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2701.

B C Q d C
In AABC,P € (AB,Q € (BC),R € (CA) such that AP = a, PB = b,
BQ =c¢,QC=d,CR = e, RA = f. Prove that:

bc de af "
@+b)c+d) Wd+ole+f) @a+rbie+f)

Proposed by Neculai Stanciu-Romania

Solution by Adrian Popa-Romania

bc de af 1
@+b)ct+d) drOE+p) @arbie+rf -
b c e e
a+b'c+d+(1_d+c)e+f+(1_a+b)(1_e+f)<1
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b—'<1
a+b %

c
c+d—yy<1:xy+ﬂ—jﬂ+ﬂ—xX1—ﬂ<1
e—'<1

etrf 27

SXy+xz<x+yz

)
xXy+xz<y+xz<x+2zy

Casel.Ify >x =y —x < z(y — x) true, becausey — x,z € (0,1)

@)
Casell.ify<x=>y+xz<x+zy=2z(x—y)<x—ytrue becausex —y,z € (0,1)

2702.1f t > 0 thenin AABC,AA'B'C’ holds:

t
Z(aa’)t >3t 4t (rr'(r+ 4R)(r' + R"))?
cyc

Proposed by Cristian Miu-Romania

Solution by George Florin Serban-Romania

AM-GM () t
Z(aa')t > 3 H(aa’)t > 31t 4t (rr'(r + 4R)(r' + R))?
cyc cyc

(x) o3 “_[(aa’) > g\/rr’(th +1r)(4R' — 1)
cyc

3“_[(aa’) = Y4RRs - 4R'r's’ = Y16RR'rr'ss’ > §Jrr'(4R +r)(4R' — 1)
cyc

212
256R%*R"*r?r'2s%s'2 > ?r3r’3(4R +7r)3(4R' +1')3

16rr' (4R + 1r)3(4R’ +1')3
>
- 36R2R'2

22

s$°Ss

Gerretsen
s’s? > (16Rr — 5r*)(1R'r' —r'?*) = rr'(16R — 5r)(16R’' — 51") >
12

2
> ?r3r’3(4R +1)3(4R’ +1')3
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4(4R+1)2 4(4R +71)3
33R2 ) 33R12

We prove that:

(16R — 5r)(16R’ — 51') >

4(4R +1)? 5 5 5 5 R
16R — 51 2 ——z27— © 176R° — 327R’r — 48Rr” — 4t 20;(x:;22>:>

(x —2)(176x? + 25x + 2) > 0 which is clearly true from x > 2.
Therefore,

E(aar)t > 31-t . 4t. (rr'(r +4R)(r' + R,))%

cyc

2703. In AABC the following relationship holds

2R21 B—C>13+ ((l )2
w, %72 =71 b+c

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 B — b+c b+c A R ” A
ZRZ—.cos —ZRZ 1 SInEZTZ(b—i_C) .tanE
Wa 2bc. cos» a anc

iZ(b+C)Z.%=
452[(3_5‘?“] Z(s—a)+22s+ Z =7 T AR z+§

- ZRZ— cos
Z ( 2 AM-GM Z 3 _ 25(s> — 6Rr —3r%) _ s? — 6Rr — 3r?
b + 4bc 4abc 4.4sRr B 8Rr

S T
b+c/ — 8RT
(1),(2) » It's suffices to prove: 2 +BZE+52 — 6Rr — 372
ro 4 8Rr
& 16Rr + 8R% > 26Rr + (s> — 6Rr — 31%) & (4R% + 4Rr + 3r% — s2) + 4R(R — 27)

>0

_2+; (1)
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Which is true from Euler (R > 2r) and Gerretsen (4R? + 4Rr + 3r% > s?).

Th ZRZ 1 B—C>13+Z( a )2
erefore, Wa.cos > 272 bTec

2704. In AABC the following relationship holds:
w, R/R? R
—Jrg <3 || ——+1

Proposed by Kostas Geronikolas-Greece

Solution 1 by Marian Ursdrescu-Romania

In any AABC we have: % < \g. We must show that:

EZESS\/%(RZ—Rr+r2)®
z g [ Ry R? — Rr+r2 <Z\/—> 9(R2—Rr+r2);(1)

T
cyc

2
From Cauchy-Schwarz: (},/r,) <3 YeyeTas (2)

3(R —Rr+r

6
But: ) r, = 4R + 1; (4). From (3),(4) we must show that

From (1),(2) we must show that: Y} r, <

(4R+1r)r<3(R>?—Rr+r?) ©4Rr+r*<3R?>-3Rr+3r* e
3R? —7Rr + 21?2 >0 & (3R — 1)(R — 2r) = 0, which is true.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
AM-GM

s(s—a) < s(s—a) > wyfr,<s(s—a) /%:s\ﬁ

Mitrinovic ?
- E—,/r SS\/rE—:s\/r.—z— < <3 |7z +1
ha “ ha r \/F 2\/F

r2

6 RMM-TRIANGLE MARATHON 2701-2800



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

o e BB D) s owhichise Futer (3> 2)

=727 = ~—3)2 which is true from Euler ~22)

Therefore, Y =° *ra < J (——§+1>.

2705. In AABC

1<4R r 11><Z 2a< ! 2R2 3R
2\r "R 2 €0 2 2r

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

z 24 zcos A —sinZA_z 4R? nE 4R? Z 2p2 3 =
o sinZA sin24 a? ~ (abo)z L. B

_ (s + 712 +4Rr)? — 165°Rr - (,L) 4 —2s’r(4R + 51) + r*(4R + 1)?

45272 452r2

2R? 3R @

ZcotzA < — ( > ———3) 3

r 2r
s* — 2s2r(4R + 5r) + r2(4R + r)2 ' 4R% — 3Rr — 612
4522 4712
< 1r2(4R +1)? < s*(4R? + 5Rr + 41% — 5%)
o s2(4R* +4Rr +31r* —s®) + s>r(R+ 1) —1*(4R+1)? >0

< s?(4R* +4Rr +31r* = s®) +r(R+1r)[s* — (16Rr — 5r>)] +3r3(R—2r) >0

o ) 1/2R*> 3R
Which is true from Gerretsen and Euler — Z cot“ A < o\ 77 "2~ 3

1<4R r 11)<Z tZA(l) 8R? — 11Rr — 212
2\t R 2 corae 4Rt

- s* —2s?r(4R + 51r) + r*(4R + 1)?
- 45212

& Rr?(4R + 1)? > s?(16R*r — 2r3 — Rr? — Rs?) (ii)

From Blundon — Gerretsen's inequality and Gerretsen's inequality, we have

7 RMM-TRIANGLE MARATHON 2701-2800
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R(4R + 1)?

2 2. _ 923 _ P22 _ pe2) <
s“(16R*r — 2r°> — Rr RS)_Z(ZR—r)

[16R?*r — 213 — Rr? — R(16Rr — 51%)]

R(4R + 1)?

= @R =7y 4Rr? - 2r) = RrP(4R+1)? > (i) istrue

1(4R r 11><Z A
_) — — — — — —
2\ R 2/°4°

1/4R r 11 5 1/2R* 3R
Therefore, E(T‘E‘?)SZM A< 2 7_5_3 )

2706. In AABC the following relationship holds:

. Zb+c+lzmb+mc
a ma

> ,A=>0
h, 21+ 1)

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We k that Terghi" b*+c¢* 1 bc b*+c?
e knowthat: m, 2> iR "2 2R Dbe

h,/b ¢ b ¢ 2m
=—“(—+—> —+3< 2 (1)

2\c b b~ h,
m,, my, m, can be length sides of a triangle with :
P Py
moga’7Y 47 m, 2m,

m m 2m,
InAm,mym, (1) & L
m, my ha

m, m. 3 2m, 2m, m, m, 2ma

—_— . ] - —
m, m, 2 3F h, m, mb

U d

(2)

b c m, m, m,
—F— —+ =)< — 1>
(D, 2) » (c + b) + A1 (m + — ) 2(1+4)—,2=>0 (and analogs)

h,
b+ +
D) e %
a m. m, h,
" Azmb+mc
Therefore Z—a> Ma _21>0
' h, = 2(1+/1) 4=

8 RMM-TRIANGLE MARATHON 2701-2800
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2707. In AABC the following relationship holds:

2

1
z an,m, | > 52 a’(b*ny + c¢*n, — a’*n,) +

cyc cyc

4a?b?c?
(a% + b? + c2)?

+2F |(a?n, + b?n, + ¢?*n,) n(azna + b%?n, — c?n,)

cyc
Proposed by Bogdan Fustei-Romania

Solution by proposer

In AABC, N, —Nagel’s point, we have: AN, = =2 (and analogs)

S

If P € Int(AABC) and PA = x,PB =y, PC = z. Then ax, by, cz can be the sides of a

triangle. (Klamkin)
aN,A,bN,B, cN,C can be the sides of a triangle.
a’*n,, b*n,, c>n, —can be sides of a triangle.

F, = [A;B1C4] are of triangle with sides a; = a’*n,, b; = b*ny, ¢, = ¢*n, =

4F, = \/(ax + by + cz)(ax + by — cz)(ax — by + cz)(—ax + by + cz), where
x=an,y=bny,,z = cn,.

In AABC and AA{BC, P € Int(AABC), the following relationship holds:

1 2(h2 4 o2 _ o2
a,PA+ b,PB + ¢,PC > EZ a?(b? + c¢§ — a3) + 8FF; ; (Bottema)

cyc

Let K —point of intersection of symmedians in AABC then, AK =

2bcmg,
a?+b?%+c2
2

2a’bc - myn, 1
>— ) a?(b*n, + c*n,. — a*n,) + 8FF
z a2 + bZ + CZ 22 ( b c a) 1

cyc cyc

(and analogs).

4F, = j(azna + b%ny, + ¢*n,) n(azna + b%n, — ¢*n,)

cyc

9 RMM-TRIANGLE MARATHON 2701-2800
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Therefore,

2
4a’b*c? 1
(aZ + b? + ¢2)2 (Z anama> > Ez a’(b*n, + ¢®>n, — a’n,) +

cyc cyc

+2F\/(a2na + b*ny + cznc) n(azna + b*n, — cZn,)

cyc

2708. In AABC the following relationship holds:

1<y < ()
- a2 — \2r

Proposed by Marin Chirciu-Romania

4

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

x2=Y x Hayashi P=I
A2 EVZEY prer 1 yash 1
We have : — > —_—— = a.BI.CI > —.abc=1
a b ¢ abc abc
) r? r%.bc r2.bc(s — a) abc
Now,we have : AI° = = = = bc — —
. 2A (s—=b)(s—0) sr2 s
sin 7

= bc — 4Rr.

2 _
S (abc)? Z % — (abc)? Z % _ Z(bc)3 _ 4RrZ(bc)2 _

_ (Z bc)3 — 3abc H(a + b) — 4Rr (Z bc)2 - Zabcz al =

= (s*+ 1%+ 4Rr)*(s®> +r*) — 3.4Rrs.2s(s®> + r* + 2Rr) + 4Rr.2.4Rrs.2s =
= [s* + 2rs2(4R + 1) + r*(4R + 1)?](s® + r?) — 24Rrs?*(s* + r? + 2Rr) + 64R*r?*s?
= s% —rs*(16R — 3r) + r?s*(32R%* — 8Rr + 31%) + r*(4R +1)?

4

Z AP* _s®—rs*(16R —31) + ’s*(32R” — 8Rr + 3r%) + r* (4R + 1) <R )

d = o

a? 16R%r2s? =\2r
© (4R +1)? < s?[R® — 32R?*r* + 8Rr® — 3r° — r2s2(s? — 16Rr + 312)] (%)

2s%227Rr
Let f(s) = s2(s2 — 16Rr + 3r%) > f'(s) =2s(2s2—16Rr+3r2) = 0

- f —increasing

10 RMM-TRIANGLE MARATHON 2701-2800
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Mitrinovic
Gerretsen

~ RHS., =  27r%[R® —32R*r* + 8Rr> — 3r°
—r%2(4R? + 4Rr + 312)(4R* — 12Rr + 61%)] =
= 27r2(R® — 16R*r? + 32R3r® — 20R?r* + 20Rr® — 217°) S r®(4R +1r)?
< 27R® — 432R*r? + 864R3*r3 — 556R*r* + 532Rr® — 5681° >0
o (R—2r){(R—2r)[(R—27r)(27R? + 162R?r + 216Rr? + 43213) + 7401*]
+3615} >0

AI>  (R\*
Which is true from Euler (R > 2r) - 2 Z = <2r)

AI>  /(R\*
Therefore, 1< Z < ( ) .

a? — \2r

Solution 2 by Soumava Chakraborty-Kolkata-India

2
AlI? = bc — 4Rr & ' inCsinl
= DC— r —SIn—S1in—
(L) 272
4R

= 16stinEsinEcosEcosE - 16stinésinEsinE = sinEsinE
2 2 2 2 2 2 2 2 2
B C . A B+ C A
= cosEcosE - smE S cos = smE - true
AI? b%c?(bc — 4Rr)
= bc — 4Rr and analogs = z? = Z 16RZr2s2
1

~ 16R%r2s?

— 4Rr ((Z bc)2 - 16Rrsz>)

((s2 + 4Rr + rz)3 — 3.4Rrs.2s(s% + 2Rr + r?)

3
((Z bc) — 3.4Rrs.2s(s% + 2Rr +r?)

~ 16R2r%s?
4

_ 2 2\2 _ 2 E)
4Rr ((s? + 4Rr +12)” - 16Rrs )) < <2r

©)
& r2s5 — r3(16R — 3r)s* — (R® — 32R%r* + 8Rr® — 3r6)s? + r(4R + )2 2 0

11 RMM-TRIANGLE MARATHON 2701-2800
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Now, Rouche = s? — (m —n) > 0and s> — (m + n) < 0,wherem = 2R? + 10Rr —r? and n

= 2(R - 2r)yR% — 2Rr - (s2 —(m+ n)) (s2 — (m— n)) <0

= s*—s?(2m) + m? —n%? < 0 = s* — (4R? + 20Rr — 2r?)s2 + r4R + 1) < 0

= r?s® —r?s*(4R? + 20Rr — 2r?) + r3(4R + r)3s?

-~ in order to prove (%), it suffices to
prove : r2s® — r3(16R — 3r)s* — (R® — 32R%r* + 8Rr> — 3r®)s? + r®(4R + r)?

<r?s® —r?s*(4R? + 20Rr — 2r?) + r3(4R + r)3s?

(+)
© r?(4R? + 4Rr + r?)s* — (R® + 64R3r3 + 16R?r* + 20Rr® — 2r®)s? + ré(4R+1)?2 < 0
Gerretsen
Now,LHS of (xx) < (r2(4R2 +4Rr +r?)(4R? + 4Rr + 3r?)
?
— (R® + 64R%r3 + 16R?r* + 20Rr® — 2r¢)) s? + 15(4R + 1)2 20
?
& (R® — 16R*r? + 32R3r® — 16R?*r* + 4Rr® — 5r®)s? — r®(4R +r)? % 0
(%)
Now, R® — 16R*r? + 32R3r3 — 16R?*r* + 4Rr® — 5r°
Euler

= (R - 2r) ((R— 2r)(R*(R? — 41?) + 4R%r) + 4r*) + 3r5 > 0 v R—2r £ 0

Gerretsen
~ LHS of (xxx) >
”

(R® — 16R*r? + 32R3r3 — 16R?r* + 4Rr> — 5r%)(16Rr — 5r2) — r(4R + )2 20

,
2 R
o 16t7 — 5t% — 256t° + 592t* — 416t3 + 128t2 — 108t +24>0 (t = ;)

?
o (t-2) ((t -2) ((t —2)(16t* + 91t + 98t2 + 216t + 432) + 912) + 84) $0 - true

Fler A2 /Ry*
“t = 2> = = ist =>Z—s(—>
(xxx) = (xx) = (%) is true o >r

_ _ AP Al AIZ 1 A2
Again, - V P in the plane ofAABC,Z— >+/3 . Z— >V3= z—z > —(Z—)
a a a 3 a
1 2 AI?
> §(\/§) =1:1< ) —| (QED)

12 RMM-TRIANGLE MARATHON 2701-2800
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2709. In AABC the following relationship holds:

R 1 3
ZZ ng, > \/@z a’(my? + m.2 —m,?) +EsZ

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Q)
R - |1 3
> E naz\/m E az(mb2+mc2—maz)+is2

4(mp% + m? —my?) = (2¢* + 2a% — b?) + (2a® + 2b* — ¢?) — (2b? + 2¢* — a?)
= 5a? — b%* — ¢?

—>4Za2(mb2+mcz—m2)—z a’(5a* — b* — 2)—52:a —ZZ a’b? =
=2(Z 2) 3 Z a?b? — Z Zaz) — 3.16F2

11 2 3 1 2 1
- |- = 2) _ 2,2 122 — 2) — 2
_>RHS(*)—\/82.4I2(Ea) 3.16srl+2s jlwz(ga) 4rEa
b2+c
(*)<—>—E a—4_ Ea o Ena_é

Tereshm bz

Which is true because : n, > m, > AR

(And analogs)

R 1 3
Therefore, ZZ ng = \/WZ a*(my? +m.? —mg*) + 5 s*.
2710.
Prove that: 3a > b + c.

Proposed by Thanasis Gakopoulos-Farsala-Greece

13 RMM-TRIANGLE MARATHON 2701-2800
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Solution by Jose Ferreira Queiroz-Olinda-Brazil

Let M be any point in plane of triangle ABC, so
aMA? + bMB? + cMC? = 2s - MI? + abc; (1)
SMN?2 = (s —a)MA? + (s — b)MB? + (s — c)MC? + 41r*s — 4Rrs; (2)
Observe that: MB = MC = MU = MN, = R,,; (3)
From (1),(3): MA? — R% = bc
From (2),(3): (s — a)(MA? — R?%) = 4sRr — 4sr*. We get:
(s —a)bc = 4Rrs — 4sr?, sbc — abc = abc — 4sr?

bc(a + b + ¢) = 4abc — 8sr?, abc + b%*c + bc? = 4abc — 8sr?
2

=>3a>b+
be a c

3abc = b>c + bc?> +8sr2,3a=b +c+
2711. In AABC the following relationship holds:

Z A(mb+mc ma> - ZZ 2 m,my m,?
cos nt T h)Z cos cos R’ hoh, %

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let I and G be the incenter and the centroid of AABC,respectively. We know that

r 2
: Al = —A,AG = gma. We know that if P € Int(AABC),
sins
2
then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— (alA,bIB,cIC) and (aGA,bGB, cGC) can be the sides of a triangle.

A A B C
Since alA = 4Rr cos 7 — COS 5 cos PX cos 2 can be the sides of a triangle.

We know that if m,n,p the sides of a tringle, then Vm,\n, \/5 can be also

the sides of a triangle.

( (Vm +n)* =(m+n)+zm>\/52)

2’ 2’ 2
1
=Zj22cos— cos——Zcos2

14 RMM-TRIANGLE MARATHON 2701-2800
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We h Z , A Zl+cosA 2+r 4R + 1 T, F
e have : Ccos“ — = - = — = = _a
2 2 2R 2R 2R 1

1 9 Z A B Ta
=7 cos2 cos > 2R
4sr ma ma m, m,

Since aGA = —.— can be the sides of a triangle
h, hy’ h.

, ’m ,
hb can be the sides of a triangle A, with area F,
b

_ mq,my 2 ma
4 h,h,

We know that for any two triangle AXYZ and AUVW with area S, and S,

respectively, we have : z x*(v®* + w? —u?) > 16S5,S, (Neuberg — Pedoe)
A <mb m,

m,
— For the triangles A, and A4,,we have : Z coOS—|—+—— —) > 16FF,
2\h, h., h,

There f ore,

Z A(mb_l_mc ma) - ZZ Z m,m, mg>?
cos n, T h)Z cos cos R’ hoh, %

Solution 2 by Soumava Chakraborty-Kolkata-India

Proof : T

Via Ptolemy’s theorem on quadrilateral ABQC, AB.CQ + AC.BQ > AQ.BC
2my 2m, 4m,
=>c 3 +b. 3 > 3 .a = cmy +bm, > 2am,
upon squaring (i)
3 c2m? + b2m? + 2bcmym, > 4a?m? = 8bemym, S 16a2m2 — 4c2mf — 4b%m?

Now, (2bmy, + 2cm.)? — 4a*m?
via (i)
= 4b2m +4c?m? + 8bempym, — 4a’m2 S 4b%m? + 4c2m? + 12a%m>
—4c’mi — 4b*m?

15 RMM-TRIANGLE MARATHON 2701-2800
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= b?(4m? — 4mc) - c2(4m —4m?) + 12a’m3
= (b% — ¢?)(2¢? + 2a% — b% — — 2b% + ¢?) + 12a’m2
=3(a?.4mZ — (b? - c2)*)
= 3(a2(2b? + 2¢% — a%) — b* — c* + 2b%c?) = 3 (ZZ a%b? — z a*) = 48F2 > 0
= (2bmy, + 2cm.)? > 4a’m? = bmy, + cm, — am, > 0
= (y/bmy, + cm, — /am,)(y/bmy, + cm, + ,/Jam,) > 0 = /bmy, + cm, — \/am, > 0
= /am, < ,/bmy, + cm, < /bmy, +,/cm, = \/bmy, + ,/cm_ > /am,

R bm,, N ’cmc S [am, R my, N m, S m, d I
2rs 2rs 2rs hy h, h, anc analogs
ma mb

. form sides of a triangle
b

m,m,, m?2
— (1) with arean—4 2 h—hb hczz
cyc cyc
. 2 A 2B 2 1
Again, cos E+cos 5 ~ ¢os E=E(1+cosA+1+cosB—1—cosC)
1(2'2C+2'c A_B>>0 0< —— <1 2 &
_= et e N e
5| 2sin® 5 ]s;nzcos cos < cos”
< 22 22
cos 2+cos >

( A B)Z A B C 0
< cosE+cosE =>cosi+cosi—cosi>

A 4 B C A 4 B 4 C >0 C
= — —— — — — - = -
cos- + cos cos cos + cos cos cos
< A 4 B < A 4 B
cos- + cos cos cos

A B C
= cos + cos > cos and analogs

A B C
= \/cos—, \]cos—,\/cosz form sides of a triangle — (2) with area F;

2 2
1Ly LS theost
—Z COS—COSE—E CcOos
cyc cyc
1 A A B Ta @
=1 ZZcosEcos——ﬁ (rb+rc)—— Zcosicosi— 2R F,
cyc cyc cyc cyc

Now, via D. Pedoe (1941) and J.]. B. Neuberg (1891), for any 2 triangles
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with sides a;, by, c; and a;, b,, c;, we have : z aj(bj + c5 —a?)

cyc
> 16F,F, where area of first

’ A
triangle = F; and that of second one = F, . choosing a; = cosE and analogs and a,

= /h_a and analogs and making use of axioms (1) and (2), we arrive at :
a

Z A (mb_l_mc ma)
cos b, " h, T,

cyc

> 16F,F R 162 2 E A coss fa 1/, Mamy m
=0 = 2 €083€083 2R'% h,hy, h2
cyc cyc cyc cyc
A

cyc

_ |y Z B I, 2 mamb Z ED
= cos > cos > 2R’ h (Q )
cyc cyc

2712. In AABC the following relationship holds:

R 1 3
(7— 1)zma > WE my%(b? + ¢ — a?) +Es2

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(5—1)Zma(§\/%2maz(bz+cz—a2)+;sz
. ZZmaz(bZ+c —aZ)——1 (2b? + 2¢% — a?)(b? + ¢* — a?)
=321r2 Za _ZZ a’b?) =
:%[z(zaz -3( Z a?p? - ) a* l = lz (Zaz)z—s.mszrzl
- (2. ) ‘55
—>(*)<—><——1>Zma_ a’ & 2(2R - 2r)Zma_Za2

Euler

Tereshin 2
) ) b + C 2
We have : 2(2R—2r)Zma = ZRZma = ZRZ Za :

17
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R 1 3
Therefore, (7 - 1)Zma > \/@z m,2(b? + ¢% — a?) +§Sz

2713.In AABC,v,, vy, v, are cevians through Bevan' s point, then:

AV
rzzv—+R(R—2r) > Rr

a

Proposed by Soumava Chakraborty-Kolkata-India

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let V be the Bevan's point, O the circumcenter and I the incenter of AABC.
We know that O is the midpoint of VI, AO = R and Ol = OV = \/R(R — 2r)
r2 r’bc _be(s—a)

Sinzg (s —b)(s—o) s

Using Apollonius's theorem in AAVI : 4A0? = 24V? + 2AI% — VI?
< 2AV? = 4R?> — 2(bc — 4Rr) + 4R(R — 2r) —» AV? = 4R? — bc (1)
Now,let{A'} = (AV) n (BC) (-~ v, = AA')

The barycentric coordinates of V are (x : y : z) with x

a b c
=a (— + + )
s—a s—b s-c
_b<a b+0)d_<a+b c>
Y= s—a s-bps-¢c) M7 \sa "s-b s—c/
— A' have the coordinates (0:y:z) - (y+z)AA' = yAB + zAC

Squaring
S (y+2)%v,2 =y%c* + z°b* + yz.2AB. AC
= y2c? + z2b% + yz(b? + c® — a?) ()

a b c \? a b c \?
( _2 )+( 2 ) +
s—a S—b s-—c s—a s—b s-—c
a b c a b c ) ) )
be( Tt ) (ot - ) P 2 - ad) =

s—a s—b s—c/\s—a s—b s—c

B I SR
B (s—a)?2 \s—b s—c

a? b c \? s 2 g
+be (s—a)2_<s—b_s—c> (b%+c" —a’) =
b c \2

) [a? - - 07

Also, AI? =

abc
bc 5 = bc — 4Rr

RHS (., = b*c?

