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2701.  

 

In 𝚫𝑨𝑩𝑪,𝑷 ∈ (𝑨𝑩,𝑸 ∈ (𝑩𝑪),𝑹 ∈ (𝑪𝑨) such that 𝑨𝑷 = 𝒂,𝑷𝑩 = 𝒃, 

𝑩𝑸 = 𝒄,𝑸𝑪 = 𝒅, 𝑪𝑹 = 𝒆,𝑹𝑨 = 𝒇. Prove that: 

𝒃𝒄

(𝒂 + 𝒃)(𝒄 + 𝒅)
+

𝒅𝒆

(𝒅 + 𝒄)(𝒆 + 𝒇)
+

𝒂𝒇

(𝒂 + 𝒃)(𝒆 + 𝒇)
< 1 

Proposed by Neculai Stanciu-Romania 
Solution by Adrian Popa-Romania 

 

𝒃𝒄

(𝒂 + 𝒃)(𝒄 + 𝒅)
+

𝒅𝒆

(𝒅 + 𝒄)(𝒆 + 𝒇)
+

𝒂𝒇

(𝒂 + 𝒃)(𝒆 + 𝒇)
< 1 

𝒃

𝒂 + 𝒃
⋅
𝒄

𝒄 + 𝒅
+ (𝟏 −

𝒄

𝒅 + 𝒄
)

𝒆

𝒆 + 𝒇
+ (𝟏 −

𝒃

𝒂 + 𝒃
)(𝟏 −

𝒆

𝒆 + 𝒇
) < 1 
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{
 
 

 
 

𝒃

𝒂 + 𝒃
= 𝒙; 𝒙 < 1

𝒄

𝒄 + 𝒅
= 𝒚; 𝒚 < 1

𝒆

𝒆 + 𝒇
= 𝒛; 𝒛 < 1

⇒ 𝒙𝒚 + (𝟏 − 𝒚)𝒛 + (𝟏 − 𝒙)(𝟏 − 𝒛) < 1 

⇔ 𝒙𝒚+ 𝒙𝒛 < 𝑥 + 𝑦𝑧 

𝒙𝒚 + 𝒙𝒛 < 𝑦 + 𝑥𝑧 <
(?)

𝒙 + 𝒛𝒚 

Case I. If 𝒚 > 𝑥 ⇒ 𝑦 − 𝑥 < 𝑧(𝒚 − 𝒙) true, because 𝒚 − 𝒙, 𝒛 ∈ (𝟎, 𝟏) 

Case II. If 𝒚 < 𝑥 ⇒ 𝑦 + 𝑥𝑧 <
(?)

𝒙 + 𝒛𝒚 ⇒ 𝒛(𝒙 − 𝒚) < 𝑥 − 𝑦 true, because 𝒙 − 𝒚, 𝒛 ∈ (𝟎, 𝟏) 

2702. If 𝒕 > 𝟎 then in 𝚫𝑨𝑩𝑪, 𝚫𝑨′𝑩′𝑪′ holds: 

∑(𝒂𝒂′)𝒕

𝒄𝒚𝒄

≥ 𝟑𝟏−𝒕 ⋅ 𝟒𝒕 ⋅ (𝒓𝒓′(𝒓 + 𝟒𝑹)(𝒓′ + 𝑹′))
𝒕
𝟐 

Proposed by Cristian Miu-Romania 

Solution by George Florin Şerban-Romania 

∑(𝒂𝒂′)𝒕

𝒄𝒚𝒄

≥
𝑨𝑴−𝑮𝑴

𝟑√∏(𝒂𝒂′)𝒕

𝒄𝒚𝒄

𝟑 ≥
(∗)

𝟑𝟏−𝒕 ⋅ 𝟒𝒕 ⋅ (𝒓𝒓′(𝒓 + 𝟒𝑹)(𝒓′ +𝑹′))
𝒕
𝟐 

(∗) ⇔ √∏(𝒂𝒂′)

𝒄𝒚𝒄

𝟑 ≥
𝟒

𝟑
√𝒓𝒓′(𝟒𝑹 + 𝒓)(𝟒𝑹′ − 𝒓′) 

√∏(𝒂𝒂′)

𝒄𝒚𝒄

𝟑 = √𝟒𝑹𝑹𝒔 ⋅ 𝟒𝑹′𝒓′𝒔′
𝟑

= √𝟏𝟔𝑹𝑹′𝒓𝒓′𝒔𝒔′
𝟑

≥
(∗∗) 𝟒

𝟑
√𝒓𝒓′(𝟒𝑹 + 𝒓)(𝟒𝑹′ − 𝒓′) 

𝟐𝟓𝟔𝑹𝟐𝑹′𝟐𝒓𝟐𝒓′𝟐𝒔𝟐𝒔′𝟐 ≥
𝟐𝟏𝟐

𝟑𝟔
𝒓𝟑𝒓′𝟑(𝟒𝑹 + 𝒓)𝟑(𝟒𝑹′ + 𝒓′)𝟑 

𝒔𝟐𝒔′𝟐 ≥
𝟏𝟔𝒓𝒓′(𝟒𝑹 + 𝒓)𝟑(𝟒𝑹′ + 𝒓′)𝟑

𝟑𝟔𝑹𝟐𝑹′𝟐
 

𝒔𝟐𝒔′𝟐 ≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)(𝟏𝑹′𝒓′ − 𝒓′𝟐) = 𝒓𝒓′(𝟏𝟔𝑹 − 𝟓𝒓)(𝟏𝟔𝑹′ − 𝟓𝒓′) ≥ 

≥
𝟐𝟏𝟐

𝟑𝟔
𝒓𝟑𝒓′𝟑(𝟒𝑹 + 𝒓)𝟑(𝟒𝑹′ + 𝒓′)𝟑 
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(𝟏𝟔𝑹 − 𝟓𝒓)(𝟏𝟔𝑹′ − 𝟓𝒓′) ≥
𝟒(𝟒𝑹 + 𝒓)𝟑

𝟑𝟑𝑹𝟐
⋅
𝟒(𝟒𝑹′ + 𝒓′)𝟑

𝟑𝟑𝑹′𝟐
 

We prove that: 

𝟏𝟔𝑹 − 𝟓𝒓 ≥
𝟒(𝟒𝑹 + 𝒓)𝟑

𝟑𝟑𝑹𝟐
⇔ 𝟏𝟕𝟔𝑹𝟑 − 𝟑𝟐𝟕𝑹𝟐𝒓 − 𝟒𝟖𝑹𝒓𝟐 − 𝟒𝒓𝟑 ≥ 𝟎; (𝒙 =

𝑹

𝒓
≥ 𝟐) ⇒ 

(𝒙 − 𝟐)(𝟏𝟕𝟔𝒙𝟐 + 𝟐𝟓𝒙 + 𝟐) ≥ 𝟎 which is clearly true from 𝒙 ≥ 𝟐. 

Therefore, 

∑(𝒂𝒂′)𝒕

𝒄𝒚𝒄

≥ 𝟑𝟏−𝒕 ⋅ 𝟒𝒕 ⋅ (𝒓𝒓′(𝒓 + 𝟒𝑹)(𝒓′ + 𝑹′))
𝒕
𝟐 

2703. In 𝜟𝑨𝑩𝑪 the following relationship holds 

𝟐𝑹∑
𝟏

𝒘𝒂
⋅ 𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
≥
𝟏𝟑

𝟒
+∑(

𝒂

𝒃 + 𝒄
)
𝟐

 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝟐𝑹∑
𝟏

𝒘𝒂
. 𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
= 𝟐𝑹∑

𝒃+ 𝒄

𝟐𝒃𝒄. 𝐜𝐨𝐬
𝑨
𝟐

.
𝒃 + 𝒄

𝒂
𝐬𝐢𝐧

𝑨

𝟐
=

𝑹

𝒂𝒃𝒄
∑(𝒃 + 𝒄)𝟐. 𝐭𝐚𝐧

𝑨

𝟐

=
𝟏

𝟒𝒔𝒓
∑(𝒃 + 𝒄)𝟐.

𝒓

𝒔 − 𝒂
= 

=
𝟏

𝟒𝒔
∑

[(𝒔 − 𝒂) + 𝒔]𝟐

𝒔 − 𝒂
=
𝟏

𝟒𝒔
[∑(𝒔 − 𝒂) +∑𝟐𝒔 +

𝒔

𝒓
∑𝒓𝒂] =

𝟕

𝟒
+
𝟒𝑹 + 𝒓

𝟒𝒓
= 𝟐 +

𝑹

𝒓
 

→ 𝟐𝑹∑
𝟏

𝒘𝒂
. 𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
= 𝟐 +

𝑹

𝒓
  (𝟏) 

∑(
𝒂

𝒃+ 𝒄
)
𝟐

  ≤⏞
𝑨𝑴−𝑮𝑴

  ∑
𝒂𝟐

𝟒𝒃𝒄
=

𝟏

𝟒𝒂𝒃𝒄
∑𝒂𝟑 =

𝟐𝒔(𝒔𝟐 − 𝟔𝑹𝒓 − 𝟑𝒓𝟐)

𝟒. 𝟒𝒔𝑹𝒓
=
𝒔𝟐 − 𝟔𝑹𝒓 − 𝟑𝒓𝟐

𝟖𝑹𝒓
 

→∑(
𝒂

𝒃 + 𝒄
)
𝟐

≤
𝒔𝟐 − 𝟔𝑹𝒓 − 𝟑𝒓𝟐

𝟖𝑹𝒓
  (𝟐) 

(𝟏), (𝟐) →  𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  𝟐 +
𝑹

𝒓
≥
𝟏𝟑

𝟒
+
𝒔𝟐 − 𝟔𝑹𝒓 − 𝟑𝒓𝟐

𝟖𝑹𝒓
 

↔ 𝟏𝟔𝑹𝒓 + 𝟖𝑹𝟐 ≥ 𝟐𝟔𝑹𝒓 + (𝒔𝟐 − 𝟔𝑹𝒓 − 𝟑𝒓𝟐) ↔ (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝒔𝟐) + 𝟒𝑹(𝑹 − 𝟐𝒓)

≥ 𝟎 
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𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓 (𝑹 ≥ 𝟐𝒓) 𝒂𝒏𝒅 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 ≥ 𝒔𝟐). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝟐𝑹∑
𝟏

𝒘𝒂
. 𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
≥
𝟏𝟑

𝟒
+∑(

𝒂

𝒃 + 𝒄
)
𝟐

 

2704. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝒘𝒂
𝒉𝒂
√𝒓𝒂 ≤ 𝟑√

𝑹

𝟐
(
𝑹𝟐

𝒓𝟐
−
𝑹

𝒓
+ 𝟏)  

Proposed by Kostas Geronikolas-Greece 

Solution 1 by Marian Ursărescu-Romania 

In any 𝚫𝑨𝑩𝑪 we have: 
𝒘𝒂

𝒉𝒂
≤ √

𝑹

𝟐𝒓
. We must show that: 

√
𝑹

𝟐𝒓
∑√𝒓𝒂
𝒄𝒚𝒄

≤ 𝟑√
𝑹

𝟐𝒓𝟐
(𝑹𝟐 − 𝑹𝒓 + 𝒓𝟐) ⇔ 

∑√𝒓𝒂
𝒄𝒚𝒄

≤ 𝟑√
𝑹𝟐 − 𝑹𝒓 + 𝒓𝟐

𝒓
⇔ (∑√𝒓𝒂

𝒄𝒚𝒄

)

𝟐

≤
𝟗(𝑹𝟐 − 𝑹𝒓 + 𝒓𝟐)

𝒓
; (𝟏) 

From Cauchy-Schwarz: (∑√𝒓𝒂)
𝟐
≤ 𝟑∑ 𝒓𝒂𝒄𝒚𝒄 ; (𝟐) 

From (1),(2) we must show that: ∑𝒓𝒂 ≤
𝟑(𝑹𝟐−𝑹𝒓+𝒓𝟐)

𝒓
; (𝟑) 

But: ∑𝒓𝒂 = 𝟒𝑹 + 𝒓; (𝟒). From (3),(4) we must show that 

(𝟒𝑹 + 𝒓)𝒓 ≤ 𝟑(𝑹𝟐 − 𝑹𝒓 + 𝒓𝟐) ⇔ 𝟒𝑹𝒓 + 𝒓𝟐 ≤ 𝟑𝑹𝟐 − 𝟑𝑹𝒓 + 𝟑𝒓𝟐 ⇔ 

𝟑𝑹𝟐 − 𝟕𝑹𝒓 + 𝟐𝒓𝟐 ≥ 𝟎 ⇔ (𝟑𝑹 − 𝟏)(𝑹 − 𝟐𝒓) ≥ 𝟎, which is true. 

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝒘𝒂 =
𝟐√𝒃𝒄

𝒃 + 𝒄
.√𝒔(𝒔 − 𝒂) ≤⏞

𝑨𝑴−𝑮𝑴

 √𝒔(𝒔 − 𝒂)  → 𝒘𝒂√𝒓𝒂 ≤ √𝒔(𝒔 − 𝒂)√
𝒔𝒓

𝒔 − 𝒂
= 𝒔√𝒓 

→∑
𝒘𝒂
𝒉𝒂
√𝒓𝒂 ≤ 𝒔√𝒓∑

𝟏

𝒉𝒂
= 𝒔√𝒓.

𝟏

𝒓
=
𝒔

√𝒓
 ≤⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟑√𝟑𝑹

𝟐√𝒓
 ≤⏞
?

 𝟑√
𝑹

𝟐
(
𝑹𝟐

𝒓𝟐
−
𝑹

𝒓
+ 𝟏) 
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↔ 
𝟑𝑹

𝟐𝒓
≤
𝑹𝟐

𝒓𝟐
−
𝑹

𝒓
+ 𝟏 ↔  (

𝑹

𝒓
− 𝟐) (

𝑹

𝒓
−
𝟏

𝟐
) ≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓 (

𝑹

𝒓
≥ 𝟐). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒘𝒂
𝒉𝒂
√𝒓𝒂 ≤ 𝟑√

𝑹

𝟐
(
𝑹𝟐

𝒓𝟐
−
𝑹

𝒓
+ 𝟏). 

2705. In 𝜟𝑨𝑩𝑪 

𝟏

𝟐
(
𝟒𝑹

𝒓
−
𝒓

𝑹
−
𝟏𝟏

𝟐
) ≤∑𝐜𝐨𝐭𝟐 𝑨 ≤  

𝟏

𝟐
(
𝟐𝑹𝟐

𝒓𝟐
−
𝟑𝑹

𝟐𝒓
− 𝟑) 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

∑𝐜𝐨𝐭𝟐 𝑨 =∑
𝐜𝐨𝐬𝟐 𝑨

𝐬𝐢𝐧𝟐 𝑨
=∑

𝟏− 𝐬𝐢𝐧𝟐 𝑨

𝐬𝐢𝐧𝟐 𝑨
=∑(

𝟒𝑹𝟐

𝒂𝟐
− 𝟏) =

𝟒𝑹𝟐

(𝒂𝒃𝒄)𝟐
∑𝒂𝟐𝒃𝟐 − 𝟑 = 

=
(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)𝟐 − 𝟏𝟔𝒔𝟐𝑹𝒓

𝟒𝒔𝟐𝒓𝟐
− 𝟑 =⏞

(𝒊) 𝒔𝟒 − 𝟐𝒔𝟐𝒓(𝟒𝑹 + 𝟓𝒓) + 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐𝒓𝟐
 

→∑𝐜𝐨𝐭𝟐 𝑨 ≤⏞
?

 
𝟏

𝟐
(
𝟐𝑹𝟐

𝒓𝟐
−
𝟑𝑹

𝟐𝒓
− 𝟑) ↔⏞

(𝒊)

 

 
𝒔𝟒 − 𝟐𝒔𝟐𝒓(𝟒𝑹 + 𝟓𝒓) + 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐𝒓𝟐
 ≤⏞
?

 
𝟒𝑹𝟐 − 𝟑𝑹𝒓 − 𝟔𝒓𝟐

𝟒𝒓𝟐
 

↔ 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐 ≤ 𝒔𝟐(𝟒𝑹𝟐 + 𝟓𝑹𝒓 + 𝟒𝒓𝟐 − 𝒔𝟐)

↔ 𝒔𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝒔𝟐) + 𝒔𝟐𝒓(𝑹 + 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐 ≥ 𝟎 

↔ 𝒔𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝒔𝟐) + 𝒓(𝑹 + 𝒓)[𝒔𝟐 − (𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)] + 𝟑𝒓𝟑(𝑹 − 𝟐𝒓) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝒂𝒏𝒅 𝑬𝒖𝒍𝒆𝒓 →   ∑𝐜𝐨𝐭𝟐 𝑨 ≤  
𝟏

𝟐
(
𝟐𝑹𝟐

𝒓𝟐
−
𝟑𝑹

𝟐𝒓
− 𝟑)  

𝟏

𝟐
(
𝟒𝑹

𝒓
−
𝒓

𝑹
−
𝟏𝟏

𝟐
)≤⏞
?

∑𝐜𝐨𝐭𝟐 𝑨 ↔⏞
(𝒊)

 
𝟖𝑹𝟐 − 𝟏𝟏𝑹𝒓 − 𝟐𝒓𝟐

𝟒𝑹𝒓

≤
𝒔𝟒 − 𝟐𝒔𝟐𝒓(𝟒𝑹 + 𝟓𝒓) + 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐𝒓𝟐
 

↔  𝑹𝒓𝟐(𝟒𝑹 + 𝒓)𝟐 ≥ 𝒔𝟐(𝟏𝟔𝑹𝟐𝒓 − 𝟐𝒓𝟑 − 𝑹𝒓𝟐 − 𝑹𝒔𝟐) (𝒊𝒊) 

𝑭𝒓𝒐𝒎 𝑩𝒍𝒖𝒏𝒅𝒐𝒏 − 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒏𝒅 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆  
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𝒔𝟐(𝟏𝟔𝑹𝟐𝒓 − 𝟐𝒓𝟑 − 𝑹𝒓𝟐 − 𝑹𝒔𝟐) ≤
𝑹(𝟒𝑹+ 𝒓)𝟐

𝟐(𝟐𝑹 − 𝒓)
[𝟏𝟔𝑹𝟐𝒓 − 𝟐𝒓𝟑 − 𝑹𝒓𝟐 − 𝑹(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)] 

=
𝑹(𝟒𝑹 + 𝒓)𝟐

𝟐(𝟐𝑹 − 𝒓)
(𝟒𝑹𝒓𝟐 − 𝟐𝒓𝟑) = 𝑹𝒓𝟐(𝟒𝑹 + 𝒓)𝟐  →  (𝒊𝒊) 𝒊𝒔 𝒕𝒓𝒖𝒆 

→  
𝟏

𝟐
(
𝟒𝑹

𝒓
−
𝒓

𝑹
−
𝟏𝟏

𝟐
) ≤∑𝐜𝐨𝐭𝟐 𝑨  

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,
𝟏

𝟐
(
𝟒𝑹

𝒓
−
𝒓

𝑹
−
𝟏𝟏

𝟐
) ≤∑𝐜𝐨𝐭𝟐 𝑨 ≤  

𝟏

𝟐
(
𝟐𝑹𝟐

𝒓𝟐
−
𝟑𝑹

𝟐𝒓
− 𝟑). 

2706. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

∑
𝒎𝒂

𝒉𝒂
≥
∑
𝒃 + 𝒄
𝒂

+ 𝝀∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂

𝟐(𝟏 + 𝝀)
, 𝝀 ≥ 𝟎   

  Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  𝒎𝒂 ≥⏞
𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏

 
𝒃𝟐 + 𝒄𝟐

𝟒𝑹
=
𝟏

𝟐
.
𝒃𝒄

𝟐𝑹
.
𝒃𝟐 + 𝒄𝟐

𝒃𝒄
 

=
𝒉𝒂
𝟐
(
𝒃

𝒄
+
𝒄

𝒃
) ↔

𝒃

𝒄
+
𝒄

𝒃
≤
𝟐𝒎𝒂

𝒉𝒂
 (𝟏) 

𝒎𝒂,𝒎𝒃,𝒎𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 ∶ 

 𝑭𝒎 =
𝟑

𝟒
𝑭,𝒎𝒂 =

𝟑

𝟒
𝒂, 𝒉𝒂 =

𝟐𝑭𝒎
𝒎𝒂

=
𝟑𝑭

𝟐𝒎𝒂
 

𝑰𝒏 𝜟𝒎𝒂𝒎𝒃𝒎𝒄, (𝟏)  ↔
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
≤
𝟐𝒎𝒂

𝒉𝒂
↔ 

𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
≤
𝟑

𝟐
𝒂.
𝟐𝒎𝒂

𝟑𝑭
=
𝟐𝒎𝒂

𝒉𝒂
 →

𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
≤
𝟐𝒎𝒂

𝒉𝒂
(𝟐) 

(𝟏), (𝟐)  → (
𝒃

𝒄
+
𝒄

𝒃
) + 𝝀 (

𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
) ≤ 𝟐(𝟏 + 𝝀)

𝒎𝒂

𝒉𝒂
, 𝝀 ≥ 𝟎     (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→∑
𝒃+ 𝒄

𝒂
+ 𝝀∑

𝒎𝒃 +𝒎𝒄

𝒎𝒂
=∑[(

𝒃

𝒄
+
𝒄

𝒃
) + 𝝀 (

𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
)] ≤ 𝟐(𝟏 + 𝝀)∑

𝒎𝒂

𝒉𝒂
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒎𝒂

𝒉𝒂
≥
∑
𝒃 + 𝒄
𝒂 + 𝝀∑

𝒎𝒃 +𝒎𝒄

𝒎𝒂

𝟐(𝟏 + 𝝀)
, 𝝀 ≥ 𝟎 
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2707. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟒𝒂𝟐𝒃𝟐𝒄𝟐

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
(∑𝒂𝒏𝒂𝒎𝒂

𝒄𝒚𝒄

)

𝟐

≥
𝟏

𝟐
∑𝒂𝟐(𝒃𝟐𝒏𝒃 + 𝒄

𝟐𝒏𝒄 − 𝒂
𝟐𝒏𝒂)

𝒄𝒚𝒄

+ 

+𝟐𝑭√(𝒂
𝟐𝒏𝒂 + 𝒃

𝟐𝒏𝒃 + 𝒄
𝟐𝒏𝒄)∏(𝒂𝟐𝒏𝒂 + 𝒃

𝟐𝒏𝒃 − 𝒄
𝟐𝒏𝒄)

𝒄𝒚𝒄

 

Proposed by Bogdan Fuștei-Romania 

Solution by proposer 

In 𝚫𝑨𝑩𝑪,𝑵𝒂 −Nagel’s point, we have: 𝑨𝑵𝒂 =
𝒂⋅𝒏𝒂

𝒔
(𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

If 𝑷 ∈ 𝑰𝒏𝒕(𝚫𝑨𝑩𝑪) and 𝑷𝑨 = 𝒙,𝑷𝑩 = 𝒚,𝑷𝑪 = 𝒛. Then 𝒂𝒙, 𝒃𝒚, 𝒄𝒛 can be the sides of a 

triangle. (Klamkin) 

𝒂𝑵𝒂𝑨, 𝒃𝑵𝒃𝑩, 𝒄𝑵𝒂𝑪 can be the sides of a triangle. 

𝒂𝟐𝒏𝒂, 𝒃
𝟐𝒏𝒃, 𝒄

𝟐𝒏𝒄 −can be sides of a triangle. 

𝑭𝟏 = [𝑨𝟏𝑩𝟏𝑪𝟏] are of triangle with sides 𝒂𝟏 = 𝒂
𝟐𝒏𝒂, 𝒃𝟏 = 𝒃

𝟐𝒏𝒃, 𝒄𝟏 = 𝒄
𝟐𝒏𝒄 ⇒ 

𝟒𝑭𝟏 = √(𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛)(𝒂𝒙 + 𝒃𝒚 − 𝒄𝒛)(𝒂𝒙 − 𝒃𝒚 + 𝒄𝒛)(−𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛), where 

𝒙 = 𝒂𝒏𝒂, 𝒚 = 𝒃𝒏𝒃, 𝒛 = 𝒄𝒏𝒄. 

In 𝚫𝑨𝑩𝑪 and 𝚫𝑨𝟏𝑩𝟏𝑪𝟏, 𝑷 ∈ 𝑰𝒏𝒕(𝚫𝑨𝑩𝑪), the following relationship holds: 

𝒂𝟏𝑷𝑨 + 𝒃𝟏𝑷𝑩 + 𝒄𝟏𝑷𝑪 ≥ √
𝟏

𝟐
∑𝒂𝟐(𝒃𝟏

𝟐 + 𝒄𝟏
𝟐 − 𝒂𝟏

𝟐) + 𝟖𝑭𝑭𝟏
𝒄𝒚𝒄

; (𝑩𝒐𝒕𝒕𝒆𝒎𝒂) 

Let 𝑲−point of intersection of symmedians in 𝚫𝑨𝑩𝑪 then, 𝑨𝑲 =

𝟐𝒃𝒄𝒎𝒂

𝒂𝟐+𝒃𝟐+𝒄𝟐
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔). 

(∑
𝟐𝒂𝟐𝒃𝒄 ⋅ 𝒎𝒂𝒏𝒂
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒄𝒚𝒄

)

𝟐

≥
𝟏

𝟐
∑𝒂𝟐(𝒃𝟐𝒏𝒃 + 𝒄

𝟐𝒏𝒄 − 𝒂
𝟐𝒏𝒂)

𝒄𝒚𝒄

+ 𝟖𝑭𝑭𝟏 

𝟒𝑭𝟏 = √(𝒂
𝟐𝒏𝒂 + 𝒃𝟐𝒏𝒃 + 𝒄𝟐𝒏𝒄)∏(𝒂𝟐𝒏𝒂 + 𝒃𝟐𝒏𝒃 − 𝒄𝟐𝒏𝒄)

𝒄𝒚𝒄
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Therefore, 

𝟒𝒂𝟐𝒃𝟐𝒄𝟐

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
(∑𝒂𝒏𝒂𝒎𝒂

𝒄𝒚𝒄

)

𝟐

≥
𝟏

𝟐
∑𝒂𝟐(𝒃𝟐𝒏𝒃 + 𝒄

𝟐𝒏𝒄 − 𝒂
𝟐𝒏𝒂)

𝒄𝒚𝒄

+ 

+𝟐𝑭√(𝒂
𝟐𝒏𝒂 +𝒃

𝟐𝒏𝒃 + 𝒄𝟐𝒏𝒄)∏(𝒂𝟐𝒏𝒂 +𝒃
𝟐𝒏𝒃 − 𝒄𝟐𝒏𝒄)

𝒄𝒚𝒄

 

2708. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

𝟏 ≤∑
𝑨𝑰𝟐

𝒂𝟐
≤ (

𝑹

𝟐𝒓
)
𝟒

   

  Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝑨𝑰𝟐

𝒂𝟐
 ≥⏞
∑𝒙𝟐≥∑𝒙𝒚

 ∑
𝑩𝑰

𝒃
.
𝑪𝑰

𝒄
=

𝟏

𝒂𝒃𝒄
∑𝒂.𝑩𝑰. 𝑪𝑰 ≥⏞

𝑯𝒂𝒚𝒂𝒔𝒉𝒊 𝑷=𝑰

 
𝟏

𝒂𝒃𝒄
. 𝒂𝒃𝒄 = 𝟏 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝑨𝑰𝟐 =
𝒓𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐

=
𝒓𝟐. 𝒃𝒄

(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝒓𝟐. 𝒃𝒄(𝒔 − 𝒂)

𝒔𝒓𝟐
= 𝒃𝒄 −

𝒂𝒃𝒄

𝒔

= 𝒃𝒄 − 𝟒𝑹𝒓. 

→ (𝒂𝒃𝒄)𝟐∑
𝑨𝑰𝟐

𝒂𝟐
= (𝒂𝒃𝒄)𝟐∑

𝒃𝒄− 𝟒𝑹𝒓

𝒂𝟐
=∑(𝒃𝒄)𝟑 − 𝟒𝑹𝒓∑(𝒃𝒄)𝟐 = 

= (∑𝒃𝒄)
𝟑

− 𝟑𝒂𝒃𝒄∏(𝒂 + 𝒃) − 𝟒𝑹𝒓 [(∑𝒃𝒄)
𝟐

− 𝟐𝒂𝒃𝒄∑𝒂] = 

= (𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)𝟐(𝒔𝟐 + 𝒓𝟐) − 𝟑. 𝟒𝑹𝒓𝒔. 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) + 𝟒𝑹𝒓. 𝟐. 𝟒𝑹𝒓𝒔. 𝟐𝒔 = 

= [𝒔𝟒 + 𝟐𝒓𝒔𝟐(𝟒𝑹 + 𝒓) + 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐](𝒔𝟐 + 𝒓𝟐) − 𝟐𝟒𝑹𝒓𝒔𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) + 𝟔𝟒𝑹𝟐𝒓𝟐𝒔𝟐 

= 𝒔𝟔 − 𝒓𝒔𝟒(𝟏𝟔𝑹 − 𝟑𝒓) + 𝒓𝟐𝒔𝟐(𝟑𝟐𝑹𝟐 − 𝟖𝑹𝒓 + 𝟑𝒓𝟐) + 𝒓𝟒(𝟒𝑹 + 𝒓)𝟐 

→ ∑
𝑨𝑰𝟐

𝒂𝟐
=
𝒔𝟔 − 𝒓𝒔𝟒(𝟏𝟔𝑹 − 𝟑𝒓) + 𝒓𝟐𝒔𝟐(𝟑𝟐𝑹𝟐 − 𝟖𝑹𝒓 + 𝟑𝒓𝟐) + 𝒓𝟒(𝟒𝑹 + 𝒓)𝟐

𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐
 ≤⏞
?

 (
𝑹

𝟐𝒓
)
𝟒

 

↔ 𝒓𝟔(𝟒𝑹 + 𝒓)𝟐 ≤ 𝒔𝟐[𝑹𝟔 − 𝟑𝟐𝑹𝟐𝒓𝟒 + 𝟖𝑹𝒓𝟓 − 𝟑𝒓𝟔 − 𝒓𝟐𝒔𝟐(𝒔𝟐 − 𝟏𝟔𝑹𝒓 + 𝟑𝒓𝟐)] (∗) 

𝑳𝒆𝒕 𝒇(𝒔) = 𝒔𝟐(𝒔𝟐 − 𝟏𝟔𝑹𝒓 + 𝟑𝒓𝟐)  →  𝒇′(𝒔) = 𝟐𝒔(𝟐𝒔𝟐 − 𝟏𝟔𝑹𝒓 + 𝟑𝒓𝟐) ≥⏞
𝟐𝒔𝟐≥𝟐𝟕𝑹𝒓

 𝟎 

→ 𝒇 − 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 
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→ 𝑹𝑯𝑺(∗) ≥⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 𝟐𝟕𝒓𝟐[𝑹𝟔 − 𝟑𝟐𝑹𝟐𝒓𝟒 + 𝟖𝑹𝒓𝟓 − 𝟑𝒓𝟔

− 𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)(𝟒𝑹𝟐 − 𝟏𝟐𝑹𝒓 + 𝟔𝒓𝟐)] = 

= 𝟐𝟕𝒓𝟐(𝑹𝟔 − 𝟏𝟔𝑹𝟒𝒓𝟐 + 𝟑𝟐𝑹𝟑𝒓𝟑 − 𝟐𝟎𝑹𝟐𝒓𝟒 + 𝟐𝟎𝑹𝒓𝟓 − 𝟐𝟏𝒓𝟔) ≥⏞
?

 𝒓𝟔(𝟒𝑹 + 𝒓)𝟐  

↔ 𝟐𝟕𝑹𝟔 − 𝟒𝟑𝟐𝑹𝟒𝒓𝟐 + 𝟖𝟔𝟒𝑹𝟑𝒓𝟑 − 𝟓𝟓𝟔𝑹𝟐𝒓𝟒 + 𝟓𝟑𝟐𝑹𝒓𝟓 − 𝟓𝟔𝟖𝒓𝟔  ≥ 𝟎  

↔ (𝑹− 𝟐𝒓){(𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟐𝟕𝑹𝟑 + 𝟏𝟔𝟐𝑹𝟐𝒓 + 𝟐𝟏𝟔𝑹𝒓𝟐 + 𝟒𝟑𝟐𝒓𝟑) + 𝟕𝟒𝟎𝒓𝟒]

+ 𝟑𝟔𝒓𝟓}  ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓 (𝑹 ≥ 𝟐𝒓)   →  ∑
𝑨𝑰𝟐

𝒂𝟐
≤ (

𝑹

𝟐𝒓
)
𝟒

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝟏 ≤∑
𝑨𝑰𝟐

𝒂𝟐
≤ (

𝑹

𝟐𝒓
)
𝟒

. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐀𝐈𝟐 = 𝐛𝐜 − 𝟒𝐑𝐫 ⇔ (
𝐫

(
𝐫
𝟒𝐑
)
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
)

𝟐

= 𝟏𝟔𝐑𝟐𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
− 𝟏𝟔𝐑𝟐𝐬𝐢𝐧

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
⇔ 𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐

= 𝐜𝐨𝐬
𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
⇔ 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
= 𝐬𝐢𝐧

𝐀

𝟐
→ 𝐭𝐫𝐮𝐞 

∴ 𝐀𝐈𝟐 = 𝐛𝐜 − 𝟒𝐑𝐫 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒∑
𝐀𝐈𝟐

𝒂𝟐
=∑

𝐛𝟐𝐜𝟐(𝐛𝐜 − 𝟒𝐑𝐫)

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

=
𝟏

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
((∑𝐛𝐜)

𝟑

− 𝟑. 𝟒𝐑𝐫𝐬. 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

− 𝟒𝐑𝐫((∑𝐛𝐜)
𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐)) 

=
𝟏

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟑
− 𝟑. 𝟒𝐑𝐫𝐬. 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

− 𝟒𝐑𝐫 ((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐)) ≤ (

𝐑

𝟐𝐫
)
𝟒

 

⇔ 𝐫𝟐𝐬𝟔 − 𝐫𝟑(𝟏𝟔𝐑 − 𝟑𝐫)𝐬𝟒 − (𝐑𝟔 − 𝟑𝟐𝐑𝟐𝐫𝟒 + 𝟖𝐑𝐫𝟓 − 𝟑𝐫𝟔)𝐬𝟐 + 𝐫𝟔(𝟒𝐑 + 𝐫)𝟐 ≤⏞
(∗)

𝟎 



 
www.ssmrmh.ro 

12 RMM-TRIANGLE MARATHON 2701-2800 

 

𝐍𝐨𝐰,𝐑𝐨𝐮𝐜𝐡𝐞 ⇒ 𝐬𝟐 − (𝐦 − 𝐧) ≥ 𝟎 𝐚𝐧𝐝 𝐬𝟐 − (𝐦 + 𝐧) ≤ 𝟎,𝐰𝐡𝐞𝐫𝐞 𝐦 = 𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 𝐚𝐧𝐝 𝐧

= 𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫 ∴ (𝐬𝟐 − (𝐦+ 𝐧)) (𝐬𝟐 − (𝐦 − 𝐧)) ≤ 𝟎 

⇒ 𝐬𝟒 − 𝐬𝟐(𝟐𝐦) +𝐦𝟐 − 𝐧𝟐 ≤ 𝟎 ⇒ 𝐬𝟒 − (𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≤ 𝟎

⇒ 𝐫𝟐𝐬𝟔 − 𝐫𝟐𝐬𝟒(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑𝐬𝟐

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 

𝐩𝐫𝐨𝐯𝐞 ∶ 𝐫𝟐𝐬𝟔 − 𝐫𝟑(𝟏𝟔𝐑− 𝟑𝐫)𝐬𝟒 − (𝐑𝟔 − 𝟑𝟐𝐑𝟐𝐫𝟒 + 𝟖𝐑𝐫𝟓 − 𝟑𝐫𝟔)𝐬𝟐 + 𝐫𝟔(𝟒𝐑+ 𝐫)𝟐

≤ 𝐫𝟐𝐬𝟔 − 𝐫𝟐𝐬𝟒(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑𝐬𝟐 

⇔ 𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − (𝐑𝟔 + 𝟔𝟒𝐑𝟑𝐫𝟑 + 𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟐𝟎𝐑𝐫𝟓 − 𝟐𝐫𝟔)𝐬𝟐 + 𝐫𝟔(𝟒𝐑 + 𝐫)𝟐 ≤⏞
(∗∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≤⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

− (𝐑𝟔 + 𝟔𝟒𝐑𝟑𝐫𝟑 + 𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟐𝟎𝐑𝐫𝟓 − 𝟐𝐫𝟔)) 𝐬𝟐 + 𝐫𝟔(𝟒𝐑 + 𝐫)𝟐≤⏞
?

𝟎 

⇔ (𝐑𝟔 − 𝟏𝟔𝐑𝟒𝐫𝟐 + 𝟑𝟐𝐑𝟑𝐫𝟑 − 𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟒𝐑𝐫𝟓 − 𝟓𝐫𝟔)𝐬𝟐 − 𝐫𝟔(𝟒𝐑 + 𝐫)𝟐 ≥⏞
?

⏟
(∗∗∗)

𝟎 

𝐍𝐨𝐰,𝐑𝟔 − 𝟏𝟔𝐑𝟒𝐫𝟐 + 𝟑𝟐𝐑𝟑𝐫𝟑 − 𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟒𝐑𝐫𝟓 − 𝟓𝐫𝟔

= (𝐑 − 𝟐𝐫) ((𝐑 − 𝟐𝐫)(𝐑𝟐(𝐑𝟐 − 𝟒𝐫𝟐) + 𝟒𝐑𝟑𝐫) + 𝟒𝐫𝟒) + 𝟑𝐫𝟓 > 𝟎 ∵ 𝐑 − 𝟐𝐫 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟎

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝐑𝟔 − 𝟏𝟔𝐑𝟒𝐫𝟐 + 𝟑𝟐𝐑𝟑𝐫𝟑 − 𝟏𝟔𝐑𝟐𝐫𝟒 + 𝟒𝐑𝐫𝟓 − 𝟓𝐫𝟔)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫𝟔(𝟒𝐑+ 𝐫)𝟐≥⏞
?

𝟎

⇔ 𝟏𝟔𝐭𝟕 − 𝟓𝐭𝟔 − 𝟐𝟓𝟔𝐭𝟓 + 𝟓𝟗𝟐𝐭𝟒 − 𝟒𝟏𝟔𝐭𝟑 + 𝟏𝟐𝟖𝐭𝟐 − 𝟏𝟎𝟖𝐭 + 𝟐𝟒≥⏞
?

𝟎 (𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟏𝟔𝐭𝟒 + 𝟗𝟏𝐭𝟑 + 𝟗𝟖𝐭𝟐 + 𝟐𝟏𝟔𝐭 + 𝟒𝟑𝟐) + 𝟗𝟏𝟐) + 𝟖𝟒)≥⏞
?

𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐭 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ ∑
𝐀𝐈𝟐

𝒂𝟐
≤ (

𝐑

𝟐𝐫
)
𝟒

 

𝐀𝐠𝒂𝐢𝐧, ∵ ∀ 𝐏 𝐢𝐧 𝐭𝐡𝐞 𝐩𝒍𝒂𝐧𝐞 𝐨𝐟 ∆ 𝐀𝐁𝐂,∑
𝐀𝐏

𝒂
≥ √𝟑 ∴∑

𝐀𝐈

𝒂
≥ √𝟑 ⇒∑

𝐀𝐈𝟐

𝒂𝟐
≥
𝟏

𝟑
(∑

𝐀𝐈

𝒂
)
𝟐

≥
𝟏

𝟑
(√𝟑)

𝟐
= 𝟏 ∴ 𝟏 ≤∑

𝐀𝐈𝟐

𝒂𝟐
 (𝐐𝐄𝐃) 
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2709. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

𝑹

𝟐𝒓
∑𝒏𝒂 ≥ √

𝟏

𝟖𝒓𝟐
∑𝒂𝟐(𝒎𝒃

𝟐 +𝒎𝒄
𝟐 −𝒎𝒂

𝟐) +
𝟑

𝟐
𝒔𝟐 

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑹

𝟐𝒓
∑𝒏𝒂 ≥⏞

(∗)

√
𝟏

𝟖𝒓𝟐
∑𝒂𝟐(𝒎𝒃

𝟐 +𝒎𝒄
𝟐 −𝒎𝒂

𝟐) +
𝟑

𝟐
𝒔𝟐 

𝟒(𝒎𝒃
𝟐 +𝒎𝒄

𝟐 −𝒎𝒂
𝟐) = (𝟐𝒄𝟐 + 𝟐𝒂𝟐 − 𝒃𝟐) + (𝟐𝒂𝟐 + 𝟐𝒃𝟐 − 𝒄𝟐) − (𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)

= 𝟓𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐 

→ 𝟒∑𝒂𝟐(𝒎𝒃
𝟐 +𝒎𝒄

𝟐 −𝒎𝒂
𝟐) =∑𝒂𝟐(𝟓𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐) = 𝟓∑𝒂𝟒 − 𝟐∑𝒂𝟐𝒃𝟐 = 

= 𝟐(∑𝒂𝟐)
𝟐

− 𝟑(𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒) = 𝟐 (∑𝒂𝟐)
𝟐

− 𝟑. 𝟏𝟔𝑭𝟐 

→ 𝑹𝑯𝑺(∗) = √
𝟏

𝟖𝒓𝟐
.
𝟏

𝟒
[𝟐 (∑𝒂𝟐)

𝟐

− 𝟑. 𝟏𝟔𝒔𝟐𝒓𝟐] +
𝟑

𝟐
𝒔𝟐 = √

𝟏

𝟏𝟔𝒓𝟐
(∑𝒂𝟐)

𝟐

=
𝟏

𝟒𝒓
∑𝒂𝟐 

→ (∗)  ↔  
𝑹

𝟐𝒓
∑𝒏𝒂 ≥

𝟏

𝟒𝒓
∑𝒂𝟐  ↔  ∑𝒏𝒂 ≥∑

𝒃𝟐 + 𝒄𝟐

𝟒𝑹
 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 ∶  𝒏𝒂 ≥ 𝒎𝒂 ≥⏞
𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏

 
𝒃𝟐 + 𝒄𝟐

𝟒𝑹
 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,
𝑹

𝟐𝒓
∑𝒏𝒂 ≥ √

𝟏

𝟖𝒓𝟐
∑𝒂𝟐(𝒎𝒃

𝟐 +𝒎𝒄
𝟐 −𝒎𝒂

𝟐) +
𝟑

𝟐
𝒔𝟐. 

2710.  

Prove that: 𝟑𝒂 > 𝒃 + 𝒄. 

 

 

 

 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by Jose Ferreira Queiroz-Olinda-Brazil 

Let 𝑴 be any point in plane of triangle 𝑨𝑩𝑪, so 

𝒂𝑴𝑨𝟐 + 𝒃𝑴𝑩𝟐 + 𝒄𝑴𝑪𝟐 = 𝟐𝒔 ⋅ 𝑴𝑰𝟐 + 𝒂𝒃𝒄; (𝟏) 
𝒔𝑴𝑵𝒂

𝟐 = (𝒔 − 𝒂)𝑴𝑨𝟐 + (𝒔 − 𝒃)𝑴𝑩𝟐 + (𝒔 − 𝒄)𝑴𝑪𝟐 + 𝟒𝒓𝟐𝒔 − 𝟒𝑹𝒓𝒔; (𝟐) 
Observe that: 𝑴𝑩 = 𝑴𝑪 = 𝑴𝑼 = 𝑴𝑵𝒂 = 𝑹𝒘; (𝟑) 

From (1),(3): 𝑴𝑨𝟐 − 𝑹𝒘
𝟐 = 𝒃𝒄 

From (2),(3): (𝒔 − 𝒂)(𝑴𝑨𝟐 − 𝑹𝒘
𝟐 ) = 𝟒𝒔𝑹𝒓 − 𝟒𝒔𝒓𝟐. We get: 

(𝒔 − 𝒂)𝒃𝒄 = 𝟒𝑹𝒓𝒔 − 𝟒𝒔𝒓𝟐, 𝒔𝒃𝒄 − 𝒂𝒃𝒄 = 𝒂𝒃𝒄 − 𝟒𝒔𝒓𝟐 
𝒃𝒄(𝒂 + 𝒃 + 𝒄) = 𝟒𝒂𝒃𝒄 − 𝟖𝒔𝒓𝟐, 𝒂𝒃𝒄 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 = 𝟒𝒂𝒃𝒄 − 𝟖𝒔𝒓𝟐 

𝟑𝒂𝒃𝒄 = 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝟖𝒔𝒓𝟐, 𝟑𝒂 = 𝒃 + 𝒄 +
𝟖𝒔𝒓𝟐

𝒃𝒄
⇒ 𝟑𝒂 > 𝑏 + 𝑐 

2711. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

∑𝐜𝐨𝐬
𝑨

𝟐
(
𝒎𝒃

𝒉𝒃
+
𝒎𝒄

𝒉𝒄
−
𝒎𝒂

𝒉𝒂
) ≥ √𝟐∑𝐜𝐨𝐬

𝑨

𝟐
. 𝐜𝐨𝐬

𝑩

𝟐
−∑

𝒓𝒂
𝟐𝑹
.√𝟐∑

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂
𝟐

𝒉𝒂
𝟐   

 Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑰 𝒂𝒏𝒅 𝑮 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 𝜟𝑨𝑩𝑪, 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚.𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕

∶ 𝑨𝑰 =
𝒓

𝐬𝐢𝐧
𝑨
𝟐

, 𝑨𝑮 =
𝟐

𝟑
𝒎𝒂.𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 

 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ (𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪) 𝒂𝒏𝒅 (𝒂𝑮𝑨, 𝒃𝑮𝑩, 𝒄𝑮𝑪) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = 𝟒𝑹𝒓 𝐜𝐨𝐬
𝑨

𝟐
 →  𝐜𝐨𝐬

𝑨

𝟐
, 𝐜𝐨𝐬

𝑩

𝟐
, 𝐜𝐨𝐬

𝑪

𝟐
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒎, 𝒏, 𝒑 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒏𝒈𝒍𝒆, 𝒕𝒉𝒆𝒏 √𝒎,√𝒏,√𝒑 𝒄𝒂𝒏 𝒃𝒆 𝒂𝒍𝒔𝒐 

 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

(∴ (√𝒎+ √𝒏)
𝟐
= (𝒎+ 𝒏) + 𝟐√𝒎𝒏 > √𝒑

 𝟐
) 

→ √𝐜𝐨𝐬
𝑨

𝟐
,√𝐜𝐨𝐬

𝑩

𝟐
,√𝐜𝐨𝐬

𝑪

𝟐
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝟏 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏

=
𝟏

𝟒
√𝟐∑𝐜𝐨𝐬

𝑨

𝟐
. 𝐜𝐨𝐬

𝑩

𝟐
−∑𝐜𝐨𝐬𝟐

𝑨

𝟐
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝐜𝐨𝐬𝟐
𝑨

𝟐
=∑

𝟏+ 𝐜𝐨𝐬𝑨

𝟐
= 𝟐 +

𝒓

𝟐𝑹
=
𝟒𝑹 + 𝒓

𝟐𝑹
=∑

𝒓𝒂
𝟐𝑹
 →  𝑭𝟏

=
𝟏

𝟒
√𝟐∑𝐜𝐨𝐬

𝑨

𝟐
. 𝐜𝐨𝐬

𝑩

𝟐
−∑

𝒓𝒂
𝟐𝑹

 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑮𝑨 =
𝟒𝒔𝒓

𝟑
.
𝒎𝒂

𝒉𝒂
 →  

𝒎𝒂

𝒉𝒂
,
𝒎𝒃

𝒉𝒃
,
𝒎𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 

→ √
𝒎𝒂

𝒉𝒂
, √
𝒎𝒃

𝒉𝒃
, √
𝒎𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝟐 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟐

=
𝟏

𝟒
√𝟐∑

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂
𝟐

𝒉𝒂
𝟐  

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒘𝒐 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝑿𝒀𝒁 𝒂𝒏𝒅 𝜟𝑼𝑽𝑾 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺𝟏 𝒂𝒏𝒅 𝑺𝟐  

𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒙𝟐(𝒗𝟐 +𝒘𝟐 − 𝒖𝟐) ≥ 𝟏𝟔𝑺𝟏𝑺𝟐  (𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆) 

→ 𝑭𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝟏 𝒂𝒏𝒅 𝜟𝟐, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝐜𝐨𝐬
𝑨

𝟐
(
𝒎𝒃

𝒉𝒃
+
𝒎𝒄

𝒉𝒄
−
𝒎𝒂

𝒉𝒂
) ≥ 𝟏𝟔𝑭𝟏𝑭𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

∑𝐜𝐨𝐬
𝑨

𝟐
(
𝒎𝒃

𝒉𝒃
+
𝒎𝒄

𝒉𝒄
−
𝒎𝒂

𝒉𝒂
) ≥ √𝟐∑𝐜𝐨𝐬

𝑨

𝟐
. 𝐜𝐨𝐬

𝑩

𝟐
−∑

𝒓𝒂
𝟐𝑹
.√𝟐∑

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂
𝟐

𝒉𝒂
𝟐  

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐏𝐫𝐨𝐨𝐟 ∶  
𝐕𝐢𝒂 𝐏𝐭𝐨𝐥𝐞𝐦𝐲′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐨𝐧 𝐪𝐮𝒂𝐝𝐫𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝐥 𝐀𝐁𝐐𝐂, 𝐀𝐁. 𝐂𝐐 + 𝐀𝐂. 𝐁𝐐 ≥ 𝐀𝐐.𝐁𝐂

⇒ 𝐜.
𝟐𝐦𝐛

𝟑
+ 𝐛.

𝟐𝐦𝐜

𝟑
≥
𝟒𝐦𝒂

𝟑
. 𝒂 ⇒ 𝐜𝐦𝐛 + 𝐛𝐦𝐜 ≥ 𝟐𝒂𝐦𝒂 

⇒⏞
𝐮𝐩𝐨𝐧 𝐬𝐪𝐮𝒂𝐫𝐢𝐧𝒈

𝐜𝟐𝐦𝐛
𝟐 + 𝐛𝟐𝐦𝐜

𝟐 + 𝟐𝐛𝐜𝐦𝐛𝐦𝐜 ≥ 𝟒𝒂
𝟐𝐦𝒂

𝟐 ⇒ 𝟖𝐛𝐜𝐦𝐛𝐦𝐜 ≥⏞
(𝐢)

𝟏𝟔𝒂𝟐𝐦𝒂
𝟐 − 𝟒𝐜𝟐𝐦𝐛

𝟐 − 𝟒𝐛𝟐𝐦𝐜
𝟐 

𝐍𝐨𝐰, (𝟐𝐛𝐦𝐛 + 𝟐𝐜𝐦𝐜)
𝟐 − 𝟒𝒂𝟐𝐦𝒂

𝟐

= 𝟒𝐛𝟐𝐦𝐛
𝟐 + 𝟒𝐜𝟐𝐦𝐜

𝟐 + 𝟖𝐛𝐜𝐦𝐛𝐦𝐜 − 𝟒𝒂
𝟐𝐦𝒂

𝟐 ≥⏞
𝐯𝐢𝒂 (𝐢)

𝟒𝐛𝟐𝐦𝐛
𝟐 + 𝟒𝐜𝟐𝐦𝐜

𝟐 + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

− 𝟒𝐜𝟐𝐦𝐛
𝟐 − 𝟒𝐛𝟐𝐦𝐜

𝟐 



 
www.ssmrmh.ro 

16 RMM-TRIANGLE MARATHON 2701-2800 

 

= 𝐛𝟐(𝟒𝐦𝐛
𝟐 − 𝟒𝐦𝐜

𝟐) − 𝐜𝟐(𝟒𝐦𝐛
𝟐 − 𝟒𝐦𝐜

𝟐) + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

= (𝐛𝟐 − 𝐜𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐 − 𝟐𝒂𝟐 − 𝟐𝐛𝟐 + 𝐜𝟐) + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

= 𝟑(𝒂𝟐. 𝟒𝐦𝒂
𝟐 − (𝐛𝟐 − 𝐜𝟐)

𝟐
) 

= 𝟑(𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) − 𝐛𝟒 − 𝐜𝟒 + 𝟐𝐛𝟐𝐜𝟐) = 𝟑(𝟐∑𝒂𝟐𝐛𝟐 −∑𝒂𝟒) = 𝟒𝟖𝐅𝟐 > 0

⇒ (𝟐𝐛𝐦𝐛 + 𝟐𝐜𝐦𝐜)
𝟐 > 𝟒𝒂𝟐𝐦𝒂

𝟐 ⇒ 𝐛𝐦𝐛 + 𝐜𝐦𝐜 − 𝒂𝐦𝒂 > 0 

⇒ (√𝐛𝐦𝐛 + 𝐜𝐦𝐜 −√𝒂𝐦𝒂)(√𝐛𝐦𝐛 + 𝐜𝐦𝐜 +√𝒂𝐦𝒂) > 0 ⇒ √𝐛𝐦𝐛 + 𝐜𝐦𝐜 −√𝒂𝐦𝒂 > 0

⇒ √𝒂𝐦𝒂 < √𝐛𝐦𝐛 + 𝐜𝐦𝐜 < √𝐛𝐦𝐛 +√𝐜𝐦𝐜 ⇒ √𝐛𝐦𝐛 +√𝐜𝐦𝐜 > √𝒂𝐦𝒂  

⇒ √
𝐛𝐦𝐛

𝟐𝐫𝐬
+ √

𝐜𝐦𝐜

𝟐𝐫𝐬
> √

𝒂𝐦𝒂

𝟐𝐫𝐬
⇒ √

𝐦𝐛

𝐡𝐛
+√

𝐦𝐜

𝐡𝐜
> √

𝐦𝒂

𝐡𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

⇒ √
𝐦𝒂

𝐡𝒂
, √
𝐦𝐛

𝐡𝐛
, √
𝐦𝐜

𝐡𝐜
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞

→ (𝟏) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅𝟐 =⏞
(∗)𝟏

𝟒
√𝟐∑

𝐦𝒂𝐦𝐛

𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

−∑
𝐦𝒂
𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧, 𝐜𝐨𝐬𝟐
𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
− 𝐜𝐨𝐬𝟐

𝐂

𝟐
=
𝟏

𝟐
(𝟏 + 𝐜𝐨𝐬𝐀 + 𝟏 + 𝐜𝐨𝐬𝐁 − 𝟏 − 𝐜𝐨𝐬𝐂)

=
𝟏

𝟐
(𝟐𝐬𝐢𝐧𝟐

𝐂

𝟐
+ 𝟐𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
) > 0 ∵ 0 < 𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
≤ 𝟏 ⇒ 𝐜𝐨𝐬𝟐

𝐂

𝟐

< 𝐜𝐨𝐬𝟐
𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
 

< (𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
)
𝟐

⇒ 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
− 𝐜𝐨𝐬

𝐂

𝟐
> 0

⇒ (√𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
− √𝐜𝐨𝐬

𝐂

𝟐
)(√𝐜𝐨𝐬

𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
+ √𝐜𝐨𝐬

𝐂

𝟐
) > 0 ⇒ √𝐜𝐨𝐬

𝐂

𝟐

< √𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
< √𝐜𝐨𝐬

𝐀

𝟐
+√𝐜𝐨𝐬

𝐁

𝟐
 

⇒ √𝐜𝐨𝐬
𝐀

𝟐
+ √𝐜𝐨𝐬

𝐁

𝟐
> √𝐜𝐨𝐬

𝐂

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

⇒ √𝐜𝐨𝐬
𝐀

𝟐
,√𝐜𝐨𝐬

𝐁

𝟐
,√𝐜𝐨𝐬

𝐂

𝟐
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 → (𝟐) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅𝟏

=
𝟏

𝟒√
𝟐∑𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐲𝐜

−
𝟏

𝟒𝐑
∑𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐲𝐜

 

=
𝟏

𝟒√
𝟐∑𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐲𝐜

−
𝟏

𝟒𝐑
∑(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

=
𝟏

𝟒√
𝟐∑𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐲𝐜

−∑
𝐫𝒂
𝟐𝐑

𝐜𝐲𝐜

=⏞
(∗∗)

𝐅𝟏 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐃. 𝐏𝐞𝐝𝐨𝐞 (𝟏𝟗𝟒𝟏) 𝒂𝐧𝐝 𝐉. 𝐉. 𝐁. 𝐍𝐞𝐮𝐛𝐞𝐫𝐠 (𝟏𝟖𝟗𝟏), 𝐟𝐨𝐫 𝒂𝐧𝐲 𝟐 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 



 
www.ssmrmh.ro 

17 RMM-TRIANGLE MARATHON 2701-2800 

 

 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝒂𝟏, 𝐛𝟏, 𝐜𝟏 𝒂𝐧𝐝 𝒂𝟐, 𝐛𝟐, 𝐜𝟐, 𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ ∑𝒂𝟏
𝟐(𝐛𝟐

𝟐 + 𝐜𝟐
𝟐 − 𝒂𝟐

𝟐)

𝐜𝐲𝐜

≥ 𝟏𝟔𝐅𝟏𝐅𝟐 𝐰𝐡𝐞𝐫𝐞 𝒂𝐫𝐞𝒂 𝐨𝐟 𝐟𝐢𝐫𝐬𝐭  

𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 = 𝐅𝟏 𝒂𝐧𝐝 𝐭𝐡𝒂𝐭 𝐨𝐟 𝐬𝐞𝐜𝐨𝐧𝐝 𝐨𝐧𝐞 = 𝐅𝟐 ∴ 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒂𝟏 = √𝐜𝐨𝐬
𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 𝒂𝐧𝐝 𝒂𝟐

= √
𝐦𝒂

𝐡𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 𝒂𝐧𝐝 𝐦𝒂𝐤𝐢𝐧𝐠 𝐮𝐬𝐞 𝐨𝐟 𝒂𝒙𝐢𝐨𝐦𝐬 (𝟏) 𝒂𝐧𝐝 (𝟐),𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

∑𝐜𝐨𝐬
𝐀

𝟐
(
𝐦𝐛

𝐡𝐛
+
𝐦𝐜

𝐡𝐜
−
𝐦𝒂

𝐡𝒂
)

𝐜𝐲𝐜

≥ 𝟏𝟔𝐅𝟏𝐅𝟐 =⏞
𝐯𝐢𝒂 (∗),(∗∗)

𝟏𝟔.
𝟏

𝟒√
𝟐∑𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐲𝐜

−∑
𝐫𝒂
𝟐𝐑

𝐜𝐲𝐜

.
𝟏

𝟒
√𝟐∑

𝐦𝒂𝐦𝐛

𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

−∑
𝐦𝒂
𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

= √𝟐∑𝐜𝐨𝐬
𝐀

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐲𝐜

−∑
𝐫𝒂
𝟐𝐑

𝐜𝐲𝐜

. √𝟐∑
𝐦𝒂𝐦𝐛

𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

−∑
𝐦𝒂
𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

2712. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

(
𝑹

𝒓
− 𝟏)∑𝒎𝒂 ≥ √

𝟏

𝟖𝒓𝟐
∑𝒎𝒂

𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) +
𝟑

𝟐
𝒔𝟐  

  Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(
𝑹

𝒓
− 𝟏)∑𝒎𝒂 ≥⏞

(∗)

√
𝟏

𝟖𝒓𝟐
∑𝒎𝒂

𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) +
𝟑

𝟐
𝒔𝟐  

𝟏

𝟖𝒓𝟐
∑𝒎𝒂

𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) =
𝟏

𝟖𝒓𝟐
.
𝟏

𝟒
∑(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

=
𝟏

𝟑𝟐𝒓𝟐
(𝟓∑𝒂𝟒 − 𝟐∑𝒂𝟐𝒃𝟐) = 

=
𝟏

𝟑𝟐𝒓𝟐
[𝟐 (∑𝒂𝟐)

𝟐

− 𝟑(𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒)] =
𝟏

𝟑𝟐𝒓𝟐
[𝟐 (∑𝒂𝟐)

𝟐

− 𝟑. 𝟏𝟔𝒔𝟐𝒓𝟐]

= (
𝟏

𝟒𝒓
∑𝒂𝟐)

𝟐

−
𝟑

𝟐
𝒔𝟐 

→ (∗) ↔ (
𝑹

𝒓
− 𝟏)∑𝒎𝒂 ≥

𝟏

𝟒𝒓
∑𝒂𝟐  ↔  𝟐(𝟐𝑹 − 𝟐𝒓)∑𝒎𝒂 ≥∑𝒂𝟐 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝟐(𝟐𝑹 − 𝟐𝒓)∑𝒎𝒂 ≥⏞
𝑬𝒖𝒍𝒆𝒓

 𝟐𝑹∑𝒎𝒂  ≥⏞
𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏

 𝟐𝑹∑
𝒃𝟐 + 𝒄𝟐

𝟒𝑹
=∑𝒂𝟐. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, (
𝑹

𝒓
− 𝟏)∑𝒎𝒂 ≥ √

𝟏

𝟖𝒓𝟐
∑𝒎𝒂

𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) +
𝟑

𝟐
𝒔𝟐 

2713. In 𝜟𝑨𝑩𝑪, 𝒗𝒂, 𝒗𝒃, 𝒗𝒄 are cevians through Bevan' s point, then:   

  𝒓𝟐∑
𝑨𝑽

𝒗𝒂
+ 𝑹(𝑹 − 𝟐𝒓) ≥ 𝑹𝒓  

   Proposed by Soumava Chakraborty-Kolkata-India 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑽 𝒃𝒆 𝒕𝒉𝒆 𝑩𝒆𝒗𝒂𝒏′𝒔 𝒑𝒐𝒊𝒏𝒕,𝑶 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓 𝒂𝒏𝒅 𝑰 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝑶 𝒊𝒔 𝒕𝒉𝒆 𝒎𝒊𝒅𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝑽𝑰, 𝑨𝑶 = 𝑹 𝒂𝒏𝒅 𝑶𝑰 = 𝑶𝑽 = √𝑹(𝑹 − 𝟐𝒓) 

𝑨𝒍𝒔𝒐, 𝑨𝑰𝟐 =
𝒓𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐

=
𝒓𝟐𝒃𝒄

(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝒃𝒄(𝒔 − 𝒂)

𝒔
= 𝒃𝒄 −

𝒂𝒃𝒄

𝒔
= 𝒃𝒄 − 𝟒𝑹𝒓 

𝑼𝒔𝒊𝒏𝒈 𝑨𝒑𝒐𝒍𝒍𝒐𝒏𝒊𝒖𝒔′𝒔 𝒕𝒉𝒆𝒐𝒓𝒆𝒎 𝒊𝒏 𝜟𝑨𝑽𝑰 ∶ 𝟒𝑨𝑶𝟐 = 𝟐𝑨𝑽𝟐 + 𝟐𝑨𝑰𝟐 − 𝑽𝑰𝟐 
↔  𝟐𝑨𝑽𝟐 = 𝟒𝑹𝟐 − 𝟐(𝒃𝒄 − 𝟒𝑹𝒓) + 𝟒𝑹(𝑹 − 𝟐𝒓)  →  𝑨𝑽𝟐 = 𝟒𝑹𝟐 − 𝒃𝒄 (𝟏) 

𝑵𝒐𝒘, 𝒍𝒆𝒕 {𝑨′} = (𝑨𝑽) ∩ (𝑩𝑪) (∴ 𝒗𝒂 = 𝑨𝑨
′) 

𝑻𝒉𝒆 𝒃𝒂𝒓𝒚𝒄𝒆𝒏𝒕𝒓𝒊𝒄 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝑽 𝒂𝒓𝒆 (𝒙 ∶ 𝒚 ∶ 𝒛) 𝒘𝒊𝒕𝒉 𝒙

= 𝒂 (−
𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
), 

𝒚 = 𝒃(
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
)  𝒂𝒏𝒅 𝒛 = 𝒄 (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
) 

→ 𝑨′ 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 (𝟎 ∶ 𝒚 ∶ 𝒛)  →  (𝒚 + 𝒛)𝑨𝑨′⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝒚𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝒛𝑨𝑪⃗⃗⃗⃗  ⃗ 

↔⏞
𝑺𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝒚 + 𝒛)𝟐𝒗𝒂
𝟐 = 𝒚𝟐𝒄𝟐 + 𝒛𝟐𝒃𝟐 + 𝒚𝒛. 𝟐𝑨𝑩⃗⃗⃗⃗⃗⃗ . 𝑨𝑪⃗⃗⃗⃗  ⃗

= 𝒚𝟐𝒄𝟐 + 𝒛𝟐𝒃𝟐 + 𝒚𝒛(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) (∗) 

𝑹𝑯𝑺(∗) = 𝒃
𝟐𝒄𝟐 [(

𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
)
𝟐

+ (
𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

] + 

𝒃𝒄 (
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
) (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
) (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 

= 𝟐𝒃𝟐𝒄𝟐 [
𝒂𝟐

(𝒔 − 𝒂)𝟐
+ (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

]

+ 𝒃𝒄 [
𝒂𝟐

(𝒔 − 𝒂)𝟐
− (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

] (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 

=
𝒂𝟐

(𝒔 − 𝒂)𝟐
. 𝒃𝒄[(𝒃 + 𝒄)𝟐 − 𝒂𝟐] + 𝒃𝒄 (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

=
𝟒𝒔𝒂𝟐𝒃𝒄

𝒔 − 𝒂
+
𝟒𝒔𝟐𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 
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= 𝒔𝒃𝒄.
𝒂𝟐. 𝟒(𝒔 − 𝒃)(𝒔 − 𝒄) + 𝟒𝒔(𝒔 − 𝒂)(𝒃 − 𝒄)𝟐

𝒔𝒓𝟐

=
𝒃𝒄

𝒓𝟐
{𝒂𝟐[𝒂𝟐 − (𝒃 − 𝒄)𝟐] + (𝒃 − 𝒄)𝟐[(𝒃 + 𝒄)𝟐 − 𝒂𝟐]} = 

=
𝒃𝒄

𝒓𝟐
(𝟒𝒂𝟐𝒃𝒄 − 𝟐∑𝒂𝟐𝒃𝟐 +∑𝒂𝟒) =

𝒃𝒄

𝒓𝟐
(𝟒𝒂. 𝟒𝒔𝑹𝒓 − 𝟏𝟔𝒔𝟐𝒓𝟐) =

𝟏𝟔𝒔(𝑹. 𝒂𝒃𝒄 − 𝒔𝒓. 𝒃𝒄)

𝒓
= 𝟏𝟔𝒔(𝑹. 𝟒𝑹𝒔 − 𝒔𝒃𝒄) = 

= 𝟏𝟔𝒔𝟐(𝟒𝑹𝟐 − 𝒃𝒄) =⏞
(𝟏)

𝟏𝟔𝒔𝟐𝑨𝑽𝟐  →  𝑹𝑯𝑺(∗) = (𝟒𝒔.𝑨𝑽)
𝟐   →⏞

(∗)

  (𝒚 + 𝒛)𝒗𝒂 = 𝟒𝒔. 𝑨𝑽  →   
𝑨𝑽

𝒗𝒂

=
𝒚 + 𝒛

𝟒𝒔
. 

