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Abstract. In this paper is presented an elementary, detailed proof for the
famous Abi-Khuzam’s inequality.

Lemma 1:
If x, y, z, A,B,C ∈ R;A+B + C = π then:

(1) x2 + y2 + z2 ≥ 2(yz cosA+ zx cosB + xy cosC)

Proof.

0 ≤ (z − (x cosB + y cosA))2 + (x sinB − y sinA)2 =

= z2 − 2z(x cosB + y cosA) + (x cosB + y cosA)2+

+x2 sin2B + y2 sin2A− 2xy sinA sinB =

= z2 − 2xz cosB − 2zy cosA+ x2(sin2B + cos2B)+

+y2(cos2A+ sin2A) + 2xy(cosA cosB − sinA sinB) =

= x2 + y2 + z2 − 2yz cosA− 2zx cosB + 2xy cos(A+B) =

= x2 + y2 + z2 − 2yz cosA− 2zx cosB + 2xy cos(π − C) =
= x2 + y2 + z2 − 2yz cosA− 2zx cosB − 2xy cosC

0 ≤ x2 + y2 + z2 − 2yz cosA− 2zx cosB − 2xy cosC

x2 + y2 + z2 ≥ 2(xy cosC + yz cosA+ zx cosB)

�

Lemma 2:
If x, y, z, A,B,C ∈ R;x, y, z > 0;A+B + C = π then:

(2) x cosA+ y cosB + z cosC ≤ 1
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Theorem (ABI-KHUZAM’S INEQUALITY)
If x, y, z, t > 0;A,B,C,D ∈ R;A+B + C +D = π then:

(3) x cosA+ y cosB + z cosC + t cosD ≤

√
(xy + zt)(xz + yt)(xt+ yz)

xyzt

Proof.

Denote: p =
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By (2):

(4) x cosA+ y cosB +
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cos(C +D) ≤ 1
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(5) z cosC + t cosD +
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cos(A+B)+cos(C+D) = cos(A+B)+cos(π−(A+B)) = cos(A+B)−cos(A+B) = 0

By adding (4); (5):
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≤ xy + zt
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≤ q
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Corollary 1:
If A,B,C,D ∈ R;A+B + C +D = π then:

(6) cosA+ cosB + cosC + cosD ≤ 2
√
2
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Proof.
We take in (3) : x = y = z = t 6= 0. �

Corollary 2:
If A,B,C ∈ R;A+B + C = π

2 then:

cosA+ cosB + cosC ≤ 2
√
2

Proof.
We take in (6) : D = π

2 ⇒ A+B + C = π − π
2 ⇒ A+B + C = π

2 ; cosD = 0 �

Corollary 3:
If x, y, z, t > 0 then:

xyzt(x+ y + z + t)2 ≤ 2(xy + zt)(xz + yt)(xt+ yz)

Proof.
We take in (3) : A = B = C = D = π

4 ⇒

⇒ cosA = cosB = cosC = cosD =
1√
2
;A+B + C +D = π

1√
2
(x+ y + z + t) ≤

√
(xy + zt)(xz + yt)(xt+ yz)
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By squaring:
(x+ y + z + t)2

2
≤ (xy + zt)(xz + yt)(xt+ yz)

xyzt

xyzt(x+ y + z + t)2 ≤ 2(xy + zt)(xz + yt)(xt+ yz)

Equality holds for x = y = z = t. �
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