2
= o el + 0 —a?] + be

s—b s—c
_4sa’bc N 4s*bc(b — c)*
~ s—a (s—-b)(s—c¢)
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a’.4(s—b)(s—c) +4s(s—a)(b— c)?
= shc. o

= D (@a? — (b~ 0] + (b~ (b + ) —a¥]} =

bc bc 16s(R.abc — sr.bc
= —(4a2bc -2 Z a’b? + z a“) = — (4a.4sRr — 16s%*r?) = ( )
T2 T2 r
= 16s(R.4Rs — sbhc) =
= 16s5%(4R* — bc) 2 165s°AV? > RHS() = (4s.AV)> 5 (y+2)v, = 4s.AV - -
y+z ¢
4s
bg b( a b N c ) N ( a N b c )
YT 2= "a s-b s5-¢ " ‘G—a"s—b s-c
_a(b+c) b(b—c)+c(b—c)_

s—a s—b s—c
_a(b+c) s(b—c)?> ab+c)(s—b)(s—c)-s(s—a)(b—c)® _
" s—a (s—-b)(s—-c¢) sr2 B

_als+(s-a)](s—b)(s—c)—s(s—a)(b-c)?

= 2
_a(s— b)s(lsﬂ— c)+ar?—s(b—c)*+alb-c)®>
= - =

r
= (s2 +1r%)a —sa(b + ¢) + abc + 2sbc — s(b?* + c¢?) + a(b? + ¢?) — 2abc
AV
=4s.1%. —

Va
- 4s.r221—v= (s? +r2)Za—ZsZa2 + (Za) (Zab) — 6abc

= 2s(s® +1%) —4s(s? —r* — 4Rr) + 25(s* + r?> + 4Rr) — 6.4Rrs = 8sr?

AV
- r22—=2r2
v

a

Euler

AV
—>rZZV—+R(R—2r)=2r2+R2—2Rr=Rr+(R—2r)(R—r) S Rr.

a

AV
Therefore, r* Z -+ R(R — 2r) = Rr.

a

2714. In AABC the following relationship holds:

4Rs n, +n.+ h, + h,
r—zzﬂ( . +c0tB+cotC)

Proposed by Bogdan Fustei-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

n, R 2s(R—r1) ) 5 ) 2r A
h—aSF—l o naST © N =8“—2h,r,=s (1—2.7.tani>
4 _ 2.2
- (R—1r)°s
< p

_ A A A
< (2RsinA)? — 4R smicosi.tlrtani <4(R-71)> < (R-1)?

> R?*(1 — cos? A) — 2Rr(1 — cos A)

n
o 1% >—-R?cos’?A+2RrcosA < (RcosA—r1)?> >0 whichis true - h_a
a
<R 1 +h <Rh 2sR
R - —_ = —
T r Ma ™ Ma =71 ="
ny+n.+h,+h
- b CS b ° + cotB + cotC
<2R_I_2R_I_(:2+a2—b2 2R_I_a2+b2—c2 R —
b 2ca.b 2ab.c 7
_2R(b+c)+2R.a_2R.Zs_a
~ bc bc  bc r
n,+n.+ h, + h, a abc 4Rs
*1_[( +c0tB+c0tC)S1_[—=—3=—2_
s r o r r

Solution 2 by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + c?(s — b) = an? + a(s — b)(s —¢)
= s(b% + ¢?) — bc(2s — a) = anZ + a(s? — s(2s — a) + bc)

= s(b% + ¢?) — 2sbc = an3 + a(as — s?) = s(b? + ¢ — a® — 2bc) = an3 — as? = an?
= as? + s(2bccosA — 2bc) = as? — 4sbcsin2%

2 4sbc(s—b)(s—c)(s—a)

- as bc(s — a)
42 20\ / A W
= as? — s—a" as? — 2a(7> (s — a) = as? — 2ah,r, - n%2 = s? — 2h,r,
n, R R? 2R 2 Mgz 2R s?—2h,r, s%a? 2r,
Now, 2<—-1o—5-—+1223 - -"11> = e
h,  r r2 r h2 r2 r h2 4r?s?  h,

2

a (er>(a) a®> (a—s)+s a?

s —a/ \2rs 4r2 s—a 4r2 s—a
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a’(s —a) — 4(sr?) _ - a’(s—a)—4(s—a)(s—b)(s—c)

4(s — a)r? 4(s — a)r?
2 2 2 2 2 2
a—(a—(b—c b—c R 2R b—c
(@ k-0?) | (k- R 2R_(b-0)
4r2 4r2 r2 r 4r2
R(R—-2r) b?+c?-2bc
S =
r2 4r2
b%2+c%? bc 2r\ _ 4R?(sin?B + sin?C)  4RZsinBsinC
SR-2r> - (1——)2 —
4R 2R R 4R 2R
8Rsin%singsin§
o1- = > sin?B + sin?C — 2sinBsinC = (sinB — sinC)?
1 asi A<2_ B . c)>(2 B+C . B—c)2 1 asi A( B-C B+C)
o1-— — —sin— o1-— — —
sm2 smzsm2 > (2cos 5 sin 5 sm2 cos 5 cos 5
LA ,B—C
> 4sin E(l—cos )
1 asin® cos B C 4 asin?® > asin?® _ asinz A cos2 B
@ — J— J— —_—— —
smzcos sin 5 2 sin 5 sin 2cos 5
. ,A _B-C A B-C A B-C 2
S 4sin Ecos > —4smicos +120=>(Zsmicos —1)

n, R
>0->true=> —<—-1
h,

R
n, +n + hy, + h (;—1)(hb+hc)+hb+hc sin(B + C)
and analogs © + cotB + cotC < p :
S S sinBsinnC

R\2rsa(b+c) 4R?a?> 2Ra(b+c) 2Ra? a(2s) a
= (—) = = =< and analogs

rs abc 2Rabc 4Rrs 4Rrs  2rs
n, +n. +hy +h a 4Rrs 4Rs
:1_[< +cotB+c0tC>S1_[—=—3=>—2
S r r r

ny + ng + hb + hc
= 1_[ ( S + cotB + cotC) (QED)

2715. In AABC,v,, v,, v, are cevians through Bevan' s point, then:

a
4RSZb+c > 12Rs—2va(b+c)

Proposed by Soumava Chakraborty-Kolkata-India

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

LetV be the Bevan's point and {A'} = (AV) n (BC) (- v, = AA')
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The barycentric coordinates of Vare (x:y : z)
a b c
withxza(— + + )
s—a s—b s-c
_b(a b+0)d_<a+b c>
Y=PGs—a s-b's-¢c) M *T\sa s-b s—c/
— A' have the coordinates (0:y:z) - (y+2z)AA' = yAB + zAC

Squaring
8  (y+2)*v,2=y*c* +z°b* + yz.2AB.AC
= y2c? + z2b? + yz(b? + c® — a?) ()

a b c \? a b c \?
( _2 )+( + 2 ) +
s—a SsS—b s-—c s—a s—b s—c

a b c a b c ) ) )
be(- - Tt ) (o ) P - a?) =

s—a s—b s—-c/\s—a s—b s—c

-
B (s—a)2 \s—b s—c

a? b c \?
(s—a)2_<s—b_s—c) l(b2+cz—a2)=
b c \?

) [a? - -7

RHS(*) = bZCZ

+bcl

2
= o el + 0 —a?) + be

s—b s—c
_4sa’bc N 4s*bc(b —¢)*
~ s—a (s—b)(s—c¢)
a’.4(s —b)(s —c) + 4s(s — a)(b — ¢)?
bc. 5
ST

= 2 (@?la? — (b~ )] + (b~ cP[(b + ) — a?]} =

be bc 16s(R.abc — sr.bc
= (4a2bc -2 E a’b? + E a“) = — (4a.4sRr — 16s*r?) = ( )
r? 72 -
= 16s(R.4Rs — sbc) =

= 64s%R? (1 — b—cz> = 64s*R*( 1 - S(S—a)A
4R 4R? cos? 5
- 4s(s — a) cos? B%
= 64s“R°| 1 — 1 B2
(4R C0S 5 COS — )
coszB—_Csl
2 (b + ¢)? — a?

~~ a 2 a 2
> 4s*R?% (1 = R—— RHS . > R—) (1
S 64s ( AT ) (8sRz=——) ~ RHS() 2 (8sRp——) (O

N —b( a b N c )+ ( a N b c )
Y 2= s Ta " s5—b 5-¢) " s—a"s—b s—c
_a(b+c) b(b—c)+c(b—c)_
 s—a s—b s—c
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a(b+c s(b — ¢)? a(b +c a(b+c 2
_atb+o)  s®-of _abro 0 <<_>v> @

s—a _(s—b)(s—c)_ s—a

s—a
a(b+ c) a s—a

=y, > — > )
From (1),(2),we have Py v, = 8sR bt c o v,(b+c)=8Rs bt c

+—a+b+c
b+c b+c

a
: >
Therefore, Z <4Rs hrc va(b + c)) > 12Rs

a
— 4Rs. bt c +v,(b+c) = 4Rs( ) = 4Rs (And analogs)

a
- 4RSZb_+c > 12Rs — Eva(b +0)|
2716.In AABC,x,y,z > 0, the following relationship holds:

) = (S [y e |

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
Let G be the centroid of AABC,we know that : AG = gma.

We know that if
P € Int(AABC),then aPA,bPB, cPC can be the sides of a triangle (Klamkin)
— aGA,bGB, cGC can be the sides of a triangle.

4sr m, m, m, m
SinceaGA = —.— - can be the sides of a triangle A'with area
3 " h, ha hb hc

P PG G - S G YR 26

We know that for any AUVW with area F,x,y,z > 0,then Z u?. x

> 4F f xy (Oppenheim)
mg\?
— for the triangle A',we have : Z (h—) .X > 4F'. Z xy
a

N| =
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Theref ) ez [ 2 Ry ()
erejore, — X x -—
Y h,>h,? hq,

Solution 2 by Soumava Chakraborty-Kolkata-India

N[ =

Proof : e
Via Ptolemy's theorem on quadrilateral ABQC, AB.CQ + AC.BQ > AQ.BC

2my 2m, 4m,
=c 3 +b. 3 > 3 .a = cmy +bm, > 2am,

upon squaring (i)
3 c2m? + b2m? + 2bcmym, > 4a?m? = 8bemym, S 16a2mZ — 4c2mf — 4b%m

Now, (2bmy, + 2cm.)? — 4a*m?
via (i)
-~
= 4b’m? + 4c’m? + 8bcmym, — 4a’m? = 4b?m? + 4c’?m? + 12a’m?

—4c’mi — 4b*m?
= b?(4m? — 4m?) — c2(4mf — 4m?) + 12a’m?
= (b% — c?)(2¢? + 2a* — b% — 2a% — 2b% + %) + 12a’m}
= 3(a?.4mZ - (b? - c)*)
= 3(a?(2b? + 2¢% — a?) — b* — ¢* + 2b%c?) = 3 (zz a?b? — z at) = 48F2 > 0

= (2bmy, + 2cm)? > 4a’m?2 = bmy, + cm, — am, > 0
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bm, cm. am, m, m. m,

= + > >—+—>
2rs 2rs  2rs h, h., h,

m, my, mg

and analogs

= T, hy h form sides of a triangle
) o | mZm? m,\*
— (1) with area F*(say) = - |2 T z (—)
4 hzhj h,
cyc cyc

m\2
-~ via Oppenheim and making use of axiom (1),2 (h—a) x
a

cyc

) mZm; Z (ma)“
hZh2 h,

cyc cyc

1
via () 2

> /xy +yz+zx(4F*) = [xy+yz+zx

(QED)

2717. In AABC the following relationship holds:

s 1
———Z(na + h,) = 2cotA
r s

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

n, R 2s(R—r1) ) ) ) 2r A
h—as;—l © naST o n=s5“—2h,r,=s (1—2.;.tanz>
4 _ 2.2
- (R—r1)°s
< s

. ) A A A ) )
< (2Rsin A) —4Rsmicos§.4rtanfs4(R—r) < (R-71)

> R*(1 - cos? A) — 2Rr(1 — cos 4)

n
o 12> —-R?cos?A+ 2RrcosA < (RcosA—1)%2 >0 which is true - h_a

a

<R 1 +h <Rh 2sR
— — —) — o —
~r a R (R a

s 12( +h)>s 1 2sR 1 (Z )2 1 ZZ b 1 Z )
—_ —_-—— —_—— _— —_— = —_—
r s a “YTr s a 4sr a 4sr a asr 2.7

bZ +c2—a? 2R
=Zz—bc-7=z‘=°“‘-
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s 1
Therefore, —— ;Z(na + h,) = z cot A.

Solution 2 by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + c(s — b) = an? + a(s — b)(s —¢)
= s(b? + ¢2) —bc(2s — a) = anZ + a(s* — s(2s — a) + bc)

= s(b? + ¢2) — 2sbc = an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = anZ — as? = an?
= as? + s(2bccosA — 2bc) = as? — 4sbcsin? >

2 4sbc(s—b)(s—c)(s—a)

- as bc(s — a)
472 20\ ; A %
2 2 2 2 2
= as“ — = as —2a(—>( )=as — 2ah,r, - n; = s —2h,r,
s—a a s—a () a‘ta a ata
by (1) 2 2 2.2
n, R R? 2R nz” ’R? 2R s?—2h,r, s%’a® 2r,
Now,—<——-1e—w——+1>— © ——— > = -
Yh, T T 2 T h2 Z T h2 4r?s?  h,

a? 2rs \, a a? (a—s)+s a? s
4r s —a/ \2rs 4r s—a 4r s—a

a’(s —a) — 4(sr?) _ - a’(s—a)—4(s—a)(s—b)(s—c)

=1+

4(s — a)r? B 4(s — a)r?
2 2 2 2 2 2
a-—(a“—(b—c b—-c R 2R (b—-c
_q4 (@ -b-0f) koo R 2R (b-of
4r2 4r2 r2 r 4r2
R(R—-2r) b?+c?-2bc
< =
r2 4r2
b%+c%  bc 2r\ _ 4R?*(sin’B + sin?C)  4RZsinBsinC
S R-2r= ——@R(l——)Z -
4R 2R R 4R 2R
. A . B_.C
8Rsmfsmfsmi
e1- = > sin?B + sin?C — 2sinBsinC = (sinB — sinC)?
1 asi A(Z' B . C)>(2 B+C | B—C)2 1 — asi A( B-C B+C)
s1- — —sin— s1- — -
s1n2 smzsm2 > | 2cos > sin > st cos > cos >
. ,A ,B—C
= 4sin E(l—cos > )
1 4si A B—C+4_ZA>4_ZA 4-2A ,B—C
@ —_— J— —_— —_—— —_—
smzcos sin > 2 sin > sin 2cos >
@4.2A ,B—C 4_A B—C+1>O®(2_A B-C 1>2
sin 2cos > smzcos > smzcos >
n, R
>0->true> —<—-1
h, r
R
n, +n¢ + hy + h, (;—1)(hb+hc)+hb+hc sin(B + C)
and analogs © + cotB + cotC < +— -
s S sinBsinnC
_(R)era(b+c) 4R%’a’* 2Ra(b+c) 2Ra’? a(2s) a d .
“\rs abc 2Rabc 4Rrs 4Rrs  2rs  r ‘neanaloss
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n, + n.+ hy + h a 2s
:>2< S +c0tB+c0tC>SZF=T

=}na+nb+nc+ha+hb+h

c 2s
+ZZcotAST

s
n,+ny,+n.+h,+h,+h
__a’'®d Cs a’l’h CZZCOtA (QED)

S
= —
r

2718. Let ¢ = 2. In any AABC the following relationship holds:

R a
(E) z hyh, > z Pyt

cyc cyc

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by George Florin Serban-Romania
2F 2F , O 1 ,\" @ 4F?-2s 2sF 2rs®
zh”hf =2 ¢ ZEZL}F Zabc: 4RF R R

cyc cyc cyc cyc

Z 1. = st

cyc

R\* R\"2rs* )
(z) 2= (z7) == 2 rore=s

cyc cyc

a a
(x) o (5) 1o (5) > &£ which is true from R > 2r(Euler) and a > 2.
r R 2r 2r

Therefore,
R a
(E) z hyh, > Z ryr,
cyc cyc

2719. In AABC,x,y,z > 0,

e R R & R
A e B R

1
2
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ma
then: Z—.x > ny.wl.wz
h,

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let G be the centroid of AABC,we know that :

2
AG = 3 M We know that if

P € Int(AABC),then aPA,bPB,cPC can be the sides of a triangle (Klamkin)

— aGA,bGB, cGC can be the sides of a triangle.
Since aGA = -5 Ma _ Ma My Mc 1 be the sid t l
= — >
ince a 3 h,  hhy h. can be the sides of a triangle.
We know that if m,n,p the sides of a triangle,then Vm, /n, \/5

can be also the sides of a triangle.

(\/_+ )—(m+n)+2\/_> \/_2)

, ,m ,
b can be the sides of a triangle A’ with area :
Mo )l Moy fme M) e, e ) m e
hb h, h, h, h, h, h, h,

1
_Z W,

B

We know that for any AUVW with area F,x,y,z > 0,then Z u?. x

> 4F ny (Oppenheim)

2
’m

— for the triangle A',we have : Z h—a .X > 4F'. ny
a

ma
Therefore, Zh—.x = ny.wl.wz
a
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Solution 2 by Soumava Chakraborty-Kolkata-India
A

o “
Proof : Q
Via Ptolemy’s theorem on quadrilateral ABQC, AB.CQ + AC.BQ > AQ.BC
2my 2m, 4m,
=>c 3 +b. 3 > 3 .a = cmy +bm, > 2am,

upon squaring (i)

3 c2m? + b2m? + 2bcmym, > 4a?m? = 8bemym, S 16a2m2 — 4c2mf — 4b%m?

Now, (2bmy, + 2cm.)? — 4a*m?
via (i)

= 4b%m} + 4c’m? + 8bcmym, — 4a’m2 S 4b%m? + 4c2m? + 12a%m>
—4c*mZ — 4b*m?
= b?(4m{ — 4m?) — c2(4mf — 4m?2) + 12a’m?

= (b? — c2)(2¢? + 2a® — b% — 2a% — 2b? + ¢?) + 12a’m?
=3(a?.4mZ — (b? - c)*)

= 3(a?(2b? + 2¢% — a?) — b* — ¢* + 2b%c?) = 3 (zz a?b? — Z a*) = 48F2 > 0
= (2bmy, + 2cm)? > 4a’m?2 = bmy, + cm, — am, > 0

= (y/bmy, + cm, —/am,)(y/bm,, + cm, + /am,) > 0 = ,/bm;, + cm, — ,/am, > 0
= /Jam, < /bmy, + cm. < \/bm;, +,/cm_ = \/bm,, + /em, > ,/am,

R bm,, 4 {cmc S ,ama R my, 4 m, S m, d I
2rs 2rs 2rs hy, h, h, and analogs
m, my, me . . .

= |—, |=—, |=— formsides of a triangle — (1) with area F* (say)
ha hb hc
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R RIR R R R R R R

=>F' = ”“ T ~ via Oppenheim and making use of axiom (1),

m via (%)
Z T X Ry Hyz+2x(4F) 2 [xy +yz+zx. @10, (QED)
a

cyc

2720. In AABC,v,, v,, v, are cevians through Bevan' s point, then:

A
z v,(b + ¢) cos— = 2s?

Proposed by Soumava Chakraborty-Kolkata-India

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
LetV be the Bevan's point and {A'} = (AV) n (BC) (- v, = AA")

The barycentric coordinates of V are (x : y : z) with x

a b c
=a(— + + )
s—a S—b s-—c

_b<a b+c>d_<a+b c>
Y=0\s—a s-b ' s-¢c/ M2 "a"s-b s—c

— A" have the coordinates (0:y : z) —» (y+ z)AA’ = yAB + zAC

Squaring

o (y+2)*0,% = y2c? + z2b? + yz.2AB.AC

,.'.‘

= y2¢? + z2b? + yz(b? + c® — a?) ()

a b c \? a b c \?
( 2 )+( P ) 4
s—a S—b s-—c s—a sSs—b s-—c

a b c a b c
_ _ 2 2 _ 2) —
bc(s—a s—b+s—c>(s—a+s—b s—c>(b te a’)

| )
B (s—a)? \s—b s-—c

(s—a)2 (sfb

RHS (., = b*c?

P l(b2+c —a?) =
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2 2

—) [a? - (b &)?]

s—b s-—c

=(Sil—a)2.bc[(b+c)2—a2]+bc(
4sa’bc 4s*’bc(b —c)®> 4sa’bc
~s—a (s—b)(s—c) s-—a
y+z=b(a L c)+c(a LA C)
s—a s—b s-—c s—a s—b s-—c
_a(b+c)_b(b—c)+c(b—c)_

(1)

s—a s—b s—c
a(b +c) s(b — ¢)? a(b + c) a(b + c) 2
= —_ < < .
s—a (s—b)(s—¢c)~ s—a - LHS( < s—a ' ® (2)
a(b + ¢) 4sa’bc 2 Vbc
: ) > > . -
From (1),(2),we have Py v, = s a o v, = b Tc s(s—a)

= w, (And analogs)

A A 2A 2
%Zva(b+c)cos§2ZWa(b+c)cosE=ZZbccos E=ZZs(s—a) = 2s

A
Therefore, Z v,(b +¢) cos - > 252,
2721. In AABC the following relationship holds:
1 2 1
2. < 52
lcosBeosE V3 inA
COS+ COS sin

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have : cos—cos—= 3§ —sin—
2 2 ca.ab a 2

1 1 1
< <

A . B - C

Sll’l2 Sll'l2 Sll’l2

B C \/(s—b)(s—c)_s A

and Va=> Vb = ¢

Also,ifa>=b >c -
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1 1 | 1 Chebzshev 1 1 B
D )
ey By

nA
Slnz

1 2 1
E—s —E :
B € 3& L
COSZCOSZ smz

2722. In AABC the following relationship holds:

Therefore,

xa’*n, + yb®ny + zc®n, > Jxy +yz +zx |2 Z a’bZn,n, — Z a*nZ vx,yz>0

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

2
Let m, n, p form sides of a triangle and then (Vm+ vn) —p=m+n—p+2ymn

>2vVmn>0= Vm+ vn> \/[_)andsimilarly, vn + \/[_)> vm and
Jp+ vm> vn

= +/m, Vn, \/ﬁ form sides of a triangle for every m, n, p that form sides of a triangle
- axiom (1)
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Let the Nagel point be N.Now,A'B=s—-c,A'C=s—b,BA=s—c¢,B'C=s—-aqa,CA
AN Vanéubels —b S—C _ a A’N

=s—b,CB=s—a- = = +1
AN ~ s—a s—a s—a AN
s—a
a
n, s a’n, a’n, + b*ny — c?n,
>—=—>aAN= and analogs = =a.AN+b.BN—c.CN >0
AN a S S
Klamkin

“ a.AM +b.BM — c. CM and cyclic analogs > 0V interior points M and
choosing M = N which is justifiable since N is an interior point

~ a*n, + b%n, — c?n, and cyclic analogs > 0

= a’ng, b%ny, c?n, form sides of a triangle
. ax%)m @ a \/n_a,b \/n_ c \/n_cform sides of a triangle —» axiom (2)
Now, via generalised Ionescu — Weitzenbock's inequality, we have : V x,y,z

> 0 and V a, B,y that form sides of a triangle, xa? + yp? + zy?

>4 /xy +yz+ zx.[PQR]
(where PQR is the triangle formed by a,B,y) = ./xy + yz + zx \/16[PQR]?

= Jxy+yz+zx 22a282—2a4=>xa2+y[32+zy2

> Jxy+yz+zx ZZOLZBZ—ZOL“

and choosinga =a ,/n,, B =Db /n,,y
= ¢ ,/n., which is justifiable as is evident from axiom (2), we have V x,y,z
>0:

xa’ng + yb%ny +zc?n, > [xy +yz +zx |2 Z a?b2n,n;, — Z a*n? (QED)

2723. Let ¢ = 1. In any AABC the following relationship holds:
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R a
(zr) 2, wi= ) more

cyc cyc
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by George Florin Serban-Romania

zh 2F 2F _ Z _4F22 a _4F-2s 2sF _2rs’
b c bc abc. 4RF R R

cyc cyc cyc cyc

Z 1. = st

cyc

R\“ R\%2rs% 5
(2r) 2 whe=(5;) 7= D, rome=s

cyc cyc

a (24
(x») = (zir) -%r >1e (%) > Zﬂwhich is true from R > 2r(Euler) and a > 1.

