sin(3ଶܾ) 

ସݔ = ଷ(3ݔ − (ଷଶݔ4 = sin(3ଶܾ) (3 − (ଶ(3ଶܾ)݊݅ݏ4 = sin(3ଷܾ) 
Through induction we can prove that: ݔ௡ = cos(3௡ିଵܾ) = cos(3௡ିଵି݊݅ݏଵܽ) 
Problem 14. Find the formula of the general term of the sequence given by the 
relationships: 

ଵݔ = ܽ; ܽ ∈ ௡ାଵݔ,[1,1−] = ௡ଶݔ௡(4ݔ − 3);݊ ≥ 1 
Proof. ݔଵ = ܽ ∈ [−1,1] ⇒ (∃)ܾ ∈ ܽ;[ߨ0,2] = cos ܾ ; ܾ =  ଵܽିݏ݋ܿ

ଶݔ = ଵଶݔଵ(4ݔ − 3) = cos ܾ ଶ3ܾݏ݋4ܿ) − 3) = cos(3ܾ) 
ଷݔ = ଶଶݔଶ(4ݔ − 3) = cos 3ܾ ଶ3ܾݏ݋4ܿ) − 3) = cos(3ଶܾ) 

ସݔ = ଷଶݔଷ(4ݔ − 3) = cos(3ଶܾ) −ଶ(3ଶܾ)݊݅ݏ4) 3) = cos(3ଷܾ) 
Through induction we can prove that: ݔ௡ = cos(3௡ିଵܾ) = cos(3௡ିଵܿିݏ݋ଵܽ) 
Problem 15. Find the formula of the general term of the sequence given by the 
relationships: 

ଵݔ = ܽ; ܽ ∈ ௡ାଵݔ,[1,1−] =
௡ݔ2

1 − ௡ଶݔ
; ݊ ≥ 1 

Proof. ݔଵ = ܽ ∈ [−1,1] ⇒ (∃)ܾ ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ ; ܽ = tan ܾ ; ܾ =  ଵܽି݊ܽݐ

ଶݔ =
ଵݔ2

1 − ଵଶݔ
=

2 tan ܾ
1 − ଶܾ݊ܽݐ = tan(2ܾ) ; ଷݔ	 =

ଶݔ2
1 − ଶଶݔ

=
2 tan(2ܾ)

1 − ଶ(2ܾ)݊ܽݐ = tan(2ଶܾ)	 

Through induction we can prove that: ݔ௡ = tan(2௡ିଵܾ) = tan(2௡ିଵି݊ܽݐଵܽ) 
Problem 16. Find the formula of the general term of the sequence given by the 
relationships: 

ଵݔ = ܽ;ܽ ∈ ௡ାଵݔ,[1,1−] =
௡ݔ3 − ௡ଷݔ

1 − ௡ଶݔ3
; ݊ ≥ 1 

Proof. ݔଵ = ܽ ∈ [−1,1] ⇒ (∃)ܾ ∈ ቀ− గ
ଶ

, గ
ଶ
ቁ ; ܽ = tan ܾ ; ܾ =  ଵܽି݊ܽݐ

ଶݔ =
ଵݔ3 − ଵଷݔ

1 − ଵଶݔ3
=

3 tan ܾ − ଷܾ݊ܽݐ
1 − ଶܾ݊ܽݐ3 = tan(3ܾ) ;	 

ଷݔ =
ଶݔ3 − ଶଷݔ

1 − ଶଶݔ3
=

3 tan(3ܾ) − ଷ(3ܾ)݊ܽݐ
1 − ଶ(3ܾ)݊ܽݐ3 = tan(3ଶܾ) 

Through induction we can prove that: ݔ௡ = tan(3௡ିଵܾ) = tan(3௡ିଵି݊ܽݐଵܽ) 
Proposed Problems: 

17. If ݔ ≥ 0 then: √ݔ − 1 + ඥݔ√ݔ − 1 <  ݔ

൭ܷ݁ݏ: ݔ =
1

݌ଶݏ݋ܿ ݌; ∈ ቂ0,
ߨ
2
ቁ൱ 
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18. If |ܽ| ≤ 1 then: ඥ1 + √1 − ܽଶ ቈට(1 + ܽ)ଷ −ඥ(1 − ܽ)ଷ቉ ≤ 2√2 + √2 − 2ܽଶ 

ܽ:݁ݏܷ) − cos݌ ݌; ∈ [0,  ([ߨ
19. If |ݔ| ≤ 1 then: √ଷିଶ

ଶ
≤ ଶݔ3√ + 1√ݔ − ଶݔ ≤ √ଷାଶ

ଶ
 

:݁ݏܷ) ݔ = cos݌ ; ݌ ∈  ([ߨ,0]
20. If ܽ ∈ [0,2] then: ห√2ܽ − ܽଶ − √3ܽ + √3ห ≤ 2 

ܽ:݁ݏܷ) − 1 = cos ݌ ݌, ∈ [0,  ([ߨ

21. If |ܽ| ≥ 1 then: ฬ√௔
మିଵା√ଷ
௔

ฬ ≤ 2 

൭ܷ݁ݏ:ܽ =
1

cos ݌ ݌; ∈ ቂ0,
ߨ
2
ቁ ∪ ൤ߨ,

ߨ3
2 ൰൱ 

22. If |ܽ| ≥ 1 then: −4 ≤ ହିଵଶ√௔మିଵ
௔మ

≤ 9 

൭ܷ݁ݏ:ܽ =
1

cos ݌ ݌; ∈ ቂ0,
ߨ
2
ቁ ∪ ൤ߨ,

ߨ3
2 ൰൱ 

Problem 23. If ݕ,ݔ, ݖ > 0, +ݕݔ ݖݕ + ݔݖ = 1 then: 
ݔ

1 + ଶݔ +
ݕ

1 + ଶݕ +
ݖ3

1 + ଶݖ ≤ √10 

Proof. ݕ,ݔ, ݖ > 0 ⇒ ܥ,ܤ,ܣ(∄) ∈ ቀ0, గ
ଶ
ቁ ; ݔ = ݊ܽݐ ஺

ଶ
, ݕ = ݊ܽݐ ஻

ଶ
, ݖ = ݊ܽݐ ஼

ଶ
 

ݔ
1 + ଶݔ =

݊ܽݐ ஺
ଶ

1 + ଶ݊ܽݐ ஺
ଶ

=
݊݅ݏ ஺

ଶ

ݏ݋ܿ ஺
ଶ

∙ ଶݏ݋ܿ
ܣ
2 = ݊݅ݏ

ܣ
2 ݏ݋ܿ

ܣ
2 

ݕ
1 + ଶݕ = ݊݅ݏ

ܤ
2 ݏ݋ܿ

ܤ
2 ;

ݖ
1 + ଶݖ = ݊݅ݏ

ܥ
2 ݏ݋ܿ

ܥ
2 

݊݅ݏ
ܣ
2 ݏ݋ܿ

ܣ
2 + ݊݅ݏ

ܤ
2 ݊݅ݏ

ܤ
2 + 3 ݊݅ݏ

ܥ
2 ݏ݋ܿ

ܥ
2 ≤ √10 ⇔ ݊݅ݏ ܣ + ܤ݊݅ݏ + 3 ݊݅ݏ ܥ ≤ 2√10 

⇔ ܣ݊݅ݏ + ݊݅ݏ ܤ = 2 ݊݅ݏ
ܣ + ܤ

2 ݏ݋ܿ
ܣ − ܤ

2 = 2 ݏ݋ܿ
ܥ
2 ݏ݋ܿ

ܤ − ܥ
2 ≤ 2 ݏ݋ܿ

ܥ
2 

2 ݏ݋ܿ
ܥ
2 + 3 ݊݅ݏ ܥ = 2 ݏ݋ܿ

ܥ
2 + 6 ݊݅ݏ

ܥ
2 ݏ݋ܿ

ܥ
2 ≤ 2 ݏ݋ܿ

ܥ
2 + 6 ݊݅ݏ

ܥ
2 = 2 ൬ܿݏ݋

ܥ
2 + 3 ݊݅ݏ

ܥ
2൰ ≤

஼஻ௌ
 

≤ 2 ∙ ඥ1ଶ + 3ଶ ∙ ඨ݊݅ݏଶ
ܥ
2 + ଶ	ݏ݋ܿ

ܥ
2 = 2 ∙ √10 ∙ 1 = 2√10 

Problem 24. If ݕ,ݔ, ݖ > 0; +ݕݔ ݖݕ + ݔݖ = 1 then: 
ݔ

√1 + ଶݔ
+

ݕ
ඥ1 + ଶݕ

+
ݖ

√1 + ଶݖ
≤

3
2 

Proof. ݕ,ݔ, ݖ > 0 ⇒ ܥ,ܤ,ܣ(∃) ∈ ቀ0, గ
ଶ
ቁ ; ݔ = ݐ݋ܿ ܣ , ݕ = ܤݐ݋ܿ , ݖ = ݐ݋ܿ  ܥ

ݔ
√1 + ଶݔ

= ݏ݋ܿ ܣ ; 	
ݕ

ඥ1 + ଶݕ
= ݏ݋ܿ ܤ ;

ݖ
√1 + ଶݖ

= ݏ݋ܿ  ܥ

Inequality to prove becomes a known one: 

ݏ݋ܿ ܣ + ݏ݋ܿ ܤ + ݏ݋ܿ ܥ ≤
3
2 

Problem 25. If ݕ,ݔ, ݖ > 0; ݔ + ݕ + ݖ =  :then ݖݕݔ
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ଶݔ) − ଶݕ)(1 − ଶݖ)(1 − 1) ≤ ඥ(ݔଶ + ଶݕ)(1 + ଶݖ)(1 + 1) 
Proof. If ݕ,ݔ, ݖ > 0 ⇒ ܥ,ܤ,ܣ(∃) ∈ ቀ0, గ

ଶ
ቁ ; ݔ = ݐ݋ܿ ஺

ଶ
ݕ, = ݐ݋ܿ ஻

ଶ
, ݖ = ݐ݋ܿ ஼

ଶ
 

Inequality to prove becomes: 
ଶݔ − 1
ଶݔ + 1 ∙

ଶݕ − 1
ଶݕ + 1 ∙

ଶݖ − 1
ଶݖ + 1 ≤

1
ඥ(ݔଶ + ଶݕ)(1 + ଶݖ)(1 + 1)

 

ଶݔ − 1
ଶݔ + 1 = ݏ݋ܿ ܣ ; 	

ଶݕ − 1
ଶݕ + 1 = ݏ݋ܿ ܤ ;

ଶݖ − 1
ଶݖ + 1 = ݏ݋ܿ  ܥ

1
ଶݔ√ + 1

= ݊݅ݏ
ܣ
2 ;

1
ඥݕଶ + 1

= ݊݅ݏ
ܤ
2 ;

1
ଶݖ√ + 1

= ݊݅ݏ
ܥ
2  

Inequality to prove can be written: 

ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ ܥ ≤ ݊݅ݏ
ܣ
2 ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 

cosܣ cosܤ =
1
2

[cos(ܣ − (ܤ + cos(ܣ + [(ܤ =
1
2

[cos(ܣ − (ܤ − cosܥ] ≤
1
2

(1 − cos C)

= sinଶ
C
2 

Analogous: ܿݏ݋ ܤ ݏ݋ܿ ܥ ≤ ଶ݊݅ݏ ஺
ଶ

; ݏ݋ܿ ܥ ݏ݋ܿ ܣ ≤ ଶ݊݅ݏ ஻
ଶ
 and multiplying its obtained the 

asked inequality. 
Problem 26. If ݕ,ݔ, ݖ > 0; +ݕݔ ݖݕ + ݔݖ = 1 then: 

ݔ
1 + ଶݔ +

ݕ
1 + ଶݕ +

ݖ
1 + ଶݖ ≥

3√3
4  

Proof. ݕ,ݔ, ݖ > 0 ⇒ ܥ,ܤ,ܣ(∃) ∈ ቀ0, గ
ଶ
ቁ ; ݔ = ܣ݊ܽݐ ݕ, = ݊ܽݐ ܤ , ݖ = ݊ܽݐ  ܥ

ݔ
1 + ଶݔ =

ܣ݊ܽݐ
1 + ܣଶ݊ܽݐ =

݊݅ݏ ܣ
ݏ݋ܿ ܣ ∙

ܣଶݏ݋ܿ
1 = ݊݅ݏ ܣ ݏ݋ܿ  ܣ

ݕ
1 + ଶݕ =

ܤ݊ܽݐ
1 + ܤଶ݊ܽݐ = ݊݅ݏ ܤ ݏ݋ܿ ܤ ; 	

ݖ
1 + ଶݖ = ݊݅ݏ ܥ ݏ݋ܿ  ܥ

Inequality to prove can be written: 

݊݅ݏ ܣ ݏ݋ܿ ܣ + ݊݅ݏ ܤ ݏ݋ܿ ܤ + ݊݅ݏ ܥ ݏ݋ܿ ܥ ≥
3√3

4 ⇔ ݊݅ݏ ܣ + ݊݅ݏ ܤ + ݊݅ݏ ܥ ≥
3√3

2  

݂: (ߨ,0) → ℝ;݂(ݔ) = ݊݅ݏ ݔ ; ݂ (ݔ)ʹ = ݏ݋ܿ ݔ (ݔ)"݂; = ݔ݊݅ݏ− < 0 ⇒ ݂ −concave.  
By Jensen’s inequality:݂ ቀ஺ା஻ା஼

ଷ
ቁ ≥ ଵ

ଷ
൫݂(ܣ) + (ܤ)݂ + ൯(ܥ)݂ ⇔ 

3 ݊݅ݏ
ߨ
3 ≥ ݊݅ݏ ܣ2 + ݊݅ݏ ܤ2 + ݊݅ݏ ܥ2 ⇔ ݊݅ݏ ܣ2 + ݊݅ݏ ܤ2 + ݊݅ݏ ܥ2 ≤

3√3
2  

Theorem 1. If ܥ,ܤ,ܣ ∈ ܣ;(ߨ,0) + ܤ + ܥ =  :then ߨ

݊ܽݐ
ܣ
2 ݊ܽݐ

ܤ
2 + ݊ܽݐ

ܤ
2 ݊ܽݐ

ܥ
2 + ݊ܽݐ

ܥ
2 ݊ܽݐ

ܣ
2 = 1 

Theorem 2. If  ܥ,ܤ,ܣ ∈ ܣ;(ߨ,0) + ܤ + ܥ =  :then ߨ

ଶ݊݅ݏ
ܣ
2 + ଶ݊݅ݏ

ܤ
2 + ଶ݊݅ݏ

ܥ
2 + 2 ݊݅ݏ

ܣ
2 ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 = 1 

Problem 27. If ݕ,ݔ, ݖ ∈ (0, ଶݔ;(∞ + ଶݕ + ଶݖ + ݖݕݔ2 = 1 then: 

ݕݔ + ݖݕ + ݔݖ ≤
3
4 

Proof. ݕ,ݔ, ݖ ∈ (0, ∞) ⇒ ܥ,ܤ,ܣ(∃) ∈ (0, ;(ߨ ݔ = ݊݅ݏ ஺
ଶ

ݕ, = ݊݅ݏ ஻
ଶ

, ݖ = ݊݅ݏ ஼
ଶ
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Inequality to prove becomes: 

݊݅ݏ
ܣ
2 ݊݅ݏ

ܤ
2 + ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 + ݊݅ݏ

ܥ
2 ݊݅ݏ

ܣ
2 ≤

3
4 

By Jensen’s inequality: ଵ
ଶ

= ݊݅ݏ గ
଺

= ݊݅ݏ ஺ା஻ା஼
଺

≥ ଵ
ଷ
ቀ݊݅ݏ ஺

ଶ
+ ݊݅ݏ ஻

ଶ
+ ݊݅ݏ ஼

ଶ
ቁ ⇒ 

݊݅ݏ
ܣ
2 + ݊݅ݏ

ܤ
2 + ݊݅ݏ

ܥ
2 ≤

3
2 

On the other hand:  

sin
ܣ
2 sin

ܤ
2 + sin

ܤ
2 sin

ܥ
2 + sin

ܥ
2 sin

ܣ
2 ≤

1
3 ൬݊݅ݏ

ܣ
2 + ݊݅ݏ

ܤ
2 + ݊݅ݏ

ܥ
2൰

ଶ

≤
1
3 ∙ ൬

3
2൰

ଶ

=
9

12 =
3
4 

Problem 28. If ݕ,ݔ, ݖ > 0; ଶݔ + ଶݕ + ଶݖ + ݖݕݔ2 = 1 then: 
ݔ + ݕ + ݖ ≥ ݖݕݔ4 + 1 

Proof. ݕ,ݔ, ݖ ∈ (0, ∞) ⇒ ܥ,ܤ,ܣ(∃) ∈ ቀ0, గ
ଶ
ቁ ; ݔ = ݏ݋ܿ ܣ ݕ, = ݏ݋ܿ ܤ , ݖ = ݏ݋ܿ  ܥ

Inequality to prove can be written: 
ݏ݋ܿ ܣ + ݏ݋ܿ ܤ + ݏ݋ܿ ܥ ≥ 4 ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ ܥ + 1 ⇔ 

2 ݏ݋ܿ
ܣ + ܤ

2 ݏ݋ܿ
ܣ − ܤ

2 + 1 − ଶ݊݅ݏ2
ܥ
2 ≥ ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ ܥ + 1 ⇔ 

2 ݏ݋ܿ
ܥ
2 ݏ݋ܿ

ܣ − ܤ
2 − ଶ݊݅ݏ2

ܥ
2 ≥ 4 ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ ܥ ⇔ 

2 ݏ݋ܿ
ߨ − ܥ

2 ݏ݋ܿ
ܣ − ܤ

2 − ଶ݊݅ݏ2
ܥ
2 ≥ 4 ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ ܥ ⇔ 

2 ݊݅ݏ
ܥ
2 ൬ܿݏ݋

ܣ − ܤ
2 − ݊݅ݏ

ܥ
2൰ ≥ 4 ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ ܥ ⇔ 

2 ݊݅ݏ
ܥ
2 ∙ 2 ∙ ݊݅ݏ

஺ି஻
ଶ

+ గି஼
ଶ

2 ݊݅ݏ
గି஼
ଶ
− ஺ି஻

ଶ
2 ≥ 4 ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ ܥ ⇔ 

4 ݊݅ݏ
ܣ
2 ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 ≥ 4 ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ  ܥ

Remains to prove: 

݊݅ݏ
ܣ
2 ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 ≥ ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ  ܥ

ܤ	ݏ݋ܿܣ	ݏ݋ܿ ≤
(cosܣ + cosܤ)ଶ

4 = ଶ݊݅ݏ
ܥ
2 	ݏ݋ܿ

ଶ ܣ − ܤ
2 ≤ ଶ݊݅ݏ

ܥ
2 

Analogous: 

cosܤ cosܥ ≤ ଶ݊݅ݏ
ܣ
2 ; cosܥ cosܣ ≤ ଶ݊݅ݏ

ܤ
2 

By multiplying: 

ܥଶݏ݋ܿܤଶݏ݋ܿܣଶݏ݋ܿ ≤ ଶ݊݅ݏ
ܣ
2 ݊݅ݏ

ଶ ܤ
2 ݊݅ݏ

ଶ ܥ
2 ⇔ ݊݅ݏ

ܣ
2 ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 ≥ ݏ݋ܿ ܣ ݏ݋ܿ ܤ ݏ݋ܿ  ܥ

Proposed Problems 
29. If ܽ ∈ ℝ; |ܽ| ≥ 1 then: 

ܽ +
ܽ

√ܽଶ − 1
≥ 2√2 

൭ܷ݁ݏ:ܽ =
1

cos ݌ ݌; ∈ ቂ0,
ߨ
2
ቁ ∪ ൤ߨ,

ߨ3
2 ൰൱ 

30. If ܽ ∈ ℝ then: 
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ቤ
3ܽ

√1 + ܽଶ
−

4ܽଶ

ඥ(1 + ܽଶ)ଷ
ቤ ≤ 1 

ቆܷ݁ݏ:ܽ = tan ݌ ݌; ∈ ቀ−
ߨ
2 ,
ߨ
2ቁቇ 

31. If ܽ ∈ ℝ then: 
5
2 ≤

12ܽସ + 8ܽଶ + 3
(1 + 2ܽଶ)ଶ ≤ 3 

൭ܷ݁ݏ: ܽ =
1
√2

tan݌ ; ݌ ∈ ቀ−
ߨ
2 ,
ߨ
2
ቁ൱ 

32. If ܽ ∈ ℝ then: 

−3 ≤
6ܽ + 4|ܽଶ − 1|

ܽଶ + 1 ≤ 5 

33. If ܽ ∈ [1,3] then: 
|4ܽଷ − 24ܽଶ + 45ܽ − 26| ≤ 1 

ܽ:݁ݏܷ) − 2 = cos  (ݔ
34. If ݔ ∈ ℝ then: 

ቤ
1)ݔ − ସݔ)(ଶݔ − ଶݔ6 + 1)

(1 + ଶ)ସݔ ቤ ≤
1
8 

:݁ݏܷ) ݔ = tan  (݌
35. If  ܽ,ܾ, ܿ,݀ ∈ ℝ; ܽଶ + ܾଶ = ܿଶ + ݀ଶ = 1 then: 

−√2 ≤ ܽ(ܿ + ݀) + ܾ(ܿ − ݀) ≤ 2 
ܽ:݁ݏܷ) = sin ݔ ;ܾ = cos ݔ ; ܿ = sin ݕ ;݀ = cosݕ) 

36. If  ܽ,ܾ ∈ ℝ;ܽଶ + ܾଶ = 1 then: 

൬ܽଶ +
1
ܽଶ൰

ଶ

+ ൬ܾଶ +
1
ܾଶ൰

ଶ

≥
25
2  

:݁ݏܷ) ܽ = sin ݔ ; ܾ = cosݔ) 
37. If ܽ,ܾ ∈ ℝ; ܽଶ + ܾଶ − 2ܽ − 4ܾ + 4 = 0 then: 

หܽଶ − ܾଶ + 2√3ܾܽ − 2൫1 + 2√3൯ܽ + ൫4 − 2√3൯ܾ + 4√3 − 3ห ≤ 2 
ܽ:݁ݏܷ) − 1 = sin ݔ ; ܾ − 2 = cosݔ) 

38. If ܽ ∈ [0,2]; ܾ ∈ [0,3] then: 
4 ≤ ܽଶ + ܾଶ + ܾܽ + ඥ4 − ܽଶ ∙ ඥ9 − ܾଶ ≤ 19 

39. If ݉, ݊ ∈ [1, ∞) then: 
݊√݉ − 1 + ݉√݊ − 1 ≤ ݉݊ 

൬ܷ݁ݏ:݉ =
1

ݔଶݏ݋ܿ ; ݊ =
1

ݕଶݏ݋ܿ ; ݕ,ݔ ∈ ቂ0,
ߨ
2
ቃ൰ 

40. If ݉, ݊ ∈ (0, ∞);݉ > ݊ then: 
ඥ݉ଶ − ݊ଶ + ඥ2݉݊ − ݊ଶ ≥ ݉ 
ቀܷ݁ݏ:

݊
݉ = sin ݔ ; ݔ ∈ ቂ0,

ߨ
2
ቃቁ 

41. If ݕ,ݔ ∈ ℝ; |ݔ| ≤ 1, |ݕ| ≤ 1 then: 
ඥ1 − ଶݔ + ඥ1 − ଶݕ ≤ ඥ4 − ݔ) +  ଶ(ݕ

:݁ݏܷ) ݔ = sin ݌ ; ݕ = sin  (ݍ
42. If ݔଵ,ݔଶ, … ௡ݔ, ∈ ଵଷݔ;[1,1−] + ଶଷݔ + ⋯+ ௡ଷݔ = 0 then: 
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ଵݔ + ଶݔ + ⋯+ ௡ݔ ≤
݊
3 

௜ݔ	:݁ݏܷ) = cos ௜݌ ௜݌; ∈ ;[ߨ,0] ݅ ∈ 1,݊തതതതത) 
ܽ = ݕ + ,ݖ ܾ = ݖ + ,ݔ ܿ = ݔ + ;ݕ ݏ = ݔ + ݕ + ܵ;ݖ = ඥݔ)ݖݕݔ + ݕ +  (ݖ

ܴ =
ݔ) + ݕ)(ݕ + ݖ)(ݖ + (ݔ

4ඥݔ)ݖݕݔ + ݕ + (ݖ
; ݎ = ඨ

ݖݕݔ
ݔ + ݕ +  ݖ

௔ݎ = ඨ
ݔ) + ݕ + ݖݕ(ݖ

ݔ ; ௕ݎ = ඨ
ݔ) + ݕ + ݔݖ(ݖ

ݕ ; ௖ݎ = ඨ
ݔ) + ݕ + ݕݔ(ݖ

ݖ  

݊݅ݏ
ܣ
2 = ඨ

ݖݕ
ݔ) + ݔ)(ݕ + (ݖ ; ݊݅ݏ

ܤ
2 = ඨ

ݔݖ
ݕ) + ݕ)(ݖ + (ݔ ; ݊݅ݏ

ܥ
2 = ඨ

ݕݔ
ݖ) + ݖ)(ݔ +  (ݕ

ݏ݋ܿ
ܣ
2 = ඨ

ݔ) + ݕ + ݔ(ݖ
ݔ) + ݔ)(ݕ + (ݖ ; ݏ݋ܿ

ܤ
2 = ඨ

ݔ) + ݕ + ݕ(ݖ
ݕ) + +ݕ)(ݔ (ݖ ; ݏ݋ܿ

ܥ
2 = ඨ

ݔ) + ݕ + ݖ(ݖ
ݖ) + ݖ)(ݔ +  (ݕ

݊ܽݐ
ܣ
2 = ට

ݖݕ
ݔ ; ݊ܽݐ

ܤ
2 = ඨ

ݔݖ
ݕ ; ݊ܽݐ

ܥ
2 = ට

ݕݔ
ݖ  

ݐ݋ܿ
ܣ
2 = ඨ

ݔ
ݖݕ ; ݐ݋ܿ

ܤ
2 = ට

ݕ
ݔݖ ; ݐ݋ܿ

ܥ
2 = ඨ

ݖ
 ݕݔ

݊ܽݐ
ܣ
2 ݊ܽݐ

ܤ
2 ݊ܽݐ

ܥ
2 = ඥݖݕݔ; ݐ݋ܿ

ܣ
2 ݐ݋ܿ

ܤ
2 ݐ݋ܿ

ܥ
2 =

1
ඥݖݕݔ

 

ݏ݋ܿ ܣ =
ݔ)ݔ + ݕ + (ݖ − ݖݕ

ݔ) + ݔ)(ݕ + (ݖ ; ݏ݋ܿ ܤ =
ݔ)ݕ + ݕ + (ݖ − ݖݔ

ݕ) + ݕ)(ݖ + (ݔ ; ݏ݋ܿ ܥ =
ݔ)ݖ + ݕ + (ݖ − ݕݔ

ݖ) + ݖ)(ݔ + (ݕ  

݊݅ݏ ܣ =
2ඥݔ)ݖݕݔ + ݕ + (ݖ

ݔ) + ݔ)(ݕ + (ݖ ; ݊݅ݏ ܤ =
2ඥݔ)ݖݕݔ + ݕ + (ݖ

ݕ) + ݕ)(ݖ + (ݔ ; ݊݅ݏ ܥ =
2ඥݔ)ݖݕݔ + ݕ + (ݖ

ݖ) + +ݖ)(ݕ (ݔ  

Problem 43. If ݕ,ݔ, ݖ > 0 then: 
ݕݔ2

ݖ) + ݖ)(ݔ + (ݕ +
ݖݕ2

ݔ) + ݔ)(ݕ + (ݖ +
ݔݖ3

ݕ) + ݕ)(ݖ + (ݔ ≥
5
3 

Proof. ܿݏ݋ ܣ = 1 − ଶ݊݅ݏ2 ஺
ଶ

= 1 − ଶ௬௭
(௫ା௬)(௫ା௭)

; 	 ଶ௬௭
(௫ା௬)(௫ା௭)

= ݏ݋ܿ  ܣ
ݖݕ2

ݔ) + ݔ)(ݕ + (ݖ =
1
2 −

1
2 ∙ ݏ݋ܿ ܣ ; 	

ݖݔ2
ݕ) + ݕ)(ݔ + (ݖ =

1
2 −

1
2 ∙ ݏ݋ܿ ܤ ; 

ݕݔ2
ݖ) + ݖ)(ݔ + (ݕ =

1
2 −

1
2 ∙ ݏ݋ܿ  ܥ

Inequality to prove can be written: 

2 ൬
1
2 −

1
2 ∙ ݏ݋ܿ +൰ܥ 2 ൬

1
2 −

1
2 ∙ ݏ݋ܿ ൰ܣ + 3 ൬

1
2 −

1
2 ∙ ݏ݋ܿ ൰ܤ ≥

5
3 ⇔ 

1 − ݏ݋ܿ ܥ + 1 − ݏ݋ܿ ܣ +
3
2 −

3
2 ∙ ݏ݋ܿ ܤ ≥

5
3 ; 		(1) 

ݏ݋ܿ ܣ + ݏ݋ܿ ܥ +
3
2 ݏ݋ܿ ܤ = 2 ݏ݋ܿ

ܣ + ܥ
2 ݏ݋ܿ

ܣ − ܥ
2 +

3
2 ݏ݋ܿ ܤ

= 2 ݊݅ݏ
ܤ
2 ݏ݋ܿ

ܣ − ܥ
2 +

3
2 ൬1 − ଶ݊݅ݏ2

ܤ
2൰ 

By (1), we need to prove: 
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7
2 − ݊݅ݏ2

ܤ
2 ݏ݋ܿ

ܣ − ܥ
2 −

3
2 + ଶ݊݅ݏ3

ܤ
2 ≥

5
3 ⇔ ଶ݊݅ݏ3

ܤ
2 − 2 ݊݅ݏ

ܤ
2 ݏ݋ܿ

ܣ − ܥ
2 +

1
3 ≥ 0 

3 ൬݊݅ݏ
ܤ
2 −

1
3 ݏ݋ܿ

ܣ − ܥ
2 ൰

ଶ

−
1
9 ݏ݋ܿ

ଶ ܣ − ܥ
2 +

1
3 ≥ 0 ⇔ 

3 ൬݊݅ݏ
ܤ
2 −

1
3 ݏ݋ܿ

ܣ − ܥ
2 ൰

ଶ

+
1
9 −

1
9 ݏ݋ܿ

ଶ ܣ − ܥ
2 +

2
9 ≥ 0 

3 ൬݊݅ݏ
ܤ
2 −

1
3 ݏ݋ܿ

ܣ − ܥ
2 ൰

ଶ

+
1
9 ݊݅ݏ

ଶ ܣ − ܥ
2 +

2
9 ≥ 0 

Problem 44. If ܽ, ܾ, ܿ > 0;ܽ + ܾ + ܿ = 1 then: 

ඨ ܾܽ
ܿ + ܾܽ + ඨ ܾܿ

ܽ + ܾܿ + ට
ܿܽ

ܾ + ܿܽ ≤
3
2 

Proof.  

෍ඨ ܾܽ
ܿ + ܾܽ

௖௬௖

≤
3
2 ⇔෍ඨ

ܾܽ
(ܿ + ܾܽ) ∙ 1

௖௬௖

≤
3
2 ⇔෍ඨ

ܾܽ
(ܿ + ܾܽ)(ܽ + ܾ + ܿ)

௖௬௖

≤
3
2 ⇔ 

෍ඨ
ܾܽ

ܿܽ + ܾܿ + ܿଶ + ܾܽ(ܽ + ܾ + ܿ)
௖௬௖

≤
3
2 ⇔෍ඨ ܾܽ

ܿܽ + ܾܿ + ܿଶ + ܾܽ
௖௬௖

≤
3
2 ⇔ 

෍ඨ
ܾܽ

(ܿ + ܽ)(ܿ + ܾ)
௖௬௖

≤
3
2 ; 		(2) 

Denote: ݔ = ܽ + ݕ;ܾ = ܾ + ܿ; ݖ = ܿ + ܽ; ݏ = ܽ + ܾ + ܿ and from (2) we must prove that: 

෍ඨ
ݏ) − ݏ)(ݕ − (ݖ

ݖݕ
௖௬௖

≤
3
2 

݂: (ߨ,0) → ℝ; (ݔ)݂ = ݊݅ݏ
ݔ
2 ;݂ (ݔ)ʹ =

1
2 ݏ݋ܿ

ݔ
2 ; (ݔ)"݂ = −

1
4 ݊݅ݏ

ݔ
2 ≤ 0		 

By Jensen’s Inequality, we have: 

(ܣ)݂ + (ܤ)݂ + (ܥ)݂ ≤ 3݂ ൬
ܣ + ܤ + ܥ

3 ൰ ⇔ sin
ܣ
2 + sin

ܤ
2 + sin

ܥ
2 ≤ 3 sin

ߨ
3 =

3
2 

sin
ܣ
2 = ඨ

ݏ) − ݏ)(ݕ − (ݖ
ݖݕ ; sin

ܤ
2 = ඨ

ݏ) − ݏ)(ݔ − (ݖ
ݔݖ ; sin

ܥ
2 = ඨ

ݏ) − ݏ)(ݔ − (ݕ
ݕݔ  

Problem 45. If ݕ,ݔ, ݖ > 0 then: 

ඥݕ)ݔ + (ݖ + ඥݖ)ݕ + (ݔ + ඥݔ)ݖ + (ݕ ≥ 2ඨ
ݔ) + +ݕ)(ݕ ݖ)(ݔ + (ݔ

ݔ + ݕ + ݖ  

(D.Grinberg) 
Proof.  