𝒚 + 𝒛 = 𝒃(
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
) + 𝒄 (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)

=
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
−
𝒃(𝒃 − 𝒄)

𝒔 − 𝒃
+
𝒄(𝒃 − 𝒄)

𝒔 − 𝒄
= 

=
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
−

𝒔(𝒃 − 𝒄)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝒂(𝒃 + 𝒄)(𝒔 − 𝒃)(𝒔 − 𝒄) − 𝒔(𝒔 − 𝒂)(𝒃 − 𝒄)𝟐

𝒔𝒓𝟐
= 

=
𝒂[𝒔 + (𝒔 − 𝒂)](𝒔 − 𝒃)(𝒔 − 𝒄) − 𝒔(𝒔 − 𝒂)(𝒃 − 𝒄)𝟐

𝒔𝒓𝟐

=
𝒂(𝒔 − 𝒃)(𝒔 − 𝒄) + 𝒂𝒓𝟐 − 𝒔(𝒃 − 𝒄)𝟐 + 𝒂(𝒃 − 𝒄)𝟐

𝒓𝟐
= 

= (𝒔𝟐 + 𝒓𝟐)𝒂 − 𝒔𝒂(𝒃 + 𝒄) + 𝒂𝒃𝒄 + 𝟐𝒔𝒃𝒄 − 𝒔(𝒃𝟐 + 𝒄𝟐) + 𝒂(𝒃𝟐 + 𝒄𝟐) − 𝟐𝒂𝒃𝒄

= 𝟒𝒔. 𝒓𝟐.
𝑨𝑽

𝒗𝒂
 

→  𝟒𝒔. 𝒓𝟐∑
𝑨𝑽

𝒗𝒂
= (𝒔𝟐 + 𝒓𝟐)∑𝒂− 𝟐𝒔∑𝒂𝟐 + (∑𝒂)(∑𝒂𝒃) − 𝟔𝒂𝒃𝒄 

= 𝟐𝒔(𝒔𝟐 + 𝒓𝟐) − 𝟒𝒔(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) + 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟔. 𝟒𝑹𝒓𝒔 = 𝟖𝒔𝒓𝟐  

→  𝒓𝟐∑
𝑨𝑽

𝒗𝒂
= 𝟐𝒓𝟐 

→ 𝒓𝟐∑
𝑨𝑽

𝒗𝒂
+ 𝑹(𝑹 − 𝟐𝒓) = 𝟐𝒓𝟐 + 𝑹𝟐 − 𝟐𝑹𝒓 = 𝑹𝒓 + (𝑹 − 𝟐𝒓)(𝑹 − 𝒓) ≥⏞

𝑬𝒖𝒍𝒆𝒓

 𝑹𝒓. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒓𝟐∑
𝑨𝑽

𝒗𝒂
+ 𝑹(𝑹 − 𝟐𝒓) ≥ 𝑹𝒓. 

 

2714. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

𝟒𝑹𝒔

𝒓𝟐
≥∏(

𝒏𝒃 + 𝒏𝒄 + 𝒉𝒃 + 𝒉𝒄
𝒔

+ 𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭𝑪)  

  Proposed by Bogdan Fuştei-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒏𝒂
𝒉𝒂
≤
𝑹

𝒓
− 𝟏 ↔ 𝒏𝒂 ≤

𝟐𝒔(𝑹 − 𝒓)

𝒂
  ↔  𝒏𝒂

𝟐 = 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂 = 𝒔
𝟐 (𝟏 − 𝟐.

𝟐𝒓

𝒂
. 𝐭𝐚𝐧

𝑨

𝟐
)

≤
𝟒(𝑹 − 𝒓)𝟐𝒔𝟐

𝒂𝟐
 

↔ (𝟐𝑹𝐬𝐢𝐧𝑨)𝟐 − 𝟒𝑹𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
. 𝟒𝒓 𝐭𝐚𝐧

𝑨

𝟐
≤ 𝟒(𝑹 − 𝒓)𝟐 ↔ (𝑹− 𝒓)𝟐

≥ 𝑹𝟐(𝟏 − 𝐜𝐨𝐬𝟐 𝑨) − 𝟐𝑹𝒓(𝟏 − 𝐜𝐨𝐬𝑨) 

↔ 𝒓𝟐 ≥ −𝑹𝟐 𝐜𝐨𝐬𝟐 𝑨 + 𝟐𝑹𝒓 𝐜𝐨𝐬𝑨  ↔  (𝑹 𝐜𝐨𝐬𝑨 − 𝒓)𝟐 ≥ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 →  
𝒏𝒂
𝒉𝒂

≤
𝑹

𝒓
− 𝟏 →  𝒏𝒂 + 𝒉𝒂 ≤

𝑹

𝒓
𝒉𝒂 =

𝟐𝒔𝑹

𝒂
. 

→ 
𝒏𝒃 + 𝒏𝒄 + 𝒉𝒃 + 𝒉𝒄

𝒔
+ 𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭 𝑪

≤
𝟐𝑹

𝒃
+
𝟐𝑹

𝒄
+
𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐

𝟐𝒄𝒂. 𝒃
. 𝟐𝑹 +

𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃. 𝒄
. 𝟐𝑹 = 

=
𝟐𝑹(𝒃 + 𝒄)

𝒃𝒄
+
𝟐𝑹. 𝒂

𝒃𝒄
=
𝟐𝑹. 𝟐𝒔

𝒃𝒄
=
𝒂

𝒓
 

→∏(
𝒏𝒃 + 𝒏𝒄 + 𝒉𝒃 + 𝒉𝒄

𝒔
+ 𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭 𝑪) ≤∏

𝒂

𝒓
=
𝒂𝒃𝒄

𝒓𝟑
=
𝟒𝑹𝒔

𝒓𝟐
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐒𝐭𝐞𝐰𝐚𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 −  𝐜) + 𝐜𝟐(𝐬 −  𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 −  𝐛)(𝐬 − 𝐜)

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 = 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 ⇒ 𝒂𝐧𝒂
𝟐

= 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀 − 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐
𝐀

𝟐

= 𝒂𝐬𝟐 −
𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
 

= 𝒂𝐬𝟐 −
𝟒∆𝟐

𝐬 − 𝒂
= 𝒂𝐬𝟐 − 𝟐𝒂(

𝟐∆

𝒂
) (

∆

𝐬 − 𝒂
) = 𝒂𝐬𝟐 − 𝟐𝒂𝐡𝒂𝐫𝒂 ∴ 𝐧𝒂

𝟐 =⏞
(𝟏)

𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂 

𝐍𝐨𝐰,
𝐧𝒂
𝐡𝒂
≤
𝐑

𝐫
− 𝟏 ⇔

𝐑𝟐

𝐫𝟐
−
𝟐𝐑

𝐫
+ 𝟏 ≥

𝐧𝒂
𝟐

𝐡𝒂
𝟐
⇔⏞
𝐛𝐲 (𝟏)

𝐑𝟐

𝐫𝟐
−
𝟐𝐑

𝐫
+ 𝟏 ≥

𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂

𝐡𝒂
𝟐

=
𝐬𝟐𝒂𝟐

𝟒𝐫𝟐𝐬𝟐
−
𝟐𝐫𝒂
𝐡𝐚

=
𝒂𝟐

𝟒𝐫𝟐
− (

𝟐𝐫𝐬

𝐬 − 𝒂
) (

𝒂

𝟐𝐫𝐬
) =

𝒂𝟐

𝟒𝐫𝟐
−
(𝒂 − 𝐬) + 𝐬

𝐬 − 𝒂
=
𝒂𝟐

𝟒𝐫𝟐
+ 𝟏 −

𝐬

𝐬 − 𝒂
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= 𝟏 +
𝒂𝟐(𝐬 − 𝒂) − 𝟒(𝐬𝐫𝟐)

𝟒(𝐬 − 𝒂)𝐫𝟐
= 𝟏 +

𝒂𝟐(𝐬 − 𝒂) − 𝟒(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟒(𝐬 − 𝒂)𝐫𝟐

= 𝟏 +
𝒂𝟐 − (𝒂𝟐 − (𝐛 − 𝐜)𝟐)

𝟒𝐫𝟐
= 𝟏 +

(𝐛 − 𝐜)𝟐

𝟒𝐫𝟐
⇔
𝐑𝟐

𝐫𝟐
−
𝟐𝐑

𝐫
≥
(𝐛 − 𝐜)𝟐

𝟒𝐫𝟐

⇔
𝐑(𝐑 − 𝟐𝐫)

𝐫𝟐
≥
𝐛𝟐 + 𝐜𝟐 − 𝟐𝐛𝐜

𝟒𝐫𝟐
 

⇔ 𝐑− 𝟐𝐫 ≥
𝐛𝟐 + 𝐜𝟐

𝟒𝐑
−
𝐛𝐜

𝟐𝐑
⇔ 𝐑(𝟏 −

𝟐𝐫

𝐑
) ≥

𝟒𝐑𝟐(𝐬𝐢𝐧𝟐𝐁+ 𝐬𝐢𝐧𝟐𝐂)

𝟒𝐑
−
𝟒𝐑𝟐𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐂

𝟐𝐑

⇔ 𝟏 −
𝟖𝐑𝐬𝐢𝐧

𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

𝐑
≥ 𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂 − 𝟐𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐂 = (𝐬𝐢𝐧𝐁 − 𝐬𝐢𝐧𝐂)𝟐 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
(𝟐𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
) ≥ (𝟐𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
𝐬𝐢𝐧

𝐁 − 𝐂

𝟐
)
𝟐

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
(𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
)

≥ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
(𝟏 − 𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
) 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
+ 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
≥ 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
− 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐

⇔ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
− 𝟒𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
+ 𝟏 ≥ 𝟎 ⇔ (𝟐𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝟏)

𝟐

≥ 𝟎 → 𝐭𝐫𝐮𝐞 ⇒ 
𝐧𝒂
𝐡𝒂
≤
𝐑

𝐫
− 𝟏 

𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇔
𝐧𝐛 + 𝐧𝐜 + 𝐡𝐛 + 𝐡𝐜

𝐬
+ 𝐜𝐨𝐭𝐁 + 𝐜𝐨𝐭𝐂 ≤

(
𝐑
𝐫 − 𝟏)

(𝐡𝐛 + 𝐡𝐜) + 𝐡𝐛 + 𝐡𝐜

𝐬
+
𝐬𝐢𝐧(𝐁 + 𝐂)

𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐧𝐂

= (
𝐑

𝐫𝐬
)
𝟐𝐫𝐬𝒂(𝐛 + 𝐜)

𝒂𝐛𝐜
+
𝟒𝐑𝟐𝒂𝟐

𝟐𝑹𝒂𝐛𝐜
=
𝟐𝐑𝒂(𝐛 + 𝐜)

𝟒𝐑𝐫𝐬
+
𝟐𝐑𝒂𝟐

𝟒𝐑𝐫𝐬
=
𝒂(𝟐𝐬)

𝟐𝐫𝐬
=
𝒂

𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 

⇒∏(
𝐧𝐛 + 𝐧𝐜 + 𝐡𝐛 + 𝐡𝐜

𝐬
+ 𝐜𝐨𝐭𝐁 + 𝐜𝐨𝐭𝐂) ≤∏

𝒂

𝐫
=
𝟒𝐑𝐫𝐬

𝐫𝟑
⇒
𝟒𝐑𝐬

𝐫𝟐

≥∏(
𝐧𝐛 + 𝐧𝐜 + 𝐡𝐛 + 𝐡𝐜

𝐬
+ 𝐜𝐨𝐭𝐁 + 𝐜𝐨𝐭𝐂) (𝐐𝐄𝐃) 

2715. In 𝜟𝑨𝑩𝑪, 𝒗𝒂, 𝒗𝒃, 𝒗𝒄 are cevians through Bevan' s point, then: 

 𝟒𝑹𝒔∑
𝒂

𝒃+ 𝒄
≥ 𝟏𝟐𝑹𝒔 −∑𝒗𝒂(𝒃 + 𝒄)  

   Proposed by Soumava Chakraborty-Kolkata-India 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑽 𝒃𝒆 𝒕𝒉𝒆 𝑩𝒆𝒗𝒂𝒏′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒂𝒏𝒅 {𝑨′} = (𝑨𝑽) ∩ (𝑩𝑪) (∴ 𝒗𝒂 = 𝑨𝑨
′) 
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𝑻𝒉𝒆 𝒃𝒂𝒓𝒚𝒄𝒆𝒏𝒕𝒓𝒊𝒄 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝑽 𝒂𝒓𝒆 (𝒙 ∶ 𝒚 ∶ 𝒛) 

 𝒘𝒊𝒕𝒉 𝒙 = 𝒂(−
𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
), 

𝒚 = 𝒃(
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
)  𝒂𝒏𝒅 𝒛 = 𝒄 (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
) 

→ 𝑨′ 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 (𝟎 ∶ 𝒚 ∶ 𝒛)  →  (𝒚 + 𝒛)𝑨𝑨′⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝒚𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝒛𝑨𝑪⃗⃗⃗⃗  ⃗ 

↔⏞
𝑺𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝒚 + 𝒛)𝟐𝒗𝒂
𝟐 = 𝒚𝟐𝒄𝟐 + 𝒛𝟐𝒃𝟐 + 𝒚𝒛. 𝟐𝑨𝑩⃗⃗⃗⃗⃗⃗ . 𝑨𝑪⃗⃗⃗⃗  ⃗

= 𝒚𝟐𝒄𝟐 + 𝒛𝟐𝒃𝟐 + 𝒚𝒛(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) (∗) 

𝑹𝑯𝑺(∗) = 𝒃
𝟐𝒄𝟐 [(

𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
)
𝟐

+ (
𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

] + 

𝒃𝒄 (
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
) (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
) (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 

= 𝟐𝒃𝟐𝒄𝟐 [
𝒂𝟐

(𝒔 − 𝒂)𝟐
+ (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

]

+ 𝒃𝒄 [
𝒂𝟐

(𝒔 − 𝒂)𝟐
− (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

] (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 

=
𝒂𝟐

(𝒔 − 𝒂)𝟐
. 𝒃𝒄[(𝒃 + 𝒄)𝟐 − 𝒂𝟐] + 𝒃𝒄 (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

=
𝟒𝒔𝒂𝟐𝒃𝒄

𝒔 − 𝒂
+
𝟒𝒔𝟐𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

= 𝒔𝒃𝒄.
𝒂𝟐. 𝟒(𝒔 − 𝒃)(𝒔 − 𝒄) + 𝟒𝒔(𝒔 − 𝒂)(𝒃 − 𝒄)𝟐

𝒔𝒓𝟐

=
𝒃𝒄

𝒓𝟐
{𝒂𝟐[𝒂𝟐 − (𝒃 − 𝒄)𝟐] + (𝒃 − 𝒄)𝟐[(𝒃 + 𝒄)𝟐 − 𝒂𝟐]} = 

=
𝒃𝒄

𝒓𝟐
(𝟒𝒂𝟐𝒃𝒄 − 𝟐∑𝒂𝟐𝒃𝟐 +∑𝒂𝟒) =

𝒃𝒄

𝒓𝟐
(𝟒𝒂. 𝟒𝒔𝑹𝒓 − 𝟏𝟔𝒔𝟐𝒓𝟐) =

𝟏𝟔𝒔(𝑹. 𝒂𝒃𝒄 − 𝒔𝒓. 𝒃𝒄)

𝒓
= 𝟏𝟔𝒔(𝑹. 𝟒𝑹𝒔 − 𝒔𝒃𝒄) = 

= 𝟔𝟒𝒔𝟐𝑹𝟐 (𝟏 −
𝒃𝒄

𝟒𝑹𝟐
) = 𝟔𝟒𝒔𝟐𝑹𝟐 (𝟏 −

𝒔(𝒔 − 𝒂)

𝟒𝑹𝟐 𝐜𝐨𝐬𝟐
𝑨
𝟐

)

= 𝟔𝟒𝒔𝟐𝑹𝟐(𝟏 −
𝟒𝒔(𝒔 − 𝒂) 𝐜𝐨𝐬𝟐

𝑩 − 𝑪
𝟐

(𝟒𝑹𝐜𝐨𝐬
𝑨
𝟐 𝐜𝐨𝐬

𝑩 − 𝑪
𝟐 )

𝟐) ≥ 

≥⏞

𝐜𝐨𝐬𝟐
𝑩−𝑪
𝟐
≤𝟏

𝟔𝟒𝒔𝟐𝑹𝟐 (𝟏 −
(𝒃 + 𝒄)𝟐 − 𝒂𝟐

(𝒃 + 𝒄)𝟐
) = (𝟖𝒔𝑹.

𝒂

𝒃 + 𝒄
)
𝟐

  →  𝑹𝑯𝑺(∗) ≥ (𝟖𝒔𝑹.
𝒂

𝒃 + 𝒄
)
𝟐

 (𝟏) 

𝒚 + 𝒛 = 𝒃(
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
) + 𝒄 (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)

=
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
−
𝒃(𝒃 − 𝒄)

𝒔 − 𝒃
+
𝒄(𝒃 − 𝒄)

𝒔 − 𝒄
= 
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=
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
−

𝒔(𝒃 − 𝒄)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
≤
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
   →  𝑳𝑯𝑺(∗)  ≤  (

𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
. 𝒗𝒂)

𝟐

(𝟐) 

𝑭𝒓𝒐𝒎 (𝟏), (𝟐),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
. 𝒗𝒂 ≥ 𝟖𝒔𝑹.

𝒂

𝒃 + 𝒄
 ↔   𝒗𝒂(𝒃 + 𝒄) ≥ 𝟖𝑹𝒔.

𝒔 − 𝒂

𝒃 + 𝒄
 

→ 𝟒𝑹𝒔.
𝒂

𝒃 + 𝒄
+ 𝒗𝒂(𝒃 + 𝒄) ≥ 𝟒𝑹𝒔 (

𝒂

𝒃 + 𝒄
+
−𝒂 + 𝒃 + 𝒄

𝒃 + 𝒄
) = 𝟒𝑹𝒔 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑(𝟒𝑹𝒔.
𝒂

𝒃 + 𝒄
+ 𝒗𝒂(𝒃 + 𝒄)) ≥ 𝟏𝟐𝑹𝒔 

→ 𝟒𝑹𝒔∑
𝒂

𝒃 + 𝒄
≥ 𝟏𝟐𝑹𝒔 −∑𝒗𝒂(𝒃 + 𝒄) . 

2716. In 𝜟𝑨𝑩𝑪, 𝒙, 𝒚, 𝒛 > 𝟎, the following relationship holds: 

∑(
𝒎𝒂

𝒉𝒂
)
𝟐

. 𝒙 ≥ √∑𝒙𝒚 . [𝟐∑
𝒎𝒂

𝟐𝒎𝒃
𝟐

𝒉𝒂
𝟐𝒉𝒃

𝟐
−∑(

𝒎𝒂

𝒉𝒂
)
𝟒

]

𝟏
𝟐

   

 Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑮 𝒃𝒆 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 𝜟𝑨𝑩𝑪,𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 𝑨𝑮 =
𝟐

𝟑
𝒎𝒂. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 

 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑮𝑨, 𝒃𝑮𝑩, 𝒄𝑮𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑮𝑨 =
𝟒𝒔𝒓

𝟑
.
𝒎𝒂

𝒉𝒂
 →  

𝒎𝒂

𝒉𝒂
,
𝒎𝒃

𝒉𝒃
,
𝒎𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟′𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂  

𝑭′ =
𝟏

𝟒
√𝟐∑(

𝒎𝒂

𝒉𝒂
)
𝟐

(
𝒎𝒃

𝒉𝒃
)
𝟐

−∑(
𝒎𝒂

𝒉𝒂
)
𝟒

=
𝟏

𝟒
[𝟐∑

𝒎𝒂
𝟐𝒎𝒃

𝟐

𝒉𝒂
𝟐𝒉𝒃

𝟐 −∑(
𝒎𝒂

𝒉𝒂
)
𝟒

]

𝟏
𝟐

 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝜟𝑼𝑽𝑾 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭, 𝒙, 𝒚, 𝒛 > 𝟎, 𝒕𝒉𝒆𝒏 ∑𝒖𝟐. 𝒙

≥ 𝟒𝑭√∑𝒙𝒚 (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎) 

→ 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟′, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑(
𝒎𝒂

𝒉𝒂
)
𝟐

. 𝒙 ≥ 𝟒𝑭′. √∑𝒙𝒚 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑(
𝒎𝒂

𝒉𝒂
)
𝟐

. 𝒙 ≥ √∑𝒙𝒚 . [𝟐∑
𝒎𝒂

𝟐𝒎𝒃
𝟐

𝒉𝒂
𝟐𝒉𝒃

𝟐 −∑(
𝒎𝒂

𝒉𝒂
)
𝟒

]

𝟏
𝟐

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 

𝐏𝐫𝐨𝐨𝐟 ∶  

𝐕𝐢𝒂 𝐏𝐭𝐨𝐥𝐞𝐦𝐲′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐨𝐧 𝐪𝐮𝒂𝐝𝐫𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝐥 𝐀𝐁𝐐𝐂, 𝐀𝐁. 𝐂𝐐 + 𝐀𝐂. 𝐁𝐐 ≥ 𝐀𝐐.𝐁𝐂

⇒ 𝐜.
𝟐𝐦𝐛

𝟑
+ 𝐛.

𝟐𝐦𝐜

𝟑
≥
𝟒𝐦𝒂

𝟑
. 𝒂 ⇒ 𝐜𝐦𝐛 + 𝐛𝐦𝐜 ≥ 𝟐𝒂𝐦𝒂 

⇒⏞
𝐮𝐩𝐨𝐧 𝐬𝐪𝐮𝒂𝐫𝐢𝐧𝒈

𝐜𝟐𝐦𝐛
𝟐 + 𝐛𝟐𝐦𝐜

𝟐 + 𝟐𝐛𝐜𝐦𝐛𝐦𝐜 ≥ 𝟒𝒂
𝟐𝐦𝒂

𝟐 ⇒ 𝟖𝐛𝐜𝐦𝐛𝐦𝐜 ≥⏞
(𝐢)

𝟏𝟔𝒂𝟐𝐦𝒂
𝟐 − 𝟒𝐜𝟐𝐦𝐛

𝟐 − 𝟒𝐛𝟐𝐦𝐜
𝟐 

𝐍𝐨𝐰, (𝟐𝐛𝐦𝐛 + 𝟐𝐜𝐦𝐜)
𝟐 − 𝟒𝒂𝟐𝐦𝒂

𝟐

= 𝟒𝐛𝟐𝐦𝐛
𝟐 + 𝟒𝐜𝟐𝐦𝐜

𝟐 + 𝟖𝐛𝐜𝐦𝐛𝐦𝐜 − 𝟒𝒂
𝟐𝐦𝒂

𝟐 ≥⏞
𝐯𝐢𝒂 (𝐢)

𝟒𝐛𝟐𝐦𝐛
𝟐 + 𝟒𝐜𝟐𝐦𝐜

𝟐 + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

− 𝟒𝐜𝟐𝐦𝐛
𝟐 − 𝟒𝐛𝟐𝐦𝐜

𝟐 

= 𝐛𝟐(𝟒𝐦𝐛
𝟐 − 𝟒𝐦𝐜

𝟐) − 𝐜𝟐(𝟒𝐦𝐛
𝟐 − 𝟒𝐦𝐜

𝟐) + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

= (𝐛𝟐 − 𝐜𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐 − 𝟐𝒂𝟐 − 𝟐𝐛𝟐 + 𝐜𝟐) + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

= 𝟑(𝒂𝟐. 𝟒𝐦𝒂
𝟐 − (𝐛𝟐 − 𝐜𝟐)

𝟐
) 

= 𝟑(𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) − 𝐛𝟒 − 𝐜𝟒 + 𝟐𝐛𝟐𝐜𝟐) = 𝟑(𝟐∑𝒂𝟐𝐛𝟐 −∑𝒂𝟒) = 𝟒𝟖𝐅𝟐 > 𝟎

⇒ (𝟐𝐛𝐦𝐛 + 𝟐𝐜𝐦𝐜)
𝟐 > 𝟒𝒂𝟐𝐦𝒂

𝟐 ⇒ 𝐛𝐦𝐛 + 𝐜𝐦𝐜 − 𝒂𝐦𝒂 > 𝟎 
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⇒
𝐛𝐦𝐛

𝟐𝐫𝐬
+
𝐜𝐦𝐜

𝟐𝐫𝐬
>
𝒂𝐦𝒂

𝟐𝐫𝐬
⇒
𝐦𝐛

𝐡𝐛
+
𝐦𝐜

𝐡𝐜
>
𝐦𝒂

𝐡𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

⇒
𝐦𝒂

𝐡𝒂
,
𝐦𝐛

𝐡𝐛
,
𝐦𝐜

𝐡𝐜
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞

→ (𝟏) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅∗(𝐬𝒂𝐲) =⏞
(∗)𝟏

𝟒
√𝟐∑

𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐡𝒂
𝟐𝐡𝐛

𝟐

𝐜𝐲𝐜

−∑(
𝐦𝒂

𝐡𝒂
)
𝟒

𝐜𝐲𝐜

 

∴ 𝐯𝐢𝒂 𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦 𝒂𝐧𝐝 𝐦𝒂𝐤𝐢𝐧𝐠 𝐮𝐬𝐞 𝐨𝐟 𝒂𝒙𝐢𝐨𝐦 (𝟏),∑(
𝐦𝒂

𝐡𝒂
)
𝟐

𝒙

𝐜𝐲𝐜

≥ √𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙(𝟒𝐅∗) =⏞
𝐯𝐢𝒂 (∗)

√𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 [𝟐∑
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐡𝒂
𝟐𝐡𝐛

𝟐

𝐜𝐲𝐜

−∑(
𝐦𝒂

𝐡𝒂
)
𝟒

𝐜𝐲𝐜

]

𝟏
𝟐

 (𝐐𝐄𝐃) 

2717. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

  
𝒔

𝒓
−
𝟏

𝒔
∑(𝒏𝒂 + 𝒉𝒂) ≥∑𝐜𝐨𝐭𝑨  

  Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒏𝒂
𝒉𝒂
≤
𝑹

𝒓
− 𝟏 ↔ 𝒏𝒂 ≤

𝟐𝒔(𝑹 − 𝒓)

𝒂
  ↔  𝒏𝒂

𝟐 = 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂 = 𝒔
𝟐 (𝟏 − 𝟐.

𝟐𝒓

𝒂
. 𝐭𝐚𝐧

𝑨

𝟐
)

≤
𝟒(𝑹 − 𝒓)𝟐𝒔𝟐

𝒂𝟐
 

↔ (𝟐𝑹𝐬𝐢𝐧𝑨)𝟐 − 𝟒𝑹𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
. 𝟒𝒓 𝐭𝐚𝐧

𝑨

𝟐
≤ 𝟒(𝑹 − 𝒓)𝟐 ↔ (𝑹− 𝒓)𝟐

≥ 𝑹𝟐(𝟏 − 𝐜𝐨𝐬𝟐 𝑨) − 𝟐𝑹𝒓(𝟏 − 𝐜𝐨𝐬𝑨) 

↔ 𝒓𝟐 ≥ −𝑹𝟐 𝐜𝐨𝐬𝟐 𝑨 + 𝟐𝑹𝒓 𝐜𝐨𝐬𝑨  ↔  (𝑹 𝐜𝐨𝐬𝑨 − 𝒓)𝟐 ≥ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 →  
𝒏𝒂
𝒉𝒂

≤
𝑹

𝒓
− 𝟏 →  𝒏𝒂 + 𝒉𝒂 ≤

𝑹

𝒓
𝒉𝒂 =

𝟐𝒔𝑹

𝒂
 

→
𝒔

𝒓
−
𝟏

𝒔
∑(𝒏𝒂 + 𝒉𝒂) ≥

𝒔

𝒓
−
𝟏

𝒔
∑

𝟐𝒔𝑹

𝒂
=

𝟏

𝟒𝒔𝒓
(∑𝒂)

𝟐

−
𝟏

𝟒𝒔𝒓
. 𝟐∑𝒂𝒃 =

𝟏

𝟒𝒔𝒓
∑𝒂𝟐

=∑
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
.
𝟐𝑹

𝒂
=∑𝐜𝐨𝐭 𝑨. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,
𝒔

𝒓
−
𝟏

𝒔
∑(𝒏𝒂 + 𝒉𝒂) ≥∑𝐜𝐨𝐭𝑨. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐒𝐭𝐞𝐰𝐚𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 −  𝐜) + 𝐜𝟐(𝐬 −  𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 −  𝐛)(𝐬 − 𝐜)

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 = 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 ⇒ 𝒂𝐧𝒂
𝟐

= 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀 − 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐
𝐀

𝟐

= 𝒂𝐬𝟐 −
𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
 

= 𝒂𝐬𝟐 −
𝟒∆𝟐

𝐬 − 𝒂
= 𝒂𝐬𝟐 − 𝟐𝒂(

𝟐∆

𝒂
) (

∆

𝐬 − 𝒂
) = 𝒂𝐬𝟐 − 𝟐𝒂𝐡𝒂𝐫𝒂 ∴ 𝐧𝒂

𝟐 =⏞
(𝟏)

𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂 

𝐍𝐨𝐰,
𝐧𝒂
𝐡𝒂
≤
𝐑

𝐫
− 𝟏 ⇔

𝐑𝟐

𝐫𝟐
−
𝟐𝐑

𝐫
+ 𝟏 ≥

𝐧𝒂
𝟐

𝐡𝒂
𝟐
⇔⏞
𝐛𝐲 (𝟏)

𝐑𝟐

𝐫𝟐
−
𝟐𝐑

𝐫
+ 𝟏 ≥

𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂

𝐡𝒂
𝟐

=
𝐬𝟐𝒂𝟐

𝟒𝐫𝟐𝐬𝟐
−
𝟐𝐫𝒂
𝐡𝐚

=
𝒂𝟐

𝟒𝐫𝟐
− (

𝟐𝐫𝐬

𝐬 − 𝒂
) (

𝒂

𝟐𝐫𝐬
) =

𝒂𝟐

𝟒𝐫𝟐
−
(𝒂 − 𝐬) + 𝐬

𝐬 − 𝒂
=
𝒂𝟐

𝟒𝐫𝟐
+ 𝟏 −

𝐬

𝐬 − 𝒂
 

= 𝟏 +
𝒂𝟐(𝐬 − 𝒂) − 𝟒(𝐬𝐫𝟐)

𝟒(𝐬 − 𝒂)𝐫𝟐
= 𝟏 +

𝒂𝟐(𝐬 − 𝒂) − 𝟒(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟒(𝐬 − 𝒂)𝐫𝟐

= 𝟏 +
𝒂𝟐 − (𝒂𝟐 − (𝐛 − 𝐜)𝟐)

𝟒𝐫𝟐
= 𝟏 +

(𝐛 − 𝐜)𝟐

𝟒𝐫𝟐
⇔
𝐑𝟐

𝐫𝟐
−
𝟐𝐑

𝐫
≥
(𝐛 − 𝐜)𝟐

𝟒𝐫𝟐

⇔
𝐑(𝐑 − 𝟐𝐫)

𝐫𝟐
≥
𝐛𝟐 + 𝐜𝟐 − 𝟐𝐛𝐜

𝟒𝐫𝟐
 

⇔ 𝐑− 𝟐𝐫 ≥
𝐛𝟐 + 𝐜𝟐

𝟒𝐑
−
𝐛𝐜

𝟐𝐑
⇔ 𝐑(𝟏 −

𝟐𝐫

𝐑
) ≥

𝟒𝐑𝟐(𝐬𝐢𝐧𝟐𝐁+ 𝐬𝐢𝐧𝟐𝐂)

𝟒𝐑
−
𝟒𝐑𝟐𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐂

𝟐𝐑

⇔ 𝟏 −
𝟖𝐑𝐬𝐢𝐧

𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

𝐑
≥ 𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂 − 𝟐𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐂 = (𝐬𝐢𝐧𝐁 − 𝐬𝐢𝐧𝐂)𝟐 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
(𝟐𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
) ≥ (𝟐𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
𝐬𝐢𝐧

𝐁 − 𝐂

𝟐
)
𝟐

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
(𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
)

≥ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
(𝟏 − 𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
) 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
+ 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
≥ 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
− 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐

⇔ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
− 𝟒𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
+ 𝟏 ≥ 𝟎 ⇔ (𝟐𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝟏)

𝟐

≥ 𝟎 → 𝐭𝐫𝐮𝐞 ⇒ 
𝐧𝒂
𝐡𝒂
≤
𝐑

𝐫
− 𝟏 

𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇔
𝐧𝐛 + 𝐧𝐜 + 𝐡𝐛 + 𝐡𝐜

𝐬
+ 𝐜𝐨𝐭𝐁 + 𝐜𝐨𝐭𝐂 ≤

(
𝐑
𝐫 − 𝟏)

(𝐡𝐛 + 𝐡𝐜) + 𝐡𝐛 + 𝐡𝐜

𝐬
+
𝐬𝐢𝐧(𝐁 + 𝐂)

𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐧𝐂

= (
𝐑

𝐫𝐬
)
𝟐𝐫𝐬𝒂(𝐛 + 𝐜)

𝒂𝐛𝐜
+
𝟒𝐑𝟐𝒂𝟐

𝟐𝑹𝒂𝐛𝐜
=
𝟐𝐑𝒂(𝐛 + 𝐜)

𝟒𝐑𝐫𝐬
+
𝟐𝐑𝒂𝟐

𝟒𝐑𝐫𝐬
=
𝒂(𝟐𝐬)

𝟐𝐫𝐬
=
𝒂

𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 
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⇒∑(
𝐧𝐛 + 𝐧𝐜 + 𝐡𝐛 + 𝐡𝐜

𝐬
+ 𝐜𝐨𝐭𝐁 + 𝐜𝐨𝐭𝐂) ≤∑

𝒂

𝐫
=
𝟐𝐬

𝐫

⇒
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜 + 𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

𝐬
+ 𝟐∑𝐜𝐨𝐭𝐀 ≤

𝟐𝐬

𝐫

⇒
𝐬

𝐫
−
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜 + 𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

𝐬
≥∑𝐜𝐨𝐭𝐀 (𝐐𝐄𝐃) 

 

2718. Let 𝜶 ≥ 𝟐. In any 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝑹

𝟐𝒓
)
𝜶

∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

≥∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution by George Florin Șerban-Romania 

∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

=∑
𝟐𝑭

𝒃
⋅
𝟐𝑭

𝒄
𝒄𝒚𝒄

= 𝟒𝑭𝟐∑
𝟏

𝒃𝒄
𝒄𝒚𝒄

= 𝟒𝑭𝟐∑
𝒂

𝒂𝒃𝒄
𝒄𝒚𝒄

=
𝟒𝑭𝟐 ⋅ 𝟐𝒔

𝟒𝑹𝑭
=
𝟐𝒔𝑭

𝑹
=
𝟐𝒓𝒔𝟐

𝑹
 

∵∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

= 𝒔𝟐 

(
𝑹

𝟐𝒓
)
𝜶

∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

= (
𝑹

𝟐𝒓
)
𝜶 𝟐𝒓𝒔𝟐

𝑹
≥
(∗)

∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

= 𝒔𝟐 

(∗) ⟺ (
𝑹

𝟐𝒓
)
𝜶

⋅
𝟐𝒓

𝑹
≥ 𝟏 ⟺ (

𝑹

𝟐𝒓
)
𝜶

≥
𝑹

𝟐𝒓
 which is true from 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) and 𝜶 ≥ 𝟐. 

Therefore, 

(
𝑹

𝟐𝒓
)
𝜶

∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

≥∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

 

2719. In 𝜟𝑨𝑩𝑪, 𝒙, 𝒚, 𝒛 > 𝟎, 

𝝎𝟏 = [(∑ √
𝒎𝒂

𝒉𝒂
)( √

𝒎𝒃

𝒉𝒃
+ √

𝒎𝒄

𝒉𝒄
− √

𝒎𝒂

𝒉𝒂
)]

𝟏
𝟐

,  

𝝎𝟐 = [( √
𝒎𝒂

𝒉𝒂
+ √

𝒎𝒄

𝒉𝒄
− √

𝒎𝒃

𝒉𝒃
)( √

𝒎𝒂

𝒉𝒂
+ √

𝒎𝒃

𝒉𝒃
− √

𝒎𝒄

𝒉𝒄
)]

𝟏
𝟐
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𝒕𝒉𝒆𝒏 ∶  ∑
𝒎𝒂

𝒉𝒂
. 𝒙 ≥ √∑𝒙𝒚 .𝝎𝟏. 𝝎𝟐  

  Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑮 𝒃𝒆 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 𝜟𝑨𝑩𝑪,𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 

𝑨𝑮 =
𝟐

𝟑
𝒎𝒂.𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇  

𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 
→ 𝒂𝑮𝑨, 𝒃𝑮𝑩, 𝒄𝑮𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑮𝑨 =
𝟒𝒔𝒓

𝟑
.
𝒎𝒂

𝒉𝒂
 →  

𝒎𝒂

𝒉𝒂
,
𝒎𝒃

𝒉𝒃
,
𝒎𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒎, 𝒏, 𝒑 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆, 𝒕𝒉𝒆𝒏 √𝒎, √𝒏, √𝒑  

𝒄𝒂𝒏 𝒃𝒆 𝒂𝒍𝒔𝒐 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

(∴ ( √𝒎+ √𝒏)
𝟐
= (𝒎+ 𝒏) + 𝟐 √𝒎𝒏 > √𝒑

 𝟐
) 

→ √
𝒎𝒂

𝒉𝒂
, √
𝒎𝒃

𝒉𝒃
, √
𝒎𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟′ 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 ∶  

𝑭′

=
𝟏

𝟒
√(∑ √

𝒎𝒂

𝒉𝒂
)( √

𝒎𝒃

𝒉𝒃
+ √

𝒎𝒄

𝒉𝒄
− √

𝒎𝒂

𝒉𝒂
)( √

𝒎𝒂

𝒉𝒂
+ √

𝒎𝒄

𝒉𝒄
− √

𝒎𝒃

𝒉𝒃
)( √

𝒎𝒂

𝒉𝒂
+ √

𝒎𝒃

𝒉𝒃
− √

𝒎𝒄

𝒉𝒄
) 

=
𝟏

𝟒
.𝝎𝟏. 𝝎𝟐 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝜟𝑼𝑽𝑾 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭, 𝒙, 𝒚, 𝒛 > 𝟎, 𝒕𝒉𝒆𝒏 ∑𝒖𝟐. 𝒙

≥ 𝟒𝑭 √∑𝒙𝒚 (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎) 

→ 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟′, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑ √
𝒎𝒂

𝒉𝒂

  𝟐

. 𝒙 ≥ 𝟒𝑭′. √∑𝒙𝒚 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒎𝒂

𝒉𝒂
. 𝒙 ≥ √∑𝒙𝒚 .𝝎𝟏. 𝝎𝟐 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐏𝐫𝐨𝐨𝐟 ∶  
𝐕𝐢𝒂 𝐏𝐭𝐨𝐥𝐞𝐦𝐲′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐨𝐧 𝐪𝐮𝒂𝐝𝐫𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝐥 𝐀𝐁𝐐𝐂, 𝐀𝐁. 𝐂𝐐 + 𝐀𝐂. 𝐁𝐐 ≥ 𝐀𝐐.𝐁𝐂

⇒ 𝐜.
𝟐𝐦𝐛

𝟑
+ 𝐛.

𝟐𝐦𝐜

𝟑
≥
𝟒𝐦𝒂

𝟑
. 𝒂 ⇒ 𝐜𝐦𝐛 + 𝐛𝐦𝐜 ≥ 𝟐𝒂𝐦𝒂 

⇒⏞
𝐮𝐩𝐨𝐧 𝐬𝐪𝐮𝒂𝐫𝐢𝐧𝒈

𝐜𝟐𝐦𝐛
𝟐 + 𝐛𝟐𝐦𝐜

𝟐 + 𝟐𝐛𝐜𝐦𝐛𝐦𝐜 ≥ 𝟒𝒂
𝟐𝐦𝒂

𝟐 ⇒ 𝟖𝐛𝐜𝐦𝐛𝐦𝐜 ≥⏞
(𝐢)

𝟏𝟔𝒂𝟐𝐦𝒂
𝟐 − 𝟒𝐜𝟐𝐦𝐛

𝟐 − 𝟒𝐛𝟐𝐦𝐜
𝟐 

𝐍𝐨𝐰, (𝟐𝐛𝐦𝐛 + 𝟐𝐜𝐦𝐜)
𝟐 − 𝟒𝒂𝟐𝐦𝒂

𝟐

= 𝟒𝐛𝟐𝐦𝐛
𝟐 + 𝟒𝐜𝟐𝐦𝐜

𝟐 + 𝟖𝐛𝐜𝐦𝐛𝐦𝐜 − 𝟒𝒂
𝟐𝐦𝒂

𝟐 ≥⏞
𝐯𝐢𝒂 (𝐢)

𝟒𝐛𝟐𝐦𝐛
𝟐 + 𝟒𝐜𝟐𝐦𝐜

𝟐 + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

− 𝟒𝐜𝟐𝐦𝐛
𝟐 − 𝟒𝐛𝟐𝐦𝐜

𝟐 

= 𝐛𝟐(𝟒𝐦𝐛
𝟐 − 𝟒𝐦𝐜

𝟐) − 𝐜𝟐(𝟒𝐦𝐛
𝟐 − 𝟒𝐦𝐜

𝟐) + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

= (𝐛𝟐 − 𝐜𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐 − 𝟐𝒂𝟐 − 𝟐𝐛𝟐 + 𝐜𝟐) + 𝟏𝟐𝒂𝟐𝐦𝒂
𝟐

= 𝟑(𝒂𝟐. 𝟒𝐦𝒂
𝟐 − (𝐛𝟐 − 𝐜𝟐)

𝟐
) 

= 𝟑(𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) − 𝐛𝟒 − 𝐜𝟒 + 𝟐𝐛𝟐𝐜𝟐) = 𝟑(𝟐∑𝒂𝟐𝐛𝟐 −∑𝒂𝟒) = 𝟒𝟖𝐅𝟐 > 𝟎

⇒ (𝟐𝐛𝐦𝐛 + 𝟐𝐜𝐦𝐜)
𝟐 > 𝟒𝒂𝟐𝐦𝒂

𝟐 ⇒ 𝐛𝐦𝐛 + 𝐜𝐦𝐜 − 𝒂𝐦𝒂 > 𝟎 

⇒ (√𝐛𝐦𝐛 + 𝐜𝐦𝐜 −√𝒂𝐦𝒂)(√𝐛𝐦𝐛 + 𝐜𝐦𝐜 +√𝒂𝐦𝒂) > 𝟎 ⇒ √𝐛𝐦𝐛 + 𝐜𝐦𝐜 −√𝒂𝐦𝒂 > 𝟎

⇒ √𝒂𝐦𝒂 < √𝐛𝐦𝐛 + 𝐜𝐦𝐜 < √𝐛𝐦𝐛 +√𝐜𝐦𝐜 ⇒ √𝐛𝐦𝐛 +√𝐜𝐦𝐜 > √𝒂𝐦𝒂  

⇒ √
𝐛𝐦𝐛

𝟐𝐫𝐬
+ √

𝐜𝐦𝐜

𝟐𝐫𝐬
> √

𝒂𝐦𝒂

𝟐𝐫𝐬
⇒ √

𝐦𝐛

𝐡𝐛
+√

𝐦𝐜

𝐡𝐜
> √

𝐦𝒂

𝐡𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

⇒ √
𝐦𝒂

𝐡𝒂
, √
𝐦𝐛

𝐡𝐛
, √
𝐦𝐜

𝐡𝐜
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 → (𝟏) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅∗ (𝐬𝒂𝐲) 
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=
𝟏

𝟒
√(∑√

𝐦𝒂

𝐡𝒂
𝐜𝐲𝐜

)(√
𝐦𝐛

𝐡𝐛
+√

𝐦𝐜

𝐡𝐜
−√

𝐦𝒂

𝐡𝒂
)(√

𝐦𝒂

𝐡𝒂
+√

𝐦𝐛

𝐡𝐛
−√

𝐦𝐜

𝐡𝐜
)(√

𝐦𝒂

𝐡𝒂
+√

𝐦𝐜

𝐡𝐜
−√

𝐦𝐛

𝐡𝐛
)

⇒ 𝐅∗ =⏞
(∗)𝛚𝟏𝛚𝟐

𝟒
∴ 𝐯𝐢𝒂 𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦 𝒂𝐧𝐝 𝐦𝒂𝐤𝐢𝐧𝐠 𝐮𝐬𝐞 𝐨𝐟 𝒂𝒙𝐢𝐨𝐦 (𝟏), 

∑
𝐦𝒂

𝐡𝒂
. 𝒙

𝐜𝐲𝐜

≥ √𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙(𝟒𝐅∗) =⏞
𝐯𝐢𝒂 (∗)

√𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙.𝛚𝟏. 𝛚𝟐 (𝐐𝐄𝐃) 

 

2720. In 𝜟𝑨𝑩𝑪, 𝒗𝒂, 𝒗𝒃, 𝒗𝒄 are cevians through Bevan' s point, then: 

 ∑𝒗𝒂(𝒃 + 𝒄) 𝐜𝐨𝐬
𝑨

𝟐
≥ 𝟐𝒔𝟐     

Proposed by Soumava Chakraborty-Kolkata-India 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑽 𝒃𝒆 𝒕𝒉𝒆 𝑩𝒆𝒗𝒂𝒏′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒂𝒏𝒅 {𝑨′} = (𝑨𝑽) ∩ (𝑩𝑪) (∴ 𝒗𝒂 = 𝑨𝑨
′) 

𝑻𝒉𝒆 𝒃𝒂𝒓𝒚𝒄𝒆𝒏𝒕𝒓𝒊𝒄 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝑽 𝒂𝒓𝒆 (𝒙 ∶ 𝒚 ∶ 𝒛) 𝒘𝒊𝒕𝒉 𝒙

= 𝒂 (−
𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
),  

𝒚 = 𝒃(
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
)  𝒂𝒏𝒅 𝒛 = 𝒄 (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
) 

→ 𝑨′ 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 (𝟎 ∶ 𝒚 ∶ 𝒛)  →  (𝒚 + 𝒛)𝑨𝑨′⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝒚𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝒛𝑨𝑪⃗⃗⃗⃗  ⃗ 

↔
⏞

𝑺𝒒𝒖𝒂𝒓𝒊𝒏𝒈
 (𝒚 + 𝒛)𝟐𝒗𝒂

𝟐 = 𝒚𝟐𝒄𝟐 + 𝒛𝟐𝒃𝟐 + 𝒚𝒛. 𝟐𝑨𝑩⃗⃗⃗⃗⃗⃗ . 𝑨𝑪⃗⃗⃗⃗  ⃗

= 𝒚𝟐𝒄𝟐 + 𝒛𝟐𝒃𝟐 + 𝒚𝒛(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) (∗) 

𝑹𝑯𝑺(∗) = 𝒃
𝟐𝒄𝟐 [(

𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
)
𝟐

+ (
𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

] + 

𝒃𝒄 (
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
) (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
) (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 

= 𝟐𝒃𝟐𝒄𝟐 [
𝒂𝟐

(𝒔 − 𝒂)𝟐
+ (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

]

+ 𝒃𝒄 [
𝒂𝟐

(𝒔 − 𝒂)𝟐
− (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

] (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 
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=
𝒂𝟐

(𝒔 − 𝒂)𝟐
. 𝒃𝒄[(𝒃 + 𝒄)𝟐 − 𝒂𝟐] + 𝒃𝒄 (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

=
𝟒𝒔𝒂𝟐𝒃𝒄

𝒔 − 𝒂
+
𝟒𝒔𝟐𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
≥
𝟒𝒔𝒂𝟐𝒃𝒄

𝒔 − 𝒂
 (𝟏) 

𝒚 + 𝒛 = 𝒃(
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
) + 𝒄 (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)

=
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
−
𝒃(𝒃 − 𝒄)

𝒔 − 𝒃
+
𝒄(𝒃 − 𝒄)

𝒔 − 𝒄
= 

=
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
−

𝒔(𝒃 − 𝒄)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
≤
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
 →  𝑳𝑯𝑺(∗)  ≤  (

𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
. 𝒗𝒂)

𝟐

(𝟐) 

𝑭𝒓𝒐𝒎 (𝟏), (𝟐),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
. 𝒗𝒂 ≥ √

𝟒𝒔𝒂𝟐𝒃𝒄

𝒔 − 𝒂
 ↔  𝒗𝒂 ≥

𝟐 √𝒃𝒄

𝒃 + 𝒄
. √𝒔(𝒔 − 𝒂)

= 𝒘𝒂 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→∑𝒗𝒂(𝒃 + 𝒄) 𝐜𝐨𝐬
𝑨

𝟐
≥∑𝒘𝒂(𝒃 + 𝒄) 𝐜𝐨𝐬

𝑨

𝟐
= 𝟐∑𝒃𝒄𝐜𝐨𝐬𝟐

𝑨

𝟐
= 𝟐∑𝒔(𝒔 − 𝒂) = 𝟐𝒔𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒗𝒂(𝒃 + 𝒄) 𝐜𝐨𝐬
𝑨

𝟐
≥ 𝟐𝒔𝟐. 

2721. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

    ∑
𝟏

√𝐜𝐨𝐬
𝑩
𝟐
𝐜𝐨𝐬

𝑪
𝟐

≤ √
𝟐

𝟑
∑

𝟏

√𝐬𝐢𝐧
𝑨
𝟐

      

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
= 𝒔 √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒄𝒂. 𝒂𝒃
=
𝒔

𝒂
𝐬𝐢𝐧

𝑨

𝟐
 

𝑨𝒍𝒔𝒐, 𝒊𝒇 𝒂 ≥ 𝒃 ≥ 𝒄 →  
𝟏

√𝐬𝐢𝐧
𝑨
𝟐

≤
𝟏

√𝐬𝐢𝐧
𝑩
𝟐

≤
𝟏

√𝐬𝐢𝐧
𝑪
𝟐

 𝒂𝒏𝒅 √𝒂 ≥ √𝒃 ≥ √𝒄 
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→ ∑
𝟏

√𝐜𝐨𝐬
𝑩
𝟐 𝐜𝐨𝐬

𝑪
𝟐

=
𝟏

√𝒔
∑ √𝒂.

𝟏

√𝐬𝐢𝐧
𝑨
𝟐

 ≤
⏞

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 
𝟏

𝟑 √𝒔
(∑ √𝒂)

(

 ∑
𝟏

√𝐬𝐢𝐧
𝑨
𝟐)

 ≤ 

≤
⏞

𝑪𝑩𝑺 𝟏

𝟑 √𝒔
(

 √𝟑∑𝒂

)

 

(

 ∑
𝟏

√𝐬𝐢𝐧
𝑨
𝟐)

 = √
𝟐

𝟑
∑

𝟏

√𝐬𝐢𝐧
𝑨
𝟐

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝟏

√𝐜𝐨𝐬
𝑩
𝟐 𝐜𝐨𝐬

𝑪
𝟐

≤ √
𝟐

𝟑
∑

𝟏

√𝐬𝐢𝐧
𝑨
𝟐

. 