(37) 2= (5) wam= () 2 heho= Yoo

cy cyc cyc cyc
Therefore,
a
(57) Wiz ) more
2r
cyc cyc

2724.

I, 2m, +n, +h,
InanyAABC,Zna(rb+rc) h—z 32 o
a

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

B . C . B+C\ A A
siny sing )\ ssin (T) cosy scos’y LA @) LA
I, +r.=s E+ c|™ A B C - (i) = 4Rcos 7 STptre= 4Rcos§
cosy  cosy €OS 5 C0S 7 COS 7 iR
Stewart’s theorem = b?(s — ¢) + ¢*(s — b) =an2 + a(s — b)(s —¢)
= s(b%? + ¢2) — bc(2s — a) = anZ + a(s? — s(2s — a) + bc)
= s(b% + ¢%) — 2sbc
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= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)
4sbc(s—b)(s—c)(s—a) , 4A?
B be(s — a) — T s "a

2

= as? — 4sbcsin? > =as

2A A
= as? - 2a (7) (s — a) = as? — 2ah,r, = n% = s — 2h,r, = a’n?% < 4(R —r)?s?
& a?(s? — 2h,r,) < 4(R —1r)2s?

2 . 2 2 A A A
& (4R%sin%A)s? — 4rs (4Rsm§ cos E) (stan E)

A
< 4(R? — 2Rr + r?)s? & R*(1 — sin?A) — 2Rr (1 — 2sin? E) +r>0

© R?%cos?A — 2RrcosA + r?2 > 0 & (RcosA —r)? > 0 > true . an,

< 2Rs —2rs
na< 2Rs 2rs na<R 1 and * via P . 12ma<R.2ma n, 1
T S () () ke L vieRemaitopel g S g
a a

R R 2m, +n, + h, 2R
<—+—1—1+1> < |— and analogs
r r h, r

:fz 2ma+na+haS i 3 EiZ 2ma+na+ha(;)SZ 2R
3 h, 3 r 3 h, -~ r

Let the Nagel pointbe NNNow,A'B=s—-c,AAC=s—-b,B'A=s—¢,B'C=s—a,C'A
AN VanéubelS—b s—c_ a A'N

=s—b,CB=s—a- = =
A'N ~ s—a s—a s—a AN
s—a
= +1

a

+1
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A . A A
n s sAN I sAN A stan= (4Rsin5 cos 5
= e _ _a via (l) (4‘RCOSZ ) \/ 2 ( 2 2)

=—=n,=—=n,(, +r
AN a % a a(Ty + 1) h, ~ 2rs

2R 4Rsin%coszg 2R A
= A A sAN =s AN cosE
4Rsin+ 5 COS 5
r
= ng(rp +1e) ’ 2 ’ AN. cos— and analogs = Z n,(r, +reo) ’—

? ?

=s —z:AN.cos—zs2 —@ZAN.cos—Zs
r 2= r 2~

A
cos»
@ZaAN — A A >Ss

A2
4Rcos 5 > sin+ >
AN.AlI BN.BI CN.CI &9
@Za.AN.AIZabc@ + + + >1
bc ca ab ~

Now, Via Xiao — Guang Chu and Zhi
— Hua Zhang, for any 2 arbitrary interior points P and M, if x,y, z
are the barycentric coordinates of point P or M, then :
(x +y + z)(x. PA\MA + y.PB.MB + z. PC. MC) > yza? + zxb? + xyc? and choosing M
=1 (Iis an interior point) and as the point corresponding to which the
barycentric coordinates are evaluated, then - x = ap,,y = bp,, z
= cp3 where p4, p2, p3 are the perpendicular distances from M to BC, CA, AB
respectively, we get :
x =ar,y = br,z = cr (~ M = 1) and so, using these substitutions, we arrive at
: (ar + br + cr)(ar.PA.IA + br.PB.IB + cr.PC.IC)
> br.cra? + cr.arb? + ar.brc?

PA.IA PB. IB PC.IC\ a’bc+ b%ca+ c?ab
= Zs( + ) =
bc ca ab abc
PA.IA PB.IB PC.IC(*) .
= + + > 1 and choosing P
bc ca ab ~

= N (N is an interior point) in (x**), we get :

AN.AI BN.BI CN.CI . r,
+ + > 1= (x) istrue = Z n,(ry, +re) o
a

bc ca ab

2Rvia (+) g2 2m, +n, +h
>s2 [0S jm“ faT e (QED)

= r = 3 h,

2725. In AABC the following relationship holds:
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R
ZWaz +Zz maz > 252

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

) R ) Euler ) , AM—GM Lascu 2bc Ab+c A
w, +§'ma = w,S+ms = 2wym, 2 2.b+ccosi. 5 cos3

A
= 2bc cos? 2= 2s(s — a)

R
- Z (wa2 +ﬂ.ma2> > Zsz:(s —a) = 2s?

2, R 2 2
Therefore, Zwa +52ma > 2s°.

2726.In AABC,v,, v}, V. are cevians through Bevan' s point, then :

z V, 27R
>
s—a 2s

Proposed by Soumava Chakraborty-Kolkata-India

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
LetV be the Bevan's point and {A'} = (AV) n (BC) (- v, = AA')
The barycentric coordinates of V are (x : y : z) with

a b c
x=a<— + + )
s—a s—b s-—c

_b(a b+C)d_(a+b c>
Y=o sTa  s—b T s—c) M TTC s TaTs—b s—c

— A’ have the coordinates (0 : y : z) » (y + z)AA’ = yAB + zAC
Squaring
S (y+2)*v,2 = y*c® + z°b* + yz.2AB. AC
= y2c? + z?b* + yz(b? + c* — a?) (»)
2

a b c a b c \?
( — + >+< + - ) +
s—a s—b s-—c s—a s—b s-—c

RHS(*) = bZC2

37 RMM-TRIANGLE MARATHON 2701-2800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

a b c a b c
_ _ 2 2 _ 2) —
bc(s—a s—b+s—c)(s—a+s—b s—c>(b te a’)

e L (Aot
B (s—a)2 \s—b s—c
a? ( b c
(s—a)! \s—-b s-—c

2
aZ

b
=m.bc[(b+c)2—a2]+bc<s_b ——) [a*— (b - )]

2
+bcl )l(b2+c2—a2)=

_4sa’bc  4s’bc(b—c)?
= 5—a (s—b)(s—c¢)
a’.4(s —b)(s — c¢) + 4s(s — a)(b — ¢)?
bc. 5
ST

= 2 (@?la? — (b~ )] + (b~ c[(b + ) — a?]} =

16s(R.abc — sr.bc)
T

bc bc
== (4a2bc —2 z a’b? + z a4) = (4a.4sRr — 165r2) =

= 16s(R.4Rs — sbhc) =

bc s(s—a)
_ 2p2 (1 _ _ 2p2| 4 _ 7
= 64s“R (1 4-R2) = 64s“R (1 A)

2 24
4R4 cos 2

4s(s — a) cos? B ;
= 64s*R*( 1 -

(4R cos % cos %)2

coszB;Csl

- b+ ¢)? — a? a 2 a \2
S 64s%R? (1 - L) = (8sR.—) - RHS, = (8sR.—) (1)

(b + ¢)? b+c - b+c
N —b( a b c ) ( a N b c )
YT2=0\s—a s-b's-c “s-a's-b s—c
_a(b+c) b(b—c)+c(b—c)_

s—a s—b s—¢
— )2 2
_ab+e) _sb-c? _ab+eo) LHS,., < (a(b+c)_va> @)

s—a _(s—b)(s—c)_ s—a s—a

From (1),(2),we have :
8sR
2 J—
(b + ¢)?

a
.va>8sR.b+ ©

(And analogs)
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Holder 3

Th Ya_ - gsR 1 S 8sR 3 _27R
erefore, ) TU28R) Gom S BSRizaoam =0
2727. In AABC the following relationship holds:

cos (L0 ()

b hc

A B Jngn n

ZZCOSZ— cosZ— — cos4 z = b—z:—
2 2 h,h,

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let I and N be the incenter and the Nagel's point of AABC,respectively.
r
We know that : Al =

sins
2
Let AA',BB’,CC'be the Nagel cevians.We know that : AB' = s — ¢, AC’
=s—bBC'=CB'=s—a
AN AC’ AB’ s—b s-c a

F Van Aubel's th ,we h =
romVan Aubel's theorm,we have : - = o+ pr=——_+ —_- =",

n, AN +s—a s AN an, (and ’ )
= = —_— - = —_— i
AN AN p . ;. (and analogs
We know that if
P € Int(AABC),then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— (alA,bIB,cIC) and (aNA,bNB,cNC) can be the sides of a triangle.

A
Since alA = 4Rr cos—

A B

- coS 3 cos — > ,COS 7 can be the sides of a triangle A,with area :
1
4

A
Fi=—= 12 Z cos2 — cos2 cos*—.
2
2 na
Also, since aNA = a —— =A4sr —
S a
n, n, n

— 3 CZ can be the sides of a triangle.
ha hb hc

We know that if m,n,p the sides of a tringle,then Vm,/n, \/5 can be also the
sides of a triangle.

( (\/ﬁ+\/ﬁ)z =(m+n)+zm>ﬁ2)
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ha hb , hc
_ 1 Zz,/nanb Z n,
4 hahb haz
We know that for any two triangle AXYZ and AUVW with area S| and S, respectively,
we have : Z x*(v* + w? —u?) > 165,S, (Neuberg — Pedoe)

can be the sides of a triangle A,with area : F,

For A, and 4,,we have : z cos —<' - - ) > 16FF,
2\ hy hc
Therefore,z cos? <“ - - >
b hc ha

A Mgy n,
> |2 § 2 z § 4 E — E
\/ cos 2 .COS 2 cos \/ hoh, haz

Solution 2 by Soumava Chakraborty-Kolkata-India

Let the Nagel point be N.-Now,A’'B=s—-c,A'C=s—b,B'A=s—c,B'C=s—-aqa,CA

b,C'B = ANV‘"‘A“be‘s—b_l_s—c a A’N_l_1
=s— =s— = = =
=S sTar "A'N s—a s—a s—a AN

s—a

= +1

a

n, s a’n, a’n, + b%*ny — c?n,
=>m=a=>a.AN= S and analogs = S =a.AN+b.BN—c.CN >0

Klamkin
~ a.AM + b.BM — ¢.CM and cyclic analogs S 0V interior points M and
choosing M = N which is justifiable since N is an interior point . a?n, + b%n,, — ¢?n,

>0= (w/azna + b2ny, + c\/n_c) (\/azna +b2ny, — c\/n—c) >0
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b _
ﬁm>c\/—=}'c\/—<M<a\/n—a+b\/n—b:a\/n—a+z‘{‘§ c/n
Ve Vmy 0
h, " hy h.

jr Jm jﬁ Jr Jm jr >0:JJn_c<JJn_a+Jn_b

ha hb hc ha hb hc hc ha hb

>0=

>0
ha hb ha hb hc
Jng [Jnp [y/n
= 2 b ° form sides
ha hb hc
A/ NN
of a triangle — (1) with area Fz =— z Z
cyc
. LA ,B ,C 1
Again, cos 7 + cos 7~ cos 2=3 (1+cosA+ 1+ cosB—1—cosC)
1(2'2C+2'C A_B)>0 0< <1 2 &
— _ _ . = —
2 sin > ]s;n 2 cos cos < cos >
< 28 2>
cos” > + cos >
< ( A 4 B)2 A 4 B C >0
— — :> — — — —
cos + cos cos + cos — cos;
A B C _ )
= cos 7 cos 7 cosi form sides of a triangle
(g A B A
- (2) with area F; = Z\/Z Z cos? Ecos2 5 Z cos4§
cyc cyc

Now, via D.Pedoe (1941) and J.J. B.Neuberg (1891), for any 2 triangles with sides a;, b4, ¢; and a;, b,,
: Z ai(b3 + c5 — a5) > 16F;F, where area of first

cyc
A
triangle = F; and that of second one = F, .. choosing a; = cosi and analogs and a,

/.

h,

S cossh (1 e

hb hc ha

cyc

via(.() 9 A B A1l J/nyn n

btic a

> 16F,F, = 16.1\/2 E coszzcosz—z— E cos4E 2 E hoh. — E h_ﬁ
cyc

cyc cyc cyc
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A B A A/ Npn
:\/ZZCOSZECOSZE— cos‘*i Z b th (QED)

cyc cyc cyc

2728.

ap?(R — 2r
In any AABC, ) w? + Lt )2 m2va=5
r

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

N2 _,_16bcs(s —a) N2 _ ( ___4bc )
L, (b—c)*+4s(s—a) “m+o? B (b—c)*+4s(s—a)(1 B+o?
a a — 4 - ) 4 )
N2 4s(s—a)) _ 2( (b+0¢) —a)
b-0? (147357 -0 (1+ T
B 4 B 4
2 a’
(b-c?(2- m) (b—c)? a?(b—c)?-0-0%s0(h— c)2 .
= = — < S Mg — Wy
4 2 4b+02 &
b — c)? b — ¢)?
S( > ) andanalogs:Zmi—Zw Z( ) Za —Zab
? 5s2(R—2 ?
=s? — 12Rr — 3r? <¥ & r(s? — 12Rr - 3r?) < 5s%(R — 2r) and
Gerret ® Gerret
el're sen erretsen
» r(s? — 12Rr — 3r?) r(4R? — 8Rr) and 5s>(R—2r) > 5(16Rr
—5r?)(R—2r)

= in order to prove (i), it suffices to prove : 5(16Rr — 5r?)(R — 2r) > r(4R? — 8Rr)
Euler

© 76R?> —177Rr + 50r’ > 0 & (R — 2r)(76R — 25r) > 0 > true “ R > 2r

5s2(R — 2r)5<aas?(R — 2r ap?(R — 2r
:(i)istrue:Zmﬁ—Zw‘%s ( ) < ( ):zw‘ﬂu

r =~ r r

zzmg VY a > 5 (QED)

2729.In AABC,x,y,z > 0, then:
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2
n, n,n, n,
X = / E xy.|2 E — E
hz’ y h,%h,’ h,*

Proposed by Bogdan Fustei-Romania

| =

2

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let N be the Nagel's point of AABC and AA',BB’,CC'be the Nagel cevians.
We know that : AB' =s—c,AC' =s—b,BC' =CB'=s—a
AN AC' AB' s—-b s-c a

F Van Aubel’s th ,we h =
rom Van Aubel's theorm,we have : o = o+ pr=——+t-—_-=-—",

s a.n,
= AN = T (and analogs).

We know that if
P € Int(AABC),then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— aNA,bNB,cNC can be the sides of a triangle.

ng, ngG n, ng . .
5 = 5, —5,—> can be the sides of a triangle.
ha ha hb hc
We know that if m,n,p the sides of a triangle,
then vm,\/n, /p can be also the sides of a triangle.
2
(' (Vm+vn)© = (m+n) +2Vmn > /p )

e T

h, ' h, ' h,

1 [2 Z ngn, Z nazl
1 h.2hy? h,*

We know that for any AUVW with area F,x,y,z > 0,then Z u.x

!

n, AN s—a

. an, 2
Since aNA = a.T = 4s1°.

can be the sides of a triangle A'with area : F’

N[ =

> 4F xy (Oppenheim)

2
Jn
— for the triangle A',we have : Z < h a) .X = 4F'. ny

a

1
22

Therefore, Z— x =2 /Z l Zhna;:z Z a4

2730. In AABC,a = 6, prove that:

a3 RMM-TRIANGLE MARATHON 2701-2800




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

z a(R3 81'3)
w,

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

4bc.s(s—a) (b-c)®.s(s—a)
(b+c)?2 (b + c)?

_(b-0)>2[(b+c)? —a?] - (b — ¢)?

B 4(b + c)? - 4

—>zs(s—a) wa2]<z(b—c)2 (Za —Zbc)

s2 —3r2 —12Rr aerrétsen 4R% — 8Rr
B 2 ~ 2

s(s—a)—wi2=s(s—a) -

5 ? 6(R?—8r3) 5 )
S s —Zwa <2R(R-21) £ ———— & (R—2r)(3R? + 5Rr +121%) 2 0

L , a(R®-8r%)
Whichi is true from Euler.Therefore, Z W + — > s“,Va = 6.

2731.

2
ap>’(R—2r) _ R
lnanyAABc,Ewg+ p(r )zzimngsz

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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16bcs(s — a) 4bc
o (b—c¢)? +4s(s—a) " htor (b—¢)? +4s(s—a) (1 “bro? +c)2>
a Ta— 4 B 4
4s(s — a) (b + ¢)? — a?
oot (1+ G 0-0r 1+ 5T
B 4 B 4
2

6-(2-gtgr) oo @b- -0 0b-0?
- 4 ~ T2  ab+o?z A 2z MaWa

b — ¢)? b — ¢)?
S( > ) andanalogszZmﬁ—ZwﬁSZ( 5 ) =Za2—2ab
2 2_ R 2 2 _(R 2 2 2
=s“—12Rr —3r :EZma—ZWa:<E—1)Zma+2ma—2wa

3<R—2r

7 5s2(R —
L3 s“(R—2r)
2 2r

)(s2 —4Rr —r?) +s? — 12Rr - 3r? <

r

?
& 20(R — 2r)s? — 4r(s? — 12Rr — 3r?) — 3(R — 2r)(s* —4Rr —r%) >0

?
& (17R — 38r)s? + r(12R? + 27Rr + 6r%) > 0
@
Case 1|17R — 38r > 0 and then, LHS of () > r(12R? + 27Rr + 6r?) > 0 = () is true

17R — 38r < 0 and then, LHS of (*)
Gerretsen
= —(38r — 17R)s? + r(12R? + 27Rr + 6r%) >

?
— (38r — 17R)(4R? + 4Rr + 3r?) + r(12R? + 27Rr + 6r2) > 0

? R ? Euler
© 343 —36t> — 37t - 5420 (t=;) & (t—2)(34t7 +32t+27)20 > true <t > 2

= (*) is true and . combining both cases, (*) is true in all triangles

) ] R 5 , _5s?(R—2r)sseas?(R—2r)
= in all trlangles,—z mg — Z wg < <
2r r - r

ap?(R — 2r)

- in any A ABC, Z wZ + -

R
zﬂzmg VY a > 5 (QED)

2732.1n AABC,P € Int(AABC). Prove that:
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z,/nb +n.-PA > \/Z a’n, + 4Fs

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
(Vnp +n.+n.+ na)Z = (ng +np) +2n. + 2\ /ny + ne.yn.+ny > ng, +ny,

- aqy=./n,+n,b;y = /n.+n,

¢q = /N, +n,can be the sides of atriangle AA,B(4,
2 2 4
with area F; such that : 16F,* = Zz\/nb +n, . Jn.+n, — Z,/nb +n, =

=2 Z:(nc2 + ngny + nyn, + neng) — z:(nb2 + 2nyn, +n2) = 42 ng,n, -

2F, = /z n,n,

Now,let N be the Nagel's point and AA',BB',CC'be the Nagel cevians.
We know that : AB' =s—c,AC' =s—b,BC' =CB' =s —a.
AN_AC’+AB'_s—b+s—c_ a

AN CB BC s—-a s—a s—a
n, 1_l_A’N 1_l_s—a s AN a.na( d logs)
- — = _— = = — - = — .
AN N " 2 p and analogs

— From Hayashi's inequality,we have : Z a.BN.CN = abc (P =N)

b.n, c.n, ’
© a. T s > abc & n,n, > s - 2F; = n,n,=>s

We know that for any triangles AABC and AA{B,C4,P € Int(AABC),we have :

2

From Van Aubel's theorm,we have :

1
z a,.PA > \/Ez az(by’ + ¢,2 — ay2) + 8FF; (Bottema)

© Z n, +n.. PA

2F1=zs
1 2 2 i
2\/52 2(\/nc+na7+\/na+nb7—\/nb+nc7)+8FF1 > \/Z a’n, + 4Fs

Therefore, Z n, +n..PA> \/Z a’n, + 4Fs.
2733. In AABC the following relationship holds:

3F < hyh A<2F2 r
_Z b Ctani_ ( —E)

cyc
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Proposed by Marin Chirciu-Romania

Solution by Marian Ursdrescu-Romania

zhht A 4F2t A_4F2 . A_4F2 . A
bt = /7 he M2 T abe L2 Tarr L A2 T

cyc cyc cyc cyc

=3 Eatan ,but Zatan——Z(ZR—r) then

cyc cyc

Zhbh tan =z 2(2R—r)

cyc

We must show that
3F<f . 20R-1) < zF(z ——) (1)
R

For LHS: 3R < 4R — 2r © 2r < R (Euler).

2R-r

For RHS: < % true.

2734.1f in AABC,P € Int(AABC),x, y,z > 0 then prove that:

zw/y-i-z-PAZ\/2x-a2+4F\/xy+yz+zx

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
Wehave: (\[x+y+.\y+z) = (z+x)+2y+2\/x+y.\/y+z>\/z+x2
- Foranyx,y,z>0,a; =,/y+2z,b;=Vz+x,,
x + y can be the sides of atriangle AA,B(C4,

2 2
with area F, such that : 16F12=ZZ\/x+y Ny+z —Z,/x+y4=

=22(y2+xy+yz+zx)—2(x2+2xy+y2) =4ny - 2F; = ny

We know that for any triangles AABC and AA{BC4,P € Int(AABC),we have :

1
Z a,.PA > \/EZ a?(by® + ¢,2 — ay?) + 8FF; (Bottema)
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1
o Z,/y+z.PA2\/EZaZ(\/z+x7+\/x+y2—,/y+z2)+4F Xy + yz + zx

Therefore, Z,/y +2z.PA > \/2 x.a? + 4F /xy + yz + zx.

2735. If AABC ~ AA'B'C’ then:
4(m,m,, + mym,, + m.m,,) > 9/ abca'b'c’
Proposed by Daniel Sitaru-Romania
Solution by Nguyen Van Canh-BenTre-Vietnam
b

Since:AABc~AA'B'C'—>§=—=C—ﬁ=ﬂ=ﬂ=ﬂ=k(sk>0)

;
b mg myy ms

Therefore, we can write:

4(m m,, + mymy, + m;m,,) = 9.3 abca’b'c

m2 m? m? 3 abc
o (e T T ) 2 0. abe S o 4(mi+ w4 m) = . b

3
o 4.Z(a2 +b?% + ¢%) 2 9. (abc)? & a? + b? + ¢ = 3.3/ (abc)?

Which is true by AM-GM. Proved.

! !

Equaltyoc k=1oa=b=c=a' =b'=c

2736. In AABC the following relationship holds:

A A
3 z T tan 5 < z T, cotE

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A T,
We have : 3 Z TpT, tanE =3 Z rbrc? = 3.3sr = 9sr.

A A
A cot> cot> A
And : TpT. coti = rarbrcz = szrz 1= er cot? 7 >
Ta stanz
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DEIN xy

- A BY 32 A
= srz cotEcotE = Sr.————F5=9sr=3 ) rpr.tan—.
Ztanitanf

A A
Therefore, 3 z 7. tan 3 < 2 7. cot 7
2737. In AABC the following relationship holds:

32(b + ¢) tan— E(b + ¢) cotg

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

32(b+c)tan z(b+c) cot—

r
LHS () = 32(b+c)?a=32(b+c)s

=12(R+71)

RHS, = Z(b+c)ria= Z(b+6)s_

= 3r ZS+(s_a)_3Zra+3rZ1

=;Z(b+c) —%Z a(b +c)

4s——(s + 1% +4Rr) =

N ﬁ|h

2(s* — 1% — 4Rr) Gerretsen 2(12Rr — 612) ?
= - > = =12(2R—-7r) = LHS,) © R

> 2r (Euler)

A A
Therefore, 3 Z(b +c) tani < Z(b + ¢) cot 7

2738. In AABC the following relationship holds:

1 2 1 ?
Z my%r,2 < §(Z raz) < §<Z w,? + a(R? — 4r2)> ,Va = 30

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Ifazb>c > my<my<mcandr, =1, >r,
Using Chebyshev

Zma re® << zma z )é%(iraz)ZHZmaz
SZraZ

3
o E(s2 — 12 —4Rr) < (4R +1)? — 25% & 7s? < 32R? + 28Rr + 51

< 7(4R*> + 4Rr + 31> —s*) +4(R-2r)(R+2r) >0

2
Which is true from Euler and Gerretsen — 2 myir,2 <= Z raz)

ri Hijrl:\ier 33
ALso,we have : ZWa > Zh s =272

> " )2
(Za,
a=30 2
- Z w2+ a(R* —41%) > 27r? + 30(R? — 4r%) = 30R?> — 9312 > Z ro2

= (4R +1)* —

=

w

< 12R? + 2s? > 8Rr + 941? < 2(s> — 16Rr +51r%*) + 2(R — 2r)(7R + 261) > 0

Which is true from Gerretsen and Euler

- Zwa2+a(R2—4r2) zZra ,Va > 30

1 2 1 g
Therefore, z my’r? < 3 (Z raz) < §<Z wy? + a(R? — 4r2)> ,Va = 30.