ඨ
ݔ)ݔ + ݕ + (ݖ

ݔ) + ݔ)(ݕ + (ݖ + ඨ
ݔ)ݕ + ݕ + (ݖ

ݕ) + ݕ)(ݖ + (ݔ + ඨ
ݔ)ݖ + ݕ + (ݖ

ݖ) + ݖ)(ݔ + (ݕ ≥ 2 

ܽ = ݔ + ;ݕ ܾ = ݕ + ;ݖ ܿ = ݖ + ;ݔ ݏ = ݔ + ݕ +  ݖ
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ඨݏ
ݏ) − ܾ)
ܽܿ + ඨݏ

ݏ) − ܿ)
ܾܽ + ඨݏ

ݏ) − ܽ)
ܾܿ ≥ 2 ⇔ cos

ܣ
2 + cos

ܤ
2 + cos

ܥ
2 ≥ 2 

ܣ = ߨ − ܤ;ʹܣ2 = ߨ − ܥ;ʹܤ2 = ߨ −  ʹܥ2

cos
ߨ − ʹܣ2

2 + cos
ߨ − ʹܤ2

2 + cos
ߨ − ʹܥ2

2 ≥ 2 ⇔ sinܣʹ + sinܤʹ + sinܥʹ ≥ 2 

By Jordan’s Inequality: 

sinܣʹ ≥
ʹܣ2

ߨ ; sinܤʹ ≥
ʹܤ2

ߨ ; sin ʹܥ ≥
ܥ2 ʹ

ߨ  

By adding: 

sinܣʹ + sinܤʹ + sin ʹܥ ≥
ʹܣ)2 + ʹܤ + ܥ ʹ)

ߨ =
ߨ2
ߨ = 2 

Problem 46. If ܽ, ܾ, ܿ ≥; ܽ + ܾ + ܿ = ܾܽܿ then: 

ඨ1 +
1
ܽଶ + ඨ1 +

1
ܾଶ + ඨ1 +

1
ܿଶ ≥ 2√3 

(A.Nicolaescu;C.Pătraşcu) 
Proof.  ܽ = tanܣ ; ܾ = tanܤ ; ܿ = tan ܥ ܥ,ܤ,ܣ; ∈ ቀ0, గ

ଶ
ቁ 

Inequality can be written: 

ඨ1 +
1

ܣଶ݊ܽݐ + ඨ1 +
1

ܤଶ݊ܽݐ + ඨ1 +
1

ܥଶ݊ܽݐ ≥ 2√3 ⇔
1

sinܣ +
1

sinܤ +
1

sinܥ ≥ 2√3 

1
sinܣ +

1
sinܤ +

1
sin ܥ ≥

஻஼ௌ (1 + 1 + 1)ଶ

sinܣ + sinܤ + sin ܥ ≥
9
ଷ√ଷ
ଶ

= 2√3 

Problem 47. If ݕ,ݔ, ݖ > 0; ݔ + ݕ + ݖ =  :then ݖݕݔ

ඨݔ
ସ

3 + ඨݕ
ସ

3 + 1 + ඨݖ
ସ

3 + 1 ≥ 6 

(George Apostolopoulos) 
Proof. Denote: ܽଶ = √3 ܣ݊ܽݐ ; 	ܾଶ = √3 ݊ܽݐ ܤ ; ܿଶ = √3 ݊ܽݐ  ܥ

ඨ3݊ܽݐଶܣ
3 + ඨ3݊ܽݐଶܤ

3 + 1 + ඨ3݊ܽݐଶܥ
3 + 1 ≥ 6 

ඥ1 + ܣଶ݊ܽݐ + ඥ1 + ܤଶ݊ܽݐ + ඥ1 + ܥଶ݊ܽݐ ≥ 6 ⇔
1

ݏ݋ܿ ܣ +
1

ݏ݋ܿ ܤ +
1

ݏ݋ܿ ܥ ≥ 6 

1
ݏ݋ܿ ܣ +

1
ݏ݋ܿ ܤ +

1
ݏ݋ܿ ܥ ≥

஻஼ௌ (1 + 1 + 1)ଶ

ݏ݋ܿ ܣ + ݏ݋ܿ ܤ + ݏ݋ܿ ܥ =
9
ଷ
ଶ

= 6 

Problem 48. If ݕ,ݔ, ݖ > 0; ݔ + ݕ + ݖ =  :then ݖݕݔ
ݕݔ + ݖݕ + ݔݖ ≥ 3 + ඥݔଶ + 1 + ඥݕଶ + 1 + ඥݖଶ + 1 

Proof. Denote: ݔ = ݊ܽݐ ܣ ; ݕ = ܤ݊ܽݐ ; ݖ = ݊ܽݐ  ܥ
Inequality can be written: 

݊ܽݐ ܣ ݊ܽݐ ܤ + ܤ݊ܽݐ ݊ܽݐ ܥ + ݊ܽݐ ܥ ܣ݊ܽݐ ≥ 3 +
1

ݏ݋ܿ ܣ +
1

ݏ݋ܿ ܤ +
1

ݏ݋ܿ ܥ ⇔ 

ܣ݊ܽݐ) ݊ܽݐ ܤ − 1) + ܤ݊ܽݐ) ݊ܽݐ ܥ − 1) + ܥ݊ܽݐ) ܣ݊ܽݐ − 1) ≥
1

ݏ݋ܿ ܣ +
1

ݏ݋ܿ ܤ +
1

ݏ݋ܿ  ܥ
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݊݅ݏ ܣ ݊݅ݏ ܤ − ݏ݋ܿ ܣ ݏ݋ܿ ܤ
ݏ݋ܿ ܣ ݏ݋ܿ ܤ +

݊݅ݏ ܤ ݊݅ݏ ܥ − ݏ݋ܿ ܤ ݏ݋ܿ ܥ
ݏ݋ܿ ܤ ݏ݋ܿ ܥ +

݊݅ݏ ܥ ݊݅ݏ ܣ − ݏ݋ܿ ܥ ݏ݋ܿ ܣ
ݏ݋ܿ ܥ ݏ݋ܿ ܣ ≥ 

≥
1

ݏ݋ܿ ܣ +
1

ݏ݋ܿ ܤ +
1

ݏ݋ܿ ܥ ⇔ 
ܣ)ݏ݋ܿ + (ܤ
ݏ݋ܿ ܣ ݏ݋ܿ ܤ +

ܤ)ݏ݋ܿ + (ܥ
ݏ݋ܿ ܤ ݏ݋ܿ ܥ +

ܥ)ݏ݋ܿ + (ܣ
ݏ݋ܿ ܥ ݏ݋ܿ ܣ ≥

1
ݏ݋ܿ ܣ +

1
ݏ݋ܿ ܤ +

1
ݏ݋ܿ ܥ ⇔ 

ݏ݋ܿ ܥ
ݏ݋ܿ ܣ ݏ݋ܿ ܤ +

ݏ݋ܿ ܣ
ݏ݋ܿ ܤ ݏ݋ܿ ܥ +

ݏ݋ܿ ܤ
ݏ݋ܿ ܥ ݏ݋ܿ ܣ ≥

1
ݏ݋ܿ ܣ +

1
ݏ݋ܿ ܤ +

1
ݏ݋ܿ ܥ ⇔ 

ܣଶݏ݋ܿ + ܤଶݏ݋ܿ + ܥଶݏ݋ܿ ≥ ݏ݋ܿ ܣ ݏ݋ܿ ܤ + ݏ݋ܿ ܤ ݏ݋ܿ ܥ + ݏ݋ܿ ܥ ݏ݋ܿ ܣ ⇔ 
ݏ݋ܿ) ܣ − ݏ݋ܿ ଶ(ܤ + ݏ݋ܿ) ܤ − ݏ݋ܿ ଶ(ܥ + ݏ݋ܿ) ܥ − ݏ݋ܿ ଶ(ܣ ≥ 0 

Problem 49. If ݕ,ݔ, ݖ > 0; +ݕݔ ݖݕ + ݔݖ = 1 then: 
1 − ଶݔ

1 + ଶݔ +
1− ଶݕ

1 + ଶݕ +
1− ଶݖ

1 + ଶݖ ≤
3
2 

(C.Popescu) 
Proof. Denote ݔ = ݊ܽݐ ஺

ଶ
ݕ; = ݊ܽݐ ஻

ଶ
ݖ; = ݊ܽݐ ஼

ଶ
 

Inequality can be written: 
1 − ଶ݊ܽݐ ஺

ଶ

1 + ଶ݊ܽݐ ஺
ଶ

+
1 − ଶ݊ܽݐ ஻

ଶ

1 + ଶ݊ܽݐ ஻
ଶ

+
1 − ଶ݊ܽݐ ஼

ଶ

1 + ଶ݊ܽݐ ஼
ଶ

≤
3
2 ⇔ ܣݏ݋ܿ + ݏ݋ܿ ܤ + ݏ݋ܿ ܥ ≤

3
2 

Problem 50. If ܽ, ܾ, ܿ > 0;ܽ + ܾ + ܿ = 1 then: 
ܽଶ + ܾଶ + ܿଶ + 2√2ܾܽܿ ≤ 1 

Proof. Denote ܽ = ;ݕݔ ܾ = ;ݖݕ ܿ =  ݔݖ
ܽ + ܾ + ܿ = 1 ⇔ ݕݔ + ݖݕ + ݔݖ = 1 

For ݔ = ݊ܽݐ ஺
ଶ

ݕ; = ݊ܽݐ ஻
ଶ

; ݖ = ݊ܽݐ ஼
ଶ

ܥ,ܤ,ܣ; ∈ ቀ0, గ
ଶ
ቁ 

Inequality can be written: 
ଶݕଶݔ + ଶݖଶݕ + ଶݔଶݖ + ݖݕݔ3√2 ≤ 1 ⇔ 

ݕݔ) + ݖݕ + ଶ(ݔݖ − ݔ)ݖݕݔ2 + ݕ + (ݖ + 2√3 + ݖݕݔ ≤ 1 
1 − ݔ)ݖݕݔ2 + ݕ + (ݖ + ݖݕݔ3√2 ≤ 1 ⇔ ݔ + ݕ + ݖ ≥ √3 

݊ܽݐ
ܣ
2 + ݊ܽݐ

ܤ
2 + ݊ܽݐ

ܥ
2 ≥ √3 

Problem 51. If ݕ,ݔ, ݖ > 1; ଵ
௫

+ ଵ
௬

+ ଵ
௭

= 2 then: 

ݔ√ − 1 + ඥݕ − 1 + ݖ√ − 1 ≤ ඥݔ + ݕ +  ݖ
Proof. Denote ݔ = ܽ + ݕ;1 = ܾ + 1; ݖ = ܿ + 1;ܽ, ܾ, ܿ > 0 

1
ݔ +

1
ݕ +

1
ݖ = 2 ⇔ ܾܽ + ܾܿ + ܿܽ + 2ܾܽܿ = 1 

Inequality can be written: 
√ܽ + √ܾ + √ܿ ≤ √ܽ + ܾ + ܿ 

For ܾܽ = ଶ݊݅ݏ ஺
ଶ

; ܾܿ = ଶ݊݅ݏ ஻
ଶ

; ܿܽ = ଶ݊݅ݏ ஼
ଶ

ܥ,ܤ,ܣ; ∈ ቀ0, గ
ଶ
ቁ 

ଶ݊݅ݏ
ܣ
2 + ଶ݊݅ݏ

ܤ
2 + ଶ݊݅ݏ

ܥ
2 + 2 ݊݅ݏ

ܣ
2 ݊݅ݏ

ܤ
2 ݊݅ݏ

ܥ
2 = 1 

By squaring inequality to prove becomes: 

√ܾܽ + √ܾܿ + √ܿܽ ≤
3
2 ⇔ ݊݅ݏ

ܣ
2 + ݊݅ݏ

ܤ
2 + ݊݅ݏ

ܥ
2 ≤

3
2 
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Proposed Problems 
52. If ܽ,ܾ ∈ ℝ; 15ܽ+ 12ܾ + 7 = 13 then: 

ܽଶ + ܾଶ + 2(ܾ − ܽ) ≥ −1 
:݁ݏܷ) ܽ − 1 = ܴ sin ݌ ; ܾ + 1 = ܴ cos  			(݌

53. If ܽ,ܾ ∈ ℝ; |ܽ| ≥ 1; |ܾ| ≥ 1 then: 

ቤ
√ܽଶ − 1 + √ܾଶ − 1

ܾܽ
ቤ ≤ 1 

൬ܷ݁ݏ:ܽ =
1

cos ݌ ; ܾ =
1

cos ݍ ; ,݌ ݍ ∈ ቂ0,
ߨ
2
ቃ ∪ ൤ߨ,

ߨ3
2 ൨൰ 

54. If |ݔ| ≥ 1; |ݕ| ≥ 1 then: 
ଶݔඥݕ − 1 + 4ඥݕଶ − 1 + 3 ≤  26√ݕݔ

൭ܷ݁ݏ: ݔ =
1

cos݌ ݕ; =
1

cosݍ ,݌; ݍ ∈ ቀ0,
ߨ
2
ቁ൱ 

55. If ݕ,ݔ, ݒ,ݑ ∈ ℝ; ଶݔ + ଶݕ = ଶݑ + ଶݒ = 1 then: 
a. |ݑݔ + |ݒݕ ≤ 1 
b. |ݒݔ + |ݑݕ ≤ 1 
c. −2 ≤ ݔ) − ݑ)(ݕ + (ݒ + ݔ) + ݑ)(ݕ − (ݒ ≤ 2 
d. −2 ≤ ݔ) + ݑ)(ݕ + −(ݒ ݔ) − ݑ)(ݕ − (ݒ ≤ 2 

൫ܷ݁ݏ: ݔ = cos ܽ ; ݕ = sinܽ ݑ; = cos ܾ ; ݒ = sin ܾ ;ܽ,ܾ ∈  ൯(ߨ0,2)
56. If ܽ,ܾ ∈ ℝ then:  
a. (ܽ + ܾ)ସ ≤ 8(ܽସ + ܾସ) 
b. (ܽ + ܾ)଺ ≤ 32(ܽ଺ + ܾ଺) 

൭ܷ݁ݏ: tan ݔ =
ܾ
ܽ ; ݔ ∈ ቀ−

ߨ
2 ,
ߨ
2
ቁ൱ 

57. If ݕ,ݔ ∈ ℝ; ݕݔ ≠ 0 then: 

−2√2 − 2 ≤
ଶݔ − ݔ) − ଶ(ݕ4

ଶݔ + ଶݕ4 ≤ 2√2 − 2 

:݁ݏܷ) ݔ = ݕ2 tan݌ ; ݌ ∈ ቀ−
ߨ
2 ,
ߨ
2ቁ 

58. If ݕ,ݔ ∈ ℝ; ଶݔ36 + ଶݕ16 = 9 then: 
15
4 ≤ ݕ − ݔ2 + 5 ≤

25
4  

൬ܷ݁ݏ: ݔ =
1
2 cos ݌ ݕ; =

3
4 sin ݌ ݌; ∈  ൰[ߨ0,2]

59. If ݕ,ݔ ∈ ℝ; ݔ3 + ݕ4 = 5 then ݔଶ + ଶݕ ≥ 1 

൬ܷ݁ݏ: sin ݌ =
3
5 ; cos݌ =

4
5൰ 

60. If ܽ,ܾ ∈ ℝ; 4ܽଶ + 9ܾଶ = 25 then: 
|6ܽ + 12ܾ| ≤ 25 

൬ܷ݁ݏ:
2
5 ܽ = sin ݌ ;

3
5 ܾ = cos ݌ ݌; ∈  ൰[ߨ0,2]

61. If ݕ,ݔ, ܽ,ܾ, ܿ > ݔܽ;0 + ݕܾ = 0; ܽଶ + ܾଶ = ܿଶ then: ݔଶ + ଶݕ ≥ 1 

൭ܷ݁ݏ:
ܽ
ܿ = cos݌ ;

ܾ
ܿ = sin ݌ ݌; ∈  ൱(ߨ0,2]
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62. If ܽ > ܾ > ܿ > 0 then: 
ඥܿ(ܽ − ܿ) + ඥܿ(ܾ − ܿ) ≤ √ܾܽ 

ቌܷ݁ݏ:	ට
ܿ
ܽ = sin݌ ;ට

ܽ − ܿ
ܽ = cos݌ ;ට

ܿ
ܾ = sin ݒ ;ඨ

ܾ − ܿ
ܾ = cos ݒ ; ݒ,ݑ ∈ ቂ0,

ߨ
2
ቃቍ 

 

NEW GENERALIZATIONS OF INEQUALITIES IN TRIANGLE 

By D.M.Bătineţu-Giurgiu, Claudia Nănuţi, Daniel Sitaru-Romania 

Let be ࢓ ≥ ૚;࢖,࢔ ≥ ૙;࢔ + ,࢟,࢞,࢖ ࢠ > 0 and the triangle ࡯࡮࡭ with ࡲ −area, then: 

࢟ + ࢠ
࢞ +࢈࢔) ࢓(ࢉ࢖ +

ࢠ + ࢞
࢟ ࢉ࢔) + ࢓(ࢇ࢖ +

࢞ + ࢟
ࢠ ࢇ࢔) + ࢓(࢈࢖

≥ ૛࢓ା૚ ∙ ࢔) + ࢓(࢖ ∙ ൫√૜૝ ൯
૝ି࢓

∙ ࡲ
࢓
૛ ; 			(∗) 

Proof. We have: 

෍
ݕ + ݖ
ݔ

(ܾ݊ + ௠(ܿ݌
௖௬௖

= ෍
௠ݒ + ௠ݓ

௠ݑ
௖௬௖

(ܾ݊ + ௠(ܿ݌ ≥
1

2௠ିଵ ∙෍ቆ
ݒ + ݓ
ݑ

(ܾ݊ + ቇ(ܿ݌
௠

௖௬௖

≥ 

≥
ோ௔ௗ௢௡ 1

2௠ଵ ∙
1

3௠ିଵቌ෍
ݒ + ݓ
ݑ

(ܾ݊ + (ܿ݌
௖௬௖

ቍ

௠

=
1

6௠
ቌ෍

ݒ + ݓ
ݑ

(ܾ݊ + (ܿ݌
௖௬௖

ቍ

௠

; (1) 

where ݔ = ݕ,௠ݑ = ௠ݒ , ݖ = ௠ݓ . 

But,   

෍
ݒ + ݓ
ݑ

(ܾ݊ + (ܿ݌
௖௬௖

= ݊෍
ݒ + ݓ
ݑ ∙ ܾ

௖௬௖

+ ෍݌
ݒ + ݓ
ݑ ∙ ܿ

௖௬௖

= (݊ + ෍(݌
ݒ + ݓ
ݑ ∙ ܽ

௖௬௖

≥ 

≥ (݊ + ෍(݌
ݓݒ√2
ݑ ∙ ܽ

௖௬௖

= 2(݊ + ෍(݌
ݓݒ√
ݑ ∙ ܽ

௖௬௖

≥ 2(݊ + (݌ ∙ 3 ∙ ඨෑ
ݓݒ√
ݑ ∙ ܽ

௖௬௖

య
= 

= 6(݊ + యܾܿܽ√(݌ = 6(݊ + (݌ ∙ యܨ4ܴ√ = 6(݊ + (݌ ∙ ඨ8 ∙
ܴ
2 ∙ ܨ

య
= 12(݊ + (݌ ∙ ඩඨ

ܴ
2 ∙ ඨ

ܴ
2 ∙ ܨ

య

 

≥
ா௨௟௘௥

12(݊ + (݌ ∙ ඩ√ݎ ∙ ඨ
ܴ
2 ∙ ܨ

య

≥
ெ௜௧௥௜௡௢௩௜௖

	12(݊ + (݌ ∙ ඩ√ݎ ∙ ඨ
ݏ

3√3
∙ ܨ

య

= 

= 12(݊ + (݌ ∙ ඨ൬
1
√3ర ൰

ଷ

∙ ݏݎ√ ∙ ܨ
య

= 12(݊ + (݌ ∙
1
√3ర ∙ ටܨ√ܨ

య
=

12(݊ + ܨ√(݌
√3ర = 
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= 4 ∙
൫√3ర ൯

ସ(݊ + ܨ√(݌
√3ర = 4(݊ + ൫√3ర(݌ ൯

ଷ
ܨ√ = 4(݊ + 3√(݌ ∙ √3ర ∙ ;ܨ√ 		(2) 

From (1),(2) we get: 

෍
ݕ + ݖ
ݔ

(ܾ݊ + ௠(ܿ݌
௖௬௖

≥
1

6௠ିଵ ∙ 2ଶ௠ ∙ (݊ + ௠(݌ ∙ ൫√3൯
௠
∙ ൫√3ర ൯

௠
∙ ܨ

೘
మ = 

=
2ଶ௠

2௠ିଵ ∙ (݊ + ௠(݌ ∙ ൫√3ర ൯
ଷ௠ିସ௠ାସ

∙ ܨ
೘
మ = 2௠ାଵ ∙ (݊ + ௠(݌ ∙ ൫√3ర ൯

ସି௠
∙ ܨ

೘
మ  

q.e.d.  

If ݉ = 1 we get 

෍
ݕ + ݖ
ݔ

(ܾ݊ + (ܿ݌
௖௬௖

≥ 4(݊ + (݌ ∙ 3
భ
ర(ସିଵ) ∙ ܨ√ = 4(݊ + ൫√3ర(݌ ൯

ଷ
∙ ܨ√

= 4(݊ + (݌ ∙ √3 ∙ √3ర ∙ ;ܨ√ 			(3) 

which for  ݊ = ݌ = 1 becomes  

෍
࢟ + ࢠ
࢞ ∙ +࢈) (ࢉ

ࢉ࢟ࢉ

≥ ૡ√૜ ∙ √૜૝ ∙ ;ࡲ√ 			(૝) 

If ݊ = ݌,1 = 0 we get 

෍
࢟ + ࢠ
࢞ ∙ ࢇ

ࢉ࢟ࢉ

≥ ૝√૜ ∙ √૜૝ ∙ ;ࡲ√ 			(૞) 

If ݉ = 2 then the inequality (∗) becomes as 

෍
࢟ + ࢠ
࢞

࢈࢔) + ૛(ࢉ࢖
ࢉ࢟ࢉ

≥ ૡ ∙ +࢔) ૛(࢖ ∙ ૜
૚
૝(૝ି࢓) ∙ ࡲ

࢓
૛ = ૡ ∙ ࢔) + ૛(࢖ ∙ √૜ ∙ ࡲ

࢓
૛ ; 	(૟) 

which for ݊ = ݌ = 1 becomes  

෍
࢟ + ࢠ
࢞

࢈) + ૛(ࢉ
ࢉ࢟ࢉ

≥ ૜૛√૜ ∙ ;ࡲ 			(ૠ) 

and for ݊ = ݌,1 = 0 we get first Bătineţu-Giurgiu’s inequality 

෍
࢟ + ࢠ
࢞ ∙ ૛࢈

ࢉ࢟ࢉ

≥ ૡ√૜ ∙ ;ࡲ −࡮)			  (૚,ࡳ

If ݉ = 3 the inequality (∗) becomes  

෍
࢟ + ࢠ
࢞

+࢈࢔) ૜(ࢉ࢖
ࢉ࢟ࢉ

≥ ૛૝ ∙ +࢔) ૜(࢖ ∙ √૜૝ ∙ ࡲ
૜
૛; 	(ૡ) 

which for ݊ = ݌ = 1 becomes as 
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෍
࢟ + ࢠ
࢞

+࢈) ૜(ࢉ
ࢉ࢟ࢉ

≥ ૛ૠ ∙ √૜૝ ∙ ࡲ√ࡲ = ૚૛ૡ ∙ √૜૝ ∙  (ૢ)		;ࡲ√ࡲ

and for ݊ = ݌,1 = 0 we get 

෍
࢟ + ࢠ
࢞ ∙ ૜ࢇ

ࢉ࢟ࢉ

≥ ૚૟ ∙ √૜૝ ∙ ;ࡲ√ࡲ 		(૚૙) 

If ݉ = 4 the inequality (∗) becomes  

෍
࢟ + ࢠ
࢞

࢈࢔) + ૝(ࢉ࢖
ࢉ࢟ࢉ

≥ ૛૞ ∙ ࢔) + ૝(࢖ ∙ ;૛ࡲ 	(૚૚) 

which for ݊ = ݌ = 1 becomes 

෍
࢟ + ࢠ
࢞

࢈) + ૝(ࢉ
ࢉ࢟ࢉ

≥ ૛ૢ ∙ ૛ࡲ = ૞૚૛ ∙ ;૛ࡲ 	(૚૚) 

and for ݊ = ݌,1 = 0 we get second Bătineţu-Giurgiu’s inequality  

෍
࢟ + ࢠ
࢞ ∙ ૝࢈

ࢉ࢟ࢉ

≥ ૛૞ ∙ ૛ࡲ = ૜૛ ∙ ;૛ࡲ ࡮)		 −  (૛,ࡳ

Refference: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

 

A COUNTING PROBLEM IN TRIANGLE 

By Carmen-Victoriţa Chirfot –Romania 

 

Let be a triangle ࡯࡮࡭. Consider the points ࡹ૚,ࡹ૛, …  and (࡮࡭) on the side ࢔ࡹ,

,૛ࡺ,૚ࡺ … ࢔,(࡯࡭) ૜ on the sideࡺ, ∈ ℕ∗ such that   ࡹ࡮૚ = ૛ࡹ૚ࡹ = ૜ࡹ૛ࡹ = ⋯ =

࢔ࡹ૚ି࢔ࡹ = ૚ࡺ࡯   and ࡭࢔ࡹ = ૛ࡺ૚ࡺ = ⋯ = ࢔ࡺ૚ି࢔ࡺ =  We also consider the points .࡭࢔ࡺ

,૛ࡱ,૚ࡱ … ૚ࡱ࡮  such that (࡯࡮) on the side ࢔ࡱ, = ૛ࡱ૚ࡱ = ૜ࡱ૛ࡱ = ⋯ = ࢔ࡱ૚ି࢔ࡱ =   .࡯࢔ࡹ

Obviously, from the reciprocal of Thales’ theorem, ࢑ࡺ࢑ࡹ ∥ ࢑,࡯࡮ = ૚,࢔തതതതത,	 

ା૚ି࢑࢔ࡺ࢑ࡱ ∥ ࢑,࡮࡭ = ૚,࢔തതതതത,࢑ࡹ࢑ࡱ ∥ ࢑,࡯࡭ = ૚,࢔തതതതത. We join each point ࢑ࡹ with ࢑ࡱ, 

and each point ࢑ࡹ with ࢑ࡺ, and each point ࢑ࡱ with its corespondent ࢔ࡺା૚ି࢑. 
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We intend, for a start, to determine the number of such triangles formed by the 

intersections of the given segments. 

 All quadrilaterals resulting at the intersection of parallel   lines ࢑ࡺ࢑ࡹ  and 

࢑,࢑ା૚ࡺ࢑ା૚ࡹ = ૚,࢔ − ૚തതതതതതതതതത  with parallel lines ࢔ࡺ࢑ࡱା૚ି࢑  and ࢑ࡱା૚࢑,࢑ି࢔ࡺ = ૚,࢔ − ૚തതതതതതതതതത , are 

parallelograms. Analogous to ࢑ࡺ࢑ࡹ  and ࢑ࡹା૚࢑ࡺା૚,࢑ = ૚,࢔തതതതത  with ࢑ࡹ࢑ࡱ ∥  	,࢑ା૚ࡹ࢑ା૚ࡱ

࢑ = ૚,࢔ − ૚തതതതതതതതതത. Let be (࢞࢔)࢔ஹ૚ the sequence with ࢞࢑ representing the number of 

triangles inside the triangle ࢑ࡹ࢑ࡱ࡮. Then ࢞૚ = ૚,࢞૛ = ࢞૚ + ૛ ∙ ૚ + ૚ + ૚ = ૞. For the 

triangle ࡱ࡮૜ࡹ૜, the number of interior triangles is how many ࢞૛ (as we have already 

found) to which we add two triangles similar to the vertex in ࡹ૜ and the bases on ࡹ૛ࡺ૛, 
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respectively on ࡹ૚ࡺ૚, 2 triangles similar to the vertex in ࡱ૜ and the bases on ࡱ૛ି࢔ࡺ૚, 

respectively on ࡱ૚࢔ࡺ and count once the large triangle ࡱ࡮૜ࡹ૜. So there are 3 

innumerable triangles between the parallel lines ࡱ૛ࡹ૛ and ࡱ૜ࡹ૜. Thus, ࢞૜ = ࢞૛ + ૛ ∙ ૛ +

૚ + ૜ = ૚૜.	For the triangle ࡱ࡮૝ࡹ૝, the number of interior triangles is how many ࢞૜ we 

still count 3 triangles similar to the vertex in ࡹ૝ and the bases on ࡹ૜ࡺ૜, ࡹ૛ࡺ૛, 

respectively ࡹ૚ࡺ૚, 3 triangles similar to the vertex in ࡱ૝ and the bases on 

  .૝ࡹ૝ࡱ࡮ and count once the large triangle ࢔ࡺ૚ࡱ ૚ , respectively onି࢔ࡺ૛ࡱ,૛ି࢔ࡺ૜ࡱ

A triangle is also formed with the base on ࡱ૛ࡹ૛ and the tip on ࡱ૝ࡹ૝. We also 

have a triangle with the base on ࡱ૝ࡹ૝ and the tip on ࡱ૛ࡹ૛ (let's call it the opposite of the 

previous triangle). There are 5 countless triangles between the parallel lines ࡱ૜ࡹ૜ and 

૝. Thus, ࢞૝ࡹ૝ࡱ = ࢞૜ + ૛ ∙ ૜ + ૚ + (૚) + (૚) + ૞ = ૛ૠ. 

For the triangle ࡱ࡮૞ࡹ૞, the number of interior triangles is how much ࢞૝ we 

count 4 triangles similar to the vertex in ࡹ૞ and the bases on ࡹ૝ࡺ૝,ࡹ૜ࡺ૜ ૛ࡺ૛ࡹ,  

respectively ࡹ૚ࡺ૚, 4 triangles similar to the vertex in ࡱ૞ and the bases on 

 and we count the big triangle only once ࢔ࡺ૚ࡱ ૚ respectively onି࢔ࡺ૛ࡱ,૛ି࢔ࡺ૜ࡱ,૜ି࢔ࡺ૝ࡱ

 ૞ tip on. We also have 2ࡹ૞ࡱ ૜andࡹ૜ࡱ ૞.  It also forms 2 triangles with base onࡹ૞ࡱ࡮

triangles with base on ࡱ૞ࡹ૞ and the tip on ࡱ૜ࡹ૜ and a triangle with base on ࡱ૞ࡹ૞ and 

the ࡱ૛ࡹ૛ tip on. There are 7 countless triangles between the parallel lines ࡱ૝ࡹ૝ and 

૞. Thus, ࢞૞ࡹ૞ࡱ = ࢞૝ + ૛ ∙ ૝ + ૚ + (૛ + ૙) + (૛ + ૚) + ૠ = ૝ૡ. 

For the triangle ࡱ࡮૟ࡹ૟, the number of interior triangles is how much ࢞૞ we 

count 5 triangles similar to the vertex in ࡹ૟ and the bases on ࡹ૞ࡺ૞,ࡹ૝ࡺ૝ ૜ࡺ૜ࡹ,  

respectively ࡹ૚ࡺ૚, 5 triangles similar to the vertex in ࡱ૟ and the bases on 

 and we count the big triangle ࢔ࡺ૚ࡱ ૚ respectively onି࢔ࡺ૛ࡱ,૛ି࢔ࡺ૜ࡱ,૜ି࢔ࡺ૝ࡱ,૝ି࢔ࡺ૞ࡱ

only once ࡱ࡮૟ࡹ૟. It also forms 3 triangles with base on ࡱ૝ࡹ૝ and ࡱ૟ࡹ૟ tip on. We also 

have 2 triangles with base on ࡱ૟ࡹ૟ and the tip on ࡱ૜ࡹ૜ and a triangle with base on 

 ૛ tip on.  There are 9 countless triangles between the parallel linesࡹ૛ࡱ ૟ and theࡹ૟ࡱ

૟. Thus, ࢞૟ࡹ૟ࡱ ૞ andࡹ૞ࡱ = ࢞૞ + ૛ ∙ ૞ + ૚ + (૜ + ૚) + (૜ + ૛ + ૚) + ૢ = ૠૡ 

For the triangle ࡱ࡮ૠࡹૠ, the number of interior triangles is how much ࢞૟ we 

count 6 triangles similar to the vertex in ࡹૠ and the bases on 

૝ࡺ૝ࡹ,૞ࡺ૞ࡹ,૟ࡺ૟ࡹ  ૚, 6 triangles similar to the vertex inࡺ૚ࡹ ૛ respectivelyࡺ૛ࡹ,૜ࡺ૜ࡹ,

૞ି࢔ࡺ૟ࡱ ૠ and the bases onࡱ  and ࢔ࡺ૚ࡱ ૚ respectively onି࢔ࡺ૛ࡱ,૛ି࢔ࡺ૜ࡱ,૜ି࢔ࡺ૝ࡱ,૝ି࢔ࡺ૞ࡱ,
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we count the big triangle only once ࡱ࡮ૠࡹૠ. It also forms 2 triangles with base on ࡱ૝ࡹ૝ 

and ࡱૠࡹૠ tip on. We also have 4 triangles with base on ࡱૠࡹૠ and the tip on ࡱ૝ࡹ૝ and a 

triangle with base on ࡱૠࡹૠ and the ࡱ૜ࡹ૜ tip on, and a triangle with base on ࡱૠࡹૠ and 

the ࡱ૛ࡹ૛ tip on.  There are 11 countless triangles between the parallel lines ࡱ૟ࡹ૟ and 

ૠ. Thus, ࢞ૠࡹૠࡱ = ࢞૟ + ૛ ∙ ૟ + ૚ + (૝ + ૛) + (૝ + ૜ + ૛ + ૚) + ૚૚ = ૚૚ૡ. 

Respecting the algorithm, we obtain that: 

࢞ૡ = ࢞ૠ + ૛ ∙ ૠ + ૚ + (૞ + ૜ + ૚) + (૞ + ૝ + ૜ + ૛ + ૚) + ૚૜ = ૚ૠ૙ 

We observe that, if ࢔ = ૛࢑,࢑ ∈ ℕ∗,࢑ ≥ ૛, we get: 

࢞૛࢑ = ࢞૛࢑ି૚ + ૛(૛࢑ − ૚) + ૚ + ൫(૛࢑ − ૜) + (૛࢑ − ૞) + ⋯+ ૚൯ + 

൫(૛࢑ − ૜) + (૛࢑− ૝) + ⋯+ ૚൯ + ૝࢑ − ૜ = ࢞૛࢑ି૚ + ૜࢑૛ + ࢑. 

We observe that, if ࢔ = ૛࢑ + ૚,࢑ ∈ ℕ∗,࢑ ≥ ૛, we get: 

࢞૛࢑ା૚ = ࢞૛࢑ + ૛(૛࢑ + ૚) + ൫(૛࢑ − ૛) + (૛࢑− ૝) + ⋯+ ૛൯ + 

+൫(૛࢑ − ૛) + (૛࢑ − ૜) + (૛࢑ − ૝) + ⋯+ ૚൯ + ૝࢑ − ૚ = ࢞૛࢑ + ૜࢑૛ + ૝࢑ + ૚. 

Let’s come back to the term ࢞࢔, we have: ࢞૚ = ૚,࢞૛ = ૞,  

࢔࢞ =

⎩
⎨

⎧ ૚ି࢔࢞ +
૜࢔૛ + ૛࢔

૝ , ࢔	ࢌ࢏ ∈ ℕ∗ − ࢔,࢔ࢋ࢜ࢋ ≥ ૝

૚ି࢔࢞ +
૜࢔૛ + ૛࢔ − ૚

૝ , ࢔	ࢌ࢏ ∈ ℕ∗ − ࢔,ࢊࢊ࢕ ≥ ૜
 

So, ࢞࢔ = ቐ
૞ + ૜൫૜૛ା૝૛ା⋯ା࢔૛൯ା૛(૜ା૝ା૞ା⋯ା࢔)

૝
− ૛ି࢔

ૡ
, ࢔	ࢌ࢏ − ࢊࢊ࢕

૞ + ૜൫૜૛ା૝૛ା⋯ା࢔૛൯ା૛(૜ା૝ା૞ା⋯ା࢔)
૝

− ૚ି࢔
ૡ

, ࢔	ࢌ࢏ − ࢔ࢋ࢜ࢋ
 

Hence, ࢞࢔ = ቐ
૛࢔૜ା૞࢔૛ା૛࢔

ૡ
࢔, ≥ ૝,࢔− ࢊࢊ࢕

૛࢔૜ା૞࢔૛ା૛ି࢔૚
ૡ

࢔, ≥ ૜, ࢔	ࢌ࢏ − ࢔ࢋ࢜ࢋ
 

Consider ࡭ = ࡯ ା૚ and࢔ࡹ =  ା૚ represent the number of interior࢔࢞ ା૚, then࢔ࡱ

triangles of triangle ࡯࡮࡭ formed according to the given rule. 

This is the minimum number of triangles inside the triangle ࡯࡮࡭ formed by 

 ࢔ lines parallel to each other ࢇ૚,ࢇ૛, …  that ࡮࡭ and parallel to ࢔ࢇ,

intersect the sides (࡯࡭) and (࡯࡮), 

 ࢔ lines parallel to each other ࢈૚,࢈૛, …  that ࡮࡭ and parallel to ࢔࢈,

intersect the sides (࡮࡭) and (࡯࡭), 



Romanian Mathematical Society-Mehedinți Branch 2021 
 

30 ROMANIAN MATHEMATICAL MAGAZINE NR. 31 
 

 ࢔ lines parallel to each other ࢉ૚, ,૛ࢉ … ,  that ࡮࡭ and parallel to ࢔ࢉ

intersect the sides (࡮࡭) and (࡯࡮). 

The problem presented above is where any three straight lines ࢔࢈,࢓ࢇ,  and are ,࢖ࢉ

concurrent, ࢖,࢔,࢓ = ૚,࢔തതതതത, i.e. any denote triangle ࢖ࢉ࢔࢈࢓ࢇ is degenerate. 

Refferences: 

1. ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

2. https://math.stackexchange.com/questions/203873/how-many-triangles 

ABOUT A RMM INEQUALITY-III 

By Marin Chirciu-Romania 

1) In ઢ࡯࡮࡭ the following relationship holds: 

෍ቌ
૚

ܖ܉ܜ ࡭
૛

+ ࡮ܖ܉ܜ
૛

−
૚

ܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛

ቍ ≥ √૜ 

Proposed by Daniel Sitaru – Romania  

Solution We prove the following Lemmas: 

Lemma 1. 2) In ઢ࡯࡮࡭ the following relationship holds: 

෍
૚

࡭ܖ܉ܜ
૛

+ ࡮ܖ܉ܜ
૛

=
࢙૛ + (૝ࡾ + ࢘)૛

૝࢙ࡾ  

Proof. Using tan ஻
ଶ

+ tan ஼
ଶ

= ௔(௦ି௔)
௥௦

 we obtain: 

෍
1

tan ஺
ଶ

+ tan ஻
ଶ

= ෍
ݏݎ

ݏ)ܽ − ܽ) = ෍ݏݎ
1

ݏ)ܽ − ܽ) =
ଶݏ + (4ܴ + ଶ(ݎ

ݏ4ܴ  

which follows from ∑ ଵ
௔(௦ି௔)

= ௦మା(ସோା௥)మ

ସோ௥௦మ
 

Lemma 2. 3) In ઢ࡯࡮࡭ the following relationship holds: 

෍
૚

ܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛

=
࢙૛ + ࢘૛ + ૝࢘ࡾ

૝࢙ࡾ  
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Proof. Using cot ஻
ଶ

+ cot ஼
ଶ

= ௔
௥
 we obtain ∑ ଵ

ୡ୭୲ಲమାୡ୭୲
ಳ
మ

= ∑ ௥
௔

= ݎ ∑ ଵ
௔

= ௦మା௥మାସோ௥
ସோ௦

, which 

follows from the following identity: ∑ ଵ
௔

= ௦మା௥మାସோ௥
ସோ௥௦

.Let’s get back to the main problem. 

Using the above Lemmas the inequality can be written: 

௦మା(ସோା௥)మ

ସோ௥௦
− ௦మା௥మାସோ௥

ସோ௦
≥ √3 ⇔ ସோା௥

௦
≥ √3 (Doucet’s inequality) 

Equality holds if and only if the triangle is equilateral. 

Remark. We propose in the same way: 

4) In ઢ࡯࡮࡭ the following identity holds: 

෍ቌ
૚

૚− ܖ܉ܜ ࡭
૛
࡮ܖ܉ܜ

૛

+
૚

૚ − ܜܗ܋ ࡭
૛
ܜܗ܋ ࡮

૛

ቍ = ૜ 

Proposed by Marin Chirciu – Romania  

SolutionWe prove the following lemmas: 

Lemma 1. 

5) In ઢ࡯࡮࡭ the following relationship holds: 

෍
૚

૚ − ܖ܉ܜ ࡭
૛
ܖ܉ܜ ࡮

૛

=
࢙૛ + ࢘૛ + ૝࢘ࡾ

૝࢙ࡾ  

Proof.Using tan ஻
ଶ

tan ஼
ଶ

= ௦ି௔
௦

 we obtain ∑ ଵ

ଵି୲ୟ୬ಲమ ୲ୟ୬
ಳ
మ

= ∑ ௦
௔

= ݏ ∑ ଵ
௔

= ௦మା௥మାସோ௥
ସோ௥

, 

which follows from the following identity: ∑ ଵ
௔

= ௦మା௥మାସோ௥
ସோ௥௦

 

Lemma 2. 

6) In ઢ࡯࡮࡭ the following relationship holds: 

෍
૚

ܜܗ܋ ࡭
૛
ܜܗ܋ ࡮

૛
− ૚

=
࢙૛ + ࢘૛ − ૡ࢘ࡾ

૝࢘ࡾ  

Proof Using cot ஻
ଶ

cot ஼
ଶ

= ௦
௦ି௔

 we obtain∑ ଵ

ୡ୭୲ಲమ ୡ୭୲
ಳ
మିଵ

= ∑ ௦ି௔
௔

= ௦మା௥మି଼ோ௥
ସோ௥௦

 which follows from 

the following identity ∑ ௦ି௔
௔

= ௦మା௥మି଼ோ௥
ସோ௦

. Let’s get back to the main problem. 
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Using the Lemmas we obtain: 

෍ቌ
1

1 − tan ஺
ଶ

tan ஻
ଶ

+
1

1 − cot ஺
ଶ

cot ஻
ଶ

ቍ =
ଶݏ + ଶݎ + ݎ4ܴ

ݎ4ܴ −
ଶݏ + ଶݎ − ݎ8ܴ

ݎ4ܴ =
ݎ12ܴ
ݎ4ܴ = 3 

Reference: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

 

THE SERIES OF AN ODD NUMBER 

By Mohammed Bouras-Moroco 

Definition: The series of an odd number ࢞ is the set of odd numbers which does not allow division 

by this number. 