2722. In ∆𝐀𝐁𝐂 the following relationship holds: 

𝒙𝒂𝟐𝐧𝒂 + 𝐲𝐛
𝟐𝐧𝐛 + 𝐳𝐜

𝟐𝐧𝐜 ≥ √𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 √𝟐∑𝒂𝟐𝐛𝟐𝐧𝒂𝐧𝐛 −∑𝒂𝟒𝐧𝒂𝟐  ∀ 𝒙, 𝒚, 𝐳 > 𝟎 

 Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐦, 𝐧, 𝐩 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ( √𝐦+ √𝐧)
𝟐
− 𝐩 = 𝐦+ 𝐧 − 𝐩 + 𝟐 √𝐦𝐧

> 𝟐 √𝐦𝐧 > 𝟎 ⇒ √𝐦+ √𝐧 > √𝐩 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝐥𝒂𝐫𝐥𝐲, √𝐧 + √𝐩 > √𝐦 𝒂𝐧𝐝  

√𝐩 + √𝐦 > √𝐧

⇒ √𝐦, √𝐧, √𝐩 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐟𝐨𝐫 𝐞𝐯𝐞𝐫𝐲 𝐦,𝐧, 𝐩 𝐭𝐡𝒂𝐭 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞

→ 𝒂𝒙𝐢𝐨𝐦 (𝟏)  
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𝐋𝐞𝐭 𝐭𝐡𝐞 𝐍𝒂𝐠𝐞𝐥 𝐩𝐨𝐢𝐧𝐭 𝐛𝐞 𝐍. 𝐍𝐨𝐰,𝐀′𝐁 = 𝐬 − 𝐜, 𝐀′𝐂 = 𝐬 − 𝐛, 𝐁′𝐀 = 𝐬 − 𝐜, 𝐁′𝐂 = 𝐬 − 𝒂, 𝐂′𝐀

= 𝐬 − 𝐛, 𝐂′𝐁 = 𝐬 − 𝒂 ∴
𝐀𝐍

𝐀′𝐍
=
⏞

𝐕𝒂𝐧 𝐀𝐮𝐛𝐞𝐥 𝐬 − 𝐛

𝐬 − 𝒂
+
𝐬 − 𝐜

𝐬 − 𝒂
=

𝒂

𝐬 − 𝒂
⇒
𝐀′𝐍

𝐀𝐍
+ 𝟏

=
𝐬 − 𝒂

𝒂
+ 𝟏 

⇒
𝐧𝒂
𝐀𝐍

=
𝐬

𝒂
⇒ 𝒂.𝐀𝐍 =

𝒂𝟐𝐧𝒂
𝐬

 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒
𝒂𝟐𝐧𝒂 + 𝐛

𝟐𝐧𝐛 − 𝐜
𝟐𝐧𝐜

𝐬
= 𝒂. 𝐀𝐍 + 𝐛. 𝐁𝐍 − 𝐜. 𝐂𝐍 > 𝟎

∵ 𝒂. 𝐀𝐌 + 𝐛.𝐁𝐌− 𝐜. 𝐂𝐌 𝒂𝐧𝐝 𝐜𝐲𝐜𝐥𝐢𝐜 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 >
⏞

𝐊𝐥𝒂𝐦𝐤𝐢𝐧
𝟎 ∀ 𝐢𝐧𝐭𝐞𝐫𝐢𝐨𝐫 𝐩𝐨𝐢𝐧𝐭𝐬 𝐌 𝒂𝐧𝐝 

𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐌 ≡ 𝐍 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐣𝐮𝐬𝐭𝐢𝐟𝐢𝒂𝐛𝐥𝐞 𝐬𝐢𝐧𝐜𝐞 𝐍 𝐢𝐬 𝒂𝐧 𝐢𝐧𝐭𝐞𝐫𝐢𝐨𝐫 𝐩𝐨𝐢𝐧𝐭
∴ 𝒂𝟐𝐧𝒂 + 𝐛

𝟐𝐧𝐛 − 𝐜
𝟐𝐧𝐜 𝒂𝐧𝐝 𝐜𝐲𝐜𝐥𝐢𝐜 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 > 𝟎

⇒ 𝒂𝟐𝐧𝒂, 𝐛
𝟐𝐧𝐛, 𝐜

𝟐𝐧𝐜 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞  

⇒
⏞

𝐯𝐢𝒂 𝒂𝒙𝐢𝐨𝐦 (𝟏)

𝒂 √𝐧𝒂, 𝐛 √𝐧𝐛, 𝐜 √𝐧𝐜 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 → 𝒂𝒙𝐢𝐨𝐦 (𝟐) 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐠𝐞𝐧𝐞𝐫𝒂𝐥𝐢𝐬𝐞𝐝 𝐈𝐨𝐧𝐞𝐬𝐜𝐮 −𝐖𝐞𝐢𝐭𝐳𝐞𝐧𝐛𝐨𝐜𝐤′𝐬 𝐢𝐧𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ ∀ 𝒙, 𝒚, 𝐳 
> 𝟎 𝒂𝐧𝐝 ∀ 𝛂, 𝛃, 𝛄 𝐭𝐡𝒂𝐭 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞, 𝒙𝛂𝟐 + 𝐲𝛃𝟐 + 𝐳𝛄𝟐

≥ 𝟒 √𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙. [𝐏𝐐𝐑] 

(𝐰𝐡𝐞𝐫𝐞 𝐏𝐐𝐑 𝐢𝐬 𝐭𝐡𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐟𝐨𝐫𝐦𝐞𝐝 𝐛𝐲 𝛂, 𝛃, 𝛄) = √𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 √𝟏𝟔[𝐏𝐐𝐑]𝟐

= √𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 √𝟐∑𝛂𝟐𝛃𝟐 −∑𝛂𝟒 ⇒ 𝒙𝛂𝟐 + 𝐲𝛃𝟐 + 𝐳𝛄𝟐

≥ √𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 √𝟐∑𝛂𝟐𝛃𝟐 −∑𝛂𝟒 

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝛂 = 𝒂 √𝐧𝒂, 𝛃 = 𝐛 √𝐧𝐛, 𝛄

= 𝐜 √𝐧𝐜, 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐣𝐮𝐬𝐭𝐢𝐟𝐢𝒂𝐛𝐥𝐞 𝒂𝐬 𝐢𝐬 𝐞𝐯𝐢𝐝𝐞𝐧𝐭 𝐟𝐫𝐨𝐦 𝒂𝒙𝐢𝐨𝐦 (𝟐),𝐰𝐞 𝐡𝒂𝐯𝐞 ∀ 𝒙, 𝒚, 𝐳 

> 𝟎 ∶ 

𝒙𝒂𝟐𝐧𝒂 + 𝐲𝐛
𝟐𝐧𝐛 + 𝐳𝐜

𝟐𝐧𝐜 ≥ √𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 √𝟐∑𝒂𝟐𝐛𝟐𝐧𝒂𝐧𝐛 −∑𝒂𝟒𝐧𝒂
𝟐  (𝐐𝐄𝐃) 

2723. Let 𝜶 ≥ 𝟏. In any 𝚫𝑨𝑩𝑪 the following relationship holds: 
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(
𝑹

𝟐𝒓
)
𝜶

∑𝒘𝒂
𝟐

𝒄𝒚𝒄

≥∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by George Florin Șerban-Romania 

∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

=∑
𝟐𝑭

𝒃
⋅
𝟐𝑭

𝒄
𝒄𝒚𝒄

= 𝟒𝑭𝟐∑
𝟏

𝒃𝒄
𝒄𝒚𝒄

= 𝟒𝑭𝟐∑
𝒂

𝒂𝒃𝒄
𝒄𝒚𝒄

=
𝟒𝑭𝟐 ⋅ 𝟐𝒔

𝟒𝑹𝑭
=
𝟐𝒔𝑭

𝑹
=
𝟐𝒓𝒔𝟐

𝑹
 

∵∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

= 𝒔𝟐 

(
𝑹

𝟐𝒓
)
𝜶

∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

= (
𝑹

𝟐𝒓
)
𝜶 𝟐𝒓𝒔𝟐

𝑹
≥
(∗)

∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

= 𝒔𝟐 

(∗) ⟺ (
𝑹

𝟐𝒓
)
𝜶

⋅
𝟐𝒓

𝑹
≥ 𝟏 ⟺ (

𝑹

𝟐𝒓
)
𝜶

≥
𝑹

𝟐𝒓
 which is true from 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) and 𝜶 ≥ 𝟏. 

(
𝑹

𝟐𝒓
)
𝜶

∑𝒘𝒂
𝟐

𝒄𝒚𝒄

≥ (
𝑹

𝟐𝒓
)
𝜶

∑𝒘𝒂𝒘𝒃
𝒄𝒚𝒄

≥ (
𝑹

𝟐𝒓
)
𝜶

∑𝒉𝒂𝒉𝒃
𝒄𝒚𝒄

≥∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

 

Therefore, 

(
𝑹

𝟐𝒓
)
𝜶

∑𝒘𝒂
𝟐

𝒄𝒚𝒄

≥∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

 

2724.  

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑𝐧𝒂(𝐫𝐛 + 𝐫𝐜) √
𝐫𝒂
𝐡𝒂
≥
𝐬𝟐

𝟑
∑ √

𝟐𝐦𝒂 + 𝐧𝒂 + 𝐡𝒂
𝐡𝒂

 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐 ) 𝐜𝐨𝐬

𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐 𝐜𝐨𝐬

𝐁
𝟐 𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑)

= 𝟒𝐑𝐜𝐨𝐬𝟐
𝐀

𝟐
∴ 𝐫𝐛 + 𝐫𝐜 =

⏞

(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 −  𝐜) + 𝐜𝟐(𝐬 −  𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 −  𝐛)(𝐬 − 𝐜)

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜)

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 
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= 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 ⇒ 𝒂𝐧𝒂
𝟐 = 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀 − 𝟐𝐛𝐜)

= 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐
𝐀

𝟐
= 𝒂𝐬𝟐 −

𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
= 𝒂𝐬𝟐 −

𝟒∆𝟐

𝐬 − 𝒂
 

= 𝒂𝐬𝟐 − 𝟐𝒂(
𝟐∆

𝒂
) (

∆

𝐬 − 𝒂
) = 𝒂𝐬𝟐 − 𝟐𝒂𝐡𝒂𝐫𝒂 ⇒ 𝐧𝒂

𝟐 = 𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂 ⇒ 𝒂𝟐𝐧𝒂
𝟐 ≤ 𝟒(𝐑 − 𝐫)𝟐𝐬𝟐

⇔ 𝒂𝟐(𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂) ≤ 𝟒(𝐑 − 𝐫)
𝟐𝐬𝟐

⇔ (𝟒𝐑𝟐𝐬𝐢𝐧𝟐𝐀)𝐬𝟐 − 𝟒𝐫𝐬 (𝟒𝐑𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
) (𝐬𝐭𝒂𝐧

𝐀

𝟐
) 

≤ 𝟒(𝐑𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟐⇔ 𝐑𝟐(𝟏 − 𝐬𝐢𝐧𝟐𝐀) − 𝟐𝐑𝐫(𝟏 − 𝟐𝐬𝐢𝐧𝟐
𝐀

𝟐
) + 𝐫𝟐 ≥ 𝟎

⇔ 𝐑𝟐𝐜𝐨𝐬𝟐𝐀− 𝟐𝐑𝐫𝐜𝐨𝐬𝐀 + 𝐫𝟐 ≥ 𝟎 ⇔ (𝐑𝐜𝐨𝐬𝐀 − 𝐫)𝟐 ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝒂𝐧𝒂
≤ 𝟐𝐑𝐬 − 𝟐𝐫𝐬 

⇒
𝐧𝒂
𝐡𝒂
≤

𝟐𝐑𝐬

𝒂(
𝟐𝐫𝐬
𝒂
)
−

𝟐𝐫𝐬

𝒂 (
𝟐𝐫𝐬
𝒂
)
⇒
𝐧𝒂
𝐡𝒂
≤
𝐑

𝐫
− 𝟏 𝒂𝐧𝐝 ∵ 𝐯𝐢𝒂 𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥,

𝟐𝐦𝒂

𝐡𝒂
≤
𝐑

𝐫
∴
𝟐𝐦𝒂

𝐡𝒂
+
𝐧𝒂
𝐡𝒂
+ 𝟏

≤
𝐑

𝐫
+
𝐑

𝐫
− 𝟏 + 𝟏 ⇒ √

𝟐𝐦𝒂 + 𝐧𝒂 + 𝐡𝒂
𝐡𝒂

≤ √
𝟐𝐑

𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬  

⇒
𝐬𝟐

𝟑
∑ √

𝟐𝐦𝒂 + 𝐧𝒂 + 𝐡𝒂
𝐡𝒂

≤ (
𝐬𝟐

𝟑
)𝟑 √

𝟐𝐑

𝐫
∴
𝐬𝟐

𝟑
∑ √

𝟐𝐦𝒂 + 𝐧𝒂 + 𝐡𝒂
𝐡𝒂

≤
⏞

(∗)

𝐬𝟐 √
𝟐𝐑

𝐫
 

 
𝐋𝐞𝐭 𝐭𝐡𝐞 𝐍𝒂𝐠𝐞𝐥 𝐩𝐨𝐢𝐧𝐭 𝐛𝐞 𝐍. 𝐍𝐨𝐰,𝐀′𝐁 = 𝐬 − 𝐜, 𝐀′𝐂 = 𝐬 − 𝐛, 𝐁′𝐀 = 𝐬 − 𝐜, 𝐁′𝐂 = 𝐬 − 𝒂, 𝐂′𝐀

= 𝐬 − 𝐛, 𝐂′𝐁 = 𝐬 − 𝒂 ∴
𝐀𝐍

𝐀′𝐍
=
⏞

𝐕𝒂𝐧 𝐀𝐮𝐛𝐞𝐥 𝐬 − 𝐛

𝐬 − 𝒂
+
𝐬 − 𝐜

𝐬 − 𝒂
=

𝒂

𝐬 − 𝒂
⇒
𝐀′𝐍

𝐀𝐍
+ 𝟏

=
𝐬 − 𝒂

𝒂
+ 𝟏 
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⇒
𝐧𝒂
𝐀𝐍

=
𝐬

𝒂
⇒ 𝐧𝒂 =

𝐬𝐀𝐍

𝒂
⇒ 𝐧𝒂(𝐫𝐛 + 𝐫𝐜) √

𝐫𝒂
𝐡𝒂

=
⏞

𝐯𝐢𝒂 (𝐢) 𝐬𝐀𝐍

𝒂
(𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
)
√𝐬𝐭𝒂𝐧

𝐀
𝟐
(𝟒𝐑𝐬𝐢𝐧

𝐀
𝟐
𝐜𝐨𝐬

𝐀
𝟐
)

𝟐𝐫𝐬

= √
𝟐𝐑

𝐫
(
𝟒𝐑𝐬𝐢𝐧

𝐀
𝟐 𝐜𝐨𝐬

𝟐𝐀
𝟐

𝟒𝐑𝐬𝐢𝐧
𝐀
𝟐
𝐜𝐨𝐬

𝐀
𝟐

)𝐬𝐀𝐍 = 𝐬 √
𝟐𝐑

𝐫
𝐀𝐍. 𝐜𝐨𝐬

𝐀

𝟐
 

⇒ 𝐧𝒂(𝐫𝐛 + 𝐫𝐜) √
𝐫𝒂
𝐡𝒂
= 𝐬 √

𝟐𝐑

𝐫
𝐀𝐍. 𝐜𝐨𝐬

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒∑𝐧𝒂(𝐫𝐛 + 𝐫𝐜) √

𝐫𝒂
𝐡𝒂

= 𝐬 √
𝟐𝐑

𝐫
∑𝐀𝐍. 𝐜𝐨𝐬

𝐀

𝟐
≥
⏞

?
𝐬𝟐 √

𝟐𝐑

𝐫
⇔∑𝐀𝐍. 𝐜𝐨𝐬

𝐀

𝟐
≥
⏞

?
𝐬

⇔∑𝒂.𝐀𝐍.
𝐜𝐨𝐬

𝐀
𝟐

𝟒𝐑𝐜𝐨𝐬
𝐀
𝟐 𝐬𝐢𝐧

𝐀
𝟐

≥ 𝐬 

⇔∑𝒂.𝐀𝐍.𝐀𝐈 ≥ 𝒂𝐛𝐜 ⇔
𝐀𝐍.𝐀𝐈

𝐛𝐜
+
𝐁𝐍.𝐁𝐈

𝐜𝒂
+ +

𝐂𝐍. 𝐂𝐈

𝒂𝐛
≥
⏞

(∗∗)

𝟏 

𝐍𝐨𝐰,𝐕𝐢𝒂 𝐗𝐢𝒂𝐨 − 𝐆𝐮𝒂𝐧𝒈 𝐂𝐡𝐮 𝒂𝐧𝐝 𝐙𝐡𝐢
− 𝐇𝐮𝒂 𝐙𝐡𝒂𝐧𝒈, 𝐟𝐨𝐫 𝒂𝐧𝐲 𝟐 𝒂𝐫𝐛𝐢𝐭𝐫𝒂𝐫𝐲 𝐢𝐧𝐭𝐞𝐫𝐢𝐨𝐫 𝐩𝐨𝐢𝐧𝐭𝐬 𝐏 𝒂𝐧𝐝 𝐌, 𝐢𝐟 𝒙, 𝐲, 𝐳  

𝒂𝐫𝐞 𝐭𝐡𝐞 𝐛𝒂𝐫𝐲𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝒂𝐭𝐞𝐬 𝐨𝐟 𝐩𝐨𝐢𝐧𝐭 𝐏 𝐨𝐫 𝐌, 𝐭𝐡𝐞𝐧 ∶  
(𝒙 + 𝐲 + 𝐳)(𝒙. 𝐏𝐀.𝐌𝐀 + 𝐲. 𝐏𝐁.𝐌𝐁 + 𝐳. 𝐏𝐂.𝐌𝐂) ≥ 𝐲𝐳𝒂𝟐 + 𝐳𝒙𝐛𝟐 + 𝒙𝐲𝐜𝟐 𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝒈 𝐌

≡ 𝐈 (𝐈 𝐢𝐬 𝒂𝐧 𝐢𝐧𝐭𝐞𝐫𝐢𝐨𝐫 𝐩𝐨𝐢𝐧𝐭) 𝒂𝐧𝐝 𝒂𝐬 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭 𝐜𝐨𝐫𝐫𝐞𝐬𝐩𝐨𝐧𝐝𝐢𝐧𝐠 𝐭𝐨 𝐰𝐡𝐢𝐜𝐡 𝐭𝐡𝐞 
𝐛𝒂𝐫𝐲𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝒂𝐭𝐞𝐬 𝒂𝐫𝐞 𝐞𝐯𝒂𝐥𝐮𝒂𝐭𝐞𝐝, 𝐭𝐡𝐞𝐧 ∵ 𝒙 = 𝒂𝐩𝟏, 𝐲 = 𝐛𝐩𝟐, 𝐳
= 𝐜𝐩𝟑 𝐰𝐡𝐞𝐫𝐞 𝐩𝟏, 𝐩𝟐, 𝐩𝟑 𝒂𝐫𝐞 𝐭𝐡𝐞 𝐩𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝐥𝒂𝐫 𝐝𝐢𝐬𝐭𝒂𝐧𝐜𝐞𝐬 𝐟𝐫𝐨𝐦 𝐌 𝐭𝐨 𝐁𝐂, 𝐂𝐀, 𝐀𝐁  

𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲,𝐰𝐞 𝐠𝐞𝐭 ∶  
𝒙 = 𝒂𝐫, 𝐲 = 𝐛𝐫, 𝐳 = 𝐜𝐫 (∵ 𝐌 ≡ 𝐈) 𝒂𝐧𝐝 𝐬𝐨, 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭

∶ (𝒂𝐫 + 𝐛𝐫 + 𝐜𝐫)(𝒂𝐫. 𝐏𝐀. 𝐈𝐀 + 𝐛𝐫. 𝐏𝐁. 𝐈𝐁 + 𝐜𝐫. 𝐏𝐂. 𝐈𝐂)

≥ 𝐛𝐫. 𝐜𝐫𝒂𝟐 + 𝐜𝐫. 𝒂𝐫𝐛𝟐 + 𝒂𝐫. 𝐛𝐫𝐜𝟐 

⇒ 𝟐𝐬 (
𝐏𝐀. 𝐈𝐀

𝐛𝐜
+
𝐏𝐁. 𝐈𝐁

𝐜𝒂
+
𝐏𝐂. 𝐈𝐂

𝒂𝐛
) ≥

𝒂𝟐𝐛𝐜 + 𝐛𝟐𝐜𝒂 + 𝐜𝟐𝒂𝐛

𝒂𝐛𝐜

⇒
𝐏𝐀. 𝐈𝐀

𝐛𝐜
+
𝐏𝐁. 𝐈𝐁

𝐜𝒂
+
𝐏𝐂. 𝐈𝐂

𝒂𝐛
≥
⏞

(∗∗∗)

𝟏 𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝒈 𝐏

≡ 𝐍 (𝐍 𝐢𝐬 𝒂𝐧 𝐢𝐧𝐭𝐞𝐫𝐢𝐨𝐫 𝐩𝐨𝐢𝐧𝐭) 𝐢𝐧 (∗∗∗),𝐰𝐞 𝒈𝐞𝐭 ∶ 

𝐀𝐍.𝐀𝐈

𝐛𝐜
+
𝐁𝐍.𝐁𝐈

𝐜𝒂
+
𝐂𝐍. 𝐂𝐈

𝒂𝐛
≥ 𝟏 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒∑𝐧𝒂(𝐫𝐛 + 𝐫𝐜) √

𝐫𝒂
𝐡𝒂

≥ 𝐬𝟐 √
𝟐𝐑

𝐫
≥
⏞

𝐯𝐢𝒂 (∗) 𝐬𝟐

𝟑
∑ √

𝟐𝐦𝒂 + 𝐧𝒂 + 𝐡𝒂
𝐡𝒂

 (𝐐𝐄𝐃) 

 

2725. In 𝜟𝑨𝑩𝑪 the following relationship holds: 
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∑𝒘𝒂
𝟐 +

𝑹

𝟐𝒓
∑𝒎𝒂

𝟐 ≥ 𝟐𝒔𝟐 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒘𝒂
𝟐 +

𝑹

𝟐𝒓
.𝒎𝒂

𝟐  ≥
⏞

𝑬𝒖𝒍𝒆𝒓
 𝒘𝒂

𝟐 +𝒎𝒂
𝟐  ≥

⏞

𝑨𝑴−𝑮𝑴
 𝟐𝒘𝒂𝒎𝒂  ≥

⏞

𝑳𝒂𝒔𝒄𝒖
 𝟐.

𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬

𝑨

𝟐
.
𝒃 + 𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐

= 𝟐𝒃𝒄 𝐜𝐨𝐬𝟐
𝑨

𝟐
= 𝟐𝒔(𝒔 − 𝒂) 

→ ∑(𝒘𝒂
𝟐 +

𝑹

𝟐𝒓
.𝒎𝒂

𝟐) ≥ 𝟐𝒔∑(𝒔 − 𝒂) = 𝟐𝒔𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒘𝒂
𝟐 +

𝑹

𝟐𝒓
∑𝒎𝒂

𝟐 ≥ 𝟐𝒔𝟐. 

2726. In 𝜟𝑨𝑩𝑪, 𝒗𝒂, 𝒗𝒃, 𝒗𝒄 are cevians through Bevan' s point, then : 

∑
𝒗𝒂
𝒔 − 𝒂

≥
𝟐𝟕𝑹

𝟐𝒔
    

 Proposed by Soumava Chakraborty-Kolkata-India 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑽 𝒃𝒆 𝒕𝒉𝒆 𝑩𝒆𝒗𝒂𝒏′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒂𝒏𝒅 {𝑨′} = (𝑨𝑽) ∩ (𝑩𝑪) (∴ 𝒗𝒂 = 𝑨𝑨
′) 

𝑻𝒉𝒆 𝒃𝒂𝒓𝒚𝒄𝒆𝒏𝒕𝒓𝒊𝒄 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝑽 𝒂𝒓𝒆 (𝒙 ∶ 𝒚 ∶ 𝒛) 𝒘𝒊𝒕𝒉 

 𝒙 = 𝒂 (−
𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
),  

𝒚 = 𝒃(
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
)  𝒂𝒏𝒅 𝒛 = 𝒄 (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
) 

→ 𝑨′ 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 (𝟎 ∶ 𝒚 ∶ 𝒛)  →  (𝒚 + 𝒛)𝑨𝑨′⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝒚𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝒛𝑨𝑪⃗⃗⃗⃗  ⃗ 

↔⏞
𝑺𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝒚 + 𝒛)𝟐𝒗𝒂
𝟐 = 𝒚𝟐𝒄𝟐 + 𝒛𝟐𝒃𝟐 + 𝒚𝒛. 𝟐𝑨𝑩⃗⃗⃗⃗⃗⃗ . 𝑨𝑪⃗⃗⃗⃗  ⃗

= 𝒚𝟐𝒄𝟐 + 𝒛𝟐𝒃𝟐 + 𝒚𝒛(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) (∗) 

𝑹𝑯𝑺(∗) = 𝒃
𝟐𝒄𝟐 [(

𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
)
𝟐

+ (
𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

] + 
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𝒃𝒄 (
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
) (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
) (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 

= 𝟐𝒃𝟐𝒄𝟐 [
𝒂𝟐

(𝒔 − 𝒂)𝟐
+ (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

]

+ 𝒃𝒄 [
𝒂𝟐

(𝒔 − 𝒂)𝟐
− (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

] (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 

=
𝒂𝟐

(𝒔 − 𝒂)𝟐
. 𝒃𝒄[(𝒃 + 𝒄)𝟐 − 𝒂𝟐] + 𝒃𝒄 (

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)
𝟐

[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

=
𝟒𝒔𝒂𝟐𝒃𝒄

𝒔 − 𝒂
+
𝟒𝒔𝟐𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

= 𝒔𝒃𝒄.
𝒂𝟐. 𝟒(𝒔 − 𝒃)(𝒔 − 𝒄) + 𝟒𝒔(𝒔 − 𝒂)(𝒃 − 𝒄)𝟐

𝒔𝒓𝟐

=
𝒃𝒄

𝒓𝟐
{𝒂𝟐[𝒂𝟐 − (𝒃 − 𝒄)𝟐] + (𝒃 − 𝒄)𝟐[(𝒃 + 𝒄)𝟐 − 𝒂𝟐]} = 

=
𝒃𝒄

𝒓𝟐
(𝟒𝒂𝟐𝒃𝒄 − 𝟐∑𝒂𝟐𝒃𝟐 +∑𝒂𝟒) =

𝒃𝒄

𝒓𝟐
(𝟒𝒂. 𝟒𝒔𝑹𝒓 − 𝟏𝟔𝒔𝟐𝒓𝟐) =

𝟏𝟔𝒔(𝑹. 𝒂𝒃𝒄 − 𝒔𝒓. 𝒃𝒄)

𝒓

= 𝟏𝟔𝒔(𝑹. 𝟒𝑹𝒔 − 𝒔𝒃𝒄) = 

= 𝟔𝟒𝒔𝟐𝑹𝟐 (𝟏 −
𝒃𝒄

𝟒𝑹𝟐
) = 𝟔𝟒𝒔𝟐𝑹𝟐 (𝟏 −

𝒔(𝒔 − 𝒂)

𝟒𝑹𝟐 𝐜𝐨𝐬𝟐
𝑨
𝟐

)

= 𝟔𝟒𝒔𝟐𝑹𝟐(𝟏 −
𝟒𝒔(𝒔 − 𝒂) 𝐜𝐨𝐬𝟐

𝑩 − 𝑪
𝟐

(𝟒𝑹𝐜𝐨𝐬
𝑨
𝟐 𝐜𝐨𝐬

𝑩 − 𝑪
𝟐 )

𝟐) ≥ 

≥⏞

𝐜𝐨𝐬𝟐
𝑩−𝑪
𝟐
≤𝟏

𝟔𝟒𝒔𝟐𝑹𝟐 (𝟏 −
(𝒃 + 𝒄)𝟐 − 𝒂𝟐

(𝒃 + 𝒄)𝟐
) = (𝟖𝒔𝑹.

𝒂

𝒃 + 𝒄
)
𝟐

  →  𝑹𝑯𝑺(∗) ≥ (𝟖𝒔𝑹.
𝒂

𝒃 + 𝒄
)
𝟐

 (𝟏) 

𝒚 + 𝒛 = 𝒃(
𝒂

𝒔 − 𝒂
−

𝒃

𝒔 − 𝒃
+

𝒄

𝒔 − 𝒄
) + 𝒄 (

𝒂

𝒔 − 𝒂
+

𝒃

𝒔 − 𝒃
−

𝒄

𝒔 − 𝒄
)

=
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
−
𝒃(𝒃 − 𝒄)

𝒔 − 𝒃
+
𝒄(𝒃 − 𝒄)

𝒔 − 𝒄
= 

=
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
−

𝒔(𝒃 − 𝒄)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
≤
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
   →  𝑳𝑯𝑺(∗)  ≤  (

𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
. 𝒗𝒂)

𝟐

(𝟐) 

𝑭𝒓𝒐𝒎 (𝟏), (𝟐),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒂(𝒃 + 𝒄)

𝒔 − 𝒂
. 𝒗𝒂 ≥ 𝟖𝒔𝑹.

𝒂

𝒃 + 𝒄
 ↔ 

𝒗𝒂
𝒔 − 𝒂

≥
𝟖𝒔𝑹

(𝒃 + 𝒄)𝟐
 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒗𝒂
𝒔 − 𝒂

≥ 𝟖𝒔𝑹∑
𝟏

(𝒃 + 𝒄)𝟐
 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 𝟖𝒔𝑹.
𝟑𝟑

[ ∑(𝒃 + 𝒄) ]𝟐
=
𝟐𝟕𝑹

𝟐𝒔
. 

2727. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

∑𝐜𝐨𝐬𝟐
𝑨

𝟐
(
√𝒏𝒃

𝒉𝒃
+
√𝒏𝒄

𝒉𝒄
−
√𝒏𝒂

𝒉𝒂
) ≥ 

√𝟐∑𝐜𝐨𝐬𝟐
𝑨

𝟐
. 𝐜𝐨𝐬𝟐

𝑩

𝟐
−∑𝐜𝐨𝐬𝟒

𝑨

𝟐
.√𝟐∑

√𝒏𝒂𝒏𝒃

𝒉𝒂𝒉𝒃
−∑

𝒏𝒂

𝒉𝒂
𝟐
  

 Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑰 𝒂𝒏𝒅 𝑵 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒂𝒏𝒅 𝒕𝒉𝒆 𝑵𝒂𝒈𝒆𝒍′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝜟𝑨𝑩𝑪, 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚.  

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 𝑨𝑰 =
𝒓

𝐬𝐢𝐧
𝑨
𝟐

. 

𝑳𝒆𝒕 𝑨𝑨′, 𝑩𝑩′, 𝑪𝑪′𝒃𝒆 𝒕𝒉𝒆 𝑵𝒂𝒈𝒆𝒍 𝒄𝒆𝒗𝒊𝒂𝒏𝒔.𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 𝑨𝑩′ = 𝒔 − 𝒄, 𝑨𝑪′

= 𝒔 − 𝒃,𝑩𝑪′ = 𝑪𝑩′ = 𝒔 − 𝒂 

𝑭𝒓𝒐𝒎 𝑽𝒂𝒏 𝑨𝒖𝒃𝒆𝒍′𝒔 𝒕𝒉𝒆𝒐𝒓𝒎,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝑨𝑵

𝑨′𝑵
=
𝑨𝑪′

𝑪′𝑩
+
𝑨𝑩′

𝑩′𝑪
=
𝒔 − 𝒃

𝒔 − 𝒂
+
𝒔 − 𝒄

𝒔 − 𝒂
=

𝒂

𝒔 − 𝒂
 

→ 
𝒏𝒂
𝑨𝑵

= 𝟏 +
𝑨′𝑵

𝑨𝑵
= 𝟏 +

𝒔 − 𝒂

𝒂
=
𝒔

𝒂
→ 𝑨𝑵 =

𝒂. 𝒏𝒂
𝒔
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔). 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 
 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ (𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪) 𝒂𝒏𝒅 (𝒂𝑵𝑨, 𝒃𝑵𝑩, 𝒄𝑵𝑪) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = 𝟒𝑹𝒓 𝐜𝐨𝐬
𝑨

𝟐
 

→  𝐜𝐨𝐬
𝑨

𝟐
, 𝐜𝐨𝐬

𝑩

𝟐
, 𝐜𝐨𝐬

𝑪

𝟐
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝟏𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 ∶  

𝑭𝟏 =
𝟏

𝟒
√𝟐∑𝐜𝐨𝐬𝟐

𝑨

𝟐
. 𝐜𝐨𝐬𝟐

𝑩

𝟐
−∑𝐜𝐨𝐬𝟒

𝑨

𝟐
. 

𝑨𝒍𝒔𝒐, 𝒔𝒊𝒏𝒄𝒆 𝒂𝑵𝑨 = 𝒂.
𝒂. 𝒏𝒂
𝒔

= 𝟒𝒔𝒓𝟐.
𝒏𝒂

𝒉𝒂
𝟐  

→  
𝒏𝒂

𝒉𝒂
𝟐 ,
𝒏𝒃

𝒉𝒃
𝟐 ,
𝒏𝒄

𝒉𝒄
𝟐  𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒎, 𝒏, 𝒑 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒏𝒈𝒍𝒆, 𝒕𝒉𝒆𝒏 √𝒎,√𝒏,√𝒑 𝒄𝒂𝒏 𝒃𝒆 𝒂𝒍𝒔𝒐 𝒕𝒉𝒆 

 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

(∴ (√𝒎+ √𝒏)
𝟐
= (𝒎+ 𝒏) + 𝟐√𝒎𝒏 > √𝒑

 𝟐
) 
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→ √
√𝒏𝒂

𝒉𝒂
, √
√𝒏𝒃

𝒉𝒃
, √
√𝒏𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝟐𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 ∶ 𝑭𝟐

=
𝟏

𝟒
√𝟐∑

√𝒏𝒂𝒏𝒃

𝒉𝒂𝒉𝒃
−∑

𝒏𝒂

𝒉𝒂
𝟐 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒘𝒐 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝑿𝒀𝒁 𝒂𝒏𝒅 𝜟𝑼𝑽𝑾 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺𝟏 𝒂𝒏𝒅 𝑺𝟐 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚,  

𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒙𝟐(𝒗𝟐 +𝒘𝟐 − 𝒖𝟐) ≥ 𝟏𝟔𝑺𝟏𝑺𝟐  (𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆) 

𝑭𝒐𝒓 𝜟𝟏 𝒂𝒏𝒅 𝜟𝟐, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝐜𝐨𝐬𝟐
𝑨

𝟐
(
√𝒏𝒃

𝒉𝒃
+
√𝒏𝒄

𝒉𝒄
−
√𝒏𝒂

𝒉𝒂
) ≥ 𝟏𝟔𝑭𝟏𝑭𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,∑𝐜𝐨𝐬𝟐
𝑨

𝟐
(
√𝒏𝒃

𝒉𝒃
+
√𝒏𝒄

𝒉𝒄
−
√𝒏𝒂

𝒉𝒂
)

≥ √𝟐∑𝐜𝐨𝐬𝟐
𝑨

𝟐
. 𝐜𝐨𝐬𝟐

𝑩

𝟐
−∑𝐜𝐨𝐬𝟒

𝑨

𝟐
.√𝟐∑

√𝒏𝒂𝒏𝒃

𝒉𝒂𝒉𝒃
−∑

𝒏𝒂

𝒉𝒂
𝟐 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 
𝐋𝐞𝐭 𝐭𝐡𝐞 𝐍𝒂𝐠𝐞𝐥 𝐩𝐨𝐢𝐧𝐭 𝐛𝐞 𝐍. 𝐍𝐨𝐰,𝐀′𝐁 = 𝐬 − 𝐜, 𝐀′𝐂 = 𝐬 − 𝐛, 𝐁′𝐀 = 𝐬 − 𝐜, 𝐁′𝐂 = 𝐬 − 𝒂, 𝐂′𝐀

= 𝐬 − 𝐛, 𝐂′𝐁 = 𝐬 − 𝒂 ∴
𝐀𝐍

𝐀′𝐍
=⏞

𝐕𝒂𝐧 𝐀𝐮𝐛𝐞𝐥 𝐬 − 𝐛

𝐬 − 𝒂
+
𝐬 − 𝐜

𝐬 − 𝒂
=

𝒂

𝐬 − 𝒂
⇒
𝐀′𝐍

𝐀𝐍
+ 𝟏

=
𝐬 − 𝒂

𝒂
+ 𝟏 

⇒
𝐧𝒂
𝐀𝐍

=
𝐬

𝒂
⇒ 𝒂.𝐀𝐍 =

𝒂𝟐𝐧𝒂
𝐬

 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒
𝒂𝟐𝐧𝒂 + 𝐛

𝟐𝐧𝐛 − 𝐜
𝟐𝐧𝐜

𝐬
= 𝒂. 𝐀𝐍 + 𝐛. 𝐁𝐍 − 𝐜. 𝐂𝐍 > 0

∵ 𝒂. 𝐀𝐌 + 𝐛.𝐁𝐌− 𝐜. 𝐂𝐌 𝒂𝐧𝐝 𝐜𝐲𝐜𝐥𝐢𝐜 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 >⏞
𝐊𝐥𝒂𝐦𝐤𝐢𝐧

𝟎 ∀ 𝐢𝐧𝐭𝐞𝐫𝐢𝐨𝐫 𝐩𝐨𝐢𝐧𝐭𝐬 𝐌 𝒂𝐧𝐝 
𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐌 ≡ 𝐍 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐣𝐮𝐬𝐭𝐢𝐟𝐢𝒂𝐛𝐥𝐞 𝐬𝐢𝐧𝐜𝐞 𝐍 𝐢𝐬 𝒂𝐧 𝐢𝐧𝐭𝐞𝐫𝐢𝐨𝐫 𝐩𝐨𝐢𝐧𝐭 ∴ 𝒂𝟐𝐧𝒂 + 𝐛

𝟐𝐧𝐛 − 𝐜
𝟐𝐧𝐜  

> 0 ⇒ (√𝒂𝟐𝐧𝒂 + 𝐛
𝟐𝐧𝐛 + 𝐜√𝐧𝐜) (√𝒂

𝟐𝐧𝒂 + 𝐛
𝟐𝐧𝐛 − 𝐜√𝐧𝐜) > 𝟎 



 
www.ssmrmh.ro 

41 RMM-TRIANGLE MARATHON 2701-2800 

 

⇒ √𝒂𝟐𝐧𝒂 + 𝐛
𝟐𝐧𝐛 > 𝒄√𝐧𝐜 ⇒ 𝐜√𝐧𝐜 < √𝒂

𝟐𝐧𝒂 + 𝐛
𝟐𝐧𝐛 < 𝒂√𝐧𝒂 + 𝐛√𝐧𝐛 ⇒

𝒂√𝐧𝒂 + 𝐛√𝐧𝐛 − 𝐜√𝐧𝐜

𝟐𝐫𝐬

> 𝟎 ⇒
√𝐧𝒂

𝐡𝒂
+
√𝐧𝐛

𝐡𝐛
−
√𝐧𝐜

𝐡𝐜
> 𝟎 

⇒ (√
√𝐧𝒂

𝐡𝒂
+
√𝐧𝐛

𝐡𝐛
+√

√𝐧𝐜

𝐡𝐜
)(√

√𝐧𝒂

𝐡𝒂
+
√𝐧𝐛

𝐡𝐛
−√

√𝐧𝐜

𝐡𝐜
) > 𝟎 ⇒ √

√𝐧𝐜

𝐡𝐜
< √

√𝐧𝒂

𝐡𝒂
+
√𝐧𝐛

𝐡𝐛

< √
√𝐧𝒂

𝐡𝒂
+√

√𝐧𝐛

𝐡𝐛
⇒ √

√𝐧𝒂

𝐡𝒂
+√

√𝐧𝐛

𝐡𝐛
−√

√𝐧𝐜

𝐡𝐜
> 0

⇒ √
√𝐧𝒂

𝐡𝒂
, √
√𝐧𝐛

𝐡𝐛
, √
√𝐧𝐜

𝐡𝐜
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬  

𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 → (𝟏) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅𝟐 =⏞
(∗)𝟏

𝟒
√𝟐∑

√𝐧𝐛𝐧𝐜

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

−∑
𝐧𝒂

𝐡𝒂
𝟐

𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧, 𝐜𝐨𝐬𝟐
𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
− 𝐜𝐨𝐬𝟐

𝐂

𝟐
=
𝟏

𝟐
(𝟏 + 𝐜𝐨𝐬𝐀 + 𝟏 + 𝐜𝐨𝐬𝐁 − 𝟏 − 𝐜𝐨𝐬𝐂)

=
𝟏

𝟐
(𝟐𝐬𝐢𝐧𝟐

𝐂

𝟐
+ 𝟐𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
) > 0 ∵ 0 < 𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
≤ 𝟏 ⇒ 𝐜𝐨𝐬𝟐

𝐂

𝟐

< 𝐜𝐨𝐬𝟐
𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
 

< (𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
)
𝟐

⇒ 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
− 𝐜𝐨𝐬

𝐂

𝟐
> 0

⇒ 𝐜𝐨𝐬
𝐀

𝟐
, 𝐜𝐨𝐬

𝐁

𝟐
, 𝐜𝐨𝐬

𝐂

𝟐
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞

→ (𝟐) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅𝟏 =⏞
(∗∗)𝟏

𝟒√
𝟐∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟒
𝐀

𝟐
𝐜𝐲𝐜

 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐃. 𝐏𝐞𝐝𝐨𝐞 (𝟏𝟗𝟒𝟏) 𝒂𝐧𝐝 𝐉. 𝐉. 𝐁. 𝐍𝐞𝐮𝐛𝐞𝐫𝐠 (𝟏𝟖𝟗𝟏), 𝐟𝐨𝐫 𝒂𝐧𝐲 𝟐 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝒂𝟏, 𝐛𝟏, 𝐜𝟏 𝒂𝐧𝐝 𝒂𝟐, 𝐛𝟐, 𝐜𝟐, 𝐰𝐞 𝐡𝒂𝐯𝐞

∶ ∑𝒂𝟏
𝟐(𝐛𝟐

𝟐 + 𝐜𝟐
𝟐 − 𝒂𝟐

𝟐)

𝐜𝐲𝐜

≥ 𝟏𝟔𝐅𝟏𝐅𝟐 𝐰𝐡𝐞𝐫𝐞 𝒂𝐫𝐞𝒂 𝐨𝐟 𝐟𝐢𝐫𝐬𝐭  

𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 = 𝐅𝟏 𝒂𝐧𝐝 𝐭𝐡𝒂𝐭 𝐨𝐟 𝐬𝐞𝐜𝐨𝐧𝐝 𝐨𝐧𝐞 = 𝐅𝟐 ∴ 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒂𝟏 = 𝐜𝐨𝐬
𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 𝒂𝐧𝐝 𝒂𝟐

= √
√𝐧𝒂

𝐡𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 𝒂𝐧𝐝 𝐦𝒂𝐤𝐢𝐧𝐠 𝐮𝐬𝐞 𝐨𝐟 𝒂𝒙𝐢𝐨𝐦𝐬 (𝟏) 𝒂𝐧𝐝 (𝟐),𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭  

∑𝐜𝐨𝐬𝟐
𝐀

𝟐
(
√𝐧𝐛

𝐡𝐛
+
√𝐧𝐜

𝐡𝐜
−
√𝐧𝒂

𝐡𝒂
)

𝐜𝐲𝐜

≥ 𝟏𝟔𝐅𝟏𝐅𝟐 =⏞
𝐯𝐢𝒂 (∗),(∗∗)

𝟏𝟔.
𝟏

𝟒√
𝟐∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟒
𝐀

𝟐
𝐜𝐲𝐜

.
𝟏

𝟒
√𝟐∑

√𝐧𝐛𝐧𝐜

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

−∑
𝐧𝒂

𝐡𝒂
𝟐

𝐜𝐲𝐜
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= √𝟐∑𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟒
𝐀

𝟐
𝐜𝐲𝐜

. √𝟐∑
√𝐧𝐛𝐧𝐜

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

−∑
𝐧𝒂

𝐡𝒂
𝟐

𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

 

2728.  

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑𝐰𝒂
𝟐 +

𝛂𝐩𝟐(𝐑 − 𝟐𝐫)

𝐫
≥∑𝐦𝒂

𝟐  ∀ 𝛂 ≥ 𝟓 

 Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐦𝒂
𝟐 −𝐰𝒂

𝟐 =

(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) −
𝟏𝟔𝐛𝐜𝐬(𝐬 − 𝒂)
(𝐛 + 𝐜)𝟐

𝟒
=

(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) (𝟏 −
𝟒𝐛𝐜

(𝐛 + 𝐜)𝟐
)

𝟒

=
(𝐛 − 𝐜)𝟐 (𝟏 +

𝟒𝐬(𝐬 − 𝒂)
(𝐛 + 𝐜)𝟐

)

𝟒
=
(𝐛 − 𝐜)𝟐 (𝟏 +

(𝐛 + 𝐜)𝟐 − 𝒂𝟐

(𝐛 + 𝐜)𝟐
)

𝟒
 

=
(𝐛 − 𝐜)𝟐 (𝟐 −

𝒂𝟐

(𝐛 + 𝐜)𝟐
)

𝟒
=
(𝐛 − 𝐜)𝟐

𝟐
−
𝒂𝟐(𝐛 − 𝐜)𝟐

𝟒(𝐛 + 𝐜)𝟐
≤
⏞

−(𝐛−𝐜)𝟐 ≤ 𝟎 (𝐛 − 𝐜)𝟐

𝟐
∴ 𝐦𝒂

𝟐 −𝐰𝒂
𝟐

≤
(𝐛 − 𝐜)𝟐

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒∑𝐦𝒂

𝟐 −∑𝐰𝒂
𝟐 ≤∑

(𝐛 − 𝐜)𝟐

𝟐
=∑𝒂𝟐 −∑𝒂𝐛 

= 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐≤
⏞

? 𝟓𝐬𝟐(𝐑 − 𝟐𝐫)

𝐫
⇔ 𝐫(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≤

⏞

?

⏟
(𝐢)

𝟓𝐬𝟐(𝐑 − 𝟐𝐫) 𝒂𝐧𝐝

∵ 𝐫(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≤
⏞

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝐫(𝟒𝐑𝟐 − 𝟖𝐑𝐫) 𝒂𝐧𝐝 𝟓𝐬𝟐(𝐑 − 𝟐𝐫) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝟓(𝟏𝟔𝐑𝐫

− 𝟓𝐫𝟐)(𝐑 − 𝟐𝐫) 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (𝐢), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟓(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝐑 − 𝟐𝐫) ≥ 𝐫(𝟒𝐑𝟐 − 𝟖𝐑𝐫)

⇔ 𝟕𝟔𝐑𝟐 − 𝟏𝟕𝟕𝐑𝐫 + 𝟓𝟎𝐫𝟐 ≥ 𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝟕𝟔𝐑− 𝟐𝟓𝐫) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
⏞

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒∑𝐦𝒂
𝟐 −∑𝐰𝒂

𝟐 ≤
𝟓𝐬𝟐(𝐑 − 𝟐𝐫)

𝐫
≤
⏞

𝟓 ≤ 𝛂𝛂𝐬𝟐(𝐑 − 𝟐𝐫)

𝐫
⇒∑𝐰𝒂

𝟐 +
𝛂𝐩𝟐(𝐑 − 𝟐𝐫)

𝐫

≥∑𝐦𝒂
𝟐  ∀ 𝛂 ≥ 𝟓 (𝐐𝐄𝐃) 

 

2729. In 𝜟𝑨𝑩𝑪, 𝒙, 𝒚, 𝒛 > 𝟎, then:  
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∑
𝒏𝒂
𝒉𝒂
𝟐
. 𝒙 ≥ √∑𝒙𝒚 . [𝟐∑

𝒏𝒂𝒏𝒃

𝒉𝒂
𝟐𝒉𝒃

𝟐
−∑

𝒏𝒂
𝟐

𝒉𝒂
𝟒]

𝟏
𝟐

   

 Proposed by Bogdan Fuştei-Romania 

 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑵 𝒃𝒆 𝒕𝒉𝒆 𝑵𝒂𝒈𝒆𝒍′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 𝑨𝑨′, 𝑩𝑩′, 𝑪𝑪′𝒃𝒆 𝒕𝒉𝒆 𝑵𝒂𝒈𝒆𝒍 𝒄𝒆𝒗𝒊𝒂𝒏𝒔. 
𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 𝑨𝑩′ = 𝒔 − 𝒄, 𝑨𝑪′ = 𝒔 − 𝒃,𝑩𝑪′ = 𝑪𝑩′ = 𝒔 − 𝒂 

𝑭𝒓𝒐𝒎 𝑽𝒂𝒏 𝑨𝒖𝒃𝒆𝒍′𝒔 𝒕𝒉𝒆𝒐𝒓𝒎,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝑨𝑵

𝑨′𝑵
=
𝑨𝑪′

𝑪′𝑩
+
𝑨𝑩′

𝑩′𝑪
=
𝒔 − 𝒃

𝒔 − 𝒂
+
𝒔 − 𝒄

𝒔 − 𝒂
=

𝒂

𝒔 − 𝒂
 

→ 
𝒏𝒂
𝑨𝑵

= 𝟏 +
𝑨′𝑵

𝑨𝑵
= 𝟏 +

𝒔 − 𝒂

𝒂
=
𝒔

𝒂
→ 𝑨𝑵 =

𝒂. 𝒏𝒂
𝒔
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔). 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇  
𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑵𝑨, 𝒃𝑵𝑩, 𝒄𝑵𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑵𝑨 = 𝒂.
𝒂. 𝒏𝒂
𝒔

= 𝟒𝒔𝒓𝟐.
𝒏𝒂

𝒉𝒂
𝟐  →  

𝒏𝒂

𝒉𝒂
𝟐 ,
𝒏𝒃

𝒉𝒃
𝟐 ,
𝒏𝒄

𝒉𝒄
𝟐  𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒎, 𝒏, 𝒑 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,  

𝒕𝒉𝒆𝒏 √𝒎,√𝒏,√𝒑 𝒄𝒂𝒏 𝒃𝒆 𝒂𝒍𝒔𝒐 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

(∴ (√𝒎+ √𝒏)
𝟐
= (𝒎+ 𝒏) + 𝟐√𝒎𝒏 > √𝒑

 𝟐
) 

→
√𝒏𝒂

𝒉𝒂
,
√𝒏𝒃

𝒉𝒃
,
√𝒏𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟′𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 ∶ 𝑭′

=
𝟏

𝟒
[𝟐∑

𝒏𝒂𝒏𝒃

𝒉𝒂
𝟐𝒉𝒃

𝟐 −∑
𝒏𝒂

𝟐

𝒉𝒂
𝟒]

𝟏
𝟐

 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝜟𝑼𝑽𝑾 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭, 𝒙, 𝒚, 𝒛 > 0, 𝑡ℎ𝑒𝑛 ∑𝒖𝟐. 𝒙

≥ 𝟒𝑭√∑𝒙𝒚 (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎) 

→ 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟′, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑(
√𝒏𝒂

𝒉𝒂
)

𝟐

. 𝒙 ≥ 𝟒𝑭′. √∑𝒙𝒚 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒏𝒂

𝒉𝒂
𝟐 . 𝒙 ≥ √∑𝒙𝒚 . [𝟐∑

𝒏𝒂𝒏𝒃

𝒉𝒂
𝟐𝒉𝒃

𝟐 −∑
𝒏𝒂

𝟐

𝒉𝒂
𝟒]

𝟏
𝟐

 

 

2730. In 𝜟𝑨𝑩𝑪,𝜶 ≥ 𝟔, prove that: 
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∑𝒘𝒂
𝟐 +

𝜶(𝑹𝟑 − 𝟖𝒓𝟑)

𝒓
≥ 𝒔𝟐   

Proposed by Nguyen Van Canh-BenTre-Vietnam 

 

 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒔(𝒔 − 𝒂) − 𝒘𝒂
𝟐 = 𝒔(𝒔 − 𝒂) −

𝟒𝒃𝒄. 𝒔(𝒔 − 𝒂)

(𝒃 + 𝒄)𝟐
=
(𝒃 − 𝒄)𝟐. 𝒔(𝒔 − 𝒂)

(𝒃 + 𝒄)𝟐

=
(𝒃 − 𝒄)𝟐. [(𝒃 + 𝒄)𝟐 − 𝒂𝟐]

𝟒(𝒃 + 𝒄)𝟐
≤
(𝒃 − 𝒄)𝟐

𝟒
 

→∑[𝒔(𝒔 − 𝒂) − 𝒘𝒂
𝟐] ≤∑

(𝒃 − 𝒄)𝟐

𝟒
=
𝟏

𝟐
(∑𝒂𝟐 −∑𝒃𝒄)

=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓

𝟐
≤
⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏𝟒𝑹𝟐 − 𝟖𝑹𝒓

𝟐
 

→ 𝒔𝟐 −∑𝒘𝒂
𝟐 ≤ 𝟐𝑹(𝑹 − 𝟐𝒓) ≤

⏞

?
 
𝟔(𝑹𝟑 − 𝟖𝒓𝟑)

𝒓
 ↔  (𝑹 − 𝟐𝒓)(𝟑𝑹𝟐 + 𝟓𝑹𝒓 + 𝟏𝟐𝒓𝟐) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉𝒊 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓. 𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒘𝒂
𝟐 +

𝜶(𝑹𝟑 − 𝟖𝒓𝟑)

𝒓
≥ 𝒔𝟐, ∀𝜶 ≥ 𝟔. 

2731.  

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑𝐰𝒂
𝟐 +

𝛂𝐩𝟐(𝐑 − 𝟐𝐫)

𝐫
≥
𝐑

𝟐𝐫
∑𝐦𝒂

𝟐  ∀ 𝛂 ≥ 𝟓  

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
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𝐦𝒂
𝟐 −𝐰𝒂

𝟐 =
(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) −

𝟏𝟔𝐛𝐜𝐬(𝐬 − 𝒂)
(𝐛 + 𝐜)𝟐

𝟒
=
(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) (𝟏 −

𝟒𝐛𝐜
(𝐛 + 𝐜)𝟐

)

𝟒

=
(𝐛 − 𝐜)𝟐 (𝟏 +

𝟒𝐬(𝐬 − 𝒂)
(𝐛 + 𝐜)𝟐

)

𝟒
=
(𝐛 − 𝐜)𝟐 (𝟏 +

(𝐛 + 𝐜)𝟐 − 𝒂𝟐

(𝐛 + 𝐜)𝟐
)

𝟒
 

=
(𝐛 − 𝐜)𝟐 (𝟐 −

𝒂𝟐

(𝐛 + 𝐜)𝟐
)

𝟒
=
(𝐛 − 𝐜)𝟐

𝟐
−
𝒂𝟐(𝐛 − 𝐜)𝟐

𝟒(𝐛 + 𝐜)𝟐
≤
⏞

−(𝐛−𝐜)𝟐 ≤ 𝟎 (𝐛 − 𝐜)𝟐

𝟐
∴ 𝐦𝒂

𝟐 −𝐰𝒂
𝟐

≤
(𝐛 − 𝐜)𝟐

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒∑𝐦𝒂

𝟐 −∑𝐰𝒂
𝟐 ≤∑

(𝐛 − 𝐜)𝟐

𝟐
=∑𝒂𝟐 −∑𝒂𝐛 

= 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 ⇒
𝐑

𝟐𝐫
∑𝐦𝒂

𝟐 −∑𝐰𝒂
𝟐 = (

𝐑

𝟐𝐫
− 𝟏)∑𝐦𝒂

𝟐 +∑𝐦𝒂
𝟐 −∑𝐰𝒂

𝟐

≤
𝟑

𝟐
(
𝐑 − 𝟐𝐫

𝟐𝐫
) (𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐≤

⏞

? 𝟓𝐬𝟐(𝐑 − 𝟐𝐫)

𝐫
 

⇔ 𝟐𝟎(𝐑 − 𝟐𝐫)𝐬𝟐 − 𝟒𝐫(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) − 𝟑(𝐑 − 𝟐𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)≥
⏞

?
𝟎

⇔ (𝟏𝟕𝐑 − 𝟑𝟖𝐫)𝐬𝟐 + 𝐫(𝟏𝟐𝐑𝟐 + 𝟐𝟕𝐑𝐫 + 𝟔𝐫𝟐) ≥
⏞

?

⏟
(∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟕𝐑 − 𝟑𝟖𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝐫(𝟏𝟐𝐑𝟐 + 𝟐𝟕𝐑𝐫 + 𝟔𝐫𝟐) > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟕𝐑 − 𝟑𝟖𝐫 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗)

= −(𝟑𝟖𝐫 − 𝟏𝟕𝐑)𝐬𝟐 + 𝐫(𝟏𝟐𝐑𝟐 + 𝟐𝟕𝐑𝐫 + 𝟔𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (𝟑𝟖𝐫 − 𝟏𝟕𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫(𝟏𝟐𝐑𝟐 + 𝟐𝟕𝐑𝐫 + 𝟔𝐫𝟐)≥
⏞

?
𝟎 

⇔ 𝟑𝟒𝐭𝟑 − 𝟑𝟔𝐭𝟐 − 𝟑𝟕𝐭 − 𝟓𝟒≥
⏞

?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟑𝟒𝐭𝟐 + 𝟑𝟐𝐭 + 𝟐𝟕)≥

⏞

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

⏞

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐢𝐧 𝒂𝐥𝐥 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 

⇒ 𝐢𝐧 𝒂𝐥𝐥 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬,
𝐑

𝟐𝐫
∑𝐦𝒂

𝟐 −∑𝐰𝒂
𝟐 ≤

𝟓𝐬𝟐(𝐑 − 𝟐𝐫)

𝐫
≤
⏞

𝟓 ≤ 𝛂𝛂𝐬𝟐(𝐑 − 𝟐𝐫)

𝐫

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑𝐰𝒂
𝟐 +

𝛂𝐩𝟐(𝐑 − 𝟐𝐫)

𝐫
≥
𝐑

𝟐𝐫
∑𝐦𝒂

𝟐  ∀ 𝛂 ≥ 𝟓 (𝐐𝐄𝐃)  

2732. In 𝜟𝑨𝑩𝑪,𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪).  Prove that: 



 
www.ssmrmh.ro 

46 RMM-TRIANGLE MARATHON 2701-2800 

 

∑√𝒏𝒃 + 𝒏𝒄 ⋅ 𝑷𝑨 ≥ √∑𝒂𝟐𝒏𝒂 + 𝟒𝑭𝒔   

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 (√𝒏𝒃 + 𝒏𝒄 +√𝒏𝒄 + 𝒏𝒂)
𝟐
= (𝒏𝒂 + 𝒏𝒃) + 𝟐𝒏𝒄 + 𝟐√𝒏𝒃 + 𝒏𝒄. √𝒏𝒄 + 𝒏𝒂 > √𝒏𝒂 + 𝒏𝒃

 𝟐
 

→ 𝒂𝟏 = √𝒏𝒃 + 𝒏𝒄, 𝒃𝟏 = √𝒏𝒄 + 𝒏𝒂,  

𝒄𝟏 = √𝒏𝒂 + 𝒏𝒃 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝑨𝟏𝑩𝟏𝑪𝟏, 

𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶   𝟏𝟔𝑭𝟏
𝟐 = 𝟐∑√𝒏𝒃 + 𝒏𝒄

𝟐
. √𝒏𝒄 + 𝒏𝒂

𝟐
−∑√𝒏𝒃 + 𝒏𝒄

𝟒
= 

= 𝟐∑(𝒏𝒄
𝟐 + 𝒏𝒂𝒏𝒃 + 𝒏𝒃𝒏𝒄 + 𝒏𝒄𝒏𝒂) −∑(𝒏𝒃

𝟐 + 𝟐𝒏𝒃𝒏𝒄 + 𝒏𝒄
𝟐) = 𝟒∑𝒏𝒂𝒏𝒃  → 

  𝟐𝑭𝟏 = √∑𝒏𝒂𝒏𝒃 

𝑵𝒐𝒘, 𝒍𝒆𝒕 𝑵 𝒃𝒆 𝒕𝒉𝒆 𝑵𝒂𝒈𝒆𝒍′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒂𝒏𝒅 𝑨𝑨′, 𝑩𝑩′, 𝑪𝑪′𝒃𝒆 𝒕𝒉𝒆 𝑵𝒂𝒈𝒆𝒍 𝒄𝒆𝒗𝒊𝒂𝒏𝒔. 
𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 𝑨𝑩′ = 𝒔 − 𝒄, 𝑨𝑪′ = 𝒔 − 𝒃,𝑩𝑪′ = 𝑪𝑩′ = 𝒔 − 𝒂. 

𝑭𝒓𝒐𝒎 𝑽𝒂𝒏 𝑨𝒖𝒃𝒆𝒍′𝒔 𝒕𝒉𝒆𝒐𝒓𝒎,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝑨𝑵

𝑨′𝑵
=
𝑨𝑪′

𝑪′𝑩
+
𝑨𝑩′

𝑩′𝑪
=
𝒔 − 𝒃

𝒔 − 𝒂
+
𝒔 − 𝒄

𝒔 − 𝒂
=

𝒂

𝒔 − 𝒂
 

→ 
𝒏𝒂
𝑨𝑵

= 𝟏 +
𝑨′𝑵

𝑨𝑵
= 𝟏 +

𝒔 − 𝒂

𝒂
=
𝒔

𝒂
   →   𝑨𝑵 =

𝒂. 𝒏𝒂
𝒔
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔). 