Solution 2 by Soumava Chakraborty-Kolkata-India

2
=bc—4Rr o l in—sin—
C r (l‘ )Sl S1
4R

— 16r%sin Bin € cos B eos® — 16R2sin® sin B sin C o sinPain

= sin Sll'lZCOSZCOS2 Sll’lZSll'lZSll'l2 SIIIZSan
B C A B+C A

_COSZCOSE—SIH & COS —smz—>true

(i) A- 3|4R Euler (i)
r"\ -
Zbc—4Rrand Al +BI+CI > 33 —3r — S 6r=>AI+BI+CI S 6r
’ sm
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A A
r Zabccosf r 8Rrpcos§ 1
Now, Al+r<w, & ——x+r< S +r< < +1
’ . A a(b +c) A . A A . A
sinz smi 4R(b+c)sm7c057 sinz
a+b+c 1 a 1 A
< Fe—pxt1<+ Tt A(:»(b+c)smESa
(b + c)sinf sin7 (b + c)sini sin7
B-C A A A B—-C
sinE < 4Rsin5cosi & cos

<1 ( cos > 0) - true
summing up
~ Al +r <w, = w2 > Al + 2rAl + r? and analogs 3 wi >
using (ii) and (i) and analogs

ZAIZ + ZrZ Al + 3r2 S Z bc — 12Rr + 12r? + 3r2

=s2+4Rr+r2—12Rr+15r2=s2—8Rr+16r2=>zrg—ng
< (4R +1)? — 25?2 — s + 8Rr — 16r?

Gerretsen

16R? + 16Rr —15r2 —3s2 < 16R? + 16Rr — 15r2 — 48Rr + 15r2

Euler

=16R? - 32Rr < 16R?— 64r? = 16(R? — 4r?)
0=«

Z rg — Z w2 < 16(R? — 4r2) < 30(R? — 4r2) 2 «(R? - 4r2) = z r2
1 2 1 2
< Zwﬁ + a(R% — 4r?) =>§(ng) s§<2w3 + a(R? —4r2)> V=30

b% +c¢? bc R( 2r> - 4R?(sin’B + sin?C) 4RZ%sinBsinC
— — (: — — —
4R 2R - 4R 2R

A
< 4Rcos 3 cos

Now,R — 2r >

. A . B .
8Rsmfsmfsmi
©1- R > sin?B + sin?C — 2sinBsinC = (sinB — sinC)?
1 asi A<2_ B . c)>(2 B+C . B—C)Z 1 asi A( B-C B+C)
e1-— — —sin— e1- — —
sinz | 2singsing | > (2cos— —sin— sinz | cos— cos—
A B—-C
> 4sin? > (1 — cos? )

B-C A A A B-C

o1-— 4sin§ cos + 4sin? > > 4sin? i 4sin? EcosZ >
. ,A _B-C A B-C A B-C 2
S 4sin Ecos > —4smicos +1>0o (Zsmicos 2 —1)

>0 - true =
Q)

(b — )2 2 4R(R — 2r)
via (I)

42 m2r? = z (b —0)?% +4s(s — a)) r2 < 4R(R- Zr)z r2
+as) ((S af)é}f(Z )

o (z rg) ((4R +1)% — 252 — 3R(R — 2r)) S 3(4R + r)rs?

?
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?
© (16R? + 8Rr + r? — 25%)(13R? + 14Rr + r? — 25%) = 3(4R + r)rs’
()
Gerretsen
Now, (16R? + 8Rr + r? — 2s%)(13R% + 14Rr + r? — 2s%) > (16R2 + 8Rr + r?
@
— 2(4R? + 4Rr + 3r%)) (13R? + 14Rr + 1% — 2(4R? + 4Rr + 3r%) ) and
Gerretsen

3(4R+1r)rs?2 2 3r(4R+r)(4R? + 4Rr + 3r2) - (1), (2)

2
= in order to prove (%), it suffices to prove :

(16R? + 8Rr + 1% — 2(4R? + 4Rr + 3r?)) (13R? + 14Rr + 1% — 2(4R? + 4Rr + 312))

R
> 3r(4R + r)(4R% + 4Rr + 3r?) & 40t* — 125t - 78t + 16 > 0 (t = ;>

Euler
e (t—2) (40t3 + 80t% + 31t + 4t(t — 2)) >0-true~t > 2> (x)istrue > Z m2r?
1 2
<3(0.12) @

2739. In any A ABC holds:

VneN

(na + b)(nb + ¢)(nc + a) _ (n + 1)3 1
J@+bB3b+codkc+a 4/ rp
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

neEN=na+bnb+cnc+a>0

A-G(na+b+nb+c+nc+a)® 8s:.(n+1)3
(na + b)(nb + ¢)(nc + a) < ( ) = ( )

27 27

(na + b)(nb + ¢)(nc + a) - 8s3.(n+1)3 1

J@+uBPb+3c+a® 27 fl@a+b)Pb+o3(c+a)
Cesaro 8s3.(n+1)3 1 1

A 27 "J@+b)b+c)(c+a) V64aZbic?
_8s%.(n+1)° 1 1 ;<n + 1)3 1
27 " J2s(s? + 2Rr + r2) V2ORZrZsZ™\ 4 / ‘rys
2656 71

& <
729.2s(s? + 2Rr + r2).210R2y2g2 = 21224

Gerretsen

?

& 729R%*(s? + 2Rr + r?) > 128s* and 128s* <
3 -
O]

52 RMM-TRIANGLE MARATHON 2701-2800




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
?
128(4R? + 4Rr + 3r%)s? < 729R?*(s? + 2Rr + r?)
?
& (217R? — 512Rr — 384r?)s? + 729(R + 2r)R’*r = 0
()

217R? — 512Rr — 384r2 > 0 and then LHS of () > 729(R + 2r)R?r > 0 = (**)

(na + b)(nb + c)(nc+ a) (n + 1)3 1
J@+bBPb+odc+a® \ 4/ rvs
217R? — 512Rr — 384r? < 0 and then LHS of ()

= (x) is true =

=— (—(217R2 — 512Rr — 384r2)) sZ + 729(R + 2r)R%r

Gerretsen

> - (—(217R2 — 512Rr - 384r2)) (4R% + 4Rr + 3r?) + 729(R + 2r)R2r%0

g R
& 868t* + 278t% — 2204t2 — 3072t — 1152 >0 (t = ;)

? Euler
& (t—2)(868t% + 2014t + 1824t +576) >0 > true ~ t > 2 = (++) = (x) is true

.. combining cases (1), (2),

. (na + b)(nb + c)(nc + a) < (n + 1)3. 1

J(@+1b)3(b+0)3(c+a)3 4 r+s
(na + b)(nb + ¢)(nc + a) < (n+1)3. 1
J(@@+1b)3(b+c)3(c+a)3 4/ ryp
2740. In any A ABC holds:

in any A ABC,

v n € N (QED)

zsin(wg) < zmﬁ < Ewﬁ + a(RZ—4r®) Va > 25

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Letf(x) =sinx —xVx € [0,00) ~ f"(x) =cosx—1<0=f(x)is | on[0,) = f(x) < f(0)

=0=sinx <xVx€[0,0)=Vx>0,sinx < x - sin(w2) < w2
= z sin(w2) < Z wi < z m2 .. z sin(w2)

< Z m2 which can be written as Z sin(w3) < Z m2
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(b—c)2+4s(s—a)—w (b—c)2+4s(s—a)<1—ch>
Now mZ — w2 = (b+c¢) _ (b+c¢)
e e 4 - 4
_ o2 M) _ o2 ( M)
®-0 (1+ o -0 (1+ T
B 4 B 4
2 a’
b-0"(2-%307) ®-0? a(b-0?-6-9<0(b—¢)?
_ ( )%/ _ s S 2w
- 4 -T2 4b+c? = 2 MaWa
b — c)? b — c)?
S( Zc) andanalogszZmﬁ—ZwﬁSZ( Zc) =Za2—2ab
Gerretsen Gerretsen

=s% — 12Rr — 3r? < 4R?% — 8Rr < 4R?% — 1612

= z m?2 — Z wZ < 4(R% — 4r?)| < 25(R? — 4r?) ngw(x(R2 —4r?)

> > mZ <) w2+ aR? - 4r2) v a > 25 (QED)

2741. In AABC, a = 2 the following relationship holds:

R a
() 2met= ) ne
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that :

a+(s—a)_

) 2 _4 r.bc (And logs)
aG—a) =S L nd analogs

n,? = s?> — 2r h, = s* — 4sr?.

r(s®> + 1% + 4Rr)
R

- Znaz =3s2—4r(4R+71) —

(BR-71)s2—r(4R+1)% L /R\? 5
= S JE— m =
R (2r> Z a

< 8r2(3R —1r)s?* — 8r3(4R + r)?

B (R )2 3(s> —r* —4Rr)
“\2r/ 2
< 3R3s%2 — 3R3r? — 12R*r
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& —12R*r — 3R3r? + 128R%*r® + 64Rr* + 8r°> > (—3R3 + 24Rr? — 813)s? (¥)

If —3R3+24Rr?-8r3>0-
RHS(.) < (—3R3®+ 24Rr* — 8r3)(4R* + 4Rr + 312) =

?

— —12R5 — 12R*r + 87R% + 64R%r® + 40Rr* — 2415 2 LHS .,
& 6R> — 45R3r? + 32R*r® + 12Rr* + 161> > 0
o (R=2r)[(R—2r)(6R3 + 24R?*r + 27Rr? + 4413) + 801r*] > 0
Which is true from Euler (R = 2r) — (x) is true.

If —3R>+24Rr*—8r3 <0 - RHS(,) < (—3R® + 24Rr* — 813)(16R — 51)r =
?

= r(—48R* + 15R3r + 384R%*r? — 248Rr3 + 40r*) < LHS,
< 36R* — 18R3r — 256R?*r? + 312Rr3 —32r* >0
< (R-2r)[(R—-2r)(36R%* + 126Rr + 1041?) + 22413] > 0

Which is true from Euler (R > 2r) — (*) is true.

a

2 R\* 2 R 2
Therefore, Zna S(E) Zma S(E) Zma ,Va > 2.

2742. Let a = 1. In AABC the following relationship holds:

R\“ s o r(R — 27)
—| (ab+ bc+ca) =a“+b“+c 2ab+bc+ca+ﬁ

2r
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Soumitra Mandal-Chandar Nagore-India

Ya=2(s?—1r?>—4Rr),Yab = s* +r?> + 4Rr

Ya? > Zab+m<= 2(s*>—1r%2 —4Rr) > s*> +r? +4Rr+w
@sz—3r2—12Rr2r2(R—__r2r)(:>
s> —3r2 —12Rr = 16Rr — 5r* — 3r* — 12Rr > TZ(R—__:T) &
4r(R - 2r) > rz(:_—rzn s r(R-2r) (4§:ir) > 0, which is true, because R > 2r

4R—-5r>3r>0
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(R)“ I (R)"‘>az+b2+c2 2(s*> —r? — 4Rr)
—_ o | — —
2r zab=z3a 2r/ ~ab+ bc + ca s2 + 12+ 4Rr

& s2(R* — (21)%) + r*(R* + 2(21r)%) + 4Rr(R* + 2(21r)%) = 0.

So, above statement is true for &« = 1, for @ = 2 the statement is also true.
Let us assume it is for & = m, we need to prove its true fora = m + 1.
sE(R™1 — (2r)™*1 4+ r2(R™*1 4+ 2(2r)™*1) + 4Rr(R™'! + 2(2r)™D) =
=s*(R-2r)(R™+ R™12r) + -+ R2r)™ 1 + 2r™) +
+r2(R™1 + 2(2r)™*1Y) + 4Rr(R™*! + 2(2r)™*1) > 0, since R > 2r..
Hence proved for « = m + 1. Therefore,

R\* r(R - 2r)
(5) (ab+bc+ca)2a2+b2+022ab+bc+ca+ﬁ

2743. In AABC, I —incenter, R’ —circumradius of
ADEF,AD n BE N CF = {I}, the following relationship holds

312R" R

S_
R 2r

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Weh -R'—DE'EF'FD here [DEF] be th ADEF
e nave : = 4.[DEF] ,wnere e eareaof .

bc bc 1
We know that : AE = and AF = —— — [AEF] =—-.AE.AF.sinA
a+c a+b 2

bc. F
“l@+bato O F=HBCD
L. ca.F ab.F
Similarly,[BFD] = DI and [CDE] = Cra)ct b — [DEF]
= F — ([AEF] + [BFD] + [CDE]) =
_r (1 B bc B ca 3 ab )
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)
2abc

“atbhbrocra) "
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Using now the Law of cosines in AAEF : EF? = AE? + AF? — 2. AE.AF.cos A =

b N b?c? bc(b? + ¢* — a?)
" (a+0)? (a+b? (a+b)(a+c)

B 1 1 \2 bc(b — c)? a’bc 3
_bzcz(a+c_a+b) _(a+b)(a+c)+(a+b)(a+c)_

bc(b — ¢)? b b a’bc - a’bc
@t bhiat oz @t hat o - bel o e S S b+ o

ab®c abc?

Similarly,we have : FD? < d DE? =
imilarly, we have : b+ob+a) ™ (c+a)(c+b)

2

— (DE.EF.FD)? < < a’b’c” )
(a+b)(b+c)(c+ a)

. DE.EF.FD - 1 a’b?c? (a+b)(b+c)(c+a) abc
- = —. . = =
4.[DEF] ~ 4 (a+b)(b+c)(c+a) 2abc.F 8F

s|2R BT R
Th , 1 < —
erefore R >

2744. In AABC the following relationship holds:

W, +w
S\/§+wa— = zwawb( = b)

Wb+WC

N| X

IA

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2

(VWa +wp + Jwp + wc)2 = We+wo) +2wp + 2wy + wp. Jwp + W, = /W +w,

= JWq +wp, + /W, +w, > Jw. +w, (And analogs)

= JWa + Wp, Wy + W, W + W,

can be the sides of a triangle A’ with area F' such that :

2 2 4
16F'2=ZZ\/Wa+Wb VWp + W _Z\/Wa+wb =4Zwawb—>2F’
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From Lessel — Pelling inequality,we have : sV3>m, +wp +w,

- S\/§+wa—ma22wa

Wa+Wb

2
— It's suffices to prove : zwaZZF’ Zw W o Z,/wa+wb
b c

> 4F' Zw;wa+wb
B 1/Wb+WC

, a’
— It's suffices to prove that : Z a’ > 4F Z ﬁ,VAABC.
We know that : Yu,v,w > O,z u.a? > 4F /Z uv (Oppenheim)
b? b2 c2
Letu=?,v——2 =——>Z—a2>4F Z a® > 4F sz

W, +w
Therefore, sV3+w, —m, > \/ (Z Wawb) ( - b)

Wb+WC

2745. For x,y,z,u,v,w > 0. Prove that:

xv+w)+yw+u)+z(u+v) =2 ny Euv

XY,z uv,w

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2 2
(VWw+w+ Vw+u) =@+v)+2w+2Vv+w. Vyw+u = Ju+v

> Jv+w+ Vw+u = Vu+ v (And analogs)

S Vv+w Vw+u JVu+v

can be the sides of a triangle A with area F such that :
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2 2 4 1
16F2=22 Vo+w Vw+u —z Vo+w =4Zuv—>F=§ Zuv

Using Oppenheim's inequality in triangle A :

2
Zx. Jv+w >=4F. ny,‘v’x,y,z> 0

<—>Zx(v+w) 24.% Zuv. Exy
Therefore, xv+w)+yw+u)+z(u+v) =2 <Z xy) (Z uv).

XY,z uv,w

2746. In AABC the following relationship holds:

n, > \/r [(4R + 1) (z %) —2Q2r, + ha)]

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

)
n, S \/r [(4R 1) (2 %) —2(21r, + ha)]

2
Since ABC is a triangle > b + ¢ > a (And analogs) - (Vb +c)

—b+c+2vbcza=Va (And analogs)

— +a,Vb,\/c can be the sides of a triangle A’ with area F'such that :

16F' =ZZ\/EZ\/EZ—Z\/E4=ZZab—ZaZ

=2(s?+1*+4Rr) —2(s> —r? — 4Rr)

1
> 16F'*=4r(4R+71) > F = Ew/r(th +71)

Using Oppenheim's inequality in triangle A’ :
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Zx.\/az > 4F'. /ny,‘v’x,y,z >0

c a Zb 1 Zb c
= — = — —. > _—‘/ ) —_\— &

ZaZZ\/r(4R+r)Z%

a
> r(4R+r)ZESS2

b
Let x = —
a

1 1 sr 2sr
— RHS(.) <+/s2 —2r(2r, + hy) =\/s2—2r.2sr< + >=\/52—2. —

s—a a
=./s2—-2r,h, =
s roh, = n,.

Therefore, n, = Jr [(4R +71) (Z %) —-22r,+ ha)].

2747.

In AABC let R, — be the radii of circle tangent simultaneous to AB, AC and
external tangent to circumcircle of AABC. Prove that:

R,Rr RpR, R/R 6412
AT™'B + B\ C + cnrA 2
ryr, Tpr, 1r.r,  3R?
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Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania
0, —tangent of AB,AC = 0,04 —tangentinT = O, T, 04 —collinear and

OOA EOT+TOA =R+RA
o _ Ra
InAOO M, (M = 90°): sin 0,0M = 0 LN sm AOA = A0, = sl
0,4A0 = BAO — BAO4, AQ —diameter, then ABQ = 90°
AB A B-C
2 2

AB
ABQ =90° ——-=90" —C = 0,40 = 90° ~ C —
—200,-AO - cos 040,

BAO =90° —
From Law of cosines in AA40,0: 00%4 = A0%
2
R B-C
(R+Rq)? =—2+R*~2 —2.. R cos )
in2 22 inZ
sin“ 5 sin
R; 2RR B -
R% +2RR, + Ry = —"5 + R - — cos( > )
= 2_ i~
sin“ > sm2
R? 2RR B-cC
4 __R2=2RR,+ A-cos( > )::»
in2 2 inZ
sin® 5 sin
,A , A4 B-C
R, — R, - sin? = = 2R - sin? §+2R sm— cos( 2 )
R 2A—ZR 'A('A+ ( )
A" COS > = sm2 sm2 cos
. A+ (B—C)_ . 1r—(B+C)+ (B—C)_ (B+C>+ <B—C>_
sm2 cos > = sin > cos = cos > cos > =
B+C B-C B+C B-C
= 2 cos 2 "2 cos 22 =2COSECOS—
2 2 2 2
Hence,
. A
A B Cc 4R - Sin 7 €C0S 5 COS T,
Rycos“==4R-sin—cos—cos—= R, = =
272 2 2 A 24
COS“ & COS“ =
2 2
Tc

—_" —
= B¢ = C
2 2C
cos?3 cos?

Therefore, R, =
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2 A 4R +r 4R+ 1

ZRARB_Z 1 Ycosy  —Hp— R
- A B~ A~ —a)  s2Fz
8R(4R+1) 32R%*+ 8Rr ® 641?

s2 s2 3R?
D (32R? + 8RT) - 4 - 6412 96R? 4 24Rr > 43272
*) & <
27R? = 3R? r=dear

96R? + 24Rr > 96 - (2r)%* + 24 - 2r - v = 3241% + 481r% = 432r?
2748. In AABC the following relationship holds:
Z 1 - 1 <5R N r N 3)
A B ~“6v3\1r R

C~ 6v3
2tan7+tan7+ tani

Proposed by Marian Ursarescu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

ra—stan
1

). - = e
=5
2tan';l+tanB+tan 21, +rb+r (rg+71p) + (g + 1)

42( ¥, 1. -1|-1'>:

_sz 1 s Ya+ry)rg+r) s (Xrg)?+X7rer, (AR+71)2+ 57
"2t o+, 27 [l +1p) 2 4Rs? B 8Rs

Gerretsen

M""ﬁé“’""‘ (4R +7)* + 4R* + 4Rr + 3r> 5R*+3Rr+7r? 1 (SR T 3)
- 8R.3V3r " 6V3Rr  6v3
5

h 1 1 r +3
Therefore, Z B (— E )

A C=6v3
Ztan2 +tan2 +tan2

Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam

p2—8Rr—2r2

¢ 3 (cors) = Eme
((d)") 5 (slod)”) _ (n(eo)’) _ (oo

54 B _
e Y cot 2cotZ—Z T . 3

= A B
—4 B Z tani tanE
cotf cotf
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Blundon’s inequality

2
2 <2R2 + 10Rr — %2 — 2(R — 2r)VR? — 2Rr — 8Rr — 2r2>

rz

)

2 (x
_ <2R2 +2Rr — 3r* — 2(R — 2r)VR? — 2Rr> (g)27 <4R2 5R>

2 — 2\ r r

2
(x) & 2 (zr«2 +2Rr — 312 — 2(R — 2r)\/R? — 2Rr) > 27(4R? — 5Rr?);
2 R
o2 (zx2 +2x—3—2(x—2)Vx% - 2x) > 27(4x* — 5x); ( x=—2 2)

o 16x* —32x% —28x% + 47x + 18 > 8(x — 2)(2x?% + 2x — 3)\/x2 — 2x;
o (x—2)(16x3 —28x—9) > 8(x — 2)(2x% + 2x — 3)v/x2% — 2x;
o (x—2) (16x% — 28x — 9 — 8(2x? + 2x — 3)V/x2 — 2x) 2 0;

Because: x > 2 —» x — 2 > 0. We need to prove that:
16x3 —28x — 9 — 8(2x% + 2x — 3)y/x% — 2x > 0;

o 16x3 —28x — 9 > 8(2x% + 2x — 3)\/x2 — 2x;

o (16x% — 28x — 9)% > (8(2x2 +2x — 3)/a? — 2x)
x=2

2
)

( 16x3 —28x— 9 = x(16x2 —28) — 9 = 2(64 —28) — 9 = 63 > 0)

< 256x% — 896x* — 288x3 + 784x% + 504x + 81
> 64(x? — 2x)(2x% + 2x — 3);
© 256x% — 896x* — 288x3 + 784x% + 504x + 81

> 256x% — 1536x* + 256x3 + 2112x% — 1152x;
< 640x* — 544x3 — 1328x% + 1656x + 81 > 0;
< 16x%(40x? — 34x — 83) + 1656x + 81 > 0;
Which is true since:
x>2 - 16x%*(40x*> — 34x — 83) + 1656x + 81
= 16x*(x(40x — 34) — 83) + 1656x + 81
> 16.22%.(2(40.2 — 34) — 83) + 1656.2 + 81 = 3969 > 0.

Therefore, () is true. Proved.

RMM-TRIANGLE MARATHON 2701-2800



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2749.1f x,y,z > 0,xy + yz + zx = 3 then in acute AABC the following

relationship holds:

tan*4-tan*B tan*B -tan*C tan*C-tan*4
X3yl + Y323 + 2323

> 243

Proposed by Daniel Sitaru-Romania

Solution by George Florin Serban-Romania

2

f”(x) = 0SS~ X

sin x
>~ > 0 = f —convexe.
C

Let f: (O,E) - R, f(x) =tanxthen f'(x) =

cos2

Hence,
A+B+C 1
tan (T) < §(tanA +tanB +tan() &
1
V3 < EtanAtanBtan C ©tanAtanBtanC > 33
Thus,
z tan* A tan* B Z (tan 4 - tan B)* Radon (Y tan A - tan B)* AM_GM
(xy)3 a Exy)? B

cyc

8
8 3
>3(VtanAtanBtanC) > 3< /3x/§> =243

Therefore,
tan*4-tan*B tan*B-tan*C tan*C tan*4
33 + 33 + 3.3 > 243
x3y y3z z3x

Equality holdsforx =y=z=1,a=b =c.
2750. In AABC the following relationship holds:

c(h% + h%) a(hz + h?) .\ b(hi + k) _3V3R(R—1)
rZ+r; ry + 12 r:+r: ~ r

Proposed by Ertan Yildirim-lzmir-Turkiye

Solution by Marian Ursarescu-Romania

z c(h% + h%) - Z c(w? + wb) Z c(s(s —a) + s(s - b))

rZ+r? 21T
cyc cyc cyc (S — a) (S — b)
_12 sc? _12 2 1 4s(R-r) 2s(R-7)
T 24us(s—c) 24us—c 4 r B r
cyc cyc
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We must show that:

2s(R—r) 3\/—R(R -71)
T T

2751. K —Lemoine’s point in AABC. Prove that:

m, my m,
>
AK-sinA+BK-sinB+CK-sinC >3V3

Proposed by Daniel Sitaru-Romania

3v3
& s< TR (Mitrinovic)

Solution by George Florin Serban-Romania

Zbcma
_ (b%+c?)sq (b?+c 2) __ 2bcmg
Lemma. AK = Pbiic = a2+b2+c2 = 2tbiic?
Now, we have:
2 2
Yooyt 2+b2+c2>2
AK -sin A 2bcm, - sin A
cyc cyc cyc R

1 2R
_ T2 2 2y, \ & _ 2 2 2y, 2 _
—z(a + b% + ¢%) Zabc R(a* + b* + ¢*) he

cyc

3R b2 ) b2 ) Ionescu—Wetzenbock
= — = — >
4RF(a+ +c%) = (a+ +c%) >
>— 4FVv3 =3v3
4F
Therefore,

mg, my m.
>
AK—sinA+BK-sinB+CK~sinC_ 373

2752. In AABC the following relationship holds:

D@25y mamy + |y = my)(mg — o)

Proposed Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

4 4 4
(*) < §Zma2 = gzmamb +ﬁ2|("’a - mb)(ma _mc)l
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V3 Y (my—my)? 22 ) |(mg — my) (mg — m)| (+4)

Since (*x) is symmetrical on variable m,, my,, m., WLOG we may assume that

m, =m, =m,
Letx=m,—my, =20,y=m,—-m. =20 > m,—m.=x+Yy
> () 0 V32 +y? + (x + )P 2 2(x(x +¥) +xy + y(x +¥))
o (V3-1)(x2+y?) > (3-V3)xy
3 2

2
ox?+y?>V3xy & <x — 731) +yz > 0 which is true — (xx) is true.