 .ࢇ	The construction of a series of an odd number .ࡵ

-The number of series when can form: ࡺ = ା૚ࢇ
૛

 

-Are (࢓,࢔) represents the couple in the series, with  ࢇ = ࢓ା࢔
૛

࢔ ,are pairs−࢓,࢔, > ݉. 

The series becomes: ࡼ૚ = ૚
ା࢔
ሳሰ ૛ࡼ

ା࢓
ሳሰ ૜ࡼ

ା࢔
ሳሰ ૝ࡼ

ା࢓
ሳሰ ૞ࡼ

ା࢔
ሳሰ ૟ࡼ

ା࢓
ሳሰ  ૠࡼ

The series is by form: (࢓,࢔,࢓,࢔, … . ) on ࡼ:ࢇ૚ = ૚,ࡼ૛ = ૚ + ૜ࡼ,࢔ = ૚ + ࢔  .࢓+

The series can be written by form: ࢑ࡼ = ࢑ି૚ࡼ + ࢑ି૛ࡼ − ࢔ࡼ ࢑ି૜ thenࡼ
ࢇ
∉ ℕ. 

We have:൜ࡼ૛࢑
(࢓) = ૛࢓−࢑ࢇ + ૚

(࢓)૛࢑ା૚ࡼ = ૛࢑ࢇ+ ૚  

Remark.The series says main if and only if ࢓ = ૙,࢔ = ૛ࢇ. 

Example 1: The series of the number ૜:	The principal series:૚
ା૟
ሳሰ ૠ

ା૟
ሳሰ ૚૜

ା૟
ሳሰ ૚ૢ

ା૟
ሳሰ ૛૞

ା૟
ሳሰ ૜૚

ା૟
ሳሰ ૜ૠ 

We pose: ࡼ૚ = ૚,ࡼ૛ = ૠ,ࡼ૜ = ૚૜.The series it can be written as: ࢔ࡼ = ૚ି࢔ࡼ ૛ି࢔ࡼ+ −  ૜ thenି࢔ࡼ
࢔ࡼ
૜
∉ ℕ.	The secondary series: ૚

ା૝
ሳሰ ૞

ା૛
ሳሰ ૠ

ା૝
ሳሰ ૚૚

ା૛
ሳሰ ૚૜

ା૝
ሳሰ ૚ૠ

ା૛
ሳሰ ૚ૢ 

The series is by form:	(૝,૛,૝,૛, … )	The series it can be written as:  ࢔ࡼ = ૚ି࢔ࡼ ૛ି࢔ࡼ+  ૜ି࢔ࡼ−
then ࢔ࡼ

૜
∉ ℕ. 



Romanian Mathematical Society-Mehedinți Branch 2021 
 

33 ROMANIAN MATHEMATICAL MAGAZINE NR. 31 
 

Example 2: The series of the number ૞:	The principal series: ૚
ା૚૙
ሳልሰ ૚૚

ା૚૙
ሳልሰ ૛૚

ା૚૙
ሳልሰ ૜૚

ା૚૙
ሳልሰ ૝૚

ା૚૙
ሳልሰ ૞૚

ା૚૙
ሳልሰ ૟૚. We pose: ࡼ૚ = ૚,ࡼ૛ = ૚૚,ࡼ૜ = ૛૚.	The series it can be written as: ࢔ࡼ = ૚ି࢔ࡼ + ૛ି࢔ࡼ −
૜ then ૞ି࢔ࡼ ∉ ℕ. 

1. The secondary series:૚
ା૟
ሳሰ ૠ

ା૟
ሳሰ ૚૜

ା૟
ሳሰ ૚ૢ

ା૟
ሳሰ ૛૞

ା૟
ሳሰ ૜૚

ା૟
ሳሰ ૜ૠ 

The series is by form:	(૟,૝,૟,૝, … ૚ࡼ		.( = ૚,ࡼ૛ = ૠ,ࡼ૜ = ૚૜. 

2. The series it can be written as: ࢔ࡼ = ૚ି࢔ࡼ + ૛ି࢔ࡼ ࢔ࡼ ૜ thenି࢔ࡼ−
૞
∉ ℕ. 

3. The secondary series 2: ૚
ାૡ
ሳሰ ૢ

ା૛
ሳሰ ૚૚

ାૡ
ሳሰ ૚ૢ

ା૛
ሳሰ ૛૚

ାૡ
ሳሰ ૛ૢ

ା૛
ሳሰ ૛૚ 

The series is by form: (ૡ,૛,ૡ,૛, … ). We pose: ࡼ૚ = ૚,ࡼ૛ = ૜ࡼ,ૢ = ૚૚ then ࢔ࡼ
૞
∉ ℕ. 

A. GENERALIZATION OF KOUTRAS’ THEOREM 

B. CHARACTERISTIC LINE (g) OF TRIANGLE 

By Thanasis Gakopoulos-Farsala-Greece 

A. GENERALIZATION of KOUTRAS’ THEOREM 

 

Let: ࡭ࡻ = ࡮ࡻ,ࢇ = ࢆࡱ,࢈ = ࡰ࡯.ࢉ = ,ࢊ ࡭ࡻ
࡮ࡻ

= ࢇ
࢈

= ,࢓ ࢆࡱ
തതതത

തതതതࡰ࡯
= ࢑ ∙ ࡭ࡻ

തതതത

തതതതത࡮ࡻ
⇒ ࢉ

ࢊ
= ࢑ ࢑,࢓∙ ≠ ૙ 

Then holds: 

࢞࢔ࢇ࢚ =
࢑ ∙ ૛࢓ − (࢑ + ૚)࢓ ∙ ࢙ࣖ࢕ࢉ + ૚

(࢑ − ૚)࢓ ∙ ࣖ࢔࢏࢙
 

 If ࢑ = ૚, then ࢚࢞࢔ࢇ = ∞ ⇒ ࢞ = ૢ૙° 
Stathis Koutras’ theorem 
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ࢆࡱ
ࡰ࡯

=
࡭ࡻ
࡮ࡻ

⇔ ࡺࡹ ⊥  	࡮࡭

Proof: (on figure 1). PLAGIOGONAL SYSTEM: ܱܧ ≡ ܥܱ,ݔܱ ≡  ݕܱ

Let: ܱܣ = ܤܱ,ܽ = ܧܱ,ܾ = ݁,ܱܼ = ܥܱ,ݖ = ܦܱ,ܿ = ݀ 

:ܤܣ ݕ = −
ܽ
ܾ
ݔ − ܽ, ஺஻ߣ = ଵߣ = −

ܽ
ܾ

;  (ଵܧ)		

ݕ:ܯܧ = −
1

ߴݏ݋ܿ
ݔ +

݁
ߴݏ݋ܿ

; :ܯܥ,(1)		 ݕ = ߴݏ݋ܿ− ∙ ݔ + ܿ;		(2)								 

ݕ:ܼܰ = −
1

ߴݏ݋ܿ
+

ݖ
ߴݏ݋ܿ

; ݕ:ܰܦ,(3)		 = ߴݏ݋ܿ− ∙ ݔ + ݀; 									(4) 

(1), ൬ܯ:(2)
݁ − ܿ ∙ ߴݏ݋ܿ
ߴଶ݊݅ݏ

,
ܿ − ݁ ∙ ߴݏ݋ܿ
ߴଶ݊݅ݏ

൰ ଵ݉)ܯ, ,݉ଶ) 

(3), (4):ܰ ൬
ݖ − ݀ ∙ ߴݏ݋ܿ

ߴଶ݊݅ݏ
,
݀ − ݖ ∙ ߴݏ݋ܿ

ߴଶ݊݅ݏ
൰ ,ܰ(݊ଵ,݊ଶ) 

ெேߣ = ଶߣ =
݉ଶ − ݊ଶ
݉ଵ − ݊ଵ

⇒ ଶߣ =
݀ − ܿ ∙ ߴݏ݋ܿ
ܿ − ݀ ∙ ߴݏ݋ܿ

;  (ଶܧ)		

ݔ݊ܽݐ =
ଶߣ) − (ଵߣ ∙ ߴ݊݅ݏ

ଶߣ) + (ଵߣ ∙ ߴݏ݋ܿ + ଵߣଶߣ + 1
ாభ ாమ⁄
ሯልልሰ 

ݔ݊ܽݐ =
ቀ1 + ௔

௕
∙ ௖
ௗ
ቁ − ቀ௖

ௗ
+ ௔

௕
ቁ ∙ ߴݏ݋ܿ

ቀ௖
ௗ
− ௔

௕
ቁ ∙ ߴ݊݅ݏ

=
1 + ݇ ∙ ௔

మ

௕మ
− ௔

௕
(݇ + 1) ∙ ߴݏ݋ܿ

௔
௕

(݇ − 1) ∙ ߴ݊݅ݏ
 

ݔ݊ܽݐ =
݇ ∙ ݉ଶ − (݇ + 1)݉ ∙ ߴݏ݋ܿ + 1

(݇ − 1)݉ ∙ ߴ݊݅ݏ
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So, 

ܼܧ
ܦܥ

= ݇ ∙
ܣܱ
ܤܱ

, ݇ ∈ ℝ − {0,1} ⇔ ݔ݊ܽݐ =
݇ ∙ ݉ଶ − (݇ + 1)݉ ∙ ߴݏ݋ܿ + 1

(݇ − 1)݉ ∙ ߴ݊݅ݏ
 

B. CHARACTERISTIC LINE (g) of TRIANGLE 

Given triangle ࡯࡮࡭ and circle (࣓) with center ࡷ passes throw the vertices ࡯,࡮ and intersects 
the sides ࡯࡭,࡮࡭ at points ࡱ,ࡰ respectively. Let point ࡳ is the perpendicular projection of ࡰ on 

the side ࡯࡮ and line (ࢍ) is perpendicular bisector to the segment ࡳࡰ. Let circles (࣓૚), (࣓૛) 
with centers radom points ࡷ૚,ࡷ૛ belonging to the line (ࢍ) and radius ࡷࡳ૚,ࡷࡳ૛  respectively, 

intersect ࡮࡭ at points ࡰ૚,ࡰ૛ and ࡰࡱ at points ࡯૚,࡯૛ respectively. 

If ∢࡮࡯࡭ = ࣖ, ࡰ࡭
ࡱࡰ

= ૛࡯૚࡯ then the tio ,࢓
૛ࡰ૚ࡰ

= ࢉ
ࢊ

 depends only on the parameters ࣖ and ࢓. 

Holds that ࢉ
ࢊ

= ࢑ ∙ ࢑ where ,࢓ = ࢙ࣖ࢕ࢉ૛ࣖି࢙࢕ࢉ∙࢓
(૚ି࢙ࣖ࢕ࢉ∙࢓)࢓

;࢑ ≠ ૙,࢙ࣖ࢕ࢉ ≠ ૚
࢓

 

 

Let ܦܣ = ܦܧ,ܽ = ܾ, ௔
௕

= ܤܥܣ∢,݉ = ଵܥܦܤ∢,ݔ =  ߴ

ଵܭܦ ∩ (߱ଵ) = ଶܭܦ,ଵܯ ∩ (߱ଶ) = ,ଶܯ ௖
ௗ

= ݇ ∙ ݉, ݇ ≠ 1. Is: ܦܧܥܤ −cyclic⇒ ݔ =  ߴ

ଵܯܦ −diameter of (߱ଵ) ⇒ ଵܯଵܥܦ∢ = ଵܯଵܦܦ∢ = 90° 

ଶܯܦ −diameter of (߱ଶ) ⇒ ଶܯଶܥܦ∢ = ଶܯଶܦܦ∢ = 90° 

Is: ݔ݊ܽݐ = ௞∙௠మି(௞ାଵ)௠∙௖௢௦ణାଵ
(௞ିଵ)௠∙௦௜௡ణ

⇒ ௦௜௡ణ
௖௢௦ణ

= ௞∙௠మି(௞ାଵ)௠∙௖௢௦ణାଵ
(௞ିଵ)௠∙௦௜௡ణ

 

݇݉ ∙ ߴଶ݊݅ݏ −݉ ∙ ߴଶ݊݅ݏ = ݇݉ଶ ∙ ߴݏ݋ܿ − ݇݉ ∙ ߴଶݏ݋ܿ +  ߴݏ݋ܿ
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݇݉ ∙ ߴଶݏ݋ܿ + ݇݉ ∙ ߴଶ݊݅ݏ − ݇݉ଶ ∙ ߴݏ݋ܿ = ݉ ∙ ߴଶ݊݅ݏ −݉ ∙ ߴଶݏ݋ܿ +  ߴݏ݋ܿ

݇݉ − ݇݉ଶ ∙ ߴݏ݋ܿ = ߴଶ݊݅ݏ)݉ − (ߴଶݏ݋ܿ +  ߴݏ݋ܿ

݇݉(݉ ∙ ߴݏ݋ܿ − 1) = ݉ ∙ ߴ2ݏ݋ܿ − ,ߴݏ݋ܿ ݇ =
݉ ∙ ߴ2ݏ݋ܿ − ߴݏ݋ܿ
݉(݉ ∙ ߴݏ݋ܿ − 1)

 

݉ ∙ ߴݏ݋ܿ − 1 ≠ 0 ⇒ ߴݏ݋ܿ ≠
1
݉
⇒ ߴݏ݋ܿ ≠

ܽ
ܾ

 

If ߴ = 90° ⇔ ݇ = ௠∙(ିଵ)ି଴
௠(௠∙଴ିଵ) ⇔ ݇ = 1 and ௖

ௗ
= ௔

௕
 

Koutras’ theorem 

Note: If more circles are written with centers ܭ௜ , ݅ = 1,2,3 … ௜ܭ, ∈ (݃) and points ܥ௜ ௜ܦ,  
respectively, then holds that: 

஼೔஼೔శೕ
஽೔஽೔శೕ

= ݇ ∙ ௔
௕

, ݆ = 1,2,3, … ; ݅ ≠ ݆ 

This is the characteristic property of line (݃) 

Application 1. In the figure 1 it is given that: 

ࣖ = ૟૙°, ࡭ࡻ
࡮ࡻ

= ૛, ࢆࡱ
ࡰ࡯

= ૜ ∙ ࡭ࡻ
࡮ࡻ

. Find angle ࢞. 

 

Solution.Let ܱܣ = ܤܱ,ܽ = ܼܧ,ܾ = ܦܥ,ܿ = ݀.Is: ௔
௕

= ݉ = 2, ௖
ௗ

= ݇ ∙ ௔
௕
⇒ ݇ = 3 

ݔ݊ܽݐ =
݇ ∙ ݉ଶ − (݇ + 1)݉ ∙ ߴݏ݋ܿ + 1

(݇ − 1)݉ ∙ ߴ݊݅ݏ
=

3 ∙ 2ଶ − (3 + 1) ∙ 2 ∙ °60ݏ݋ܿ + 1
(3− 1) ∙ 2 ∙ °60݊݅ݏ =

3√3
2

 

ݔ = ଵି݊ܽݐ ቆ
3√3

2
ቇ ≈ 68,9 ∙ 83° 
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Application 2:  In the figure 3 it is given that: 

ࣖ = ૜૙°, ࡭ࡻ
࡮ࡻ

= ૛, ࢆࡱ
ࡰ࡯

= ࢑ ∙ ࡭ࡻ
࡮ࡻ

,࢑ = ૜
૝
൫૚ + √૜൯. Find angle x. 

 

Solution. Let ܱܣ = ܤܱ,ܽ = ܼܧ,ܾ = ܦܥ,ܿ = ݀. Is ௔
௕

= 2 = ݉, ௖
ௗ

= ݇ ∙ ௔
௕

= ݇ ∙ ݉ 

ݔ݊ܽݐ =
݇ ∙ ݉ଶ − (݇ + 1)݉ ∙ ߴݏ݋ܿ + 1

(݇ − 1)݉ ∙ ߴ݊݅ݏ
= 

=
ଷ
ସ
൫1 + √3൯ ∙ 2ଶ − ቂଷ

ସ
൫1 + √3൯+ 1ቃ ∙ °30ݏ݋2ܿ + 1

ቂଷ
ସ
൫1 + √3൯ − 1ቃ ∙ °30݊݅ݏ2

= 2 + √3 ⇒ ߴ݊ܽݐ = 2 + √3 ⇒ ߴ = 75° 

Application 3. Given triangle ࡯࡮࡭ with lengths of sides ࢉ,࢈,ࢇ and ࢈ > ܽ > ܿ, +࢈2 ࢉ = ૜ࢇ, 

࡯࡭࡮∢ = ૟૙°. Let points ࡱ,ࡰ on the extensions of the sides ࡭࡮ to point ࡭ and ࡭࡯ to point ࡭ 

respectively, such ૛ࡰ࡮ = ૜ࢇ − ࡱ࡯,ࢉ = ૜࢈ − ૛ࢇ. 

Denote ࡵ the incenter and ࡻ the circumcenter of ∆ࡱࡰ.࡯࡮࡭ and ࡵࡻ intersect at point ࡲ. Prove 

that: ∢ࡱࡲࡵ = ૜૙° 
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Solution. 2ܾ+ ܿ = 3ܽ ⇒ ௕ି௔
௔ି௖

= ଵ
ଶ

, ଵܫܣ = ି௔ା௕ା௖
ଶ

ଵܣܱ, = ௖
ଶ
⇒ ܱଵܫଵതതതതതത = ௕ି௔

ଶ
 

ଶܫܣ =
−ܽ + ܾ + ܿ

2
ଶܣܱ, =

ܾ
2
⇒ ܱଶܫଶതതതതതത = −

ܽ − ܿ
2

⇒
ܱଵܫଵതതതതതത
ܱଶܫଶതതതതതത = −

ܾ − ܽ
ܽ − ܿ

= −
1
2

 

തതതതܣܦ = തതതതܤܦ − തതതതܤܣ =
3ܽ − ܿ

2
− ܿ =

3
2

(ܽ − തതതതܣܧ,(ܿ = തതതതܥܧ − തതതതܥܣ = 3ܾ − 2ܽ − ܾ = 2(ܾ − ܽ) 

⇒
തതതതܧܣ
തതതതܦܣ

=
4
3
∙
ܾ − ܽ
ܽ − ܿ

=
4
3
∙

1
2

=
2
3

= ݉, ଵܱܫଵതതതതതത
ܱଶܫଶതതതതതത = ݇ ∙ ݉ ⇒ −

1
2

= ݇ ∙
2
3
⇒ ݇ = −

3
4

 

൫180°݊ܽݐ − ൯ݔ = ݔ݊ܽݐ− =
݇݉ଶ − (݇ + 1)݉ ∙ °60ݏ݋ܿ

(݇ − 1)݉ ∙ °60݊݅ݏ  

⇒ ݔ݊ܽݐ− =
− ଷ

ସ
ቀଶ
ଷ
ቁ
ଶ
− ቀ1 − ଷ

ସ
ቁ ∙ ଶ

ଷ
∙ ଵ
ଶ

+ 1

ቀ− ଷ
ସ
− 1ቁ ∙ ଶ

ଷ
∙ √ଷ
ଶ

= −
√3
3
⇒ ݔ = 30°	 

Application 4.Given triangle ࡯࡮࡭ with lengths sides ࢈,ࢇ, ࢈ and ࢉ > ܽ > ܿ, +࢈4 ૜ࢉ = ૠࢇ. Let 

points ࡱ,ࡰ on the extensions of the sides ࡭࡮ to point ࡭ and ࡭࡯ to point ࡭, such ࡱ࡭
ࡰ࡭

= ૚૟(ࢇି࢈)
૛૚(ࢉିࢇ). 

Denote ࡵ −the incenter and ࡻ −the circumcenter of ∆ࡱࡰ.࡯࡮࡭ and ࡵࡻ intersect at point ࡲ. If 

࡯࡭࡮∢ = ૛ ∙ ࡯ࡲࡵ∢ = ࢞, find the value of ࢞. 
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Solution. 4ܾ+ 3ܿ = 7ܽ ⇒ ௕ି௔
௔ି௖

= ଷ
ସ

; (1) 

ଵܫܣ =
−ܽ + ܾ + ܿ

2
ܣ, ଵܱ =

ܿ
2
⇒ ଵܱܫଵതതതതതത =

ܾ − ܽ
2

ଶܫܣ, =
−ܽ + ܾ + ܿ

2
ଶܣܱ, =

ܾ
2
⇒ ܱଶܫଶതതതതതത = −

ܽ − ܿ
2

 

⇒ ଵܱܫଵതതതതതത
ܱଶܫଶതതതതതത = −

ܾ − ܽ
ܽ − ܿ

= −
3
4

; 		(2) ⇒
തതതതܧܣ
തതതതܦܣ

=
16
21

∙
ܾ − ܽ
ܽ − ܿ

=
(ଶ) 16

21
∙

3
4

=
4
7

= ݉;		(3) 

ଵܱܫଵതതതതതത
ܱଶܫଶതതതതതത = ݇ ∙ ݉

(ଶ)/(ଷ)
ሳልልልሰ −

3
4

= ݇ ∙
4
7
⇒ ݇ = −

21
16

; 		(4) 

݊ܽݐ ቀ180° −
ݔ
2
ቁ = ݊ܽݐ−

ݔ
2

=
݇݉ଶ − (݇ + 1)݉ ∙ ݔݏ݋ܿ

(݇ − 1)݉ ∙ ݔ݊݅ݏ
 

⇒ ݔ݊ܽݐ− =
− ଶଵ

ଵ଺
ቀସ
଻
ቁ
ଶ
− ቀ1 − ଶଵ

ଵ଺
ቁ ∙ ସ

଻
∙ ݔݏ݋ܿ + 1

ቀ− ଶଵ
ଵ଺
− 1ቁ ∙ ସ

଻
∙ ݔ݊݅ݏ

= −
√3
3
⇒ ݔ = 30°	 

⇒
3
2
ቀܿݏ݋ଶ

ݔ
2
− ଶ݊݅ݏ

ݔ
2
ቁ =

3
4
⇒ ݔݏ݋ܿ =

1
2
⇒ ݔ = 60° 

Application 5. Cyclic quadrilateral ࡰࡱ࡮࡯ is given. The extension of side ࡱ࡯ to point ࡱ and the 

extension of side ࡰ࡮ to point ࡰ intersect at point ࡭ is ࡭ࡰ
ࡱࡰ

= ૜
૛

. 

Let ࡳ be the vertical projection of the point ࡰ on the ࡮࡯ and line (ࢍ) is the perpendicular 

bisector of the segment ࡳࡰ. Random distinct points ࡷ૚,ࡷ૛ belonging to the line (ࢍ) are the 

centers of circles (࣓૚), (࣓૛) with radius ࡷࡳ૚,ࡷࡳ૛ respectively. 
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Circles (࣓૚), (࣓૛) intersect the line ࡰ࡮ at points ࡰ૚,ࡰ૛  and the line ࡰࡱ at ponts ࡯૚,࡯૛ 

respectively. If ࡯૚࡯૛
૛ࡰ૚ࡰ

=  .ࡱ࡯࡮ find the angle ,ࡿ

 

Solution.Let ∢ܧܥܤ = ܥܤ ଵ, letܥܦܤ∢ ∩ (߱ଵ) = ଵܯ ܩ∢, = 90° ⇒ ଵܯ ∈ ଵܭܱ  

Let ܥܤ ∩ (߱ଶ) = ଶܯ , ܩ∢, = 90° ⇒ ଶܯ ∈ ଶܭܱ .	Is ܯଵܦଵ ⊥ ଶܦଶܯ,ܦܣ ⊥ ଵܥଵܯ,ܦܣ ⊥  	,ܦܧ

ଶܥଶܯ ⊥ Let ஽஺.ܦܧ
஽ா

= ݉ = ଷ
ଶ

, ஼భ஼మ
஽భ஽మ

= ܵ and let ݇: ௖
ௗ

= ݇ ∙ ݉ ⇒ ݇ = ଵ଴
ଷ

 

Is ݇ = ௠∙௖௢௦ଶణି௖௢௦ణ
௠(௠∙௖௢௦ణିଵ)

௞ୀభబయ ;௠ୀయమሳልልልልልልሰ 6 ∙ ߴଶݏ݋ܿ − ߴݏ݋17ܿ + 7 = 0
௖௢௦ణழଵ
ሳልልልልሰ ߴݏ݋ܿ = ଵ

ଶ
⇒ ܧܥܤ∢ = 60° 

Reference: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

PROPOSED PROBLEMS 
 

5-CLASS-STANDARD 
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V.1. If ܽ, ܾ, ܿ, ݀ > 0; ଵ
௔ାଵ

+ ଶ
௕ାଵ

+ ଷ
௖ାଵ

+ ସ
ௗାଵ

= 1 then find: 

ܽ
ܽ + 1 +

2ܾ
ܾ + 1 +

3ܿ
ܿ + 1 +

4݀
݀ + 1 

Proposed by Daniel Sitaru,Paula Țuinea – Romania  

V.2. Find ܽ,ܾ ∈ ℤ such that ܾܽ + 3ܽ − 2ܾ = 7. 

Proposed by Daniel Sitaru,Alina Țigae – Romania  

V.3. Find all Ω = ܾ݂ܽܿ݀݁തതതതതതതതതത such that: 

ܾ݂ܽܿ݀݁ = ܾܽܿ + ݂݀݁ 

Proposed by Daniel Sitaru,Oana Preda – Romania  

V.4. If ܾܽതതത ⋅ ܿ݀തതത = 899 find Ω = ܾܽܿ݀തതതതതതത + ܾܿ݀ܽതതതതതതത. 

Proposed by Daniel Sitaru,Camelia Dană – Romania  

V.5. Compare the numbers: 

Ωଵ = 2018ଶ଴ଵ଼ + 2019ଶ଴ଵ଼ and Ωଶ = 2018ଶ଴ଵଽ + 2019ଶ଴ଵ଼ 

Proposed by Daniel Sitaru,Nineta Oprescu – Romania  

V.6. Find Ωଵ,Ωଶ natural numbers such that Ωଵ + Ωଶ = 876 and great common divisor of 

Ωଵ,Ωଶ is 169. 

Proposed by Daniel Sitaru,Luiza Cremeneanu – Romania  

V.7. If Ωଵ = 36 + 36ଶ + ⋯+ 36ଶ଴ଵ଼ 

Ωଶ = 25 + 25ଶ + ⋯+ 25ଶ଴ଵ଼ 

then Ωଵ −Ωଶ is divisible with 11. 

Proposed by Daniel Sitaru,Roxana Vasile – Romania  

V.8. Find all numbers Ω = 2058ܾܽܿതതതതതതതതതതതത divisible with 343. 

Proposed by Daniel Sitaru,Eugenia Turcu – Romania  

V.9. Find last two digits of the number: 

Ω = 9 + 9ଶ + 9ଷ + ⋯+ 9ଶ଴ଶ଴ 

Proposed by Daniel Sitaru,Carina Viespescu – Romania  

V.10. Solve for real numbers: 

ݔ2 − 1
2017 +

ݔ2 − 2
2016 +

ݔ2 − 3
2015 + ⋯+

ݔ2 − 10
2008 =

ݔ10
1009 

Proposed by Daniel Sitaru,Mihai Ionescu – Romania  

V.11. Prove that: 
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Ω = ܾܽܿ݀2തതതതതതതത + ൫ܾܽܿ݀2തതതതതതതത൯
ଶ

+ ൫ܾܽܿ݀2തതതതതതതത൯
ଶ

+ ⋯+ ൫ܾܽܿ݀2തതതതതതതത൯
ଶ଴ଶ଴

 

is divisible with 10. 

Proposed by Daniel Sitaru,Marian Voinea – Romania  

V.12. If Ω = ܾܾܽܿതതതതതത − ܾܾܾܿܽതതതതതതതത;ܽ > ܿ then Ω can’t be a perfect square. 

Proposed by Daniel Sitaru,Delia Popescu – Romania  

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
 

6-CLASS-STANDARD 

 
VI.1.  Find all four digit positive integers, ܷܼܰܣܯതതതതതതതതതതത with distinct digits ܣ,ܯ,ܰ, ܼ,ܷ and holds 

൜ܷܼܰܣܯതതതതതതതതതതത − ܰ = തതതതതതതതതതതܼܺܰܣܯ = ܻܰଶ
ܣܼܰܺ = ଶܣܼ

 

where 0 ≤ ܺ,ܻ ∈ ℕ ≤ 10 and ܼଶ − ܻ =  ܯ

Proposed by Naren Bhandari-Nepal 

VI.2. Let be ݕ,ݔ, ,ܾ,ܽ,ݖ ܿ > 0, such that: 

ݔ + ݕ2 = ௔
௫

ݕ, + ݖ2 = ௕
௬

, ݖ + ݔ2 = ௖
௭
. 

Compute ݔ + ݕ + ,ܽ in function of ݖ ܾ, ܿ. 

Proposed by Marin Chirciu – Romania 

VI.3. Let be the set ܯ = ቄ௡ାଷ଴ଵ
௡ାଵ଴

|݊ ∈ ℕቅ. How many natural numbers does the set ܯ 

contains? 

Proposed by Marin Chirciu – Romania  

VI.4.  Let be ܽ = 3݇, ܾ = 3݇ + 1, ܿ = 3݇ + 2, where ݇ ∈ ℕ. 

Prove that the number ݔ = (݊ + ܽ)(݊ + ܾ)(݊ + ܿ) is divisible with 3, for any ݊ ∈ ℕ. 

Proposed by Marin Chirciu – Romania  

VI.5. Let be ݊ ∈ ℕ∗. Prove that the number 
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7ଶ௡ − 7ଶ௡ିଵ − 7ଶ௡ିଶ 

can be written as a sum of three nonzero distinct squares. 

Proposed by Marin Chirciu – Romania  

VI.6. Let be ݊ ∈ ℕ∗. Prove that the number 

6ଶ௡ − 6ଶ௡ିଵ − 6ଶ௡ିଶ 

can be written as a sum of three nonzero distinct squares. 

Proposed by Marin Chirciu – Romania  

VI.7. Let be ݊ ∈ ℕ∗. Prove that the number 

5ଶ௡ − 5ଶ௡ିଵ − 5ଶ௡ିଶ 

can be written as a sum of three nonzero distinct squares. 

Proposed by Marin Chirciu – Romania  

VI.8. If ݊ ∈ ℕ∗ such that 2݊ + 3 and 3݊ + 3 are perfect squares, prove that 5݊ + 9 is a 

composed number. 

Proposed by Marin Chirciu – Romania  

VI.9. Let be ܽ,ܾ, ܿ ∈ ℕ∗ and ݊ ∈ ℕ. Prove that the fraction 

ܾ௡ܿ௡ାଵ + ܽ
ܾ௡ାଵܿ௡ାଵ + ܾܽ − 1 

is irreducible. 

Proposed by Marin Chirciu – Romania  

VI.10. Let be ݊ ∈ ℕ. Prove that: 

1
6

(7௡ + 3௡ାଵ + 2) ∈ ℕ. 

Proposed by Marin Chirciu – Romania  

VI.11. Let be ݊ ∈ ℕ. Prove that: 

1
4

(7௡ + 47௡ − 2) ∈ ℕ. 

Proposed by Marin Chirciu – Romania  

VI.12. Let be ݊ ∈ ℕ. Prove that: 

1
8

(7௡ + 75௡ − 2) ∈ ℕ. 

Proposed by Marin Chirciu – Romania  

VI.13. Let be ݊ ∈ ℕ. Prove that: 
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1
8

(7௡ + 83௡ − 2) ∈ ℕ. 

Proposed by Marin Chirciu – Romania  

VI.14. Let be ݊ ∈ ℕ. Prove that the number 

1 + 3 + 3ଶ + ⋯+ 3ସ௡ାଵ 

can be divided with 4, but can’t be divided with 8. 

Proposed by Marin Chirciu – Romania  

VI.15. Prove that the number: 

39ଷଽ + 38ଷସ 

can be divided with 11. 

Proposed by Marin Chirciu – Romania  

VI.16. Let be ܽ, ܾ, ܿ,݀ ∈ ℕ. Prove that the fraction 

2ଷ௔ାଵ + 3଺௕ାଷ + 6
4ଷ௖ାଶ + 5଺ௗ + 4  

is reducible. 

Proposed by Marin Chirciu – Romania  

 

          All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 
Magazine-Interactive Journal. 

 
7-CLASS-STANDARD 

 

 
 
 

VII.1. If ݊ ∈ ℕ then Ω is divisible with 191919 

Ω =
݊ଷ଻ − ݊

10  

Proposed by Jalil Hajimir-Canada 
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VII.2. Let ߪ(݊) is the divisor function and observe that 

(11)ߪ = (6)ߪ,12 = 12 

(17)ߪ = (10)ߪ,18 = 18 

then find all ݊ ∈ ℕ such that ߪ(݊) = 158 where 11,17 are primes. 

Proposed by Naren Bhandari-Nepal 

VII.3. Find (ݔ, ,ݕ (ݖ ∈ ℕଷ such that: 

⎩
⎨

⎧
ݔ
ݕ +

ݕ
ݖ +

ݖ
ݔ =

7
2

ݔ + +ݕ ݖ = 2 gcd(ݔ + ,ݕ (ݖ
ݔ ≤ ݕ ≤ ݎܾ݁݉ݑ݊	݁݉݅ݎ݌	ݖ	݀݊ܽ		ݖ

 

 

Proposed by Mokhtar Khassani-Algerie 

VII.4 Let ݕ,ݔ be positive rational numbers which simultaneous verify the conditions: 

i). 2(ݔ − ଶ(ݕ + ଶݕ4 =  ݕݔ4

ii). ටଵଵ௫ାଷ௬
଻௫ାଶ௬

∈ ℚ. 

Compute the value of the rapport: ଶ௫ାଷ௬
ସ௫ାହ௬

.                  Proposed by Marin Chirciu – Romania 

VII.5. Find ݔ ∈ ℤ, ݔ ≠ 1, for which 

ඨ5ݔ − 9
ݔ − 1 ∈ ℤ 

Proposed by Marin Chirciu – Romania 

VII.6.  Let ܽ,ܾ ∈ ℕ∗ and ݊ ∈ ℕ. Prove that the number 

ܲ(݊) = (ܽ + ܾ)ସ௡ାଵ − ܽ(ܾܽ + ܾଶ)ଶ௡ − ܾସ௡ାଵ 

is divisible with ܽ(ܽ + 2ܾ)ଶ. 

Proposed by Marin Chirciu – Romania 

VII.7.  Prove that the number 13௡ can be written as a sum of four nonzero perfect squares, 

for any ݊ ∈ ℕ∗. 

Proposed by Marin Chirciu – Romania 

 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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8-CLASS-STANDARD 
 

 
 

VIII.1.  If ݔ ∈ ℝା
∗ = (0,∞),݉ ∈ ℝା = [0,∞), [ݔ] −great integer function, {ݔ} = ݔ −  ,[ݔ]

then: 

2௠ାଵ([ݔ] ∙ ({ݔ}
೘శభ
మ ≤ ௠ାଵݔ ≤ 2௠([ݔ]௠ାଵ +  	(௠ାଵ{ݔ}

 

Proposed by D.M.Bătineţu-Giurgiu – Romania  

VIII.2. Find last 3 digits of: 

Ω = 2018
ଶ଴ଵଽଶ଴ଵଽଶ଴ଵଽ…ଶ଴ଵଽହଷᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ

ఱబ	೟೔೘೐ೞ	"మబభవ"	 + 2019
ଶ଴ଵ଼ଶ଴ଵ଼ଶ଴ଵ଼..ଶ଴ଵ଼ଷହᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ

ఱబ	೟೔೘೐ೞ	"మబభఴ"	  

 

Proposed by Naren Bhandari-Bajura-Nepal 

VIII.3.  If ݔ, ,ݕ ݖ ≥ 0 then: 

෍
ݔ) + +ݕ)(1 1)
ݔ) + +ݕ)(2 2)

௖௬௖

=
3
4 ⇒෍ඥ(ݔ + ݕ)(1 + 1)

௖௬௖

≥ 3 

Proposed by Daniel Sitaru,Aurel Chiriță – Romania 

VIII.4. If ܽ,ܾ, ܿ > 0, ଵ
௔యାଵ

+ ଵ
௕యାଵ

+ ଵ
௖యାଵ

= ଼
ଷ
 then: 

(ܽ + ܾ)(ܾ+ ܿ)(ܿ + ܽ) ≤ 1 

Proposed by Rahim Shahbazov-Azerbaijan 

VIII.5. Solve for real numbers: 

ቐ
ଶݔ = 2 + ݕ
ଶݕ = 2 + ݖ
ଶݖ = 2 + ݔ

 

Proposed by Rahim Shahbazov-Azerbaijan 

VIII.6. If ܽ, ܾ, ܿ > 0, (ܽ + ܾ + ܿ)ቀଵ
௔

+ ଵ
௕

+ ଵ
௖
ቁ = ସଽ

ସ
 then: 
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ܽ
ܾ ,
ܾ
ܿ ,
ܿ
ܽ ∈ ൤

1
4 , 4൨ 

Proposed by Rahim Shahbazov-Azerbaijan 

VIII.7. If ܽ, ܾ, ܿ > 0, ܽ + ܾ + ܿ = 1,0 ≤ ݊ ≤ ଽ
଻
 then: 

ܾܽ + ܾܿ + ܿܽ − ܾ݊ܽܿ ≤
9 − ݊

27  

Proposed by Marin Chirciu – Romania 

VIII.8. Solve for natural numbers: 

ቐ
ݔ7 = ݕ)ݖݕ + (ݖ + 6 max(ݕ,ݔ, (ݖ

ݕ7 = ݔ)ݖݔ + (ݖ + min(ݕ,ݔ, (ݖ
ݖ7 = ݔ)ݕݔ + (ݕ + max(min(ݔ, (ݕ , min(ݔ, (ݖ , min(ݕ, ((ݖ

 

Proposed by Mokhtar Khassani-Algerie 

VIII.9. If 0 < ,ݕ,ݔ  :then ݖ

[ݔ]ଶݕ)ݔ + ({ݔ}ଶݖ ≥ [ݔ]ݕ) +  ,ଶ({ݔ}ݖ
{ݔ} = ݔ − ,[ݔ] [∗] - great integer function 

Proposed by Daniel Sitaru,Nicolae Oprea – Romania 

VIII.10. If ܽ,ܾ, ܿ > 0,ܾܽ + ܾܿ + ܿܽ = 3 then: 

ܽଶ + ܾଶ + ܿଶ + ܾܽܿ(ܽ + ܾ + ܿ) ≥ 6 

Proposed by George Apostolopoulos – Greece 

VIII.11. Solve: 

[ݔ]
[ݔ] + 1 +

[ݔ2]8
[ݔ2] + 8 =

[ݔ2][ݔ] + [ݔ2]8 + [ݔ] + 8
[ݔ2] + [ݔ] + 9  

Proposed by Jalil Hajimir-Canada 

VIII.12. If ݕ,ݔ, ݖ ≥ 2 then: 

෍
1

ݔ + 1
௖௬௖

= 1 ⇒෍
ଶݔ3 + ݔ + 4

ݔ) + ସݔ)(1 + 2)
௖௬௖

+ 2 ≤ 2 ൬
1
ݔ +

1
ݕ +

1
 ൰ݖ

Proposed by Daniel Sitaru,Ramona Nălbaru – Romania 

VIII.13. If ܽ,ܾ, ݔ,ݐ ,ݕ, ݖ ∈ ℝା
∗ = (0,∞) then: 

1
ݐܽ)ݐ + (ݔܾ +

1
ݔܽ)ݔ + (ݕܾ +

1
ݕܽ)ݕ + (ݖܾ +

1
ݖܽ)ݖ + (ݐܾ ≥

64
(ܽ + ݐ)(ܾ + ݔ + ݕ +  ଶ(ݖ

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
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All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
 

9-CLASS-STANDARD 
 

 
 

IX.1. If ݉ ≥ 0; ,ݕ,ݔ ݖ ≥ 0, then in triangle ܥܤܣ with ܨ −area the following relationship 

holds: 

෍൬
ݕ + ݖ
ݔ ൰

௠ାଵ
∙
ܽଶ௠

ℎ௔ଶ௖௬௖

≥ 2ଷ௠ାଵ ∙ ൫√3൯
ଵି௠

∙  ௠ିଵܨ

Proposed by D.M.Bătineţu-Giurgiu, Flaviu-Cristian Verde – Romania  

IX.2. If in ∆ܯ,ܥܤܣ ∈ ݔ and (ܥܤܣ)ݐ݊ܫ = ݕ,ܣܯ = ,ܤܯ ݖ =  :then ܥܯ

෍ቀ
ݔ
ܽ +

ݕ
ܾ
ቁටቀ

ݖ
ܿ +

ݔ
ܽ
ቁ ቀ
ݖ
ܿ +

ݕ
ܾ
ቁ

௖௬௖

≥ 4 

Proposed by D.M.Bătineţu-Giurgiu, Flaviu-Cristian Verde – Romania  

IX.3. If ݕ,ݔ, ݖ > ݑ;0 ≥ 0 then in any ∆ܥܤܣ the following relationship holds: 

෍
ݕ) + ݖ + ݉)
ݔ) + ℎ௔(ݑ

∙ ܽଷ
௖௬௖

≥  ,ܨ16

where ܨ −area of triangle ܥܤܣ. 

