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BENCZE’S CRITERION 

By Florică Anastase-Romania  

Abstract: In this paper are  presented few applications of an outstanding result.  

THEOREM (Mih�̀ly Bencze) 

Let be �: [�, �] → (�, ∞) continuous function and �: ℝ → [�, �] such that 
���
�→�

�(�) = �. If exists the unique sequence (��)��� such that 

� �(�)
��

�

�� = �(�) � �(�)
�

�

��. 

then:   

���
�→�

��

�(�)
=

�

�(�)
⋅ � �(�)

�

�

�� 

Proof 1 by proposer.  

Let be  ��(�) = � �(�)
��

�

�� − �(�) � �(�)
�

�

�� 

The function �� is differentiable, continuous and: 

��(0) ⋅ ��(1) = −�(�)�1 − �(�)� �� �(�)
�

�

���

�

< 0, 

so, from Rolle Theorem, exists �� ∈ (0,1) such that ��(��) = 0. But ��
� (�) = �(�) > 0. 

Hence, �� is decreasing, then �� is injective and result the equation ��(�) = 0 have unique 
solution �� ∈ (0,1).  

Let be: � = min
�∈[�,�]

�(�) , � = max
�∈[�,�]

�(�)  such that 

� ⋅ �� ≤ � �(�)
��

�

�� = �(�) � �(�)
�

�

�� ≤ � ⋅ �(�) and 0 ≤ �� ≤
�

�
⋅ �(�). 

Therefore, 0 ≤ lim
�→�

�� ≤
�

�
lim

�→�
�(�) = 0 and then, lim

�→�
�� = 0. But 

�(�) � �(�)
�

�

�� = � �(�)
��

�

�� =
�(��) − �(0)

��
⋅ �� 

� �(�)
�

�

�� =
�(�� )– �(0)

��
⋅

��

�(�)
, lim

�→�

�(��) − �(0)

��
= �(0) 

lim
�→�

��

�(�)
=

1

�(0)
� �(�)

�

�

�� 

Proof 2 by Marius Olteanu 

Because � −continuous function, then � admits primitives �: [0,1] → ℝ such that 

� �(�)
�

�

�� = �(�), ∀� ∈ [0,1] 
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How � is continuous on [0,1], then have Darboux property on [0,1] and have values on the 

interval �0, ∫ �(�)
�

�
���. Because �(�) ∈ [0,1], then 

�(�) ⋅ � �(�)
�

�

�� ∈ �0, � �(�)
�

�

��� = �. 

More, �(�) > 0 and ��(�) = �(�) > 0 imply that � is strictly increases. Therefore, � 
bijective function. So, ∀�� ∈ �, ∃! �� ∈ [0,1] such that �(��) = ��. 

If �� = �(�) ⋅ � �(�)
�

�

�� then ∃�� = �� ∈ [0,1] such that: 

�(��) = �(�) ⋅ � �(�)
�

�

�� = � �(�)
��

�

�� 

lim
�→�

� �(�)
��

�

�� = lim
�→�

��(�) ⋅ � �(�)
�

�

��� = �� �(�)
�

�

��� ⋅ lim
�→�

�(�) = 

= lim
�→�

[�(��) − �(0)] = 0 ⇔ lim
�→�

�(��) = �(0) ⇔ lim
�→�

(�(��) ⋅ ��) = 0; (0 < �� < ��) 

because �(��) − �(0) = (�� − 0) ⋅ ��(��) = �� ⋅ �(��) 
Because � is continuous function on [0,1] then �(�) ∈ [�, �] and then  

�(��) ∈ [�, �], ∀� ∈ ℕ∗. It follows that ��(��)�
���

 is bounded and 

0 < �� ⋅ � ≤ �� ⋅ �(��) ≤ �� ⋅ � ⇔ 
0 ≤ lim

�→�
(� ⋅ ��) ≤ lim

�→�
��� ⋅ �(��)� = 0; (1) 

Now, � �(�)
��

�

�� = �� ⋅ �(��); (0 < �� < ��) ⇒ lim
�→�

�� = 0 

�� ⋅ �(��) = �(�) ⋅ � �(�)
�

�

�� ⇒
��

�(�)
=

1

�(��)
� �(�)

�

�

�� 

lim
�→�

��

�(�)
= lim

�→�
�

1

�(��)
� �(�)

�

�

��� = � �(�)
�

�

�� ⋅ lim
�→�

1

�(��)
=

1

�(0)
� �(�)

�

�

�� 

Application 1. 

