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Abstract In this article we give a metric relation which gives the distance between Gergonne Point to any point in the

plane of the triangle.

Keywords: Gergonne Point, Stewart’s Theorem, Gergonne cevian’s.

1 Introduction

We call Gergonne point of the triangle to the meeting point of the lines containing the vertex of a triangle and the point
of tangency with the inscribed circle. The Gergonne Point was discovered by Joseph Diaz Gergonne (1771-1859) French
mathematician. The identity described here, gives us the distance between the Gergonne point of a triangle and any

point on the plane that contains the triangle.

2 Notation

Let ABC be an acute triangle. We denote its side-lengths by BC' = a, AC = b, AB = ¢, its semi perimeter by
1
s = §(a + b+ c), its area by A, its circumradius by R and inradius by r. Its classical centres are the Centroid G, the

Incenter I, the Circumcentre O, the Orthocentre H and Nagel point NV,.

A

Figura 1: Gergonne Point



3 Prepositions

Preposition 3.1 If AD, BE , CF are the Gergonne cevian’s then AFk = AF =s—a, BF=BD=s—b, CE=CD =

s —C.

Proof:  Denoting AF = AE =2, BF=BD=yand CE=CD =z2. Wehavetoy+z=a,z+z=band z+y =c.

Solving the system we find z =s—a,y=s—band z=s —c.

Preposition 3.2 If AD, BE , CF are the Gergonne cevian’s of the triangle ABC' then they are concurrent and the point
of concurrence is the Gergonne Point G, of the triangle ABC.

Proof: By Preposition 3.1, we have AF = AE =s—a, BF=BD=s—band CE=CD =s—c.

Using Ceva’s theorem and replacing AF with AE, BD with BF and CD with CE, we soon find that

AE CD BF

CE BD AF
then

AB CE BF |

CE BF AE

Hence the three cevians that connect the vertices to the point of tangency of the circumference intersect at a point

called the point of Gergonne G..

Preposition 3.3 If AD, BE , CF are the Gergonne cevian’s of the triangle ABC' then the lenght of each cevian is given

p 2 2
by AD = (s—a)2—|—£,BE: (s—b)2+%andCF: (s—c)2+£
as s

cs
Proof: We apply Stewart’s theorem to triangle ABC in which AD is a cevian. See Figure 4. We get:
BC-AD?=BD-AC*?+CD-AB*=BC-BD-CD

a-AD* =c*(s —c) +b%(s —b) —a(s — b)(s — c).

2(s — b (s—b
ap? = CB=9 =) ), (1)
a a
4A?
After simplifying a few steps we obtain AD = /(s — a)? + -
4A2 4A2?

Similarly we can prove that BE = 4/ (s — b)? + and CF=4/(s—¢)?+ —

cs

bs

Preposition 3.4 The Gergonne Point G, of the triangle ABC divides each cevian in the ratio given by

AG.  a(s—a) BG. b(s —b)
G.D (s—b)(s—c) GeE (s—a)(s—c)

CG.  c¢(s—c)
G.F  (s—a)(s—b)

and

Proof:  We have by Preposition 3.1, BD = s —band CD = s —c.

Now in the triangle ABD, the line C'F as transversal. Apllying Menelaus Theorem we have



AP BC DG, _
FB CD G.,A
(s —a) (a) . G.D

1

(s—b) (s—c) AG. !
AGe _ a(s — a)
G.D  (s—b)(s—c)
Ge b(s —b) CG. c(s —c)

and

Similarly we can prove that

G.E (s—a)(s—o)
From expression (2) and the fact that AD = AG, + G.D, we will have
AG. a(s —a) _a(s—a)

AD a(s—a)+(s—b)(s—c) bec—(s—a)?

G.D (s=b)(s—c¢) _(s=b)(s—¢)

G.F  (s—a)(s—b)

AD a(s—a)+(s—b)(s—c) be—(s—a)?’