4 4
Therefore, Z a’ > EZ m,my, + ﬁzl(ma —my)(m, —m,)|.
2753. In AABC the following relationship holds:

c(h% + h%) a(hz +hZ)  b(hi+h3) _3vV3R(R-T)
rZ +rs rs + 12 r:+r: ~ r

Proposed by Ertan Yildirim-lzmir-Turkiye

Solution by Marian Ursdrescu-Romania

z c(h? + hb) Z c(w? + wb) Z c(s(s —a) + s(s - b))

rZ+r: 2r,r)

e v 2o a)(s —b)
_12 sc? _12 2 1 4s(R-r) 2s(R-7)
2Lus(s—c) 24is—c 4 r B r

cyc cyc

We must show that:

2s(R—r) 3V3R(R - r)
r r

2754. In AABC the following relationship holds:

3v3 P
< TR (Mitrinovic)

Zma\/a(b +c—a) = \/gz a(b + c — a)(b? + c? — a?) + 18F?

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

()

Zma\/a(b +c—a) S \/gz a(b + ¢ — a)(b? + ¢ — a?) + 18F2

9
RHS()? = §Z(ab3 + abc? — a’b + ab®*c + ac® — ca® — a®*b* — c*a® + a*) + 18F>

9 9
== <2abcz a-(2 Z a?b? — Z a4)> +18F2 = —. (1652Rr — 16F?) + 18F?

= 18s2Rr.

— We need to prove that : Z ma\/a(b +c—a) = \/18$2Rr = 3sV2Rr (xx)

A A A_ B _C ,A
We have : a(b+ c — a) = 4R sin—cos —.8R cos —sin—sin - = 8Rr cos“ -

2 2 2 2 2 2
A tasen b+c A A
- Zma\/a(b+c—a) = 2\/2Rr2ma.cos§ = ZVZRTZ 5 0S5 .cos
1
=E\/2RrZ(b+c)(1+cosA) =
1 1
= E\/ZRT (4s +Z(b +c) cosA) = E\/ZRr (43 +Z(ccosB + b cos C)) =
1 c*+a*—-b*> a*+b*-c? 1
=2sx/2Rr+E\/2Rr.Z< 2a + 2a ) =2sV2Rr+E\/2Rr.Za

= 3sV2Rr — (*x)is true.

9
Therefore, 2 mgJa(b+c—a) = \/gz a(b+ c— a)(b? + ¢ — a?) + 18F2,

2755. In AABC the following relationship holds:

Zzabzza2+4F %

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if
P € Int(AABC),then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— alA,bIB, cIC can be the sides of a triangle,where I be the incenter of AABC.

Since alA = 2VRr+/a(s — a)
- \/a(s - a), \/b(s — b),\/c(s — c¢) can be the sides of a triangle A,

with area F; such that : 4.16F,>
= 4(22\/a(s— a)z\/b(s— b)2 —z\/a(s— a)4) =
= 22ab(—a+b+c)(a—b+c) —Z:(—a2 + ab + ac)?

=22ab(c2+2ab—a2—b2)—

—z:(a4 + a?b? + a*c? + 2a*bc — 2a3b — 2a3¢) =

1
22a2b2—2a4= 16F% > F, =EF.

We know that if AUVW a triangle with area F'then : Z x.u?

> 4F'. /z xy,vx,y,z > 0 (Oppenheim)
v w u? u?
X =— YV =— 7 = — 2 > 4F' — ,VAUVW
If we take : x uz,y 1]Z,Z V2 - u- > . i

Ja(s—a
— For the triangle A;: Z,/a(s— ) >4, F Z (

Jb(s — )
a(s—a)
HZa(—a+b+c)>4F /Zb( b

Th zz b>z 2y gqp SO ZD
erefore, ab > a b(s—b)
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2756. ), xy > 0,x+y,y+2,z+ x > 0.In AABC holds:

Za(b + c)x > 8F /ny

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if
P € Int(AABC),then aPA,bPB, cPC can be the sides of a triangle (Klamkin)
— alA,bIB, cIC can be the sides of a triangle,where I be the incenter of AABC.

Since alA = 2VRr+/a(s — a)
- \/a(s - a), \/b(s — b),\/c(s — c¢) can be the sides of a triangle A,
with area F such that : 4.16F,>

- 4(22\/a(s— a)Z\/b(s—b)2 —Zm4> -

=22ab(—a+b+c)(a—b+c)—Z(—az+ab+ac)2

=22ab(c2+2ab—a2—b2)—

—z:(a4 + a?b? + a%c? + 2a®’bc — 2a®b — 2ac) = ZZ a’b? — Z a* = 16F?
~ 2F, =F.

?

We have : (\/x+y+\/y+z)2=(x+z)+2y+2\/x+y.\/y+z Sz x

o /yz +ny > -y
Y xy>0
Which is true because /yz +ny S lylz-y - Jx+y+y+z

> Vz + x (And analogs)
- \/x +y, \/y + z,4/z + x can be the sides of a triangle A, with area F, such that

: 16F,% =
2 2 4
ZZ\/x+y Ay+z —Z,/x+y
=ZZ(yZ+xy+yz+zx)—Z(x2+2xy+y2) =4ny - 2F,

We know that for any two triangle AXYZ and AUVW with area S, and S, respectively,
we have : Z x*(v? + w? —u?) > 165,S, (Neuberg — Pedoe) (+x)
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— Using (xx) for the triangles A, and A,,we have

Y VaG @ (VY +VETE -y Tz )2 4F ) xy

HZa(b+c—a).x24F xy (1)

— Using now (**) for the triangles AABC and A,,we have

:zaz(\/x+yz+\/z+x7—\/y+z7)28F ny
<—>Za2.x24F /ny (2)
1)+ (2) —>Za(b+c)x28F /ny.

2757.> xy > 0,x+y,y+ 2,z + x > 0.In AABC holds:

Zax(b+c—a) > 4F foy

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if
P € Int(AABC),then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— alA,bIB, cIC can be the sides of a triangle,where I be the incenter of AABC.

Since alA = 2VRr+/a(s — a)
- \/a(s —-a), \/b(s — b),\/c(s —c) can be the sides of a triangle A,

with area F such that : 4.16F>
= 4(22Ja(s - a)z\/b(s - b)2 - Zw/a(s — a)4) =

=22ab(—a+b+c)(a—b+c)—Z(—az+ab+ac)2

= Zz:ab(c2 + 2ab — a* — b?) —
—Z:(a4 + a?b? + a*c? + 2a*bc — 2a3b — 2a3¢) = ZZ a’b? — Z a* = 16F?

— 2F, =F.
We have :
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?

(\/x+y+\/y+z)2:(x+z)+2y+2\/x+y.\/y+z SVzrx o

/y2+zxy2—y

Which is true because

Y xy>0
/yz +ny S lylz-y - Jx+y+.y+z=+Vz+x(And analogs)

- \/x +y, \/y + z,4/z + x can be the sides of a triangle A, with area F, such that

: 16F,% =
2 2 4
ZZ\/x+y \y+z —Z,/x+y
=ZZ(yZ+xy+yz+zx)—2(x2+2xy+y2) =4ny -

2F, = ny

We know that for any two triangle AXYZ and AUVW with area S, and S, respectively,

we have : z x*(v? + w? —u?) > 165,S, (Neuberg — Pedoe) (+x)

— Using (xx) for the triangles A, and A,,we have

: Zw/a(s—a)z (\/x+y2 +VZFx —1/y+zz) > 4F /ny
Therefore, Z ax(b+c—a) = 4F /z xy.
2758. In AABC the following relationship holds:
1 a2 a(s—a)
LS s Y a(s —a)
ZFZ @ (b) 1L bG-b)

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if
P € Int(AABC),then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— alA,bIB, cIC can be the sides of a triangle,where I be the incenter of AABC.
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Since alA = 2VRr./a(s — a)
- \/a(s — a),\/b(s —b), \/c(s — ) can be the sides of a triangle A4

with area F such that : 4.16F,*
= 4(22\/a(s - a)7\/b(s - b)2 - z\/a(s - a)4) =

=22ab(—a+b+c)(a—b+c)—Z(—az+ab+ac)2:

=2 z ab(c? + 2ab — a? — b?) — z:(a4 + a?b? + a*c* + 2a’bc — 2a3b — 2a3c)

1
=22a2b2—2a4=16F2 - Flzi .

We know that if AUVW a triangle with area F'then : Z x. u?

> 4F'. /z xy,vx,y,z > 0 (Oppenheim)

2 WZ 2 2

L.V _ _u ) . u
Ifwetake-x—ﬁ,y—ﬁ,z—ﬁaVAUVW,Zu > 4F". Z?(*)

2
Using () for Ay, we get : ZWZ >4 p Z—M
S I
b - a(s —a)
& ) a(-a+b+c) 2 4F. Zb(s_b)
1 a(s—a)
> o=(2) ab- > a?) 2 b5 O
Using (») for AABC,we get : %Z a > /Z (%)2 -
1 2 1 b > a\? a(s —a)
(H()_)ﬁza - Z(E) T b by
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2759. ). xy >0, x+y,y+2,z+ x > 0.In AABC holds:

Zma(mb +m.)x = 6F /z Xy

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

3
We know that m,, m,, m. can be the sides of a triangle with area ZF

- It's suffices to prove : Z a(b+ c)x > 8F fZ xy,VAABC ()

We know that if
P € Int(AABC),then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— alA,bIB, cIC can be the sides of a triangle,where I be the incenter of AABC.

Since alA = 2VRr+/a(s — a)
- \/a(s —-a), \/b(s — b),\/c(s — c¢) can be the sides of a triangle A,

with area F, such that : 4.16F>
= 4(22\/a(s — a)z\/b(s — b)2 — z\/a(s — a)4) =

=Zzab(—a+b+c)(a—b+c)—Z(—az+ab+ac)2

=22ab(c2+2ab—a2—b2)—

—Z:(a4 + a?b? + a%c? + 2a®bc — 2a®b — 2ac) = ZZ a’b? — Z a* = 16F?

?

We have : (\/x+y+\/y+z)2=(x+z)+2y+2\/x+y.\/y+z2\/z+x2

o /yz +ny > -y
Y xy>0
Which is true because /y2+ny S lylz-y - Jx+y+y+z

>z + x (And analogs)
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- \/x +y, \/y + z,4/z + x can be the sides of a triangle A, with area F, such that

: 16F,% =
2 2 4
ZZ\/x+y Ay+z —Z‘/x+y

=Zz(y2+xy+yz+zx)—2(x2+2xy+y2) =4ny - 2F,

We know that for any two triangle AXYZ and AUVW with area S, and S, respectively,

we have : Z x*(v? + w? —u?) > 165,S, (Neuberg — Pedoe) (+x)

— Using (xx) for the triangles A, and A,,we have

Y VaG—@) (VY +VIFE — 3z )z 4F ) xy

HZa(b+c—a).x24F /ny (1)

— Using now (xx) for the triangles AABC and A,,we have

, Zaz (Vx+y +Vz+x - fy+z )= 8F ny
oY axz4F ) 2y @
D+@ - ) ab+oxz 81:@
S () is true. Therefore,Zma(mb +m)x > 6F m

2760. In AABC the following relationship holds:

> 3 > abc + 3

Proposed by Nguyen Van Canh-BenTre-Vietnam

<R> a3+ b3 +c3 r>(R — 27)

Solution by Ertan Yildirim-lzmir-Turkiye

v Ya3 = 2s(s®> — 3r* — 6Rr)
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(R)2 b >a3+b3+c3
—_— . —@
2r) A€ = 3

RZ
yrh 4Rrs -3 > 2s(s* — 3r* — 6Rr) © 3R3 > 2r(s* — 3r* — 6RY)
= 2s?r < 3R3® + 613 + 12Rr?

Gerretsen

2r-s? < 2r(4R*+4Rr + 31%) (2 3R3 + 613 + 12Rr?
(1) © 8R?*r + 8Rr? + 613 < 3R3 + 613 + 12R1?
& 3R3 + 4Rr* — 8R*r > 0 © (3R — 2r)(R — 2r) = 0 true from R > 2r(Euler)
Now,
—a3 * b; te > abc +—r2(R3— 21) sad+b3+c3-3abc>1r*(R-2r) &
2s(s* —3r* — 6Rr) — 3 - 4Rrs (;) r’2(R-2r) &
2s(s?> — 3r%2 — 6Rr) — 12Rrs = 2s(s?> — 3r> — 12Rr) >
> 25(4R? + 4Rr + 3r? — 3r? — 12Rr) = 2s(4R?> — 8Rr) =
=2s-4R(R — 2r) g r’(R — 2r)
3)=2s-4R(R-2r)—-1*(R-2r)>0< (R—2r)(8Rs—1%) >0
© (R—2r)(8Rs —12) > (R—2r)(16sr —1%) > 0
© r(R—2r)(16s —1r) = 0 true from R > 2r(Euler)
2761. If xyz(x + y + z) > 0,in AABC the following relationship holds:

1S aye]> (> re) w2 (D 5)

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Since ABC is a triangle —» b + ¢ > a (And analogs) -
(\/3+\/E)2 =b+c+2Vbcza=a
— Vb ++c = Va (And analogs)

— va,Vb,Vc can be the sides of a triangle A, with area F, such that :
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16F, > =22\/EZ\/EZ—Z\/E4 =22ab—2a2 =4r(4R+1) - F,
=%\/r(4R+r)

Also,we have : (xy + yz)(yz + zx) = xyz(x + y + z) + y?z* > 0
— xy +yz,yz + zx have the the same sign.
Similarly,yz + zx,zx + xy have the same sign

- Xy +yz,yz+ zx,zx + xy have the same signe.
If xy +yz,yz + zx,zx + xy > 0,we poseu = ./xy + yz,v = \/yz + zx,w

=.\zx + xy

(u+v)? =xy+2yz+zx+ 2 (xy+yz)(yz + zx)

=w? +2yz + 2/xyz(x + y + z) + y?2% >
xyz(x+y+2z)>0
S w? + 2(yz + |yz|) = w? > u+v>w(4nd analogs)

- u,v,wcan be the sides of a triangle A, with area F, such that : 16F22

=22u2v2—2u4=

=2 Z[xyz(x +y+2)+y*z?*] - Z:[xzy2 + 2xy?z + y*z*] = 4xyz(x +y+z) > F,

1
= E\/xyz(x +y+z)
From Neuberg — Pedoe's inequality in the triangles Ay and A, :

2
Z\/E .(u? + v*> — w?) > 16F,F,

o Z al(xy +yz) + (yz+ zx) — (zx + xy)]| = 16.%\/r(4R + r).%\/xyz(x +y+2)

1
(—)EZ ayzz\/r(Zra).xyz(Zx) (D
If xy+yz,yz+ zx,zx + xy < 0,we poseu = \/—(xy + yz),v =/ —(yz+ zx),w
=, —(zx + xy)

(u+v)? = —xy — 2yz — zx + 2,/ (xy + yz)(yz + zx)

=w? —2yz+2Jxyz(x +y + z) + y?z% >
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xyz(x+y+2z)>0
S w? + 2(|lyz| — yz) > w? > u+v >w(And analogs)

- u,v,wcan be the sides of a triangle Az with area F3 such that : 16F32

=22u2v2—2u4=

=2 z[xyz(x +y+2)+y*z?*] — z:[xzy2 + 2xy*z + y*z*] = 4xyz(x +y +z) > F,

1
= E\/xyz(x +y+2)
From Neuberg — Pedoe's inequality in the triangles A and A3

: 2\/52. (u? + v? — w?) > 16F,F5

o z al-(xy +yz) — (yz+ zx) + (zx + xy)]| = 16.%\/r(4R + r).%\/xyz(x +y+2z)

oz azz r(Y ) (Y x) @

(1),(2) - ;IS ayz| = rEry). xyz(T x).

2762. If xyz(x + y + z) > 0,in AABC holds:

2.7 7] % |2
yzha_

Moty _ N M
hoh, h. (x+y+2z)xyz

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if P € Int(AABC),then aPA,bPB,cPC
can be the sides of a triangle (Klamkin)
— aGA,bGB, cGC can be the sides of a triangle,where G be the centroid of AABC.
. 4sr m, m, m, m,
Since aGA = Th—a g h—a,h—b,h—c
We know that if m,n,p the sides of atringle,then Ym, n, %
can be also the sides of a triangle.

( m+nzp - (Ym+4n)" = @m+n) +4VmPn + 4\/mn? + 6ymn > ‘{/54)

can be the sides of a triangle
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+My; 4My 4|M, . . .
- |—, |=—, |=— can be the sides of a triangle A, with area :
ha hb hc

2 2 4
Fl:l 22“& +|Mp _Z“ﬂ _1 ZZ "‘amb_ZE
4 h, |hy h, 4 hoh, h,

Also,we have : (xy + yz)(yz + zx) = xyz(x + y + z) + y?z* > 0
— Xy +yz,yzZ + zx have the the same sign.
Similarly,yz + zx,zx + xy have the same sign
- Xy +Yyz,yzZ + zx,zx + xy have the same signe.

If xy + yz,yz + zx,zx + xy > 0,we pose u = \[xy + yz,v = \[yz + zx,w
(u+v)? =xy+2yz+zx+ 2 (xy+yz)(yz + zx)
=w? +2yz + 2/xyz(x + y + z) + y?2% >

xyz(x+y+z)>0
S w? +2(yz + |yz]) > w? > u+v>w(4nd analogs)
— u,v,w can be the sides of a triangle A, with area F, such that : 16F,*

=22u2v2—2u4=

=2 Z[xyz(x +y+2)+y*z?*] - Z:[xzy2 + 2xy?z + y*z*] = 4xyz(x +y+z) > F,

1
= E\/xyz(x +y+z)
From Neuberg — Pedoe's inequality in the triangles A, and A, :

2
Zi/@ .(u? + v* —w?) > 16FF,
ma
o z \/h: [(xy +yz) + (yz + zx) — (zx + xy)]

1 m,m, m, 1
> 16.— - ) —.=
>16.7 |2 g Ihah,, E . 2\/xyz(x+y+z)

m, > 2 mg,my m, ( ) ( )
AN —_— — _—
E yz ha E “hy E - X+ y +z Xyz 1

If xy +yz,yz+zx,zx + xy < 0,letu = \/—(xy + yz),v = \/—(yz + zx),w
=, —(zx + xy)
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(u+v)? = —xy — 2yz — zx + 2,/ (xy + yz)(yz + zx)
=w? —2yz + 2/xyz(x + y + z) + y?22 >

xyz(x+y+z)>0
S w? + 2(|lyz| — yz) > w? > u+v >w(And analogs)
— u,v,w can be the sides of a triangle A; with area F3 such that : 16F3*

=22u2v2—2u4=

=2 Z[xyz(x +y+2z)+y*z?*] — z:[xzy2 + 2xy?z + y*z*] = 4xyz(x +y +z) > F,

1
= E\/xyz(x +y+2z)
From Neuberg — Pedoe's inequality in the triangles A, and A3

m
: Z“h—“ .(u? + v* —w?) > 16F,F;
a

o Z % [—(xy + yz) — (yz + zx) + (zx + xy)]

1 mgm,
>16.—
_164 E hoh, E \/xyz(x+y+z)
’ma m,m, m,
— —_— — —_—
© E yz h, = <2 E hh, E ha>(x+y+z)xyz (2)

z}’z T;:— < z ’mha;::b >(x+y+z)xyz

2763. In AABC the following relationship holds:

e

Proposed by Bogdan Fustei-Romania

(1), (2) -

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(*) 2
RN
my
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3
We know that m,, m,, m. can be the sides of a triangle with area F' = ZF'

4 16 mg\2 mgy\?
(*) < 3 z Ma” = 3 F z (mb < Ma” = +F m,

We know that if AUVW a triangle with area S then : Z x. u?

> 4S. /z xy,Vx,y,z > 0 (Oppenheim)
2

=2 w u’ 2 u?
Ifwetake-x=ﬁ,y=?,z=ﬁ - vAUVW,Eu > 48S. Zﬁ (1)

m 2
Using (1) for Am,m;m.we get : Z mg2 > 4F'. Z (#) - (*) is true.

b
mgy\?
Therefore, z a’ > 4F (—) .
my

2764. In AABC the following relationship holds:

(D ma)JTarsre = (D 1) Vhahshe

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

292

g

(Y o = (3, ) = (3 ) = oo 2

Zm >\/E(4R+r)
“~ IR

Lascu b+c A
We have : Zma = > cosi

_ AM-GM ls(s —
=Z:(b+cza)+acosg 2 Z'—a(b+c—a). s(sbca)=

80 RMM-TRIANGLE MARATHON 2701-2800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

’Zsa ’ZSa2 1 2r(4R +1)
- Z(S -9 e Z(S - 4Rrs w/Zer a(s—a) = T 2Rr

_ 2r AR
= ?( + 7).

Therefore, (Z ma) Jrarpre = (Z ra) NN

2765.

I —incenter, S,, —Spieker’s point center. Prove that:

ala® + (b + ¢)(b — ¢)?]
4[(b + ¢)? — a?]

Proposed by Thanasis Gakopoulos-Farsala-Greece

r¢ <

Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil
Let M —be any point in plane of triangle ABC, so
2s-MI> =a-MA?>+b-MB? + c- MC? — abc; (1)
8s-MS2 =2(b+c) -MA®>+2(c+a) MB*+2(a+b) MC?
— (a3 + b3 + 2 + abc); (2)
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Observe that: MB = MC = MI — MS, = R,,; (3)

From (1) and (3): MA% — R% = bc
From (2) and (3): 2(b + ¢)R% = 2(b + ¢) - MA%? — (a3 + b3 + 3 + abc)
It follows that:
a® + b3+ c3 + abc = 2bc(b + ¢)
a® + b3 + ¢ — b%c — bc? = b*c + bc? — abc
ala® + (b + ¢)(b? — bc + ¢?) — be(b + ¢)] = abe(b + ¢ — a)
abc(b+c—a) =ala®+ (b + c)(b — ¢)?]
2Rr(b+c—a)(b+c+a)=ala®+ (b+c)(b—c)?]
_ala®+ (b +c)(b—c)?]
4[(b + ¢)? — a?]
Therefore,
ala® + (b + ¢)(b — ¢)?]
- 4[(b + ¢)? — a?]

> 2r; (Euler)

2

r

Solution 2 by proposer
Plagiogonal system: BC = Bx, BA = By
a’ — b? + c?

B,C,IE(w):>(w):xz+y2+T—xy—ax+(b—c)y=0;(1)

S(S s )'S B a(a+ b) B c(b+c)
PRTPUTPR2 TP 2(a+ b+ ¢)’ P2 2(a+ b+ o)

From (1) and x = S, ,y = S, it follows:
a®+(b+c)(b—c)?=bc(—a+b+c)
ai+(b+c)(b—c)>=2R -h,(—a+b+c)

2[ABC]

al+b+c)b—c)?>=2R- (—a+b+c)=>

_a®+ (b+)(b—c)? R ala®+ (b+c)(b—c)?]
T4ABC(—a+b+0 TTF T 4(b+o?-af -
Therefore,

ala® + (b + ¢)(b — ¢)?]
= 4[(b+ c)? — a?]

2

r
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4R
2766. In any A ABC, (a + b)(b + ¢)(c + a) = 8abc + - (R—2r)

RZ+4r2

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

(a+b)(b + c)(c + a) — 8abc = 2s(s? + 2Rr + r?) — 32Rrs = 2s(s? — 14Rr + r?)
()

r*(R-2r) 2 . F8(R — 2r)?
— o 4s?(s? - 14R ) [ ————
= "RZ + 4r2 s(s r+rf) = (RZ + 4r2)2
Gerretsen 2
-
Now,LHSof (x) =  4s%*(16Rr — 5r? — 14Rr + r?)
7 .8 2= (R-2r)2=0 ? 6
r°(R — 2r) Jvel o r
=16s’r’(R-2r)25-— = &S 16s25——
SR =207 2 e a7y > 7R+ ar2)?
?
& 16s%(R? + 41'2)2 Sr6 S true
) Mitrinovic + Euler ”
-
» 16s%(R? + 4r?) > 27r%(8r?)” > r® = (x) istrue - (a +b)(b + c)(c + a)

> 8ab +r4(R_2r) ED
= eapc RZ 4 4r2 (QED)

2767.If xyz(x + y + z) > 0,in AABC holds:

xyz(x+y+z)

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if P € Int(AABC),then aPA,bPB,cPC
can be the sides of triangle (Klamkin)

— aGA,bGB, cGC can be the sides of a triangle,where G is the centroid of AABC.
. 4sr m, m, m, m,
Since aGA = Th—a g h—a,h—b,h—c
Also,we know that if m,n,p the sides of a triangle,then Ym, n, 4\/5

can be also the sides of a triangle.

