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ABSTRACT. In this paper is presented an elementary, detailed proof for the
famous Abi-Khuzam’s inequality.

Lemma 1:
Ifz,y,2,A,B,C € R; A+ B+ C = 7 then:
(1) 2% +y? + 2% > 2(yz cos A + zx cos B + xy cos O)
Proof.
0 < (z— (zcos B+ycos A))? + (zsin B — ysin A)* =
=22 —2z(xcos B+ycos A) + (xcos B + ycos A)>+
+z2sin? B + y%sin? A — 2zysin Asin B =
= 2% — 2xzcos B — 2zy cos A + 22 (sin? B + cos? B)+
492 (cos® A + sin® A) 4 2xy(cos A cos B — sin Asin B) =
=22 +y? + 2% — 2yzcos A — 2zx cos B + 22y cos(A + B) =
=2 +y? + 22 — 2yzcos A — 2zx cos B + 2zy cos(m — C) =
=22 4+ y? + 22 — 2yzcos A — 2zx cos B — 2xy cos C
0<ax?+y?+ 2% — 2yzcos A — 2zx cos B — 2xy cos C
x? + % + 2% > 2(xy cos C + yz cos A + zx cos B)

Lemma 2:
Ifz,y,2,A,B,C € Ryz,y,z2 > 0;A+ B+ C = 7 then:

1
(2) xcosA+ycos B+ zcosC < = ( —I———i—ﬁ)
2\ x Y z
Proof.
Replace in (1):

o e 2
(ﬁ)i(ﬁ)ﬂ(ﬁ) >Q(ﬁﬁcosA+@.ﬁmmﬁﬁmc)

Yyz

(— + — + —) > xcos A+ ycos B+ zcosC
2\ g Y

1
xcosA+ycos B+ zcosC < - (yz_yf_i_ﬁ)
2\ x Y z
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Theorem (ABI-KHUZAM’S INEQUALITY)
Ifz,y,2,t >0;A,B,C,D e R;,A+ B+ C + D = 7 then:

(xy + 2t)(xz + yt)(at + yz)
xyzt

(3) J:cosA—i—ycosB—&—zcosC—&—tcong\/

Proof.

1z z  t xy + 2t
Denote:p:§(§+%+¥+;); y2

By (2):

L[ xy q/T Yy
1 < Z N A
(4) xcosA+ycosB+\/;cos(C+D)_2(\/?+ p(er:E))
(5) zcosC+tcosD+\/acos(A+B)§1<Zt+ q(z+t)>
D 2 \/E p\t =z
p

cos(A+B)+cos(C+D) = cos(A+B)+cos(mr—(A+B)) = cos(A+B)—cos(A+B) =0
By adding (4); (5):

xcosA+ycos B+ zcosC +tcosD + \/>(COS(A+B)+COS(C+D))
b

+ 2t t
1 (xy 2 +\/?(w+y+z+)>
2 \/E p\y z= t =z
p

:L'cosA+ycosB+zcosC+tcosD <

xy—l—zt \/7 \/E +7 74_3)
o z

xcosA+ycosB+zcosC+tcosD <

p q
Sq\/;Jr\/;p:\/qur\/qu:?\/pq

xcosA+ycosB+ zcosC +tcosD <

lyz y 2z tyay+ =zt
R e
- \/2 y+m+t+z 2

— |4 o2tz 4 y*tz + 22wy + vy vy + 2t
N 2xyzt 2 N

(zy +2t) =

_ xz(at +yz) + yt(at + yz)
N zyzt

_ \/(xy + zt)(zz + yt)(zt + yz)
xYzt

Corollary 1:
IfAB,C,DeR;A+ B+ C + D = 7 then:

(6) cos A + cos B + cosC + cos D < 2v/2
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Proof.
We takein (3) :z =y=2=1t#0.

Corollary 2:
If A,B,C e R;A+ B+ C = 7 then:
cos A + cos B + cos C < 2v/2

Proof.
Wetakein (6): D=3 = A+B+C=n—-5=>A+B+C= F;cos D=0

Corollary 3:
If x,y,2,t > 0 then:
wyzt(x +y + 2 + 1) < 2wy + 2t) (w2 + yt)(wt + y2)
Proof.
We takein (3): A=B=C=D=7%=

1

= cosA=cosB=cosC =cosD = A+ B+C+D=mn

t
(x+y+z+t)§\/(xy+z

S

2

~—

(zz + yt) (@t + yz)
zyzt

2z
V2

By squaring:

(x+y+2z+1t)? < (xy + 2t)(zz + yt)(xt + y2)
2 - zyzt
zyzt(x +y + 2z + 1) < 2wy + 2t)(xz + yt)(wt + y2)
Equality holds for x =y =z = t.
REFERENCES

[1] Romanian Mathematical Magazine - Interactive Journal, www.ssmrmh.ro

O

MATHEMATICS DEPARTMENT, NATIONAL ECONOMIC COLLEGE ” THEODOR COSTESCU”, DROBETA

TURNU - SEVERIN, ROMANIA
Email address: dansitaru63@yahoo.com