→ 𝑭𝒓𝒐𝒎 𝑯𝒂𝒚𝒂𝒔𝒉𝒊′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒂.𝑩𝑵. 𝑪𝑵 ≥ 𝒂𝒃𝒄  (𝑷 = 𝑵) 

↔∑𝒂.
𝒃. 𝒏𝒃
𝒔
.
𝒄. 𝒏𝒄
𝒔

≥ 𝒂𝒃𝒄 ↔∑𝒏𝒂𝒏𝒃 ≥ 𝒔
𝟐  →   𝟐𝑭𝟏 = √∑𝒏𝒂𝒏𝒃 ≥ 𝒔 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 𝜟𝑨𝟏𝑩𝟏𝑪𝟏, 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑𝒂𝟏. 𝑷𝑨 ≥ √
𝟏

𝟐
∑𝒂𝟐(𝒃𝟏

𝟐 + 𝒄𝟏𝟐 − 𝒂𝟏𝟐) + 𝟖𝑭𝑭𝟏  (𝑩𝒐𝒕𝒕𝒆𝒎𝒂) 

↔ ∑√𝒏𝒃 + 𝒏𝒄. 𝑷𝑨

≥ √
𝟏

𝟐
∑𝒂𝟐 (√𝒏𝒄 + 𝒏𝒂

𝟐
+√𝒏𝒂 + 𝒏𝒃

𝟐
−√𝒏𝒃 + 𝒏𝒄

𝟐
) + 𝟖𝑭𝑭𝟏  ≥⏞

𝟐𝑭𝟏 ≥ 𝒔

√∑𝒂𝟐𝒏𝒂 + 𝟒𝑭𝒔 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑√𝒏𝒃 + 𝒏𝒄. 𝑷𝑨 ≥ √∑𝒂𝟐𝒏𝒂 + 𝟒𝑭𝒔. 

2733. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑𝑭 ≤∑𝒉𝒃𝒉𝒄 𝐭𝐚𝐧
𝑨

𝟐
𝒄𝒚𝒄

≤ 𝟐𝑭(𝟐 −
𝒓

𝑹
) 
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Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 

∑𝒉𝒃𝒉𝒄 𝐭𝐚𝐧
𝑨

𝟐
𝒄𝒚𝒄

=∑
𝟒𝑭𝟐

𝒃𝒄
⋅ 𝐭𝐚𝐧

𝑨

𝟐
𝒄𝒚𝒄

=
𝟒𝑭𝟐

𝒂𝒃𝒄
∑𝒂𝐭𝐚𝐧

𝑨

𝟐
𝒄𝒚𝒄

=
𝟒𝑭𝟐

𝟒𝑭𝑹
∑𝒂𝐭𝐚𝐧

𝑨

𝟐
𝒄𝒚𝒄

= 

=
𝑭

𝑹
⋅∑𝒂𝐭𝐚𝐧

𝑨

𝟐
𝒄𝒚𝒄

, 𝒃𝒖𝒕 ∑𝒂𝐭𝐚𝐧
𝑨

𝟐
𝒄𝒚𝒄

= 𝟐(𝟐𝑹 − 𝒓), 𝒕𝒉𝒆𝒏 

∑𝒉𝒃𝒉𝒄 𝐭𝐚𝐧
𝑨

𝟐
𝒄𝒚𝒄

=
𝑭

𝑹
⋅ 𝟐(𝟐𝑹 − 𝒓) 

We must show that 

𝟑𝑭 ≤
𝑭

𝑹
⋅ 𝟐(𝟐𝑹 − 𝒓) ≤ 𝟐𝑭(𝟐 −

𝒓

𝑹
) ; (𝟏) 

For LHS: 𝟑𝑹 ≤ 𝟒𝑹 − 𝟐𝒓 ⇔ 𝟐𝒓 ≤ 𝑹 (𝑬𝒖𝒍𝒆𝒓). 

For RHS: 
𝟐𝑹−𝒓

𝑹
≤
𝟐𝑹−𝒓

𝑹
 true. 

2734. If in 𝜟𝑨𝑩𝑪,𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒙, 𝒚, 𝒛 > 𝟎 then prove that: 

∑√𝒚+ 𝒛 ⋅ 𝑷𝑨 ≥ √∑𝒙 ⋅ 𝒂𝟐 + 𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙  

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  (√𝒙 + 𝒚 + √𝒚 + 𝒛)
𝟐
= (𝒛 + 𝒙) + 𝟐𝒚 + 𝟐√𝒙 + 𝒚.√𝒚 + 𝒛 > √𝒛 + 𝒙

 𝟐
 

→ 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒙, 𝒚, 𝒛 > 0, 𝒂𝟏 = √𝒚 + 𝒛, 𝒃𝟏 = √𝒛 + 𝒙, 𝒄𝟏

= √𝒙 + 𝒚 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝑨𝟏𝑩𝟏𝑪𝟏, 

𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶   𝟏𝟔𝑭𝟏
𝟐 = 𝟐∑√𝒙 + 𝒚

𝟐
. √𝒚 + 𝒛

𝟐
−∑√𝒙 + 𝒚

𝟒
= 

= 𝟐∑(𝒚𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) −∑(𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐) = 𝟒∑𝒙𝒚 →   𝟐𝑭𝟏 = √∑𝒙𝒚 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 𝜟𝑨𝟏𝑩𝟏𝑪𝟏, 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑𝒂𝟏. 𝑷𝑨 ≥ √
𝟏

𝟐
∑𝒂𝟐(𝒃𝟏

𝟐 + 𝒄𝟏𝟐 − 𝒂𝟏𝟐) + 𝟖𝑭𝑭𝟏  (𝑩𝒐𝒕𝒕𝒆𝒎𝒂) 
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↔ ∑√𝒚 + 𝒛.𝑷𝑨 ≥ √
𝟏

𝟐
∑𝒂𝟐 (√𝒛 + 𝒙

𝟐
+√𝒙 + 𝒚

𝟐
−√𝒚 + 𝒛

𝟐
) + 𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑√𝒚 + 𝒛. 𝑷𝑨 ≥ √∑𝒙.𝒂𝟐 + 𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙. 

 

2735. If  ∆𝑨𝑩𝑪 ∼ ∆𝑨′𝑩′𝑪′  then: 

𝟒(𝒎𝒂𝒎𝒂′ +𝒎𝒃𝒎𝒃′ +𝒎𝒄𝒎𝒄′) ≥ 𝟗√𝒂𝒃𝒄𝒂′𝒃′𝒄′
𝟑

 

Proposed by Daniel Sitaru-Romania 

Solution by Nguyen Van Canh-BenTre-Vietnam 

Since: ∆𝑨𝑩𝑪 ∼ ∆𝑨′𝑩′𝑪′ →
𝒂

𝒂′
=

𝒃

𝒃′
=

𝒄

𝒄′
=

𝒎𝒂

𝒎𝒂′
=

𝒎𝒃

𝒎𝒃′
=

𝒎𝒄

𝒎𝒄′
= 𝒌 (∴ 𝒌 > 𝟎) 

Therefore, we can write: 

𝟒(𝒎𝒂𝒎𝒂′ +𝒎𝒃𝒎𝒃′ +𝒎𝒄𝒎𝒄′) ≥ 𝟗. √𝒂𝒃𝒄𝒂′𝒃′𝒄′
𝟑

 

↔ 𝟒(
𝒎𝒂
𝟐

𝒌
+
𝒎𝒃
𝟐

𝒌
+
𝒎𝒄
𝟐

𝒌
) ≥ 𝟗. √𝒂𝒃𝒄.

𝒂𝒃𝒄

𝒌𝟑

𝟑

↔ 𝟒(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐) ≥ 𝟗. √(𝒂𝒃𝒄)𝟐

𝟑
 

↔ 𝟒.
𝟑

𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 𝟗. √(𝒂𝒃𝒄)𝟐

𝟑
↔ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟑. √(𝒂𝒃𝒄)𝟐

𝟑
 

Which is true by AM-GM. Proved. 

Equality↔ 𝒌 = 𝟏 ↔ 𝒂 = 𝒃 = 𝒄 = 𝒂′ = 𝒃′ = 𝒄′ 

2736. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

   𝟑∑𝒓𝒃𝒓𝒄 𝐭𝐚𝐧
𝑨

𝟐
≤∑𝒓𝒃𝒓𝒄 𝐜𝐨𝐭

𝑨

𝟐
     

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝟑∑𝒓𝒃𝒓𝒄 𝐭𝐚𝐧
𝑨

𝟐
= 𝟑∑𝒓𝒃𝒓𝒄

𝒓𝒂
𝒔
= 𝟑. 𝟑𝒔𝒓 = 𝟗𝒔𝒓. 

𝑨𝒏𝒅 ∶ ∑𝒓𝒃𝒓𝒄 𝐜𝐨𝐭
𝑨

𝟐
= 𝒓𝒂𝒓𝒃𝒓𝒄∑

𝐜𝐨𝐭
𝑨
𝟐

𝒓𝒂
= 𝒔𝟐𝒓∑

𝐜𝐨𝐭
𝑨
𝟐

𝒔 𝐭𝐚𝐧
𝑨
𝟐

= 𝒔𝒓∑𝐜𝐨𝐭𝟐
𝑨

𝟐
 ≥ 
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≥⏞
∑𝒙𝟐≥∑𝒙𝒚

𝒔𝒓∑𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
 ≥⏞
𝑪𝑩𝑺

𝒔𝒓.
𝟑𝟐

∑𝐭𝐚𝐧
𝑨
𝟐 𝐭𝐚𝐧

𝑩
𝟐

= 𝟗𝒔𝒓 = 𝟑∑𝒓𝒃𝒓𝒄 𝐭𝐚𝐧
𝑨

𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝟑∑𝒓𝒃𝒓𝒄 𝐭𝐚𝐧
𝑨

𝟐
≤∑𝒓𝒃𝒓𝒄 𝐜𝐨𝐭

𝑨

𝟐
. 

2737. In 𝜟𝑨𝑩𝑪 the following relationship holds: 

𝟑∑(𝒃 + 𝒄) 𝐭𝐚𝐧
𝑨

𝟐
≤ ∑(𝒃 + 𝒄) 𝐜𝐨𝐭

𝑨

𝟐
  

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟑∑(𝒃 + 𝒄) 𝐭𝐚𝐧
𝑨

𝟐
 ≤
⏞

(∗)

 ∑(𝒃 + 𝒄) 𝐜𝐨𝐭
𝑨

𝟐
 

𝑳𝑯𝑺(∗) = 𝟑∑(𝒃 + 𝒄)
𝒓𝒂
𝒔
= 𝟑∑(𝒃 + 𝒄)

𝒓

𝒔 − 𝒂
= 𝟑𝒓∑

𝒔 + (𝒔 − 𝒂)

𝒔 − 𝒂
= 𝟑∑𝒓𝒂 + 𝟑𝒓∑𝟏

= 𝟏𝟐(𝑹 + 𝒓) 

𝑹𝑯𝑺(∗) =∑(𝒃 + 𝒄)
𝒔

𝒓𝒂
=∑(𝒃 + 𝒄)

𝒔 − 𝒂

𝒓
=
𝒔

𝒓
∑(𝒃 + 𝒄) −

𝟏

𝒓
∑𝒂(𝒃 + 𝒄)

=
𝒔

𝒓
. 𝟒𝒔 −

𝟐

𝒓
(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) = 

=
𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝒓
 ≥

⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 
𝟐(𝟏𝟐𝑹𝒓 − 𝟔𝒓𝟐)

𝒓
= 𝟏𝟐(𝟐𝑹− 𝒓) ≥

⏞

?
 𝑳𝑯𝑺(∗)  ↔ 𝑹

≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝟑∑(𝒃 + 𝒄) 𝐭𝐚𝐧
𝑨

𝟐
 ≤  ∑(𝒃 + 𝒄) 𝐜𝐨𝐭

𝑨

𝟐
. 

2738. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝒎𝒂
𝟐𝒓𝒂

𝟐 ≤
𝟏

𝟑
(∑𝒓𝒂

𝟐)
𝟐

≤
𝟏

𝟑
(∑𝒘𝒂

𝟐 + 𝜶(𝑹𝟐 − 𝟒𝒓𝟐))

𝟐

, ∀𝜶 ≥ 𝟑𝟎 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 



 
www.ssmrmh.ro 

50 RMM-TRIANGLE MARATHON 2701-2800 

 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑰𝒇 𝒂 ≥ 𝒃 ≥ 𝒄 →  𝒎𝒂 ≤ 𝒎𝒃 ≤ 𝒎𝒄 𝒂𝒏𝒅 𝒓𝒂 ≥ 𝒓𝒃 ≥ 𝒓𝒄 

→⏞
𝑼𝒔𝒊𝒏𝒈 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 ∑𝒎𝒂
𝟐𝒓𝒂

𝟐 ≤
𝟏

𝟑
(∑𝒎𝒂

𝟐) (∑𝒓𝒂
𝟐) ≤⏞

?

 
𝟏

𝟑
(∑𝒓𝒂

𝟐)
𝟐

 ↔  ∑𝒎𝒂
𝟐

≤∑𝒓𝒂
𝟐 

↔
𝟑

𝟐
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) ≤ (𝟒𝑹 + 𝒓)𝟐 − 𝟐𝒔𝟐 ↔ 𝟕𝒔𝟐 ≤ 𝟑𝟐𝑹𝟐 + 𝟐𝟖𝑹𝒓 + 𝟓𝒓𝟐 

↔ 𝟕(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝒔𝟐) + 𝟒(𝑹 − 𝟐𝒓)(𝑹 + 𝟐𝒓) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓 𝒂𝒏𝒅 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 →  ∑𝒎𝒂
𝟐𝒓𝒂

𝟐 ≤
𝟏

𝟑
(∑𝒓𝒂

𝟐)
𝟐

 

𝑨𝑳𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒘𝒂
𝟐  ≥⏞
𝒘𝒂≥𝒉𝒂

 ∑𝒉𝒂
𝟐  ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
𝟑𝟑

( ∑
𝟏
𝒉𝒂
 )
𝟐
= 𝟐𝟕𝒓𝟐. 

→∑𝒘𝒂
𝟐 + 𝜶(𝑹𝟐 − 𝟒𝒓𝟐) ≥⏞

𝜶≥𝟑𝟎

 𝟐𝟕𝒓𝟐 + 𝟑𝟎(𝑹𝟐 − 𝟒𝒓𝟐) = 𝟑𝟎𝑹𝟐 − 𝟗𝟑𝒓𝟐  ≥⏞
?

 ∑𝒓𝒂
𝟐

= (𝟒𝑹 + 𝒓)𝟐 − 𝟐𝒔𝟐 

↔ 𝟏𝟐𝑹𝟐 + 𝟐𝒔𝟐 ≥ 𝟖𝑹𝒓 + 𝟗𝟒𝒓𝟐  ↔ 𝟐(𝒔𝟐 − 𝟏𝟔𝑹𝒓 + 𝟓𝒓𝟐) + 𝟐(𝑹 − 𝟐𝒓)(𝟕𝑹 + 𝟐𝟔𝒓) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝒂𝒏𝒅 𝑬𝒖𝒍𝒆𝒓 

→  ∑𝒘𝒂
𝟐 + 𝜶(𝑹𝟐 − 𝟒𝒓𝟐) ≥∑𝒓𝒂

𝟐 , ∀𝜶 ≥ 𝟑𝟎  

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒎𝒂
𝟐𝒓𝒂

𝟐 ≤
𝟏

𝟑
(∑𝒓𝒂

𝟐)
𝟐

≤
𝟏

𝟑
(∑𝒘𝒂

𝟐 + 𝜶(𝑹𝟐 − 𝟒𝒓𝟐))

𝟐

, ∀𝜶 ≥ 𝟑𝟎. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐀𝐈𝟐 = 𝐛𝐜 − 𝟒𝐑𝐫 ⇔ (
𝐫

(
𝐫
𝟒𝐑)

𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
)

𝟐

= 𝟏𝟔𝐑𝟐𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
− 𝟏𝟔𝐑𝟐𝐬𝐢𝐧

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
⇔ 𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐

= 𝐜𝐨𝐬
𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
⇔ 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
= 𝐬𝐢𝐧

𝐀

𝟐
→ 𝐭𝐫𝐮𝐞 

∴ 𝐀𝐈𝟐 =⏞
(𝐢)

𝐛𝐜 − 𝟒𝐑𝐫 𝒂𝐧𝐝 𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈 ≥⏞
𝐀−𝐆

𝟑√∏
𝐫

𝐬𝐢𝐧
𝐀
𝟐

𝟑 = 𝟑𝐫√
𝟒𝐑

𝐫

𝟑

≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟔𝐫 ⇒ 𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈 ≥⏞
(𝐢𝐢)

𝟔𝐫 
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𝐍𝐨𝐰,𝐀𝐈 + 𝐫 ≤ 𝐰𝒂 ⇔
𝐫

𝐬𝐢𝐧
𝐀
𝟐

+ 𝐫 ≤
𝟐𝒂𝐛𝐜𝐜𝐨𝐬

𝐀
𝟐

𝒂(𝐛 + 𝐜)
⇔

𝐫

𝐬𝐢𝐧
𝐀
𝟐

+ 𝐫 ≤
𝟖𝐑𝐫𝐩𝐜𝐨𝐬

𝐀
𝟐

𝟒𝐑(𝐛 + 𝐜)𝐬𝐢𝐧
𝐀
𝟐 𝐜𝐨𝐬

𝐀
𝟐

⇔
𝟏

𝐬𝐢𝐧
𝐀
𝟐

+ 𝟏

≤
𝒂 + 𝐛 + 𝐜

(𝐛 + 𝐜)𝐬𝐢𝐧
𝐀
𝟐

⇔
𝟏

𝐬𝐢𝐧
𝐀
𝟐

+ 𝟏 ≤ +
𝒂

(𝐛 + 𝐜)𝐬𝐢𝐧
𝐀
𝟐

+
𝟏

𝐬𝐢𝐧
𝐀
𝟐

⇔ (𝐛 + 𝐜)𝐬𝐢𝐧
𝐀

𝟐
≤ 𝒂 

⇔ 𝟒𝐑𝐜𝐨𝐬
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐬𝐢𝐧

𝐀

𝟐
≤ 𝟒𝐑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
⇔ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≤ 𝟏(∵ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
> 𝟎) → 𝐭𝐫𝐮𝐞

∴ 𝐀𝐈 + 𝐫 ≤ 𝐰𝒂 ⇒ 𝐰𝒂
𝟐 ≥ 𝐀𝐈𝟐 + 𝟐𝐫𝐀𝐈 + 𝐫𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒⏞

𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩

∑𝐰𝒂
𝟐 ≥ 

∑𝐀𝐈𝟐 + 𝟐𝐫∑𝐀𝐈 + 𝟑𝐫𝟐 ≥⏞
𝐮𝐬𝐢𝐧𝐠 (𝐢𝐢) 𝒂𝐧𝐝 (𝐢) 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

∑𝐛𝐜 − 𝟏𝟐𝐑𝐫 + 𝟏𝟐𝐫𝟐 + 𝟑𝐫𝟐

= 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 − 𝟏𝟐𝐑𝐫 + 𝟏𝟓𝐫𝟐 = 𝐬𝟐 − 𝟖𝐑𝐫 + 𝟏𝟔𝐫𝟐 ⇒∑𝐫𝒂
𝟐 −∑𝐰𝒂

𝟐 

≤ (𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐 − 𝐬𝟐 + 𝟖𝐑𝐫 − 𝟏𝟔𝐫𝟐

= 𝟏𝟔𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟏𝟓𝐫𝟐 − 𝟑𝐬𝟐 ≤⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟏𝟔𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟏𝟓𝐫𝟐 − 𝟒𝟖𝐑𝐫 + 𝟏𝟓𝐫𝟐

= 𝟏𝟔𝐑𝟐 − 𝟑𝟐𝐑𝐫 ≤⏞
𝐄𝐮𝐥𝐞𝐫

𝟏𝟔𝐑𝟐 − 𝟔𝟒𝐫𝟐 = 𝟏𝟔(𝐑𝟐 − 𝟒𝐫𝟐) 

∴∑𝐫𝒂
𝟐 −∑𝐰𝒂

𝟐 ≤ 𝟏𝟔(𝐑𝟐 − 𝟒𝐫𝟐) ≤ 𝟑𝟎(𝐑𝟐 − 𝟒𝐫𝟐) ≤⏞
𝟑𝟎 ≤ 𝛂

𝛂(𝐑𝟐 − 𝟒𝐫𝟐) ⇒∑𝐫𝒂
𝟐

≤∑𝐰𝒂
𝟐 + 𝛂(𝐑𝟐 − 𝟒𝐫𝟐) ⇒

𝟏

𝟑
(∑𝐫𝒂

𝟐)
𝟐

≤
𝟏

𝟑
(∑𝐰𝒂

𝟐 + 𝛂(𝐑𝟐 − 𝟒𝐫𝟐))

𝟐

∀ 𝛂 ≥ 𝟑𝟎 

𝐍𝐨𝐰,𝐑 − 𝟐𝐫 ≥
𝐛𝟐 + 𝐜𝟐

𝟒𝐑
−
𝐛𝐜

𝟐𝐑
⇔ 𝐑(𝟏 −

𝟐𝐫

𝐑
) ≥

𝟒𝐑𝟐(𝐬𝐢𝐧𝟐𝐁+ 𝐬𝐢𝐧𝟐𝐂)

𝟒𝐑
−
𝟒𝐑𝟐𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐂

𝟐𝐑
 

⇔ 𝟏 −
𝟖𝐑𝐬𝐢𝐧

𝐀
𝟐
𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐

𝐑
≥ 𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂 − 𝟐𝐬𝐢𝐧𝐁𝐬𝐢𝐧𝐂 = (𝐬𝐢𝐧𝐁 − 𝐬𝐢𝐧𝐂)𝟐 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
(𝟐𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
) ≥ (𝟐𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
𝐬𝐢𝐧

𝐁 − 𝐂

𝟐
)
𝟐

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
(𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
)

≥ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
(𝟏 − 𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
) 

⇔ 𝟏− 𝟒𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
+ 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
≥ 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
− 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐

⇔ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁 − 𝐂

𝟐
− 𝟒𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
+ 𝟏 ≥ 𝟎 ⇔ (𝟐𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝟏)

𝟐

≥ 𝟎 → 𝐭𝐫𝐮𝐞 ⇒ 

(𝐛 − 𝐜)𝟐 ≤⏞
(𝒍)

𝟒𝐑(𝐑 − 𝟐𝐫) 

𝟒∑𝐦𝒂
𝟐𝐫𝒂
𝟐 =∑((𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂)) 𝐫𝒂

𝟐 ≤⏞
𝐯𝐢𝒂 (𝒍)

𝟒𝐑(𝐑 − 𝟐𝐫)∑𝐫𝒂
𝟐

+ 𝟒𝐬∑((𝐬 − 𝒂)
𝐫𝟐𝐬𝟐

(𝐬 − 𝒂)𝟐
)≤⏞
? 𝟒

𝟑
(∑𝐫𝒂

𝟐)
𝟐

⇔ (∑𝐫𝒂
𝟐) ((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐 − 𝟑𝐑(𝐑 − 𝟐𝐫))≥⏞

?

𝟑(𝟒𝐑 + 𝐫)𝐫𝐬𝟐 
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⇔ (𝟏𝟔𝐑𝟐 + 𝟖𝐑𝐫 + 𝐫𝟐 − 𝟐𝐬𝟐)(𝟏𝟑𝐑𝟐 + 𝟏𝟒𝐑𝐫 + 𝐫𝟐 − 𝟐𝐬𝟐) ≥⏞
?

⏟
(∗)

𝟑(𝟒𝐑 + 𝐫)𝐫𝐬𝟐 

𝐍𝐨𝐰, (𝟏𝟔𝐑𝟐 + 𝟖𝐑𝐫 + 𝐫𝟐 − 𝟐𝐬𝟐)(𝟏𝟑𝐑𝟐 + 𝟏𝟒𝐑𝐫 + 𝐫𝟐 − 𝟐𝐬𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝟏)

(𝟏𝟔𝐑𝟐 + 𝟖𝐑𝐫 + 𝐫𝟐

− 𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)) (𝟏𝟑𝐑𝟐 + 𝟏𝟒𝐑𝐫 + 𝐫𝟐 − 𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐))  𝒂𝐧𝐝 

𝟑(𝟒𝐑 + 𝐫)𝐫𝐬𝟐 ≤⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

⏟    
(𝟐)

𝟑𝐫(𝟒𝐑 + 𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ∴ (𝟏), (𝟐)

⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟏𝟔𝐑𝟐 + 𝟖𝐑𝐫 + 𝐫𝟐 − 𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)) (𝟏𝟑𝐑𝟐 + 𝟏𝟒𝐑𝐫 + 𝐫𝟐 − 𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐))

≥ 𝟑𝐫(𝟒𝐑 + 𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ⇔ 𝟒𝟎𝐭𝟒 − 𝟏𝟐𝟓𝐭𝟐 − 𝟕𝟖𝐭 + 𝟏𝟔 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) (𝟒𝟎𝐭𝟑 + 𝟖𝟎𝐭𝟐 + 𝟑𝟏𝐭 + 𝟒𝐭(𝐭 − 𝟐)) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒∑𝐦𝒂
𝟐𝐫𝒂
𝟐

≤
𝟏

𝟑
(∑𝐫𝒂

𝟐)
𝟐

 (𝐐𝐄𝐃) 

 

2739. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 holds: 

 
(𝐧𝒂 + 𝐛)(𝐧𝐛 + 𝐜)(𝐧𝐜 + 𝒂)

√(𝒂 + 𝐛)𝟑(𝐛 + 𝐜)𝟑(𝐜 + 𝒂)𝟑
≤ (

𝐧 + 𝟏

𝟒
)
𝟑

.
𝟏

𝐫 √𝐩
 ∀ 𝐧 ∈ 𝐍  

 Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧 ∈ 𝐍 ⇒ 𝐧𝒂 + 𝐛, 𝐧𝐛 + 𝐜, 𝐧𝐜 + 𝒂 > 𝟎 

(𝐧𝒂 + 𝐛)(𝐧𝐛 + 𝐜)(𝐧𝐜 + 𝒂) ≤
⏞

𝐀−𝐆 (𝐧𝒂 + 𝐛 + 𝐧𝐛 + 𝐜 + 𝐧𝐜 + 𝒂)𝟑

𝟐𝟕
=
𝟖𝐬𝟑. (𝐧 + 𝟏)𝟑

𝟐𝟕
 

⇒
(𝐧𝒂 + 𝐛)(𝐧𝐛 + 𝐜)(𝐧𝐜 + 𝒂)

√(𝒂 + 𝐛)𝟑(𝐛 + 𝐜)𝟑(𝐜 + 𝒂)𝟑
≤
𝟖𝐬𝟑. (𝐧 + 𝟏)𝟑

𝟐𝟕
.

𝟏

√(𝒂 + 𝐛)𝟑(𝐛 + 𝐜)𝟑(𝐜 + 𝒂)𝟑
 

≤
⏞

𝐂𝐞𝐬𝒂𝐫𝐨𝟖𝐬𝟑. (𝐧 + 𝟏)𝟑

𝟐𝟕
.

𝟏

√(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)
.

𝟏

√𝟔𝟒𝒂𝟐𝐛𝟐𝐜𝟐
 

=
𝟖𝐬𝟑. (𝐧 + 𝟏)𝟑

𝟐𝟕
.

𝟏

√𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.

𝟏

√𝟐𝟏𝟎𝐑𝟐𝐫𝟐𝐬𝟐
≤
⏞

?
(
𝐧 + 𝟏

𝟒
)
𝟑

.
𝟏

𝐫 √𝐬

⇔
𝟐𝟔𝐬𝟔

𝟕𝟐𝟗. 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐). 𝟐𝟏𝟎𝐑𝟐𝐫𝟐𝐬𝟐
≤
⏞

? 𝟏

𝟐𝟏𝟐𝐫𝟐𝐬

⇔ 𝟕𝟐𝟗𝐑𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ≥
⏞

?

⏟
(∗)

𝟏𝟐𝟖𝐬𝟒 𝒂𝐧𝐝 𝟏𝟐𝟖𝐬𝟒 ≤
⏞

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
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𝟏𝟐𝟖(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐≤
⏞

?
𝟕𝟐𝟗𝐑𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

⇔ (𝟐𝟏𝟕𝐑𝟐 − 𝟓𝟏𝟐𝐑𝐫 − 𝟑𝟖𝟒𝐫𝟐)𝐬𝟐 + 𝟕𝟐𝟗(𝐑 + 𝟐𝐫)𝐑𝟐𝐫 ≥
⏞

?

⏟
(∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟐𝟏𝟕𝐑𝟐 − 𝟓𝟏𝟐𝐑𝐫 − 𝟑𝟖𝟒𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 𝟕𝟐𝟗(𝐑 + 𝟐𝐫)𝐑𝟐𝐫 > 𝟎 ⇒ (∗∗)

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
(𝐧𝒂 + 𝐛)(𝐧𝐛 + 𝐜)(𝐧𝐜 + 𝒂)

√(𝒂 + 𝐛)𝟑(𝐛 + 𝐜)𝟑(𝐜 + 𝒂)𝟑
< (

𝐧 + 𝟏

𝟒
)
𝟑

.
𝟏

𝐫 √𝐬
  

𝐂𝒂𝐬𝐞 𝟐  𝟐𝟏𝟕𝐑𝟐 − 𝟓𝟏𝟐𝐑𝐫 − 𝟑𝟖𝟒𝐫𝟐 < 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 𝐋𝐇𝐒 𝐨𝐟 (∗∗)

= −(−(𝟐𝟏𝟕𝐑𝟐 − 𝟓𝟏𝟐𝐑𝐫 − 𝟑𝟖𝟒𝐫𝟐)) 𝐬𝟐 + 𝟕𝟐𝟗(𝐑 + 𝟐𝐫)𝐑𝟐𝐫 

≥
⏞

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
− (−(𝟐𝟏𝟕𝐑𝟐 − 𝟓𝟏𝟐𝐑𝐫 − 𝟑𝟖𝟒𝐫𝟐)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟕𝟐𝟗(𝐑 + 𝟐𝐫)𝐑𝟐𝐫≥

⏞

?
𝟎

⇔ 𝟖𝟔𝟖𝐭𝟒 + 𝟐𝟕𝟖𝐭𝟑 − 𝟐𝟐𝟎𝟒𝐭𝟐 − 𝟑𝟎𝟕𝟐𝐭 − 𝟏𝟏𝟓𝟐≥
⏞

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟖𝟔𝟖𝐭𝟑 + 𝟐𝟎𝟏𝟒𝐭𝟐 + 𝟏𝟖𝟐𝟒𝐭 + 𝟓𝟕𝟔)≥
⏞

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

⏞

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞

⇒
(𝐧𝒂 + 𝐛)(𝐧𝐛 + 𝐜)(𝐧𝐜 + 𝒂)

√(𝒂 + 𝐛)𝟑(𝐛 + 𝐜)𝟑(𝐜 + 𝒂)𝟑
≤ (

𝐧 + 𝟏

𝟒
)
𝟑

.
𝟏

𝐫 √𝐬
∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 (𝟏), (𝟐), 

𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
(𝐧𝒂 + 𝐛)(𝐧𝐛 + 𝐜)(𝐧𝐜 + 𝒂)

√(𝒂 + 𝐛)𝟑(𝐛 + 𝐜)𝟑(𝐜 + 𝒂)𝟑
≤ (

𝐧 + 𝟏

𝟒
)
𝟑

.
𝟏

𝐫 √𝐩
 ∀ 𝐧 ∈ 𝐍 (𝐐𝐄𝐃)  

2740. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐡𝐨𝐥𝐝𝐬: 

 ∑𝐬𝐢𝐧(𝐰𝒂
𝟐) ≤∑𝐦𝒂

𝟐 ≤∑𝐰𝒂
𝟐 + 𝛂(𝐑𝟐 − 𝟒𝐫𝟐) ∀ 𝛂 ≥ 𝟐𝟓 

 Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐟(𝒙) = 𝐬𝐢𝐧𝒙 − 𝒙 ∀ 𝒙 ∈ [𝟎,∞) ∴ 𝐟′′(𝒙) = 𝐜𝐨𝐬𝒙 − 𝟏 ≤ 𝟎 ⇒ 𝐟(𝒙) 𝐢𝐬 ↓ 𝐨𝐧 [𝟎,∞) ⇒ 𝐟(𝒙) ≤ 𝐟(𝟎)

= 𝟎 ⇒ 𝐬𝐢𝐧𝒙 ≤ 𝒙 ∀ 𝒙 ∈ [𝟎,∞) ⇒ ∀ 𝒙 > 𝟎, 𝐬𝐢𝐧𝒙 < 𝒙 ∴ 𝐬𝐢𝐧(𝐰𝒂
𝟐) < 𝐰𝒂

𝟐  

⇒∑𝐬𝐢𝐧(𝐰𝒂
𝟐) <∑𝐰𝒂

𝟐 ≤∑𝐦𝒂
𝟐 ∴∑𝐬𝐢𝐧(𝐰𝒂

𝟐)

<∑𝐦𝒂
𝟐  𝐰𝐡𝐢𝐜𝐡 𝐜𝒂𝐧 𝐛𝐞 𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝒂𝐬 ∑𝐬𝐢𝐧(𝐰𝒂

𝟐) ≤∑𝐦𝒂
𝟐  
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𝐍𝐨𝐰,𝐦𝒂
𝟐 −𝐰𝒂

𝟐 =
(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) −

𝟏𝟔𝐛𝐜𝐬(𝐬 − 𝒂)
(𝐛 + 𝐜)𝟐

𝟒
=
(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) (𝟏 −

𝟒𝐛𝐜
(𝐛 + 𝐜)𝟐

)

𝟒

=
(𝐛 − 𝐜)𝟐 (𝟏 +

𝟒𝐬(𝐬 − 𝒂)
(𝐛 + 𝐜)𝟐

)

𝟒
=
(𝐛 − 𝐜)𝟐 (𝟏 +

(𝐛 + 𝐜)𝟐 − 𝒂𝟐

(𝐛 + 𝐜)𝟐
)

𝟒
 

=
(𝐛 − 𝐜)𝟐 (𝟐 −

𝒂𝟐

(𝐛 + 𝐜)𝟐
)

𝟒
=
(𝐛 − 𝐜)𝟐

𝟐
−
𝒂𝟐(𝐛 − 𝐜)𝟐

𝟒(𝐛 + 𝐜)𝟐
≤
⏞

−(𝐛−𝐜)𝟐 ≤ 𝟎 (𝐛 − 𝐜)𝟐

𝟐
∴ 𝐦𝒂

𝟐 −𝐰𝒂
𝟐

≤
(𝐛 − 𝐜)𝟐

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒∑𝐦𝒂

𝟐 −∑𝐰𝒂
𝟐 ≤∑

(𝐛 − 𝐜)𝟐

𝟐
=∑𝒂𝟐 −∑𝒂𝐛 

= 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 ≤
⏞

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝟒𝐑𝟐 − 𝟖𝐑𝐫 ≤

⏞

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝟒𝐑𝟐 − 𝟏𝟔𝐫𝟐

⇒ ∑𝐦𝒂
𝟐 −∑𝐰𝒂

𝟐 ≤ 𝟒(𝐑𝟐 − 𝟒𝐫𝟐) ≤ 𝟐𝟓(𝐑𝟐 − 𝟒𝐫𝟐) ≤
⏞

𝟐𝟓 ≤ 𝜶
𝛂(𝐑𝟐 − 𝟒𝐫𝟐) 

⇒∑𝐦𝒂
𝟐 ≤∑𝐰𝒂

𝟐 + 𝛂(𝐑𝟐 − 𝟒𝐫𝟐) ∀ 𝛂 ≥ 𝟐𝟓 (𝐐𝐄𝐃) 

2741. In 𝜟𝑨𝑩𝑪,𝜶 ≥ 𝟐 the following relationship holds: 

 (
𝑹

𝟐𝒓
)
𝜶

∑𝒎𝒂
𝟐 ≥∑𝒏𝒂

𝟐     

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 

 𝒏𝒂
𝟐 = 𝒔𝟐 − 𝟐𝒓𝒂𝒉𝒂 = 𝒔

𝟐 − 𝟒𝒔𝒓𝟐.
𝒂 + (𝒔 − 𝒂)

𝒂(𝒔 − 𝒂)
= 𝒔𝟐 − 𝟒𝒓𝒓𝒂 −

𝒓. 𝒃𝒄

𝑹
 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ ∑𝒏𝒂
𝟐 = 𝟑𝒔𝟐 − 𝟒𝒓(𝟒𝑹 + 𝒓) −

𝒓(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝑹

=
(𝟑𝑹 − 𝒓)𝒔𝟐 − 𝒓(𝟒𝑹 + 𝒓)𝟐

𝑹
 ≤⏞
?

 (
𝑹

𝟐𝒓
)
𝟐

∑𝒎𝒂
𝟐 = 

= (
𝑹

𝟐𝒓
)
𝟐

.
𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐
 ↔ 𝟖𝒓𝟐(𝟑𝑹 − 𝒓)𝒔𝟐 − 𝟖𝒓𝟑(𝟒𝑹 + 𝒓)𝟐

≤ 𝟑𝑹𝟑𝒔𝟐 − 𝟑𝑹𝟑𝒓𝟐 − 𝟏𝟐𝑹𝟒𝒓 
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↔ −𝟏𝟐𝑹𝟒𝒓 − 𝟑𝑹𝟑𝒓𝟐 + 𝟏𝟐𝟖𝑹𝟐𝒓𝟑 + 𝟔𝟒𝑹𝒓𝟒 + 𝟖𝒓𝟓 ≥ (−𝟑𝑹𝟑 + 𝟐𝟒𝑹𝒓𝟐 − 𝟖𝒓𝟑)𝒔𝟐  (∗) 

𝑰𝒇 − 𝟑𝑹𝟑 + 𝟐𝟒𝑹𝒓𝟐 − 𝟖𝒓𝟑 ≥ 𝟎 → 

𝑹𝑯𝑺(∗) ≤ (−𝟑𝑹
𝟑 + 𝟐𝟒𝑹𝒓𝟐 − 𝟖𝒓𝟑)(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) = 

= −𝟏𝟐𝑹𝟓 − 𝟏𝟐𝑹𝟒𝒓 + 𝟖𝟕𝑹𝟑𝒓𝟐 + 𝟔𝟒𝑹𝟐𝒓𝟑 + 𝟒𝟎𝑹𝒓𝟒 − 𝟐𝟒𝒓𝟓  ≤⏞
?

 𝑳𝑯𝑺(∗) 

↔  𝟔𝑹𝟓 − 𝟒𝟓𝑹𝟑𝒓𝟐 + 𝟑𝟐𝑹𝟐𝒓𝟑 + 𝟏𝟐𝑹𝒓𝟒 + 𝟏𝟔𝒓𝟓 ≥ 𝟎 

↔ (𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟔𝑹𝟑 + 𝟐𝟒𝑹𝟐𝒓 + 𝟐𝟕𝑹𝒓𝟐 + 𝟒𝟒𝒓𝟑) + 𝟖𝟎𝒓𝟒] ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓 (𝑹 ≥ 𝟐𝒓)  →  (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑰𝒇 − 𝟑𝑹𝟑 + 𝟐𝟒𝑹𝒓𝟐 − 𝟖𝒓𝟑 ≤ 𝟎 → 𝑹𝑯𝑺(∗) ≤ (−𝟑𝑹
𝟑 + 𝟐𝟒𝑹𝒓𝟐 − 𝟖𝒓𝟑)(𝟏𝟔𝑹 − 𝟓𝒓)𝒓 = 

= 𝒓(−𝟒𝟖𝑹𝟒 + 𝟏𝟓𝑹𝟑𝒓 + 𝟑𝟖𝟒𝑹𝟐𝒓𝟐 − 𝟐𝟒𝟖𝑹𝒓𝟑 + 𝟒𝟎𝒓𝟒) ≤⏞
?

 𝑳𝑯𝑺(∗) 

↔ 𝟑𝟔𝑹𝟒 − 𝟏𝟖𝑹𝟑𝒓 − 𝟐𝟓𝟔𝑹𝟐𝒓𝟐 + 𝟑𝟏𝟐𝑹𝒓𝟑 − 𝟑𝟐𝒓𝟒  ≥ 𝟎 

↔ (𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟑𝟔𝑹𝟐 + 𝟏𝟐𝟔𝑹𝒓 + 𝟏𝟎𝟒𝒓𝟐) + 𝟐𝟐𝟒𝒓𝟑] ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓 (𝑹 ≥ 𝟐𝒓)  →  (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒏𝒂
𝟐 ≤ (

𝑹

𝟐𝒓
)
𝟐

∑𝒎𝒂
𝟐 ≤ (

𝑹

𝟐𝒓
)
𝜶

∑𝒎𝒂
𝟐 , ∀𝜶 ≥ 𝟐. 

2742. Let 𝜶 ≥ 𝟏. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝑹

𝟐𝒓
)
𝜶

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 +
𝒓(𝑹 − 𝟐𝒓)

𝑹 − 𝒓
 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Soumitra Mandal-Chandar Nagore-India 

∑𝒂 = 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓),∑𝒂𝒃 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 

∑𝒂𝟐 ≥ ∑𝒂𝒃 +
𝒓𝟐(𝑹 − 𝟐𝒓)

𝑹 − 𝒓
⇔ 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) ≥ 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 +

𝒓𝟐(𝑹 − 𝟐𝒓)

𝑹 − 𝒓
 

⇔ 𝒔𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓 ≥
𝒓𝟐(𝑹 − 𝟐𝒓)

𝑹 − 𝒓
⇔ 

𝒔𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓 ≥
𝒓𝟐(𝑹 − 𝟐𝒓)

𝑹 − 𝒓
⇔ 

𝟒𝒓(𝑹 − 𝟐𝒓) ≥
𝒓𝟐(𝑹−𝟐𝒓)

𝑹−𝒓
⇔ 𝒓(𝑹 − 𝟐𝒓) (

𝟒𝑹−𝟓𝒓

𝑹−𝒓
) ≥ 𝟎, which is true, because 𝑹 ≥ 𝟐𝒓 ⇔ 

𝟒𝑹 − 𝟓𝒓 ≥ 𝟑𝒓 > 0 
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(
𝑹

𝟐𝒓
)
𝜶

∑𝒂𝒃 ≥ ∑𝒂𝟐 ⇔ (
𝑹

𝟐𝒓
)
𝜶

≥
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
=
𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓
 

⇔ 𝒔𝟐(𝑹𝜶 − (𝟐𝒓)𝜶) + 𝒓𝟐(𝑹𝜶 + 𝟐(𝟐𝒓)𝜶) + 𝟒𝑹𝒓(𝑹𝜶 + 𝟐(𝟐𝒓)𝜶) ≥ 𝟎. 

So, above statement is true for 𝜶 = 𝟏, for 𝜶 = 𝟐 the statement is also true. 

Let us assume it is for 𝜶 = 𝒎, we need to prove its true for 𝜶 = 𝒎+ 𝟏. 

𝒔𝟐(𝑹𝒎+𝟏 − (𝟐𝒓)𝒎+𝟏 + 𝒓𝟐(𝑹𝒎+𝟏 + 𝟐(𝟐𝒓)𝒎+𝟏) + 𝟒𝑹𝒓(𝑹𝒎+𝟏 + 𝟐(𝟐𝒓)(𝒎+𝟏)) = 

= 𝒔𝟐(𝑹 − 𝟐𝒓)(𝑹𝒎 + 𝑹𝒎−𝟏(𝟐𝒓) + ⋯+ 𝑹(𝟐𝒓)𝒎−𝟏 + (𝟐𝒓)𝒎) + 

+𝒓𝟐(𝑹𝒎+𝟏 + 𝟐(𝟐𝒓)𝒎+𝟏) + 𝟒𝑹𝒓(𝑹𝒎+𝟏 + 𝟐(𝟐𝒓)𝒎+𝟏) ≥ 𝟎, since 𝑹 ≥ 𝟐𝒓. 

Hence proved for 𝜶 = 𝒎+ 𝟏. Therefore, 

(
𝑹

𝟐𝒓
)
𝜶

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 +
𝒓(𝑹 − 𝟐𝒓)

𝑹 − 𝒓
 

2743. In 𝚫𝑨𝑩𝑪, 𝑰 −incenter, 𝑹′ −circumradius of  

𝚫𝑫𝑬𝑭,𝑨𝑫 ∩ 𝑩𝑬 ∩ 𝑪𝑭 = {𝑰}, the following relationship holds 

 √
𝟐𝑹′

𝑹

𝟑

≤
𝑹

𝟐𝒓
       

    Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝑹′ =
𝑫𝑬.𝑬𝑭.𝑭𝑫

𝟒. [𝑫𝑬𝑭]
,𝒘𝒉𝒆𝒓𝒆 [𝑫𝑬𝑭] 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑫𝑬𝑭. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 𝑨𝑬 =
𝒃𝒄

𝒂 + 𝒄
 𝒂𝒏𝒅 𝑨𝑭 =

𝒃𝒄

𝒂 + 𝒃
 →  [𝑨𝑬𝑭] =

𝟏

𝟐
. 𝑨𝑬. 𝑨𝑭. 𝐬𝐢𝐧𝑨

=
𝒃𝒄. 𝑭

(𝒂 + 𝒃)(𝒂 + 𝒄)
 (∴ 𝑭 = [𝑨𝑩𝑪]) 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚, [𝑩𝑭𝑫] =
𝒄𝒂. 𝑭

(𝒃 + 𝒄)(𝒃 + 𝒂)
 𝒂𝒏𝒅 [𝑪𝑫𝑬] =

𝒂𝒃. 𝑭

(𝒄 + 𝒂)(𝒄 + 𝒃)
→ [𝑫𝑬𝑭]

= 𝑭 − ([𝑨𝑬𝑭] + [𝑩𝑭𝑫] + [𝑪𝑫𝑬]) = 

= 𝑭. (𝟏 −
𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
−

𝒄𝒂

(𝒃 + 𝒄)(𝒃 + 𝒂)
−

𝒂𝒃

(𝒄 + 𝒂)(𝒄 + 𝒃)
)

=
𝟐𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
. 𝑭 
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𝑼𝒔𝒊𝒏𝒈 𝒏𝒐𝒘 𝒕𝒉𝒆 𝑳𝒂𝒘 𝒐𝒇 𝒄𝒐𝒔𝒊𝒏𝒆𝒔 𝒊𝒏 ∆𝑨𝑬𝑭 ∶  𝑬𝑭𝟐 = 𝑨𝑬𝟐 + 𝑨𝑭𝟐 − 𝟐.𝑨𝑬. 𝑨𝑭. 𝐜𝐨𝐬 𝑨 = 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

(𝒂 + 𝒃)(𝒂 + 𝒄)

= 𝒃𝟐𝒄𝟐 (
𝟏

𝒂 + 𝒄
−

𝟏

𝒂 + 𝒃
)
𝟐

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

= −
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
[(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝒃𝒄] +

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
≤

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝑭𝑫𝟐 ≤
𝒂𝒃𝟐𝒄

(𝒃 + 𝒄)(𝒃 + 𝒂)
 𝒂𝒏𝒅 𝑫𝑬𝟐 =

𝒂𝒃𝒄𝟐

(𝒄 + 𝒂)(𝒄 + 𝒃)

→ (𝑫𝑬. 𝑬𝑭.𝑭𝑫)𝟐 ≤ (
𝒂𝟐𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
)

𝟐

 

→ 𝑹′ =
𝑫𝑬.𝑬𝑭.𝑭𝑫

𝟒. [𝑫𝑬𝑭]
≤
𝟏

𝟒
.

𝒂𝟐𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
.
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝟐𝒂𝒃𝒄. 𝑭
=
𝒂𝒃𝒄

𝟖𝑭
=
𝑹

𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, √
𝟐𝑹′

𝑹

𝟑

≤ 𝟏 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝑹

𝟐𝒓
. 

2744. In ∆𝑨𝑩𝑪 the following relationship holds: 

 𝒔√𝟑 + 𝒘𝒂 −𝒎𝒂 ≥ √(∑𝒘𝒂𝒘𝒃) (∑
𝒘𝒂 +𝒘𝒃
𝒘𝒃 +𝒘𝒄

)  

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(√𝒘𝒂 +𝒘𝒃 +√𝒘𝒃 +𝒘𝒄)
𝟐
= (𝒘𝒄 +𝒘𝒂) + 𝟐𝒘𝒃 + 𝟐√𝒘𝒂 +𝒘𝒃. √𝒘𝒃 +𝒘𝒄  ≥ √𝒘𝒄 +𝒘𝒂

 𝟐
 

→ √𝒘𝒂 +𝒘𝒃 +√𝒘𝒃 +𝒘𝒄 ≥ √𝒘𝒄 +𝒘𝒂  (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ √𝒘𝒂 +𝒘𝒃, √𝒘𝒃 +𝒘𝒄, √𝒘𝒄 +𝒘𝒂  

𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆′ 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭′ 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 

𝟏𝟔𝑭′
 𝟐
= 𝟐∑√𝒘𝒂 +𝒘𝒃

 𝟐
√𝒘𝒃 +𝒘𝒄

 𝟐
−∑√𝒘𝒂 +𝒘𝒃

 𝟒
= 𝟒∑𝒘𝒂𝒘𝒃 → 𝟐𝑭′

= √∑𝒘𝒂𝒘𝒃 
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𝑭𝒓𝒐𝒎 𝑳𝒆𝒔𝒔𝒆𝒍 − 𝑷𝒆𝒍𝒍𝒊𝒏𝒈 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒔√𝟑 ≥ 𝒎𝒂 +𝒘𝒃 +𝒘𝒄  

→  𝒔√𝟑 + 𝒘𝒂 −𝒎𝒂 ≥∑𝒘𝒂 

→ 𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  ∑𝒘𝒂 ≥ 𝟐𝑭′√∑
𝒘𝒂 +𝒘𝒃
𝒘𝒃 +𝒘𝒄

 ↔  ∑√𝒘𝒂 +𝒘𝒃
 𝟐

≥ 𝟒𝑭′√∑
√𝒘𝒂 +𝒘𝒃

 𝟐

√𝒘𝒃 +𝒘𝒄
 𝟐  

→ 𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶  ∑𝒂𝟐 ≥ 𝟒𝑭√∑
𝒂𝟐

𝒃𝟐
, ∀∆𝑨𝑩𝑪. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  ∀𝒖, 𝒗, 𝒘 > 0,∑𝒖.𝒂𝟐 ≥ 𝟒𝑭√∑𝒖𝒗   (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎) 

𝑳𝒆𝒕 𝒖 =
𝒃𝟐

𝒂𝟐
, 𝒗 =

𝒄𝟐

𝒃𝟐
, 𝒘 =

𝒂𝟐

𝒄𝟐
 →  ∑

𝒃𝟐

𝒂𝟐
. 𝒂𝟐 ≥ 𝟒𝑭√∑

𝒃𝟐

𝒂𝟐
.
𝒄𝟐

𝒃𝟐
 ↔  ∑𝒂𝟐 ≥ 𝟒𝑭√∑

𝒂𝟐

𝒃𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒔√𝟑 + 𝒘𝒂 −𝒎𝒂 ≥ √(∑𝒘𝒂𝒘𝒃) (∑
𝒘𝒂 +𝒘𝒃
𝒘𝒃 +𝒘𝒄

) 

2745. For 𝒙, 𝒚, 𝒛, 𝒖, 𝒗,𝒘 > 𝟎. Prove that: 

𝒙(𝒗 + 𝒘) + 𝒚(𝒘 + 𝒖) + 𝒛(𝒖 + 𝒗) ≥ 𝟐 √(∑ 𝒙𝒚

𝒙,𝒚,𝒛

)(∑ 𝒖𝒗

𝒖,𝒗,𝒘

)    

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

( √𝒗 + 𝒘 + √𝒘+ 𝒖)
𝟐
= (𝒖 + 𝒗) + 𝟐𝒘 + 𝟐 √𝒗 + 𝒘. √𝒘 + 𝒖 ≥ √𝒖 + 𝒗

 𝟐

→ √𝒗+𝒘+ √𝒘+ 𝒖 ≥ √𝒖 + 𝒗  (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ √𝒗 +𝒘, √𝒘 + 𝒖, √𝒖 + 𝒗  

𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆ 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 
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𝟏𝟔𝑭𝟐 = 𝟐∑ √𝒗 +𝒘
 𝟐
√𝒘 + 𝒖

 𝟐
−∑ √𝒗+𝒘

 𝟒
= 𝟒∑𝒖𝒗  →  𝑭 =

𝟏

𝟐
√∑𝒖𝒗 

𝑼𝒔𝒊𝒏𝒈 𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆ :  

∑𝒙. √𝒗 + 𝒘
 𝟐
≥ 𝟒𝑭. √∑𝒙𝒚 , ∀𝒙, 𝒚, 𝒛 > 0 

↔∑𝒙(𝒗 + 𝒘) ≥ 𝟒.
𝟏

𝟐
√∑𝒖𝒗 . √∑𝒙𝒚 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒙(𝒗 + 𝒘) + 𝒚(𝒘 + 𝒖) + 𝒛(𝒖 + 𝒗) ≥ 𝟐 √(∑ 𝒙𝒚

𝒙,𝒚,𝒛

)(∑ 𝒖𝒗

𝒖,𝒗,𝒘

). 

2746. In ∆𝑨𝑩𝑪 the following relationship holds: 

 𝒏𝒂 ≥ √𝒓 [(𝟒𝑹 + 𝒓) (∑
𝒂

𝒃
) − 𝟐(𝟐𝒓𝒂 + 𝒉𝒂)]   

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 𝒏𝒂 ≥⏞
(∗)

√𝒓 [(𝟒𝑹 + 𝒓) (∑
𝒂

𝒃
) − 𝟐(𝟐𝒓𝒂 + 𝒉𝒂)] 

𝑺𝒊𝒏𝒄𝒆 𝑨𝑩𝑪 𝒊𝒔 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 →  𝒃 + 𝒄 ≥ 𝒂 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) → (√𝒃 + √𝒄)
𝟐

= 𝒃 + 𝒄 + 𝟐√𝒃𝒄 ≥ 𝒂 = √𝒂
𝟐
 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ √𝒂, √𝒃,√𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆′ 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭′𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 

𝟏𝟔𝑭′
 𝟐
= 𝟐∑√𝒂

 𝟐
√𝒃

 𝟐
−∑√𝒂

 𝟒
= 𝟐∑𝒂𝒃 −∑𝒂𝟐

= 𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) 

→  𝟏𝟔𝑭′
 𝟐
= 𝟒𝒓(𝟒𝑹 + 𝒓)  → 𝑭′ =

𝟏

𝟐
√𝒓(𝟒𝑹 + 𝒓) 

𝑼𝒔𝒊𝒏𝒈 𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆′ : 
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 ∑𝒙. √𝒂
 𝟐
≥ 𝟒𝑭′. √∑𝒙𝒚 , ∀𝒙, 𝒚, 𝒛 > 0 

𝑳𝒆𝒕 𝒙 =
𝒃

𝒂
, 𝒚 =

𝒄

𝒃
, 𝒛 =

𝒂

𝒄
 →  ∑

𝒃

𝒂
. 𝒂 ≥ 𝟒.

𝟏

𝟐
√𝒓(𝟒𝑹 + 𝒓).√∑

𝒃

𝒂
.
𝒄

𝒃
 ↔ 

 ∑𝒂 ≥ 𝟐√𝒓(𝟒𝑹+ 𝒓)∑
𝒂

𝒃
 

→  𝒓(𝟒𝑹 + 𝒓)∑
𝒂

𝒃
≤ 𝒔𝟐 

→ 𝑹𝑯𝑺(∗) ≤ √𝒔
𝟐 − 𝟐𝒓(𝟐𝒓𝒂 + 𝒉𝒂) = √𝒔

𝟐 − 𝟐𝒓. 𝟐𝒔𝒓 (
𝟏

𝒔 − 𝒂
+
𝟏

𝒂
) = √𝒔𝟐 − 𝟐.

𝒔𝒓

𝒔 − 𝒂
.
𝟐𝒔𝒓

𝒂

= √𝒔𝟐 − 𝟐𝒓𝒂𝒉𝒂 = 𝒏𝒂. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒏𝒂 ≥ √𝒓 [(𝟒𝑹 + 𝒓) (∑
𝒂

𝒃
) − 𝟐(𝟐𝒓𝒂 + 𝒉𝒂)]. 

 

2747.  

