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ABOUT AN INEQUALITY FROM RMM

By Flaviu Cristian Verde-Romania

In R.M.M. was published the inequality:

2 + ZZ ZZ + xZ xZ + 2
<y = 2 Zzy > (a* +b*+c*) 296F?, (B—G,N)
where x,y,z > 0 and a, b, c are the lengths of the sides of triangle ABC with
s —semiperimeter and F —area.
D.M.Batinetu-Giurgiu, Dan Nanuti
The solution of this problem was published in [1], now we will developed this problem.

Solution 1. Let's denote: x? = u, y? = v, z%? = w and then we must show that:

+ + +
(17 W+W u+u U)(a4+b4+c4)296F2; (D

u v
We have the inequality:

v+w
Z —>6vur,weR; = (0,0); (+)

cyc
and G. Goldner Inequality: a* + b* + ¢* = 16F?, (G)
From (*),(G) we get:

+
Z” u”’)(a4 +b* +c*) > 6-16F2 = 96F2
cyc

which is (B-G,N).

Solution 2. We have:

(zyz; ZZ) (z “4> 25 (Z (= Z)2> (Z(a2)2> 5

cyc cyc cyc

2
1 + Batinefu—Giurgiu | 1
>_< 4 Z-a2> > (8V3F)" =5-64-3F2 = 96F7

2
Solution 3. We have:

2 4 72 aM-6M AM—-GM
YIS TR Y B 50 [ [5=231=6 @
X X Cycx

cyc cyc

and
AM—-GM Eul
at+b*+ct > 3-3(abo)* = 33(4RF)* = 12FYAR'F > 12F3[4(2r)?R?F =

12F3 64r2F R\? 48]:'3 2F R\? Mitrinovic 48F3 2p s \? 48F3 r2Fs2
= — = — > R = =
r (2) r (2) = r (3\/5) 27

4| ROMANIAN MATHEMATICAL MAGAZINE NR. 31



Romanian Mathematical Society-Mehedinti Branch | 2021

= 16F3[F(sr)2 = 16F3/F3 = 16F2; (3)
From (2),(3) we deduce that:

2_|_ 2
(Zy - )(Za“) > 6 - 16F? = 9BF?

cyc cyc

Generalization:

Ifm > 0,x,y,z > 0and triangle ABC with s —semiperimeter, F —area, then:

y2m+2 + ZZm+2
Z x2m+2 Z a4m+4 > 24m+5 . 31—m . F2m+2’ (**)

cyc cyc

Proof. We have

(2 ) (S o () (Z o) -

cyc cyc cyc cyc

1 x+y 2(m+1) Radon
N e

cyc cyc

(D) {(zer) -

cyc cyc

(P ) (Ter) ¥

cyc cyc

2m+2
1 x+y 5 Bitinetu—Giurgiu
= 22m+1 . 32m Z P =

cyc

1 2m+2 20m+6

(BV3F) " =mi g

. 2Am+1l | p2m+2 — 94m+5, 21-m , p2m+2
= 22m+1 . 32m 3 F 2 3 F

Note. If m = O then from relationship (**) we get (B-G,N) Inequality.

References:

[1] Chirciu Marin, About Batinetu’s Inequalities-R.M.M.No0.20 Spring Edition 2021, page 4-
10.

[2] Romanian Mathematical Magazine-www.ssmrmh.ro
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ONE DROP FROM THE APPLIED MATHEMATICS
By Laviniu Bejenaru-Romania
Problem: Giving one symmetric quatratic matrix A with the property (A), decomposing it
into a product Q-Q', where Q is a lower-triangular matrix and Qs the transpose matrix.
(A) each k-dimmensional upper left-corner minor has his determinant strict positive
for 1<k<dimention of matrix

Example: As one example, we can have the symmetric matrix

4 2 1 4 2
A=(2 2 1 withtheminorsM1:4>O,MZ:[ ]:4>o,
2 2
1 1 1
4 2 1
M; =12 2 1| =2=>0.So0,the solution is:
1 1 1
2 0 0
—_(1 1 O
Q_<1 1 Q)
2 2 2
It can be verified that
2 1 1
4 2 1 2 00 / i\
2 2 1)=(1 1 0)jo 1
1 1 1 11 V2
2 2 2 0 0 V2
2

Task:

9 3 1
Find the Q factor such that A=Q-Q" for = <3 3 1) .
1 1 1

Mean:

The Q matrix from the factorization A=Q-Q" is called Cholescky factor of A and this kind of
square-look-like operation has many applications: efficiently compute of the determinants,
gradients in stochastic models, samples form a Gaussian distribution.

References:

Deisenroth M.P., Faisal A.A., Ong C.S. - Mathematics for Machine Learning, Cambridge
University Press, 2020, ISBN 9781108679930
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ABOUT SOME INEQUALITIES IN TRIANGLE
By D.M.Badtinetu-Giurgiu, Daniel Sitaru-Romania

Letbem > 0;x,y,z > 0 and AABC with F —area, s —semiperimeter, then:

+ + +
y+tz, am™+! + zrx, pm+1 +u cemtl > gm+2 . t/33-m . [ Fm+1: (*)
z

X y
Proof. We have:

Zy_”.amHZz.Z@.amﬂzz.g.B n@'am“:GB/(abc)m“:
X X X

cyc cyc cyc

m+1

R
— m+1 — 2m+2 . pm+1 . pm+1 — 3(m+1) . [ — . Fm+1l —
=63/(4RF)"+1 = 63/2 -RM+1.F \[2 (2) F

m+1
=6- 2m+1 (\/7 \/: F) EuZler 2m+2 3. 3 (\/g . \/F F Mitriznovic

— 2m+2 .

= 2m+2. 33_Tm “F 2
If m = 0 we get:

+2z
ZyT-azzL-“\/zr\/F; (1)
cyc
If m = 1 we get:

+z
4 a?>8V3-F, (B-G,1)

cyc
hence the first Batinetu-Giurgiu Inequality.
If m = 3 then we have

+z
4 -a*>32-F% (B-G,2)

cyc
hence the second Batinetu-Giurgiu Inequality.
If m = 2 then we have:

+z
Zy—-szm-i/i-F\/F
cyc x

1 1 1
If we denote u = xm+1,v = ym+1,w = zm+1 then the inequality (*) becomes:
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+ m+1 4 ,m+1 + m+1
Y z . am+l — v w Lqmtl > 1 v w . am+l —
a - a = a -

x um+1 2m u

cyc cyc cyc

m+1
1 v+w m+1 padon 1 1 v+w
:_Z( .a) 2 om 3m Z @ 2
2m u 2m 3m u

cyc cyc

m+1 22m+2 . 3%(m+1) . F%(m"'l)

> _(4 V2 \/_) 6m =
= p2m+2-m . 3—(m+1) m. 3 (m+1) = om+2, 3%(3—771) . F%(m+1); (*)

hence we have the inequality (*).
If in (*) we take m = 5, then:

+ 128
Y Z.a6227.3i(3—5).F3: F3. (3)

V3

cyc

If in (*) we take m = 7, then:

+z 256
Zy @220 3P =22 (8

cyc

Refference:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

NEW INEQUALITIES IN TRIANGLE

By D.M.Badtinetu-Giurgiu, Daniel Sitaru, Neculai Stanciu-Romania

Let be AABC with F —area, s —semiperimeter.
Proposition. Ifx,y,z € R% = (0, ), then

+z
Y \27 -VF

Proof. We have:

yr b+)>42‘/—\/_>4331_[‘/ﬁ\/_

cyc cyc cyc

3 R 3
=123/abc = 12Y4RF = 12 /8 5 F = 24

Mitrinovic

>

X F L 24 X F
— > .
2 - 2 -
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>24 |\Vr- F = 24/ F = 24(\/_) -F =827 -F

From the inequality (1) we can prof some inequalities from [1] as follows:
Theorem. If m € [1,»);x,y,z > 0 then in any triangle ABC the following relationship
holds:

yrz, Zrx, Yy 1(4_m)-F%'m;(>|<>|<)
X VA

1

1 1
Proof. Let’s denote u = xm, v = ym,w = zm and then
m o4 ,m m

Zy;:z _Z% (b+c)mzzrilz<vzw'(b+c)> >

cyc cyc cyc

m m
Radon 1 v+w = 1 v+w ()
= om-1.,3m-1 (Z u (b + C)) = gm-1 (Z u (b + C)) =

cyc cyc

3m 1
3Im.2 5 .M
(8v27 -VF)" = S L

= - om-1.31-m

6m—1
= 2m+1, 3%(4—"1) . F%m
g.e.d.
If m = 2 then the inequality (**) becomes as:

+z 1
Zyx (b+c)2>25-32-F=32V3-F (1)

cyc

If m = 4 then the inequality (**) becomes as:

ytz
Z L (b0t =2°-F2=512-F* (2)

cyc
If m = 8 then the inequality (**) becomes as:

+ 1 217 F*
Zy z (b+¢)8>217.31.F+=217._. 4 =

= . (@)

cyc
Refference:
[1] Chirciu M.,About Batinetu’s inequalities, Romanian Mathematical Magazine-no.28-

2021, page.4-10.
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TRIGONOMETRIC SUBSTITUTIONS IN PROBLEM SOLVING

By loan Serdean, Daniel Sitaru-Romania

Abstract: In this paper are indicated a few useful trigopnometric substitutions for solving

problems. Solved problems are also a part of this article.

Case 1: Ifxy,z>0pqr€( 3 Z)

1+ x2 =1+ tan? p,1+y2:1+tan2q;l+22:1+tan2T

1 1 1
F(1+x2,1+y2,1+zz)=G< o 2)
cos?p’ cos?q’ cos?r

Case 2: Ifx,y,z>0;p,q,7r € (O E)
W1+ zZ2=

1+x2_ Z_COSCI CcOoSrTr
F(J1+x2,J1+y,J1+z):G<l ! 1)

cosp'cosq’ cosr
Case 3:Ifx,y,z>0;m > 0;p,q,r € (O E)

VvxZ+m?2 =mtanp;\y?+m? =mtangqg; \/Zz+m2 =mtanr
(\/x2+m2 JyZ+m?, \/Zz+m2) G( m )

cosp'cosq’'cosr

Case 4: If x,y,z > 0;p, q,r € [0,27]
4x3 —3x =cosp;4y® —3y =cosq;4z3 —3z=cosr
F(4x3 — 3x,4y3 — 3y,4z3% — 3z) = F(cosp,cos q,cos )
Case 5: If x,y,z > 0;p, q,r € [0,27]
3x —4x3 =sinp,3y —4y3 =sinq,3z — 4z3 = sinr
F(38x — 4x3,3y — 4y3,3z — 4z3) = F(sinp,sinq,sinr)
Case 6: If x,y,z > 0;p, q,r € [0,27]
2x? —1=cosp,2y?—1=cosq,2z2—1=cosr
F(2x? —1,2y? —1,2z> — 1) = F(cosp,cosq,cosr)

s

Case 7: If x, y,z>0pqr€(—5 E)

2x 2y 2z
1_—}12—tanq,m—tanr
( 2x 2y 2z
1—x2"1—y2'1—z?2

s

Case 8: Ifxyz>0pqr€(—5 E)
2x 2 2z
mzmnp,l_l_yz:tanq,m
2x 2y 2z
<1+xz’1+yz’l+z2

Case 9: If x, y,Z>0PqT€[ ) [”’3_n)
1

) = G(tanp,tanq,tanr)

=tanr

) = G(tanp,tanq,tanr)

2

1 1
X = Yy = 1z =
Cosp cosq cosT
F(x?—1,y%2-1,z2-1) = G(tan®p, tan?q, tan®r)

10| ROMANIAN MATHEMATICAL MAGAZINE NR. 31
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Case 10: If x,y,z > O; |x|,|y], |zl = 1,p.q, 7 € [O,g)
F(\/x2 —1,Jy2—1,4z%2— 1) = G(tanp,tanq,tanr)
1 1 1
= Yy = Z=
cosp cos q coST

Case 11:If x,y,z > 0; x|, |yl |1zl = 1,p,q,7 € [O,g)
m m m
x = Yy = \Z =
cosp cos q cosr
F(\/x2 —m?2,{y? —m? 4/ z? —mz) =G(mtanp,mtanq,mtanr)

Case 12:If x,y,z>0;xy # L,yz# 1,zx # 1,p,q,7r € (O,g)
x=tanq,y =tanq,z =tanr
(1x_+x3; ; 1y_+yZZ; fj;;) = G(tan(p + q) ,tan(q + 1), tan(r + p))
Problem 1. If x € R; |x| < 1;n € N then:
A-x)"+@Q+x)"<2"
Proof. |[x] < 1= (3)te [O,%] X = cos 2t

Remains to prove:(1 — cos 2t)" + (1 + cos2t)" < 2" &
(2sin?t)™ + (2cos?t)" < 2" © sin?t + cos?'t < 1
which is obviously because:
{sinznt < sin’t
cos®™t < cos’t
Problem 2. If a € (—o,—1) U (1, o) then:

Jaz —1++/3<2|q]
Proof. |a| > 1 = (3)]al = ﬁ;a € [Og)
Remains to prove:

’ 1 2 2
> —1+V3<— o tana+V3<
cos?a cosa cosa

%sina+\/§cosa <le sin(a+g) <1
Problem 3. If a € (0,1) then:
|4(a3 —m—S(a—MN <2
Proof. lal <1 = (3)x € [O,g) ‘a4 = cosx
The inequality can be written:
|4(Cos3x —J(@ = cos2x)? -3 (Cosx —J1- COSZX)| <2

|4(cos3x — sin3x) — 3(cosx — sinx)| < V2 &
|(4cos3x — 3 cosx) + (3sinx — 4sinx)| < V2 & |sin3x + cos 3x| < V2 &

= sin®™t + cos®™t < sin’t + cos’t =1

COSSx-§+sin3x-72 <lse |sin(3x +%)| <1
Problem4.If x,y € R then:
G+y)Q-xy)|_1
L+x2)(L+y?)| ™2

11| ROMANIAN MATHEMATICAL MAGAZINE NR. 31
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Proof.x,y € R= (3)p,q € (—%,g) ;X =tanp;y =tangq
(x+y)A—-xy) (tanp+tanq)(1—tanptanq) _
(1+x2)(1+y2) (1 + tan?p)(1 + tan2q) B

_ sin(p + q) cos (p + q)cos?*pcos?q
B cospcosqsinpsing
Remains to prove:

1
=sin(p+q) cos(p +q) = EsinZ(p +q)

1 1
EsinZ(p+q)| 3 Isin2(p+q)l <1

Problem 5. If a, b € R then:
a?(+b*)+b?(L+a*) < (A +a*)(1+b%)

Proof. a? >0,b2>0= (I)p.q € [O,g),a2 = tanp,b? = tanq
tanp (1 + tan?q) + tan q (1 + tan?p) < (1 + tan?p)(1 + tan?q)
1 1 1 1

tanp - < tanp - Coszp +tangq - COSZC[ <1

cos?q Ttang: cos?p = cos?p . cos?q
sinpcosp +sinqcosq <1 2sinpcosp +2sinqcosq <2
sin2p +sin2q <2
which its obvious because sin2p < 1,sin2q < 1.
Problem 6. If x,y = 0;x +y = 1 then:

, 1 , . 1\ _17
()t ()27

Proof. x,y = 0= (3)p € [0,27); x = sin?p;y = cos?p

1 1
in*p + —— + cos*p + = (sin*p + 4<+—)=
sinp cosp cos*p cos™p (sin*p + cos*p) (1 Simtpcosip
= (1 — 2sin? 5 )<1+ 16 )_ 1 sin?2p <1+ 16 )><1 1)<1+16)
B SHUPCOSTP sin*2p) 2 sin*2p/ — 2 1
117
272
Problem7.If a,b € R then:
-5
a’?+ (a—bh)?> > (a? + b?)
Proof. If b = 0 inequality can be written:
3-+5
2a% > > a? ©a?(1++5)=0
2
Itb # 0, dividing by b2: & + (2~ 1) = 25(4 1)
.a T Ty, a__
But.;EIR%:>(EI)pE(—;,E),;—tanp
3-+5

tan?p + (tanp — 1)% > (tan’p + 1) & sin’p(sinp — cosp)* = i

2

5
1+ sin?p — 2sinpcosp = & 2+ 2sin?p —2sin2p >3 -V5 o

1 2
1 —2sin2p +2sin2p < V5 & cos2p + 2sin2p < V5 & —cos2p + —sin2p <1 e
V5 V5

(\/_16)24_(%)2:1:>(E|)qE(O,g);\/—lgzsinq;%zcosq
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sinqcos2p +cosqsin2p<lesin(2p+q)<1
Problem 8. If a, b € [0,1] then:

|[av1 = b% + by1 = a? + V3(ab — | — BT - b?)| < 2
Proof.a,b € [0,1] = (3)p,q € [O%] ca =sinp,b =sing
|Sinpw/1 — sin2q + sin q+/1 — sin?p + V3(sinp sing — /(1 — sin2p) (1 — sinzq)| <2

e |sin p Cos q + sinq cosp + V3(sinpsing — /(1 — sin?p)(1 — sinzq)| <2

1 V3
& [sin(p +q) —V3cos(p+q)| <2 & ‘Esin(p +q) —7005(19 + q)‘ <le

. T
sin(p+4-3)| <1
Problem 9. Solve the following equation:
x3—3x+a(l-3x?)=0;a€R
Proof.x e R= (3)b € (—gg)x =tanb

3tanb — tan3b
a(l —3tan?b) = 3tanb — tan®b = a =

1 — 3tan?b
1 km
a=3tan3b:>3b=tan‘1a+k7r;kEZ:>b=§tan‘1+?;k€Z
1 km
x = tanb = tan <§tan‘1a+?);ke{—2,0,2}
If a = 1 the equation: x® — 3x2 — 3x + 1 = 0 has the solutions:
= tan (2% + 5Tk € (22,02} 3, = tan - x, = tan: x; = tan [ —
X = an(E ?>, €Ev—24025x = anﬁ,xz— anz,x3— an(—T)

If a = 2 the equation: x® — 6x2 — 3x + 2 = 0 has the solutions:

1 kn 1 1 21
x = tan <§ tan~12 + ?) 'k € {202} x, =tan <§ tan‘12) Xy = (— tan~12 + —),
=t (1 tan~'2 Zn)
x3 = tan 3 an 3
Problem 10. Solve the equation:

4x3 —4x +a(x*—6x>+1)=0a€R
Proof. x e R= (3)b € (—gg) :x = tanb; a(tan*b — 6tan®b + 1) = 4tanb — 4tan3b
_ 4tanb —4tan®b
= tantb — 6tan?b + 1 >

1
a=tan4b=>b :Ztan‘la;

1 km
x=tan<ztan‘1a+7);kez
If a = 1 the equation: x* + 4x3 — 6x? — 4x + 1 = 0 has the solutions:
_t T _t o _t (371). _t 91
X =tangeix, =tangeixs =tan(—7¢ )i, = tanTe

Problem 11. Find the formula of the general term of the sequence given by the
relationships:
x;=a,a€[-11]x,,; =2x2—-1:n>1
Proof.x;, =a € [-1,1]1 = (3)b € [0,2n];a =cos b ;b = cos~a
x, = 2x? —1=2cos?h —1=c0s2b; x3 = 2x2 — 1 = cos(22h)
x4 = 2x2 — 1 = cos(23b)
Through induction we can prove that: x,, = cos(2"~1b) = cos(2" 1cos~'a)
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Problem 12. Find the formula of the general term of the sequence given by the relationships:
x;=a,a€[-11]x,0,1, =1—-2x2n>1
Proof.x;, =a € [-1,1] = (3)b € [0,2r];a =sinb ;b = sin"'a
x, =1—2x2 =1— 2sin?b = cos(2b); x; =1 — 2x2 = cos(2%b)
Through induction we can prove that: x,, = cos(2"~1b) = cos(2" 1sin"1a)
Problem 13. Find the formula of the general term of the sequence given by the
relationships:
x,=a;a €[-11), x5 = x,(8—4x2);n=>1
Proof.x;, =a € [-1,1]1= (@)b € [0,2n];a = sinb ;b = sin"a
xy = x1(3 — 4x%) =sinb (3 — 4sin?3b) = sin(3b)
x3 = x,(3 — 4x2) = sin3b (3 — 4sin?3b) = sin(32b)

x4 = x3(3 — 4x2) = sin(32%b) (3 — 4sin?(3%b)) = sin(3°b)
Through induction we can prove that: x,, = cos(3""1b) = cos(3" 1sin~1a)
Problem 14. Find the formula of the general term of the sequence given by the
relationships:

x1=a;a €[-11], x4 = x,(4x7 -3);n =1
Proof.x;, =a € [-1,1]1 = (3)b € [0,2n];a =cos b ;b = cos™la
x, = x,(4x? — 3) = cos b (4cos?3b — 3) = cos(3b)
x3 = x,(4x5 — 3) = cos 3b (4cos?3b — 3) = cos(32bh)

x4 = x3(4x2 — 3) = cos(3%b) (4sin?(3%b) — 3) = cos(33h)
Through induction we can prove that: x,, = cos(3""1b) = cos(3" 1cos™1a)
Problem 15. Find the formula of the general term of the sequence given by the
relationships:

2x
x;=a,a €[-11], x4, = 1_—1;121;71 >1
Proof.x; =a € [-11]=> (3)b € (—gg) ca=tanb;b = tan"la
2x4 2tanb 2x, _ 2tan(2b)

Y277 —x? “1—tan?h tan(2b); x; = 1—x2  1-—tan?(2b)

Through induction we can prove that: x,, = tan(2"~1b) = tan(2" 'tan™ta)
Problem 16. Find the formula of the general term of the sequence given by the
relationships:

= tan(2%b)