(4)

Preposition 3.5 Let a, b and c the sides of an triangle ABC, and s, v, R and A are, respectively, its semiperimeter,

inradius, circumradius and area of that triangle, then

1. ab+ac+bc=s>+r2+4Rr

2. a2 4+b2+c2=2s2—2r2 —8Rr

3. a®+ b+ 3 =253 —6r2s— 12Rrs

Proof:  Using Heron’s formula for the area of the triangle and the fact that abc = 4RA = 4Rrs, we have

A? = s(s—a)(s —b)(s —c)

s%r? = s2(—s% 4+ ab + ac + bc — 4Rr)

hence

ab+ ac+be = s> + 12 + 4Rr

From 2s = a + b + ¢, we have
(25)2 = (a+b+c)?
45? = a® + b% + ® + 2ab + 2ac + 2bc
hence

a’?+ b+ =252 —2r2 — 8Rr

Now we know that

a4+ 03+ =(a+b+c)a® + b+ c? —ab— ac— be) + 3abe

a® 4+ 03 + ¢ = (25)[(28* — 2r* — 8Rr) — (s> + 72 + 4Rr) + 12Rrs

SO

a®+ b2+ =283 —6r2s — 12Rrs



Theorem 3.6 Let M be any point in the plane of an acute triangle ABC whith Gergonne point G.. Then:

- 1 4rs%(r + R)
MGE = gy (5 =05 =9 MA + (s —a)(s =) MB® + (s — )(s =) - MC?] = =
A
\ N\
’?/
B C

Figura 2: Gergonne Point

Proof: We apply Stewart’s theorem in to triangle M BC' in which M D is a cevian, according to figure 2. We

get
a-MD?®=BD-MC?+CD-MB*—a-BD-DC
a-MD?=(s—b) - MC?*+ (s —c¢)-MB* —a-(s—b)-(s—c)
MD2:(s_b)-MC’2—|—(sf:c)~MB2—(s—b)(s—c). (5)
Now, we apply Stewart’s Theorem in to triangle M AD in which MG, is a cevian. We get
AD-MG? = AG. - MD* + G.D- MA* - AD - AG. - G.D
AG G.D
MG?=—"2.MD?*+ —"— - MA* - AG. - G.D.
“="ap T aD Ge G
Using the expressions (3), (4) and (5), we obtain
MG? = fois (5= 0 MA™+ (5 (5= M+ (5=0) 5=0) MO~ 2. L) ) 5—c)abe|-

Now observe that

1 1
a(s—a)+ (s —b)(s —c) =bc— (s —a)® = i(—a2 — % — % + 2ab + 2ac + 2bc) = 1(47”2 +16Rr) =2 + 4Ry



and abc = 4RA = 4Rrs.

After simplifying a few steps we obtain,

MG = m (s —bB)(s— ¢) - MA2 + (s — a)(s — ¢) - MB® + (s — a)(s — b) - MC?] — W'
this proves the identity.
4 Main Result
Corollary 4.1 Be G the Centroid of the triangle ABC and G, the Gergonne point, then
GG = g(a2 +02 4 %) - SZQ(YiZ ?;2)
Proof: In Theorem 3.6, replace M by the incenter G. We get
GG2 = m . [(s—b)(s—c)-GA2+(s—a)(s—c)~GBQ+(s—a)(s—b)~GCQ]—W

1 1 1
We know that GA? = 5(21)2 +2¢% —a?), GB? = §(Qa2 +2¢? — b%) and GC? = §(2a2 +2b? — ¢?), then

Ga? = M.;-[(s—b)(s—c)(2b2+202—a2)+(s—a)(s—c)(za2+2c2—b2)+(s—a)(s—b)(2a2+2b2—c2)]—W
GG = m (s —b)(s — ) + (s —a)(s — &) + (s — a)(s — b)](2a> + 20° + 2¢2)
—m [a%(s = b)(s — ¢) + b3(s — a)(s — €) + A(s — a)(s — b)] — W.
GG? = (92?zct2(l;2j5)622)) .[(bc(sa)z)]M{a%52+as+bc)+b2(32+bs+ac)+c2(sz+cs+ab)]W.
GG? = g(a2 + %+ c?) — m -[a*(—s* + as + be) + b?(—s* + bs + ac) + 2(—s? + s + ab)] — W.
GG? = %(aQ + b2+ %) - M[ﬂz(az + b2+ c?) + s(a® +b* + ) +abe(a+ b+ c)] — W.
GG? = g(a2 + 0%+ %) — mH?(zs? — 2% — 8Rr) + 5(25% — 6r°s — 12Rrs) + 8Rrs?)] — W.



2 4s%(r— R)  4rs*(r + R)
2222 _ .
GO =gl + 0 +) =30 R ~ ARy

Therefore,
B 8s%(r? + 2R?)