Proposed by D.M.Bătineţu-Giurgiu, Flaviu-Cristian Verde – Romania  

IX.4. In ∆ܯ,ܥܤܣ ∈ ܰ,(ܥܤ) ∈ ܲ,(ܣܥ) ∈  :the following relationship holds (ܤܣ)

ቆ
ଷܯܣ

ℎ௕ + ℎ௖
+

ଷܰܤ

ℎ௖ + ℎ௔
+

ଷܲܥ

ℎ௔ + ℎ௕
ቇ ൬

1
(ℎ௔ + ℎ௕)ଶ +

1
(ℎ௕ + ℎ௖)ଶ +

1
(ℎ௖ + ℎ௔)ଶ൰ ≥

9
8 

Proposed by D.M.Bătineţu-Giurgiu– Romania  

IX.5 If ܽ,ܾ, ܿ, ݕ,ݔ ∈ ℝା
∗ = (0,∞);݉ ∈ ℕ and ܾܽܿ = 1, then: 
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3݉ +
ݔܽ) + ଶ௠ାଶ(ݕܾ

(ܽ + ܾ + 2ܿ)௠ାଵ +
ݕܽ) + ଶ௠ାଶ(ݖܾ

(2ܽ + ܾ + ܿ)௠ାଵ +
ݖܽ) + ଶ௠ାଶ(ݔܾ

(ܽ + 2ܾ + ܿ)௠ାଵ ≥
3
4 (݉ + ݔ)(1 +  ଶ(ݕ

Proposed by D.M.Bătineţu-Giurgiu– Romania  

IX.6 If in ∆ܯ,ܥܤܣ ∈ ஺ݔ,(ܥܤܣ)ݐ݊ܫ = ஻ݔ,ܣܯ = ,ܤܯ ஼ݔ =  the following relationship ܥܯ

holds: 

3݉ + ൬
஺ݔ
ℎ௔
൰
௠ାଵ

+ ൬
஻ݔ
ℎ௕
൰
௠ାଵ

+ ൬
஼ݔ
ℎ௖
൰
௠ାଵ

≥ 2(݉ + 1) 

Proposed by D.M.Bătineţu-Giurgiu– Romania  

IX.7. Let be ݉, ݊ ∈ ℝା = ݌;(∞,0] ∈ ℕ in ∆ܯ,ܥܤܣ ∈ ,ݔ,(ܥܤܣ) ,ݕ ݖ −the distances by point 

ݓ,ݒ,ݑ and ܥ,ܤ,ܣ to the tips ܯ −the distances by point ܯ to the sides of triangle 

,[ܥܤ] ,[ܣܥ]  :Prove that .[ܤܣ]

+݌3
ݔ݉) + ଶ௣ାଶ(ݕ݊

௣ାଵ(ݒݑ) +
ݕ݉) + ଶ௣ାଶ(ݖ݊

௣ାଵ(ݓݒ) +
ݖ݉) + ଶ௣ାଶ(ݔ݊

௣ାଵ(ݑݓ) ≥ +݌)12 1)(݉ + ݊)ଶ 

Proposed by D.M.Bătineţu-Giurgiu– Romania  

IX.8.  Let be ݔ, ,ݕ ݖ ∈ ℝା
∗ = ݐ ,(∞,0) ∈ ℝା = [0,∞) and the triangle ܥܤܣ with ܨ −area, the 

following relationship holds: 

ݔ4 + ݕ3 + ݖ + ݐ2
ݕ + ݖ3 + ݐ ∙ ܽଶ +

ݔ + ݕ4 + ݖ3 + ݐ2
ݖ + ݔ3 + ݐ ∙ ܾଶ +

ݔ3 + ݕ + ݖ4 + ݐ2
ݔ + ݕ3 + ݐ ∙ ܿଶ ≥  ܨ3√8

Proposed by D.M.Bătineţu-Giurgiu – Romania  

IX.9. If in ∆ܨ,ܥܤܣ −area,ܯ ∈ ݔ and (ܥܤܣ)ݐ݊ܫ = ݕ,ܣܯ = ݖ,ܤܯ =  the following ܥܯ

relationship holds: 

ଶݔ ∙ ℎ௔
ܽ +

ଶݕ ∙ ℎ௕
ܾ +

ଶݖ ∙ ℎ௖
ܿ ≥  ܨ2

Proposed by D.M.Bătineţu-Giurgiu – Romania  

IX.10. In Δܥܤܣ the following relationship holds: 

݉௕

ℎ௖
+
݉௖

ℎ௕
≥

2݉௔

ℎ௔
 

Proposed by Bogdan Fuștei – Romania 

IX.11. In Δܥܤܣ,  :inenter the following relationship holds – ܫ

෍
݉௔

௔௖௬௖ݏ

≤ minቌ2෍
݉௔

௔௖௬௖ݓ

− 3;
1

ܫܣ෍ݎ2
௖௬௖

ቍ 

Proposed by Bogdan Fuștei – Romania 
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IX.12. In Δܥܤܣ, ݊௔ – Nagel’s cevian the following relationship holds: 

ෑ
݊௔ଶ

௔௖௬௖ݎ

≥ෑ(4݉௔ − 2ℎ௔ − (௔ݎ
௖௬௖

 

Proposed by Bogdan Fuștei – Romania 

IX.13.  In Δܥܤܣ, ݊௔ – Nagel’s cevian, ݃௔ – Gergonne’s cevian the following relationship 

holds: 

6ܴ෍
ℎ௕ℎ௖
ℎ௖௖௬௖

≥෍(݊௔ଶ + ௔ଶݓ2 + ݃௔ଶ)
௖௬௖

 

Proposed by Bogdan Fuștei – Romania 

IX.14.  In Δܥܤܣ the following relationship holds: 

݉௔

ܽ +
݉௕

ܾ +
݉௖

ܿ ≥
3√3

2 ≥
ℎ௔ + ℎ௕
ܽ + ܾ +

ℎ௕ + ℎ௖
ܾ + ܿ +

ℎ௖ + ℎ௔
ܿ + ܽ  

Proposed by Bogdan Fuștei – Romania 

IX.15 In acute Δܥܤܣ, ݊௔ − Nagel’s cevian the following relaitionship holds: 

݊௔݊௕݊௖ ≥ ଶඨݏ
2(݉௔ − ௕݉)(ݎ2 − ௖݉)(ݎ2 − (ݎ2

ܴ  

Proposed by Bogdan Fuștei – Romania 

IX.16.  In Δܥܤܣ,݊௔  – Nagel’s cevian the follwoing relationship holds: 

݊௔ + ݉௔ + ௕ݓ + ௖ݓ + ඥ2ݎ௔ℎ௔
ℎ௔ + ℎ௕ + ℎ௖

≤ ൬
1
√2

+
1
√3
൰	ඨ

ܴ
ݎ  

Proposed by Bogdan Fuștei – Romania 

IX.17. In Δܥܤܣ the following relationship holds: 

2෍
௕ݎ௔ݎ
௔ଶ௖௬௖ݓ

≥෍ቌට
ܽ
ܾ + ඨܾ

ܽ
ቍ

௖௬௖

 

Proposed by Bogdan Fuștei – Romania 

IX.18. In Δܥܤܣ the following relationship holds: 

௔ݎ
݉௔

+
௕ݎ
݉௕

+
௖ݎ
݉௖

≥ 4 −
ݎ2
ܴ  

Proposed by Bogdan Fuștei – Romania 

IX.19. If ݔ, ݕ ∈ ℝ,ݔଶ + ଶݕ − ݔ6 − ݕ8 + 24 ≤ 0 then: 
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16 ≤ ଶݔ + ଶݕ ≤ 36 

Proposed by Daniel Sitaru,Ionuț Ivănescu – Romania 

IX.20. Solve for real numbers: 

ቐ
ݔ2 + ݕ2 − ݖ3 = −6

ଶݔ3 + ଶݕ3 − ଶݖ4 = −10
ଷݔ4 + ଷݕ4 − ଷݖ5 = −40

 

Proposed by Radu Diaconu – Romania 

IX.21. Solve for real numbers: 

(2݉− 1) sin ݔ2 + (݉ − 2) cos ݔ2 + 2 = 0,݉ ∈ ℝ 

Proposed by Radu Diaconu – Romania 

IX.22. Solve for real numbers: 

4(sin ݔ + 2 cosݕ) + 3(cosݔ + 2 sin (ݕ = 15 

Proposed by Daniel Sitaru,Amelia Curcă Năstăselu– Romania 

IX.23. If ܽ,ܾ > 0 then: 

൬
ܽ + ܾ

2 + √ܾܽ +
2ܾܽ
ܽ + ܾ൰

ସ

≥
(ܽ + ܾ)ସ

16 + 15ܽଶܾଶ + 65 ൬
2ܾܽ
ܽ + ܾ൰

ସ

 

Proposed by Daniel Sitaru,Mirea Mihaela Mioara– Romania 

IX.24. Let ߶(݉, ݊) = ௡మ
೘
ିଵ

ଶ೘శమ ,݉ ∈ ℕ∗, ݊ odd number. Prove that: ߶(݉,݊) ∈ ℕ 

Proposed by Mohammed Bouras-Morocco 

IX.25. Let: ܳ =
ଵା୲ୟ୬ቀయഏఴ ቁ⋅୲ୟ୬ቀ

ഏ
భబቁ

ଵି୲ୟ୬ቀഏఴቁ⋅୲ୟ୬ቀ
ഏ
భబቁ

 

Prove that: ொିଵ
ொାଵ

= ට7 − 3√5− ඥ85 − 38√5 

Proposed by Mohammed Bouras-Morocco 

IX.26. In Δܥܤܣ the following relationship holds: 

(ℎ௔ + ℎ௕ + ℎ௖)ଷ

ℎ௔ℎ௕ℎ௖
+ 5 ≥

16ܴ
ܴ −  ݎ

Proposed by Marin Chirciu – Romania 

IX.27. In Δܥܤܣ,ܱ – circumcentre, ܫ – incentre the following relationship holds: 

௔ݓ) − ௕)ଶݓ + ௕ݓ) − ௖)ଶݓ + ௖ݓ) ௔)ଶݓ− ≤ ݊ ⋅ ,ଶܫܱ ݊ ≥
35
2  

Proposed by Marin Chirciu – Romania 
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IX.28. In Δܥܤܣ the following relationship holds: 

ଶݏ

ଶݎ27 +
ଶݏ3݊

(4ܴ + ଶ(ݎ ≥ ݊ + 1, ݊ ≤
16
9  

Proposed by Marin Chirciu – Romania 

IX.29. If ܽ, ܾ, ܿ > 0,݊ ≥ 1 then: 

ܽ
݊ܽ + ܾ + ܿ +

ܾ
ܾ݊ + ܿ + ܽ +

ܿ
݊ܿ + ܽ + ܾ ≥

27
(݊ + 2)(ܽ + ܾ + ܿ)(ܾܽ + ܾܿ + ܿܽ) 

Proposed by Marin Chirciu – Romania 

IX.30. In Δܥܤܣ the following relationship holds: 

ܽ + ܾ + ܿ ≤
ܽଶ + ܾܿ
ܾ + ܿ +

ܾଶ + ܿܽ
ܿ + ܽ +

ܿଶ + ܾܽ
ܽ + ܾ ≤ (ܽ + ܾ + ܿ)

ܴ
 ݎ2

Proposed by Marin Chirciu – Romania 

IX.31. In acute Δܥܤܣ the following relationship holds: 

1
1 − tan ஻

ଶ
tan ஼

ଶ

+
1

1 − tan ஼
ଶ

tan ஺
ଶ

+
1

1 − tan ஺
ଶ

tan ஻
ଶ

≤
3ܴଶ − ݎ8ܴ − ଶݎ5

2ܴଶ − ݎ4ܴ −  ଶݎ2

Proposed by Marin Chirciu – Romania 

IX.32. If ܽ, ܾ, ܿ > 0 then: 

෍
ܿ + √ܾܽ

√ܾܽ(ܽ + ܾ + 2ܿ)
௖௬௖

≥
1

ܽ + ܾ +
1

ܾ + ܿ +
1

ܿ + ܽ 

Proposed by Daniel Sitaru,Claudiu Ciulcu – Romania 

IX.33. If ݓ,ݒ,ݑ, ,ݕ,ݔ ݖ ∈ ℝା
∗  and ܥܤܣ is a triangle having the area ܨ, then: 

ݔݑ + ݕ) + ݒ)(ݖ + (ݓ
ݕ)ݑ + ℎ௔ଶ(ݖ

+
ݕݑ + ݖ) + ݓ)(ݔ + (ݑ

ݖ)ݒ + ℎ௕ଶ(ݔ
+
ݖݑ + ݔ) + ݑ)(ݕ + (ݒ

ݔ)ݓ + ℎ௖ଶ(ݕ
≥

5√3
ܨ  

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

 

IX.34. Let ݕ,ݔ, ݖ ∈ ℝା
∗ ∖ (0,∞) and ݀௔, ݀௕ , ݀௖ the centroid’s ܩ distances of ܥܤܣ triangle to 

it’s sides and ܨ the area of triangle. 

ቆ
ݔ
݀௔ଶ

+
ݕ
݀௕ଶ

+
ݖ
݀௖ଶ
ቇ
ଶ

≥
81
ଶ݌

ݕݔ) + ݖݕ +  (ݔݖ

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

IX.35. If ݀௔ , ݀௕,݀௖ are the centroid’s ܩ distances of ܥܤܣ triangle, having the area ܨ, then: 
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1
݀௔݀௕

+
1

݀௕݀௖
+

1
݀௖݀௔

≥
9√3
ܨ  

Proposed by D.M. Bătinețu – Giurgiu – Romania, Martin Lukarevski – Macedonia 

IX.36. If ݊ ∈ ℕ and ݉௔ ,݉௕ ,݉௖  are the medians lengths of ܥܤܣ triangle, then: 

݉௔
ସ௠ାସ

(݉௕ ⋅ ݉௖)௡ାଵ +
݉௕
ସ௡ାସ

(݉௖݉௔)௡ାଵ +
݉௖
ସ௡ାସ

(݉௔݉௕)௡ାଵ ≥ ଶݎ27 − 3݊ 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

IX.37. If ݉ ∈ ℝା = ݕ,ݔ;(∞,0] ∈ ℝା
∗ = (0,∞) then in any ܥܤܣ triangle the following 

inequality holds: 

௔ݎ
௕ݎݔ) + ௖)௠ାଵݎݕ +

௕ݎ
௖ݎݔ) + ௔)௠ାଵݎݕ +

௖ݎ
௔ݎݔ) + ௕)௠ାଵݎݕ ≥

3௠ାଵ

ݔ) + ܴݕ)௠ାଵ(ݕ +  ௠(ݎ

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

IX.38 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞), then in any ܥܤܣ triangle having the area ܨ the following 

inequality holds: 

ݕ + ݖ
ℎ௕ℎ௖ݔ

+
ݖ + ݔ
ℎ௖ℎ௔ݕ

+
ݔ + ݕ
ℎ௔ℎ௕ݖ

≥
2√3
ܨ  

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

IX.39. In Δܥܤܣ the following relationship holds: 

௔ݎ
௕ݎ

+
௕ݎ
௖ݎ

+
௖ݎ
௔ݎ

+
ݎ4
ܴ ≥ 5 

Proposed by Rahim Shahbazov-Azerbaijan 

IX.40. If ݔ, ,ݕ ݖ > 0 then: 

9 ൬
ݕݔ + ݖݕ + ݔݖ
ଶݔ + ଶݕ + ଶ൰ݖ

ଶ
+

ଷݔ)2 + ଷݕ + (ଷݖ
ݖݕݔ ≥ 15 

Proposed by Rahim Shahbazov-Azerbaijan 

IX.41. In Δܥܤܣ the following relationship holds: 

8 cosܣ cosܤ cosܥ ≤ ൬
ܾܽ + ܾܿ + ܿܽ
ܽଶ + ܾଶ + ܿଶ൰

ଶ

 

Proposed by Rahim Shahbazov-Azerbaijan 

IX.42. If ܽ, ܾ, ܿ > 0,ܽ + ܾ + ܿ = ଵ
௔

+ ଵ
௕

+ ଵ
௖
 then: 

√ܽయ + √ܾయ + √ܿయ ≥ 3 

Proposed by Rahim Shahbazov-Azerbaijan 
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IX.43. In Δܥܤܣ,  :incenter, the following relationship holds – ܫ

ଶݎ27

ଶݏ4 ≤ ൬
ܫܣ
ܾ + ܿ൰

ଶ

+ ൬
ܫܤ
ܿ + ܽ൰

ଶ

+ ൬
ܫܥ

ܽ + ܾ൰
ଶ

≤
1
4 

Proposed by Marin Chirciu – Romania 

IX.44. In Δܥܤܣ the following relationship holds: 

27ܴଶ

ଶݏ4 +
ଶݏ3݊

(4ܴ + ଶ(ݎ ≥ ݊ + 1,݊ ≤
11
16 

Proposed by Marin Chirciu – Romania 

IX.45. If ܽ, ܾ, ܿ > 0,ܽଶ + ܾଶ + ܿଶ + 2ܾܽܿ = 1 then: 

1
1 − ܽ +

1
1 − ܾ +

1
1 − ܿ ≥ 6 

Proposed by Marin Chirciu – Romania 

IX.46. In Δܥܤܣ the following relationship holds: 

ෑ൬
1

ܽ + ܾ +
1

ܾ + ܿ −
1

ܿ + ܽ൰
௖௬௖

≤
1

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) 

Proposed by Daniel Sitaru,Lavinia Trincu– Romania 

IX.47. If ݔ, ,ݕ ,ݖ ݐ > 0 then: 

ݖݔ) − ଶ(ݐݕ + ݖݔ) − ݐݔ)(ݐݕ + ݖݕ + (ݐݕ + ݐݔ) + ݖݕ + ଶ(ݐݕ

ݐݖݕݔ ≥ 9 

Proposed by Daniel Sitaru,Mihaela Nascu – Romania 

IX.48. In Δܥܤܣ the following relationship holds: 

2൫√ܽ + √ܾ + √ܿ൯ ≤ 3ඨ
3ܾܽܿ

ݎ4ܴ + ଶݎ  

Proposed by Daniel Sitaru,Nicolae Tomescu– Romania 

IX.49. In Δܥܤܣ the following relationship holds: 

3(ܽଷ + ܾଷ + 8݉௖
ଷ + 6ܾܽ݉௖) ≤ 2(ܽ + ܾ + 2݉௖)(3ܽଶ + 3ܾଶ − ܿଶ) 

When the equality does hold? 

Proposed by Daniel Sitaru,Seinu Cristina – Romania 

IX.50. In Δܥܤܣ the following relationship holds: 

݉௔

ℎ௖
+
݉௖

ℎ௕
≥

2݉௔

ℎ௔
 

Proposed by Bogdan Fuștei – Romania 
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IX.51. In Δܥܤܣ,  :incenter the following relationship holds – ܫ

෍
݉௔

௔௖௬௖ݏ

≤ minቌ2෍
݉௔

௔ݓ
− 3

௖௬௖

,
1

ܫܣ෍ݎ2
௖௬௖

ቍ 

Proposed by Bogdan Fuștei – Romania 

IX.52. In Δܥܤܣ, ݊௔ – Nagel’s cevian the following relationship holds: 

ෑ
݊௔ଶ

௔௖௬௖ݎ

≥ෑ(4݉௔ − 2ℎ௔ − (௔ݎ
௖௬௖

 

Proposed by Bogdan Fuștei – Romania 
IX.53. In Δܥܤܣ, ݊௔- Nagel’s cevian, ݃௔  – Gergonne’s cevian the following relationship holds: 

6ܴ෍
ℎ௕ℎ௖
ℎ௖௖௬௖

≥෍(݊௔ଶ + ௔ଶݓ2 + ݃௔ଶ)
௖௬௖

 

Proposed by Bogdan Fuștei – Romania 
IX.54. In Δܥܤܣ the following relationship holds: 

݉௔

ܽ +
݉௕

ܾ +
݉௖

ܿ ≥
3√3

2 ≥
ℎ௔ + ℎ௕
ܽ + ܾ +

ℎ௕ + ℎ௖
ܾ + ܿ +

ℎ௖ + ℎ௔
ܿ + ܽ  

Proposed by Bogdan Fuștei – Romania 
 

IX.55. In acute Δܥܤܣ, ݊௔  – Nagel’s cevian the following relationship holds: 

݊௔݊௕݊௖ ≥ ଶඨݏ
2(݉௔ − ௕݉)(ݎ2 − ௖݉)(ݎ2 − (ݎ2

ܴ  

Proposed by Bogdan Fuștei – Romania 
 

IX.56. In Δܥܤܣ the following relationship holds: 

௔ݎ) + ௕ݎ + (௖ݎ ൬
1
௔ݎ

+
1
௕ݎ

+
1
௕ݎ
൰ ≥

9(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
8ܾܽܿ  

Proposed by Adil Abdullayev-Azerbaijan 
 

IX.57. In Δܥܤܣ the following relationship holds: 

sin
ܣ − ܤ

2 sin
ܤ − ܥ

2 sin
ܥ − ܣ

2 =
(ܽ − ܾ)(ܾ − ܿ)(ܿ − ܽ)

16ܴଶݎ  

Proposed by Adil Abdullayev-Azerbaijan 
IX.58. Show that: 

ඨ4 − ට8 + √15 + √3 + ඥ10 − 2√5

ඨ2
య
మ −ට4 + √8 + √3 + ඥ10 − 2√5

> 2 sin 1° 

Proposed by Naren Bhandari-Nepal 
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IX.59. We know that 

1 × 2 × 3 × … × 7 = 7 × … × 10. 

Now, for ݊ > 7, can the following equality ever hold true: 

1 × 2 × 3 × … × (݊ − 1) × ݊ = ݊ × … × (݊ + ݇) 

for some positive integer ݇? 

Proposed by Naren Bhandari-Nepal 

IX.60. If ܽ, ܾ, ܿ,݀ > 0,ܽ + ܾ + ܿ + ݀ + 1 = 5ܾܽܿ݀ then: 

ܽଷ

ܽଷ + ܾସ + ܿସ + ݀ସ +
ܾଷ

ܾଷ + ܿସ + ݀ସ + ܽସ +
ܿଷ

ܿଷ + ݀ସ + ܽସ + ܾସ +
݀ଷ

݀ଷ + ܽସ + ܾସ + ܿସ ≤ 1 

Proposed by Rahim Shahbazov-Azerbaijan 

IX.61. In Δܥܤܣ the following relationship holds: 

4 cos
ܣ
2 cos

ܤ
2 ≤ 1 + ඨቀ1 +

ܽ
ܿ
ቁ
ଶ

+ ൬1 +
ܾ
ܿ൰

ଶ

− 2 ቀ1 +
ܽ
ܿ
ቁ ൬1 +

ܾ
ܿ൰ cosܥ 

Proposed by Adil Abdullayev-Azerbaijan 
IX.62. In Δܥܤܣ the following relationship holds: 

ෑ
௔ݎ + ௕ݎ

௖௖௬௖ݎ2

≥
9ܴଶ

ܽଶ + ܾଶ + ܿଶ ≥
4(2ܴଶ + (ଶݎ
ܽଶ + ܾଶ + ܿଶ 

Proposed by Adil Abdullayev-Azerbaijan 
IX.63. In Δܥܤܣ the following relationship holds: 

9(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
8ܾܽܿ ≤ 1 +

4ܴ
ݎ  

Proposed by Adil Abdullayev-Azerbaijan 
IX.64. Find last 3 digits of: 

Ω = 2019
ଶ଴ଵଽଶ଴ଵଽଶ଴ଵଽ…ଶ଴ଵଽହଷᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ

ఱబ	೟೔೘೐ೞ	"మబభవ"	  
Proposed by Naren Bhandari-Nepal 

IX.65. If ܽ, ܾ, ܿ > 0 then: 

෍ඨ
(ܾ + ܿ)ଷ

ܽଷ + ܾܽܿ
௖௬௖

≥ 6 

Proposed by Rahim Shahbazov-Azerbaijan 

IX.66. In Δܥܤܣ the following relationship holds: 

݉௔
ଶ + ݉௕

ଶ + ݉௖
ଶ

݉௔݉௕ + ݉௕݉௖ + ݉௖݉௔
≤
ܴ
 ݎ2

 

Proposed by Rahim Shahbazov-Azerbaijan 
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IX.67. In Δܥܤܣ the following relationship holds: 

௔ଷݏ෍ݏ7
௖௬௖

> ൫2√2 + 1൯ቌ෍ݏ௔ଶ
௖௬௖

ቍቌ෍ℎ௔ଶ
௖௬௖

ቍ 

Proposed by Daniel Sitaru,Delia Schneider– Romania 

 

IX.68. In Δܥܤܣ,  :incenter, the following relationship holds – ܫ

݊௔ + ௔ݎ
ܫܣ +

݊௕ + ௕ݎ
ܫܤ +

݊௖ + ௖ݎ
ܫܥ ≤ ቆ√3 −ට

ݎ
ܴቇ ൬1 +

4ܴ
ݎ ൰ 

Proposed by Bogdan Fuștei – Romania 

IX.69. In Δܥܤܣ the following relationship holds: 

෍ඨ
௔ݎ

4݉௔ − ௔௖௬௖ݎ

≥෍ tan
ܣ
2

௖௬௖

≥ ඨ4 −
ݎ2
ܴ ≥ √3 

Proposed by Bogdan Fuștei – Romania 

IX.70. In Δܥܤܣ,݃௔ – Gergonne’s cevian the following relationship holds: 

෍
௔ݎ + ݎ
௔ݎ − ݎ

௖௬௖

> ෍
݃௔ − ℎ௔
௔ݓ − ݃௔௖௬௖

,෍
௔ݓ − ݃௔
௔ݎ − ݎ

௖௬௖

> ෍
݃௔ − ℎ௔
௔ݎ + ݎ

௖௬௖

 

Proposed by Bogdan Fuștei – Romania 

IX.71. In Δܥܤܣ the following relationship holds: 

maxቌ෍
݉௔ ௔ݓ−

ℎ௔௖௬௖

,෍
݉௔ − ௔ݓ

௔௖௬௖ݎ

ቍ ≤
3√ݏ ௔ݓ− − ௕ݓ − ௖ݓ

ݎ  

Proposed by Bogdan Fuștei – Romania 

IX.72. In Δܥܤܣ the following relationship holds: 

ඥ݉௔ݎ௔
௔ݓ

+
ඥ݉௕ݎ௕ 	
௕ݓ

+
ඥ݉௖ݎ௖
௖ݓ

≤ 1 +
ܴ
ݎ  

Proposed by Bogdan Fuștei – Romania 

IX.73. In Δܥܤܣ the following relationship holds: 

ቌ෍ඨ
௔ݎ
௔௖௬௖ݓ

ቍ

ଶ

≥ 4 + 5ඨ൬
௔ݎ + ௕ݎ + ௖ݎ

݉௔ + ݉௕ + ݉௖
൰
଺ఱ
 

Proposed by Bogdan Fuștei – Romania 



Romanian Mathematical Society-Mehedinți Branch 2021 
 

58 ROMANIAN MATHEMATICAL MAGAZINE NR. 31 
 

IX.74. In Δܥܤܣ, ݊௔ – Nagel’s cevian, ݃௔ – Gergonne’s cevian the following relationship holds: 

2݉௔ + ݊௔ + ݃௔
ℎ௔

+ ඨ
௕ݎ + ௖ݎ
ℎ௔

≤
൫1 + √3൯ܴ

ݎ  

Proposed by Bogdan Fuștei – Romania 

IX.75. In Δܥܤܣ, ݊௔ – Nagel’s cevian, the following relationship holds: 

݊௔
ܽ +

݊௕
ܾ +

݊௖
ܿ ≤ ൬

ܴ
ݎ + 3√3− 4൰൬

ܴ
ݎ − 1൰ 

Proposed by Bogdan Fuștei – Romania 

IX.76. Solve for real numbers: 

4(sin ݔ + 2 cosݕ) + 3(cosݔ + 2 sin (ݕ = 15 

Proposed by Daniel Sitaru,Alecu Orlando– Romania 

IX.77. Solve for real numbers: 

ቐ
ݕݔ4)ݕݔ − 1)ଶ + ݕݔ16 = ଶݖ16

ݖݕ4)ݖݕ − 1)ଶ + ݖݕ16 = ଶݔ16

ݔݖ4)ݔݖ − 1)ଶ + ݔݖ16 = ଶݕ16
 

Proposed by Daniel Sitaru,Dan Grigorie – Romania 

IX.78. Let be ݉,݊ ∈ ℝା
∗ = (0,∞) and ܯ an interior point to ܥܤܣ triangle. If ݔ, ,ݕ  are the ݖ

distances of point ܯ to the apices ܥ,ܤ,ܣ and ݑ,  to the sides 	ܯ the distances of point ݓ,ݒ

 :then ܤܣ,ܣܥ,ܥܤ

݉ଶݕଶ + ݊ଶݖଶ

ଶݒ + ݑݓ2 +
݉ଶݖଶ + ݊ଶݔଶ

ଶݓ + ݒݑ2 +
݉ଶݔଶ + ݊ଶݕଶ

ଶݑ + ݓݒ2 ≥ 2(݉ + ݊)ଶ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

IX.79. If ݉ ∈ ℝା = [0,∞); ݔ	 ,ݕ, ݖ ∈ ℝା = (0,∞) then in any ܥܤܣ triangle the following 

inequality holds: 

ቆ
ݔ ⋅ ܽସ

ݕ + ቇݖ
௠ାଵ

+ ቆ
ݕ ⋅ ܾସ

ݖ + ቇݔ
௠ାଵ

+ ቆ
ݖ ⋅ ܿସ

ݔ + ቇݕ
௠ାଵ

≥
8௠ାଵ

3௠ ⋅  ଶ௠ାଶܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

IX.80. If ݌ ∈ ℝା = ,ݕ,ݔ,݊,݉;(∞,0] ݖ ∈ ℝା
∗ = (0,∞) then in any ܥܤܣ triangle the following 

inequality holds: 

൬
ݕ݉ + ݖ݊

ݔ ⋅ ܽସ൰
௣ାଵ

+ ൬
ݖ݉ + ݔ݊

ݕ ⋅ ܾସ൰
௣ାଵ

+ ൬
ݔ݉ + ݕ݊

ݖ ⋅ ܿସ൰
௣ାଵ

≥ 
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≥
2଺௣ା଺

3௣ ⋅
݉௣ାଵ ⋅ ݊௣ାଵ

(݉ + ݊)௣ାଵ ⋅ ܨ
ଶ௣ାଶ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

IX.81. If ݉ ∈ ℝା = [0,∞) and ܽ, ܾ, ܿ are the sides lengths of ܥܤܣ triangle having the area 

 :then ,ܨ

ܽ௠ାଶ

(2ܽ + ܾ + ܿ)௠ +
ܾ௠ାଶ

(ܽ + 2ܾ + ܿ)௠ +
ܿ௠ାଶ

(ܽ + ܾ + 2ܿ)௠ ≥
√3

4௠ାଵ  ܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

IX.82. If ݉ ∈ ℕ;݊,݌ ∈ ℝା
∗ =  ,triangle ܥܤܣ the semiperimeter of ݏ is the area and ܨ,(∞,0)

then: 

݉ + 2௠((݊ݏଶ)௠ାଵ + ௠ାଵ(ݎ݌) ⋅ (4ܴ + (௠ାଵ(ݎ ≥ (݉ + 1)(3݊ +  ܨ3√(݌

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

IX.84. Let ݉, ݊ ∈ ℕ,݊ ≥ 2, then in ܥܤܣ triangle having the semiperimeter ݏ and area ܨ the 

following inequality holds: 

3݉ + ܽ௠ାଵݎ௕
௡(௠ାଵ) + ܾ௠ାଵ ⋅ ௖ݎ

௡(௠ାଵ) + ܿ௠ାଵݎ௔
௡(௠ାଵ) ≥ 2(݉ + ଶܨ(1 ⋅ ௡ିଷ൫√3൯ݏ

଺ି௡
 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

IX.85. If ݉ ∈ ℕ and ܥܤܣ triangle is a triangle having the semiperimeter ݏ, then: 

ඨቀ
ܽ

ݏ − ܽ
ቁ
௠ାଵ

+ ඨ൬
ܾ

ݏ − ܾ൰
௠ାଵ

+ ඨቀ
ܿ

ݏ − ܿ
ቁ
௠ାଵ

+ 3݉ ≥ 3(݉ + 1)√2 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

IX.86. Let be ݊ ∈ ℕ,݊ ≥ ௞ݔ,2 ∈ ℝା
∗ = (0,∞),∀݇ = 1,݊ and ߪ ∈ ܵ௡, and ܽ, ܾ ∈ ℝା

∗ . Then: 

෍ቆܽ +
ܾ ⋅ ௞ݔ
ఙ(௞)ݔ

ቇ
ଶ௡

௞ୀଵ

≥ (ܽ + ܾ)ଶ݊ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

IX.87. Let ݉ ∈ ℝା = [0,∞),݊ ∈ ℕ,݊ ≥ ௞ݔ,3 ∈ ℝା
∗ = (0,∞),∀݇ = 1,݊ and ܺ௡ = ∑ ௞௡ݔ

௞ୀଵ  

then: 

෍ݔ௞௠ାଵ
௡

௞ୀଵ

+
1

(݊ − 1)௠෍(ܺ௡ − ௞)௠ାଵݔ
௡

௞ୀଵ

≥
ܺ௡௠ାଵ

݊௠ିଵ  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
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IX.88. If ݔ, ݕ ∈ ℝା
∗ = (0,∞) and ܽ, ܾ, ܿ are the sides lengths and ℎ௔,ℎ௕, ℎ௖  are the heights 

lengths of ܥܤܣ triangle, then: 
ݔ2) − ܽݔ(ݕ

ℎ௔
+

ݕ2) − ܾݕ(ݔ
ℎ௕

+
ܿݕݔ
ℎ௖

≥  ݕݔ3√2

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
IX.89. In ܥܤܣ triangle having the area ܨ let ݓ௔,ݓ௕  ௖ be the interior bisectors and theݓ,
other notations being the usual ones, then: 

ܽ ⋅ ௔ݓ
ℎ௔

+
ܾ ⋅ ௕ݓ

ℎ௕
+
ܿ ⋅ ௖ݓ
ℎ௖

≥ 2ට3√3ܨ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
IX.90. In ܥܤܣ triangle having the area ܨ, with the usual notations the following inequality 

holds: (ܽଶ + ܾଶ + ܿଶ)
య
మ ⋅ ቀ ଵ

௔ା௕
+ ଵ

௕ା௖
+ ଵ

௖ା௔
ቁ ≥  ܨ18

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
IX.91. Let ݉ ∈ ℕ and ܯ be an interior point in ܥܤܣ triangle and ݔ, ,ݕ  ܯ the sides of point ݖ
to ܥ,ܤ,ܣ apices and ݓ,ݒ,ݑ the distances of point ܯ to the sides ܤܣ,ܣܥ,ܥܤ. Prove that: 

3݉ +
ଶ௠ାଶݔ

௠ାଵ(ݓݒ) +
ଶ௠ାଶݕ

௠ାଵ(ݑݓ) +
ଶ௠ାଶݖ

௠ାଵ(ݒݑ) ≥ 12(݉ + 1) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
IX.92. If ܽ, ܾ, ܿ,݀, ݁ ∈ ℝା

∗ = (0,∞) and ܽଶ + ܾଶ + ܿଶ + ݀ଶ = ݁ଶ, then: 
(ܽ + ܿ)(ܾ + ݀) ≤ ݁ଶ 

Proposed by D.M. Bătinețu-Giurgiu, Dan Nănuți – Romania 
IX.93. Find all functions ݂: (0, +∞) → ℝ such that: 

(ݕݔ)݂ ≤ (ݔ)݂ݔ + (ݕ)݂ݕ ≤ ,ݔ∀,(ݕݔ)݃݋݈ ݕ > 0 
Proposed by Marian Ursărescu-Romania 

IX.94. In ∆ܣܣ,ܥܤܣᇱ,ܤܤᇱ,ܥܥᇱ −internal bisectors, ∆ܣᇱᇱܤᇱᇱܥᇱᇱ −circumcevian triangle of 

incenter. Prove that: ൣ஺
ᇲ஻ᇲ஼ᇲ൧

[஺ᇲᇲ஻ᇲᇲ஼ᇲᇲ]
≤ ௥

ଶோ
. 