3x, — x3
x;=aa €[-11],x,,, = 12—3)612:1;71 >1
Proof.x; =a € [-1,1] = (3)b € (—gg) ca=tanb:b =tan"la
_3x;—x; 3tanb—tan®h _ _
%2 T 182 T 1 atanzy - AGh);
3x, —x3 3tan(3b) — tan3(3b
% 2= X3 (3b) ( ): tan(32b)

T1-3x2  1-3tan?(3b)
Through induction we can prove that: x,, = tan(3""1b) = tan(3" 'tan™ta)
Proposed Problems:

17. fx > 0then:Vvx —1++Vxvx—1<x

<Use:x = COfI?-Zp p E [O,g))
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18. If|a|S1then:\/1+v1—a2[\](l+a)3—w/(l—a)3 < 2V2++/2 —2a2

(Use:a —cosp;p € [0,n])
19. If|x|<1then =2 < \3x? +x l—xz<\/—+2

(Use:x =cosp;p €[0,m])
20. Ifa € [0,2] then: |V2a —a? —V3a + V3| < 2
(Use:a—1=cosp,p € [0,7])

<2

a
Us . j— . E|O ) )
e.a lp 12 il, 2

22.1f|a] = 1 then: _4S%S 9

Use'a = 1 . E[On)U 377,')
Se'a_COSp’p '2 T

Problem 23. If x,y,z > 0,xy + yz + zx = 1 then:
x y 3z )
1+x2+1+y2+1+ 7 =
Proof. x,y,z > 0= (A)A,B,C € (O,g);x = tan;,y = tang,z = tang

21. If |a] = 1 then:

A . A
x tan; sinz zA A A
T T rantd cos? O 27 M2
2
y _.B B =z  C C
l+y2—szn26052,1+22—szn26052
A A B B C
smzcos§+sm25m2+35m2605§S\/ o sinA+sinB +3sinC <2v10
nd +sinB =2sin e cos2=F — 5 cosEcosB =L <2
& = = — —
sin sin sin > cos > coszcos 5= cos2
205 S+ 35inC = 2c05 % + B sins cos e < 2 C+6'C—2< C+3'C)Cis
cos2 sinC = cos2 smzcosz_ cos2 sz_ cos2 sm2 <

C
<2 12+32-\/sin22+cosz =2-4/10-1= 210

Problem 24. If x,y,z > 0; xy + yz + zx = 1 then:

X y z 3
+ + < -

Vi+x? J1+y2 V1+2z2 2
Proof. x,y,z> 0= (3)A,B,C € (O,g);x =cotA,y =cotB,z = cotC

X 2 y B z

= cosA; =cosB;

V1+ x? J1+y? V1+z2

Inequality to prove becomes a known one:

=cosC

3
cosA +cosB + cosC <§

Problem 25. If x,y,z > 0; x + y + z = xyz then:
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(2 -2 -1)(z2 -1) < /(x> + D)2 +1)(z2 + 1)
Proof. If x,y,z>0= (3)4,B,C € (O,g) X = COt%,y = Cotg,z = COt%
Inequality to prove becomes:

x2—-1 y?-1 ZZ—1< 1
x2+1 y2+1 ZZ+1_\/(x2+1)(y2+1)(22+1)
x2—=1 A.yz—l_ B_Zz—l_ c
T Cos ,y—2+1—cos aq - oS
1 4T B 1 o
=Ssin—-,———=5in—,———=s5in=
VxZ+1 2" [yz+1 2'\VzZ2+1 2

Inequality to prove can be written:

2 B C<si A B C
. COS ACOS cos S Sl;’-l 2 Sin 2 Sin 2 .
COSACOSB = E[cos(A —B) +cos(4+ B)] = > [cos(A — B) —cos(C] < 5(1 —cosC)
C
=sin?—
sin’ 5

Analogous: cos B cos C < sin? Aé ;cos C cos A < sin? g and multiplying its obtained the

asked inequality.
Problem 26. If x,y,z > 0; xy + yz + zx = 1 then:
X y z 3V3
+ + >
1+x?2 1+y2 1+ 72 4
Proof. x,y,z>0= (3)A,B,C € (O,g) ;x =tanA,y =tanB,z =tanC

x _ tanA _ sinA CoszA__A 4
1+x2 1+tan?2A cosA 1 - smacos
y tan B . z .
1+y2=1+tan2B=schosB; 1+22=schosC

Inequality to prove can be written:

33

3vV3
sinAcosA+sinBcosB +sinCcosC = 7 & sinA+sinB +sinC > >
f:(0,m) » R; f(x) =sinx; f'(x) =cosx; f"'(x) = —sinx <0 = f —concave.
By Jensen’s inequality: f (ﬂﬂ) > g(f(A) +f(B)+f(C)) e
3V3

T
35in§2 Sin2A + sin2B + sin2C © sin2A + sin2B + sin2C ST
Theorem 1.1fA,B,C € (0,m); A+ B + C = r then:
A
— —+ — —+ — — =
tan 2tan 5 tan 5 tan 5 tan—tan 1

2 2
Theorem 2. If A,B,C € (0,m);A + B + C = 7 then:
oA, B C A B C_
sin® 5 + sin® o+ sin® 5 sinz sin sing =
Problem 27. If x,y,z € (0,20);x2 + y2 + z? + 2xyz = 1 then:

+yz+zx < —
Xy +yz+zx <o

Proof. x,y,z € (0,e°) = (3)4,B,C € (0,m); x = sin%,y = sing,z = sing
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Inequality to prove becomes:

A B B C_ . C_
SI,TLZSI,TLZ SI,TLZSI,TLZ SI,TLZSI,TL

e . 1 . . A+B+C 1 . A .
By Jensen’s inequality: o sm% = sin—— = 3 (sm; + sin
A . B . C < 3
sin-+sin-+sin- < <
2 2 272

3
S_
4

+sin£) =
2

NN

On the other hand:

_A_B+_B_C+_C_A<l(_A+_B+ , C)2<1(3)2_9_
5|n25|n2 5|n25|n2 SIHZSIHZ_BSH’LZ sing +sing ) <z20(5) =5
Problem 28. If x,y,z > 0; x% + y? + z? + 2xyz = 1 then:

x+y+z=4xyz+1
Proof. x,y,z € (0,00) = (3)A,B,C € (O,%) ;x =cosA,y=cosB,z=cosC
Inequality to prove can be written:

coSA+cosB+cosC=>4cosAcosBcosC+1 &
A+ B A—B c
2 cos cos > +1—25in2§2CosAcosBcosC+l<:>

2
c A—B c
2COSECOS > —25in2§24cosAcosBcosC<:>
m—C A-—B
2 cos > cos > —25in2§24cosAcosBcosC<:>
c A—B c
ZSinE(cos 5 —sin§)24cosAcosBcosC S

A-B n—C n—C A-B
+

3
4

. C . 2 2 . 2 2
ZSmE-Z-sm > sin > >4cosAcosBcosC &
A

4sin§sin55in5 >4cosAcosBcosC

Remains to prove:

m A sinB i C> A B Cc

N A ZSlTl 2 sm2 = COS ACOS D CcOS
2 B<(cosA+cosB)2_ ., C 2A—B< _,C
COS AcCOoS = 4 = Sin 2COS 2 s Sin 2

Analogous:

A B
cos B cosC < sin? E; cosC cos A < sin? >
By multiplying:
. ,A B _C A B C
c0s?Acos?*Bcos?C < sin? Esm2 Esm2 > & sin sinz sinz > cosAcosBcosC

Proposed Problems
29.1fa € R;|a| = 1 then:

30. If a € R then:
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

<1

‘ 3a 4q?
Vi+a? /(1+a?)3

<Use:a =tanp;p € (—g,g))

Ifa € R then:
5 12a*+8a*+3
=< <
2 (1 + 2a?)?
Use:a=—tanp;p e (-5
se.a—\/z p:D 2'D
Ifa € R then:
6a+4|az—1|<5
U e2+1 T
If a € [1,3] then:

|4a3 — 24a? + 45a — 26| < 1
(Use:a —2 =cosx)

If x € R then:
x(1—x?)(x*—6x2+1) 1
L+ x2)" ‘ =3
(Use:x =tanp)
If a,b,c,d € R;a? + b?> = c? + d? = 1 then:

—V2<alc+d)+b(c—d) <2
(Use:a=sinx;b =cosx;c=siny;d =cosy)
If a,b € R;a?+ b? = 1 then:
( +1)2 + (v +1)2 .25
a? bz) — 2
(Use:a =sinx ;b = cosx)
Ifa,b € R;a? + b? — 2a — 4b + 4 = 0 then:
|a? — b2 +2v/3ab —2(1 + 2V/3)a+ (4 —2V/3)b +4V3-3| <2
(Use:a—1=sinx;b—2 =cosx)
Ifa € [0,2]; b € [0,3] then:
4<a®+b*+ab++4—a?-\/9—bh2 <19
Ifm,n € [1, o) then:

nym—1+mvyn—1<mn
1 1

T
(Use.m T costx' Coszy’x’y € [O’ED
Ifm,n € (0,°); m > n then:
JmZ —n2+2mn—-n2>m
(Use:2 =sinx;x € [O ED
m ’ 2
Ifx,y € R;|x|] <1,|yl < 1then:
J1—x2+/1-y2 <. J4—(x+y)?
(Use:x =sinp;y =singq)
Ifx;, x5, ..., %, € [-1,1];x3 + x3 + .-+ x3 = 0 then:
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n
X1+X2+ +an§
(Use: x; =cosp;;p; €[0,m];i € 1,n)
a=y+zb=z+xc=x+y,s=x+y+z5=/xyz(x +y +2z)
_ G+l +2)z+x) | xyz

T S
4\)xyz(x +y + z) xX+ty+z

/(x+y+2)yz /(x+y+Z)zx ,(x+y+2)xy
sin? = o
(x+y)(x+Z) "2 (y+Z)(y+x) Gz+x)(z+y)
(x+y+2)y g (x+y+2)z
G+00+2) 27 [G+r0Gz+y)
tanEZ\/g,tanEZ\/% tangZ\/g
x y
o=

<

tA = ; tB = tC
COZ_ yz’CO > = ,co2
t At B t ¢ t tB tC
an2 an2 an2 XyZ;co 2co 2C02 W
4 x(x+y+2z)—yz B y(x+y+2z)—xz z(x+y+2z)—xy
cosA = ;cosB = icosC =
(x +y)(x +2) (y+2)(y +x) (z+x)(z+y)
. 2xyz(x +y +2z) 2xyz(x +y +2) 2,/xyz(x +y + 2)
sind = ;sinB = :sinC =
(x +y)(x + 2) (y+2)(y +x) (z+y)(z+x)
Problem 43. If x,y,z > 0O then:
2xy N 2yz 3zx 5
(Z+x)(Z+y) (x+y)(x+Z) (y+Z)(y+x)
— _ 2yz i 2yz
Proof. cos A = 1 — 2sin? E =1- D oD =cosA
2yz 11 A 2xz 11 B
G+ya+2) 2 2P0 +x)(y+z) 272"
2xy 1
———-cosC

(Z + x)(z + y) 2 2
Inequality to prove can be written:

2 1 1 Cl|+2 1 1 Al+3 1.1 B >
(z—z ) (z‘z ) (z‘z ) 37

— +1-— +——— >—
1—cosC+1—cosA 573 cos B 3 (1)

A+C A-C 3

3
cos A+ cosC +§COSB:2COS cos +§COSB

B AC3< B)

:ZSLTLECOS > > 1 — 2sin? >

By (1), we need to prove:
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7 oeinBoosA=C 3,5 B 5 5. ,B , B A-C 1_
2 sin 2 cos 2 2 Sin 2=3 sin? 2 sin< 2 cos 2 3=
3(, B 1 A—C)2 1 JA-cC 1>o
SLTLZ cos 2 9COS 2 3=
3( B 1 A—C)2+l 1 2A-C 2
sm2 3COS 2 9 9COS 2 9=
s(sinZ L A-Cy 1 2A=C 2
(SlnE_§COS 2 ) §sm 5_

Problem44.Ifa,b,c > 0;a + b + ¢ = 1 then:

ab bc ca 3
+ + —
c+ab a+ bc b+ca 2
Proof.

ab
£ ’C+ab Z ’(C+ab) 1< @;\/(C+ab)(a+b+c)sz

ab 3
<= <—
Z\/6a+cb+cz+ab(a+b+c)_ @Z\/6a+cb+cz+ab_2@

cyc cyc

ab <3 5
; (c+a)(c+b) 2’ @)

Denote:x =a+b,y=b+c;z=c+a,; s—a+b+candfrom(2)wemustprovethat:

/(S - y)(S —7) _
= 2
cyc

f(On)—>[Rf(x)—sm ) = —cos f(x)——lsmzso

IA

w

)

By Jensen’s Inequality, we have:
A+ B+ C A B C T 3
( @sm +5|n—+5|n—<35|n—:§

f(4)+ F(B) + £(C) < 3f 3

/(s—y)(s—Z) /(s—x)(s—Z) /(s—x)(s—y)

Problem 45. If x,y,z > O then:

(x +y)(y + x)(z + x)

\/x(y+z)+\/y(z+x)+\/z(x+y)22\/

xX+y+z
(D.Grinberg)
Proof.
x(x +y+2z) y(x +y+2) z(x +y +2z)
J(x+y)(x+z)+J(y+z)(y+x)+J(z+x)(z+y) =2

a=x+y,;b=y+z,c=z+x;s=x+y+z
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—-b - - A B C
\[S(S )+\[S(S C)+\[S(S a)22@0055+0055+cos§22

ac ab bc

A=n—-2A"B=m—2B;C=m—2C’
T — 24’ m— 2B’ T —2C’ . . )
cos 5 + cos 5 + cos > >2<snhA’+sinB’+sinC’>2

By Jordan’s Inequality:

. 24" | B . 2C’
SinA’>—;sinB’>—;sinC’' > —
T T T
By adding:
2(4/+B' +C) _2m _
T - T -

SinA’+sinB’+sinC’ > 2

Problem 46.Ifa,b,c =;a + b + ¢ = abc then:

1 1 1
\/1+?+\/1+b_2+\/1+c_222\/§

(A.Nicolaescu;C.Pdtrascu)

Proof. a =tanA;b =tanB c =tanC;A,B,C € (Og)
Inequality can be written:

1+1+1+1+1+1>2\/§<:>1+1+1>2\/§
tan24 tan2B tan2C — sinA sinB sinC —
1 1 1 Bcs 1+1+1)?
————+—— > — ( : ). zizzﬁ
sinA sinB sinC sinA+sinB+sinC — 33
2

Problem47.1fx,y,z > 0;x +y + z = xyz then:

x4 y4 74
§+ ?+1+ §+126

Proof. Denote: a2 = v3tanA; b> =+3tanB;c? =+/3tanC

3tan?A 3tan?B 3tan?C
+ +1+ +1>6
3 3 3
1 1

+ 2 + + 2 + + 2 > =+ + =
\/1 tan?A \/1 tan’B \/1 tan C_6<:>COSA cosB  cosC =
1 1 1 Bcs (1+1+1)2 9
> =3=6

2

(George Apostolopoulos)

+ + >
cosA cosB cosC cosSA+ cosB +cosC

Problem48.Ifx,y,z > 0;x + y + z = xyz then:

xy+yz+zx23+\/x2+1+\/m+\/22+1
Proof. Denote: x = tanA;y =tanB ;z = tanC
Inequality can be written:

1 1 1
tanAtan B +tanBtanC +tanCtanA > 3 + + +
cosA cosB COEIQ-C

(tanAtanB — 1) + (tanBtanC — 1) + (tanC tanA — 1) >

1
+ +
cosA cosB cosC
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sinAsinB —cosAcosB sinBsinC —cosBcosC sinCsinA— cosCcosA

+ + >
cosAcosB cos B cos C cosCcos A
> + +
cosA cosB cosC
cos(A+B) cos(B+C) cos(C+A) 1 1 1
+ + > + +

cosAcosB cosBcosC cosCcosA  cosA cosB cosC

cosC cos A cos B 1 1 1

+ + > + +
cosAcosB cosBcosC cosCcosA  cosA cosB cosC
c0s?A + cos?B + cos?*C > cos Acos B+ cosBcosC + cosCcos A &

(cos A—cosB)? + (cos B —cosC)? + (cosC — cos A)? > 0
Problem 49.Ifx,y,z > 0; xy + yz + zx = 1 then:

1—x? 1-y?2 1-—2z% 3
+ + <=
1+x?2 1+y2 1+2z272
(C.Popescu)
Proof. Denote x = tan/zi;y = tang;z = tang
Inequality can be written:
1—tan2'§ l—tanzg 1—tan2§ 3 3
2t 5T c<5©cosA+cosB+cosC <
1+tan2; l+tan2; 1+tan25 2 2

Problem50. Ifa,b,c > 0;a + b + ¢ = 1 then:
a?+b?+c?+2V2abc <1
Proof. Denote a = xy; b = yz;c = zx
a+tb+c=1loxy+yz+zx=1
Forx = tan%;y = tang;z = tang;A,B,C € (O,%)
Inequality can be written:
x2y2 + 9272 + 22x2+ 2\3xyz <1 &
(xy +yz+2zx)? —2xyz(x +y+z) + 23 +xyz < 1
1-2xyz(x+y+z)+2V3xyz<lex+y+z>V3
tang+ tan§+ tanE >3
Problem51. Ifx,y,z > 1;%+§+§: 2 then:

Vi—1+ y—1+Vz—-1< [x+y+z
Proof. Denotex =a+1;y=b+1;z=c+1;a,b,c>0

1 1 1
—+—+—=2&ab+bc+ca+2abc=1
X y z

Inequality can be written:

Va+vVb++c<va+b+c
For ab :sinzg;bc=sin2§;ca=sin2§;A,B,C € (O,g)

AL GBL G C AL B C
sin 2 sin 2 sin 2 SLTLZSLTLZSLTLZ—
By squaring inequality to prove becomes:
3 A B c 3
\/ab+\/ﬁ+\/5s§@sin§+sin5+sin§S§
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Proposed Problems
52.1fa,b € R;15a + 12b + 7 = 13 then:
a?+b>+2(b—a)=>-1
(Usezca—1=Rsinp;b+1=Rcosp)
53.1fa,b € R;|al = 1;|b| = 1 then:

Vaz —1++/b%2 -1
<1
ab
(U 1 = 1 E[On]u[ 3n]>
54~ Cosp'” ~cosq' P 2172

54. If [x] = 1;]y| = 1 then:
yvx2 —1+4y2 —1+3 < xy\V26

Use:x =——:y=——:p.qe(0.2)
56X = osp'Y T cosq' P11 "2

55.1fx,y,u,v € R; x2 + y2 = u? + v2 = 1 then:
alxu+yv|<1
b.lxv+yu| <1
c.2<(x—y)u+v)+(x+y)(u—-v)<2
d-—2<@+y)u+v)—(x—y)(u-v)<2
(Use:x =cosa;y =sina;u=cosh;v=sinb;a,b € (0,2r))
56.Ifa,b € R then:
a. (a + b)* < 8(a* + b*)
b. (a + b)® < 32(a® + b®)

<Use:tanx Zg;x € (—g,g))

57.1fx,y € R; xy # 0 then:

x? — (x — 4y)?
-2v2-2< 1 4y <2V2-2

' y ’ 2’2

15< 2 +5<25
Sy rSs
1 3 .

(Use:x =5C08p;y =ysinp;p€ [O,Zn])

50.Ifx,y € R;3x +4y =5thenx? +y2 > 1
3 4
Use: si = _: = —
( se:sinp = ;cosp 5)
60. If a, b € R; 4a? + 9b? = 25 then:

|6a + 12b| < 25
2 . 3
(Use:ga = smp;gb =Cosp;p € [O,Zn])

61.1fx,y,a,b,c > 0;ax + by =0;a? + b?> = c?then:x? +y2 >1

a b .
<Use:; = cosp ;E =sinp;p € [O,2n)>
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62.1fa > b > ¢ > 0 then:

Jela=c) +/c(b—c) <Vab
(Use:\/gzsinp; ,/a;C: COSP;\/SZSinU; ’bb_czcosv;u,v € [O%])

NEW GENERALIZATIONS OF INEQUALITIES IN TRIANGLE

By D.M.Bdtinetu-Giurgiu, Claudia Ndnuti, Daniel Sitaru-Romania
Letbem > 1;n,p > 0;n + p,x,y,z > 0 and the triangle ABC with F —area, then:

y+z w2 X m Xty .
— (b +pc) +T(nc+pa) +——(na+pb)

> 2™t (n+p)™- (‘{/5)4% . F%; (*)
Proof. We have:

m m

y+z vt +w 1 v+w m
Z " (nb+p0)m=z o (nb+p6)m22m_1'z< ” (nb+p6)> 2

cyc cyc cyc

Radon 1 1 v+w 1 v+w
= 2m1'3m—1<z u (nb+pc)> _6m<z » (nb+pc)> ; (1)

cyc cyc

where x = u™y =v™ z=w™m

But,
v+w v+w v+w v+w
Z (nb+pc)=nz -b+pz -c=(n+p)z a >
u u u u
cyc cyc cyc cyc
2+ V ’1—[\/
2(n+p)z UW-a:2(n+p)2ﬂ.a22(n+p).3.3 ﬂ.a:
cyc u cyc u cyc u

3

Euler

> 12(n+p)-

R Mitrinovic

3
r - E-F > 12(n+p) -

3 3|/ 13\3 _ 1 3’ _12(n+p)\/f_
—12(n+p)\[<%) \/EF—].Z(TL'FP)% F\/F—T—
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4. (R @+ p)VF
V3
From (1),(2) we get:

= 4(n +p)(¥3) VF = 4(n + pV3- Y3 VF; (2)

D e 2 g 22 () (V3)" (V) =
cyc
= w1 . (n + p)m . (%)3m—4m+4 . F% = om+1, (n + p)m . (V_)4 m %

g.ed.

