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BENCZE’S CRITERION

By Florica Anastase-Romania

Abstract: In this paper are presented few applications of an outstanding result.

THEOREM (Mihaly Bencze)

Let be f:[0,1] — (0, ) continuous function and a: R — [0, 1] such that
lima(x) = 0. If exists the unique sequence (x,,),,>1 such that

X—00 xn 1
["reax=am [ feax
0 0

then

xn
lim

S yren) f(O) J f(x)dx

Proof 1 by proposer.
Xn 1
Letbe g,(x) = f f(x)dx — a(n) f f(x)dx
0 0
The function g, is differentiable, continuous and:

gn(0) - gn(1) = —a(m)(1 - a(n)) <f f(x) dx) <0,
0

so, from Rolle Theorem, exists x,, € (0,1) such that g,,(x,) = 0. But g, (x) = f(x) > 0.
Hence, g,, is decreasing, then g,, is injective and result the equation g,,(x) = 0 have unique
solution x,, € (0,1).

Letbe:m = xrg%g}]f(x) M = xrél[g')%]f(x) such that

Xn 1
Xn Sf f(x)dx=a(n)jf(x)deM-a(n)andOanSg-a(n).

Therefore, 0 < hm 0 Xy <Y lim a(n) = 0 and then, 11m 0 Xy = 0. But

n—)OO

a(n)f fFeyde= | fox)dx = w X,
1 ’ F(x )—F(OO) X F(x )n_ F(0)
| Feodx == i = O

Xn

e f(O)f f(x)dx

Proof 2 by Marius Olteanu

Because f —continuous function, then f admits primitives F: [0,1] - R such that
X

f f(t)dt = F(x),vx € [0,1]
0
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How F is continuous on [0,1], then have Darboux property on [0,1] and have values on the

interval [0, folf(x) dx]. Because a(n) € [0,1], then

a(n)-f f(x)dxelo,f fx)dx|=].
0 0

More, f(x) > 0and F'(x) = f(x) > 0 imply that F is strictly increases. Therefore, F
bijective function. So, Vy, € J,3! x, € [0,1] such that F(x,) = yo.
1

Ify, = a(n) - f f(x) dx then 3x, = x,, € [0,1] such that:
0 1 Xn
PO =at)- [ f@dr=| e dx
Xn O1 9 1
lim f(x)dx = hm [a(n) f f(x) dxl = <f f(x) dx) . Tlll—l;go a(n) =

n—-oo

= AI_I)I;IO[F(xn) F(0)]=0e rlll_l;goF(xn) =F(0) e Al_r)go(f(fn) xp) = 0;(0 <& < xy)

because F(x,) — F(0) = (x, — 0) - F'(&,) = x - f(&n)
Because f is continuous function on [0,1] then f(x) € [m, M] and then
f(&,) € [m,M],vn € N*. It follows that (f(g‘n))n>1 is bounded and
0<x, m<x, f&)<x, M&
0< Tlll_{{}o(m " Xp) < %i_r)rc}o(xn ’ f(fn)) = 0; (1)

Now, fxnf(x)dx =xn f(§n); (0 <& <xp) = lim $n =20

Xn - F(€2) = a(n) - f FG)dx = j F&) dx

( ) &)

Xn
%‘l?o@‘iw<f(fn)j f O‘”") - i ) e f(O)f fx) dx
Application 1.

If exists an unique (x,,),,>1 sequence of real numbers and
a:R - [0,1],lima(n) = 0 such that:
n—->oo

fx" tan 1 x p ) 1 tan"'x 1y
———dx=an
o xV1—x2 0 x\/ — x2
then find: Q = llm—
w0 ()
Solution.
tan~1(xy) 1 dx
Let:F()=f dxthenF()—j = G ——
) i Y A xtyviox Jy THyZcoste

1 tant T
= t -1 =
J1+y? o <\/1+y2> 21+ y?
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s
So,F(y) =§10g(y+\/1+y2)+C.Puty= 0=>C=0=
T tan™tx T

——dx ==log(1++2
0 xV1 —x? 2 ( )
-1
Using Bencze's Criterion for f(x) = %, we get:

X, 1 (! tanlx T
Q= lim = dx = =log(1+ 2
M 20 T Ty ez~ 20oe )

Application 2.

If exists an unique (x,,),,>1 sequence of real numbers and

a:R - [0,1],lima(n) = 0 such that:
n—->oo

.foxn /1+\/§dx=az(n).];)1 /1+\/§dx
x

n

Find: Q = lim
noo a(n)

Solution. Let f(x) = v/ 1 + v/x continuous function. On the interval [¢,1] < [0,1],& > 0, let
gle 1> Rg() = [1+vx(1+vVx) (2vx+2-2) =

3 1 1
= 202(x) ' (x) — 2¢2(x) ' (x), where p(x) = 1 +Vx,¢'(x) = PWER
5 3
On [, 1] function g is continuous and G, (x) = %(1 +x)? — %(1 +/x)?
_ 8(vV2+1) ! _ 8(v2+1)
I, =G.,(1) — Gg(s),}gl_r)r(%l‘E =1 then I = J; f(x)dx = lim/, = T
>0 >0
Using Bencze’s Criterion for f(x) = v 1 + /x, we get:
Xy 1ot _8(v2+1)
8= am f(O)fo fydx=——5

Observation. For f(x) = v1 +/x, f:[0,1] = [1,V/2] continuous function we take
t=1++vVx=x=¢(t) = (t —1)? where ¢:[1,2] - [0,1], with ¢ 1(0) = 1, 1(1) = 2

8(v2+1)

1 2
0O =20-1> [ feodr= [ VGr-2a =210
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Application 3.

