METRIC RELATIONSHIPS IN SAHIN’S TRIANGLE

DANIEL SITARU - ROMANIA

ABSTRACT. In this article are proved a few metric relationships in a geomet-
rical configuration created by the mathematician Mehmet Sahin from Ankara
- Turkiye.
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Theorem (Mehmet Sahin)

Let AABC be an acute triangle and X € Int(AABC) such that XP 1 BC;

XQ 1L AC; XR L AB; XP = BC; XQ = AC; XR = AB (such in above figure). In
these conditions:

1. QR =2myg, RP = 2my, PQ = 2m,
(mg, mp, me - medians in the original AABC)

2. [PQR] =3F
([PQR] - area; F' - area of the original AABC)

_ 3a. __ 3b. __ 3¢
3. Mg = 5 My = F M = 5

(Mg, mp,me - medians in APQR;a, b, c - sides of original AABC)

4. R* = 8. mamgmcR
: 3 abc
(R*, R - circumradii of APQR, AABC)
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* 3
5. R*< Y3 . I
(r - inradii of AABC)

6. aRy + bRy + cR. < 9R?
(R, Rp, R - circumradii of AXQR, AXRP,AXPQ)

R,RyR.
7. R* = BafuRe

]. 1 + 1 + 1 _ 7rza+7nb+7£,6+a+b+c
T1 T2 T3
(r1,r9,73 - inradii of AXQR,AXRP,AX PQ)

Proof (Daniel Sitaru).
1.
In AXQR by cosine law:

QR>=XQ?+ XR?>-2XQ - XR-cos(m — A)
(ARXQ is a cyclic quadrilateral; u(ZXRA) = p(£XQA) = %)
QR? = b* + ¢* — 2bccos(m — A)

QR? = b? 4 ¢® + 2bccos A

b2 4 2 — g2

QR? =1+ + 2be- @
2bc

QR*=2(b* + %) —a?

2b2 4+ 2) — a2
Qrz—q. T F) @ +Z> a4

QR? = 4m? = QR = 2m,
Analogous: RP = 2my, PQ = 2m,

2.
1
[PQR] = [XPQ]+ [XQR]+ [XRP] = §XP - XQ -sin(LPXQ)+
1 1
+3XQ XRsin(ZQXR) + ;XR- XP-sin(/RXP) =
1 1 1
= ibcsin(w —A)+ 50 sin(r — B) + §absin(7r -C)=
1, . 1 . 1 .
= §bcsmA + ica sin B + gabsmC =
—F+F+F=3F

3.
Denote:

a' = QR =2mg:b = RP =2my,¢ = PQ = 2m,
1 1
;= §(b/2 —+ C/2) — 1al2 =

QN

m

1
(4m% +4m3) ~1 ~4m,21 =

DO =
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=2mj +2m2 —m?2 =

_ofLlio oy 1o Lo o0 1oy 1o o0 1,
—2(2(a —|—c)—4b>—|—2(2(a —|—b)—4c)—2(b —|—c)+4a—

1 1 1 1 1
2, 2 2, 2, 32 2 2 2 2
= —=b b — =c® — =b° — = =
a”+c 5 +a” + 5C 5 5¢ +4a
1 9a?
=9 2 -2 _
a —|—4a 1
m2 — % =m — 3£
a/ _— 4 a/ — 2
) _ 3b. _ 3
Analogous: my = F;my = %
4.
R a't'd  2mg-2my-2me  2mempme 8 mgmpmcR
- - - abc — 3’
4[PQR] 4.3F 3- 9% 3 abe
5.

We will use the known inequalities:

A B C
mq < 2R cos? g;mb < 2R cos? E;mc < 2R cos? 5

8 mgmpmcR _ 8R 5 A 5 B 5 C
3 o < 3abc-2Rcos E-ZRCOS 5-2RCOS 5 =
64R* s(s—a) s(s—b) s(s—c)

"~ 3abe be ca ab
64R*s% - F? 64R*s% - F?

3(abc)®>  3-16R2F2.ARF
_ 4R2%g2 _ R2s2 _ E <
" 3.4RF  3R-rs 3r —
MITRI<NOVIC R- 37‘/5}% _ V3R? _

3r - 9r
_\/§R3EU2ER \/§33_\/§.RB

2rR - 2r-2r 4 72

6.
R :XQ~XR-RQ:b-c-2ma:
“ 4[XQR)] 4F
_ si2nFA'2ma _ Ma _ma_2Rma
 4AF  sind & a
9R
aoRa+b-Rb+c.Rc:2R(ma+mb+mc)§2R'7:9R

(The inequality: mq + mp + me < % is known)

2 3 2 2
RaRbRc B Rmg  2Rmy  2Rm.

a b C J—
3R2 3R2 B

B @ MaMpMe § mempmeR _pr
"~ 3R? abe 3 abc o
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8.
1 1 1
—+—+—=
T1 ) T3
1 1 I
- 2[X RQ)] + 2[X PR] + 2[XQP] -

b+c+2mg, ct+a+2my a+b+2m.
_b+c+2m, n c+a+2my n a+b+2m,

2F 2F 2F
_2(b+cta+mg+mp+me)
= 5F =
a+b+c+mg+mp+me
N F
O
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