If m = 1 we get

e
X

cyc

(nb + pc) = 4(n +p) - 354D . JF = 4(n+p)(¥3)" - VF

=4(n+p)-V3-V3-VF; (3)
which for n = p = 1 becomes

ZyT”-(bﬂ)zs\/i-‘{/i-\/F; (4)

cyc

Ifn=1,p = 0we get

y:Z-azm-%-ﬁ; (5)

cyc
If m = 2 then the inequality (x) becomes as
+ 1 m m
Zy—z(nb +pc)? = 8-(n+p)?-3:*™ - F2 =8 (n+p)?-V3-Fz; (6)
cyc x
which forn = p = 1 becomes
Z—(b +c)2>32v3-F; (7)
cyc
and forn = 1,p = 0 we get first Bétinetu—Giurgiu’s inequality

yrz 2. b2 >8V3-F: (B-G,1)

cyc
If m = 3 the inequality (*) becomes
+ 3
> I Zmb+po)® 22 (n+p)*- V3 - 3 (8)
cyc

which forn = p = 1 becomes as
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ZyT”(b+c)3zz7-‘{/§-F\/F:128-‘{/§-F\/F; (9)

cyc

and forn = 1,p = O we get

Zy+z-a3z16-‘§/§-F\/F; (10)

X

cyc
If m = 4 the inequality (*) becomes
+2z

Zy—(nb +pc)* > 25 (n+p)* - F2; (11)

cyc x
which forn = p = 1 becomes

y+z
> I Erotz20 P =512 F; (10)
cyc

and forn = 1,p = 0 we get second Batinetu-Giurgiu’s inequality

+Zz
Zy b*>25-F2=32-F2 (B-G 2)
cyc x

Refference:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

A COUNTING PROBLEM IN TRIANGLE

By Carmen-Victorita Chirfot -Romania

Let be a triangle ABC. Consider the points M4, M,, ..., M,, on the side (AB) and

N4, N,,...,N3on the side (AC),n € N* such that BM; = MM, = M,M5 = ---

M, M, =M,Aand CN, =N;N, =--=N,_;N,, = N,A. We also consider the points

E4, E,, ... E, ontheside (BC) suchthat BE; = E4E, = E,E3 =-- = E,_41E,, = M,,C.

Obviously, from the reciprocal of Thales’ theorem, M, N, || BC,k = 1,n,

ExNpi1-x | AB k =1,n E, M, || AC, k = 1,n. We join each point M,, with Ey,

and each point M, with N, and each point E; with its corespondent N,, 1 _-
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B - Ea }-‘-:E o b“: E‘L\ aJy F‘-'T R -( !

We intend, for a start, to determine the number of such triangles formed by the
intersections of the given segments.

All quadrilaterals resulting at the intersection of parallel lines M, N, and
My, 1Ny, k =1,n—1 with parallel lines E;xN,,,_; and E;,,1N,_r,k=1,n—1, are
parallelograms. Analogous to M, N, and My, 1Ny.+1,k = 1,n with ExMy, || Ej1M i1,

k=1,n—1.Letbe (x,),> the sequence with x,, representing the number of
triangles inside the triangle BE, M. Thenx; = 1,x, = x; +2-1+ 1+ 1 = 5. For the
triangle BE; M 5, the number of interior triangles is how many x, (as we have already

found) to which we add two triangles similar to the vertex in M3 and the bases on M, N,,
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respectively on M N, 2 triangles similar to the vertex in E3 and the baseson E,;N,,_4,
respectively on E{N,, and count once the large triangle BE3;M3. So there are 3
innumerable triangles between the parallel lines E,M, and EzM5. Thus, x3 = x, + 2 -2 +
1+ 3 = 13. For the triangle BE4M 4, the number of interior triangles is how many x; we
still count 3 triangles similar to the vertexin M, and the bases on M3N3, M, N,
respectively M{N, 3 triangles similar to the vertex in E, and the bases on

E;N, _,.E,N, _, ,respectively on E;N, and count once the large triangle BE,M,.

A triangle is also formed with the base on E,; M, and the tip on E,M,. We also
have a triangle with the base on E, M, and the tip on E, M, (let's call it the opposite of the
previous triangle). There are 5 countless triangles between the parallel lines E; M3 and
E,M,. Thus,x, =x3+2-3+1+ (1) + (1) +5 = 27.

For the triangle BEs;M 5, the number of interior triangles is how much x4 we
count 4 triangles similar to the vertex in M5 and the bases on MyN,,M3;N3;, M,N,
respectively M{N, 4 triangles similar to the vertex in E5 and the bases on
E4N,_3, E3N,_,, E,N,_4 respectively on E;N,, and we count the big triangle only once
BEs;M;. Italso forms 2 triangles with base on E;M3and E5 M5 tip on. We also have 2
triangles with base on Es M5 and the tip on E;M5 and a triangle with base on Es M5 and
the E, M, tip on. There are 7 countless triangles between the parallel lines E,M , and
EsMs. Thus, xs = x4, +2-4+1+(2+0)+(2+1)+7 =48.

For the triangle BE¢M ¢, the number of interior triangles is how much x5 we
count 5 triangles similar to the vertex in Mg and the bases on MsN5, MyN 4, M3N 5
respectively M{ N, 5 triangles similar to the vertex in E¢ and the bases on
EsN,_4,E4N,_3,E3N,_,, E,N,_4 respectively on E{N,, and we count the big triangle
only once BEgM,. It also forms 3 triangles with base on E,M, and E¢M tip on. We also
have 2 triangles with base on E¢M and the tip on E3 M5 and a triangle with base on
E¢Mg and the E, M, tip on. There are 9 countless triangles between the parallel lines
EsMsand EgMg. Thus, xg = x5 +2-5+1+(3+1)+(3+2+1)+9 =178

For the triangle BE,; M, the number of interior triangles is how much x4 we
count 6 triangles similar to the vertex in M, and the bases on
MgNg, MgNg, MyN,,M3N3, M, N, respectively M, N4, 6 triangles similar to the vertex in
E, and the baseson EgN,,_5,E5N,,_4, E4N,,_3, E3N,,_,, E;N,,_4 respectively on E{N,, and
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we count the big triangle only once BE, M. It also forms 2 triangles with base on E,M,
and E; M- tip on. We also have 4 triangles with base on E; M~ and the tip on E,M, and a
triangle with base on E; M, and the E; M tip on, and a triangle with base on E,M, and
the E, M, tip on. There are 11 countless triangles between the parallel lines E¢M ¢ and
E;M,.Thus,x; =x¢+2-6+1+(4+2)+(4+3+2+1)+11=118.
Respecting the algorithm, we obtain that:
Xg=x,+2-7+1+(B+3+1)+(5+4+3+2+1)+13 =170
We observe that, ifn = 2k, k € N*, k > 2, we get:
Xop =Xg_ 1 +2Q2k—1)+1+((2k—3)+ (2k—5)+ -+ 1) +
(2k—3)+ (2k—4) + -+ 1) +4k —3 = x4 +3kZ + k.
We observe that, ifn = 2k + 1,k € N* k > 2, we get:
Xope1 = X2 + 2k +1) + ((2k - 2) + (2k — 4) + -+ 2) +
+(2k—2)+(2k—3)+ (2k—4) + -+ 1) + 4k — 1 = x5 + 3k + 4k + 1.

Let’s come back to the term x,,, we have: x; = 1,x, = 5,

3n? +2n .
Xp_1+ 2 JifneN"—evenn=>4
Xy = )
3n“+2n—-1 . .
Xn-1 +f,lfn6 N —Odd,nZ 3
3(32+42%+-4+n2)+2(3+4+5+-+ -2 .
5 + 3( )+ M_"2 ifn—odd
_ 4 8
80, X = 3(32+4%+--+n?)+2(3+4+45++n) n-1
5+ ——.,if n—even
4 8
2n3+5n2+2
= ——.nx=4n-odd
Hence, x,, =

2n3+5n%+2n-1 .
——— n=>3/if n—even

Consider A = M,,,4 and C = E,,,, then x,,,1 represent the number of interior
triangles of triangle ABC formed according to the given rule.
This is the minimum number of triangles inside the triangle ABC formed by
e nlines parallel to each other a4, a,, ..., a,, and parallel to AB that
intersect the sides (AC) and (BC),
e nlines parallel to each other by, b, ..., b,, and parallel to AB that

intersect the sides (AB) and (AC),
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e nlines parallel to each other ¢4, ¢;, ..., ¢,, and parallel to AB that

intersect the sides (AB) and (BC).

The problem presented above is where any three straight lines a,,, by, ¢,,, and are

concurrent, m,n,p = 1,n, i.e. any denote triangle a,,, b,,c,, is degenerate.

Refferences:

1. ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

2. https://math.stackexchange.com/questions/203873/how-many-triangles

ABOUT ARMM INEQUALITY-III

By Marin Chirciu-Romania

1) In AABC the following relationship holds:

1 1
§ A B~ A B|= V3
tan-+tan- cot-+ cot—-
2 2 2 2

Proposed by Daniel Sitaru — Romania

Solution We prove the following Lemmas:

Lemma 1. 2) In AABC the following relationship holds:

Z 1 _ s2+ (4R +1)?
tan2 + tan> 4Rs
2 2
Proof. Using tan g + tan% = % we obtain:
Z 1 _Z rs Z 1 _s2+ (4R +1)?
tan?+tan? ZLua(s—a) “liaG—a) 4Rs
2 2
. 1 __ s%4+(4R+71)?
which follows from X, o =  ames?
Lemma 2. 3) In AABC the following relationship holds:
Z 1 _ s2+r1r2+4Rr
cot? + cotZ 4Rs
2 2
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2 2
Proof. Using cot2 + cot< = 2we obtain ¥ ———5 = Y. = = r ¥ & = &R \yhich
2 2 r c tE+C0tE a a 4Rs
2 2
follows from the following identity: Zi = %.Let’s get back to the main problem.

Using the above Lemmas the inequality can be written:

s24+(4R+1)%2  s24r2+44Rr 4R+T - .
— >3 & >4/
ARrs 2Rs >3 . = 3 (Doucet S mequallty)

Equality holds if and only if the triangle is equilateral.
Remark. We propose in the same way:

4) In AABC the following identity holds:

=3

1 1
E A BT A B
1—tan-tan- 1 — cot=cot—
2 2 2 2

Proposed by Marin Chirciu — Romania
SolutionWe prove the following lemmas:
Lemma 1.

5) In AABC the following relationship holds:

Z 1 _ s2+7r*+4Rr
A B~
1 —tan=-tan— 4Rs
2 2
. B C _ s-a . 1 _ s _ 1 _ s2+r2+4Rr
Proof.Using tan—tan— = —we obtain ) 1-tan§tan§ =) o= sy e

s24r244Rr

which follows from the following identity: Z% o

Lemma 2.

6) In AABC the following relationship holds:

Z 1 _s2+r?>—8Rr

cotgcotg -1 4Rr

. B C . 1 - 2+r2-8R .
Proof Using cot = cot =~ = —— we obtainy ——5— = ¥~ = = which follows from
2 2 s—a cot3 cotz—1 a 4RrTS
s?+r2—8Rr

the following identityZ% =~ - let’sget back to the main problem.
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Using the Lemmas we obtain:

+ = - 3
— tan %tang 1-— cot%cotg 4Rr 4Rr 4Rr

Z 1 1 _s?+r>+4Rr s*+r?—8Rr 12Rr _
1

Reference:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

THE SERIES OF AN ODD NUMBER

By Mohammed Bouras-Moroco

Definition: The series of an odd number x is the set of odd numbers which does not allow division

by this number.

I. The construction of a series of an odd number a.

. +1
-The number of series when can form: N = “T

. . . + .
-Are (n, m) represents the couple in the series, with a = % n,m —are pairs, n > m.

i +n +m +n +m +n +m
The series becomes: Py =1= P, = P3; = P4, = P5 = Py = P,

The seriesis by form: (n,mnm,...)ona:P;=1,P, =1+n,P3=1+n+m.
The series can be written by form: P, = Py_q + Pj_, — Pj_3 then %" € N.

Py (m) =2ak-—-m+1

We have:{ Pyyii(m) = 2ak +1

Remark.The series says main if and only if m = 0,n = 2a.

. L. . +6 +6 +6 +6 +6 +6
Example 1: The series of the number 3: The principal series:1 =7 = 13 =19= 25=31= 37
We pose: Py =1,P, =7,P3 = 13.The series it can be written as: P, = P,,_1 + P,,_, — P,,_3 then
P . +4 _+2 _ +4 +2 +4 42
?" ¢ N.The secondary series:1 =5=7=11=13=17=19

The series is by form: (4,2,4,2,...) The series it can be writtenas: P, = P,y + P, — P,,_3
then %" ¢ N.
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. L. . +10 +10 +10 +10 +10
Example 2: The series of the number 5: The principal series: 1 = 11 —=21=31=41 =51

+10
— 61. We pose: Py =1,P, =11,P; = 21. The series it can be writtenas: P,, = P,,_{ + P,,_, —

P, _3then5 ¢ N,

. +6 _ +6 +6 +6 +6 +6
1. The secondary series:1 =7 =13 =19=25=31= 37
The series is by form: (6,4,6,4,...). Py =1,P, =7,P; =13.

2. The series it can be writtenas: P, = P,,_1 + P,,_, — P,,_3 then % € N.
. +8  +2 +8 +2 +8 +2
3. Thesecondaryseries2:1=9=11=19=21=29= 21
The series is by form: (8,2,8,2,...). We pose: P; = 1,P, = 9,P; = 11 then % ¢ N.

A. GENERALIZATION OF KOUTRAS’ THEOREM
B. CHARACTERISTIC LINE (g) OF TRIANGLE
By Thanasis Gakopoulos-Farsala-Greece

A. GENERALIZATION of KOUTRAS’ THEOREM

Figure-1

04 = = = gl EZ_ 0
lett 0A=a,0B=bEZ=c(D=d=,=m—==k ==

Then holds:

k-m?—(k+1)m-cosd+1
(k—1)m- sind

tanx =

e Ifk=1,thentanx = o = x =90’
Stathis Koutras’ theorem
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A Figure-2 z
£z _04 MN 1 AB
—_——
Ch OB

Proof: (on figure 1). PLAGIOGONAL SYSTEM: OE = Ox, 0C = Oy

Let: OA=a,0B =b,0E =e,0Z=20C =c,0D=d

a a
AB:y = —EX—G,AAB == _E; (E1)

1 e
x + 7 (D), CM:y =—cos9 -x+c; (2)

EM:y = —

cosV cosV’
INiy = ——— 4% 3).DN:y=—cosd-x+d: (4
Y= cosd cosU’ Py = TeosynX ' )
1) (2)_M(e—c-cosﬁ c—e-cosﬁ) M
e sin?9 ' sin?9 )’ (m1,m2)
z—d-cos9 d—z-cost
(3)’(4)'N( sin?9 ' sin?Y ),N(nl,nz)
. my—mny _d—c-cosy
AMN_AZ_ml—m:)AZ_C—d-cosﬂ' (E2)

().2 - Al) - sind E,/E,
tanx = —
().2 + Al) - costY +2.2).1 +1

a c c,a a? a
l+—-—)—(—+;)-cosz9:l+k-ﬁ—;(k+l)-cosﬂ

tanx = b ‘Ci — d = -
(E_Z)'Sinﬁ - (k= 1) sind
. _k-m?—(k+1)m-cos9 +1
anx = (k —1)m-sind
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So,
EZ ~ 0A

k keR-{01} et _k-m*—(k+1)m-cos9y +1
cb- " 0B | e (k —1)m-sind

B. CHARACTERISTIC LINE (g) of TRIANGLE

Given triangle ABC and circle (w) with center K passes throw the vertices B, € and intersects
the sides AB, AC at points D, E respectively. Let point G is the perpendicular projection of D on
the side BC and line (g) is perpendicular bisector to the segment DG. Let circles (wq), (w3)
with centers radom points K4, K, belonging to the line (g) and radius GK, GK, respectively,

intersect AB at points D4, D, and ED at points C, C, respectively.

If XACB = 19,% = m, then the tio 12 = €

= — depends only on the parameters 9 and m.

Holds that < = k - m, where k = 2229959 4~ 0, cosd # —
d m(m-cos9-1) m

Figure-3

Let AD = a,ED = b,% =m,<ACB = x,4BDC; =¥
DK; N (w;) = My, DK, N (w,) = Mz,g =k-m,k # 1.1s: BCED —cyclic= x =9
DM, —diameter of (w,) = <DC;M; = <DD;M; = 90°

DM, —diameter of (w,) = <DC,M, = <DD,M, = 90’

Is: tanx = k'm2—(k+1)m-cos9+1
' - (k—1)m-sin9

N sind _ k'm?—(k+1)m-cos9+1
cos®

(k—1)m-sin9

km - sin?9 —m - sin?9 = km? - cos® — km - cos?9 + cos9
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km - cos?9 + km - sin?9 — km? - cos® = m - sin®*9 —m - cos?9 + cos?9
km — km? - cos® = m(sin?9 — cos?9) + cosd

m- cos29 — cos?9
km(m - cos9 — 1) = m - cos29 — cos?, k=

m(m-cosd — 1)

1 a
m-cos9 —1+ 0= cosd # — = cos9 * —
m b

m-(-1)-0

f9=90" = k=
m(m-0-1)

- c_a
@k—landd—b

Koutras’ theorem

Note: If more circles are written with centers K;,i =1,23...,K; € (g) and points C;, D;
respectively, then holds that: % =k -%,j =123,.;i#]
iYi+j

This is the characteristic property of line (g)

Application 1. In the figure 1 it is given that:

9=60"22=2 %5 =3.24 rindangle x.
OB CcD OB

Figure-1

Solution.Let 0A = a,0B = b,EZ = ¢,CD :d.|s:§:m:2 =k-%:>k=3

c
'd

k-m?—(k+1)m-cos9+1 3-22—(3+1):2:cos60"+1 3v3
(k —1)m- sind B (3—1)-2-sin60’ 2

tanx =

33 .
x = tan~1 <£) ~ 68983
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Application 2: In the figure 3 it is given that:

9=3028=0pF5 _) .04 k:%(l ++/3). Find angle x.

oB~ “'cp 0B’

Figure 3 N

Solution. Let 0A = a,0B = b,EZ =c¢,CD = d. Is% =2=m,

k-m?—(k+1)m-cos9 +1 _
(k —1)m-sind N

tanx =

3 3 °
2(1+vV3)-22 - |12(1+V3)+1|-2c0s30" +1
:4( ) [4( ) ] =2+V3=tand=2++/3=29=75

3 . °
3 (1++3) - 1] -2sin30
Application 3. Given triangle ABC with lengths of sides a,b,cand b > a > ¢,2b + ¢ = 3a,

<BAC = 60’. Let points D, E on the extensions of the sides BA to point 4 and CA to point A
respectively, such 2BD = 3a — ¢, CE = 3b — 2a.

Denote I the incenter and O the circumcenter of AABC. DE and Ol intersect at point F. Prove

that: <IFE = 30°
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Solution. 2b+ ¢ =3a = =2 =21 A, =2 g4, =S50, =22
a—c 2 2 2 2
- —-a+b+c A o7 a—c 041 b—a 1
= = = — e
- — _—— 3a-c 3 S
A=DB—AB = > —czz(a—c),EAZEC—AC=3b—2a—b=2(b—a)
AE _4b-a_41_2_ 0L _ 1_ 2, _ .3
—_— = == —_= =) =5 ——=k-—> = ——
AD 3 a—c 32 3 Mo “MTT27%3 4

km? — (k + 1)m - cos60°

tan(180° —x) = —t = .
an( x) anx (k — 1)m - sin60

Application 4.Given triangle ABC with lengths sides a,b,cand b > a > c,4b + 3¢ = 7a. et

16(b—a)
21(a—c)’

points D, E on the extensions of the sides BA to point A and CA to point A, such % =

Denote I —the incenter and O —the circumcenter of AABC. DE and OI intersect at point F. If
IBAC = 2 - <IFC = x, find the value of x.
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Solution. 4b + 3¢ = 7a = 2% =2 (1)

a—c 4

—a+b+c c __ b—-a —a+b+c b ___ a—c
A11:T,A01:§:>0111: > ,AIZZT,OAZZE:OZIZZ— >
0.1 b—a 3 AE 16 b—a (16 3 4
= —= = =— 2) > —e=—-: = === - (3
0. a—c 2P ua—c 227 ™G
0.1 @y/@E) 3 4 21
—=k- ——=k=k=——; (4
o,, ~MT T3 77 6 ¥
. X x  km?—(k+1m- cosx
t 180 — =)= —tan=-=
an( 2) any (k —1)m - sinx
2
S (-2 s
= —tanx = o T =— =>x=30
3
(———l)-— sinx
16
3 X X 3 1
= 2_ _gsin?=)=-— =— = °
:>2(cos2 sin 2) 4:>cosx 2:>x 60

Application 5. Cyclic quadrilateral CBED is given. The extension of side CE to point E and the

extension of side BD to point D intersect at point A is % = %

Let G be the vertical projection of the point D on the CB and line (g) is the perpendicular
bisector of the segment DG. Random distinct points K¢, K, belonging to the line (g) are the

centers of circles (w1), (w,) with radius GK, GK, respectively.
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Circles (w1), (w,) intersect the line BD at points D4, D, and the line ED at ponts C4,C,

respectively. If % = §, find the angle BCE.
12

Figure-3

Solution.Let «BCE = <BDC;, let BC n (w,) = M;,<G = 90" = M, € 0K,

Let BC N (w,) = M,,, %G = 90" = M, € OK,.Is MyD; 1 AD, M,D, L AD,M,C, L ED,

=Sand|etk:§=k-m=>k=E

3 016
2t :

M,C, LED.Let22 =m
DE

172

k=22
_ m-cos29—cos9 "3’

Isk =

3
2 cos9<1

mcoszy-cosy 6 cos? — 17cosd +7 = 0 —— cosd = + = <BCE = 60°
m(m-cos9-1) 2

Reference:
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

PROPOSED PROBLEMS

5-CLASS-STANDARD

Rormmamniaam

NMiagazimne
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Ifa,b,c,d>O;ﬁ+i+i+i—lthenfind:

b+1  c+1 d+1

a 2b 3c 4d
+ + +
a+1l b+1 c+1 d+1

Proposed by Daniel Sitaru,Paula Tuinea - Romania
Find a, b € Z such thatab + 3a — 2b = 7.