If exists an unique (x,),,>1 sequence of real numbers and a: R — [0, 1],
lima(n) = 0 such that:

n—>0oo

Xn —_ 22 1 a2
f log(1 — x?) dx = a(n) f log(l ) 1
0 X

Xn

then find: Q@ = lim ——
noo a(n)

Solution.

Tog(1 — x Tog(1 + x
Letlzf de+f Mdx=11+12
0 x 0 x

le
. — J— n. . —_
We know: log(1 + x) 2( 1) n_l_l,xe( 1,1]
n=0
had X+
log(l—x)=—zn+1;x6(—1,1)
n=0
1+ x 2, x2ntt
1 =2-z ;x €E(—1,1
81 x g1 €L

C 1 ?
We have: Il—f (Z(—) n+1> x:Z(_l) (n-l-—l)zzﬁ

L= fllog(l —x) I = lim fxlog(l - t) z __2
A x x-1 ), (n + 1)2 6

og(1 —x)
Hence,jO Td _11+12__E

Using Bencze’s Criterion for f(x) = log(;_x), we get:

B X, 1 log(l - x) _m? log(1—t)
Q= lim f(O)f =— wheref(O)—l f——l

n-o a(n) 12’
Application 4.

If exists an unique (x,,),>1 sequence of real numbers, a: R — [0,1],

lima(n) = 0 such that:

n—>oo

jx" dx @ dx
=an) -
0o 1+ Vx4 VaZ+ -+ Vxm 0 1+ Vx+ VaZ + -+ Vxm

n-x,
then find: Q@ = lim
noe a(n)
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Solution. Let V/x =t = x = t", dx = nt™ 1dt then

. fl dx 1 t"1dt
= oy n =n
T 1+ Y+ Vak e+ Vam Sy Tttt

14
v (1 — () (Z ti(n+1)> 4t @tDmED) — 1 o

i=0
14

- -0 ) )+ ey
= — (=4
T+t+ - +tn T+t+-+tn

i=0
14

_ Z[ti(n+1)+n—1 — ¢in+1en] 4
i=0

tn—l t(p+1)(n+1)+n—1

=
T+t+t2+ -+ tn 1T+ +t+ - +t0

1 t(p+1)(n+1)+n—1

— — + dt
fO1+t+t2+---+t" Zo[i(n+1)+n i(n+1)+n+1] f01++t+---+t"
1=

I, = app + bpy, Vn € N, Vp € N; (1), where
P
_ 1
e = 1 4+ Dl + 1) —n]
=
1 t(p+1)(n+1)+n—1
b, =
pn fo 1++t+-+t"

n
p+Dn+1)+1

1
dt < nf tP+DM+D) g —
0

How, lim b,, = 0,Vn € N from (1) it follows that:

n—-oo
L, = li S -
p‘l“}oapn—nn, 4 i+ Dli(n+1) +n]
i=
1 n N
Letigie[0.0) > R 0i®) = Gaqyga - e have h = +1)Zzg‘<n+1> @
=0

1
But0 < g;(x) < m; Vx = 0 and z < oo from Weiestrass, we get that
i

— (i+1)2

Z g; converges uniform on [0, o)
i=0

n \2 1 ) , .
Hence,nl, = (n n 1) f (n n 1) and using Bencze’s Criterion, we get:

2

Q= lim —"=limn-1I, = | (1) ()—Z =Z
now a(m) ol P aned g i+D2 6
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Application 5.

Xn
Forx, € (0,1) letlim nf x"f(x) dx = 0, where
n—>0o 0
f:10,1] - Rintegrable on [0, 1]
and continuous in x = 1. Prove that:

1
limnf x"f(x)dx = f(1)
0

n—-oo

Solution. How f integrable function, then f bounded function. So, 3M > 0 such that
|[f(x)] < M,vx € [0,1]. We have:

n fo xnx” f(x)dx

n+1
n

n+1

Xn
< nf x™"f(x)|dx <nM -
0

n+1
. n _ . _n _
Butx, € (0,1) = 1{1_{210 xl = 0,s0 Al_r)glo (nM — 1> 0

Xn
Hence, lim nf x"f(x)dx =0
0

n—-oo

Function f continuous at point x = 1, then we have:
1

n f () dx — F(1) = n f UG — F(D)] dx =
Xn 0 °

—n f X Uxf () — F(D)] dx +n f K1 xf () — £ (1] dox; (1)
0 Xn

Now, f —continous at point x = 1 then 3x,, € (0,1) such that
|xf(x) — f(D)| < &, Vx € [x,, 1], > 0 (fixed); (2)
Applying up these strategy for function x — xf(x) — f(1),x € [0,1],3IN, = 1 such that
Xn
n[ e - p))dx
0

Hence, we obtain:

1
n j X" xf () — £(1)] dx

n

<e&Vn = Ng(3)

1

< n.[ ex"ldx =e(1—a™) <¢ (4)
Xn

From (1),(3),(4) we get:

1 1
n.[ x"f(x)dx — f(1)| < 2e > lim n.[ x"f(x)dx = f(1)
0 n=% Jo
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