 

In 𝚫𝑨𝑩𝑪 let 𝑹𝑨 − be the radii of circle tangent simultaneous to 𝑨𝑩,𝑨𝑪 and 

external tangent to circumcircle of 𝚫𝑨𝑩𝑪. Prove that: 

𝑹𝑨𝑹𝑩
𝒓𝒂𝒓𝒃

+
𝑹𝑩𝑹𝑪
𝒓𝒃𝒓𝒄

+
𝑹𝑪𝑹𝑨
𝒓𝒄𝒓𝒂

≥
𝟔𝟒𝒓𝟐

𝟑𝑹𝟐
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Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

𝑶𝑨 −tangent of 𝑨𝑩,𝑨𝑪 ⇒ 𝑶,𝑶𝑨 −tangent in 𝑻 ⇒ 𝑶, 𝑻, 𝑶𝑨 −collinear and  

𝑶𝑶𝑨 ≡ 𝑶𝑻 + 𝑻𝑶𝑨 = 𝑹 + 𝑹𝑨 

In 𝚫𝑶𝑶𝑨𝑴, (𝑴̂ = 𝟗𝟎∘): 𝐬𝐢𝐧𝑶𝑨𝑶𝑴̂ =
𝑶𝑨𝑴

𝑨𝑶𝑨
⇒ 𝐬𝐢𝐧

𝑨

𝟐
=

𝑹𝑨

𝑨𝑶𝑨
⇒ 𝑨𝑶𝑨 =

𝑹𝑨

𝐬𝐢𝐧
𝑨

𝟐

 

𝑶𝑨𝑨𝑶̂ = 𝑩𝑨𝑶̂ − 𝑩𝑨𝑶𝑨̂, 𝑨𝑸 −diameter, then 𝑨𝑩𝑸̂ = 𝟗𝟎∘ ⇒ 

𝑩𝑨𝑶̂ = 𝟗𝟎∘ − 𝑨𝑩𝑸̂ = 𝟗𝟎∘ −
𝑨𝑩̂

𝟐
= 𝟗𝟎∘ − 𝑪̂ ⇒ 𝑶𝑨𝑨𝑶̂ = 𝟗𝟎

∘ − 𝑪̂ −
𝑨̂

𝟐
=
𝑩̂ − 𝑪̂

𝟐
 

From Law of cosines in 𝚫𝑨𝑶𝑨𝑶: 𝑶𝑶𝑨
𝟐 = 𝑨𝑶𝑨

𝟐 − 𝟐𝑶𝑶𝑨 ⋅ 𝑨𝑶 ⋅ 𝐜𝐨𝐬𝑶𝑨𝑶𝑨̂ 

(𝑹 + 𝑹𝑨)
𝟐 =

𝑹𝑨
𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐

+ 𝑹𝟐 − 𝟐 ⋅
𝑹𝑨

𝐬𝐢𝐧
𝑨
𝟐

⋅ 𝑹 ⋅ 𝐜𝐨𝐬 (
𝑩 − 𝑪

𝟐
) 

𝑹𝟐 + 𝟐𝑹𝑹𝑨 + 𝑹𝑨
𝟐 =

𝑹𝑨
𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐

+ 𝑹𝟐 −
𝟐𝑹𝑹𝑨

𝐬𝐢𝐧
𝑨
𝟐

⋅ 𝐜𝐨𝐬 (
𝑩 − 𝑪

𝟐
) 

𝑹𝑨
𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐

− 𝑹𝑨
𝟐 = 𝟐𝑹𝑹𝑨 +

𝟐𝑹𝑹𝑨

𝐬𝐢𝐧
𝑨
𝟐

⋅ 𝐜𝐨𝐬 (
𝑩 − 𝑪

𝟐
) ⇒ 

𝑹𝑨 − 𝑹𝑨 ⋅ 𝐬𝐢𝐧
𝟐
𝑨

𝟐
= 𝟐𝑹 ⋅ 𝐬𝐢𝐧𝟐

𝑨

𝟐
+ 𝟐𝑹 ⋅ 𝐬𝐢𝐧

𝑨

𝟐
⋅ 𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
) ⇒ 

𝑹𝑨 ⋅ 𝐜𝐨𝐬
𝟐
𝑨

𝟐
= 𝟐𝑹 ⋅ 𝐬𝐢𝐧

𝑨

𝟐
(𝐬𝐢𝐧

𝑨

𝟐
+ 𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
)) 

𝐬𝐢𝐧
𝑨

𝟐
+ 𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
) = 𝐬𝐢𝐧

𝝅 − (𝑩 + 𝑪)

𝟐
+ 𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
) = 𝐜𝐨𝐬 (

𝑩 + 𝑪

𝟐
) + 𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
) = 

= 𝟐𝐜𝐨𝐬

𝑩 + 𝑪
𝟐 +

𝑩− 𝑪
𝟐

𝟐
𝐜𝐨𝐬

𝑩 + 𝑪
𝟐 −

𝑩− 𝑪
𝟐

𝟐
= 𝟐 𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
 

Hence, 

𝑹𝑨 𝐜𝐨𝐬
𝟐
𝑨

𝟐
= 𝟒𝑹 ⋅ 𝐬𝐢𝐧

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
⇒ 𝑹𝑨 =

𝟒𝑹 ⋅ 𝐬𝐢𝐧
𝑨
𝟐 𝐜𝐨𝐬

𝑩
𝟐 𝐜𝐨𝐬

𝑪
𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐

=
𝒓𝒂

𝐜𝐨𝐬𝟐
𝑨
𝟐

 

Therefore, 𝑹𝑨 =
𝒓𝒂

𝐜𝐨𝐬𝟐
𝑨

𝟐

, 𝑹𝒃 =
𝒓𝒃

𝐜𝐨𝐬𝟐
𝑩

𝟐

, 𝑹𝒄 =
𝒓𝒄

𝐜𝐨𝐬𝟐
𝑪

𝟐

. 
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∑
𝑹𝑨𝑹𝑩
𝒓𝒂𝒓𝒃

𝒄𝒚𝒄

=∑
𝟏

𝐜𝐨𝐬𝟐
𝑨
𝟐 𝐜𝐨𝐬

𝟐𝑩
𝟐𝒄𝒚𝒄

=
∑𝐜𝐨𝐬𝟐

𝑨
𝟐

∏𝐜𝐨𝐬𝟐
𝑨
𝟐

=

𝟒𝑹 + 𝒓
𝟐𝑹

∏
𝒔(𝒔 − 𝒂)
𝒃𝒄

=

𝟒𝑹 + 𝒓
𝟐𝑹
𝒔𝟐𝑭𝟐

𝟏𝟔𝑹𝟐𝑭𝟐

= 

=
𝟖𝑹(𝟒𝑹 + 𝒓)

𝒔𝟐
≥
𝟑𝟐𝑹𝟐 + 𝟖𝑹𝒓

𝒔𝟐
≥
(∗) 𝟔𝟒𝒓𝟐

𝟑𝑹𝟐
⇔ 

(∗) ⇔
(𝟑𝟐𝑹𝟐 + 𝟖𝑹𝒓) ⋅ 𝟒

𝟐𝟕𝑹𝟐
≥
𝟔𝟒𝒓𝟐

𝟑𝑹𝟐
⇔ 𝟗𝟔𝑹𝟐 + 𝟐𝟒𝑹𝒓 ≥ 𝟒𝟑𝟐𝒓𝟐 

𝟗𝟔𝑹𝟐 + 𝟐𝟒𝑹𝒓 ≥ 𝟗𝟔 ⋅ (𝟐𝒓)𝟐 + 𝟐𝟒 ⋅ 𝟐𝒓 ⋅ 𝒓 = 𝟑𝟐𝟒𝒓𝟐 + 𝟒𝟖𝒓𝟐 = 𝟒𝟑𝟐𝒓𝟐 

2748. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝟏

𝟐 𝐭𝐚𝐧
𝑨
𝟐
+ 𝐭𝐚𝐧

𝑩
𝟐
+ 𝐭𝐚𝐧

𝑪
𝟐

≤
𝟏

𝟔√𝟑
(
𝟓𝑹

𝒓
+
𝒓

𝑹
+ 𝟑)    

 Proposed by Marian Ursărescu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝟏

𝟐𝐭𝐚𝐧
𝑨
𝟐 + 𝐭𝐚𝐧

𝑩
𝟐 + 𝐭𝐚𝐧

𝑪
𝟐

 =⏞

𝒓𝒂=𝒔 𝐭𝐚𝐧
𝑨
𝟐

 ∑
𝒔

𝟐𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
= 𝒔∑

𝟏

(𝒓𝒂 + 𝒓𝒃) + (𝒓𝒂 + 𝒓𝒄)

≤
𝒔

𝟒
∑(

𝟏

𝒓𝒂 + 𝒓𝒃
+

𝟏

𝒓𝒂 + 𝒓𝒄
) = 

=
𝒔

𝟐
∑

𝟏

𝒓𝒂 + 𝒓𝒃
=
𝒔

𝟐
.
∑(𝒓𝒂 + 𝒓𝒃)(𝒓𝒂 + 𝒓𝒄)

∏(𝒓𝒂 + 𝒓𝒃)
=
𝒔

𝟐
.
( ∑ 𝒓𝒂 )

𝟐 + ∑𝒓𝒂𝒓𝒃
𝟒𝑹𝒔𝟐

=
(𝟒𝑹 + 𝒓)𝟐 + 𝒔𝟐

𝟖𝑹𝒔
≤ 

≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
(𝟒𝑹 + 𝒓)𝟐 + 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐

𝟖𝑹. 𝟑√𝟑𝒓
=
𝟓𝑹𝟐 + 𝟑𝑹𝒓 + 𝒓𝟐

𝟔√𝟑𝑹𝒓
=

𝟏

𝟔√𝟑
(
𝟓𝑹

𝒓
+
𝒓

𝑹
+ 𝟑) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝟏

𝟐 𝐭𝐚𝐧
𝑨
𝟐 + 𝐭𝐚𝐧

𝑩
𝟐 + 𝐭𝐚𝐧

𝑪
𝟐

≤
𝟏

𝟔√𝟑
(
𝟓𝑹

𝒓
+
𝒓

𝑹
+ 𝟑). 

Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam 

 ∑(𝐜𝐨𝐭
𝑨

𝟐
)
𝟐

=
𝒑𝟐−𝟖𝑹𝒓−𝟐𝒓𝟐

𝒓𝟐
 

 ∑𝐜𝐨𝐭𝟓
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
= ∑

((𝐜𝐨𝐭
𝑨

𝟐
)
𝟐
)
𝟐

𝟏

𝐜𝐨𝐭
𝑨
𝟐
𝐜𝐨𝐭

𝑩
𝟐

≥⏞
𝑪−𝑺

(∑(𝐜𝐨𝐭
𝑨

𝟐
)
𝟐
)
𝟐

∑ 𝐭𝐚𝐧
𝑨

𝟐
𝐭𝐚𝐧

𝑩

𝟐

=
(∑(𝐜𝐨𝐭

𝑨

𝟐
)
𝟐
)
𝟐

𝟏
= (

𝒑𝟐−𝟖𝑹𝒓−𝟐𝒓𝟐

𝒓𝟐
)
𝟐
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≥⏞
𝐁𝐥𝐮𝐧𝐝𝐨𝐧’𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲

(
𝟐𝑹𝟐 + 𝟏𝟎𝑹𝒓 − 𝒓𝟐 − 𝟐(𝑹 − 𝟐𝒓)√𝑹𝟐 − 𝟐𝑹𝒓 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐

𝒓𝟐
)

𝟐

 

= (
𝟐𝑹𝟐 + 𝟐𝑹𝒓 − 𝟑𝒓𝟐 − 𝟐(𝑹 − 𝟐𝒓)√𝑹𝟐 − 𝟐𝑹𝒓

𝒓𝟐
)

𝟐

≥⏞
(∗)
𝟐𝟕

𝟐
(
𝟒𝑹𝟐

𝒓𝟐
−
𝟓𝑹

𝒓
) ; 

(∗) ↔ 𝟐(𝟐𝑹𝟐 + 𝟐𝑹𝒓 − 𝟑𝒓𝟐 − 𝟐(𝑹 − 𝟐𝒓)√𝑹𝟐 − 𝟐𝑹𝒓)
𝟐

≥ 𝟐𝟕(𝟒𝑹𝟐 − 𝟓𝑹𝒓𝟐); 

↔ 𝟐(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑 − 𝟐(𝒙 − 𝟐)√𝒙𝟐 − 𝟐𝒙)
𝟐

≥ 𝟐𝟕(𝟒𝒙𝟐 − 𝟓𝒙); (∴ 𝒙 =
𝑹

𝒓
≥ 𝟐) 

↔ 𝟏𝟔𝒙𝟒 − 𝟑𝟐𝒙𝟑 − 𝟐𝟖𝒙𝟐 + 𝟒𝟕𝒙 + 𝟏𝟖 ≥ 𝟖(𝒙 − 𝟐)(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙; 

↔ (𝒙 − 𝟐)(𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗) ≥ 𝟖(𝒙 − 𝟐)(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙; 

↔ (𝒙 − 𝟐) (𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗 − 𝟖(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙) ≥ 𝟎; 

Because:  𝒙 ≥ 𝟐 → 𝒙 − 𝟐 ≥ 𝟎. We need to prove that: 

𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗 − 𝟖(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙 > 𝟎; 

↔ 𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗 > 𝟖(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙; 

↔ (𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗)𝟐 > (𝟖(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙)
𝟐

; 

(∴ 𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗 = 𝒙(𝟏𝟔𝒙𝟐 − 𝟐𝟖) − 𝟗 ≥⏞
𝒙≥𝟐

𝟐(𝟔𝟒 − 𝟐𝟖) − 𝟗 = 𝟔𝟑 > 𝟎) 

↔ 𝟐𝟓𝟔𝒙𝟔 − 𝟖𝟗𝟔𝒙𝟒 − 𝟐𝟖𝟖𝒙𝟑 + 𝟕𝟖𝟒𝒙𝟐 + 𝟓𝟎𝟒𝒙 + 𝟖𝟏

> 𝟔𝟒(𝒙𝟐 − 𝟐𝒙)(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑); 

↔ 𝟐𝟓𝟔𝒙𝟔 − 𝟖𝟗𝟔𝒙𝟒 − 𝟐𝟖𝟖𝒙𝟑 + 𝟕𝟖𝟒𝒙𝟐 + 𝟓𝟎𝟒𝒙 + 𝟖𝟏

> 𝟐𝟓𝟔𝒙𝟔 − 𝟏𝟓𝟑𝟔𝒙𝟒 + 𝟐𝟓𝟔𝒙𝟑 + 𝟐𝟏𝟏𝟐𝒙𝟐 − 𝟏𝟏𝟓𝟐𝒙; 

↔ 𝟔𝟒𝟎𝒙𝟒 − 𝟓𝟒𝟒𝒙𝟑 − 𝟏𝟑𝟐𝟖𝒙𝟐 + 𝟏𝟔𝟓𝟔𝒙 + 𝟖𝟏 > 𝟎; 

↔ 𝟏𝟔𝒙𝟐(𝟒𝟎𝒙𝟐 − 𝟑𝟒𝒙 − 𝟖𝟑) + 𝟏𝟔𝟓𝟔𝒙 + 𝟖𝟏 > 𝟎; 

Which is true since: 

𝒙 ≥ 𝟐 → 𝟏𝟔𝒙𝟐(𝟒𝟎𝒙𝟐 − 𝟑𝟒𝒙 − 𝟖𝟑) + 𝟏𝟔𝟓𝟔𝒙 + 𝟖𝟏

= 𝟏𝟔𝒙𝟐(𝒙(𝟒𝟎𝒙 − 𝟑𝟒) − 𝟖𝟑) + 𝟏𝟔𝟓𝟔𝒙 + 𝟖𝟏 

≥ 𝟏𝟔. 𝟐𝟐. (𝟐(𝟒𝟎. 𝟐 − 𝟑𝟒) − 𝟖𝟑) + 𝟏𝟔𝟓𝟔. 𝟐 + 𝟖𝟏 = 𝟑𝟗𝟔𝟗 > 𝟎. 

Therefore, (∗) is true. Proved. 
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2749. If 𝒙, 𝒚, 𝒛 > 𝟎, 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟑 then in acute 𝚫𝑨𝑩𝑪 the following 

relationship holds: 

𝐭𝐚𝐧𝟒 𝑨 ⋅ 𝐭𝐚𝐧𝟒𝑩

𝒙𝟑𝒚𝟑
+
𝐭𝐚𝐧𝟒𝑩 ⋅ 𝐭𝐚𝐧𝟒 𝑪

𝒚𝟑𝒛𝟑
+
𝐭𝐚𝐧𝟒 𝑪 ⋅ 𝐭𝐚𝐧𝟒 𝑨

𝒛𝟑𝒙𝟑
≥ 𝟐𝟒𝟑 

Proposed by Daniel Sitaru-Romania 

Solution by George Florin Șerban-Romania 

Let 𝒇: (𝟎,
𝝅

𝟐
) → ℝ, 𝒇(𝒙) = 𝐭𝐚𝐧𝒙 then 𝒇′(𝒙) =

𝟏

𝐜𝐨𝐬𝟐 𝒙
, 𝒇′′(𝒙) =

𝟐 𝐬𝐢𝐧 𝒙

𝐜𝐨𝐬𝟑 𝒙
> 𝟎 ⇒ 𝒇 −convexe. 

Hence, 

𝐭𝐚𝐧 (
𝑨 + 𝑩 + 𝑪

𝟑
) ≤

𝟏

𝟑
(𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑪) ⇔ 

√𝟑 ≤
𝟏

𝟑
𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪 ⇔ 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪 ≥ 𝟑√𝟑 

Thus, 

∑
𝐭𝐚𝐧𝟒 𝑨 ⋅ 𝐭𝐚𝐧𝟒𝑩

𝒙𝟑𝒚𝟑
𝒄𝒚𝒄

=∑
(𝐭𝐚𝐧𝑨 ⋅ 𝐭𝐚𝐧𝑩)𝟒

(𝒙𝒚)𝟑
𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏 (∑ 𝐭𝐚𝐧𝑨 ⋅ 𝐭𝐚𝐧𝑩)𝟒

(∑𝒙𝒚)𝟑
≥

𝑨𝑴−𝑮𝑴
 

≥ 𝟑(√𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪
𝟑

)
𝟖
≥ 𝟑(√𝟑√𝟑

𝟑

)

𝟖

= 𝟐𝟒𝟑 

Therefore, 
𝐭𝐚𝐧𝟒𝑨 ⋅ 𝐭𝐚𝐧𝟒𝑩

𝒙𝟑𝒚𝟑
+
𝐭𝐚𝐧𝟒𝑩 ⋅ 𝐭𝐚𝐧𝟒 𝑪

𝒚𝟑𝒛𝟑
+
𝐭𝐚𝐧𝟒 𝑪 ⋅ 𝐭𝐚𝐧𝟒 𝑨

𝒛𝟑𝒙𝟑
≥ 𝟐𝟒𝟑 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏, 𝒂 = 𝒃 = 𝒄. 

2750. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒄(𝒉𝒂
𝟐 + 𝒉𝒃

𝟐)

𝒓𝒂
𝟐 + 𝒓𝒃

𝟐
+
𝒂(𝒉𝒃

𝟐 + 𝒉𝒄
𝟐)

𝒓𝒃
𝟐 + 𝒓𝒄

𝟐
+
𝒃(𝒉𝒄

𝟐 + 𝒉𝒂
𝟐)

𝒓𝒄
𝟐 + 𝒓𝒂

𝟐
≤
𝟑√𝟑𝑹(𝑹 − 𝒓)

𝒓
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Marian Ursărescu-Romania 

∑
𝒄(𝒉𝒂

𝟐 + 𝒉𝒃
𝟐)

𝒓𝒂𝟐 + 𝒓𝒃
𝟐

𝒄𝒚𝒄

≤∑
𝒄(𝒘𝒂

𝟐 +𝒘𝒃
𝟐)

𝟐𝒓𝒂𝒓𝒃
𝒄𝒚𝒄

≤∑
𝒄(𝒔(𝒔 − 𝒂) + 𝒔(𝒔 − 𝒃))

𝟐 ⋅
𝑭𝟐

(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒄𝒚𝒄

= 

=
𝟏

𝟐
∑

𝒔𝒄𝟐

𝒔(𝒔 − 𝒄)
𝒄𝒚𝒄

=
𝟏

𝟐
∑

𝒄𝟐

𝒔 − 𝒄
𝒄𝒚𝒄

=
𝟏

𝟒
⋅
𝟒𝒔(𝑹 − 𝒓)

𝒓
=
𝟐𝒔(𝑹 − 𝒓)

𝒓
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We must show that: 

𝟐𝒔(𝑹 − 𝒓)

𝒓
≤
𝟑√𝟑𝑹(𝑹 − 𝒓)

𝒓
⇔ 𝒔 ≤

𝟑√𝟑

𝟐
𝑹 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

2751. 𝑲−Lemoine’s point in 𝚫𝑨𝑩𝑪. Prove that: 

𝒎𝒂

𝑨𝑲 ⋅ 𝐬𝐢𝐧𝑨
+

𝒎𝒃

𝑩𝑲 ⋅ 𝐬𝐢𝐧𝑩
+

𝒎𝒄

𝑪𝑲 ⋅ 𝐬𝐢𝐧𝑪
≥ 𝟑√𝟑 

Proposed by Daniel Sitaru-Romania 

Solution by George Florin Şerban-Romania 

Lemma. 𝑨𝑲 =
(𝒃𝟐+𝒄𝟐)𝒔𝒂

𝒂𝟐+𝒃𝟐+𝒄𝟐
=
(𝒃𝟐+𝒄𝟐)⋅

𝟐𝒃𝒄𝒎𝒂

𝒃𝟐+𝒄𝟐

𝒂𝟐+𝒃𝟐+𝒄𝟐
=

𝟐𝒃𝒄𝒎𝒂

𝒂𝟐+𝒃𝟐+𝒄𝟐
 

Now, we have: 

∑
𝒎𝒂

𝑨𝑲 ⋅ 𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

=∑
𝒎𝒂(𝒂

𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐𝒃𝒄𝒎𝒂 ⋅ 𝐬𝐢𝐧 𝑨
𝒄𝒚𝒄

=
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)∑

𝟏

𝒃𝒄 ⋅
𝒂
𝟐𝑹𝒄𝒚𝒄

= 

=
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅∑

𝟐𝑹

𝒂𝒃𝒄
𝒄𝒚𝒄

= 𝑹(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅
𝟑

𝒂𝒃𝒄
= 

=
𝟑𝑹

𝟒𝑹𝑭
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) =

𝟑

𝟒𝑭
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥

𝑰𝒐𝒏𝒆𝒔𝒄𝒖−𝑾𝒆𝒕𝒛𝒆𝒏𝒃𝒐𝒄𝒌
 

≥
𝟑

𝟒𝑭
⋅ 𝟒𝑭√𝟑 = 𝟑√𝟑 

Therefore, 

𝒎𝒂

𝑨𝑲 ⋅ 𝐬𝐢𝐧𝑨
+

𝒎𝒃

𝑩𝑲 ⋅ 𝐬𝐢𝐧𝑩
+

𝒎𝒄

𝑪𝑲 ⋅ 𝐬𝐢𝐧 𝑪
≥ 𝟑√𝟑 

2752. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝒂𝟐 ≥
𝟒

𝟑
∑𝒎𝒂𝒎𝒃 +

𝟒

𝟑√𝟑
∑|(𝒎𝒂 −𝒎𝒃)(𝒎𝒂 −𝒎𝒄)| 

Proposed Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗) ↔  
𝟒

𝟑
∑𝒎𝒂

𝟐 ≥
𝟒

𝟑
∑𝒎𝒂𝒎𝒃 +

𝟒

𝟑√𝟑
∑|(𝒎𝒂 −𝒎𝒃)(𝒎𝒂 −𝒎𝒄)| 
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↔ √𝟑∑(𝒎𝒂 −𝒎𝒃)
𝟐 ≥ 𝟐∑|(𝒎𝒂 −𝒎𝒃)(𝒎𝒂 −𝒎𝒄)| (∗∗) 

𝑺𝒊𝒏𝒄𝒆 (∗∗) 𝒊𝒔 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄𝒂𝒍 𝒐𝒏 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆 𝒎𝒂,𝒎𝒃,𝒎𝒄,𝑾𝑳𝑶𝑮 𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 

 𝒎𝒂 ≥ 𝒎𝒃 ≥ 𝒎𝒄 

𝑳𝒆𝒕 𝒙 = 𝒎𝒂 −𝒎𝒃 ≥ 𝟎, 𝒚 = 𝒎𝒃 −𝒎𝒄 ≥ 𝟎 →  𝒎𝒂 −𝒎𝒄 = 𝒙 + 𝒚 

→ (∗∗) ↔  √𝟑(𝒙𝟐 + 𝒚𝟐 + (𝒙 + 𝒚)𝟐) ≥ 𝟐(𝒙(𝒙 + 𝒚) + 𝒙𝒚 + 𝒚(𝒙 + 𝒚))

↔ (√𝟑 − 𝟏)(𝒙𝟐 + 𝒚𝟐) ≥ (𝟑 − √𝟑)𝒙𝒚 

↔ 𝒙𝟐 + 𝒚𝟐 ≥ √𝟑𝒙𝒚 ↔  (𝒙 −
√𝟑

𝟐
𝒚)

𝟐

+
𝒚𝟐

𝟒
≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 →  (∗∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒂𝟐 ≥
𝟒

𝟑
∑𝒎𝒂𝒎𝒃 +

𝟒

𝟑√𝟑
∑|(𝒎𝒂 −𝒎𝒃)(𝒎𝒂 −𝒎𝒄)|. 

2753. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒄(𝒉𝒂
𝟐 + 𝒉𝒃

𝟐)

𝒓𝒂
𝟐 + 𝒓𝒃

𝟐
+
𝒂(𝒉𝒃

𝟐 + 𝒉𝒄
𝟐)

𝒓𝒃
𝟐 + 𝒓𝒄

𝟐
+
𝒃(𝒉𝒄

𝟐 + 𝒉𝒂
𝟐)

𝒓𝒄
𝟐 + 𝒓𝒂

𝟐
≤
𝟑√𝟑𝑹(𝑹 − 𝒓)

𝒓
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Marian Ursărescu-Romania 

∑
𝒄(𝒉𝒂

𝟐 + 𝒉𝒃
𝟐)

𝒓𝒂𝟐 + 𝒓𝒃
𝟐

𝒄𝒚𝒄

≤∑
𝒄(𝒘𝒂

𝟐 +𝒘𝒃
𝟐)

𝟐𝒓𝒂𝒓𝒃
𝒄𝒚𝒄

≤∑
𝒄(𝒔(𝒔 − 𝒂) + 𝒔(𝒔 − 𝒃))

𝟐 ⋅
𝑭𝟐

(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒄𝒚𝒄

= 

=
𝟏

𝟐
∑

𝒔𝒄𝟐

𝒔(𝒔 − 𝒄)
𝒄𝒚𝒄

=
𝟏

𝟐
∑

𝒄𝟐

𝒔 − 𝒄
𝒄𝒚𝒄

=
𝟏

𝟒
⋅
𝟒𝒔(𝑹 − 𝒓)

𝒓
=
𝟐𝒔(𝑹 − 𝒓)

𝒓
 

We must show that: 

𝟐𝒔(𝑹 − 𝒓)

𝒓
≤
𝟑√𝟑𝑹(𝑹 − 𝒓)

𝒓
⇔ 𝒔 ≤

𝟑√𝟑

𝟐
𝑹 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

2754. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝒎𝒂√𝒂(𝒃 + 𝒄 − 𝒂) ≥ √
𝟗

𝟖
∑𝒂(𝒃 + 𝒄 − 𝒂)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟏𝟖𝑭𝟐 

Proposed by Bogdan Fuştei-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑𝒎𝒂√𝒂(𝒃 + 𝒄 − 𝒂) ≥⏞
(∗)

√
𝟗

𝟖
∑𝒂(𝒃 + 𝒄 − 𝒂)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟏𝟖𝑭𝟐 

𝑹𝑯𝑺(∗)
𝟐 =

𝟗

𝟖
∑(𝒂𝒃𝟑 + 𝒂𝒃𝒄𝟐 − 𝒂𝟑𝒃 + 𝒂𝒃𝟐𝒄 + 𝒂𝒄𝟑 − 𝒄𝒂𝟑 − 𝒂𝟐𝒃𝟐 − 𝒄𝟐𝒂𝟐 + 𝒂𝟒) + 𝟏𝟖𝑭𝟐

= 

=
𝟗

𝟖
. (𝟐𝒂𝒃𝒄∑𝒂 − (𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒)) + 𝟏𝟖𝑭𝟐 =

𝟗

𝟖
. (𝟏𝟔𝒔𝟐𝑹𝒓 − 𝟏𝟔𝑭𝟐) + 𝟏𝟖𝑭𝟐

= 𝟏𝟖𝒔𝟐𝑹𝒓. 

→ 𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶  ∑𝒎𝒂√𝒂(𝒃 + 𝒄 − 𝒂)  ≥  √𝟏𝟖𝒔𝟐𝑹𝒓 = 𝟑𝒔√𝟐𝑹𝒓  (∗∗) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒂(𝒃 + 𝒄 − 𝒂) = 𝟒𝑹𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
. 𝟖𝑹 𝐜𝐨𝐬

𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
= 𝟖𝑹𝒓 𝐜𝐨𝐬𝟐

𝑨

𝟐
 

→ ∑𝒎𝒂√𝒂(𝒃 + 𝒄 − 𝒂) = 𝟐√𝟐𝑹𝒓∑𝒎𝒂. 𝐜𝐨𝐬
𝑨

𝟐
 ≥⏞
𝑳𝒂𝒔𝒄𝒖

 𝟐√𝟐𝑹𝒓∑
𝒃+ 𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐
. 𝐜𝐨𝐬

𝑨

𝟐

=
𝟏

𝟐
√𝟐𝑹𝒓∑(𝒃 + 𝒄)(𝟏 + 𝐜𝐨𝐬𝑨) = 

=
𝟏

𝟐
√𝟐𝑹𝒓 (𝟒𝒔 +∑(𝒃 + 𝒄) 𝐜𝐨𝐬 𝑨) =

𝟏

𝟐
√𝟐𝑹𝒓 (𝟒𝒔 +∑(𝒄 𝐜𝐨𝐬𝑩 + 𝒃 𝐜𝐨𝐬𝑪)) = 

= 𝟐𝒔√𝟐𝑹𝒓 +
𝟏

𝟐
√𝟐𝑹𝒓.∑(

𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐

𝟐𝒂
+
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂
) = 𝟐𝒔√𝟐𝑹𝒓 +

𝟏

𝟐
√𝟐𝑹𝒓.∑𝒂

= 𝟑𝒔√𝟐𝑹𝒓  →  (∗∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒎𝒂√𝒂(𝒃 + 𝒄 − 𝒂) ≥ √
𝟗

𝟖
∑𝒂(𝒃 + 𝒄 − 𝒂)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟏𝟖𝑭𝟐. 

 

2755. In ∆𝑨𝑩𝑪 the following relationship holds: 

 𝟐∑𝒂𝒃 ≥∑𝒂𝟐 + 𝟒𝑭√∑
𝒂(𝒔 − 𝒂)

𝒃(𝒔 − 𝒃)
     

 Proposed by Bogdan Fuştei-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 

 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑰 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = 𝟐√𝑹𝒓√𝒂(𝒔 − 𝒂)  

→ √𝒂(𝒔 − 𝒂),√𝒃(𝒔 − 𝒃),√𝒄(𝒔 − 𝒄) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 

𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟒. 𝟏𝟔𝑭𝟏
𝟐

= 𝟒(𝟐∑√𝒂(𝒔 − 𝒂)
𝟐
√𝒃(𝒔 − 𝒃)

𝟐
−∑√𝒂(𝒔 − 𝒂)

𝟒
) = 

= 𝟐∑𝒂𝒃(−𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒃 + 𝒄) −∑(−𝒂𝟐 + 𝒂𝒃 + 𝒂𝒄)𝟐

= 𝟐∑𝒂𝒃(𝒄𝟐 + 𝟐𝒂𝒃 − 𝒂𝟐 − 𝒃𝟐) − 

−∑(𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒂𝟐𝒄𝟐 + 𝟐𝒂𝟐𝒃𝒄 − 𝟐𝒂𝟑𝒃 − 𝟐𝒂𝟑𝒄) = 

𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒 = 𝟏𝟔𝑭𝟐  →  𝑭𝟏 =
𝟏

𝟐
𝑭. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 ∆𝑼𝑽𝑾 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭′𝒕𝒉𝒆𝒏 ∶ ∑𝒙.𝒖𝟐

≥ 𝟒𝑭′. √∑𝒙𝒚 , ∀𝒙, 𝒚, 𝒛 > 0 (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎) 

𝑰𝒇 𝒘𝒆 𝒕𝒂𝒌𝒆 ∶ 𝒙 =
𝒗𝟐

𝒖𝟐
, 𝒚 =

𝒘𝟐

𝒗𝟐
, 𝒛 =

𝒖𝟐

𝒘𝟐
 →  ∑𝒖𝟐 ≥ 𝟒𝑭′. √∑

𝒖𝟐

𝒗𝟐
, ∀∆𝑼𝑽𝑾 

→ 𝑭𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 : ∑√𝒂(𝒔 − 𝒂)
𝟐
≥ 𝟒.

𝟏

𝟐
𝑭.√∑

√𝒂(𝒔 − 𝒂)
𝟐

√𝒃(𝒔 − 𝒃)
𝟐
 

↔∑𝒂(−𝒂 + 𝒃 + 𝒄) ≥ 𝟒𝑭.√∑
𝒂(𝒔 − 𝒂)

𝒃(𝒔 − 𝒃)
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝟐∑𝒂𝒃 ≥∑𝒂𝟐 + 𝟒𝑭√∑
𝒂(𝒔 − 𝒂)

𝒃(𝒔 − 𝒃)
. 
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2756. ∑𝒙𝒚 > 𝟎, 𝒙 + 𝒚, 𝒚 + 𝒛, 𝒛 + 𝒙 > 𝟎.In ∆𝑨𝑩𝑪 holds: 

∑𝒂(𝒃+ 𝒄)𝒙 ≥ 𝟖𝑭√∑𝒙𝒚  

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 
 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 
→ 𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑰 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = 𝟐√𝑹𝒓√𝒂(𝒔 − 𝒂)  

→ √𝒂(𝒔 − 𝒂),√𝒃(𝒔 − 𝒃),√𝒄(𝒔 − 𝒄) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 

𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟒. 𝟏𝟔𝑭𝟏
𝟐

= 𝟒(𝟐∑√𝒂(𝒔 − 𝒂)
𝟐
√𝒃(𝒔 − 𝒃)

𝟐
−∑√𝒂(𝒔 − 𝒂)

𝟒
) = 

= 𝟐∑𝒂𝒃(−𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒃 + 𝒄) −∑(−𝒂𝟐 + 𝒂𝒃 + 𝒂𝒄)𝟐

= 𝟐∑𝒂𝒃(𝒄𝟐 + 𝟐𝒂𝒃 − 𝒂𝟐 − 𝒃𝟐) − 

−∑(𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒂𝟐𝒄𝟐 + 𝟐𝒂𝟐𝒃𝒄 − 𝟐𝒂𝟑𝒃 − 𝟐𝒂𝟑𝒄) = 𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒 = 𝟏𝟔𝑭𝟐  

→  𝟐𝑭𝟏 = 𝑭. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  (√𝒙 + 𝒚 + √𝒚 + 𝒛)
𝟐
= (𝒙 + 𝒛) + 𝟐𝒚 + 𝟐√𝒙 + 𝒚.√𝒚 + 𝒛 ≥⏞

?

 √𝒛 + 𝒙
𝟐
 

↔  √𝒚𝟐 +∑𝒙𝒚 ≥ −𝒚 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 √𝒚𝟐 +∑𝒙𝒚 ≥⏞
∑𝒙𝒚>0

 |𝒚| ≥ −𝒚 →  √𝒙 + 𝒚 + √𝒚 + 𝒛

≥ √𝒛 + 𝒙 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ √𝒙 + 𝒚,√𝒚 + 𝒛, √𝒛 + 𝒙 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟐 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟐 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

∶   𝟏𝟔𝑭𝟐
𝟐 = 

𝟐∑√𝒙 + 𝒚
𝟐
. √𝒚 + 𝒛

𝟐
−∑√𝒙 + 𝒚

𝟒

= 𝟐∑(𝒚𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) −∑(𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐) = 𝟒∑𝒙𝒚 → 𝟐𝑭𝟐

= √∑𝒙𝒚 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒘𝒐 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝑿𝒀𝒁 𝒂𝒏𝒅 𝜟𝑼𝑽𝑾 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺𝟏 𝒂𝒏𝒅 𝑺𝟐 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚, 

𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒙𝟐(𝒗𝟐 +𝒘𝟐 − 𝒖𝟐) ≥ 𝟏𝟔𝑺𝟏𝑺𝟐  (𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆) (∗∗) 
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→ 𝑼𝒔𝒊𝒏𝒈 (∗∗) 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝟏 𝒂𝒏𝒅 𝜟𝟐, 𝒘𝒆 𝒉𝒂𝒗𝒆

∶  ∑√𝒂(𝒔 − 𝒂)
𝟐
(√𝒙 + 𝒚

𝟐
+ √𝒛 + 𝒙

𝟐
−√𝒚 + 𝒛

𝟐
) ≥ 𝟒𝑭√∑𝒙𝒚 

↔∑𝒂(𝒃 + 𝒄 − 𝒂). 𝒙 ≥ 𝟒𝑭√∑𝒙𝒚 (𝟏) 

→ 𝑼𝒔𝒊𝒏𝒈 𝒏𝒐𝒘 (∗∗) 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 ∆𝑨𝑩𝑪 𝒂𝒏𝒅 𝜟𝟐, 𝒘𝒆 𝒉𝒂𝒗𝒆

∶  ∑𝒂𝟐 (√𝒙 + 𝒚
𝟐
+ √𝒛 + 𝒙

𝟐
−√𝒚 + 𝒛

𝟐
) ≥ 𝟖𝑭√∑𝒙𝒚 

↔∑𝒂𝟐. 𝒙 ≥ 𝟒𝑭√∑𝒙𝒚 (𝟐) 

(𝟏) + (𝟐)  →  ∑𝒂(𝒃 + 𝒄)𝒙 ≥ 𝟖𝑭√∑𝒙𝒚 . 

2757. ∑𝒙𝒚 > 𝟎, 𝒙 + 𝒚, 𝒚 + 𝒛, 𝒛 + 𝒙 > 𝟎.In ∆𝑨𝑩𝑪 holds: 

 ∑𝒂𝒙(𝒃 + 𝒄 − 𝒂) ≥ 𝟒𝑭√∑𝒙𝒚   

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 

 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑰 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = 𝟐√𝑹𝒓√𝒂(𝒔 − 𝒂)  

→ √𝒂(𝒔 − 𝒂),√𝒃(𝒔 − 𝒃),√𝒄(𝒔 − 𝒄) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 

𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟒. 𝟏𝟔𝑭𝟏
𝟐

= 𝟒(𝟐∑√𝒂(𝒔 − 𝒂)
𝟐
√𝒃(𝒔 − 𝒃)

𝟐
−∑√𝒂(𝒔 − 𝒂)

𝟒
) = 

= 𝟐∑𝒂𝒃(−𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒃 + 𝒄) −∑(−𝒂𝟐 + 𝒂𝒃 + 𝒂𝒄)𝟐

= 𝟐∑𝒂𝒃(𝒄𝟐 + 𝟐𝒂𝒃 − 𝒂𝟐 − 𝒃𝟐) − 

−∑(𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒂𝟐𝒄𝟐 + 𝟐𝒂𝟐𝒃𝒄 − 𝟐𝒂𝟑𝒃 − 𝟐𝒂𝟑𝒄) = 𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒 = 𝟏𝟔𝑭𝟐  

→  𝟐𝑭𝟏 = 𝑭. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 
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 (√𝒙 + 𝒚 + √𝒚 + 𝒛)
𝟐
= (𝒙 + 𝒛) + 𝟐𝒚 + 𝟐√𝒙 + 𝒚.√𝒚 + 𝒛 ≥⏞

?

 √𝒛 + 𝒙
𝟐
 ↔ 

 √𝒚𝟐 +∑𝒙𝒚 ≥ −𝒚 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 

 √𝒚𝟐 +∑𝒙𝒚 ≥⏞

∑𝒙𝒚>0

 |𝒚| ≥ −𝒚 →  √𝒙 + 𝒚 + √𝒚 + 𝒛 ≥ √𝒛 + 𝒙 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ √𝒙 + 𝒚,√𝒚 + 𝒛, √𝒛 + 𝒙 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟐 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟐 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

∶   𝟏𝟔𝑭𝟐
𝟐 = 

𝟐∑√𝒙 + 𝒚
𝟐
. √𝒚 + 𝒛

𝟐
−∑√𝒙 + 𝒚

𝟒

= 𝟐∑(𝒚𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) −∑(𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐) = 𝟒∑𝒙𝒚 → 

𝟐𝑭𝟐 = √∑𝒙𝒚 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒘𝒐 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝑿𝒀𝒁 𝒂𝒏𝒅 𝜟𝑼𝑽𝑾 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺𝟏 𝒂𝒏𝒅 𝑺𝟐 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚, 

𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒙𝟐(𝒗𝟐 +𝒘𝟐 − 𝒖𝟐) ≥ 𝟏𝟔𝑺𝟏𝑺𝟐  (𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆) (∗∗) 

→ 𝑼𝒔𝒊𝒏𝒈 (∗∗) 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝟏 𝒂𝒏𝒅 𝜟𝟐, 𝒘𝒆 𝒉𝒂𝒗𝒆

∶  ∑√𝒂(𝒔 − 𝒂)
𝟐
(√𝒙 + 𝒚

𝟐
+ √𝒛 + 𝒙

𝟐
−√𝒚 + 𝒛

𝟐
) ≥ 𝟒𝑭√∑𝒙𝒚 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒂𝒙(𝒃 + 𝒄 − 𝒂) ≥ 𝟒𝑭√∑𝒙𝒚. 

2758. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝟏

𝟐𝑭
∑𝒂𝒃 ≥ √∑(

𝒂

𝒃
)
𝟐

+√∑
𝒂(𝒔 − 𝒂)

𝒃(𝒔 − 𝒃)
    

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 

 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑰 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝜟𝑨𝑩𝑪.  
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𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = 𝟐√𝑹𝒓√𝒂(𝒔 − 𝒂)  

→ √𝒂(𝒔 − 𝒂),√𝒃(𝒔 − 𝒃),√𝒄(𝒔 − 𝒄) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏  

𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟒. 𝟏𝟔𝑭𝟏
𝟐

= 𝟒(𝟐∑√𝒂(𝒔 − 𝒂)
𝟐
√𝒃(𝒔 − 𝒃)

𝟐
−∑√𝒂(𝒔 − 𝒂)

𝟒
) = 

= 𝟐∑𝒂𝒃(−𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒃 + 𝒄) −∑(−𝒂𝟐 + 𝒂𝒃 + 𝒂𝒄)𝟐 = 

= 𝟐∑𝒂𝒃(𝒄𝟐 + 𝟐𝒂𝒃 − 𝒂𝟐 − 𝒃𝟐) −∑(𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒂𝟐𝒄𝟐 + 𝟐𝒂𝟐𝒃𝒄 − 𝟐𝒂𝟑𝒃 − 𝟐𝒂𝟑𝒄) 

= 𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒 = 𝟏𝟔𝑭𝟐  →  𝑭𝟏 =
𝟏

𝟐
𝑭. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 ∆𝑼𝑽𝑾 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭′𝒕𝒉𝒆𝒏 ∶ ∑𝒙.𝒖𝟐

≥ 𝟒𝑭′. √∑𝒙𝒚 , ∀𝒙, 𝒚, 𝒛 > 0 (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎) 

𝑰𝒇 𝒘𝒆 𝒕𝒂𝒌𝒆 ∶ 𝒙 =
𝒗𝟐

𝒖𝟐
, 𝒚 =

𝒘𝟐

𝒗𝟐
, 𝒛 =

𝒖𝟐

𝒘𝟐
 →  ∀∆𝑼𝑽𝑾,∑𝒖𝟐 ≥ 𝟒𝑭′. √∑

𝒖𝟐

𝒗𝟐
 (∗) 

𝑼𝒔𝒊𝒏𝒈 (∗) 𝒇𝒐𝒓 ∆𝟏, 𝒘𝒆 𝒈𝒆𝒕 ∶  ∑√𝒂(𝒔 − 𝒂)
𝟐
≥ 𝟒.

𝟏

𝟐
𝑭.√∑

√𝒂(𝒔 − 𝒂)
𝟐

√𝒃(𝒔 − 𝒃)
𝟐
 

↔∑𝒂(−𝒂 + 𝒃 + 𝒄) ≥ 𝟒𝑭.√∑
𝒂(𝒔 − 𝒂)

𝒃(𝒔 − 𝒃)
 

→ 
𝟏

𝟒𝑭
(𝟐∑𝒂𝒃 −∑𝒂𝟐) ≥ √∑

𝒂(𝒔 − 𝒂)

𝒃(𝒔 − 𝒃)
  (𝟏) 

𝑼𝒔𝒊𝒏𝒈 (∗) 𝒇𝒐𝒓 ∆𝑨𝑩𝑪,𝒘𝒆 𝒈𝒆𝒕 ∶  
𝟏

𝟒𝑭
∑𝒂𝟐 ≥ √∑(

𝒂

𝒃
)
𝟐

 (𝟐) 

(𝟏) + (𝟐)  →  
𝟏

𝟐𝑭
∑𝒂𝒃 ≥ √∑(

𝒂

𝒃
)
𝟐

+√∑
𝒂(𝒔 − 𝒂)

𝒃(𝒔 − 𝒃)
. 
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2759. ∑𝒙𝒚 > 𝟎, 𝒙 + 𝒚, 𝒚 + 𝒛, 𝒛 + 𝒙 > 𝟎.In ∆𝑨𝑩𝑪  holds: 

 ∑𝒎𝒂(𝒎𝒃 +𝒎𝒄)𝒙 ≥ 𝟔𝑭√∑𝒙𝒚   

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒎𝒂,𝒎𝒃,𝒎𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 
𝟑

𝟒
𝑭 

→ 𝑰𝒕′𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  ∑𝒂(𝒃 + 𝒄)𝒙 ≥ 𝟖𝑭√∑𝒙𝒚 , ∀∆𝑨𝑩𝑪 (∗) 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 

 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑰 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = 𝟐√𝑹𝒓√𝒂(𝒔 − 𝒂)  

→ √𝒂(𝒔 − 𝒂),√𝒃(𝒔 − 𝒃),√𝒄(𝒔 − 𝒄) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 

𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟒. 𝟏𝟔𝑭𝟏
𝟐

= 𝟒(𝟐∑√𝒂(𝒔 − 𝒂)
𝟐
√𝒃(𝒔 − 𝒃)

𝟐
−∑√𝒂(𝒔 − 𝒂)

𝟒
) = 

= 𝟐∑𝒂𝒃(−𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒃 + 𝒄) −∑(−𝒂𝟐 + 𝒂𝒃 + 𝒂𝒄)𝟐

= 𝟐∑𝒂𝒃(𝒄𝟐 + 𝟐𝒂𝒃 − 𝒂𝟐 − 𝒃𝟐) − 

−∑(𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒂𝟐𝒄𝟐 + 𝟐𝒂𝟐𝒃𝒄 − 𝟐𝒂𝟑𝒃 − 𝟐𝒂𝟑𝒄) = 𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒 = 𝟏𝟔𝑭𝟐  

→  𝟐𝑭𝟏 = 𝑭. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  (√𝒙 + 𝒚 + √𝒚 + 𝒛)
𝟐
= (𝒙 + 𝒛) + 𝟐𝒚 + 𝟐√𝒙 + 𝒚.√𝒚 + 𝒛 ≥⏞

?

 √𝒛 + 𝒙
𝟐
 

↔  √𝒚𝟐 +∑𝒙𝒚 ≥ −𝒚 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 √𝒚𝟐 +∑𝒙𝒚 ≥⏞
∑𝒙𝒚>𝟎

 |𝒚| ≥ −𝒚 →  √𝒙 + 𝒚 +√𝒚 + 𝒛

≥ √𝒛 + 𝒙 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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→ √𝒙 + 𝒚,√𝒚 + 𝒛, √𝒛 + 𝒙 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟐 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟐 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

∶   𝟏𝟔𝑭𝟐
𝟐 = 

𝟐∑√𝒙 + 𝒚
𝟐
. √𝒚 + 𝒛

𝟐
−∑√𝒙 + 𝒚

𝟒

= 𝟐∑(𝒚𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) −∑(𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐) = 𝟒∑𝒙𝒚 → 𝟐𝑭𝟐

= √∑𝒙𝒚 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒘𝒐 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝑿𝒀𝒁 𝒂𝒏𝒅 𝜟𝑼𝑽𝑾 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺𝟏 𝒂𝒏𝒅 𝑺𝟐 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚, 

𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒙𝟐(𝒗𝟐 +𝒘𝟐 − 𝒖𝟐) ≥ 𝟏𝟔𝑺𝟏𝑺𝟐  (𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆) (∗∗) 

→ 𝑼𝒔𝒊𝒏𝒈 (∗∗) 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝟏 𝒂𝒏𝒅 𝜟𝟐, 𝒘𝒆 𝒉𝒂𝒗𝒆

∶  ∑√𝒂(𝒔 − 𝒂)
𝟐
(√𝒙 + 𝒚

𝟐
+ √𝒛 + 𝒙

𝟐
−√𝒚 + 𝒛

𝟐
) ≥ 𝟒𝑭√∑𝒙𝒚 

↔∑𝒂(𝒃 + 𝒄 − 𝒂). 𝒙 ≥ 𝟒𝑭√∑𝒙𝒚 (𝟏) 

→ 𝑼𝒔𝒊𝒏𝒈 𝒏𝒐𝒘 (∗∗) 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 ∆𝑨𝑩𝑪 𝒂𝒏𝒅 𝜟𝟐, 𝒘𝒆 𝒉𝒂𝒗𝒆

∶  ∑𝒂𝟐 (√𝒙 + 𝒚
𝟐
+ √𝒛 + 𝒙

𝟐
−√𝒚 + 𝒛

𝟐
) ≥ 𝟖𝑭√∑𝒙𝒚 

↔∑𝒂𝟐. 𝒙 ≥ 𝟒𝑭√∑𝒙𝒚 (𝟐) 

(𝟏) + (𝟐)  →  ∑𝒂(𝒃 + 𝒄)𝒙 ≥ 𝟖𝑭√∑𝒙𝒚 

→  (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆.   𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,∑𝒎𝒂(𝒎𝒃 +𝒎𝒄)𝒙 ≥ 𝟔𝑭√∑𝒙𝒚. 

2760. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝑹

𝟐𝒓
)
𝟐

⋅ 𝒂𝒃𝒄 ≥
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟑
≥ 𝒂𝒃𝒄 +

𝒓𝟐(𝑹 − 𝟐𝒓)

𝟑
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Ertan Yildirim-Izmir-Turkiye 

∵ ∑𝒂𝟑 = 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) 
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(
𝑹

𝟐𝒓
)
𝟐

⋅ 𝒂𝒃𝒄 ≥
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟑
⇔ 

𝑹𝟐

𝟒𝒓𝟐
⋅ 𝟒𝑹𝒓𝒔 ⋅ 𝟑 ≥ 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) ⇔ 𝟑𝑹𝟑 ≥ 𝟐𝒓(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) 

⇒ 𝟐𝒔𝟐𝒓 ≤ 𝟑𝑹𝟑 + 𝟔𝒓𝟑 + 𝟏𝟐𝑹𝒓𝟐 

𝟐𝒓 ⋅ 𝒔𝟐 ≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝟐𝒓(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) ≤
(𝟏)

𝟑𝑹𝟑 + 𝟔𝒓𝟑 + 𝟏𝟐𝑹𝒓𝟐 

(𝟏) ⇔ 𝟖𝑹𝟐𝒓 + 𝟖𝑹𝒓𝟐 + 𝟔𝒓𝟑 ≤ 𝟑𝑹𝟑 + 𝟔𝒓𝟑 + 𝟏𝟐𝑹𝒓𝟐 

⇔ 𝟑𝑹𝟑 + 𝟒𝑹𝒓𝟐 − 𝟖𝑹𝟐𝒓 ≥ 𝟎 ⇔ (𝟑𝑹 − 𝟐𝒓)(𝑹 − 𝟐𝒓) ≥ 𝟎 true from 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) 

Now, 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟑
≥ 𝒂𝒃𝒄 +

𝒓𝟐(𝑹 − 𝟐𝒓)

𝟑
⇔ 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 − 𝟑𝒂𝒃𝒄 ≥ 𝒓𝟐(𝑹 − 𝟐𝒓) ⇔ 

𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) − 𝟑 ⋅ 𝟒𝑹𝒓𝒔 ≥
(𝟐)

𝒓𝟐(𝑹 − 𝟐𝒓) ⇔ 

𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) − 𝟏𝟐𝑹𝒓𝒔 = 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓) ≥ 

≥ 𝟐𝒔(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓) = 𝟐𝒔(𝟒𝑹𝟐 − 𝟖𝑹𝒓) = 

= 𝟐𝒔 ⋅ 𝟒𝑹(𝑹 − 𝟐𝒓) ≥
(𝟑)

𝒓𝟐(𝑹 − 𝟐𝒓) 

(𝟑) ⇔ 𝟐𝒔 ⋅ 𝟒𝑹(𝑹 − 𝟐𝒓) − 𝒓𝟐(𝑹 − 𝟐𝒓) ≥ 𝟎 ⇔ (𝑹 − 𝟐𝒓)(𝟖𝑹𝒔 − 𝒓𝟐) ≥ 𝟎 

⇔ (𝑹− 𝟐𝒓)(𝟖𝑹𝒔 − 𝒓𝟐) ≥ (𝑹 − 𝟐𝒓)(𝟏𝟔𝒔𝒓 − 𝒓𝟐) ≥ 𝟎 

⇔ 𝒓(𝑹 − 𝟐𝒓)(𝟏𝟔𝒔 − 𝒓) ≥ 𝟎 true from 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) 

2761. If 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) > 𝟎, in ∆𝑨𝑩𝑪 the following relationship holds: 

 
𝟏

𝟐
|∑𝒂𝒚𝒛| ≥ √𝒓(∑𝒓𝒂) . 𝒙𝒚𝒛 (∑𝒙) 

  Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆 𝑨𝑩𝑪 𝒊𝒔 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 → 𝒃 + 𝒄 ≥ 𝒂 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) → 

(√𝒃 + √𝒄)
𝟐
= 𝒃 + 𝒄 + 𝟐√𝒃𝒄 ≥ 𝒂 = √𝒂

𝟐
 

→ √𝒃 + √𝒄 ≥ √𝒂 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)  

→ √𝒂,√𝒃, √𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 
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𝟏𝟔𝑭𝟏
 𝟐 = 𝟐∑√𝒂

 𝟐
√𝒃

 𝟐
−∑√𝒂

 𝟒
= 𝟐∑𝒂𝒃 −∑𝒂𝟐 = 𝟒𝒓(𝟒𝑹 + 𝒓)  →  𝑭𝟏

=
𝟏

𝟐
√𝒓(𝟒𝑹 + 𝒓) 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  (𝒙𝒚 + 𝒚𝒛)(𝒚𝒛 + 𝒛𝒙) = 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐 > 𝟎 

→  𝒙𝒚 + 𝒚𝒛, 𝒚𝒛 + 𝒛𝒙 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚, 𝒚𝒛 + 𝒛𝒙, 𝒛𝒙 + 𝒙𝒚 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏 

→  𝒙𝒚 + 𝒚𝒛, 𝒚𝒛 + 𝒛𝒙, 𝒛𝒙 + 𝒙𝒚 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏𝒆. 

𝑰𝒇 𝒙𝒚 + 𝒚𝒛, 𝒚𝒛 + 𝒛𝒙, 𝒛𝒙 + 𝒙𝒚 > 𝟎,𝒘𝒆 𝒑𝒐𝒔𝒆 𝒖 = √𝒙𝒚 + 𝒚𝒛, 𝒗 = √𝒚𝒛 + 𝒛𝒙,𝒘

= √𝒛𝒙 + 𝒙𝒚 

(𝒖 + 𝒗)𝟐 = 𝒙𝒚 + 𝟐𝒚𝒛 + 𝒛𝒙 + 𝟐√(𝒙𝒚 + 𝒚𝒛)(𝒚𝒛 + 𝒛𝒙)

= 𝒘𝟐 + 𝟐𝒚𝒛 + 𝟐√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐  > 

>⏞
𝒙𝒚𝒛(𝒙+𝒚+𝒛)>𝟎

𝒘𝟐 + 𝟐(𝒚𝒛 + |𝒚𝒛|) ≥ 𝒘𝟐  → 𝒖 + 𝒗 > 𝒘 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→  𝒖, 𝒗,𝒘 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟐 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟐 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟏𝟔𝑭𝟐
𝟐

= 𝟐∑𝒖𝟐𝒗𝟐 −∑𝒖𝟒 = 

= 𝟐∑[𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐] −∑[𝒙𝟐𝒚𝟐 + 𝟐𝒙𝒚𝟐𝒛 + 𝒚𝟐𝒛𝟐] = 𝟒𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) → 𝑭𝟐

=
𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

𝑭𝒓𝒐𝒎 𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 ∆𝟏 𝒂𝒏𝒅 ∆𝟐 ∶  

∑√𝒂
 𝟐
. (𝒖𝟐 + 𝒗𝟐 −𝒘𝟐) ≥ 𝟏𝟔𝑭𝟏𝑭𝟐 

↔ ∑𝒂[(𝒙𝒚 + 𝒚𝒛) + (𝒚𝒛 + 𝒛𝒙) − (𝒛𝒙 + 𝒙𝒚)] ≥ 𝟏𝟔.
𝟏

𝟐
√𝒓(𝟒𝑹 + 𝒓).

𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

↔
𝟏

𝟐
∑𝒂𝒚𝒛 ≥ √𝒓 (∑𝒓𝒂) . 𝒙𝒚𝒛 (∑𝒙) (𝟏) 

𝑰𝒇 𝒙𝒚 + 𝒚𝒛, 𝒚𝒛 + 𝒛𝒙, 𝒛𝒙 + 𝒙𝒚 < 𝟎,𝒘𝒆 𝒑𝒐𝒔𝒆 𝒖 = √−(𝒙𝒚 + 𝒚𝒛), 𝒗 = √−(𝒚𝒛 + 𝒛𝒙),𝒘

= √−(𝒛𝒙 + 𝒙𝒚) 

(𝒖 + 𝒗)𝟐 = −𝒙𝒚 − 𝟐𝒚𝒛 − 𝒛𝒙 + 𝟐√(𝒙𝒚 + 𝒚𝒛)(𝒚𝒛 + 𝒛𝒙)

= 𝒘𝟐 − 𝟐𝒚𝒛 + 𝟐√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐  > 
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>⏞
𝒙𝒚𝒛(𝒙+𝒚+𝒛)>𝟎

𝒘𝟐 + 𝟐(|𝒚𝒛| − 𝒚𝒛) ≥ 𝒘𝟐  → 𝒖 + 𝒗 > 𝒘 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→  𝒖, 𝒗,𝒘 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟑 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟑 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟏𝟔𝑭𝟑
𝟐

= 𝟐∑𝒖𝟐𝒗𝟐 −∑𝒖𝟒 = 

= 𝟐∑[𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐] −∑[𝒙𝟐𝒚𝟐 + 𝟐𝒙𝒚𝟐𝒛 + 𝒚𝟐𝒛𝟐] = 𝟒𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) → 𝑭𝟐

=
𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

𝑭𝒓𝒐𝒎 𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 ∆𝟏 𝒂𝒏𝒅 ∆𝟑 

∶  ∑√𝒂
 𝟐
. (𝒖𝟐 + 𝒗𝟐 −𝒘𝟐) ≥ 𝟏𝟔𝑭𝟏𝑭𝟑 

↔ ∑𝒂[−(𝒙𝒚 + 𝒚𝒛) − (𝒚𝒛 + 𝒛𝒙) + (𝒛𝒙 + 𝒙𝒚)] ≥ 𝟏𝟔.
𝟏

𝟐
√𝒓(𝟒𝑹 + 𝒓).

𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

↔ −
𝟏

𝟐
∑𝒂𝒚𝒛 ≥ √𝒓(∑𝒓𝒂) . 𝒙𝒚𝒛 (∑𝒙) (𝟐) 

(𝟏), (𝟐)  →  
𝟏

𝟐
|∑𝒂𝒚𝒛| ≥ √𝒓(∑𝒓𝒂). 𝒙𝒚𝒛(∑𝒙).  

2762. If 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) > 𝟎, in ∆𝑨𝑩𝑪 holds: 

 |∑𝒚𝒛√
𝒎𝒂

𝒉𝒂
| ≥ √(𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
)(𝒙 + 𝒚 + 𝒛)𝒙𝒚𝒛  

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪  
𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑮𝑨, 𝒃𝑮𝑩, 𝒄𝑮𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑮 𝒃𝒆 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑮𝑨 =
𝟒𝒔𝒓

𝟑
.
𝒎𝒂

𝒉𝒂
 →  

𝒎𝒂

𝒉𝒂
,
𝒎𝒃

𝒉𝒃
,
𝒎𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒎, 𝒏, 𝒑 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒏𝒈𝒍𝒆, 𝒕𝒉𝒆𝒏 √𝒎
𝟒

, √𝒏
𝟒
, √𝒑
𝟒   

𝒄𝒂𝒏 𝒃𝒆 𝒂𝒍𝒔𝒐 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

(∴ 𝒎 + 𝒏 ≥ 𝒑 →  (√𝒎
𝟒

+ √𝒏
𝟒
)
𝟒
= (𝒎+ 𝒏) + 𝟒√𝒎𝟑𝒏

𝟒
+ 𝟒√𝒎𝒏𝟑

𝟒
+ 𝟔√𝒎𝒏 > √𝒑

𝟒  𝟒
) 
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→ √
𝒎𝒂

𝒉𝒂

𝟒

, √
𝒎𝒃

𝒉𝒃

𝟒

, √
𝒎𝒄

𝒉𝒄

𝟒

 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝟏 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 ∶ 

𝑭𝟏 =
𝟏

𝟒
√𝟐∑ √

𝒎𝒂

𝒉𝒂

𝟒

𝟐

 √
𝒎𝒃

𝒉𝒃

𝟒

𝟐

−∑√
𝒎𝒂

𝒉𝒂

𝟒

𝟒

=
𝟏

𝟒
√𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  (𝒙𝒚 + 𝒚𝒛)(𝒚𝒛 + 𝒛𝒙) = 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐 > 𝟎 
→  𝒙𝒚 + 𝒚𝒛, 𝒚𝒛 + 𝒛𝒙 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚, 𝒚𝒛 + 𝒛𝒙, 𝒛𝒙 + 𝒙𝒚 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏 
→  𝒙𝒚 + 𝒚𝒛, 𝒚𝒛 + 𝒛𝒙, 𝒛𝒙 + 𝒙𝒚 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏𝒆. 