 

Proposed by Marian Ursărescu-Romania 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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10-CLASS-STANDARD 
 

 
 

X.1.  If ݔ௞ ∈ ℝା
∗ = (0,∞),݇ = 1, ݊തതതതത, then: 

෍ቆ
[௞ݔ]

{௞ାଶݔ} +
ଶ[௞ݔ]

ቇ{௞ାଶݔ}[௞ݔ]
௡

௞ୀଵ

≥
ଵ
ଶ

(∑ ௞௡ݔ
௞ୀଵ )ଶ

ඥ(∑ ଶ௡[௞ݔ]
௞ୀଵ )(∑ ଶ௡{௞ݔ}

௞ୀଵ )
 

where [ݔ]−GIF, {ݔ} = ݔ − ݔ,[ݔ] ∈ ℝ,ݔ௡ାଵ = ,௡ݔ ௡ାଶݔ =  .ଵݔ

Proposed by D.M.Bătineţu-Giurgiu– Romania  

X.2. If ݉, ,ݔ,݊ ,ݕ ݖ ∈ ℝା = [0,∞),݉ + ݊ = 2, then in any ∆ܥܤܣ with ܨ −area the following 

relationship holds: 

ݖݕ ∙
ܽ௠

ℎ௔௡
+ ݔݖ ∙

ܾ௠

ℎ௕௡
+ ݕݔ ∙

ܿ௠

ℎ௖௡
≤

ݔ) + ݕ + ଶܴ௠ା௡(ݖ

(ܾܽܿ)௡  

Proposed by D.M.Bătineţu-Giurgiu– Romania  

X.3. If ݉ ∈ ℕ, ݐ ∈ ℝା = [0,∞) and ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞) then in any triangle ܥܤܣ the 

following relationship holds: 

3݉ + ൬
ݕ + ݖ + ݐ6
ݔ) + ܽ(ݐ3 ൰

௠ାଵ

+ ൬
ݖ + ݔ + ݐ6
ݕ) + ܾ(ݐ3 ൰

௠ାଵ

+ ൬
ݔ + ݕ + ݐ6
ݖ) + ܿ(ݐ3 ൰

௠ାଵ

≥
2√3(݉+ 1)

ܴ  

Proposed by D.M.Bătineţu-Giurgiu– Romania  

X.4. In any ∆ܯ,ܥܤܣ ∈ ݔ,(ܥܤܣ)ݐ݊ܫ = ݕ,ܣܯ = ,ܤܯ ݖ =  the following relationship ܥܯ

holds: 

෍ቀ
ݔ
ܽቁ

ସ

௖௬௖

+ ෍
ݕଷݔ
ܽଷܾ

௖௬௖

≥
2
3 

Proposed by D.M.Bătineţu-Giurgiu– Romania  

X.5. Let be ݉, ݊ ∈ ℝା = [0,∞);݉ + ݊ = 4; ,ݔ ,ݕ ݖ ∈ ℝା
∗ = (0,∞) and ∆ܥܤܣ with ܨ −area, 

then the following relationship holds: 
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ቆ
ଶܽ௠ݔ

ℎ௔௡
+
ଶܾ௠ݕ

ℎ௕௡
+
ଶܿ௠ݖ

ℎ௖௡
ቇ൬

1
ݔ) + ଶ(ݕ +

1
ݕ) + ଶ(ݖ +

1
ݖ) + ଶ൰(ݔ ≥ 3 ∙ 2௠ିଶ ∙  ௠ିଶܨ

Proposed by D.M.Bătineţu-Giurgiu– Romania  

X.6. If ݉, ݊ ∈ ℝା = [0,∞),݉ + ݊ = ܨ with ܥܤܣ∆ ,2 −area and ܯ ∈ ܰ,(ܥܤ) ∈ ܲ,(ܣܥ) ∈

 :the following relationship holds (ܤܣ)

(ܽଶ + ܾଶ) ∙ ௠ܲܥ

ܿ௡ +
(ܾଶ + ܿଶ) ∙ ௠ܯܣ

ܽ௡ +
(ܿଶ + ܽଶ) ∙ ௠ܰܤ

ܾ௡ ≥ 2௡ାଵ ∙  ௠ܨ3

Proposed by D.M.Bătineţu-Giurgiu– Romania  

X.7. If ݕ,ݔ ∈ ℝା = ݔ,(∞,0] + ݕ = 2 then in any triangle ܥܤܣ with ܨ −area the following 

relationship holds: 

(ܽଶ + ܾଶ) ∙ ℎ௖௫

ܿ௬ +
(ܾଶ + ܿଶ) ∙ ℎ௔௫

ܽ௬ +
(ܿଶ + ܽଶ) ∙ ℎ௕௫

ܾ௬ ≥ 2௫ାଵ ∙  ௫ܨ3

Proposed by D.M.Bătineţu-Giurgiu– Romania  

X.8.  If ݉, ݊ ∈ ℝା = [0,∞),݉ + ݊ = 2, then in any ∆ܥܤܣ with ܨ −area the following 

relationship holds: 

(ܽ + ܾ)ଶ ∙ ℎ௖௠

ܿ௡ +
(ܾ + ܿ)ଶ ∙ ℎ௔௠

ܽ௡ +
(ܿ + ܽ)௠ ∙ ℎ௕௠

ܾ௡ ≥ 2௠ ∙  ௠ܨ6

Proposed by D.M.Bătineţu-Giurgiu– Romania  

X.9.  In Δܥܤܣ the follwoing relationship holds: 

ඨෑ݊௔ଶ
௖௬௖

య + 2ඨෑݎ௔ℎ௔
௖௬௖

య ≤  ଶݏ

Proposed by Bogdan Fuștei – Romania 

X.10. If in Δܥܤܣ,  :incenter, ݊௔ – Nagel’s cevian, ݃௔ – Gergonne’s cevian then – ܫ

ܫܣ
ℎ௔

+
ܫܤ
ℎ௕

+
ܫܥ
ℎ௖

≤
ܴ
ݎ ,෍

݊௔ଶ + ݃௔ଶ

ܾଶ + ܿଶ
௖௬௖

≥ 2 +
ݎ

2ܴ 

Proposed by Bogdan Fuștei – Romania 

X.11. In Δܥܤܣ the following relationship holds: 

݉௔ ≥
1

2√2
ቆ(ܾ + ܿ) cos

ܣ
2 + |ܾ − ܿ| sin

ܣ
2ቇ 

Proposed by Bogdan Fuștei – Romania 

X.12. In Δܥܤܣ, ݊௔ – Nagel’s cevian the following relationship holds: 
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݉௔ ≥
1
2 ൬
ℎ௕ + ℎ௖

2 + |ܾ − ܿ| sinଶ
ܣ
2൰

ඨ
݊௔ + ℎ௔

௔ݎ
 

Proposed by Bogdan Fuștei – Romania 

X.13 Let ߚ,ߙ > 0. Find all functions ݂:ℝ → ℝ such that: 

(ݕ)݂(ݔ)݂ߙ = ݔ)݂ߚ + (ݕ + ,ݔ∀,ݕݔߚߙ ݕ ∈ ℝ 

Proposed by Nguyen Van Canh-Vietnam 

X.14. Solve for complex numbers: 

଺ݔ3 − ହݔ9 + ସݔ18 − ଷݔ21 + ଶݔ15 − ݔ6 + 1 = 0 

Proposed by Daniel Sitaru,Lucian Lazăr– Romania 

 

X.15. In Δܥܤܣ: ܽ + ܾ + ܿ = 1. Prove that: 

෍ቌ
1
9 ⋅ ߤ

ଶ(ܣ) +
2
3 ⋅

(ܣ)ߤ

tan ஺
ଷ

+
ܾܽ
ܿ
ቍ

௖௬௖

> 7 

Proposed by Radu Diaconu – Romania 
 

X.16.  If in Δܥܤܣ, ݎ = 1 then the following relationship holds: 

ቌ෍ tan
ܣ
6௡

௖௬௖

−෍ sin
ܣ
6௡

௖௬௖

ቍቌ෍
1
௔௖௬௖ݓ

ቍ <
1

6௡ , ݊ ≥ 2 

 
Proposed by Radu Diaconu – Romania 

 
X.17. In ܦܥܤܣ convexe quadrilateral the following relationship holds (݉ > 0, ݊ ≥ 0): 

ቌ෍ cosଶ ܣ
௖௬௖

ቍቌ෍
(ܣ)௠ାଵߤ

(ܽ + ܾ݊)௠
௖௬௖

ቍ ≥
௠ାଵߨ8

݊)௠ݏ + 1)௠ cosଶ
ܣ + ܤ

2 cosଶ
ܤ + ܥ

2 cosଶ
ܥ + ܣ

2  

Proposed by Radu Diaconu – Romania 
 

X.18. In Δܥܤܣ the following relationship holds: 

௔ݓ) + ௕ݓ + (௖ݓ ൬
ܣ

ܾ + ܿ +
ܤ

ܿ + ܽ +
ܥ

ܽ + ܾ൰ ≥
ݎߨ27

ݏ4  

 
Proposed by Radu Diaconu – Romania 

 
X.19. In Δܥܤܣ the following relationship holds: 

3(1 + (ݎ3 < ෍൬ℎ௔ +
1
4 ⋅ ߤ

(ܣ) ⋅ csc
ܣ
4൰

௖௬௖

<
ߨ)3 + 3ܴ)

2  

Proposed by Radu Diaconu – Romania 
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X.20.  Prove that: 

10ଶ೙ ൭ෑ
1

10ଶ೙షೖ + 1

௡

௞ୀଵ

൱ቌ෍ 10ିଶ௞
ଶ೙షభ

௞ୀଵ

ቍ =
1

11 

Proposed by Mohammed Bouras-Morocco 

X.21. Solve for real numbers: 

൜
ݔ6 + +ݕ3 ݖ2 = 18

ݔ)108 + ݕ + ௫ା௬ା௭(ݖ = ଷݖଶݕݔ ⋅ 6௫ା௬ା௭ 

Proposed by Daniel Sitaru,Daniela Beldea– Romania 

X.22.  In Δܥܤܣ the following relationship holds: 

(݉௕ + ݉௖) sinܣ
݉௔ sinܤ sinܥ +

(݉௖ + ݉௔) sinܤ
݉௕ sinܥ sinܣ +

(݉௔ + ݉௕) sin ܥ
݉௖ sinܣ sinܤ ≥ 4√3 

Proposed by Daniel Sitaru,Simona Miu– Romania 

X.23.    

 Ω(ܽ,ܾ, ܿ) = (௔ା௕ା௖)య

(ସ௔యାଵ)(ସ௕యାଵ)(ସ௖యାଵ)
,ܽ, ܾ, ܿ ∈ ℝ 

Find: Ω = max൫Ω(ܽ, ܾ, ܿ)൯ 

Proposed by Marin Chirciu – Romania 

X.24.  If ݔ, ,ݕ ݖ > 0, ݔ + ݕ + ݖ = 1,݊ ≥ 2 then: 

ݔ
ඥ݊ݔ + ݕ

+
ݕ

ඥ݊ݕ + ݖ
+

ݖ
ݖ݊√ + ݔ

≤ ඨ 3
݊ + 1 

Proposed by Marin Chirciu – Romania 
X.25. Solve for real numbers: 

ݔ + ඥܽଶ − ଶݔ + 1 + ඥܽଶݔ − ݔ + 1 = 2ܽ+ 1,ܽ ∈ [0,7) 
Proposed by Marin Chirciu – Romania 

X.26. In Δܥܤܣ	the following relationship holds: 

ቌ෍ݎ௔
௖௬௖

ቍቌ෍
1
௔௖௬௖ݎ

ቍ +
ݎߤ2
ܴ ≥ ߤ + ߤ,9 ≤ 8 

Proposed by Marin Chirciu – Romania 
 

X.27. In Δܥܤܣ the following relationship holds: 

ܽଷ + ܾଷ + ܿଷ ≥ 8ඥ3ܵ଺ర  

Proposed by Daniel Sitaru,Alina Georgiana Ghiță– Romania 
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X.28. In Δܭ,ܥܤܣ – Lemoine’s point, the following relationship holds: 

ܭܣܽ + ܭܤܾ + ܭܥܿ
݉௔ + ݉௕ + ݉௖

≤
2ܴ√3

3  

Proposed by Daniel Sitaru,Mihaela Dăianu– Romania 

X.29. In Δܥܤܣ the following relationship holds: 

ቆ
ܽସ݉௔

ଶ

݉௕݉௖
ቇ
ହ

+ ቆ
ܾସ݉௕

ଶ

݉௖݉௔
ቇ
ହ

+ ቆ
ܿସ݉௖

ଶ

݉௔݉௕
ቇ
ହ

≥
(4ܵ)ଵ଴

81  

Proposed by Daniel Sitaru,Doina Cristina Călina– Romania 

X.30. If ݕ,ݔ, ,ݑ,ݖ ݓ,ݒ > ݒݑ,0 + ݓݒ + ݑݓ = 3 then: 

෍
ଶݔ) + ଶݕ + ଶݖ + ݕݔ2 + ଶݑ(ݕݖ2

ݖݔ
௖௬௖

≥ 18 + ଶݑ + ଶݒ +  ଶݓ

Proposed by Daniel Sitaru,Simona Radu– Romania 

X.31. Let be ݉ ∈ ℝା = [0,∞),݊ ∈ ℕ then inܥܤܣ triangle with the area ܨ the following 

inequality holds: 

3݊ +
ܽ(௠ାଶ)(௡ାଵ)

(ܾ + ܿ)௠(௡ାଵ) +
ܾ(௠ାଶ)(௡ାଵ)

(ܿ + ܽ)௠(௡ାଵ) +
ܿ(௠ାଶ)(௡ାଵ)

(ܽ + ܾ)௠(௡ାଵ) ≥
(݊ + ܨ3√(1

2௠ିଶ  

Proposed by D.M. Bătinețu – Giurgiu, Dan Nănuți – Romania 

X.32. In ܥܤܣ triangle having the area ܨ the following inequality holds: 

3(ܽଶ + ܾଶ + ܿଶ)ଶ ≥෍(ܽଶ + ܾଶ − ܿଶ)ଶ
௖௬௖

+  ଶܨ128

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania 

X.33. If ݉ ∈ ℕ∗ ,ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞) and ܥܤܣ is a triangle having the area ܨ, then: 

3݉ + ൬
ݕ + ݖ
ݔ ⋅ ܽଶ൰

௠ାଵ
+ ൬

ݖ + ݔ
ݕ ⋅ ܾଶ൰

௠ାଵ
+ ൬

ݔ + ݕ
ݖ ⋅ ܿଶ൰

௠ାଵ
≥ 4(3݉ +  ܨ3√(2

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

X.34. If ݉,݊ ∈ ℕ∗,ݕ,ݔ, ,ݖ ,ݑ ݒ ∈ ℝା
∗ = (0,∞) and ܥܤܣ is a triangle having the area ܨ then: 

(݉ + +ݕ)ݑ) (ݖ ⋅ ܽ)௠ାଵ) ൬݊ + ቀ
ݒ
ݔ ⋅ ܽ

ቁ
௡ାଵ

൰ + ቆ݉ + ൬
ݒ
ݕ ⋅ ܾ൰

௠ାଵ
ቇ + (݊ + ݖ)ݑ) + (௡ାଵ(ܾ(ݔ + 

+(݉ + ݒ(1 ቆ൬
ݔ + ݕ
ݖ ൰ ܿଶݑቇ

௡ାଵ

≥ 8(݉ + 1)(݊ +  ܨ3√ݒݑ(1

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 
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X.35. If ݉ ∈ ℝା = [0,∞);݊ ∈ ℕ∗; ,ݕ,ݔ ݖ ∈ ܴା∗ = (0,∞) then in ܥܤܣ triangle having the 

area ܨ the following inequality holds: 

(3݊)௠ାଵ + ቆ
ݕ) + ଶܽ(ݖ

ݔ ቇ
(௠ାଵ)(௡ାଵ)

+ ቆ
ݖ) + ଶܾ(ݔ

ݕ ቇ
(௠ାଵ)(௡ାଵ)

+ 

+ቆ
ݔ) + ଶܿ(ݕ

ݖ ቇ
(௠ାଵ)(௡ାଵ)

≥
(݊ + 1)√3

2ଶ௠ିଷ  ܨ

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

X.36. If ݕ,ݔ ∈ ℝା
∗ = (0,∞) then in any ܥܤܣ triangle the following inequality holds: 

ܽݔ
ݕ) + ℎ௔(ݖ

+
ܾݕ

ݖ) + ℎ௕(ݔ
+

ܿݖ
ݔ) + ℎ௖(ݕ

≥ √3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 
X.37. Let be ݉,݊ ∈ ℝା

∗ = (0,∞)	and ܥܤܣ triangle. If ܯ,ܰ,ܲ are arbitrary points on ܣܥ,ܥܤ 
respectively ܤܣ, then: 

ܯܣ ⋅ ܰܤ
݉ℎ௔ + ݊ℎ௕

+
ܰܤ ⋅ ܲܥ

݉ℎ௕ + ݊ℎ௖
+

ܲܥ ⋅ ܤܣ
݉ℎ௖ + ݊ℎ௔

≥
ݎ18
݉ + ݊ 

Proposed by D.M. Bătinețu – Giurgiu – Romania 
X.38 If ݔ, ,ݕ ݖ ∈ ℝା

∗ , then in any ܥܤܣ triangle having the area ܨ the following inequality 
holds: 

ቆ
ݔ
ℎ௔ଶ

+
ݕ
ℎ௕ଶ

+
ݖ
ℎ௖ଶ
ቇ
ଶ

≥
ݕݔ + ݕ + ݔݖ

ଶܨ  

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 
 

X.39 If ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞) then in ܥܤܣ triangle the following inequality holds: 

ݕ) + ܽ(ݖ
ℎ௔ݔ

+
ݖ) + ܾ(ݔ
ℎ௕ݕ

+
ݔ) + ܿ(ݕ
ℎ௖ݖ

≥ 4√3 

Proposed by D.M. Bătinețu – Giurgiu – Romania, Martin Lukarevski – Macedonia 
 
 

X.40. If ܥܤܣ is a triangle having the area ܨ, then: 
ܽସܾଶ

ℎ௕ଶ
+
ܾସܿଶ

ℎ௖ଶ
+
ܿସܽଶ

ℎ௔ଶ
≥

64
3 ⋅  ଶܨ

Proposed by D.M. Bătinețu – Giurgiu, Dan Nănuți – Romania  
 

X.41. If ݉ ∈ [1,∞) and ܥܤܣ is a triangle having the area ܨ then: 

ܽଶ௠ܾ௠

ℎ௕௠
+
ܾଶ௠ܿ௠

ℎ௖௠
+
ܿଶ௠ܽ௠

ℎ௔௠
≥ 2ଷ௠ ⋅ 3ଵି௠ ⋅  ௠ܨ

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 
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X.42. If ݉ ∈ ݔ,(∞,1] ∈ ℝ then in any ܥܤܣ triangle having the area ܨ the following 

inequality holds: 

ܽ௠(ଶି௫)

ℎ௔௠௫ +
ܾ௠(ଶି௫)

ℎ௕௠௫ +
ܿ௠(ଶି௫)

ℎ௖௡௫
≥ 2(ଶି௫)௠൫√3൯

ଶି௠
⋅  ௠(ଵି௫)ܨ

Proposed by D.M. Bătinețu – Giurgiu, Dan Nănuți – Romania 

X.43. In any ܥܤܣ triangle having the area ܨ the following inequality holds: 

ܽଷ + ܾଷ + ܿଷ ≥ 8√3ర  ܨ√ܨ

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

X.44. ܲ and ݍ are distinct prime numbers. Show ඥݍ೛ + ඥ݌೜  is an irrational number. 

Proposed by Jalil Hajimir-Canada  

X.45. Solve: 

4[௫] + 3௫ = 5[௫] + 2௫  

 .ݔ is the greatest integer part of [ݔ]

Proposed by Jalil Hajimir-Canada  

X.46. Solve: 
ଶݔ6) + 1)଺ + ଶݔ3)2 + 1)ଷ + ଶݔ2)3 + 1)ଶ = ଶݔ6)6 + ଶݔ3)(1 + ଶݔ2)(1 + 1) 

 
Proposed by Jalil Hajimir-Canada 

 
X.47. If ܽ,ܾ, ܿ > 0, ଵ

ଶ௔ାଶ଴ଵଽ
+ ଵ

ଶ௕ାଶ଴ଵଽ
+ ଵ

ଶ௖ାଶ଴ଵଽ
= ଵ

ଶ଴ଵଽ
 then: 

√ܾܽܿయ ≥ 2019 
Proposed by Rahim Shahbazov-Azerbaijan 

 
X.48. If in Δ(ܣ∢)݉,ܥܤܣ > 152° then: 

ℎ௔ <
7

50
(ܾ + ܿ) 

Proposed by Rovsen Pirguliyev-Azerbaijan 
X.49. Solve for real numbers: 

[tan ݔ ⋅ {cos [{ݔ = [cot ݔ ⋅ {sin  [{ݔ
{ݔ} = ݔ − ,[ݔ]  great integer function – [ݔ]

 
Proposed by Rovsen Pirguliyev-Azerbaijan 

X.50. If ܽ,ܾ, ܿ, ݀ > 0 then: 

16(ܽ + ܾ + ܿ + ݀) ≥ ඨܽ
ସ + ܾସ + ܿସ + ݀ସ

4
ర

+ 63√ܾܽܿ݀ర  

Proposed by Rahim Shahbazov-Azerbaijan 
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X.51. In Δܥܤܣ the following relationship holds: 

ℎ௔ℎ௕
ℎ௖

+
ℎ௕ℎ௖
ℎ௔

+
ℎ௖ℎ௔
ℎ௕

≤ ݉௔ + ݉௕ + ݉௖  

Proposed by Rahim Shahbazov-Azerbaijan 

X.52. If ݕ,ݔ, ݖ > 0 then: 

ݔ

ݕ + ݖ + ට௬రା௭ర

ଶ

ర
+

ݕ

ݖ + ݔ + ට௭రା௫ర

ଶ

ర
+

ݖ

ݔ + ݕ + ට௫రା௬ర

ଶ

ర
≥ 1 

Proposed by Rahim Shahbazov-Azerbaijan 

X.53. If ܽ,ܾ, ܿ > 0,ܾܽܿ = 1 then: 

1
ܽଵ଴଴ + ܾଽଽ + ܿଽ଼ + 3 +

1
ܾଵ଴଴ + ܿଽଽ + ܽଽ଼ + 3 +

1
ܿଵ଴଴ + ܽଽଽ + ܾଽ଼ + 3 ≤

1
2 

Proposed by Rahim Shahbazov-Azerbaijan 

X.54. If ݕ,ݔ, ݖ > ݖݕݔ,0 = 1 then: 

1
ହݔ + ଷݔ + ݔ +

1
ହݕ + ଷݕ + ݕ +

1
ହݖ + ଷݖ + ݖ ≥ 1 

Proposed by Rahim Shahbazov-Azerbaijan 

X.55. Solve for real numbers: 

−ଶ(2ݔ ଶ(ݔ = 1 + (ܽଶ − 2)(1 − ܽ,ଶ(ݔ ∈ ℝ, ܽ – fixed 

Proposed by Marin Chirciu – Romania 

X.56. ܦܥܤܣ – tangential quadrilateral with inradii ݎ =  ᇱ - contact cyclicܦᇱܥᇱܤᇱܣ,1

quadrilateral of ܦܥܤܣ. Prove that: 

[ᇱܦᇱܥᇱܤᇱܣ] ⋅෍
(ܣ)ଶߤ

(ܦ)ߤ(ܥ)ߤ(ܤ)ߤ(ܣ)ߤ + 1
௖௬௖

≥
ଶߨ32

16 + ସߨ sin
ܣ + ܤ

2 sin
ܤ + ܥ

2 sin
ܥ + ܣ

2  

Proposed by Radu Diaconu – Romania 

X.57. In acute Δܪ,ܥܤܣ – orthocenter, the following relationship holds: 

ଶܣ) + ଶܤ + ଶ)ቆܥ
ܽହ

ܪܣ +
ܾହ

ܪܤ +
ܿହ

ቇܪܥ ≥
ହݏଶߨ32

243ܴ  

Proposed by Radu Diaconu – Romania 

X.58. Solve for real numbers: 
ݔ + ୪୭୥ೌݔ ௕ = ,୪୭୥ೌ(௔ା௕)ݔ 1 < ܽ < ܾ 

Proposed by Marin Chirciu – Romania 
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X.59.	In Δܥܤܣ the following relationship holds: 
݊(ܽଶ + ܾଶ + ܿଶ)
ܾܽ + ܾܿ + ܿܽ + ෍

௔ଶݓ

ܾܿ
௖௬௖

≤ ݊ +
9
4 , ݊ ≤

5
4 

Proposed by Marin Chirciu – Romania 
 

X.60. In Δܥܤܣ the following relationship holds: 
16(2ܴ − ଶ(ݎ

ݎ ≤෍
௔ݎ

sinସ ஺
ଶ௖௬௖

≤
4ܴଶ(2ܴ − ଶ(ݎ

ଷݎ  

Proposed by Marin Chirciu – Romania 
 

X.61. In Δܥܤܣ the following relationship holds: 

൬
ܽ

௖ݓ௕ݓ
൰
ଶ௡

+ ൬
ܾ

௔ݓ௖ݓ
൰
ଶ௡

+ ൬
ܿ

௕ݓ௔ݓ
൰
ଶ௡
≥

1
3௡ିଵ ൬

4
3ܴ൰

ଶ௡

, ݊ ∈ ℕ∗ 

Proposed by Marin Chirciu – Romania 
 

X.62. In Δܥܤܣ the following relationship holds: 
ܾଶ + ܿଶ

ݏ) − ܽ)ଶ +
ܿଶ + ܽଶ

ݏ) − ܾ)ଶ +
ܽଶ + ܾଶ

ݏ) − ܿ)ଶ ≤ 6 ൬
ܴ
൰ݎ

ଶ

 

Proposed by Marin Chirciu – Romania 
 

X.63. In Δܥܤܣ the following relationship holds: 

൬
ℎ௔
௔ݎ
൰
ଶ

+ ൬
ℎ௕
௕ݎ
൰
ଶ

+ ൬
ℎ௖
௖ݎ
൰
ଶ

+
ݎߤ2
ܴ ≥ ߤ + ߤ,1 ≤ 5 

Proposed by Marin Chirciu – Romania 
 

X.64. In Δܥܤܣ the following relationship holds: 

ඨ
ܾܿ

௕ݎ + ௖ݎ
+ ඨ

ܿܽ
௖ݎ + ௔ݎ

+ ඨ
ܾܽ

௔ݎ + ௕ݎ
≤

3ܴ
ݎ2 √ܴ 

Proposed by Marin Chirciu – Romania 
X.65. Solve for real numbers: 

⎩
⎨

⎧
ݔ + ݕ + ݖ = 11

ݖݕ + ݔ36
ݕ)ݔ − ݖ)(ݔ − (ݔ +

ݔݖ + ݕ36
ݔ)ݕ − ݖ)(ݕ − (ݕ +

ݕݔ + ݖ36
ݔ)ݖ − ݕ)(ݖ − (ݖ = 1

ݖݕݔ = 36

 

Proposed by Daniel Sitaru,Virginia Grigorescu– Romania 

X.66. Find ݕ,ݔ, ݖ ≥ 0 such that: 

ቐ
ݔ − ݕ − ݖ = sin ݔ − sinݕ − sin ݖ

ଶݔ − ଶݕ − ଶݖ = sinଶ ݔ − sinଶ ݕ − sinଶ ݖ
ଷݔ − ଷݕ − ଷݖ = sinଷ ݔ − sinଷ ݕ − sinଷ ݖ

 

Proposed by Daniel Sitaru,Ileana Duma– Romania 
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X.67.  

Ωଵ = ଵݖ| + ଶݖ + ,|ଷݖ ,ଵݖ ,ଶݖ ଷݖ ∈ ℂ 

Ωଶ = ଵݖ| + ଶݖ − ଷݖ + 4݅| + ଵݖ| − ଶݖ + ଷݖ + 2݅| + ଵݖ−| + ଶݖ + ଷݖ − 6݅| 

Prove that: Ωଵ ≤ Ωଶ 

Proposed by Daniel Sitaru,Alexandrina Năstase– Romania 

X.68. In Δܥܤܣ the following relationship holds: 

ඨෑ݊௔ଶ
௖௬௖

య + 2ඨෑݎ௔ℎ௔
௖௬௖

య ≤  ଶݏ

Proposed by Bogdan Fuștei – Romania 

X.69. If in Δܥܤܣ,  :incenter, ݊௔ – Nagel’s cevian, ݃௔ – Gergonne’s cevian then –	ܫ

ܫܣ
ℎ௔

+
ܫܤ
ℎ௕

+
ܫܥ
ℎ௖

≤
ܴ
ݎ ,෍

݊௔ଶ + ݃௔ଶ

ܾଶ + ܿଶ
௖௬௖

≥ 2 +
ݎ

2ܴ 

Proposed by Bogdan Fuștei – Romania 

X.70. In Δܥܤܣ the following relationship holds: 

݉௔ ≥
1

2√2
ቆ(ܾ + ܿ) cos

ܣ
2 + |ܾ − ܿ| sin

ܣ
2ቇ 

Proposed by Bogdan Fuștei – Romania 

X.71. In Δܥܤܣ,݊௔  – Nagel’s cevian the following relationship holds: 

݉௔ ≥
1
2 ൬
ℎ௕ + ℎ௖

2 + |ܾ − ܿ| sinଶ
ܣ
2൰

ඨ
݊௔ + ℎ௔

௔ݎ
 

Proposed by Bogdan Fuștei – Romania 

X.72. In Δܥܤܣ,݊௔  – Nagel’s cevian the following relationship holds: 

݊௔ + ݉௔ + ௕ݓ + ௖ݓ + ඥ2ݎ௔ℎ௔
ℎ௔ + ℎ௕ + ℎ௖

≤ ൬
1
√2

+
1
√3
൰ඨ

ܴ
ݎ  

Proposed by Bogdan Fuștei – Romania 

X.73. In Δܥܤܣ the following relationship holds: 

2෍
௕ݎ௔ݎ
௔ଶ௖௬௖ݓ

≥෍ቌට
ܽ
ܾ + ඨܾ

ܽ
ቍ

௖௬௖

 

Proposed by Bogdan Fuștei – Romania 
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X.74. In Δܥܤܣ the following relationship holds: 

௔ݎ
݉௔

+
௕ݎ
݉௕

+
௖ݎ
݉௖

≥ 4 −
ݎ2
ܴ  

Proposed by Bogdan Fuștei – Romania 

X.75. In Δܥܤܣ the following relationship holds: 

൬9 tanଶ
ܣ
2 + 1൰ ൬9 tanଶ

ܤ
2 + 1൰ ൬9 tanଶ

ܥ
2 + 1൰ ≥ 64 

Proposed by Rahim Shahbazov-Azerbaijan 
 

X.76. If ݕ,ݔ, ,ݖ ݐ > 0, ݐݖݕݔ = 1 then: 
ଶݔ + 1
ହݔ + 3 +

ଶݕ + 1
ହݕ + 1 +

ଶݖ + 1
ହݖ + 1 +

ଶݐ + 1
ହݐ + 1 ≤ 2 

Proposed by Rahim Shahbazov-Azerbaijan 
 

X.77. If ܽ,ܾ, ܿ, ݀ > 0 then: 

ܽସ + ܾସ + ܿସ + ݀ସ ≥ 3ܾܽܿ݀ ൬
ܽ

ܾ + ܿ + ݀ +
ܾ

ܿ + ݀ + ܽ +
ܿ

݀ + ܽ + ܾ +
݀

ܽ + ܾ + ܿ൰ 

Proposed by Rahim Shahbazov-Azerbaijan 
 

X.78. In Δܥܤܣ the following relationship holds: 

ܾܽ + ܾܿ + ܿܽ
2ܴ ≤ ݉௔ + ݉௕ + ݉௖ ≤

ܾܽ + ܾܿ + ܿܽ
ݎ4  

Proposed by Adil Abdullayev-Azerbaijan 

X.79. Solve in ℝ: 

ඥ1 − ଷఱݔ + ඥ1 + ଷళݔ = ඥ1 − ଶయݔ + ඥ1 + ଶఱݔ  

Proposed by Mokhtar Khassani-Algerie 

X.80. In Δܥܤܣ the following relationship holds: 

෍
(݉௔ + ݉௕)(݉௕ + ݉௖)

ඥ(݉௔ −݉௕ −݉௖)(݉௕ + ݉௖ −݉௔)௖௬௖

≥
ݎ8
ܴ ෍√ܽ

௖௬௖

 

Proposed by Mokhtar Khassani-Algerie 

X.81. If ܽ,ܾ, ܿ > 0 then: 

൫∑ ܾܽ௖௬௖ ൯ ቀ∑ ଵ
௔௕௖௬௖ ቁ

൫∑ √ܽయ
௖௬௖ ൯൫∑ √ܽଶయ

௖௬௖ ൯
≥

ቀ∑ ଵ

√௔య௖௬௖ ቁ ቀ∑ ଵ
√௔మయ௖௬௖ ቁ

൫∑ ܽଶܾଶ௖௬௖ ൯ ቀ∑ ଵ
௔మ௕మ௖௬௖ ቁ

 

 

Proposed by Daniel Sitaru,Tatiana Cristea – Romania 
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X.82. In Δܥܤܣ the following relationship holds: 

4 + ෍൬
ܽ
݉௔

൰
ଶ

௖௬௖

≤ 8ෑ
௔ݎ
ℎ௔௖௬௖

 

Proposed by Bogdan Fuștei – Romania 
 

X.83. In Δܥܤܣ the following relationship holds: 

(݉௔ + ݉௕ + ݉௖)ඨ
2ܴ
ݎ ≥

ܽଶ

௔ݎ − ݎ +
ܾଶ

௕ݎ − ݎ +
ܿଶ

௖ݎ −  ݎ

Proposed by Bogdan Fuștei – Romania 
 

X.84. In Δܥܤܣ,݊௔  – Nagel’s cevian, ݃௔ – Gergonne’s cevian, the following relationship holds: 
ඥ݊௔݃௔ݎ௔ + ඥ݊௕݃௕ݎ௕ + ඥ݊௖݃௖ݎ௖ ≥  ݎ√ݏ

Proposed by Bogdan Fuștei – Romania 
X.85. In Δܥܤܣ the following relationship holds: 

௕ݓ + ௖ݓ
ܽ +

௖ݓ + ௔ݓ
ܾ +

௔ݓ + ௕ݓ

ܿ ≤ 2ඨ6 +
ݎ3
2ܴ 

Proposed by Bogdan Fuștei – Romania 

X.86. In Δܥܤܣ the following relationship holds: 

cosଶ ቀ஺ି஻
ଶ
ቁ

tan ஼
ଶ

+
cosଶ ቀ஻ି஼

ଶ
ቁ

tan ஺
ଶ

+
cosଶ ቀ஼ି஺

ଶ
ቁ

tan ஻
ଶ

≥ 6√3 ⋅
ݎ
ܴ 

Proposed by George Apostolopoulos – Greece 

X.87. If ܽ,ܾ, ܿ > 0,ܾܽܿ = 1 then: 

ඨܾ
ଶ + ܿଶ

2ܽ
ర

+ ඨܿ
ଶ + ܽଶ

2ܾ
ర

+ ඨܽ
ଶ + ܾଶ

2ܿ
ర

≤ ܽ + ܾ + ܿ 

Proposed by George Apostolopoulos – Greece 

X.88. In Δܥܤܣ the following relationship holds: 

෍
௔ଶݎ) + ௕ଶݎ + ௖ଶݎ + ௕ݎ௔ݎ2 + ௖)ܽଶݎ௔ݎ2

௖௖௬௖ݎ௕ݎ

≥ 28√3ܵ 

Proposed by Daniel Sitaru,Anicuța Patricia Bețiu– Romania 

X.89. In Δܥܤܣ the following relationship holds: 

௔ଶݓ

ܾܿ +
௕ଶݓ

ܿܽ +
௖ଶݓ

ܾܽ +
3(ܽଶ + ܾଶ + ܿଶ)
4(ܾܽ + ܾܿ + ܿܽ) ≤ 3 

Proposed by Rahim Shahbazov-Azerbaijan 



Romanian Mathematical Society-Mehedinți Branch 2021 
 

73 ROMANIAN MATHEMATICAL MAGAZINE NR. 31 
 

X.90. If ܽ,ܾ, ܿ > 0,ܽ + ܾ + ܿ = ܾܽܿ then: 

(ܽଶ − 1)(ܾଶ − 1)(ܿଶ − 1) ≤ 8 

Proposed by Rahim Shahbazov-Azerbaijan 

X.91. In Δܥܤܣ the following relationship holds: 

෍ቌݓ௔ඨ
௔ݎ
ℎ௔
ቍ

௖௬௖

≤
3ܴ
2 ඨ1 +

8݉௔݉௕݉௖

ℎ௔ℎ௕ℎ௖
 

Proposed by Mokhtar Khassani-Algerie 

X.92. Find two complex solutions such that: 