Proposed by Daniel Sitaru,Alina Tigae — Romania
Find all @ = abcdef such that:
abcdef = abc + def
Proposed by Daniel Sitaru,0ana Preda - Romania
V.4]ifab - cd = 899 find O = abcd + cdab.
Proposed by Daniel Sitaru,Camelia Dana — Romania
Compare the numbers:
Q, = 20182918 4+ 20192018 and O, = 20182°1 + 20192018
Proposed by Daniel Sitaru,Nineta Oprescu — Romania
Find Q,, Q, natural numbers such that Q, + Q, = 876 and great common divisor of
Q,,Q, is 169.
Proposed by Daniel Sitaru,Luiza Cremeneanu — Romania
If Q, = 36 + 362 + - + 362018
Q, =25+ 25% + ... + 252018
then Q; — Q, isdivisible with 11.
Proposed by Daniel Sitaru,Roxana Vasile - Romania
Find all numbers Q = 2058abc divisible with 343.
Proposed by Daniel Sitaru,Eugenia Turcu — Romania
Find last two digits of the number:
Q=9+ 92+ 093 4 ... 4 92020
Proposed by Daniel Sitaru,Carina Viespescu — Romania
.10/ Solve for real numbers:

2x—1 2x—2 2x-3 2x—10 10x
+ + + ..o 4 =
2017 2016 2015 2008 1009
Proposed by Daniel Sitaru,Mihai lonescu - Romania

V.11.Prove that:
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2020

Q = abcd? + (abed2)’ + (abcd2)” + - + (abcd?)
is divisible with 10.
Proposed by Daniel Sitaru,Marian Voinea - Romania
If O = abbc — cbhbba; a > ¢ then . can’t be a perfect square.
Proposed by Daniel Sitaru,Delia Popescu — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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Find all four digit positive integers, MANZU with distinct digits M, A, N, Z, U and holds
{m — N = MANZX = NY?
XZNA = ZA?
where0 <X, YeN<10andZ?-Y =M

Proposed by Naren Bhandari-Nepal
Letbex,y,za,b,c > 0, such that:

x+2y=§,y+22=§,z+2x=§.

Compute x + y + z in function of a, b, c.

Proposed by Marin Chirciu — Romania

Letbe the set M = {"+3001 In € N}. How many natural numbers does the set M

n+1

contains?
Proposed by Marin Chirciu — Romania
Letbe a = 3k, b = 3k + 1,c = 3k + 2, where k € N,
Prove that the number x = (n + a)(n + b)(n + ¢) is divisible with 3, for any n € N.
Proposed by Marin Chirciu — Romania
Let be n € N*. Prove that the number
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72n _ 72n-1 _ 72n-2
can be written as a sum of three nonzero distinct squares.
Proposed by Marin Chirciu — Romania
Let be n € N*. Prove that the number
62n — g2n—-1 _ g2n-2
can be written as a sum of three nonzero distinct squares.
Proposed by Marin Chirciu — Romania
Let be n € N*. Prove that the number
52n _ g2n-1 _ g2n-2
can be written as a sum of three nonzero distinct squares.
Proposed by Marin Chirciu — Romania
Ifn € N* such that 2n + 3 and 3n + 3 are perfect squares, prove that 5n + 9isa
composed number.
Proposed by Marin Chirciu — Romania
Letbe a,b,c € N* and n € N. Prove that the fraction
ann+1 +a

bn+1cn+1 + ab -1

is irreducible.

Proposed by Marin Chirciu — Romania

Let be n € N. Prove that:
1
6(7" + 31 + 2) eN.
Proposed by Marin Chirciu — Romania
Let be n € N. Prove that:
1
2(7" + 47" —2) eN.
Proposed by Marin Chirciu — Romania
Let be n € N. Prove that:
1
5(7" + 75" —2) e N.

Proposed by Marin Chirciu — Romania

Let be n € N. Prove that:
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%(711 +83"—2)€eN.
Proposed by Marin Chirciu — Romania
Let be n € N. Prove that the number
1+3+3%2+...4 34+
can be divided with 4, but can’t be divided with 8.
Proposed by Marin Chirciu — Romania

Prove that the number:
3939 + 3834
can be divided with 11.
Proposed by Marin Chirciu — Romania
Let be a, b, c,d € N. Prove that the fraction

23a+1 + 36b+3 +6
43C+2 + 56d +4

is reducible.

Proposed by Marin Chirciu — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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Ifn € N then Q is divisible with 191919

37

n-’ —n

10

0=

Proposed by Jalil Hajimir-Canada
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Let o(n) is the divisor function and observe that
0(11) =12,0(6) = 12
0(17) = 18,0(10) = 18
then find all n € N such that o(n) = 158 where 11,17 are primes.
Proposed by Naren Bhandari-Nepal

Find (x,y, z) € N® such that:

Xy E_!
y z x 2

x+y+z=2gcd(x +v,2)
x <y < z and z prime number

Proposed by Mokhtar Khassani-Algerie
VIL.4 Let x, y be positive rational numbers which simultaneous verify the conditions:

). 2(x — y)? + 4y? = 4xy

i), 171;:23; € Q.
Compute the value of the rapport: %. Proposed by Marin Chirciu — Romania
Find x € Z, x # 1, for which

5x—9

1 EZ

Proposed by Marin Chirciu — Romania
Let a,b € N* and n € N. Prove that the number
P(n) — (a + b)4n+1 _ a(ab + b2)2n — pan+1
is divisible with a(a + 2b)?2.
Proposed by Marin Chirciu — Romania
Prove that the number 13™ can be written as a sum of four nonzero perfect squares,
foranyn € N*.

Proposed by Marin Chirciu — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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If x € Ry = (0,00),m € R, = [0, ), [x] —great integer function, {x} = x — [x],

then:

2m+1([x] . {x})mTH < xm+1 < 2m([x]m+1 + {x}m+1)

Proposed by D.M.Batinetu-Giurgiu — Romania
[11.2| Find last 3 digits of:
201920192019...201953 201820182018..201835

0O =2018 50 times "2019" + 2019 50 times "2018"

Proposed by Naren Bhandari-Bajura-Nepal

If x,y,z > 0 then:

(x+1(y+1) _3

m—z$2\/(9€+1)(}’+1)23
cyc cyc

Proposed by Daniel Sitaru,Aurel Chirita - Romania
.4]Ifa,b,c > 0,——+ ——+—— = 2 then:

"a3+1  b3+1  c3+1 3

(a+b)(b+c)(c+a)<1

Proposed by Rahim Shahbazov-Azerbaijan

x2=2+y
yi=2+z

I11.5.| Solve for real numbers:

72 =2+x

Proposed by Rahim Shahbazov-Azerbaijan

VIIL6]ifa b,c >0, (a+b+c) (2 +3+2) =2 then:
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abc c [1 4]
b'c'a |4’
Proposed by Rahim Shahbazov-Azerbaijan

N.7]1fa,b,c>0a+b+c= 1,05ns§then:

9—n
27
Proposed by Marin Chirciu — Romania

ab + bc + ca — nabc <

Solve for natural numbers:

7x = yz(y + z) + 6 max(x,y, z)
7y = xz(x + z) + min(x, y, z)
7z = xy(x +y) + max(min(x, y) , min(x, z) ,min(y, z))

Proposed by Mokhtar Khassani-Algerie
If 0 < x,y,z then:

x(y?[x] + z{x}) = (ylx] + z{x})?,
{x} = x — [x], [*] - great integer function
Proposed by Daniel Sitaru,Nicolae Oprea— Romania
Ifa,b,c>0,ab + bc + ca = 3 then:
a’?+b?+c?+abca+b+c)>6

Proposed by George Apostolopoulos — Greece

Solve:
[x] N 8[2x]  [xI[2x] + 8[2x] + [x] + 8
[x]+1 [2x]+8 [2x]+ [x] +9
Proposed by Jalil Hajimir-Canada

Ifx,y,z > 2 then:

Z 1 1o x2+x+4 +2<2<1+1+1)

x+1 (x+1)(x*+2) “T\x y z
cyc cyc

Proposed by Daniel Sitaru,Ramona Nalbaru — Romania

.13(Ifa,b, t,x,y,z € R} = (0, o) then:
1 1 1 1 64
+ + + >
t(at + bx) x(ax+by) y(ay+bz) z(az+bt) (a+b)(t+x+y+2z)?

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
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All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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Ifm > 0;x,y,z = 0, then in triangle ABC with F —area the following relationship
holds:

+ m+1 2m _
2.(5) EEm ey
cyc a

Proposed by D.M.Batinetu-Giurgiu, Flaviu-Cristian Verde — Romania
Ifin AABC,M € Int(ABC) and x = MA,y = MB,z = MC then:

> G D EDED

cyc

Proposed by D.M.Batinetu-Giurgiu, Flaviu-Cristian Verde — Romania
If x,y,z > 0;u > 0then in any AABC the following relationship holds:

(y +z +m)
(x+wh,

cyc

a® > 16F,

where F —area of triangle ABC.
Proposed by D.M.Batinetu-Giurgiu, Flaviu-Cristian Verde — Romania
In AABC,M € (BC),N € (CA),P € (AB) the following relationship holds:

< AM3 BN3 CcP3 >( 1 1 1 )>9
-8

+ + + +
hb + hc hc + ha ha + hb (ha + hb)2 (hb + hc)z (hc + ha)2
Proposed by D.M.Batinetu-Giurgiu— Romania

ifa,b,c,x,y € R} =(0,);m € Nand abc = 1, then:
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(ax + by)2m+2 (ay + bZ)2m+2 (az + bx)2m+2 X
m+1 m+1 m+1 2_(m+1)(x+y)
(a+b+2c) (2a+b+0) (a+2b+0) 4

Proposed by D.M.Batinetu-Giurgiu— Romania
Ifin AABC,M € Int(ABC),x, = MA,xz = MB, x, = MC the following relationship

holds:
m+1 m+1 m+1
3m + (;i—‘;) + (fl—’z) + (fl—c) > 2(m + 1)

Proposed by D.M.Batinetu-Giurgiu— Romania
Letbem,n € R, =[0,0);p € Nin AABC,M € (ABC),x,y, z —the distances by point
M to the tips A4, B, C and u, v, w —the distances by point M to the sides of triangle
[BC],[CA], [AB]. Prove that:

(mx +ny)?*?  (my +nz)?*? (mz +nx)**?
* + + > 12(p + 1)(m + n)?
3p (uv)r+t (vw)p+1 (wu)p+1 > 12(p )(m +n)

Proposed by D.M.Batinetu-Giurgiu— Romania
Letbe x,y,z € R%. = (0,0), t € R, = [0, ) and the triangle ABC with F —area, the

following relationship holds:

dx +3y+z+ 2t 2+x+4y+32+2t 2+3x+y+4z+2t

o2 > F
y+3z+t a z+3x+t x+3y+t c* 283

Proposed by D.M.Batinetu-Giurgiu — Romania
Ifin AABC,F —area, M € Int(ABC) and x = MA,y = MB,z = MC the following
relationship holds:

x?%-h, yz-hb+zz-hc
a b c

Proposed by D.M.Batinetu-Giurgiu — Romania
[X.10./In AABC the following relationship holds:

m, m, - 2m,

he hy, ~ hg

Proposed by Bogdan Fustei — Romania
IX.11./In AABC, I —inenter the following relationship holds:

mg . mg 1
Z—Smln 22——3;—2A1
Sg W, 2r

cyc cyc cyc

Proposed by Bogdan Fustei — Romania
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IX.12./In AABC,n, — Nagel’s cevian the following relationship holds:

ng
nr— > 1_[(4ma —2h,—1)

cyc a cyc
Proposed by Bogdan Fustei — Romania

IX.13.| InAABC, n, — Nagel’s cevian, g, — Gergonne’s cevian the following relationship

holds:
hyh,
6RZ 2 > Z(né +2wZ + g2)

cyc cyc

Proposed by Bogdan Fustei — Romania
IX.14.| In AABC the following relationship holds:

Ma @+ﬁ23\/§2ha+hb+hb+hc+m+ha
c 2 a+b b+c c+a

a b
Proposed by Bogdan Fustei — Romania

IX.15| In acute AABC, n, — Nagel’s cevian the following relaitionship holds:

s g2 2(m, — 2r)(my, — 2r)(m, — 2r)
a'*bltc = R

Proposed by Bogdan Fustei — Romania
IX.16. In AABC,n, — Nagel’s cevian the follwoing relationship holds:

na+ma+wb+wc+,/2raha<<l . 1)\/E
r

ha+hb+hc - \/E \/§

Proposed by Bogdan Fustei — Romania

IX.17./In AABC the following relationship holds:

r rb
wg = \]
cyc cyc

Proposed by Bogdan Fustei — Romania

IX.18. In AABC the following relationship holds:

Ta  To  Te o, 2
m, my, mc R
Proposed by Bogdan Fustei — Romania

IX.19If x,y € R,x? + y? — 6x — 8y + 24 < 0 then:
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16 < x?>+y? <36
Proposed by Daniel Sitaru,lonut Ivdnescu — Romania
IX.20, Solve for real numbers:

2x+2y—3z=-6
3x2+3y2—4z2=-10
4x3 + 4y3 — 523 = —40

Proposed by Radu Diaconu - Romania
Solve for real numbers:
@2m—-21Dsin2x+(m—-2)cos2x+2=0meR
Proposed by Radu Diaconu — Romania
Solve for real numbers:
4(sinx + 2cosy) + 3(cosx + 2siny) = 15
Proposed by Daniel Sitaru,Amelia Curca Nastdaselu—- Romania
Ifa,b > 0 then:

+ + b)*
(a b+\/_ 2ab) 2(a b) + 150 2b2+65<2ab)
b 16 +b

Proposed by Daniel Sitaru,Mirea Mihaela Mioara—- Romania

IX.24]Let p(m,n) = P %1 m € N*,n odd number. Prove that: ¢(m,n) € N

Proposed by Mohammed Bouras-Morocco

_1+tan( )tan( )
mLet Q 1- tan( )tan( )

Provethat \/7 3v5 -85 — 385

Proposed by Mohammed Bouras-Morocco
IX.26./In AABC the following relationship holds:

13 |

(hg + hy + h)3 +5> 16R
hyhyh, R—r

Proposed by Marin Chirciu — Romania
IX.27./In AABC, O - circumcentre, I — incentre the following relationship holds:
35

(Wa—Wb)Z +(Wb _Wc)z + (Wc_Wa)Z Sn'OIZ,TL 2?

Proposed by Marin Chirciu — Romania
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IX.28. In AABC the following relationship holds:

52 N 3ns? S <16
2772 (4R+r)2_n =g

Proposed by Marin Chirciu— Romania

IX.29.1fa,b,c > 0,n = 1 then:

a . b . c > 27
na+b+c nb+c+a nc+a+b (m+2)(a+b+c)(ab+ bc+ ca)

Proposed by Marin Chirciu— Romania
1X.30./In AABC the following relationship holds:

a’?+bc b?+ca c*+ab R
a+b+c< + + <(a+b+c)—
b+c c+a a+b 2r

Proposed by Marin Chirciu— Romania
IX.31./In acute AABC the following relationship holds:

1 1 1 3R2%2 — 8Rr — 512
+ +

<
1—tan§tan§ 1—tan§tan%1 1—tan§tan§ 2R? — 4Rr — 2r?

Proposed by Marin Chirciu— Romania

IX.32]1f a, b,c > 0 then:

c++ab 1 1 1
> + +
CyC\/ab(a+b+2c) a+b b+c c+a

Proposed by Daniel Sitaru,Claudiu Ciulcu — Romania
IX.33./Ifu,v,w, x,y,z € R} and ABC is a triangle having the area F, then:

ux+(y+Z)(v+W)+uy+(z+x)(w+u) uz+(x+y)(u+v)>5\/§
u(y + z)h2 v(z + x)h? + w(x + y)h? - F

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania

IX.34.Letx,y,z € R} \ (0,) and d, d,, d. the centroid’s G distances of ABC triangle to

it’s sides and F the area of triangle.

x y z 2 81
<d_§+d_§+d_§> ZF(xy+yz+zx)
Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti - Romania

IX.35./I1fd,, d},, d. are the centroid’s G distances of ABC triangle, having the area F, then:
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1 1 1 _9V3
+ + >
d,d, dpyd, d.d, F
Proposed by D.M. Bdtinetu — Giurgiu — Romania, Martin Lukarevski — Macedonia
IX.36./If n € N and m,, m;,, m. are the medians lengths of ABC triangle, then:
mgm+4 . mi‘;n+4 mACLn+4
(mb ' mc)n+1 (Tncrna)n-'-1 (Tnarnb)n-'-1

>27r? —3n

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
IX.37.|Ifm € R, =[0,);x,y € R} = (0, ) thenin any ABC triangle the following

inequality holds:

3m+1

Ta Ty Te
+ + >
(xrp +y7 )™+ (xr +yr )™ (erg + yrp)™+ T (x + y)™ (YR + 7)™

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
IX.38If x,y,z € R}, = (0, ), then in any ABC triangle having the area F the following
inequality holds:

y+z z+x x+y 2V3
+ + >
xhyh. yh h, zhgh, F

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
1X.39./In AABC the following relationship holds:

T_a + r_b + T_C + 4_7" >5
n 1. T, R
Proposed by Rahim Shahbazov-Azerbaijan

[X.40./If x,y,z > 0 then:

+yz+zx\%> 2(x3+y3+ 23
(xy yz ZX) N (x3+y3+23) > 15
X% +y?+ 72 Xyz

Proposed by Rahim Shahbazov-Azerbaijan
IX.41.In AABC the following relationship holds:

ab + bc + Ca)2

(7T
8cosAcosBcosC < <a2 T b2 + c2

Proposed by Rahim Shahbazov-Azerbaijan
IX.42.\Ifa,b,c >0,a+b+c= %+%+%then:
Va+3Vb+3c>3

Proposed by Rahim Shahbazov-Azerbaijan
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IX.43./In AABC, I - incenter, the following relationship holds:

27r? (AI )2 ( BI )2 ( CI )2 1
< + + <Z
4s2 b+c c+a a+b 4

Proposed by Marin Chirciu — Romania

IX.44.In AABC the following relationship holds:

27R2+ 3ns? o1 <11
452 (GR+r)z-"tT0"=76

Proposed by Marin Chirciu — Romania
IX.45.Ifa,b,c > 0,a® + b? + ¢? + 2abc = 1 then:

1 1 1
+ + >6
l1-a 1-b 1-c

Proposed by Marin Chirciu — Romania

IX.46./ In AABC the following relationship holds:

1 1 1 1
1_[<a+b+b+c_c+a)S(a+b)(b+c)(c+a)

cyc

Proposed by Daniel Sitaru,Lavinia Trincu- Romania

Ifx,y,z,t > 0 then:

Oz —y0)* + Gz — y) (et + yz + yt) + (et + yz +y6)* 9

xyzt
Proposed by Daniel Sitaru,Mihaela Nascu — Romania
IX.48. In AABC the following relationship holds:

2(Va+Vb++c)<3 _3abe

4ARr + 12

Proposed by Daniel Sitaru,Nicolae Tomescu- Romania
In AABC the following relationship holds:
3(a® + b3 +8m3 + 6abm,) < 2(a+ b + 2m,)(3a? + 3b? — ¢?)
When the equality does hold?
Proposed by Daniel Sitaru,Seinu Cristina— Romania
In AABC the following relationship holds:

m, m, 2m,

+-S>
h, hy, ~ h,

Proposed by Bogdan Fustei — Romania
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IX.51./In AABC, I —incenter the following relationship holds:

mg . mg 1
Z—s min <22——3,—2A1>
Sg W, 2r

cyc cyc cyc
Proposed by Bogdan Fustei — Romania
IX.52.In AABC,n, — Nagel’s cevian the following relationship holds:

1—[ na 1—[
- =2 (4ma - 2ha - 7"a)
Ta

cyc cyc
Proposed by Bogdan Fustei — Romania
IX.53./In AABC,n,- Nagel’s cevian, g, — Gergonne’s cevian the following relationship holds:

h, h
6RZ 2 CZZ(n§+ZW£+g§)
C

cyc cyc

Proposed by Bogdan Fustei — Romania
IX.54. In AABC the following relationship holds:

ma+@+m6>3\/§>ha+hb+hb+hc+hc+ha

a b c 2 T a+b b+c c+a
Proposed by Bogdan Fustei — Romania

IX.55./In acute AABC, n, — Nagel’s cevian the following relationship holds:
2\/Z(ma —2r)(my, — 2r)(m, — 27)
NgNpNn, = S

R
Proposed by Bogdan Fustei — Romania

IX.56. In AABC the following relationship holds:

1 1 1 9(a+b)(b+c)(c+a)
e (L tad)s
T, 8abc

Ty T
Proposed by Adil Abdullayev-Azerbaijan

IX.57.In AABC the following relationship holds:

. A-=B _ B-C .  C-A (a—-b)(b—-c)(c—a)
Sin 2 Sin 2 Sin 2 = 16R2r

Proposed by Adil Abdullayev-Azerbaijan

Show that:

\/4—\]8+\/E+\/§+\/10—2\/§

> 2sin1°

\[2;—\]4+\/§+\/§+\/10—2\/§

Proposed by Naren Bhandari-Nepal
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1X.59] We know that
1x2x3x.x7=7x.x10.
Now, for n > 7, can the following equality ever hold true:
1x2x3x. . x(n—1)xn=nx..x(n+k)
for some positive integer k?
Proposed by Naren Bhandari-Nepal
Ifa,b,c,d >0,a+b+c+d+1=5abcd then:

a? b3 c? d?
Crbircird Prcrditat Grdirattht B ratthtrct 1
Proposed by Rahim Shahbazov-Azerbaijan
In AABC the following relationship holds:

A B a2 b\? a b
400550055 < 1+\[(1 +Z) + (1 +E) - 2(1 +Z) (1 +E)cosC
Proposed by Adil Abdullayev-Azerbaijan
In AABC the following relationship holds:
T, + 1, 9R? 4(2R? +12)

>
2r, T a?+b?+c? " a?+b%2+c?
cyc

Proposed by Adil Abdullayev-Azerbaijan
In AABC the following relationship holds:
9(a+b)(b+c)(c+a) 4R
<l+—
8abc

r
Proposed by Adil Abdullayev-Azerbaijan

Find last 3 digits of:

201920192019...201953
0 =2019 50 times "2019"

Proposed by Naren Bhandari-Nepal

’(b+6)3
- 2 >
Z a3+abc_6
cyc

Proposed by Rahim Shahbazov-Azerbaijan
IX.66./ In AABC the following relationship holds:

IX.65]1f a, b,c > 0 then:

m2 +m2 + m?