𝑰𝒇 𝒙𝒚 + 𝒚𝒛, 𝒚𝒛 + 𝒛𝒙, 𝒛𝒙 + 𝒙𝒚 > 𝟎,𝒘𝒆 𝒑𝒐𝒔𝒆 𝒖 = √𝒙𝒚 + 𝒚𝒛, 𝒗 = √𝒚𝒛 + 𝒛𝒙,𝒘

= √𝒛𝒙 + 𝒙𝒚 

(𝒖 + 𝒗)𝟐 = 𝒙𝒚 + 𝟐𝒚𝒛 + 𝒛𝒙 + 𝟐√(𝒙𝒚 + 𝒚𝒛)(𝒚𝒛 + 𝒛𝒙)

= 𝒘𝟐 + 𝟐𝒚𝒛 + 𝟐√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐  > 

>⏞
𝒙𝒚𝒛(𝒙+𝒚+𝒛)>𝟎

𝒘𝟐 + 𝟐(𝒚𝒛 + |𝒚𝒛|) ≥ 𝒘𝟐  → 𝒖 + 𝒗 > 𝒘 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→  𝒖, 𝒗,𝒘 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟐 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟐 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟏𝟔𝑭𝟐
𝟐

= 𝟐∑𝒖𝟐𝒗𝟐 −∑𝒖𝟒 = 

= 𝟐∑[𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐] −∑[𝒙𝟐𝒚𝟐 + 𝟐𝒙𝒚𝟐𝒛 + 𝒚𝟐𝒛𝟐] = 𝟒𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) → 𝑭𝟐

=
𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

𝑭𝒓𝒐𝒎 𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 ∆𝟏 𝒂𝒏𝒅 ∆𝟐 ∶  

∑√
𝒎𝒂

𝒉𝒂

𝟒

 𝟐

. (𝒖𝟐 + 𝒗𝟐 −𝒘𝟐) ≥ 𝟏𝟔𝑭𝟏𝑭𝟐 

↔ ∑√
𝒎𝒂

𝒉𝒂
. [(𝒙𝒚 + 𝒚𝒛) + (𝒚𝒛 + 𝒛𝒙) − (𝒛𝒙 + 𝒙𝒚)]

≥ 𝟏𝟔.
𝟏

𝟒
√𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
.
𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

↔∑𝒚𝒛√
𝒎𝒂

𝒉𝒂
≥ √(𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
) (𝒙 + 𝒚 + 𝒛)𝒙𝒚𝒛 (𝟏) 

𝑰𝒇 𝒙𝒚 + 𝒚𝒛, 𝒚𝒛 + 𝒛𝒙, 𝒛𝒙 + 𝒙𝒚 < 𝟎, 𝒍𝒆𝒕 𝒖 = √−(𝒙𝒚 + 𝒚𝒛), 𝒗 = √−(𝒚𝒛 + 𝒛𝒙),𝒘

= √−(𝒛𝒙 + 𝒙𝒚) 
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(𝒖 + 𝒗)𝟐 = −𝒙𝒚 − 𝟐𝒚𝒛 − 𝒛𝒙 + 𝟐√(𝒙𝒚 + 𝒚𝒛)(𝒚𝒛 + 𝒛𝒙)

= 𝒘𝟐 − 𝟐𝒚𝒛 + 𝟐√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐  > 

>⏞
𝒙𝒚𝒛(𝒙+𝒚+𝒛)>𝟎

𝒘𝟐 + 𝟐(|𝒚𝒛| − 𝒚𝒛) ≥ 𝒘𝟐  → 𝒖 + 𝒗 > 𝒘 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→  𝒖, 𝒗,𝒘 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟑 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟑 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟏𝟔𝑭𝟑
𝟐

= 𝟐∑𝒖𝟐𝒗𝟐 −∑𝒖𝟒 = 

= 𝟐∑[𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) + 𝒚𝟐𝒛𝟐] −∑[𝒙𝟐𝒚𝟐 + 𝟐𝒙𝒚𝟐𝒛 + 𝒚𝟐𝒛𝟐] = 𝟒𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) → 𝑭𝟐

=
𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

𝑭𝒓𝒐𝒎 𝑵𝒆𝒖𝒃𝒆𝒓𝒈 − 𝑷𝒆𝒅𝒐𝒆′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 ∆𝟏 𝒂𝒏𝒅 ∆𝟑 

∶  ∑ √
𝒎𝒂

𝒉𝒂

𝟒

 𝟐

. (𝒖𝟐 + 𝒗𝟐 −𝒘𝟐) ≥ 𝟏𝟔𝑭𝟏𝑭𝟑 

↔ ∑√
𝒎𝒂

𝒉𝒂
. [−(𝒙𝒚 + 𝒚𝒛) − (𝒚𝒛 + 𝒛𝒙) + (𝒛𝒙 + 𝒙𝒚)]

≥ 𝟏𝟔.
𝟏

𝟒
√𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
.
𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

↔ −∑𝒚𝒛√
𝒎𝒂

𝒉𝒂
≥ √(𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
)(𝒙 + 𝒚 + 𝒛)𝒙𝒚𝒛 (𝟐) 

(𝟏), (𝟐)  →  |∑𝒚𝒛√
𝒎𝒂

𝒉𝒂
| ≥ √(𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
)(𝒙 + 𝒚 + 𝒛)𝒙𝒚𝒛 

2763. In ∆𝑨𝑩𝑪 the following relationship holds: 

  ∑𝒂𝟐 ≥ 𝟒𝑭√∑(
𝒎𝒂

𝒎𝒃
)
𝟐

  

  Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑𝒂𝟐 ≥⏞
(∗)

𝟒𝑭√∑(
𝒎𝒂

𝒎𝒃
)
𝟐
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𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒎𝒂,𝒎𝒃,𝒎𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭
′ =

𝟑

𝟒
𝑭. 

(∗)  ↔  
𝟒

𝟑
∑𝒎𝒂

𝟐 ≥
𝟏𝟔

𝟑
𝑭′. √∑(

𝒎𝒂

𝒎𝒃
)
𝟐

 ↔  ∑𝒎𝒂
𝟐 ≥ 𝟒𝑭′. √∑(

𝒎𝒂

𝒎𝒃
)
𝟐

 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 ∆𝑼𝑽𝑾 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺 𝒕𝒉𝒆𝒏 ∶ ∑𝒙.𝒖𝟐

≥ 𝟒𝑺.√∑𝒙𝒚 , ∀𝒙, 𝒚, 𝒛 > 𝟎 (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎) 

𝑰𝒇 𝒘𝒆 𝒕𝒂𝒌𝒆 ∶ 𝒙 =
𝒗𝟐

𝒖𝟐
, 𝒚 =

𝒘𝟐

𝒗𝟐
, 𝒛 =

𝒖𝟐

𝒘𝟐
 →  ∀∆𝑼𝑽𝑾,∑𝒖𝟐 ≥ 𝟒𝑺.√∑

𝒖𝟐

𝒗𝟐
 (𝟏) 

𝑼𝒔𝒊𝒏𝒈 (𝟏) 𝒇𝒐𝒓 ∆𝒎𝒂𝒎𝒃𝒎𝒄, 𝒘𝒆 𝒈𝒆𝒕 ∶  ∑𝒎𝒂
𝟐 ≥ 𝟒𝑭′. √∑(

𝒎𝒂

𝒎𝒃
)
𝟐

 →  (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒂𝟐 ≥ 𝟒𝑭√∑(
𝒎𝒂

𝒎𝒃
)
𝟐

. 

2764. In ∆𝑨𝑩𝑪 the following relationship holds: 

 (∑𝒎𝒂)√𝒓𝒂𝒓𝒃𝒓𝒄 ≥ (∑𝒓𝒂)√𝒉𝒂𝒉𝒃𝒉𝒄   

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∑𝒎𝒂)√𝒓𝒂𝒓𝒃𝒓𝒄 ≥ (∑𝒓𝒂)√𝒉𝒂𝒉𝒃𝒉𝒄  ↔ (∑𝒎𝒂)√𝒔𝟐𝒓 ≥ (𝟒𝑹 + 𝒓)√
𝟐𝒔𝟐𝒓𝟐

𝑹
↔ 

∑𝒎𝒂 ≥ √
𝟐𝒓

𝑹
(𝟒𝑹 + 𝒓) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ ∑𝒎𝒂 ≥⏞
𝑳𝒂𝒔𝒄𝒖

 ∑
𝒃 + 𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐

=∑
(𝒃 + 𝒄 − 𝒂) + 𝒂

𝟐
𝐜𝐨𝐬

𝑨

𝟐
 ≥⏞
𝑨𝑴−𝑮𝑴

 ∑√𝒂(𝒃 + 𝒄 − 𝒂).√
𝒔(𝒔 − 𝒂)

𝒃𝒄
= 
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=∑(𝒔 − 𝒂)√
𝟐𝒔𝒂

𝒃𝒄
=∑(𝒔 − 𝒂)√

𝟐𝒔𝒂𝟐

𝟒𝑹𝒓𝒔
=

𝟏

√𝟐𝑹𝒓
∑𝒂(𝒔 − 𝒂) =

𝟐𝒓(𝟒𝑹 + 𝒓)

√𝟐𝑹𝒓

= √
𝟐𝒓

𝑹
(𝟒𝑹 + 𝒓). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, (∑𝒎𝒂)√𝒓𝒂𝒓𝒃𝒓𝒄 ≥ (∑𝒓𝒂)√𝒉𝒂𝒉𝒃𝒉𝒄. 

2765.  

 

𝑰 −incenter, 𝑺𝒑 −Spieker’s point center. Prove that: 

𝒓𝟐 ≤
𝒂[𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐]

𝟒[(𝒃 + 𝒄)𝟐 − 𝒂𝟐]
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil 

Let 𝑴−be any point in plane of triangle 𝑨𝑩𝑪, so  

𝟐𝒔 ⋅ 𝑴𝑰𝟐 = 𝒂 ⋅ 𝑴𝑨𝟐 + 𝒃 ⋅ 𝑴𝑩𝟐 + 𝒄 ⋅ 𝑴𝑪𝟐 − 𝒂𝒃𝒄; (𝟏) 

𝟖𝒔 ⋅ 𝑴𝑺𝒑
𝟐 = 𝟐(𝒃 + 𝒄) ⋅ 𝑴𝑨𝟐 + 𝟐(𝒄 + 𝒂) ⋅ 𝑴𝑩𝟐 + 𝟐(𝒂 + 𝒃) ⋅ 𝑴𝑪𝟐

− (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝒃𝒄); (𝟐) 



 
www.ssmrmh.ro 

82 RMM-TRIANGLE MARATHON 2701-2800 

 

Observe that: 𝑴𝑩 = 𝑴𝑪 = 𝑴𝑰 −𝑴𝑺𝒑 = 𝑹𝝎; (𝟑) 

From (1) and (3): 𝑴𝑨𝟐 − 𝑹𝝎
𝟐 = 𝒃𝒄 

From (2) and (3): 𝟐(𝒃 + 𝒄)𝑹𝝎
𝟐 = 𝟐(𝒃 + 𝒄) ⋅ 𝑴𝑨𝟐 − (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝒃𝒄) 

It follows that: 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝒃𝒄 = 𝟐𝒃𝒄(𝒃 + 𝒄) 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 − 𝒃𝟐𝒄 − 𝒃𝒄𝟐 = 𝒃𝟐𝒄 + 𝒃𝒄𝟐 − 𝒂𝒃𝒄 

𝒂[𝒂𝟑 + (𝒃 + 𝒄)(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐) − 𝒃𝒄(𝒃 + 𝒄)] = 𝒂𝒃𝒄(𝒃 + 𝒄 − 𝒂) 

𝒂𝒃𝒄(𝒃 + 𝒄 − 𝒂) = 𝒂[𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐] 

𝟐𝑹𝒓(𝒃 + 𝒄 − 𝒂)(𝒃 + 𝒄 + 𝒂) = 𝒂[𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐] 

𝑹 =
𝒂[𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐]

𝟒[(𝒃 + 𝒄)𝟐 − 𝒂𝟐]
≥ 𝟐𝒓; (𝑬𝒖𝒍𝒆𝒓) 

Therefore, 

𝒓𝟐 ≤
𝒂[𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐]

𝟒[(𝒃 + 𝒄)𝟐 − 𝒂𝟐]
 

Solution 2 by proposer 

Plagiogonal system: 𝑩𝑪 ≡ 𝑩𝒙,𝑩𝑨 ≡ 𝑩𝒚 

𝑩, 𝑪, 𝑰 ∈ (𝝎) ⇒ (𝝎): 𝒙𝟐 + 𝒚𝟐 +
𝒂𝟐 − 𝒃𝟐 + 𝒄𝟐

𝒂𝒄
⋅ 𝒙𝒚 − 𝒂𝒙 + (𝒃 − 𝒄)𝒚 = 𝟎; (𝟏) 

𝑺𝒑(𝑺𝒑𝟏 , 𝑺𝒑𝟐); 𝑺𝒑𝟏 =
𝒂(𝒂 + 𝒃)

𝟐(𝒂 + 𝒃 + 𝒄)
, 𝑺𝒑𝟐 =

𝒄(𝒃 + 𝒄)

𝟐(𝒂 + 𝒃 + 𝒄)
 

From (1) and 𝒙 = 𝑺𝒑𝟏 , 𝒚 = 𝑺𝒑𝟐 it follows: 

𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐 = 𝒃𝒄(−𝒂 + 𝒃 + 𝒄) 

𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐 = 𝟐𝑹 ⋅ 𝒉𝒂(−𝒂 + 𝒃 + 𝒄) 

𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐 = 𝟐𝑹 ⋅
𝟐[𝑨𝑩𝑪]

𝒂
(−𝒂 + 𝒃 + 𝒄) ⇒ 

𝑹 =
𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐

𝟒[𝑨𝑩𝑪](−𝒂 + 𝒃 + 𝒄)
⋅ 𝒂 ⇒

𝑹

𝒓
=
𝒂[𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐]

𝟒[(𝒃 + 𝒄)𝟐 − 𝒂𝟐]
≥ 𝟐 

Therefore, 

𝒓𝟐 ≤
𝒂[𝒂𝟑 + (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐]

𝟒[(𝒃 + 𝒄)𝟐 − 𝒂𝟐]
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2766. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, (𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) ≥ 𝟖𝒂𝐛𝐜 +
𝐫𝟒(𝐑−𝟐𝐫)

𝐑𝟐+𝟒𝐫𝟐
  

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) − 𝟖𝒂𝐛𝐜 = 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) − 𝟑𝟐𝐑𝐫𝐬 = 𝟐𝐬(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)

≥
𝐫𝟒(𝐑 − 𝟐𝐫)

𝐑𝟐 + 𝟒𝐫𝟐
⇔ 𝟒𝐬𝟐(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
≥⏞
(∗)
𝐫𝟖(𝐑 − 𝟐𝐫)𝟐

(𝐑𝟐 + 𝟒𝐫𝟐)𝟐
 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

= 𝟏𝟔𝐬𝟐𝐫𝟐(𝐑 − 𝟐𝐫)𝟐≥⏞
? 𝐫𝟖(𝐑 − 𝟐𝐫)𝟐

(𝐑𝟐 + 𝟒𝐫𝟐)𝟐
⇔⏞

∵ (𝐑−𝟐𝐫)𝟐 ≥ 𝟎

𝟏𝟔𝐬𝟐>⏞
? 𝐫𝟔

(𝐑𝟐 + 𝟒𝐫𝟐)𝟐

⇔ 𝟏𝟔𝐬𝟐(𝐑𝟐 + 𝟒𝐫𝟐)
𝟐
>⏞
?

𝐫𝟔 → 𝐭𝐫𝐮𝐞 

∵ 𝟏𝟔𝐬𝟐(𝐑𝟐 + 𝟒𝐫𝟐)
𝟐

≥⏞
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 + 𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝐫𝟐(𝟖𝐫𝟐)
𝟐
> 𝐫𝟔 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

≥ 𝟖𝒂𝐛𝐜 +
𝐫𝟒(𝐑 − 𝟐𝐫)

𝐑𝟐 + 𝟒𝐫𝟐
 (𝐐𝐄𝐃) 

2767. If 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) > 𝟎, in ∆𝑨𝑩𝑪 holds: 

√
𝑹

𝟐𝒓
|∑𝒚𝒛| ≥ √(𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
)𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)  

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑮𝑨, 𝒃𝑮𝑩, 𝒄𝑮𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑮 𝒊𝒔 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑮𝑨 =
𝟒𝒔𝒓

𝟑
.
𝒎𝒂

𝒉𝒂
 →  

𝒎𝒂

𝒉𝒂
,
𝒎𝒃

𝒉𝒃
,
𝒎𝒄

𝒉𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑨𝒍𝒔𝒐, 𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒎,𝒏, 𝒑 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆, 𝒕𝒉𝒆𝒏 √𝒎
𝟒

, √𝒏
𝟒
, √𝒑
𝟒  

 𝒄𝒂𝒏 𝒃𝒆 𝒂𝒍𝒔𝒐 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

(∴ 𝒎 + 𝒏 ≥ 𝒑 →  (√𝒎
𝟒

+ √𝒏
𝟒
)
𝟒
= (𝒎+ 𝒏) + 𝟒√𝒎𝟑𝒏

𝟒
+ 𝟒√𝒎𝒏𝟑

𝟒
+ 𝟔√𝒎𝒏 > √𝒑

𝟒  𝟒
) 
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→ √
𝒎𝒂

𝒉𝒂

𝟒

, √
𝒎𝒃

𝒉𝒃

𝟒

, √
𝒎𝒄

𝒉𝒄

𝟒

 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝜟𝟏 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 ∶ 

𝑭𝟏 =
𝟏

𝟒
√𝟐∑ √

𝒎𝒂

𝒉𝒂

𝟒

 𝟐

 √
𝒎𝒃

𝒉𝒃

𝟒

 𝟐

−∑ √
𝒎𝒂

𝒉𝒂

𝟒

 𝟒

=
𝟏

𝟒
√𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
 

𝑼𝒔𝒊𝒏𝒈 𝑰𝒐𝒏𝒆𝒔𝒄𝒖 𝑾𝒆𝒊𝒕𝒛𝒆𝒏𝒃𝒐𝒄𝒌 𝒊𝒏 ∆𝟏∶  ∑ √
𝒎𝒂

𝒉𝒂

𝟒

 𝟐

≥ 𝟒√𝟑.
𝟏

𝟒
√𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
 

→ √
𝑹

𝟐𝒓
=
𝟏

𝟑
∑√

𝑹

𝟐𝒓
  ≥⏞
𝑷𝒂𝒏𝒂𝒊𝒕𝒐𝒑𝒐𝒍

 
𝟏

𝟑
∑√

𝒎𝒂

𝒉𝒂
 ≥
𝟏

𝟑
. √𝟑√𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
  (𝟏) 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  |∑𝒙𝒚| ≥⏞
?

√𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)  ↔  (∑𝒙𝒚)
𝟐

≥ 𝟑𝒙𝒚𝒛∑𝒙 

↔  ∑𝒙𝟐𝒚𝟐 − 𝒙𝒚𝒛∑𝒙 ≥ 𝟎 

↔ ∑𝒙𝟐(𝒚 − 𝒛)𝟐 ≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 →  |∑𝒙𝒚|  ≥ √𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)  (𝟐) 

(𝟏), (𝟐)  →  √
𝑹

𝟐𝒓
|∑𝒚𝒛| ≥ √(𝟐∑√

𝒎𝒂𝒎𝒃

𝒉𝒂𝒉𝒃
−∑

𝒎𝒂

𝒉𝒂
)𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛). 

2768. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂)   
𝟑

𝟐
≤

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
≤
𝟐(𝟐𝑹 − 𝒓)

𝑹 + 𝟐𝒓
 

𝒃)    ∑𝒂𝟒

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑𝒂

𝒄𝒚𝒄

≥∑𝒂𝒃(𝒂𝟐 + 𝒃𝟐)

𝒄𝒚𝒄

+ 𝒓𝟑(𝑹 − 𝟐𝒓) 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Avishek Mitra-West Bengal-India 

∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

= (∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

) + 𝟑 − 𝟑 = (∑𝒂

𝒄𝒚𝒄

)(∑
𝟏

𝒂 + 𝒃
𝒄𝒚𝒄

) − 𝟑 

= 𝟐𝒔 ⋅
∑(𝒃 + 𝒄)(𝒄 + 𝒂)

∏(𝒂 + 𝒃)
− 𝟑 = 𝟐𝒔 ⋅

∑(𝒃𝒄 + 𝒄𝒂 + 𝒂𝒃 + 𝒄𝟐)

𝟐𝒂𝒃𝒄 + ∑𝒂𝒃(𝒂 + 𝒃)
− 𝟑 = 
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= 𝟐𝒔 ⋅
∑𝒄𝟐 + 𝟑∑𝒂𝒃

𝟐𝒂𝒃𝒄 + ∑𝒂𝒃(𝟐𝒔 − 𝒄)
− 𝟑 = 𝟐𝒔 ⋅

𝟐𝒔𝟐 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐 + 𝟑𝒔𝟐 + 𝟑𝒓𝟐 + 𝟏𝟐𝑹𝒓

𝟐𝒔(∑𝒂𝒃) − 𝒂𝒃𝒄
− 𝟑 = 

= 𝟐𝒔 ⋅
𝟓𝒔𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝑹𝒓𝒔
− 𝟑 = 𝟐𝒔 ⋅

𝟓𝒔𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
− 𝟑 = 

=
𝟓𝒔𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝟑𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
=
𝟐𝒔𝟐 − 𝟐𝑹𝒓 − 𝟐𝒓𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
 

Need to show: 

𝟐(𝒔𝟐 − 𝑹𝒓 − 𝒓𝟐)

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
≤
𝟐(𝟐𝑹 − 𝒓)

𝑹 + 𝟐𝒓
⇔ 

(𝑹 + 𝟐𝒓)(𝒔𝟐 −𝑹𝒓 − 𝒓𝟐) ≤ (𝟐𝑹 − 𝒓)(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) 

𝑹𝒔𝟐 + 𝟓𝑹𝟐𝒔 + 𝟑𝑹𝒓𝟐 + 𝒓𝟑 ≥ 𝟑𝒓𝒔𝟐 

But 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 ≥ 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) 

Need to show: 

𝑹(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) + 𝟓𝑹𝟐𝒓 + 𝟑𝒓𝒓𝟐 + 𝒓𝟑 ≥ 𝟑𝒓(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) 

𝟐𝟏𝑹𝟐𝒓 − 𝟐𝑹𝒓𝟐 + 𝒓𝟑 ≥ 𝟏𝟐𝑹𝟐𝒓 + 𝟏𝟐𝑹𝒓𝟐 + 𝟗𝒓𝟑 

𝟗𝑹𝟐𝒓 − 𝟏𝟒𝑹𝒓𝟐 − 𝟖𝒓𝟑 ≥ 𝟎 ⇔ 𝒓(𝑹 − 𝟐𝒓)(𝟗𝑹 + 𝟒𝒓) ≥ 𝟎, true from 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

=∑
𝒂𝟐

𝒂𝒃 + 𝒂𝒄
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (∑𝒂)𝟐

𝟐∑𝒂𝒃
≥
𝟑∑𝒂𝒃

𝟐∑𝒂𝒃
=
𝟑

𝟐
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝒂

𝐛+ 𝐜
=∑

𝒂− 𝐛 − 𝐜 + 𝐛 + 𝐜

𝐛 + 𝐜
= −𝟐∑

𝐬 − 𝒂

𝐛 + 𝐜
+ 𝟑

= −𝟐∑
(𝐬 − 𝒂)𝟐

(𝐛 + 𝐜)(𝐬 − 𝒂)

+ 𝟑 ≤⏞
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

−𝟐(𝐬 − 𝒂 + 𝐬 − 𝐛 + 𝐬 − 𝐜)𝟐

(𝟐𝐬 − 𝒂)(𝐬 − 𝒂) + (𝟐𝐬 − 𝐛)(𝐬 − 𝐛) + (𝟐𝐬 − 𝐜)(𝐬 − 𝐜)
+ 𝟑 

=
−𝟐𝐬𝟐

𝟔𝐬𝟐 + 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟑𝐬(𝟐𝐬)
+ 𝟑 = 𝟑 −

𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
≤
𝟐(𝟐𝐑 − 𝐫)

𝐑 + 𝟐𝐫

⇔
𝟐(𝟐𝐑 − 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + (𝐑 + 𝟐𝐫)𝐬𝟐

(𝐑 + 𝟐𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
≥ 𝟑

⇔ (𝟐𝐑 − 𝟔𝐫)𝐬𝟐 − 𝐫(𝟒𝐑𝟐 − 𝟑𝟏𝐑𝐫 − 𝟖𝐫𝟐) ≥ 𝟎 
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⇔ (𝟐𝐑− 𝟒𝐫)𝐬𝟐 − 𝟐𝐫𝐬𝟐 − 𝐫(𝟒𝐑𝟐 − 𝟑𝟏𝐑𝐫 − 𝟖𝐫𝟐) ≥⏞
(∗)

𝟎 𝒂𝐧𝐝

∵ (𝟐𝐑 − 𝟒𝐫)𝐬𝟐 − 𝟐𝐫𝐬𝟐 − 𝐫(𝟒𝐑𝟐 − 𝟑𝟏𝐑𝐫 − 𝟖𝐫𝟐) 

≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑 − 𝟒𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝟐𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − 𝐫(𝟒𝐑𝟐 − 𝟑𝟏𝐑𝐫 − 𝟖𝐫𝟐)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟐𝐑 − 𝟒𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝟐𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − 𝐫(𝟒𝐑𝟐 − 𝟑𝟏𝐑𝐫 − 𝟖𝐫𝟐) ≥ 𝟎

⇔ 𝟐𝟎𝐑𝟐 − 𝟓𝟏𝐑𝐫 + 𝟐𝟐𝐫𝟐 ≥ 𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝟐𝟎𝐑 − 𝟏𝟏𝐫) ≥ 𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐑 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
≤
𝟐(𝟐𝐑 − 𝐫)

𝐑 + 𝟐𝐫
 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐍𝐞𝐬𝐛𝐢𝐭𝐭,

𝟑

𝟐
≤

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛

∴
𝟑

𝟐
≤

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
≤
𝟐(𝟐𝐑 − 𝐫)

𝐑 + 𝟐𝐫
 

∑𝒂𝟒 + 𝒂𝐛𝐜∑𝒂 −∑𝒂𝐛(𝒂𝟐 + 𝐛𝟐)

= 𝟐∑𝒂𝟐𝐛𝟐 − 𝟏𝟔𝐫𝟐𝐬𝟐 + 𝒂𝐛𝐜(𝟐𝐬) −∑𝒂𝐛(∑𝒂𝟐 − 𝐜𝟐)

= 𝟐 (∑𝒂𝐛)
𝟐

− 𝟒𝒂𝐛𝐜(𝟐𝐬) − 𝟏𝟔𝐫𝟐𝐬𝟐 + 𝟐𝒂𝐛𝐜(𝟐𝐬) − (∑𝒂𝐛) (∑𝒂𝟐) 

= (∑𝒂𝐛) (𝟐∑𝒂𝐛 −∑𝒂𝟐) − 𝟐𝒂𝐛𝐜(𝟐𝐬) − 𝟏𝟔𝐫𝟐𝐬𝟐

= 𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 − 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟏𝟔𝐫𝟐𝐬𝟐

≥ 𝐫𝟑(𝐑 − 𝟐𝐫) 

⇔ 𝟒(𝟒𝐑 + 𝐫)𝟐 − 𝐫(𝐑 − 𝟐𝐫) ≥⏞
(∗∗)

𝟏𝟐𝐬𝟐 𝒂𝐧𝐝 ∵ 𝟏𝟐𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟏𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟒(𝟒𝐑 + 𝐫)𝟐 − 𝐫(𝐑 − 𝟐𝐫) − 𝟏𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥ 𝟎 ⇔ 𝟏𝟔𝐑𝟐 − 𝟏𝟕𝐑𝐫 − 𝟑𝟎𝐫𝟐 ≥ 𝟎

⇔ (𝐑 − 𝟐𝐫)(𝟏𝟔𝐑 + 𝟏𝟓𝐫) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑𝒂𝟒 + 𝒂𝐛𝐜∑𝒂 ≥∑𝒂𝐛(𝒂𝟐 + 𝐛𝟐) + 𝐫𝟑(𝐑 − 𝟐𝐫)  (𝐐𝐄𝐃) 
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2769. If 𝑷 is any point in plane of 𝚫𝑨𝑩𝑪, then the following relationship 

holds: 

∑𝑨𝑷√𝒎𝒂(𝒎𝒃 +𝒎𝒄 −𝒎𝒂) ≥ √
𝟏

𝟐
∑𝒎𝒂(𝒎𝒃 +𝒎𝒄 −𝒎𝒂)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟔𝑭𝟐   

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪),  

𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑰 𝒊𝒔 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = √𝟐𝑹𝒓√𝒂(𝒃 + 𝒄 − 𝒂)

→ √𝒂(𝒃 + 𝒄 − 𝒂),√𝒃(𝒄 + 𝒂 − 𝒃),√𝒄(𝒂 + 𝒃 − 𝒄) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

→ 𝑺𝒊𝒏𝒄𝒆 𝒎𝒂,𝒎𝒃,𝒎𝒄𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 → 𝒂𝟏 = √𝒎𝒂(𝒎𝒃 +𝒎𝒄 −𝒎𝒂), 𝒃𝟏

= √𝒎𝒃(𝒎𝒄 +𝒎𝒂 −𝒎𝒃), 

𝒄𝟏 = √𝒎𝒄(𝒎𝒂 +𝒎𝒃 −𝒎𝒄) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 

 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 

𝟏𝟔𝑭𝟏
𝟐 = 𝟐∑√𝒎𝒂(𝒎𝒃 +𝒎𝒄 −𝒎𝒂)

𝟐
√𝒎𝒃(𝒎𝒄 +𝒎𝒂 −𝒎𝒃)

𝟐

−∑√𝒎𝒂(𝒎𝒃 +𝒎𝒄 −𝒎𝒂)
𝟒
= 

= 𝟐∑𝒎𝒂𝒎𝒃(𝒎𝒄
𝟐 + 𝟐𝒎𝒂𝒎𝒃 −𝒎𝒂

𝟐 −𝒎𝒃
𝟐)

−∑(𝒎𝒂
𝟒 +𝒎𝒂

𝟐𝒎𝒃
𝟐 +𝒎𝒂

𝟐𝒎𝒄
𝟐 + 𝟐𝒎𝒂

𝟐𝒎𝒃𝒎𝒄 − 𝟐𝒎𝒂
𝟑𝒎𝒃 − 𝟐𝒎𝒂

𝟑𝒎𝒄) 

= 𝟐∑𝒎𝒂
𝟐𝒎𝒃

𝟐 −∑𝒎𝒂
𝟒 = 𝟏𝟔[∆𝒎𝒂𝒎𝒃𝒎𝒄]

𝟐 = 𝟏𝟔(
𝟑

𝟒
𝑭)

𝟐

= 𝟗𝑭𝟐  →   𝑭𝟏 =
𝟑

𝟒
𝑭. 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 ∆𝟏, 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑𝒂𝟏. 𝑨𝑷 ≥ √
𝟏

𝟐
∑𝒂𝟏𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟖𝑭𝑭𝟏  (𝑩𝒐𝒕𝒕𝒆𝒎𝒂) 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝑨𝑷√𝒎𝒂(𝒎𝒃 +𝒎𝒄 −𝒎𝒂)

≥ √
𝟏

𝟐
∑𝒎𝒂(𝒎𝒃 +𝒎𝒄 −𝒎𝒂)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟔𝑭𝟐. 

2770. If  𝑷 is any point in plane of ∆𝑨𝑩𝑪 and  

𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) > 𝟎, 𝒙(𝒚 + 𝒛), 𝒚(𝒛 + 𝒙), 𝒛(𝒙 + 𝒚) > 𝟎. 

then prove that: 

∑√𝒙(𝒚 + 𝒛). 𝑨𝑷 ≥ √
𝟏

𝟐
∑𝒙(𝒚 + 𝒛)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟒𝑭√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)    

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  (√𝒙(𝒚 + 𝒛) + √𝒚(𝒛 + 𝒙))
𝟐

 

= (𝒛𝒙 + 𝒚𝒛) + 𝟐𝒙𝒚 + 𝟐√𝒙(𝒚 + 𝒛). √𝒚(𝒛 + 𝒙) ≥⏞
?

 √𝒛(𝒙 + 𝒚)
 𝟐

 

↔ √𝒙𝟐𝒚𝟐 + 𝒙𝒚𝒛∑𝒙 ≥ −𝒙𝒚 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 

 √𝒙𝟐𝒚𝟐 + 𝒙𝒚𝒛∑𝒙  ≥⏞
𝒙𝒚𝒛∑𝒙>0

 |𝒙𝒚| ≥ −𝒙𝒚 

→ √𝒙(𝒚 + 𝒛) + √𝒚(𝒛 + 𝒙) ≥ √𝒛(𝒙 + 𝒚) (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ 𝒂𝟏 = √𝒙(𝒚 + 𝒛), 𝒃𝟏 = √𝒚(𝒛 + 𝒙), 𝒄𝟏 = √𝒛(𝒙 + 𝒚)  

𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 

𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟏𝟔𝑭𝟏
𝟐 = 𝟐∑√𝒙(𝒚 + 𝒛)

 𝟐
. √𝒚(𝒛 + 𝒙)

 𝟐
−∑√𝒙(𝒚 + 𝒛)

 𝟒
= 

= 𝟐∑(𝒙𝟐𝒚𝟐 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)) −∑(𝒙𝟐𝒚𝟐 + 𝟐𝒙𝟐𝒚𝒛 + 𝒙𝟐𝒛𝟐) = 𝟒𝒙𝒚𝒛∑𝒙 → 

 𝑭𝟏 =
𝟏

𝟐
√𝒙𝒚𝒛∑𝒙. 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 ∆𝟏, 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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∑𝒂𝟏. 𝑨𝑷 ≥ √
𝟏

𝟐
∑𝒂𝟏𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟖𝑭𝑭𝟏  (𝑩𝒐𝒕𝒕𝒆𝒎𝒂) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,∑√𝒙(𝒚 + 𝒛). 𝑨𝑷 ≥ √
𝟏

𝟐
∑𝒙(𝒚 + 𝒛)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟒𝑭√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

2771. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝒉𝒂 ≥ √(∑𝒉𝒃𝒉𝒄) (∑
𝒉𝒂 + 𝒉𝒃
𝒉𝒃 + 𝒉𝒄

)   

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒙 = 𝒉𝒂, 𝒚 = 𝒉𝒃 𝒂𝒏𝒅 𝒛 = 𝒉𝒄. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 (√𝒙 + 𝒚 + √𝒚 + 𝒛)
𝟐
= (𝒙 + 𝒛) + 𝟐𝒚 + 𝟐√𝒙 + 𝒚.√𝒚 + 𝒛  ≥ 𝒛 + 𝒙 = √𝒛 + 𝒙

 𝟐
 

→ √𝒙 + 𝒚 + √𝒚 + 𝒛 ≥ √𝒛 + 𝒙 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ √𝒙 + 𝒚,√𝒚 + 𝒛,√𝒛 + 𝒙  

𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆ 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 

  𝟏𝟔𝑭𝟐 = 𝟐∑√𝒙 + 𝒚
𝟐
. √𝒚 + 𝒛

𝟐
−∑√𝒙+ 𝒚

𝟒
= 

𝟐∑(𝒚𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) −∑(𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐) = 𝟒∑𝒙𝒚  → 𝑭 =
𝟏

𝟐
√∑𝒙𝒚 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 ∆𝑼𝑽𝑾 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺 𝒕𝒉𝒆𝒏 ∶ ∑ 𝜶.𝒖𝟐

𝜶,𝜷,𝜸
𝒖,𝒗,𝒘

≥ 𝟒𝑺.√∑ 𝒖𝒗

𝒖,𝒗,𝒘

, ∀𝜶, 𝜷, 𝜸 > 0 (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎) 

𝑰𝒇 𝒘𝒆 𝒕𝒂𝒌𝒆 ∶ 𝜶 =
𝒗𝟐

𝒖𝟐
, 𝜷 =

𝒘𝟐

𝒗𝟐
, 𝜸 =

𝒖𝟐

𝒘𝟐
 →  ∀∆𝑼𝑽𝑾,∑𝒖𝟐 ≥ 𝟒𝑺.√∑

𝒖𝟐

𝒗𝟐
 (∗) 

𝑼𝒔𝒊𝒏𝒈 (∗) 𝒇𝒐𝒓 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆,𝒘𝒆 𝒈𝒆𝒕 ∶ 
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 ∑√𝒙 + 𝒚
 𝟐
≥ 𝟐√∑𝒙𝒚 .√∑

√𝒙 + 𝒚
 𝟐

√𝒚 + 𝒛
 𝟐  ↔∑𝒙 ≥ √(∑𝒙𝒚)(∑

𝒙+ 𝒚

𝒚 + 𝒛
). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒉𝒂 ≥ √(∑𝒉𝒃𝒉𝒄) (∑
𝒉𝒂 + 𝒉𝒃
𝒉𝒃 + 𝒉𝒄

). 

2772. Let 𝑷 be point in plane of ∆𝑨𝑩𝑪. Prove that: 

∑𝑨𝑷√𝒂(𝒃 + 𝒄 − 𝒂) ≥ √
𝟏

𝟐
∑𝒂(𝒃 + 𝒄 − 𝒂)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟖𝑭𝟐    

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 

 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 𝒂𝑷𝑨, 𝒃𝑷𝑩, 𝒄𝑷𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 (𝑲𝒍𝒂𝒎𝒌𝒊𝒏) 

→ 𝒂𝑰𝑨, 𝒃𝑰𝑩, 𝒄𝑰𝑪 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆,𝒘𝒉𝒆𝒓𝒆 𝑰 𝒊𝒔 𝒕𝒉𝒆 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝜟𝑨𝑩𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝑰𝑨 = √𝟐𝑹𝒓√𝒂(𝒃 + 𝒄 − 𝒂)  → 

𝒂𝟏 = √𝒂(𝒃 + 𝒄 − 𝒂), 𝒃𝟏 = √𝒃(𝒄 + 𝒂 − 𝒃), 𝒄𝟏 = √𝒄(𝒂 + 𝒃 − 𝒄) 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 

𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 𝟏𝟔𝑭𝟏
𝟐

= 𝟐∑√𝒂(𝒃 + 𝒄 − 𝒂)
𝟐
√𝒃(𝒄 + 𝒂 − 𝒃)

𝟐
−∑√𝒂(𝒃 + 𝒄 − 𝒂)

𝟒
= 

= 𝟐∑𝒂𝒃(𝒄𝟐 + 𝟐𝒂𝒃 − 𝒂𝟐 − 𝒃𝟐) −∑(𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒂𝟐𝒄𝟐 + 𝟐𝒂𝟐𝒃𝒄 − 𝟐𝒂𝟑𝒃 − 𝟐𝒂𝟑𝒄)

= 𝟐∑𝒂𝟐𝒃𝟐 −∑𝒂𝟒 = 𝟏𝟔𝑭𝟐  

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 ∆𝟏, 𝑷 ∈ 𝑰𝒏𝒕(𝜟𝑨𝑩𝑪),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑𝒂𝟏. 𝑨𝑷 ≥ √
𝟏

𝟐
∑𝒂𝟏𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟖𝑭𝑭𝟏  (𝑩𝒐𝒕𝒕𝒆𝒎𝒂) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝑨𝑷√𝒂(𝒃 + 𝒄 − 𝒂) ≥ √
𝟏

𝟐
∑𝒂(𝒃 + 𝒄 − 𝒂)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟖𝑭𝟐. 
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2773. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 ≥∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by George Florin Şerban-Romania 

∑𝒂𝟑 = 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) 

∑𝒂𝒃(𝒂 + 𝒃) = 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓) 

∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 ≥∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
 

⇔ 𝟐𝒔𝟑 − 𝟔𝒓𝟐𝒔 − 𝟏𝟐𝑹𝒓𝒔 + 𝟏𝟐𝑹𝒓𝒔 ≥ 𝟐𝒔𝟑 + 𝟐𝒓𝟐𝒔 − 𝟒𝑹𝒓𝒔 +
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
 

⇔ 𝟖𝒓𝟐𝒔 − 𝟒𝑹𝒓𝒔 +
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
≤ 𝟎 

⇔ 𝟒𝒓𝒔(𝑹 − 𝟐𝒓) ≥
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
⇔ (𝑹 − 𝟐𝒓)(𝟒𝒔𝒓 −

𝒓𝟐

𝟓
) ≥ 𝟎 

From 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) remains to prove that: 𝟒𝒔𝒓 ≥
𝒓𝟐

𝟓
⇔ 𝒔 ≥

𝒓

𝟐𝟎
 

𝒔 ≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑√𝟑𝒓 >
𝒓

𝟐𝟎
⇔ 𝟔𝟎√𝟑 > 1 true. 

Therefore, 

∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 ≥∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
 

 Solution 2 by Ertan Yildirim-Izmir-Turkiye 

∵ ∑𝒂𝟑 = 𝟐(𝒔𝟑 − 𝟑𝒓𝟐𝒔 − 𝟔𝑹𝒓𝒔) 

∑𝒂𝒃 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 

∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 ≥∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
 

∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 −∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

≥
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
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𝑳𝒉𝒔 = 𝟐(𝒔𝟑 − 𝟑𝒓𝟐𝒔 − 𝟔𝑹𝒓𝒔) + 𝟑 ⋅ 𝟒𝑹𝒓𝒔 − 𝒂𝒃(𝟐𝒔 − 𝒄) − 𝒂𝒄(𝟐𝒔 − 𝒃) − 𝒃𝒄(𝟐𝒔 − 𝒂) = 

= 𝟐𝒔𝟑 − 𝟔𝒓𝟐𝒔 − 𝟏𝟐𝑹𝒓𝒔 + 𝟏𝟐𝑹𝒓𝒔 − 𝟐𝒔(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟑𝒂𝒃𝒄 = 

= 𝟐𝒔𝟑 − 𝟔𝒔𝒓𝟐 − 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) + 𝟏𝟐𝑹𝒓𝒔 = 

= 𝟐𝒔𝟑 = 𝟔𝒓𝟐𝒔 − 𝟐𝒔𝟑 − 𝟐𝒓𝟐𝒔 − 𝟖𝑹𝒓𝒔 + 𝟏𝟐𝑹𝒓𝒔 = 𝟒𝑹𝒓𝒔 − 𝟖𝒓𝟐𝒔 

𝟒𝑹𝒓𝒔 − 𝟖𝒓𝟐𝒔 ≥
(𝟏) 𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
 

(𝟏) ⇔ 𝟐𝟎𝑹𝒓𝒔 − 𝟒𝟎𝒓𝟐𝒔 − 𝒓𝟐(𝑹 − 𝟐𝒓) ≥ 𝟎 ⇔ 𝒓(𝑹 − 𝟐𝒓)(𝟐𝟎𝒔 − 𝒓) ≥ 𝟎 true from 𝑹 ≥

𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

Therefore, 

∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 ≥∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟓
 

2774. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝟏

𝟐 𝐜𝐨𝐭
𝑨
𝟐
+ 𝐜𝐨𝐭

𝑩
𝟐
+ 𝐜𝐨𝐭

𝑪
𝟐

≤
𝟏

𝟔√𝟑
(
𝑹

𝒓
+
𝒓

𝑹
+ 𝟐) 

  Proposed by Marian Ursărescu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝟏

𝟐𝐜𝐨𝐭
𝑨
𝟐 + 𝐜𝐨𝐭

𝑩
𝟐 + 𝐜𝐨𝐭

𝑪
𝟐

 

=∑
𝟏

(𝐜𝐨𝐭
𝑨
𝟐 + 𝐜𝐨𝐭

𝑩
𝟐) + (𝐜𝐨𝐭

𝑨
𝟐 + 𝐜𝐨𝐭

𝑪
𝟐)

≤⏞
𝑪𝑩𝑺𝟏

𝟒
(

𝟏

𝐜𝐨𝐭
𝑨
𝟐 + 𝐜𝐨𝐭

𝑩
𝟐

+
𝟏

𝐜𝐨𝐭
𝑨
𝟐 + 𝐜𝐨𝐭

𝑪
𝟐

) = 

=
𝟏

𝟐
∑

𝟏

𝐜𝐨𝐭
𝑨
𝟐 + 𝐜𝐨𝐭

𝑩
𝟐

 =⏞

𝒔=𝒓𝒂.𝐜𝐨𝐭
𝑨
𝟐

 
𝟏

𝟐
∑

𝟏

𝒔 (
𝟏
𝒓𝒂
+
𝟏
𝒓𝒃
)
=
𝟏

𝟐
∑

𝒓

(𝒔 − 𝒂) + (𝒔 − 𝒃)
= 

=
𝒓

𝟐
∑

𝟏

𝒄
=
𝒓

𝟐
.
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝒔𝒓
≤ 

≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝟖𝑹. 𝟑√𝟑𝒓
=

𝟏

𝟔√𝟑
(
𝑹

𝒓
+
𝒓

𝑹
+ 𝟐) 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝟏

𝟐𝐜𝐨𝐭
𝑨
𝟐 + 𝐜𝐨𝐭

𝑩
𝟐 + 𝐜𝐨𝐭

𝑪
𝟐

≤
𝟏

𝟔√𝟑
(
𝑹

𝒓
+
𝒓

𝑹
+ 𝟐). 

2775. Prove that for any acute triangle 𝑨𝑩𝑪 ∶   

 𝟏 <
√𝐜𝐨𝐬𝑨 + √𝐜𝐨𝐬𝑩 + √𝐜𝐨𝐬𝑪

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪
≤ √𝟐     

Proposed by Vasile Mircea Popa-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑√𝐜𝐨𝐬𝑨 =∑√
𝐬𝐢𝐧 𝟐𝑨

𝟐𝐬𝐢𝐧𝑨
 ≤⏞
𝑪𝑩𝑺

 √
𝟏

𝟐
(∑𝐬𝐢𝐧𝟐𝑨) (∑

𝟏

𝐬𝐢𝐧𝑨
)

= √
𝟏

𝟐
. 𝟒∏𝐬𝐢𝐧𝑨 . (∑

𝟏

𝐬𝐢𝐧𝑨
) = 

= √𝟐∑𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 = √𝟐∑
𝒂𝒃

𝟒𝑹𝟐
= √

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝟐
 ≤⏞
?

 √𝟐∑𝐜𝐨𝐬𝑨 = √𝟐 (𝟏 +
𝒓

𝑹
) 

↔
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝟐
≤
𝟐(𝑹 + 𝒓)𝟐

𝑹𝟐
 ↔  𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚) 

→ 
√𝐜𝐨𝐬𝑨 + √𝐜𝐨𝐬𝑩 + √𝐜𝐨𝐬𝑪

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪
≤ √𝟐 

𝑺𝒊𝒏𝒄𝒆 𝟎 ≤ 𝐜𝐨𝐬𝑨 < 𝟏 →  𝐜𝐨𝐬 𝑨 < √𝐜𝐨𝐬𝑨 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)  →  ∑𝐜𝐨𝐬𝑨 <∑√𝐜𝐨𝐬𝑨 

→ 𝟏 <
√𝐜𝐨𝐬𝑨 + √𝐜𝐨𝐬𝑩 + √𝐜𝐨𝐬𝑪

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝟏 <
√𝐜𝐨𝐬𝑨 + √𝐜𝐨𝐬𝑩 + √𝐜𝐨𝐬𝑪

𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪
≤ √𝟐. 

2776. In ∆𝑨𝑩𝑪, prove that: 

 ∑
𝒂𝟐

𝒃 + 𝒄
≥
𝒂 + 𝒃 + 𝒄

𝟐
+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟑(𝑹𝟐 + 𝒓𝟐)
  

 Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒍𝒐𝒈,𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 ∶ 𝒂 ≥ 𝒃 ≥ 𝒄 →  𝒂𝟐 ≥ 𝒃𝟐 ≥ 𝒄𝟐 𝒂𝒏𝒅  

𝟏

𝒃 + 𝒄
≥

𝟏

𝒄 + 𝒂
≥

𝟏

𝒂 + 𝒃
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→⏞
𝑼𝒔𝒊𝒏𝒈 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 ∑
𝒂𝟐

𝒃 + 𝒄
−
𝒂 + 𝒃 + 𝒄

𝟐

≥
𝟏

𝟑
(∑𝒂𝟐) (∑

𝟏

𝒃 + 𝒄
) −

𝟏

𝟐
∑𝒂 ≥⏞

𝑪𝑩𝑺𝟏

𝟑
(∑𝒂𝟐) .

𝟑𝟐

∑(𝒃 + 𝒄)
−
𝟏

𝟐
∑𝒂 = 

=
𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐(𝒂 + 𝒃 + 𝒄)
−
𝒂 + 𝒃 + 𝒄

𝟐
=
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂 + 𝒃 + 𝒄
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓

𝟐𝒔
 

≥⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟒𝒓(𝑹 − 𝟐𝒓)

𝟑√𝟑𝑹
=
𝟖𝒓𝟐(𝑹 − 𝟐𝒓)

𝟑√𝟑. 𝟐𝑹𝒓
 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟖

√𝟑
.
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟑(𝑹𝟐 + 𝒓𝟐)
≥
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟑(𝑹𝟐 + 𝒓𝟐)
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒂𝟐

𝒃 + 𝒄
≥
𝒂 + 𝒃 + 𝒄

𝟐
+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝟑(𝑹𝟐 + 𝒓𝟐)
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟐

𝐛 + 𝐜
=∑

𝒂𝟒

𝒂𝟐𝐛 + 𝒂𝟐𝐜
≥⏞

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐

𝒂𝐛(𝒂 + 𝐛) + 𝐛𝐜(𝐛 + 𝐜) + 𝐜𝒂(𝐜 + 𝒂)

=
𝟒(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬
=
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

⇒∑
𝒂𝟐

𝐛 + 𝐜
−
𝒂 + 𝐛 + 𝐜

𝟐
 

≥
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
− 𝐬 =

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐 − 𝐬𝟐(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

=
𝐬𝟒 − (𝟏𝟒𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟐 + 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
≥⏞

𝐓𝐫𝐮𝐜𝐡𝐭 𝐬𝟒 − (𝟏𝟒𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟐 + 𝟔𝐫𝟐𝐬𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

=
𝐬(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
 

≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝐬(𝟐𝐑𝐫 − 𝟒𝐫𝟐)

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
≥⏞
? 𝐫𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐
⇔⏞

∵ 𝐑−𝟐𝐫 ≥ 𝟎 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 𝟐𝐬

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
>⏞
? 𝐫(𝐑 + 𝟐𝐫)

𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐

⇔ 𝟒𝐬𝟐(𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐)𝟐 >⏞
?

⏟
(𝐢)

𝐫𝟐(𝐑 + 𝟐𝐫)𝟐(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)𝟐 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (𝐢) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫𝟐(𝐑 + 𝟐𝐫)𝟐(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)(𝟒𝐑𝟐 + 𝟐𝐑𝐫

+ 𝟒𝐫𝟐)<⏞
?

𝟒𝐬𝟐(𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐)𝟐 
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⇔ (𝟐(𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐)𝟐 − 𝐫𝟐(𝐑 + 𝟐𝐫)𝟐(𝟐𝐑𝟐 + 𝐑𝐫 + 𝟐𝐫𝟐)) 𝐬𝟐

+ (𝟐𝐑𝐫 − 𝐫𝟐)(𝟐𝐑𝟐 + 𝐑𝐫 + 𝟐𝐫𝟐)𝐫𝟐(𝐑 + 𝟐𝐫)𝟐>⏞
?

𝟎 

⇔ 𝐑((𝐑 − 𝟐𝐫)(𝟐𝐑𝟒 + 𝟒𝐑𝟑𝐫 + 𝟏𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟗𝐑𝐫𝟑 + 𝟐𝟔𝐫𝟒) + 𝟒𝟖𝐫𝟓) 𝐬𝟐

+ (𝟐𝐫(𝐑 − 𝟐𝐫) + 𝟑𝐫𝟐)(𝟐𝐑𝟐 + 𝐑𝐫 + 𝟐𝐫𝟐)𝐫𝟐(𝐑 + 𝟐𝐫)𝟐>⏞
?

𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐑 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝒂𝟐

𝐛 + 𝐜
−
𝒂 + 𝐛 + 𝐜

𝟐

≥
𝐫𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐
≥⏞
? 𝐫𝟐(𝐑 − 𝟐𝐫)

𝟑(𝐑𝟐 + 𝐫𝟐)
⇔⏞

∵ 𝐑−𝟐𝐫 ≥ 𝟎 𝐑 + 𝟐𝐫

𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐
>⏞
? 𝟏

𝟑(𝐑𝟐 + 𝐫𝟐)

⇔ 𝟑(𝐑 + 𝟐𝐫)(𝐑𝟐 + 𝐫𝟐) − 𝐑𝟑 − 𝟐𝐫𝟑 − 𝐑𝐫𝟐>⏞
?

𝟎

⇔ 𝐑𝟑 + 𝟐𝐫𝟑 + 𝟑𝐑𝟐𝐫 + 𝐑𝐫𝟐>⏞
?

𝟎 

→ 𝐭𝐫𝐮𝐞 ∴∑
𝒂𝟐

𝐛 + 𝐜
−
𝒂 + 𝐛 + 𝐜

𝟐
≥
𝐫𝟐(𝐑 − 𝟐𝐫)

𝟑(𝐑𝟐 + 𝐫𝟐)
⇒

𝒂𝟐

𝐛 + 𝐜
+

𝐛𝟐

𝐜 + 𝒂
+

𝐜𝟐

𝒂 + 𝐛

≥
𝒂 + 𝐛 + 𝐜

𝟐
+
𝐫𝟐(𝐑 − 𝟐𝐫)

𝟑(𝐑𝟐 + 𝐫𝟐)
 (𝐐𝐄𝐃) 

2777. In ∆𝑨𝑩𝑪  the following relationship holds: 

∑𝐜𝐨𝐭𝟓
𝑨

𝟐
. 𝐜𝐨𝐭

𝑩

𝟐
≥
𝟐𝟕

𝟐
(
𝟒𝑹𝟐

𝒓𝟐
−
𝟓𝑹

𝒓
)  

 Proposed by Marian Ursărescu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒙 = 𝐜𝐨𝐭
𝑨

𝟐
=
𝒔

𝒓𝒂
, 𝒚 = 𝐜𝐨𝐭

𝑩

𝟐
=
𝒔

𝒓𝒃
, 𝒛 = 𝐜𝐨𝐭

𝑪

𝟐
=
𝒔

𝒓𝒄
. 

∑𝐜𝐨𝐭𝟓
𝑨

𝟐
. 𝐜𝐨𝐭

𝑩

𝟐
=∑𝒙𝟓𝒚 = 𝒙𝒚𝒛∑

𝒙𝟒

𝒛
= 𝒙𝒚𝒛∑

𝒙𝟔

𝒙𝟐𝒛
 ≥⏞
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 𝒙𝒚𝒛.
(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟐

𝒙𝟐𝒛 + 𝒚𝟐𝒙 + 𝒛𝟐𝒚
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≥⏞
𝑹𝒆𝒂𝒓𝒓𝒂𝒏𝒈𝒆𝒎𝒆𝒏𝒕

𝒙𝒚𝒛.
(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟐

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑
= 𝒙𝒚𝒛∑𝒙𝟑 =

𝒔

𝒓
.∑(

𝒔

𝒓𝒂
)
𝟑

=
𝒔𝟒

𝒓
[(∑

𝟏

𝒓𝒂
)
𝟑

− 𝟑∏(
𝟏

𝒓𝒂
+
𝟏

𝒓𝒃
)] = 

=
𝒔𝟒

𝒓
(
𝟏

𝒓𝟑
− 𝟑.

𝟒𝑹𝒔𝟐

(𝒔𝟐𝒓)𝟐
) =

𝒔𝟐(𝒔𝟐 − 𝟏𝟐𝑹𝒓)

𝒓𝟒
 ≥⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝑪𝒐ş𝒏𝒊ţă−𝑻𝒖𝒓𝒕𝒐𝒊𝒖

 
𝟐𝟕𝑹𝒓

𝟐
.
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) − 𝟏𝟐𝑹𝒓

𝒓𝟒

=
𝟐𝟕

𝟐
.
𝑹(𝟒𝑹 − 𝟓𝒓)

𝒓𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝐜𝐨𝐭𝟓
𝑨

𝟐
. 𝐜𝐨𝐭

𝑩

𝟐
≥
𝟐𝟕

𝟐
(
𝟒𝑹𝟐

𝒓𝟐
−
𝟓𝑹

𝒓
). 

Solution 2 by Nguyen Van Canh-BenTre-Vietnam 

∑𝐜𝐨𝐭𝟐
𝑨

𝟐
𝒄𝒚𝒄

=
𝒔𝟐 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐

𝒓𝟐
 

∑𝐜𝐨𝐭𝟓
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
𝒄𝒚𝒄

=∑
(𝐜𝐨𝐭𝟐

𝑨
𝟐)

𝟐

𝐭𝐚𝐧
𝑨
𝟐 𝐭𝐚𝐧

𝑩
𝟐𝒄𝒚𝒄

≥
𝑪𝑩𝑺 (∑𝐜𝐨𝐭𝟐

𝑨
𝟐)

𝟐

∑𝐭𝐚𝐧
𝑨
𝟐 𝒕𝒂𝒏

𝑩
𝟐

= (∑𝐜𝐨𝐭𝟐
𝑨

𝟐
𝒄𝒚𝒄

)

𝟐

= 

= (
𝒔𝟐 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐

𝒓𝟐
)

𝟐

≥
𝑩𝒍𝒖𝒏𝒅𝒐𝒏

(
𝟐𝑹𝟐 + 𝟏𝟎𝑹𝒓 − 𝒓𝟐 − 𝟐(𝑹 − 𝟐𝒓)√𝑹𝟐 − 𝟐𝑹𝒓 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐

𝒓𝟐
)

𝟐

 

= (
𝟐𝑹𝟐 + 𝟐𝑹𝒓 − 𝟑𝒓𝟐 − 𝟐(𝑹 − 𝟐𝒓)√𝑹𝟐 − 𝟐𝑹𝒓

𝒓𝟐
)

𝟐

≥
(∗) 𝟐𝟕

𝟐
(
𝟒𝑹𝟐

𝒓𝟐
−
𝟓𝑹

𝒓
) 

(∗) ⇔ 𝟐(𝟐𝑹𝟐 + 𝟐𝑹𝒓 − 𝟑𝒓𝟔𝟐 − 𝟐(𝑹 − 𝟐𝒓)√𝑹𝟐 − 𝟐𝑹𝒓)
𝟐

≥ 𝟐𝟕(𝟒𝑹𝟐 − 𝟓𝑹𝒓𝟐) 

𝟏𝟔𝒙𝟒 − 𝟑𝟐𝒙𝟑 − 𝟐𝟖𝒙𝟐 + 𝟒𝟕𝒙 + 𝟏𝟖 ≥ 𝟖(𝒙 − 𝟐)(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙; (𝒙 =
𝑹

𝒓
≥ 𝟐) 

(𝒙 − 𝟐) (𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗 − 𝟖(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙) ≥ 𝟎 

∵ 𝒙 ≥ 𝟐 ⇒ 𝒙 − 𝟐 ≥ 𝟎 

𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗 − 𝟖(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙 > 0 ⇔ 

𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗 > 8(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙 

(𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗)𝟐 > (𝟖(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑)√𝒙𝟐 − 𝟐𝒙)
𝟐
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𝟏𝟔𝒙𝟑 − 𝟐𝟖𝒙 − 𝟗 = 𝒙(𝟏𝟔𝒙𝟐 − 𝟐𝟖) − 𝟗 ≥
(𝒙≥𝟐)

𝟐(𝟔𝟒 − 𝟐𝟖) − 𝟗 = 𝟔𝟑 > 0 

𝟐𝟓𝟔𝒙𝟔 − 𝟖𝟗𝟔𝒙𝟒 − 𝟐𝟖𝟖𝒙𝟑 + 𝟕𝟖𝟒𝒙𝟐 + 𝟓𝟎𝟒𝒙 + 𝟖𝟏 > 

> 64(𝒙𝟐 − 𝟐𝒙)(𝟐𝒙𝟐 + 𝟐𝒙 − 𝟑) 

𝟏𝟔𝒙𝟐(𝟒𝟎𝒙𝟐 − 𝟑𝟒𝒙 − 𝟖𝟑) + 𝟏𝟔𝟓𝟔𝒙 + 𝟖𝟏 > 0, which is true ∀𝒙 ≥ 𝟐 ⇒ (∗) true. 