ඥ1 + ଶݔ + ସݔ + ඥ1 + ݔ + ଶݔ = 1 +  ݔ√

Proposed by Mokhtar Khassani-Algerie 

X.93. Let ܽ, ܾ, ܿ > 0 prove that: 

൬ܽ + ܾ +
1
ܾܽ൰

ସ

+ ൬ܽ + ܿ +
1
ܽܿ൰

ସ

+ ൬ܾ + ܿ +
1
ܾܿ൰

ସ

≥ 162ඨ
6

ܽ + ܾ + ܿ 

Proposed by Mokhtar Khassani-Algerie 

X.94. In Δܥܤܣ the following relationship holds: 

ቀ෍ݎ௔ݎ௕ቁ ቀ෍(ݎ௔ + ௕)ଶݎ ௔ݎ) + ௖)ଶቁݎ ≥ ቀෑ(ݎ௔ + ௕)ଶቁݎ ൬෍ cosଶ ൬
ܣ
2൰൰ 

Proposed by Mokhtar Khassani-Algerie 

X.95. In Δܥܤܣ the following relationship holds: 

4ቌ෍
௔ݎ
ܽ

௖௬௖

ቍቌ෍
௔ଶݎ

௕ݎ + ௖௖௬௖ݎ

ቍ ≥  ݏ9

Proposed by Mokhtar Khassani-Algerie 

X.96. If ܽ,ܾ, ܿ > 0 then: 

1
ܽ + ܾܽ + ܾ +

1
ܾ + ܾܿ + ܿ +

1
ܿ + ܿܽ + ܽ ≤

ඨܽ
ଶ + ܾଶ + ܿଶ

3ܽଶܾଶܿଶ  

Proposed by Daniel Sitaru,Dumitru Săvulescu – Romania 
 

X.97. If ݉, ݊, ݌ ∈ ℕ then: 

3√3ቆ
݉ଷ

(݉ + 3)! +
݊ହ

(݊ + 5)! +
଻݌

݌) + 7)!ቇ < ඥ(݉!)ଶ + (݊!)ଶ +  ଶ(!݌)

 
Proposed by Daniel Sitaru,Sorin Pîrlea – Romania 
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X.98. If ݖଵ, ,ଶݖ ଷݖ ∈ ℂ − ℝ then: 

෍݉ܫ൬
ଵݖ4 + 1

ଵݖ19 + 5൰
௖௬௖

⋅ ଶ(ଵݖ	݉ܫ) ≥ ቌ෍ݖ݉ܫଵ
௖௬௖

ቍ

ଷ

⋅ ቌ෍|19ݖଵ + 5|ଶ
௖௬௖

ቍ

ିଵ

 

Proposed by Daniel Sitaru,Dorina Goiceanu– Romania 

X.99. In Δܭ,ܥܤܣ – Lemoine’s point the following relationship holds: 

[ܥܭܤ]
௔ݎܽ

ඨ1 +
[ܥܭܤ]2
௔ݎܽ

+
[ܣܭܥ]
௕ݎܾ

ඨ1 +
[ܣܭܥ]2
௕ݎܾ

+
[ܤܭܣ]
௖ݎܿ

ඨ1 +
[ܤܭܣ]2
௖ݎܿ

≥
√3
3  

Proposed by Daniel Sitaru,Iulia Sanda – Romania 

X.100. In Δܥܤܣ the following relationship holds (ܨ௡ - Fibonacci numbers): 

௡ାଶܨ௔ଶݎ
௡ܨܾ)ܽ + (௡ାଵܨܿ +

௡ାଶܨ௕ଶݎ
௡ܨܿ)ܾ + (௡ାଵܨܽ +

௡ାଶܨ௖ଶݎ
௡ܨܽ)ܿ + (௡ାଵܨܾ ≥ ൬

ݎ3
ܴ ൰

ଶ

 

Proposed by Daniel Sitaru,Nicolae Radu – Romania 

X.101. In Δܥܤܣ the following relationship holds (∀ݖ ∈ ℂ): 

ݖ| − cosܣ − ݅ sinܣ| + ݖ| − cosܤ − ݅ sinܤ| + ݖ| − cosܥ − ݅ sinܥ| ≥ |ݖ|)3 − 1)ଶ 

Proposed by Daniel Sitaru,Mihaela Stăncele– Romania 

X.102. If ܽ, ܾ, ܿ,݀ > 1,ܾܽܿ݀ = ݁ସ then: 

ln ቀ௘
మ

௔
ቁ ⋅ ln ቀ௘

మ

௕
ቁ ⋅ ln ቀ௘

మ

௖
ቁ ⋅ ln ቀ௘

మ

ௗ
ቁ

ln(ܾܽ) ⋅ ln(ܾܿ) ⋅ ln(ܿ݀) ⋅ ln(݀ܽ) ≤
1

16 

Proposed by Daniel Sitaru,Carmen Năstase – Romania 

X.103. If ܽ, ܾ, ܿ > 0, (ܽ + ܾ)(ܾ+ ܿ)(ܿ + ܽ) = 8 then: 

൫√ܽయ + √ܾయ ൯൫√ܾయ + √ܿయ ൯൫√ܿయ + √ܽయ ൯ ≤ (ܽ + ܾ)(ܾ + ܿ)(ܿ+ ܽ) 

Proposed by Daniel Sitaru,Cristina Micu – Romania 

X.104. In Δܥܤܣ the following relationship holds: 

6 +
ℎ௔
௔ݎ

+
ℎ௕
௕ݎ

+
ℎ௖
௖ݎ

=
2ܴ
ݎ ෍

ℎ௕ℎ௖
ܽଶ

௖௬௖

 

Proposed by Bogdan Fuștei – Romania 

X.105. In Δܥܤܣ,  :incenter, the following relationship holds – ܫ

෍
௕ݎ + ௖ݎ
ܽ

௖௬௖

≥
1
2෍

ܾ + ܿ
ܫܣ

௖௬௖

 

Proposed by Bogdan Fuștei – Romania 
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X.106. In Δܥܤܣ,݃௔  – Gergonne’s cevian the following relationship holds: 

෍ቀ
௔ݓ − ݃௔

ܽ
ቁ

௖௬௖

≥
1

෍ݏ2
௔ݓ) − ℎ௔)

௖௬௖

 

Proposed by Bogdan Fuștei – Romania 
X.107. In Δܥܤܣ, ݊௔  –Nagel’s cevian the following relationship holds: 

ඨ
݊௕݊௖
ℎ௔

+
݊௖݊௔
ℎ௕

+
݊௔݊௕
ℎ௖

≤
3√2ܴ

2 ൬
ܴ
ݎ − 1൰ 

Proposed by Bogdan Fuștei – Romania 
 

X.108. In Δܥܤܣ, ݊௔  – Nagel’s cevian, the following relationship holds: 

ݏ6 − ݊௔ − ݊௕ − ݊௖
ݎ ≥ √2ቌ3 + ෍ඨܾ + ܿ

ܽ
௖௬௖

+ ෍ඨ
௔ݎ2
ℎ௔௖௬௖

ቍ 

Proposed by Bogdan Fuștei – Romania 

X.109. Fuștei’s refinement for Euler’s inequality 

In Δܥܤܣ, ݊௔ – Nagel’s cevian the following relationship holds: 

ܴ ≥ ቌ1ݎ + ඨ
݊௔݊௕݊௖
ℎ௔ℎ௕ℎ௖

య
ቍ ≥  ݎ2

Proposed by Bogdan Fuștei – Romania 

X.110. In Δܥܤܣ the following relationship holds: 

൬
ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰
ඨ4 −

2ܴ
ݎ ≤

ݏ
 ݎ

Proposed by Bogdan Fuștei – Romania 

X.111. In Δܥܤܣ the following relationship holds: 

ቌݏ + ෍√ܾܽ
௖௬௖

ቍቌ෍
1

2ܾ + 2ܿ − ܽ
௖௬௖

ቍ ≥෍ sinܣ
௖௬௖

⋅෍ tan
ܣ
2

௖௬௖

 

Proposed by Bogdan Fuștei – Romania 

X.112. In Δܥܤܣ, ݊௔  – Nagel’s cevian, ݃௔  – Gergonne’s cevian the following relationship 

holds: 

ඥ2(ܾଶ + ܾܿ + ܿଶ) ≥
1
2

|ܾ − ܿ| +
√3
4 ൫݊௔ + ݃௔ + ඥ2ݎ௕ݎ௖ + 2ඥݎݎ௔൯ 

Proposed by Bogdan Fuștei – Romania 
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X.113. If ݕ,ݔ, ݖ > 1 then: 

3 + 4 ൬log௫௬௭మ
ଶ ൬

ݔ
൰ݕ + log௬௭௫మ

ଶ ቀ
ݕ
ݖ
ቁ + log௭௫௬మ

ଶ ቀ
ݖ
ݔ
ቁ൰ ≤ 2൫log௬௭ ݔ + log௭௫ ݕ + log௫௬  ൯ݖ

Proposed by Daniel Sitaru,Dana Cotfasă – Romania 

X.114. In Δܥܤܣ the following relationship holds: 

෍ܽ(sin ܤ3 − sin (ܥ3
௖௬௖

≤ ෍ݏ8 sin(ܤ − (ܥ
௖௬௖

 

Proposed by Daniel Sitaru,Gabriel Tică – Romania 

X.115. In ܥܤܣ triangle, let be the points ܦ ∈ ܧ,(ܥܤ) ∈ ܨ,(ܣܥ) ∈  such that the lines (ܤܣ)

 :then ,ܯ are concurrent with the point ܨܥ,ܧܤ,ܦܣ

ቆ
ଶܦܯ

ଶܣܯ +
ଶܥܯ

ଶܤܯ +
ଶܨܯ

ଶቇܥܯ
(଼ܽ + ଼ܾ + ଼ܿ) ≥ 64 ⋅ ܵସ 

where ܵ is the triangle’s area. 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.116. In any ܥܤܣ triangle having the area ܨ the following inequality holds: 

݁௔ିଵ + ݁௕ିଵ + ݁௖ିଵ + ln(ܽ௔ ⋅ ܾ௕ ⋅ ܿ௖) ≥  ܨ3√4

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.117. If ݉ ∈ ℝା = [0,∞) and ܽ, ܾ, ܿ are the sides lengths of ܥܤܣ triangle having the area 

 :then ,ܨ

ܽ௠ାଶ

(2ܽ + ܾ + ܿ)௠ +
ܾ௠ାଶ

(ܽ + 2ܾ + ܿ)௠ +
ܿ௠ାଶ

(ܽ + ܾ + 2ܿ)௠ ≥
√3

4௠ାଵ  ܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.118. Let ܣଵܤଵܥଵ,ܣଶܤଶܥଶ be two triangles having the area ܨଵ,ܨଶ and sides having the 
lengths ܽଵ, ଵܾ , ܿଵ respectively ܽଶ ,ܾଶ , ܿଶ, then: 

ܽଵଶ(ܽଶଶ + 2ܾଶܿଶ) + ଵܾ
ଶ(ܾଶଶ + 2ܿଶܽଶ) + ܿଵଶ(ܿଶଶ + 2ܽଶܾଶ) ≥  ଶܨଵܨ48

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
 

X.119. Let ݕ,ݔ ∈ ℝା
∗ = (0,∞) and ݇௔ the length of the common tangent to the circles from 

the sides [ܤܣ], ௕ݐ as diameter included between the intersection points [ܥܣ] , ௖ݎ  the analogs 
of ݇௔  and ݎ the inradii of ܥܤܣ triangle, then: 

൫ݐݔ௔
௬ + ௕ݐݕ

௬൯
ଶ

௕ݐ௔ݐ
+

௕ସݐݔ) + ௖ସ)ଶݐݕ

௖ݐ௕ݐ
+

௖ସݐݔ) + ௔ସ)ଶݐݕ

௔ݐ௖ݐ
≥ ݔ)81 + ଺ݎଶ(ݕ  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
 



Romanian Mathematical Society-Mehedinți Branch 2021 
 

77 ROMANIAN MATHEMATICAL MAGAZINE NR. 31 
 

X.120. In ܥܤܣ triangle let be the points ܦ ∈ ܧ,(ܥܤ) ∈ ܨ,(ܣܥ) ∈  such that the sides (ܤܣ)
 :then ,ܯ are concurrent with the point ܨܥ,ܧܤ,ܦܣ

ቆ
ଶܦܯ

ଶܣܯ +
ଶܥܯ

ଶܤܯ +
ଶܨܯ

ଶቇܥܯ
(଼ܽ + ଼ܾ + ଼ܿ) ≥ 64ܵସ 

where ܵ is the triangle’s area. 
Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.121. If ݉ ∈ ℕ; ,ݔ ,ݕ ݖ ∈ ℝା
∗ = (0,∞) then in ܥܤܣ triangle having the area ܨ the following 

inequality holds: 

3݉ + ௠ାଵ(ଶܽସݔ) + ௠ାଵ(ଶܾସݕ) + ௠ାଵ(ଶܿସݖ) ≥
16
3

(݉ + ݕݔ)(1 + ݖݕ +  ଶܨ(ݔݖ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
X.122. If ݉,ݑ ∈ ℝା = ,ݔ,(∞,0] ,ݕ ݖ ∈ ℝା = (0,∞) then in any ܥܤܣ triangle the following 

inequality holds: 

൬
ݕ + ݖ + ݑ

ݔ ⋅ ܽଶ൰
௠ାଵ

+ ൬
ݖ + ݔ + ݑ

ݕ ⋅ ܾଶ൰
௠ାଵ

+ ൬
ݔ + ݕ + ݑ

ݖ ⋅ ܿଶ൰
௠ାଵ

≥ 

≥ 2ଶ௡ାଶ൫√3൯
ଵି௠

൬2 +
3

ݔ + ݕ + ൰ݖ
௠ାଵ

 ௠ାଵܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.123. If ݉ ∈ ℝା = [0,∞); ,ݕ,ݔ	 ݖ ∈ ℝା
∗ = (0,∞), then in any ܥܤܣ triangle the following 

inequality holds: 

൬
ݕ + ݖ
ݔ ⋅ ܽସ൰

௠ାଵ
+ ൬

ݖ + ݔ
ݕ ⋅ ܾସ൰

௠ାଵ
+ ൬

ݔ + ݕ
ݖ ൰

௠ାଵ
≥

2ହ௠ାହ

3௠ ⋅  ଶ௠ାଶܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.124. Let be ݉, ݊ ∈ ℕ∗, ,ݕ,ݔ ݖ ∈ ℝା
∗ = (0,∞) and ܥܤܣ a triangle having the area ܨ, then: 

൫3݉ଶ + ௠మାଵ(ଶܽݔ) + ௠మାଵ(ଶܾݕ) + ௠మାଵ൯൫݊ଶ(ଶܿݖ) + ଶܽݔ) + ଶܾݕ + ଶ)௡మାଵ൯ܿݖ ≥ 

≥ 64݉ ⋅ ݊ ⋅ ݕݔ) + ݖݕ +  ଶܨ(ݔݖ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.125. If ݉ ∈ ℕ; ,ݔ ,ݕ ݖ ∈ ℝା
∗ = (0,∞), then in ܥܤܣ triangle having the area ܨ, the following 

inequality holds: 

݉ + ଶܽݔ) + ଶܾݕ + ଶ)ଶ(௠ାଵ)ܿݖ ≥ 16(݉ + ݕݔ)(1 + ݖݕ +  ଶܨ(ݔݖ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.126. Let ܯ ∈ ஺,ܺ஻,ܺ஼ݔ If .ܨ is a triangle having the area ܥܤܣ where ܥܤܣ	ݐ݊ܫ  are the 

distances from ܯ to the apices ܥ,ܤ,ܣ and ݀௔ , ݀௕, ݀௖ are the distances from ܯ to the sides 

 :then ,ܤܣ respectively ܣܥ,ܥܤ
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஺ݔ
݀௔

ܽସ +
஻ݔ
݀௕
ܾସ +

௖ݔ
݀௖
ܿସ ≥  ଶܨ32

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.127. Let ܯ be an interior point in ܥܤܣ triangle having the area ܨ and ܺ = ܯܣ ∩  ,ܥܤ

	ܻ = ܯܤ ∩ ,ܣܥ ܼ = ܯܥ ∩  :then ,ܤܣ

ܣܯ
ܽܺܯ

ସ +
ܤܯ
ܻܯ ܾ

ସ +
ܥܯ
ܼܯ ܿ

ସ ≥  ଶܨ32

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.128. If ݕ,ݔ, ,ݖ ݐ ∈ ℝା
∗ = (0,∞) and ݔଶ + ଶݕ + ଶݖ =  :ଶ, thenݐ

ݔ) + ݕ)(ݖ + (ݐ ≤  ଶݐ2

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.129. Let ݉, ݊ ∈ ℝା = [0,∞);݉ + ݊ ∈ ℝା
∗ = (0,∞) and ܯ an interior point in ܥܤܣ 

triangle. If ݕ,ݔ, ,ݑ respectively and ,ܥ,ܤ,ܣ to the sides ܯ are the distances from point ݖ  ݓ,ݒ

the distances from point ܯ to the sides ܤܣ,ܣܥ,ܥܤ, then: 

ݔ)݉ + (ݕ + ݓ݊
ݑ)݊ + (ݒ + ݖ݉ +

ݕ)݉ + (ݖ + ݑ݊
ݒ)݊ + (ݓ + ݔ݉ +

ݖ)݉ + (ݔ + ݒ݊
ݓ)݊ + (ݑ + ݕ݉ ≥

9(2݉ + ݑ)(݊ + ݒ + (ݓ
(݉ + ݔ)(݊ + ݕ + (ݖ − 3 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

 

X.130. If ݉,݌ ∈ ℕ and ܣଵܣଶ ݊,௡ܣ… ≥ 3 is a convexe polygon having the area ܨ and the 

sides having the lengths ܣ௞ܣ௞ାଵ = ܽ௞ ,݇ = ௡ାଵܣ,݊,1 =  :ଵ, thenܣ

(݉ ⋅ ݊)௣ାଵ + ෍ܽ௞
ଶ(௠ାଵ)(௣ାଵ)

௡

௞ୀଵ

≥ 4௣ାଵ ⋅
(݉ + 1)௣ାଵ

(݊ + 1)௣ ௣ାଵܨ ⋅ tan௣ାଵ
ߨ
݊ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

X.131. Let be ݔ, ݕ ∈ ℝା
∗ = ݔ	(∞,0) ≥ ݊ and ݕ ∈ ℕ∗ − {1} and ܽ௞ ,ܾ௞ ∈ ℝା

∗ , ݇ = 1,݊ such 

that ܽ௞ > ௝ܽ,∀݆,ℎ ∈ ℕ∗, ݆ > ݅, then: 

෍
ܾ௞ଶ

௞ܽݔ − ௞ାଵܽݕ

௡ିଵ

௞ୀଵ

≥
(∑ ܾ௞௡ିଵ

௞ୀଵ )ଶ

ଵܽݔ − ௡ܽݕ
 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

 

X.132. Solve for real numbers:  ݔ + 9୪୭୥ೣ ଶ଻ + ݔ ∙ 9୪୭୥ೣ ଶ଻ = 279 

Proposed by Marian Ursărescu-Romania 
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X.133. Let be ܣ(ݖଵ);ܤ(ݖଵ);ܥ(ݖଷ); ,ଵݖ ,ଶݖ ଷݖ ∈ ℂ ∖ {0}; |ଵݖ| = |ଶݖ| = ܤܣ;|ଷݖ| = ܿ; 

ܥܤ = ܣܥ;ܽ = ܾ. If (ܾ + ஼ݖ஻ݖ(ܿ + (ܿ + ஺ݖ஼ݖ(ܽ + (ܽ + ஻ݖ஺ݖ(ܾ = 0 then ܤܣ = ܥܤ =  .ܣܥ

Proposed by Marian Ursărescu-Romania 

X.134. Let be ݖ஺ , ஻ݖ , ஼ݖ ∈ ℂ∗,	different in pairs such that |ݖ஺| = |஻ݖ| = |஼ݖ| = 1. If  

஺ݖ| − ஻ݖ − |஼ݖ + ஻ݖ| − ஼ݖ − |஺ݖ + ஼ݖ| − ஺ݖ − |஻ݖ = 6,	then ∆ܥܤܣ is an equilateral triangle. 

Proposed by Marian Ursărescu-Romania 

X.135. Let be ݖଵ , ଶݖ , ଷݖ ∈ ℂ ∖ {0} different in pairs:|ݖଵ| = |ଶݖ| = |ଷݖ| =  ;(ଶݖ)ܤ;(ଵݖ)ܣ;1

ଵݖ| If.(ଷݖ)ܥ − ଶݖ − |ଷݖ + ଶݖ| − ଵݖ − |ଷݖ + ଷݖ| − ଶݖ − |ଵݖ = 6 then ܤܣ = ܥܤ =  .ܣܥ

Proposed by Marian Ursărescu-Romania 

X.136.	ݖ஺ , ஻ݖ , ஼ݖ ∈ ℂ∗ −differnt in pairs, |ݖ஺| = |஻ݖ| = |஼ݖ| = 1,ܽ = ,ܥܤ ܾ = ,ܣܥ ܿ =  .ܤܣ
Prove that: 

ቮෑܾ(ݖ஺ − (஻ݖ + ஺ݖ)ܿ − (஼ݖ
௖௬௖

ቮ = (ܽ + ܾ + ܿ)ଷ ⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu-Romania 

X.137. Find all the polynomials ܲ ∈ ℝ[ݔ] having the property 

(ݔ)ܲ = ܲ ቀݔ + ඥݔଶ + 1ቁ ݔ∀, ∈ ℝ 

Proposed by Marian Ursărescu-Romania 

X.138. In any ∆ܥܤܣ the following relationship holds: 

෍
(ℎ௕ + ℎ௖)(ℎ௔ + ℎ௖)

ℎ௔ℎ௕
≥ 768 ቀ

ݎ
ܴ
ቁ
଺
 

Proposed by Marian Ursărescu-Romania 

X.139. In ∆ܥܤܣ the following relationship holds: 

݉௔ݎ௔ + ݉௕ݎ௕ + ݉௖ݎ௖ ≤
3ܴ
ݎ2 (2ܴଶ +  (ଶݎ

Proposed by Marian Ursărescu-Romania 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical  

Magazine-Interactive Journal. 
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11-CLASS-STANDARD 
 

 
 

XI.1.   Inspired by Prof. Daniel Sitaru.Find: 

lim
௫→ஶ

ቊ
ଶݔ4√ + 3 + ଶݔ√ + ݔ + 1 + ଶݔ√ − ݔ + 1

3ඥ(4ݔଶ + ସݔ)(3 + ଶݔ + 1)
ቋ 

where {⋅} denotes fractional part. 
Proposed by Naren Bhandari-Bajura-Nepal 

 
XI.2. Find all functions: ߮:ℝ∗ → ℝ such that: 
(ݕݔ)߮ + ݕݔ + ݉ = (ݔ)߮ + (ݕ)߮ + ݔ + ,ݔ∀,ݕ ݕ ∈ ℝ∗ and ݉ = constant 
 

Proposed by Mokhtar Khassani-Algerie 
 

XI.3. Let ߚ,ߙ, ߛ > 0. Find all functions ݂:ℝ → ℝ such that: 

ݔߙ)݂ + (ߛߚ ⋅ ݔߛ)݂ + (ߛߚ = ݂ଶ(ݔߙ + (ݕߛ +
ߙ
ߚ ,ݔ∀,ݕݔ ݕ ∈ ℝ 

Proposed by Nguyen Van Canh-Vietnam 
XI.4 Let {ݑ௡}௡ஹଵ satisfy: 

൜
0 < ଵݑ < 1

௡ାଵݑ = ௡ଶݑ − ௡ݑ + 1,݊ = 1,2,3 … 

Find: 
Ω = lim

௡→ஶ
ଶݑଵݑ)  (௡ݑ…

Proposed by Nguyen Van Canh-Vietnam 
 

XI.5. Find all functions ߮:ℝ → [−1,1] such that: 

2018 min{߮(ݔ),ݕଶ} = 2019 min{߮(ݕ), {ଶݖ + 2020 max{߮(ݖ),ݔଶ} ,ݔ∀, ݕ ∈ ℝ 

Proposed by Nguyen Van Canh-Vietnam 

XI.6. Find: 

Ω = lim
௡→ஶ

൬
݊ + 1
݊ ௡ାଵ௡ܪ − ௡௡ାଵ൰ܪ

భ
మ೙

 

 

Proposed by Mohammed Bouras-Morocco 
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XI.7. Find: 

Ω = lim
୬→ஶ

൭݊଺ sin
1
݊ଷ tan

1
݊ହ ෍ sin ൬

݇ + ݈
݊ ൰

ଵஸ௞ஸ௟ஸ௡

൱ 

 

Proposed by Daniel Sitaru,Cristian Moanță – Romania 

XI.8. If ܽ,ܾ, ܿ, ݀ ≥ ݁, ݁ = lim୬→ஶ ቀ1 + ଵ
௡
ቁ
௡

 then: 

5 log(ܽ݁) ⋅ log(ܾ݁) ⋅ log(ܿ݁) ⋅ log(݀݁) ≥ log(ܾܽܿ݀݁)ଵ଺ 

Proposed by Daniel Sitaru – Romania 

XI.9. Find: 

Ω = lim
୬→ஶ

⎝

⎜
⎛
݊൮

logቀ1 + √௘೙

௡
ቁ
௡ାଵ

logቀ1 + √௘೙

௡ାଵ
ቁ
௡ − 1൲

⎠

⎟
⎞

 

Proposed by Daniel Sitaru – Romania 

XI.10.   Find: 

Ω = lim
୬→ஶ

ቆ݊௡ିଶ ൬
2
3൰

ଶ

⋅ ൬
3
5൰

ଷ

⋅ … ⋅ ቀ
݊

2݊ − 1
ቁ
௡
ቇ 

Proposed by Daniel Sitaru – Romania 
XI.11.  If ݕ,ݔ, ݖ > ݔ,0 + ݕ + ݖ = 1 then: 

൫√ݔ + ඥݕ + ௫ݔ൯ඥݖ√ + ௬ݕ + ௭ݖ > ൬
1
ݔ +

1
ݕ +

1
൰ݖ

௫௬ା௫௭ା௬௭

 

Proposed by Mohammed Bouras-Morocco 
XI.12.  Similar of conjecture Syracuse 

௡ାଵݑ = ൞

௡ݑ
2 ݎ݅ܽ݌	௡ݑ	݂݅	

௡ݑ − 1
4

∈ ℕ	ݎ݋
௡ݑ + 1

4
∈ ℕ	݂݅	ݑ௡ (݁ݑ݈ܽݒ	ݎ݁݃݁ݐ݊݅	ℎ݁ݐ	݁ݏ݋݋ℎܿ	݁ݓ)	݊݁ݒ݁	

 

Prove that process will eventually reach the number 1. 
Proposed by Mohammed Bouras-Morocco 

 
XI.13. If ܽଵ, ܽଶ, … ,ܽ௡ > 0,݊ ∈ ℕ − {0,1},ܽଵ + ܽଶ + ⋯+ ܽ௡ = ݊ then: 

݊ + ܽଵ
݊ − ܽଵ

+
݊ + ܽଶ
݊ − ܽଶ

+ ⋯+
݊ + ܽ௡
݊ − ܽ௡

≥ ݊ +
2݊
݊ − 1 

Proposed by Mohammed Bouras-Morocco 

XI.14. Prove that: lim௡→ஶ ቀඥܽݔ + ଶయయݔ√ܾ
− ඥܽݔ − ଶయయݔ√ܿ

ቁ = ௕ା௖
ଷ √௔మయ ,ܽ > 0 

Proposed by Mohammed Bouras-Morocco 
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XI.15. If ܽଵ, ܽଶ, … ,ܽ௡ > 0,ܽଵ + ܽଶ + ⋯+ ܽ௡ = ݊, ,݌ ݇ ∈ ℕ then: 

෍ቆ
ܽ௜
௣ାଵ + 1
ܽ௜
௣ + 1

ቇ
௞௡

௜ୀଵ

≥ ݊ 

Proposed by Marin Chirciu, Daniel Sitaru – Romania 

 

XI.16. If ݔଵ,ݔଶ, … , ௞ݔ ,݊ > 0,݇ ∈ ℕ − {0}, ଵݔ + ⋯+ ௞ݔ = ݇݊ଶ then: 

1
2݊ − ଵݔ√

+
1

2݊ − ଶݔ√
+ ⋯+

1
2݊ − ඥݔ௞

≥
݇
݊ 

Proposed by Marin Chirciu – Romania 

XI.17.  Find: 

Ω = lim
୬→ஶ

ඩ൭෍
݇ଶ

2݇ଶ − 2݊݇ + ݊ଶ

௡

௞ୀଵ

൱൭෍
݇ଷ

3݇ଶ − 3݊݇ + ݊ଶ

௡

௞ୀଵ

൱
೙

 

Proposed by Daniel Sitaru – Romania 

XI.18. If 0 ≤ ܽ,ܾ, ܿ ≤ 1 then: 

27෍ sinܽ ⋅ cosଶ ܿ
௖௬௖

≤෍ܾ(3− ܽ)ଷ
௖௬௖

 

Proposed by Daniel Sitaru – Romania 

XI.19. If 0 < ܽ,ܾ, ܿ ≤ గ
ଶ
 then: 

(1 + cosଶ ܽ)(1 + cosଶ ܾ)(1 + cosଶ ܿ)(sinܽ)ଶୱ୧୬మ ௔(sinܾ)ଶ ୱ୧୬మ ௕(sin ܿ)ଶୱ୧୬మ ௖ ≥ 1 

Proposed by Daniel Sitaru – Romania 

XI.20. If ݉,݊ ∈ ℕ − ௡ܨ,{0} − Fibonacci numbers, ܮ௡ - Lucas numbers then: 

ඨ
௠ଷܮ௡ଶܮ௡ଷܨ௠ଶܨ

௠ା௡ܨ
ହ

ఱ
+ ඨ

௠ଶܮ௡ଷܮ௡ଶܨ௠ଷܨ

௠ା௡ܨ
ହ

ఱ
< 2 

Proposed by Daniel Sitaru – Romania 

XI.21 If ܽ,ܾ, ܿ > 0,ܽ + ܾ + ܿ = 9,݊ ∈ ℕ∗,ܨ௡  - Fibonacci numbers then: 

ܽସ

sinଷ(ܨ௡ାଶ) +
ܾସ

sinଷ(ܨ௡ଶ) +
ܿସ

cosଷ(ܨ௡ାଶଶ ) > 72 

Proposed by Daniel Sitaru – Romania 

XI.22. Let be ݉,݌ ∈ ℕ∗ and (ܽ௡)௡ஹ	ܽ௡ ∈ ℝା
∗ = (0,∞), lim௡→ஶ

௔೙శభ
௔೙௡

= ܽ ∈ ℝା
∗  and 
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ܾ௡ = ܽଵ ඥܽ௠ା௣
೘శ೛ ⋅ ඥܽଶ௠ା௣

మ೘శ೛ ⋅ … ⋅ ඥܽ௠ା௣
೘೙శ೛ ,∀݊ ∈ ℕ∗ 

Find: lim௡→ஶ൫ ඥܾ௡ାଵ
೙శభ − ඥܾ௡

೙ ൯ 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

XI.23.   Find all continuous functions ݂:ℝ → ℝ satisfying ݂(0) = ଵ
ସ
 and ݂(5ݔ)− (ݔ)݂ =  ,ݔ

for all ݔ.                                                                                     Proposed by Jalil Hajimir-Canada 

XI.24.  Solve: 

logଶ(ݔଶ + 1)
ݔ + 1 +

log௫ାଵ 2
ଶݔ + 1 +

log௫మାଵ(ݔ + 1)
2 =

9
ଶݔ + ݔ + 4 

Proposed by Jalil Hajimir-Canada 

XI.25.  Let ݂ be a concave and increasing function on [ܽ,ܾ] and ܽ ≤ ݉ ≤ ݊ ≤ ݌ < ݍ ≤ ܾ. 

Prove or disprove: 

−(ݍ)݂ ݂(݊)
ݍ − ݊ ≤

−(݌)݂ ݂(݉)
݌ − ݉  

Proposed by Jalil Hajimir-Canada 

XI.26. Find: 

Ω = lim
௡→ஶ

ቆ݊ ቆ൬(1 +
1
݊൰

௡

− ݁ + 1ቇ − ݁ି
೐
మቇ 

 
Proposed by Rahim Shahbazov-Azerbaijan 

 
XI.27.  If in ܦܥܤܣ – convexe quadrilateral ܾܽܿ݀ = 1,ܽ, ܾ, ܿ,݀ – sides then: 

ቌ෍(ܣ)ߤ௡ାଶ
௖௬௖

+ ෍
1

௡ାଵ(ܣ)ߤ
௖௬௖

ቍቌ෍
1 + (ܾܿ݀)௡

1 + ܽ௡
௖௬௖

ቍ ≥ 4ቆ4 +
௡ାଵߨ

2௡ିଵቇ ,݊ ≥ 1 

Proposed by Radu Diaconu – Romania 
 

XI.28.   Prove that in any ܥܤܣ triangle the following inequality holds: 

ቌ෍൬ܣ +
1
൰ܣ

ଶ

௖௬௖

ቍቌ෍
ସܪܣ + ܽସ

ℎ௔ସ ⋅ ݉௔
ସ

௖௬௖

ቍ ≥
ଶߨ)128 + 9)ଶ

ସݎଶߨ656  

with the usual notations in triangle. 
Proposed by Radu Diaconu – Romania 

XI.29   If ܽଵ, ܽଶ, … , ܽ௡ ≥ 0, ݊ ∈ ℕ∗ then: 

1
(1 + √ܽଵ)ଶ +

1
(1 + √ܽଶ)ଶ + ⋯+

1

൫1 + ඥܽ௡൯
ଶ ≥

݊ଶ

2(ܽଵ + ܽଶ + ⋯+ ܽ௡ + ݊) 

Proposed by Marin Chirciu – Romania 
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XI.30.  Find: 

Ω = lim
௡→ஶ

ቌ
sin ݊
݊ସ ෍ ൭

(݅ + 1)(݆ + 1) + ඥ݊(2݅ + 3݆)ర + ඥ݊(3݅ + 4݆)ల

(݅ + 1)(݆ + 1) + ඥ݊(2݅ + 3݆)య + ඥ݊(3݅ + 4݆)ఱ ൱
ଵஸ௜ழ௝ஸ௡

ቍ 

Proposed by Daniel Sitaru – Romania 

XI.31. If ݔ, ,ݕ ݖ > 0, ݖݕݔ = 1 then: 
1

଺ݔ − ݔ + 3 +
1

଺ݕ − ݕ + 3 +
1

଺ݖ − ݖ + 3 ≤ 1 

 
Proposed by Rahim Shahbazov-Azerbaijan 

 
XI.32.  Find the limit of the following for all ݊ ∈ ℕ 

lim
௫→ஶ

((1 + ଶ௡ାଵ(ݔ + (1 − ଶ௡ାଵ)((1(ݔ + ଶ௡ାଷ(ݔ + (1 − (ଶ௡ାଷ(ݔ
((1 + ଶ(ݔ + (1− ଶ)ଶ௡ାଵ(ݔ  

Proposed by Naren Bhandari-Nepal 
 

XI.33. Solve for real numbers: 

sinୡୱୡర(ଶ௫) ݔ + cosୱୣୡర(ଶ௫) ݔ + tanୡ୭୲ర(ଶ௫) ݔ =
4√2 − 1

4  

Proposed by Mokhtar Khassani-Algerie 
XI.34. Show that: 

lim
௫→ஶ

൮
ቀ1 + ଵ

௫
ቁ
௫௘೐

− ݁ቀଵା
భ
ೣቁ
ೣ೐

(݁௘ା௘೐ − ݁௘ା௘೐ିଵ) ቀ݁ − ቀ1 + ଵ
௫
ቁ
௫
ቁ
൲

௫

= ඥ݁௘೐శమା௘మାଵି௘೐ି௘
ర(భష೐)

 

Proposed by Mokhtar Khassani-Algerie 

XI.35 If ܽ,ܾ, ܿ > 0 then: 

(ܽଶ − ܾܽ + ܾଶ)଺

(ܽ + ܾ)ଵଶ +
(ܾଶ − ܾܿ + ܿଶ)଺

(ܾ + ܿ)ଵଶ +
(ܿଶ − ܿܽ + ܽଶ)଺

(ܿ + ܽ)ଵଶ ≥
3

4096 

Proposed by Daniel Sitaru – Romania 

XI.36.  Prove that: 

ඥߨ(݊ − 1)
2݊ − 1 < ෑ

2݊ − 2݆
2݊ − 2݆ + 1

௡ିଵ

௝ୀ଴

<
݊ߨ√

2݊ + 1 

Proposed by Naren Bhandari-Nepal 

XI.37.  Find Ω = max(݊)ᇣᇧᇤᇧᇥ
௡∈ℕ

 such that:  

ݔ) + ݕ + ସ௡(ݖ ≥ 3ସ௡ିଵ(ݖݕݔ)௡(ݔ௡ + ௡ݕ + ,ݕ,ݔ∀,(௡ݖ ݖ > 0 
 
Proposed by Rahim Shahbazov-Azerbaijan 
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XI.38.  Find the minimum of: 

,ݕ,ݔ)݂ (ݖ = ඨ
ݔ2
ݕ + ݖ + ඨ ݕ2

ݖ + ݔ + ඨ
ݔݖ

ݔ + ݕ , ,ݕ,ݔ ݖ > 0 

Proposed by Jalil Hajimir-Canada 
XI.40.  Prove: 

tanିଵ ܣ + tanିଵܤ + 3 tanିଵ ൬
ܣ + ܤ

3 ൰ ≤ 2 tanିଵ ൬
ܣ + ܤ

2 ൰ + 4 tanିଵ ൬
ܣ + ܤ

4 ൰ ܤ,ܣ, ≥ 0 

Proposed by Jalil Hajimir-Canada 
 

XI.41.  Let ݕ,ݔ and ݖ be positive real numbers such that ݔ + ݕ + ݖ = 3. Prove: 

ݔ
√1 + ଶݔ3

+
ݕ

ඥ1 + ଶݕ3
+

ݖ
√1 + ଶݖ3

≤
3
2 

Proposed by Jalil Hajimir-Canada 

XI.42.  Solve for natural numbers: 

13௫ + 17௬ + 19௭ = 2௫ + 31௬ + 73௭ 

Proposed by Mokhtar Khassani-Algerie 

 

XI.43.  If ݕ,ݔ, ݖ > 0 and ݔ + ݕ + ݖ = ଷగ
ସ

 then find the maximum and minimum of: 

Ω = ൫cosୱ୧୬ ௬ ݔ + cosୱ୧୬ ௭ ݕ + cosୱ୧୬௫ ݔ)൯(cosݖ + (ݕ + cos(ݔ + (ݕ + cos(ݕ+  ((ݖ

Proposed by Mokhtar Khassani-Algerie 

XI.44.  Find all functions ݂:ℝ → ℝ such that: 

ݕݔ)݂ + (ݔ + ݔ)݂ + (ݕ + ݕݔ = (ݕݔ)݂ + (ݔ)݂ + ݕ,ݔ∀,(ݕ)݂ ∈ ℝ 

Proposed by Mokhtar Khassani-Algerie 

XI.45.  Find the limit 

ષ = lim
௡→ஶ

݊ଷ.නቆ
1

݊ + (ݔߨ)ݏ݋ܿ +
1
݊ .൫݊݊݅ݏ ൯ቇ(ݔ)݈݊

ଵ

଴

 ݔ݀

Proposed by Mohammed Bouras-Morocco 

XI.46.  Find: 

Ω = lim
୬→ஶ

ඩ2 ෍ ቀ݊݅ ቁቀ
݊
݆ቁ

଴ஸ௜ழ௝ஸ௡

+
1
2෍෍ቀ݊݅ቁ ቀ

݊
݆ቁ

௡

௝ୀ଴

௡

௜ୀ଴

೙
 

Proposed by Daniel Sitaru – Romania 
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XI.47.  Find: 

Ω = lim
୬→ஶ

൭ෑቆ1 +
݁ − 1
݊ logቆ1 +

(݁ − 1)݇	
݊ ቇቇ

௡

௞ୀଵ

൱ 

Proposed by Daniel Sitaru – Romania 

XI.48.  Solve for real numbers: 

3
√1 + యݔ +

ݔ
√1 + ଷయݔ = 2√3య  

Proposed by Daniel Sitaru – Romania 

XI.49.  Ω௡ = √గ೙శభା௘೙శభ೙శభ

ඥ(௡గ)೙ା(௡௘)೙೙ ,݊ ∈ ℕ, ݊ ≥ 2. Find: 

Ω = lim
୬→ஶ

ቆ
cosଶΩ௡

cosଶ(2Ω௡)ቇ

భ
ಈ೙మ

 

Proposed by Daniel Sitaru – Romania 

XI.50.   