If exists an unique (��)��� sequence of real numbers and 
�: ℝ → [�, �],���

�→�
�(�) = � such that: 

�
����� �

�√� − ��

��

�

�� = �(�) �
����� �

�√� − ��
��

�

�

 

���� ����: � = ���
�→�

��

�(�)
 

Solution.  

Let: �(�) = �
tan��(��)

�√1 − ��

�

�

�� then ��(�) = �
��

(1 + ����)√1 − ��

�

�

= �
��

1 + �� cos� �

�
�

�

= 

=
1

�1 + ��
tan�� �

tan �

�1 + ��
� =

�

2�1 + ��
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So, �(�) =
�

2
log �� + �1 + ��� + �. Put � = 0 ⇒ � = 0 ⇒ 

�
tan�� �

�√1 − ��
��

�

�

=
�

2
log�1 + √2� 

Using Bencze’s Criterion for �(�) =
����� �

�√����
,  we get: 

 

Ω = lim
�→�

��

�(�)
=

1

�(0)
�

tan�� �

�√1 − ��
��

�

�

=
�

2
log�1 + √2� 

Application 2. 

If exists an unique (��)��� sequence of real numbers and 

�: ℝ → [�, �],���
�→�

�(�) = � such that: 

� �� + √�
��

�

�� = �(�) � �� + √�
�

�

�� 

����: � = ���
�→�

��

�(�)
 

Solution. Let �(�) = �1 + √� continuous function. On the interval [�, 1] ⊂ [0,1], � > 0, let  

�: [�, 1] → ℝ, �(�) = �1 + √��1 + √��
�
�2√� + 2 − 2� = 

= 2�
�
�(�)��(�) − 2�

�
�(�)��(�), where �(�) = 1 + √�, ��(�) =

1

2√�
. 

On [�, 1] function � is continuous and ��(�) =
�

�
�1 + √��

�

� −
�

�
�1 + √��

�

� 

�� = ��(1) − ��(�), lim
�→�
���

�� =
8�√2 + 1�

15
 then � = � �(�)

�

�

�� = lim
�→�
���

�� =
8�√2 + 1�

15
 

Using Bencze’s Criterion for  �(�) = �1 + √�, we get: 

Ω = lim
�→�

��

�(�)
=

1

�(0)
� �(�)

�

�

�� =
8�√2 + 1�

15
 

 

Observation. For �(�) = �1 + √� , �: [0,1] → [1, √2] continuous function we take  
 

� = 1 + √� ⇒ � = �(�) = (� − 1)�, where �: [1,2] → [0,1], with ���(0) = 1, ���(1) = 2 
 

��(�) = 2(� − 1) ⇒ � �(�)
�

�

�� = � √2(2� − 2)
�

�

�� =
8�√2 + 1�

15
. 
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Application 3. 

If exists an unique (��)��� sequence of real numbers and �: ℝ → [�, �], 
���
�→�

�(�) = � such that: 

�
���(� − ��)

�

��

�

�� = �(�) �
���(� − ��)

�

�

�

��. 

���� ����: � = ���
�→�

��

�(�)
 

Solution. 

Let � = �
log(1 − �)

�
��

�

�

+ �
log(1 + �)

�

�

�

�� = �� + �� 

We know: log(1 + �) = �(−1)� ⋅
��

� + 1

�

���

; � ∈ (−1,1] 

log(1 − �) = − �
����

� + 1

�

���

; � ∈ (−1,1) 

log
1 + �

1 − �
= 2 ⋅ �

�����

2� + 1

�

���

; � ∈ (−1,1) 

We have:  �� = � ��(−1)� ⋅
��

� + 1

�

���

� ��
�

�

= �(−1)� ⋅
1

(� + 1)�

�

���

=
��

12
 

�� = �
log(1 − �)

�
��

�

�

= lim
�→�

�
log(1 − �)

�
��

�

�

= − �
1

(� + 1)�

�

���

= −
��

6
 

Hence, �
log(1 − �)

�
��

�

�

= �� + �� = −
��

12
 

Using Bencze’s Criterion for  �(�) =
���(���)

�
, we get: 

Ω = lim
�→�

��

�(�)
=

1

�(0)
�

log(1 − �)

�
��

�

�

=
��

12
, where �(0) = lim

�→�

log(1 − �)

�
= −1 

Application 4. 