( m+nzp - (Ym+4n)" = @m+n) +4YVmPn + 4\/mn? + 6ymn > ‘{/54)

can be the sides of triangle.
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+My; 4My 4|M, . . ]
- |—, |=—, |=— can be the sides of a triangle A, with area :
ha hb hc
2 2 4
224 m, imy, 24 m, 1 ZZ m,m, Zm
h, hy h, 4 h,h, h
2

4,m 1 m,m, m,
Using Ionescu Weitzenbock in A;: Z —2 >4V/3.2 |2 Z - - Z —
1 h, 4 h,h, h,

Panaitopol
R 1 R o 1 m, 1 m,m,
’—=— ’— S /—z—.\/3 2y Z— 1
~ |2zr 32 2r 32 h, ~3 hoh, 1)

Now,we have : |Z xyl ?2\/3xyz(x +y+2z) o (Z xy)2 > 3xysz

o szyz—xyZZxZO

T sz(y —2)? > 0 whichis true - |Z xy| > \/3xyz(x +y+2) (2)

(1),(2) > \/g|2yz|2 ( > ’mh“;::” >xyz(x+y+z)

2768. In AABC the following relationship holds:
a b c 22R-1)
< + + <
2 b +¢c c+a a+b R+ 2r

b) Za“ + acha > z:ab(a2 + b%) + r3(R — 27)

cyc cyc cyc

a)

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Avishek Mitra-West Bengal-India

(Do) oo (S (Tt
b+c b+c B a a+b
cyc cyc cyc cyc

Y(b+c)(c+a) B Z(bc+ca+ab+c2)
T Tita+b) " “° Z2abc+ Yab(a + b)

84 RMM-TRIANGLE MARATHON 2701-2800




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

5 Yc? +3Yab 3-2 2s”> — 8Rr — 2r? + 35> + 3r’ + 12Rr 3
=S Zabc Yab(2s —c) - a8 2s(Yab) — abc B
5s% + 4Rr + r? 5s% + 4Rr + r?
= 2s- ~3=2s- -3=
2s(s2+ 12+ 4Rr) —4Rrs 2s(s? + 1%+ 2Rr)
_ 55> +4Rr +1? —3s> —3r> — 6Rr _ 2s* — 2Rr — 2r?
B s2+ 12+ 2Rr "~ s24+ 7124 2Rr

Need to show:

2(s’? —Rr —1r? - 2(2R—71)
s24+r2+2Rr = R+2r
(R+2r)(s> —Rr—r%) < (2R —1)(s®> + %> + 2R7)

Rs? + 5R%*s + 3Rr? + 13 > 3rs?

But 4R? + 4Rr + 3r%? > s?> > 16Rr — 51% (Gerretsen)
Need to show:
R(16Rr — 51%) + 5R?>r + 3rr? + r3 > 3r(4R? + 4Rr + 31?)
21R%*r — 2Rr? + r3 > 12R%*r + 12Rr? + 913
9R?*r — 14Rr?> — 813 > 0 © r(R — 2r)(9R + 4r) = 0, true from R > 2r (Euler)
z a Z a? Bergstrom Ca)? _ 3¥ab _3
b+c ab + ac - 2¥ab — 2Yab 2

cyc cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

z a _za—b—c—l—b-l—c_ zz:s—a_l_3
b+c b+c B b+c

_ (s — o)
= _ZZ(b+c)(s—a)
SBerggmm —2(s—a+s—b+s—c)? 3
T3 S oG-+ 2s-bG-b+2s-0G-0
—2s? B s2 - 2(2R—-r1)

= +3=3- <
6s2 + 2(sZ — 4Rr — r?) — 3s(2s) sZ — 4Rr — r2 R+ 2r

2(2R —r)(s? —4Rr — r?) + (R + 2r)s? -
(R+ 2r)(s? — 4Rr — r?) -

& (2R —61r)s? —r(4R? —31Rr—8r2) >0
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()
& (2R — 4r)s? — 2rs? — r(4R? — 31Rr — 8r2) > 0 and
(2R — 4r)s? — 2rs? — r(4R? — 31Rr — 8r?)

Gerretsen
~

> (2R — 4r)(16Rr — 5r?) — 2r(4R? + 4Rr + 3r?) — r(4R? — 31Rr — 8r?)
-~ in order to prove (%), it suffices to prove :
(2R — 4r)(16Rr — 5r?) — 2r(4R? + 4Rr + 3r?) — r(4R?> — 31Rr — 8r?) > 0

& 20R? — 51Rr + 22r2 > 0 & (R — 2r)(20R — 11r) > 0 - true

Euler

=]

R 3 2r= (x)is true
o a N b N c <2(2R—r) dvia N b'tt3< a N b N c
"btc cta a+tb- Rtzr OV Sy rcTcra a+b
3 a b c 2(2R-r)
5 < + + <
2 " b+c c+a a+b R+ 2r

> at+abe) a-) ab(a® +b?)
=2 z a%b? — 16r2s? + abc(2s) — Z ab (Z a? - c?)
—2 (Z ab)z _ 4abc(2s) — 16r2s? + 2abe(2s) — (Z ab) (Z a?)
- (Z ab) (2 Z ab — Z a?) - 2abe(2s) — 16r?s?

= 2(s? + 4Rr + r?)(s? + 4Rr + r? — s + 4Rr + r?) — 16Rrs? — 16r?s?
> r3(R — 2r)

(::) Gerretsen
© 4(4R+1)?2—r(R-2r) > 12s?and ~ 12s> <  12(4R? +4Rr + 3r?)
-~ in order to prove (**), it suffices to prove :
4(4R+1)?  —r(R—2r) —12(4R?> + 4Rr + 3r?) > 0 © 16R?> — 17Rr — 30r2 > 0

Euler

< (R—2r)(16R + 15r) > 0 - true ~ R S 2r> (x%) is true

. Z at+ abcz a> Z ab(a? + b?) + r3(R — 2r)|(QED)
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2769. If P is any point in plane of AABC, then the following relationship

holds:

1 2 4 2 2 2
ZAP\/ma(mb+mc—ma)2 EZma(mb+mc—ma)(b + c? —a?) + 6F

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if P € Int(AABC),
then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— alA,bIB, cIC can be the sides of a triangle,where I is the incenter of AABC.

Since alA = V2Rr\/a(b + c — a)

—Ja(b+c—a),\/b(c+a—b),\/c(a+b—c)can be the sides of triangle.

— Since m,, my, m.can be the sides of triangle —» a, = \/mg,(m;, + m, — m,), b,

= \/mb(mc + mg — mb)’

¢, = ym.(m, + m, — m,) can be the sides of a triangle A,with area F,

such that :

2 2
16Flz =2 Z \/ma(mb + m, — ma) \/mb(mc + mg — mb)

4
_Z\/ma(mb-l'mc_ma) =

_ 2 . 2 .2

—ZZmamb(mc +2m,m, —m, my*)

- z:(ma4 + my2my? + m>m2 + 2m g mym, — 2m2my, — 2m3m,)

3 \? 3
= ZZmaZme —Z:ma4 = 16[Am,m,;m]? = 16 (ZF> =9F2 - F,; = 2

Also,we know that for any triangles AABC and A4, P € Int(AABC),we have :

1 2(h2 4 2 2
Zal.APZ EZm (b?% + ¢? — a?) + 8FF, (Bottema)
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Therefore, z AP\m,(m, + m, —m,)

> 1 _ 24 ;2 _ o2 2
= m,(my, + m, — m,)(b? + c?> — a?) + 6F2.

2770. If P is any pointin plane of AABC and

xyz(x+y+2z)>0x(y+2z),y(z+x),z(x+y) > 0.

then prove that:

Z x(y+2z).AP > \/%Z x(y + z)(b? + c2 — a?) + 4F\/xyz(x + y + z)

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have : (\/x(y +2)++y(z+ x))z

= (zx + yz) + 2xy + 2 x(y + 2)./y(z + x) 2 \/z(x+y)2

© szyz + xyzz x = —xy which is true because

xyz Y, x>0

szyz + xyzz x = |xy|=-—xy

- Jx(y+2) +y(z + x) = /z(x + y) (And analogs)

- a1 =+x(y+2),b; =y(z+x),c1=/z(x+y)

can be the sides of a triangle Ay with area F,

such that : 16F{* = ZZ\/x(y + z) 2.\/y(z+x)2 —Z:w/x(y+z)4 =

=2 z (xzy2 +xyz(x+y+ z)) - z:(xzy2 + 2x%yz + x%2%) = 4xyzz x -

F _1
1=35 fxysz.

Also,we know that for any triangles AABC and A4, P € Int(AABC),we have :
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1 2(p2 1 o2 2
zal.APZ EZ a,%(b? + c? — a?) + 8FF,; (Bottema)

Therefore,z Jx(y+2z).AP > \/%z x(y + z)(b? + c2 — a?) + 4F\/xyz(x + y + z)

2771. In AABC the following relationship holds:

h, +h,
Zh> 2"” ( hb+h)

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letx =h,,y =h,and z = h,.
We have :

(\/x+y+\/y+z)2:(x+z)+2y+2,/x+y.,/y+z >z+x=VZtx
- Jx+y+.y+z=+Vz+x(And analogs)

- Jx+y. Jy+zVz+x

can be the sides of a triangle A with area F such that :

16F? =Zzw/x+y2.1/y+zz—z1/x+y4=

1
ZZ(yZ+xy+yz+zx)—2(x2+2xy+y2) =4ny - F=2 /ny

Also,we know that if AUVW a triangle with area S then : Z a.u?

apy
uv,w
> 4S. Z uv,va,B,y > 0 (Oppenheim)
u,v,w
. v? w? u? ) u?
Ifwetake:a=—5,f=—y=—3 > VAUVW,Zu > 48, ZF )

Using () for triangle A,we get :
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\/ﬁz X+
S 2 T (S e (30 (N3
Therefore, Zhaz\/(Zhbhc)( 2‘;1?).

y+z
2772. Let P be point in plane of AABC. Prove that:

ZAP\/a(b+c—a) > %Za(b+c—a)(b2 + c2 — a?) + 8F2

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if
P € Int(AABC),then aPA,bPB,cPC can be the sides of a triangle (Klamkin)
— alA,bIB, cIC can be the sides of a triangle,where I is the incenter of AABC.

Since alA = V2Rr\/a(b+c — a) -

a; = a(b+c—a),b; = b(c+a—-b),c; =+/cla+b—c)can be the sides

of atriangle Aywith area F, such that : 16F,>
2 2 4
=ZZ\/a(b+c—a) \/b(c+a—b) —Z\/a(b—i-c—a) =

=2 Z ab(c* + 2ab — a*? — b?) — z:(a4 + a?b? + a®*c? + 2a*bc — 2a3b — 2a3c)

=22a2b2—2a4 = 16F?

Also,we know that for any triangles AABC and A4, P € Int(AABC),we have :

1 2(h2 4 2 2
Zal.APZ EZm (b?% + ¢? — a?) + 8FF, (Bottema)

1
Therefore, ZAP\/a(b +c—a)=> \/Ez a(b + ¢ — a)(b? + ¢ — a?) + 8F=.
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2773. In AABC the following relationship holds:

r*(R — 2r)
Za3 + 3abc 22ab(a+b) t—

cyc cyc
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by George Florin Serban-Romania
Ya3 = 2s(s?> — 3r? — 6Rr)
Yab(a+ b) = 2s(s* + r?> — 2Rr)

r2(R — 2r)
Za3 + 3abc 22ab(a+b)+T

cyc cyc
r2(R — 27)

o 253 — 61r%s — 12Rrs + 12Rrs > 2s3 + 2r%s — 4Rrs + 5

) r2(R — 2r)
S 8r s—4Rrs+TS0

r2(R — 21) r?
< 4rs(R — 2r) ZTc)(R—Zr) 4sr—? >0

2
From R > 2r(Euler) remains to prove that: 4sr > % o s> %

Mitrinovic

s > 3V3r> % & 603 > 1 true.

Therefore,
3 r%(R - 2r)
Za + 3abc 22ab(a+b)+7
cyc cyc

Solution 2 by Ertan Yildirim-lzmir-Turkiye
“Ya3 =2(s® - 3r%s — 6Rrs)
Yab = s> + 1% + 4Rr

3 r2(R - 2r)
Za + 3abc 22ab(a+b)+T
cyc cyc

3 r2(R - 2r)
Za +3abc—2ab(a+b) ZT
cyc cyc
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Lhs = 2(s® —3r?s — 6Rrs) + 3 - 4Rrs — ab(2s — ¢) — ac(2s — b) — bc(2s — a) =

= 253 — 61r%s — 12Rrs + 12Rrs — 2s(ab + bc + ca) + 3abc =
=253 — 651> — 25(s* + 1> + 4Rr) + 12Rrs =
=253 = 61%s — 253 — 2r?s — 8Rrs + 12Rrs = 4Rrs — 8r’s

M r2(R - 2r)
4Rrs — 8r’s > ——————

5
(1) © 20Rrs —40r?’s —r>(R—2r) > 0 © r(R — 2r)(20s — r) > O true from R >
2r (Euler).
Therefore,
r2(R — 2r)
3 _— 7
Za +3achZab(a+b)+ s
cyc cyc
2774. In AABC the following relationship holds:
Y =i
2 cot';l + cotg + cot 6\/—

Proposed by Marian Ursdrescu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z -
A B C
2 cotf + coti + coti

51 1 1
i B BT A4 cl=
COtE + cotf coti + coti

A} S

1
B Z (cotg + cotg) + (cot% + cotg)

s=rg. cot

21 1

1 r
zz = 3 s(l l)ZEZ(s—a)+(s—b)=

cot + cot— = + ™

Z r s2 +1r2+ 4Rr <
~2 ' 4Rsr -
Ge_zrr_etsep
Mitrinovic yp2 L gRy +4v2 1 (R T
< ( + =+ 2)
8R.3V3r  6V3\T
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Th > ! <! (R+r+z)
erefore, 1 <shB\ TR .

B L 63
2 cot7+ c0t7 =+ cotf

2775. Prove that for any acute triangle ABC :

Vcos A + Vcos B + Vcos C
cosA+ cosB + cosC

<42

Proposed by Vasile Mircea Popa-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

CBS

We have : Zmzz ;l:n?i < \/%(ZsinZA)(Zsi:”J
\/ 41_[smA (ZsmA)

_Jzz A sinB = |2 ab sz+r2+4RréﬁZ A—\/E(1+r)
= sinAsinB = AR SR? < cosA = R

sZ+1r2+4Rr 2(R+1)? ) 5 5 . ]
o < & s“ < 4R* + 4Rr + 3r° (Gerretsen's inequality)

2R? - R?
. \/cosA+\/cosB+\/cosCS\/§
cosA +cosB + cosC

Since0 <cosA<1 - cosA<+VcosA (And analogs) — ZcosA < Z\/cosA

- Vcos A + vVcos B + vcos C

cosA+ cosB + cosC
Vcos A ++/cos B + Vcos C

cosA+cosB + cosC

—_

<+2.

Therefore,

2776. In AABC, prove that:

Z a? >a+b+c+r2(R—2r)
b+c— 2 3(R? + 1?)

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Wlog,we may assume that:a>b >c - a? > b? > c? and
1 1 1
= =
b+c c+a a+b
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Using Cll.zhebyshev a2 a+b+c
fan) _
b+c 2
CBS
1

23X (Y -1 2 30w s 204

_3@+b*+c*) a+b+c (a®?+b*+c?)—(ab+bc+ca) s*—3r>—12Rr

2(a+b+c) 2 a+b+c 2s
G(_err_etse(l
Mm,gm’w 4r(R—2r) 8r%(R — 2r) AMé‘;M 8 r%(R-2r) - r*(R — 2r)
- 3Vv3R  3V3.2Rr 3 3(R*+712) T 3(R2+712)

b+c+r2(R—2r)
2 3(RZ +12)’

Theref z a? et
erefore, >
b+c

Solution 2 by Soumava Chakraborty-Kolkata-India

z a> z a* Berggmm (a? + b?% + c?)?
b+c Zia’b+a?c = ab(a+b)+bc(b+c) + calc+ a)
4(s? — 4Rr —r?)? _ 2(s* — 4Rr —r?)?

~ 2s(sZ + 4Rr + r2) — 12Rrs _ s(sZ — 2Rr + r2)

Z a? a+b+c
ﬁ —
b+c 2

2(s? — 4Rr —r?)? 2(s? — 4Rr — r?)? — s%(s? — 2Rr + r?)
—s =
~ s(s?2—2Rr +r?2) s(s2 — 2Rr +r?)

_ s* — (14Rr + 5r2)s? + 2r(4R + r)? T“‘;“‘ts4 — (14Rr + 5r2)s? + 6r2s?
a s(s2 — 2Rr + r?) - s(s2 — 2Rr + r?)

s(s? — 14Rr +r?)
~ s2—2Rr+r2
Gen;(:tsen S(ZRI‘ _ 4_1.2) :_\ r2 (RZ _ 4-1‘2) « R=2r zivia Euler 2s é I‘(R + 21‘)

=
~  s2—2Rr+r2 R3+ 2r3 + Rr? s2 —2Rr+r%"~ R3 + 2r3 + Rr?

?
< 4s%(R3 + 2r® + Rr?)? % r?(R + 2r)%(s? — 2Rr +r?)?
®

Gerretsen

Now,RHSof (i) < r2?(R+2r)?(s?—2Rr +r?)(4R? + 2Rr
?

+ 4r2) 2 4s2(R3 + 2r3 + Rr?)?
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=3 (Z(R3 +2r3 + Rr?)? —r?(R + 2r)?(2R? + Rr + ZrZ)) s?
+ (2Rr — r2)(2R? + Rr + 2r2)r?(R + 2r)25 0
&R ((R — 2r)(2R* + 4R3r + 10R%r2 + 19Rr3 + 261) + 48r5) s2
+ (2r(R - 2r) + 3r?)(2R% + Rr + 2r®)r2(R + 2r)25 0 - true

Euler
)
R = 2r = (i) istrue

Z a? a+b+c
“Lib+c 2

r2(R? — 4r?) érZ(R—Zr) “R-2rz0  p42r ,; 1
=
~ R3+2r3 + Rrz — 3(R?% +r?) R3 4+ 2r3 + Rr2 "~ 3(R% +r?2)

?
&3[R +2r)(R2+r12) —R3—-2r3—Rr250
?
SR +2r3 +3R’r+Rr250
2

. Z a? a+b+c>r2(R—2r) a? N b? L€
- {rue .. — = =
Y b+c 2 3(RZ+r?) b+c c+a a+b

>a+b+c_|_r2(R—2r) ED
- 2 3(R% +r2) (QED)

2777.In AABC the following relationship holds:

A B 27 /4R* 5R
Ecots—.cot—27 —_———

2 2 r2 T
Proposed by Marian Ursarescu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

. tA s tB S tC S
etx=cot-—=—,y=cot—-—=—,Z=cot—-=—.
2 r Y 2 1 2 .

6 Bergstrom

a
A B x* x - x3+y3 +23)2
Zcot’;E.cotE:Zx!;y=xyzz7:xyzz— > xyz ( 4 )

x’z ‘X2z + y?x + z2%y
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Rearrangement
(x3 +y3 +23)? ; S s\3
=xyz ) x° =-—. —
T T,

S .
- VT y3+2z3
st [ 1,3 1 1
2[EY - T1E )
r T, r, T}
Ggr:retsen .
st/ 4Rs*>\ _ s*(s> — 12Rr) Cosmta;urtmu 27Rr (16Rr — 51r%) — 12Rr
r\r3 T (s2r?z) rt = 2 rt
_ 27 R(4R - 571)
2 2
h Z A B 27 4R*> 5R
erefore, co 2.co > 25 (72 —
Solution 2 by Nguyen Van Canh-BenTre-Vietnam
Z 24 _ s> — 8Rr — 217
co > = 2
cyc
A B (cot2 7) CBS (Z cot? 7) A
ZcotS—cot—zz > - ZcotZ_ —
22 A__B A. B 2
2
B <s2 — 8Rr — 2r2>2 Blundon <2R2 + 10Rr — 12 — 2(R — 2r)VR? — 2Rr — 8Rr — 2r2>
N r2 - r2

2
_ (2R*+2Rr — 31> — 2(R — 2r)VR%? — 2Rr (>) 27 (4R* 5R
a r2 —2\r2 r

2
Oy (2R2 + 2Rr — 3162 — 2(R — 2r)V R? — 2Rr) > 27(4R? — 5Rr?)

16x* — 32x3 — 28x% + 47x + 18 > 8(x — 2)(2x% + 2x — 3)y/x2 — 2x; <x =z 2)

(x —2) (16x® — 28x — 9 — 8(2x? + 2x — 3)Jx? — 2x) 2 0
cx>22x-220
16x° —28x— 9 —8(2x2 +2x — 3)\/x2 —2x > 0 &
16x3 — 28x — 9 > 8(2x2 + 2x — 3)/x2 — 2x
(16x3 — 28x — 9)2 > (8(2x2 +2x — 3)\/m)2
RMM-TRIANGLE MARATHON 2701-2800

96



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(x=2)
16x3 —28x—9 = x(16x2 —-28)—9 > 2(64—-28)—9=63>0
256x° — 896x* — 288x3 + 784x% + 504x + 81 >
> 64(x? — 2x)(2x% + 2x — 3)
16x%(40x? — 34x — 83) + 1656x + 81 > 0, which is true Vx > 2 = (x) true.

2778.In AABC, x,y,z > 0 the following relationship holds:

A+ B+ C<
XCOS5 +yCoSo +ZCoS, <

X+y+z

(xy + yz + zx) Tz

N =

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

()
A P
—_ —_ —_ << =
xcos > +ycos2 +zcos2 < 2(xy+yz+zx)

x+y+z
xyz

A

We have : Zxcosi =

CBS

Ak A L1 xX+y+z
= - < 2| < — - v
Zx/}.x/}cosz < \/(Zx) (Zxcos 2) < 2(xy+yz+zx) 7

A
o nyzz x.2 cos? > < (xy+yz+zx)? o nyzz x(1+ cos A)

< (xy + yz + zx)?

o nyszcosA < szyz

o 2x%yzcos[m— (B + C)] + 2xy*zcos B + 2xyz* cos C < Z x*y?
« 2x%yz(sin B sin C — cos B cos C) + 2xy?z cos B + 2xyz?* cos C
< (xy)2(sin? B + cos? B) + (yz)? + (zx)*(sin? C + cos? C)
< 0 < (xysinB — zxsin C)? + (xycos B + zx cos €)? — 2yz(xy cos B + zx cos C)

+ (yz)?
& 0 < (xysinB — zx sin C)? + [(xy cos B + zx cos C) — yz]? which is true.
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Th A+ B+ C<1( tvz 4 )x+y+z
erefore, xXcos +ycos +zcosy < S (xy+yz+zx Xz

2779. Let P be point in plane of AABC and t > 1, then holds:

(PA.PB)! + (PB.PC)' + (PC.PA)" = (abe)’

t t t \t{1
(aﬁ + pE=1 + cm)
Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder,we have :
t

(z@B.pcy) (z —) . (z ea.por (a&yl) i (Z . pB.pc>t

cyc cyc cyc cyc

By Hayashi's inequality, we have :
Z a.PB.PC = abc

cyc

t—-1
- (Z(PB.PO’) (Z a%> > (abc)*

cyc cyc

(abc)t

Therefore, (PA.PB)! + (PB.PC)! + (PC.PA)! > - ; N
(a1 + b7+ c77)

2780. In AABC the following relationship holds:

B C A B C A
{2 (cos2 — + cos? —) — cos? —} 1_[ (cos— + cos— — cos —) <

7 7 7 7 7 7
cyc

_ 2B Zc( A, B, c)

< cos” . cos” —{cos— + cos + cos

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

B

A C
Let's prove that cos = cos = cos 7 can be the sides of triangle.
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Si 0<AB,C< 0< <=Z d
_) — — — — —
ince ,B, b4 77 < 3an X

N[

— cosx is adecreasing function on (0,

A B C> T 1 A+ B>
- —_ —_ — —_——= —_— —_ —_
cos7,cos ,7,cos,7 cos3 > cos,7 cos,7

1=cos x,Vx

=1 S cos7 (And analogs)

)
1
2

N| =

A B (s
— €CO0S =, COS = cos— can be the sides of triangle.

7 7
- It suffices to prove that
©)
: {2(b% + c?) — a?} l_[(b +c—a) < b*c*(a+b+c),VAABC
cyc
2
- (4Rrs)
STz

2 Rs\?
.28 © m, S(—) © mg

() & 4m,>. 8sr? -

Rs
< o (Panaitopol's inequality) - (*) is true.