R
S J—
mym, +mym, +m.m, - 2r

Proposed by Rahim Shahbazov-Azerbaijan
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IX.67. In AABC the following relationship holds:

752 s3> (2v2+1) (Z Sé) (Z h?z)

cyc

Proposed by Daniel Sitaru,Delia Schneider- Romania

IX.68./In AABC, I - incenter, the following relationship holds:

Nng+rn, ny,+n n.+r;, \/7 ( 4R>
+ + < — |=]{1+—
Al BI cr - <\/§ R> r

Proposed by Bogdan Fustei — Romania

IX.69./ In AABC the following relationship holds:

A 2r
—> / —— >
4ma Zta 2 4 R — 3
cyc cyc

Proposed by Bogdan Fustei — Romania
IX.70./In AABC, g, — Gergonne’s cevian the following relationship holds:

T, +r —h w, — —h
Z a > ga a ’ a ga > ga a
T, —T Wg — 9Ga T, —T T, +r
cyc cyc cyc cyc
Proposed by Bogdan Fustei — Romania

IX.71.In AABC the following relationship holds:

Zma—wa Zma—wa <S\/§—Wa—Wb—WC
aX ) =
h, Ty r

cyc cyc

Proposed by Bogdan Fustei — Romania
IX.72./In AABC the following relationship holds:

Mty . N . Jmer; 14 R
w, wy W, r

Proposed by Bogdan Fustei — Romania
IX.73./In AABC the following relationship holds:

+rb+rc 6
>4+5
m +mb +m
cyc

Proposed by Bogdan Fustei — Romania
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IX.74.In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian the following relationship holds:

2ma+na+ga+ T, + 1, < (1+\/§)R
h, h, ~ r
Proposed by Bogdan Fustei — Romania
IX.75./In AABC,n, — Nagel’s cevian, the following relationship holds:
ng ny

R R
—+—+&s<—+3\/§—4)<——1)
b c T T

a

Proposed by Bogdan Fustei — Romania
Solve for real numbers:
4(sinx + 2cosy) + 3(cosx + 2siny) = 15
Proposed by Daniel Sitaru,Alecu Orlando- Romania

IX.77.|Solve for real numbers:

xy(4xy — 1)? + 16xy = 1622
yz(4yz — 1)? + 16yz = 16x?
zx(4zx — 1)? + 162zx = 16y?

Proposed by Daniel Sitaru,Dan Grigorie — Romania
Letbe m,n € R} = (0, o) and M an interior point to ABC triangle. If x, y, z are the
distances of point M to the apices A, B, C and u, v, w the distances of point M to the sides
BC,CA, AB then:

m2y2 + nZZZ mZZZ + n2x2 m2x2 + n2y2

+ + > 2(m + n)?
v2 + 2wu w2+ 2uv uz + 2vw

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
IX.79.Ifm € R, =[0,»); x,y,z € R, = (0, ) then in any ABC triangle the following

inequality holds:

4m+1 4m+1 4 m+1 1
X-a N y-b L(7c >8m+ . pame2
y+z zZ+x x+y - 3m

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
IX.80.Ifp € R, =[0,);m,n,x,y,z € R} = (0,) then in any ABC triangle the following

inequality holds:

(my +nz a4>”+1 N (mz +nx b4)p+1 N (mx +ny C4)p+1 -

X y z
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26p+6 mp+1 . np+1
> . . F2p+2
3  (m+n)prtt

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
IX.81.|1f m € R, = [0, ) and a, b, ¢ are the sides lengths of ABC triangle having the area
F, then:

am+2 bm+2 Cm+2 \/§

+ =
(2a+b+c)m (a+2b+C)m+(a+b+26)m_4m+1

F

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Ifm e N;n,p € R} =(0,),F is the area and s the semiperimeter of ABC triangle,
then:
m + 2™ ((ns?)™*1 + (pr)™*t - (4R +1r)™*1) > (m + 1)(3n + p)V3F
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Letm,n € N,n = 2, then in ABC triangle having the semiperimeter s and area F the

following inequality holds:
3m + am+1rbn(m+1) + pm+l. Tcn(m+1) + Cm+1r;t(m+1) > 2(m + 1)F2 . Sn—3(\/§)6_n

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru — Romania
IX.85]1f m € N and ABC triangle is a triangle having the semiperimeter s, then:

m+1 m+1
+3m = 3(m+ 1)V2
s—a S— S—C

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

IX.86.Letben € Nyn > 2,x, € RL = (0,0),Vk=1nando € S, and a, b € R%. Then:

X
Z<a+ k> > (a+b)*n
k=1 Xa(k)

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

IX.87|Letm € R, = [0,00),n € N,n > 3,x;, € R, = (0,0),Vk = 1,nand X,, = X7_, x

then:

n m+1

Xn
Z x}r{n+1 1)m Z(X _ xk)m+1 > —~

k=1

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
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If x,y € R} = (0,0) and a, b, ¢ are the sides lengths and h, h;, h. are the heights
lengths of ABC triangle, then:
(2x—y)xa Qy—x)yb xyc
I, + I, + h, > 2v3xy
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
In ABC triangle having the area F let w,, w,,, w, be the interior bisectors and the
other notations being the usual ones, then:

a-w, b-w, c-w,
+ + > /\/
. h n > 2.|3V3F

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
1X.90./In ABC triangle having the area F, with the usual notations the following inequality
3
(a2 +b2+c2)s (L L 4 1
holds: (a2 + b? +c?)z - (- + -+ ) > 18F
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
IX.91./Letm € N and M be an interior point in ABC triangle and x, y, z the sides of point M

to A, B, C apices and u, v, w the distances of point M to the sides BC, CA, AB. Prove that:
x2m+2 2m+2 2m+2

y VA
3m + (vw)m+1 + (wu)m+1 + (uw)m+1 >12(m +1)
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Ifa,b,c,d e € R} = (0,00) and a? + b? + c% + d? = e?, then:
(a+c)(b+d)<e?
Proposed by D.M. Bdtinetu-Giurgiu, Dan Ndanuti — Romania
Find all functions f: (0, +e<) — R such that:
flxy) < xf(x)+yf(y) <log(xy),Vx,y >0
Proposed by Marian Ursdarescu-Romania
In AABC,AA’,BB’, CC' —internal bisectors, AA” B''C'' —circumcevian triangle of
[4'B'C] T
[a""B''c'"] — 2R’

incenter. Prove that:

Proposed by Marian Ursdarescu-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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k=1

where [x] —GIF, {x} = x — [x],x € R, xp11 = Xp, Xp42 = X1.

Proposed by D.M.Batinetu-Giurgiu— Romania
lfm,n,x,y,z € R, =[0,00), m+n =2, thenin any AABC with F —area the following
relationship holds:

SO ety + )R
Y Y = (abc)"

ha hy
Proposed by D.M.Batinetu-Giurgiu— Romania
Ifm €N, t € R, =[0,00) and x,y,z € R; = (0, ) then in any triangle ABC the

following relationship holds:

y+z+ 6t)m+1 N (z +x+ 6t)m+1 N (x +y+ Gt)m+1 24/3(m+ 1)
(x + 3t)a (y+3t)b (z +3t)c R
Proposed by D.M.Batinetu-Giurgiu— Romania

Inany AABC, M € Int(ABC),x = MA,y = MB, z = MC the following relationship

holds:
x\4 x3y 2
2@ D=3

cyc cyc

3m+(

Proposed by D.M.Batinetu-Giurgiu— Romania
Letbem,n € R, = [0,0);m+n =4;x,y,z € R} = (0,00)and AABC with F —area,

then the following relationship holds:
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<x2am . y2pm . 22cm>< 1 . 1 . 1 ) S 3.pm-2. pm-2
ha hy he J\(x+y)* (y+2)* (z+x)?/
Proposed by D.M.Batinetu-Giurgiu— Romania
If m,n € R, =[0,),m+n =2, AABC with F —areaand M € (BC),N € (CA),P €
(AB) the following relationship holds:
(a? +b%)-CP™ (b*> +c?)-AM™ (c*+a%)-BN™
ch + am + b™
Proposed by D.M.Batinetu-Giurgiu— Romania
Ifx,y € R, =[0,),x +y = 2thenin any triangle ABC with F —area the following

> 2n+1 . 3Fm

relationship holds:
(a2+b2)-h§+(b2+c2)-h§+(c2+a2)-h;§
cYy aYy bY
Proposed by D.M.Batinetu-Giurgiu— Romania
If m,n € R, =[0,0),m+n =2, theninany AABC with F —area the following

> 2%+ - 3F*

relationship holds:
(a+b)2-h™ (b+c)*-h (c+a)™-hl
cn + an + bm
Proposed by D.M.Batinetu-Giurgiu— Romania
In AABC the follwoing relationship holds:

zjnn5+23jnraha <5

>2m-6F™

cyc cyc
Proposed by Bogdan Fustei — Romania
Ifin AABC, I — incenter, n, — Nagel’s cevian, g, — Gergonne’s cevian then:
Al Bl CI R 2+ g2
—t—t+—<— M22+L
h, h, h."r b? + c? 2R
cyc
Proposed by Bogdan Fustei — Romania
In AABC the following relationship holds:
> ((b+c)cosS + |b = clsin5
ma 2 o c) cos clsin
Proposed by Bogdan Fustei — Romania
In AABC, n, — Nagel’s cevian the following relationship holds:
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1/hy +h, . A\ [ng+hy
> — — 2__ R
my = 2( > + |b — c|sin 2) / m

Proposed by Bogdan Fustei — Romania
Let a, f > 0. Find all functions f: R — R such that:
af ()f(y) = Bf(x +y) + aPxy,vx,y € R
Proposed by Nguyen Van Canh-Vietnam
Solve for complex numbers:
3x% —9x° + 18x* — 21x3 +15x2 - 6x+1=0

Proposed by Daniel Sitaru,Lucian Lazar- Romania

In AABC:a + b + ¢ = 1. Prove that:

1 2 u(4) ab
—-u?(4) +=- +— | >
cyc 3

Proposed by Radu Diaconu — Romania

Ifin AABC,r = 1 then the following relationship holds:
¢ A A 1 - 1 > 2
an o ZSInG" Zwa N
Proposed by Radu Diaconu — Romania

In ABCD convexe quadrilateral the following relationship holds (m > 0,n > 0):

ZC 24 Zu’”“(A) - 8rmt! L,A+B _B+(C C+A
0s @ nb)™ ‘sm(n+1)mcos 5 €0s* ———c0s* —

cyc cyc

Proposed by Radu Diaconu — Romania

In AABC the following relationship holds:
A B C ) - 27nr

+ +
b+c c+a a+b 4s

(wg +w, "‘Wc)(

Proposed by Radu Diaconu — Romania

In AABC the following relationship holds:
A) 3(mr + 3R)

1
3(1+3r)<z<ha+z-u(A)-cch < >

Proposed by Radu Diaconu - Romania

cyc
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Prove that:

2n—1

n
1 1
2n -2k | = —
10 <1_[ 102"k + 1) ; 10 11

k=1
Proposed by Mohammed Bouras-Morocco

Solve for real numbers:

6x+3y+2z=18
{108(96 + y + Z)x+y+z — XyZZ3 . 6x+y+z

Proposed by Daniel Sitaru,Daniela Beldea— Romania
In AABC the following relationship holds:

+ sinA + sinB + sinC
(mb i mc)- + (mc -ma)- + (ma - mb)- > 4\/'§
mgSinBsinC mysinCsinA m.SinAsin B
Proposed by Daniel Sitaru,Simona Miu- Romania
X.23.

(a+b+c)3
(4a3+1)(4b3+1)(4c3+1)’

Find: Q = max(Q(a, b, ¢))

Q(a,b,c) =

ab,c€eR

Proposed by Marin Chirciu — Romania
Ifx,y,z>0,x+y+z=1n2>2then:
X y z 3

+ + <
Jnx+y ny+z nz+x n+1

Proposed by Marin Chirciu — Romania
Solve for real numbers:

x+\/a2—x2+1+x\/a2 —x+1=2a+1a€l0,7)
Proposed by Marin Chirciu — Romania

In AABC the following relationship holds:

1 2ur
Zra Z— +L2u+9,uS8
Ta R

cyc cyc

Proposed by Marin Chirciu — Romania
In AABC the following relationship holds:

a3 + b3 + ¢3 > 81/356

Proposed by Daniel Sitaru,Alina Georgiana Ghitd—- Romania
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In AABC, K —Lemoine’s point, the following relationship holds:

aAK + bBK + c¢CK - 2RV3
m,+my,+m, ~ 3

Proposed by Daniel Sitaru,Mihaela Ddaianu— Romania
In AABC the following relationship holds:

4,,2\5 4,,2\° 4,02\ ° 10
a'ma\" | b*mg L [(Lime > (45)
mym, m.mg, mgmy, 81
Proposed by Daniel Sitaru,Doina Cristina Calina— Romania
Ifx,y,z,u,v,w > 0,uv + vw + wu = 3 then:

> 18+ u? +v? +w?

Z (x%2 + y2 + 22 + 2xy + 2zy)u?
XZ
cyc
Proposed by Daniel Sitaru,Simona Radu- Romania
Letbem € R, = [0, »),n € N then inABC triangle with the area F the following
inequality holds:

a(m+2)(n+1) b(m+2)(n+1) C(m+2)(n+1) (n + 1)\/§F

n+ (b + C)m(n+1) + (C + a)m(n+1) + (a + b)m(n+1) = om-2

3

Proposed by D.M. Bdtinetu — Giurgiu, Dan Ndnuti — Romania
In ABC triangle having the area F the following inequality holds:
3(a? + b2 +c?)? > Z:(a2 + b2 —c?)? + 128F?
cyc
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
If m € N*,x,y,z € R% = (0,0) and ABC is a triangle having the area F, then:

+z m+1 + m+1 + m+1
N 2

Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti - Romania
If m,n € N*,x,y,z,u,v € R} = (0,) and ABC is a triangle having the area F then:

o+ uty+2)- @) (o4 (30) )+ (e (50) )+ (o e+ iy +

+(m + 1w ((x Ty ) c2u> > 8(m + 1)(n + 1) uvV3F

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
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lfmeR, =[0,0);n€N;x7yz€R; = (0, ) thenin ABC triangle having the
area F the following inequality holds:

(y + Z)az>(m+1)(n+1) . <(z +x)b2>(m+1)(n+1)
X y
. <(x +y)c2>(m+1)(”+1) N (n+ 1)\/§

+

(Bn)m+1 + <

7z - 22m—3

Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti - Romania

If x,y € R} = (0, ) then in any ABC triangle the following inequality holds:
xa vb
+
(y +2)h, (z+x)h,
Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti - Romania
Let be m,n € R} = (0, ) and ABC triangle. If M, N, P are arbitrary points on BC, CA
respectively AB, then:
AM - BN BN - CP CP - AB 18r
mh, +nhy +mhb +nhc+mhc+nha = m+n
Proposed by D.M. Bdtinetu — Giurgiu — Romania
If x,y,z € R}, then in any ABC triangle having the area F the following inequality
holds:

ZC
>
N (x+y)h, ~ V3

2

X y z xy +y+zx

—+ S+ —| >
<hé hj h%) -

Proposed by D.M. Bdtinetu — Giurgiu, Claudia Nanuti - Romania

If x,y,z € R% = (0, ) thenin ABC triangle the following inequality holds:
+
(v Z)a+(Z+x)b+(x+y)624\/§
xh, vh,, zh,
Proposed by D.M. Bdtinetu — Giurgiu — Romania, Martin Lukarevski — Macedonia

If ABC is a triangle having the area F, then:
a*h®> b*c* c*a® 64
Bt e 23F
Proposed by D.M. Bdtinetu — Giurgiu, Dan Ndnuti — Romania

If m € [1, 00) and ABC is a triangle having the area F then:

aZmbm meCm CZmam
— + — + — > 23m . 31—m . Fm
h? R %

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
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If m € [1, ), x € R then in any ABC triangle having the area F the following

inequality holds:
am(Z—x) bm(Z—x) Cm(Z—x)

2_
hmx + hmx + hnx = 2(2—x)m(\/§) " - F-x)m
a b C

Proposed by D.M. Bdtinetu — Giurgiu, Dan Ndnuti — Romania
In any ABC triangle having the area F the following inequality holds:
a® + b3 + ¢3 > 8V3FVF
Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
P and q are distinct prime numbers. Show %/q + ?/p is an irrational number.

Proposed by Jalil Hajimir-Canada

Solve:
411 4 3% = gl 4 %
[x] is the greatest integer part of x.

Proposed by Jalil Hajimir-Canada

Solve:

(6x?+1)°+2(Bx2+1)3+3(2x2+1)? =6(6x2+1)(Bx2+1)(2x%2 + 1)

Proposed by Jalil Hajimir-Canada

X.47]1fa,b,c > 0,——+——+—— = —then:

'2a42019 2b+2019 2¢+2019 - 2019
Vabc > 2019
Proposed by Rahim Shahbazov-Azerbaijan

If in AABC, m(%A) > 152° then:

7
ha < % (b + C)
Proposed by Rovsen Pirguliyev-Azerbaijan

Solve for real numbers:
[tan x - {cos x}] = [cot x - {sinx}]

{x} = x — [x], [x] — great integer function

Proposed by Rovsen Pirguliyev-Azerbaijan

Ifa,b,c,d> 0 then:

4 a4~+b4~+c4~+d4~
16(a+b+c+d) 2\/ 7 + 63Vabcd

Proposed by Rahim Shahbazov-Azerbaijan
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In AABC the following relationship holds:

hgohy, hyh, h:hy
+ + < + +
. . n S m, +my, +m,

Proposed by Rahim Shahbazov-Azerbaijan

If x,y,z > 0 then:

X y z -1

+ +
4 4474 4 |z%4 4+ x4 4 444
y+z+ /y_z z+x+ /Z Zx x+y+ /—x Zy

Proposed by Rahim Shahbazov-Azerbaijan

Ifa,b,c > 0,abc = 1 then:

1 1 1 1
50 + + <-
al% + p99 + 98 + 3  ph100 4 99 98 + 3 (100 + 499 + h98 +3 — 2

Proposed by Rahim Shahbazov-Azerbaijan

Ifx,y,z>0,xyz =1 then:

1 1 1 -1
+ +
x3+x3+x yS+y3+y 254734z

Proposed by Rahim Shahbazov-Azerbaijan
Solve for real numbers:
x?2—-x)2=1+((a?*-2)(1 —x)? a € R,a-fixed
Proposed by Marin Chirciu — Romania
ABCD —tangential quadrilateral with inradiir = 1,A’'B'C'D’ - contact cyclic
quadrilateral of ABCD. Prove that:

[4'B'C'D'] Z p*(4) - 3272  A+B B+C C+A
Cycu(A)u(B)u(C)u(D)+l_16+n45m 2 N N3

Proposed by Radu Diaconu — Romania
In acute AABC, H - orthocenter, the following relationship holds:

(42 + B2 + C?) a® . b5 . o - 32m2s5
AH BH CH/ — 243R

Proposed by Radu Diaconu - Romania

Solve for real numbers:

x + xlogab — xloga(a+b)’ l<a<b
Proposed by Marin Chirciu — Romania
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In AABC the following relationship holds:
n(a? + b? + ¢?) N w2 9 5
ab + bc + ca bc — 4’ 74

Proposed by Marin Chirciu — Romania

In AABC the following relationship holds:
16(2R —r)? < Z T, < 4R?(2R —1)?
r sint = rs
cyc 2
Proposed by Marin Chirciu — Romania

In AABC the following relationship holds:
2n

a \2n b \*" c \&" 1 /4
+ + > — *
(wac) (cha) (Wawb> — 31 <3R) meN

Proposed by Marin Chirciu — Romania

In AABC the following relationship holds:
b?+c? c?+a? a2+b2<6R2
+ + —
(s—a)2 (s—b)2 (s—c)2~ (r)
Proposed by Marin Chirciu — Romania

In AABC the following relationship holds:

2 2

2
) () 22z

Ta Ty e
Proposed by Marin Chirciu — Romania

In AABC the following relationship holds:

bc ca ab 3R
/ +’ +/ <—+VR
T, + 1, .+, r,+1r,  2r

Proposed by Marin Chirciu — Romania
Solve for real numbers:

x+y+z=11

yz + 36x L= + 36y L +36z L
x(y—x)z—x) ylx—-y)z—-y) zlx—2z)(y-2z)
xyz = 36

Proposed by Daniel Sitaru,Virginia Grigorescu— Romania
[X.66/Find x,y, z > 0 such that:

X—y—z=sinx—siny —sinz
x?—vy?—z%2=sinx —sin?y —sin?z
x3—y3—z3=sindx —sin®y—sin®z

Proposed by Daniel Sitaru,lleana Duma—- Romania
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QO =z, + 2z, + 23|,2,,2,,23 EC
Oy =z + 2, — 73 + 4il + |z, — 7, + 25 + 2i| + |2, + 2z, + 23 — 6i
Prove that: Q; < Q,
Proposed by Daniel Sitaru,Alexandrina Ndstase- Romania
In AABC the following relationship holds:

zﬂjnmzjﬂram <5

cyc cyc

Proposed by Bogdan Fustei — Romania
Ifin AABC, I —incenter, n, — Nagel’s cevian, g, — Gergonne’s cevian then:
Al BlI CI R 2+ g2
_+_+_S_,ZMZZ+L
hy hy, h." 7T b? + ¢? 2R
cyc
Proposed by Bogdan Fustei — Romania
In AABC the following relationship holds:
= ((b+c)cosS + Ib — clsin’
2\/_ c) cos > clsin
Proposed by Bogdan Fustei — Romania
In AABC,n, — Nagel’s cevian the following relationship holds:

ng + hy

1(hb + h,

., A
mazi +|b — c|sin E)

Ta

Proposed by Bogdan Fustei — Romania
In AABC,n,, — Nagel’s cevian the following relationship holds:

na+ma+Wb+Wc+1/2raha<(i+i)\/g
r

ha+hb+hc - \/E \/§

Proposed by Bogdan Fustei — Romania

In AABC the following relationship holds:

7/'arb
W2 = \]
cyc cyc

Proposed by Bogdan Fustei — Romania
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In AABC the following relationship holds:

T, T 7, 2r

—_— _t R

mg my mc

Proposed by Bogdan Fustei — Romania
In AABC the following relationship holds:

A B C
<9tan2§+ 1) <9tan25+ 1) <9tan2§+ 1) > 64

Proposed by Rahim Shahbazov-Azerbaijan

Ifx,y,z,t >0,xyzt = 1 then:

x2+1 y2+1 z2+1 t*+1
+ + + <
x>+3 yS+1 z°+1 t5+17
Proposed by Rahim Shahbazov-Azerbaijan

Ifa,b,c,d > 0 then:

a4+b4+c4+d423abcd<

b c d )

b+c+d+c+d+a+d+a+b+a+b+c
Proposed by Rahim Shahbazov-Azerbaijan

In AABC the following relationship holds:

ab+bc+ca< <ab+bc+ca
—_— <m,+m,+m < ————
2R a b ¢ 4r

Proposed by Adil Abdullayev-Azerbaijan

Solve in R:

Vi—-x3+Y1+x3=31—x2+ 31+ x2
Proposed by Mokhtar Khassani-Algerie
In AABC the following relationship holds:

(m, +mp)(m, +m,) - 87’2 N
= a
cyc \/(ma -my — mc)(mb +m, — ma) R cyc

Proposed by Mokhtar Khassani-Algerie
If a, b, ¢ > 0 then:

(chc ab) (chc ﬁ) > (ZCYC %) (chc %)
Bore Va) oy V) (Baye @2b?) (Zoye )

a?p?

Proposed by Daniel Sitaru, Tatiana Cristea— Romania
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In AABC the following relationship holds:

a \? 7,
4 + —)] <8 —
my, h,

cyc cyc

Proposed by Bogdan Fustei — Romania

In AABC the following relationship holds:

2R a? b? c?
(ma+mb+mc) — =2 + +
r o T,—T T,—T T.—T

Proposed by Bogdan Fustei — Romania

In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

\/nagara + \/nbgbrb + \/ncgcrc = S\/F
Proposed by Bogdan Fustei — Romania

In AABC the following relationship holds:

w, +w. w.+w w, +w 3r
b c+ c a+ a bSZ 6+—
a b c 2R

Proposed by Bogdan Fustei — Romania

In AABC the following relationship holds:
A-B B-C C-A
o () e (2) ()

+ +

Cc A B
tan-= tan= tan—
2 2 2

Proposed by George Apostolopoulos — Greece
Ifa,b,c > 0,abc = 1 then:

4.b2_|_C2 4.C2+a2 4.a2+b2
<
2a Tt [T satbre
Proposed by George Apostolopoulos — Greece
In AABC the following relationship holds:

2 4 2 4 2 2
Z(r + 12+ 12421, + 21,7.)a
a b c a'b a’c 228 r—BS
TpTe
cyc

Proposed by Daniel Sitaru,Anicuta Patricia Betiu—- Romania
In AABC the following relationship holds:

w2 wZ w2 3(a®+b?%+c?)
bc ca ab 4(ab+ bc+ca) ™

Proposed by Rahim Shahbazov-Azerbaijan
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Ifa,b,c > 0,a+ b+ c = abc then:
(a>-1D)B?-1)(c*-1)<8
Proposed by Rahim Shahbazov-Azerbaijan
In AABC the following relationship holds:

Z W Ta < 3_R 1+ 8m,mym,
hq 2 hohyh,
cyc

Proposed by Mokhtar Khassani-Algerie
Find two complex solutions such that:

Vi+x2+xt+J1+x+x2=1++x
Proposed by Mokhtar Khassani-Algerie

Let a, b, ¢ > O prove that:

14\* 14\* 1\* 6
<a+b+—) +<a+c+—> +<b+c+—> >162 |—
ab ac bc a+b+c

Proposed by Mokhtar Khassani-Algerie
In AABC the following relationship holds:

(> ) (O 32 G 1?) 2 ([ [+ 0?) (3 cos? (5)

Proposed by Mokhtar Khassani-Algerie
In AABC the following relationship holds:

T, 12
4 Z — Z > 9s
a T, + 1,
cyc cyc

Proposed by Mokhtar Khassani-Algerie

Ifa,b,c > 0then:

1 1 1 a? + b2 + c?
+ + <
a+ab+b b+bc+c cH+ca+a~ 3a2b2¢?

Proposed by Daniel Sitaru,Dumitru Savulescu — Romania

X.97]1fm,n,p € N then:
i s P’ 2 2 2
3\/§<(m + 3)! N (n +5)! * (p + 7)!> < /(m)Z + (n)2 + (p!)

Proposed by Daniel Sitaru,Sorin Pirlea - Romania
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If 21,22,23 E (C - Rthen

3
4z, +1 5 5
D 1m (g rg) (may 2 ( ) man | | ) oz +s

cyc cyc cyc

-1

Proposed by Daniel Sitaru,Dorina Goiceanu- Romania
In AABC,K —Lemoine’s point the following relationship holds:

[BKC] 2[BKC] [CKA] 2[CKA] [AKB] 2[AKB] V3

3

Proposed by Daniel Sitaru,lulia Sanda - Romania
X.100. In AABC the following relationship holds (F, - Fibonacci numbers):

7ﬂaz Fn+2 + rl? Fn+2 + TCZ Fn+2 > (3_7")2
a(bE, + cF,,,) b(cE,+aF,,,) c(aE,+bF,. )

Proposed by Daniel Sitaru,Nicolae Radu — Romania
In AABC the following relationship holds (vz € C):
|z—cosA—isinA|+|z—cosB —isinB|+|z—cosC —isinC| > 3(]z| — 1)
Proposed by Daniel Sitaru,Mihaela Stancele- Romania
Ifa,b,c,d > 1,abcd = e* then:
n(5)-n(5)-m(5)-m(5) 1
In(ab) - In(bc) - In(cd) - In(da) ~ 16
Proposed by Daniel Sitaru,Carmen Ndstase — Romania
Ifa,b,c >0,(a+ b)(b+ c)(c+ a)=8then:

(¥a + VB) (VB + Ye) (Ve + ¥a) < (a+b)(b + o) (c + a)
Proposed by Daniel Sitaru,Cristina Micu — Romania
X.104.|In AABC the following relationship holds:

6+E+@+E:2_R hbhc
T, T, T r a?
cyc

Proposed by Bogdan Fustei — Romania
X.105.[In AABC, I - incenter, the following relationship holds:
Z n+1r. 1Ixb+c
2 —
a 2 Al
cyc cyc

Proposed by Bogdan Fustei — Romania
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X.106.In AABC, g, — Gergonne’s cevian the following relationship holds:

2 (5 %) 2 50 ) =

cyc cyc
Proposed by Bogdan Fustei — Romania
X.107.In AABC,n, -Nagel’s cevian the following relationship holds:

\/nbnc . n.n, . ngNny < 3V2R (E B 1)

hq hy h. 2 \r
Proposed by Bogdan Fustei — Romania

X.108.In AABC,n, — Nagel's cevian, the following relationship holds:

6s —ng—np —n, b+c 21,
> 4/ —_a
r = V2 3+Z a +Z /ha

cyc

cyc

Proposed by Bogdan Fustei — Romania
X.109.| Fustei’s refinement for Euler’s inequality
In AABC,n, — Nagel’s cevian the following relationship holds:

3 | NgNnpn,
— |2 2r

> +
R>r|1 hhoh, | =

Proposed by Bogdan Fustei — Romania
X.110. In AABC the following relationship holds:

a b c 2R s
(E4249) /4__s_
b ¢ a T T

Proposed by Bogdan Fustei — Romania
X.111In AABC the following relationship holds:

1 A
_ | > i . —
o Y ) S g D Y

cyc cyc cyc cyc

Proposed by Bogdan Fustei — Romania
In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian the following relationship
holds:

1 V3
J2(b% + bc + ¢c2) > Elb —c| +T(na + ga + /21,1 + 2./17,)

Proposed by Bogdan Fustei — Romania
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If x,y,z > 1 then:
3+4 (Iogfmz (g) +log2, 2 (3;1) +1logz, 2 (g)) < 2(log,, x + log,, y +l0g,, z)

Proposed by Daniel Sitaru,Dana Cotfasd - Romania
X.114.In AABC the following relationship holds:
z a(sin3B —sin3C) < 852 sin(B — C)
cyc cyc
Proposed by Daniel Sitaru,Gabriel Ticd — Romania
X.115./In ABC triangle, let be the points D € (BC),E € (CA),F € (AB) such that the lines
AD, BE, CF are concurrent with the point M, then:
MD? MC? MF?
+ +
MA2 MB?2 MC(C?

>(ag+b8+c8)264-54

where S is the triangle’s area.
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
In any ABC triangle having the area F the following inequality holds:
@1 4 gb-1 4 pc-1 4 In(a® - pb . c€) > 4\3F
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Ifm € R, = [0,0) and a, b, ¢ are the sides lengths of ABC triangle having the area
F, then:

am+2 bm+2 Cm+2 \/§

+ + >
Qa+b+c)™ (a+2b+c)m (a+b+26)m_4m+1F

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

Let A,B,(C;, A, B,C, be two triangles having the area F;, F, and sides having the
lengths a4, by, c; respectively a,, b, c,, then:
ai (a3 + 2b,c;) + bi (b7 + 2c,a,) + cf (cf + 2a,b,) = 48F,F,
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

X.119.|Let x,y € R} = (0, ) and k, the length of the common tangent to the circles from
the sides [AB], [AC] as diameter included between the intersection points t;, 7. the analogs
of k, and r the inradii of ABC triangle, then:

(xt2 +y8)" | (et +yed)?  (xed + yed)?

tatb tbtc tcta
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

> 81(x + y)?r®
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In ABC triangle let be the points D € (BC),E € (CA),F € (AB) such that the sides
AD, BE, CF are concurrent with the point M, then:
MD? MC? MF?
+ +
<MA2 MB? = MC?
where S is the triangle’s area.
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Ifm € N;x,y,z € R} = (0,0) thenin ABC triangle having the area F the following
inequality holds:

> (a® + b® + c®) > 645*

16

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X.122|If m,u € R, =[0,»),x,y,z € R, = (0,) then in any ABC triangle the following

inequality holds:

+1 +1 +1
(M.az)’” +<M.b2)’” +<m.cz)’” >
X y z
1-m 3 m+1
> 22n+2(\/§) (2 + ) Fm+1
x+ty+z

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X.123|lfm € R, =[0,»); x,v,z € R} = (0, ), then in any ABC triangle the following

m+1 m+1 m+1

inequality holds:
5 5
+<Z+x-b4) +<x+y> >2m+ . pame2
y z - 3m

+ 2z
()
X
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X.124|Letbem,n € N*, x,y,z € R% = (0,») and ABC a triangle having the area F, then:

(3m2 + (va)m2+1 + (be)m2+1 + (ZCZ)m2+1)(n2 + (xa? + ybz + ZCZ)n2+1) >
>64m-n-(xy+yz+ zx)F?

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
If m € N;x,y,z € R = (0, ), then in ABC triangle having the area F, the following
inequality holds:

m+ (xa? + yb? + zc?2)2m+1) > 16(m + 1)(xy + yz + zx)F?

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Let M € Int ABC where ABC is a triangle having the area F. If x,, Xz, X are the
distances from M to the apices A, B, C and d,, d,, d. are the distances from M to the sides

BC, CA respectively AB, then:
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Xo . Xp,, X , 5
Za*+=2pt+—"c*>32F
daa a4, ch >3

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Let M be an interior point in ABC triangle having the area F and X = AM n BC,
Y=BMnNCAZ=CMn AB, then:
MA MB

MC
T R A

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Ifx,y 2zt €R: = (0,00)and x? + y? + z2 = t2, then:
(x+2z)(y+1t) <2t
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Letm,n € R, = [0,00);m +n € R} = (0,) and M an interior point in ABC
triangle. If x, y, z are the distances from point M to the sides A, B, C, respectively and u, v, w
the distances from point M to the sides BC, CA, AB, then:

mx+y)+nw my+z)+nu mz+x)+nv 9Cm+n)(u+v+w)
nu+v)+mz nlw+w)+mx nw+u)+my (m+n)(x+y+z)

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

X.130|If m,p € Nand 4,4, ... A,,n = 3 is a convexe polygon having the area F and the

sides having the lengths AAy41 = ai. k = 1,n,Ap.1 = Ay, then:
n

(m - n)P+ + z 2B 5 gpia
k=1

i
Fp+1 -1 np+1 —
(n+1)r a n

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X.131.[Letbex,y € Ry = (0,00) x > y andn € N* — {1} and ay, b, € R%, k = 1,n such

that a, > a;,Vj,h € N*,j > {, then:

n-1

$d G
xay

—YAg+1 XA1p — YaAn

k=1

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

X.132.| Solve for real numbers: x + 9198x27 4 x . 9logx27 = 279

Proposed by Marian Ursarescu-Romania
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Letbe A(z,); B(z,);C(23); 21, 25,23 € C\{0}; |z,| = |z,| = |z5|; AB = c;

BC=a,CA=b.If(b+c)zgz; + (c +a)zczy + (a + b)zuzz = 0 then AB = BC = CA.
Proposed by Marian Ursarescu-Romania

Let be z,, zg, z. € C*, different in pairs such that |z,| = |zz| = |z;| = 1. If

|zy — zg — zc| + |25 — z¢ — 24| + |2 — z4 — zg| = 6, then AABC is an equilateral triangle.
Proposed by Marian Ursarescu-Romania

Let be z;, z,, z3 € C \ {0} different in pairs:|z,| = |z,| = |zs| = 1; A(z,); B(z,);

C(z3) M|z — z, — 23| + |z, — z; — 23| + |23 — 2z, — z;| = 6 then AB = BC = CA.
Proposed by Marian Ursarescu-Romania

X.136. 24, zg, z; € C* —differntin pairs, |z4| = |zg| = |z¢| = 1,a = BC,b = CA,c = AB.
Prove that:

nb(zA—ZB)+C(ZA—ZC) =(a+b+c) =>AB=BC=CA

cyc

Proposed by Marian Ursarescu-Romania
X.137. Find all the polynomials P € R[x] having the property

P(x)ZP(x+\/x2+l),Vx€[R§

Proposed by Marian Ursarescu-Romania
X.138./In any AABC the following relationship holds:

6

Z (hb + hc)(ha + hc)

h > 768 (%)

Proposed by Marian Ursarescu-Romania
X.139./In AABC the following relationship holds:

3R
MyTy + Mp1y, + M7, < Z(ZRZ +1?)

Proposed by Marian Ursarescu-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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11-CLASS-STANDARD

- Romanian
:

-2 Magazine
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X1.1{ Inspired by Prof. Daniel Sitaru.Find:
{\/4x2+3+\/x2+x+1+\/x2—x+1}

3\/(4962 +3)(x*+x2+1)

where {-} denotes fractional part.
Proposed by Naren Bhandari-Bajura-Nepal

Find all functions: ¢: R* - R such that:
p(xy) +xy +m = @(x) + p(y) + x +y,Vx,y € R* and m = constant

Proposed by Mokhtar Khassani-Algerie

Let a, 8,y > 0. Find all functions f: R — R such that:
a
fax + By) - f(yx + By) = f?(ax +yy) + 3
Proposed by Nguyen Van Canh-Vietnam

xy,Vx,y €R

Let {u,, },> satisfy:

{ O<uy <1

Uppr =UZ —u, +1n=123..
Find:

Q= lim(uu,..u,)
n—-oco

Proposed by Nguyen Van Canh-Vietnam

Find all functions ¢: R - [—1,1] such that:
2018 min{p(x), y?} = 2019 min{p(y), z2} + 2020 max{p(z), x%},vVx,y € R
Proposed by Nguyen Van Canh-Vietnam

Find:

1

i n+1 2n
Q= lim (TH,’}H - H,’{“)

n—-oo

Proposed by Mohammed Bouras-Morocco

80| ROMANIAN MATHEMATICAL MAGAZINE NR. 31



Romanian Mathematical Society-Mehedinti Branch | 2021

Find:

. 1 1 ok +1
Q= lim | n®sin—tan— sin (—)
n-oo n3 ns n

Proposed by Daniel Sitaru,Cristian Moantd - Romania

ta,b,c,d > ee=lim,_q(1+2)" then:

5log(ae) - log(be) - log(ce) - log(de) = log(abcde)'®

Proposed by Daniel Sitaru — Romania

Find:

n+1

_ / Iog(1+E)
Q=lim|n -1

Proposed by Daniel Sitaru — Romania

2\% 3y? no\"
= i n-2(_ P - . .

4= jm <" (3) (5) - (r=1) >

Proposed by Daniel Sitaru — Romania
X111, Ifx,y,z > 0,x + y + z = 1 then:

1 1 1
+ [y +Vz)[x+yy+zZ > (= + =
R O e e
Proposed by Mohammed Bouras-Morocco

Find:

xXy+xz+yz

X1.12.| Similar of conjecture Syracuse
u’TL . .
> if u, pair
un+1 = un — 1
4
Prove that process will eventually reach the number 1.
Proposed by Mohammed Bouras-Morocco

Un

€ Nor

€ N if u, even (we choose the integer value)

X1.13.(Ifa;, ay, ...,a, > 0,n € N—{0,1},a, + a, + -+ a, = n then:

n+a, n+a, n+a, 2n
+ + e+ >n+
n—a n-—a, n-—a, n—1

Proposed by Mohammed Bouras-Morocco

X1.14.| Prove that: lim,,_,., (i/ax +b¥x? — Vax — CW) =2t 4>0
33a?

Proposed by Mohammed Bouras-Morocco
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X1.15(1f a;, ay, ...,a, > 0,a; +a, + -+ a, = n,p, k € N then:

n k
ag)+1 +1
E 7P . =n
; a, +1
i=1 t

Proposed by Marin Chirciu, Daniel Sitaru — Romania

X1.16.If x1, x5, ..., x;,n > 0,k € N — {0}, x; + - + x;, = kn? then:

Find:

X1.18]1f0 < a,b,c < 1 then:

272 sina - cos? ¢ < Zb(S— a)?

XI1.19/1f0< a,b,c < %then:

1 1 1 k

+ Fotr—— >
n—m =% 2n—fx

>

S

Proposed by Marin Chirciu — Romania

n n
n k2 k3
<Z 2k?2 — 2nk +n2>< 3k2 —3nk+n2>
k=1 k=1

Proposed by Daniel Sitaru — Romania

cyc cyc

Proposed by Daniel Sitaru — Romania

(1 + cos? a)(1 + cos? b)(1 + cos? c)(sin a)?s"* a(sin b)2sin* b (sin ¢)2sin’c > 1

Proposed by Daniel Sitaru — Romania

X1.20.If m,n € N — {0}, E, — Fibonacci numbers, L,, - Lucas numbers then:

<2

s [F2E3L2L3, L E3E2L312,
E5 E5

m+n m+n

Proposed by Daniel Sitaru — Romania

X1.21Ifa,b,c > 0,a + b + ¢ = 9,n € N*, E, - Fibonacci numbers then:

a* b* c*

. +— +
sin3(F,.,) sin3(E2) cos3(F?