2778. In ∆𝑨𝑩𝑪, 𝒙, 𝒚, 𝒛 > 0 the following relationship holds: 

𝒙𝐜𝐨𝐬
𝑨

𝟐
+ 𝒚𝐜𝐨𝐬

𝑩

𝟐
+ 𝒛 𝐜𝐨𝐬

𝑪

𝟐
≤  
𝟏

𝟐
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)√

𝒙 + 𝒚 + 𝒛

𝒙𝒚𝒛
   

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒙 𝐜𝐨𝐬
𝑨

𝟐
+ 𝒚𝐜𝐨𝐬

𝑩

𝟐
+ 𝒛 𝐜𝐨𝐬

𝑪

𝟐
 ≤⏞
(∗)

 
𝟏

𝟐
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)√

𝒙 + 𝒚 + 𝒛

𝒙𝒚𝒛
 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ ∑𝒙𝐜𝐨𝐬
𝑨

𝟐
= 

=∑√𝒙.√𝒙 𝐜𝐨𝐬
𝑨

𝟐
 ≤⏞
𝑪𝑩𝑺

 √(∑𝒙)(∑𝒙𝐜𝐨𝐬𝟐
𝑨

𝟐
) ≤⏞

?

 
𝟏

𝟐
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)√

𝒙 + 𝒚 + 𝒛

𝒙𝒚𝒛
 

↔ 𝟐𝒙𝒚𝒛∑𝒙. 𝟐 𝐜𝐨𝐬𝟐
𝑨

𝟐
≤ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐  ↔  𝟐𝒙𝒚𝒛∑𝒙(𝟏 + 𝐜𝐨𝐬𝑨)

≤ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 

↔ 𝟐𝒙𝒚𝒛∑𝒙𝐜𝐨𝐬𝑨 ≤∑𝒙𝟐𝒚𝟐  

↔  𝟐𝒙𝟐𝒚𝒛 𝐜𝐨𝐬[𝝅 − (𝑩 + 𝑪)] + 𝟐𝒙𝒚𝟐𝒛 𝐜𝐨𝐬𝑩 + 𝟐𝒙𝒚𝒛𝟐 𝐜𝐨𝐬 𝑪 ≤∑𝒙𝟐𝒚𝟐 

↔ 𝟐𝒙𝟐𝒚𝒛(𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 − 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬 𝑪) + 𝟐𝒙𝒚𝟐𝒛 𝐜𝐨𝐬𝑩 + 𝟐𝒙𝒚𝒛𝟐 𝐜𝐨𝐬 𝑪

≤ (𝒙𝒚)𝟐(𝐬𝐢𝐧𝟐𝑩 + 𝐜𝐨𝐬𝟐𝑩) + (𝒚𝒛)𝟐 + (𝒛𝒙)𝟐(𝐬𝐢𝐧𝟐 𝑪 + 𝐜𝐨𝐬𝟐 𝑪) 

↔ 𝟎 ≤ (𝒙𝒚 𝐬𝐢𝐧𝑩 − 𝒛𝒙 𝐬𝐢𝐧 𝑪)𝟐 + (𝒙𝒚𝐜𝐨𝐬𝑩 + 𝒛𝒙 𝐜𝐨𝐬𝑪)𝟐 − 𝟐𝒚𝒛(𝒙𝒚𝐜𝐨𝐬𝑩 + 𝒛𝒙 𝐜𝐨𝐬 𝑪)

+ (𝒚𝒛)𝟐 

↔ 𝟎 ≤ (𝒙𝒚𝐬𝐢𝐧𝑩 − 𝒛𝒙 𝐬𝐢𝐧𝑪)𝟐 + [(𝒙𝒚 𝐜𝐨𝐬𝑩 + 𝒛𝒙 𝐜𝐨𝐬 𝑪) − 𝒚𝒛]𝟐 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒙 𝐜𝐨𝐬
𝑨

𝟐
+ 𝒚 𝐜𝐨𝐬

𝑩

𝟐
+ 𝒛 𝐜𝐨𝐬

𝑪

𝟐
 ≤  

𝟏

𝟐
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)√

𝒙 + 𝒚 + 𝒛

𝒙𝒚𝒛
. 

2779. Let 𝑷 be point in plane of ∆𝑨𝑩𝑪 and 𝒕 > 1, then holds: 

(𝑷𝑨.𝑷𝑩)𝒕 + (𝑷𝑩.𝑷𝑪)𝒕 + (𝑷𝑪.𝑷𝑨)𝒕 ≥
(𝒂𝒃𝒄)𝒕

(𝒂 
𝒕
𝒕−𝟏 + 𝒃 

𝒕
𝒕−𝟏 + 𝒄 

𝒕
𝒕−𝟏)

𝒕−𝟏
    

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑯ӧ𝒍𝒅𝒆𝒓,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 (∑(𝑷𝑩.𝑷𝑪)𝒕

𝒄𝒚𝒄

)(∑𝒂 
𝒕
𝒕−𝟏

𝒄𝒚𝒄

)

𝒕−𝟏

≥ (∑√(𝑷𝑩.𝑷𝑪)𝒕. (𝒂 
𝒕
𝒕−𝟏)

𝒕−𝟏𝒕

𝒄𝒚𝒄

)

𝒕

= (∑𝒂.𝑷𝑩.𝑷𝑪

𝒄𝒚𝒄

)

𝒕

 

𝑩𝒚 𝑯𝒂𝒚𝒂𝒔𝒉𝒊′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 ∑𝒂.𝑷𝑩. 𝑷𝑪

𝒄𝒚𝒄

≥ 𝒂𝒃𝒄 

→ (∑(𝑷𝑩.𝑷𝑪)𝒕

𝒄𝒚𝒄

)(∑𝒂 
𝒕
𝒕−𝟏

𝒄𝒚𝒄

)

𝒕−𝟏

≥ (𝒂𝒃𝒄)𝒕 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, (𝑷𝑨.𝑷𝑩)𝒕 + (𝑷𝑩.𝑷𝑪)𝒕 + (𝑷𝑪.𝑷𝑨)𝒕 ≥
(𝒂𝒃𝒄)𝒕

(𝒂 
𝒕
𝒕−𝟏 + 𝒃 

𝒕
𝒕−𝟏 + 𝒄 

𝒕
𝒕−𝟏)

𝒕−𝟏. 

2780. In ∆𝑨𝑩𝑪  the following relationship holds: 

 {𝟐 (𝐜𝐨𝐬𝟐
𝑩

𝟕
+ 𝐜𝐨𝐬𝟐

𝑪

𝟕
) − 𝐜𝐨𝐬𝟐

𝑨

𝟕
}∏(𝐜𝐨𝐬

𝑩

𝟕
+ 𝐜𝐨𝐬

𝑪

𝟕
− 𝐜𝐨𝐬

𝑨

𝟕
)

𝒄𝒚𝒄

≤ 

≤ 𝐜𝐨𝐬𝟐
𝑩

𝟕
. 𝐜𝐨𝐬𝟐

𝑪

𝟕
(𝐜𝐨𝐬

𝑨

𝟕
+ 𝐜𝐨𝐬

𝑩

𝟕
+ 𝐜𝐨𝐬

𝑪

𝟕
)  

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝐜𝐨𝐬
𝑨

𝟕
, 𝐜𝐨𝐬

𝑩

𝟕
, 𝐜𝐨𝐬

𝑪

𝟕
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 
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𝑺𝒊𝒏𝒄𝒆 𝟎 < 𝑨, 𝑩, 𝑪 < 𝝅 →  𝟎 <
𝑨

𝟕
,
𝑩

𝟕
,
𝑪

𝟕
<
𝝅

𝟕
<
𝝅

𝟑
 𝒂𝒏𝒅 𝒙

→ 𝒄𝒐𝒔𝒙 𝒊𝒔 𝒂 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒏 (𝟎,
𝝅

𝟐
) 

→ 𝐜𝐨𝐬
𝑨

𝟕
, 𝐜𝐨𝐬

𝑩

𝟕
, 𝐜𝐨𝐬

𝑪

𝟕
> 𝐜𝐨𝐬

𝝅

𝟑
=
𝟏

𝟐
 →  𝐜𝐨𝐬

𝑨

𝟕
+ 𝐜𝐨𝐬

𝑩

𝟕
>
𝟏

𝟐
+
𝟏

𝟐

= 𝟏 >⏞
𝟏≥𝐜𝐨𝐬 𝒙,∀𝒙

𝐜𝐨𝐬
𝑪

𝟕
 (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ 𝐜𝐨𝐬
𝑨

𝟕
, 𝐜𝐨𝐬

𝑩

𝟕
, 𝐜𝐨𝐬

𝑪

𝟕
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

→ 𝑰𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

∶  {𝟐(𝒃𝟐 + 𝒄𝟐) − 𝒂𝟐}∏(𝒃 + 𝒄 − 𝒂)

𝒄𝒚𝒄

≤⏞
(∗)

𝒃𝟐𝒄𝟐(𝒂 + 𝒃 + 𝒄), ∀∆𝑨𝑩𝑪 

(∗) ↔ 𝟒𝒎𝒂
𝟐. 𝟖𝒔𝒓𝟐 ≤

(𝟒𝑹𝒓𝒔)𝟐

𝒂𝟐
. 𝟐𝒔 ↔  𝒎𝒂

𝟐 ≤ (
𝑹𝒔

𝒂
)
𝟐

 ↔  𝒎𝒂

≤
𝑹𝒔

𝒂
 (𝑷𝒂𝒏𝒂𝒊𝒕𝒐𝒑𝒐𝒍′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚) →  (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, {𝟐 (𝐜𝐨𝐬𝟐
𝑩

𝟕
+ 𝐜𝐨𝐬𝟐

𝑪

𝟕
) − 𝐜𝐨𝐬𝟐

𝑨

𝟕
}∏(𝐜𝐨𝐬

𝑩

𝟕
+ 𝐜𝐨𝐬

𝑪

𝟕
− 𝐜𝐨𝐬

𝑨

𝟕
)

𝒄𝒚𝒄

≤ 𝐜𝐨𝐬𝟐
𝑩

𝟕
. 𝐜𝐨𝐬𝟐

𝑪

𝟕
(𝐜𝐨𝐬

𝑨

𝟕
+ 𝐜𝐨𝐬

𝑩

𝟕
+ 𝐜𝐨𝐬

𝑪

𝟕
) 

2781. If 𝒙, 𝒚, 𝒛 are real numbers, then in ∆𝑨𝑩𝑪 holds: 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥ (𝒚𝒛 𝐬𝐢𝐧
𝑨

𝟐
+ 𝒛𝒙 𝐬𝐢𝐧

𝑩

𝟐
+ 𝒙𝒚 𝐬𝐢𝐧

𝑪

𝟐
) 𝐬𝐞𝐜

𝝅

𝟑
  

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥⏞
(∗)

(𝒚𝒛 𝐬𝐢𝐧
𝑨

𝟐
+ 𝒛𝒙 𝐬𝐢𝐧

𝑩

𝟐
+ 𝒙𝒚𝐬𝐢𝐧

𝑪

𝟐
) 𝐬𝐞𝐜

𝝅

𝟑
  

(∗) ↔ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥ 𝟐𝒚𝒛 𝐬𝐢𝐧 (
𝝅

𝟐
−
𝑩 + 𝑪

𝟐
) + 𝟐𝒛𝒙 𝐬𝐢𝐧

𝑩

𝟐
+ 𝟐𝒙𝒚𝐬𝐢𝐧

𝑪

𝟐
 

↔ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥ 𝟐𝒚𝒛 𝐜𝐨𝐬 (
𝑩

𝟐
+
𝑪

𝟐
) + 𝟐𝒛𝒙 𝐬𝐢𝐧

𝑩

𝟐
+ 𝟐𝒙𝒚 𝐬𝐢𝐧

𝑪

𝟐
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↔ 𝒙𝟐 + 𝒚𝟐 (𝐜𝐨𝐬𝟐
𝑪

𝟐
+ 𝐬𝐢𝐧𝟐

𝑪

𝟐
) + 𝒛𝟐 (𝐜𝐨𝐬𝟐

𝑩

𝟐
+ 𝐬𝐢𝐧𝟐

𝑩

𝟐
)

≥ 𝟐𝒚𝒛 (𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
− 𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
) + 𝟐𝒛𝒙 𝐬𝐢𝐧

𝑩

𝟐
+ 𝟐𝒙𝒚 𝐬𝐢𝐧

𝑪

𝟐
 

↔ 𝒙𝟐 − 𝟐𝒙(𝒚 𝐬𝐢𝐧
𝑪

𝟐
+ 𝒛 𝐬𝐢𝐧

𝑩

𝟐
) + (𝒚 𝐬𝐢𝐧

𝑪

𝟐
+ 𝒛 𝐬𝐢𝐧

𝑩

𝟐
)
𝟐

+ (𝒚 𝐜𝐨𝐬
𝑪

𝟐
− 𝒛 𝐜𝐨𝐬

𝑩

𝟐
)
𝟐

≥ 𝟎 

↔ [𝒙 − (𝒚 𝐬𝐢𝐧
𝑪

𝟐
+ 𝒛 𝐬𝐢𝐧

𝑩

𝟐
)]
𝟐

+ (𝒚𝐜𝐨𝐬
𝑪

𝟐
− 𝒛 𝐜𝐨𝐬

𝑩

𝟐
)
𝟐

≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥ (𝒚𝒛 𝐬𝐢𝐧
𝑨

𝟐
+ 𝒛𝒙 𝐬𝐢𝐧

𝑩

𝟐
+ 𝒙𝒚 𝐬𝐢𝐧

𝑪

𝟐
) 𝐬𝐞𝐜

𝝅

𝟑
. 

2782. In ∆𝑨𝑩𝑪, prove that:  

∑
𝒂𝟑

𝒃𝟐 + 𝒄𝟐
≥
𝒂 + 𝒃 + 𝒄

𝟐
+

𝒓𝟐(𝑹𝟐 − 𝟒𝒓𝟐)

𝑹𝟑 + 𝑹𝒓𝟐 + 𝟐𝒓𝟑
  

 Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒂𝟑

𝒃𝟐 + 𝒄𝟐
=∑

𝒂𝟔

𝒂(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐)
 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟑

(𝒂 + 𝒃 + 𝒄). 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)
≥ 

≥⏞

(∑𝒙)𝟐≥𝟑∑𝒙𝒚

 
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐). 𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)

𝟐(𝒂 + 𝒃 + 𝒄)(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)
=
𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐(𝒂 + 𝒃 + 𝒄)
 

→ ∑
𝒂𝟑

𝒃𝟐 + 𝒄𝟐
−
𝒂 + 𝒃 + 𝒄

𝟐
≥
𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐(𝒂 + 𝒃 + 𝒄)
−
𝒂 + 𝒃 + 𝒄

𝟐

=
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂 + 𝒃 + 𝒄
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓

𝟐𝒔
≥ 

≥⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟒𝒓(𝑹 − 𝟐𝒓)

𝟑√𝟑𝑹
≥
𝟒𝒓(𝑹 − 𝟐𝒓)

𝟑. 𝟐𝑹
 ≥⏞
?

 
𝒓𝟐(𝑹𝟐 − 𝟒𝒓𝟐)

𝑹𝟑 + 𝑹𝒓𝟐 + 𝟐𝒓𝟑
 ↔ 𝟐(𝑹𝟑 +𝑹𝒓𝟐 + 𝟐𝒓𝟑)

≥ 𝟑𝑹(𝑹 + 𝟐𝒓) 

↔ (𝑹 − 𝟐𝒓) (𝟐𝑹𝟐 + 𝒓(𝑹 − 𝟐𝒓))

≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝑹 ≥ 𝟐𝒓). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒂𝟑

𝒃𝟐 + 𝒄𝟐
≥
𝒂 + 𝒃 + 𝒄

𝟐
+

𝒓𝟐(𝑹𝟐 − 𝟒𝒓𝟐)

𝑹𝟑 + 𝑹𝒓𝟐 + 𝟐𝒓𝟑
. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟑

𝐛𝟐 + 𝐜𝟐
=∑

𝒂𝟒

𝒂𝐛𝟐 + 𝒂𝐜𝟐
≥⏞

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐

𝒂𝐛(𝒂 + 𝐛) + 𝐛𝐜(𝐛 + 𝐜) + 𝐜𝒂(𝐜 + 𝒂)

=
𝟒(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬
=
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

⇒∑
𝒂𝟑

𝐛𝟐 + 𝐜𝟐
−
𝒂 + 𝐛 + 𝐜

𝟐
 

≥
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
− 𝐬 =

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐 − 𝐬𝟐(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

=
𝐬𝟒 − (𝟏𝟒𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟐 + 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
≥⏞

𝐓𝐫𝐮𝐜𝐡𝐭 𝐬𝟒 − (𝟏𝟒𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟐 + 𝟔𝐫𝟐𝐬𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

=
𝐬(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
 

≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝐬(𝟐𝐑𝐫 − 𝟒𝐫𝟐)

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
≥⏞
? 𝐫𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐
⇔⏞

∵ 𝐑−𝟐𝐫 ≥ 𝟎 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 𝟐𝐬

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
>⏞
? 𝐫(𝐑 + 𝟐𝐫)

𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐

⇔ 𝟒𝐬𝟐(𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐)𝟐 >⏞
?

⏟
(𝐢)

𝐫𝟐(𝐑 + 𝟐𝐫)𝟐(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)𝟐 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (𝐢) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫𝟐(𝐑 + 𝟐𝐫)𝟐(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)(𝟒𝐑𝟐 + 𝟐𝐑𝐫

+ 𝟒𝐫𝟐)<⏞
?

𝟒𝐬𝟐(𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐)𝟐 

⇔ (𝟐(𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐)𝟐 − 𝐫𝟐(𝐑 + 𝟐𝐫)𝟐(𝟐𝐑𝟐 + 𝐑𝐫 + 𝟐𝐫𝟐)) 𝐬𝟐

+ (𝟐𝐑𝐫 − 𝐫𝟐)(𝟐𝐑𝟐 + 𝐑𝐫 + 𝟐𝐫𝟐)𝐫𝟐(𝐑 + 𝟐𝐫)𝟐>⏞
?

𝟎 

⇔ 𝐑((𝐑 − 𝟐𝐫)(𝟐𝐑𝟒 + 𝟒𝐑𝟑𝐫 + 𝟏𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟗𝐑𝐫𝟑 + 𝟐𝟔𝐫𝟒) + 𝟒𝟖𝐫𝟓) 𝐬𝟐

+ (𝟐𝐫(𝐑 − 𝟐𝐫) + 𝟑𝐫𝟐)(𝟐𝐑𝟐 + 𝐑𝐫 + 𝟐𝐫𝟐)𝐫𝟐(𝐑 + 𝟐𝐫)𝟐>⏞
?

𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐑 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝒂𝟑

𝐛𝟐 + 𝐜𝟐
−
𝒂 + 𝐛 + 𝐜

𝟐
≥

𝐫𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐
⇒∑

𝒂𝟑

𝐛𝟐 + 𝐜𝟐

≥
𝒂 + 𝐛 + 𝐜

𝟐
+

𝐫𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐑𝟑 + 𝟐𝐫𝟑 + 𝐑𝐫𝟐
 (𝐐𝐄𝐃) 



 
www.ssmrmh.ro 

102 RMM-TRIANGLE MARATHON 2701-2800 

 

2783. If 𝑴 ∈ 𝑹𝟑, 𝒙, 𝒚, 𝒛 > 𝟎 then in ∆𝑨𝑩𝑪 the following relationship holds: 

𝑴𝑨𝟐

𝒚𝒛
+
𝑴𝑩𝟐

𝒛𝒙
+
𝑴𝑪𝟐

𝒙𝒚
≥ (

𝒂 + 𝒃 + 𝒄

𝒙 + 𝒚 + 𝒛
)
𝟐

  

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ (𝒙𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝒚𝑴𝑩⃗⃗⃗⃗⃗⃗  ⃗ + 𝒛𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  )
𝟐
≥ 𝟎 ↔  ∑𝒙𝟐𝑴𝑨𝟐 +∑𝒚𝒛. 𝟐𝑴𝑩⃗⃗⃗⃗⃗⃗  ⃗.𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  ≥ 𝟎 

↔ ∑𝒙𝟐𝑴𝑨𝟐 +∑𝒚𝒛. (𝑴𝑩𝟐 +𝑴𝑪𝟐 − 𝑩𝑪𝟐) ≥ 𝟎 ↔ 

 ∑(𝒙𝟐 + 𝒙𝒚 + 𝒙𝒛)𝑴𝑨𝟐 ≥∑𝒚𝒛𝒂𝟐 

↔ (∑𝒙) (∑𝒙.𝑴𝑨𝟐) ≥∑𝒚𝒛𝒂𝟐  ↔  (∑𝒙) . 𝒙𝒚𝒛∑
𝑴𝑨𝟐

𝒚𝒛
≥ 𝒙𝒚𝒛∑

𝒂𝟐

𝒙
 

↔ (∑𝒙)
𝟐

.∑
𝑴𝑨𝟐

𝒚𝒛
≥ (∑𝒙)(∑

𝒂𝟐

𝒙
) ≥⏞
𝑪𝑩𝑺

 (∑𝒂)
𝟐

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,
𝑴𝑨𝟐

𝒚𝒛
+
𝑴𝑩𝟐

𝒛𝒙
+
𝑴𝑪𝟐

𝒙𝒚
≥ (

𝒂 + 𝒃 + 𝒄

𝒙 + 𝒚 + 𝒛
)
𝟐

. 

2784. For any arbitrary point 𝐏 in the plane of ∆ 𝐀𝐁𝐂,  

𝐀𝐏. 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐁𝐏. 𝐜𝐨𝐬

𝐁

𝟐
+ 𝐂𝐏. 𝐜𝐨𝐬

𝐂

𝟐
≥ 𝐬 

Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐜𝐨𝐬𝟐
𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
− 𝐜𝐨𝐬𝟐

𝐂

𝟐
=
𝟏

𝟐
(𝟏 + 𝐜𝐨𝐬𝐀 + 𝟏 + 𝐜𝐨𝐬𝐁 − 𝟏 − 𝐜𝐨𝐬𝐂)

=
𝟏

𝟐
(𝟐𝐬𝐢𝐧𝟐

𝐂

𝟐
+ 𝟐𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
) > 𝟎 ∵ 𝟎 < 𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
≤ 𝟏 ⇒ 𝐜𝐨𝐬𝟐

𝐂

𝟐

< 𝐜𝐨𝐬𝟐
𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
 

< (𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
)
𝟐

⇒ 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
− 𝐜𝐨𝐬

𝐂

𝟐
> 𝟎 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

⇒ 𝐜𝐨𝐬
𝐀

𝟐
, 𝐜𝐨𝐬

𝐁

𝟐
, 𝐜𝐨𝐬

𝐂

𝟐
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 → (𝟏) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅𝟏

=
𝟏

𝟒√
𝟐∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟒
𝐀

𝟐
𝐜𝐲𝐜
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=
𝟏

𝟒
√𝟒∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

− (∑𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟒
√𝟒𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐨𝐬𝟐

𝐂

𝟐
∑𝐬𝐞𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

−
𝟏

𝟒
(∑(𝟏 + 𝐜𝐨𝐬𝐀)

𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟒
√(

𝐬𝟐

𝟒𝐑𝟐
)
(𝟒𝐑 + 𝐫)𝟐 + 𝐬𝟐

𝐬𝟐
−
(𝟒𝐑 + 𝐫)𝟐

𝟒𝐑𝟐
=
𝐬

𝟖𝐑
⇒ 𝟖𝐅𝟏 =⏞

(𝐢) 𝐬

𝐑
 

𝑽𝒊𝒂 𝑩𝒐𝒕𝒕𝒆𝒎𝒂, 𝐟𝐨𝐫 𝒂𝐧𝐲 𝒂𝐫𝐛𝐢𝐭𝐫𝒂𝐫𝐲 𝐩𝐨𝐢𝐧𝐭 𝐏 𝐢𝐧 𝐭𝐡𝐞 𝐩𝐥𝒂𝐧𝐞 𝐨𝐟 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 𝐟𝐨𝐫 𝒂𝐧𝐲 𝒂𝐫𝐛𝐢𝐭𝐫𝒂𝐫𝐲 ∆ 𝐀′𝐁′𝐂′, 
(𝑨𝑷. 𝒂′ +𝐁𝐏. 𝐛′ + 𝐂𝐏. 𝐜′)𝟐

≥
𝟏

𝟐
(𝒂𝟐(𝐛′

𝟐
+ 𝐜′

𝟐
− 𝒂′

𝟐
) + 𝐛𝟐(𝐜′

𝟐
+ 𝒂′

𝟐
− 𝐛′

𝟐
) + 𝐜𝟐(𝒂′

𝟐
+ 𝐛′

𝟐
− 𝐜′

𝟐
))

+ 𝟖[𝐀𝐁𝐂][𝐀′𝐁′𝐂′] ∴ 𝒗𝒊𝒂 (𝟏) 𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒂′ = 𝐜𝐨𝐬
𝐀

𝟐
, 𝐛′ = 𝐜𝐨𝐬

𝐁

𝟐
, 𝐜′ = 𝐜𝐨𝐬

𝐂

𝟐
, 

(𝐀𝐏. 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐁𝐏. 𝐜𝐨𝐬

𝐁

𝟐
+ 𝐂𝐏. 𝐜𝐨𝐬

𝐂

𝟐
)
𝟐

 

≥
𝟏

𝟐
∑𝒂𝟐 (𝐜𝐨𝐬𝟐

𝐁

𝟐
+ 𝐜𝐨𝐬𝟐

𝐂

𝟐
− 𝐜𝐨𝐬𝟐

𝐀

𝟐
)

𝐜𝐲𝐜

+ 𝟖𝐫𝐬𝐅𝟏 =⏞
𝐯𝐢𝒂 (𝐢)𝟏

𝟐
∑𝒂𝟐 (

𝐬(𝐬 − 𝐛)

𝐜𝒂
+
𝐬(𝐬 − 𝐜)

𝒂𝐛
−
𝐬(𝐬 − 𝒂)

𝐛𝐜
)

𝐜𝐲𝐜

+ 𝐫𝐬 (
𝐬

𝐑
) 

=
𝐬

𝟖𝐑𝐫𝐬
(𝟐𝐬∑𝒂𝟐(𝐬 − 𝒂)

𝐜𝐲𝐜

−∑𝒂𝟐(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) − 𝟐∑𝒂𝟐𝐛𝐜𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑
 

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬∑𝐬𝐢𝐧𝟐𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬(𝟐𝐬𝐢𝐧𝐂𝐜𝐨𝐬(𝐀 − 𝐁) − 𝟐𝐬𝐢𝐧𝐂𝐜𝐨𝐬(𝐀 + 𝐁))) +

𝐫𝐬𝟐

𝐑
 

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬. 𝟒∏𝐬𝐢𝐧𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬. 𝟒 (

𝟒𝐑𝐫𝐬

𝟖𝐑𝟑
)) +

𝐫𝐬𝟐

𝐑

=
𝟖𝐑𝐫𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐 − 𝟏𝟔𝐫𝟐𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐

𝟖𝐑𝐫
= 𝐬𝟐 

⇒ 𝐀𝐏. 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐁𝐏. 𝐜𝐨𝐬

𝐁

𝟐
+ 𝐂𝐏. 𝐜𝐨𝐬

𝐂

𝟐
≥ 𝐬 𝐟𝐨𝐫 𝒂𝐧𝐲 𝒂𝐫𝐛𝐢𝐭𝐫𝒂𝐫𝐲 𝐩𝐨𝐢𝐧𝐭 𝐏 𝐢𝐧 𝐭𝐡𝐞 𝐩𝐥𝒂𝐧𝐞 𝐨𝐟 ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 
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2785. In ∆𝑨𝑩𝑪, prove that: 

 ∑
𝒂𝟑

𝒃 + 𝒄
≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝟔
+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝑹 + 𝒓
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒍𝒐𝒈,𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 ∶ 𝒂 ≥ 𝒃 ≥ 𝒄 →  𝒂𝟑 ≥ 𝒃𝟑 ≥ 𝒄𝟑 𝒂𝒏𝒅 

 
𝟏

𝒃 + 𝒄
≥

𝟏

𝒄 + 𝒂
≥

𝟏

𝒂 + 𝒃
 

→⏞
𝑼𝒔𝒊𝒏𝒈 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 ∑
𝒂𝟑

𝒃 + 𝒄
−
(𝒂 + 𝒃 + 𝒄)𝟐

𝟔

≥
𝟏

𝟑
(∑𝒂𝟑) (∑

𝟏

𝒃 + 𝒄
) −

𝟏

𝟔
(∑𝒂)

𝟐

 ≥⏞
𝑪𝑩𝑺

 
𝟏

𝟑
(∑𝒂𝟑) .

𝟑𝟐

∑(𝒃 + 𝒄)
−
𝟏

𝟔
(∑𝒂)

𝟐

= 

=
𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

𝟐(𝒂 + 𝒃 + 𝒄)
−
(𝒂 + 𝒃 + 𝒄)𝟐

𝟔
=
𝟗(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) − (𝒂 + 𝒃 + 𝒄)𝟑

𝟔(𝒂 + 𝒃 + 𝒄)

=
𝟗(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) − 𝟒𝒔𝟐

𝟔
= 

=
𝟓𝒔𝟐 − 𝟐𝟕𝒓𝟐 − 𝟓𝟒𝑹𝒓

𝟔
≥⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

 
𝟐𝟔𝒓(𝑹 − 𝟐𝒓)

𝟔
=
𝟏𝟑𝒓𝟐(𝑹 − 𝟐𝒓)

𝟑𝒓
 ≥⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟏𝟑𝒓𝟐(𝑹 − 𝟐𝒓)

𝑹 + 𝒓
≥
𝒓𝟐(𝑹 − 𝟐𝒓)

𝑹 + 𝒓
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒂𝟑

𝒃 + 𝒄
≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝟔
+
𝒓𝟐(𝑹 − 𝟐𝒓)

𝑹 + 𝒓
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟑

𝐛 + 𝐜
=∑

𝒂𝟒

𝒂𝐛 + 𝒂𝐜
≥⏞

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐

𝟐(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)
=
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

⇒∑
𝒂𝟑

𝐛 + 𝐜
−
(𝒂 + 𝐛 + 𝐜)𝟐

𝟔
≥
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
−
𝟐𝐬𝟐

𝟑
 

=
𝟔(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐 − 𝟐𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟑(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

=
𝟐(𝟐𝐬𝟒 − (𝟐𝟖𝐑𝐫 + 𝟕𝐫𝟐)𝐬𝟐 + 𝟑𝐫𝟐(𝟒𝐑 + 𝐫)𝟐)

𝟑(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
≥⏞

𝐓𝐫𝐮𝐜𝐡𝐭𝟐(𝟐𝐬𝟒 − (𝟐𝟖𝐑𝐫 + 𝟕𝐫𝟐)𝐬𝟐 + 𝟗𝐫𝟐𝐬𝟐)

𝟑(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

=
𝟐𝐬𝟐(𝟐𝐬𝟐 − 𝟐𝟖𝐑𝐫 + 𝟐𝐫𝟐)

𝟑(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
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≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟐𝐬𝟐(𝟒𝐑𝐫 − 𝟖𝐫𝟐)

𝟑(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
≥⏞
? 𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 + 𝐫
⇔⏞

∵ 𝐑−𝟐𝐫 ≥ 𝟎 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫

𝟖(𝐑 + 𝐫)𝐬𝟐>⏞
?

𝟑𝐫(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

⇔ (𝟖𝐑 + 𝟓𝐫)𝐬𝟐 >⏞
?

⏟
(𝐢)

𝟑𝐫(𝟒𝐑𝐫 + 𝐫𝟐) 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (𝐢) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟖𝐑 + 𝟓𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)>⏞
?

𝟑𝐫(𝟒𝐑𝐫 + 𝐫𝟐)

⇔ 𝟏𝟐𝟖𝐑𝟐 + 𝟏𝟒𝐑𝐫 + 𝟏𝟒𝐫(𝐑 − 𝟐𝐫)>⏞
?

𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝒂𝟑

𝐛 + 𝐜
−
(𝒂 + 𝐛 + 𝐜)𝟐

𝟔
≥
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 + 𝐫
⇒∑

𝒂𝟑

𝐛 + 𝐜

≥
(𝒂 + 𝐛 + 𝐜)𝟐

𝟔
+
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 + 𝐫
 (𝐐𝐄𝐃) 

2786. In ∆𝑨𝑩𝑪 the following relationship holds: 

  ∏(𝐜𝐨𝐭𝟐
𝑨

𝟐
+ 𝐜𝐨𝐭

𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
+ 𝐜𝐨𝐭𝟐

𝑩

𝟐
)

𝒄𝒚𝒄

≥ (
𝒔

𝒓
)
𝟒

     

 Proposed by Marian Ursărescu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶  ∀𝒙, 𝒚 > 𝟎, 𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐  ≥⏞
(∗)

 
𝟑

𝟒
(𝒙 + 𝒚)𝟐. 

𝑷𝒓𝒐𝒐𝒇 ∶ (∗) ↔ 𝟒(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) ≥ 𝟑(𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐) ↔ (𝒙 − 𝒚)𝟐 ≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 

→  (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  𝐜𝐨𝐭
𝑨

𝟐
=
𝒔

𝒓𝒂
,∏(𝒓𝒂 + 𝒓𝒃)

𝒄𝒚𝒄

= 𝟒𝑹𝒔𝟐 𝒂𝒏𝒅 𝒓𝒂𝒓𝒃𝒓𝒄 = 𝒔
𝟐𝒓. 

→ ∏(𝐜𝐨𝐭𝟐
𝑨

𝟐
+ 𝐜𝐨𝐭

𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
+ 𝐜𝐨𝐭𝟐

𝑩

𝟐
)

𝒄𝒚𝒄

 ≥⏞
(∗)

 ∏[ 
𝟑

𝟒
(𝐜𝐨𝐭

𝑨

𝟐
+ 𝐜𝐨𝐭

𝑩

𝟐
)
𝟐

]

𝒄𝒚𝒄

= 
𝟐𝟕

𝟔𝟒
(∏(

𝒔

𝒓𝒂
+
𝒔

𝒓𝒃
)

𝒄𝒚𝒄

)

𝟐

= 

=
𝟐𝟕

𝟔𝟒
(𝒔𝟑∏

𝒓𝒂 + 𝒓𝒃
𝒓𝒂𝒓𝒃

𝒄𝒚𝒄

)

𝟐

=
𝟐𝟕

𝟔𝟒
(𝒔𝟑.

𝟒𝑹𝒔𝟐

(𝒔𝟐𝒓)𝟐
)

𝟐

=
𝟐𝟕

𝟒
(
𝑹𝒔

𝒓𝟐
)
𝟐

 ≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄
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𝟐𝟕

𝟒
(
𝟐𝒔. 𝒔

𝟑√𝟑. 𝒓𝟐
)
𝟐

= (
𝒔

𝒓
)
𝟒

. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∏(𝐜𝐨𝐭𝟐
𝑨

𝟐
+ 𝐜𝐨𝐭

𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
+ 𝐜𝐨𝐭𝟐

𝑩

𝟐
)

𝒄𝒚𝒄

≥ (
𝒔

𝒓
)
𝟒

. 

2787. If 𝑴 ∈ 𝑹𝟑, 𝒙, 𝒚, 𝒛 > 𝟎 then in ∆𝑨𝑩𝑪 the following relationship holds: 

𝑴𝑨𝟐

𝒙
+
𝑴𝑩𝟐

𝒚
+
𝑴𝑪𝟐

𝒛
≥ 𝒙𝒚𝒛 (

𝒂 + 𝒃 + 𝒄

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
)
𝟐

   

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ (𝒚𝒛𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝒛𝒙𝑴𝑩⃗⃗⃗⃗⃗⃗  ⃗ + 𝒙𝒚𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  )
𝟐
≥ 𝟎 ↔  

∑𝒚𝟐𝒛𝟐𝑴𝑨𝟐 +∑𝒛𝒙. 𝒙𝒚. 𝟐𝑴𝑩⃗⃗⃗⃗⃗⃗  ⃗.𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  ≥ 𝟎  

↔ ∑𝒚𝟐𝒛𝟐𝑴𝑨𝟐 + 𝒙𝒚𝒛∑𝒙(𝑴𝑩𝟐 +𝑴𝑪𝟐 − 𝑩𝑪𝟐) ≥ 𝟎 

↔  ∑(𝒚𝟐𝒛𝟐 + 𝒙𝒚𝟐𝒛 + 𝒙𝒚𝒛𝟐)𝑴𝑨𝟐 ≥ 𝒙𝒚𝒛∑𝒙𝒂𝟐 

↔ (∑𝒙𝒚)(∑𝒚𝒛.𝑴𝑨𝟐) ≥ 𝒙𝒚𝒛∑𝒙𝒂𝟐  ↔  (∑𝒙𝒚) . 𝒙𝒚𝒛∑
𝑴𝑨𝟐

𝒙
≥ (𝒙𝒚𝒛)𝟐∑

𝒂𝟐

𝒚𝒛
 

↔ (∑𝒙𝒚)

𝟐

.∑
𝑴𝑨𝟐

𝒙
≥ 𝒙𝒚𝒛.(∑𝒚𝒛)(∑

𝒂𝟐

𝒚𝒛
) ≥
⏞

𝑪𝑩𝑺
 𝒙𝒚𝒛(∑𝒂)

𝟐

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,
𝑴𝑨𝟐

𝒙
+
𝑴𝑩𝟐

𝒚
+
𝑴𝑪𝟐

𝒛
≥ 𝒙𝒚𝒛(

𝒂 + 𝒃 + 𝒄

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
)
𝟐

. 

 

2788. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟑

𝒎𝒂
𝟐
+
𝒃𝟑

𝒎𝒃
𝟐
+
𝒄𝟑

𝒎𝒄
𝟐
≥
𝟖𝒔

𝟑
 

Proposed by Marin Chirciu-Romania 
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Solution 1 by George Florin Șerban-Romania 

∑
𝒂𝟑

𝒎𝒂
𝟐

𝒄𝒚𝒄

=∑
𝒂𝟒

𝒂𝒎𝒂
𝟐

𝒄𝒚𝒄

≥
𝑯𝒐𝒍𝒅𝒆𝒓 (𝒂 + 𝒃 + 𝒄)𝟒

𝟑𝟐∑𝒂𝒎𝒂
𝟐
=

𝟑𝟐𝒔𝟑

𝟗(𝒔𝟐 + 𝟓𝒓𝟐 + 𝟐𝑹𝒓)
≥
(𝟏) 𝟖𝒔

𝟑
 

(𝟏) ⇔
𝟒𝒔𝟐

𝟑(𝒔𝟐 + 𝟓𝒓𝟐 + 𝟐𝑹𝒓)
≥ 𝟏 ⇔ 𝟒𝒔𝟐 ≥ 𝟑𝒔𝟐 + 𝟏𝟓𝒓𝟐 + 𝟔𝑹𝒓 

⇔ 𝒔𝟐 ≥ 𝟏𝟓𝒓𝟐 + 𝟔𝑹𝒓; (𝟐) 

But 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏); (𝟑) 

From (2), (3) remains to prove that 

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥ 𝟏𝟓𝒓𝟐 + 𝟔𝑹𝒓 ⇔ 𝟏𝟎𝑹𝒓 ≥ 𝟐𝟎𝒓𝟐 ⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

 Solution 2 by Marian Ursărescu-Romania 

Lemma. In any triangle 𝑨𝑩𝑪, we have: 

𝒎𝒂 ≤
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐√𝟑𝒂
; (∗) 

Proof. Because 𝟒𝒎𝒂
𝟐 + 𝟑𝒂𝟐 ≥ 𝟒√𝟑𝒂 ⋅ 𝒎𝒂 then 𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐 + 𝟑𝒂𝟐 ≥ 𝟒√𝟑𝒂 ⋅ 𝒎𝒂⇔ 

(∗) is true. Now, we have: 

𝟏

𝒎𝒂
𝟐
≥

𝟏𝟐𝒂𝟐

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
⇒
𝒂𝟑

𝒎𝒂
𝟐
≥

𝟏𝟐𝒂𝟓

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
 

We must show that: 

𝟏𝟐

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓) ≥

𝟒(𝒂 + 𝒃 + 𝒄)

𝟑
⇔ 

𝟗(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓) ≥ (𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐; (𝟏) 

WLOG, let 𝒂 < 𝒃 < 𝒄 then 𝒂𝟐 ≤ 𝒃𝟐 ≤ 𝒄𝟐 and hence, 𝒂𝟑 ≤ 𝒃𝟑 ≤ 𝒄𝟑. 

From Chebyshev’s Inequality, we have: 

(𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≤ 𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≤ 𝟑(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓)
} ⇒ 

(𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≤ 𝟗(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓) ⇒ (𝟏) its true. 
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2789. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)
𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤ 𝟐 + (

𝒓

𝑹
)
𝟐

 

Proposed by Marin Chirciu-Romania 

Solution 1 by Avishek Mitra-West Bengal-India 

(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)
𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
=
(𝟐𝑭∑

𝟏
𝒂)

𝟐

∑𝒂
=
𝟒𝑭𝟐 ⋅

(∑𝒂𝒃)𝟐

(𝒂𝒃𝒄)𝟐

∑𝒂𝟐
=
𝟒𝑭𝟐 ⋅

(∑𝒂𝒃)𝟐

𝟏𝟔𝑹𝟐𝑭𝟐

∑𝒂𝟐
≤ 

≤
𝟏

𝟒𝑹𝟐
⋅
(∑𝒂𝟐)𝟐

∑𝒂𝟐
=

𝟏

𝟒𝑹𝟐
∑𝒂𝟐 =

𝟐(𝒔𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐)

𝟒𝑹𝟐
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐)

𝟒𝑹𝟐
=
𝟒𝑹𝟐 + 𝟐𝒓𝟐

𝟐𝑹𝟐
= 𝟐 + (

𝒓

𝑹
)
𝟐

 

 Solution 2 by Aggeliki Papaspyropoulou-Greece 

𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 = 𝟐𝑭(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) 

(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)
𝟐 =

𝟒𝑭𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐

𝒂𝟐𝒃𝟐𝒄𝟐
=
𝟒𝒂𝟐𝒃𝟐𝒄𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐

𝟏𝟔𝒂𝟐𝒃𝟐𝒄𝟐 ⋅ 𝑹𝟐
= 

=
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐

𝟒𝑹𝟐
 

So, it is enough to prove: 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐

𝟒𝑹𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
≤ 𝟐 +

𝒓𝟐

𝑹𝟐
⇔ 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≤ 𝟖𝑹𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟒𝒓𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⇔ 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≤ (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝟖𝑹𝟐 + 𝟒𝒓𝟐) ⇔ 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝟖𝑹𝟐 + 𝟒𝒓𝟐); (𝟏) 

∵ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐,by (𝟏) it is enough to prove: 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤ 𝟖𝑹𝟐 + 𝟒𝒓𝟐 ⇔ 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 ≤ 𝟖𝑹𝟐 + 𝟒𝒓𝟐 ⇔ 

𝒔𝟐 ≤ 𝟖𝑹𝟐 − 𝟒𝑹𝒓 + 𝟑𝒓𝟐; (𝟐) 

But: 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐; (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏); (𝟑) 

From (2)&(3) we must show: 
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𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 ≤ 𝟖𝑹𝟐 − 𝟒𝑹𝒓 + 𝟑𝒓𝟐 ⇔ 𝟒𝑹(𝑹 − 𝟐𝒓) ≥ 𝟎, which is true from  

𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

2790. If in ∆𝑨𝑩𝑪, 𝒙, 𝒚, 𝒛 > 𝟎 then holds: 

𝒎𝒂𝒙{∑𝒚𝒛𝐜𝐨𝐬
𝑨

𝟐
𝒄𝒚𝒄

,∑𝒚𝒛𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

} ≤
𝟏

𝟐
(𝒙 + 𝒚 + 𝒛)√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙   

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑𝒚𝒛𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

= 

=∑√𝒚𝒛.√𝒚𝒛 𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

√(∑𝒚𝒛

𝒄𝒚𝒄

)(∑𝒚𝒛𝐬𝐢𝐧𝟐 𝑨

𝒄𝒚𝒄

)≤⏞
? 𝟏

𝟐
(∑𝒙

𝒄𝒚𝒄

)√∑𝒚𝒛

𝒄𝒚𝒄

↔∑𝒚𝒛𝒂𝟐

𝒄𝒚𝒄

≤⏞
(∗)

𝑹𝟐 (∑𝒙

𝒄𝒚𝒄

)

𝟐

 

𝑳𝒆𝒕 𝑶 𝒃𝒆 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 ∆𝑨𝑩𝑪,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  (𝒙𝑶𝑨⃗⃗⃗⃗⃗⃗ + 𝒚𝑶𝑩⃗⃗⃗⃗⃗⃗ + 𝒛𝑶𝑪⃗⃗⃗⃗⃗⃗ )
𝟐
≥ 𝟎

↔∑𝒙𝟐𝑶𝑨𝟐

𝒄𝒚𝒄

+∑𝒚𝒛. 𝟐𝑶𝑩⃗⃗⃗⃗⃗⃗ . 𝑶𝑪⃗⃗⃗⃗⃗⃗ 

𝒄𝒚𝒄

≥ 𝟎 

↔ 𝑹𝟐∑𝒙𝟐

𝒄𝒚𝒄

+∑𝒚𝒛(𝑶𝑩𝟐 + 𝑶𝑪𝟐 − 𝑩𝑪𝟐)

𝒄𝒚𝒄

≥ 𝟎 ↔ 𝑹𝟐∑𝒙𝟐

𝒄𝒚𝒄

+ 𝟐𝑹𝟐∑𝒚𝒛

𝒄𝒚𝒄

≥∑𝒚𝒛𝒂𝟐

𝒄𝒚𝒄

↔ 𝑹𝟐 (∑𝒙

𝒄𝒚𝒄

)

𝟐

≥∑𝒚𝒛𝒂𝟐

𝒄𝒚𝒄

 

→ (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆 →  ∑𝒚𝒛 𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

≤
𝟏

𝟐
(𝒙 + 𝒚 + 𝒛)√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 (𝟏) 

𝑼𝒔𝒊𝒏𝒈 (𝟏) 𝒇𝒐𝒓 𝑨 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 𝒂𝒏𝒈𝒍𝒆𝒔 
𝝅 − 𝑨

𝟐
,
𝝅 − 𝑩

𝟐
 𝒂𝒏𝒅 

𝝅 − 𝑪

𝟐
 

→∑𝒚𝒛𝐜𝐨𝐬
𝑨

𝟐
𝒄𝒚𝒄

≤
𝟏

𝟐
(∑𝒙

𝒄𝒚𝒄

)√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 (𝟐) 

(𝟏), (𝟐)  →  𝒎𝒂𝒙{∑𝒚𝒛𝐜𝐨𝐬
𝑨

𝟐
𝒄𝒚𝒄

,∑𝒚𝒛 𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

} ≤
𝟏

𝟐
(𝒙 + 𝒚 + 𝒛)√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙. 
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2791. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝒂𝟐

𝒃 + 𝒄
≤
𝟏

𝟐
∑𝒂+

𝑹𝟐 − 𝟒𝒓𝟐

𝒓
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒂𝟐

𝒃 + 𝒄
=∑

(𝟐𝒔 − (𝒃 + 𝒄))
𝟐

𝒃 + 𝒄
= 𝟒𝒔𝟐∑

𝟏

𝒃+ 𝒄
− 𝟑. 𝟒𝒔 +∑(𝒃 + 𝒄)

= 𝟒𝒔𝟐.
𝟓𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
− 𝟖𝒔 = 

= 𝟐𝒔(𝟓 −
𝟒𝒓𝟐 + 𝟔𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
) − 𝟖𝒔

= 𝟐𝒔(𝟏 −
𝟒𝒓𝟐 + 𝟔𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
) ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 𝟐𝒔 (𝟏 −
𝟒𝒓𝟐 + 𝟔𝑹𝒓

𝟒𝑹𝟐 + 𝟒𝒓𝟐 + 𝟔𝑹𝒓
) 

→∑
𝒂𝟐

𝒃 + 𝒄
−
𝟏

𝟐
∑𝒂 ≤ 𝒔(𝟏 −

𝟒𝒓𝟐 + 𝟔𝑹𝒓

𝟐𝑹𝟐 + 𝟐𝒓𝟐 + 𝟑𝑹𝒓
)

= 𝒔.
𝟐𝑹𝟐 − 𝟐𝒓𝟐 − 𝟑𝑹𝒓

𝟐𝑹𝟐 + 𝟐𝒓𝟐 + 𝟑𝑹𝒓
 ≤⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟑√𝟑

𝟐
𝑹.
(𝑹 − 𝟐𝒓)(𝟐𝑹+ 𝒓)

𝟐(𝑹𝟐 + 𝒓𝟐) + 𝟑𝑹𝒓
≤ 

≤⏞

√𝟑 ≤ 𝟐
𝑨𝑴−𝑮𝑴

 𝟑𝑹.
(𝑹 − 𝟐𝒓)(𝟐𝑹 + 𝒓)

𝟐. 𝟐𝑹𝒓 + 𝟑𝑹𝒓
=
𝟑(𝑹 − 𝟐𝒓)(𝟐𝑹 + 𝒓)

𝟕𝒓
 ≤⏞
?

 
𝑹𝟐 − 𝟒𝒓𝟐

𝒓
 

↔   
(𝑹 − 𝟐𝒓)(𝑹 + 𝟏𝟏𝒓)

𝟕𝒓
≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒂𝟐

𝒃 + 𝒄
≤
𝟏

𝟐
∑𝒂+

𝑹𝟐 − 𝟒𝒓𝟐

𝒓
. 

 

2792. In acute 𝜟𝑨𝑩𝑪,𝑷 −point in plane of ∆𝑨𝑩𝑪, the following relationship 

holds: 

𝑨𝑷. 𝐜𝐨𝐬
𝑨

𝟐
+ 𝑩𝑷. 𝐜𝐨𝐬

𝑩

𝟐
+ 𝑪𝑷. 𝐜𝐨𝐬

𝑪

𝟐
≥ 𝟐𝑹 + 𝒓   

   Proposed by Bogdan Fuȿtei-Romania 
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Solution 1 by Maohamed Amine Ben Ajiba-Tanger-Morocco 

(𝐜𝐨𝐬
𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
)
𝟐

=
𝟏 + 𝐜𝐨𝐬𝑨

𝟐
+
𝟏 + 𝐜𝐨𝐬𝑩

𝟐
+ 𝟐𝐜𝐨𝐬

𝑨

𝟐
. 𝐜𝐨𝐬

𝑩

𝟐
≥ 𝟏 +

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩

𝟐

= 𝟏 + 𝐬𝐢𝐧
𝑪

𝟐
. 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) ≥ 𝟏 ≥ 𝐜𝐨𝐬𝟐

𝑪

𝟐
 

(∴  
𝑨 − 𝑩

𝟐
∈ (−

𝝅

𝟐
,
𝝅

𝟐
) → 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) ≥ 𝟎)   →   𝐜𝐨𝐬

𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
≥ 𝐜𝐨𝐬

𝑪

𝟐
  (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

→ 𝒂𝟏 = 𝐜𝐨𝐬
𝑨

𝟐
, 𝒃𝟏 = 𝐜𝐨𝐬

𝑩

𝟐
, 𝒄𝟏

= 𝐜𝐨𝐬
𝑪

𝟐
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 

𝟏𝟔𝑭𝟏
𝟐 = 𝟐∑𝐜𝐨𝐬𝟐

𝑨

𝟐
𝐜𝐨𝐬𝟐

𝑩

𝟐
−∑𝐜𝐨𝐬𝟒

𝑨

𝟐

=
𝟏

𝟐
∑(𝟏 + 𝐜𝐨𝐬𝑨)(𝟏 + 𝐜𝐨𝐬𝑩) −

𝟏

𝟒
∑(𝟏 + 𝐜𝐨𝐬𝑨)𝟐 = 

=
𝟑

𝟒
+
𝟏

𝟐
∑𝐜𝐨𝐬𝑨 +

𝟏

𝟐
∑𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩 −

𝟏

𝟒
∑𝐜𝐨𝐬𝟐 𝑨

=
𝟑

𝟒
+
𝟏

𝟐
(𝟏 +

𝒓

𝑹
) +

𝟏

𝟐
(
𝒔𝟐 + 𝒓𝟐

𝟒𝑹𝟐
− 𝟏) −

𝟏

𝟒
(𝟑 −

𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
) 

→  𝟏𝟔𝑭𝟏
𝟐 =

𝒔𝟐

𝟒𝑹𝟐
 →  𝑭𝟏 =

𝒔

𝟖𝑹
  (𝟏) 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 ∆𝟏, 𝒂𝒏𝒅 𝒂𝒏𝒚 𝒑𝒐𝒊𝒏𝒕 𝑷 𝒊𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒐𝒇 𝜟𝑨𝑩𝑪, 

 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑𝒂𝟏. 𝑨𝑷 ≥ √
𝟏

𝟐
∑𝒂𝟏𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟖𝑭𝑭𝟏  (𝑩𝒐𝒕𝒕𝒆𝒎𝒂)  (𝟐) 

∑𝒂𝟏
𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) =∑𝐜𝐨𝐬𝟐

𝑨

𝟐
(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 𝟐𝒔∑(𝒔 − 𝒂) 𝐜𝐨𝐬 𝑨

= 𝟐𝒔𝟐∑𝐜𝐨𝐬𝑨 − 𝟐𝒔∑𝒂𝐜𝐨𝐬𝑨 = 

= 𝟐𝒔𝟐 (𝟏 +
𝒓

𝑹
) − 𝟐𝒔.

𝟐𝒔𝒓

𝑹
= 𝟐𝒔𝟐 (𝟏 −

𝒓

𝑹
)  →  ∑𝒂𝟏

𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 𝟐𝒔𝟐 (𝟏 −
𝒓

𝑹
)  (𝟑) 

(𝟏), (𝟐), (𝟑)  →  ∑𝐜𝐨𝐬
𝑨

𝟐
. 𝑨𝑷 ≥ √

𝟏

𝟐
. 𝟐𝒔𝟐 (𝟏 −

𝒓

𝑹
) + 𝟖𝒔𝒓.