2 B 20) _ 24 B C osd
Therefore, 2| cos 7+cos cos Ccos — + cos cos

7 7 7 7 7
cyc
< ZE ZE( é+ E+ E)
< COS - .COS - COS - COSs 7 COSs 7
2781. If x, y, z are real numbers, then in AABC holds:
) ) ) A B A T
xX“+y“+z- = (yzsmi + zxsmi + xysmz) secg

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
()

x2+y2+zzS(yzsiné+zxsin5+xysing)sec:E
2 2 2 3

2 02 2 . (T _B+C . B . C
() @ x*+y“+2z° = 2yzsin > > +szsm2+2xysm2

) s o B C . B . C
o x“+y“ +z 2Zyzcos(5+i>+szsmi+2xysm§
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o x4+ y? (coszg+sinzg)+z2 (coszg+sin2§>
> 2yz (cosEcosE - sinEsin E) + 2zx sinE + 2xysin-
- 2 2 2 2 2 2
. C B . C N C B\*
ysm—+zsmE)+(ysmE+zsmE) +(ycos§—zcosi> =0

<—>x2—2x( 5
2

. C . B\? C B o

© [x — (y sin—- + zsin —)] + (y COS— — Z COS —) > 0 which is true.
2 2 2 2

) s 2 LA . B A T

Therefore, x“+y“ +z°= (yz sin—- + zx smE + xysin i) sec 3

2782. In AABC, prove that:
b+c N r2(R? — 41%)
R3 + Rr?2 + 2713

Z a3 Jat
b2 +c%2 — 2
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Holder (az + bz + CZ)S

6
a ~
>
(a+ b+ c).2(a?b? + b%c% + c?a?) —

a3
Z b2 + c2 Z a(a?b? + c2a?)
(a® + b% + ¢?).3(a®b? + b*c? + c?a®) _ 3(a® + b* + ?)
"~ 2(a+b+0)

Ex)?%233xy
>
- 2(a+ b + c)(a?b? + b2%c2 + c2a?)
z al a+b+c 3@+b*+c*) a+b+c
% — —
b2 + ¢2 2 2(a+ b +c) 2
_ (a® +b*+c?) — (ab + bc + ca) _sz—3r2—12Rr>
B a+b+c B 2s =
Gerretsen
Mitrinovic ? 2/p2 2
- 4r(R—-2r) 4r(R-2r) .~ 1r“(R“—4r°)
> > > 2(R3 + Rr? + 213
3V3R 3.2R Brretrze O 2 2
> 3R(R + 2r)

o (R—21) (2R2 +7(R - 2r))
> 0 which is true from Euler's inequality (R > 2r).

b+c N r2(R? — 41?)
2 R3 + Rr? + 213

a3 a+
Therefore, Z b 1 2 =
RMM-TRIANGLE MARATHON 2701-2800
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Solution 2 by Soumava Chakraborty-Kolkata-India

4 Bergstrom

Z a® _Z a & (a? + b? + c?)?

b2+c2 Z.iab?2+ac2 ~ ab(a+b)+be(b+c)+calc+ a)
B 4(s? — 4Rr — r?)? _ 2(s* — 4Rr —r?)?
~ 2s(s2 +4Rr +r2) —12Rrs  s(s? — 2Rr + r?)

Z a3 a+b+c
i J—
b2 + c2 2

- 2(s? — 4Rr —r?)? _ 2(s* — 4Rr — r?)? — s%(s® — 2Rr +r?)
= s(s2—2Rr+r2) s(s2 — 2Rr + r?)

_s* — (14Rr + 5r%)s? + 2r?(4R + r)? Trugchts" — (14Rr + 5r?)s? + 6r%s?
B s(s2 — 2Rr + r?) - s(s2 — 2Rr + r?)

s(s?> — 14Rr +r?)

s2 — 2Rr +r?
Gen;citsen s(2Rr — 4-1'2) :_‘ r2 (RZ _ 4_1,2) -+ R-2r 2,.9..\Via Euler 2s é r(R + 2r)
=
~  s2—2Rr+r?2 R34 2r3 + Rr? s2 —2Rr+r2" R3 + 2r3 + Rr?

?
& 4s%(R3 + 2r3 + Rr?)? % r?(R + 2r)?(s? — 2Rr + r?)?
®

Gerretsen

Now,RHSof (i) < r?(R+2r)?(s?—2Rr +r?)(4R? + 2Rr

?

+4r2) 2 4s2(R3 + 2r3 + Rr?)?
o (2(R3 +2r3 + Rr®)2 — r2(R + 2r)%(2R? + Rr + 2r2)) s2

?

+ (2Rr — r2)(2R? + Rr + 2r2)r?(R + 2r)25 0

&R ((R — 2r)(2R* + 4R3r + 10R?r? + 19Rr3 + 26r%) + 48r5) s2
?
+ (2r(R —2r) + 3r?)(2R% + Rr + 2r®)r2(R + 2r)2 5 0 - true

Euler
"-‘ - -
R = 2r = (i) istrue

z a _a+b+c> r2(R? — 4r?) =>Z a3

" Lib2 + 2 2 T R¥+2r3+Rr? b2 + 2
>a+b+c+ r?(R? — 4r?) (QED)
- 2 R3 + 2r3 + Rr?
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2783.1f M € R3 x, v,z > 0 then in AABC the following relationship holds:

MA?2 MB?* MC? /(a+b+c\’
+ + = ( )
vz zZx Xy X+y+z
Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2 _—
We have : (xMA + yMB + zMC) >0 & Z x*MA* + Z yz.2MB.MC > 0
o Z x*MA? + Zyz. (MB? + MC* —BC?») >0 <

z:(x2 + xy + xz)MA? > Z yza?
o (z x) (z x. MAZ) > z:yza2 o (z x).xyzz N;::Z > xyzz:a?2
- (Z Y5 EY) F O
MA® MB® MC? (a +b+ c)z_

Therefore, + + >
yz V44 xy

x+y+z
2784. For any arbitrary point P in the plane of A ABC,

AP A+BP B+CP C>
. €OS . €OS .€COS5 =S

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

,A ,B ,C 1
cos E+cos E—cos E:E(1+cosA+1+cosB—1—cosC)
1(2'2C+2'C A_B)>0 0< —— <1 2 &
_= e e = el
5 | 2sin” 5 + Zsin cos cos < cos”
< cos? A + cos? 5
2 2
<< A+ B)Z A+ 5 C>0 d 1
—_— — => —_— —_—— J—
cos - + cos AcosZB cos% cos and analogs
= €0S,€0S -, COS form ssides of a triangle — (1) with area F;

1 z A B z A
— 2 2 2 4
\] COoS 2 coSs 2 CcoSs 2

cyc cyc
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2
1 A B A
=2 42 coszicoszi— Zcoszf

cyc cyc
2
= 1 4coszecosZEcoszgz seczﬁ—1 Z(l + cosA)
4 2 2 2 2 4
cyc cyc
1 [/ s?2\(4R+r)% +5s2 (4R +r)? s g
- Z\/<4R2> s? 4Rz 8R CHTR

Via Bottema, for any arbitrary point P in the plane of A ABC and for any arbitrary A A'B'C/,
(AP.a’' + BP.b’ + CP.c')?

1
> E(az(b’2 +¢?- a’z) + bz(c’2 +a’- b’z) + cz(a’2 +b'%—¢? )
A B C
+ 8[ABC][A'B'C’] - via (1) and choosing a’' = cosE,b’ = cosi,c’ = cosE,
B C\2
(AP cos— + BP. cosz + CP.cos 2)

C A via (i) 4 s(s—b) s(s—c¢) s(s—a
ZZ (cos — 4+ cos? = — cos? —>+8rsF1 = EZaZ(( )+ ( ) _s( )>

2 2 ca ab bc
+rs (%)
rs?

= S 2 _ _z 2 2 2 _ Z -
SRrs ZSZ(I (s—a) a?(b? +c ) |+ =

cyc cyc

1 rs?2
= 8Rr 4s?(s? — 4Rr —r?) — 4s%(s? — 6Rr — 3r?) — 2 Z a’bccosA |+ =

cyc

cyc cyc

2

1 . rs
= 8Rr 4s?(2Rr + 2r?) — 8R2rsz sin2A | + S

cyc
2

1
= BRr (432(2Rr + 2r?) — 8R?rs(2sinCcos(A — B) — 2sinCcos(A + B))) =
1 ] rs?
= 8Rr 4s?(2Rr + 2r?) — 8R2rs.41—[ sinA | + =

cyc

1 4Rrs rs?
<4sz(2Rr +2r?) — 8R°rs. 4( )) +—

8R 8R3 R
8Rrs? + 8r?s? — 16r’s? + 8r2s?
- 8Rr =S
A B C
= AP. cosi + BP. cosE + CP. cosi

> s for any arbitrary point P in the plane of A ABC (QED)
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2785. In AABC, prove that:

z a3 - (a+ b+ c)? _l_rz(R—Zr)
b+c ™ 6 R+r1r
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Wlog,we may assumethat:a>b>c - a3 > b3 > ¢ and
1 1 1
= >
b+c c+a a+b

Using Chebysh
sing Seys evz (a+b+c)2
b+c

223 @) <z,,+c>—gzafC§S%<2as>-z<,fic)—%<za>z=

_3@+b*+c?) (a+b+c)? 9@ +b*+c*)—(a+b+c)?

2@+b+c¢) 6 a 6(a+b+c)
_ 9(s* —3r? — 6Rr) — 4s%
6
552 _ 271, — S54Rr Gerretsen
= % 2
26r(R — 2r) _ 13r%(R - 2r) E’ﬁ>’fr 13r%(R - 2r) - r2(R — 2r)
6 3r - R+r -~ R+1r

h z a® >(a+b+c)2 r>(R — 2r)
erefore, b+c™ 6 R+r

Solution 2 by Soumava Chakraborty-Kolkata-India

4 Bergﬂs:rom (az + b2 + Cz)z _ 2(52 — 4Rr — r2)2

a
b+c=Zab+ac = 2(ab+bc+ca) ~ s2+4Rr +r?
a® (a+b+c)? 2(s — 4Rr —r?)? 2s?
:Zb+c_ 6 = sZ+4Rr+r2 3
6(s? — 4Rr — r?)? — 2s%(s? + 4Rr +r?)
- 3(s%Z + 4Rr +r?)
2(2s* — (28Rr + 7r?)s? + 3r2(4R + r)?) "M 2(25* — (28Rr + 7r2)s? + 9r2s?)
- 3(sZ + 4Rr +r?) = 3(sZ + 4Rr +r?)
2s?(2s%? — 28Rr + 2r?)
- 3(s? + 4Rr + r?)
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Gerretsen 2 2y ? .2 « R—2r = 0 via Euler ?
e 2s“(4Rr — 8r“) .~ r“(R—2r) ol -
> > S 8(R + r)s?>3r(s? + 4Rr + r?
3(s? + 4Rr + r?2) R+r ( ) ( )
?

& (8R + 5r)s? % 3r(4Rr + r?)
@

”
Gerretsen

Now,RHSof (i) > (8R+ 5r)(16Rr — 5r2) S 3r(4Rr + r?)
? Euler
& 128R? + 14Rr + 14r(R — 2r) S0->true~R 3 2r=> (i) is true
Z al _(a+b+c)2>r2(R—2r):>z a?
b+c 6 - R+r b+c
- (a+b + c)? N r’(R-2r) (QED)
- 6 R+r

2786. In AABC the following relationship holds:

H( t2A+ tA tB+ tzB)>(s)4
co > c02c02 co ) =25

cyc
Proposed by Marian Ursarescu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
()
Lemma: Vx,y > 0,x* + xy + y*> > Z(x+y)2.
Proof : (x) & 4(x* + xy + y*) > 3(x? + 2xy + y?) & (x — y)? > 0 which is true
- (%) is true.

A s
Also,we know that : coto =—, n(ra + 1) = 4Rs? and r, 1T, = s*r.
a

cyc

1—[( oA A B tzB)gl—[ 3( AL tB)Z
ﬁ — — — — — — —
co 2 co 2CO 2 co 2) = ) co 2 co 2

cyc cyc

2

(122 -
64 ry 1|

cyc
2
2 Mitrinovic
<

2\ 2
22 s31_[ra+rb ZE 3 4Rs =£(&> S
64 ToTh 64 (s21r)? 4 \r? -

cyc
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27( 2s.s )2 B (5)4
4 \3y3.02)  \r/°

A A B B s\4
Therefore, 1_[ (cot2 = + cot= cot = + cot? —) =\=) -
! 2 * 2 2 * 2 (r)

cyc
2787.1f M € R3 x, y,z > 0 then in AABC the following relationship holds:

MA? MB? MC? 2
+ + = XyZ (
x y z

a+b+c )
Xy +yz+ zx

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
We have : (yzMA + zxMB + xyMC) >0 o

z y*z?MA? + Z zx.xy.2MB.MC > 0
o Z y*z?MA? + xyzz x(MB%? + MC?> —BC*) >0
o 2:()1222 + xy%z + xyz?)MA? > xyzz xa?
MA? a®
o ny Z:yz.MA2 > xyzz xa’ o ny .xyzz = (xyz)zzﬁ
2 2
MA? a?\ cBs
: > xyz. — | >
(5] T2 (50 (32) (3

MA?2. MB? MC? a+b+c \?
(e

Therefore, + +
X y z

Z—
xy+yz+zx

2788. In AABC the following relationship holds:

Proposed by Marin Chirciu-Romania
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Solution 1 by George Florin Serban-Romania

Z a’ z a* Holder (@a+b+c)* 32s3 (;) 8s
mz Ziam?2 ~ 32¥am?  9(s2+5r2+2Rr) ~ 3

cyc cyc
4s?
=
3(s? + 512 + 2Rr)

& s? > 151r% + 6Rr; (2)

(D > 1 4s% > 3s% + 151% + 6Rr

But s> > 16Rr — 512 (Gerretsen); (3)
From (2), (3) remains to prove that

16Rr — 5r% > 15r2 + 6Rr © 10Rr > 201% © R > 2r (Euler).

Solution 2 by Marian Ursdrescu-Romania
Lemma. In any triangle ABC, we have:
a? + b? + c?
—=®
2v3a

Proof. Because 4m2 + 3a® > 4+/3a - m, then 2b? + 2¢2 — a? + 3a? > 4V/3a -m, &

m, <

(*) is true. Now, we have:
1 12a? a’ - 12a®
—_— : —_—
m2 ~ (a?2+b?%+c?)?  mZ~ (a% + b? + c?)?
We must show that:
12 4(a+ b+ )

5 5, .5

a+b+c¢’) 22—

(a? + b? + c2)? ( ) 3

9(a’ + b5 + %) = (a+ b+ o) (a® + b% + ¢*)?; (1)

WLOG, let a < b < c then a? < b? < ¢? and hence, a® < b3 < 3.
From Chebyshev’s Inequality, we have:

(a+b+c)a?+b%*+c?) <3+ b2+ c?) s
(a3 + b3 + 3)(a® + b + ¢?) < 3(a® + b° + ¢°)

(a+ b+ c)(a®+ b*+c?) <9(a® + b® + %) = (1) its true.
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2789. In AABC the following relationship holds:

(hg + hy + h,)? r\2
a? + b? + c? S2+(_)

R

Proposed by Marin Chirciu-Romania
Solution 1 by Avishek Mitra-West Bengal-Iindia

(Cab)? b)2
(ho+ by + b (2FEd) 4 Zpoy ap ZaD

_ _ 16RZFZ _
a? + b% + c2 Ya Y a? > a? -
1 Ca®? 1 2(s% — 4Rr — 1?)
< : = a? = <
4R? Y a? ~ 4R? 4R?
2(4R2+4Rr+3r2—4Rr—r2) _4R*+2r7 5 (T 2
= 4R? - rz -t ()

Solution 2 by Aggeliki Papaspyropoulou-Greece
1 1 1
ho+ by + he = 2F (45 +-)
4F%(ab + bc + ca)? _ 4a®b*c*(ab + bc + ca)? _
a?b?c? 16a%b%¢c? - R?
_ (ab + bc + ca)®
4R?

So, it is enough to prove:

(ha + hy + hc)z =

(ab + bc + ca)? <2+r2 o
4R?(a® + b2+ c2) = R?

(ab + bc + ca)? < 8R?*(a? + b? + ¢®) + 4r*(a* + b* + ) &
(ab + bc + ca)? < (a? + b%* + c?)(8R? + 41%) &
(ab + bc + ca)(ab + bc + ca) < (a? + b% + ¢?)(8R? + 4r?); (1)

“ab + bc + ca = a* + b? + ¢%,by (1) it is enough to prove:
ab+bc+ca<8R?>+41r* s> +1r> +4Rr <8R* + 41’ &
s? < 8R? — 4Rr + 31r%;(2)

But: s> < 4R? + 4Rr + 3r%; (Gerretsen); (3)

From (2)&(3) we must show:
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4R? + 4Rr + 3r? < 8R? — 4Rr + 31? © 4R(R — 2r) = 0, which is true from

R > 2r (Euler).
2790. If in AABC, x,y,z > 0 then holds:

A 1
max ZyzcosE,ZyzsinA < E(x+y +z)\/xy+yz+zx

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

ZyzsinA =

cyc

;\/ﬁ \/ﬁsmAé (;y2><;yzsm2A><—<; ) /;yz
HZyzaz(é)Rz (Zx)

cyc cyc

—_— —_— — 2
Let O be the circumcenter of AABC,we have : (xOA + yOB + zOC) >0
o ZxZOAZ + zyz.zﬁﬁ.ﬁ >0

cyc cyc

HRZZx2+Zyz(OBZ+OCZ—BC2) ZOHRZZx2+2RZZyz

cyc cyc cyc cyc

2
> z:yza2 < R? (Z x> > z:yza2

cyc cyc cyc

1
- (%) is true - ZyzsinA Si(x+y+z),/xy+yz+zx (1)

cyc
. . . m—A Tw—B m—C
Using (1) for A triangle with angles R and —

A 1
ﬁZyzcosESE<Zx>,/xy+yz+zx (2)

cyc cyc

(1D, 2) » max{Zyzcos ZyzsmA} %(x+y+z),/xy+yz+zx

cyc cyc
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2791. In AABC the following relationship holds:

z a? <lz +RZ—4‘rZ
b+c 2 a r

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

zba_:c=z(zs_b(f:jc))2 =4s22%ﬂ—3.4s+2(b+c)

5s2 + 1% + 4Rr
‘2s(s?2 + 12+ 2Rr)

25 41% + 6Rr 8
-8 s+ 12+ 2Rr s

Z 8s =

=4s

oy ATt 6RY G""g‘”" e 412 + 6Rr
-8 s2++2+2Rr) — “°° 4R? + 412 + 6Rr

Z a? 1 <1 41r% + 6Rr
ﬁ — — —
btc 22.%=°\"T2RZ{2r2 1 3Rr
2R? — 2r% — 3Ry MUTINOVIC 33 (R—27r)(2R+71)
=S. < R. <
2R? + 2r% + 3Rr 2 2(R%? +1%) + 3Rr

V3s<2
AMéGM (R—2r)2R+1r) 3(R-2r)2R+7) é R2 — 412

= 3k 2.2Rr + 3Rr 7r r

o (R-2r)(R+11r)

> 0 which is true.

7r
h Z a? - 1 Z N R? — 412
erefore, <-)>)a+—.
/ b+c 2 r

2792. In acute AABC, P —point in plane of AABC, the following relationship
holds:

A B C
AP. cosE+ BP. cosE+ CP.cosE >2R+71r

Proposed by Bogdan Fustei-Romania
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Solution 1 by Maohamed Amine Ben Ajiba-Tanger-Morocco

A B\) 1+cosA 1+cosB A B cosA + cosB
(cosE+cosE) = > + > +2cosE.c08521+—2
)>1>cosZE
- 2

. C
=1+ sin—.cos

(A—B
2

2

( A_Be( nn) (A_B)>O> A+ B> C(Ad I )
S — -, =) - — — —
> 22 cos > > cos2 cosz_cos2 nd analogs

A B
- a; = CoSs— bl—cos2 c1

C
= cos — can be the sides of triangle A, with area F such that :

16F,> —ZZcos —COS ——Zcos =

1
= 52(1 + cos A)(1 + cos B) —12(1 + cos A)? =
ST ITIE) OB )
=273, cosA+5 ) cosAcos 2/, 608

_3+1(1+r)+1 s2 +r? X 1 3 s2 —r2 — 4ARr
4 2 R 2 4R? 4 2R?

SZ

S
- 16F12=m - F1=gp (1)

We know that for any triangles AABC and A, and any point P in the plane of AABC,

we have :

1
z a,.AP > \jiz a,%2(b% + c2 — a?) + 8FF, (Bottema) (2)

A
Za12(b2 +c? —a?) = z:coszi(b2 +c? —a?) = ZSZ(S —a)cosA

= ZSZZcosA —ZsZacosA =

2sr

= 252 (1+%)—25.T=232 (1—%) N Zalz(b2+cz—a2)=232 (1——) (3)

.232(1——)+85ri=s

R 8R

1), (2),(3) - Zcos%‘.AP > j;
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s? — (2R +1)?
>0
4R?

ABC is an acute triangle — l_[cosA >0 &

> 2R +r.

A B C
Therefore, AP. cosE + BP. cosE + CP. cosz >s=>2R+r.

Solution 2 by Soumava Chakraborty-Kolkata-India

cos?— + cos?— — cos? = =

s 2 2 2 bc s ab
:m(a(s—a)+b(s—b)—c(s—c)) =m(x(y+z) +y(z+x) —z(x +Y))

S
=—(2 >0
abc( xy)
(taking x =s —a,y = s — b,z = s — ¢, which subsequently impliesa=y+z b=z +x,c

A B C_s(s—a)+s(s—b)_s(s—c)

A B
= x + y and triangle inequality = x,y,z > 0) - cos? 3 < cos? >t cos? >
< ( A + B)Z A + B ¢ > 0 and 1
J— J— : J— —_—— —
co[s\2 c];)s > . cos > cos > cos2 and analogs
= cosi, cosE, cosi form sides of a triangle — (1) with area F;
1 A B A
- 20 2 _ 4
4\/Zz:cos 2cos 2 Zcos 2
cyc cyc
2
1 A B A
= — 42 2 __ 2_ _ Z 2 _
2 cos > cos > cos >
cyc cyc
2
_1 4 2A ZB ZCZ ZA 1 zl+ A
=1 cos > cos > cos > sec > 1 ( cosA)
cyc cyc
1 s2\(4R+r)2+sZ2 (4R+r)?2 s gF W g
= — —_ = — = —
4 [\ 4R2 s2 4R? 8R 17R

Via Bottema, for any arbitrary point P in the plane of A ABC and for any arbitrary A A'B'C’,
(AP.a' + BP.b’' + CP.c")?
1
> E(az(b’2 +¢?- a’z) + bz(c’2 +a’%- b’z) + cz(a’2 +b'%—¢? )
B C

A
+ 8[ABC][A'B'C’] - via (1) and choosing a’ = cosi,b’ = cosi, ¢’ = cos >
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2

(AP A + BP 5 + CP C)
.cos2 .cos2 .cos2

1 B C A
> 2 2 2D 2% 2_)
= E a (cos 5 + cos? 2 — cos” =

cyc

via (i) 1 s(s—b) s(s—c) s(s—a) S
o N 2 - D
+ 8rsF; = 3 E a < ca + ab be >+ rs (R)

cyc

— S 2 Z 2 Z 2b2 2 2 I‘SZ
= 8Rrs| 28 a’*(s—a)— ) a*(b*+c*—a?) |+—

cyc cyc

1 rs?
= 8Rr 4s?(s? — 4Rr —r?) — 4s%(s? — 6Rr — 3r?) — 2 Z azbccosA> + =

cyc

! 4s?(2Rr + 2r?) — 8R2rsZsin2A +§
" 8Rr R

cyc

= 8Rr (432(2Rr + 2r?) — 8R?rs(2sinCcos(A — B) — 2sinCcos(A + B)))

-1 4s%(2Rr + 2r?) — 8R’rs 41_[sinA + rs®
8Rr ' R

cyc

1 4Rrs rs?
<4sz(2Rr +2r?) — 8R°rs. 4-( )) +—

8R 8R3 R
3 8Rrs? + 8r2s? — 16r%s? + 8r2s?
B 8Rr

=s?2=52—(2R+r1r)?2+ (2R+1)?

= 4R? ncosA + (2R +71)? > (2R +71)? ( A ABC is acute = 1_[ cosA > 0)
cyc A B c cyc
= AP. cosE + BP. cosE + CP. cosz > 2R +r (QED)
2793. In AABC the following relationship holds:
V6 1 1 1 V6
< + + < —
R \/a(a+ b) \/b(b + ¢) \/c(c+ a) 4r

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

1 N 1 + 1 >33 1
Ja@+b) b(b+c) c(c+a) [Jabc(a+b)(b+c)(c+a)

We must to show:
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6 1 V6 36 33.23
3 >— >
abc(a+b)(b+c)(c+a) 2R abc(a+b)(b+c)(c+a)  26R®

=4

abc(a+ b)(b+c)(c+a) <33-23-R% (1)

But abc = 4Rrs and (a + b)(b + ¢)(c + a) = 2s(s? + % + 2R71); (2)
From (1),(2) we must to show: s2r(s% + r? + 2Rr) < 27R5>; (3)
From R > 2r (Euler) and s? < @ (Mitrinovic); (4)

From (3),(4) we must show: s? + 12 + 2Rr < 8R?; (5)

From s?> < 4R? + 4Rr + 312 (Gerretsen); (6)

From (5),(6) we must show:
s?+12+2Rr <4R>+6Rr + 41> < 8R* &
6RT + 41% < 4R?  3Rr + 21r* < 2R%*;(7)

2R? 1 4R?