2
2 _ 202 22
GG =gl 0 ) = = iRy

9

Corollary 4.2 Be I the Incenter of the triangle ABC and G, the Gergonne point then

3r2s2
IG? =2 - —— .
e =" (r+4R)?

Proof: In Theorem 3.6, replace M by the incenter I. We get

_
be — (s — a)?

4rs%(r + R)

2 _ -~ 7
1G, = (r+4R)? ~

(s =b)(s—c) - TA> + (s —a)(s —c) - IB* + (s —a)(s — b) - [C?] —
Of the the triangle whose vertices are A, I and the point of contact of the incircle with side AB, we obtain

(s —a)?

Al? = .
cos?(A/2)

Now, we Know that

cos(A/2) = \/ s(sb; a)7 cos(B/2) = \/ % and cos(C/2) = %, then

A2 — be(s — a)
s
Similarly we can prove BI? = ac(s — b) and CI2 = ab(s — c)
S S
1 be(s — a) ac(s —b) ab(s —¢),  4rs?(r + R)
rer_ L bels—a) o cae(s—b) i |
G: be— (s — a)2 [(s = b)(s —c¢) p +(s—a)(s—¢) . +(s—a)(s—b) - ] T
1 A? 4rs%(r + R)
I 2 = . — .[b pl— =2\ T
Gy be— (s —a)? 82 [bc + ac + ab] o AR
S SR I 4rs(r+R)
6= oram T Ry

rs? 4rs%(r + R)

IG? = r? — .
e =" +r+4R (r+4R)?
Hence 3242
IG2=p2— 25
« =" T r+4R)?
Corollary 4.3 For any acute triangle ABC
r+4R > sV3

whit equality when the triangle is equilateral.



Proof: This follows from Corollary 4.2. We know that I Gg > 0, then

F2(r 2 _ 3,22 -2
IG?a = ( J{ffl}z); = T iR? “[(r+4R) — S\/g] -[(r+4R) +s\/§]

(r+4R) — sv3 >0
r+4R25\/§.

Hence proved.

Corollary 4.4 Be O the Circumcenter of the triangle ABC and G, the Gergonne point then

4rs%(r + R)

2 _ p2
L L TR

Proof: In Theorem 3.6, replace M by the Circumcenter O, and consider that OA = OB = OC = R. We get

0G§=bc<]fa>2'KS—b)(s—c)+<s—a><8—0>+<8‘“)<5"’”‘W'
005=$-[bc—(s—a)g]—m'

Corollary 4.5 Be H the Orthocenter of the triangle ABC and G. the Gergonne point then

8s2(Rr — 2R?)

HG? = 4R?
e + (r 4+ 4R)>?

Proof: In Theorem 3.6, replace M by the Circumcenter H, so

1 4rs%(r + R)
2 _ 2 2 2
HGC— m[(s—b)(s—c)HA +(S_a)(8—C)HB +(3_a)(s—b)HC ]—m
using the half angle formulas for the cosine funcion of an internal angle, we will then have
2c0s?(A/2) =1+ cos A
cos A =2cos?(A/2) — 1
cos A = M —1.
bc
Similarly cos B = M -1 and cosC = M — 1. then
ac ab
2 R R R 2
HG? = ﬁ [(s = b)(s — ¢) cos?(A) + (s — a)(s — ¢) cos?(B) + (s — a)(s — b) cos*(C)] — w



HG? = 4R2)2. {(s—b)(s—c)cs(s“”—1)2+(s—a)(s—c)(25<8_b)—1>2+(s—a)(s—b)(25(8‘@_1ﬂ

bc—(s—a be ac ab
4rs*(r + R)
(r+4R)? ~

After simplifying a few steps we obtain

HG2 = AR? + 16sA2R2 . (s—a) (s=b) (s—c¢) B 16A2R2 11 1) M
e r(r +4R) b2c2 a2c? a2b? r(r4+ R) \ab ac bc (r +4R)?

HG? = 4R% + 16sA2R2 . a2(s—a)+b2(s—b)+02(3_0) B 16A2R2 [a+b+c _4TS2(T+R)
e T(T + 4R) a2b2c? ’I“(?“ + R) abe (71 + 4R)2 .