𝒔

𝟖𝑹
= 𝒔 



 
www.ssmrmh.ro 

112 RMM-TRIANGLE MARATHON 2701-2800 

 

𝑨𝑩𝑪 𝒊𝒔 𝒂𝒏 𝒂𝒄𝒖𝒕𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 →   ∏𝐜𝐨𝐬𝑨 ≥ 𝟎 ↔   
𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐
≥ 𝟎  →   𝒔

≥ 𝟐𝑹 + 𝒓. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑨𝑷. 𝐜𝐨𝐬
𝑨

𝟐
+ 𝑩𝑷. 𝐜𝐨𝐬

𝑩

𝟐
+ 𝑪𝑷. 𝐜𝐨𝐬

𝑪

𝟐
≥ 𝒔 ≥ 𝟐𝑹 + 𝒓. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐜𝐨𝐬𝟐
𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
− 𝐜𝐨𝐬𝟐

𝐂

𝟐
=
𝐬(𝐬 − 𝒂)

𝐛𝐜
+
𝐬(𝐬 − 𝐛)

𝐜𝒂
−
𝐬(𝐬 − 𝐜)

𝒂𝐛

=
𝐬

𝒂𝐛𝐜
(𝒂(𝐬 − 𝒂) + 𝐛(𝐬 − 𝐛) − 𝐜(𝐬 − 𝐜)) =

𝐬

𝒂𝐛𝐜
(𝒙(𝐲 + 𝐳) + 𝐲(𝐳 + 𝒙) − 𝐳(𝒙 + 𝐲))

=
𝐬

𝒂𝐛𝐜
(𝟐𝒙𝐲) > 𝟎 

(𝐭𝒂𝐤𝐢𝐧𝐠 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜,𝐰𝐡𝐢𝐜𝐡 𝐬𝐮𝐛𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝐥𝐲 𝐢𝐦𝐩𝐥𝐢𝐞𝐬 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜

= 𝒙 + 𝐲 𝒂𝐧𝐝 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐢𝐧𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲 ⇒ 𝒙, 𝐲, 𝐳 > 𝟎) ∴ 𝐜𝐨𝐬𝟐
𝐂

𝟐
< 𝐜𝐨𝐬𝟐

𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
 

< (𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
)
𝟐

⇒ 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
− 𝐜𝐨𝐬

𝐂

𝟐
> 𝟎 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

⇒ 𝐜𝐨𝐬
𝐀

𝟐
, 𝐜𝐨𝐬

𝐁

𝟐
, 𝐜𝐨𝐬

𝐂

𝟐
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 → (𝟏) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅𝟏

=
𝟏

𝟒√
𝟐∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟒
𝐀

𝟐
𝐜𝐲𝐜

 

=
𝟏

𝟒
√𝟒∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

− (∑𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟒
√𝟒𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐨𝐬𝟐

𝐂

𝟐
∑𝐬𝐞𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

−
𝟏

𝟒
(∑(𝟏 + 𝐜𝐨𝐬𝐀)

𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟒
√(

𝐬𝟐

𝟒𝐑𝟐
)
(𝟒𝐑 + 𝐫)𝟐 + 𝐬𝟐

𝐬𝟐
−
(𝟒𝐑 + 𝐫)𝟐

𝟒𝐑𝟐
=
𝐬

𝟖𝐑
⇒ 𝟖𝐅𝟏 =⏞

(𝐢) 𝐬

𝐑
 

𝐕𝐢𝒂 𝐁𝐨𝐭𝐭𝐞𝐦𝒂, 𝐟𝐨𝐫 𝒂𝐧𝐲 𝒂𝐫𝐛𝐢𝐭𝐫𝒂𝐫𝐲 𝐩𝐨𝐢𝐧𝐭 𝐏 𝐢𝐧 𝐭𝐡𝐞 𝐩𝐥𝒂𝐧𝐞 𝐨𝐟 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 𝐟𝐨𝐫 𝒂𝐧𝐲 𝒂𝐫𝐛𝐢𝐭𝐫𝒂𝐫𝐲 ∆ 𝐀′𝐁′𝐂′, 
(𝐀𝐏. 𝒂′ + 𝐁𝐏.𝐛′ + 𝐂𝐏. 𝐜′)𝟐

≥
𝟏

𝟐
(𝒂𝟐(𝐛′

𝟐
+ 𝐜′

𝟐
− 𝒂′

𝟐
) + 𝐛𝟐(𝐜′

𝟐
+ 𝒂′

𝟐
− 𝐛′

𝟐
) + 𝐜𝟐(𝒂′

𝟐
+ 𝐛′

𝟐
− 𝐜′

𝟐
))

+ 𝟖[𝐀𝐁𝐂][𝐀′𝐁′𝐂′] ∴ 𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒂′ = 𝐜𝐨𝐬
𝐀

𝟐
, 𝐛′ = 𝐜𝐨𝐬

𝐁

𝟐
, 𝐜′ = 𝐜𝐨𝐬

𝐂

𝟐
, 
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(𝐀𝐏. 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐁𝐏. 𝐜𝐨𝐬

𝐁

𝟐
+ 𝐂𝐏. 𝐜𝐨𝐬

𝐂

𝟐
)
𝟐

≥
𝟏

𝟐
∑𝒂𝟐 (𝐜𝐨𝐬𝟐

𝐁

𝟐
+ 𝐜𝐨𝐬𝟐

𝐂

𝟐
− 𝐜𝐨𝐬𝟐

𝐀

𝟐
)

𝐜𝐲𝐜

+ 𝟖𝐫𝐬𝐅𝟏 =⏞
𝐯𝐢𝒂 (𝐢)𝟏

𝟐
∑𝒂𝟐 (

𝐬(𝐬 − 𝐛)

𝐜𝒂
+
𝐬(𝐬 − 𝐜)

𝒂𝐛
−
𝐬(𝐬 − 𝒂)

𝐛𝐜
)

𝐜𝐲𝐜

+ 𝐫𝐬 (
𝐬

𝐑
) 

=
𝐬

𝟖𝐑𝐫𝐬
(𝟐𝐬∑𝒂𝟐(𝐬 − 𝒂)

𝐜𝐲𝐜

−∑𝒂𝟐(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)

𝐜𝐲𝐜

) +
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) − 𝟐∑𝒂𝟐𝐛𝐜𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑
 

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬∑𝐬𝐢𝐧𝟐𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬(𝟐𝐬𝐢𝐧𝐂𝐜𝐨𝐬(𝐀 − 𝐁) − 𝟐𝐬𝐢𝐧𝐂𝐜𝐨𝐬(𝐀 + 𝐁))) +

𝐫𝐬𝟐

𝐑
 

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬. 𝟒∏𝐬𝐢𝐧𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬. 𝟒 (

𝟒𝐑𝐫𝐬

𝟖𝐑𝟑
)) +

𝐫𝐬𝟐

𝐑

=
𝟖𝐑𝐫𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐 − 𝟏𝟔𝐫𝟐𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐

𝟖𝐑𝐫
= 𝐬𝟐 = 𝐬𝟐 − (𝟐𝐑 + 𝐫)𝟐 + (𝟐𝐑 + 𝐫)𝟐 

= 𝟒𝐑𝟐∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

+ (𝟐𝐑 + 𝐫)𝟐 > (𝟐𝐑 + 𝐫)𝟐  (∵ ∆ 𝐀𝐁𝐂 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞 ⇒∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

> 𝟎)

⇒ 𝐀𝐏. 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐁𝐏. 𝐜𝐨𝐬

𝐁

𝟐
+ 𝐂𝐏. 𝐜𝐨𝐬

𝐂

𝟐
≥ 𝟐𝐑 + 𝐫 (𝐐𝐄𝐃) 

2793. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

√𝟔

𝟐𝑹
≤

𝟏

√𝒂(𝒂 + 𝒃)
+

𝟏

√𝒃(𝒃 + 𝒄)
+

𝟏

√𝒄(𝒄 + 𝒂)
≤
√𝟔

𝟒𝒓
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

𝟏

√𝒂(𝒂 + 𝒃)
+

𝟏

√𝒃(𝒃 + 𝒄)
+

𝟏

√𝒄(𝒄 + 𝒂)
≥ 𝟑√

𝟏

√𝒂𝒃𝒄(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝟑
 

We must to show: 
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𝟑√
𝟏

𝒂𝒃𝒄(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝟔

≥
√𝟔

𝟐𝑹
⇔

𝟑𝟔

𝒂𝒃𝒄(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≥
𝟑𝟑 ⋅ 𝟐𝟑

𝟐𝟔𝑹𝟔
⇔ 

𝒂𝒃𝒄(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≤ 𝟑𝟑 ⋅ 𝟐𝟑 ⋅ 𝑹𝟔; (𝟏) 

But 𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔 and (𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) = 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓); (𝟐) 

From (1),(2) we must to show: 𝒔𝟐𝒓(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) ≤ 𝟐𝟕𝑹𝟓; (𝟑) 

From 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) and 𝒔𝟐 ≤
𝟐𝟕𝑹𝟐

𝟒
 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄); (𝟒) 

From (3),(4) we must show: 𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓 ≤ 𝟖𝑹𝟐; (𝟓) 

From 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏); (𝟔) 

From (5),(6) we must show: 

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓 ≤ 𝟒𝑹𝟐 + 𝟔𝑹𝒓 + 𝟒𝒓𝟐 ≤ 𝟖𝑹𝟐 ⇔ 

𝟔𝑹𝒓 + 𝟒𝒓𝟐 ≤ 𝟒𝑹𝟐 ⇔ 𝟑𝑹𝒓 + 𝟐𝒓𝟐 ≤ 𝟐𝑹𝟐; (𝟕) 

𝟑𝑹𝒓 + 𝟐𝒓𝟐 ≤
𝟐𝑹𝟐

𝟐
+
𝒓𝟐

𝟐
=
𝟒𝑹𝟐

𝟐
= 𝟐𝑹𝟐 ⇒ (𝟕) 𝐢𝐭′𝐬 𝐭𝐫𝐮𝐞. 

𝟏

√𝒂(𝒂 + 𝒃)
+

𝟏

√𝒃(𝒃 + 𝒄)
+

𝟏

√𝒄(𝒄 + 𝒂)
≤
√𝟔

𝟒𝒓
⇔ 

𝟏

√𝟐𝒂(𝒂 + 𝒃)
+

𝟏

√𝟐𝒃(𝒃 + 𝒄)
+

𝟏

√𝟐𝒄(𝒄 + 𝒂)
≤
√𝟑

𝟒𝒓
; (𝟖) 

√𝟐𝒂(𝒂 + 𝒃) ≥
𝟐

𝟏
𝟐𝒂 +

𝟏
𝒂 + 𝒃

=
𝟒𝒂(𝒂 + 𝒃)

𝟑𝒂 + 𝒃
⇒

𝟏

√𝟐𝒂(𝒂 + 𝒃)
≤

𝟑𝒂 + 𝒃

𝟒𝒂(𝒂 + 𝒃)
; (𝟗) 

From (8),(9) we must show: 

𝟑𝒂 + 𝒃

𝒂(𝒂 + 𝒃)
+
𝟑𝒃 + 𝒄

𝒃(𝒃 + 𝒄)
+
𝟑𝒄 + 𝒂

𝒄(𝒄 + 𝒂)
≤
√𝟑

𝒓
⇔ 

𝒂 + 𝒃 + 𝟐𝒂

𝒂(𝒂 + 𝒃)
+
𝒃 + 𝒄 + 𝟐𝒃

𝒃(𝒃 + 𝒄)
+
𝒄 + 𝒂 + 𝟐𝒄

𝒄(𝒄 + 𝒂)
≤
√𝟑

𝒓
⇔ 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+ 𝟐(

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
) ≤

√𝟑

𝒓
; (𝟏𝟎) 

But 
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≤
√𝟑

𝟐𝒓
 (𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓 𝟏𝟗𝟔𝟎); (𝟏𝟏) 

From (10),(11) we must show: 
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𝟐 (
𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
) ≤

√𝟑

𝟐𝒓
⇔

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
≤
√𝟑

𝟐𝒓
; (𝟏𝟐) 

But: 
𝟏

𝒂+𝒃
≤
𝟏

𝟒
(
𝟏

𝒂
+
𝟏

𝒃
) ; (𝟏𝟑) ⇔ 𝟒𝒂𝒃 ≤ (𝒂 + 𝒃)𝟐 ⇔ (𝒂 − 𝒃)𝟐 ≥ 𝟎 

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
≤
𝟏

𝟐
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) ≤

𝟏

𝟐
⋅
√𝟑

𝒓
=
√𝟑

𝟐𝒓
⇒ (𝟏𝟐) 𝐢𝐭𝐬 𝐭𝐫𝐮𝐞. 

2794. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝒂𝟑

𝒃 + 𝒄
≤
𝟏

𝟐
∑𝒂𝟐 +

𝑹𝟑 − 𝟖𝒓𝟑

𝒓
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒂𝟑

𝒃 + 𝒄
=∑

(𝟐𝒔 − (𝒃 + 𝒄))
𝟑

𝒃 + 𝒄

= 𝟖𝒔𝟑∑
𝟏

𝒃+ 𝒄
− 𝟑. 𝟑(𝟐𝒔)𝟐 + 𝟑. 𝟐𝒔∑(𝒃 + 𝒄) −∑(𝒃 + 𝒄)𝟐 = 

= 𝟖𝒔𝟑.
𝟓𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
− 𝟑𝟔𝒔𝟐 + 𝟐𝟒𝒔𝟐 − 𝟐(𝟑𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

=
𝟒𝒔𝟐. (𝟓𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
− 𝟏𝟖𝒔𝟐 + 𝟐𝒓𝟐 + 𝟖𝑹𝒓 ≤ 

≤⏞
?

 
𝟏

𝟐
∑𝒂𝟐 +

𝑹𝟑 − 𝟖𝒓𝟑

𝒓
= 𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓 +

𝑹𝟑 − 𝟖𝒓𝟑

𝒓
 ↔  

−𝑹𝟑 + 𝟏𝟐𝑹𝒓𝟐 + 𝟏𝟏𝒓𝟑

𝒓

≤
𝒔𝟐. (−𝒔𝟐 + 𝟏𝟓𝒓𝟐 + 𝟐𝟐𝑹𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
 

↔ 𝟐𝒓(𝟐𝑹 + 𝒓)(−𝑹𝟑 + 𝟏𝟐𝑹𝒓𝟐 + 𝟏𝟏𝒓𝟑) ≤ 𝟐𝒔𝟐(𝑹𝟑 + 𝟏𝟎𝑹𝒓𝟐 + 𝟒𝒓𝟑 − 𝒓𝒔𝟐)  (∗) 

𝑹𝑯𝑺(∗)  ≥⏞

𝟐𝒔𝟐 ≥ 𝟐𝟕𝑹𝒓
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 𝟐𝟕𝑹𝒓(𝑹𝟑 − 𝟒𝑹𝟐𝒓 + 𝟔𝑹𝒓𝟐 + 𝒓𝟑) ≥⏞
?

 𝑳𝑯𝑺(∗)

= 𝒓(−𝟒𝑹𝟒 − 𝟐𝑹𝟑𝒓 + 𝟒𝟖𝑹𝟐𝒓𝟐 + 𝟔𝟖𝑹𝒓𝟑 + 𝟐𝟐𝒓𝟒) 

↔  𝟑𝟏𝑹𝟒 − 𝟏𝟎𝟔𝑹𝟑𝒓 + 𝟏𝟏𝟒𝑹𝟐𝒓𝟐 − 𝟒𝟏𝑹𝒓𝟑 − 𝟐𝟐𝒓𝟒 ≥ 𝟎 

↔ (𝑹 − 𝟐𝒓)(𝟗𝑹𝟑 + 𝟐𝟐𝑹𝟐(𝑹 − 𝟐𝒓) + 𝟐𝟔𝑹𝒓𝟐 + 𝟏𝟏𝒓𝟑) ≥ 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒂𝟑

𝒃 + 𝒄
≤
𝟏

𝟐
∑𝒂𝟐 +

𝑹𝟑 − 𝟖𝒓𝟑

𝒓
. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟑

𝐛 + 𝐜
=∑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 − (𝐛𝟑 + 𝐜𝟑)

𝐛 + 𝐜
= (∑𝒂𝟑)∑

𝟏

𝐛 + 𝐜
−∑

(𝐛 + 𝐜)(𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐)

𝐛 + 𝐜

=
𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
∑(𝐜 + 𝒂)(𝒂 + 𝐛) − 𝟐∑𝒂𝟐 +∑𝒂𝐛 

⇒∑
𝒂𝟑

𝐛 + 𝐜
−
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝟐

=
𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
((∑𝒂𝟐 + 𝟐∑𝒂𝐛) +∑𝒂𝐛) −

𝟓

𝟐
∑𝒂𝟐 +∑𝒂𝐛

=
(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
− 𝟓(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 

=
(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − (𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝟒𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟔𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐

=
𝐬𝟒 − (𝟏𝟎𝐑𝐫 + 𝟏𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟐𝟒𝐑𝟐 + 𝟏𝟖𝐑𝐫 + 𝟑𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐

⇒∑
𝒂𝟑

𝐛 + 𝐜
−
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝟐
−
𝐑𝟑 − 𝟖𝐫𝟑

𝐫
 

=
𝐫(𝐬𝟒 − (𝟏𝟎𝐑𝐫 + 𝟏𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟐𝟒𝐑𝟐 + 𝟏𝟖𝐑𝐫 + 𝟑𝐫𝟐)) − (𝐑𝟑 − 𝟖𝐫𝟑)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝐫(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤ 𝟎 

⇔ 𝐫𝐬𝟒 − (𝐑𝟑 − 𝟖𝐫𝟑 + 𝐫(𝟏𝟎𝐑𝐫 + 𝟏𝟐𝐫𝟐)) 𝐬𝟐 − (𝐑𝟑 − 𝟖𝐫𝟑)(𝟐𝐑𝐫 + 𝐫𝟐)

+ 𝐫𝟑(𝟐𝟒𝐑𝟐 + 𝟏𝟖𝐑𝐫 + 𝟑𝐫𝟐) ≤⏞
(∗)

𝟎 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗) ≤⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − (𝐑𝟑 − 𝟖𝐫𝟑 + 𝐫(𝟏𝟎𝐑𝐫 + 𝟏𝟐𝐫𝟐))) 𝐬𝟐

− (𝐑𝟑 − 𝟖𝐫𝟑)(𝟐𝐑𝐫 + 𝐫𝟐) + 𝐫𝟑(𝟐𝟒𝐑𝟐 + 𝟏𝟖𝐑𝐫 + 𝟑𝐫𝟐)≤⏞
?

𝟎 

⇔ (𝐑𝟑 − 𝟒𝐑𝟐𝐫 + 𝟔𝐑𝐫𝟐 + 𝐫𝟑)𝐬𝟐 + (𝐑𝟑 − 𝟖𝐫𝟑)(𝟐𝐑𝐫 + 𝐫𝟐) ≥⏞
?

⏟
(∗∗)

𝐫𝟑(𝟐𝟒𝐑𝟐 + 𝟏𝟖𝐑𝐫 + 𝟑𝐫𝟐) 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗)

= ((𝐑 − 𝟐𝐫){(𝐑 − 𝐫)𝟐 + 𝐫𝟐} + 𝟓𝐫𝟑) 𝐬𝟐

+ (𝐑𝟑 − 𝟖𝐫𝟑)(𝟐𝐑𝐫 + 𝐫𝟐) ≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝐑 − 𝟐𝐫){(𝐑 − 𝐫)𝟐 + 𝐫𝟐} + 𝟓𝐫𝟑) (𝟏𝟔𝐑𝐫

− 𝟓𝐫𝟐) + (𝐑𝟑 − 𝟖𝐫𝟑)(𝟐𝐑𝐫 + 𝐫𝟐) 
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(∵ (𝐑 − 𝟐𝐫){(𝐑 − 𝐫)𝟐 + 𝐫𝟐} + 𝟓𝐫𝟑 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟓𝐫𝟑 > 𝟎)≥⏞
?

𝐫𝟑(𝟐𝟒𝐑𝟐 + 𝟏𝟖𝐑𝐫 + 𝟑𝐫𝟐)

⇔ 𝟗𝐭𝟒 − 𝟑𝟒𝐭𝟑 + 𝟒𝟔𝐭𝟐 − 𝟐𝟒𝐭 − 𝟖≥⏞
?

𝟎 (𝐭 =
𝐑

𝐫
)

⇔ (𝐭 − 𝟐){𝟖𝐭𝟐(𝐭 − 𝟐) + 𝐭𝟑 + 𝟏𝟒𝐭 + 𝟒}≥⏞
?

𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
𝒂𝟑

𝐛 + 𝐜
≤
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝟐
+
𝐑𝟑 − 𝟖𝐫𝟑

𝐫
 (𝐐𝐄𝐃) 

2795. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂
𝒏 +𝒎𝒃

𝒏 +𝒎𝒄
𝒏 ≥ 𝟑

𝒏
𝟒
+𝟏 ⋅ 𝑭

𝒏
𝟐 , 𝒏 ∈ ℕ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

From Holder Inequality, we have: 

𝒎𝒂
𝒏 +𝒎𝒃

𝒏 +𝒎𝒄
𝒏 ≥

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
𝒏

𝟑𝒏−𝟏
 

We must show: 

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
𝒏 ≥ 𝟑𝒏+

𝒏
𝟒 ⋅ 𝑭

𝒏
𝟐 ⇔𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥ 𝟑

𝟓
𝟒 ⋅ √𝑭 = 𝟑

𝟓
𝟒√𝒔𝒓; (𝟏) 

But: 𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂); (𝟐). From (1),(2) we must show: 

√𝒔 − 𝒂 + √𝒔 − 𝒃 + √𝒔 − 𝒄 ≥ 𝟑
𝟓
𝟒√𝒓; (𝟑) 

But: √𝒔 − 𝒂 + √𝒔 − 𝒃 + √𝒔 − 𝒄 ≥ 𝟑√√(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝟑

= 𝟑√𝒔𝒓𝟐
𝟔

; (𝟒) 

 From (3),(4) we must show: 

𝟑√𝒔𝒓𝟐
𝟔

≥ 𝟑
𝟓
𝟒√𝒓 ↔ √𝒔𝒓𝟐

𝟔
≥ 𝟑

𝟏
𝟒√𝒓 ↔ 𝒔𝒓𝟐 ≥ 𝟑

𝟑
𝟐𝒓𝟑 ↔ 𝒔 ≥ 𝟑√𝟑𝒓 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

 

2796. In ∆𝑨𝑩𝑪, prove that:  

∑
𝒂𝟑

𝒃𝟐 + 𝒄𝟐
≥
𝒂 + 𝒃 + 𝒄

𝟐
+
𝒓(𝑹 − 𝟐𝒓)

𝑹 + 𝟑𝒓
  

 Proposed by Nguyen Van Canh-BenTre-Vietnam 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝑳𝑶𝑮,𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 ∶ 𝒂 ≥ 𝒃 ≥ 𝒄 →  𝒂𝟑 ≥ 𝒃𝟑 ≥ 𝒄𝟑 𝒂𝒏𝒅 

 
𝟏

𝒃𝟐 + 𝒄𝟐
≥

𝟏

𝒄𝟐 + 𝒂𝟐
≥

𝟏

𝒂𝟐 + 𝒃𝟐
 

→⏞
𝑼𝒔𝒊𝒏𝒈 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

∑
𝒂𝟑

𝒃𝟐 + 𝒄𝟐
≥
𝟏

𝟑
(∑𝒂𝟑) (∑

𝟏

𝒃𝟐 + 𝒄𝟐
) ≥⏞
𝑪𝑩𝑺

 
𝟏

𝟑
(∑𝒂𝟑) .

𝟗

∑(𝒃𝟐 + 𝒄𝟐)

=
𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
 

→∑
𝒂𝟑

𝒃𝟐 + 𝒄𝟐
−
𝟏

𝟐
∑𝒂 ≥

𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
−
𝒂 + 𝒃 + 𝒄

𝟐

=
𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) − (𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
= 

=
𝟑. 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) − 𝟐𝒔. 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐. 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

=
𝒔(𝒔𝟐 − 𝟕𝒓𝟐 − 𝟏𝟎𝑹𝒓)

𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)
 ≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟑√𝟑𝒓. (𝒔𝟐 − 𝟕𝒓𝟐 − 𝟏𝟎𝑹𝒓)

𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)
≥ 

≥⏞
𝟑√𝟑 ≥ 𝟓

 
𝟓𝒓. (𝒔𝟐 − 𝟕𝒓𝟐 − 𝟏𝟎𝑹𝒓)

𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)
 ≥⏞
?

 
𝒓(𝑹 − 𝟐𝒓)

𝑹 + 𝟑𝒓
 

↔  (𝟑𝑹 + 𝟏𝟗𝒓)𝒔𝟐 − 𝒓(𝟒𝟐𝑹𝟐 + 𝟏𝟗𝟗𝑹𝒓 + 𝟏𝟎𝟗𝒓𝟐) ≥ 𝟎 

↔ (𝟑𝑹 + 𝟏𝟗𝒓)[𝒔𝟐 − (𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)] + 𝒓(𝑹 − 𝟐𝒓)(𝟔𝑹+ 𝟏𝟎𝟐𝒓) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓 𝒂𝒏𝒅 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒂𝟑

𝒃𝟐 + 𝒄𝟐
≥
𝒂 + 𝒃 + 𝒄

𝟐
+
𝒓(𝑹 − 𝟐𝒓)

𝑹 + 𝟑𝒓
. 

 Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟑

𝐛𝟐 + 𝐜𝟐
=∑

𝒂𝟒

𝒂𝐛𝟐 + 𝒂𝐜𝟐
≥⏞

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝟐

𝒂𝐛(𝒂 + 𝐛) + 𝐛𝐜(𝐛 + 𝐜) + 𝐜𝒂(𝐜 + 𝒂)

=
𝟒(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐

𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬
=
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
⇒∑

𝒂𝟑

𝐛𝟐 + 𝐜𝟐
−
𝒂 + 𝐛 + 𝐜

𝟐
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≥
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
− 𝐬 =

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
− 𝐬𝟐(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

=
𝐬𝟒 − (𝟏𝟒𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟐 + 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
≥⏞

𝐓𝐫𝐮𝐜𝐡𝐭 𝐬𝟒 − (𝟏𝟒𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟐 + 𝟔𝐫𝟐𝐬𝟐

𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

=
𝐬(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
 

≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝐬(𝟐𝐑𝐫 − 𝟒𝐫𝟐)

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
≥⏞
? 𝐫(𝐑 − 𝟐𝐫)

𝐑 + 𝟑𝐫
⇔⏞

∵ 𝐑−𝟐𝐫 ≥ 𝟎 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 𝟐𝐬

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
>⏞
? 𝟏

𝐑 + 𝟑𝐫

⇔ 𝟒𝐬𝟐(𝐑 + 𝟑𝐫)𝟐 >⏞
?

⏟
(𝐢)

(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
𝟐

 

𝐍𝐨𝐰, 𝐬𝟐 − (𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐) = 𝟐𝐑𝐫 − 𝐫𝟐 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟑𝐫𝟐 > 0

⇒ 𝐬𝟐 >⏞
(∗)

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐 𝒂𝐧𝐝 𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐑𝟐 + 𝟐𝐑𝐫

+ 𝟒𝐫𝟐<⏞
?

𝟒(𝐑 + 𝟑𝐫)𝟐 ⇔ 𝟏𝟏𝐑𝐫 + 𝟏𝟔𝐫𝟐>⏞
?

𝟎 → 𝐭𝐫𝐮𝐞 

⇒ 𝟒(𝐑 + 𝟑𝐫)𝟐 >⏞
(∗∗)

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐 ∴ (∗). (∗∗) ⇒ 𝟒𝐬𝟐(𝐑 + 𝟑𝐫)𝟐 > (𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
𝟐
⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞

⇒∑
𝒂𝟑

𝐛𝟐 + 𝐜𝟐
−
𝒂 + 𝐛 + 𝐜

𝟐
≥
𝐫(𝐑 − 𝟐𝐫)

𝐑 + 𝟑𝐫
⇒∑

𝒂𝟑

𝐛𝟐 + 𝐜𝟐
≥
𝒂 + 𝐛+ 𝐜

𝟐
+
𝐫(𝐑 − 𝟐𝐫)

𝐑 + 𝟑𝐫
 

 

2797. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟖

𝟗
(
𝑹

𝟐𝒓
)
−𝟐

≤
𝒘𝒂

𝒘𝒃 +𝒘𝒄
𝐬𝐢𝐧𝟐 𝑨 +

𝒘𝒃
𝒘𝒄 +𝒘𝒂

𝐬𝐢𝐧𝟐𝑩 +
𝒘𝒄

𝒘𝒂 +𝒘𝒃
𝐬𝐢𝐧𝟐 𝑪 ≤

𝟗

𝟖
⋅
𝑹

𝟐𝒓
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

𝒂

𝐬𝐢𝐧𝑨
= 𝟐𝑹 ⇒ 𝐬𝐢𝐧𝟐 𝑨 =

𝒂𝟐

𝟒𝑹𝟐
 

For LHS, we must show: 

∑
𝒘𝒂

𝒘𝒃 +𝒘𝒄
𝐬𝐢𝐧𝟐 𝑨

𝒄𝒚𝒄

=∑
𝒘𝒂

𝒘𝒃 +𝒘𝒄
⋅
𝒂𝟐

𝟒𝑹𝟐
𝒄𝒚𝒄

≥
𝟖

𝟗
⋅
𝟒𝒓𝟐

𝑹𝟐
⇔∑

𝒂𝟐𝒘𝒂
𝒘𝒃 +𝒘𝒄

𝒄𝒚𝒄

≥ 𝟏𝟖𝒓𝟐; (𝟏) 
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∑
𝒂𝟐𝒘𝒂
𝒘𝒃 +𝒘𝒄

𝒄𝒚𝒄

=∑
𝒂𝟐𝒘𝒂

𝟐

𝒘𝒂(𝒘𝒃 +𝒘𝒄)
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝒂𝒘𝒂 + 𝒃𝒘𝒃 + 𝒄𝒘𝒄)

𝟐

𝟐(𝒘𝒂𝒘𝒃 +𝒘𝒃𝒘𝒄 +𝒘𝒄𝒘𝒂)
; (𝟐) 

But: 𝒘𝒂 ≥ 𝒉𝒂 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) ⇒ (𝒂𝒘𝒂 + 𝒃𝒘𝒃 + 𝒄𝒘𝒄)
𝟐 ≥ (𝒂𝒉𝒂 + 𝒃𝒉𝒃 + 𝒄𝒉𝒄)

𝟐 =

𝟑𝟔𝑭𝟐; (𝟑) 

𝒘𝒂𝒘𝒃 +𝒘𝒃𝒘𝒄 +𝒘𝒄𝒘𝒂 ≤ 𝒘𝒂
𝟐 +𝒘𝒃

𝟐 +𝒘𝒄
𝟐 

But: 𝒘𝒂 ≤ √𝒔(𝒔 − 𝒂) then 𝒘𝒂𝒘𝒃 +𝒘𝒃𝒘𝒄 +𝒘𝒄𝒘𝒂 ≤ 𝒔(𝒔 − 𝒂 + 𝒔 − 𝒃 + 𝒔 − 𝒄) = 𝒔
𝟐; (𝟒) 

From (2),(3),(4) it follows that 

∑
𝒂𝟐𝒘𝒂
𝒘𝒃 +𝒘𝒄

𝒄𝒚𝒄

≥
𝟑𝟔𝑭𝟐

𝟐𝒔𝟐
=
𝟑𝟔𝒔𝟐𝒓𝟐

𝟐𝒔𝟐
= 𝟏𝟖𝒓𝟐 ⇒ (𝟏) 𝐢𝐭𝐬 𝐭𝐫𝐮𝐞. 

For RHS, we must show: 

∑
𝒘𝒂

𝒘𝒃 +𝒘𝒄
𝐬𝐢𝐧𝟐 𝑨

𝒄𝒚𝒄

=∑
𝒘𝒂

𝒘𝒃 +𝒘𝒄
⋅
𝒂𝟐

𝟒𝑹𝟐
𝒄𝒚𝒄

≤
𝟗

𝟖
⋅
𝑹

𝟐𝒓
⇔∑

𝒘𝒂
𝒘𝒃 +𝒘𝒄

𝒄𝒚𝒄

≤
𝟗

𝟒
⋅
𝑹𝟑

𝒓
; (𝟓) 

Let 𝒂 ≤ 𝒃 ≤ 𝒄 ⇒ 𝒂𝟐 ≤ 𝒃𝟐 ≤ 𝒄𝟐 𝐚𝐧𝐝
𝒘𝒂

𝒘𝒃+𝒘𝒄
≥

𝒘𝒃

𝒘𝒄+𝒘𝒂
≥

𝒘𝒄

𝒘𝒂+𝒘𝒃
 

Because 𝒘𝒂
𝟐 +𝒘𝒂𝒘𝒄 ≥ 𝒘𝒃

𝟐 +𝒘𝒃𝒘𝒄 ⇔ (𝒘𝒂 −𝒘𝒃)(𝒘𝒂 +𝒘𝒃 +𝒘𝒄) ≥ 𝟎 𝐭𝐫𝐮𝐞. 

From Chebyshev’s Inequality, we have: 

∑
𝒂𝟐𝒘𝒂
𝒘𝒃 +𝒘𝒄

𝒄𝒚𝒄

≤
𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (

𝒘𝒂
𝒘𝒃 +𝒘𝒄

+
𝒘𝒃

𝒘𝒄 +𝒘𝒂
+

𝒘𝒄
𝒘𝒂 +𝒘𝒃

) ; (𝟔) 

From (5),(6) we must show: 

𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (

𝒘𝒂
𝒘𝒃 +𝒘𝒄

+
𝒘𝒃

𝒘𝒄 +𝒘𝒂
+

𝒘𝒄
𝒘𝒂 +𝒘𝒃

) ≤
𝟗

𝟒
⋅
𝑹𝟑

𝒓
; (𝟕) 

But: 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐(𝑵𝒆𝒖𝒃𝒆𝒓𝒈); (𝟖). From (7),(8) we must show: 

𝒘𝒂
𝒘𝒃 +𝒘𝒄

+
𝒘𝒃

𝒘𝒄 +𝒘𝒂
+

𝒘𝒄
𝒘𝒂 +𝒘𝒃

≤
𝟑

𝟒
⋅
𝑹

𝒓
; (𝟗) 

But: 𝒘𝒂 ≥ 𝒉𝒂 ⇒
𝟏

𝒘𝒂
≤

𝟏

𝒉𝒂
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔); (𝟏𝟎). From (9),(10) we must show: 

∑
𝒘𝒂

𝒉𝒃 + 𝒉𝒄
𝒄𝒚𝒄

≤
𝟑𝑹

𝟒𝒓
⇔∑

𝒃𝒄 ⋅ 𝒘𝒂

𝟐𝑭(
𝟏
𝒃
+
𝟏
𝒄)𝒄𝒚𝒄

≤
𝟑𝑹

𝟒𝒓
⇔ 
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∑
𝒃𝒄 ⋅ 𝒘𝒂
𝟐𝑭(𝒃 + 𝒄)

𝒄𝒚𝒄

≤
𝟑𝑹

𝟒𝒓
⇔∑

𝒃𝒄 ⋅ 𝒘𝒂

𝟒𝑭√𝒃𝒄
𝒄𝒚𝒄

≤
𝟑

𝟒
⋅
𝑹

𝒓
⇔∑

𝒃𝒄 ⋅ 𝒘𝒂

√𝒃𝒄
𝒄𝒚𝒄

≤
𝟑𝑹𝑭

𝒓
⇔ 

∑𝒘𝒂√𝒃𝒄

𝒄𝒚𝒄

≤ 𝟑𝑹𝒔; (𝟏𝟏) 

From Cauchy inequality: 

(∑𝒘𝒂√𝒃𝒄

𝒄𝒚𝒄

)

𝟐

≤∑𝒘𝒂
𝟐

𝒄𝒚𝒄

⋅∑𝒃𝒄

𝒄𝒚𝒄

 𝐛𝐮𝐭: ∑𝒃𝒄

𝒄𝒚𝒄

≤ 𝟗𝑹𝟐 𝐚𝐧𝐝 ∑𝒘𝒂
𝟐

𝒄𝒚𝒄

≤ 𝒔𝟐 ⇒ 

(∑𝒘𝒂√𝒃𝒄

𝒄𝒚𝒄

)

𝟐

≤ 𝟗𝑹𝟐 𝒔𝟐 ⇔∑𝒘𝒂√𝒃𝒄

𝒄𝒚𝒄

≤ 𝟑𝑹𝒔 ⇒ (𝟏𝟏) 𝐢𝐭𝐬 𝐭𝐫𝐮𝐞. 

2798. In ∆𝑨𝑩𝑪 the following relationship holds : 

∑
𝒂𝟐

𝒃 + 𝒄 − 𝒂
𝒄𝒚𝒄

≥∑𝒂

𝒄𝒚𝒄

+
𝒓𝟑(𝑹 − 𝟐𝒓)

𝟓𝑹𝟑 + 𝟑𝒓𝟑
  

Proposed Nguyen Van Canh-BenTre-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

∑
𝒂𝟐

𝒃 + 𝒄 − 𝒂
𝒄𝒚𝒄

 ≥⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 
𝟏

𝟑
(∑𝒂𝟐

𝒄𝒚𝒄

)(∑
𝟏

𝒃 + 𝒄 − 𝒂
𝒄𝒚𝒄

) ≥⏞
𝑪𝑩𝑺

 
𝟏

𝟑
(∑𝒂𝟐

𝒄𝒚𝒄

) .
𝟗

∑(𝒃 + 𝒄 − 𝒂)

=
𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂 + 𝒃 + 𝒄
 

→∑
𝒂𝟐

𝒃 + 𝒄 − 𝒂
𝒄𝒚𝒄

−∑𝒂

𝒄𝒚𝒄

≥
𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂 + 𝒃 + 𝒄
−∑𝒂

𝒄𝒚𝒄

= 𝟐.
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂 + 𝒃 + 𝒄
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓

𝒔
≥ 

≥⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟐. 𝟒𝒓(𝑹 − 𝟐𝒓)

𝟑√𝟑𝑹
 ≥⏞
𝟐 ≥ √𝟑

 
𝟒𝒓(𝑹 − 𝟐𝒓)

𝟑𝑹
 ≥⏞
?

 
𝒓𝟑(𝑹 − 𝟐𝒓)

𝟓𝑹𝟑 + 𝟑𝒓𝟑
 ↔ 𝟐𝟎𝑹𝟑 + 𝟏𝟐𝒓𝟑 ≥ 𝟑𝑹𝒓𝟐 

↔ 𝟏𝟗𝑹𝟑 + (𝑹 − 𝟐𝒓)(𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐) + 𝟏𝟒𝒓𝟑

≥ 𝟎 𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒂𝟐

𝒃 + 𝒄 − 𝒂
𝒄𝒚𝒄

≥∑𝒂

𝒄𝒚𝒄

+
𝒓𝟑(𝑹 − 𝟐𝒓)

𝟓𝑹𝟑 + 𝟑𝒓𝟑
. 

2799. In ∆𝑨𝑩𝑪, prove that :   

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥
𝟑

𝟐
+
𝒓(𝑹 − 𝟐𝒓)

𝑹𝟐 + 𝒓𝟐
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
−
𝟑

𝟐
=∑

𝒂𝟒

𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐
−
𝟑

𝟐
 ≥⏞
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)
−
𝟑

𝟐
= 

= −
𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)

𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)
+
𝟏

𝟐
 ≥⏞
∑𝒙𝟐≥∑𝒙𝒚

−
𝟏𝟔𝑭𝟐

𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)
+
𝟏

𝟐

= −
𝟏𝟔𝒔𝟐𝒓𝟐

𝟏𝟔𝒔𝟐𝑹𝒓
+
𝟏

𝟐
= 

= −
𝒓

𝑹
+
𝟏

𝟐
=
𝒓(𝑹 − 𝟐𝒓)

𝟐𝑹𝒓
 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝒓(𝑹 − 𝟐𝒓)

𝑹𝟐 + 𝒓𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥
𝟑

𝟐
+
𝒓(𝑹 − 𝟐𝒓)

𝑹𝟐 + 𝒓𝟐
. 

Solution 2 by Soumava Chakraborty-Kokata-India  

∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
=∑

𝒂𝟒

𝒂𝟐𝐛𝟐 + 𝒂𝟐𝐜𝟐
≥⏞

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝟐

𝟐(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐)
=

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐

⇒∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
−
𝟑

𝟐
−
𝐫(𝐑 − 𝟐𝐫)

𝐑𝟐 + 𝐫𝟐
≥ 

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐
−
𝟑

𝟐
−
𝐫(𝐑 − 𝟐𝐫)

𝐑𝟐 + 𝐫𝟐
=

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐

𝟐{(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐}
−
𝐫(𝐑 − 𝟐𝐫)

𝐑𝟐 + 𝐫𝟐

=
𝐬𝟒 − (𝟖𝐑𝐫 + 𝟏𝟒𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐

𝟐{(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐}
−
𝐫(𝐑 − 𝟐𝐫)

𝐑𝟐 + 𝐫𝟐
 

=
(𝐑𝟐 + 𝐫𝟐){𝐬𝟒 − (𝟖𝐑𝐫 + 𝟏𝟒𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐} − 𝟐𝐫(𝐑 − 𝟐𝐫) {(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐}

𝟐(𝐑𝟐 + 𝐫𝟐){(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐}
≥⏞
?

𝟎 

⇔ (𝐑𝟐 − 𝟐𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟒 − 𝐫𝐬𝟐(𝟖𝐑𝟑 − 𝟐𝐑𝟐𝐫 + 𝟒𝟒𝐑𝐫𝟐 + 𝟔𝐫𝟑)

+ 𝐫𝟐(𝟏𝟔𝐑𝟒 − 𝟐𝟒𝐑𝟑𝐫 + 𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟑𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒) ≥⏞
?

⏟
(𝐢)

𝟎 
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𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (𝐢) ≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫𝐬𝟐 ((𝐑𝟐 − 𝟐𝐑𝐫 + 𝟓𝐫𝟐)(𝟏𝟔𝐑− 𝟓𝐫) − (𝟖𝐑𝟑 − 𝟐𝐑𝟐𝐫 + 𝟒𝟒𝐑𝐫𝟐 + 𝟔𝐫𝟑))

+ 𝐫𝟐(𝟏𝟔𝐑𝟒 − 𝟐𝟒𝐑𝟑𝐫 + 𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟑𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒)≥⏞
?

𝟎 

⇔ (𝟖𝐑𝟑 − 𝟑𝟓𝐑𝟐𝐫 + 𝟒𝟔𝐑𝐫𝟐 − 𝟑𝟏𝐫𝟑)𝐬𝟐

+ 𝐫𝟐{𝟑𝟐(𝐑 − 𝟐𝐫)𝐑𝟑 + 𝟖𝐑𝟑𝐫 + 𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟑𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒} ≥⏞
?

⏟
(𝐢𝐢)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟖𝐑𝟑 − 𝟑𝟓𝐑𝟐𝐫 + 𝟒𝟔𝐑𝐫𝟐 − 𝟑𝟏𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (𝐢𝐢)

≥ 𝐫𝟐{𝟑𝟐(𝐑 − 𝟐𝐫)𝐑𝟑 + 𝟖𝐑𝟑𝐫 + 𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟑𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒} > 0 ∵ 𝐑 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫

⇒ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟖𝐑𝟑 − 𝟑𝟓𝐑𝟐𝐫 + 𝟒𝟔𝐑𝐫𝟐 − 𝟑𝟏𝐫𝟑 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (𝐢𝐢)

= −(−(𝟖𝐑𝟑 − 𝟑𝟓𝐑𝟐𝐫 + 𝟒𝟔𝐑𝐫𝟐 − 𝟑𝟏𝐫𝟑)𝐬𝟐)

+ 𝐫𝟐{𝟑𝟐(𝐑 − 𝟐𝐫)𝐑𝟑 + 𝟖𝐑𝟑𝐫 + 𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟑𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒} 

≥⏞
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟖𝐑𝟑 − 𝟑𝟓𝐑𝟐𝐫 + 𝟒𝟔𝐑𝐫𝟐 − 𝟑𝟏𝐫𝟑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐))

+ 𝐫𝟐{𝟑𝟐(𝐑 − 𝟐𝐫)𝐑𝟑 + 𝟖𝐑𝟑𝐫 + 𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟑𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒}≥⏞
?

𝟎 

⇔ 𝟖𝐭𝟓 − 𝟐𝟑𝐭𝟒 + 𝟏𝟏𝐭𝟑 + 𝟓𝐭𝟐 + 𝟏𝟑𝐭 − 𝟐𝟐≥⏞
?

𝟎 (𝐭 =
𝐑

𝐫
)

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟖𝐭𝟑 + 𝟗𝐭𝟐 + 𝟏𝟓𝐭 + 𝟐𝟗) + 𝟔𝟗)≥⏞
?

𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥⏞
𝐄𝐮𝐥𝐞𝐫

𝟐

⇒ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 (𝟏), (𝟐), 

(𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒂𝒍𝒍 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒂𝒍𝒍 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 ⇒∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
−
𝟑

𝟐
−
𝐫(𝐑 − 𝟐𝐫)

𝐑𝟐 + 𝐫𝟐

≥ 𝟎 ⇒∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
≥
𝟑

𝟐
+
𝐫(𝐑 − 𝟐𝐫)

𝐑𝟐 + 𝐫𝟐
 (𝐐𝐄𝐃) 

2800. In 𝜟𝑨𝑩𝑪,𝑨 ≥ 𝑩 ≥
𝝅

𝟑
≥ 𝑪,𝑷 −point in plane of ∆𝑨𝑩𝑪, the following 

relationship holds 

𝑨𝑷 ⋅ 𝐜𝐨𝐬
𝑨

𝟐
+ 𝑩𝑷 ⋅ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝑪𝑷 ⋅ 𝐜𝐨𝐬

𝑪

𝟐
≥ √𝟑(𝑹 + 𝒓)     

 Proposed by Bogdan Fuȿtei-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(𝐜𝐨𝐬
𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
)
𝟐

=
𝟏 + 𝐜𝐨𝐬𝑨

𝟐
+
𝟏 + 𝐜𝐨𝐬𝑩

𝟐
+ 𝟐𝐜𝐨𝐬

𝑨

𝟐
. 𝐜𝐨𝐬

𝑩

𝟐
≥ 𝟏 +

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩

𝟐

= 𝟏 + 𝐬𝐢𝐧
𝑪

𝟐
. 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) ≥ 𝟏 ≥ 𝐜𝐨𝐬𝟐

𝑪

𝟐
 

(∴  
𝑨 − 𝑩

𝟐
∈ (−

𝝅

𝟐
,
𝝅

𝟐
) → 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) ≥ 𝟎)   →   𝐜𝐨𝐬

𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
≥ 𝐜𝐨𝐬

𝑪

𝟐
  (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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→ 𝒂𝟏 = 𝐜𝐨𝐬
𝑨

𝟐
, 𝒃𝟏 = 𝐜𝐨𝐬

𝑩

𝟐
, 𝒄𝟏

= 𝐜𝐨𝐬
𝑪

𝟐
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝟏 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭𝟏 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 

𝟏𝟔𝑭𝟏
𝟐 = 𝟐∑𝐜𝐨𝐬𝟐

𝑨

𝟐
𝐜𝐨𝐬𝟐

𝑩

𝟐
−∑𝐜𝐨𝐬𝟒

𝑨

𝟐

=
𝟏

𝟐
∑(𝟏 + 𝐜𝐨𝐬𝑨)(𝟏 + 𝐜𝐨𝐬𝑩) −

𝟏

𝟒
∑(𝟏 + 𝐜𝐨𝐬𝑨)𝟐 = 

=
𝟑

𝟒
+
𝟏

𝟐
∑𝐜𝐨𝐬𝑨 +

𝟏

𝟐
∑𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩 −

𝟏

𝟒
∑𝐜𝐨𝐬𝟐 𝑨

=
𝟑

𝟒
+
𝟏

𝟐
(𝟏 +

𝒓

𝑹
) +

𝟏

𝟐
(
𝒔𝟐 + 𝒓𝟐

𝟒𝑹𝟐
− 𝟏) −

𝟏

𝟒
(𝟑 −

𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
) 

→  𝟏𝟔𝑭𝟏
𝟐 =

𝒔𝟐

𝟒𝑹𝟐
 →  𝑭𝟏 =

𝒔

𝟖𝑹
  (𝟏) 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 ∆𝟏, 𝒂𝒏𝒅 𝒂𝒏𝒚 𝒑𝒐𝒊𝒏𝒕 𝑷 𝒊𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒐𝒇 𝜟𝑨𝑩𝑪, 
 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑𝒂𝟏. 𝑨𝑷 ≥ √
𝟏

𝟐
∑𝒂𝟏𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝟖𝑭𝑭𝟏  (𝑩𝒐𝒕𝒕𝒆𝒎𝒂)  (𝟐) 

∑𝒂𝟏
𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) =∑𝐜𝐨𝐬𝟐

𝑨

𝟐
(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 𝟐𝒔∑(𝒔 − 𝒂) 𝐜𝐨𝐬 𝑨

= 𝟐𝒔𝟐∑𝐜𝐨𝐬𝑨 − 𝟐𝒔∑𝒂𝐜𝐨𝐬𝑨 = 

= 𝟐𝒔𝟐 (𝟏 +
𝒓

𝑹
) − 𝟐𝒔.

𝟐𝒔𝒓

𝑹
= 𝟐𝒔𝟐 (𝟏 −

𝒓

𝑹
)  →  ∑𝒂𝟏

𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) = 𝟐𝒔𝟐 (𝟏 −
𝒓

𝑹
)  (𝟑) 

(𝟏), (𝟐), (𝟑)  →  ∑𝐜𝐨𝐬
𝑨

𝟐
. 𝑨𝑷 ≥ √

𝟏

𝟐
. 𝟐𝒔𝟐 (𝟏 −

𝒓

𝑹
) + 𝟖𝒔𝒓.

𝒔

𝟖𝑹
= 𝒔 

𝑺𝒐, 𝒊𝒕 𝒊𝒔 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 𝒔 ≥ √𝟑(𝑹 + 𝒓)  ↔  ∑𝐬𝐢𝐧𝑨 ≥ √𝟑∑𝐜𝐨𝐬𝑨 

↔∑𝐬𝐢𝐧 (𝑨 −
𝝅

𝟑
) ≥ 𝟎 ↔∑𝐬𝐢𝐧𝒙 ≥⏞

(𝟒)

𝟎,𝒘𝒉𝒆𝒓𝒆 𝒙 = 𝑨 −
𝝅

𝟑
, 𝒚 = 𝑩 −

𝝅

𝟑
, 𝒛 = 𝑪 −

𝝅

𝟑
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝝅 > 𝑥 ≥ 𝑦 ≥ 0 ≥ 𝑧 𝑎𝑛𝑑 𝑥 + 𝑦 + 𝑧 = 0 →  (𝟒)  
↔  𝐬𝐢𝐧 𝒙 + 𝐬𝐢𝐧 𝒚 − 𝐬𝐢𝐧(𝒙 + 𝒚) ≥ 𝟎 

↔ 𝐬𝐢𝐧 𝒙 + 𝐬𝐢𝐧 𝒚 − (𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒚 + 𝐬𝐢𝐧 𝒚 𝐜𝐨𝐬 𝒙) ≥ 𝟎
↔ 𝐬𝐢𝐧 𝒙 (𝟏 − 𝐜𝐨𝐬 𝒚) + 𝐬𝐢𝐧 𝒚 (𝟏 − 𝐜𝐨𝐬 𝒙) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝐬𝐢𝐧 𝒙 , 𝐬𝐢𝐧𝒚 , 𝟏 − 𝐜𝐨𝐬 𝒙 , 𝟏 − 𝐜𝐨𝐬 𝒚 ≥ 𝟎. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑨𝑷. 𝐜𝐨𝐬
𝑨

𝟐
+ 𝑩𝑷. 𝐜𝐨𝐬

𝑩

𝟐
+ 𝑪𝑷. 𝐜𝐨𝐬

𝑪

𝟐
≥ 𝒔 ≥ √𝟑(𝑹 + 𝒓). 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐜𝐨𝐬𝟐
𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
− 𝐜𝐨𝐬𝟐

𝐂

𝟐
=
𝐬(𝐬 − 𝒂)

𝐛𝐜
+
𝐬(𝐬 − 𝐛)

𝐜𝒂
−
𝐬(𝐬 − 𝐜)

𝒂𝐛

=
𝐬

𝒂𝐛𝐜
(𝒂(𝐬 − 𝒂) + 𝐛(𝐬 − 𝐛) − 𝐜(𝐬 − 𝐜)) =

𝐬

𝒂𝐛𝐜
(𝒙(𝐲 + 𝐳) + 𝐲(𝐳 + 𝒙) − 𝐳(𝒙 + 𝐲))

=
𝐬

𝒂𝐛𝐜
(𝟐𝒙𝐲) > 0 

(𝐭𝒂𝐤𝐢𝐧𝐠 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜,𝐰𝐡𝐢𝐜𝐡 𝐬𝐮𝐛𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝐥𝐲 𝐢𝐦𝐩𝐥𝐢𝐞𝐬 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜

= 𝒙 + 𝐲 𝒂𝐧𝐝 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐢𝐧𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲 ⇒ 𝒙, 𝐲, 𝐳 > 0) ∴ 𝐜𝐨𝐬𝟐
𝐂

𝟐
< 𝐜𝐨𝐬𝟐

𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
 

< (𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
)
𝟐

⇒ 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁

𝟐
− 𝐜𝐨𝐬

𝐂

𝟐
> 0 𝑎𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

⇒ 𝐜𝐨𝐬
𝐀

𝟐
, 𝐜𝐨𝐬

𝐁

𝟐
, 𝐜𝐨𝐬

𝐂

𝟐
 𝒇𝒐𝒓𝒎 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 → (𝟏) 𝐰𝐢𝐭𝐡 𝒂𝐫𝐞𝒂 𝐅𝟏

=
𝟏

𝟒√
𝟐∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟒
𝐀

𝟐
𝐜𝐲𝐜

 

=
𝟏

𝟒
√𝟒∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

− (∑𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟒
√𝟒𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐨𝐬𝟐

𝐂

𝟐
∑𝐬𝐞𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

−
𝟏

𝟒
(∑(𝟏 + 𝐜𝐨𝐬𝐀)

𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟒
√(

𝐬𝟐

𝟒𝐑𝟐
)
(𝟒𝐑 + 𝐫)𝟐 + 𝐬𝟐

𝐬𝟐
−
(𝟒𝐑 + 𝐫)𝟐

𝟒𝐑𝟐
=
𝐬

𝟖𝐑
⇒ 𝟖𝐅𝟏 =⏞

(𝐢) 𝐬

𝐑
 

𝐕𝐢𝒂 𝐁𝐨𝐭𝐭𝐞𝐦𝒂, 𝐟𝐨𝐫 𝒂𝐧𝐲 𝒂𝐫𝐛𝐢𝐭𝐫𝒂𝐫𝐲 𝐩𝐨𝐢𝐧𝐭 𝐏 𝐢𝐧 𝐭𝐡𝐞 𝐩𝐥𝒂𝐧𝐞 𝐨𝐟 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 𝐟𝐨𝐫 𝒂𝐧𝐲 𝒂𝐫𝐛𝐢𝐭𝐫𝒂𝐫𝐲 ∆ 𝐀′𝐁′𝐂′, 
(𝐀𝐏. 𝒂′ + 𝐁𝐏.𝐛′ + 𝐂𝐏. 𝐜′)𝟐

≥
𝟏

𝟐
(𝒂𝟐(𝐛′

𝟐
+ 𝐜′

𝟐
− 𝒂′

𝟐
) + 𝐛𝟐(𝐜′

𝟐
+ 𝒂′

𝟐
− 𝐛′

𝟐
) + 𝐜𝟐(𝒂′

𝟐
+ 𝐛′

𝟐
− 𝐜′

𝟐
))

+ 𝟖[𝐀𝐁𝐂][𝐀′𝐁′𝐂′] ∴ 𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒂′ = 𝐜𝐨𝐬
𝐀

𝟐
, 𝐛′ = 𝐜𝐨𝐬

𝐁

𝟐
, 𝐜′ = 𝐜𝐨𝐬

𝐂

𝟐
, 

(𝐀𝐏. 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐁𝐏. 𝐜𝐨𝐬

𝐁

𝟐
+ 𝐂𝐏. 𝐜𝐨𝐬

𝐂

𝟐
)
𝟐

≥
𝟏

𝟐
∑𝒂𝟐 (𝐜𝐨𝐬𝟐

𝐁

𝟐
+ 𝐜𝐨𝐬𝟐

𝐂

𝟐
− 𝐜𝐨𝐬𝟐

𝐀

𝟐
)

𝐜𝐲𝐜

+ 𝟖𝐫𝐬𝐅𝟏 =⏞
𝐯𝐢𝒂 (𝐢)𝟏

𝟐
∑𝒂𝟐 (

𝐬(𝐬 − 𝐛)

𝐜𝒂
+
𝐬(𝐬 − 𝐜)

𝒂𝐛
−
𝐬(𝐬 − 𝒂)

𝐛𝐜
)

𝐜𝐲𝐜

+ 𝐫𝐬 (
𝐬

𝐑
) 
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=
𝐬

𝟖𝐑𝐫𝐬
(𝟐𝐬∑𝒂𝟐(𝐬 − 𝒂)

𝐜𝐲𝐜

−∑𝒂𝟐(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)

𝐜𝐲𝐜

) +
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) − 𝟐∑𝒂𝟐𝐛𝐜𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑
 

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬∑𝐬𝐢𝐧𝟐𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬(𝟐𝐬𝐢𝐧𝐂𝐜𝐨𝐬(𝐀 − 𝐁) − 𝟐𝐬𝐢𝐧𝐂𝐜𝐨𝐬(𝐀 + 𝐁))) +

𝐫𝐬𝟐

𝐑
 

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬. 𝟒∏𝐬𝐢𝐧𝐀

𝐜𝐲𝐜

)+
𝐫𝐬𝟐

𝐑

=
𝟏

𝟖𝐑𝐫
(𝟒𝐬𝟐(𝟐𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐑𝟐𝐫𝐬. 𝟒 (

𝟒𝐑𝐫𝐬

𝟖𝐑𝟑
)) +

𝐫𝐬𝟐

𝐑

=
𝟖𝐑𝐫𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐 − 𝟏𝟔𝐫𝟐𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐

𝟖𝐑𝐫
= 𝐬𝟐 

⇒ 𝐀𝐏. 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐁𝐏. 𝐜𝐨𝐬

𝐁

𝟐
+ 𝐂𝐏. 𝐜𝐨𝐬

𝐂

𝟐
≥⏞
(∗)

𝐬  

𝐍𝐨𝐰, 𝐬 ≥ √𝟑(𝐑 + 𝐫) ⇔
𝐬

𝐑
≥ √𝟑 (𝟏 +

𝐫

𝐑
) ⇔∑𝐬𝐢𝐧𝐀 ≥ √𝟑∑𝐜𝐨𝐬𝐀 ⇔∑(

𝟏

𝟐
𝐬𝐢𝐧𝐀−

√𝟑

𝟐
𝐜𝐨𝐬𝐀)

≥ 𝟎 

⇔∑(𝐬𝐢𝐧𝐀. 𝐜𝐨𝐬
𝛑

𝟑
− 𝐜𝐨𝐬𝐀. 𝐬𝐢𝐧

𝛑

𝟑
) ≥ 𝟎 ⇔∑𝐬𝐢𝐧(𝐀 −

𝛑

𝟑
) ≥ 𝟎

⇔ 𝐬𝐢𝐧 (𝐀 −
𝛑

𝟑
) + 𝐬𝐢𝐧(𝐁 −

𝛑

𝟑
) + 𝟐𝐬𝐢𝐧(

𝐂

𝟐
−
𝛑

𝟔
) 𝐜𝐨𝐬 (

𝐂

𝟐
−
𝛑

𝟔
) ≥ 𝟎 

⇔ 𝟐(𝐬𝐢𝐧
𝐀 + 𝐁 −

𝟐𝛑
𝟑

𝟐
)(𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
) − 𝟐(𝐬𝐢𝐧(

𝛑

𝟔
−
𝐂

𝟐
))(𝐜𝐨𝐬 (

𝛑

𝟔
−
𝐂

𝟐
)) ≥ 𝟎

⇔ 𝟐(𝐬𝐢𝐧 (
𝛑

𝟔
−
𝐂

𝟐
))(𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
− 𝐜𝐨𝐬 (

𝛑

𝟔
−
𝐂

𝟐
)) ≥⏞

(𝒍)

𝟎 

𝐍𝐨𝐰, 𝐜𝐨𝐬
𝐀 − 𝐁

𝟐
− 𝐜𝐨𝐬 (

𝛑

𝟔
−
𝐂

𝟐
) = 𝟐(𝐬𝐢𝐧

𝐀 − 𝐁
𝟐 +

𝛑
𝟔 −

𝐂
𝟐

𝟐
)(𝐬𝐢𝐧

𝛑
𝟔 −

𝐂
𝟐 −

𝐀 − 𝐁
𝟐

𝟐
)

= 𝟐𝐬𝐢𝐧(

𝐀 − (𝛑 − 𝐀)
𝟐 +

𝛑
𝟔

𝟐
)𝐬𝐢𝐧(

𝛑
𝟔 −

(𝛑 − 𝐁) − 𝐁
𝟐

𝟐
) 
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= 𝟐(𝐬𝐢𝐧(
𝐀

𝟐
−
𝛑

𝟔
))(𝐬𝐢𝐧(

𝐁

𝟐
−
𝛑

𝟔
))

⇒ 𝟐(𝐬𝐢𝐧 (
𝛑

𝟔
−
𝐂

𝟐
))(𝐜𝐨𝐬

𝐀 − 𝐁

𝟐

− 𝐜𝐨𝐬 (
𝛑

𝟔
−
𝐂

𝟐
)) =⏞

(𝐦)

𝟒(𝐬𝐢𝐧(
𝛑

𝟔
−
𝐂

𝟐
))(𝐬𝐢𝐧(

𝐀

𝟐
−
𝛑

𝟔
))(𝐬𝐢𝐧 (

𝐁

𝟐
−
𝛑

𝟔
)) 

𝐍𝐨𝐰,∵ 𝟎 <
𝐂

𝟐
≤
𝛑

𝟔
∴ 𝟎 ≤

𝛑

𝟔
−
𝐂

𝟐
<
𝛑

𝟔
 𝒂𝐧𝐝 ∵

𝛑

𝟔
≤
𝐀

𝟐
,
𝐁

𝟐
<
𝛑

𝟐
∴ 𝟎 ≤

𝐀

𝟐
−
𝛑

𝟔
,
𝐁

𝟐
−
𝛑

𝟔
<
𝛑

𝟑

∴ 𝐬𝐢𝐧 (
𝛑

𝟔
−
𝐂

𝟐
) , 𝐬𝐢𝐧 (

𝐀

𝟐
−
𝛑

𝟔
) , 𝐬𝐢𝐧 (

𝐁

𝟐
−
𝛑

𝟔
) ≥ 𝟎  

⇒ 𝟒(𝐬𝐢𝐧(
𝛑

𝟔
−
𝐂

𝟐
))(𝐬𝐢𝐧 (

𝐀

𝟐
−
𝛑

𝟔
))(𝐬𝐢𝐧(

𝐁

𝟐
−
𝛑

𝟔
))

≥ 𝟎 ⇒⏞
𝐯𝐢𝒂 (𝐦)

𝟐(𝐬𝐢𝐧(
𝛑

𝟔
−
𝐂

𝟐
))(𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
− 𝐜𝐨𝐬 (

𝛑

𝟔
−
𝐂

𝟐
)) ≥ 𝟎 ⇒ (𝒍) 𝐢𝐬 𝐭𝐫𝐮𝐞

⇒ 𝐬 ≥⏞
(∗∗)

√𝟑(𝐑 + 𝐫)  

∴ (∗), (∗∗) ⇒  𝐀𝐏. 𝐜𝐨𝐬
𝐀

𝟐
+ 𝐁𝐏. 𝐜𝐨𝐬

𝐁

𝟐
+ 𝐂𝐏. 𝐜𝐨𝐬

𝐂

𝟐
≥ √𝟑(𝐑 + 𝐫) (𝐐𝐄𝐃) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