>72
+2)

Proposed by Daniel Sitaru — Romania

X1.22Let be m,p € N* and (a,)ns a,, € R% = (0,0), lim,,_,c =2 = g € R’ and

anpn
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by =a," N amip - " Nagmap A Amtp, YN E N
Find: limy, o0 ("*3/Prs1 — 3/bn)

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
X1.23.,| Find all continuous functions f: R — R satisfying f(0) = i and f(5x) — f(x) = x,

for all x. Proposed by Jalil Hajimir-Canada

Solve:

log,(x? + 1) . log,.q 2 . log,2,,(x +1) _ 9
x+1 x2+1 2 T x2+x+4

Proposed by Jalil Hajimir-Canada
X1.25.| Let f be a concave and increasing functionon [a,p]anda <m <n <p < q <b.
Prove or disprove:

F@ = f0) _ @) = £(m)

q—n p—m

Proposed by Jalil Hajimir-Canada

Q:Am<n<<(1+%)n_e+1>_e-§>

Proposed by Rahim Shahbazov-Azerbaijan

Find:

X1.27| Ifin ABCD — convexe quadrilateral abcd = 1, a, b, c,d —sides then:

I 1 1+ (bcd)™ antl
(ZH(A) +Zu(A)”+1> (Cyc W) 24<4+ 2n_1>,n =1

cyc cyc

Proposed by Radu Diaconu - Romania

X1.28.| Prove thatin any ABC triangle the following inequality holds:

(A N 1)2 AH* + a* - 128(m? + 9)2
Z A hi-m¢ |~ 656m2rt
cyc

cyc

with the usual notations in triangle.

X1.29 Ifa,,a,,...,a, = 0,n € N* then:

1 1 1
=+ 4+ oo 4 >
(1 ++a)? (1++/ay)? (1 + /an)z 2(a; +a + -+ a, +n)

Proposed by Radu Diaconu - Romania

nZ

Proposed by Marin Chirciu — Romania
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Find:

(i +1)G +1) + {n(2i+3j) + Yn(3i + 4))

Q= lim | = Z < )
e\ G\ DG+ D) + Yn@i+3)) + n(Bi + 4))

Proposed by Daniel Sitaru — Romania

XI1.31|If x,y,z > 0,xyz = 1 then:

1 1
6 _ v+ + 6 _ + + 6 _ S
x6—-x+3 y°—y+3 z6—-2z+3

Proposed by Rahim Shahbazov-Azerbaijan

X1.32.| Find the limit of the following for alln € N
y ((1 + x)2n+1 + (1 _ x)2n+1)((1 + x)2n+3 + (1 _ x)2n+3)
P (@+ )7+ (- D)2
Proposed by Naren Bhandari-Nepal

X1.33.| Solve for real numbers:

Sincsc‘*(Zx) x + Cossec‘*(Zx) x + tanc0t4(2x) x =

42 -1

4
Proposed by Mokhtar Khassani-Algerie

[X1.34. ]show that:

X

(1+ z)“e _ )

X

- 4(1_?/6.&’“+e2+1—e‘3—e

’!I_’rg’ (ee+ee — ee+ee—1) (e — (1 + %)x)

Proposed by Mokhtar Khassani-Algerie

X1.35(If a, b, c > 0 then:
(a? — ab + b?)® . (b% — bc + ¢?)° N (c? —ca + a?)® - 3
(a + b)1? (b +c)r2 (c+a)? 4096

Proposed by Daniel Sitaru — Romania

Prove that:

Jan—1) T 2n- 2j \mn
Yy e <

2n—-1 ,02n—2j+1 2n+1
]:

Proposed by Naren Bhandari-Nepal

X1.37.| Find & = max(n) such that:

neN
(x +y +2)"™ = 3" xyz)"(x™ + y" + z"),Vx,y,2 > 0

Proposed by Rahim Shahbazov-Azerbaijan
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X1.38.| Find the minimum of;

| 2x . 2y L -0
f(xyyiz)_ y+Z 7+ x x_l_y!x!yyz

Proposed by Jalil Hajimir-Canada

X1.40| Prove:
A+ B A+ B A+ B
tan~'A +tan !B + 3tan~?! (T) <2tan~! (T) +4tan~! (T) A B>0
Proposed by Jalil Hajimir-Canada

X1.41.| Let x, y and z be positive real numbers such that x +y + z = 3. Prove:
X y z 3

+ + <
VI+3x2 [J1+3y2 V1+3z2 2

Proposed by Jalil Hajimir-Canada
Solve for natural numbers:
13*+17Y + 1972 =2 + 31Y + 73*
Proposed by Mokhtar Khassani-Algerie

X143, Ifx,y,z>0andx+y+z = %’Tthen find the maximum and minimum of;

Q = (cossi"Y x + cossi 2 y + cossi* z)(cos(x + y) + cos(x +y) + cos(y + z))
Proposed by Mokhtar Khassani-Algerie
X1.44.| Find all functions f: R — R such that:

fley +x)+ flx+y) +xy = fxy) + f(x) + f(¥), Vx,y ER
Proposed by Mokhtar Khassani-Algerie

Find the limit

Q= lim n3.f <; + %sin(n. ln(x))) dx

n-oo n + cos(mx)

Proposed by Mohammed Bouras-Morocco

Find:

N =

o=’ 3 ()Y (0)

n
0<i<jsn i=0 j=0

Proposed by Daniel Sitaru — Romania
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X1.47.| Find:
. = e—1 (e — Dk
Q= lim l1+——Ilog|{1l+——
n-oo |\ 1 n n

=1

Proposed by Daniel Sitaru — Romania

X1.48.| Solve for real numbers:

3 X
3 +3 =
Vi+x 1+«x3

Proposed by Daniel Sitaru — Romania

233

g -
X1.49. Q, = W,n € N,n > 2. Find:

1

Q=i cos?Q, \o
~an cosz(2Q,,)

Proposed by Daniel Sitaru — Romania

28 18 36 723
120 121 45 891
330 27 151 210
450 150 180 181

A,B € M,(C),B3 =1, A3 = AB2+ BA%,C =

Prove that;
det((CA — CB)(A* = B%)) # 0

Proposed by Daniel Sitaru — Romania

Ifx,y z€ (Og) and n € N*, then:

tan2n+1 x tan2n+1 y tan2n+1 7
- + - + -
Siny Sin z Sin x

> (xy +yz + zx)"

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

Find:

lim (i/nZ) (¥ @n+ 1y -y @n - 1)!!))
n—-oo
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X1.53.| Let (a,),»1 a sequence of real numbers strictly positive such that:

lim(a,s, —a,) =a €R:
n—»oo

Find:
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Jim V2 (Yanss - Yan)
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X1.54.| Let (a,),»1 be a sequence of real strictly positive numbers such that:

2 2
An+1 _ eHn . an

\](n + 1) ((2n+ 1)) ”\]n! (@n-1)1)

lim | efn+1.

n—-oo

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X1.55.| If (H,)ps1, Hy = };:1% and (a,),»1 is a sequence of real strictly positive numbers

such that

lim, e Z”;: = a € R% = (0, 0) and find:

2
H —-2H n
Jim e~ (3fa)

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

Find:
lim {(45 +2019)"}

n—»oo

where {x} is the fractionary part of a € R.

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

Ifa,b € R, find:
tim (" n+ e+ 1)° - YasGaye

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X1.58] Let H, = ¥2_,  find:

“me_Hni< k+1? K >
n—eo Q@+ 5@k -1

k=2

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

X1.59.| If (a,,),»1 is @ sequence of real strictly positive numbers such that:
lim(ans; —an) = a € R} = (0,0)
n—-oo

Find:

lim — Zn: il
noo an £ 3/ (2k — 1N

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

87| ROMANIAN MATHEMATICAL MAGAZINE NR. 31



Romanian Mathematical Society-Mehedinti Branch | 2021

If (Hn)nzl! H, = ;(1:1%, find:
lim e~™#n (”/(Zn - 1)!!)m

n—-»oo

where m € N*.

Find:

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

lirm i/(n +1)(n+2)-..-(4n)

n—-oo n3

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
X1.62] Let (Hy)y, Hy = Xty <. Find:

n

lim e~ )" (3 @k + 1)1 - Y@k = D)

n-oo
k=2

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
Let be A € Ms(R), invertible such that: det(4? + Is) = 0.Prove that:
TrA*=1+detA-Tr A™!
Proposed by Marian Ursarescu-Romania
Letbe A € M,(R);detA = 1;det(4% +I,,) = 0. Prove that: Tr(4™1) = Tr A
Proposed by Marian Ursarescu-Romania
Let A € M;(R) invertible such that: Tr A = Tr A= = 1. Prove that:
det(42 + A+ 1) > 3detA
Proposed by Marian Ursarescu-Romania
If A € M;(R); Tr(A%) = 0;det = 1 then: det(42 + A + 1) > (Tr A)3
Proposed by Marian Ursarescu-Romania
Letbe A € Ms(R) such that AAT = Iy and Tr A = Tr A% = 0. Find A202°,

Proposed by Marian Ursarescu-Romania

p P p p
) {0 -p —p —DpJ. ) _ .
X1.68] IfA.B€M(@); AB=| " o |ip€Cp=00,=BA

o o 0 -p
Q, = (BA)™! then find: Q = Q% + (p2Q;1)?

Proposed by Marian Ursarescu-Romania

X1.69.| If A € M,(R); Tr A = det A = 1 then:det(4% + 34 + 3I,) > 5Tr(4™ ') + 3

Proposed by Marian Ursarescu-Romania
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If A € M,(Q),det ((1 —i)A+ \/514) = 0 then:det(4 + xI,) = 2x?,x € R

Proposed by Marian Ursarescu-Romania
X1.71.| If A € Mg(R) such that det(A* + pA? + p?I;) = det(A? + qlg) = 0,p,q € R then
find: QO = det(A).

Proposed by Marian Ursarescu-Romania

X1.72.| If A € M,(R) such that det(A* + 41,) = 0.Prove that: (detA)? = (trA)?.

Proposed by Marian Ursarescu-Romania

X1.73| If A € M,,(R); A3 = 2A? + 7TA + 41, then find: Q = det(4% — 34 + 31,)

Proposed by Marian Ursarescu-Romania

X1.74.| If A € M3(R), Tr A = det A = 1. Prove that: det(4? + A + I3) > 3Tr (471).
Proposed by Marian Ursarescu-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

12-CLASS-STANDARD

o= Romanian

ol Magazine

-
s

X1l.1| Sa se calculeze:

(o)
e
(1)

V2 /,

b) f xln (1 + e* 1"‘2) dx
_ﬁ/z

a)

Proposed by Florica Anastase
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s& se calculeze:

Vs
[ (x + 1)sinx

3+ cos?x
0
Proposed by Florica Anastase
X11.3.|Sa se calculeze:
V3
_ xarctgx
= f 1+ etox &
-3
Proposed by Florica Anastase
XI.4|If a > 1 then:
a
4log2 f2xtan‘1x —log(1 + x?) a?
+ x <
yis (1+x2)(tan"1x)2 tan-la

Proposed by Daniel Sitaru — Romania
XII.5.| Ifa,b,c >0,a + b + ¢ = 3 then:

2
fasinx dx+fbsinx dx +

0

smx dx < 3_7-[
2

Proposed by Daniel Sitaru — Romania

OR’NN

m If f:[a,b] » (0,0),0<a<b,f- contlnuous then:

6 f (L— F7G))(L+ f5(x))dx +5 f £12(x) dx = 5(b — a)

Proposed by Daniel Sitaru — Romania

Prove that:
1

f (Iog(l + x) log (g+ x)) x < —(f log(1 + x) dx)

Proposed by Daniel Sitaru — Romania

X11.8.| Prove that:
1
f tan—1x f (x +2)°
1+x2 1+ 2)4 16
0

Proposed by Daniel Sitaru — Romania
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X11.9.| Ifa,b,c > 0,a + b + c =9 then:

3 a Vbc
2 1 2 1 2
e* dx+§— e* dx24é e* dx
a 9—a
0 cyc 0 cyc 0

Proposed by Daniel Sitaru — Romania

X11.10.| Find without softs:
e

_ [ (e*(d +logx — log®x)
0= f( e2* + (xlogx)? dx
1

Proposed by Marin Chirciu — Romania

Find x € (Og) such that:

Find:

X
32 .
7sin2x + g f(sin t - log(25° ¢ + 2¢05° 1)) dx = 12x
—-X

Proposed by Daniel Sitaru — Romania

Proposed by Daniel Sitaru — Romania

X11.13.| Find without softs:

Find:

3T

10

Q—f X d
=) sinzx ™

T
5

Proposed by Daniel Sitaru — Romania

Proposed by Daniel Sitaru — Romania
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X11.15, Find without softs:
dx
) (1 +x2)(1+xlog” x)
Proposed by Daniel Sitaru — Romania
XI11.16/If a > 1 then:

XI1.17.| Prove:

Find:

X11.19.| Prove:

4(\/5—1)2+<f ’1——dx> < (a—1)?

Proposed by Daniel Sitaru — Romania

NI

T
. s
< f esmx+cosx—2 dx < —
2

0

Proposed by Jalil Hajimir-Canada

8 4 2 2
f(x2+x+l—F—F—F)6(x+x)dx

Proposed by Jalil Hajimir-Canada

1
T x(1—x) T
— < - dx < —
16 f sinmx + cosmx + 2 8
0

Proposed by Jalil Hajimir-Canada

Let f be continuous on [0,1]. If af (b) + bf (a) < 2;Va,b € [0,1], prove:

XI1.21. Prove:

mln\:wln

ff(x)dx <=

Proposed by Jalil Hajimir-Canada

T
((sec x)z secZx—1 + (CSC x)z csc xz—l) dx > —

V3

Proposed by Jalil Hajimir-Canada
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X11.22.
f sec x (sec x + tan x)" n(secx+tanx)® g, —9

Proposed by Jalil Hajimir-Canada

If f: [a, b] - (Og) ,f —continuous, a < b then:
b

b b b

fsinf(x)dx +%ftanf(y)dy+fcosf(t)dt+%fcotf(z)dz2 (V2+1)(b—a)

a a a a

Proposed by Daniel Sitaru — Romania
XI1.24.| Prove that:

a
m+4 (tan~1 x)? 1+sina-tan"ta
+ X =
T—4 (x —tan—1x)2 tan-la —a
1

a>1

Proposed by Daniel Sitaru — Romania

XI1.25/1fa,b,c € (0,1),a + b + ¢ = 1 then:

% 4—b 4

Ve
X3+ x2 +1\° x3 +x2+1\° ‘ x3 +x2+1\°
[(E2Erd) [ (Br2eay [ (Erreny,
x—1 x—1 x—1

0 0

0

Proposed by Daniel Sitaru — Romania

X11.26.| Prove without softs:

31T
f (1 +sinx)(1 + xsinx)(1 + xsinxcosx)

- dx>m
sinx cosx (1 + x cosx)

o &

Proposed by Jalil Hajimir-Canada

Let f € c1[0,1] and m < [f'(x)] < M;Vx € [0,1]
Prove: ~m? < flfz(x)dx— (flf(x)dx)2 e
" 10 - 70 0 12

Proposed by Jalil Hajimir-Canada, Dinu Serbdnescu — Romania

Prove that

1+x

1 (l (1 ))n 1 n+1 1
+
udx = (f arctan(l — x + x?) dx) .fx"‘l. V1-—x"dx,n eN-{0}
0

0 0

Proposed by Mohammed Bouras-Morocco
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X11.29,If f: [a, b] — [0, ), a < b, f - continuous, then:

b b ) .
I(W_F%)sdx_sz\/mdxz8fxf(x)dx+ff(x)dx+(b_2a)

Proposed by Daniel Sitaru — Romania

X11.30./If f: [a, b] = (0,0); a < b; f continuous, then:

b b b 2
3(b—a)ff2(x)dx+(b—a)2 z2(b—a)ff(x)dx+2<ff(x)dx>

Proposed by Daniel Sitaru — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

UNDERGRADUATE PROBLEMS

Romanian

Magazine

The Lucas numbers are defined as following: Ly = 2,L, = 1and L, = Ly4q + Ly,

then show that:

o Ly 10 1++5

Z—n(2n+l)5" =4-2 —l+\/§arctan 0 _
’ 2 , 2 25

_(5 + \/g) 1+—\/—§arCtan ( m) + |Og (1_9)

Proposed by Mokhtar Khassani-Algerie
General Version of Prof. Dan Sitaru’s limit. If b € N and
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n

¢(b) = lim,_,., < [ <f01 en dx>> then prove

y( 21 + __ plm + 1)
z!'l?o—<2' (¢(2))> : 7TeZe(eZ?’TT —j.)

Proposed by Naren Bhandari-Bajura-Nepal

Generalized version for Prof. Dan Sitaru’s problem
Find:
1 m
(k) = lL@W( Z (—1)fatietotion 1_[ ki)
1<k <k, <--<kmsn i=1

Proposed by Naren Bhandari-Bajura-Nepal

A modified old problem of Prof. Dan Sitaru. Prove that:

lim —z Z((Hk log k) (Hp—i+1 — log(m — k +1))) = y?

n—>oon2
m=1k=

where y is Euler’s Mascheroni constant
Proposed by Naren Bhandari-Bajura-Nepal
Bounding of Prof. Dan Sitaru’s limit by Naren. Prove that:

k(k+1) k(k +1)(2k + 1) 5e
B nm n(n T Dn+2) P < n(n+ D(n+2) > SIw

where1 < N <11and 12 < 7i € N < 8; notation exp(x) = e

Proposed by Naren Bhandari-Bajura-Nepal

Find:

AV (-1
Q= Z; <22”(2n Y D)@n+2+71) (Znn)>

Proposed by Naren Bhandari-Bajura-Nepal

Evaluate the following sum in a closed form:

°°< 1 1 1 1
Z6k+1 6k+2 6k+3 6k+4 6k+5 6k+6)

Proposed by Prem Kumar-India
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Evaluate the following sum:

- 1 1 1
Z ((4k T (4k+2) (@k+3) @k + 4)!)

k=0
Proposed by Prem Kumar-India
Let (x) denotes the prime counting function and p,, denotes the n** prime number.
Find:

n(n)

Proposed by Prem Kumar-India
Integrate:
1
Fx(1-x)
X — X
= f - dx
sin(mx)
0
Proposed by Prem Kumar-India
Find the closed form:
lamrats) : _
Q= Yyrmantil 8 Lyl = x — [x], [+] - great integer function

n2+1
Proposed by Mokhtar Khassani-Algerie

U.12, Evaluate the integral in a closed form:

. f In(L+ ) LipGe) |

1+ x2
0

Proposed by Mokhtar Khassani-Algerie

If a, = 3and a,,, + 2 = a2 then find: M = |Imn_,oon(3 V5 —3n H" )
j= 14§

Proposed by Mokhtar Khassani-Algerie

Evaluate:
n 2020
’ 1\ 2015
nm”<l—2(;) )
k=1
Proposed by Mokhtar Khassani-Algerie
Find all functions ¢(t) such that:
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T

j 60 = | (‘l’i") + e&> dx

1

2= (o))

1

Proposed by Mohammed Bouras-Morocco

0= tim2(2h, +10g(T -2
T PRV P

Proposed by Daniel Sitaru — Romania

Let p(x) = Zf_x,_,x ,n € N — {0}. Prove that:

for "n" times

bn (n’n +%> + ¢ (n’n —%) > 2¢,(Vn)

Proposed by Mohammed Bouras-Morocco

U.18]Let ¢, (m) = Y 1 91(m) = —, 9,(m) = "—;n,m € N — {0}

Find:

1+
1+
14—
1+m

N———
for “n” times division

Prove that: g, (m) = =22 Then ¢, (1) = [1— g (1= 22 + i [T 9,(D)
2n

m-Fp+Fp_q
F, — Fibonacci number
Proposed by Mohammed Bouras-Morocco
Let A = 4 numbers pair, (P;, P{) prime numbers
A=P,+P{ =P, +P,=--=P, + P, (nsolution)

A>Yr JP Pl ifn<2
Prove that:

A<y, P P ifn=3

Proposed by Mohammed Bouras-Morocco

Let¢n(a)=\/a+\/a+\/a+--~+\/c_l,a>0

for "n" times"a"
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T2

rOVG a . Imn—)oo ¢n(a)+m (j)n(a)—m 2

Proposed by Mohammed Bouras-Morocco

Let: ¢ = [, T 0
Prove that: ¢p;5 + ¢ = 2771 (sin (5) *+Cos (i_Z))

Proposed by Mohammed Bouras-Morocco

Prove the relation
fsin3 (2x) log(log(tan(x))) dx = %( 72(23) — >
A ~) —log (l o log G)
Of Of log (1og (%)) — log (1og (2) f f log(—10gGe)) — log(~Togy) ~
77(3)
71-2

Proposed by Srinivasa Raghava-AIRMC-India

Prove that:

f e + 1) Dy = n? s
w319 (1) ™ =3 16
0
Proposed by Srinivasa Raghava-AIRMC-India
Evaluate in a closed — form

f cos(\/_)

eZn\/— 1

Proposed by Srinivasa Raghava-AIRMC-India
U.25.|Prove the sum

12\ 1/2x57° 1 2x5x8)° 3vV3 /1y’
-3 Y - SEEY -
4\3 7\3x%x6 10\3x6x9 4(2m)> \3
Proposed by Srinivasa Raghava-AIRMC-India
U.26.JFor n > 1, prove the inequality:
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n(n+1)
1 f 1—cos(x)d - 1
n(n + 1)2 x2 G p—
mn
Proposed by Srinivasa Raghava-AIRMC-India
Evaluate the sum:
> i =
me1 n:1 2m F2n+1
— Fibonacci number
Proposed by Srinivasa Raghava-AIRMC-India
Solve for 8

[ (B + x coth(27x))?
cosh?(mx)

x=0

Proposed by Srinivasa Raghava-AIRMC-India
If for any complex number n, Re(n) >0, 8(n) = [~ e ™" dx

then show that

o]
n 3

1
f O(n)e ™ dx = En_TEF(

— 00

n+l)
2

Proposed by Srinivasa Raghava-AIRMC-India

2 1)?
Let, S(x) = [ 2 gy
then evaluate the integral in a closed — form

f?dx

Proposed by Srinivasa Raghava-AIRMC-India
Evaluate the sum

& (V5 +5—4sin? (7:1—") $? + cos (ZnTm)
2 (5 — 4sin? (%)) 3+ 2cos (ZnTm)