4s 8Rs? 4rs?(r + R)
HG2 —4R2 4 25 220 2 (B 4B _ .
G?=4R +(r+4R) [s(a® 4+ 0%+ ¢*) — (a® + b° + )] 4B (1 AR)
9 9 4s 3 9 3 9 8Rs? 4rs%(r + R)
HG? = 4R +m-[(23 —2r°s — 8Rrs) — (2s° — 6r 5—12R7‘s)}—(r+4R)— EEwTIER

45%(r + R) 8Rs? 4rs?(r + R)
HG? = 4R? - — :
¢ T T4R) 1 4R) (r 1 4R)?

Further simplification gives
8s?(Rr — 2R?)

HG? = 4R?
¢ T TRy

Hence proved.

Corollary 4.6 If N, is Nagel point of the triangle ABC and G, the Gergonne point then

16s%(Rr + R?)
N,G? = —16R _—
¢ i (r+4R)?
Proof: = We know that
4N2 4
N, A = sz —— = N,A? =a* — —a(s—b)(s—c).
s a(s —a) s

Similarly N,B? = b% — 4—b(s —a)(s—¢) and N,C? =2 — —C(s —a)(s—b).
s

Using the Theorem 3.6, replace M by Nagel point N,, then

s 1 9 9 9y 4rs’(r+R)
NaGe—ibc_(s_a)Q~[(s—b)(s—c)~NaA +(s—a)(s—c) - N,B —i—(s—a)(s—b)~NaC']—7(?“’_4]%)2 .

now
2 = S s—b)(s—c)- a274—a57 s—c s—a)(s—c)- 274—bsfa s—c
NG = g |50 (@ Mo ne-0) 4 oo (# - Do)

Homa)s =) (- Lis-a-n) | - LD,



1
N,G? = [ P : [a2(s —b)(s—c)+b*(s—a)(s—c)+ (s —a)(s — c)}
4 CB)2(e _ )2 20 2 _2_2_47“32(7”+R)
. [a(s =b)*(s—c)*+b(s—a)(s—c)*+c(s—a)(s—c) AR
1
N,G? = el [(12(—32 +as + be) + b*(—s + bs + ac) + (—s* +cs + ab)}
4 2 2 2 2 2 2 4rs*(r + R)
“ =T [a(—s +as +bc)” +b(—s” +bs +ac)” +c(—s"+cs+ab)”| — T ARE
1
NaGg = m . [ —s2(a®+ b2 +P) + s(a3 +0%+ 03) + abc(a + b+ c)}
4
- - |a(s* + a?s® + b%c? — 2as® — 2bcs® + 2abes) 4 b(st 4 b?s% + a?c? — 2bs® — 2acs® + 2abes)
s(be — (s — a)?)
4rs? R
+e(s* + 2s% + a?b? — 2¢s® — 2abs® + Qabcs)} — m
1
N, 2: - . _222_22_ 23_ 2_12 4 9
4
Ty [84(a +b+c)+ s%(a® + b + ) + abe(ab + ac + be)
4rs? R
—283(a2 +0%+ 02) — 6abes? 4 2abes(a + b + c)] — m
1 4
NaG? = T (r+4R) (—4rs* + 4Rrs”) — srr 1 AR) [255 + 5%(2s% — 6r?s — 12Rrs) + 4Rrs(s> + r* + 4Rr)
4rs? R
—253(25% — 6r2s — 12Rrs) — 24Rrs® + 1637«3} - m.
1 4
N.G? = TR - (—4rs® + 4Rs%) — sr(r + 1R) . [255 + 5%(2s% — 6r2s — 12Rrs) + 4Rrs(s*> + 2 + 4Rr)
4rs? R
—943 (253 — 6r%s — 12Rrs) — 24Rrs® + 16Rr3} — m
N.G? = 4s’(R—r)  4(16R*r +4Rr® —2rs®)  4rs*(r + R)
“7e T (r+4R) (r +4R) (r+4R)? "~
8rs? 452(R—r) 4rs®’(r+R)
N,G? = —16R - _
e r+(7~+4R)Jr (r+4R) (r +4R)?
452
N,G2 = -1 _—
G 6Rr + (r + 4R)?
Hence
16Rs%(r + R)
N,G? = —16Rr + ———— ———">
‘ " T T 4Ry



5 Conclusion

In this article we find a metric relationship for the Gergonne point. With this relationship we can find the distance
between the Gergonne point and other notable centers of the triangle. The proofs presented here only require basic

knowledge of Geometry and its manipulation and application.
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