ܤ,ܣ ∈ ଷܤ,ସ(ℂ)ܯ = ଷܣ,ସܫ = ଶܤܣ + ଶܣܤ ܥ, = ൮

28 18 36 723
120 121 45 891
330 27 151 210
450 150 180 181

൲ 

Prove that: 

det൫(ܣܥ − ଶܣ)(ܤܥ − ଶ)൯ܤ ≠ 0 

Proposed by Daniel Sitaru – Romania 

XI.51.  If ݕ,ݔ, ݖ ∈ ቀ0, గ
ଶ
ቁ and ݊ ∈ ℕ∗, then: 

tanଶ௡ାଵ ݔ
sin ݕ +

tanଶ௡ାଵ ݕ
sin ݖ +

tanଶ௡ାଵ ݖ
sin ݔ > ݕݔ) + ݖݕ +  ௡(ݔݖ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

XI.52.  Find: 

lim
୬→ஶ

൬ඥ݊ଶయ ) ቀ ඥ(2݊ + 1)‼య೙శయ − ඥ(2݊ − 1)‼య೙ ቁ൰ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

XI.53.  Let (ܽ௡)௡ஹଵ a sequence of real numbers strictly positive such that: 

lim
୬→ஶ

(ܽ௡ାଵ − ܽ௡) = ܽ ∈ ℝା
∗  

Find: 
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lim
୬→ஶ

ඥ݊ଶయ ൫ඥܽ௡ାଵయ − ඥܽ௡య ൯ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

XI.54.  Let (ܽ௡)௡ஹଵ be a sequence of real strictly positive numbers such that: 

lim
୬→ஶ

⎝

⎛݁ு೙శభ ⋅
ܽ௡ାଵଶ

ට(݊ + 1)! ൫(2݊ + 1)‼൯
− ݁ு೙ ⋅

ܽ௡ଶ

ට݊! ⋅ ൫(2݊ − 1)‼൯೙

⎠

⎞ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

XI.55.  If (ܪ௡)௡ஹଵ,ܪ௡ = ∑ ଵ
௞

௡
௞ୀଵ  and (ܽ௡)௡ஹଵ is a sequence of real strictly positive numbers 

such that  

lim୬→ஶ
௔೙శభ
௡⋅௔೙

= ܽ ∈ ℝା
∗ = (0,∞) and find: 

lim
୬→ஶ

݁ିଶு೙ ൫ඥܽ௡೙ ൯
ଶ

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

XI.56.  Find: 
lim
୬→ஶ

ቄ൫45 + √2019൯
௡
ቅ 

where {ݔ} is the fractionary part of ܽ ∈ ℝ. 
 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
XI.57.  If ܽ,ܾ ∈ ℝ, find: 

lim
୬→ஶ

ቆ ට(݊ + 1)௔൫(݊ + 1)!൯
௕೙శభ
− ඥ݊௔(݊!)௕೙ ቇ 

 
Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

XI.58.  Let ܪ௡ = ∑ ଵ
௞

௡
௞ୀଵ , find: 

lim
୬→ஶ

݁ିு೙ ෍ቆ
(݇ + 1)ଶ

ඥ(2݇ + 1)‼ೖశభ −
݇ଶ

ඥ(2݇ − 1)‼ೖ ቇ
௡

௞ୀଶ

 

 
Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

 
XI.59.  If (ܽ௡)௡ஹଵ is a sequence of real strictly positive numbers such that: 

lim
୬→ஶ

(ܽ௡ାଵ − ܽ௡) = ܽ ∈ ℝା
∗ = (0,∞) 

Find: 

lim
୬→ஶ

1
ܽ௡
෍

ܽ௞
ඥ(2݇ − 1)‼ೖ

௡

௞ୀଵ

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
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XI.60.  If (ܪ௡)௡ஹଵ,ܪ௡ = ∑ ଵ
௞

௡
௞ୀଵ , find: 

lim
୬→ஶ

݁ି௠ு೙ ቀඥ(2݊ − 1)‼೙ ቁ
௠

 
where ݉ ∈ ℕ∗. 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
XI.61.  Find: 

lim
୬→ஶ

ඥ(݊ + 1)(݊ + 2) ⋅… ⋅ (4݊)య

݊ଷ  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
XI.62.  Let (ܪ௡)௡ஹଵ ௡ܪ, = ∑ ଵ

௞
௡
௞ୀଵ . Find: 

lim
୬→ஶ

݁ିு೙ ෍ቀ ඥ(2݇ + 1)‼ೖశభ − ඥ(2݇ − 1)‼ೖ ቁ
௡

௞ୀଶ

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 

XI.63.  Let be ܣ ∈ ଶܣ)ହ(ℝ), invertible such that: detܯ + (ହܫ = 0.Prove that: 

∗ܣ	ݎܶ = 1 + detܣ ⋅  ଵିܣ	ݎܶ

Proposed by Marian Ursărescu-Romania 

XI.64.  Let be ܣ ∈ ;ସ(ℝ)ܯ detܣ = 1 ; det(ܣଶ + (௡ܫ = 0. Prove that: Tr(ିܣଵ) = Trܣ 

Proposed by Marian Ursărescu-Romania 

XI.65.  Let ܣ ∈ ܣ	ݎܶ :ଷ(ℝ) invertible such thatܯ = ଵିܣ	ݎܶ = 1. Prove that: 

det(ܣଶ + ܣ + (ଷܫ ≥ 3 detܣ 

Proposed by Marian Ursărescu-Romania 

XI.66.  If ܣ ∈ (ଶܣ)ݎܶ;ଷ(ℝ)ܯ = 0; det = 1 then: det(ܣଶ + ܣ + (ଷܫ ≥  ଷ(ܣ	ݎܶ)

Proposed by Marian Ursărescu-Romania 

XI.67.  Let be ܣ ∈ ்ܣܣ ହ(ℝ) such thatܯ = ܣ	ݎܶ ହ andܫ = ଶܣ	ݎܶ = 0. Find ܣଶ଴ଶ଴ . 

Proposed by Marian Ursărescu-Romania 

XI.68.  If ܤ,ܣ ∈ ;ସ(Ω)ܯ ܤܣ	 = ൮

݌ ݌				
0	 ݌–

݌		 ݌			
݌− ݌−

0				 0
0				 0 			

݌	 ݌		
0 ݌−

൲ ݌; ∈ ℂ,݌ ≠ 0; 	Ωଵ =  	;ܣܤ

Ωଶ =  then find: Ω	ଵି(ܣܤ) = Ωଵଶ +  ଶ(ଶΩଶିଵ݌)

Proposed by Marian Ursărescu-Romania 

 

XI.69.  If ܣ ∈ ;ଶ(ℝ)ܯ ܣ	ݎܶ = detܣ = 1 then:det(ܣଶ + ܣ3 + (ଶܫ3 ≥ (ଵିܣ)ݎ5ܶ + 3 

Proposed by Marian Ursărescu-Romania 
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XI.70.  If ܣ ∈ ,ସ(ℚ)ܯ det ቀ(1 − ܣ(݅ + ସቁܫ2√ = 0 then:det(ܣ + (ସܫݔ ≥ ݔ,ଶݔ2 ∈ ℝ 

Proposed by Marian Ursărescu-Romania 

XI.71.  If ܣ ∈ ସܣ)ݐ݁݀ ଺(ℝ) such thatܯ + ଶܣ݌ + (଺ܫଶ݌ = ଶܣ)ݐ݁݀ + (଺ܫݍ = 0, ,݌ ݍ ∈ ℝ		then 

find: Ω =  .(ܣ)ݐ݁݀

Proposed by Marian Ursărescu-Romania 

 

XI.72.  If ܣ ∈ ସܣ)ݐ݁݀ ଶ(ℝ) such thatܯ + (ଶܫ4 = 0.Prove that: (݀݁ܣݐ)ଶ =  .ଶ(ܣݎݐ)

Proposed by Marian Ursărescu-Romania 

 

XI.73.  If ܣ ∈ ଷܣ;௡(ℝ)ܯ = ଶܣ2 + ܣ7 + ௡ then find: Ωܫ4 = det(ܣଶ − ܣ3 +  (௡ܫ3

Proposed by Marian Ursărescu-Romania 

 

XI.74.  If ܣ ∈ ,ଷ(ℝ)ܯ ܣ	ݎܶ = detܣ = 1. Prove that: det(ܣଶ + ܣ + (ଷܫ ≥  .(ଵିܣ)	ݎ3ܶ

Proposed by Marian Ursărescu-Romania 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 

12-CLASS-STANDARD 
 

 
XII.1.  Să se calculeze: 

ܽ) 	න
௘ݔ ቀ1 − ௘

௫
ቁ

݁௫ ቀ1 + ௫೐

௘ೣ
ቁ
ଶ

௘

ଵ
 ݔ݀

ܾ) 	 න ݈݊ݔ ቀ1 + ݁௫√ଵି௫మቁ

√ଶ
ଶൗ

ି√ଶ ଶൗ

 		ݔ݀

Proposed by Florică Anastase 
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XII.2. Să se calculeze: 

ܫ = න
ݔ) + ݔ݊݅ݏ(1
3 + ݔଶݏ݋ܿ ݔ݀

గ

଴

 

Proposed by Florică Anastase 

XII.3. Să se calculeze: 

ܫ = න
ݔ݃ݐܿݎܽݔ
1 + ݁௧௚௫ ݔ݀

√ଷ

ି√ଷ

 

Proposed by Florică Anastase 

XII.4. If ܽ > 1 then: 

4 log 2
ߨ + න

ݔ2 tanିଵ ݔ − log(1 + (ଶݔ
(1 + ଶ)(tanିଵݔ ଶ(ݔ

ఈ

ଵ

ݔ݀ <
ܽଶ

tanିଵ ܽ 

Proposed by Daniel Sitaru – Romania 

XII.5.  If ܽ, ܾ, ܿ > 0, ܽ + ܾ + ܿ = 3 then: 

නܽୱ୧୬௫

ഏ
మ

଴

ݔ݀ + නܾୱ୧୬௫

ഏ
మ

଴

ݔ݀ + නܿୱ୧୬௫

ഏ
మ

଴

ݔ݀ ≤
ߨ3
2  

Proposed by Daniel Sitaru – Romania 
 

XII.6.   If ݂: [ܽ,ܾ] → (0,∞), 0 < ܽ < ܾ,݂ – continuous then: 

6න൫1 − ݂଻(ݔ)൯൫1 + ݂ହ(ݔ)൯݀ݔ + 5න݂ଵଶ(ݔ)
௕

௔

ݔ݀
௕

௔

≥ 5(ܾ − ܽ) 

Proposed by Daniel Sitaru – Romania 
 

XII.7.  Prove that: 

න൬log(1 + (ݔ log൬
3
2 + ൰൰ݔ

భ
మ

଴

ݔ݀ ≤
1
2
ቌන log(1 + ݔ݀(ݔ

ଵ

଴

ቍ

ଶ

 

Proposed by Daniel Sitaru – Romania 
 

XII.8.  Prove that: 

නቀtanିଵ ݔ +
ݔ

1 + ଶݔ
ቁ
ଶ

ଵ

଴

ݔ݀ + 4න
1

(1 + ଶ)ସݔ

ଵ

଴

>
ݔ) + 2)ଶ

16  

 
Proposed by Daniel Sitaru – Romania 
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XII.9.  If ܽ, ܾ, ܿ > 0, ܽ + ܾ + ܿ = 9 then: 

න݁௫మ
ଷ

଴

ݔ݀ + ෍
1
ܽ

௖௬௖

න݁௫మ
௔

଴

ݔ݀ ≥ 4෍
1

9 − ܽ
௖௬௖

න ݁௫మ
√௕௖

଴

 ݔ݀

 
Proposed by Daniel Sitaru – Romania 

 
XII.10.  Find without softs: 

Ω = නቆ
݁௫(1 + log ݔ − logଶ (ݔ

݁ଶ௫ + ݔ) logݔ)ଶ ቇ
௘

ଵ

 ݔ݀

Proposed by Marin Chirciu – Romania 

XII.11. Find ݔ ∈ ቀ0, గ
ଶ
ቁ such that: 

7 sin ݔ2 +
32

log 4 න൫sin ݐ ⋅ log൫2ୱ୧୬య ௧ + 2ୡ୭ୱయ ௧൯൯
௫

ି௫

ݔ݀ =  ݔ12

Proposed by Daniel Sitaru – Romania 

 

XII.12. Find: 

Ω = lim
୬→ஶ

⎝

⎜
⎛
√݊!೙ ⋅ න ݁௫మ

ഏమ

ల

భ
భమ
ା భ
మమ
ା⋯ା భ

೙మ

ݔ݀

⎠

⎟
⎞

 

Proposed by Daniel Sitaru – Romania 

XII.13. Find without softs: 

Ω = න
ݔ

sin ݔ2

యഏ
భబ

ഏ
ఱ

 ݔ݀

Proposed by Daniel Sitaru – Romania 

XII.14. Find: 

Ω = lim
୬→ஶ

⎝

⎜
⎛
݊ ⋅ න

√݁௫೙

ݔ

(೙శభ)మ

ඥ(೙శభ)!೙శభ

೙మ

√೙!೙

ݔ݀

⎠

⎟
⎞

 

Proposed by Daniel Sitaru – Romania 
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XII.15. Find without softs: 

Ω = න
ݔ݀

(1 + ଶ)(1ݔ + ݔ log଻ (ݔ

௘

భ
೐

 

Proposed by Daniel Sitaru – Romania 

XII.16 If ܽ ≥ 1 then: 

4൫√ܽ − 1൯ଶ + ቌනඨ1 −
1
ݔ

௔

ଵ

ቍݔ݀

ଶ

≤ (ܽ − 1)ଶ 

Proposed by Daniel Sitaru – Romania 

XII.17. Prove: 

ߨ
4 < න݁ୱ୧୬௫ାୡ୭ୱ ௫ିଶ

గ

଴

ݔ݀ <
ߨ
2 

Proposed by Jalil Hajimir-Canada 

XII.18. Find: 

න൬ݔଶ + ݔ + 1 −
8
ସݔ −

4
ଷݔ −

2
ଶ൰ݔ 6ቀ௫ା

మ
ೣቁ݀ݔ 

Proposed by Jalil Hajimir-Canada 

XII.19. Prove: 

ߨ
16 < නඨ 1)ݔ − (ݔ

sinݔߨ + cosݔߨ + 2

ଵ

଴

ݔ݀ <
ߨ
8 

Proposed by Jalil Hajimir-Canada 

XII.20. Let ݂ be continuous on [0,1]. If ݂ܽ(ܾ) + ܾ݂(ܽ) ≤ 2;∀ܽ,ܾ ∈ [0,1], prove: 

න݂(ݔ)
ଵ

଴

ݔ݀ ≤
ߨ
2 

Proposed by Jalil Hajimir-Canada 

XII.21. Prove: 

න൫(sec ଶୱୣୡమ(ݔ ௫ିଵ + (csc ଶୡୱୡ(ݔ ௫మିଵ൯

ഏ
య

ഏ
ల

ݔ݀ >
ߨ
√3

 

Proposed by Jalil Hajimir-Canada 
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XII.22.  

න sec ݔ (sec ݔ + tan ௡(ݔ ݊(ୱୣୡ ௫ା୲ୟ୬௫)೙݀ݔ =? 

Proposed by Jalil Hajimir-Canada 

XII.23. If ݂: [ܽ, ܾ] → ቀ0, గ
ଶ
ቁ ,݂ – continuous, ܽ ≤ ܾ then: 

න sin (ݔ)݂
௕

௔

ݔ݀ +
1
2න tan (ݕ)݂

௕

௔

ݕ݀ + න cos ݂ (ݐ)
௕

௔

ݐ݀ +
1
2න cot݂(ݖ)

௕

௔

ݖ݀ ≥ ൫√2 + 1൯(ܾ − ܽ) 

Proposed by Daniel Sitaru – Romania  

XII.24. Prove that: 

ߨ + 4
ߨ − 4 + න

(tanିଵ ଶ(ݔ

ݔ) − tanିଵ ଶ(ݔ

௔

ଵ

ݔ݀ >
1 + sinܽ ⋅ tanିଵ ܽ

tanିଵ ܽ − ܽ , ܽ > 1 

Proposed by Daniel Sitaru – Romania 

 

XII.25. If ܽ, ܾ, ܿ ∈ (0,1),ܽ + ܾ + ܿ = 1 then: 

න ቆ
ଷݔ + ଶݔ + 1

ݔ − 1 ቇ
ଶ√௔ర

଴

ݔ݀ + න ቆ
ଷݔ + ଶݔ + 1

ݔ − 1 ቇ
ଶ√௕ర

଴

ݔ݀ + න ቆ
ଷݔ + ଶݔ + 1

ݔ − 1 ቇ
ଶ√௖ర

଴

ݔ݀ > 1 

Proposed by Daniel Sitaru – Romania 

XII.26. Prove without softs: 

න
(1 + sin 1)(ݔ + ݔ sin 1)(ݔ + ݔ sin ݔ cosݔ)

sin ݔ cos ݔ (1 + ݔ cosݔ)

యഏ
ఴ

ഏ
ఴ

ݔ݀ >  ߨ

Proposed by Jalil Hajimir-Canada 

XII.27. Let ݂ ∈ ݉ ଵ[0,1] andܥ ≤ ⌈݂ᇱ(ݔ)⌉ ≤ ݔ∀;ܯ ∈ [0,1] 

Prove: ଵ
ଵ଴
݉ଶ ≤ ∫ ݂ଶ(ݔ)ଵ

଴ ݔ݀ − ቀ∫ ଵ(ݔ)݂
଴ ቁݔ݀

ଶ
≤ ଵ

ଵଶ
 ଶܯ

Proposed by Jalil Hajimir-Canada, Dinu Șerbănescu – Romania 

XII.28. Prove that  

න
൫݈݊(1 + ൯(ݔ

࢔

1 + ݔ

ଵ

଴

ݔ݀ = ቌනܽ1)݊ܽݐܿݎ − ݔ + (ଶݔ
ଵ

଴

ቍݔ݀

ା૚࢔

.නି࢔ݔ૚. √1 − ࢔࢔ݔ

ଵ

଴

݊,	ݔ݀ ∈ ℕ − {0} 

Proposed by Mohammed Bouras-Morocco 
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XII.29. If ݂: [ܽ, ܾ] → [0,∞),ܽ < ܾ, ݂ – continuous, then: 

නቀඥ݂(ݔ)య + యݔ√ ቁ
ଷ
ݔ݀

௕

௔

+ 2නඥ(ݔ)݂ݔ
௕

௔

ݔ݀ ≥ 8න(ݔ)݂ݔ
௕

௔

ݔ݀ + න݂(ݔ)
௕

௔

ݔ݀ +
(ܾ − ܽ)ଶ

2  

Proposed by Daniel Sitaru – Romania 

XII.30. If ݂: [ܽ, ܾ] → (0,∞); 	ܽ < ܾ; ݂ continuous, then: 

3(ܾ − ܽ)න݂ଶ(ݔ)
௕

௔

ݔ݀ + (ܾ − ܽ)ଶ ≥ 2(ܾ − ܽ)න݂(ݔ)
௕

௔

ݔ݀ + 2ቌන (ݔ)݂
௕

௔

ቍݔ݀

ଶ

 

Proposed by Daniel Sitaru – Romania 

 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
 

UNDERGRADUATE PROBLEMS 
 

 
 
 

U.1. The Lucas numbers are defined as following: ܮ଴ = 2, ଵܮ = 1 and ܮ௡ାଶ = ௡ାଵܮ +  ௡ܮ

then show that: 

෍
௡ܮ

݊(2݊ + 1)5௡

ஶ

௡

= 4 − 2ඨ
10

1 + √5
arctan ቌඨ

1 + √5
10

ቍ− 

−൫5 + √5൯ඨ
2

1 + √5
arctanቌඨ

2
5൫1 + √5൯

ቍ + log൬
25
19൰ 

Proposed by Mokhtar Khassani-Algerie 

U.2. General Version of Prof. Dan Sitaru’s limit. If ܾ ∈ ℕ and 



Romanian Mathematical Society-Mehedinți Branch 2021 
 

95 ROMANIAN MATHEMATICAL MAGAZINE NR. 31 
 

߶(ܾ) = lim௡→ஶ ቆ∏ ቆ∫ ݁
ೣೖ

್

೙
ଵ
଴ ቇ௡ݔ݀

௞ୀଵ ቇ
௡

 then prove 

lim
௞→ஶ

߶(1)
݇

൭෍ log൫߶(2)൯
ஶ

௞ୀଵ

൱ =
݁ఊ(݁ߨଶగ + ߨ − ݁ଶగ + 1)

2݁(݁ଶగ − 1)  

Proposed by Naren Bhandari-Bajura-Nepal 

U.3. Generalized version for Prof. Dan Sitaru’s problem 

Find: 

߶(݇) = lim
௡→ஶ

1
݊௞ାଵ

ቌ ෍ (−1)௞భା௞మା,,,ା௞೘

ଵஸ௞భழ௞మழ⋯ழ௞೘ஸ௡

ෑ݇௜

௠

௜ୀଵ

ቍ 

Proposed by Naren Bhandari-Bajura-Nepal 

 

U.4. A modified old problem of Prof. Dan Sitaru. Prove that: 

lim
௡→ஶ

1
݊ଶ ෍ ෍൫(ܪ௞ − log݇)(ܪ௠ି௞ାଵ − log(݉ − ݇ + 1))൯

௠

௞ୀଵ

௡

௠ୀଵ

=  ଶߛ

where ߛ is Euler’s Mascheroni constant 

Proposed by Naren Bhandari-Bajura-Nepal 

U.5. Bounding of Prof. Dan Sitaru’s limit by Naren. Prove that: 

ඨ5݁
෤݊ < lim

௡→ஶ
෍

݇(݇ + 1)
݊(݊ + 1)(݊ + 2)	

௡

௞ୀଵ

exp ቆ
݇(݇ + 1)(2݇ + 1)
݊(݊ + 1)(݊ + 2) ቇ < ඨ

5݁
෩ܰ  

where 1 ≤ ෩ܰ ≤ 11 and 12 ≤ ෤݊ ∈ ℕ < 8; notation exp(ݔ) = ݁௫ 

Proposed by Naren Bhandari-Bajura-Nepal 

U.6. Find: 

Ω = ෍෍൭
(−1)௥

2ଶ௡(2݊ + 1)(2݊ + 2 + (ݎ ቀ
2݊
݊ ቁ൱

ஶ

௡ୀ଴

ஶ

௥ୀ଴

 

Proposed by Naren Bhandari-Bajura-Nepal 

U.7. Evaluate the following sum in a closed form: 

෍൬
1

6݇ + 1 +
1

6݇ + 2 +
1

6݇ + 3 −
1

6݇ + 4 −
1

6݇ + 5 −
1

6݇ + 6൰
ஶ

௞

 

Proposed by Prem Kumar-India 
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U.8. Evaluate the following sum: 

෍൬
1

(4݇ + 1)! +
1

(4݇ + 2) −
1

(4݇ + 3)!−
1

(4݇ + 4)!൰
ஶ

௞ୀ଴

 

Proposed by Prem Kumar-India 

U.9. Let (ݔ)ߨ denotes the prime counting function and ݌௡  denotes the ݊௧௛ prime number. 

Find: 

Ω = lim
௡→ஶ

௡݌
ഏ(೙)
೙  

Proposed by Prem Kumar-India 

U.10. Integrate: 

ܫ = න
1)ݔ − (ݔ
sin(ݔߨ)

భ
మ

଴

 ݔ݀

Proposed by Prem Kumar-India 

U.11. Find the closed form: 

Ω = ∑
ቄ భ
೙రశ೙మశభ

ାభఴቅ

௡మାଵ
ஶ
௡ , {ݔ} = ݔ − ,[ݔ] [∗] - great integer function 

Proposed by Mokhtar Khassani-Algerie 

U.12. Evaluate the integral in a closed form: 

ܯ = න
ln(1 + (ଶݔ (ݔ)ଶ݅ܮ

1 + ଶݔ

ଵ

଴

 ݔ݀

Proposed by Mokhtar Khassani-Algerie 

U.13. If ܽଵ = 3 and ܽ௡ାଵ + 2 = ܽ௡ଶ  then find: ܯ = lim௡→ஶ ݊ ൬3 − √5 − ∑ ଶ
∏ ௔ೕೖ
ೕసభ

௡
௞ ൰ 

Proposed by Mokhtar Khassani-Algerie 

U.14.  Evaluate: 

lim
௡→ஶ

݊ ቌ1 −෍൬
1
݇൰

మబమబ
మబభవ

௡

௞ୀଵ

ቍ 

Proposed by Mokhtar Khassani-Algerie 

U.15.  Find all functions ߶(ݐ) such that: 
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⎩
⎪
⎨

⎪
⎧ (ݐ)߶ = නቆ

(ݔ)߶
ݔ + ݁ି

ഝ(ೣ)
ೣ ቇ

ఛ

ଵ

ݔ݀

߶ ൬
1
߬൰ =

1
߶ݔଶන൬ݐ ൬

1
൰ݔ − ݁ି௫థቀ

భ
ೣቁ൰

ఛ

ଵ

ݔ݀

 

Proposed by Mohammed Bouras-Morocco 

U.16. Find: 

Ω = lim
௡→ஶ

1
݊
൭

1
௡ܪ2 + log൭ෑ

2݇
2݇ − 1

௡

௞ୀଵ

൱൱ 

Proposed by Daniel Sitaru – Romania 

U.17. Let ߶(ݔ) = ⋱௫ݔ
ೣ

ถ
௙௢௥	"௡"	௧௜௠௘௦

, ݊ ∈ ℕ − {0}. Prove that: 

߶௡ ቌඨ݊ +
1
݊

೙
ቍ + ߶௡ ቌඨ݊ −

1
݊

೙
ቍ ≥ 2߶௡൫√݊

೙ ൯ 

Proposed by Mohammed Bouras-Morocco 

U.18. Let ߮௡(݉) = ଵ
ଵା భ

భశ భ
భశ⋯…

భశ భ
భశ೘ᇣᇧᇤᇧᇥ

௙௢௥	“௡”	௧௜௠௘௦	ௗ௜௩௜௦௜௢௡

;߮ଵ(݉) = ଵ
௠

,߮ଶ(݉) = ௠
௠ାଵ

; ݊,݉ ∈ ℕ− {0} 

Prove that: ߮௡(݉) = ௠⋅ி೙షభାி೙షమ
௠⋅ி೙ାி೙షభ

. Then ߮௡(݅) = ට1 − ߮ଶ௡ ቀ1 − ிమ೙షభ
ிమ೙

ቁ + ݅ ∏ ߮௞(1)ଶ௡ିଵ
௞  

 ௡ – Fibonacci numberܨ

Proposed by Mohammed Bouras-Morocco 

U.19. Let ܣ ≥ 4 numbers pair, ( ௜ܲ, ௜ܲ
ᇱ) prime numbers 

ܣ = ଵܲ + ଵܲ
ᇱ = ଶܲ + ଶܲ

ᇱ = ⋯ = ௡ܲ + ௡ܲ
ᇱ  (݊ solution)  

Prove that: ቊ
ܣ > ∑ ඥ ௜ܲ ⋅ ௜ܲ

ᇱ௡
௜ୀଵ 	݂݅	݊ ≤ 2

ܣ < ∑ ඥ ௜ܲ ⋅ ௜ܲ
ᇱ௡

௜ୀଵ 	݂݅	݊ ≥ 3
 

Proposed by Mohammed Bouras-Morocco 

U.20. Let ߶௡(ܽ) = ඨܽ + ටܽ + ඥܽ + ⋯+ √ܽ
ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ

௙௢௥	"௡"		௧௜௠௘௦	"௔"	

,ܽ > 0 
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Prove that: lim௡→ஶ ቌ
ට௔ାథ೙(௔)ඥ௔ିథ೙(௔)

థ೙(௔)ାඥ௔ିథ೙(௔)
×

ට௔ିథ೙(௔)ඥ௔ିథ೙(௔)

థ೙(௔)ିඥ௔ିథ೙(௔)
ቍ = ଵ

ଶ
 

Proposed by Mohammed Bouras-Morocco 

U.21. Let: ߶௡ = ∫ ଵ
ଵା௫ା௫మା⋯ା௫೙

ାஶ
଴  ݔ݀

Prove that: ߶ଵଷ + ߶଺ = ଶగ
଻
ቀsin ቀగ

଻
ቁ + cos ቀଷగ

ଵସ
ቁቁ 

Proposed by Mohammed Bouras-Morocco 

U.22. Prove the relation 

න sinଷ(2ݔ)

ഏ
మ

ഏ
ర

log(log(tan(ݔ)))݀ݔ =
1
6 ቆ2 log(ߨ)−

(3)ߞ7
ଶߨ − ߛ2 − 4 log(2)ቇ 

නන
log ቀଵ

௫
ቁ − logቀଵ

௬
ቁ

log ቀlogቀଵ
௫
ቁቁ − logቀlogቀଵ

௬
ቁቁ

ଵ

଴

ݔ݀
ଵ

଴

ݕ݀ = නන
logቀ௬

௫
ቁ

log(− log(ݔ))− log(− log(ݕ))

ଵ

଴

ݕ݀
ଵ

଴

ݔ݀

=
(3)ߞ7
ଶߨ  

Proposed by Srinivasa Raghava-AIRMC-India 

U.23. Prove that: 

න
݁ି௫

݁ଶ௫ + 1

ஶ

଴

logଶ ൬
݁௫ + 1
݁௫ − 1൰݀ݔ =

ଶߨ

3 −
ଷߨ

16 

Proposed by Srinivasa Raghava-AIRMC-India 

U.24. Evaluate in a closed – form 

න
cos൫√ݔ൯
݁ଶగ√௫ − 1

ஶ

଴

 ݔ݀

Proposed by Srinivasa Raghava-AIRMC-India 

U.25. Prove the sum 

1 −
1
4 ൬

2
3൰

ଷ

+
1
7 ൬

2 × 5
3 × 6൰

ଷ

−
1

10 ൬
2 × 5 × 8
3 × 6 × 9൰

ଷ

+ ⋯ =
3√3

ହ(ߨ2)4 Γ ൬
1
3൰

ଽ

 

Proposed by Srinivasa Raghava-AIRMC-India 

U.26. For ݊ > 1, prove the inequality: 
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1
݊)ߨ + 1)ଶ < න

1 − cos(ݔ)
ଶݔ

గ(௡ାଵ)

గ௡

ݔ݀ <
1
 ଶ݊ߨ

Proposed by Srinivasa Raghava-AIRMC-India 
U.27. Evaluate the sum: 

෍ ෍
4(−1)௠ିଵ

2݉ − 1

ஶ

௡ୀଵ

ஶ

௠ୀଵ

൬
1

ଶ௡ାଵܨ
൰
ଶ௠ିଵ

 

 ௞ – Fibonacci numberܨ
Proposed by Srinivasa Raghava-AIRMC-India 

U.28. Solve for ߚ 

න
ߚ) + ݔ coth(2ݔߨ))ଶ

coshଶ(ݔߨ)

ஶ

ିஶ

ݔ݀ = 0 

Proposed by Srinivasa Raghava-AIRMC-India 

U.29. If for any complex number ݊,ܴ݁(݊) > (݊)ߠ ,0 = ∫ ݁ି௡௫మஶ
௘షೣ  ݔ݀

then show that 

න ௡௫ି݁(݊)ߠ
ஶ

ିஶ

ݔ݀ =
1
2݊

ି೙మି
య
మΓ ൬

݊ + 1
2 ൰ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.30. Let, ܵ(ݔ) = ∫ ൫௫మା௬ାଵ൯మ

(௫మି௬ାଵ)య
௫
଴  ݕ݀

then evaluate the integral in a closed – form 

න
(ݔ)ܵ
ݔ

ஶ

ିஶ

 ݔ݀

Proposed by Srinivasa Raghava-AIRMC-India 

U.31. Evaluate the sum 

෍ቌ
√5 + 5 − 4 sinଶ ቀగ௡

௡
ቁ

2 ቀ5 − 4 sinଶ ቀగ௠
௡
ቁቁ

−
߶ଶ + cos ቀଶగ௠

௡
ቁ

3 + 2 cosቀଶగ௠
௡
ቁ
ቍ

௡ିଵ

௠ୀ଴

 

߶ – Golden Ratio 

Proposed by Srinivasa Raghava-AIRMC-India 

U.32. If 

ߙ =
ߨ4
3 −නන

ݔ݀

ටඥݕ tanଶ ቀ௫
ଶ
ቁ + 1

ഏ
మ

଴

ଵ

଴

 ݕ݀
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then prove that: 9ߙ9)ߙ + 64) = 2176 
 

Proposed by Srinivasa Raghava-AIRMC-India 
U.33. If 

ܵ(݊) = 1௡ + 2௡ + 3௡ + 4௡ + 5௡ + 6௡ + 7௡ + 8௡ + 9௡ 
ܵ(24݊ + 19) ≡ 3ଷ	݀݋݉)	0 × 5ଶ) 

Proposed by Srinivasa Raghava-AIRMC-India 
U.34. 
 

107811
3 ,

110778111
3 ,

111077781111
3 ,

111107777811111
3 ,

111110777778111111
3 , … 

Prove that all the numbers in the above sequence are perfect cubes. 
Proposed by Srinivasa Raghava-AIRMC-India 

U.35. Prove this sharp inequality: 

෍
1

݇! + ݇‼

ஶ

௞ୀ଴

> ෍ߨ݁
(−1)௞

݇! + ݇‼

ஶ

௞ୀ଴

 

 

Proposed by Srinivasa Raghava-AIRMC-India 

U.36. For ݊ ≥ 0 

Λ(݊) = න
(1 + ௡௫ି݁(ݔ

ඥ1 + cosh(ݔ)

ஶ

଴

 ݔ݀

then compute the integral in a closed – form 

න Λ(݊)
ஶ

଴

݁ି௡݀݊ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.37. Find without softs: 

Ω = ∫ ൫5ିଷ௫మାଽ௫ି଻ − ൣ5ିଷ௫మାଽ௫ି଻൧൯ஶ
଴ ,ݔ݀ [∗]− great integer function 

 

Proposed by Jalil Hajimir-Canada 

U.38. Find without softs: 

Ω = නන sin(ݔ + (ݕ

ഏ
ర

଴

ഏ
ర

଴

csc ቀݔ + ݕ +
ߨ
4
ቁ  ݕ݀	ݔ݀

Proposed by Jalil Hajimir-Canada 
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U.39. If 0 < ܽ ≤ ܾ then: 

නනනቆ
ݔ) + ݕ + ݕݔ)(ݖ + ݖݕ + (ݔݖ

ݖݕݔ ቇ
௕

௔

ݔ݀
௕

௔

ݕ݀
௕

௔

ݖ݀ ≤
(2ܽଶ + 5ܾܽ + 2ܾଶ)(ܾ − ܽ)ଷ

ܾܽ  

 

Proposed by Daniel Sitaru – Romania 

 

U.40. If ݂:ℝ → (0,∞),݂ – continuous, ܽ,ܾ ∈ ℝ,ܽ ≤ ܾ then: 

නනቌlogቌ
൫1 + ൯൫1(ݔ)݂ + ൯(ݕ)݂

ቀ1 + ௙(௫)ା௙(௬)
ଶ

ቁ
ଶ ቍቍ

௕

௔

ݔ݀
௕

௔

ݕ݀ ≤ (ܾ − ܽ)න݂ଶ(ݔ)
௕

௔

ݔ݀ − ቌන (ݔ)݂
௕

௔

ቍݔ݀

ଶ

 

Proposed by Daniel Sitaru – Romania 

U.41.  

Ω(ܽ) = lim
௕→ஶ

൭෍
݊(݊ + 1)(݊ + 2) ⋅ … ⋅ (݊ + ܽ − 1)

(−ܾ)௡ିଵ

ஶ

௡ୀଵ

൱ ,ܽ ∈ ℕ − {0,1} 

Find: 

Ω = ෍
1

Ω(ܽ)

ஶ

௔ୀଶ

 

Proposed by Daniel Sitaru – Romania 

U.42. 