2<_ e — 2 14/
3Rr +2r° < 2 + > > 2R = (7) it's true.
1 1 1 V6
+ + < —o
Jata+b) b(b+c) +Jc(c+a) 4T
1 1 1 V3

<—;(8
\/Za(a+b)+\/2b(b+c)+\/2c(c+a)<4T (8)

2a(a D) > 2 4a(a + b) . 1 - 3a+b ©
a(a > = < ;
%-Fa}-b 3a+b J2a(a+b) ~ 4a(a+b)

From (8),(9) we must show:

3a+b N 3b+c N 3c+a <\/§®
a(a+b) bb+c) c(c+a)” r

a+b+2a b+c+2b c+a+2c V3
+ + <f—<
a(a+ b) b(b + c) c(c+a) r

11(1 11)\/5

1
—+—+—+2 <—:(10
a+b+c+ a+b+b+c+c+a ~r (10)

But% + % + % < 2—\/3 (Leuenberger 1960); (11)

From (10),(11) we must show:
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1 <\/§ (12)

1)x/§ 1+1

1 1
<— o —
—2r a+b b+c+c+a_2r'

2(a+b+b+c+c+a
+1);13) o 4ab < (@+ b (a-b)? 20

) < 13 \/_§ = (12) its true.

1 1/1
But.mﬁz(;
1 N 1 N 1 <1(1_}_1_}_1 _

a+b b+c c+a~2\a b c¢/”"2 r 2

2794. In AABC the following relationship holds:
3 1 ) R3 — 813
Y
r

a
Z S 2
b+c 2
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
(2s— (b + c))3

Y=Y
b+c b+c

= SSSZbL-l-c_ 3.3(2s)% + 3.ZSZ(b +¢) —Z(b +c)? =

552 + 1% + 4Rr
—365% + 24s* — 2(3s* — %> — 4Rr)

3

= 8s°.
s 2s(s2+ 12+ 2R7)
4s%. (5s* + % + 4Rr) 5 5
= —18s“ 4+ 2r“ + 8Rr <
s2 +712+ 2Rr
R3 —8r3 —R3 + 12R7r? + 1113
>
r

R3 — 8r3
————— =52 —1r2 _—4Rr +

é ! E 2y
s - a
2 r
s2.(—s? + 1512 + 22Rr)

- s2 4+ 1%+ 2Rr
& 2r(2R + r)(—R3 + 12Rr? + 11r3) < 25%(R% + 10R1r? + 413 — 15?) (¥)

2s2 > 27Rr
Gerretsen ?
27Rr(R3 — 4R*r + 6Rr* + r3) > LHS,

RHS,, 2
= r(—4R* — 2R3r + 48R?*r? + 68Rr3 + 22r%)

o 31R*—106R3r + 114R?>r? — 41Rr3 - 22r* > 0
o (R—2r)(9R3 + 22R*(R — 2r) + 26Rr? + 1113) > 0 which is true from Euler

al 1 R3 — 813
S—Za2+—.
+c 2 r

Therefore, Z b
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Solution 2 by Soumava Chakraborty-Kolkata-India

3 34+b3+¢ - (b%+c?) 1 (b + )(b? — be + ¢?)
sz—c:za lf+c : :(za3)2b+c_z : b+cc :
:zs(sz_6Rr_SrZ)Z(c+a)(a+b)—ZZa2+Zab

2s(s2 + 2Rr + r?)

Z a®> a’?+b%+c?
$ —
b+c 2

—SZ_6RF_3r2( 242 b)+ b) -2>N a2+ ab
~ s2 4+ 2Rr + r2 Z“ Za Za Zza Za

B (s? — 6Rr — 3r%)(5s2 + 4Rr + r?)

— 5(s? — 4Rr — r?) + s + 4Rr + r?

s + 2Rr + r2
_ (s* — 6Rr — 3r?)(5s% + 4Rr + r?) — (s + 2Rr + r?)(4s® — 24Rr — 6r?)
s2 + 2Rr + r2
_ s*— (10Rr + 12r?)s? + r?(24R? + 18Rr + 3r?)
s2 + 2Rr + r?

Z a® a’?+b%?+c*? R3-8rd
= — _
b+c 2 r

r(s*— (10Rr + 12r?)s? + r?(24R? + 18Rr + 3r?) ) — (R® — 8r%)(s? + 2Rr + %)
r(s2 + 2Rr + r?) =

o rst— (R3 —8r3 + r(10Rr + 12r2)) s2 — (R3 — 8r3)(2Rr + r?)

®
+13(24R? + 18Rr + 3r2) 2 0

Gerretsen

Now,LHS of (+) 2 (r(4R2 +4Rr + 3r%) — (R? — 8% + r(10Rr + 12r2))> s

2

— (R® - 8r3)(2Rr + r?) + r3(24R? + 18Rr + 3r?) 20

& (R3 — 4R%r + 6Rr? + r3)s? + (R3 — 8r3)(2Rr + r?)

VY-~

r3(24R? + 18Rr + 3r?)
)

~

Now, LHS of (xx*)
= ((R —2n{(R-r)? +r?}+ 5r3) s?

Gerretsen

+(R*-8r3)(2Rr+1?) £ ((R-20){(R-1)?+1%}+5r%) (16Rr

—5r%) + (R3 — 8r3)(2Rr + r?)
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Euler ?

( R-20){(R-1)?+r2}+5r3 = 5r3> 0> Sr3(24R? + 18Rr + 3r?)

?
. R
& 9t* — 3413 + 46t2 — 24t -850 (t=;>
?
& (t-2){8t2(t—2) + 3 + 14t +4} 50
Euler

oy . a? a*+b%?+c? R3-8rd
>true ~t > 2= (xx) > (%) istrue - Z bTec < + (QED)

2

2795. In AABC the following relationship holds:

E+1 E
mg+mp+mi >34 -F2,neN
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursarescu-Romania

From Holder Inequality, we have:

(ma + my + mc)n
3n—1

my +my +mg >
We must show:
n ntl 1 E.\/—_ 5 —
mg+my+m)">3"%2-F2om,+my,+m,>3%-VF = 3%4/sr; (1)

But: m, > /s(s — a); (2). From (1),(2) we must show:

\/s—a+\/s—b+\/s—c23%\/7;(3)

But:vVs—a+Vs—b++s—c=> 33\/\/(3 —a)(s—b)(s—c) = 3¥srZ; (1)
From (3),(4) we must show:

5 1 3
3Y/sr2 > 35r o Vsr? > 38/r o sr? > 32r3 & s > 337 (Mitrinovic)

2796. In AABC, prove that:

Z a3 >a+b+c+r(R—2r)
bz + ¢%2 — 2 R + 3r

Proposed by Nguyen Van Canh-BenTre-Vietnam
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG,we may assumethat:a>b>c - a3 > b3 > c® and
1 - 1 - 1
b%2+c%2~ c2+a? " a%+ b?
CBS
> 2309 Qi) £ 509 s
b2+c2_3 bz+c¢%2) — 3 Y(b% + ¢2)
_3(a®+b*+c?)
B 2(a2 + b2 + ¢?)

z z 3(a +b3+c®) a+b+c

bz +c2 2 _2(a2+b2+cz) 2
_3(@+b*+c)-(a+b+c)a®+b*+c?)
B 2(a% + b2 + ¢2) B

_ 3.2s(s? —3r% — 6Rr) — 25.2(s* —r*> — 4Rr)

- 2.2(s2 —r2 —4Rr)

_ s(s?—7r? — 10Rr) M"‘”’é’"”"” 3v3r.(s® — 7r% — 10Rr) .
~ 2(s2 —1%2—4Rr) - 2(s2 — 12— 4Rr) -

Using Chebyshev

M; 5 5r.(s2 — 7r2 — 10RT) & r(R—27)
- 2(s2—1r2—4Rr) =~ R+3r
< (3R +191)s®> —r(42R? + 199Rr + 1091%) > 0

< (B3R +191)[s* — (16Rr — 5r®)] + r(R — 2r)(6R + 102r) > 0

Which is true from Euler and Gerretsen's inequality.

h Z a® >a+b+c+r(R—2r)
erefore, BP+cz- 2 R+3r

Solution 2 by Soumava Chakraborty-Kolkata-India

4 Bergstrom

Z 3 Z a & (a® + b? + ¢?)
b2+ c2 LiabZ2+ac? = ab(a+b)+be(b+c)+ calc+ a)

4(s? —él-Rr—rZ)Z _2(s? —4Rr—r2) z a3 at+b+c
Zs(s + 4Rr + r2) — 12Rrs  s(sZ — 2Rr + r?) b2 + 2 2
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2(s? —4Rr — rz)2 _ 2(s®—4Rr - rz)2 —s?(s® — 2Rr +r?)
~ s(sZ2—2Rr +r?) $= s(s2 — 2Rr + r2)
_ s*— (14Rr + 5r%)s? + 2r2(4R + r)? Tr':ht s* — (14Rr + 5r2)s? + 6r’s
- s(s2 — 2Rr + r2) - s(s2 — 2Rr + r?)
_ s(s? —14Rr +r?)
B — 2Rr +r?
Gerl:f‘tsen S(ZRI‘ _ 41.2) ; r(R—2r)" R-2r zivia Euler 2s r:’_‘ 1
= = < >
—2Rr+r2- R+3r s2—2Rr+r2” R+ 3r

?
& 4s%(R + 3r)? E (s> —2Rr + rz)2
®

Euler

Now,s? — (s? — 2Rr + r?) = 2Rr — r? S 3r2>0

*
() Gerretsen

=>s2Ss2—2Rr+r2ands?—2Rr+r?2 < 4R?+2Rr
? ?

+4r224(R+3r)2 © 11Rr + 16r2 50 - true

(%)
= 4(R+3r)%2 5 s2 — 2Rr + 12 . (). (+) = 4s?(R+ 3r)% > (s — 2Rr + rz)2 = (i) is true

a’ a+b+c r(R-2r) al at+b+c r(R-—2r)
:Z - > :Z > +
bZ + ¢2 2 R+ 3r bZ + ¢2 2 R+ 3r

2797. In AABC the following relationship holds:

8 /R\7? w, Wy . w, 9 R

—(—) <—" sin2A+————sin? B+ ————sin?C < —

9\2r wp + w, w.+w, w, + wy 8 2r
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

2

a . 5 a
SinA=2R=>sm Azm
For LHS, we must show:
z sin? A = z « 8 At Z > 18r% (1)
T wp + w, T wp + w, R2 =9 R2 T wp +
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Z a’w, Z a’w?  Bergstrom  (qw, + bwj + cw,)?

wy +w, wa(wp, +w,) - 2(wawp + wpw, + w.w,)
cyc cyc

; (2)

But: w, > h, (and analogs) = (aw, + bw;, + cw,.)? > (ah, + bhy, + ch.)? =
36FZ%; (3)
WoWp + WpW, + W, < W2 + w2 + w?
But: w, Smthenwawb+wbw0+wcwa <s(s—a+s—b+s—c)=s%(4)
From (2),(3),(4) it follows that
a’w, _ 36F® 36s°r?

wp+w, 2s? 252
cyc

= 18r% = (1) its true.

For RHS, we must show:

Z w, A Z a> 9 R Z w, <9 R )
— _sin? <—— )y — <~ —;
wyp + w, wb+wc "4R2 T8 2r wp+w., 4 T

cyc cyc cyc

Wp We

w
leta<b<c=a?<b?<c?and——>
Wb+WC WC+Wll Wa+Wb

Because W2 + WWw, = W2 + wuw, © (Wg — wp)(Wg + wp + w,) > 0 true.
From Chebyshev’s Inequality, we have:
aw, 1., . w, wp w,
Y < s@ b+ + + ):©®

e wp + w, wpt+w, w.+w, w,+w,

From (5),(6) we must show:

wp w, ) 9 R3
<Z.2.(7
=7 r'()

But: a? + b? + ¢ < 9R?*(Neuberg); (8). From (7),(8) we must show:

1 w
—(a2+b2+c2)( —+ +
3 wpt+tw, w.+w, w,+w,

w, wp w, 3 R

T (9)

+ +
Wptw, WwW.+w, Wg;+Ww 4 r

But:w, > h, = wi < hi (and analogs); (10). From (9),(10) we must show:

w, 3R bc-w, 3R
=29)
hb + h 4r

<—o Yy ——% <
et e Sk (grg) M
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bc-w, 3R Zbc-wa 3 R bc-w, 3RF

— < — & <-—6& < =

2F(b+c) ™ 4r AF\Vbc 4 T Vbc r
cyc

cyc cyc

Z wVbe < 3Rs; (11)

cyc

From Cauchy inequality:

2
(Z:wam) SZW%-Ebc but: 2bc£9R2and ZwﬁSsz =

cyc cyc cyc cyc cyc

2
Z woVbec | <9R?s? & z w,Vbc < 3Rs = (11) its true.

cyc cyc
2798. In AABC the following relationship holds :
a? r3(R — 2r)
Y Y
b+c—a 5R3 + 313
cyc cyc

Proposed Nguyen Van Canh-BenTre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

az Chebﬂ}:\shev 1 1 C’E‘S 1 9
Yoo TN e)(y L VB ) 0
b+c—a 3 b+c—a 3 Yb+c—a)

cyc cyc cyc cyc

~ 3(a? + b?* + ¢?)

a+b+c
a? 3(a® + b% + ¢?)
aZ——ZaZ —Za
b+c—a a+b+c
cyc cyc cyc
5 (a? + b% + ¢?) — (ab + bc + ca) _52—31‘2—12Rr>
- a+b+c B s -
Ge_zrr_etsetl V3
Mitrinovic 3 ar(R—2r) %)% ar(R-2r) L r3(R - 2r) ; 5 )
s T2 3 S & 20R3 + 1213 > 3Rr
3vV3R 3R 5R3 + 3r3

< 19R3 + (R — 2r)(R? + 2Rr + r?) + 1413

> 0 Which is true from Euler's inequality.
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r3(R — 2r)

2
a
Therefore, Z m = z a—+ w
cyc cyc
2799. In AABC, prove that :
a? 3 r(R-2r)
Y ezt
b2+c¢? 2 R?+r?
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

z a? 3 Z a* 3 Berggmm (a? + b? + ¢%)? 3
b2+c2 2 ZLia’b?+c%2a®? 2 T 2(a?b?+ b%:c? +c%a?) 2
25
Rxray 16F2 1

2(a®b? + b*c? + c?a?) — (a* + b* + ¢ N 1

= S - -
2(a?b? + b?%c? + c?a?) 2 2abc(a+ b + c) + 2

3 16s21r? N 1
~ 16s?Rr 2
r 1 r(R=2r) MM r(R-2r)
——tsE——— 2
R 2 R2 +r2

2Rr
a? 3 r(R-2r)
Therefore, Z bZ—+CZ = E + RZ—+1"Z

Solution 2 by Soumava Chakraborty-Kokata-India

a? a* Bergstrom (a® + b2 + CZ)Z 2(s? — 4Rr — rz)2
Z bZ+cZ Z a?b? + a?c? = 2(a?b? + b2c? + c2a?) - (s? + 4Rr + r2)2 — 16Rrs?
a? 3 r(R-2r)
:Zb2+c2_i_ RZ +r2 —
2(s? — 4Rr — r2)’ 3 r(R—2r) 2(s? — 4Rr — r2)’ r(R — 2r)
(sZ+ARr+r2)2 —16Rrs2 2 RZ+r2  2{(s’+4Rr+r2)2 — 16Rrs?} RZ+r2

s* — (8Rr + 14r?)s? +r?(4R+r)? r(R—2r)
- 2{(s® + 4Rr + r2)2 — 16Rrs?}  R2 +r?
(R + r2){s* — (8Rr + 14r2)s% + r?(4R + r)?} — 2r(R — 2r) {(s2 + 4Rr + rz)2 - 16Rrsz} 2
- 2(R2 +r2){(s% + 4Rr + r2)2 — 16Rrs?2} =0
& (R? — 2Rr + 5r%)s* — rs?(8R3 — 2R’r + 44Rr? + 613)
)

+r2(16R* — 24R%r + 65R*r? + 38Rr? + 5r*) = 0
®
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Gerretsen
Now,LHSof (i) S rs? ((R2 — 2Rr + 5r2)(16R — 5r) — (8R® — 2R?r + 44Rr? + 6r3))
?
+12(16R* — 24R%r + 65R?r? + 38Rr3 + 5r*) 2 0
& (8R3 — 35R’r + 46Rr? — 31r3)s?
?
+r2{32(R — 2r)R® + 8R°r + 65R?r? + 38Rr® + 51*} = 0
(iD)
Case 1|8R3 — 35R?r + 46Rr? — 31r3 > 0 and then, LHS of (ii)
Euler
> r?{32(R - 2r)R® + 8R%r + 65R’r? + 38Rr> + 5r*} >0 “R = 2r
= (ii) is true
8R3 — 35R?r + 46Rr? — 31r3 < 0 and then, LHS of (ii)
= —(—(8R3 — 35R’r + 46Rr? — 31r3)s?)
+r2{32(R— 2r)R3 + 8R®r + 65R’r? + 38Rr? + 5r*}

Gerretsen
)

2 — (—(8R® - 35R?r + 46Rr? — 31r%)(4R? + 4Rr + 317))

2

+12{32(R — 2r)R3 + 8R®r + 65R?*r? + 38Rr3 + 5r*} 3 0

)
o 8t5 — 23t* + 1163 + 5t + 13t — 2230 (t=5>
r ? Euler
s (t-2) ((t —2)(8t3 + 9t2 + 15t + 29) + 69) So0-true~t S 2
= (ii) is true . combining cases (1), (2),
2 3 r(R—2r)

a
(ii) is true for all triangles = (i) is true for all triangles = Z bicZ z2 REiiZ

v

a? 3 r(R-2r)
20:>Z:b2+%2 E+ RZ + r2 (QED)
2800.In AABC,A =B > 3 > C, P —point in plane of AABC, the following

relationship holds

A B C
AP - cos§+BP-cosE+ CP - cos > >\3(R+71)

Proposed by Bogdan Fustei-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

( A+ B)Z_1+cosA_|_1+cosB_|_2 A B>1+cosA+cosB
cos2 cos2 = > > cosz.cosz_ >
. C A—-—B 2C
=1+smE.cos< )lecos E

( A—BE( nn) (A_B)>O> A+ B> C(Ad I )
R — _ =) > - — — =
2 2’2 cos 2 > cos2 cosz_cos2 nd analogs
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A B
- a; = CoS— b1—cos2 c1

C
= cos — can be the sides of triangle A, with area F, such that :

16F,> —ZZcos —COS ——Zcos =

= 52(1 + cos A)(1 + cos B) —%Z(l + cos A)? =

—3+1z A+1Z A B 12 ZA
—4 2 COS 2 COS A COS 1 COS

3 1 rN 1/(/s*+1r? 1 s2 —r%2 — 4ARr
=2+ (1+2)+5 ~1)->(3-

4 2 R/ 2\ 4R? 4 2R?
16F,> s Fy=— (1)
- = - = —
1 7 4R? 17 8R
We know that for any triangles AABC and A, and any point P in the plane of AABC,
we have :

1
Z a;. AP > \/fz a,%(b? + c2 — a?) + 8FF, (Bottema) (2)

A
z:alz(b2 +c?—a?) = z:coszi(b2 +c?—a?) = ZSZ(S —a)cosA

= ZSZZCOSA —ZSZacosA =

= 252 (1+%)—2s.%=2s2 (1—%) - Zalz(b2+cz—a2) = 2s? (1——) 3)

(1),(2),(3) - ZCOS— AP > |x.2s2 (1——)+8sr 2
2 R 8R
So, it is suffices toprove:s >\V3(R+71) < Z sind > \/§Z cos A
C))

in(A-=)>0 inx = 0,wh —A-2 y=B-— 7=C—2
<—>Zsm( —5)_ <—>Zsmx_ Wherex=A-2,y=B-2,z=C-2
Wehave: m>x>y>0=>zandx+y+z=0 - (4)

o sinx +siny —sin(x+y) >0
< sinx +siny — (sinxcosy +sinycosx) > 0
o sinx(1—cosy)+siny(1—cosx) >0
Which is true because sinx,siny,1 —cosx,1—cosy = 0.

A B C
Therefore, AP. cosE + BP. cosi + CP. cosi >s>V3(R+1).
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Solution 2 by Soumava Chakraborty-Kolkata-India

A B C s(s—a)+s(s—b)_s(s—c)

cos?— + cos?— — cos?— =

s 2 2 2 bc s @ ab
:a(a(s—a)+b(s—b)—c(s—c)) :m(x(y+z) +y@z+x) —z(x +Y))

S
=—(2 >0
abe 2XY)
(takingx =s —a,y = s — b,z = s — ¢, which subsequently impliesa=y+z b=z +x,c
C A B
= x + y and triangle inequality = x,y,z > 0) - cos? 3 < cos? > cos? >

A B\2 A B C
< (cos— + cos —) = coS— + cosE - cosE > 0 and analogs

2 2 2
B
= €os -, oS, COS form sides of a triangle — (1) with area F;
1 A B A
=— 12 Z 2 __ 2_ _ Z 4_
4\/ cos® - cos® o cos®
cyc cyc
2
1 A B A
=2 42 coszicoszi— ZCOSZE
cyc cyc
2
_1 4 2A 2B ZCZ 2A 1 Z(1+ A)
=7 |cos®Scostocos® o ) sect S — o cos
cyc cyc
1 s2\4R+r)2+s2 (4R+r)? s 8F W s
= — — =—>= ==
4 |\4R2 52 4R?2 8R 17R

Via Bottema, for any arbitrary point P in the plane of A ABC and for any arbitrary A A'B'C’,
(AP.a' + BP.b’' + CP.c")?

(e ey oW e 17 )

A B C
+ 8[ABC][A'B'C’] - via (1) and choosing a’ = cosi,b’ = cosi, ¢’ = cos >
(AP A + BP B + CP C)Z

) B.cos2 . .cos% .C0S >

=5 a? (cosZ R cos? >~ cosZE>
cyc
via (1) 4 s(s—b) s(s—c¢) s(s—a) s

8rsF, = —Z 2 _ s

+orsk; = 2 ( D) 60 s >+rs(R)

cyc

125 RMM-TRIANGLE MARATHON 2701-2800




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

__S 222 22b2+2 2 +rsz
= 8Rrs| 28 a’(s —a) a?( ¢z —a?) =

cyc cyc
= 1 4s?(s? — 4Rr —r?) — 4s%(s? — 6Rr — 3r?) — 2 Z a’bccosA | + ﬁ
8Rr R
cyc
S 4s?(2Rr + 2r?) — 8R2rsz sin2A | + rs?
8Rr R
cyc
rs?
= ﬁ(452(2Rr + 2r?) — 8R?rs(2sinCcos(A — B) — 2sinCcos(A + B))) +x
1 rs?
= 8Rr 4s%(2Rr + 2r?) — 8R%rs. 4 1_[ sinA | +—-
cyc
1 4Rrs rs?
= ——(4s?(2Rr + 2r?) — 8R? .4( ) —
8Rr<s( r+ 2r?) — 8R%rs TE +
3 8Rrs? + 8r2s? — 16r%s? + 8r2s? o,
= 8Rr -S
AP A + BP B + CP (r;)
= |AP. cos— .COS— .COS—
cos - cos > cos5=s
s r 1 V3
Now,s >V3(R+r) & o= \/5(1 +ﬁ) o zsinA > \/§Z COsA & Z <EsinA—7cosA>

=0
= Z (sinA. cosg— CcosA. sing) >0&e Zsin (A —g) =0

@sin(A—E)+sin(B—E)+Zsin<E—E>cos<E—E)20
321T 3 2 6 2 6
o2 sinmé (cosA_B)—2<sin(E—E)><cos(E—E)>>0
2 2 6 2 6 2/

2 (si (11 C) A—-B (11 C) (g 0
& —_—— — —_——
sin 6 2 cos > cos 6 2/))=

a-s_ o moo f APegeg\( g5t
Now, cos > _COS(E_E>=2 sin > sin >
A—(121—A)+g %_(11—123)—8
= 2sin > sin >
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2 (sm(3-1) (s (2-3)

N w0 < ¢ < r. 0< r_c < T d-
ow, " P0se-o<e and -

205 2(sin(2- ) (cos22E - cos(Z-5)) 2 05 st
= sin 6 2 Ccos 2 Ccos 6 2 = 1s true

(%)
>ls S V3R +71)

A B C
o (%), (xx) > AP. cos + BP. cos + CP. cos> > v/3(R +r) (QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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