¢ — Golden Ratio

m=0

Proposed by Srinivasa Raghava-AIRMC-India
U.32, If
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then prove that: 9a(9a + 64) = 2176

Proposed by Srinivasa Raghava-AIRMC-India

i
S()=1"+2" +3" +4" + 5" + 6" + 7" + 8" + 9"
S(24n + 19) = 0 (mod 33 x 52)
Proposed by Srinivasa Raghava-AIRMC-India
107811 110778111 111077781111 111107777811111 111110777778111111
3 3 ’ 3 ’ 3 ’ 3 n

Prove that all the numbers in the above sequence are perfect cubes.
Proposed by Srinivasa Raghava-AIRMC-India

Prove this sharp inequality:

o0 1 o0 (_1)k
Zk!+ku>"’” K+ Kl
k=0 k=0

Proposed by Srinivasa Raghava-AIRMC-India

Forn >0
< 1 + —-nx
A(n) = f (A +x)e™™ do
] 1+ cosh(x)
then compute the integral in a closed — form
f A(n) e dn
0
Proposed by Srinivasa Raghava-AIRMC-India
Find without softs:

Q = [7(573+9%=7 — [573x"+9%-7]) g, [+] — great integer function

Proposed by Jalil Hajimir-Canada

Find without softs:

: T
sin(x + y) csc (x +y +Z) dx dy

2

I
o — .ln
o — .in

Proposed by Jalil Hajimir-Canada
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a
bbb
(x+y+2z)(xy+yz+2zx) (2a? +5ab + 2b?)(b — a)?
fff dxdydz <
xXyz ab
a a a

Proposed by Daniel Sitaru — Romania

If f: R — (0, 0), f —continuous, a,b € R,a < b then:

b b L4 PO (1t b b 2
f f (Iog<( (f xfgcgmy)’; 9)))) dxdy < (b - a) f fZ(x)dx—< f f(x)dx>
a a 14___7;__ a a

Proposed by Daniel Sitaru — Romania

U.41.
S nn+1D)n+2) .. -(n+a—1
Q(a) = lim Z"(n Yn+2) .. ta=D) N0

b—oco - (_b)n 1
Find:

0=y L

azzﬂ(a)

Proposed by Daniel Sitaru — Romania

x-0 xz

1
1 — (cos kx)xm+2
Qk(m)=2|im< ( ) ),k,mEN*

Find a closed form for:

o(§n) G

Proposed by Daniel Sitaru — Romania

U.43]1f1 < a < b then:

b
log <\/E F(b)> < f logx dx < log <b . F(b)>

Va-T(a) a-T'(a)

Proposed by Daniel Sitaru — Romania
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U.44]1f 0 < a < b then:

b b

ff dx dy (b—a)z(a2+ab+b2)
(x+ y)4 48a3b3

a a

Proposed by Daniel Sitaru — Romania
Inspired by Seyran Ibrahimov
Show that:

(00

f 1 d >7T
1—cosx + x? x 4
1

Proposed by Naren Bhandari-Nepal

Find:

1
0= Z) (625n4 + 125013 + 875n2 + 250n + 24)
n:

Proposed by Naren Bhandari-Nepal
Prove the following inequality

(o] (o] (o]
f dx f dx f dx
< <
1+ x2 1+ cosx + x2 1—cosx + x?
1 1 1

Proposed by Naren Bhandari-Nepal

c
~
o

n-o 3 nn—l

o Ja =k
O e ) )

where k > 0and 1 < k' < n. Find ®(k) + ®(k')

®(k) = lim <2+3;+4_3+_,,+M>

Proposed by Naren Bhandari-Nepal

- Let (a,)-, be asequence and let s, = a; + -+ a; = XX_, a,, beit’s k" partial
sum. The sequence (a,,) is called Cesaro summable, with Cesaro sum A € R, A, asitasn
tends to infinity the arithmetic mean of its first n partial sums sy, s,, ..., s,, tends to A:
lim, -0 %ZQ sk = A. Itis well known that
G=1-1+1-1+1-1+--
Is Grandi Series which is divergent in nature.

102| ROMANIAN MATHEMATICAL MAGAZINE NR. 31



Romanian Mathematical Society-Mehedinti Branch | 2021

. . N i N 1 . . .
However, the series G is Cesaro summable giving Cesaro sum 5 Now if we define a divergent

series C=1+4+9+16+ -
It is true that series C is also Cesaro summable?.If yes, find the sum.
Proposed by Naren Bhandari-Nepal
n € N — {0}, fixed, x4, x,, ..., x,, — are different in pairs. Find the greatest value of
M € N,n < M such that:
M

4074341 < Z \/xn + [xn + fXn o < 4074343

n=1
Proposed by Naren Bhandari-Nepal

Show that:

dx =

f e G 2]
e+t o)+ () 5
_ 8 8 1 19 1 7v105

= ?arctan (2 \/_) - \/—garctan <E) - \/Tsarctan <\/T5) + log <64—\/§> +3

{ }: the fractional part function

Proposed by Mokhtar Khassani-Algerie

o Of( Iog_;)

Proposed by Naren Bhandari-Nepal

Find a closed form:

Generalized version of Kays Tomy summation.Show that:

S e ) o

Notation: {x} represents fractional part of x and e ~ 2.718281 ... is Euler’s number.

Proposed by Naren Bhandari-Nepal

Prove that:

1

o w2 o3
IR (IR Ec
n—o RO

m=1 s= m=1

Proposed by Naren Bhandari-Nepal
Inspired by Mokhtar Khassani. Without Software, show that:
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dx|= 2019

10 f e *In(1 + x?) tan(l + 104x1°4)

1+ x10°
1

10%
where |. | denotes floor function.
Proposed by Naren Bhandari-Nepal
Prove that for all [k| > 1

22 Z Zk" k"m+kmn) =¢(2)+2{(3) +¢(4)

=2m=1n=1

where {(.) denotes Riemann Zeta Function

Proposed by Naren Bhandari-Nepal

Find the closed form:
o~ z H®
n(n+1) -8
Proposed by Mokhtar Khassani-Algerie
Compute:

. n+1 2n+ 3 n 2 1
lim < +\]Hn+1H2n+3 log(n + 1)( n+ 1 )> - \]HnHZn+1 |09(n)( n);l- )

n—-oo

Proposed by Mokhtar Khassani-Algerie

Find:
. SEAY
lim (e+1- ((2)—Zk—2
k=2
Proposed by Mokhtar Khassani-Algerie
Find:
(R D)) S
i=1 j= 1(1+l])(l+])
Proposed by Mokhtar Khassani-Algerie
Show that:

2 1
fxz log(2 + x)log(2 — x) dx = E(?ZLL'Z (Z) + 1441log? 2 — 54log3 — 612 + 31)
0

Proposed by Mokhtar Khassani-Algerie
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Show that:

o0 1
log x dy = s | F4(Z) 11I 25
fl+e2x+e4x+e6x x_1_609 2m3 _1_609

0

Proposed by Mokhtar Khassani-Algerie

Find:

(v k-(@n-2k-1)u
0= Z <k:O (k+1)!-(2+2n- 2k)!!>

n=0

Proposed by Daniel Sitaru — Romania

Find without softs (without Wolfram, MathCad, Maple, MathLab, Derive, etc)

ean -1

- f <sin(2016! (mod 2017) - x)> N

Proposed by Naren Bhandari-Nepal

Prove:

dx dydz = v2abc

2a 2b 2c
f f f ex+ey+ez+331/ex+y+z
A4 \/ex+y+1/ey+z+1/ez+x

Proposed by Jalil Hajimir-Canada

Let 0 < a < b. Prove:

2a 2b

xysSin./x 2
ff A J;C dx dy > g abVab
- (x+y)5|n(m)

Proposed by Jalil Hajimir-Canada

Prove that:

exp(—mn) _
Z nn+1)@2n+ 1))

n

= Ei <exp(2—n)> —2exp (g) V2r erfi (_exp\gz_ 2)) Y —log <exp;—n)> .

+2 exp <ex2pi—;r)> —2exp(m) +3

y: Euler- Mascheroni constant, Ei: exponential integral
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erfi: imaginary error function

Proposed by Mokhtar Khassani-Algerie
If: W(x) = A for [2x] < 1

n= 0 2n+1)(2n+3)(n+1)(31)

then show that:

277(2) n+logZ 13
64 6 3 72

f (W(x) + log(1 + x2)) x%dx =

Proposed by Mokhtar Khassani-Algerie

Find:
r arctan(x“)
M= f 1+x3+ x6
0
Proposed by Mokhtar Khassani-Algerie
2T
C O — I log 2 1 1 _ _
If.Q—Ilmn_,oon2<2”—O+°1% ——— [ x*cottx-e” w dx>
yofhon — _ 2 —1 (64
then show that: X, - Q= ﬁcoth (@)
E,: is the nt" Fibonacci number
Proposed by Mokhtar Khassani-Algerie
Prove that:
(1 1395117 ) _ 3(1260G — 1057 — 754)
3\7"2'2'2'2"2"'2" B 224
G: catalan’s constant
Proposed by Mokhtar Khassani-Algerie
Find:
2
X
Q= f (sec (E) - y/csc(2x) - log? (tan x)) dx
0
Proposed by Mokhtar Khassani-Algerie
Show that:

2

f{log(l + X)} |Og{l + x} dx = 2(1 — |og 2) _ %

{. }: is the fractional part function

Proposed by Mokhtar Khassani-Algerie
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Show that:
5 2y © V5 1
f +5|n(2x) dx—éarc5|n(3)—§+F+E
0
{.}: the fractional part function
Proposed by Mokhtar Khassani-Algerie
Prove that:
1
xlog?(1+x*)log(1—-x%) /1 (2, log* 2
f . dx = Li, (5) +(3)10g(2) — {(4) -2 log? 2 + 2
0
Proposed by Mokhtar Khassani-Algerie
If0 < a < b then:
b b
ff (1+ 1)(1+ 1)d d >2(b_a)2
x4 y4 X ="
Proposed by Daniel Sitaru — Romania
Find a closed form:
1 1\"
G
o Z (2 1] pem®
e 4 2
Proposed by Daniel Sitaru — Romania
Find a closed form:

e 1
B 2
n=1

Proposed by Daniel Sitaru — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS
JP.331. In acute AABC with the lengths BC = a,CA = b, AB = c. Prove that:

a(b+c—a)+b(c+a—b)+c(a+b—c)>3
B+c2—a? 2+a—b02 a2+bh:—_c2°—

Proposed by Hoang Le Nhat Tung-Vietnam

JP.332.1fx; > 1,Vi =1,n;n € N,n > 3 then prove:

logx, logx; logx, logi/x,;x; .. x,
log?(x3x;) log?(x3xixs) log?(x3x% .. x2_;x,) ~ logx,-log (x1x,x3 ... Xy,)

Proposed by Florica Anastase-Romania

JP.333. In AABC the following relationship holds:

T
JTalp +TpTc + 1Ty < \](ab + bc + ca) (2 + ﬁ)

Proposed by Nguyen Viet Hung -Vietnam

JP.334. In AABC the following relationship holds:

a+b b+c c+a 3R
+ + <
a—b+c b—c+a c—a+b ™ \2r

Proposed by Nguyen Viet Hung -Vietnam

JP.335Ifa, b,c > 0 such that ab + bc + ca < 3 then prove:
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1+1+1+ 1 N 1 N 1 >15
a? b? ¢ (a+b)?2 ((Bb+c)2 (c+a) 4

Proposed by Nguyen Viet Hung -Vietnam

JP.336 For all positive integers n > 3 prove that:

\/2n+1—1< 1 . 1 - 1 <\/2n
2 Vi++v2 J3++4 V2n—1++2n 2

Proposed by Nguyen Hung Viet -Vietham

JP.337.Ifa;, b; € (0,1); p,q € N*, n > 2 then prove:

Zp qu Zq pr
Zzoga, b Zzogb, z,,><ﬁ+f>

Proposed by Florica Anastase-Romania

JP.338 In AABC, P, Q€ Int(AABC) such that:
Bﬁ+y§ﬁ+f’f= 0 and m+a6§+_]3—(f =0,0,BvyERay*1
Prove that A, P, Q are collinear ifand only ifa +y =8 + 1.

Proposed by Florica Anastase-Romania

JP.339 Solve in real numbers the system:
{11(x4 —yH) +axy(x? +y*)+x=0
2(x* —y*) - 22xy(x* +y*) +y =0
Proposed by Florica Anastase-Romania
JP.340 Prove that :

1 3 1 V3
. -_1 v3 - 1 2400 V3 3400
sin10 R tan10 4tan 10 2 tan°10

Proposed by Pedro Henrique O. Pantoja -Brazil

22n_n2-1

n!

JP.341 Find all positive integers n such that: N =

Proposed by Pedro Henrique O. Pantoja -Brazil

109| ROMANIAN MATHEMATICAL MAGAZINE NR. 31



Romanian Mathematical Society-Mehedinti Branch | 2021

JP.342. Letbe ABCDA'B'C'D' cube with length side 1and M € BC,N € DD',P € A'B’.

Find minimum perimeter of A MNP.

Proposed by Florentin Visescu-Romania
JP.343 In acute AABC, g, —Gergonne’s cevian the following relationship holds:

ry /43 8R
max{g? - cosA, g} - cosB, g2 - cosC} > r? (1 + E) (? — W)

Proposed by Radu Diaconu-Romania

JP.344. Let a, b, ¢ be positive real numbers such that ab + bc + ca = 3. Prove that:
(3a® —3a + 2b% +34)(3b% — 3b + 2¢3 + 34)(3¢® — 3c + 2a + 34) > 6°
Proposed by Hoang Le Nhat Tung -Vietnam

JP.345.If a,b,c € C;|a|l = |b] = |c| = 3 then:

Z|a+3| +32|a2+1| +Z|a3+3| >18

cyc cyc cyc

Proposed by Daniel Sitaru — Romania
PROBLEMS FOR SENIORS

SP.331. If AABC has inradius r, circumradius R, sides lengthsa = BC,b = AC,c = AB,

and altitudes h,, hy,, h. from the vertices A4, B, C respectively, then:
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9r2<c +ah+b h<9R
R “b+c % c+a Y a+b

=4
Proposed by George Apostolopoulos-Greece

SP.322. Let a, b, c be the lengths of the sides of a triangle ABC with inradius r and

circumradius R. Prove that:

2 b? 2 3V6R
a + + ¢ < ve v R%2 — 2712

b+c c+a a+b~ 4r
Proposed by George Apostolopoulos-Greece
SP.333. Let x,y,z > 0 be positive real numbers such that x +y + z = 3.

Find the maximum value of expression:

P = X + Y 4+ z +(X+y)(y+z)(z+x)
2Jy+vz 2Vz++x 2Vx+.[y 16

Proposed by Hoang Le Nhat Tung -Vietnam
SP.334. Let x, y, z be a positive real numbers such that x + y + z = 1. Prove that:
(Bx2+1)(By*+1)(3z%2+1) = 27(xy + z)(yz + x)(zx + y)
Proposed by Hoang Le Nhat Tung -Vietnam

SP.335. Let x, y, z > 0 positive real numbers such that

(V54499 (15 ) ()=

Prove that: x +y + z > 3/xyz(x2 + xy + y2)(y? + yz + 22)(22 + zx + x2)
Proposed by Hong Le Nhat Tung -Vietnam
SP.336. Let x, y, z be a positive real numbers such that (x® + y°)(y® + z6)(z% + x¢) = 8
Prove that: (3x? — 4xy + 3y?)(3y? — 4yz + 32z%)(32z* — 4zx + 3x?) > 9

Proposed by Hoang Le Nhat Tung -Vietnam
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SP.337. Letx,y,z > 0.

1) Ifxy +yz+zx < 3(2vV3 —3) then /W +1 <3+ +1)(z+1).
2) Ifxy+yz+zx>3(2V3 -3)then

Jxy+yz+zx+1<,/(x+1)(y +1)(z+1).

Proposed by Florentin Visescu — Romania

SP.338.I1f t € [0,2m);n € N then:
|1+ cosnt + isinnt| + |1 + cos 2nt + isin 2nt| + |1 + cos 3nt + i sin 3nt| > 2
Proposed by Daniel Sitaru — Romania

SP.339. Solve for real numbers:

x* — 3x3
Jad —2x2 v 2x + 332 —x+ 1+ 2% 4x -3t =———+7

Proposed by Hoang Le Nhat Tung -Vietnam
SP.340. Find all pairs of integers (x, y) such that x* — 2x* —y2 -5y -3 =0
Proposed by George Apostolopoulos-Greece

SP.341. Let a, b, c be positive real numbers such that abc + ab + bc + ca = 4. Find the

maximum value of expression:

1 1 1
+

= +
J2a5+b3—2a2+26 +J2b5+c3—2b2+26 +/2¢5+ad—2c2+26

Proposed by Hoang Le Nhat-Tung -Vietnam

SP.342. Let a, b, c be positive real numbers such thata + b + ¢ + 1 = 4abc. Find the

minimum value of expression:

1 1 1
= + +
V2a5 —2a3 +b2+26 Y2b5—2b3+c2+26 /2¢5—2c¢3+a%+26

S

Proposed by Hoang Le Nhat-Tung -Vietnam

SP.343.Ifa,b,c € C; |al = |b]| = |c|] = 5 then:
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Z|a+5| + SZ:|a10 +1] +Z:|a11 +5|>30

cyc cyc cyc
Proposed by Daniel Sitaru — Romania

SP.344.1fn € N,n > 2 prove that:

n 1 —1(,n 2 1 —1(,n\" 1
m+f(tan (x )) dx > than (x™)/tan1xdx
0 0

Proposed by Florica Anastase—Romania

SP.345. Prove that in any triangle ABC,

b+c—a\’ c+a— b\’ a+b—-c\> 8r
) () () R

a (4

Proposed by Nguyen Viet Hung — Vietnam

UNDERGRADUATE PROBLEMS

UP.331.Ifa,b,c € (0,1),n € N,n > 2 then prove:
1 — sinasinb

_nf: >
Z(l sma) - Z 2n + 1 — sinasinb

cyc cyc

Proposed by Florica Anastase-Romania
UP.332. Let (x,,) =1, (V) n>1 b€ SEquences of positive real numbers such that:

1+ (n—1)a" (n+1)n"y
X1 > 1 X T Y1 > 0, ¥y = yﬁ+n“(n—ri)

nxn-1
.
Find: lim (%)""
Proposed by Florica Anastase-Romania
UP.333.If x, = a, +ib,,p = 1,4 are roots of the equation:
x* =2k +1)x2+2(k+1)%x%2 -2(k2+1)(k+1)x+ (k?+1)2 =0,k € R".

Then prove:
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4

a, k — |k|

Z arctg——=m+ 2 arctgk.
by k

p=1 P

Proposed by Florentin Visescu-Romania
UP.334. Letbe n € N* si A,, € Mg,(Q), such that

det(At +2A%2(1 —n? — k) + (1 + n® + k)?Ig,) = 0,V k = 1,2n. Then find:

1
lim det (— An>.
n—-oo n
Proposed by Florentin Visescu-Romania
UP.335.Ifa,b,c € (0,%),a+ b+ c=mand

n i+1

dx

I(n) = E f
(n) - (aetanax2 + petanby + cetanc)(ectancx? + ePtanbx + e“tana)
i=17

Then find maximum value of expression:

Proposed by Florica Anastase-Romania

UP.336.1f0 <a<b < gthen prove:

3(b—a)i/4(a+b) <3f dx
i/4(a + b) — sin4(a + b) J Y1 = cosdx

T
< cot2a — cot2b + 1

Proposed by Florica Anastase-Romania

UP.337.1f 0 < a < b then:

b b b
yzdxdydz (b—a)?(b + a) b
< log (=

3x% + 2y% + 72 12 a
a a a

Proposed by Daniel Sitaru-Romania

UP.338. Let a, b, ¢ be positive real numbers such that a? + b? + ¢* = 12. Prove that:

a? b? c? a? b? c?
— v+ + + > 12
<bc ca ba) <\/a3 +1 Vb3+1 Ve3+ 1>

Proposed by George Apostolopoulos
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UP.339. Prove that for any positive real numbers a, b, c:

a2+b2+c2+1( b+ )>9(a2+b2+c2)
b ¢ a 2 €= 2(a+b+0)

Proposed by Nguyen Viet Hung — Vietnam

UP.340. If 0 < a < b; f:[a, b] - [1, ©); f continuous, then:

b b 3
3(b—a)2f F(x)dx < 2(b— a)® + (f £(x) dx>

Proposed by Daniel Sitaru — Romania

UP.341. Find:

3 sin x
Q = lim f dx
n-o \ Jo cos x (1 + cos™x)
Proposed by Daniel Sitaru — Romania

UP.342. Prove thatif 0 < a < b then:

b 2 b b ﬂ 1/ab
1 1
<f l0gxdx> 2<f l0gxdx+f logxdx><f : ngdx+f 0gxdx>
a X % X fab X a X a X

Proposed by Daniel Sitaru — Romania

UP.343. Let a, b, c be positive real numbers such that a? + b? + ¢ = 3. Prove that:
2(a* + b* + ¢*) — (a® + b3 + ¢3) > 3abc
Proposed by George Apostolopoulos -Greece

UP.344. Let a, b, c be non-negative real numbers, no two of which are zero. Prove that:
a b c 1

+ + >
az+2(b+c)? b2+2(c+a)? c2+2(a+b)2 a+b+c

Proposed by Nguyen Viet Hung — Vietnam
UP.345. Let a, b, c be positive real numbers such that a? + b? + ¢ = 3. Prove that:

(a+b)(b+c)(c+a)—2abc <6
Proposed by George Apostolopoulos —Greece

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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NOTA: Pentru a publica probleme propuse, articole si note matematice in RMM puteti trimite
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