Ω௞(݉) = 2 lim
௫→଴

ቌ
1 − (cos݇ݔ)

భ
ೖ೘శమ

ଶݔ
ቍ , ݇,݉ ∈ ℕ∗ 

Find a closed form for: 

Ω = ൭෍Ω௞(2)
ஶ

௞ୀଵ

൱൭෍Ω௞(3)
ஶ

௞ୀଵ

൱ 

Proposed by Daniel Sitaru – Romania 

U.43. If 1 < ܽ ≤ ܾ then: 

logቆ
√ܾ ⋅ Γ(ܾ)

√ܽ ⋅ Γ(ܽ)
ቇ ≤ න logݔ

௕

௔

ݔ݀ ≤ logቆ
ܾ ⋅ Γ(ܾ)
ܽ ⋅ Γ(ܽ)ቇ 

Proposed by Daniel Sitaru – Romania 
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U.44. If 0 ≤ ܽ ≤ ܾ then: 

නන
ݕ݀	ݔ݀

ݔ) + ସ(ݕ

௕

௔

௕

௔

≤
(ܾ − ܽ)ଶ(ܽଶ + ܾܽ + ܾଶ)

48ܽଷܾଷ  

Proposed by Daniel Sitaru – Romania 

U.45. Inspired by Seyran Ibrahimov 

Show that: 

න
1

1 − cosݔ + ଶݔ

ஶ

ଵ

ݔ݀ >
ߨ
4 

Proposed by Naren Bhandari-Nepal 

U.46. Find: 

Ω = ෍൬
1

625݊ସ + 1250݊ଷ + 875݊ଶ + 250݊+ 24൰
ஶ

௡ୀ଴

 

Proposed by Naren Bhandari-Nepal 

U.47. Prove the following inequality 

න
ݔ݀

1 + ଶݔ

ஶ

ଵ

< න
ݔ݀

1 + cosݔ + ଶݔ

ஶ

ଵ

< න
ݔ݀

1 − cosݔ + ଶݔ

ஶ

ଵ

 

Proposed by Naren Bhandari-Nepal 

U.48. 

Φ(݇) = lim
௡→ஶ

ቆ2 +
3ଶ

2 +
4ଷ

3 + ⋯+
(݊ + ݇)௡

݊௡ିଵ ቇ 

Φ(݇ᇱ) = lim
௡→ஶ

ඥ(݊ − ݇ᇱ)!

ቀ1 + ඥ1௞ᇲቁ ቀ1 + ඥ2௞ᇲቁ… ቀ1 + ඥ݊௞ᇲቁ
 

where ݇ > 0 and 1 ≤ ݇ᇱ < ݊. Find Φ(݇) + Φ(݇ᇱ) 

Proposed by Naren Bhandari-Nepal 

U.49. Let (ܽ௡)௡ୀଵஶ  be a sequence and let  ݏ௞ = ܽଵ + ⋯+ ܽ௞ = ∑ ܽ௡௞
௡ୀଵ   be it’s ݇௧௛partial 

sum. The sequence (ܽ௡) is called Cesàro summable, with Cesàro sum ܣ ∈  ݊ as it as ,ܣ,ܴ
tends to infinity the arithmetic mean of its first ݊ partial sums ݏଵ, ,ଶݏ … ,  :ܣ ௡ tends toݏ

lim௡→ஶ
ଵ
௡
∑ ௞௡ݏ
௞ =  It is well known that .ܣ

ܩ = 1 − 1 + 1 − 1 + 1 − 1 + ⋯ 
Is Grandi Series which is divergent in nature. 
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However, the series ܩ is Cesàro summable giving Cesàro sum ଵ
ଶ
. Now if we define a divergent 

series   ܥ = 1 + 4 + 9 + 16 + ⋯ 
It is true that series ܥ is also Cesàro summable?.If yes, find the sum. 

Proposed by Naren Bhandari-Nepal 
U.50.	݊ ∈ ℕ − {0}, fixed, ݔଵ, ,ଶݔ …  ௡ – are different in pairs. Find the greatest value ofݔ,
ܯ ∈ ℕ,݊ ≤  :such that ܯ

4074341 < ෍ඨݔ௡ + ටݔ௡ + ඥݔ௡ + ⋯
ெ

௡ୀଵ

< 4074343 

Proposed by Naren Bhandari-Nepal 
U.51. Show that: 

න
1 + ݔ + ଶ{ݔ} + ቄ ଵ

ଵା௫
ቅ

1 + {ݔ} + ቄ ଵ
ଵା௫

ቅ + ቄ ଶ
ଵା௫

ቅ + ቄ ଷ
ଵା௫

ቅ

ଵ

଴

ݔ݀ = 

=
8
√5

arctan ൬
1

2√5
൰ −

8
√5

arctan ൬
1
√5
൰ −

19
√15

arctan ൬
1
√15

൰+ logቆ
7√105
64√2

ቇ + 3 

{. }: the fractional part function 

Proposed by Mokhtar Khassani-Algerie 

U.52. Find a closed form: 

Ω = නቆ
logସ ݔ
√1 − ଶݔ

ቇ
ଵ

଴

 ݔ݀

Proposed by Naren Bhandari-Nepal 

U.53. Generalized version of  Kays Tomy summation.Show that: 

෍ቌනනන…
ଷ

଴

ଶ

଴

ଵ

଴

න ൝෍ݔ௞

௡

௞ୀଵ

ൡ
௡

଴

ଶݔଵ݀ݔ݀ ௡ቍݔ݀…

ିଵ

= 2(݁ − 1)
ஶ

௡ୀଵ

 

Notation: {ݔ} represents fractional part of ݔ and ݁ ≈ 2.718281 … is Euler’s number. 

Proposed by Naren Bhandari-Nepal 

U.54. Prove that: 

ෑෑ൮ lim
௡→ஶ

1
√݊೙శభ ൭ෑ݇௞೙

௡

௠ୀଵ

൱

భ
೙ೞశభ೘మ

൲
௠

௦ୀଵ

ஶ

௠ୀଵ

=
݁ଷ

݁఍(ଶ)ାళర఍(ସ)
 

Proposed by Naren Bhandari-Nepal 

U.55. Inspired by Mokhtar Khassani. Without Software, show that: 
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ඎ10ସ න
݁ି௫ ln(1 + (ଶݔ tan൫1 + 10ସݔଵ଴ర൯

1 + ଵ଴రݔ

ஶ

భ
భబర

ඒݔ݀ = 2019 

where ⌊. ⌋ denotes floor function. 

Proposed by Naren Bhandari-Nepal 

U.56. Prove that for all |݇| > 1 

2 ෍ ෍ ෍
݉ଶ݊

݇௡(݇௡݉ + ݇௠݊)

ஶ

௡ୀଵ

ஶ

௠ୀଵ

ஶ

௞ୀଶ

= (2)ߞ + (3)ߞ2 +  (4)ߞ

where ߞ(. ) denotes Riemann Zeta Function 

Proposed by Naren Bhandari-Nepal 

U.57. Find the closed form: 

Ω = ෍
௡ܪ

(ଶ)

݊(݊ + 1) ⋅ 8௡

ஶ

௡ୀ଴

 

Proposed by Mokhtar Khassani-Algerie 

U.58. Compute: 

lim
௡→ஶ

ቆ ටܪ௡ାଵܪଶ௡ାଷ log(݊ + 1) ቀ2݊ + 3
݊ + 1 ቁ೙శభ

ቇ − ටܪ௡ܪଶ௡ାଵ log(݊)ቀ2݊ + 1
݊ ቁ೙

 

 
Proposed by Mokhtar Khassani-Algerie 

U.59. Find: 

lim
௡→ஶ

ቌ݁ + 1 − ൭(2)ߞ −෍
1
݇ଶ

௡

௞ୀଶ

൱
௡

ቍ

௡

 

 
Proposed by Mokhtar Khassani-Algerie 

U.60. Find: 

lim
௡→ஶ

݊ଷ෍෍
1

(1 + ݆݅) ൬ 5݊
݅ + ݆൰

௡

௝ୀଵ

௡

௜ୀଵ

 

 
Proposed by Mokhtar Khassani-Algerie 

U.61. Show that: 

නݔଶ log(2 + (ݔ log(2 − (ݔ
ଵ

଴

ݔ݀ =
2

27൬72݅ܮଶ ൬
1
4൰+ 144 logଶ 2− 54 log 3 − ଶߨ6 + 31൰ 

Proposed by Mokhtar Khassani-Algerie 
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U.62. Show that: 

න
logݔ

1 + ݁ଶ௫ + ݁ସ௫ + ݁଺௫

ஶ

଴

ݔ݀ =
ߨ

16 logቌ
Γସ ቀଵ

ସ
ቁ

ଷߨ2 ቍ−
11
16 logଶ 2 

Proposed by Mokhtar Khassani-Algerie 

U.63. Find: 

Ω = ෍൭෍
݇ ⋅ (2݊ − 2݇ − 1)‼

(݇ + 1)! ⋅ (2 + 2݊ − 2݇)‼

ஶ

௞ୀ଴

൱
ஶ

௡ୀ଴

 

Proposed by Daniel Sitaru – Romania 

 

U.64. Find without softs (without Wolfram, MathCad, Maple, MathLab, Derive, etc) 

Ω = න ቆ
sin(2016! (2017	݀݋݉) ⋅ (ݔ

݁ଶగ௫ − 1 ቇ
ஶ

଴

 ݔ݀

Proposed by Naren Bhandari-Nepal 

U.65. Prove: 

න න න ඨ
݁௫ + ݁௬ + ݁௭ + 3√݁௫ା௬ା௭య

ඥ݁௫ା௬ + √݁௬ା௭ + √݁௭ା௫
ݔ݀

ଶ௖

௔

ݕ݀
ଶ௕

௔

ݖ݀
ଶ௔

௔

≥ √2ܾܽܿ 

Proposed by Jalil Hajimir-Canada 

U.66. Let 0 < ܽ ≤ ܾ. Prove: 

න න
ݕݔ sinඥݕݔ

ݔ) + (ݕ sin ቀ ଶ௫
௫ା௬

ቁ
ݔ݀

ଶ௕

௔

ݕ݀
ଶ௔

௔

≥
2
9 ܾܽ√ܾܽ 

Proposed by Jalil Hajimir-Canada 

U.67. Prove that: 

෍
exp(−݊ߨ)

݊(݊ + 1)(2݊+ 1)(2݊)‼

ஶ

௡

= 

= ݅ܧ ቆ
exp(−ߨ)

2 ቇ− 2 exp ቀ
ߨ
2
ቁ√2ߨ erϐi ቌ

exp ቀ− గ
ଶ
ቁ

√2
ቍ− ߛ − logቆ

exp(−ߨ)
2 ቇ+ 

+2 exp ቆ
exp(−ߨ)

2 + ߨ ቇ − 2 exp(ߨ) + 3 

 exponential integral :݅ܧ ,Euler- Mascheroni constant :ߛ
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erϐi: imaginary error function 

Proposed by Mokhtar Khassani-Algerie 

U.68. If: Ψ(ݔ) = ∑ ସ೙௫మ೙శయ

(ଶ௡ାଵ)(ଶ௡ାଷ)(௡ାଵ)൫ଶ௡௡ ൯
ஶ
௡ୀ଴  for |2ݔ| < 1 

then show that:  

න(Ψ(ݔ) + log(1 + ((ଶݔ
ଵ

଴

ݔଶ݀ݔ =
(2)ߞ27

64 −
ߨ
6 +

log 2
3 −

13
72 

Proposed by Mokhtar Khassani-Algerie 

U.69. Find: 

ܯ = න
arctan(ݔସ)

1 + ଷݔ + ଺ݔ

ஶ

଴

 ݔ݀

Proposed by Mokhtar Khassani-Algerie 

U.70. If: Ω = lim௡→ஶ ݊ଶ ቆ
గ
ଶ଴

+ ୪୭୥ ଶ
ଵ଴

− ଵ
ଶ଴
− ∫ ସଵݔ

଴ cotିଵ ݔ ⋅ ݁ି
ೣ೙ඥೣ೙షೣమ೙

೙  ቇݔ݀

then show that: ∑ ி೙
௡
Ω௡ஶ

௡ = − ଶ
√ହ

cothିଵ ቀగ
మି଺ସ
√ହగమ

ቁ 

 ௡: is the ݊௧௛ Fibonacci numberܨ

Proposed by Mokhtar Khassani-Algerie 

U.71. Prove that: 

ଷସܨ
	 ൬1,

1
2 ,

3
2 ,

9
2 ,

5
2 ,

11
2 ,

7
2 ,−1൰ =

ܩ1260)3 − ߨ105 − 754)
224  

 catalan’s constant :ܩ
Proposed by Mokhtar Khassani-Algerie 

U.72. Find: 

Ω = නቀsec ቀ
ݔ
2
ቁ ⋅ ඥcsc(2ݔ)ర ⋅ logଶ(tan ቁ(ݔ

ഏ
మ

଴

 ݔ݀

Proposed by Mokhtar Khassani-Algerie 
U.73. Show that: 

න{log(1 + {(ݔ
ଵ

଴

log{1 + ݔ݀{ݔ = 2(1 − log 2)−
ଶߨ

12 

{. }: is the fractional part function 

Proposed by Mokhtar Khassani-Algerie 
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U.74. Show that: 

න ൜
1
3 + sin(2ݔ)ൠ

యഏ
ర

଴

ݔ݀ =
5
6 arcsin ൬

2
3൰ −

ߨ
3 +

√5
6 +

1
2 

{. }: the fractional part function 

Proposed by Mokhtar Khassani-Algerie 

U.75. Prove that: 

න
ݔ logଶ(1 + (ଶݔ log(1 − (ଶݔ

1 + ଶݔ

ଵ

଴

ݔ݀ = ସ݅ܮ ൬
1
2൰+ (3)ߞ log(2)− (4)ߞ −

(2)ߞ
2 logଶ 2 +

logସ 2
6  

Proposed by Mokhtar Khassani-Algerie 

 

U.76. If 0 < ܽ ≤ ܾ then: 

නනඨ൬1 +
1
ସ൰ݔ ൬1 +

1
ସ൰ݕ

௕

௔

௕

௔

ݕ݀ݔ݀ ≥
2(ܾ − ܽ)ଶ

ܾܽ  

Proposed by Daniel Sitaru – Romania 

U.77. Find a closed form: 

Ω = ෍
(−1)௡ିଵ

݊

ஶ

௡ୀଵ

൮

1
2

1
4

1
4

1
2

൲

௡

,Ω ∈  ଶ(ℝ)ܯ

Proposed by Daniel Sitaru – Romania 

U.78. Find a closed form: 

Ω = ෑቌ
݊

భ
೙శభ

2
ቍ

ஶ

௡ୀଵ

 

Proposed by Daniel Sitaru – Romania 

 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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PROBLEMS FOR JUNIORS 

 
JP.331. In acute	∆࡯࡮࡭ with the lengths ࡯࡮ = ࡭࡯,ࢇ = ࡮࡭,࢈ =  :Prove that .ࢉ

+࢈)ࢇ ࢉ − (ࢇ
૛࢈ + ૛ࢉ − ૛ࢇ +

+ࢉ)࢈ ࢇ − (࢈
૛ࢉ + ૛ࢇ − ૛࢈ +

+ࢇ)ࢉ ࢈ − (ࢉ
૛ࢇ + ૛࢈ − ૛ࢉ ≥ ૜ 

Proposed by Hoang Le Nhat Tung–Vietnam 

JP.332. If ࢞࢏ > 1,∀݅ = ૚,࢔തതതതത; ࢔ ∈ ℕ,࢔ ≥ ૜ then prove: 

૛࢞ࢍ࢕࢒
૛൫࢞૚૛࢞૛൯ࢍ࢕࢒

+
૜࢞ࢍ࢕࢒

૛൫࢞૚૛࢞૛૛࢞૜൯ࢍ࢕࢒
+ ⋯+

࢔࢞ࢍ࢕࢒
૛൫࢞૚૛࢞૛૛ࢍ࢕࢒ ૚૛ି࢔࢞… ൯࢔࢞

≤
ඥ࢞૛࢞૜ࢍ࢕࢒ … ૝࢔࢞

૚࢞ࢍ࢕࢒ ∙ ૚࢞૛࢞૜࢞)	ࢍ࢕࢒  (࢔࢞…

Proposed by Florică Anastase-Romania 

JP.333. In ∆࡯࡮࡭ the following relationship holds: 

ඥ࢘࢈࢘ࢇ + ඥ࢘ࢉ࢘࢈ + ඥ࢘ࢇ࢘ࢉ ≤ ට(࢈ࢇ + +ࢉ࢈ (ࢇࢉ ቀ૛ +
࢘
૛ࡾ

ቁ 

Proposed by Nguyen Viet Hung -Vietnam 

JP.334. In ∆࡯࡮࡭ the following relationship holds: 

ඨ ࢇ + ࢈
ࢇ − ࢈ + ࢉ + ඨ +࢈ ࢉ

࢈ − ࢉ + ࢇ + ඨ
ࢉ + ࢇ

ࢉ − +ࢇ ࢈ ≤
૜ࡾ
√૛࢘

 

Proposed by Nguyen Viet Hung -Vietnam 

JP.335 If ࢈,ࢇ, ࢉ > 0 such that ࢈ࢇ + +ࢉ࢈ ࢇࢉ ≤ ૜ then prove: 
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૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ +

૚
ࢇ) + ૛(࢈ +

૚
࢈) + ૛(ࢉ +

૚
ࢉ) + ૛(ࢇ ≥

૚૞
૝  

Proposed by Nguyen Viet Hung -Vietnam 

JP.336 For all positive integers ࢔ > 3 prove that: 

√૛࢔+ ૚ − ૚
૛ <

૚
√૚ + √૛

+
૚

√૜ + √૝
+ ⋯+

૚
√૛࢔− ૚ + √૛࢔

<
√૛࢔
૛  

Proposed by Nguyen Hung Viet -Vietnam 

JP.337. If ࢏࢈,࢏ࢇ ∈ (૙,૚);ࢗ,࢖ ∈ ℕ∗,࢔ ≥ ૛ then prove: 

෍࢏ࢇࢍ࢕࢒ඨ
૛࢏ࢇ

૛࢖ ∙ ࢏࢈
૛ࢗ

࢏ࢇ
૛࢖ + ࢏࢈

૛ࢗ

࢔
࢔

ୀ૚࢏

+ ෍࢏࢈ࢍ࢕࢒ඨ
૛࢏ࢇ

૛ࢗ ∙ ࢏࢈
૛࢖

࢏ࢇ
૛ࢗ + ࢏࢈

૛࢖

࢔
࢔

ୀ૚࢏

≥ ൫ඥ࢖ + ඥࢗ൯
૛

 

Proposed by Florică Anastase-Romania 

JP.338 In  ∆ABC, P, Q∈  :such that (۰۱ۯઢ)ܜܖ۷

઺۰ۯሬሬሬሬሬ⃗ + ઻۰۾ሬሬሬሬሬ⃗ + ۱ሬሬሬሬሬ⃗۾ = ૙ and 	ۿۯሬሬሬሬሬሬ⃗ + હ۰ۿሬሬሬሬሬሬ⃗ + ۰۱ሬሬሬሬሬ⃗ = ૙,હ,઺,઻ ∈ ℝ,હ,઻ ≠ ૚ 

Prove that A, P, Q are collinear if and only if હ + ઻ = ઺ + ૚.  

Proposed by Florică Anastase-Romania 

JP.339 Solve in real numbers the  system: 

ቊ૚૚
(࢞૝ − ࢟૝) + ૝࢞࢟(࢞૛ + ࢟૛) + ࢞ = ૙

૛(࢞૝ − ࢟૝) − ૛૛࢞࢟(࢞૛ + ࢟૛) + ࢟ = ૙
		 

Proposed by Florică Anastase-Romania 

JP.340 Prove that : 

°૚૙࢔࢏࢙ =
૚
૝ −

√૜
૝ °૚૙࢔ࢇ࢚ +

૚
૝࢚࢔ࢇ

૛૚૙° −
√૜
૝  °૜૚૙࢔ࢇ࢚

Proposed by Pedro Henrique O. Pantoja -Brazil 

JP.341 Find all positive integers ࢔ such that: ࡺ = ૛૛࢔ି࢔૛ି૚
!࢔

 

Proposed by Pedro Henrique O. Pantoja -Brazil 
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JP.342. Let be  ࡰ′࡯′࡮′࡭ࡰ࡯࡮࡭′ cube with length side ૚ and  ࡹ ∈ ࡺ,࡯࡮ ∈ ᇱࡰࡰ ࡼ, ∈  .′࡮′࡭

Find minimum perimeter of  ઢ	ࡼࡺࡹ. 

Proposed by Florentin Vișescu-Romania 

JP.343 In acute ∆ࢇࢍ,࡯࡮࡭ −Gergonne’s cevian the following relationship holds: 

૛ࢇࢍ൛࢞ࢇ࢓ ∙ ૛࢈ࢍ,࡭࢙࢕ࢉ ∙ ૛ࢉࢍ,࡮࢙࢕ࢉ ∙ ൟ࡯࢙࢕ࢉ ≥ ࢘૛ ቀ૚ +
࢘
ࡾ
ቁ ൬
૝૜
ૢ −

ૡࡾ
ૢ࢘൰ 

Proposed by Radu Diaconu-Romania 

JP.344. Let ࢈,ࢇ, ࢈ࢇ be positive real numbers such that ࢉ + +ࢉ࢈ ࢇࢉ = ૜. Prove that: 

൫૜ࢇ૞ − ૜ࢇ + ૛࢈૜ + ૜૝൯൫૜࢈૞ − ૜࢈+ ૛ࢉ૜ + ૜૝൯൫૜ࢉ૞ − ૜ࢉ + ૛ࢇ+ ૜૝൯ ≥ ૟૟ 

Proposed by Hoang Le Nhat Tung -Vietnam 

JP.345. If ࢈,ࢇ, ࢉ ∈ ℂ; |ࢇ| = |࢈| = |ࢉ| = ૜ then: 

෍|ࢇ + ૜|
ࢉ࢟ࢉ

+ ૜෍หࢇ૛ + ૚ห
ࢉ࢟ࢉ

+ ෍หࢇ૜ + ૜ห
ࢉ࢟ࢉ

≥ ૚ૡ 

Proposed by Daniel Sitaru – Romania  

PROBLEMS FOR SENIORS 

SP.331. If ∆࡯࡮࡭ has inradius ࢘, circumradius ࡾ, sides lengths ࢇ = ࢈,࡯࡮ = ,࡯࡭ ࢉ =  ,࡮࡭

and altitudes ࢉࢎ,࢈ࢎ,ࢇࢎ from the vertices ࡯,࡮,࡭,respectively, then: 
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ૢ࢘૛

ࡾ ≤
ࢉ

࢈ + ࢉ ∙ ࢇࢎ +
ࢇ

ࢉ + ࢇ ∙ ࢈ࢎ +
࢈

ࢇ + ࢈ ∙ ࢉࢎ ≤
ࡾૢ
૝  

Proposed by George Apostolopoulos-Greece 

SP.322. Let ࢈,ࢇ,  with inradius ࢘ and ࡯࡮࡭ be the lengths of the sides of a triangle ࢉ

circumradius ࡾ. Prove that: 

૛ࢇ

࢈ + ࢉ +
૛࢈

ࢉ + ࢇ +
૛ࢉ

+ࢇ ࢈ ≤
૜√૟ࡾ
૝࢘

ඥࡾ૛ − ૛࢘૛ 

Proposed by George Apostolopoulos-Greece 

SP.333. Let ࢞,࢟, ࢠ > 0 be positive real numbers such that ࢞ + ࢟ + ࢠ = ૜. 

Find the maximum value of expression: 

ࡼ =
࢞

૛ඥ࢟ + ࢠ√
+

࢟
૛√ࢠ + √࢞

+
ࢠ

૛√࢞ + ඥ࢟
+

(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)
૚૟  

Proposed by Hoang Le Nhat Tung -Vietnam 

SP.334. Let ࢞,࢟, ࢞ be a positive real numbers such that ࢠ + ࢟ + ࢠ = ૚. Prove that: 

(૜࢞૛ + ૚)(૜࢟૛ + ૚)(૜ࢠ૛ + ૚) ≥ ૛ૠ(࢞࢟ + +ࢠ࢟)(ࢠ ࢞ࢠ)(࢞ + ࢟) 

Proposed by Hoang Le Nhat Tung -Vietnam 

SP.335. Let ࢞,࢟, ࢠ > 0 positive real numbers such that 

ቀඥ࢞૜ + ඥ࢟૜ቁ ቀඥ࢟૜ + ඥࢠ૜ቁ ቀඥࢠ૜ + ඥ࢞૜ቁ = ૡ 

Prove that: ࢞ + ࢟ + ࢠ ≥ ඥ࢞࢟ࢠ(࢞૛ + ࢞࢟ + ࢟૛)(࢟૛ + ࢠ࢟ + ૛ࢠ)(૛ࢠ + ࢞ࢠ + ࢞૛)૜  

Proposed by Hong Le Nhat Tung -Vietnam 

SP.336. Let ࢞,࢟, be a positive real numbers such that (࢞૟ ࢠ + ࢟૟)(࢟૟ + ૟ࢠ)(૟ࢠ + ࢞૟) = ૡ 

Prove that: (૜࢞૛ − ૝࢞࢟ + ૜࢟૛)(૜࢟૛ − ૝࢟ࢠ + ૜ࢠ૛)(	૜ࢠ૛ − ૝࢞ࢠ + ૜࢞૛) ≥ ૢ 

Proposed by Hoang Le Nhat Tung -Vietnam 
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SP.337. Let	࢞,࢟, ࢠ > ૙. 

1) If	࢞࢟ + ࢠ࢟ + ࢞ࢠ ≤ ૜൫૛√૜ − ૜൯ then  ට࢞࢟ା࢟ࢠା࢞ࢠ
૜

+ ૚ ≤ ඥ(࢞ + ૚)(࢟ + ૚)(ࢠ + ૚)૜ . 

2) If ࢞࢟ + +ࢠ࢟ ࢞ࢠ > 3൫૛√૜ − ૜൯ then 
ඥ࢞࢟ + ࢠ࢟ + ࢞ࢠ + ૚ < ඥ(࢞ + ૚)(࢟ + ૚)(ࢠ + ૚). 

Proposed by Florentin Vișescu – Romania  

SP.338. If ࢚ ∈ [૙,૛࣊);࢔ ∈ ℕ then: 

|૚ + +࢚࢔ܛܗ܋ ࢏ ܖܑܛ |࢚࢔ + |૚ + ܛܗ܋ ૛࢚࢔+ ࢏ ܖܑܛ ૛࢚࢔| + |૚ + +࢚࢔૜ܛܗ܋ ࢏ ܖܑܛ ૜࢚࢔| ≥ ૛ 

Proposed by Daniel Sitaru – Romania  

SP.339. Solve for real numbers: 

ඥ࢞૜ − ૛࢞૛ + ૛࢞ + ૜ඥ࢞૛ − ࢞ + ૚૜ + ૛ඥ૝࢞ − ૜࢞૝૝ =
࢞૝ − ૜࢞૜

૛ + ૠ 

Proposed by Hoang Le Nhat Tung -Vietnam 

SP.340. Find all pairs of integers (࢞,࢟) such that  ࢞૝ − ૛࢞૛ − ࢟૛ − ૞࢟ − ૜ = ૙ 

Proposed by George Apostolopoulos-Greece 

SP.341. Let ࢈,ࢇ, ࢉ࢈ࢇ be positive real numbers such that ࢉ + ࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૝. Find the 

maximum value of expression: 

ࢀ =
૚

ඥ૛ࢇ૞ + ૜࢈ − ૛ࢇ૛ + ૛૟
+

૚
ඥ૛࢈૞ + ૜ࢉ − ૛࢈૛ + ૛૟

+
૚

ඥ૛ࢉ૞ + ૜ࢇ − ૛ࢉ૛ + ૛૟
 

Proposed by Hoang Le Nhat-Tung -Vietnam  

SP.342. Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢉ + +࢈ ࢉ + ૚ = ૝ࢉ࢈ࢇ. Find the 

minimum value of expression: 

ࡿ =
૚

ඥ૛ࢇ૞ − ૛ࢇ૜ + ૛࢈ + ૛૟૜ +
૚

ඥ૛࢈૞ − ૛࢈૜ + ૛ࢉ + ૛૟૜ +
૚

ඥ૛ࢉ૞ − ૛ࢉ૜ + ૛ࢇ + ૛૟૜  

Proposed by Hoang Le Nhat-Tung -Vietnam  

SP.343. If ࢈,ࢇ, ࢉ ∈ ℂ; |ࢇ| = |࢈| = |ࢉ| = ૞ then: 
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෍|ࢇ + ૞|
ࢉ࢟ࢉ

+ ૞෍หࢇ૚૙ + ૚ห
ࢉ࢟ࢉ

+ ෍หࢇ૚૚ + ૞ห
ࢉ࢟ࢉ

≥ ૜૙ 

Proposed by Daniel Sitaru – Romania  

SP.344. If ࢔ ∈ ℕ,࢔ ≥ ૛ prove that: 

࢔
+࢔ ૛ + නቀ࢚ି࢔ࢇ૚(࢞࢔)ቁ

૛
࢞ࢊ

૚

૙

≥ ૛න࢚ି࢔ࢇ૚(࢞࢔)ඥ࢚ି࢔ࢇ૚࢞࢔ ࢞ࢊ
૚

૙

 

Proposed by Florică Anastase−Romania 

SP.345. Prove that in any triangle ࡯࡮࡭, 

൬
࢈ + ࢉ − ࢇ

ࢇ ൰
૛

+ ൬
ࢉ + ࢇ − ࢈

࢈ ൰
૛

+ ൬
+ࢇ ࢈ − ࢉ

ࢉ ൰
૛

+
ૡ࢘
ࡾ ≥ ૠ 

Proposed by Nguyen Viet Hung – Vietnam  

UNDERGRADUATE PROBLEMS 

UP.331. If ࢈,ࢇ, ࢉ ∈ (૙,૚),࢔ ∈ ℕ,࢔ ≥ ૛ then prove: 

෍൫૚ − ࢔ࢇ࢔࢏࢙√ ൯
ࢉ࢟ࢉ

≥෍
૚− ࢈࢔࢏࢙ࢇ࢔࢏࢙

૛࢔+ ૚ − ࢈࢔࢏࢙ࢇ࢔࢏࢙
ࢉ࢟ࢉ

 

Proposed by Florică Anastase-Romania 

UP.332. Let (࢞࢔)࢔ஹ૚,  :ஹ૚ be sequences of  positive real numbers such that࢔(࢔࢟)

࢞૚ > 1, ା૚࢔࢞ =
૚ + −࢔) ૚)࢞࢔࢔

૚ି࢔࢔࢞࢔
; 	࢟૚ > ା૚࢔࢟,0 =

࢔) + ૚)࢔࢟࢔࢔
࢔࢔࢟ + ࢔)࢔࢔ − ૚) 

Find:  ܕܑܔ
ஶ→࢔

ቀ࢞࢔ା࢟࢔
࢔࢟

ቁ
࢔√
࢔࢞  

Proposed by Florică Anastase-Romania 

UP.333. If 	࢞࢖ = ࢖ࢇ + ࢖,࢖࢈࢏ = ૚,૝തതതതത	 are roots of the equation: 

࢞૝ − ૛(࢑ + ૚)࢞૜ + ૛(࢑ + ૚)૛࢞૛ − ૛(࢑૛ + ૚)(࢑ + ૚)࢞ + (࢑૛ + ૚)૛ = ૙,࢑ ∈  .∗ࡾ

Then prove: 
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෍ࢍ࢚ࢉ࢘ࢇ
࢖ࢇ
ห࢖࢈ห

= ࣊ + ૛ቆ
࢑− |࢑|
࢑ ቇ

૝

ୀ૚࢖

 .࢑ࢍ࢚ࢉ࢘ࢇ

Proposed by Florentin Vişescu-Romania 

UP.334. Let be		࢔ ∈ ࢔࡭	࢏࢙	∗ࡺ ∈  such that	,(ࡽ)࢔ૡࡹ

૝࢔࡭)࢚ࢋࢊ + ૛࢔࡭૛(૚ − ૛࢔ − ࢑) + (૚ + ૛࢔ + ࢑)૛ࡵૡ࢔) = ૙,∀	࢑ = ૚,૛࢔തതതതതതത.		Then find: 

ܕܑܔ	
ஶ→࢔

࢚ࢋࢊ ൬
૚
 .൰࢔࡭࢔

Proposed by Florentin Vişescu-Romania 

UP.335. If ࢈,ࢇ, ࢉ ∈ ቀ૙, ࣊
૛
ቁ +ࢇ, ࢈ + ࢉ = ࣊ and  

(࢔)ࡵ = ෍න
࢞ࢊ

૛࢞ࢇ࢔ࢇ࢚ࢋࢇ) + ࢞࢈࢔ࢇ࢚ࢋ࢈ + ૛࢞ࢉ࢔ࢇ࢚ࢉࢋ)(ࢉ࢔ࢇ࢚ࢋࢉ + ࢞࢈࢔ࢇ࢚࢈ࢋ + (ࢇ࢔ࢇ࢚ࢇࢋ

ା૚࢏

࢏

࢔

ୀ૚࢏

 

Then find maximum value of expression: 

Ω = ෑ(࢑)ࡵ
૛૙૛૙

࢑ୀ૚

 

Proposed by Florică Anastase-Romania 

UP.336. If ૙ < ܽ < ܾ < ࣊
૛

 then prove: 

૜(࢈ − ࢇ)ඥ૝(ࢇ + ૜(࢈

ඥ૝(ࢇ+ (࢈ − ࢇ)૝࢔࢏࢙ + ૜(࢈ < 3න
࢞ࢊ

√૚ − ૝࢞૜࢙࢕ࢉ

࢈

ࢇ

< −ࢇ૛ݐ݋ܿ +࢈૛࢚࢕ࢉ
࣊
૝ 

Proposed by Florică Anastase-Romania 

UP.337. If ૙ < ܽ ≤ ܾ then: 

නනන
ࢠࢊ࢟ࢊ࢞ࢊࢠ࢟

૜࢞૛ + ૛࢟૛ + ૛ࢠ

࢈

ࢇ

≤
−࢈) ࢈)૛(ࢇ + (ࢇ

૚૛ ∙ ࢍ࢕࢒ ൬
࢈
൰ࢇ

࢈

ࢇ

࢈

ࢇ

 

Proposed by Daniel Sitaru-Romania 

UP.338. Let ࢈,ࢇ, ૛ࢇ be positive real numbers such that ࢉ + ૛࢈ + ૛ࢉ = ૚૛. Prove that: 

ቆ
૛ࢇ

+ࢉ࢈
૛࢈

ࢇࢉ +
૛ࢉ

ቇቆࢇ࢈
૛ࢇ

૜ࢇ√ + ૚
+

૛࢈

૜࢈√ + ૚
+

૛ࢉ

૜ࢉ√ + ૚
ቇ ≥ ૚૛ 

Proposed by George Apostolopoulos 
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UP.339. Prove that for any positive real numbers ࢈,ࢇ,  :ࢉ

૛ࢇ

࢈ +
૛࢈

ࢉ +
૛ࢉ

ࢇ +
૚
૛

+ࢇ) ࢈ + (ࢉ ≥
૛ࢇ)ૢ + ૛࢈ + (૛ࢉ
૛(ࢇ + +࢈ (ࢉ  

Proposed by Nguyen Viet Hung – Vietnam 
 

UP.340. If ૙ < ܽ ≤ ܾ; ݂: [࢈,ࢇ] → [૚,∞);ࢌ continuous, then: 

૜(࢈− ૛න(ࢇ (࢞)ࢌ
࢈

ࢇ
࢞ࢊ ≤ ૛(࢈− ૜(ࢇ + ቆන (࢞)ࢌ

࢈

ࢇ
ቇ࢞ࢊ

૜

 

Proposed by Daniel Sitaru – Romania  

UP.341. Find: 

ષ = ܕܑܔ
ஶ→࢔

൭න
ܖܑܛ ࢞

ܛܗ܋ ࢞ (૚ + ࢔ܛܗ܋ ࢞)

࣊
૜

૙
 ൱࢞ࢊ

Proposed by Daniel Sitaru – Romania  

UP.342. Prove that if ૙ < ܽ ≤ ܾ then: 

ቆන
࢞܏ܗܔ
࢞

࢈

ࢇ
ቇ࢞ࢊ

૛

≥ ൭න
܏ܗܔ ࢞
࢞

࢈

࢈శࢇ
૛

࢞ࢊ + න
܏ܗܔ ࢞
࢞

࢈

࢈ࢇ√
൱൭න࢞ࢊ

࢞܏ܗܔ
࢞

࢈శࢇ
૛

ࢇ
࢞ࢊ + න

࢞܏ܗܔ
࢞

࢈ࢇ√

ࢇ
 ൱࢞ࢊ

Proposed by Daniel Sitaru – Romania  

UP.343. Let ࢈,ࢇ, ૛ࢇ be positive real numbers such that ࢉ + ૛࢈ + ૛ࢉ = ૜. Prove that: 

૛(ࢇ૝ + ૝࢈ + −(૝ࢉ ૜ࢇ) + ૜࢈ + (૜ࢉ ≥ ૜ࢉ࢈ࢇ 

Proposed by George Apostolopoulos -Greece 

UP.344. Let ࢈,ࢇ,  :be non-negative real numbers, no two of which are zero. Prove that ࢉ
ࢇ

૛ࢇ + ૛(࢈+ ૛(ࢉ +
࢈

૛࢈ + ૛(ࢉ+ ૛(ࢇ +
ࢉ

૛ࢉ + ૛(ࢇ+ ૛(࢈ ≥
૚

ࢇ + ࢈ +  ࢉ

Proposed by Nguyen Viet Hung – Vietnam  
UP.345. Let ࢈,ࢇ, ૛ࢇ be positive real numbers such that ࢉ + ૛࢈ + ૛ࢉ = ૜. Prove that: 

+ࢇ) ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ − ૛ࢉ࢈ࢇ ≤ ૟ 

Proposed by George Apostolopoulos –Greece 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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