If exists an unique (��)��� sequence of real numbers,  �: ℝ → [�, �], 

���
�→�

�(�) = � such that: 

�
��

� + √�
�

+ √���
+ ⋯ + √���

��

�

= �(�) ⋅ �
��

� + √�
�

+ √���
+ ⋯ + √���

�

�

 

���� ����: � = ���
�→�

� ⋅ ��

�(�)
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Solution.  Let √�
�

= � ⇒ � = ��, �� = ������� then 

�� = �
��

1 + √�
�

+ √���
+ ⋯ + √���

�

�

= � �
���� ��

1 + � + �� + ⋯ + ��

�

�

 

∵ (1 − ����) �� ��(���)

�

���

� + �(���)(���) = 1 ⇒ 

1

1 + � + ⋯ + ��
= (1 − �) �� ��(���)

�

���

� +
�(���)(���)

1 + � + ⋯ + ��
⇔ 

���� 

1 + � + �� + ⋯ + ��
= ����(���)���� − ��(���)���

�

���

+
�(���)(���)����

1 + +� + ⋯ + ��
⇒ 

 

�
���� ��

1 + � + �� + ⋯ + ��

�

�

= � �
1

�(� + 1) + �
−

1

�(� + 1) + � + 1
�

�

���

+ �
�(���)(���)����

1 + +� + ⋯ + ��
��

�

�

 

 
�� = ��� + ���, ∀� ∈ ℕ, ∀� ∈ ℕ; (1), where 

��� =
�

� + 1
�

1

(� + 1)[�(� + 1) − �]

�

���

 

��� = � �
�(���)(���)����

1 + +� + ⋯ + ��
��

�

�

≤ � � �(���)(���)
�

�

�� =
�

(� + 1)(� + 1) + 1
 

 
How, lim

�→�
��� = 0, ∀� ∈ ℕ from (1) it follows that: 

�� = lim
�→�

��� =
�

� + 1
�

1

(� + 1)[�(� + 1) + �]

�

���

 

Let: ��: [0, ∞) → ℝ, ��(�) =
1

(� + 1)(� + 1 − �)
, we have: �� =

�

(� + 1)�
� �� �

1

� + 1
�

�

���

; (2) 

But 0 ≤ ��(�) ≤
1

(� + 1)�
; ∀� ≥ 0 and �

1

(� + 1)�

�

���

< ∞ from ����������, we get that  

� ��

�

���

 converges uniform on [0, ∞) 

Hence, ��� = �
�

� + 1
�

�

� �
1

� + 1
�  and using Bencze’s Criterion, we get: 

Ω = lim
�→�

� ⋅ ��

�(�)
= lim

�→�
� ⋅ �� = lim

�→�
� �

1

� + 1
� = �(0) = �

1

(� + 1)�

�

���

=
��

6
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Application 5. 

��� �� ∈ (�, �) ��� ���
�→�

� � ���(�)
��

�

�� = �, �����  

�: [�, �] → ℝ ���������� �� [�, �] 
��� ���������� �� � = �. ����� ����: 

���
�→�

� � ���(�)
�

�

�� = �(�) 

Solution. How � integrable function, then � bounded function. So, ∃� > 0 such that 
|�(�)| ≤ �, ∀� ∈ [0,1]. We have: 

�� � ���(�)
��

�

��� ≤ � � ��|�(�)|
��

�

�� ≤ �� ⋅
��

���

� + 1
 

But �� ∈ (0,1) ⇒ lim
�→�

��
� = 0, so lim

�→�
��� ⋅

��
���

� + 1
� = 0 

Hence, lim
�→�

� � ���(�)
��

�

�� = 0 

Function � continuous at point � = 1, then we have: 

� � ���(�)
�

�

�� − �(1) = � � ����[�(�) − �(1)]
�

�

�� = 

= � � ����[��(�) − �(1)]
��

�

�� + � � ����[��(�) − �(1)]
�

��

��; (1) 

Now, � −continous at point � = 1 then ∃�� ∈ (0,1) such that 
|��(�) − �(1)| < �, ∀� ∈ [��, 1], � > 0 (�����); (2) 

Applying up these strategy for function � → ��(�) − �(1), � ∈ [0,1], ∃�� ≥ 1 such that 

 �� � ����[��(�) − �(1)]
��

�

��� < �, ∀� ≥ ��; (3) 

Hence, we obtain: 

�� � ����[��(�) − �(1)]
�

��

��� ≤ � � �����
�

��

�� = �(1 − ��) < �; (4) 

From (1),(3),(4) we get: 

�� � ���(�)
�

�

�� − �(1)� ≤ 2� ⇒ lim
�→�

� � ���(�)
�

�

�� = �(1) 
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